Journal of Algebra 638 (2024) 862-917

Contents lists available at ScienceDirect

Journal of Algebra

JOURNAL OF

journal homepage: www.elsevier.com/locate/jalgebra

Semiseparable functors

()

Check for
updates

Alessandro Ardizzoni*, Lucrezia Bottegoni

University of Turin, Department of Mathematics “G. Peano”, via Carlo Alberto 10,

1-10123 Torino, Italy

ARTICLE INFO

ABSTRACT

Article history:

Received 16 June 2023

Available online 12 October 2023
Communicated by Sonia Natale

MSC:
primary 16HO05
secondary 18A40, 18C20, 16T15

Keywords:

Separability
Eilenberg-Moore categories
(Co)reflections

Corings

Bimodules

In this paper we introduce and investigate the notion of
semiseparable functor. One of its first features is that it allows
a novel description of separable and naturally full functors
in terms of faithful and full functors, respectively. To any
semiseparable functor we attach an invariant, given by an
idempotent natural transformation, which controls when the
functor is separable and yields a characterization of separable
functors in terms of (dual) Maschke and conservative functors.
We prove that any semiseparable functor admits a canonical
factorization as a naturally full functor followed by a separable
functor. Here the main tool is the construction of the
coidentifier category attached to the associated idempotent
natural transformation. Then we move our attention to
the semiseparability of functors that have an adjoint. First
we obtain a Rafael-type Theorem. Next we characterize
the semiseparability of adjoint functors in terms of the
(co)separability of the associated (co)monads and the natural
fullness of the corresponding (co)comparison functor. We
also focus on functors that are part of an adjoint triple.
In particular, we describe bireflections as semiseparable
(co)reflections, or equivalently, as either Frobenius or naturally
full (co)reflections. As an application of our results, we study

* This paper was written while the authors were members of the “National Group for Algebraic and
Geometric Structures and their Applications” (GNSAGA-INdAM). They were partially supported by MUR
within the National Research Project PRIN 2017. The authors would like to express their gratitude to Fosco
Loregian, Claudia Menini, Paolo Saracco, Joost Vercruysse and Enrico Vitale for meaningful comments on

the topics treated.
* Corresponding author.

E-mail addresses: alessandro.ardizzoni@unito.it (A. Ardizzoni), lucrezia.bottegoni@edu.unito.it

(L. Bottegoni).

URL: https://www.sites.google.com/site/aleardizzonihome (A. Ardizzoni).

https://doi.org/10.1016/j.jalgebra.2023.10.007
0021-8693/© 2023 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jalgebra.2023.10.007
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2023.10.007&domain=pdf
mailto:alessandro.ardizzoni@unito.it
mailto:lucrezia.bottegoni@edu.unito.it
https://www.sites.google.com/site/aleardizzonihome
https://doi.org/10.1016/j.jalgebra.2023.10.007
http://creativecommons.org/licenses/by/4.0/

A. Ardizzoni, L. Bottegoni / Journal of Algebra 638 (2024) 862-917 863

the semiseparability of functors traditionally attached to ring
homomorphisms, coalgebra maps, corings and bimodules,
introducing the notions of semicosplit coring and semisepara-
bility relative to a bimodule which extend those of cosplit
coring and Sugano’s separability relative to a bimodule,
respectively.
© 2023 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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Introduction

The notion of separable ring extension occurs in Algebra, Number Theory and Alge-
braic Geometry. In [33] C. Nastasescu et al. reinterpreted this notion at a categorical
level by introducing the so-called separable functors. Explicitly, a functor F' : C — D
is said to be separable if the associated natural transformation Fx y : Home(X,Y) —
Homp(FX, FY), mapping f to F f, has a left inverse, i.e. there is a natural transforma-
tion Px y : Homp(F'X, FY) — Home(X,Y) such that Pxy o Fxy = Idgom(x,y) for
all X and Y in C. A right version of this property yields to naturally full functors, as
defined in [4]. In this paper, we introduce the notion of semiseparable functor, by requir-
ing Fx,y to be a regular natural transformation - an analogue of von Neumann regular
element - i.e., by requiring Fx,y to admit a natural transformation Px y as above such
that Fxy oPx,y o Fx,y = Fx,y. Semiseparability allows to treat separability and nat-
ural fullness in a unified way and from a new perspective that reveals further features
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of them. For instance, it is well-known that a separable functor is faithful and that a
naturally full functor is full: In Proposition 1.3, we see how the reverse implications hold
by adding the assumption of semiseparability. In Proposition 1.4, to any semiseparable
functor F' : C — D we attach, in a unique way, a suitable idempotent natural trans-
formation e : Ide — Ide, which is trivial only in case F' is separable. Interestingly, as
a particular case, in Corollary 1.6 we obtain that every naturally full functor admits
such an idempotent natural transformation that is not trivial unless the functor is also
separable whence fully faithful. By using the idempotent natural transformation e, in
Corollary 1.9, we prove that a functor is separable if and only if it is semiseparable and
either Maschke, dual Maschke or conservative. To such an e we can attach a suitable
quotient category C. of C, the so-called coidentifier [23]. This is the main ingredient
to prove the notable property, stated in Theorem 1.15, that any semiseparable functor
F : C — D factors as the naturally full quotient functor H : C — C,. followed by a unique
separable functor F, : C. — D. As a consequence, in Corollary 1.16, a functor is shown
to be semiseparable if and only if it factors as a naturally full functor followed by a
separable functor.

Next we investigate semiseparable functors which have a right (resp. left) adjoint. In
this setting a celebrated result for separable functors is the so-called Rafael Theorem [34],
which provides a characterization of separability in terms of splitting properties of the
(co)unit. It is natural to wonder whether such a result is also available for semiseparable
functors, and in fact in Theorem 2.1 we prove that a functor which has a right (resp.
left) adjoint is semiseparable if and only if the (co)unit of the adjunction is regular as
a natural transformation. Then we study semiseparability in the context of Eilenberg-
Moore categories. Our main result here is Theorem 2.9 stating that, given an adjunction
F 4 G : D — C, the right adjoint G is semiseparable if and only if the monad GF
is separable and the comparison functor Kgp : D — Cqp is naturally full, where Cqp
is the Eilenberg-Moore category of modules over GF. A similar result for F is given
in Theorem 2.14. As a consequence, we recover similar characterizations for separable,
naturally full and fully faithful functors.

Then, we focus on functors that have both a left and a right adjoint. It is well-known
that in an adjoint triple F' 4 G 4 H, the functor F' is fully faithful if and only if so is H.
Proposition 2.19 shows that a similar behaviour holds for semiseparable, separable and
naturally full functors. As far as we know, this result is new even at the separable and nat-
urally full cases. Next, as a consequence of Rafael-type Theorem, in Proposition 2.21 we
obtain necessary and sufficient conditions for the semiseparability of a Frobenius functor.

We explore semiseparability in connection with functors admitting a fully faithful (left)
right adjoint, which are known as (co)reflections, cf. [6], and with functors admitting a
fully faithful left and right adjoint equal and satisfying a coherence condition relating
the unit and counit of the two adjunctions, which are called bireflections, cf. [23]. Our
main result in this direction is Theorem 2.24 where we prove that a (co)reflection is
semiseparable if and only if it is naturally full if and only if it is Frobenius if and
only if it is a bireflection. In Proposition 2.27 we see that, given a category C and an
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idempotent natural transformation e : Id¢ — Id¢, the quotient functor H : C — C, is a
bireflection if and only if e splits (e.g. C is idempotent complete). As a consequence, in
Corollary 2.28 we show that a factorization of a semiseparable functor as a bireflection
followed by a separable functor is available if and only if the associated idempotent
natural transformation e splits, and that such a factorization amounts to the canonical
one given by the coidentifier category.

Finally, the results we obtained so far are applied to several functors traditionally
connected to the study of separability. The first functors we look at are the restriction
of scalars functor ¢, : S-Mod — R-Mod, whose semiseparability falls back to its sep-
arability, the extension of scalars functor ¢* = S ®p (=) : R-Mod — S-Mod and the
coinduction functor ¢' = gHom(S, —) : R-Mod — S-Mod associated to a ring morphism
¢ : R — S. These functors form an adjoint triple ¢* 4 ¢, — ¢'. In Proposition 3.1, we
characterize the semiseparability of p*, equivalent to that of ¢', in terms of the regular-
ity of ¢ as a morphism of R-bimodules. Explicitly, the extension of scalars functor *
is semiseparable if and only if there exists an R-bimodule map F : S — R such that
poEop = g, ie, such that pE(lg) = lg. In a similar fashion, we investigate the
semiseparability of the corestriction of coscalars functor 1, : M® — MP and of the
coinduction functor ¢* = (=)0OpC : MP — M attached to a coalgebra morphism
1 : C — D, obtaining in Proposition 3.8 that ¥* is semiseparable if and only if v is
a regular morphism of D-bicomodules if and only if there is a D-bicomodule morphism
X : D — C such that ec o x o) = g¢.

The subsequent functor we investigate is the induction functor G := (=) @r C :
Mod-R — MC attached to an R-coring C. Whereas an R-coring C is sometimes called
cosplit in the literature whenever G is a separable functor, we say that C is semicosplit
if G is semiseparable. In Theorem 3.10 we prove that C is semicosplit if and only if the
coring counit ¢ : C — R is regular as a morphism of R-bimodules if and only if there is
an invariant element z € C* = {c € C | r¢ = cr, Vr € R} such that ec(2)ec(c) = ec(c)
(i.e., such that e¢(z)c = ¢), for every c € C.

Next we consider the coinduction functor ¢, = Homg(M,—) : Mod-S — Mod-R
associated to an (R, S)-bimodule M, together with its left adjoint o* := (—) ®r M :
Mod-R — Mod-S. As we will prove in Theorem 3.18, the semiseparability of this functor,
which results to be equivalent to the fact that the evaluation map evy : M* Qg M —
S is regular as a morphism of S-bimodules and M ®g evy, is surjective, can be also
completely described in terms of a property of M that led us to introduce the M-
semiseparability over R for the ring S, an extension of M-separability investigated by
Sugano in [37]. In Corollary 3.20 we provide the following characterization: S is M-
separable over R if and only if S is M-semiseparable over R and M is a generator
in Mod-S. A different characterization of M-semiseparability of S over R is obtained
in Proposition 3.22. This allows us to exhibit in Example 3.23 an instance where S
is M-semiseparable but not M-separable over R. As in the separable case, if we add
the assumption that M is finitely generated and projective as a right S-module, then
the (co)monad associated to the adjunction (0*,0,) can be described in a easier way.
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This allows to achieve further characterizations of the semiseparability of o, and o*
in Proposition 3.26 and Proposition 3.27, respectively. Moreover, in Proposition 3.5,
Corollary 3.12, and Proposition 3.24, an explicit factorization, as a bireflection followed
by a separable functor, is provided for the above functors ¢*, G, and o, respectively,
when they are semiseparable. Finally, in Theorem 3.31 we study the semiseparability
of the coinvariant functor (—)COB : IMMB — 9N attached to a bialgebra B over a field k,
where 95 and 9 denote the category of right Hopf modules over B and the category
of k-vector spaces, respectively. Explicitly, (f)COB is semiseparable if and only if B is a
right Hopf algebra with anti-multiplicative and anti-comultiplicative right antipode.

The organization of the paper is the following. In Section 1 we introduce the notion of
semiseparable functor and we investigate its interaction with separable and naturally full
functors, relative separable functors and composition. We show that any semiseparable
functor admits the associated idempotent natural transformation and that it factors as
a naturally full functor followed by a separable one. We also see how the existence of a
suitable type of generator within its source category implies that a functor is semisepara-
ble if and only if it is separable. Section 2 collects results on semiseparable functors that
have an adjoint. Explicitly, we obtain a Rafael-type theorem for semiseparable functors,
we study the behaviour of semiseparable adjoint functors in terms of (co)monads and
the associated (co)comparison functor, we investigate functors that have both a (pos-
sibly equal or fully faithful) left and right adjoint. In Section 3 we test the notion of
semiseparability on relevant functors attached to ring homomorphisms, coalgebra maps,
corings, bimodules and Hopf modules. This section closes with a discussion on (co)re-
flections that provides an overview of the notions considered in this work highlighting
their mutual interaction.

0.1. Preliminaries and notations

Given an object X in a category C, the identity morphism on X will be denoted
either by Idx or X for short. For categories C and D, a functor F': C — D just means a
covariant functor. By Id¢ we denote the identity functor on C. For any functor F' : C — D,
we denote Idp : F' — F (or just F, if no confusion may arise) the natural transformation
defined by (IdF)X = IdFX

Let C be a category. Denote by C°P the opposite category of C. An object X and a
morphism f : X — Y in C will be denoted by X°P and f°P : Y°P — X°P respectively
when regarded as an object and a morphism in C°P. Given a functor F' : C — D,
one defines its opposite functor F°P : C°P — D°P by setting FPX°P = (FX)° and
FoP for = (F f)°P.

A morphism (natural transformation) f is called regular' provided there is a morphism
(resp. natural transformation) g with fogo f = f. Note that the asymmetry of this

! This terminology is derived from von Neumann regularity of rings. See e.g. [28, page 21].
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definition is apparent as g could be replaced by ¢’ = go fog in such a way that fog'of = f
and g’ofog =g
By a ring we mean a unital associative ring.

1. The notion of semiseparable functor

In this section we introduce and investigate the notion of semiseparable functor. Sub-
section 1.1 presents its definition and characterizes the known notions of separable and
naturally full functors in terms of it. In Subsection 1.2 we attach an invariant to any
semiseparable functor, that we call the associated idempotent natural transformation,
which controls the separability of the functor and allows a characterization of separable
functors in terms of (dual) Maschke and conservative functors. In Subsection 1.3 the
connection between semiseparable and relative separable functors is explored. Subsec-
tion 1.4 concerns the behaviour of semiseparable functors with respect to composition.
Subsection 1.5 shows how semiseparable functors admit a canonical factorization as a
naturally full functor followed by a separable one. Here the main tool is the construction
of the coidentifier category attached to the associated idempotent natural transforma-
tion. In Subsection 1.6 we investigate under which conditions the existence of a suitable
type of generator within its source category implies that a functor is semiseparable if
and only if it is separable.

1.1. Semiseparable functors
Let ' : C — D be a functor and consider the associated natural transformation
FE  Home(—, —) — Homp(F—, F—),

defined by setting ]:g,C’ (f) = F(f),forany f : C — C’in C. We recall that F is said to be
separable [33] if there is a natural transformation P¥ : Homp(F—, F—) — Home(—, —)
such that PF o F¥' = Id. Similarly, a functor F : C — D is called naturally full [4] if
there exists a natural transformation P¥ : Homp(F—, F—) — Home(—, —) such that
FEFoPF =1d.

Clearly, a functor is fully faithful if and only if it is both separable and naturally full.

Definition 1.1. We say that a functor ' : C — D is semiseparable if the natu-
ral transformation F¥ is regular, i.e. if there exists a natural transformation P :
Homp(F—, F—) — Home(—, —) such that F¥ o PF o FF = FF,

Remark 1.2. Since F ;Y = Ffon _xop it is clear that a functor /' : C — D is semiseparable
(resp. separable, naturally full, full, faithful, fully faithful) if and only if so is F°P : C°P —
Dep,
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When the functor F' is obvious from the context, we will simply write F, P instead of
FE pE.

It is well-known that a separable functor is faithful and that a naturally full functor
is full. Let us see how adding the notion of semiseparable functor to the picture allows
us to turn these implications into equivalences.

Proposition 1.3. Let F' : C — D be a functor. Then,

(i) F is separable if and only if F' is semiseparable and faithful;
(ii) F is naturally full if and only if F' is semiseparable and full.

Proof. We only prove (i), the proof of (ii) being similar. Assume that F' is separable.
From P o F = Id it follows that FoP o F = Fold = F, i.e. F is semiseparable,
and that for all C,C" € C, the map Fe ¢ is injective, i.e. F' is faithful. Conversely,
if I’ is semiseparable, we have that there exists a natural transformation P such that
FoPoF =F,hence, if F is faithful, P o F = Id, as F is injective on components. O

In view of Proposition 1.3, both separable and naturally full functors are instances of
semiseparable functors. Next aim is to endow any semiseparable functor with an invariant
that will play a central role in our treatment.

1.2. The associated idempotent

Here we attach, in a canonical way, a suitable idempotent natural transformation to
any semiseparable functor.

Proposition 1.4. Let F' : C — D be a semiseparable functor. Then there is a unique
idempotent natural transformation e : Ide — Ide such that Fe = Idg with the following
universal property: if f,g: A — B are morphisms, then F'f = Fg if and only if ego f =

€p ©g.

Proof. Since F' is semiseparable, there is a natural transformation P such that FoPoF =
F.Setex := Px.x (Idpx). Note that Fex = F'Px x (Idpx) = -FX,X’PX,X]:X,X (Idx) =
fX,X (Idx) = Idpx. Thus ex oex = PX,X (Idpx) cex = PX,X (IdFX OFex) =
Px.x Idpx) = ex and hence ex is idempotent. Moreover, for every morphism f :
X — Y we have f ocex = f o PX,X (Idpx) = PX,Y (Ff o Idpx) = PX,Y (Idpy o Ff) =
Pyy (Idpy)of = eyof sothat foex =eyof,ie e = (ex)yxcc : [dec — Idc is an idempo-
tent natural transformation such that F'e = Idp. Now, consider morphisms f,g: A — B.
If Ff = Fg, then Pa.p (Ff) = Pa.B (Fg) i.e. PB,B (Idpp) o f = Ps.B (Idgp) o g, ie.
ego f =epog. Conversely, from ego f = egog we get Fego Ff = Feg o Fg and
hence Ff = Fg as Fe = Idp. Finally, let ¢/ : Id¢ — Ide be an idempotent natural
transformation such that, if f,g : A — B are morphisms, then F'f = Fg if and only if
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ez o f =¢egog. From ey oey = ey oldx we get Fe'y = Fldx (whence Fe' = Idp).
From the universal property of e we get ex oe’y = ex oIdx ie. ex o€y = ex. If we
interchange the roles of e and ¢/, in a similar way we get e’y o ex = €. By naturality
we have ex oey =€’y oex whence ex =€y, ie.e=¢. O

Definition 1.5. The idempotent natural transformation e : Id¢ — Id¢ we have attached to
a semiseparable functor F' : C — D in Proposition 1.4 will be called the associated idem-
potent natural transformation. Thus e is defined on components by ex = Px x (Idrx)
where P is any natural transformation such that FoP o F = F.

Since naturally full functors are in particular semiseparable, we get the following result
which was unknown before to the best of our knowledge.

Corollary 1.6. Any naturally full functor admits the associated idempotent natural trans-
formation.

We now see how the idempotent natural transformation associated to a semiseparable
functor controls its separability.

Corollary 1.7. Let F : C — D be a semiseparable functor and let e : Id¢ — Id¢ be the
associated idempotent natural transformation. Then, F is separable if and only if e = 1d.

Proof. By construction ex = Px x(Idrpx) where P is a natural transformation such
that F o P o F = F. If F is separable then P o F = Id and hence ex = Px x(Idpx) =
Px.xFx x(Idx) = Idx. Conversely, suppose e = Id. Then, for every f : X — Y, we
have Px y (Ff) =Pxy(Ffoldpx) = foPx x(Idrpx) = foex = f so that PoF =1d
and F'is separable. O

The existence of the associated idempotent natural transformation leads us to a fur-
ther characterization of separable functors in terms of Maschke, dual Maschke and
conservative functors. Recall that a functor F : C — D is called a Maschke func-
tor if it reflects split-monomorphisms, i.e. for every morphism 4 in C such that F4i is
split-mono, then i is split-mono.? Similarly, F' is a dual Maschke functor if it reflects
split-epimorphisms. A functor is called conservative if it reflects isomorphisms.

Remark 1.8. By [33, Proposition 1.2] a separable functor is both Maschke and dual
Maschke. Moreover a functor which is both Maschke and dual Maschke is conservative.

Corollary 1.9. The following assertions are equivalent for a functor F : C — D.

2 This is equivalent to [15, Remark 6], where F' is called a Maschke functor if every object in C is relative
injective. Recall that an object M is called relative injective if, for every morphism i : C — C’ such that
Fi is split-mono, then the map Home (i, M) : Home (C’, M) — Home (C, M), f — f o1, is surjective.
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(1) F is separable;

(2) F is semiseparable and Maschke;

(3) F is semiseparable and dual Maschke;
(4) F is semiseparable and conservative.

Proof. (1) = (2),(3),(4). By Proposition 1.3 (i), a separable functor is semiseparable.
Moreover, by Remark 1.8, a separable functor is both Maschke and dual Maschke whence
conservative.

(2),(3),(4) = (1). Since F is semiseparable, we can consider its associated idempotent
natural transformation e such that Fex = Idpx, for every object X in C. Thus Fex is
split-mono, split-epi and iso. Depending on whether F’ is either Maschke, dual Maschke or
conservative, we get that ex is either split-mono, split-epi or iso. Since ex is idempotent,
we get ex = Idx so that F' is separable by Corollary 1.7. O

1.3. Relative separability

Let F:C — D and H : C — & be functors. We recall from [15, Definition 4, page 97]
that F' is called H-separable if there exists a natural transformation

PEH . Homp(F—, F—) — Homg(H—, H-)

such that PHH o FF = FH_ In particular, a Idc-separable functor coincides with a
separable functor. The following result represents a connection between semiseparable
functors and H-separable ones, and it will be used in Lemma 1.13 to study what happens
if G o F' is semiseparable and G is faithful.

Proposition 1.10. Let H : C — £ be a semiseparable functor with associated idempotent
natural transformation e and let F' : C — D be a H-separable functor. If Fe =Idp (e.g.
PEH s injective on components), then F is semiseparable.

Proof. By definition PF*# o F¥' = FH_ Since H is semiseparable, there exists a natural
transformation P¥ : Homg (H—, H—) — Home(—, —) such that FH o PH o FH = FH,
Set P := PHoPFH for every X,Y in C. Then PFoFF = pHoplH o Fl = pH o FH,
Thus, for every f: FX — FY, we have Py Fx v (f) = Py F{y () =PLy(Hf) =
foP{ x(Idux) = foex and hence Fi y Py yFx y(f) = F(foex) = FfoFex = Ff =
FX y(f) sothat F§ yP% v Fxy = Fxy ie. F is semiseparable. If P is injective on
components, then from Pﬁ:g(FeX) = Pﬁ:gf)ﬁx(ex) = F{ x(ex) = Hex = Hldx =
FH «(ldx) = PY Y (Fldx) we infer Fex =Idpx. O

Corollary 1.11. Let H : C — & be a semiseparable functor with associated idempotent
natural transformation e and assume H s a retract of a functor F' : C — D. If Fe =
Idr then F is semiseparable. As a consequence, semiseparable functors are closed under
isomorphisms.
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Proof. Since H is a retract of F, there are natural transformations ¢ : F — H and
@ : H — F such that ¢ o1 = Idg. Define P by setting P)I;}Ii(g) ‘= py o g oy,
for every g : FX — FY, and note that PP o FI' = FH 5o that F : C — D is
H-separable. Thus, by Proposition 1.10, if Fe = Idg, the functor F' is semiseparable.
Let us prove the last part of the statement. Let ¢ : F — H be an isomorphism of the
functors F, H : C — D, where H is semiseparable with associated idempotent natural
transformation e. Clearly H is a retract of F via v := ¢~'. Thus F is semiseparable, as
Fe=Feoypop=1poHeop=1yYoldgop=Idp. O

1.4. Behaviour with respect to composition

It is known that if ' : C — D and G : D — & are separable functors so is their
composition G o F' and, the other way around, if the composition G o F' is separable
so is F', see [33, Lemma 1.1]. A similar result with some difference, holds for naturally
full functors, see [4, Proposition 2.3]. Here we study the behaviour of semiseparable
functors with respect to composition. The first difference, with respect to the separable
and naturally full cases, is that semiseparable functors are not closed under composition
as we will see later in Example 3.3. However the closeness is available in some cases, as
the following result shows.

Lemma 1.12. Let F : C — D and G : D — & be functors and consider the composite
GoF:C—¢E.

(i) If F is semiseparable and G is separable, then G o F' is semiseparable.
(ii) If F is naturally full and G is semiseparable, then G o F' is semiseparable.

Proof. If F is semiseparable with respect to P¥" and G is separable with respect to P¢,
then for every X, Y in C we have
GF pF  pG GF GF pF G G F
FxyPxyPrx ryFxXy = FxyPxyPrx ryFrxryFxy
GF pF  TF G F pF rF G F GF
=FXyvPxyFxy =FrxryFxyPxyFxy = FrxryFxy = FXy>

hence G o F' is semiseparable through 73)(?1;/ = P§,YP1§X,FY' The proof of (ii) is simi-
lar. O

We now provide a variant of the property that if G o F' is separable so is F.

Lemma 1.13. Let F : C — D and G : D — & be functors. If G o F is semiseparable and
G is faithful, then I is semiseparable.

Proof. It follows from Proposition 1.10, by setting for every X,Y in C, ’P)I;’?,F =

ng’Fy, which is injective, as G is faithful. O
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Afterwards, in Proposition 2.23 we will see how, under stronger assumptions on F,
the functor G comes out to be semiseparable whenever G o F' is.

In Theorem 1.15, we will give a criterion to factorize any semiseparable functor as
the composition of a naturally full functor followed by a separable functor. The main
ingredient will be the coidentifier category which is the object of the following subsection.

1.5. The coidentifier

Given a category C and an idempotent natural transformation e : Id¢ — Id¢, consider
the coidentifier C, defined as in [23, Example 17]. This is the quotient category C/ ~ of
C where ~ is the congruence relation on the hom-sets defined, for all f,g: A — B, by
setting f ~ g if and only if eg o f = eg o g. Thus, Ob (C.) = Ob (C) and Home, (A, B) =
Home (A, B) / ~. We denote by f the class of f € Home (4, B) in Home, (A, B). We
have the quotient functor H : C — C. acting as the identity on objects and as the
canonical projection on morphisms. Note that H is naturally full with respect to P4 p :

Home, (A, B) — Home (A, B) defined by P4 p(f) = ep o f and that the idempotent
natural transformation associated to H is exactly e.

Lemma 1.14. Let C be a category, let e : Ide — Ide be an idempotent natural transfor-
mation and let H : C — C. be the quotient functor.

(1) A functor F : C — D satisfies Fe = Idp if and only if there is a functor F, : Cc — D
(necessarily unique) such that F = F,o H. Given F,F' : C — D such that Fe =1dp
and F'e = Idp/, and a natural transformation B : F' — F', there is a unique natural
transformation B : Fe — F. such that 3 = B.H.

(2) The functor H : C — Ce is orthogonal to any faithful functor S : D — & i.e., given
functors F' and G such that SoF = GoH, then there is a unique functor F, : Cc — D
such that F,o H=F and So F, = G.

H

CHCS CL‘ e
Fl Fl F. \LG
D D—¢&

Proof. First note that He = Idy as e is the idempotent natural transformation associ-
ated to H.

(1). This property is the universal property of the coidentifier that can be deduced from
the dual version of [23, Definition 14(1)]. We just point out that the functor F, : C. — D
acts as F on objects and maps the class f into F f and that, for every object X in C, we
have (ﬁe)X = Px.

(2). We compute SFexy = GHex = Gldyx = Idgupx = ldspx = Sldgpx so that,
since S is faithful, we get that Fex = Idpx and hence Fe = Idp. Thus, by (1) there
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is a unique functor F, : C. — D, such that F, o H = F, which acts as F' on objects
and maps the class f into F'f. Moreover SF,X = SFE,HX = SFX = GHX = GX and
SE,f=SF,Hf =SFf=GHf =Gfsothat SoF,=G. O

Another way to prove that H : C — C,. is orthogonal to any faithful functor S : D — &£
is to observe it is eso (essentially surjective on objects, i.e. for every D € C, thereis C € C
such that D = H(C)) and full and that there is an (eso and full, faithful) factorization
system, see e.g. 20, Example 7.9]. In the following result, we show that any semiseparable
functor admits a special type of (eso and full, faithful) factorization. In fact F = F, 0 H,
where H is eso and (naturally) full while F, is separable whence faithful.

Theorem 1.15. Let F' : C — D be a semiseparable functor and let e : Id¢ — Id¢ be
the associated idempotent natural transformation. Then, there is a unique functor F, :
Ce — D (necessarily separable) such that F = F, o H where H : C — C, is the quotient
functor. Furthermore, if F' also factors as So N where S : £ — D is a separable functor
and N : C — & is a naturally full functor, then there is a unique functor Ng : Ce — &€
(necessarily fully faithful) such that Noo H = N and S o N, = F,, and e is also the
idempotent natural transformation associated to N.

Proof. By Lemma 1.14, there is a unique functor F, : C. — D such that F = F, o H
where H : C — C. is the quotient functor. If F,f = F.g, then Ff = Fg so that, by
Proposition 1.4, we get ego f = egog which means f = g. Thus F. is faithful. Moreover
FLyoPLyoFE, = FLy rewrites as Fiy o FH 0P o Fiey o FR = Fiey o FH L
Since Fy*y is injective and F¥  is surjective, we get F&, o PX o Fi, = Id which
implies that F, is separable (and also that H is naturally full, fact that we already know).

Concerning the last sentence, since S is separable, then it is faithful. By Lemma 1.14
H is orthogonal to S so that there is a unique functor N, : C. — &€ such that N.oH = N
and So N, = F,. Since No.o H = N and N is full, we deduce that N, is full (this is not
true in general, but here H acts as the identity on objects) and since S o N, = F, and
F, is faithful, we deduce that N, is faithful. Thus N, is fully faithful.

It remains to prove that F' and N share the same associated idempotent natural
transformation® e : Ide — Idc. Indeed, by Corollary 1.6, N has an associated idempotent
natural transformation e’ : Id¢ — Id¢ and by definition we have ¢’y := ’Pé(v’ ~(Idnx),
for any X € C. Since F = S o N, by the proof of Lemma 1.12 (i), we can choose

3 thus the functor N, : C. — & such that N.o H = N and So N. = F,, is exactly the separable functor
achieved from the first part of this theorem applied to the naturally full functor N.
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’P)I;,y = 73)]\([,1/ o ’P;?,XJ\,Y7 so that ex = ,P)I;,X(IdFX) _ P)]}[,X(PJ%X,NX(IdSNx)) _
7)§,9<(1(1N)<) =¢'y whencee =¢. O

We are now ready to prove the desired characterization of semiseparable functors in
terms of separable and naturally full functors.

Corollary 1.16. A functor is semiseparable if and only if it factors as S o N where S is
a separable functor and N is a naturally full functor.

Proof. If a functor is semiseparable, it factors as a naturally full functor followed by
a separable one by Theorem 1.15. Conversely, by Lemma 1.12 (i), the composition S o
N, of a separable functor S by a naturally full (whence semiseparable) functor N, is
semiseparable. O

1.6. Generators

We want to investigate how the existence of a suitable type of generator within a
category C could imply that a functor F' : C — D is semiseparable if and only if it is
separable.

Recall, from [26, Definition 7], that a morphism k£ : X — Y in a category C is
called constant provided that for each object Z in C and for each pair of morphisms
g,h : Z — X, it follows ko g = ko h. A category C is said to be constant-generated
provided that, for any pair of morphisms f,g: X — Y in C such that f # g, then there
exist an object & and a constant morphism k& : & — X such that fok # gok. We point
out that the definition of constant-generated category we are giving here differs from the
original one of [26, Definition 8] in the fact that we do not require that Home(X,Y) # 0,
condition which is superfluous for our purposes.

Proposition 1.17. If C is a constant-generated category, then Nat(Ide,Ide) = {Id}. As a
consequence, a functor F : C — D is semiseparable if and only if it is separable.

Proof. Let e € Nat(Ide,Ide) and suppose that ex # Idx, for some object X in C. Since
C is constant-generated, there are an object & and a constant morphism k£ : & — X
such that ex ok # Idx o k. By naturality of e and since k is constant, we have ex o k =
koeg = koldg = Idx o k, a contradiction. Therefore ex = Idx and hence e = Id. We
conclude by Corollary 1.7. O

Recall that an object & in a category C is called a generator if, for every pair of
morphisms f,g : X — Y in C such that f # g, there is a morphism p : & — X such
that fop # gop. If the domain of a functor F' is a category with a generator, instead
of a constant-generated category, it is not obvious that F' is semiseparable if and only if



A. Ardizzoni, L. Bottegoni / Journal of Algebra 638 (2024) 862-917 875

it is separable. However we are able to retrieve the same conclusion by adding suitable
assumptions.

A first example in this direction is given by taking a well-pointed category, i.e. a
category that has a generator which is at the same time a terminal object.

Corollary 1.18. If C is a well-pointed category, then it is constant-generated. As a conse-
quence, a functor F : C — D is semiseparable if and only if it is separable.

Proof. Let & be a generator which is a terminal object. Given morphisms f,g: X — Y
in C such that f # g, since & is a generator there is a morphism k : & — X such that
f ok # gok. On the other hand, since & is a terminal object, then k is constant. We
conclude by Proposition 1.17. 0O

Example 1.19. Corollary 1.18 applies in case C is either the category Set of sets or the
category Top of topological spaces or the category Comp of compact Hausdorff spaces
which are well-pointed. In fact the singleton {x} is both a terminal object and a generator
in all of these categories, see [9, 2.3.2.a, 2.1.7g, 4.5.17.a, 4.5.17.f and 4.5.17.g].

Remark 1.20. In view of Proposition 1.17 and Corollary 1.18, we get that in a well-
pointed category C one has Nat(Ide,Id¢) = {Id}. This result already appeared in [23,
Corollary 21].

Looking for other additional conditions guaranteeing the equivalence between the
semiseparability and the separability of a functor, we need the notion of central idempo-
tent endomorphism of an object & in a category C. By this, we mean a central idempotent
in the monoid (End(®),0,1de), i.e. a morphism ¢g : & — & such that go g = g and
go f = fog for every morphism f: 6 — &.

Proposition 1.21. Let C be a category with a generator & and let F' : C — D be a functor.
Assume there is no central idempotent endomorphism g # Idg : & — & such that
Fg = IdF@.

Then, F' is semiseparable if and only if it is separable.

Proof. Consider an idempotent natural transformation e : Ide¢ — Id¢ such that Fe =
Idp. Then eg is a central idempotent endomorphism of & such that Feg = Idpgs and
hence eg = Idg by hypothesis. Let X be an object in C and suppose that ex # Idx.
Since & is a generator, there is a morphism p : & — X such that ex op # Idx op
but, by naturality of e, we have ex op = poeg = poldg = p so that we are led to a
contradiction. Therefore ex = Idy and hence e = Id. We conclude by Corollary 1.7. O

We are now going to apply Proposition 1.21 to the category R-Mod of left R-modules.
First we need the following easy lemma.
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Lemma 1.22. Let R be a ring. Then g : R — R is a central idempotent endomorphism of
left R-modules if and only if g = zIdg for a central idempotent z € R, namely z = g(1).

Proof. For every r € R, consider the morphism of left R-modules f, : R — R, f-(z) :=
ar. Assume that g is a central idempotent endomorphism of left R-modules. Then g(r) =
rg(l) = rz. From go f, = f, o g we get zr = f,(2) = f.(9(1)) = g(f-(1)) = g(r) =12
so that z is in the center of R. Moreover, since g is left R-linear and idempotent, we get
zz = g(z) = g(g9(1)) = g(1) = z. Conversely, it is clear that zIdg : R — R is a central
idempotent endomorphism of left R-modules in case z is a central idempotent in R. O

Corollary 1.23. Let R be a ring with no non-trivial central idempotent (e.g. R is a do-
main). A functor F : R-Mod — D such that FO # Idpg is semiseparable if and only if
it is separable.

Proof. Let g : R — R be a central idempotent endomorphism of left R-modules such
that F'lg = Idpgr. By Lemma 1.22, we have that ¢ = zIdgr for a central idempotent
z € R. By hypothesis z is trivial i.e. z =1 or z = 0 and hence we get either ¢ = Idg or
g = 0. Since Fg = Idpg, we must have g = Idg. Since R is a generator in R-Mod, by
Proposition 1.21, we conclude. 0O

2. Semiseparability and adjunctions

This section collects results on semiseparable functors which have an adjoint. Explic-
itly in Subsection 2.1, we investigate a Rafael-type theorem for semiseparable functors.
In Subsection 2.2, we study the behaviour of semiseparable adjoint functors in terms of
(co)monads and the associated (co)comparison functor. Subsection 2.3 contains results
on semiseparability of functors that have both a (possibly equal) left and right adjoint.

2.1. Rafael-type Theorem

Rafael Theorem [34] provides a characterization of separable functors which have an
adjoint: explicitly, given an adjunction F 4 G : D — C with unit 5 and counit €, then F
is separable if and only if there exists a natural transformation v : GF — Id¢ such that
von = ldyq, while G is separable if and only if there exists a natural transformation - :
Idp — FG such that eoy = Idjq, . Next result extends Rafael Theorem to semiseparable
functors.

Theorem 2.1. (Rafael-type Theorem) Let (F : C — D,G : D — C) be an adjoint pair of
functors, with unit n : Id — GF and counit € : FG — 1d. Then:

(i) F is semiseparable if and only if n is reqular.
(ii) G is semiseparable if and only if € is reqular.
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Proof. One can prove this result in a similar way as in [28, Theorem 1, page 90], by
means of Yoneda Lemma. We include here an alternative proof following the lines of
Rafael Theorem for separable functors. (i) Assume that F' is semiseparable and let P
be a natural transformation such that F oP o F = F. We define v : GF — Id¢ on
components by setting vy := Pgrx x(€rx) : GFX — X, for any object X in C. The
naturality of vx in X follows from the one of P. Moreover, by naturality of P, for any
X, Y inCand g: FX — FY we also have

vy o Ggonx = Pary,y(ery) o Ggonx = Pxy(ery 0 FGgo Fnx)
=Pxy(goerx oFnx)="Pxy(goldrx) =Pxy(9)

The associated natural transformation is defined by ex := Px x(Idrpx) = vx 0o Gldpx ©
Nx = vx onx so that e = von. We compute novon=noe=GFeon=Gldpon=n.
Thus, n is regular.

Conversely, suppose 7 is regular, i.e. there exists a natural transformation v : GF —
Id¢ such that novon = n, and for any f € Homp(FX, FY) define Px y(f) :=vyoGfo
7x. From the naturality of n and v, forany h: X - Y, k: FY - FZ andl:Z —» T
we have Px p(Floko Fh) =vpoG(FlokoFh)onx = (vpoGFl)oGko(GFhonx) =
lo(vzoGkony)oh =1o0Pyz(k)oh, thus P : Homp(F—, F—) — Hom¢(—,—) is a
natural transformation. Since Pgrx, x(€rx) = vx 0 Gepx ongrx = vx o ldgrx = vx,
the correspondence between P and v is bijective. Set e := v on. Then Fe = F(von) =
IdpoF(von) = eFoFnoF (von) = eFoF (novon) = eFoFn = Idp i.e. Fe = Idp. Therefore
F' is semiseparable by the following computation, that holds for every f: X — Y

(Fx,y oPxy o Fxy)(f) = F(Pxy(F(f))) = F(vy o GF(f) onx)
=F(vyony o f)=F(ey)o Ff =ldry o Fxy(f) = Fx v (f).

(ii) It follows by duality. O
We include here a useful lemma, which characterizes the regularity of unit and counit.

Lemma 2.2. Let (F : C — D,G : D — C) be an adjoint pair of functors, with unit n and
countt €.

(i) The following equalities are equivalent for a natural transformation v : GF — Idc:

(1) novon=mn (i.e. n is regular);
(2) FrvoFn=1dp;
(3) vGonG =1Idg.

(ii) The following equalities are equivalent for a natural transformation vy : Idp — FG:
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(1) eoyoe=¢€ (i.e. € is reqular);
(2) Geo Gy =1dg;
(3) eFoyF =1Idp.

Proof. We just prove (i) as (i) follows dually.

(1)= (2). FvoFn=IdpoFvoFn=€eFoFnoFvoFn=e¢cF oFn=I1dp.

(2) = (1). By naturality of i, we have novon =no(von) = GF(von)on =
G(FvoFn)on=n.

(1) = (3). vtGonG =1dg o vG o nG = Ge o nG o vG oG = Ge oG = Idg.

(3) = (1). By naturality of v on, we have novon =no(von) = (von)GFon =
(vGonG)Fon=n. O

Remark 2.3. Let (F: C — D,G : D — C) be an adjunction with unit 1 and counit e.

1) Assume that there is a natural transformation v : GF' — Id¢ such that novon = .
By Theorem 2.1, we know that F' is semiseparable so that we can take the associated
idempotent natural transformation e : Id¢ — Ide. We can write it explicitly in terms
of v. Indeed, by the proof of Theorem 2.1, we can define Pxy : Homp(FX,FY) —
Home (X,Y) by setting Px y (f) := vy o Gf onx for every morphism f : FX — FY. By
definition, ex := Px x(Idrx) = vx onx so that e=von.

2) Dually, if there is a natural transformation 7 : Idp — FG such that eoyoe = ¢,
then G is semiseparable and the associated idempotent natural transformation is e =
eo~:1dp — Idp.

2.2. FEilenberg-Moore category

In order to study the behaviour of semiseparable adjoint functors in terms of sep-
arable (co)monads and associated (co)comparison functor, we remind some basic facts
concerning Eilenberg-Moore categories [21].

Given a monad (T,m : TT — T,n :Ide¢ — T) on a category C we denote by Ct
the Eilenberg-Moore category of modules (or algebras) over it. The forgetful functor

T : Ct — C has a left adjoint, namely the free functor

Vr:C —Cr, Cw— (TC,me), f=T0f)-

The unit Ide — Ut V7 = T is exactly n while the counit 8 : V7Ut — Ide, is completely
determined by the equality by UtfB(x ) = wp for every object (X,u) in Ct (see [10,
Proposition 4.1.4]). Dually, given a comonad (L,A : 1 — 11l,e: L — Id¢) on a
category C we denote by C* the Eilenberg-Moore category of comodules (or coalgebras)
over it. The forgetful functor U+ : C*+ — C has a right adjoint, namely the cofree functor

L.c—ct, C i+ (LC,Ag), f= L(f)
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The unit o : Idgr — VUL is completely determined by the equality by UJ-oz(XJ,) =p
for every object (X, p) in C* while the counit U+V+ = | — Ide is exactly e.

Given an adjunction F': C — D, G : D — (), with unit  and counit €, we can consider
the monad (GF, GeF,n) and the comonad (F'G, FnG, €). We have the comparison functor

Kar : D — Car, D'-)(GD7G€D); fHG(f)v
and the cocomparison functor
K'%:.c—D"¢,  Cw (FC, Fno), [~ F(f),

that fit into the diagram

UFG
_—
pre I D «
= VFG GF
rlfe 1)
ro Var
C L CGF7
Ucr

where Ugp o Kgp =G, Kgro F = Vgp, UFC 0o KFG = F and KF¢ oG =VFC,

We recall that a monad (T,m: TT — T,n:Id¢ — T) on a category C is said to be
separable [11] if there exists a natural transformation o : T — TT such that moo = Idr
and Tmoo T =com =mT o To; in particular, a separable monad is a monad satisfying
the equivalent conditions of [11, Proposition 6.3].

Dually, a comonad (L,A : L — 11, e: L — Ide) on a category C is said to be
coseparable if there exists a natural transformation 7: L1 — 1 satisfying 7o A =1d
and l7To Al =Aor=7LlolA.

Furthermore, an idempotent monad is a monad (T, m,n) on a category C whose
multiplication m is an isomorphism or, equivalently, such that the forgetful functor
Ut : Ct — C is fully faithful, see [10, Proposition 4.2.3]. Dually, an idempotent comonad
is a comonad (L, A, €) on a category C whose comultiplication A is an isomorphism or,
equivalently, such that the forgetful functor U+ : C* — C is fully faithful, see [2, Section
6].

An adjunction F 4 G : D — C with unit n : Id¢ — GF and counit € : FG — Idp
is said to be an idempotent adjunction® if the monad (GF,GeF,n) is idempotent, or
equivalently if the comonad (FG, FnG,e) is idempotent, see e.g. [19, Subsection 3.4].
Indeed by [27, Proposition 2.8] this is equivalent to ask that anyone of the natural
transformations eF', Ge, F'np and nG is an isomorphism.

4 As underlined in [19], the first hint of idempotent adjunctions can be found in [29] under the name of
idempotent constructions.
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Remark 2.4. An idempotent (co)monad on a category C is always (co)separable with
splitting given by the inverse of the (co)multiplication. Another way to arrive at the same
conclusion is to observe that the forgetful functor Ut : Ct — C (resp. Ut : Ct — C) is
both separable and naturally full whenever it is fully faithful.

Remark 2.5. Let (F: C — D,G : D — C) be an adjunction with unit 7 : Id¢ — GF and
counit € : FG — Idp.

1) The adjunctions (F,G) and (Vgr,Ugr) have the same associated monad (GF, GeF,
n), whereas the adjunctions (F,G) and (UF® V) have the same associated
comonad (FG, FnG,e).

2) By 1), (F,QG) is idempotent if and only if (Vgr,Ugr) is idempotent, if and only if
(UFE VFGY is idempotent.

3) The counit of an adjunction coincides with the counit of the associated comonad.
Thus, by 2), the adjunctions (F,G) and (UF% VFY) have the same counit. As a
consequence, G is semiseparable (resp. separable, naturally full, fully faithful) if and
only if so is V@ in view of the corresponding Rafael-type Theorems (i.e. Theorem 2.1,
[34, Theorem 1.2] and [4, Theorem 2.6]) and their combination for fully faithfulness.

4) Similarly, the adjunctions (F, G) and (Vgr,Ugr) have the same unit and hence F' is
semiseparable (resp. separable, naturally full, fully faithful) if and only if so is V.

Now, let (F,G,n,€) be an adjunction. In [18, Lemma 3.1] it is proved that if the
right adjoint G is separable then the associated monad (GF,GeF,n) is separable. We
show that the semiseparability of G is enough to gain the separability of the associated
monad. The proof is similar to the separable case but uses Lemma 2.2. We also prove
the analogous result involving the left adjoint and the associated comonad.

Lemma 2.6. Let (F,G,n,¢€) be an adjunction.

(i) If G is semiseparable, then the associated monad (GF,GeF,n) is separable.
(ii) If F is semiseparable, then the associated comonad (FG, FnG,e) is coseparable.

Proof. (i) Assume G is semiseparable. Then, by Theorem 2.1 and Lemma 2.2 (ii), there
is a natural transformation v : Idp — F'G such that Ge o Gy = Idg. Set 0 := GyF :
GldpF — GFGF. 1t follows that GeF o 0 = GeF o GyF = Idggr. Moreover, from the
naturality of € and ~y, we have yoe = e FGoF Gy and yoe = FGeoyF G, respectively, hence
GFGeFooGF = GFGeFoGYFGF = GyFoGeF = GeFGFoGFGYF = GeFGFoGFo.
Therefore, the monad (GF, GeF,n) is separable.

(ii) The proof is dual by using Lemma 2.2 (i). O

Remark 2.7. We have recalled that if the right adjoint G of an adjunction (F, G) is separa-
ble then the associated monad (GF, GeF,n) is separable. It is known that the converse is
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not true as [18, Example 3.7(2)] shows. Explicitly, let C and C’ be two nontrivial additive
categories, and consider the product category D = CxC’. Let F : C — D be the canonical
functor sending an object C to (C,0) and a morphism f to (f,0). Its right adjoint is the
projection functor G : D — C. Then, the associated monad GF' equals the identity monad
on C, which is separable, but G is not separable, as it is not faithful. Nevertheless, G re-
sults to be semiseparable. Indeed, let € : FFG — Idp be the counit of the adjunction given
for any D = (C,C") in D by ep = (Idc, pL,) : FGD — D, where L, is the unique map
from the zero object 0 of C to C’. Consider the natural transformation v : Idp — FG,
given for any D = (C,C") in D by vp = (Id¢, p&,) : D — FGD, where ¢, is the unique
map from C’ to 0. Then, from vpoep = (Idc, pL,) o (Ide, L)) = (1de,Idg) = Idpep it
follows that G is naturally full by [4, Theorem 2.6], hence in particular semiseparable.

Remark 2.8. As it happens for the separable case, the fact that the associated (co)monad
is (co)separable does not imply that the right (left) adjoint is semiseparable, i.e. the
converse of Lemma 2.6 is not necessarily true. To see this, note that if (F,G) is an
adjunction with G (resp. F) fully faithful, then the associated monad (resp. comonad)
is always idempotent (this will be proved in Corollary 2.13, resp. Corollary 2.17) whence
separable (resp. coseparable). However F' (resp. G) needs not to be semiseparable in
this case. For instance, we consider the usual adjunction (¢*,¢.) attached to a ring
homomorphism ¢ : R — S (we will be back on it in Subsection 3.1). In [4, Example 3.3]
it is shown an example of a ring epimorphism ¢ : R — S (in this case @, is fully faithful)
such that the extension of scalars functor ¢* is full, but not naturally full, thus ¢* is not
semiseparable by Proposition 1.3.

The following result characterizes the semiseparability of a right adjoint functor in
terms of properties of the comparison functor and of the forgetful functor from the
Eilenberg-Moore category of modules over the associated monad. We remark that by
Proposition 1.3 the separability of the forgetful functor coincides with its semiseparability
as it is faithful.

Theorem 2.9. Let (F : C — D,G : D — C) be an adjunction. Then, G is semiseparable
if and only if the forgetful functor Ugp : Car — C is separable (equivalently, the monad
(GF,GeF,n) is separable) and the comparison functor Kgr : D — Car is naturally full.

Proof. Set U := Ugr and K := Kgp. Let n and € be the unit and counit of (F,G)
respectively. Assume G is semiseparable. By Theorem 2.1 and Lemma 2.2 (ii), there is
a natural transformation v : Idp — FG such that Ge o Gy = Idg. By Lemma 2.6 (i),
(GF,GeF,n) is a separable monad, and by [7, 2.9 (1)], the separability of this monad
is equivalent to the separability of U. We now prove that K : D — Cgp is naturally
full. Let o : KX — KY be a morphism in Cgpr. Note that this means the equality
Gey o GFUh = Uh o Gex holds true. Set h/ := ey o FUh o yx. Then, since U o K = G,
which is semiseparable by assumption, we obtain
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UKW = G(ey o FUhovyx) = (Gey o GFUh) o Gyx = Uho Gex o Gyx = Uh.

So K is full, as Kh' = h. Moreover, since U is faithful and UK is semiseparable, by
Lemma 1.13 (i) K is semiseparable. By Proposition 1.3 (ii) this means that K is naturally
full. Conversely, if U is separable and K is naturally full, then by Corollary 1.16 G = UoK
is semiseparable. O

Remark 2.10. Let F' 4G : D — C be an adjunction. If G is semiseparable, let e : Idp —
Idp be the associated idempotent natural transformation. Then, by Theorem 1.15 there
is a unique functor G, : D, — C (necessarily separable) such that G = G, o H, where
H : D — D, is the quotient functor onto the coidentifier category D, which in turn
is naturally full. By Theorem 2.9 G also factors as Ugp o Kgp where Ugp is separable
and Kgp is naturally full. These two factorizations of G as a naturally full functor
followed by a separable one are related, in view of Theorem 1.15, by a unique functor
(Kgr)e : Do — Car (necessarily fully faithful) such that (Kgp). o H = Kgr and
Ucr o (Kgr)e = G.. The same result also establishes that the idempotent natural
transformation associated to Kqp is still e.

p_".p,

KcFi (KgF)e \LGe
p
Car ——C

GF Ucr

As a consequence of Theorem 2.9 we can now recover similar characterizations for
separable, naturally full and fully faithful right adjoints. Let us start with the separable
case.

Corollary 2.11 (cf. [18, proof of Proposition 3.5] and [5, Proposition 2.16]). Let (F : C —
D,G : D — C) be an adjunction. Then, G is separable if and only if the forgetful functor
Ucr : Car — C is separable (equivalently, the monad (GF, GeF,n) is separable) and the
comparison functor Kgp : D — Cqr is fully faithful (i.e. G is premonadic).

Proof. Set U := Ugr and K := K. By Proposition 1.3 (i), G is separable if and only
if it is semiseparable and faithful. By Theorem 2.9, G is semiseparable if and only if U
is separable and K is naturally full. Since G = U o K and U is faithful, we get that G is
faithful if and only if K is faithful. Putting all together we get that G is separable if and
only if U is separable and K is both naturally full and faithful. The latter means that
K is fully faithful, i.e. G is premonadic. O

We now provide a new characterization of natural fullness of a right adjoint functor
in terms of idempotence of its adjunction/monad and natural fullness of the comparison
functor.
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Corollary 2.12. The following are equivalent for an adjunction (F :C — D,G : D — C).

(1) G is naturally full.

(2) The adjunction (F, Q) is idempotent and G is semiseparable.

(3) The forgetful functor Ugr : Car — C is fully faithful (i.e. the monad (GF,GeF,n)
is idempotent) and the comparison functor Kgp : D — Car is naturally full.

Proof. Let n : Ide — GF be the unit and let € : FG — Idp be the counit of the
adjunction (F,G).

(1) = (2). If G is naturally full, by Rafael-type Theorem for naturally full functors [4,
Theorem 2.6 (2)], there is a natural transformation v : Idp — F'G such that yoe = Idpg.
Thus GyoGe = Idgrg. On the other hand we have the triangular identity GeonG = Idg
and hence Ge is invertible and (F,G) is idempotent. Moreover G is semiseparable by
Proposition 1.3 (ii).

(2) = (3). It follows from the definition of an idempotent adjunction and from Theo-
rem 2.9.

(3) = (1). Since G = Ugr o Kgr we get that G is naturally full as a composition of
naturally full functors, see [4, Proposition 2.3]. O

Now, putting together the above corollaries, we recover the characterization for a
fully faithful right adjoint. Although it is well-known that (F : C — D,G : D — () is
an idempotent adjunction, that is, the forgetful functor Ugp : Cgr — C (resp. UFE :
DFE 5 D) is fully faithful, provided the functor G' (resp. F) is fully faithful, see e.g.
[5, Proposition 2.5], the equivalence (1) < (2) in Corollary 2.13 (resp. Corollary 2.17) is
new as far as we know.

Corollary 2.13. The following are equivalent for an adjunction (F:C — D,G : D — C).

(1) G is fully faithful.

(2) The forgetful functor Ugr : Car — C is fully faithful (i.e. the monad (GF,GeF,n)
is idempotent) and the comparison functor Kgp : D — Cqr is fully faithful (i.e. G
is premonadic).

(3) The adjunction (F,Q) is idempotent and the comparison functor Kgr : D — Car
is an equivalence (i.e. G is monadic).

Proof. (1) < (2). Put together Corollary 2.11 and Corollary 2.12.
(1) < (3). This follows by [5, Proposition 2.5]. O

Let us consider the dual context of Theorem 2.9. We characterize the semiseparability
of a left adjoint functor in terms of the natural fullness of the cocomparison functor
and of the separability of the forgetful functor from the Eilenberg-Moore category of
comodules over the associated comonad.
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Theorem 2.14. Let (F : C — D,G : D — C) be an adjunction. Then, F is semiseparable if

and only if the forgetful functor UYS : DFC — D is separable (equivalently, the comonad
(FG, FnG,e) is coseparable) and the cocomparison functor K¥G : C — DFC is naturally

full.

Dually to Remark 2.10, if F 4 G : D — C is an adjunction with F' semiseparable
and e : Id¢ — Id¢ is the idempotent natural transformation associated to F', then
Theorem 1.15 and Theorem 2.14 yield two factorizations F,o H = F = UF% o K¢ of F
as a naturally full functor followed by a separable one, and they are related by a unique
functor (K¥%), : C. — DFY (necessarily fully faithful) such that (K¥%), o H = KF'¢
and UFC o (KFY), = F,.

For future reference, we now state the dual of Corollaries 2.11, 2.12 and 2.13.

Corollary 2.15. Let (F' : C — D,G : D — C) be an adjunction. Then, F is separable if
and only if the forgetful functor UFC : DFC — D is separable (equivalently, the comonad
(FG, FnG,e) is coseparable) and the cocomparison functor K¥E . C — DFC s fully

faithful (i.e. F is precomonadic).

Corollary 2.16. The following are equivalent for an adjunction (F :C — D,G : D — C).

(1) F is naturally full.

(2) The adjunction (F,G) is idempotent and F' is semiseparable.

(3) The forgetful functor UYC . DFC — D is fully faithful (i.e. the comonad
(FG, FnG,e) is idempotent) and the cocomparison functor K¥¢ . C — DFG js
naturally full.

Corollary 2.17. The following are equivalent for an adjunction (F':C — D,G : D — ().

(1) F is fully faithful.

(2) The comonad (FG, FnG,e¢) is idempotent and the cocomparison functor K¥¢ . C —
DFG s fully faithful (i.e. F is precomonadic).

(3) The adjunction (F,G) is idempotent and the cocomparison functor K¥'¢ : C — DF¢
is an equivalence (i.e. F is comonadic).

We include here a consequence of Corollaries 2.12 and 2.16 that will be used later on.

Corollary 2.18. Let (F,G) be an idempotent adjunction. Then, F (resp. G) is semisepa-
rable if and only if it is naturally full.
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2.3. Adjoint triples and bireflections

Let C and D be categories. Recall that an adjoint triple F 4G 4 H : C — D of functors
is a triple of functors F, H : C - D and G : D — C such that FF 4 G and G 4 H. The
following result, which is new to the best of our knowledge, shows how semiseparable,
separable and naturally full functors behave with respect to adjoint triples.

Proposition 2.19. Let F 4G 4 H : C — D be an adjoint triple. Then, F is semiseparable
(resp. separable, naturally full) if and only if so is H.

Proof. We denote by 7', €/ and 7", € the unit and the counit of the adjunction F' 4 G
and of the adjunction G - H, respectively. We just prove the “only if” part of the
statement. For the other direction consider the adjoint triple H°P 4 G°P 4 F°P together
with Remark 1.2. To a natural transformation ! : GF — Id¢ we can attach the natural
transformation v" := GHv! o Gn"F o' : Id¢ — G H such that

oy =€ oGHV oG Fon' =vloe"GF oGy Fon! =vlonl. (2)

Assume F is semiseparable. By Theorem 2.1 (i), there exists a natural transformation
V! © GF — Idc such that n' o ! ol = nl. Define v" : Ide — GH that fulfils (2) as
above. We show that it is the required natural transformation of Theorem 2.1 (ii) such
that € 0oy" o " = ¢". Indeed, by naturality of €", we have € oy " o¢” = vl onl o€ =
€' ov!GH on!GH = €", where the last equality follows from (1) < (3) of Lemma 2.2 (i).

If F is separable, by Rafael Theorem, there exists a natural transformation v! : GF —
Idc such that v! o n! = Id. Then, for 4" defined as above and (2), we have €" o y" =
vt on! =1d so that H is separable again by Rafael Theorem.

Assume F' is naturally full. By [4, Theorem 2.6 (1)], there exists a natural trans-
formation v* : GF — Ide such that 1! o ! = Idgp. Define 4" : Ide — GH as
above. Observe that, from n'G o V'G = Idgrg and Ge' o 'G = Idg, it follows that
(n'G)~! = G = Ge'. Then, by naturality of v and " we have 7" oe” = GHe"oy"GH =
GHe" o GHV'GH o Gn"FGH on!GH = GHe" o GHGe'H o G" FGH on'GH = GHe" o
G(HGeé on"FG)H on!GH = GHe" o Gn"H o Ge'H o' GH = 1dgpy oldgy = Idgy. O

Remark 2.20. We already observed that a functor is fully faithful if and only if it is at
the same time separable and naturally full. Thus, by Proposition 2.19, we recover the
well-known result that in an adjoint triple F' 4 G 4 H, the functor F is fully faithful if
and only if so is H, see e.g. [9, Proposition 3.4.2]. Adjoint triples F' 4 G 4 H where F
and H are fully faithful are called fully faithful adjoint triples.

We will apply Proposition 2.19 in Subsection 3.1 to an adjoint triple associated to a
ring morphism and in Subsection 3.5 in the study of a particular adjoint triple attached
to a bialgebra.
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Now, recall that a functor G : D — C is called Frobenius if there exists a functor
F : C — D which is both a left and a right adjoint to G. Thus, a Frobenius functor
G : D — C fits into an adjoint triple F 4 G 4 F' : C — D where the left and right adjoint
F are equal. As a consequence of Theorem 2.1 and Lemma 2.2, in the following result we
obtain necessary and sufficient conditions for the semiseparability of a Frobenius functor.
This is a semiseparable version of [15, Proposition 49] for separable Frobenius functors
and of [4, Proposition 2.7] for naturally full Frobenius functors.

Proposition 2.21. Let F' : C — D be a Frobenius functor, with left and right adjoint
G : D — C. Denote by 1!, € and by 0", € the unit and the counit of the adjunctions
(F,G) and (G, F), respectively. Then, the following assertions are equivalent:

(i) F is semiseparable.
(ii) There exists a natural transformation o : G — G such that one of the following
equivalent conditions holds:

ntoe oaF on' = Fe" o FaF o Fi! = 1dp; €"GoaFGon'G=1dg.

(iii) There exists a natural transformation B : F — F such that one of the following
equivalent conditions holds:

ntoe"oGBon' =nl; Fe" o FGBo Fn' = Idp; €'GoGBGon'G =1dg.

(iv) There exists a natural transformation o : G — G such that one of the following
equivalent conditions holds:

€oad'Fonloe =¢; Fe" o Fa'F o Fnl =1dp; €'God FGon'G=1dg.

(v) There exists a natural transformation B’ : F — F such that one of the following
equivalent conditions holds:

€ oGR onfoe =¢"; Fe" o FGB' o i =1dp; €'GoGRGon'G =1dg.

Proof. (i) & (ii) < (i) By [15, Proposition 10] applied to the adjunction (G, F) we
have the following bijective correspondences:

Nat(GF,Id¢) & Nat(G, G) = Nat(F, F) = Nat(Idp, FG).

Explicitly, for any natural transformation v : GF — Id¢ there are unique natural trans-
formations o : G — G, B : F — F such that

€oaF=v=¢oGp. (3)
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Apply Theorem 2.1 and Lemma 2.2 to the adjunction (F, G) and then (3) to the induced
natural transformation v : GF — Id¢ such that n' o vt ol = 7.

(1) & (iv) & (v) By [15, Proposition 10] applied to the adjunction (F, G), for any natural
transformation v : Ide — GF there are unique natural transformations o’ : G — G,
B : F — F such that

O/Fonl:’y:Gﬁ'onl. (4)

Cousider the adjunction (G, F') and apply Theorem 2.1 and Lemma 2.2. Then, apply (4)
to the induced natural transformation 4" : Id¢ — GF such that € oy"oc" =€". O

Remark 2.22. A semiseparable functor is not necessarily Frobenius. Indeed, from [15,
Example 18, item 6, page 323] let G be a finite group and consider the group algebra
A = kG over a field k. Then A is a Frobenius k-algebra and hence the restriction of
scalars functor ¢, : A-Mod — k-Mod is Frobenius, cf. [15, Theorem 28, item 3]. However
if char(k) divides |G|, the extension A/k is not separable so that ¢, is not separable and
therefore not even semiseparable as it is faithful. See Subsection 3.1 for further results

on Py.

Next aim is to study semiseparable (co)reflections. Recall that

o a functor admitting a fully faithful left adjoint is called a coreflection, see [6];

e a functor with a fully faithful right adjoint is called a reflection;

e a functor G : D — C is called a bireflection if it has a left and right adjoint equal,
say F': C — D, which is fully faithful and satisfies the coherent condition yoe =1d
where € : FG — Id is the counit of F' 4 G while v : Id — F'G is the unit of G 4 F,
cf. [23, Definition 8].

Being a coreflection (respectively a reflection) is equivalent to the fact that the unit (re-
spectively counit) of the corresponding adjunction is an isomorphism, see [9, Proposition
3.4.1]. The adjoint of the inclusion of a (co)reflective subcategory is a typical example of
(co)reflection. In Theorem 2.24 we will see how semiseparable (co)reflections G : D — C
naturally give rise to fully faithful adjoint triples. Bireflective subcategories of a given
category C provide examples of bireflections. Recall that an idempotent f : X — X in
a category C is split if there exist g : X — Y and h : Y — X such that hog = f
and g o h = Idy. The splitting is unique up to isomorphism. In [23] an endo-natural
transformation whose components are all split idempotents is called a split-idempotent
natural transformation. It is known that bireflective subcategories correspond bijectively
to split-idempotent natural transformations e : Ide — Ide with specified splitting, [23,
Theorem 13]. This fact is connected to the functor H : C — C. of Theorem 1.15 which
comes out to be a bireflection in case e splits naturally, as we will see in Proposition 2.27.

Let us see how the notions of (co)reflection and bireflection behave in connection to
semiseparability. In particular, in the following proposition we observe their behaviour
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with respect to a semiseparable composition of functors, cf. [4, Proposition 2.4] for the
naturally full case.

Proposition 2.23. Let G : D — C, H : C — & be functors, and assume that G is a
(co)reflection. If H o G : D — & is semiseparable, then H is semiseparable.

Proof. Assume that G is a coreflection with a fully faithful left adjoint F. If HG is
semiseparable, since F' is fully faithful (whence naturally full), then HGF is semisepara-
ble by Lemma 1.12. The unit 5 : Id¢ — GF of the adjunction (F,G) is an isomorphism,
so that Hn : H — HGF is an isomorphism. By Corollary 1.11, H is semiseparable. If G
is a reflection, the proof is similar. 0O

The next result provides a characterization of semiseparable (co)reflections. Surpris-
ingly it involves the notions of naturally full and Frobenius functor as well as the one of

bireflection.

Theorem 2.24. The following are equivalent for a functor G : D — C.

(1) G is a naturally full coreflection.
(2) G is a semiseparable coreflection.
(3) G is a bireflection.

(4) G is a Frobenius coreflection.

(5) G is a naturally full reflection.
(6) G is a semiseparable reflection.
(7) G is a Frobenius reflection.

Proof. We prove the equivalence between (1), (2), (3) and (4). Assume that G is a core-
flection. Denote by F' the left adjoint of G, by 7 : Id¢e — GF the unit and by € : FG — Idp
the counit of the adjunction (F,G). Since F is fully faithful, we get that 7 is invertible.
Therefore, from e FloF'n = Idp and GeonG = Idg, we get (Fn)_1 = eF and (nG)_l = Ge.

(1) & (2). Since 7 is invertible, the adjunction (F, G) is idempotent and Corollary 2.18
applies.

(2) = (3). If G is semiseparable, by Theorem 2.1 (ii) there is a natural transformation
v : Idp — FG such that eoyoe = e. By Lemma 2.2, we have ¢F' o vF = Idp and
Ge o Gy =1dg so that,

F(n)oyF = (Fn)~' oyF = eF oyF = 1dp,

N 'GoGy=nG) oGy =GeoGy=1dg.
This means that (G, F) is an adjunction with unit v : Idp — FG and counit 7~ :
GF — 1dc. The equality 7!G = Ge implies the coherent condition v o e = Id by [23,
Proposition 10].
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(3) = (4). It is trivial.

(4) = (1). If G is Frobenius, then there are a unit n’ : Idp — FG and a counit
¢ : GF — Id¢ of the adjunction (G, F). Set 0 := € GonG : G — G and note that
coGe=€¢GonGoGe= e’GO77GO(77G)_1 = €'G. If we set v := Foon', we obtain

Nyoe=Foon oe " FooFGeonFG=F(c0Ge)onFG = FGon'FG = 1drg.

By [4, Theorem 2.6], we conclude that G is naturally full.
The implications (5) < (6) = (3) = (7) = (5) follow dually. O

Remark 2.25. It is known that a conservative (co)reflection is always an equivalence (see

g. [6, Remark 1.4]). Since separable functors are conservative (cf. Remark 1.8), one
recovers the fact that a separable (co)reflection is, actually, an equivalence, see e.g. in
[35, Proposition 2.4]. Thus Theorem 2.24 can be seen as a semi-analogue of this result.

The following result will be useful in Subsection 3.5.

Proposition 2.26. Let ' 4 G 4 H : C — D be an adjoint triple with G fully faithful.
Denote by ', € and ", € the unit and the counit of the adjunction F 4 G and of the
adjunction G - H, respectively. Consider the natural transformation o : H — F defined
by o:=Fe o(H)™ : H— F. Then, H is semiseparable if and only if o is split-mono
if and only if o is invertible.

Proof. Since G is fully faithful, then H is a coreflection so that, by Theorem 2.24, it is
semiseparable if and only if it is naturally full if and only if it is Frobenius, i.e. F = H.
By [35, Proposition 2.2], the condition F' = H is equivalent to the invertibility of o. We
now prove that G is naturally full if and only if o is split-mono. We have a bijective
correspondence Nat(F, H) = Nat(Id¢, GH). Explicitly, for any natural transformation
7 : F — H there is a unique natural transformation + : Ide — G H given by 7 := Gron'.
Then yoe" =Gronloe" =GroGFe" on!GH =GroG(ocoeH)on'GH = G(to0) 0
Ge'H on'GH = G(1 0 0) so that yoe” = G(1 0 0). Thus, yo e = Idgy if and only if
G(to0) =1Idgy if and only if Too = Idy, as G is faithful. By Rafael-type Theorem for
naturally full functors, the condition v o €” = Idgy means that H is naturally full. O

Let us see how the quotient functor H : C — C. results to be a bireflection in mean-
ingful cases.

Proposition 2.27. Let C be a category and let e : Ide — Id¢ be an idempotent natural
transformation. Then, the quotient functor H : C — C. is a bireflection if and only if e
splits (e.g. when C is idempotent complete).

Proof. Assume that H : C — C. is a bireflection. Then, H has left and right adjoint
functors equal, say L : C. — C, which is fully faithful, and such that the coherence
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condition n o ¢ = Idgy, is satisfied, where 7 : Id — HL is the unit of adjunction L + H,
and ¢ : HL — Id is the counit of H 4 L. Denote by ' : Id — LH and ¢ : LH — Id
the unit and counit of the adjunctions H 4 L and L - H, respectively. Since L is fully
faithful, n is an isomorphism and hence, from the coherence condition and the triangular
identity Le’ on’L = Idy, we get that Ly = (Le’)~! = 1’ L. Therefore, by naturality of 7/,
we have n oe = LHeon/'LH = LHe o LnH = Lldy = Idyg. Similarly, from the latter
condition and the triangular identity HeonH = Idy, it follows that Hy' = (He)™ = nH.
Then, H(eon') = HeoHn' =1dy = HId. Thus, for all X € C, we have ex = ex oexon.
Now, recall He = Idy as e is the idempotent natural transformation associated to H.
Then, exoex =exoLHex = ex o LHIdx = ex so that the equality ex = ex oex ony
simplifies as ex = ex o7’y and hence e splits.

The converse essentially follows from the dual of [23, Proof of Theorem 13]. We give
a slightly different proof here. Assume that e splits. Since we know that H is naturally
full (see Subsection 1.5), it is in particular semiseparable. Thus, in order to conclude,
by Theorem 2.24, it is enough to check that H is a coreflection. Choose a splitting
Id¢ Lps Id¢ of the idempotent e such that moe = Idp. Note that Pe = Peomoe natw
moeoe=moeomoe = Idp and hence Pe = Idp. Thus, by Lemma 1.14, there is a
unique functor P, : C. — C such that P, o H = P. It is now straightforward to check
that P. 1 H with counit € and invertible unit  : Ide, = HP. defined by the equality
nH = Hr i.e. by setting nx := (Tx) ycc- Thus H is a coreflection. O

As a consequence of Theorem 1.15 and Proposition 2.27, we have the following corol-
lary.

Corollary 2.28. A functor F : C — D factors as a bireflection followed by a separable
functor if and only if it is semiseparable and the associated natural transformation e :
Ide — Ide splits. Moreover, any such a factorization is the same given by the coidentifier
within Theorem 1.15, up to a category equivalence.

Proof. Assume that FF = S o N where N : C — & is a bireflection and S : £ — D
is a separable functor. Since N is in particular naturally full, we get that FF = So N
is semiseparable and hence by Theorem 1.15, there is a unique functor N, : C. — &
(necessarily fully faithful) such that Noo H = N and S o N, = F,.. If we denote by
L : & — C the left adjoint of N, then it is fully faithful and hence, since the unit
7 :Id — NL is an isomorphism, we have that Id 2 N o L = N, o H o L. Therefore N, is
essentially surjective on objects. Since it is also fully faithful, we get N, is an equivalence
of categories and, from Id &2 N,o Ho L, it has quasi-inverse Ho L. Thus, (HoL)o N, = 1d
and hence (HoL)oN = (HoLoN,)oH =1Ido H = H, from which it follows that H is
a bireflection as N is. Thus, by Proposition 2.27, the idempotent e splits. Moreover the
factorization F' = S o N, up to the category equivalence N, is the same given by the
coidentifier within Theorem 1.15.
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Conversely, if the natural transformation e : Id¢ — Id¢ attached to the semiseparable
functor F' splits, then by Proposition 2.27 the quotient functor H : C — C. results
to be a bireflection. Thus, since by Theorem 1.15 the semiseparable functor F' factors
as H : C — C, followed by a separable functor F, : C. — D, we achieve the desired
factorization of F' into a bireflection followed by a separable functor. O

Remark 2.29. By Theorem 1.15, any semiseparable functor F': C — D factorsas H : C —
C. followed by a separable functor F, : C. — D, where e is the associated idempotent
natural transformation. Assume that e splits. Then, by Proposition 2.27, H : C — C, is
a bireflection. In particular H is a coreflection and F, is conservative. This is what is
called an image-factorization of F in [6, Definition 1.1]. Image-factorizations are unique
up to an equivalence of categories, see [6, Lemma 1.2]. As a consequence, if we can write
F = SoN where S : £ — D is conservative (e.g. separable) and N : C — £ is a
coreflection (e.g. a bireflection) then there is an equivalence £ = C..

3. Applications and examples

In this section we test the notion of semiseparability on relevant functors attached to
ring and coalgebra morphisms, corings, bimodules and Hopf modules.

We start in Subsection 3.1 by considering the restriction of scalars functor . :
S-Mod — R-Mod, the extension of scalars functor ¢* = S Qg (—) : R-Mod — S-Mod
and the coinduction functor ¢' = pHom(S, —) : R-Mod — S-Mod associated to a ring
morphism ¢ : R — 5. On the one hand, since g, is faithful, its semiseparability falls
back to its separability. On the other hand, the functors above form an adjoint triple
©* 4 ¢, 4 ¢' so that the semiseparability of o' is equivalent to the one of *. The
latter is characterized in Proposition 3.1 in terms of the regularity of ¢ as a morphism
of R-bimodules and in Proposition 3.6 in terms of the existence of a suitable central
idempotent element z € R. In a similar fashion in Subsection 3.2 we investigate the
semiseparability of two adjoint functors attached to a coalgebra map ¢ : C — D. The
main result here is Proposition 3.8.

In Subsection 3.3, we turn our attention to the induction functor (—)®gC : Mod-R —
ME, attached to an R-coring C. Here we highlight Theorem 3.10 where this functor is
proved to be semiseparable if and only if the coring counit ¢ : C — R is a regular mor-
phism of R-bimodules. In Subsection 3.4, given an (R, S)-bimodule M, we consider the
coinduction functor o, := Homg(M, —) : Mod-S — Mod-R together with its left adjoint
0" := (=) ®r M : Mod-R — Mod-S. In Theorem 3.18 we show that the semiseparabil-
ity of o, can be completely rewritten both in terms of the regularity of the evaluation
map plus a mild condition that is redundant when M is projective as a right S-module,
and in terms of a property of M that will lead us to introduce the new notion of M-
semiseparability over R for the ring S, a right semiseparable version of the one given
in [37]. In Corollary 3.20 we prove that S is M-separable over R if and only if S is
M-semiseparable over R and M is a generator in Mod-S. A different characterization
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of M-semiseparability of S over R, that will allow us to exhibit an example where S is
M-semiseparable but not M-separable over R (see Example 3.23), is obtained in Propo-
sition 3.22. Then, if we add the assumption that M is finitely generated and projective
as a right S-module, further characterizations of the semiseparability of o, and o* are
provided in Proposition 3.26 and Proposition 3.27, respectively.

It is worth noticing that the above functors ¢*, (=) ®g C, and o, have sources which
are idempotent complete categories so that, by Corollary 2.28, they always admit a
factorization as a bireflection followed by a separable functor, when they are semisepara-
ble. In Proposition 3.5, Corollary 3.12, and Proposition 3.24, we explicitly provide such
factorizations.

Theorem 3.31 concerns the semiseparability of the coinvariant functor (—)COB :ME —
M, from the category of right Hopf modules over a k-bialgebra B to the category of k-
vector spaces over a field k, proving that it is semiseparable if and only if B is a right
Hopf algebra with anti-multiplicative and anti-comultiplicative right antipode.

Finally, Subsection 3.6 provides particular examples of (co)reflections that highlight
the connections between the types of functors we have studied in this paper.

3.1. Extension and restriction of scalars
A morphism of rings ¢ : R — S induces

e the restriction of scalars functor ¢, : S-Mod — R-Mod;
« the extension of scalars (or induction) functor ¢* := S ®g (—) : R-Mod — S-Mod;
« the coinduction functor ¢' := gHom(S, —) : R-Mod — S-Mod.

All together these functors form an adjoint triple ¢* 4 ¢, = ¢'.
The unit 7 and the counit € of the adjunction (p*, ¢.), are respectively defined by

My = pQrM : M — SQpM, m — 1g®gm, and en : S®rN — N, sQgrn > sn,
while the unit ' and the counit €' of the adjunction (., '), are defined by
ny : N — gHom(S, N), n — [s = sn], and v+ RHom(S, M) — M, f +— f(ls),

for every M € R-Mod and N € S-Mod. In the literature we can find results either on
the separability or on the natural fullness of these functors. For instance we know that

o, is separable if and only if S/R is separable, see [33, Proposition 1.3];

e, is naturally full if and only if it is full, see [4, Proposition 3.1 (1)], if and only if
it is fully faithful (in fact it is always faithful being a forgetful functor) if and only
if  is an epimorphism in the category of rings, cf. [36, Proposition XI.1.2];

e * is separable if and only if ¢ is split-mono as an R-bimodule map, i.e. if there is
E € gHompg(S, R) such that E o ¢ = Id, see [33, Proposition 1.3];



A. Ardizzoni, L. Bottegoni / Journal of Algebra 638 (2024) 862-917 893

e * is naturally full if and only if ¢ is split-epi as an R-bimodule map, i.e. if there is
E € gHompg(S, R) such that ¢ o E = 1d, see [4, Proposition 3.1 (2)];
« ' is separable if and only if so is ¢* [17, Corollary 3.10].

We now investigate the semiseparability of these three functors. Indeed, from the gen-
eral characterization given in Proposition 2.19, we know that ¢' is semiseparable (resp.
separable, naturally full) if and only if so is ¢*. For this reason we are only dealing with
the functors ¢, and ¢*.

Concerning ¢., since it is always faithful, we have that ¢, is semiseparable if and only
if ¢, is separable, that is, S/R is separable. Thus, although we are tempted to name
S/R “semiseparable” whenever ¢, is semiseparable, by the foregoing, this would bring
us back to S/R separable.

In the next results we investigate when the functor ¢* is semiseparable.

Proposition 3.1. Let ¢ : R — S be a morphism of rings. Then, the extension of scalars
functor ¢* = S ®p (=) : R-Mod — S-Mod is semiseparable if and only if ¢ is a regular
morphism of R-bimodules, i.e. there is E € gHompg(S, R) such that oo E oy = p, i.e.,
such that pE(1lg) = 1g.

Proof. It is known that there is a bijective correspondence Nat(p,o*,Idr.Mod) =
rHompg (S, R), see [15, Theorem 27]. Now, by Theorem 2.1, ¢* is semiseparable if
and only if there exists a natural transformation v € Nat(p.¢*,Idr.Mod) such that
novon = n. So, given v for ¢*, we consider the corresponding E € rHompg(S, R),
E(s) := vr(s ®g 1g), for every s € S. Then, for every r € R, we get (po Eop)(r) =
P(E(p(r))) = e(vr(p(r) ©r 1r)) = ¢(vr(nr(1r))) = rsnr(vr(1r(r))) = rsnr(r) = ¢(r)
where rg : S®r R — S,s ®g r — s¢(r), is the canonical isomorphism. Conversely,
given £ € rHomg(S,R) such that ¢ o F o ¢ = ¢, define vy : S Qr M — M,
vp (s @ m) = E(s)m, for every M € R-Mod, m € M and s € S. Then,

(nar 0 war o mar)(m) = (Var(Ls @r m)) = nv (var (p(1r) @& m) = n (E((1r))m)
= 1s ®r E(p(1r))m = 1sE(¢(1r)) @r m = ¢(E(¢(1r))) ®r m
Eo—
PTEY o(1R) @rm = 1g @ m = nar(m).
Now, note that, since E is a morphism of R-bimodules, we get (¢ o E o ¢)(r) =
e(E(e(r)) = o(E(rls)) = o(rE(ls)) = ¢(r)eE(lg). As a consequence, the condi-
tion (p o E o p)(r) = ¢(r) is equivalent to pE(lg) = 1g. O

We now give an example of a semiseparable functor which is neither separable nor
naturally full.

Example 3.2. Let ¢ : R — S and ¥ : @ — R be morphisms of rings whose induction
functors ¢* and * are separable and naturally full respectively. This means there is
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E € gHompg(S,R) such that E o ¢ = Id (in particular ¢ is injective) and there is
D € gHomg(R, Q) such that 1poD = Id (in particular ¢ is surjective). By Corollary 1.16,
the composition ¢* o * = (¢ o 4))* is semiseparable. The map corresponding to ¢ o 9
via Proposition 3.1 is D o B € gHomg(S, Q). Note that, if ¢ o ¢ is neither injective
nor surjective, we can conclude that (¢ o1)* is neither separable nor naturally full. For
instance, let ¢ : Q — Q[X] be the canonical injection of the field of rational numbers
into the polynomial ring over it and let ¥ : Q x Z — Q be given by ¥((q, z)) = ¢q. Then
we can define D by setting D(¢) = (¢,0) and F to be the evaluation at 0 of the given
polynomial. Then (po)* is semiseparable but it is neither separable nor naturally full.

In a similar way as in Example 3.2, the following example shows that semiseparable
functors are not closed under composition.

Example 3.3. Let ¢ : R — S and ¥ : S — @ be morphisms of rings whose induction
functors ¢* and ¥* are separable and naturally full respectively (in particular both
semiseparable by Proposition 1.3). This means there is F € rHompg(S, R) such that
E o ¢ = 1Id and there is D € sHomg(Q, S) such that ¥ o D = Id. The results we have
proved so far do not allow us to conclude that the composition ¥* o * = (¢ o p)*
is semiseparable. Indeed we can provide a specific example where this is not true. Let
0:Z = QxZ,z+ (2,2z), and let ¢ : Q x Z — Q be given by ¥((q,z)) = q. Then we
can define D by setting D(q) = (¢,0) and FE by setting E((q, z)) = z. In this way we get
that ¢* and ¥* are separable and naturally full respectively. Let us show that (o ¢)* is
not semiseparable. Otherwise, by Proposition 3.1 there exists E’ € zHomg(Q, Z) such
that Yo(E'(1g)) = 1g. Since zHomz (Q, Z) = {0}, this means 0z = 1z, a contradiction.

Let us see that all morphisms of rings ¢ : R — S whose induction functor ¢* :=
S ®g (=) : R-Mod — S-Mod is semiseparable are of the form given in Example 3.2.
More precisely, we will get that ¢* factors as a bireflection followed by a separable
functor. First we need the next remark.

Remark 3.4. Let ¢ : R — S be an epimorphism in the category of rings. By [36, Propo-
sition 1.2] the faithful functor ¢, is also full, and hence its left adjoint ¢* = S @ (—)
is a reflection, whereas its right adjoint ¢' = gkHom(S, —) is a coreflection. Thus, Theo-
rem 2.24 applies in this case to get that ¢* is naturally full if and only if it is semiseparable
if and only if it is Frobenius, that is, in the same way ' is naturally full if and only if
it is semiseparable if and only if it is Frobenius. In particular, in this case ¢* and ¢' are
isomorphic bireflections.

Proposition 3.5. Let ¢ : R — S be a morphism of rings. Write ¢ = 1 o @ where ¢ :
©(R) — S is the canonical inclusion and @ : R — o(R) is the corestriction of ¢ to its
image o(R).

Then, the induction functor ¢* := S @ (—) : R-Mod — S-Mod is semiseparable if
and only if 1* is separable and ©* is a bireflection.
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Proof. If ¢* is semiseparable, by Proposition 3.1, there is F € gHompg(S, R) such that
poFEop = ie topoFKoLop=10p. Since ¢ is injective and P is surjective, we
get Po E o = Id,r) which implies that ¢* is separable. On the other hand, ¥ is a
bireflection in view of Remark 3.4 and surjectivity of . Conversely, if ¢* is separable and
" is a bireflection, whence naturally full, then the composition ¢* o * = (Lo @)* = *
is semiseparable by Corollary 1.16. O

In the proof of Proposition 3.5 we obtained a factorization ¢* o " = ¢* in case ¢*
is semiseparable. In view of Corollary 2.28, this factorization is the same given by the
coidentifier within Theorem 1.15, up to a category equivalence.

Next proposition provides a further characterization of the semiseparability of ¢*. We
point out that its current proof, more direct than the original one, was suggested by P.
Saracco.

First recall that, given a central idempotent element z in a ring R, then zRz = Rz is
a ring with addition and multiplication those of R restricted to zR and with identities
Or. = Orz = Or and 1p, = 1rz = 2z, and there is a surjective ring homomorphism
R — Rz,r — rz, see [1, 1.16].

Proposition 3.6. Let ¢ : R — S be a ring homomorphism. Then, the induction functor
©* = S®g (—) : R-Mod — S-Mod is semiseparable if and only if there is a central
idempotent z € R (necessarily unique) such that o(z) = 15 and the ring map 7 := Q|g; :
Rz — S is split-mono as an Rz-bimodule map.

Proof. By Proposition 3.1, the functor ¢* is semiseparable if and only if there exists
E € gHomp(S, R) such that ¢E(lg) = 1g. Assume that there is E as above and set
z := FE(lg) € R. Clearly ¢(z) = ¢E(lg) = 1g, i.e. ¢p(2) = 1g. For any r € R we have
rz=rE(lg) = E(p(r)ls) = E(p(r)) and similarly zr = E(p(r)) so that rz = zr, i.e. z
is central. Taking z = r in the computation above, we get zz = E(p(z)) = E(lg) = z,
thus 2z is an idempotent. Concerning the ring map 7 := g, : Rz — S, consider the
canonical projection ¢ : R — Rz,r — rz. Since z is central, we get that ¢ is R-bilinear
so that the map 7 := Yo F : S — Rz,s — FE(s)z is R-bilinear as a composition of
bilinear maps. In particular 7 is Rz-bilinear. Then, for any » € R we have 77(rz) =
mp(rz) = m(p(r)p(z)) = n(rlg) = ra(lg) = rE(lg)z = rzz = rz, hence 7w o7 = Idg,
i.e. 7 is a split-monomorphism of Rz-bimodules.

Conversely, assume there is a central idempotent z € S such that ¢(z) = 15 and the
ring map 7 := @|g, : Rz — § is split-mono through a Rz-bimodule map 7 : S — Rz.
Set £ : S — R,s — m(s). Then rs = p(r)s = o(r)p(z)s = ¢(rz)s = (rz)s so that
E(rs) = E((rz)s) = w((rz)s) = rzm(s) = rn(s) = rE(s) where the second-last equality
follows from the fact that 7(s) € Rz and z is a central idempotent. Similarly one gets
E(sr) = E(s)r so that E is R-bilinear. Finally, we have E(lg) = m(lg) = 7(¢(2)) =
m(7(2)) = z and hence pE(1lg) = p(z) = 1g. Assume there is another idempotent 2z’ € R
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as in the statement. Then zz' = E(lg)2’ = E(152') = E(¢(2')) = E(lg) = 2. By
exchanging the roles of z and 2z’ we get 2’2 = 2z’ and hence z = 2. O

Remark 3.7. In the proof of Proposition 3.6 we considered the maps 7 := ¢\, : Rz — §
and 1 : R — Rz,r — rz. Since ¢(z) = 1g, we get the equality ¢ = 7 ot which provides
the factorization ¢* = 7% o 9*. On the other hand, in Proposition 3.5 we obtained the
equality ¢ = 1o, where 1 : (R) = S,s+— s, and ¥ : R — ¢(R),r — ¢(r), which yields
the factorization ¢* = 1* o *. Define the morphism A : Rz — ¢(R), rz +— ¢(r). Clearly
the following diagrams commute.

R ’\‘”& R-Mod 7
C P *
? fiz > e(B) . Rz-Mod o(R)-Mod

The first diagram entails that A is both injective and surjective whence bijective. As a
consequence the given factorizations are the same up to the equivalence \*.

3.2. Coinduction and corestriction of coscalars

Let k be a field. We simply denote the tensor product over k by the unadorned ®. A k-
coalgebra C'is a vector space C over k equipped with two k-linear maps A¢ : C — CRC
and ¢ : C — k such that A¢ is coassociative and counital, i.e. the equalities

(Ac®C)OAC:(C®Ac)OAC and (6c®C)OAC:(C®k€C)OAC:C

hold true. A right C-comodule M is a k-vector space together with a k-linear map
pm M — M ® C, called the coaction, that is coassociative and right counital i.e.

(b @Copyy =(M®@Ac)opy and (M ®ec)opy = M.

A coalgebra C' can be seen as a right C-comodule with pc = A¢. Both for A and pjys
we adopt the usual Sweedler notations A(c) = > ¢1 ® c2 and ppr(m) = > my ® my for
every ¢ € C,m € M. A morphism of right C-comodules (or a C-colinear morphism) is a
k-linear map f: M — N between right C-comodules such that py o f = (f ® C) o pus.
The category of right C-comodules and their morphisms is denoted by M. Analogously,
the category of left C-comodules and their morphisms is denoted by “ M. Recall from
[39] that, given a right C-comodule M and a left C-comodule N, the cotensor product
MUOgeN is the kernel of the k-linear map

PMON—-—MRISpny - MOIN - MeC®N,
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where pas and pn are the right and the left C-comodule structures of M and NV, respec-
tively.

Now, let ¢ : C — D be a morphism of coalgebras, i.e. a k-linear map ¢ : C' — D
such that Ap oty = (¥ ® ¥) o A¢ and ep o0 = g¢. Since any right C-comodule M
with coaction pp; : M — M ® C can be viewed as a right D-comodule with coaction
(M®1)opp : M — M®D and C can be considered as a (D, C)-bicomodule, ¢ induces

« the corestriction of coscalars functor 1, : M¢ — MP
« the coinduction functor ¢* := (=)dpC : MP — M,

which form an adjunction v, 4 ¢* : MP — MY with unit 5 : Idpc — ¥*1p, and
counit € : Y, * — Id o, given by

nM:M%MDDC,mHZmODDml, and ey : NOpC — N, nOpc — nec(c),

for any M € MY and N € MP | see [13, 11.10]. Note that, in the definition of ¥*,
for any right D-comodule N, the cotensor product NOpC' is regarded as a right C-
comodule via pyo,c : NOpC — (NOpC) @ C,nOpe — Y (nOper) @ ¢o. Furthermore,
the coaction pps of M as a right C-comodule induces a morphism of right C'-comodules
poyv =Ny - M — MUOpC such that py = @0 pay, where ¢ : MOpC — M ® C is the
canonical inclusion. In particular, if M = C then po = Ao = ne : C — COpC. It is
known that

« 1, is separable if and only if the canonical morphism A¢ : €' — COpC is split-mono
as a C-bicomodule map, see [16, Theorem 2.4];

e 1, is naturally full if and only if Ac is split-epi as a C-bicomodule map, see [4,
Examples 3.23 (1)];

o 9* is separable if and only if ¢ is split-epi as a D-bicomodule map, see [16, Theorem
2.7;

e ¢* is naturally full if and only if ¢ is split-mono as a D-bicomodule map, see [4,
Examples 3.23 (1)].

Since v, is faithful, we have that 1, is semiseparable if and only if it is separable. The
semiseparability of ¢* is investigated in the following result.

Proposition 3.8. Let ¢ : C' — D be a morphism of coalgebras. Then, the coinduction
functor ¥* = (=)OpC : MP — M is semiseparable if and only if 1 is a regular
morphism of D-bicomodules if and only if there is a D-bicomodule morphism x : D — C
such that ec o x o = ec.

Proof. Assume that ¢* is semiseparable. By Theorem 2.1, there exists a natural trans-
formation 7 : Idyp — 9,1)* such that ey oyyoeny = ey, for any N € MP. Since D is a
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right D-comodule, consider the right D-comodule map vp : D — DOpC and define the
map x : D — C as x :=lgovyp, where lc : DOpC — C, >, di®c; — >, ep(d;)ci, is the
canonical isomorphism. Note that 1 is a morphism of D-bicomodules and ¢ = €p o 151.
We show that x is a morphism of D-bicomodules. For any f € D* = Homg (D, k), con-
sider the morphism of right D-comodules f : N — D, n + 3" f(ng)n;. For any n € N,
denote y(n) by >, n; ® ¢;. Then, by naturality of v, we have that levpf(n) = xf(n) =
¥ f(no)x(m) is equal to lo(fOpC)yn (n) = le(fOpC) (T, mi@c:) = la (3, fnig)ni, ©
c¢i) = >_; f(n;)c;. Since f is arbitrary, it follows that for any N € MP and for alln € N,
() =3 ,n ®c¢ =Y. ny® x(ni). In particular, consider vp : D — DOpC. Since
Z dy ®X(d2) = ’7D(d) € DOpC, we have Z dy ®d2®x(d3) = Z dy ®w<x(d2)1)®x(d2)2.
If we apply on both sides ep ® Id, we get > di ® x(d2) = > ¥ (x(d)1) ® x(d)2 which
means that x is a morphism of left D-comodules whence of D-bicomodules. Moreover,
we have poxo1 = (ep olal) o(lcovyp)o (eDolal) = eDo'yDoeDolal =e€p ola1 =1,
hence x is a regular morphism of D-bicomodules.

Assume that 1 is a regular morphism of D-bicomodules, i.e. there is a D-bicomodule
morphism x : D — C such that poyot) = 1. Then egoyor) = eporhoyor) = eporh = e¢.

Assume now there is a D-bicomodule morphism y : D — C such that ecoyoy = e¢
and let us prove that 1)* is semiseparable. For any N € MP define vy : N — NOpC as
v (n) = > ng ® x(n1), for every n € N. Using that y is a left D-comodule morphism,
one easily checks that the image of vy is really contained in NOpC'. Moreover vy comes
out to be a right D-comodule morphism, since x is a morphism of right D-comodules,
and natural in N. For every n € N, ¢ € C, we have yyen(nOpc) = yn(nec(c)) =
I (m)ec(e) = Xno ® x(n1)ec(c) = Xn @ xibler)ec(e) = 3 n @ xib(e), where in the
second-last equality we used that npc belongs to NOpC. Thus eyyven(ndpe) =
en(O_n@x(c)) =Y neexy(c) = nec(c) = ey (nOpc). Therefore, by Theorem 2.1, ¢*
is semiseparable. O

Example 3.9. It is known that the Axiom of Choice is equivalent to require that, for any
function f: A — B, there is a function g : B — A such that fogo f = f. Consider the
group-like coalgebras kA and kB and the coalgebra map ¢ :=kf : kA — kB defined by
setting 1 (a) = f(a), for every a € A. Define also the linear map x : kB — kA by setting
x(b) = g(b) if b € Im(f) and x(b) = 0 otherwise, for all b € B. It is easy to check that
x is a kB-bicomodule morphism such that ex4 o x 0 ¥ = ex4. Thus, by Proposition 3.8,
the functor ¢* = (=) kA : M*B — M4 is semiseparable. However it is neither
separable nor naturally full in general. Indeed, if ¢)* is separable, then 1 is split-epi
whence surjective. In this case f must be surjective too. Similarly, if )* is naturally full,
then % is split-mono whence injective. In this case f must be injective too.

3.8. Corings

Let R be a ring. Recall that an R-coring [38] is an R-bimodule C together with R-
bimodule maps A¢ : C -+ C®r C and ¢ : C — R, called the comultiplication and the
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counit, respectively, such that A¢ is coassociative and counital similarly to the case of
coalgebras. Given an R-coring C, a right C-comodule is a right R-module M together
with a right R-linear map ppr : M — M ®p C, called the coaction, that is coassociative
and right counital. A map between right C-comodules is defined in the expected way.
Let M€ denote the category of right C-comodules and consider the induction functor

G:=(-)®rC:Mod-R— M®, M~ M@rC, f— fRgrC,

which is the right adjoint of the forgetful functor F': M¢ — Mod-R, see e.g. [12, Lemma
3.1]. The right C-comodule structure of M ®g C is given by M ®g Ac. The unit and
counit of the adjunction are given by ny = par : M — M ®pg C, for every M € MC,
and ey = NQprec: NRrC — N, en(n®r ¢) = nec(c), for every N € Mod-R, n € N,
c € C, respectively.
Denote by Cf = {c € C | rc = cr, Vr € R} the set of invariant elements in C.
Concerning the separability and natural fullness of F' and G we know that

o F is separable if and only if the coring C is coseparable, see [12, Corollary 3.6];

o F is naturally full if and only if A¢ is surjective, see [4, Proposition 3.13];

o G is separable if and only if there exists an invariant element z € C® such that
ec(z) = 1g, see [12, Theorem 3.3]; if G is separable, the coring C is said to be cosplit
13, 26.12];

« G is naturally full if and only if there exists an invariant element z € C* such that
¢ =ec(c)z, for every c € C, see [4, Proposition 3.13].

Since F : M® — Mod-R is faithful, by Proposition 1.3 (i), it is semiseparable if
and only if it is separable so, although we are led to name a coring “semicoseparable”
whenever F is semiseparable, this would bring us back to the notion of coseparable
coring. Let us study when the induction functor G = (—) ®z C : Mod-R — MC is
semiseparable. In this case, we say that the R-coring C is semicosplit. Note that, since
separable functors are in particular semiseparable, it is obvious that cosplit corings are
in particular semicosplit.

Theorem 3.10. Let C be an R-coring. Then, the following are equivalent.

(1) C is semicosplit.

(2) The coring counit ¢ : C — R is regular as a morphism of R-bimodules.

(3) There exists an invariant element z € CT such that ec(2)ec(c) = ec(c) (equivalently
such that ec(z)c = ¢), for every c € C.

Proof. (1) = (2). Assume that C is semicosplit, i.e. the induction functor G = (—) ®r C
is semiseparable. Then, by Theorem 2.1, there exists a natural transformation v : Idp —
FG such that € oy o e = €. Consider the canonical isomorphism l¢ : R ®r C — C. Since
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R is a right R-module, consider the right R-linear map vz : R -+ R ®p C. Let us check
it is also left R-linear. For any r € R define the morphism f, : R — R by f.(r') = rr'.
Since g is natural, we have

vr(rr') = (yr o f)(r') = ((fr ©r C) 0 yR)(r') = ryr(r').

Thus ~yg is a morphism of R-bimodules. Define the R-bimodule map « := l¢coyg : R — C.
By noting that e¢ = eg o lgl, we get

SCOaOEC:(€ROlC_1)o(lco’yR)o(eRolgl):eRoyRoeRolc_l:eRolc_lng

so that e¢ is a regular morphism of R-bimodules.

(2) = (3). Assuming the regularity of e¢, i.e. the existence of an R-bimodule map
a such that ec o v o e¢ = ¢, we can set z = a(lg) € C. For r € R, we have rz =
ra(lg) = a(r) = a(lg)r = 2r so that z is in C®. Moreover, from e¢(c) = ecacc(c) =
eca(lrec(c)) = eca(lpr)ec(c) = ec(z)ec(c) it follows that ec(c) = ec(2)ec(c), for every
ceC.

(3) = (1). Suppose there exists z € CT such that ec(c) = ec(2)ec(c), for every ¢ € C.
For any N € Mod-R define vy : N = N ®rC, yn(n) = n ®g z, for every n € N. Since
z € CR foreveryn € N,r € R, we have yn(nr) = nr®prz = n@grz = n®@gzr = yn(n)r,
so vy is a right R-module morphism, and it is also natural in IV: indeed, for any morphism
f: N —= M in Mod-R, (yar o f)(n) = f(n) ®r 2z = ((f ®r C) o yn)(n). Moreover, for
every n € N, ¢ € C, we have

(enyoynoen)(n®R c) = enyn(nec(c)) = en(n ®gec(c)z) = nec(z)ec(c) © nee(c)

eN(n XRr C),

where (x) follows from the assumption e¢(c) = e¢(z)ec(c). Therefore, by Theorem 2.1 G
is semiseparable and C is semicosplit.

Finally, assume that ec(2)ec(c) = ec(c), for every ¢ € C. Then ec(z)c =
ec(z)ec(cay)e@) = ecleqy)cy = ¢ and hence ec(z)c = c. Conversely, if ec(z)c = ¢,
for every ¢ € C, then ec(2)ec(c) = ec(ec(z)c) = ec(c). O

Remark 3.11. At the beginning of Subsection 3.3 we mentioned that the functor G :=
(=) ®r C : Mod-R — MC is naturally full if and only if there exists z € C® such that
¢ = ec(c)z, for every ¢ € C. We expect this characterization to be a particular case of
Theorem 3.10, as a naturally full functor is semiseparable by Proposition 1.3 (ii). Indeed,
if there exists z € C® such that ¢ = zec(c) for every ¢ € C, then ec(c) = ec(zec(c)) =
ec(z)ec(c), for every ¢ € C, and equivalently, ec(2)c = ec(2)zec(c) = ec(zec(c))z =
ec(c)z = c. Analogously, we recalled that G is separable if and only if there exists an
invariant element z € C such that ec(z) = 1 and hence the equality ec(c) = e¢(2)ec(c)
trivially holds true in this case.
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Next aim is to show that, when G is semiseparable, then we can provide an explicit
factorization of it as a bireflection followed by a separable functor. By Corollary 2.28, this
factorization amounts to the one given by the coidentifier, up to a category equivalence.

Corollary 3.12. Let C be an R-coring. Then, C is semicosplit if and only if the induction
functor G = (=) ®z C : Mod-R — MC factors up to isomorphism as 1), o G' where
Y, = (=)0;C : MT — M is separable and G' = (=) ®r I : Mod-R — M! is a
bireflection for some morphism of corings ¢ : C — I.

Proof. Assume C is semicosplit, i.e. G = (=) ®g C : Mod-R — MC is semiseparable.
Then, by Theorem 3.10, there exists an invariant element zc € C such that ec(c) =
ec(ze)ec(c), for every ¢ € C. We observe that, since e¢ is a morphism of bimodules,
I := Im(ec) is an ideal of R with multiplicative identity z := e¢(z¢). Indeed, for any
r € I there is ¢ € C such that r = e¢(c) and hence rz = ec(c)ec(ze) = ec(c) =
r. Therefore the morphism ¢ : R — I,r — rz, is a ring epimorphism (in fact it is
surjective) and hence the map my: I ® g I — I is bijective, see [36, Proposition XI.1.2].
Thus we can consider A; = ml_1 I > I®rI, A;1(i) = i®r 2z = 2 Qg 14, so that
(I,Aj,er) is an R-coring, where the counit €7 : I < R is the canonical inclusion. Note
that ¢ : C — I,c¢ — e¢(c), is a morphism of corings and consider the corresponding
coinduction functor ¢, = (=)0;C : MT — MC. We recall from [25] that, given M a
(C’,C)-bicomodule and N a (C,C"”)-bicomodule, where C’,C,C" are corings over the rings
R', R, R", respectively, then MOcN is the kernel of the (C’,C”)-bicomodule map

wM,N'=pMR@rN—MQRAN
M ®r N M ®rC®pg N,

where pps and Ay are the right and the left C-comodule structures of M and N, respec-
tively.

Consider also the induction functor G’ := (=) ®g I : Mod-R — M. Our aim is to
prove that G factors as G = 1), o G', that 1, is separable and G’ is a bireflection.

First let us check that G = 1, o G'. In fact, for every T' € Mod-R,

(s 0 G)T) = (T OR 1) = (T8 DIC = T @r (I0,0) = T ©x C = G(T),

where we note that the above isomorphism (%) follows e.g. from [13, 10.6, page 95]
once observed that Ac(c) = (c1)) ®r c2) = 2 @R eclcy)ce) = z @r ¢ and hence
ch(i SR C) = p](i) Rrc—1QR )\c(C) =i®r2zRrc—1Qpr 2®r c =0 so that wr,c is
the zero map whence trivially T-pure [13, 40.13]. Let us check that G’ is a bireflection.
To this aim, first note that, since i = ¢;(i)z, for every i € I, then G’ is naturally full
by the characterization of natural fullness of the induction functors we recalled at the
beginning of the present subsection.

The functor G’ is right adjoint of the forgetful functor F and the unit is 0}, = pas :
M — M ®pgI for every (M, pyr) in MY, Since I = Rz, for every m € M there is m’ € M
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such that ppr(m) = m’ ®g z and hence m = > moer(my) = > mem; = m’z. As a
consequence ppr(m) =m' Qrz =m' Qr 22 = M2 Qg 2 = m Qg z for every m € M.
Now, given w € M ®g I, there is m € M such that w = m®g z = ppr(m) and hence pys
is surjective. Since it is also split-mono via rp; o (M ®g er), where rpy : M @ g R — M
is the canonical isomorphism, we get that 7}, = pas is invertible and hence F’ is fully
faithful. Hence G’ is a naturally full coreflection thus a bireflection by Theorem 2.24.

It remains to check that ), is separable. If we see C as an I-bicomodule with left
structure A\¢ : C = I ®r C,c— 2z ® ¢, and right structure p¢ : C - C®prI,c— c® z, the
map v : I — C,i+— iz¢ = z¢i, is an I-bicomodule morphism which satisfies ¥ o v = Id;.
Indeed, ¥ (v(i)) = ¥ (izc) = ec(izc) = iec(zc) = iz = i. The existence of v implies that
Yy o (—)07C : M — M is separable by [25, Theorem 5.8 in case A = B = R and
D = I once we have checked its hypothesis, namely that both gkR and rC preserve the
equalizer of (pp @rC, M ®@r A¢) for every (M, pyr) in M. By the foregoing, for such an
(M, parr), one has ppr(m) = m® z so that wy c(M Qg c) = pp(m) @pre—m g Ac(c) =
MQOrzOrc—mMOp 2zQ®pc=0so that wyrec = pyr ®r C — M ®g Ac is the zero map.
Thus both gR and gC trivially preserve the equalizer of (ppr ®r C, M Qg Ac) for every
(M, ppr) in M as desired. O

Remark 3.13. Consider the R-coring I of Corollary 3.12. By construction it is also a
ring with unit z. Since the comultiplication A; of I is invertible, then I is a coseparable
R-coring. Thus, by [8, Proposition 2.17] there is a category isomorphism between the
category M’ of right comodules over the coring I and the category Mod-I of right
modules over the ring I.

We already mentioned that a cosplit coring is always semicosplit. We now give a
concrete example of a semicosplit coring C which is not cosplit.

Example 3.14. 1) Let ¢ : R — S be a morphism of rings such that the induction
functor ¢* = S ®g (—) is naturally full. As recalled in Subsection 3.1, there exists
e € gHompg/(S, R) such that poe = Idg. Since, in particular, ¢ : R — S is an epimorphism
in the category of rings, by [36, Proposition XI.1.2], the multiplication m : S ®@r S — S
is bijective and hence we can set A := m~! so that A(s) = s ®g 1lg = 15 @r 5. We
compute

(E@RS)A(S) = (E®RS)(15®R8) = 6(15)@}{8 = 1R®R8(15)S = 1R®R<p€(15)8 = 1r®Rgs

and similarly (S®re)A(s) = (S®gre)(s®rls) = s®rls. As a consequence (S, A, €) is an
R-coring. Now £(1g)s = pe(lg)s = 1gs = s so that z := 1g € S® fulfills the conditions
of Theorem 3.10 guaranteeing that the functor G := (=) ®z S : Mod-R — M is
semiseparable and hence S is a semicosplit R-coring. Nevertheless S is not cosplit in
general. In fact if G is separable, as observed at the beginning of the present subsection,
there exists w € ST such that 1z = £(w) and hence, for every r € R, we have r = rlg =
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re(w) = e(rw) so that € is surjective which, together with the condition ¢ o e = Idg,
implies that ¢ and e are mutual inverses.

2) To get an example of 1) with ¢ not invertible, consider S and T rings, set R := SxT,
take ¢ : R — S,(s,t) = sand € : S — R,s — (s,0). Then S is a semicosplit but not
cosplit R-coring.

Example 3.15. Let R be a commutative ring and consider an idempotent ideal I of
R, assumed to be a pure right R-submodule. We recall that a submodule N of an R-
module M is said to be pure [13, 40.13] if the inclusion N < M remains injective
after tensoring by any right R-module. Since I is pure, we get that the multiplication
mr:I®gI — I, my(a®ga’) = ad, is injective as it is obtained as the composition
I ®pI forer ®r R =t I, where €y : I — R is the canonical inclusion. Since I is
idempotent, i.e. I2 = I, we get that m; is also surjective whence bijective. Thus we
can consider A; = m;l : I - I ®p I and write Ar(a) = > a1 ®g az by means of
Sweedler’s notation. Then > er(ar)as = > aras = m;(>_ a1 Qg az) = my(Ar(a)) = a
and similarly > aier(az2) = a so that (I,Ar,er) is an R-coring. Now, the condition in
Theorem 3.10 for this coring is the existence of an element z € I® such that ¢ = £;(2)c
i.e., by definition of ¢, the existence of z € I such that ¢ = z¢ = ¢z for every ¢ € I. This
means that z is the multiplicative identity in I. This goes back to a particular case of
the ideal I constructed in Corollary 3.12 by taking C = I and noting that Im(e;) = I.
Moreover, in Example 3.14 2) we can identify S with the idempotent ideal I = S x {0}
of the ring R = S x S, through the isomorphism S SI:is— (s,0). In this case, we can
take z = (1,0) (note that z # (1,1) = 1g) and Aj(z) == 2 Qg 2z = 2 Qr .

3.4. Bimodules

Let R and S be rings, and let rp Mg denote the category of (R, S)-bimodules. For an
(R, S)-bimodule M we often write pM, Mg, rRMg to indicate the left R-module, the
right S-module, the (R, S)-bimodule structure used, respectively, and morphisms in the
corresponding categories are denoted by gHom(—, —), Homg(—, —) and gHomg(—, —).

We recall from [3,4] that every M € g Mg defines an adjunction o* 4 o, formed by

o the induction functor o* := (—) ®g M : Mod-R — Mod-S,
o the coinduction functor o, := Homg (M, —) : Mod-S — Mod-R.

The unit n and the counit € of this adjunction are given for all X € Mod-R and Y €
Mod-S by

nx : X - Homg(M, X g M), z — [m — x @ m],

ey : Homg(M,Y)®@r M =Y, fQrm — f(m).
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Given bimodules g Mg and r'Ng, where R’ is a ring, the abelian group Homg (M, N) is
an (R’, R)-bimodule via the multiplication defined by

(r' fry(m) :==7r"f(rm), for every f € Homg(M,N),r € R,m e M,r" € R'.
In particular, the endomorphism ring £ := Endg(M) belongs to g Mpg. We denote by
*M = gHom(M,R) and M* = Homg(M,S)

the left dual and the right dual of M, respectively, which both belong to g Mpg.
Given an (R, S)-bimodule M, in [37] R is said to be M -separable over S if the evalu-
ation map

evy M ®g *M—)R, eVM(m Rs f) :f(m)y (5)

is a split epimorphism of R-bimodules. By [15, Theorem 34], this is equivalent to say
that the functor gHom(M, —) : R-Mod — S-Mod is separable. Hereafter, we consider
the right version of this definition. Explicitly, we say that S is M -separable over R, if
the evaluation map

evy M @r M — S, evy(f @rm) = f(m), (6)

is a split epimorphism of S-bimodules. This means there is a central element ), f; @ g m;
€ (M* ®r M)? such that >, filmg) = 1s.

Remark 3.16. As we will see in Claim 3.25, when Mg is finitely generated and projective,
the Eilenberg-Moore category (Mod-S)? ?* results to be equivalent to the category M¢
of right comodules over the comatrix S-coring C which was defined in [22] as C :=
M* ®r M. This explains our choice to use the right version of (5), since otherwise
we would have achieved the less usual coring M ®g *M. Moreover, our choice is also
motivated by the fact that the map

p:R—=E&, r—[m—rml (7)

results to be a ring homomorphism. If we had taken (5), we would have been forced to
choose £ = REnd(M) = gHom(M, M) € sMg and to consider the ring homomorphism
©: S = E°P s+ [m — ms| into the opposite ring.

Given an (R, S)-bimodule M, concerning the separability and natural fullness of o, =
Homg(M, —) and 0* = (=) ®g M, we know that

e 0, is separable if and only if S is M-separable over R (right version of [15, Theorem
34]);
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o 0. is naturally full if and only if there is >, fi @ g m; € (M* ®@r M)® satisfying
Idy @rm =", mfi(—) @rm, for all m € M (right version of [4, Theorem 3.8 (1)]);

o if o* is separable, then (right version of [34, Proposition 2.5]) there is E €
rHompg(&, R) such that E o p = Idg, i.e. ¢* is separable, where ¢ is the map in
(7).

o Assume M is finitely generated and projective as a right S-module. Then, o* is
naturally full if and only if there is E € RHomg(&, R) such that p o F = Idg (right
version of [4, Theorem 3.8 (2)]). By what we recalled at the beginning of Subsection
3.1, this is equivalent to say that ¢* is naturally full.

Now, we investigate the semiseparability of o, and, in the finitely generated and
projective case, the one of o*. To this aim we first introduce the following definition,
which will be mainly used in its first part by the same reasons discussed in Remark 3.16.

Definition 3.17. Let R,S be rings and M an (R, S)-bimodule. We say that S is M-
semiseparable over R if there exists an element ) . f; g m; € (M* @ M )® such that
>, mfi(m;) = m for every m € M. In a similar way, it is possible to define R is M-
semiseparable over S.

Given an (R, S)-bimodule M, the equivalence between (1) and (3) in the following
result is the semiseparable counterpart of [15, Theorem 34].

Theorem 3.18. Let R, S be rings and M an (R,S)-bimodule. Then, the following are
equivalent.

(1) The functor o, = Homg(M, —) : Mod-S — Mod-R is semiseparable.

(2) evyy - M* ®@r M — S is reqular as a morphism of S-bimodules and M ®g ev s is
surjective.

(8) S is M-semiseparable over R.

Proof. It is known (e.g. the right version of [15, Lemma 11]) that there is a bijective
correspondence

Na’t(IdMod—S’U*U*) = (M*®r M)S' (8)

Explicitly, a natural transformation + : Idyoq.s — 0*0, is mapped to ys(1) € (M* ®g
M)® while an element Y fi®rm; € (M*®p M)® is mapped, for every Y € Mod-S, to

vy 1Y = Homg(M,Y) ®r M, yv(y) =Y yfi(=) ®@rm,. (9)

(1) = (2). If the functor o, is semiseparable, then by Theorem 2.1 there exists a natural
transformation v : Idyog.s — 004 such that € oy o € = €. Consider the right S-module
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map vs : S — M* g M. For every s € S set fs : S — S, s — ss’. Since g is natural
in 5, we have 15(ss') = (s © £,)() = ((Homs(M, f,) ®r M) 0 75)(s') = s75(s') 50
that vg is S-bilinear. Since eg = evyy, from e oy oe = € we get evyy o ygoevy = evyy
and hence ev); is regular as a morphism of S-bimodules. Note that any m € M is of the
form m = Id(m) = ep (Id®g m) so that e,y is surjective. Thus, from ejr oy 0epr = ey,
we get epr o yar = Id. From (8) we have that «,; is defined by (9) for Y = M, where
> fi®orm; =vs(ls) € (M* ®@g M)S. Thus

m = Id(m) = (enr © yar)( mez m;) =1y (M ®s eva) Zm@)s fi ®r mi)

where rp; ¢ M ®s S — M is the canonical isomorphism. Thus, ry; o (M ®g evyy) is
surjective and hence also M ®g evy, is surjective.

(2) = (3). Assume that ev)s is regular as a morphism of S-bimodules, i.e. that there
is an S-bimodule map vg : S — M* ®r M such that evy; o vg o evyy = evys. Thus
(M @gevy)o(M®svs)o (M®@sevy)=(M®sevy). If M ®g evyy is surjective, we
get (M®SGVM)O (M®575) =Idygss. Now set Zl fi®rm; = 75(15) S (M* ®RM)S.
Thus, S is M-semiseparable over R as

m = ryldyggs(m @s 1) = ry (M ®s eva)(M @5 vs)(m @s 1) mez m;).

(3) = (1). Assume S is M-semiseparable over R. By definition, there exists an element
>, fi®rm; € (M* ®p M) such that Y, fi(m;)m = m for every m € M and the
corresponding natural transformation v : Idyed.s — 0*0, from (8) is given, for every
Y € Mod-S, by (9). Moreover, for every Y € Mod-S, m € M, f € Homg(M,Y), we
have eyyyey (f @rm) = eyyy (f(m)) = ey (32; f(m) fi(=) @r mi) = >, f(m) fi(mi) =
O, mfi(m;)) = f(m) = ey (f ®r m). Thus € is regular and by Theorem 2.1 (ii) o is
semiseparable. O

Remark 3.19. In the setting of Theorem 3.18, assume further that Mg is projective. Then,
the requirement that M ®g evy, is surjective is superfluous. Indeed, there is a dual basis
formed by elements m; € M, f; € M*, with ¢ € I, such that, for every m € M, we have
m =), m;fi(m). By definition, f;(m) = 0 for almost all 4. Thus there is a finite subset
I(m) of I such that m = 3,7,y mifi(m) = ry(M ®s evar) (3 icr(m) ™i @s fi @r M),
whence M ®g ev) is surjective.

As a consequence of Theorem 3.18, we have the following characterization of M-
separability, for an (R, S)-bimodule M, which extends some known results, see e.g. [37,
Theorem 1], [34, Corollary 2.4] and [3, Proposition 4.3].

Corollary 3.20. Let R, S be rings and M an (R, S)-bimodule. Then, S is M-separable
over R if and only if S is M -semiseparable over R and Mg is a generator.
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Proof. By what we recalled at the beginning of this subsection, S is M-separable over
R if and only if 0, = Homg(M,—) : Mod-S — Mod-R is a separable functor. By
Proposition 1.3 (i), this is equivalent to require that o, is semiseparable and faithful. The
semiseparability of o, is equivalent to S being M-semiseparable over R, by Theorem 3.18.
Since the forgetful functor U : Mod-R — Set is faithful, the faithfulness of o, is equivalent
to the faithfulness of the composition U o 0, = Homg(M, —) : Mod-S — Set, i.e. to Mg
being a generator, see e.g. [36, Section 6]. O

Remark 3.21. Let R, S be rings and M an (R, S)-bimodule. If Mg is a generator and
¢ : R — & = Endg(M) is a ring epimorphism, then by the right version of [4, Proposition
3.11], the functor o, is fully faithful, i.e. o* is a reflection. Thus, by Theorem 2.24, ¢*
results to be semiseparable if and only if it is naturally full if and only if it is Frobenius
in this case.

We now obtain a different characterization of M-semiseparability of S over R, for an
(R, S)-bimodule M, that will allow us to exhibit an example where S is M-semiseparable
but not M-separable over R, see Example 3.23.

Proposition 3.22. Let R,S be rings and let M be an (R,S)-bimodule. Then S is M-
semiseparable over R if and only if there is a central idempotent z € S (necessarily
unique) such that M is obtained by restriction of scalars from an (R, Sz)-bimodule N
and Sz is N-separable over R, via ¢ : S — Sz,s — sz. Furthermore, S is M-separable
over R if and only if z = 1g.

Proof. Assume that S is M-semiseparable over R, i.e. that there is a central element
Y fi®orm; € (M* ®pg M)® such that Yo, mfi(m;) = m, for every m € M. Set z :=
> film;) € S so that mz = m, for every m € M. Since evyr : M* @p M — S
is a morphism of S-bimodules, it induces a morphism evy, : (M* @ M)S — S° so
that z = evy (>, fi ®r m;) € S%, ie. z is central. Moreover zz = >, f;(m;)z =
> filmiz) = 37, fi(m;) = z, so that z is idempotent. Since for every m € M one has
mz = m, then M becomes a right Sz-module, via pp : M x Sz — M, (m,sz) — ms.
Let us write N for M regarded as an (R, Sz)-bimodule so that M = ¢,N where ¢ :
S — Sz,5 — sz. Set N* := Homg.(N,Sz). Then ), of; @r m; € (N* ®r N)®% and
> efilmi) = p(2) = 2z = z = 1g, so that Sz is N-separable over R. Conversely, assume
there is a central idempotent z € S such that M is obtained by restriction of scalars
from an (R, Sz)-bimodule N and Sz is N-separable over R, via ¢ : S — Sz,s > sz.
This implies mz = m for every m € M. Since Sz is N-separable over R, there is
>,9iQrm; € (N* ®p N)® such that > 9i(mi) = 1g. = z. Let j : Sz — S be
the canonical injection. Then f; := jog;, € M* and ), f; ®gr m; € (M* ®r M)S.
Moreover » . mf;i(m;) = Y, mjgi(m;) = mj(z) = mz = mso that S is M-semiseparable
over R. Assume there is another central idempotent 2z’ € S such that M = @, N’ for
some (R, Sz')-bimodule N’ and Sz is N’-separable over R via the ring homomorphism
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¢ 8 = 82 s = s2. Then 22/ = Y, fi(my)z' = Y, filmi2') = . filmy) = 2.
Exchanging the roles of z and 2/, we also get 2’2 = 2’ so that z = 2’. Let z € S be a central
idempotent such that M = ¢, N where Sz is N-separable over R via ¢ : S — Sz, s+ sz.
If z =1g, then S is N-separable over R and ¢ = Idg so that S is M = ¢, N-separable
over R as well. Conversely, if S is M-separable over R, then z = 1g is an idempotent as
in the statement, whence the unique one. 0O

The following is an instance of an (R, S)-bimodule M such that S is M-semiseparable
but not M-separable over R.

Example 3.23. Let ¢ : S — T be a ring homomorphism and assume that there is E €
sHomg(T,S) such that p o E = Idy. If we set z := E(1p) € S, then z is a central
idempotent in S, the map ¢|s. : Sz — T' is a ring isomorphism and ¢ : S — T' = Sz
is the projection s — sz, see [4, Proposition 3.1]. By Proposition 3.22, if N is a (R, T)-
bimodule such that T' is N-separable over R, then M := ¢, N is an (R, S)-bimodule
such that S is M-semiseparable over R. Moreover, if S is also M-separable over R, then
z = lg, whence ¢ is bijective. As a consequence, S will not be M-separable over R
unless ¢ : S — T is bijective. As an example, let ¢ : Q X Z — Q,(q,2z) — ¢ and
D:Q — QxZ,q+— (q0) be as in Example 3.2. Then, if N is a (R, Q)-bimodule
such that Q is N-separable over R, then the (R,Q X Z)-bimodule M := 9, N is such
that Q x Z is M-semiseparable but not M-separable over R. For instance consider the
Q-vector space N := Qm", with n > 1, and take R := Q. Let us check that N is a
(Q, Q)-bimodule such that Q is N-separable over Q, with ng = gn for alln € N,q € Q.
Since N is a free left Q-module, then it is a generator. Moreover £ = Endg(N) =
Endg(Q") = M, (Endg(Q)) = M, (Q) is a separable Q-algebra. Therefore by the right
version of [37, Theorem 1(1)] (see also Proposition 3.26 below), Q is N-separable over Q.
Thus the (Q, Q x Z)-bimodule M := ¢, N = Q™ is such that Q x Z is M-semiseparable
but not M-separable over Q. For a direct computation by means of Definition 3.17, set
m:= (1,0,...,0) and define f € M* = Homgxz(Q", Q x Z) by f(q1,---,¢n) := (¢1,0).
Then f ®g m € (M* ®g M)®*Z and for every m’ € M one has m'f(m) = m/(1,0) =
m/y(1,0) =m/'.

Next result provides an explicit factorization as a bireflection followed by a separable
functor for the coinduction functor o, attached to an (R, S)-bimodule M in case it is
semiseparable. By Corollary 2.28, this factorization amounts to the one given by the
coidentifier.

Proposition 3.24. Let M be an (R, S)-bimodule. The coinduction functor o, = Homg(M, —) :
Mod-S — Mod-R is semiseparable if and only if there is an S-coring I with a grouplike
element z € I° such that o, = &, o Gy where &, := HomI(M, —) : M — Mod-R is
separable and the induction functor Gy = (=) ®g I : Mod-S — M is a bireflection.
Here M is in M! via ppr(m) = m ®g 2.
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Proof. Assume that o, is semiseparable. Then, by Theorem 3.18 S is M-separable over
R through some ¢ := ) . f; @g m; € (M* ®g M)%. Since evyr : M* @p M — S is
a morphism of S-bimodules, then I := Im(evy) is an ideal of S with multiplicative
identity z := evas(c) = Y, fi(m;). Indeed, for all s € S, zs = evp(c)s = evyr(cs) =
eva(sc) = sevyr(c) = sz and hence z € I°. For all m € M, f € M*, we have zf(m) =
> f(m) fi(mg) = (32, mfi(m;)) = f(m) and hence zi = i for every i € I. Moreover,
since the morphism ¢ : S — I, s — sz, is a ring epimorphism, the map my : [ @ I — I
is bijective. Thus we can consider Aj; = m;l =5 T®sl, Af(i) =i®s z=2Q®g 1, SO
that (I, Ay, er) becomes an S-coring, where e : I < S is the canonical inclusion. By the
foregoing 2z € I° and, for every i € I, we have €;(i)z = iz = i. By what we recalled at
the beginning of Subsection 3.3, the induction functor Gy := (—) ®g I : Mod-S — M/
is naturally full. Consider its left adjoint, the forgetful functor Fy : M! — Mod-S, and
the corresponding unit 7 defined on each N in M! by setting ny := pn : N = N ®3 1.
Given n € N write py(n) = >, ny ®g 1. By applying N ®s ey we get n =, nyi;. Thus
pn(n) =, Rgiy =y, ®g lpz =y, Nyl Qg 2 = n Qg z. We have so proved that
pn(n) =n®g z, for every n € N. By applying N ®g e; to this equality we get n = nz,
for every n € N. Therefore py is invertible with inverse given by n ®g ¢ — ni, and then
the unit n of F; - Gy is invertible, i.e. G is a coreflection. By Theorem 2.24, Gy is a
bireflection. As in [25, Example 4.3], once noticed that M € M (this just means that
par is left R-linear), we can consider the functor 6* := (—)®zr M : Mod-R = ME — ML,
By [13, 18.10.2] we have that 6* + &, = Hom! (M, —) with unit and counit given by

fix : X — Hom! (M, X ®r M), © — [m — z @ m),
&y : Hom! (M, Y)®@r M =Y, f @gm — f(m).

Thus, by Rafael Theorem, &, is separable if and only if there is a natural transformation
7 :1d — 6*6, such that éo5 = Id. For Y in M!, define 3y : Y — Hom' (M, Y)®rM, y
> ufi(=) ®r m;. It is easy to check it defines a natural transformation 4 : Id — %6.,.
Moreover €y 7y (y) = >, yfi(m;) = yz but we already proved that yz = y, hence éoy = Id
and G, is separable. Let us check that G = 6, o G;. Note that poe = Id; and both ¢ and
€ are both left S-linear. As a consequence [ is projective, whence flat, as a left S-module.
Thus, by [13, 22.12] applied in case D is the S-coring S, for every N in Mod-R we have
a functorial isomorphism of abelian groups

5.Gr(N) = Hom’ (M, N ®g I) — Homg(M,N) = 0,(N), f+— (N®ser)of.

This isomorphism is easily checked to be right R-linear. Thus it yields 64 o G = o,
as desired. Conversely, if 0. = 6. o Gy, where G is a bireflection, whence natu-
rally full by Theorem 2.24, and &, is separable, then o, is semiseparable in view of
Lemma 1.12(ii). O

Claim 3.25. As already mentioned, given an (R, S)-bimodule M, in order to character-
ize the semiseparability of the induction functor o* = (=) ®g M : Mod-R — Mod-S
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we need, as in the separable case, the further assumption that Mg is finitely generated
and projective. It is well-known that this hypothesis implies that the map N ®¢ M* —
Homg(M,N),n® f — [m — nf(m)], is an isomorphism natural in N, for every right
S-module N, where M* = Homg (M, S). As a consequence, the right adjoint of c* can be
chosen to be 0, = (—)®@g M* : Mod-S — Mod-R. If we let {ef,e;} C M* x M be a finite
dual basis, the unit n and the counit € of this adjunction are given for all X € Mod-R,
Y € Mod-S by

nx X 5> X@prM@sM*, 1> x@pe @ e},
ey 1Y @s M*@r M =Y, y®g f @sm — yf(m).

It turns out that, see e.g. [30, page 30|, the FEilenberg-Moore category (Mod-R)y, o+ s
equivalent to the category Mod-E, where € := Endg(M) = M ®g M* is the endomor-
phism ring with canonical morphism ¢ : R — &, p(r)(m) = rm, for all v € R and
m € M. Dually the Eilenberg-Moore category (Mod—S)"*"* is equivalent to the category
MCE of right comodules over the comatriz S-coring C := M* @p M, see e.g. [30, page
36]. Comatriz corings have been introduced in [22] and they generalize the Sweedler’s
canonical coring. See also [1]] for further investigations. The diagram (1) becomes:

F
(Mod-S)7 7+ = M€ L Mod-S
G=(-)®RC

0" =(-)®rM |4| ox=(—)®sM"

¢"=(-)®RE
Mod-R L Mod-€ = (Mod-R),, o

P

where F' 4 G is the adjunction as in Subsection 3.3, given by the forgetful functor F :
MCE — Mod-S and the induction functor G := (—=) ®g C : Mod-S — MC; the functors
K, o+ and K% are the comparison and the cocomparison functor, respectively. From
the diagram, we have

P 0 Ky, ox = 0 FoK? % =g~ Ky o 00" = ¢~ K? %% o0, =G.

The above refinement of the functors involved allows us to obtain a different charac-
terization also for the semiseparability of o,

Proposition 3.26. In the setting of Claim 3.25, the following assertions are equivalent.
(i) S is M-semiseparable over R;

(ii) 0. = (=) ®s M* : Mod-S — Mod-R is semiseparable;
(iii) the comatriz S-coring C is semicosplit;
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(iv) there exists an invariant element z € C° such that for every ¢ € C, ¢ = ec(2)c,
where ¢ is the counit of the comatriz S-coring C;

(V) @« : Mod-€ — Mod-R is separable (that is, £/ R is separable) and K, o+ is naturally
full.

Proof. (i)« (ii). It is Theorem 3.18.

(i)« (iii). By Remark 2.5 3), 0, is semiseparable if and only if so is V7 7 = G.
(iii)& (iv). It follows by Theorem 3.10.

(ii)< (v). It follows by Theorem 2.9 applied to the adjunction (¢*,0.). O

We now obtain the announced characterization of the semiseparability of o*.

Proposition 3.27. In the setting of Claim 3.25, the following assertions are equivalent.

(1)
(i)
(i)

)

(iv

c* = (=) ®r M : Mod-R — Mod-S is semiseparable;

©* = (=) ®r € : Mod-R — Mod-€£ is semiseparable;

there exists an E € gHompg(E, R) such that pE(lg) = 1g;

F : M€ — Mod-S is separable (i.e. C is coseparable) and K %+ is naturally full.

Proof. (i)« (ii). By Remark 2.5 4), 0 is semiseparable if and only if so is V,, o« = ¢*.
(if)< (iii). It follows by Proposition 3.1.
(i)< (iv). It follows by Theorem 2.14 applied to the adjunction (c*,0,). O

Remark 3.28. At the beginning of this subsection we recalled that the separability of o*
implies the one of ¢*. The other implication is also true if Mg is finitely generated and
projective. Indeed, from K, ,+ 0o 0* = ¢*, by Remark 2.5 4), we get that o* is separable
if and only if ¢* is separable.

Now, as a particular case of Claim 3.25, given a morphism of rings ¢ : R — S consider
the (R, S)-bimodule M := rSg, with left action induced by ¢, which is trivially finitely
generated and projective as a right S-module. In this case 0* = (=) ®g S = ¢* :
Mod-S — Mod-R is the induction functor of Section 3.1 As a consequence, the right
adjoint o, of o* is isomorphic to the restriction of scalars functor ¢, : Mod-S — Mod-R
and since it is faithful, it follows that S is S-semiseparable over R if and only if S is
S-separable over R.

In this case, the comatrix S-coring C is the Sweedler coring S ®p S, we have & =
Endg(M) = M ®s M* =S, K, o+ = ldyod-s, i.e. @, is strictly monadic, and K¢ ex =
(=) ®r S : Mod-R — Mod-S. Consider the induction functor G = (=) ®s € : Mod-S —
MCE and the forgetful functor F' : M® — Mod-S. In this setting, as a consequence
of Proposition 3.26 and Proposition 3.27 we have the following corollaries, relating the
functors ¢., ¢*, F, G and the Sweedler coring C. We just point out that, since the coring
counit ¢ is the multiplication S ® g S — S and we can choose ¢ = 1g ®gr 1g € C, the
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existence of z € C° such that ¢ = e¢(z)c, for every ¢ € C, is equivalent to the existence
of z € C¥ such that 1g = e¢(z) i.e. of a separability idempotent of S/R.

Corollary 3.29. In the above setting, the following assertions are equivalent.

(i) S is S-separable over R;

(ii) p« : Mod-S — Mod-R is separable, i.e. S/R is separable;
(iii) the Sweedler S-coring S ®g S is semicosplit;
(iv) S/R has a separability idempotent.

Corollary 3.30. In the above setting, the following assertions are equivalent.

(i) ¢* is semiseparable;
(ii) there exists an E € gHompg(S, R) such that pE(lg) = 1g;
(iii) F is separable (i.e. the Sweedler S-coring S @ S is coseparable) and K¥ ¢ is a
bireflection.

Clearly the equivalence between (i), (ii) and (iv) of Corollary 3.29 above is well-known
while the equivalence between (i) and (ii) of Corollary 3.30 is just Proposition 3.1.

3.5. Right Hopf algebras

Let B be a bialgebra over a field k, let 9t denote the category of vector spaces over k
and let 95 denote the category of right Hopf modules over B. Consider the coinvariant
functor (—)” : MB — 9N which, for every object M in MEB, is defined by setting
MeB .= {m € M | ppr(m) = m ® 1g}. It is known that it fits into an adjoint triple
mB 4(=)®@B A (=), see e.g. [35, Section 3], where = AL and Bt = ker(ep).
The unit and counit are given by

— B~

me M= @B, me Y myom, i (VeB) 5V, v@bm vep ()

o

wiVSVeB“? vevelg,  Oy:MPP®B— M, m®b— mb.

By Proposition 2.19, the functor (—)COB is semiseparable (resp. separable, naturally full)

if and only if so is (—)B. Moreover, by [9, Proposition 3.4.1], the functor (—) ® B is fully
faithful so that (—)°°? is a coreflection. Thus, by Theorem 2.24 it follows that (—)°°”
is semiseparable, if and only if it is naturally full, if and only if it is Frobenius. Our
aim here is to characterize the semiseparability of (—)COB. Note that there is a natural
transformation o : (—)®°F — (T)B defined on components by oy : M<°B — HB, m
m:=m+ MBT, see 35, Section 3].

(1) < (2) in the following result is a semi-analogue of (1) < (6) in [35, Theorem 3.13].
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Theorem 3.31. Let B be a bialgebra over a field k and consider the coinvariant functor
(—)COB :MEB — M. The following assertions are equivalent.

(1) (=)°F is semiseparable.
(2) B is a right Hopf algebra with anti-multiplicative and anti-comultiplicative right an-
tipode.

B
(3) The canonical natural transformation o : (—)°B — (=) is invertible.

—B
(4) The canonical natural transformation o : (—)°Z — (=) is split-mono.

Proof. (1) < (2). We already noticed that (—)” is semiseparable if and only if it is
Frobenius. Moreover (—)*°”

invertible, cf. [35, Lemma 2.3] applied to the adjoint triple mB H4(=)® B - (=)°5.
(2) < (3). The equivalence follows by [35, Theorem 3.7].
(1) & (3) & (4). It follows from Proposition 2.26. O

is Frobenius if and only if the natural transformation o is

Remark 3.32. As mentioned, the functor (—)COB : ME — M fits into an adjoint triple
mB 4 (=) ® B = (=)°P. Thus, (=)°” is Frobenius if and only if (—)*” 4 (=) ® B,

if and only if (—)B >~ (—)®P. Note that there are bialgebras B which are not right
Hopf algebras and hence (—)°°" needs not to be a Frobenius functor in general. For
instance let G be a monoid and consider the monoid algebra B = kG over a field k.
If B is a right Hopf algebra, then it has a right antipode Sp : B — B and hence, for
every x € G, one has xSp () = > x(1)SB (:c(g)) = ep(x)1p = lg. In particular each
element in G is right invertible and hence G must be a group, which is not always the
case. Moreover, see [35, Example 3.9], there are bialgebras B satisfying the equivalent
conditions of Theorem 3.31 that are not Hopf algebras, i.e. such that the coreflection
(—)COB is semiseparable but not separable. Indeed, B is a Hopf algebra if and only if

(—)COB is an equivalence if and only if it is separable, cf. Remark 2.25.
3.6. Ezamples of (co)reflections

The connections between some type of functors we have considered in this paper are

Faithful
coreflection “
g Equivalence .
Bireflection |

summarized in the following diagrams.

g Equivalence
Bireflection |
il
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Indeed we know that separable functors are the “intersection” of semiseparable and
faithful functors and that naturally full functors are the “intersection” of semiseparable
and full functors, see Proposition 1.3. At the very beginning, we observed that a functor
is fully faithful if and only if it is at the same time separable and naturally full. We know
that a (co)reflection is semiseparable if and only if it is naturally full if and only if it
is a bireflection, see Theorem 2.24. We also observed that a separable (co)reflection is
necessarily an equivalence, see Remark 2.25.

In order to completely justify the coherence of diagrams (10) we need examples of a

¢ (co)reflection which is neither full nor faithful;
o faithful (co)reflection which is neither semiseparable nor full;
o full (co)reflection which is neither semiseparable nor faithful.

Now, we have observed in Remark 1.2, that a functor F is semiseparable (resp. separable,
naturally full, full, faithful, fully faithful) if and only if so is F°P. On the other hand, since
the opposite switches the functors of an adjunction, one has that F' is a reflection (resp.
coreflection) if and only if F°P is a coreflection (resp. reflection). As a consequence we
can focus on coreflections as the corresponding examples for reflections can be obtained
by duality.

Moreover, a fully faithful coreflection is an equivalence, whence in particular semisep-
arable. Thus we can omit the last option in the second and in the third item above.
Moreover, by Theorem 2.24, we know that a coreflection is semiseparable if and only if
it is naturally full if and only if it is a bireflection if and only if it is Frobenius. Thus
a faithful coreflection, which is also semiseparable, must be full whence an equivalence.
Summing up, our problem reduces in finding examples of a

o coreflection which is neither full nor faithful;
o faithful coreflection which is not an equivalence;
o full coreflection which is not a bireflection.

We start by including an example of coreflection which is neither full nor faithful.

Example 3.33. Let k be a field, let Coalg be the category of coalgebras over k and let Set
be the category of sets. The functor G : Coalg — Set that associates to a coalgebra C
the set G (C) of grouplike elements in C, is a coreflection. In fact it has a fully faithful
left adjoint F' that takes a set S to the group-like coalgebra kS. The unit and counit
components are the canonical bijection ng : S — GFS = G (kS) and the canonical
injection e : FGC = kG (C) — C, respectively. Let us check that G is not full. Let
D be the matrix coalgebra M$ (k). Note that GD = G (M§ (k)) = @) which is the initial
object in Set.

Note also that, if we denote by 0 the zero coalgebra, then we also have GO = ) so that
GD = GO. If G is full then there is a coalgebra map f : D — 0. In particular we have
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ep = ¢ggo f =0, a contradiction as ep is the map that assigns to a matrix its trace. Thus
G is not full. Let us check it is not even faithful. Otherwise, e would be an epimorphism
in Coalg, for every coalgebra C, but, by [32, Theorem 3.1], an epimorphism in Coalg is
necessarily surjective whence e would be invertible and hence every coalgebra C' would
be isomorphic to kG (C), a contradiction.

Remark 3.34. We already observed that a conservative (co)reflection is always an equiv-
alence. It is known (see e.g. [24, A1.2]) that a faithful functor from a balanced category
(i.e. a category where every monomorphism which is an epimorphism is necessarily an
isomorphism) is always conservative. As a consequence a faithful (co)reflection from a
balanced category is always an equivalence. Since the category R-Mod of left modules
over a ring R is abelian, it is in particular balanced and hence any faithful (co)reflection
from R-Mod is always an equivalence.

An instance of a faithful coreflection which is not an equivalence is obtained by duality
from the following example. Other examples arise as full epi-coreflective subcategories,
see [26].

Example 3.35. Let Dom be the category of integral domains and injective ring homomor-
phisms. Let Field be the category of fields. The forgetful functor GG : Field — Dom has
a left adjoint F' that takes every integral domain D to its quotient field Q(D). Given
an integral domain D, denote by jp : D — Q(D),d — %, the canonical injection. Then
the unit on an integral domain D is the injection np = jp : D — GFD = Q(D), while
the counit is the isomorphism e = jf(l : FGK = Q(K) — K. Note that, in general, 7
is just a monomorphism but not an isomorphism on components. Thus, F is a faithful
reflection which is not an equivalence.

We finally provide an example of a full coreflection which is not a bireflection.

Example 3.36. Let k be an arbitrary field, let Coalg, be the full subcategory of Coalg
whose objects are pointed coalgebras over k and let Set be the category of sets. The
functor G : Coalg, — Set, that associates to a coalgebra C' the set G (C) of grouplike
elements in C, is a coreflection. In fact, it has a fully faithful left adjoint F' that takes a
set S to the group-like coalgebra kS. The unit and counit components are the canonical
bijection ng : S — GFS = G (kS) and the canonical injection e : FGC = kG (C) — C,
respectively. By the dual Wedderburn-Malcev Theorem [31, Theorem 5.4.2], since C' is
pointed, there exists a coalgebra projection 7 : C' — Cy = kG (C) such that 7o ec = 1d.
Thus e¢ is a split monomorphism for each pointed coalgebra C' and hence G is full.
Therefore G is a full coreflection. Let us check it is not a bireflection in general. Otherwise
G would be Frobenius and hence from F -+ G we should deduce G - F. Consider the
Sweedler’s 4-dimensional Hopf algebra H = k{g,x | ¢°> = 1,22 = 0,9z + g = 0)
with coalgebra structure given by A(g) = ¢ ® g and A(z) = 2 ® 1 + g ® z and set
S :=G(H)=1{1,g}. We have



916 A. Ardizzoni, L. Bottegoni / Journal of Algebra 638 (2024) 862-917

Homset (S, S) = Homset (G(H ), S) = Homcoalg, (H, F'S) = Homcoalg(H, kS).

Since Homse (S, S) has cardinality 4, we get that Homcoag(H, kS) must contain exactly
4 elements. For every k € k define fi, : H — kS by setting fx(1) = 1, fx(9) = g, fx(x) =
k(1 — g) = fr(zg). Then fi is a coalgebra map. By linear independence of grouplike
elements, we have that f # f; for every k,l € k such that k # [. Since Homcoalg(H, kS)
contains 4 elements we deduce that the field k has at most 4 elements, a contradiction.

Data availability
No data was used for the research described in the article.
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