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Introduction

This thesis is divided into two parts, the first one focused on generalized descriptive
set theory, and the second one on combinatorics and Ramsey theory.

According to Kechris [93], “Descriptive set theory (DST) is the study of “defin-
able sets” in Polish (i.e. separable completely metrizable) spaces”. Polish spaces
are ubiquitous in mathematics (and not only there), and found application in many
different fields. Classical DST has a natural generalization that occurs when count-
able is replaced by uncountable, called Generalized Descriptive Set Theory (GDST).
Until recently, GDST focused mainly on the study of the generalized Baire space “x
for a cardinal « satisfying k<" = &, obtaining groundbreaking results (see e.g. the
wonderful connection with Shelah’s stability theory [135, 65, 88, 111]). However,
this framework is narrow compared to the one of (classical) DST, focusing mostly on
a single space, and heavily relying on cardinal assumptions as the regularity of .

The goal of the first part of this work is aimed at filling these gaps. We first
develop a solid theoretical framework consisting of a class of spaces that could take
the role of Polish spaces in the uncountable regular setting commonly considered in
the literature on the subject. Then we extend this theory to all cardinals satisfying
2<F = g, including in particular singular cardinals. Finally, we provide some ex-
amples of substantially new spaces in the theory. This first part is the sum of three
distinct works I have done during my PhD together with my supervisor Luca Motto
Ros and, partially, with our coauthor Philipp Schlicht [4, 3, 5].

The second part of the project deals with a notion of recent discovery in com-
binatorics. Hindman’s theorem [80], Carlson’s theorem [31], Gowers’s FIN,, theo-
rem [74] and Furstenberg-Katznelson’s Ramsey theorem [68] are some of the most
famous theorems in combinatorics and had a major impact across many fields of
mathematics. All these theorems share a common underlying structure: they involve
a semigroup with a monoid acting on it. In [142], Solecki isolated these common
components into the notions of Ramsey and Y-controllable monoids, and then he
provided some necessary and some sufficient conditions for a monoid to satisfy one
or the other definition. This result generalized all previous statements at once and
showed that a big role in obtaining these theorems is played by the algebraic struc-
ture of the monoid acting on the semigroup.

The goal of the second part of this work is to continue the work started by Solecki
in [142]. We improve some of the results proved therein, and investigate further this
connection between algebra and combinatorics. We also introduce and study other
similar classes of monoids defined through combinatorics. The results obtained in
this part are taken from two works in collaboration with my PhD colleague and friend
Eugenio Colla, [2, 1].
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Generalized Descriptive Set Theory

Generalized descriptive set theory (in short, GDST) on regular cardinals is a very
active field of research. Basically, the idea is to replace w with an uncountable regular
cardinal ~ in the definitions of the Baire space “w and Cantor space “2, as well
as in all other topologically-related notions. For example, one considers x«-Borel
sets (i.e. sets in the smallest xT-algebra generated by the topology) instead of Borel
sets, k-Lindelof spaces (i.e. spaces such that all their open coverings admit a <k-
sized subcovering) instead of compact spaces, k-meager sets (i.e. unions of x-many
nowhere dense sets) instead of meager sets, and so on. See [65, 6] for a general
introduction and the basics of this subject.

The two spaces lying at the core of the theory are then the generalized or -
Baire space "~ and the generalized or xk-Cantor space "2, with the so-called bounded
topology. Since the classical Cantor and Baire spaces are second-countable, it is
natural to desire that, accordingly, "~ and ®2 have weight x: this amounts to require
that k<% = k, or, equivalently, x regular and 2<% = k.

Despite the achievements already obtained by generalized descriptive set theory,
there are still some missing ingredients.

First, the success and strong impact experienced by classical descriptive set the-
ory in other areas of mathematics is partially due to its wide applicability: the theory
is developed for arbitrary completely metrizable second-countable (briefly: Polish)
spaces and for standard Borel spaces, which are ubiquitous in most mathematical
fields. In contrast, generalized descriptive set theory so far concentrated (with a few
exceptions) only on “k and "2, and this constitutes a potential limitation.

Our first goal is to fill this gap by considering various generalizations of Polish
and standard Borel spaces already proposed in the literature ([7, 42, 71]), adding a few
more natural options, and then systematically compare them from various points of
view (see Figure 1). Some of these results substantially extend and improve previous
work appeared in [42, 71].

Second, GDST so far has been focused almost only on regular cardinals, and this
is another potential limitation to the subject. Even in models of ZFC where every
regular cardinal k satisfies k<" = k, there are still many cardinals on which there is
no GDST. Also, for certain aspects GDST on singular cardinals may reveal to be even
more interesting than GDST on regular cardinals. In the forthcoming papers [52, 53],
Dimonte and Motto Ros conduct a detailed study of GDST on singular cardinals of
countable cofinality, showing that in this context one may recover many theorems of
classical descriptive set theory that gets lost in the uncountable regular case.

Our second goal is then to extend the study of GDST to all singular cardinals
\ satisfying 2<* = ), with a particular focus on singular cardinals of uncountable
cofinality to complete the theory developed so far. In particular, for the first time one
can consistently have GDST on every cardinal (e.g. in models of ZFC + GCH).

Finally, one of the reasons why DST has been so successful is the abundance
of example of Polish spaces with substantially different proprieties. The Cantor and
Baire spaces plays certainly a central role in the theory, but we can not avoid the
need of other Polish spaces like the real numbers R, the complex field C, the Hilbert
cube [0, 1]*, and so on. Our third and last goal is to study the diversity of spaces
that belong to the classes we defined before. We provide some new examples that are
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essentially different from “x and 2, and show that the classes of spaces we defined
are as rich as possible, as each contains *2-many non-homeomorphic spaces.

All together, we believe that our results provide a wide yet well-behaved setup
for developing generalized descriptive set theory, opening thus the way to fruitful
applications to other areas of mathematics.

This part is divided into three chapters, each corresponding (roughly) to a dis-
tinct goal among the ones listed above. There is a partial overlap between the first
two chapters, as the result presented in the second chapter are strictly more general
and subsume the ones of the first chapter. However, we believed it would be more in-
formative to introduce the concepts gradually. The first chapter has still many points
in common with the literature (from the techniques used, to the kind of problems that
one has to face), and some proofs are simpler because in the regular case certain sub-
tleties can be avoided. The main focus of the second chapter, instead, is on problems
of a different kind, that arise only when the cardinal is singular and have to be faced
with new techniques.

GDST for regular cardinals

In Chapter 1, we focus on the study of classes of Polish-like spaces for GDST on a
regular uncountable cardinal x satisfying k<" = k. But what do we want from a
class of spaces in order to be considered “Polish-like”? There are at least two crucial
conditions. First, it should contain the generalized Cantor and Baire spaces. This
already compels us to abandon metrizability. Second, we should recover the usual
notion of Polish-space when x = w. Thus, our main focus will be on classes of
spaces of weight < & that are defined by generalizing complete metrizability or other
notions which are equivalent to it in the classical case. When moving to uncount-
able cardinals, however, part of the theory seems naturally related to other classes of
spaces like ultrametrizable and zero-dimensional Polish space: for this reason, we
introduce also a few more classes that come from generalizations of other notions
and concepts from those areas.

We collected six classes that seem to us the most natural options. The first two
come from a direct generalization of the notion of metric. As we said, it is not possi-
ble to use classical metrizability in this context: the main reason is that metrizability
intrinsically contains a notion of “countable dimension” in itself. More in detail:
given a totally ordered Abelian group G, call degree of G, denoted by Deg(G), the
smallest length of a sequence of positive elements converging to zero. The prob-
lem with metrizability is then that Deg(IR) is countable, and this implies that every
metrizable space is first countable. On the other hand the spaces *2 and "k are not
first countable if cof(k) > w. The idea is then to replace R with a totally ordered
Abelian group G of degree x: in this way, we get a notion of metric (called G-metric)
that is suitable in this context (see Definition 1.1.5 and the preceding paragraph).

When it comes to completeness of G-metrics, there are (at least) two possible
ways to proceed. Cauchy completeness can be extended naturally to G-metrics by
looking at sequences of length Deg(G). We call a space G-Polish if it has weight
< k and it is (Cauchy) completely G-metrizable (Definitions 1.1.5). When Deg(G) is
uncountable, the theory of G-metrics is closely related also to the theory of ultramet-
rics, and for these spaces, we have another natural notion of completeness. We call
an ultrametric spherically complete if the intersection of every decreasing sequence
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of balls (it does not matter whether we take them open or closed here, as all balls of
an ultrametric are clopen) is nonempty. This notion can be naturally extended to all
G-metrics as well. We call a space spherically complete G-Polish if furthermore the
G-metric can be taken to be spherically complete (Definition 1.1.29).

The idea of using generalized metrics has been rediscovered several times in dif-
ferent fields (see [117, 34, 89, 62], to mention a few instances), and this makes the
literature very sparse and difficult to deal with. The first systematic study of gen-
eralizations of metrics started around the half of last century ([90, 139]), and later
on, a more systematic study of G-metrics has been developed by various authors
in general topology (see e.g. [9, 83, 122, 126] and their bibliography). In contrast,
the literature on complete G-metrics seems scarcer, and it basically reduced to the
papers [7, 42, 71]. One of the main results of the theory of generalized metrics
is that fixed any totally ordered Abelian group G, if deg(G) = w then every G-
metrizable space is also metrizable (in the classical sense, that is, R-metrizable),
while if deg(G) > w, then every G-metrizable space is also G’-metrizable for any
other totally ordered Abelian group of the same degree ([126]). In particular, in
the countable degree case G-metrizability yields to the usual notion of metrizabil-
ity, while in the uncountable case we have a theory that is independent of the choice
of G. In this work, we prove that similar results hold for complete G-metrizability
(Corollaries 1.1.22, 1.1.23, and 1.1.33).

The second two classes we consider come from a well-known game-theoretic
characterization of Polish spaces: a second countable (regular Hausdorff will always
be tacitly assumed for every topological space) space is Polish if and only if it is
strong Choquet ([36, 93]). The strong Choquet game has a natural generalization
to higher cardinals by simply allowing the two players to play for xk-many rounds.
However, when x is uncountable it may happen that the game stops at a limit ordi-
nal before x because we already got an empty intersection. In these situations (that
are not present in the countable version of the game), we need to choose which of
the two players wins. Different choices lead to distinct notions: in the strong x-
Choquet game, we stipulate that player I wins all runs that stop before «, while in the
strong fair k-Choquet game we instead declare that it is player II that wins in those
cases. A strong x-Choquet space (or SC,;-space) is then a (regular Hausdorff) space
of weight < k in which player II has a winning strategy in the strong x-Choquet
game, and we analogously define strong fair x-Choquet spaces (or fSC,-spaces)
using the strong fair x-Choquet game instead of the strong x-Choquet game (Def-
initions 1.1.2 and 1.1.3). The notion of SCy-spaces and fSC,-spaces have been
introduced quite recently: the notion of strong x-Choquet space has been studied for
the first time in [42], while the notion of strong fair k-Choquet is introduced in this
thesis and in the corresponding paper [4].

Finally, the last two classes we consider in the first chapter are inspired by the
following characterization of a zero-dimensionality within the class of Polish spaces:
a space is a zero-dimensional Polish space if and only if it is homeomorphic to a
closed subset of the Baire space “w. In the classical case, a subset of “w is closed
if and only if it is the set of branches (i.e. the body) of a pruned tree T C <“w,
where pruned means that 7" has no leaves, or, equivalently, no branch of size < w.
Once again, in the uncountable case x > w definitions that were equivalent in the
classical setup become distinct. Indeed, if we look at bodies of trees 7" C <"k that
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have no leaves (called now weakly pruned trees), then we get precisely the closed
subsets of “x. However, we can also consider subsets of “x which are the body of
atree T C <"k that has no branch of length < k: we call them superclosed sets.
Topological properties of closed subsets of the generalized Baire space have been
studied in several papers (see e.g. [6, 65] and their bibliography). Superclosed subsets
of the generalized Baire space have been studied, for example, in [42]. However,
very little was known about the relationship between these two classes (see e.g. the
diagram in [71, p. 25]).

Our first main result instead is to show that this is not the case, and these six
classes are nicely divided into two groups: a class of “weakly complete” (Polish-like)
spaces, containing G-Polish spaces, closed subsets of the generalized Baire space,
and fSCy-spaces, and a class of “strongly complete” (Polish-like) spaces, containing
spherically complete G-Polish spaces, superclosed subsets of the generalized Baire
space, and SC-spaces.

Main Theorem 1 (Theorem 1.1.21). Assume k<" = k > w. For any (regular
Hausdorff) space X the following are equivalent:

(a) X is G-Polish;
(b) X is a k-additive fSCy-space;
(c) X is homeomorphic to a closed subset of "k.

Main Theorem 2 (Theorem 1.1.32). Assume k<% = k > w. For any (regular
Hausdorff) space X the following are equivalent:

(a) X is a spherically complete G-Polish space;
(b) X is a k-additive SC-space;

(¢c) X is homeomorphic to a superclosed subset of “k.

/ G-metrizable or, \

equivalently, x-additive

(Up to homeomorphisms: subsets of "k)
G-Polish
(Up to homeomorphism: closed subsets of “x)

FSCx

Spherically (<k-)complete G-Polish

(Up to homeomorphism: superclosed subsets of “x)

SCy

N

Figure 1: Relationships among different Polish-like classes of regular Hausdorff
spaces of weight < k, for a totally ordered Abelian group G of degree deg(G) = .

When « is not a weakly compact cardinal, in the above statements we can replace
the generalized Baire space “x with the generalized Cantor space "2 (as in this case
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"k and "2 are homeomorphic). If instead « is weakly compact, we obtain two analo-
gous results characterizing x-Lindelof spaces as closed or superclosed subsets of the
generalized Cantor space (see Theorems 1.2.22 and 1.2.23).

The previous results also reveal another important dividing line: r-additivity, a
property which is relevant only if £ > w. More in detail, recall that a topological
space is x-additive if every intersection of < x-many open sets is still open. This
property implies strong forms of zero-dimensionality (see e.g. [10]), thus x-additivity
can be thought of as the uncountable analogue of zero-dimensionality, an important
diving line in the context of (classical) Polish spaces. It is immediate to check that
(spherically complete) G-Polish spaces are x-additive (and hence zero-dimensional):
this is not too surprising, as G-metrizability coincide with G-ultrametrizability when
deg(G) is uncountable ([121], see also Corollary 2.2.55).

Our analysis of the above-mentioned classes of Polish-like spaces reveals that
there is no preferred option among them. Depending on which properties one de-
cides to focus on, certain classes behave better than others, but there is no single
class simultaneously sharing all the nice features typically enjoyed by the collec-
tion of (classical) Polish spaces. For example, if one is interested in maintaining
the usual closure properties of the given class, then the “right” class is arguably the
one of “weakly complete” spaces. Indeed, both fSC,-spaces and G-Polish spaces
are closed under continuous open surjections (Theorem 1.4.3), < k-sized sums and
products, and G'§-subspaces (Theorems 1.4.1 and 1.4.2). In the context of x-additive
spaces, the latter can be turned into a characterization of “weakly complete” sub-
spaces which mimic a well-known classical result.

Main Theorem 3 (Theorems 1.1.28). Assume k<" = Kk > w. A subsetY of a
G-Polish space X is G-Polish if and only if Y is Gf§ in X.

In contrast, “strongly complete” spaces miss some of the above closure proper-
ties. Indeed, both SC, and spherically complete G-Polish spaces are closed under
open subspaces, < x-sized sums and products, and continuous open surjections, but
they are not even closed under taking closed subspaces (see [42]). On the other
hand, these classes are arguably the “right” ones in other respects. For example, ev-
ery closed spherically complete G-Polish subspace of a G-Polish space is a retract
of it, and thus, every spherically complete G-Polish space is the continuous image
of the generalized Baire space "« (Corollary 1.1.34). Moreover, we have a Cantor-
Bendixson theorem for perfect spaces within such classes (Theorem 1.2.6). All these
properties provably fail for the class of G-Polish spaces (Remark 1.2.7 and [105,
Theorem 1.5]).

The above different possibilities and behaviors are reconciled at the level of x-
Borel sets: all the proposed classes give rise to the same class of spaces up to x-Borel
isomorphism, and thus they constitute a natural and solid setup to work with if one
is interested in developing a (generalized) descriptive set theory from the level of
A-Borel sets onward.

Main Theorem 4 (Theorem 1.1.40). Assume k<" = Kk > w. Up to k-Borel isomor-
phism, the following classes of spaces are the same:

(1) fSCg-spaces;
(2) SCy-spaces;
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(3) G-Polish spaces;
(4) spherically complete G-Polish spaces.

We also provide a mathematical explanation of the special role played by the
k-Cantor and k-Baire spaces in the generalized setting. On the one hand, they ad-
mit nice characterizations which are analogous to the ones obtained in the classical
setup by Brouwer and Alexandrov-Urysohn. These theorems have been extended
to higher cardinals many times in different ways (see e.g. [87, Theorem 2.3], [121,
Theorems 3.5 and 3.9]). We provide here similar characterisations using the notion of
SC-space (Theorems 1.2.10, 1.2.14 and 1.2.15). On the other hand, when restricting
to k-additive spaces all our classes can be described, up to homeomorphism, as col-
lections of simply definable subsets of “x and “2 (Theorems 1.1.21, 1.1.32, 1.2.22,
and 1.2.23).

Borel space and standard Borel spaces are other fundamental notions of (classi-
cal) descriptive set theory. These notions can be extended to the uncountable case by
considering x T -algebras instead of o-algebras ([118, 65, 6]). In the classical case,
there are multiple ways to define what a standard Borel space is: they can be defined
as the Borel spaces which are Borel isomorphic to some Borel subset of the Baire
space “w (or of any other uncountable Polish space, including “2); or, equivalently,
they can be defined as the Borel spaces generated by some Polish topology. We
show that in the generalized context the two possibilities coincide as well. To fix the
terminology, following [118] we introduce the following definition.

Definition. A x-Borel space (X, %) is standard if it is x-Borel isomorphic to a
r-Borel subset of "x.

Having introduced natural classes of generalized Polish spaces, we can now prove
the following:

Main Theorem 5 (Theorem 1.3.5). Assume k<" = k > w. A k-Borel space (X, %)
is standard if and only if there is a topology T on X such that Bor, (X, 1) = B and
(X, 1) is an fSCy-space.

Moreover, Main Theorem 4 shows that in Main Theorem 5 we may equivalently
ask that (X, 7) belongs to any other class of Polish-like spaces considered in this
chapter. Main Theorem 5 is obtained via another fundamental technique concerning
Borel sets that can be nicely extended to higher cardinals: we can change the topology
of a Polish-like space, still maintaining most of its properties and structure, in order
to turn k-Borel sets into clopen sets (Propositions 1.3.1 and 1.3.7).

On the practical side, the usefulness of Main Theorem 5 lies in the following
observation. In the literature, there are already a lot of results concerning the x-Borel
subsets of “x: thanks to Main Theorem 5, we can now extend them to the x-Borel
structure of an arbitrary Polish-like space. Clearly, this paves the way for a wealth of
applications, still to be explored.

We conclude this chapter by collecting some remarks and some open questions
on the topic.
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GDST for singular cardinals

In Chapter 2, we focus on the study of GDST relatively to an arbitrary cardinal A
of cofinality cof(\) = p satisfying 2<* = X. The case w < g < A has never
been considered in the literature, and it nicely extends and completes the work from
Chapter 1 on regular cardinals and of [52, 53] on singular cardinals of countable
cofinality.

When moving to GDST for cardinals of arbitrary cofinality, various new issues
arise. For example, one must now pay attention to the fact that, depending on the
situation, w can be replaced with either A or its cofinality u. Indeed, in notions de-
pending on the cardinality it is natural to use A: for example, we study A-Borel sets,
A-Lindelof spaces, A-meager sets, spaces of weight < )\, and so on. Nevertheless,
some other concepts intrinsically depend on the cofinality of A rather than on A it-
self: for example, we look at y-metrizable spaces (i.e. G-metrizable for some totally
ordered Abelian group G of degree' 1), p-additive spaces, games of length ., and so
on.

Moreover, it turns out that the right generalizations of the Cantor and Baire spaces
in this context are *2 and #\ (rather than *)\). The hypothesis 2<* = \ then ensures
that both spaces have weight \. Furthermore, when \ is not weakly compact then *2
and #)\ are homeomorphic (see e.g. [121]), and this holds in particular for all singular
cardinals.

The (admittedly vague) concept of “right” class of Polish-like spaces changes as
well, depending on the cofinality. In fact, as in the regular case we still want that
each class we consider contains at least the generalized Cantor and Baire spaces *2
and #)\. However, we now want to develop a theory that is coherent not only with
classical DST, but also with the already existing setups of GDST for regular cardinals
and for uncountable singular cardinals of countable cofinality. More in detail, when
cof (\) = w the spaces *2 and “)\ are completely metrizable, and the (only) right
class of Polish-like spaces in this context is arguably the one of A\-Polish spaces, i.c.
completely metrizable topological spaces of weight < A (see [52, 53]): thus we want
that when A has countable cofinality one recovers (classical) complete metrizability.
On the other hand, when cof(\) = A, i.e. when A is regular, we expect to recover
(at least) all the classes studied in Chapter 1, although we will also consider other
classes of spaces naturally arising in this new context.

All classes of spaces introduced in Chapter 1 can easily be extended to arbitrary
cardinals, but only some of them readily give a suitable Polish-like class, while some
others require additional conditions (which were implicit in the regular case but be-
come relevant for singular cardinals). Let us start with the ones that do extend in a
nice way, without any further effort.

We call (), pu)-Polish a Cauchy-completely p-metrizable space of weight < ),
and spherically complete (A, 1)-Polish a (A, 11)-Polish space where furthermore the
G-metric can be taken to be spherically complete. These notions respect all our
requirements: when \ has countable cofinality, (A, w)-Polish spaces coincide with \-
Polish spaces (Fact 2.3.16), and if we restrict ourselves to ultrametrizable spaces, we
get the same result for spherically complete (), w)-Polish spaces (2.2.1). When \ =

"Notice that this is the unique natural choice, as the degree of a totally ordered Abelian group is
always a regular cardinal naturally defined in terms of cofinality (or, to be precise, coinitiality).
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1 > w, instead, we recover exactly the classes of G-Polish spaces and spherically
complete G-Polish spaces from Chapter 1 (Fact 2.3.16).

Similarly, we can redefine the classes of spaces homeomorphic to closed or su-
perclosed subsets of #\, without any significant change and in a way that is coherent
with the already known setups A = cof () or cof(\) = w.

The classes based on Choquet-like games need instead more work. A SCf)-space
(respectively, f SCﬁ-space) is a (regular Hausdorff) topological space X of weight
< A such that player II has a winning strategy in the strong (respectively, fair) pu-
Choquet game on X. However, these concepts alone are not enough to grant what
we want, as they do not entail any form of (generalized) metrizability if A > w
is singular. For example, these classes do not coincide with A-Polish spaces when
A > cof(\) = p = w, as there are examples of non-metrizable SC)-spaces for any
A of countable cofinality.

This happens because Choquet-like games just characterize completeness, but not
metrizability. In the classical setting A = w, metrizability comes for free by second
countability, thanks to the well-known Urysohn’s metrization theorem. Such theorem
has an extension to higher regular cardinals: every p-additive regular Hausdorff space
of weight < y is p-metrizable (see [139]). This is why in the regular case, where the
weight naturally coincides with the additivity, we could ignore metrizability and only
care about completeness. However, for A singular (and more generally for spaces
of weight > p) there is no analogue of the Urysohn’s metrization theorem, and thus
it becomes crucial to find other suitable generalizations of metrizability. Of course
p-metrizability is a natural option, but when g is uncountable it implies being -
additive and Lebesgue zero-dimensional, thus it seems to be too restrictive. Once
again, the best way to find alternative notions of (generalized) metrizability is to
look at characterizations of (classical) metrizability that hold independently from the
weight of the space.

The first notion, leading to NSZ-spaces (for 2 < § < p), is inspired by the
Nagata-Smirnov metrization theorem ([119, 141]), one of the most famous char-
acterizations of metrizable spaces holding unconditionally: a topological space is
metrizable if and only if it is regular Hausdorff and has a o-locally finite basis (i.e.,
in our terminology, a NS{)-basis). This notion can easily be extended to higher car-
dinals, and indeed NSl‘i—bases (with § = 2 or § = w) have already been used in the
literature to characterize, together with p-additivity, the class of p-metrizable spaces
([137, 84]). Motivated by this, we define NSZ-spaces as (regular Hausdorff) spaces
having a NSfL—basis for their topology (Definition 2.2.4). To simplify the notation,
we simply write NS, instead of NS/,. Notice that, in contrast to the literature on
the subject, we are no longer requiring p-additivity (and, for the sake of general-
ity, we also allow values of § in between w and w): this allows us to overcome the
mentioned restrictions imposed by p-metrizability itself and naturally include in our
classes non-zero-dimensional spaces too. It turns out that having a NS,-basis is a
good substitute for (generalized) metrizability. On the one hand, when y = w we
recover the (classical) metrizable spaces by the mentioned Nagata-Smirnov metriza-
tion theorem. On the other hand, every basis of size < p is trivially a NSZ-basis,
thus if A\ = cof(\) = pu > w is regular the condition of being a NSi—space (for any
2 < § < p) is automatically satisfied by all spaces considered in Chapter 1, which
always have weight < A\ = p.
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Next we consider (u-)tree-based spaces, i.e. (regular Hausdorff) spaces with a
basis for the topology that form a tree (of height < ) under the reverse inclusion
relation D. Tree-based spaces have been introduced and studied for the first time
by Kurepa [99, 100], and later rediscovered in other papers (see e.g. [121]). When
1 = w, rather than characterizing metrizability this notion characterize ultrametriz-
ability: a space is Hausdorff and w-tree-based if and only if it is Lebesgue zero-
dimensional and metrizable ([44, 121]). Therefore, according to our desiderata, this
should exclude this option from the acceptable substitutes for metrizability. How-
ever, the class of (u-)tree-based spaces is quite useful and serves as a bridge between
different notions, allowing us to simplify a significant part of the theory. Therefore
we nonetheless include it in our analysis.

To the best of our knowledge the last class we introduce has not been considered
before, and notably yields a new metrization theorem (even in the classical case y =
w). Most of the metrization theorems present in literature depend on the existence
of a certain particular basis for the topology. However, such bases might be difficult
to find if we are only presented with the topology, without a specific basis already
fulfilling the desired requirements. Moreover, in most practical situations what is
really used is not the existence of a well-behaved basis of the given metrizable space,
but rather the two most fundamental consequences of metrizability: paracompactness
and first countability. Even taken together, these two properties are not enough to
grant metrizability (consider e.g. to the Sorgenfrey line). We show that by replacing
first countability with the following “uniform” (therefore stronger) version of it, we
indeed get a characterization of metrizability. Let X be a topological space. The p-
uniform local basis game is a game of length ; where at each round o < p, player
I picks a point z, € X, and player II replies with an open set V,, containing x,:

I ‘:co T o Ty

I | Vo Vi v,

At the end of the run, player IT wins if either (), , Vo = 0, or {Vi | & < p} isalocal
basis of a point of X; otherwise I wins. A topological space is y-uniformly based
if (it is regular Hausdorff and) player IT has a winning strategy in the corresponding
p-uniform local basis game. Notice that despite its name, this notion just depends
on the topology and not on its bases. Using the above game, we can then give a new
characterization of metrizability which has a more descriptive-set-theoretic flavour.

Main Theorem 6 (Theorem 2.2.39). A topological space is metrizable if and only if
it is regular Hausdorff, paracompact and w-uniformly based.

As hinted, the advantage to work with this notion rather than with bases is that this
game provides a user-friendly concrete tool to verify whether a space is metrizable
or not. Consider for example the Sorgenfrey line: it is immediate to see that player
I has a winning strategy in the w-uniform local base game on it (it is enough that
(s)he keeps changing point going right in the order), and thus that this space is not
metrizable. Conversely, it is less immediate to see that there are no N'S,,-basis for the
topology of such space.

Main Theorem 6 has also a natural extension to p-metrizability (Theorem 2.2.41)
once we replace paracompactness with its higher analogue (i, 11)-paracompactness.”

Paracompactness and (i, u4)-paracompactness coincide when the space is p-additive, and if fur-
thermore p is uncountable they coincide also with Lebesgue zero-dimensionality — see [10]).
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The last class of spaces we consider is thus the one consisting of (u, 11)-paracompact
p~uniformly based spaces. This class satisfies again all the requirements to be “suit-
able” for developing GDST for singular cardinals. Indeed, when 1 = w it coincides
with the class of metrizable spaces. Moreover, every regular Hausdorff space of
weight < p is automatically (u, p1)-paracompact and p-uniformly based, thus this
condition trivializes when A\ = p is a regular cardinal, as in Chapter 1. Finally, this
class contains examples of non-zero-dimensional (and non-x-additive) spaces.

The class of NSfL—spaces and the class of (i, ut)-paracompact p-uniformly based

spaces are nicely ordered by inclusion: every NSi—space is also a NSf;—space for
every 2 < 6 < ¢ < p, and every NS/ -space is also (g, j1)-paracompact and -
uniformly based (Proposition 2.2.36). Without p-additivity, the class of p-tree-based
does not relate well with NS,,-spaces: the two classes are incomparable with respect
to inclusion because of zero-dimensionality and Proposition 2.5.2. However, every p-
tree-based space is Lebesgue zero-dimensional (thus paracompact) and p-uniformly
based (Proposition 2.2.38), so the former class is included in the latter. Figure 2
sums up the mutual relationships among these classes. Notably, all the distinctions
disappear in the realm of p-additive spaces, where all the notions introduced above
coincide (see Theorem 2.2.1 and the following paragraph for the relevant references
to the literature). In particular, all these classes coincide up to A-Borel isomorphism
(Theorem 2.4.12).

f p-uniformly based + (1, u)-paracompact\

2
NS?

[(p-metrizable) |

u-tree-based]

- ~

Figure 2: Relationships among different generalizations of metrizability for (regular
Hausdorff) topological spaces. All classes coincide assuming p-additivity.

Having found suitable analogues of metrizability, in Section 2.3 we step back
to completeness. The main novelty here is that we introduce two further notions
of completeness, closely related to compactness and defined through the existence
of a certain basis for the topology (linking thus the work on completeness with the
one on metrizability). Every form of compactness brings within itself a form of
completeness: for example, it is well-known that every compact metrizable space is
completely metrizable, and similar statements hold in the uncountable case as well
(Propositions 1.2.18 and 1.2.19). Compactness can be stated (equivalently) as the
property that the intersection of any family of closed sets with the finite intersection
property is nonempty (a similar statement holds for p-Lindelofness and families of
closed sets with the <y-intersection property). It turns out that by limiting this prop-
erty to (the closure of) sets from a basis for the topology we get precisely a notion
of completeness (even for non-compact and non-pu-Lindelof spaces). More in detail,
given a family B of open sets denote with cl[3] the family of the closures of its ele-
ments. We say that a space is compact-based is it (is regular Hausdorff and) admits
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a compact basis, i.e. a basis B such that every subfamily of cl[B] with the finite in-
tersection property has nonempty intersection. Analogously, we say that a space is
p-Lindelof-based if it (is regular Hausdorff and) admits a p-Lindelof basis, i.e. a
basis B such that every subfamily of cl[B] with the < p-intersection property has
nonempty intersection (Definition 2.3.19. Compare it also with [7]).

Combining these notions with some form of (generalized) metrizability, and espe-
cially with the existence of yu-tree-bases, we get a tool that allows us to simplify a sig-
nificant part of the theory (compare e.g. Proposition 1.1.14 with Proposition 2.3.32)
and that better highlights some connections that naturally arise among different con-
cepts. For example, the equivalence between being Polish and being G (and its
uncountable analogues, like Main Theorem 3) can be easily explained using the no-
tion of p-Lindeldf p-tree-bases (Theorem 2.3.27), and with this notion we get also
a (weaker) characterization of spherically complete (A, 11)-Polish subspaces that we
could not get before (Lemma 2.3.30).

We conclude the study of completeness by proving Theorems 2.3.1 and 2.3.2,
which show that by adding p-metrizability we can restore the picture we got in the
regular case. In particular, in that case, all the completeness notions get divided
into two classes: a first class of “weakly complete” spaces (containing (A, x)-Polish
spaces, f SCl’)-spaces, p-Lindel”of-based spaces, and spaces homeomorphic to closed
subsets of #X), and a second class of “strongly complete” spaces (containing spheri-
cally complete (\, ut)-Polish spaces, SCI’)—spaces, compact-based spaces, and spaces
homeomorphic to superclosed subsets of #)). Figure 3 sums up what we obtained so
far, and should be compared with Figure 1.

Main Theorem 7 (Theorems 2.3.1 and 2.3.2). Let X be a (regular Hausdorff) space
of weight < )\, and further, assume that X be Lebesgue zero-dimensional if i = w.

(a) The following are equivalent:

(1) X is (A, pu)-Polish;

(2) X is a spherically pu-complete p-metrizable space;
(3) X is a p-metrizable fSC;)—space;

(4) X is a p-Lindelof-based pi-metrizable space;

(5) X is homeomorphic to a closed subset of " \;

(6) X is homeomorphic to a G subset of M\;
If furthermore j = cof (\), then they are also equivalent to the following:
(7) X is homeomorphic to a Gg subset of *2.
(b) The following are equivalent:

(1) X is a spherically <p-complete (X, j)-Polish space;
(2) X is a spherically complete pi-metrizable space;

(3) X is a p-metrizable SCf)-space;

(4) X is a compact-based p-metrizable space;

(5) X is homeomorphic to a superclosed subset of " \.
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In particular, when | = w then all the above items (1)—(7) from part (a) and (1)—(5)
from part (b) (under the appropriate assumptions on \) are equivalent to each other.

/ p-additive \

p-metrizable \
(Up to homeomorphism: subsets of #\)

(A, p)-Polish

SC;,

(Up to homeomorphism: closed subsets of #\) f ®
Spherically complete (), 1:)-Polish SCA
(Up to homeomorphism: superclosed subsets of #)) B

K p-uniformly based + (, u)-paracompact/

Figure 3: Relationships among different Polish-like classes for regular Hausdorff
spaces of weight < A and for uncountable cardinals A and p.

Finally, in Section 2.4 we study A-Borel spaces, for an arbitrary cardinal A with
cof (\) = p satisfying 2<* = \. As discussed, Sections 2.2 and 2.3 introduce a large
number of classes of spaces which could claim to be the “right” generalization of
Polish spaces: this makes it very challenging to determine which are the best classes
to work with. Even if the situation might be chaotic from the topological viewpoint, a
better picture can be obtained from the point of view of (generalized) descriptive set
theory: all classes of topological spaces considered so far are the same up to A-Borel
isomorphism, and actually, in most cases, the only differences concern the finite levels
of their A\-Borel hierarchy (even though A might be very large in the cardinal hierar-
chy). A first positive result in this direction is Proposition 2.4.3, which shows that
most topological properties we considered (being NS,,, p-tree-based, p-uniformly
based, fSC,, or SCﬁ) pass to the smallest p-additive refinement of the topology; to-
gether with Main Theorem 7 and Corollary 2.4.9, this show, for example, that among
Lebesgue zero-dimensional NS,-spaces all classes of complete Polish-like spaces
considered so far are the same up to A-Borel isomorphism. Theorem 2.4.12 improve
this result, showing that all the different classes of weakly complete and strongly
complete spaces coincide up to A-Borel isomorphism. Surprisingly, (u-)metrizability
and the other related notions that we defined in Section 2.2 play no role at all from
this point of view, as we can always add any of them without altering the \-Borel
hierarchy too much.

Main Theorem 8 (Theorem 2.4.12). Assume 2<* = X and cof(\) = pu. Up to
A-Borel isomorphism, the following classes of topological spaces coincide:

a f Sij-spaces;
2) SC,’)-spaces;
(3) (A, p)-Polish spaces;
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(4) (Lebesgue zero-dimensional) spherically complete (\, p)-Polish spaces;
(5) p-Lindelof-based spaces;
(6) compact-based spaces.

As in the regular case, this implies that we have a unique notion of standard A-
Borel space (Theorem 1.3.5), providing thus a solid ground for the development of
descriptive set theory from A-Borel sets onward.

Main Theorem 9 (Theorem 2.4.13). Assume 2<* = X\ and cof(\) = p. Then a
A-Borel space (X, B) is standard if and only if there is a topology 7" on X such that
Bor) (X, ") = % and 7' belongs to any of the classes from Main Theorem 8.

Finally, we can classify which subsets of a standard A-Borel space inherit a stan-
dard A-Borel structure. In a (classical) standard Borel space (X, %), a subset A is
again standard Borel (with the inherited structure) if and only if A € . This result
is a direct consequence of Lusin’s separation theorem [110], which is known to fail in
the generalized context (see [65]). Nonetheless, we show that a different proof leads
to the desired result, unconditionally.

Main Theorem 10 (Theorem 2.4.15). Assume 2<* = \ and cof (\) = p. Let (X, A)
be a standard \-Borel space, and let A C X. Then (A, B | A) is a standard \-Borel
space if and only if A € .

Examples of Polish-like spaces

In Chapter 3 we provide numerous examples of spaces inside the classes considered
above. This chapter is taken from a preliminary version of a work in progress. The
study is here conducted for a regular uncountable cardinal  satisfying 2<% = x, with
the idea to extend it in the (near) future also to singular cardinals. In Sections 3.1, 3.2
and 3.3, we study some classes of spaces in which one can find examples of non-
r-additive fSC,; (or SCy) spaces. In Section 3.4, we instead go back to x-additive
spaces and show that various classes of G-Polish and spherically complete G-Polish
spaces are rich enough and contain 2”-many non-homeomorphic spaces. The plan
for the future is to extend the work of this third section also to non-x-additive spaces
(possibly using bi-embeddability instead of homeomorphism) by employing the tools
developed in the first two sections.

The content of this chapter should serve as a complement to the theoretical study
carried out in the previous ones. However, there is also a second motivation behind
its first two sections.

Since its very beginning, one natural problem in GDST has been that of finding
the right analogue of the real line in that context. Two remarkable works on the
topic have been done by Asperé and Tsaprounis, who introduced and studied the
so-called field of long reals x-R ([12]), and by Galeotti (partially together with Carl
and Lowe), who studied the subfield R, of the surreals numbers and showed, for
example, how one can recover for this space natural analogues of theorems from real
analysis ([70, 71, 30]).

The problem with generalizing R to the uncountable case is that one can not pre-
serve all its different proprieties at the same time. For example, it is well-known that
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there is no Dedekind-complete totally ordered field of uncountable degree ([43, 71]).
So depending on which direction one wants to look at, one should decide which
properties (s)he is willing to maintain and which ones (s)he can bear to lose. If one is
interested in the algebraic structure of R, then it is natural to ask to preserve the fact
that R is a totally ordered field, at the cost of sacrificing order properties (Dedekind-
completeness) and topological proprieties (being connected). For example, this has
been the choice in [12] and [71]. In contrast, in topology being connected is certainly
a fundamental property of the reals (from basic separation axioms like complete reg-
ularity to ideas like path-connectedness and homotopy theory). Also, the theory of
G-metrizable spaces shows that the algebraic structure of G (and thus of R) plays
a marginal role in metrization theory (to the point that G can be taken to be just a
semigroup, see [126]), while the order structure of G plays a fundamental role. For
these reasons, one can argue that at least for certain aspects of GDST the “right” gen-
eralization of the space of reals R should be searched within the class of complete
linear orders, equipped with their order topology. (Then one might partially reconcile
the two different options by looking at order completions of totally ordered fields.)

Hence, we decided to hit two birds with one stone and study linearly ordered
spaces as a source of examples of non-x-additive fSC, and SC-spaces. Since our
main objective is to find examples of fSC, and SC-spaces with different properties,
we do not focus directly on proposing alternatives for the real line in the uncountable
setting: nevertheless, we believe that our study could contribute to understanding
which properties one should expect from such a space, hinting at where to search for
it.

In Section 3.1 we study the classes of linearly ordered topological spaces (LOTS)
and generalized ordered spaces (GO-spaces). More precisely, a LOTS is a linear
order equipped with the order-topology generated by its open intervals, while a GO-
space is a (both order-theoretical and topological) subspace of a LOTS. (Notice that
the topology of a GO-space might be strictly finer than the order-topology generated
by its open intervals.) This topic has been widely studied, as LOTS and GO-spaces
are relatively well-behaved topological spaces and enjoy many interesting properties.
We refer to [120] for a good introduction to the topic.

We begin by collecting various results we are interested in, providing also a short
proof for those results that are probably folklore but are not explicitly proved in [120].
Then we turn to the relation between order topologies and Choquet games. Our main
result on the topic is a theorem providing a sufficient condition for a GO-space (thus
including the case of LOTS spaces as well) to be fSCy or SCy.

Main Theorem 11 (Theorem 3.1.15). Let (X, <,T) be a GO-space of weight < k.
Then X is SC,, (respectively, fSC,) if and only if player 11 has a strategy winning
every run of the strong (respectively, fair) k-Choquet game on (X, T) in which player
1 plays only open intervals fully contained in the intersection of the previous moves.

This (technical) result has several interesting and more concrete consequences.
For example, it implies (Corollary 3.1.17) that if a GO-topology 7 is SCy, (or fSCy),
than any other GO-topology 7 O 7 of weight < k is again SC, (or fSCy). In
particular, if the order topology of a linear order (L, <) is SC, (or fSC,;), than any
GO-topology of weight < x on (L, <) is again SC,; (or fSC). Main Theorem 11
also shows that, similarly to other compactness notions, completeness properties of
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GO-spaces are closely related to the presence or absence of gaps in the order (Propo-
sition 3.1.19 and Corollary 3.1.20).

In Section 3.2 we move to a particular class of LOTS: lexicographic spaces. In
particular, we study spaces of the form "I, where L is a given linear order, equipped
with the lexicographic order and the corresponding order-topology. Our main goal
is actually to study the lexicographic order topology on the x-Cantor and x-Baire
spaces, but first, we survey the properties of lexicographic topologies in general. We
also analyze the relationship between lexicographic spaces and Choquet games. Our
main result here is Proposition 3.2.7, where we show that the completeness of the
order-topology on the lexicographic space "L depends on the endpoints of I and on
the completeness of the lower-limit and/or upper-limit topology on L.

Main Theorem 12 (Proposition 3.2.7). Assume k<" = k and let (L, <) be a linear
order of size < k.

* Suppose 1L has no maximum nor minimum. Then every GO-topology on
("L, <jex) is SCy.

* Suppose L. has a maximum but no minimum. Then every GO-topology on
("L, <1ex) is fSCy (respectively, SCy) if and only if the lower-limit topology
on (L, <) is fSCy, (respectively, SC).

e Suppose I has a minimum but no maximum. Then every GO-topology on
("L, <1ex) is fSCy (respectively, SC,;) if and only if the upper-limit topology
on (L, <) is fSCy (respectively, SCy).

* Suppose 1. has both maximum and minimum. Then every GO-topology on
("L, <1ex) is fSCy (respectively, SC,;) if and only if both the upper-limit and
lower-limit topologies on (L, <) are fSC, (respectively, SCy).

For every lexicographic space “IL, it is possible to define a notion of rationals
Q(*L) and irrationals I(*IL) of "IL. These notions are defined in analogy with the ra-
tionals and irrationals of R in the classical case and have many similarities with them.
In this context, we prove that we can extend the usual result on the homeomorphism
between the irrationals and the Baire space to the generalized setting.

Main Theorem 13 (Proposition 3.2.6). Assume k<% = k. Suppose (L, <) is a linear
order of size 2 < |L| < k, and that it has an end point. Then the irrationals 1("LL)
(with the lexicographic topology) form a G subspace of "I. homeomorphic to the
generalized Baire space "k (with its usual bounded topology).

In Section 3.3 we conclude our study of LOTS and lexicographic spaces by col-
lecting some topological properties of the x-Cantor set *2 and the x-Baire set “x
with their respective lexicographic topologies, and show that they are both examples
of non-k-additive zero-dimensional SC-spaces. We also show that the Dedekind-
completion of the x-Baire set “x with lexicographic order is a connected, compact,
SCy-space. Finally, we briefly hint at how to obtain other examples of spaces with
different topological properties, like the generalized circle Si (IL) generated by a lin-
ear order I with endpoints.

Finally, in Section 3.4 we go back to the realm of x-additive spaces and show how
different classes of G-Polish and spherically complete G-Polish spaces are as rich as
possible in cardinality, since they contain 2*-many non-homeomorphic spaces.
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Main Theorem 14 (Theorems 3.4.3, 3.4.6, 3.4.9, 3.4.12, and 3.4.16). Assume that
k<F = k. The following classes contain 2%-many pairwise not homeomorphic
spaces:

* The class of perfect G-Polish spaces of size 2.
» The class of spherically complete G-Polish spaces of size 27.
If furthermore k is weakly compact, the same is true for:
e The class of perfect spherically complete G-Polish spaces of size 2.
e The class of perfect k-Lindeldf G-Polish spaces of size 2.

* The class of k-Lindeldf spherically complete G-Polish spaces of size 2.
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Ramsey theory and combinatorics

Many theorems in combinatorics share a very similar structure: “Let M be monoid
acting by endomorphism on a partial semigroup S. For each finite coloring of S,
there is a nice monochromatic subset N (usually closed under the action of M and
the operation of S, to a certain degree)”. They differ in the choice of M, S, and N.
Once S and the desired properties of NV are fixed, each theorem of this form defines
a class of monoids that satisfy the above statement. Our aim is to study different
classes of monoids defined this way.

It turns out that .S plays (almost) no role in the definition of the class of monoids
(Main Theorem 16 and Lemma 4.1.10). The condition that really causes different
statements to generate different classes of monoids is the structure of the monochro-
matic subset V.

Following this approach, we define and study four classes of monoids that cor-
respond to different theorems in combinatorics: Ramsey monoids (related to Hind-
man’s theorem or Gowers’ theorem or Carlson’s theorem), Y-controllable monoids
(related to Furstenberg-Katznelson Ramsey theorem), locally Ramsey monoids (re-
lated to infinite Carlson’s theorem), and locally Y-controllable monoids (related to
infinite Furstenberg-Katznelson Ramsey theorem).

The classes of Ramsey and Y-controllable monoids have been introduced and
studied by Solecki in [142], where he showed that the possibility to obtain certain
combinatorial statements is strictly linked to the algebraic structure of M. He pro-
vided some purely algebraic sufficient conditions for a monoid to be Ramsey, which
allows to improve several different results in combinatorics (for example, it gives
a simultaneous extension of Hindman’s theorem, Gowers’ theorem, Carlson’s the-
orem, and Furstenberg-Katznelson’s Ramsey theorem), and he showed that one of
these sufficient conditions is also necessary.

We show here that this link is even stronger, and the possibility to obtain cer-
tain combinatorial statements depends only on the algebraic structure of the monoid.
First, we prove that Ramsey monoids and locally Ramsey monoids can be completely
characterized in terms of their algebraic structures (Main Theorem 17 and Main The-
orem 20). Furthermore, we provide both necessary and sufficient conditions for
a monoid to be Y-controllable and locally Y-controllable (Main Theorems 18, 19,
and 21). This, in turn, also gives extensions of some results of Solecki’s [142] and of
all theorems previously mentioned.

Before presenting our results, let us start with a brief historical introduction. The
20th century has been a time of great development for combinatorics, with a big
impulse coming directly from its applications to algebra and number theory. One of
the first and most famous results in the field was obtained by Schur [133] while trying
to solve a (version of a) very famous problem.

Theorem (Fermat’s last theorem mod p — Schur, 1916). For every k € N and for
every large enough prime p, there exists x,y, z € N so that ¥ + y* = 2* (mod p).

This result is based on a wonderful lemma about the combinatorics of natural
numbers: “For every finite partition of N there exist two numbers a,b € N such that
a, b and a + b all belongs to the same piece of the partition”.

This lemma soon became a cornerstone of combinatorics, and many different
branches of combinatorics originated from it. For example, the set {a,a + b} is an
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arithmetic progression of length 2, and Schur’s lemma can be seen as a precursor of
further famous theorems about progressions, like Van der Waerden’s theorem [156]
and its variant by Brauer (see e.g. [24]).

Theorem (Brauer’s theorem, 1928). For every finite coloring of the natural numbers
and for every k € N there exist two natural numbers x,d € N such that the set
{d} U{z,z+d,x +2d,...,x + kd} is monochromatic.

For further results on this research line, see for example [149], [67] or [19].

Schur’s lemma can also be seen as one of the first results about partition regularity
of families of solutions of linear equations. A family 7 C Z(X) is said to be weakly
partition regular if whenever we partition X into finitely many pieces, one of these
pieces has a subset in . Research on partition regularity of families of sets defined
through equations is currently a very active field of research. Schur’s lemma can
be seen as the first example of a theorem of this form: “The family of all possible
solutions in N to the equation x + y = z is weakly partition regular”. For more
results in this area, see for example [50], [106], [14].

Or again, one may wonder what happens if we require the monochromatic set to
be closed under multiplication instead of sum, or even under both operations. The
first result in this direction is easy to achieve and it is an immediate corollary of
Schur’s lemma: “For every finite partition of N there exist two numbers a,b € N
such that a, b and a - b all belongs to the same piece of the partition”. The second
one is instead still wide open.

Open Problem. Is it true that for every finite coloring of the natural numbers there
are a,b € N such that the set {a,b,a + b,a - b} is monochromatic?

See also [22], [116] for recent developments on this problem.

The focus of this work is on yet another branch of combinatorics whose results
have a different form, so let us restate Schur’s lemma one last time. A finite coloring
of X is a function c¢: X — r with finite codomain. There is an obvious natural
identification between colorings ¢: X — r of X and partitions {¢[i] | i € r} of
X. Also, the set {a,b,a + b} can be seen as a particular example of a more general
family of sets. Given a set X with an operation - and a sequence 5 € X =“, the span
of s is the set

<§> :{Sio""'sin ’ig < < gy <1h(8)}.

With this notation and terminology, Schur’s result can be formulated in the fol-

lowing way.

Theorem (Schur’s lemma,1912). For every finite coloring c: N — r of the natu-
ral numbers there exists a sequence 5 = (a,b) € N? of length 2 such that (3) is
monochromatic.

It is natural to wonder whether one can improve this result to obtain sequences of
greater length with monochromatic span. The first improvement in this direction ap-
peared in the early 1930s, showing that the statement remains true if we require the
sequence to have arbitrary large finite length (this result has been proven indepen-
dently by different mathematicians almost simultaneously, but it is usually attributed
to Rado). In contrast, the question of whether one can obtain an infinite sequence
with monochromatic span remained open for a very long time, until Hindman solved
in 1974 the conjecture [80].
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Theorem (Hindman’s finite sum theorem, 1974). For every finite coloring c: N — r
of the natural numbers there exists an infinite sequence 5 = (8;)i<w € N“ such that
(8) is monochromatic.

Around the same time, Galvin and Glazer were working on a simple proof of
Hindman’s theorem based on a new method combining topological dynamics and
combinatorics. The key idea of this method is to find idempotents in the space of
ultrafilters over N, i.e. its Stone-Cech compactification SN, and then turn these idem-
potents into theorems in combinatorics. This revolutionary method proved to be suc-
cessful, to the point that it is now a standard argument in the field (and it is also one
of the main arguments used in this paper). See also [81, Section 5.6 (notes)] for a
good explanation of the contribution of Galvin and Glazer.

The proof of Galvin and Glazer can easily be adapted to obtain a strengthening of
the original Hindman’s theorem. In fact, one can further require that the span of the
sequence 5 be contained in the span of another sequence ¢ chosen in advance. More-
over, it does not use anything specific to the structure of N except for the associativity
of its operation, and thus it works for arbitrary semigroups (see e.g. [81, Corollary
5.15]).

Let (.5, ) be a partial semigroup, and consider two sequences § = (s;)i<q and
t = (ti)i<p € S=« of elements of S. We say that 5 is extracted from £, or 5 < £,
if there is an increasing sequence (i, ),e~ of natural numbers < lh() such that s,, €

(tins -+t -1)-

Theorem (Hindman’s theorem, stronger version [81]). For every semigroup S, every
infinite sequence t = (t;)i<,, € S, and every finite coloring c: (t) — r there exists
an infinite sequence 5 < t with monochromatic span (3).

For those familiar with the subject, the difference between the weak and the
strong version (applied to S = N) of Hindman’s theorem coincides with the dif-
ference between weak partition regularity and (full) partition regularity of IP-sets.

Passing from the natural numbers N to arbitrary (partial) semigroups has been
the key step in extending the range of applicability of combinatorics outside number
theory. Two partial semigroups, in particular, immediately gained a central role in
the field. Let A be a set, called the alphabet. The semigroup of words W, =
(A<¥,") over A is the free semigroup generated by A. In other words, W, =
(A<¥ ™) is the set of all finite sequences of elements of A with concatenation of
sequences as operation. The partial semigroup of located words (FIN4, ") on
A is the partial subsemigroup of Wy for Y = w X A consisting of those words
((ng,ag), ..., (ni,a;)) € Wy such that ng < - -+ < n,.

Focusing on these two partial semigroups, many different generalizations of Hind-
man’s theorem (like Carlson’s theorem, Gowers’ theorem, Furstenberg-Katznelson
Ramsey theorem, ...) found soon applications in other branches of mathematics,
like functional analysis and ergodic theory. All these theorems extend Hindman’s
theorem in a similar way, that is, by finding a monochromatic span of a sequence
which is furthermore closed under a set of endomorphisms of S. Every set of endo-
morphisms, when closed under composition and together with the identity function,
forms a monoid which naturally acts on the partial semigroup itself. For this reason,
we can reduce to work with actions of monoids and introduce the following new class
of spans.
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Every action of a monoid M on a (partial) semigroup .S defines an operation
between FIN,; and S“: given 5 = (s;)i<w € S and w = (n;,a;)i<n € FINyy,
we formally define w(5) = agsp, - - - apSn,. When the semigroup is partial, this
expression is not necessarily well-defined: we say that s is basic if w(s) is well-
defined for every w € FIN,.

Definition. Let M be a monoid acting by endomorphisms on a partial semigroup .S,
and let 5 be a sequence of elements of S. Given a family C' C FIN,;, we define the
(combinatorial) C'-span of s as the set

<§>C =(Cs= {mo Sig *** Mn Si, ’ (ih,mh)hgn S C}

We also define the M-span (5) 5 as the set Vs = {w(5) | w € Var} for V) the
set of located words of FIN,; containing the identity 1, (these are called variable
located words).

Similarly, we can extend to the new setup the notion of extraction of a sequence.

Definition. Let M be a monoid acting by endomorphism on a partial semigroup
(S,-), and let 5 = (s;);<in(s) and £ = (t;);<in(r) be sequences of elements of S. We
say that 5 is extracted from ¢ by M, or 5§ <y, t, if there is an increasing sequence

(in)new of natural numbers such that s, € (¢;, ... ,t(in+1)_1>M.

These tools allow us to restate many theorems in a very convenient way. For
example, the strong version of Hindman’s theorem corresponds to the existence of
a monochromatic M-span for every action of the trivial monoid M = {1} on an
arbitrary semigroup S. We can restate in a similar way other known theorems that
we are going to generalize, starting with Carlson’s theorem.

Consider a finite alphabet A with a variable x outside A. For every element
a € A, we may define a function f, : Wayg,y — Wa that associates to every
word w € Wy} the word wla/x] € W4 obtained by replacing each instance of
x with a. We call elements of Wy, \ W4 variable words. It is not difficult to
see that each function f, is an endomorphism that maps W4 ,) into W, and that
fa(w) # w if and only if w is a variable word. Furthermore, f, o f, = f; for every
a,b € A. Thus words over an alphabet with a variable can be seen as a particular
case of a more general phenomenon.

Every monoid (M, x,1) acts on itself by multiplication, and thus it also acts
coordinate-wise on the semigroup of words Wy, over the alphabet M. If M =
AU {x} and we define the operation on M as ab = b for every a,b € A and let =
be the identity of the monoid, then we get that the coordinate-wise action of M on
Wy is exactly the set of endomorphism defined above. We call Carlson’s monoid a
monoid (M, *, 1) such that ab = b for every a,b € M \ {1}.

Carlson’s theorem [31] can then be restated in the following way.

Theorem (Carlson’s theorem, 1988). For every finite Carlson’s monoid M, every
finite coloring of Wy, and every infinite sequence t € (Wy)“ of (variable) words,
there exists an infinite sequence 5 <, t with monochromatic M-span (8) .

Let us now move to Gowers’ theorem. It focuses on the partial semigroup of
located words over a natural number k£ € N, using endomorphisms of the form
fi: FIN, — FINy_; defined by fi((nj,a;)j<n) = (nj, max(a; — ¢,0)) < for



Introduction 25

every located word (nj,a;)j<p € FIN, and for every ¢ < k. The aim is to find an
infinite basic sequence § € (FINy, \ FIN;_;)“ such that (5) s is monochromatic.

Once again, the partial semigroup FIN; with this set of endomorphism can be
seen as a particular case of a more general situation. Given a monoid (M, %, 1), then
M acts on itself by multiplication, and thus it acts coordinate-wise on the partial
semigroup of located words FINj; over the alphabet M. Notice that f; o f; = f;3;
fori+j = min(i+ 7, k), thus F = ({f; | ¢ < k}, o, fo) is isomorphic to the monoid
M = ({0,...,k},+,0). Moreover, if f/ is the coordinate-wise action of i € M
on FINs and ¢: FINj, — FIN,y is the isomorphism defined by ¢((n;, a;)j<n) =
(nj, k — aj)j<n, we have ¢(fi(w)) = fl/(¢(w)). Thus the action of F on FINy
is equivalent (up to isomorphism) to the coordinate-wise action of M on FIN,,.
Define a Gower’s monoid as a monoid (isomorphic to one) of the form Gi11 =
({0,...,k},+,0) for some k € N.

Under this notation, Gowers’ theorem [74] is the following.

Theorem (Gowers’ FIN theorem, 1992). For every (finite) Gowers’ monoid M and
every finite coloring of FIN, there is an infinite basic sequence of variable located
words 5 € (FIN ;) with monochromatic M-span (S) pr.

Solecki proved in [142] a powerful generalization of Gowers’ theorem, by ex-
tending both the class of partial semigroups and the class of monoids for which the
statement of Gowers’ theorem hold.

The partial semigroup of located words ((X;,)nec.) on the family of alphabets
(Xn)new is the partial subsemigroup of Wy for Y = |J,,c,, X consisting of all
those sequences 1" ...~ z, € Wy for which there exists 7; < ... < 7, € w such
that z;, € X;,. We say that (X,,),ec. is a uniform sequence of pointed M -sets if M
actsonY = UREM X, and for every ¢ < w there is a fixed element x; € X; called a
variable such that Mz; = X;.

Given a monoid M, define X(M )= {aM | a € M} to be the set of all principal
right ideals of M. We say that M is almost R-trivial if for every distinct a,b € M,
if aM = bM then Ma = {a} (and Mb = {b}).

Theorem (Solecki’s X(M) theorem [142]). For all finite almost R-trivial monoids
M with linear X(M), for all uniform sequences of pointed M -sets (X, )new, and for
all finite colorings of the partial semigroup ((Xy)new), there is a basic sequence of
variable words 5 € (((Xy)new))” with monochromatic M-span (5) py.

Notice that all Gowers’ monoids are almost R-trivial and have linear X(M),
and FINj; can be written as ((X,,)new) for X;, = {n} x M. Thus this theorem
extends Gowers’ theorems. With some additional work, one can also derive from
this theorem the strong version of Hindman’s theorem and Carlson’s theorem (see
Section 4.1 and Main Theorem 16). Nevertheless, we show that it is possible to
improve this result so that it directly subsumes Hindman’s theorem and Carlson’s
theorem (and Solecki’s X(M) theorem). Our contribution is twofold: we extend
Solecki’s theorem by working with the class of all partial semigroups; and we extend
the class of monoids to the biggest possible class for which a similar statement can
be obtained (see Main Theorem 17).

We say that a monoid M is aperiodic if for every a € M there is n € w such that
a™t! = ¢”. This notion has been widely studied in finite automata theory because of
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Schiitzenberger’s theorem [134]. Surprisingly, it appears to be the key notion in this
area of combinatorics as well.

Main Theorem 15 (Theorem 5.2.11 and Proposition 4.1.11). For every finite ape-
riodic monoid M with linear X(M ), for every partial semigroup S, for every finite
coloring c of S, and for every infinite basic sequence t € S“, there is an infinite
sequence 5 <, t with monochromatic M-span (8) ;.

Notice that every finite almost R-trivial monoid is aperiodic, while there are (even
finite) aperiodic monoids that are not almost R-trivial — see Proposition 4.2.6 and
the ensuing paragraphs. Morevoer, if ¢ = (2, )ne., are the variables of (X, )ne,, then
t is basic and every sequence § <, ¢ consists of variable words (but being extracted
from ¢ gives a strictly stronger notion: see Remark 4.1.7).

One may wonder whether we can further extend the previous theorem. We al-
ready considered the class of all partial semigroups, so we can not improve the result
in that direction. (Unless we drop associativity, which might have interesting appli-
cations e.g. to work with the exponential on the natural numbers like in [51], but it
is outside the scope of this work.) But we also show that, as anticipated, we can not
extend it to more monoids either.

Before coming to that, however, we need to address one problem. A priori, it
might seem possible that each theorem among the ones considered above is true for
a different class of monoids. Luckily this is not the case, and all previous statements
isolate the same class of monoids. This fact is surprising, since it implies that results
on located words (that are often treated as strictly stronger than results on words)
can actually be derived from results on words. For example, the Bergelson-Blass-
Hindman theorem on located words [18] can be derived directly from Carlson’s the-
orem on variable words [31]. Maybe even more surprisingly, Schur’s lemma has the
same strength (in terms of the class of monoids isolated by it) as Hindman’s theorem,
or as any other theorem we listed.

Main Theorem 16 (Proposition 4.1.11 and Theorem 5.2.13). The following are
equivalent for a monoid M :

(a) For every (partial) semigroup S on which M acts by endomorphisms, every
(basic) sequence t € S¥, and every finite coloring of S there is an infinite
sequence 5 <) t such that (3)ys is monochromatic (cf. Hindman’s theorem
and Main Theorem 15).

(b) For all sequences of pointed M -sets (X, )necw on which M acts uniformly and
for all finite colorings of (( Xy )new) there is a basic sequence of variable words
5 € (((Xn)new))® with monochromatic M-span (5)nr (cf. Solecki’s X(M)
theorem).

(c) For every finite coloring of FIN; there is a basic sequence s € (FIN/)“ of
variable words such that () pr is monochromatic (cf. Gowers’ theorem).

(d) For all finite colorings of Wy and for all sequences of variable words t €
(W)Y there is an infinite § <) t with (3) s monochromatic (cf. Carlson’s
theorem).
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(e) For every finite coloring of Wy there are two variable words § = (sg, s1) €
(War)? such that () ,; monochromatic (cf. Schur’s lemma).

With this theorem in mind, we can start analyzing the class of monoids defined by
these statements. We call a monoid Ramsey if any of the conditions above hold. Thus
Hindman’s theorem (in its strong version for semigroups), Carlson’s theorem, and
Gowers’ theorem can all be interpreted as saying that certain monoids (respectively:
the trivial monoid, the Carlson’s monoids, and the Gowers’ monoids) are Ramsey.

Ramsey monoids have been introduced and studied by Solecki in [142], using
point (b) of Main Theorem 16 as their definition. He also provided the first necessary
condition for a monoid to be Ramsey: every Ramsey monoid has linear X (/). Con-
tinuing this work, we provide a purely algebraic characterization of Ramsey monoids,
showing in particular that all sufficient conditions of Main Theorem 15 are necessary
as well.

Main Theorem 17 (Theorems 4.4.7 and 5.2.11). A monoid is Ramsey if and only if
it is finite, aperiodic, and X(M) is linear.

The other classes of theorems (and monoids) we consider differ from the above
ones because of the monochromatic subsets they aim at finding. Let us first introduce
another important generalization of Hindman’s theorem: Furstenberg-Katznelson’s
Ramsey theorem [68]. Given two disjoint sets A, B and a variable x outside A U
B, the (generalized) Furstenberg-Katznelson’s Ramsey theorem studies the partial
semigroup of located words over the alphabet X = AU B U {x}. Given w € Wap,
define w as the word obtained from w by the reduction b — () and aa — a for every
a € Aand b € B. Also, denote with w(a/z] the word obtained by replacing every
occurrence of z with a.

Theorem (Generalized Furstenberg-Katznelson’s Ramsey theorem, 1989). For ev-
ery pair of disjoint sets A, B together with a variable x ¢ A U B, for every finite
coloring c¢: FIN up — r of the partial semigroup of located words over A U B,
and for every finite F C A<Y, there exists an infinite sequence of variable words
w € (FINpyey \ FINB)® such that the set

{wiglco/z] -+ wi,[en/a] | n € wyig < -+ <iin, G Cp = f}
is monochromatic for every f € F.

Once again, this theorem can be seen as a particular case of a more general form
(thanks to Solecki). Given a monoid M, define Y(M)C Z(X(M)) as the family
of all non-empty chains (i.e. linear suborders) of (X(M), C). Given z,y € Y(M),
define x <y y if z C y and all elements of y \ z are larger with respect to C than
all elements of x. Then, M acts by endomorphism on (X(M), C), and thus also on
(Y(M), <y). Define also (My), with operation V, as the semigroup freely generated
by the set My = {my € Y(M) | m € M} modulo the relations

pVq=q=qVpforp<yq.

Giveny € Y(M), every element f € (My) can be seen as an equivalence class
f={(ni,mi)i<n € FINps | moy V - -V myy = f}, and thus if M acts on a partial
semigroup S we can define the f-span (5) ; of a sequence 5 € S* as the set

(§>f:f§:{mgsi0-~mnsin ]z'0<--~<in<w,mgy\/~-\/mhy:f}.
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Once the above notation is settled, let us go back to Furstenberg-Katznelson’s
Ramsey theorem. Given two disjoint sets A, B and a variable = outside AU B, we can
define a monoid operation on M = AU B U {z}: we let x be the identity of M, and
for every a,a’ € Aand b,/ € B we letaa’ = a, ab = ba = b, and bb’ = b'. We call
these monoids Furstenberg-Katznelson’s monoids. The action of M on FIN g 1,1
is by substitution: for every a € M and w € FINpg ), we have a(w) = wla/z].
Also, M \ {z} acts on FIN; in the same way as it acts on FIN g .1, because every
a € A behaves like the variable = since ma = m for every m € M \ {z}. Soitis
irrelevant whether we obtain a sequence s € FINp ;) or a sequence 5 € FINy,,
since from the latter we can always pass to the former by replacing every a € s, N A
with z. Finally, notice that X(M) = {B, M}U{J,co{BU{a}}. Lety = {B,M} €
Y(M): then we have (cq,...,cn), (€0, ... m) € Waup and ¢o -+~ ¢, = €0 €
ifandonly if coy V - -V e,y = egy V- - Vepy € (My \ {y})-

Then the Furstenberg-Katznelson’s Ramsey theorem can be restated as follows:
“For every finite Furstenberg-Katznelson’s monoid M, every finite coloring c of
FINyy, and every finite FF C (My \ {y}), there exists an infinite sequence of variable
words w € (FINy)* with monochromatic f-span () for every f € F”.

In [142], Solecki proved a much stronger version of this theorem.

Theorem (Solecki’s Y(M ) theorem [142]). For all finite almost R-trivial monoids
M, maximaly € Y (M) and finite F C My, for all uniform sequences of pointed
M -sets (X)) new, and for all finite colorings of ((Xp)new), there is a basic sequence
of variable words 5 in ({(Xn)new))® with monochromatic f-span (5) ¢ forall f € F.

Our second goal is to study the class of monoids that satisfy the above statement.
Our first result in this direction improves Solecki’s Y(M) theorem, in that we con-
sider all partial semigroups and a wider class of monoids, including certain infinite
monoids. Define Xg (M) = {aM € X(M) | [a]r is non-trivial}. Notice that if M
is aperiodic, then X (M) has size one (see Proposition 4.2.6).

Main Theorem 18 (Theorem 5.3.19 and Proposition 4.1.14). Let M be a (possibly
infinite) aperiodic monoid such that each R-class is finite, X(M ) contains no infinite
chains, and X (M) is linear. For all maximaly € Y(M) and finite F C My, for all
partial semigroup S on which M acts by endomorphism, for all finite coloring of S,
and for all basic t € S¥, there is an infinite sequence 5 <y; t with monochromatic

f-span (5) s for every f € F.

In Section 4.6, Theorem 5.3.12, and Section 5.4 we prove that similar results hold
for other classes of monoids satisfying different hypotheses, hence the hypothesis
above are not optimal. However, some of them are indeed necessary. First of all, as
it happens for Ramsey monoids, we show that different statements lead to the same
class of monoids.

Proposition (Proposition 4.1.14). Given a monoid M, a maximal elementy € Y (M),
and a finite F' C (My), the following are equivalent:

(a) For every (partial) semigroup S on which M acts by endomorphisms, every
(basic) sequence t € S“, and every finite coloring of S, there is a sequence
5 <z t such that (5) ; is monochromatic for every f € F.
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(b) For every uniform sequence of pointed M -sets (X, )ne. and every finite color-
ing of ((Xn)new) there is a basic sequence of variable words 5 in ({( Xy, )new))”
with monochromatic f-span (3) s for every f € F.

(c) For all finite coloring of FINy; there is a basic sequence s € (FINy)* of
variable words such that (3) y is monochromatic for every f € F.

(d) There is a rapidly increasing sequence of variable words t € (Wyy)¥ such that
for all finite coloring of Wy there is a sequence § <pr t with (5) y monochro-
matic for every f € F.

We say that a monoid M is Y-controllable if for every maximal element y €
Y(M) and for every finite F' C (M), one of the equivalent conditions above holds.

Main Theorem 18 provides sufficient conditions for a monoid to be Y-controllable.
We also prove that the following conditions are necessary.

Main Theorem 19 (Propositions 5.2.3 and 5.2.4). Let M be a Y-controllable monoid.
Then M is aperiodic and (My, <y) contains no infinite chains for every maximal
y e Y(M).

If moreover we have that X(M) is linear, then having only finite R-classes be-
comes necessary as well (see Proposition 5.2.6). As a corollary, we get the following.

Proposition (Corollary 5.2.12). A monoid is Ramsey if and only if it is Y-controllable
and X(M) is linear.

Finally, we analyze some local (infinite) versions of the theorems stated before.
Let M be a (possibly infinite) monoid acting by endomorphisms on a partial semi-
group S, and let 5 be a sequence of elements of S. Given a sequence (M,;);e,, of
finite subsets of M, we define a local span of 5 by allowing only elements of M; to
act on the i-th coordinate of 5. In other words, using previous notation, this local
span is the L-span (S)r, for L = {(n;, mi)i<n € FINy; | m; € M,,}. For ease of
notation, given a family C' C FIN<“, we define

(8, = BN ()L = {mosig - mnsi, | mn € My, ((ij,m;));<n € C}.
When C' = V) is the set of variable located words of FIN 3/, we just write <§>( Mi)ico,

Theorem (Infinite Carlson’s theorem [31]). For every (possibly infinite) Carlson’s
monoid M, every sequence (M;);<,, of finite subsets of M, every finite coloring of
Wy, and every infinite sequence t € (Wyy)® of (variable) words, there exists an
infinite sequence 5 <,y t such that <§>( M,)i<., is monochromatic.

Theorem (Infinite Furstenberg-Katznelson’s Ramsey theorem [68]). For every (pos-
sibly infinite) Furstenberg-Katznelson’s monoid M, every sequence (M;);<,, of finite
subsets of M, every finite coloring c of FINy;, and every finite F C (My\ {y}) there
exists an infinite sequence of variable words w € (FINr)“ such that (s >f

(M) B8
monochromatic for every f € F.

These two theorems isolate two distinct classes of monoids extending the ones of
Ramsey and Y-controllable monoids.
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Definition. A monoid M is called locally Ramsey if for every (partial) semigroup
S on which M acts by endomorphisms, every (basic) sequence ¢t € S¥, every finite
coloring of S, and every family (M;);c,, of finite subsets of M, there is a sequence
§ <p t such that (5) ,y,),_,, is monochromatic.

Similarly, we define a local version of Y-controllable monoids.

Definition. A monoid M is said locally Y-controllable if for every maximal element
y € Y(M), every finite F' C (My), every family (M;);e,, of finite subsets of M,
every (partial) semigroup S on which M acts by endomorphisms, and every (basic)
sequence t € S¥, for every finite coloring of S, there is a sequence 5 <) ¢ such that
(§>{ M), 18 monochromatic for every feF.

As for the non-local case, these definitions could be stated using smaller classes
of (partial) semigroups (see Propositions 5.1.1 and 5.1.3). In this fashion, the in-
finite Carlson’s theorem and the infinite Furstenberg-Katznelson’s Ramsey theorem
are indeed corollaries of the statements that certain (classes of) monoids are locally
Ramsey or locally Y-controllable.

Our main contributions in this direction are the following. We provide a full alge-
braic characterization of locally Ramsey monoids. And we provide some necessary
algebraic conditions and some sufficient algebraic conditions for a monoid to be lo-
cally Y-controllable. The sufficient conditions for, respectively, locally Ramsey and
locally Y-controllable monoids, in turn, extend the infinite Carlson’s theorem and
the infinite Furstenberg-Katznelson’s Ramsey theorem, respectively. It turns out that
there is one specific algebraic condition that seems to distinguish the local classes
from the non-local ones: the possibility of having infinite R-classes.

Main Theorem 20 (Theorem 5.3.20). A (possibly infinite) monoid is locally Ramsey
if and only if it is aperiodic and X (M) is finite and linear.

Main Theorem 21 (Propositions 5.2.3 and 5.2.4 and Theorem 5.3.18). Suppose that
the (possibly infinite) monoid M is aperiodic, X(M ) contains no infinite chains, and
Xz (M) is linear and finite. Then M is locally Y-controllable.

Conversely, if M is locally Y-controllable, then it is aperiodic and (My, <y)
contains no infinite chains for every maximaly € Y(M).

As a corollary, we obtain that a monoid M is locally Ramsey if and only if it is
locally Y-controllable and X (M) is linear. Also, M is Ramsey if and only if it is
locally Ramsey and every R-class is finite. Finally, we obtain the following:

Proposition (Corollary 5.3.5). If M is locally Y-controllable and [a]R is finite for
every a € M, then M is Y-controllable.

In Theorem 5.3.12 and Section 5.4 we also present other results along the same
lines, as well as examples of locally Y-controllable monoids that do not satisfy some
of the sufficient conditions of Main Theorem 21.



Part I

Generalized Descriptive Set
Theory

31



Chapter 1

Generalized Polish spaces at
regular uncountable cardinals

1.1 Polish-like spaces

1.1.1 Spaces, games, and metrics

In this chapter, we study Polish-like classes of spaces in generalized descriptive set
theory on an uncountable regular cardinal x. Throughout the chapter we work in
ZFC and assume that « is an uncountable regular cardinal satisfying 2<" = x (equiv-
alently: k<" = k). Unless otherwise specified, from now on all topological spaces
are assumed to be regular and Hausdorff, and we will refer to them just as “spaces”.

In this framework, (classical) Polish spaces can equivalently be defined as:

(Pol. 1) completely metrizable second-countable spaces;

(Pol. 2) strong Choquet second-countable spaces, where strong Choquet means
that the second player has a winning strategy in a suitable topological
game, called strong Choquet game, on the given space (see below for the

precise definition).

The two spaces lying at the core of generalized descriptive set theory are:

1. the generalized Baire space

v ={x|xz: k> K}

of all sequences with values in « and length x, equipped with the so-
called bounded topology 7, i.e. the topology generated by the sets of

the form
N,={ze"k|sCuz}

with s ranging in the set <"k of sequences with values in x and length

<K;
2. the generalized Cantor space

R={x|z:rk—2}

of all binary sequences of length «, which is a closed subset of “x and is

thus equipped with the relative topology.

32
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The assumption k<" = x ensures then that the two spaces “x and "2 have weight .

Consider now pairs (X, %) with X a nonempty set and % a o-algebra on X.
Such pairs are called Borel spaces if 2 is countably generated and separates points'
or, equivalently, if there is a metrizable second-countable topology on X generating
2 as its Borel o-algebra. Standard Borel spaces can then equivalently be defined as:

(St.Bor. 1) Borel spaces (X, %) such that there is a Polish topology on X generating
A as its Borel o-algebra;

(St.Bor. 2) Borel spaces which are Borel isomorphic to a Borel subset of “w (or any
other uncountable Polish space, including “2).

In [118], a notion of standard x-Borel space was introduced by straightforwardly
generalizing the definition given by (St.Bor. 2). Call a pair (X, %) a k-Borel space
if % is a k' -algebra on X which separates points and admits a x-sized basis. The
elements of Z are then called x-Borel sets of X. If (X, %) is a k-Borel space and
Y C X, thensetting Z [ Y = {BNY | B € A} we getthat (Y, % | Y) is again
a k-Borel space. If (X, %) and (X', #') are k-Borel spaces, we say that a function
f: X — X'is x-Borel (measurable) if f~!(B) € % forall B € %#'. A x-Borel
isomorphism between (X, %) and (X', #') is a bijection f such that both f and
f~1 are x-Borel; two x-Borel spaces are then x-Borel isomorphic if there is a -
Borel isomorphism between them. Finally, a x-Borel embedding f: X — X' is an
injective function which is a x-Borel isomorphism between (X, %) and (f(X), %’ |
f(X)). Notice that every Tj topological space (X, 7) of weight x can be seen as a
k-Borel space in a canonical way by pairing it with the collection

Bor, (X, )

of all its k-Borel subsets, i.e. with the smallest x"-algebra generated by its topology.

(We sometimes remove 7 from this notation if clear from the context.) If not specified

otherwise, we are always tacitly referring to such x*-Borel structure when dealing

with k-Borel isomorphisms and x-Borel embeddings between topological spaces.
We are now ready to generalize (St.Bor. 2).

Definition 1.1.1. A x-Borel space (X, %) is standard? if it is x-Borel isomorphic
to a k-Borel subset of "x.

Generalizations of (St.Bor. 1) were instead not considered in [118] because at that
time no natural generalization of the concept of a Polish space was introduced yet.
But clearly, once we are given a notion of a Polish-like space for x (e.g. the ones we
are going to consider below, namely SC,-spaces, fSC-spaces, or G-Polish spaces),
we can accordingly generalize (St.Bor. 1) by considering those x-Borel spaces which
admit a topology of the desired type generating 2 as its T -algebra of x-Borel sets.
This yields to several formally different definitions: we will however show that they
all coincide, so that there is no need to notationally and terminologically distinguish
them at this point.

'A family 2 C 27(X) separates points if for all distinct =, y € X there is B € % with x € B and
y ¢ B.

2Qur definition of a standard x-Borel space is slightly different yet equivalent to the one considered
in [118]. Indeed, the difference is that in [118, Definition 3.6] a < k-weighted topology generating the
standard x-Borel structure is singled out—see also the discussion after Corollary 1.3.11.
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We now move to some natural generalizations of Polishness. In [42], the authors
considered a natural generalization of (Pol. 2) to uncountable regular x in order to
obtain a notion of ‘ ‘Polish-like” spaces, called therein strong x-Choquet spaces. Let
us recall the relevant definitions. The (classical) Choquet game G,,(X) on a topo-
logical space X is the game where two players I and II alternatively pick nonempty
open sets U,, and V,,

1| Uy Uy
ol v Vi

so that U, 41 € V,, C Up; player II wins the run if the set (), Un = (e Va

is nonempty. The strong Choquet game G£ (X) is the variant of G, (X) where I
additional plays points z,, € U,

I | (Uo, o) (U, 71)
I 7 i

and II ensures that x,, € V,, C U,,; the winning condition stays the same.

It is (almost) straightforward to generalize such games to uncountable x’s: just
let players I and II play for xk-many rounds, and still declare I as the winner of
the run if the final intersection (., Us = [),<, Va is nonempty. However, since
Kk > w we now have to decide what should happen at limit levels v < k. Firstly,
since the space X is not necessarily x-additive we require U, V, to be just open
relatively to what has been played so far, i.e. relatively to ﬂa<,y Ua = ﬂa<7 V, (this
obviously applies to all rounds with index v > w, not only to the limit ones). A more
subtle issue is deciding who wins the game if at some limit v < x we already have

Na <~ Us =N, <y Vo = 0, so that the game cannot continue from that round on.

Following [42], the (strong) x-Choquet game G,(f) (X) on X is defined by letting I
win in such situations. In other words, II has to ensure that for all limit v < & (thus
including, in particular, the final stage v = k), the intersection [, <y Uy = ﬂa<7 Va
is nonempty. This leads to the following definition.

Definition 1.1.2. A space X is called strong x-Choquet (or SC,-space) if it has’
weight < x and player II has a winning strategy in G (X).

The other natural option, not yet considered so far in the literature, is to make the
game more fair by deciding that I partially shares the burden of having a nonempty
intersection and takes care of limit levels v < k. In other words: II wins if he
can guarantee that ()., Us = (\ocp Va # 0, provided that for all limit v < &
the intersection (), Ua = (1< Va is nonempty (if this fails at some limit stage
before «, then II automatically wins). We call this version of the Choquet game fair
k-Choquet game and denote it by fG,(X), while its further variant with player I
additionally choosing points is called strong fair x-Choquet game and is denoted

by fG:(X), accordingly.

3Notice that we are deliberately allowing our spaces to have weight strictly smaller than . Although
this might sound unnatural at first glance, it allows us to state some of our results in a more elegant
form and is perfectly coherent with what is done in the classical case, where one includes among Polish
spaces also those of finite weight.
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Definition 1.1.3. A space X is called strong fair x-Choquet (or fSC,-space) if it
has weight < k and player II has a winning strategy in fG%(X).

Since it is more difficult for player II to win the strong x-Choquet game than
its fair variant, it is clear from the definition that every SC-space is in particular an
fSCy-space. Moreover, both “x and "2 are trivially SC-spaces (any legal strategy
where II plays basic open sets is automatically winning in the corresponding strong
k-Choquet games), and thus they are also fSC,-spaces.

Remark 1.1.4. Although it is not part of the rules in Choquet-like games, in the above
definitions one could equivalently require the players to pick only open sets from any
given basis of the topological space (possibly intersected with all previous moves, if
the space is not k-additive)—see [42, Lemma 2.5]. This restriction will turn out to
be useful in some of the proofs below.

We next move to generalizations of (Pol. 1). This requires to find suitable ana-
logues of metrics over the real line for spaces that are not necessarily first countable.
One solution is to consider metrics over a structure other than R. Consider a totally
ordered* (Abelian) group

G = (G, +g,0c, <g)

with degree Deg(G) = k, where Deg(G) denotes the coinitiality of the positive cone
Gt ={e € G| 0g <g ¢} of G> A G-metric on a nonempty space X is then a
function d: X? — Gt U {0g} satisfying the usual rules of a distance function: for
allz,y,z € X

¢ d(zay)zo((} — =Y
* d(z,y) = d(y, z)
o d(z,z) <g d(z,y) +¢ d(y, 2).

Every G-metric space (X, d) is naturally equipped with the (d-)topology generated
by its open balls
Bd("B:E) = {y €X | d(xvy) <G 6}7

where # € X and e € GT. If X is already a topological space, we say that the
G-metric d is compatible with the topology of X if the latter coincides with the
d-topology. A topological space is called G-metrizable if it admits a compatible
G-metric.
Let (X, d) be a G-metric space. A sequence® (;);<, of points from X is called
(d-)Cauchy if
Ve € GT 3a < kYB,v > a(d(zs,2,) <g €).

The space (X, d) (or the G-metric d) is Cauchy-complete if every Cauchy sequence
(x;)i<x converges to some (necessarily unique) x € X, that is,

Ve € GT Jda < kYB > a(d(zg,z) <g €).

We are now ready to generalize (Pol. 1).

“This means that the order <g is linear and translation-invariant (on both sides).

This is also called the base number of G in [71] and the character of G in [139].

®Notice that when speaking about Cauchy sequences and Cauchy-completeness we always refer to
sequences of length x = Deg(G).
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Definition 1.1.5. A space X is G-Polish if it is completely G-metrizable and has
weight (equivalently, density character) < k.

Remark 1.1.6. These definitions are not new. Spaces with generalized metrics tak-
ing values in a structure different from R have been introduced in [139] and have
been widely studied since then, see for example [137, 126, 122]. To the best of
our knowledge, the systematic study of completely G-metrizable spaces is instead of
more recent interest, and so far it has been developed mainly in [71].

Clearly, G-Polish spaces are closed under closed subspaces. Moreover, the space
"k (endowed with the bounded topology) is always G-Polish, as witnessed by the

G-metric
; _ 1.1.1
(%y) {7“04 ifrla=y [aandx(@)7éy(04) ( )

where (74,)a<r 18 a strictly decreasing sequence coinitial in G™ (the choice of such a
sequence is irrelevant). It follows that all closed subspaces of “x, notably including
#2, are G-Polish for any G as above. Notice also that commutativity of the group
operation is not strictly needed in order to define the metric, but it is usually required
to ensure that G itself form a G-metric space with distance function d(z,y) = |z —¢
y|lg. Sometimes it is further required that G is Cauchy-complete with respect to the
above metric: in this case G itself would become G-Polish.

We decided to work with the theory of metrics over a totally ordered Abelian
group G since it is arguably the most common choice in literature. However, other
choices are possible. For example, Reichel in [126] studied metrics with values in
a totally ordered Abelian semigroup with minimum. Coskey and Schlicht in [42]
considered (ultra)metrics with values in a linear order (where the operation +¢ is the
minimum function). Or G can be non-Abelian as well. All these choices would essen-
tially lead to the same results presented here for Abelian groups: see Remark 1.1.24.
The reason why we decided to follow the common practice of sticking to totally
ordered Abelian groups is that metrics over groups grant most of the properties of
standard metrics. For example, it is easy to show that for every x € X and every
sequence (74 )< coinitial in G, the family {By(z,7,) | o < k} is a local basis of
x well-ordered by reverse inclusion D. If one wants to consider metrics taking values
in less structured sets, like monoids or semigroups, this condition must be explicitly
added to the axioms that define the metric (see e.g. [126]).

We conclude this section by addressing another natural question: is there any ad-
vantage in choosing a particular totally ordered Abelian group G over the others? In
the countable case, R plays a key role among all the possible choices of range for the
metrics: for example, every connected (real-valued) metric space does not admit a
metric with range contained in Q. In the uncountable case, the situation is the oppo-
site: different choices of G almost always lead to the same class of spaces, making
less relevant the actual choice of the range of the metrics. For example, it is well-
known that given an uncountable regular cardinal x and two totally ordered Abelian
groups G and G’ of degree Deg(G) = Deg(G’') = «, a space of weight < & is
G-metrizable, if and only if it is G’-metrizable if and only if it is k-additive (see The-
orem 1.1.12, which is taken from [139], but see also [137]). In Theorem 1.1.21 and
Corollary 1.1.22, we show that a similar statement holds for completely G-metrizable
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spaces, hence the notion of G-Polish as well is independent from the choice of the
actual G.

The fact that there is no preferred structure for the range of our generalized met-
rics implies that every possible generalization-to-level-x of the reals yields to an ex-
ample of G-Polish space (as long as this generalization preserves properties like be-
ing Cauchy-complete with respect to its canonical metric over itself). For example,
this applies to the long reals introduced by Klaua in [97] and studied by Asperd and
Tsaprounis in [12], or to the generalization of R introduced in [71] using the surreal
numbers. See also [43] for other examples of G-Polish spaces, as well as methods to
construct Cauchy-complete totally ordered fields.

1.1.2 Relationships

The goal of this subsection is to compare the proposed classes of Polish-like (topo-
logical) spaces; in Section 1.3 we will extend our analysis to encompass the various
generalizations of standard (x-)Borel spaces.

Definition 1.1.7. Let X be a space. A set A C X is G¥ if it can be written as a
k-sized intersection of open sets of X.

It is easy to construct fSC-subspaces of, say, the generalized Cantor space "2
which are properly G%, e.g.

{r €2 |Vadp >a(x(B) =1)}. (1.1.2)
As in the classical case, this specific example is particularly relevant.

Fact 1.1.8. The generalized Baire space "« is homeomorphic to the GG subset of *2
from equation (1.1.2).

The following is a well-known fact, but we reprove it here for the reader’s conve-
nience.

Lemma 1.1.9. Every closed subset C of a space’ X of weight < r is G§ in X.

Proof. Let BB be a basis for X of size < k. By regularity of X, for every z € X \ C
there is U € B such that z € U and c](U) C X \ C. Thus

C=(WX\c(U)|UeBAU)NC =0}. O

Proposition 1.1.10. If X is an fSCy-space and Y C X is G¥, then Y is an fSC-
space as well.

Proof. Let O, C X be open sets such that Y = [ _,. O, and fix a winning strategy
7 for IT in fG$(X). We define (by recursion on the round) a strategy for II in
fGL(Y) as follows. Suppose that until a certain round o < &, player I has played a
sequence ((Ug,zg) | B < «) following the rules of fG(Y"). Each set Ug is open
in Y relatively to the intersection of all previous moves, hence it can be seen as the
intersection of Y (and all previous moves of I) with some open set of X. Proceeding
recursively, we can thus associate to each Ug a set UB C Ogsuch that Ug = U, sNY,

"Recall that all spaces are tacitly assumed to be regular Hausdorff.
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where Ug is open in X relatively to the intersection ﬂc <B Ug of all previous sets

(this can be done because each Op is open in X). Then (U, x3) | B < a) is a
legal sequence of moves for L in fG?(X). If V,, is what 7 requires II to play against
((Ug,z5) | B < a)in fG(X), we get that V,, N'Y # ), as witnessed by x, itself,
and V,, C U, C O,: so we can let IT respond to I's move in the game fG2(Y) on
Y with V,, N Y. By construction, the resulting strategy for II is legal with respect to
the rules of fGj(Y"). Moreover, if for all limit v < « the intersection [, (Va NY')
is nonempty, then so is (), ., Va: since 7 is winning in fGJ(X), this means that
Nacr Va # 0, whence by V,, € O, we also get

ﬂ(VamY):<ﬂVa)mY= (N Van[)Oa=()Va#0. O

a<k a<k a<k a<k a<k

Definition 1.1.11. Let v be an infinite cardinal. A topological space X is v-additive
if its topology is closed under intersections of length < v.

In particular, every topological space is w-additive, and the generalized Baire
and Cantor spaces "k, “2 are both k-additive when & is regular. Moreover, if X is
regular and v-additive for some v > w, then X is zero-dimensional (i.e. it has a basis
consisting of clopen sets). Indeed, fix a point x € X and an open neighborhood U of
it. Using regularity, recursively construct a sequence (U, )ncw 0f open neighborhoods
of z such that Uy = U and cl(Upy1) € Uy Then V = (N, Un = (10 l(Un)
contains z, it is closed, and it is also open by v-additivity (here we use v > w). Thus
X admits a basis consisting a clopen sets, as required. Notice also that if X has
weight x, then such a clopen basis can be taken of size « as well.

Recall also the correspondence between closed subsets of "« and trees on k.
Given an ordinal v and a nonempty set A, we denote by YA the set of all sequences
of length v and values in A. We then set <"x = UV<H 7k, and for s € <Fk we
let Ih(s) be the length of s, that is, the unique ordinal v < k such that s € k.
The concatenation between two sequences s, t is denoted by s™¢, and to simplify the
notation we just write s7i and ¢"s if ¢ = (i) is a sequence of length 1. If o < 1h(s),
we denote by s [ « the restriction of s to its first a-many digits. We write s C ¢ to
say that s is an initial segment of ¢, that is, Ih(s) < lh(¢) and s = ¢ | lh(s). The
sequences s and ¢ are comparable if s C ¢ or ¢t C s, and incomparable otherwise.
A set T C <Fk is called tree if it is closed under initial segments. For o < k we
denote by Lev, (T") the a-th level of the tree 7', namely,

Levo(T) ={t € T | Ih(t) = a}.
Given s € T, we also define the localization of 7" at s as
Ts = {t € T | t is comparable with s}.

The bounded topology on “ is the unique topology on such a space with the follow-
ing property: a set C' C “k is closed if and only it there is some tree T C <"k such
that C' = [T], where the body [T'] of the tree T is defined by

T)={ze€"k |[Va<k(zlaecT)}

The above tree 1" can always be required to be pruned, that is, for every s € T there
is ¢ € [T] such that s C z. Indeed, if C is closed, then the tree To = {z | a | z €



CHAPTER 1. GDST AT REGULAR CARDINALS 39

C N a < k} is pruned and such that C' = [Tz]. Sometimes, one needs to consider
a further closure property for trees. We say that the tree 71" is <k-closed if for all
sequences s € 7k with v < k limit, if s [ @ € T forall @ < v, then s € T as well. A
tree 7' is called superclosed if it is pruned and <k-closed; this in particular implies
that if s € T, then Ng N [T'] # () or, equivalently, [T5] # (. Not all closed subsets of
"k are the body of a superclosed tree: consider e.g. the set

Xo={ze™2|{a<k]|z(a) =0} <N} (1.1.3)

This justify the following terminology: a closed C' C "k is called superclosed if
C = [T for some superclosed tree 7.

Sikorski proved in [139, Theorem (x)] that every regular x-additive space of
weight < k is homeomorphic to a subspace of #2, and that the latter is G-metrizable.
We can sum up his results as follows, where we additionally use Fact 1.1.8 to further
add item (d) to the list of equivalent conditions.

Theorem 1.1.12 ([139, Theorem (viii)-(x)]). For any space X of weight < k and
any totally ordered Abelian group G with Deg(G) = k the following are equivalent:

(a) X is k-additive;

(b) X is G-metrizable;

(¢) X is homeomorphic to a subset of *2;
(d) X is homeomorphic to a subset of "k.

Since conditions (a), (c), and (d) do not refer to G at all, this shows in particular
that the choice of the actual group in the definition of the generalized metric is irrel-
evant. We are now going to prove that analogous results holds also for fSC-spaces,
SC-spaces, and G-Polish spaces (see Theorems 1.1.21 and 1.1.32).

Proposition 1.1.13. Let X be a k-additive fSCy-space. Then X is homeomorphic
to a closed C C k. If furthermore X is an SCy-space, then C' can be taken to be
superclosed.

Proof. We prove the two statements simultaneously. Let (B, )a<x be an enumeration
of a clopen basis B of X, possibly with repetitions. Depending on whether X is an
SC,-space or just an fSC,-space, let o be a winning strategy for player ITin G (X)
or fG%(X). By Remark 1.1.4, without loss of generality we can assume that the
range of ¢ is contained in 5. To simplify the notation, given an ordinal 3, let Succ(/3)
be the collection of all successor ordinals < 3. Set also

<Suce(r); — {5 € <F | 1h(s) € Succ(k)}.
We will construct a family of the form
F— {xs,Us,Vs,Vs s ¢ <Succ(n)’€}7
and set for every t € <Fr = <fx U "k with 1h(t) = v < &,

V)= (] Vi (1.1.4)

a€eSucc(y)



CHAPTER 1. GDST AT REGULAR CARDINALS 40

(In particular, when v = 0 we get V() = X because Succ(0) = ().) The family F
will be designed so that for any v < s and s € 7T'x the following properties are
satisfied:

(1) zs € X, and Uy, Vs, VS are all clopen in X.

(i) If V((s) # 0, then the sequence ((Usja, Zsja), Vsja | @ € Succ(y + 1)) is a
(partial) run in the strong (fair) xk-Choquet game on X in which II follows o.

(iii) Either V; C B, or Vi N B, = (.
(iv) V, CVs CU, C V(s ).

(v) {Vs | s € "k} is a partition® of X.

Condition (iv) implies that
Vs C Vsia (1.1.5)

for every s € <S'(®)g and o € Succ(lh(s)). Together with condition (v), this
entails that

(v’) For any v < k, successor or not, {V'(¢) | ¢t € 7k} is a partition of X.

From condition (v’) it easily follows that if ¢, ¢’ € <"k are such that V (¢)NV () # 0,
then ¢ and ¢’ are comparable. Equation (1.1.5) also implies that if Ih(¢) is a successor
ordinal, then V' (t) = V;. If instead 7 = lh(¢) < k is limit, then

Vo= (] U= [ Vi (1.1.6)

a€eSucc(y) a€eSucc(y)

by condition (iv) again. Notice also that the additional properties discussed in this
paragraph have a local (i.e. level-by-level) nature: for example, to have (v’) at some
level 7, it is enough to have conditions (iv) and (v) at all levels 7/ < .

Given F as above, one obtains the required homeomorphism of X with a (su-
per)closed set C' C "k as follows. Since X is Hausdorff, if Ih(¢) = x then V'(¢) has
at most one element by condition (iii). Consider the tree

T={te < x| V(t) %0}

It is pruned by condition (v’) and the comment following it. Furthermore, if X is
an SC,-space (i.e. o is a winning in the game G (X)), then T is also <k-closed by
condition (ii) and equation (1.1.6).

We now prove that the (super)closed set C' = [T'] is homeomorphic to X. Since
o is a winning strategy in the strong (fair) xk-Choquet game, the set V'(¢) is nonempty
for every t € [T] by condition (ii) and equation (1.1.6) again, thus it contains exactly
one point: let f: [T] — X be the map that associates to every ¢t € [T] the unique
element in V' (¢). We claim that f is a homeomorphism.

Claim 1.1.13.1. f is bijective.

SAn indexed family {A; | i € I} of subsets of X is a partition of X if |J,c; 4 = X and
A;NA; = () for distinct 4, j € I. In particular, some of the A;’s might be empty and for ¢ # j we have
A; = Aj if and only if both A; and A; are empty.
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Proof. To see that f is injective, let t,¢' € [T] be distinct and @ < & be such that
t | @ #t' | a By condition (v’) we have V(¢ | a) N V(' | a) = (), and hence
f(t) # f(t') because f(t) € V(t) CV(t | a)and f(t') €e V(') C V(' | «). To
see that f is also surjective, fix any z € X. By (v’) again (and the comment following
it), for each o < & there is a unique t,, of length o with x € V (¢,), and moreover

to Ctgforalla < B < k. Lett = (J,opta, sothatz € V() = (), V(ta) =

Na<k V(t [ @): then x itself witnesses ¢ € [T, and f(t) = . O

Claim 1.1.13.2. f is a homeomorphism.

Proof. Observe that by definition of f, its surjectivity, and condition (v’),
FNSN[T)) = V(s) = Vs (1.1.7)

for all s € T with Ih(s) € Succ(x). Since {N, N [T] | s € T' N <5k} is a basis
for the relative topology of [T7], while {V; | s € T' N <5'(®)x} is a basis for X by
conditions (i), (iii), and (v), then f and f~! are continuous. ]

It remains to construct the required family F by recursion on v < . We assume
that for every ¢ € <"x with 1h(¢t) = ~ and all @ € Succ(y), the elements x4,
Utjas Vita» and Vt[a have been defined so that conditions (i)—(v) are satisfied up to
level v (when ~ > 0 this is the inductive hypothesis, while if v = 0 the assumption
is obviously vacuous because Succ(0) is empty): our goal is to define x;~;, Up~;,
V,~;» and V,~, for all ¢ as above and i < & in such a way that conditions (i)—(v) are
preserved.

Recall the definition of the sets V/(¢) from equation (1.1.4). If V(t) = (), then
we set U, = Vo, = V,o; = D forall i < & and let x,; be an arbitrary point
in X. Assume now that V(¢) # (. Notice that V (¢) is clopen: if v > 0 this
follows from k-additivity of X and the fact that Vtm is clopen for every a € Succ(7)
by (i), while if vy = 0 then V() = X by definition. By condition (ii), the sequence
((Uttas Tt1a), Vija | o € Succe(y)) is a partial run in the corresponding Choquet-like
game in which II is following . We let such run continue for one more round by
letting I play some (U, x) with U clopen and x € U C V/(¢), and II reply with some
V € B following the winning strategy o, so that in particular x € V C U. Let
{V; | 7 < &} be the collection of all those Vs that can be obtained in this way: even
if there are possibly more than x-many moves for I as above, there are at most x-
many replies of IT because |B| < &, hence 6 < k. For each j < § we then choose one
of player I's moves (Uj, z;) yielding V; as II’s reply. In particular, z; € V; C Uj.
Let (Vi)KV (where v < k) be an enumeration without repetitions of the nonempty
sets in

{5\ U )0y [ <spo{(A U, i)\ By [ <o

and for each i < v let j(i) < § < k be such that Vi C Vi(:)- Notice that the Vi’s are
clopen by k-additivity again. Finally, set
Ty~; = Tj(3) Ui = Uj(i) Viri = 3(%) Viri = Vi

ifi<v,and U;~; =V~ = f/;m- = () with z,~,; an arbitrary point of X if v < i < k.
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It is not hard to see that conditions (i)—(iv) are preserved by construction. As for
condition (v), by inductive hypothesis (or V() = X if v = 0) we get (v’) at level ~,
thatis, {V'(¢) | t € "k} is a partition of X. Thus the desired result straightforwardly
follows from the fact that the V;’s cover V (t) because in our construction player I
can play any = € V(t) in her last round (paired with a suitable clopen set U such that
x € U C V(t), which exists because V() is clopen). O

We now consider the problem of simultaneously embedding two x-additive fSC-
spaces X’ C X into "“k. Applying Proposition 1.1.13 to X we get a closed C
and a homeomorphism f: C' — X. If X’ is a closed in X, it follows that also
C' = f~1(X") is closed in C and hence in “x. However, when X" is an SC-space
we would like to have that C” is superclosed. To this aim we need to modify our
construction.

Proposition 1.1.14. Let X be a k-additive fSCy-space and X' C X be a closed
SCy-subspace. Then there is a closed C' C "k and a homeomorphism f: C — X
such that C' = f~1(X') is superclosed.

Proof. The idea is to apply the argument from the previous proof but starting with a
strategy o that is winning for IT in fG$(X) and, when “restricted” to X', in GZ(X")
as well. Let B be a basis for X of size < k.

Claim 1.1.14.1. There is a winning strategy o for player IT in fG£(X) with range in
B such that for any (partial) run ((Ua, z4), Vo | @ < ) in fG£(X) where player 1T

followed o, one has (., Vo N X" # D if and only if Vi, N X" # () for every o < .

Proof of the claim. Let ¢’ be an arbitrary winning strategy for IT in G2 (X"), and let
o be a winning strategy for II in fG2(X) with range contained in B. Define the
strategy o as follows. Suppose that at stage o < « player I has played the sequence
((Ug,xg) | B < «) in the game fG(X).

(1) As long as all points =3 belongs to X', player II considers the auxiliary partial
play (UsN X', z5) | B < ) of Iin G (X’) and she uses 7’ to get her next
move V in the game G£(X’). Since V, is open in X', there is W open in
X such that V! = W N X': let II play any V,, € B such that x, € V, C
W N (\5<, Up as her next move in the game fGg (.X) (this is possible because
W N (\g<q Ug is open by r-additivity).

(2) If o is smallest such that x,, ¢ X', from that point on player IT uses her strategy
o' pretending that (U, \ X', z4) was the first move of I in a new run of fG%(X).

We claim that o is as required, so fix any v < k. Let ((Uy, o), Vo | @ < ) be a
partial run in which II followed o and assume that V,, N X’ # () for every a < 7.
By (2) this implies that x, € X' for all &« < 7. If v = o + 1 is a successor ordinal,
then (5, Vs N X' =V, N X' # () by assumption. Assume instead that 7 is limit.
By z, € X’ and (1), for all @ < v we have

Ui NX' CV,NnX' CV. CU,NX, (1.1.8)

where V, C X’ is again II’s reply to the partial play ((Us N X', z5) | B < a) of I
in G2 (X") according to ¢’. It follows that (U, N X', 24), V) | a < =) is a (legal)
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partial run in G2 (X’) where II followed o’, and since the latter is winning in such
game we get [, Vo N X" =, Vo # 0 (the first equality follows from (1.1.8)
and the fact that -y is limit). This also implies that o wins fG (X)) in all runs where
Vo N X' # () for all @ < k; on the other hand, when this is not the case and o < &
is smallest such that V,, N X’ = (), then the tail of the run from level « on is a (legal)
run in fG%(X) in which II followed ¢”, thus II won as well. This shows that o is
winning for IT in fG; (X ) and concludes the proof. O

Starting from o as in Claim 1.1.14.1, argue as in the proof of Proposition 1.1.13 to
build a family F = {xs, Us, Vs, Vs | s € <SuCC(’*)/§} and a homeomorphism f: C' —
X, where C' = [T] is the closed subset of " defined by the tree 7' = {t € <"k |
V(t) # 0}, and f(t) is the unique point in V (¢) for all ¢ € [T]. Consider now the
tree defined by

T ={te < "s | V()N X" #0}.

Clearly 77 C T. Moreover, for every t € T’ we have N; N [T'] # (): indeed, if
t € T, then there is x € V(t) N X', hence f~!(z) D t and by construction x
witnesses f~1(x) | a € T’ for all @ < K, so f~(z) € Ny N [T']. In particular,
this implies that 7" is pruned. We now prove that 7" is also superclosed. Let t € 7k
for v < k limit be such that ¢t | o € T” for all @ < ~. Then Vﬁa N X' # () for
all v € Succ(7y), hence also Vi, N X' # 0 by fftm C Vija- By the choice of o, it
follows that [, cgyce(y) Vita N X' # 0, hence t € T" since V(t) = (,esuce(y) Vila
when ¢ has limit length.

Finally, we want to show that f~!(X’) = [T”]. Given x € X', then z itself
witnesses f~!(x) € [T”]. Conversely, if t € [T"] then V;;o N X' D V(¢ | )N X' # ()
for all a € Succ(k), hence by the choice of ¢ again we have that () ,cgyce(s) Vta N
X" # 0. Since Nyeguce(s) Vita = V(1) = {f(x)}, it follows that f(z) € X' as
desired. O

Proposition 1.1.14 allows us to considerably extend [105, Proposition 1.3] from
superclosed subsets of "k to arbitrary closed SC,-subspaces of a k-additive fSC-
space.

Corollary 1.1.15. Let X be a rk-additive fSCy-space. Then every closed SCy-
subspace Y of X is a retract of it.

Proof. By Proposition 1.1.14, without loss of generality we may assume that X is a
closed subspace of “x and Y C X a superclosed set. By [105, Proposition 1.3] there
is a retraction r from “k onto Y. Then r [ X is a retraction of X onto Y. ]

None of the conditions on Y can be dropped in the above result: every retract of a
Hausdorff space is necessarily closed in it, and by [105, Proposition 1.4] the space X
from equation (1.1.3) is a closed fSC-subspace of the SC,-space "2 which is not
a retract of it. Notice also that there are even clopen (hence strong x-Choquet) sub-
spaces of “x which are not superclosed, for example {z € "x | In < w (z(n) # 0)}.
This shows that even in the special case X = "k, our Corollary 1.1.15 properly ex-
tends [105, Proposition 1.3].

Lemma 1.1.9, Proposition 1.1.10 and Proposition 1.1.13 together lead to the fol-
lowing characterization of k-additive fSCj-spaces.
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Theorem 1.1.16. For any space® X the following are equivalent:
(a) X is a k-additive fSCy-space;
(b) X is homeomorphic to a G} subset of "k,
(¢c) X is homeomorphic to a closed subset of "k.

In particular, “r is universal for k-additive fSC,-spaces, and hence also for k-
additive SC-spaces.

Proof. The implication from (a) to (c) is Proposition 1.1.13, while (c) trivially implies
(b) by Lemma 1.1.9. Finally, (b) implies (a) because "k is trivially a x-additive
fSCy-space and such spaces are closed under G§ subspaces by Proposition 1.1.10.

O

From Proposition 1.1.13 we also get a characterization of x-additive SCy-spaces.
(The fact that every superclosed subset of "« is an SC-space is trivial.)

Theorem 1.1.17. For any space X the following are equivalent:
(a) X is a k-additive SCy-space;
(b) X is homeomorphic to a superclosed subset of " k.

Remark 1.1.18. Since “k is k-additive and the latter is a hereditary property, Theo-
rems 1.1.16 and 1.1.17 can obviously be turned into a characterization of xk-additivity
inside the classes of fSC-spaces and SC,;-spaces.

Recall that an uncountable cardinal « is (strongly) inaccessible if it is regular
and strong limit, that is, 2M < k for all A < k. An uncountable cardinal x is weakly
compact if and only if it is inaccessible and has the tree property: [T'] # () for every
tree T C <"k satisfying 1 < |Lev,(T)| < k for all &« < k. A topological space
X is k-Lindelof if all its open coverings admit a subcovering of size < x. (Thus
w-Lindelofness is ordinary compactness.) It turns out that the space “2 is x-Lindelof
if and only if x is weakly compact [118, Theorem 5.6], in which case “2 and "k
are obviously not homeomorphic; if instead x is not weakly compact, then "2 is
homeomorphic to “x by [86, Theorem 1]. This implies that if  is not weakly com-
pact, then we can replace “x with *2 in both Proposition 1.1.13 and Theorem 1.1.16.
Moreover, since one can easily show that if « is not weakly compact then there are
homeomorphisms between “x and 2 preserving superclosed sets, for such x’s we
can replace “k with 2 in Theorem 1.1.17 as well. As for weakly compact cardinals
K, the equivalence between (a) and (b) in Theorem 1.1.16 still holds replacing “x with
®2 by Fact 1.1.8, but the same does not apply to part (c) and Theorem 1.1.17 because
for such a x all (super)closed subsets of “2 are x-Lindeléf—see Theorems 1.2.22
and 1.2.23.

We now move to G-Polish spaces. Our goal is to show that such spaces coincide
with the x-additive fSC-spaces, and thus that the definition is in particular indepen-
dent of the chosen G. Along the way, we also generalize some results independently

Recall that all spaces are tacitly assumed to be regular Hausdorff.
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obtained in [71, Section 2.3] and close some open problems and conjectures con-
tained therein, obtaining a fairly complete picture of the relationships among all the
proposed generalizations of Polish spaces.

In the subsequent results, G is a totally ordered Abelian group with Deg(G) = &.
The next lemma was essentially proved in [139, Theorem (viii)] and it corresponds
to (b) = (a) in Theorem 1.1.12. We reprove it here for the reader’s convenience.

Lemma 1.1.19. Every G-metric space X is k-additive, hence also zero-dimensional.

Proof. Lety < r and (Uy)a<~ be a sequence of nonempy open sets. If (), Ua #
0, consider an arbitrary = € (. Us. The family {By(z,¢) | ¢ € G"} is a local
basis of z, so for every o < v we may find £, € G such that Bi(z,eq) C U,.
Since Deg(G) = k > v, there is ¢ € G such that e <g &, for all & < ~: thus
z € Ba(z,€) C Nyery Ba(,€a) € Naey Vo O

Lemma 1.1.20. Every G-Polish space X is strong fair k-Choquet.

Proof. Fix a compatible Cauchy-complete metric d on X and a strictly decreasing
sequence (74 )<y coinitial in GT. Consider the strategy 7 of ITin fG#(X) in which
he replies to player I's move (U, z,,) by picking a ball V,, = By(z4,c,) with &, €
G small enough so that £, <g 7, and cl(Vy) C U,. In particular, we will thus
have cl(Vo41) C V,. Suppose that ((Uy, o), Va | @ < k) is arunin fG7(X) in
which [, <y Vi # () for every limit v < . Then the choice of the £,’s ensures that
(Za)a<sk 1s a Cauchy sequence, and thus it converges to some x € X by Cauchy-
completeness of d. It follows that = € (.. cl(Va) = Np<y Vo 7# 0, and thus 7 is a
winning strategy for player I1. O

Theorem 1.1.21. For any space X the following are equivalent:
(a) X is G-Polish;
(b) X is a k-additive fSCy-space;
(c) X is homeomorphic to a G} subset of "k,
(d) X is homeomorphic to a closed subset of “k.

Proof. The equivalence of (b), (c), and (d) is Theorem 1.1.16, and (d) easily im-
plies (a). The remaining implication, (a) implies (b), follows from Lemma 1.1.19
and Lemma 1.1.20. [

As usual, when « is not weakly compact we can replace “x with its homeomor-
phic copy “2 in conditions (c) and (d) above. When & is instead weakly compact,
by Fact 1.1.8 we can still replace “x with “2 in condition (c), but the same does not
apply to condition (d) because of x-Lindeldfness—see Theorem 1.2.22. In view of
this observation, the implication (a) = (c) in Theorem 1.1.21 is just a reformulation
of [71, Corollary 2.36], which is thus nicely complemented by our result.

Theorem 1.1.21 shows in particular that the notion of G-Polish space does not
depend on the particular choice of the group G.

Corollary 1.1.22. Let G, G’ be two totally ordered (Abelian) groups, both of degree
k, and X be a space. Then X is G-Polish if and only if it is G'-Polish.
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Notice that thanks to Choquet Theorem ([36], see also [93]), Lemma 1.1.20 im-
plies that when G has countable degree we recover the usual notion of Polish space.

Corollary 1.1.23. Let G be a totally ordered (Abelian) group of countable degree.
Then every G-Polish space is Polish.

For this reason, from now on will systematically avoid to specify which kind of
G we are considering and freely use the term “G-Polish” as a shortcut for “G-Polish
with respect to a(ny) totally ordered (Abelian) group of degree x”.

Remark 1.1.24. In the proofs of Lemma 1.1.19 and Lemma 1.1.20, the only property
required of the metric d is that

For all z € X, the family {By(z,¢) | € € G*} is a local basis of z. (1.1.9)

Hence, Theorem 1.1.12 and Theorem 1.1.21 (and Corollary 1.1.22) can be extended
to metrics taking values in any other kind of structure, as long as equation (1.1.9)
is still satisfied. (In particular, commutativity of G is not really needed.) This in-
cludes the case of completely S-quasimetrizable spaces for a totally ordered semi-
group S considered in [126], or spaces admitting a complete s-ultrametric as defined
in [42]. In particular, the concepts of (complete) metric space and (complete) ultra-
metric space lead to the same class of spaces in generalized descriptive set theory.
This is in strong contrast to what happens in the classical setting, where Polish ultra-
metric spaces form a proper subclass of arbitrary Polish spaces because admitting a
compatible ultrametric implies zero-dimensionality.

Another easy corollary of Theorem 1.1.21 is that a G§ subset of a G-Polish space
is necessarily G-Polish as well. We complement this in Corollary 1.1.27, using an
extension result for continuous functions (Proposition 1.1.26). These results are the
natural generalization of the classical arguments in [93, Theorems 3.8 and 3.11], and
already appeared in [71, Theorems 2.34 and 2.35] where, as customary in the subject,
the fact that G is Abelian is assumed and used. However, we fully reprove both results
for the sake of completeness and to confirm that also in this case commutativity of G
is not required.

Lemma 1.1.25. Let G be a totally ordered (non-necessarily Abelian) group with

arbitrarily small positive elements. Then for every e € GV and every n € w there is
5 € Gt with'® nd <g e.

Proof. 1t is clearly enough to prove the result for n = 2. Let &/ € G be such that
0g <G € <g € and set § = min{e’, —&’ +¢ ¢}. Since <g is translation-invariant on
both sides we get

S+ <gée +g (—€ +ge) =¢. O

Proposition 1.1.26. Let X be a G-metrizable space, and (Y, d) be a Cauchy-complete
G-metric space. Let A C X be any set and f: A — Y be continuous. Then there is
a G5 set B C X and a continuous function g: B — Y such that A C B C cl(A)
and g extends f,ie. g | A= f.

10As customary, we denote by nd the finite sum § +¢ . . . +¢ 0.
—,—1

n times



CHAPTER 1. GDST AT REGULAR CARDINALS 47

Proof. Givenany ¢ € G, let O, be the collection of those x € X admitting an open
neighborhood U such that d(f(y), f(z)) <g ¢ for all y, z € U N A. By definition,
each O, is open in X, and since f: A — Y is continuous then A C O, for all
e € GT (here we are implicitly using Lemma 1.1.25). Fix a strictly decreasing
sequence (74 )a<s coinitial in GT, and set

B =d(A)N () Or,,

a<k

sothat A C B C cl(A) and B is G§ by Lemma 1.1.9. Fix € B, and for every
a < k fix an open neighborhood UZ of z witnessing x € O,_. Without loss of
generality we may assume that Uz C Uj if o < B <  (if not, then U 5= mCS 53U g
is as desired by x-additivity of X). Since z € B C cl(A), for each a < k we can
pick some y, € UX N A. The sequence (f(ya))a<x is d-Cauchy by construction,
thus it converges to some y € Y by Cauchy-completeness of d: set g(z) = y. By
uniqueness of limits, it is easy to check that the map g is well-defined (i.e. the value
g(x) is independent of the choice of the UZ’s and y,’s), and that g(z) = f(z) for all
x € A. It remains to show that ¢ is also continuous at every x € B. Given any € €
G™, we want to find an open neighborhood U of x such that g(UNB) C By(g(x),€).
Let U? and y, be as in the definition of g(z). Using Lemma 1.1.25, find § € G*
such that 36 <g e. Let a be large enough so that d(f(y.),g(x)) < d and r, < 6,
so that f(UZ N A) C By (g(x),26). We claim that U = UZ is as required. Indeed,
if z € U N B, then when defining ¢g(z) we may without loss of generality pick UZ so
that UZ C Ug: it then follows that

9(z) € cl(f(UF N A)) € cl(f(Us N A)) € cl(Ba(g(x),20)) € Balg(x), ),
as required. O

Corollary 1.1.27. Let X be a G-metrizable space, and let Y C X be a completely
G-metrizable subspace of X. Then'Y is a G subset of X.

Proof. Apply Proposition 1.1.26 with A = Y and f the identity map from Y to itself.
The resulting g: B — Y is then the identity map on B, hence Y = B and thus Y is
Gf. O

In [71] it is asked whether the reverse implication holds, i.e. whether G§ subsets
of G-Polish spaces need to be G-Polish as well (see the discussion in the paragraph
after [71, Theorem 2.10]): our Theorem 1.1.21 already yields a positive answer, and
thus it allows us to characterize which subspaces of a G-Polish space are still G-
Polish.

Theorem 1.1.28. Let X be G-Polish andY C X. Then'Y is G-Polish if and only if
YisGf§in X.

Proof. One direction follows from Corollary 1.1.27. For the other direction, since
X is homeomorphic to a closed subset of “x by Theorem 1.1.21, every G subspace
Y C X is homeomorphic to a G§ subset of "x. Using again Theorem 1.1.21, it
follows that Y is G-Polish as well. O]
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By Theorem 1.1.21, Theorem 1.1.28 admits a natural counterpart characterizing
fSCy-subspaces of k-additive fSC-spaces.

To complete the description of how our classes of spaces relate one to the other,
we just need to characterize those spaces which are in all of them and thus have the
richest structure (this includes e.g. the generalized Cantor and Baire spaces). To this
aim, we need to introduce one last notion inspired by [42, Definition 6.1] and [71].

Definition 1.1.29. A G-metric d on a space X is called spherically complete'! if the
intersection of every decreasing (with respect to inclusion) sequence of open balls is
nonempty. If in the definition we consider only sequences of order type x (respec-
tively, <x or <k) we say that the metric is spherically x-complete (respectively,
spherically <x-complete or spherically <x-complete).

Remark 1.1.30. Let (X, d) be a G-metric space.

(i) If the space X has weight x, then the metric d is spherically complete if and
only if it is spherically <x-complete. For the non trivial direction, fix in G*
a decreasing sequence (&;);<, converging to Og and consider an arbitrary de-
creasing chain of balls B, = By(x4,7q) for a < A with A a regular cardinal
greater than x. If for all ¢ < k there is o; < A such that r,, < ¢;, then by
spherically x-completeness we have (,_,. Ba, = {z} for some z. It follows
that B, = {x} for all @ > sup,_, o, whence (., Bo = {z} # 0. The
remaining case is when there is 6 € G™ such that r, > ¢ for all & < A.
If N\ Ba = 0, then we could recursively construct an increasing sequence
(ag)g<x of ordinals < A such that xa, ¢ Ba,, forall 8 < 8 < . By case
assumption, we thus have d(:c%,xa ﬁ,) > ¢ for all distinct 3, 3" < )\, against
the fact that X has weight k < .

(ii) If d is spherically x-complete, then it is also Cauchy-complete (independently
of the weight of the space). Thus if d is spherically complete, then it is both
spherically <x-complete and Cauchy-complete.

(iii) The converse does not hold: there are examples of G-metric spaces (X, d) of
weight x such that d is both Cauchy-complete and spherically <x-complete,
yet it is not spherically x-complete. For example, consider the subspace X =
{za € "2 | a < Kk} of "2, where z4(a) = 1 and z4(8) = 0 for all
B # «. Fix a decreasing sequence (74 )a<x converging to 0 in the distance
group G and a strictly positive element s € G. The ultrametric d(zq,z5) =
s+ max{rq, g} on X is discrete and hence trivially Cauchy-complete. More-
over, it is < k-spherically complete. But the decreasing sequence (Bg(zq, s +
Ta))a<rk has empty intersection. Thus for a given G-metric d being Cauchy-
complete and spherically <x-complete is strictly weaker than being spherically
(<k-)complete.

"This notion is defined in multiple ways in different parts of the literature: for example, sometimes
a metric is called spherically complete if the intersection of every decreasing sequence of closed balls
is nonempty, or sometimes it is requirement that the balls are open, but the closure of each ball is con-
tained in all previous ones. These alternative definitions closer resemble the original characterization
of metrizability given by Cantor’s intersection theorem. While there is difference between these defini-
tions at the level of (G-)metrics, the difference disappears at the level of the induced topologies (at least
for G-metrics for G of uncountable degree) and the two definitions lead to the same class of topological
spaces. We opted for the current definition to be consistent with [42].
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Definition 1.1.31. A G-Polish space is spherically (<x-)complete if it admits a
compatible Cauchy-complete metric which is also spherically (<x-)complete.

In [71], spherically <x-complete G-Polish spaces are also called strongly x-
Polish spaces. Although in view of Remark 1.1.30(ii) this seems to be the weak-
est among the two possibilities considered in Definition 1.1.31, it will follow from
Theorem 1.1.32 that they are indeed equivalent: if a space of weight < x admits a
compatible Cauchy-complete spherically <x-complete G-metric, then it also admits
a (possibly different) compatible Cauchy-complete G-metric which is (fully) spheri-
cally complete. We point out that the implication (c) = (a) already appeared in [71,
Theorem 2.45], although with a different terminology.

Theorem 1.1.32. For any space X the following are equivalent:
(a) X is a k-additive SC-space;
(b) X is both an SCy-space and G-Polish;
(¢) X is a spherically <k-complete G-Polish space;
(d) X is a spherically complete G-Polish space;
(e) X is homeomorphic to a superclosed subset of "k.

Proof. Item (b) implies (a) because all G-Polish spaces are x-additive (Lemma 1.1.19),
while (a) implies (e) by Theorem 1.1.17. Moreover, any superclosed subset of "« is
trivially spherically complete with respect to the G-metric on " defined in equa-
tion (1.1.1), thus (e) implies (d), and (d) obviously implies (c). Finally, to prove
that (c) implies (b), recall that every G-Polish space X is an fSC,-space by Theo-
rem 1.1.21. Fix a compatible spherically <x-complete G-metric on X and a winning
strategy 7 for Il in fG(X), and observe that by Remark 1.1.4 we can assume that 7
requires II to play only open d-balls V,, because the latter form a basis for the topol-
ogy of X. Then 7 is also winning in G (X)) because spherically <x-completeness

implies that (), Vo # 0 for every limit y < x5 . O

As any superclosed subset of "« is spherically complete G-metrizable over any
totally ordered (Abelian) groups of degree x, Theorem 1.1.32 shows also that the
notion of spherically complete G-Polish space does not depend on the choice of G.

Corollary 1.1.33. Let G, G’ be two totally ordered (Abelian) groups, both of degree
k, and X be a space. Then X is spherically complete G-Polish if and only if it is
spherically complete G'-Polish.

Theorems 1.1.21 and 1.1.32 allow us to reformulate our Corollary 1.1.15 on re-
tractions in terms of G-Polish spaces. (Again, we have that none of the conditions on
Y can be dropped, see the comment after Corollary 1.1.15.)

Corollary 1.1.34. If X is G-Polish, then all its closed subspaces Y which are also
spherically complete G-Polish (possibly with respect to a different G-metric) are re-
tracts of X.
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Moreover, using the results obtained so far, one can easily observe that the classes
of SC,-spaces and G-Polish spaces do not coincide. On the one hand, there are G-
Polish spaces which are not SCy-spaces: in [71, Theorem 2.41] it is observed that
Sikorski’s x-R is such an example, but it is also enough to consider any closed subset
of "k which is not strong x-Choquet, such as the one defined in equation (1.1.3).
Conversely, there are SCy-spaces which are not G-Polish (to the best of our knowl-
edge, examples of this kind were not yet provided in the literature): just take any
non-x-additive SC,;-space, such as "« equipped with the order topology induced by
the lexicographical ordering.

In a different direction, Theorem 1.1.32 allows us to characterize inside one given
class those spaces which happen to also belong to a different one in a very natural
way. For example, among SC-spaces we can distinguish those that are also G-Polish
by checking x-additivity. Conversely, working in the class of G-Polish spaces we can
isolate those spaces X in which player II wins the strong k-Choquet game G (X)
by checking spherical completeness.

Figure 1 sums up the relationship among the various classes of (regular Haus-
dorff) spaces of weight < k considered so far. At the end of Section 1.2 we will
further enrich this picture by distinguishing the class of x-Lindelof spaces—see The-
orems 1.2.22 and 1.2.23.

Despite the fact that the classes we are considering are all different from each
other, we now show that one can still pass from one to the other by changing (and
sometimes even refining) the underlying topology yet maintaining the same notion of
r-Borelness.

Proposition 1.1.35. Let (X, 7) be an fSC,-space (respectively, SC-space). Then
there is 7 O T such that Bor(X,7") = Bor,(X,7) and (X,7') is a k-additive
fSCyx-space (respectively, SC,-space).

Proof. 1t is enough to let 7" be the topology generated by the <k-sized intersections
of T-open sets. Arguing as in [42, Proposition 4.3 and Lemma 4.4], player II still
has a winning strategy in the relevant Choquet-like game on (X, 7’). Moreover the
weight of (X, 7') is still < k because we assumed k<" = k. Finally, x-Borel sets do
not change because by definition 7 C 7/ C Bor, (X, 7). O

This allows us to strengthen [42, Theorem 3.3] and extend it to fSC,-spaces.

Corollary 1.1.36. If X is an fSC,-space, then there is a pruned tree T C <"k and
a continuous bijection f: [T] — X. Moreover, if X is an SCy-space then T can be
taken to be superclosed.

Proof. Refine the topology 7 of X to a topology 7/ O 7 as in Proposition 1.1.35.
Then use Theorem 1.1.13 to find a pruned (superclosed, if X was SC,) tree T' C <"k
and a homeomorphism f: [T] — (X, 7’). Since f remains a continuous bijection
when stepping back to 7, we get that 7" and f are as required. O

By Proposition 1.1.35 (together with Theorem 1.1.21), every fSCy-space, and
thus every SC,-space, can be turned into a G-Polish space sharing the same x-Borel
structure by suitably refining its topology. In contrast, it is not always possible to
refine the topology 7 of an fSCy-space X to turn it into an SCy-space, even if we
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start with a k-additive (hence G-Polish) one and we further allow to change its x-
Borel structure. Indeed, as shown in the next example, there are ~«-additive strongly
fair k-Choquet (i.e. G-Polish) spaces (X, 7) such that for every topology 7’ D T, the
space (X, 7') is not an SC,-space.

Example 1.1.37. Consider a closed (hence G-Polish) subspace C' C "k which is
not a continuous image of “x. Such a set exists by [105, Theorem 1.5]: we can e.g.
let C' be the set of well-orders on x (coded as elements of 2 C "k via the usual
Godel pairing function). If one could find a refinement 7" of the bounded topology
on C such that (C,7’) is an SC-space (recall that any SC,-space has weight < x
by definition), then (C, 7') would be a continuous image of “x by [42, Theorem 3.5]
and thus so would be (C, 7), contradicting the choice of C.

Nevertheless, if we drop the requirement that 7’ refines the original topology T
of X, then we can get a result along the lines above. This is due to the next technical
lemma, which will be further extended in Section 1.3 (see Corollary 1.3.3).

Lemma 1.1.38. Every closed C' C "k is k-Borel isomorphic to a superclosed set
C' C ®k.

Proof. If C has <k-many points, then any bijection between C and C’ = {a ™ 0(*) |
a < |C|}, where 0%) is the constant sequence with length & and value 0, is a x-
Borel isomorphism between C' and the superclosed set C’, hence we may assume
without loss of generality that |C'| > k. Let T C <"k be a pruned tree such that
C = [T)]. Let L(T) be the set of sequences s € <*x of limit length such that s ¢ T'
but s [ a € T for all & < lh(s). (Clearly, the set L(T") is empty if and only if C' is
already superclosed). Set C' = [1"] with

T'=TU{s" 0 |se L(T)Aa <k},

where 0(%) denotes the sequence of length « constantly equal to 0. The tree 7" is
clearly pruned and <r-closed, hence C’ is superclosed. Notice also that C' \ C' =
{s70) | s € L(T)} has size < &. Pick aset A C C of size & and fix any bijection
g: A — AU (C"\ C). Since both C' and C” are Hausdorff, it is easy to check that
the map
ifreA
f:C =, xH{g(x) n i
x otherwise

is a k-Borel isomorphism. O

Combining this lemma with Proposition 1.1.35 and Theorem 1.1.16 we thus get

Proposition 1.1.39. Ler (X, 7) be an fSCy-space. Then there is a topology 7' on X
such that Bor, (X, ") = Bor (X, 7) and (X, 7') is a k-additive SC,;-space (equiva-
lently, a spherically complete G-Polish space).

As a corollary, we finally obtain:

Theorem 1.1.40. Up fo k-Borel isomorphism, the following classes of spaces are the
same:

(1) fSCg-spaces;
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(2) SCg-spaces;
(3) G-Polish spaces;
(4) k-additive SC-spaces or, equivalently, spherically complete G-Polish spaces.

Theorem 1.1.40 shows that, as we already claimed after Definition 1.1.1, we can
considered any class of Polish-like spaces to generalize (St.Bor. 1): they all yield
the same notion, and it is thus not necessary to formally specify one of them. Fur-
thermore, in Section 1.3 we will prove that the class of xk-Borel spaces obtained in
this way coincide with the class of all standard «-Borel spaces as defined in Defini-
tion 1.1.1, so we do not even need to introduce a different terminology.

The sweeping results obtained so far allow us to improve some results from the
literature and close some open problems contained therein, so let us conclude this
section with a brief discussion on this matter. In [71, Theorem 2.51] it is proved
that, in our terminology, if X is a spherically <x-complete G-Polish space and & is
weakly compact, then every SCy-subspace Y C X is G in X. By Theorem 1.1.21
and Corollary 1.1.27, we actually have that every SC,-subspace Y of a G-metrizable
space X is GG in X: hence the further hypotheses on x and X required in [71, Theo-
rem 2.51] are not necessary. Furthermore, in [71, Lemma 2.47] the converse is shown
to hold assuming that X is a G-metric SCy-space (which through x-additivity implies
that X is G-Polish by Theorem 1.1.32 again) and Y is spherically <x-complete.
Theorems 1.1.28 and 1.1.32 show that we can again weaken the hypotheses on X by
dropping the requirement that X be a SC,-space: if X is G-Polish and Y C X is
spherically <rx-complete and G%, then Y is a SC,-space. Finally, Theorem 1.1.32
shows that [71, Theorem 2.53] and [42, Proposition 3.1] deal with the same phe-
nomenon: if X is a xk-perfect SCy-space, there is a continuous injection f from the
generalized Cantor space into X, and if furthermore X is x-additive, then f can be
taken to be an homeomorphism on the image. This will be slightly improved in The-
orem 1.2.6, where we show that in the latter case the range of f can be taken to be
superclosed.

Summing up the results above, one can now complete and improve the diagram
in [71, p. 25], which corresponds to Arrows 1-7 of Figure 1.1 (although [71] some-
times requires additional assumption on the space Y or on the cardinal x, see the
discussion below).

2
Y is sp. compl. G-Polish YisSC, -~ YisGjin X
3
*
l 7
6119
! 10

Y is G-Polish

Figure 1.1: Properties of subspaces Y C X for X a G-Polish space. A line means im-
plication without further assumptions, while a dotted line means that the implication
holds under the further assumption that Y is spherically complete or, equivalently, an
SCy-space.

Here is a list of our improvements:
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* First of all, the ambient space X can be any G-Polish space, and need not to be
spherically complete as assumed in [71].

¢ The new Arrows 8 and 9 hold because by G-metrizability Y is x-additive, and
hence a spherically <x-complete G-Polish space.

* Arrow 10 holds as well by Theorem 1.1.28.

e The implication Arrow 2 holds unconditionally (x needs not to be weakly com-
pact, as originally required in [71]).

* The requirement that, in our terminology, Y be spherically <x-complete cannot
instead be dropped in the implication Arrow 3: indeed, there are even closed
subsets of X = "« which are not homeomorphic to a superclosed subset of
"k, and hence they are not strong k-Choquet. Thus in this case the hypothesis
in [71] were already optimal.

¢ We now obtained that Arrows 5 and 6, which were forbidden in [71], holds
when additionally requiring that Y be spherically < x-complete (same hypoth-
esis as in Arrow 3): taking into account Galeotti’s counterexamples, such hy-
pothesis cannot be dropped.

1.2 Characterizations of “~ and "2

The (classical) Cantor and Baire spaces play a central role in classical descriptive set
theory. It is remarkable that they admit a purely topological characterization (see [93,
Theorems 7.4 and 7.7]).

Theorem 1.2.1.

(1) (Brouwer) Up to homeomorphism, the Cantor space “2 is the unique nonempty
perfect compact metrizable zero-dimensional space.

(2) (Alexandrov-Urysohn) Up to homeomorphism, the Baire space “w is the unique
nonempty Polish zero-dimensional space such that all its compact subsets have
empty interior.

Our next goal is to find analogous characterizations of the generalized Baire and
Cantor spaces. To this aim, we first have to generalize the above mentioned topolog-
ical notions to our setup.

First of all, we notice that a special feature of “x and 2 which is not shared by
some of the other SC,-spaces is x«-additivity: since this condition already implies
that the space be zero-dimensional, the latter will always be absorbed by x-additivity
and will not explicitly appear in our statements. As for compactness, it is natural to
replace it with the property of being x-Lindelof. Notice that this condition may play
a role in the characterization of "2 only when & is weakly compact, as otherwise 2
is not k-Lindeldf. However, this is not a true limitation, because if k is not weakly
compact, then the spaces “2 and "k are homeomorphic, and thus the characterization
of "k takes care of both. In view of the Hurewicz dichotomy [93, Theorem 7.10],
which in [104] has been analyzed in detail in the context of generalized descriptive
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set theory, we will also consider K, -sets, i.e. sets in a topological space which can
be written as unions of k-many «-Lindelof sets.

We now come to perfectness. The notion of an isolated point may be transferred
to the generalized context in (at least) two natural ways:

* keeping the original definition: a point x is isolated in X if there is an open set
U C X such that U = {x};

* allowing short intersections of open sets (see e.g. [42, Section 3]): a point x is
rx-isolated in X if there are <x-many open sets whose intersection is {x}.

A topological space is then called (x-)perfect if it has no (x-)isolated points.

If we restrict the attention to x-additive spaces, as we do in this section, the two
notions coincide. However, the notion of k-perfectness is in a sense preferable when
the space X is not x-additive because it implies that X has weight at least x and that
all its nonempty open sets have size > « (use the regularity of x and the fact that all
our spaces are Hausdorff). If we further require X to be strong x-Choquet, we get
the following strengthening of the last property.

Lemma 1.2.2. Let X be an SCy;-space. If X is k-perfect, then every open set U C X
has size 2.

Proof. If X is k-perfect, then so is every open U C X. Since U is strong x-Choquet
as well, there is a continuous injection from "2 into U by [42, Proposition 3.1], hence
|U| = 2. O

In the statement of Lemma 1.2.2 one could further replace the open set U with a
< k-sized intersection of open sets. The lemma is instead not true for arbitrary fSC-
spaces, even when requiring x-additivity (and thus it does not work for arbitrary G-
Polish spaces as well). For a counterexample, consider the closed subspace X of
#2 defined in equation (1.1.3): by Theorem 1.1.21, X is a x-additive fSC,-space
(equivalently, a G-Polish space), it is clearly k-perfect, yet it has size .

In the next lemma we crucially use the fact that  is such that k<% = .

Lemma 1.2.3. IfY is a Ty-space of size > k, then' Y has weight > k.

Proof. Let B be any basis of Y. Then the map sending each point of Y into the set
of its basic open neighborhoods is an injection into &?(B3). Thus if there is such a B
of size v < k then |Y| < 2 < k<F = k. O

A tree T C <"k is splitting if for every s € T there are incomparable ¢,t' € T
extending s (without loss of generality we can further require that Ih(¢) = lh(¢')). We
now show that the splitting condition captures the topological notion of perfectness
for k-additive SC,-spaces. (Notice that the equivalence between items (a) and (e)
in Lemma 1.2.4 may be seen as the analogue of Theorem 1.1.17 for (x-)perfect k-
additive SCj-spaces.)

Lemma 1.2.4. Let X be a k-additive SCy-space. The following are equivalent:
(a) X is (k-)perfect;

(b) every nonempty open subset of X has size > k;
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(c) every nonempty open subspace of X has weight k;
(d) every superclosed T C <"k such that X is homeomorphic to [T is splitting;
(e) there is a splitting superclosed'? tree T C <k with [T] homeomorphic to X.

Proof. The implication (a) = (b) is Lemma 1.2.2, while the implication (b) = (c)
follows from Lemma 1.2.3. In order to prove (c) = (d), notice thatif s € T"then N N
[T] # () because T is superclosed. Thus s must have two incomparable extensions,
since otherwise N N [T'] would be a nonempty open set of weight (and size) 1. The
implication (d) = (e) follows from Theorem 1.1.17, which ensures the existence of
a superclosed 7' C <"k with [T'] homeomorphic to X: such a T is then necessarily
splitting by condition (d). Finally, for the implication (e) = (a) notice that if 7" is
splitting and superclosed, then for every two incomparable extensions ¢, € T of a
given s € T we have Ny N [T] # () and Ny N [T] # 0 but N; N Ny = (), hence
INs N [T]] > 1forall s € T. O

Remark 1.2.5. Notice that if x is inaccessible, then the splitting condition on the
superclosed tree 7" in items (d) and (e) above can be strengthened to

Vs € TVv < kJda < k(a > 1h(s) A [Levy(Ts)| > v). (1.2.1)

Notice also that if o« < k witnesses (1.2.1) for given s € T and v < k, then every
a < o/ < k witnesses the same fact because T is pruned.

Lemma 1.2.4 allows us to prove the following strengthening of [42, Proposition
3.1] and [71, Theorem 2.53], answering in particular [42, Question 3.2] for the case
of k-additive spaces.

Theorem 1.2.6. Let X be a nonempty r-additive SCy-space. If X is (k-)perfect,
then there is a closed"® C' C X which is homeomorphic to 2.

Proof. By Lemma 1.2.4 we may assume that X = [T] with ' C <"k superclosed
and splitting. Recursively define a map ¢: <%2 — T by setting ¢()) = () and
then letting ¢ (¢~ 0) and ¢ (¢t ~ 1) be incomparable extensions in 7" of the sequence of
©(t). Atlimit levels we set o(t) = Uy<iny ¢(t [ @), which is still an element of T
because the latter is <rx-closed.

By construction, ¢ is a tree-embedding from <*2 into 7', i.e. ¢ is monotone and
preserves incomparability. Moreover, 1h(¢(t)) > lh(t) for every t € <*2. Let T” be
the subtree of T generated by p(<"2), that is

T' ={se€T|sC p(t) forsome t € <2},

It is easy to see that 7" is pruned. We now want to check that it is also < x-closed by
showing that if s ¢ 7" for some s of limit length, then there is o < lh(s) such that
s | a ¢ T'. (We present a detailed argument because the claim uses in an essential
way that <2 is finitely splitting, and would instead fail if e.g. <"2 is replaced by
<fw.) Set A = {t € <"2 | ¢(t) C s}. Since ¢ preserves incomparability, all
sequences in A are comparable and thus the sequence t = | J{t | t € A} € <2 is

"This is a bit redundant: if T is splitting and <x-closed, then it is also automatically pruned.
13Superclosed if X C "k.
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well-defined and such that p(t) C s (here we use that ¢ is defined in a continuous
way at limit levels and s ¢ T”). Since s ¢ 1", the sequences ¢(t~0) and p(t"1)
are both incomparable with s by the choice of ¢, and since 1h(s) is limit there is
lh(¢(t)) < a < 1h(s) such that the above sequences are incomparable with s | « as
well: we claim that such « is as required. Given an arbitrary ¢ € <*2, we distinguish
various cases. If ¢ is incomparable with ¢, then ¢(¢) is incomparable with ¢(¢) and
thus with s | « as well because by construction ¢(t) C s [ a. If t C ¢, then by
monotonicity of ¢ we have that o(t) C ¢(t) = s | lh(¢(f)) and thus p(t) is a
proper initial segment of s [ o by o > 1h(p(%)). Finally, if ¢ properly extends ¢, then
t O ¢t~ for some i € {0,1}: but then p(t) D ¢(¢"7) is incomparable with s | «
again. So in all cases we get that s [ o Z ¢(t), and since ¢ was arbitrary this entails
s | a¢ T, asrequired.

This shows that 7" is a superclosed subtree of T". Moreover, ¢ canonically in-
duces the function f,: "2 — C' = [T"] where

fo) =, __ela 1),

which is well-defined by monotonicity of ¢ and lh(o(z | o)) > «. Moreover f,, is
a bijection because ¢ is a tree-embedding, and by construction f,(N;) = N, N C
forall t € <*2. Since {N ;) N C'| t € <2} is clearly a basis for C, this shows that
f 1s a homeomorphism between "2 and C. O

Remark 1.2.7. Notice that the space X from equation 1.1.3 is a nonempty ~-additive
(k-)perfect, fSCy-space of size A. Thus, Theorem 1.2.6 fails for the class of fSC-
spaces.

The previous theorem can be turned into the following characterization: a topo-
logical space contains a closed homeomorphic copy of "2 if and only if it contains a
nonempty closed (k-)perfect x-additive SC- subspace.

Finally, we briefly discuss x-Lindelof and K-sets. The Alexandrov-Urysohn
characterization of the Baire space (Theorem 1.2.1(2)) implicitly deals with Baire
category. In fact, compact sets are closed, thus requiring that they have empty interior
is equivalent to requiring that they are nowhere dense. The latter notion makes sense
also in the generalized setting, but the notion of meagerness needs to be replaced with
r-meagerness, where a subset A C X is called xk-meager if it can be written as a
union of k-many nowhere dense sets. A topological space is x-Baire if no non-empty
open subset of X is k-meager. It is not difficult to see that if « is regular then "k is
k-Baire (see e.g. [65, 6]), so the next lemma applies to it.

Lemma 1.2.8. Suppose that X is a k-additive k-Baire space. Then the following are
equivalent:

(a) all k-Lindeldf subsets of X have empty interior;
(b) all K, subsets of X have empty interior.

Proof. The nontrivial implication (a) = (b) follows from the fact that if we have
A=, < Ao © X with all A,’s k-Lindeldf, then A is x-meager because in a
r-additive space all k-Lindelof sets are necessarily closed and thus, by (a), the A, ’s
are nowhere dense; thus the interior of A, being k-meager as well, must be the empty
set. O
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Finally, observe that if a space X can be partitioned into xk-many nonempty
clopen sets, then it is certainly not x-Lindelof. The next lemma shows that the con-
verse holds as well if X is k-additive and of weight at most .

Lemma 1.2.9. Let X be a nonempty k-additive space of weight < k. If X is not
k-Lindeldf, then it can be partitioned into k-many nonempty clopen subsets.

Proof. Since X is zero-dimensional and not x-Lindeldf, there is a clopen covering
{Us | @ < K} of it which does not admit a <x-sized subcover. Without loss of
generality, we may assume that Us (U, Ug. Then the sets Vi, = Ua \ Ug, Up
form a x-sized partition of X. Since by x-additivity the V,’s are clopen, we are
done. O

We are now ready to characterize the generalized Baire space "~ in the class of
SCy-spaces (compare it with Theorem 1.2.1(2)).

Theorem 1.2.10. Up to homeomorphism, the generalized Baire space "k is the
unique nonempty k-additive SCy-space for which all k-Lindeldf subsets (equiva-
lently: all K -subsets) have empty interior.

Proof. Clearly, “k is a k-additive SC,-space. Moreover, every x-Lindelof subset of
", has empty interior as otherwise for some s € <k the basic clopen set N would
be k-Lindelof as well, which is clearly false because {N, -, | @ < Kk} is a k-sized
clopen partition of N;. By Lemma 1.2.8 and the fact that "« is x-Baire we get that
also the K ;-subsets of “x have empty interior.

Conversely, let X be any nonempty «-additive SC,-space all of whose x-Lindelof
subsets have empty interior. By Theorem 1.1.17 we may assume that X = [T’ for
some superclosed tree T C <"k: our aim is to define a homeomorphism between
*r and [T]. We recursively define a map ¢: <"k — T by setting ©(0)) = () and
@(t) = Uscm (¢t I @) if 1h(t) is limit (this is still a sequence in T' because
the latter is <x-closed). For the successor step, assume that () has already been
defined. Notice that N4 N [T is open and nonempty (because 7" is superclosed),
hence it is not x-Lindeldf by assumption. By Lemma 1.2.9 there is a «-sized partition
of N4 N [T] into clopen sets, which can then be refined to a partition of the form
{N¢, N[T] | o < K}:set p(t ™ ) = tq. Itis now easy to see that the function

LK
fo:"h =X, Ua<’ig0(a: )
induced by ¢ is a homeomorphism between “x and X. O

Theorem 1.2.10 can be used to get an easy proof of the fact that "2 is homeo-
morphic to “k when & is not weakly compact, i.e. when "2 is not x-Lindelof itself.
Indeed, "2 is clearly a nonempty x-additive SCy-space, so it is enough to check that
all its x-Lindelof subsets have empty interior. But for zero-dimensional spaces this
is equivalent to the fact that every nonempty open subspace is not x-Lindelof, which
in this case is true because all basic open subsets of “2 are homeomorphic to it, and
thus they are not x-Lindelof.

We next move to the characterization(s) of 2. When « is not weakly compact,
Theorem 1.2.10 already does the job, but we are anyway seeking a generalization
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along the lines of Brouwer’s characterization of “2 from Theorem 1.2.1(1) (thus
involving perfectness and suitable compactness properties). Since “2 is x-Lindelof if
and only if x is weakly compact, we distinguish between the corresponding two cases
and first concentrate on the case when « is not weakly compact. In this situation, there
is no space at all sharing all (natural generalizations of) the conditions appearing in
Theorem 1.2.1(1).

Proposition 1.2.11. Let xk be a non weakly compact cardinal. Then there is no
nonempty k-additive (k- )perfect k-Lindeldof SCy-space.

Proof. Suppose towards a contradiction that there is such a space X. By Theo-
rem 1.2.6, we could then find a homeomorphic copy C' C X of 2 with C closed in
X. But then C, and hence also “2, would be x-Lindel6f, contradicting the fact that x
is not weakly compact. 0

Proposition 1.2.11 seems to suggest the we already reached a dead end in our at-
tempt to generalize Brouwer’s theorem for non-weakly compact cardinals. However,
this is quite not true: we are now going to show that relaxing even just one of the
conditions on the space give a compatible set of requirements. For example, if we
restrict the attention to x-Lindelof SCy-spaces, then k-additivity and k-perfectness
cannot coexists by Proposition 1.2.11, but they can be satisfied separately. Indeed,
the space

X ={z € "2 | z(a) =0 for at most one @ < K}

is a k-additive x-Lindelof SCy-space, while endowing “2 with the product topology
(rather than the bounded topology) we get a k-perfect x-Lindelof (in fact, compact)
SCk-space. If instead we weaken the Choquet-like condition to being just a fSCy-
space, then we have the following example.

Proposition 1.2.12. There exists a nonempty r-additive (k- )perfect k-Lindeldf fSC-
space.

Proof. Consider the tree Ty = {s € <"2 | [{«a | s(a) = 0}| < w} and the space
Xo = [Tp] from equation (1.1.3), which is clearly a k-additive (x-)perfect fSC,-
space. Suppose towards a contradiction that Xy is not x-Lindeldf, and let F be a
clopen partition of X of size x (which exists by Lemma 1.2.9). Without loss of
generality, we may assume that each set in F is of the form N, N [Tp] for some
s €Ty. Set F = {s € Ty | Ns N [Tp] € F}: then F is a maximal antichain in Tp,
i.e. distinct s,t € F' are incomparable and for each = € [Tj] there is s € F' such that
s C x. By definition, each sequence s € F' has only a finite number of coordinates
with value 0: for each n € w, let F}, be the set of those s € [ that have exactly
n-many zeros. Since |F'| = k and {F}, | n € w} is a partition of F', there exists some
n such that |F,,| = k: let £ be the smallest natural number with this property, and set
Fep = U,<p Fn Then |[Foy| < kand v = sup{lh(s) | s € F.y} < & by regularity
of k.

We claim that there is s € F} such that s(8) = 0 for some v < 8 < lh(s). If
not, the map s — {a < lh(s) | s(a) = 0} would be an injection (because F' is an
antichain) from Fy to {A C ~ | |A| = ¢}, contradicting |Fy| = . Given now s as
above, let z = (s | 4) " 1), Then z € Xp and |[{a < & | z(a) = 0}| < £, thus
there is t € F-; such that z € Ny N [Tp]. Since t € F, implies 1h(¢) < ~, this
means thatt C x [ v = s [ v C s, contradicting the fact that F' is an antichain. [
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The remaining option is to drop the condition of being x-Lindeldf. In a sense,
this is the most promising move, as we are assuming that ~ is not weakly compact
and thus “2, the space we are trying to characterize, thus not satisfy such a prop-
erty. Indeed, we are now going to show that dropping such (wrong) requirement, we
already get the desired characterization.

Lemma 1.2.13. Suppose that k is not weakly compact and X is a k-additive SC,;-
space. Then X is (k-)perfect if and only if every k-Lindelof subsets of X has empty
interior.

Proof. 1t is clear that if all k-Lindelof subsets of X have empty interior, then X
has no isolated point because if € X is isolated then {x} is open and trivially x-
Lindelof. Suppose now that X is perfect but has a x-Lindelof subset with nonempty
interior. By zero-dimensionality, it would follow that there is a nonempty clopen set
O C X which is x-Lindelof. But then O would be a nonempty x-additive perfect
r-Lindelof SCy-space, contradicting Proposition 1.2.11. O

Lemma 1.2.13 allows us to replace the last condition in the characterization of “x
from Theorem 1.2.10 with (k-)perfectness. Together with the fact that “ is homeo-
morphic to 2 when « is not weakly compact, this leads us to the following analogue
of Theorem 1.2.1(1) (which of course can also be viewed as an alternative character-
ization of k).

Theorem 1.2.14. Let k be a non weakly compact cardinal. Up to homeomorphism,
the generalized Cantor space "2 (and hence also "k) is the unique nonempty k-
additive (k- )perfect SC-space.

We now move to the case when x is weakly compact. In contrast to the pre-
vious situation, the condition of being x-Lindelof obviously becomes relevant (and
necessary) because "2 now has such property—this is the only difference between
Theorem 1.2.14 and Theorem 1.2.15.

Theorem 1.2.15. Let k be a weakly compact cardinal. Up to homeomorphism,
the generalized Cantor space "2 is the unique nonempty rk-additive (k-)perfect k-
Lindeldf SCy-space.

Proof. For the nontrivial direction, let X be any nonempty perfect x-additive x-
Lindelof SCy-space. By Lemma 1.2.4(e) we may assume that X = [T] for some
splitting superclosed tree 7' C “k. Notice that the fact that X is x-Lindelof entails
that |Lev,(T)| < & for all & < k: this will be used in combination with the strong
form of the splitting condition from equation (1.2.1) in Remark 1.2.5 to prove the
following claim.

Claim 1.2.15.1. For every a <  there is 3 < x such that [Lev, 5(T3)| = |2| for
all t € Levo (7).

Proof. Recursively define a sequence of ordinals (7, )new, as follows. Set o = 0.
Suppose now that the -y; have been defined for all ¢ < n, and set¥,, = ), <pn Yi- Then
choose y,4+1 < k large enough to ensure

(1) Ynt1 = max {2 |Levays, (T)]};
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(2) |LeVasyutynii (Ts)| = |yn| forall s € Levais, (T).

Such ay,,;1 exists because [Lev,.i, (T)] < # (because X is x-Lindelof) and 217! <
r (because r is inaccessible). Set f = > - Vn = Sup,e, Y. By construction,
52| = [Thew 27! = [Tew |7n]- On the other hand for every ¢ € Lev,(T') we have

T bl < [evara(T)] < evars(MI < TT _ .

where the first inequality follows from (2) while the last one follows from (1). ]

Using Claim 1.2.15.1 we can easily construct a club 0 € C' C & such that if
(e )i<s 1s the increasing enumeration of C' and ; is such that a; 11 = «; + 3, then
there is a bijection ¢;: Leva,,, (T3) — %2 forevery i < r and t € Levq, (T).

Define ¢: T — <"2 by recursion on lh(s) as follows. Set ¢(f)) = 0. For an
arbitrary s € T\ {0}, let j < r be largest such that a; < lh(s) (here we use that
Cis aclub). If a;; < lh(s), set ¢(s) = ¢(s | «; ). If instead a;; = lh(s), then we
distinguish two cases. If j = i + 1 we set ¢(s) = @(s [ ;) Psia, (s); if j is limit
(whence also Ih(s) is limit), we set (s) = gy s) 2(s [ B)-

It is clear that ¢ is C-monotone and for all o € C' the restriction of ¢ to Lev, (T")
is a bijection with “2. It easily follows that

fo: [T) = "2, z— Ua<ﬂ<,0($ I )
is a homeomorphism, as required. O

The proof of the nontrivial direction in Theorem 1.2.15 requires & to be just
inaccessible (and not necessarily weakly compact). The stronger hypothesis on « in
the statement is indeed due to the other direction: if x is not weakly compact, then
®2 is not x-Lindeldf and, indeed, by Proposition 1.2.11 there are no spaces at all as
in the statement.

Remark 1.2.16. It is easy to check that the function f, constructed in the previous
proof preserves superclosed sets, that is, it is such that C' C [T is superclosed if
and only if f,(C) C "2 is superclosed. This follows from the fact that if S is a
superclosed subtree of T, then the C-downward closure of ¢(5) is a superclosed
subtree S’ of #2; conversely, if S C <*2 is a superclosed tree, then S = {t € T |
©(t) € S} is a superclosed subtree of 7.

In view of Theorem 1.1.32, most of the characterizations provided so far can
equivalently be rephrased in the context of G-Polish spaces. For example, the fol-
lowing is the characterization of the generalized Cantor and Baire spaces in terms of
G-metrics.

Theorem 1.2.17.

(1) Up to homeomorphism, the generalized Cantor space 2 is the unique nonempty
(k- )perfect (k-Lindeldf, if k is weakly compact) spherically complete G-Polish
space.

(2) Up to homeomorphism, the generalized Baire space "k is the unique nonempty
spherically complete G-Polish space for which all k-Lindeldf subsets (equiva-
lently: all K,-subsets) have empty interior.
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In this section we studied in detail the x-Lindel6f property in relation with the
generalized Cantor space: it turns out that this property has important consequences
for other spaces as well. For example, as it happens in the classical case, compactness
always bring with itself a form of completeness.

Proposition 1.2.18. Let X be a space of weight < k. If X is k-Lindeldf, then it is an
fSCyx-space.

Proof. Define a strategy o for II such that when I plays a relatively open set U and
a point x € U, then ¢ answers with any relatively open set V' satisfying x € V and
cl(V) C U (such a V exists by regularity). Now suppose ((Uy, zq), Vo | @ < K) is
a run of the strong fair x-Choquet game played accordingly to o. If (., Vo = 0,
then the family {X \ cl(V,,) | @ < } is an open cover of X because (), cl(V,) =
Nacr Ua = Nacr Va = 0, and thus it has a subcover of size <  because X is
r-Lindelof. But then there is § < & such that (), _45 cl(V,) = @ forall § < ¢’ < k.
Considering any limit ordinal ¢ > d, we then get (), 5 Vo = [Ny<s cl(Va) = 0, so
that player II won the run of fG(X) anyway. O

A similar argument explains the relation between compactness and SC-spaces.

Proposition 1.2.19. Let X be a space of weight < k. If X is compact, then it is an
SCy-space.

The following is the analogue in our context of the standard fact that compact
metrizable spaces are automatically Polish.

Corollary 1.2.20. Every x-Lindelof G-metrizable space is G-Polish.

Proof. Choose a strictly decreasing sequence (g4 )a<x that is coinitial in G*. By
r-Lindelofness, for each a@ < k there is a covering B, of X of size < x consisting
of open balls of radius ¢, It follows that B = Ua <1 Ba is a basis for X of size < k.
By Proposition 1.2.18 the space X is then strongly fair x-Choquet, and since G-
metrizability implies x-additivity we get that X is G-Polish by Theorem 1.1.21. O

Using Proposition 1.2.18, many statements of Section 1.1 can be reformulated for
the special case of weakly compact cardinals and x-Lindelof spaces. For example,
the next proposition is a reformulation of Proposition 1.1.13 in this special case.

Proposition 1.2.21. Let X be a k-additive k-Lindelof space of weight < k (in which
case X is automatically an fSC,-space by Proposition 1.2.18). Then X is homeo-
morphic to a closed set C' C 2. If furthermore X is an SCy-space, then C' can be
taken to be superclosed.

Proof. First notice that if « is not weakly compact, then the result trivially holds by
Proposition 1.1.13 since in this case *2 and “k are homeomorphic (via a homeo-
morphism which preserves superclosed sets). Thus we may assume that x is weakly
compact. By Theorems 1.1.16 and 1.1.17 again we can further assume that X = [T']
for some (superclosed, in the case of an SCy-space) tree T C <" k. Since X is k-
Lindel6f, by [104, Lemma 2.6(1)] the set [T'] is bounded, i.e. there is y € "k such that
z(a) < y(a) forall x € [T] and o < k. Consider the space Z = {z € "k | Va <
k(z(a) < y(a))}. Ttis clearly a nonempty x-additive x-perfect SCy-space. More-
over, since by definition it is bounded by y and « is weakly compact, by [104, Lemma
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2.6(1)] and the fact that Z is closed in "k it follows that Z is also k-Lindelof. By
Theorem 1.2.15 there is a homeomorphism h: Z — 2, which moreover preserves
superclosed subsets of Z by Remark 1.2.16. Since by definition X C Z, it follows
that h(X) is a (super)closed subset of “2 homeomorphic to X, as required. O

Using Proposition 1.2.21, we can restate Theorems 1.1.21 and 1.1.32 for the spe-
cial case of k-Lindelof spaces, further refining the picture given in Figure 1 with one
more dividing line, namely x-Lindelofness.

Theorem 1.2.22. For any space X the following are equivalent:
(a) X is a k-Lindeldf and k-additive space of weight < k;
(b) X is a k-Lindeldf G-metrizable space;
(¢) X is a x-Lindelof G-Polish space;
(d) X is a k-Lindeldf k-additive fSC-space.

If k is weakly compact, the above conditions are also equivalent to:
(e) X is homeomorphic to a closed subset of 2.

Theorem 1.2.23. For any space X the following are equivalent:
(a) X is a k-Lindelof k-additive SC-space;
(b) X is a k-Lindeldf spherically <r-complete G-metrizable space;
(¢) X is a x-Lindelof spherically complete G-Polish space.

If k is weakly compact, the above conditions are also equivalent to:

(d) X is homeomorphic to a superclosed subset of 2.

1.3 Characterizations of standard ~-Borel spaces

In this section we deal with the x-Borel structure of topological spaces, and show how
standard x-Borel spaces (Definition 1.1.1) are exactly the x-Borel spaces obtained
from Polish-like spaces in any of the classes considered so far by forgetting their
topology. For the sake of definiteness, throughout the section we work with fSCy-
spaces and SC,;-spaces, but all results can be reformulated in terms of G-Polish and
spherically complete G-Polish spaces—see Section 1.1.

We start by proving some results about changes of topology, which might be of
independent interest. The next proposition shows how to change the topology of an
fSC-space while preserving its x-Borel structure. This generalizes [93, Theorem
13.1] to our setup.

Proposition 1.3.1. Let (B, )a<x be a family of k-Borel subsets of an fSC,-space
(X, 7). Then there is a topology 7" on X such that:

(1) 7' refines 7;
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(2) each B, is T'-clopen,
(3) Bork(X,7") = Bor, (X, 7), and
4) (X,7') is a k-additive fSC,-space.

Proof. Let </ be the collection of those A C X for which there is a topology 7/
which satisfies (1)—(4) above (where in (2) the set B, is replaced by A). Notice
that o7 is trivially closed under complementation. We first show that .27 contains all
closed subsets of X.

Claim 1.3.1.1. Let C be a closed subset of an fSC,-space (X, 7). Then there is a
topology 7' which satisfies (1)—(4) above (where in (2) the set B,, is replaced by C').

Proof of the Claim. Let T be the smallest topology generated by 7 U {C'}. Then (1)-
(3) are trivially satisfied. Furthermore, (X, 7) is homeomorphic to the sum of the
spaces C' and X \ C (endowed with the relative topologies inherited from X). Since
both C' and X \ C are fSCy-spaces by Theorem 1.1.16, and since the class of fSCy-
spaces is trivially closed under (< k-sized) sums, then X is an fSCy-space as well.
Applying Proposition 1.1.35 to (X, 7) we then get a topology 7/ O 7 2 7 which
satisfies all of (1)—(4). ]

Claim 1.3.1.2. Let (A, )a<x be a family of sets in 7. Then there is a topology 77,
simultaneously witnessing A,, € o7 for all a < k.

Proof of the Claim. For each o < k let 7/, be a topology witnessing A, € 7. De-
fine 7/, as the smallest x-additive topology containing |J, ., 7,. Then (1)—~(3) are
obvious, since 7. refines each 7, O 7 and 7., C Bor,(X, 7). To prove (4), for
each o < « fix a closed C, C "k and a homeomorphism hy: Co — (X, 7)) as
given by Theorem 1.1.16. Endow "("k) with the x-supported product topology, i.e.
the topology generated by the sets [ ], _,. Ua, Where each U, is open in the bounded
topology of “, and only <k-many of them differ from “x. Then | | Cl, is closed

in *("k), and since the maps h,, are continuous, the set

A= {(xa)a<m S H Cq

a<k

a<k

Vo, < K (ha(xa) = hﬁ(ﬂ%’))}

is closed as well. It is then easy to check that the map h: A — (X, 7)) sending
(Za)a<k € A to ho(xp) is a homeomorphism. Therefore the desired result follows
from Theorem 1.1.16 and the fact that the spaces “("x) and "k are clearly homeo-
morphic. O

Claim 1.3.1.2 in particular reduces our task of proving the theorem for a whole
family (B )a<x to showing that B € o7 for every single x-Borel set B C X. To this
aim, by Claim 1.3.1.1 and closure of ./ under complementation it is enough to show
that .7 is closed under intersections of length < . Solet A = [ _,. Aq be such that
A, € o forevery a < k. By Claim 1.3.1.2, there is a topology 7. simultaneously
witnessing A, € & for all & < k. Then A is closed in the x-additive fSCy-space
(X, 7.,). Therefore Claim 1.3.1.1 applied to A, viewed as a subset of (X, 7)), yields
the desired topology 7" 2 7., D 7. O
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Proposition 1.3.1 provides an alternative proof of [105, Lemma 1.11]: Every &-
Borel subset of “x equals a continuous injective image of a closed subset of “x. To
see this, let B C "k be x-Borel, and let 7' be the topology obtained by applying
Proposition 1.3.1 with B, = B for all « < k. Let D be a closed subset of “x and
h: (D,7,) — ("k,7’) be a homeomorphism as given by Proposition 1.1.13. Then
C = h~Y(B) is closed in D and hence in “x. Moreover, the map h': (D,7,) —
(", Tp) obtained by composing h with the identity function (*x,7") — (“k,7p) is
still a continuous bijection because 7/ O 73,. Therefore, i’ | C is a continuous in-
jection from the closed set C' C “x onto B. Notice also that, by construction, A’ is
actually a x-Borel isomorphism because Bor,(“x,7") = Bor,(“k, 7). More gener-
ally, the same argument shows that [105, Lemma 1.11] can be extended to arbitrary
fSCy-spaces.

Corollary 1.3.2. For every k-Borel subset B of an fSC,-space there is a continuous
k-Borel isomorphism from a closed C C "k to B.

The space C' in the previous corollary is an fSCy-space by Theorem 1.1.16,
hence applying Theorem 1.1.40 we further get

Corollary 1.3.3. Each k-Borel subset B of an fSCy-space is k-Borel isomorphic to
a k-additive SCy-space.

The following is the counterpart of Proposition 1.3.1 in terms of functions and
can be proved by applying it to the preimages of the open sets in any < x-sized basis
for the topology of Y.

Corollary 1.3.4. Let (X, 7) be an fSCy-space and Y be any space of weight < k.
Then for every k-Borel function f: X — Y there is a topology 7' on X such that:

(1) 7' refines T;

(2) f:(X,7) =Y is continuous,

(3) Bork(X,7") = Bor,(X, 1), and
4) (X,7') is a k-additive fSC,-space.

Finally, combining the results obtained so far we get that all the proposed gen-
eralizations of (St.Bor. 1) and (St.Bor. 2) give rise to the same class of spaces. In
particular, up to k-Borel isomorphism such class coincide with any of the classes
of Polish-like spaces we analyzed in the previous sections. (Notice also that Theo-
rem 1.3.5 substantially strengthens [42, Corollary 3.4].)

Theorem 1.3.5. A k-Borel space (X, %) is standard if and only if there is a topology
7 on X such that

(1) (X,7)isan fSCy-space, and
(2) Borg(X,7) = A.
Moreover, condition (1) can equivalently be replaced by

(1) (X, 1) is a k-additive SC,;-space.
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Remark 1.3.6. Since k-additive SC,-spaces and fSC-spaces form, respectively, the
smallest and largest class of Polish-like spaces considered in this chapter, in Theo-
rem 1.3.5 we can further replace those classes with any of the other ones: x-additive
fSCxk-spaces, SC,-spaces, G-Polish spaces, spherically complete G-Polish spaces,
and so on.

A natural question is to ask whether Proposition 1.3.1 can be extended in at least
some direction. As in the classical case, the answer is mostly negative and thus
Proposition 1.3.1 is essentially optimal. In fact:

(a) We cannot in general consider more than xk-many (even closed, or open) subsets,
since this could force 7’ to have weight greater than x—think about turning into
clopen sets more than xk-many singletons.

(b) We obviously cannot turn a set which is not x-Borel into a clopen (or even just
r-Borel) one pretending to maintain the same x-Borel structure. Notice how-
ever that, in contrast to the classical case, one can consistently have that there
are non-x-Borel sets B C "k for which there is a k-additive fSC,; topology
7/ D 73 turning B into a 7/-clopen set, so that all conditions in Proposition 1.3.1
except for (3) are satisfied with respect to such B (see Corollary 1.4.10 for more
details and limitations).

(c) By Example 1.1.37, we cannot require that the topology 7/ be SC, (instead
of just fSCy). The same remains true if we consider a single x-Borel set B
(instead of a whole family (B,,)q<s), We start from the stronger hypothesis that
(X, 7) is already a x-additive SC,-space, and we weaken the conclusions by
dropping condition (3) and relaxing condition (2) to “B is 7'-open” (or “B is
7'-closed”).

As it is clear from the discussion, in the last item the problem arises from the
fact that there is a tension between condition (1) and our desire to strengthen condi-
tion (4) from fSC, to SC,. However, we are now going to show that if we drop the
problematic condition (1), then it is possible to obtain the desired strengthening, at
least when we just consider a few x-Borel sets at a time.

Proposition 1.3.7. For every k-Borel subset B of an fSCy-space (X, T) there is a
topology ™" on X such that:

(1) Bis t"-clopen,
(2) Bor,(X,7") = Borg(X, 1), and

(3) (X,7") is a k-additive SCy-space (hence so are its subspaces B and X \ B
because they are 7"-open).

Proof. By Corollary 1.3.3, there are x-additive SC,; topologies 7, and 72 on, respec-
tively, B and X \ B such that Bor, (B, 1) = Bor,(X,7) [ B and Bor, (X \ B, 72) =
Bor.(X,7) | (X \ B). Let 7" be the topology on X construed as the sum of (B, )
and (X \ B, 72): then 7" is as required. O

The proof of Proposition 1.3.7 can easily be adapted to work with x-many pair-
wise disjoint rk-Borel subsets of X. This in turn implies that the proposition can e.g.
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be extended to deal with <x-many x-Borel sets simultaneously, even when such sets
are not pairwise disjoint. Indeed, if (B )a<, With v < & is such a family, then for
each s € Y2 we can set

Cs={rxeX|Va<v(x € B, < s(a)=1)}.

Since 2¥ < k<" = k, the family (Cj)seve is a partition of X into < k-many x-Borel
sets, and any topology 7" working simultaneously for all the Cs will work for all
sets in the family (B,,)q <, as well. In contrast, Proposition 1.3.7 cannot be extended
to arbitrary x-sized families of x-Borel sets, even when we restrict to X = k.
Indeed, let C' C "k be as in Example 1.1.37 and let (Bg)a<x be an enumeration of
{C}U{N;NC | s € <Fk}. Then (By)a<s is a family of Borel subsets of “~ such
that there is no SC,, topology 7" on "k making each B, a 7"’-open subset of "k,
since otherwise 7"/ | C' would be an SC,; topology on C refining 7, [ C.

From a different perspective, it might be interesting to understand which sub-
spaces of a Polish-like space inherit a standard x-Borel structure form their super-
space. Of course this includes all x-Borel sets, as standard x-Borel spaces are closed
under k-Borel subspaces, and we are now going to show that no other set has such
property. We begin with a preliminary result which is of independent interest, as it
shows that if a (regular Hausdorff) topology of weight < x induces a standard -
Borel structure, then it can be refined to a Polish-like topology with the same x-Borel
sets.

Proposition 1.3.8. Let (X, 7) be a space of weight < k. We have that (X, Bor,.(X, T))
is a standard k-Borel space if and only if there is a topology 7' 2 T such that (X, ")
is a k-additive fSCy-space and Bor (X, T) = Bor, (X, 7).

Proof. The backward implication follows from Theorem 1.3.5. For the forward im-
plication, suppose that (X, Bor, (X, 7)) is standard x-Borel. By Theorem 1.3.5, there
is a topology 7 such that (X, 7) is an fSC,-space, and Bor,(X,7) = Bor, (X, 7).
Then the identity function i: (X,7) — (X, 7) satisfies the hypothesis of Corol-
lary 1.3.4, hence there is a s-additive fSC, topology 7’ such that i: (X,7") —
(X, 7) is continuous and Bor, (X, 1) = Bor,(X,7) = Bor(X,7), which implies
TCT. O

Finally, we anticipate a result that will be proven in next chapter (see Theo-
rem 2.4.15).

Theorem 1.3.9. Let (X, %) be a standard k-Borel space, and let A C X. Then
(A, B | A) is a standard k-Borel space if and only if A € A.

Corollary 1.3.10. Let X,Y be standard x-Borel spaces. If A C X is k-Borel and
f:+ A=Y isak-Borel embedding, then f(A) is k-Borel inY'.

Corollary 1.3.10 is the analogue of the classical fact that an injective Borel image
of a Borel set is still Borel (see [93, Section 15.A]). Notice however that in the gener-
alized version the hypothesis on f is stronger: we need it to be a k-Borel embedding,
and not just an injective xk-Borel map. This is mainly due to the fact that in the gener-
alized context we lack the analogue of Luzin’s separation theorem. Indeed, one can
even prove [105, Corollary 1.9] that there are non-x-Borel sets which are continuous
injective images of the whole "k, hence our stronger requirement cannot be dropped.
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We finally come to the problem of characterizing which topologies induce a stan-
dard k-Borel structure. Of course this class is larger than the collection of all fSC,,
topologies, even when restricting to the x-additive case. Indeed, the relative topology
on any x-Borel non-G§ subspace B C "k generates a standard x-Borel structure, yet
it is not fSCy itself because of Theorems 1.1.21 and 1.1.28. On the other hand, if
a space (X, 7) is homeomorphic to a x-Borel subset of “x, then it clearly generates
a standard k-Borel structure by definition. Theorems 1.1.12 and 2.4.15 allow us to
reverse the implication, yielding the desired characterization in the case of x-additive
topologies. (For the nontrivial direction, use the fact that by Theorem 1.1.12 every
k-additive space of weight < k is, up to homeomorphism, a subspace of *x.)

Corollary 1.3.11. Let (X, 7) be a k-additive space of weight < k. Then (X, Bor (X, T))
is a standard k-Borel space if and only if (X, T) is homeomorphic fo a k-Borel subset
of "k (or, equivalently, of "2).

In [118, Definition 3.6], the author considered topological spaces (X, 7) with
weight < & such that the induced x-Borel structure is «-Borel isomorphic to a x-
Borel subset of “x. By Corollary 1.3.11 it turns out that when 7 is regular Hausdorff
and x-additive, a space (X, 7) satisfies [118, Definition 3.6] if and only if it is home-
omorphic (and not just xk-Borel isomorphic) to a x-Borel subset of “x.

1.4 Final remarks and open questions

In the classical setup, Polish spaces are closed under countable sums, countable prod-
ucts, and G5 subspaces. Moving to the generalized context, all classes considered so
far are trivially closed under sums of size < . However, by Theorem 1.1.32 the class
of SC-spaces is already lacking closure with respect to closed subspaces (even when
restricting the attention to x-additive spaces or, equivalently, to spherically complete
G-Polish spaces). In view of Proposition 1.1.10, the class of fSC,-spaces is a more
promising option. Indeed, since such class is also straightforwardly closed under
< k-products, where the product is naturally endowed by the < k-supported product
topology, we easily get:

Theorem 1.4.1. The class of fSCy-spaces is closed under G subspaces and < k-
sized sums and products.

Moving to G-Polish spaces, by Theorem 1.1.28 we still have closure under G
subspaces. However, it is then not transparent how to achieve closure under < k-
sized products. The naive attempt of mimicking what is done in the classical case
would require to first develop a theory of convergent x-indexed series in some suit-
able group G, and then use it to try to define the complete G-metric on the product.
Theorem 1.1.21 provides an elegant bypass to these difficulties and directly leads us
the the following theorem.

Theorem 1.4.2. The class of G-Polish spaces (equivalently: k-additive fSCy-spaces)
is closed under G'5-subspaces and < k-sized sums and products.

Proof. For < k-sized products, just notice that both the property of being x-additive
and the property of being strongly fair xk-Choquet are straightforwardly preserved by
such operation. O
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Moreover, we also get the analogue of Sierpiriski’s theorem [93, Theorem 8.19]:
the classes of GG-Polish spaces and fSCy-spaces are both closed under continuous
open images. (Notice that a similar result holds for SCy-spaces, as observed in [42,
Proposition 2.7].)

Theorem 1.4.3. Let X be G-Polish, and Y be a space of weight < k. If there is a
continuous open surjection f from X onto'Y, then'Y is G-Polish.

The same is true is we replace G-Polishness by the (weaker) property of being an
FSCy-space.

Proof. By Theorem 1.1.21, it is enough to show that the properties of being strongly
fair k-Choquet and being k-additive are preserved by f. The former is straightfor-
ward. For the latter, let (U, )<, be a sequence of open subsets of Y, for some v < &.
If N, <, Ua # 0, let y be arbitrary in (", ., U, and, using surjectivity of f,letz € X
be such that f(z) = y. Since z € (,., /™ (Us) and the latter set is open by x-
additivity of X, there is V C X open such thatz € V C (., [~ ' (Ua). It follows
that f(V') is an open neighborhood of y such that f(V') € (.., Ua, as desired. [

There is still one interesting open question related to fSC,-subspaces of a given
space of weight < k. By Corollary 1.1.27, if X is also k-additive and Y C X is
an fSCy-subspace of it, then Y is G§ in X. We do not know if the same remains
true if we drop k-additivity. The following corollary is the best result we have in
this direction: it follows from Theorem 1.1.12 and the fact that by k<" = x and the
proof of Proposition 1.1.35, every (regular Hausdorff) topology of weight < « can
be naturally refined to a x-additive one in such a way that the new open sets are F¥
(i.e. a < K-sized union of closed sets or, equivalently, the complement of a G§ set) in
the old topology.

Corollary 1.4.4. Let X be a space of weight < k, andY C X be an fSCy-subspace
ofit. Then'Y is a < k-sized intersection of ' subsets of X.

It is then natural to ask whether the above computation can be improved.

Question 1.4.5. In the same hypotheses of Corollary 1.4.4, is Y a G subset of X ?
What if we assume that X be fSC,?

In the literature on generalized descriptive set theory, the notion of an analytic set
is usually generalized as follows.

Definition 1.4.6. A subset of a space!* of weight <  is x-analytic if and only if it is
a continuous image of a closed subset of “x. A set is k-coanalytic if its complement
is k-analytic, and it is x-bianalytic if it is both x-analytic and «-coanalytic.

Although the definition works for a larger class of spaces, in this chapter we will
concentrate on subsets of fSC,-spaces. Analogously to what happens in the classical
case, one can then prove that Definition 1.4.6 is equivalent to several other variants:
for example, a set A C "k is k-analytic if and only if it is the projection of a closed

Since fSC,-spaces have been introduced in the present work, the definition of -analytic sets
given in the literature is of course usually restricted to the spaces “x and "2 and their powers. The
only exception is [118], where it is given for all < x-weighted topologies generating a standard x-Borel
structure (see [118, Definitions 3.6 and 3.8]).
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C C ("r)?, if and only if'” it is a x-Borel image of some set B € Bor,("x) (see
[6, Corollary 7.3] and [118, Proposition 3.11]). As explained in [105, Theorem 1.5],
a major difference from the classical setup is instead that we cannot add among the
equivalent reformulations of k-analyticity that of being a continuous image of the
whole “k—this condition defines a properly smaller class when x is uncountable
(and, as usual, <% = k).

The reason for using Definition 1.4.6 instead of directly generalizing [93, Defini-
tion 14.1] is precisely that we were still lacking an appropriate notion of generalized
Polish-like space. We can now fill this gap.

Proposition 1.4.7. Let X be an fSCy-space. For any A C X, the following are
equivalent:

(a) A is k-analytic (i.e. a continuous image of a closed subset of "x);
(b) A is a continuous image of a G-Polish space;
(¢) A is a continuous image of an fSCy-space.

Proof. The implications (a) = (b) and (b) = (c) follow from Theorem 1.1.21. For the
remaining implication (c¢) = (a), suppose that Y is an fSCy-space and that g: ¥ —
X is continuous and onto A. Use Proposition 1.1.35 to refine the topology 7 of Y
to a topology 7’ such that (Y, 7’) is k-additive and still fSC,. Use Theorem 1.1.21
again to find a closed set C' C " and a homeomorphism f: C' — (Y, 7/): thengo f
is a continuous surjection from C' onto A. O

Clearly, in Proposition 1.4.7(c) we can equivalently consider x-additive fSCy-
spaces. We instead cannot restrict ourselves to SC,-spaces, even when further re-
quiring x-additivity. Indeed, by Theorem 1.1.32 and [105, Proposition 1.3] every
such space is a continuous image of the whole "k : it follows that the collection of all
continuous images of «-additive SCy-spaces coincides with the collection of contin-
uous images of "k, and it is thus strictly smaller than the class of all x-analytic sets
by the mentioned [105, Theorem 1.5].

A variant of Definition 1.4.6 considered in [105] is the class I/} of continuous
injective images of closed subsets of "k (clearly, all such sets are in particular x-
analytic). When x = w the class I coincides with Borel sets, but when x > w
the class I is strictly larger than Bor. (") by [105, Corollary 1.9]. Moreover, if
V = L[z] with x C &, then by [105, Corollary 1.14] all k-analytic subsets of "k
belong to 1. This result can be extended to x-analytic subsets of arbitrary fSCy-
spaces.

Corollary 1.4.8. Assume that V.= Lx] with x C &, and let X be an arbitrary
fSCg-space. Then every k-analytic A C X is a continuous injective image of a
closed subset of “k.

Proof. By Corollary 1.1.36 there is a closed C' C "k and a continuous bijection
f: C — X. Notice that f~!(A) is k-analytic in C because the class of x-analytic

5This reformulation involves only x-Borel sets and functions, thus the notion of a k-analytic set
is independent on the actual topology. This allows us to naturally extend this concept to subsets of
arbitrary (standard) x-Borel spaces.
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sets is easily seen to be closed under continuous preimages, hence it is k-analytic in
"k as well. By [105, Corollary 1.14] there is a continuous injection from some closed
D C "k onto f~1(A), which composed with f gives the desired result. O

We are now going to show that the class I’} can be characterized through changes
of topology.

Theorem 1.4.9. Let (X, 7) be an fSCy-space and A C X. Then the following are
equivalent:

(a) Aelr;

C

(b) there is an fSC, topology 7' on A such that 7' O 7 | A.

Proof. Suppose first that C' C “k is closed and f: C' — X is a continuous injection
with range A. Let 7/ be obtained by pushing forward along f the (relative) topology
of C, so that (A, 7’) and C' are homeomorphic. Then (A, 7’) is an fSC-space by
Theorem 1.1.21, and 7’/ refines 7 | A because f was continuous.

Conversely, if (A, 7’) is an fSCy-space then by Theorem 1.1.21 again there is a
closed C' C "k and a homeomorphism f: C — (A, 7). Since 7/ D 7 | A, it follows
that C and f witness A € 1. O

This also allows us to precisely determine to what extent the technique of change
of topology discussed in Section 1.3 can be applied to non-x-Borel sets.

Corollary 1.4.10. Let (X, 7) be an fSCy-space.

(1) Let A C X. Ifthere is an fSC, topology 7" O 7 on X such that A is 7'-clopen
(or even just A € Bor(X,7")), then A is r-bianalytic.

(2) If V = L[z] with x C &, then for all k-bianalytic A C X there is a k-additive
fSC topology 7" O 7 on X such that A is 7’-clopen.

Proof. For part (1) observe that since A is 7'-clopen, then by Proposition 1.1.10 both
Aand X \ A are fSC,-spaces when endowed with the relativization of 7’. Therefore
by Theorem 1.4.9 they are in I, and thus x-analytic. If instead of A being 7’-clopen
we just have A € Bor (X, 7'), use Proposition 1.3.1 to further refine 7/ to a suitable
7" turning A into a 7”’-clopen set, and then apply the previous argument to 7" instead
of 7.

We now move to part (2). By Corollary 1.4.8, under our assumption all x-analytic
subsets of X are in [jj. It follows that for every x-bianalytic set B C X there is a
continuous bijection f: C' — X with C' C "k closed and f~!(B) clopen relatively
to C: justfix fo: Cy — Band f1: C; — X\ B witnessing B € I and X \ B € I},
respectively, let C be the sum of Cy and C', and set f = fy U f;. Pushing forward
the topology of C' along f we then get the desired 7’ (the fact that 7/ O 7, follows
again from the continuity of f). O

Corollary 1.4.10 justifies our claim that there might be non-«-Borel sets that can
be turned into clopen sets via a nice change of topology (see item (b) on page 65).
Indeed, when & is uncountable there are rk-bianalytic subsets of “x which are not
k-Borel (see e.g. [65, Theorem 18]), and Corollary 1.4.10(2) applies to them.
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Having extended the notion of a k-analytic set to arbitrary fSCy-spaces, it is
natural to ask whether the deep analysis carried out in [105] can be transferred to
such wider context. Some of the results have already been explicitly extended in this
work, see e.g. Corollaries 1.1.15, 1.3.2, and 1.4.8, which extend, respectively, [105,
Proposition 1.3, Lemma 1.11, and Corollary 1.14]. Other results naturally transfer to
our general setup using the ideas developed so far.

Question 1.4.11. Which other results from [105] hold for k-analytic subsets of arbi-
trary fSCy-spaces? For example, for which fSCy-spaces X is there a closed C C X
which is not a continuous image of the whole "k, or a non-k-Borel set A C X which
is an injective continuous image of “k?

Similar questions can be raised about the analogue of the Hurewicz dichotomy
for k-analytic subsets of “x studied in [104].
We now move to generalizations of the perfect set property.

Definition 1.4.12. Let X be a space. A set A has the x-perfect set property (x-PSP
for short) if either | A| < x or A contains a closed set homeomorphic to *2.

The x-Borel version of the k-PSP would then read as follows: either |A| < &
or A contains a x-Borel set which is k-Borel isomorphic to “2. However, for most
applications it is convenient to consider a slightly stronger reformulation.

Definition 1.4.13. Let X be a space. A set A has the Borel x-perfect set property
(Bor-PSP for short) if either | A| < & or there is a continuous k-Borel embedding
f: 72 — Awith f(*2) € Bor,(X).

By Corollary 1.3.10, if the x-Borel structure of X is standard then the fact that
f(#2) € Bor(X) follows from the other conditions. Notice also that the Bor,-PSP
is in general strictly weaker than the k-PSP. For example, consider the space X = "2
equipped with the product topology. It is a k-perfect SC,-space, hence X itself and
all its open subsets have the Bor,-PSP (see Corollary 1.4.14 below). However, X is
compact: thus its clopen subsets cannot contain a closed homeomorphic copy of the
generalized Cantor space, which clearly is not compact, and thus they do not have
the k-PSP.

In Definitions 1.4.12 and 1.4.13 we are of course allowing the special case A =
X. With this terminology, Theorem 1.2.6 asserts that the xk-PSP holds for all -
additive x-perfect SC-spaces. From this and Proposition 1.1.35, we can easily infer
the following fact, which is just a more precise formulation of [42, Proposition 3.1].
(Of course here we are also using that if 7 is k-perfect, then the topology from the
proof of Proposition 1.1.35 is still k-perfect.)

Corollary 1.4.14. If X is a nonempty r-perfect SCy-space, then there is a continuous
k-Borel embedding from "2 into X (with a k-Borel range, necessarily). In particular,
the Bor,.-PSP holds for k-perfect SCy-spaces.

It is instead independent of ZFC whether the (Borel) k-perfect set property holds
for (k-additive) fSCy-spaces. Indeed, if there is a x-Kurepa tree 17" with < 2"-
many branches, then no x-PSP-like property can hold for [T'] because of cardinality
reasons. On the other hand, in [132] the third author constructed a model of ZFC
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where all “definable” subsets of “x (including e.g. all x-analytic sets and way more)
have the Bor,-PSP: combining Proposition 1.1.35 with Theorem 1.1.21 we then
get that such property holds for arbitrary fSC-spaces and their “definable” subsets.
Indeed, the same reasoning combined with Proposition 1.3.8 can be used to show
that if the Bor,-PSP holds for all closed subsets of, say, ", then it automatically
propagates to all k-Borel subsets of all fSC,-spaces. Moreover, we can even just
start from superclosed sets (equivalently, up to homeomorphism, from x-additive
SCy-spaces). Indeed, if C' = [T] C "k is closed, then arguing as in the proof of
Lemma 1.1.38 we can construct a superclosed set ¢’ = [T”] such that C C (',
|C’| < max{|C|,k}, and all points in C" \ C are isolated in C’. Tt follows that if
the Bor,-PSP holds for C’ then it holds also for C because if f: 2 — C’is a
continuous injection then f(#2) C C (use the fact that %2 is perfect). Summing up
we thus have:

Theorem 1.4.15. The following are equivalent:
(a) the Bor,-PSP holds for superclosed subsets of "k ;
(b) the Bor,-PSP holds for closed subsets of "k
(¢c) the Bor.-PSP holds for all (k-additive) fSC-spaces;
(d) the Bor,-PSP holds for all k-Borel subsets of all fSC,-spaces.

The Borel k-perfect set property for fSC,-spaces has important consequences
for their classification up to x-Borel isomorphisms.

Corollary 1.4.16. Suppose that the Bor,-PSP holds for (super)closed subsets of
“k. If X is an fSCy-space with | X| > k, then X is k-Borel isomorphic to 2. In
particular, any two fSCy-spaces X,Y are k-Borel isomorphic if and only if | X| =
Y.

In particular, if the Bor,-PSP holds for (super)closed subsets of “x then up to
k-Borel isomorphism the generalized Cantor space “2 is the unique fSC,-space of
size > K.

Proof. By our assumption and Theorem 1.4.15, 2 is x-Borel isomorphic to a x-
Borel subsets of X. Conversely, X is x-Borel isomorphic to a x-Borel subset of
®2 by Theorem 1.3.5 and the fact that *2 and “k are x-Borel isomorphic. Thus
the result follows from the natural k-Borel version of the usual Cantor-Schroder-
Bernstein argument. ]

Using the same argument and Corollary 1.4.14 we also get that when restricting
to k-perfect SC,-spaces the conclusions of Corollary 1.4.16 hold unconditionally—
see [42, Corollary 3.7].

When dealing with topological game theory, one often wonders about what kind
of winning strategies the players have at disposal in the given game. In this context,
one can differentiate between perfect information strategies, that need to know all
previous moves in order to be able to give an answer, and tactics, that instead rely only
on the last move to determine the answer. The two notions do not coincide in general:
there are games where a player has a winning strategy, but not a winning tactic. For
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example, [46] describes a topological space where player II has a winning strategy
but no winning tactic in the classical strong Choquet game (see also [109]). Debs’
example can easily be adapted to show that there exists a (non-x-additive) topological
space of weight x where player II has a winning strategy but not a winning tactic in
fGL(X) (orin G (X)), or that there is a x-additive topological space of weight >
with the same property. In contrast, Proposition 1.1.13 implies that for x-additive
spaces of weight < k the two notions of winning tactic and winning strategy can be
used interchangeably.

Corollary 1.4.17. Let X be a k-additive space of weight < k. Then 11 has a winning
strategy in fG5(X) (resp. Gi.(X)) if and only if she has a winning tactic.

Proof. For the nontrivial direction, by Proposition 1.1.13 we can restrict the attention
to (super)closed subsets of “r, so let X = [T'] for some pruned tree ' C <"k. Then
any function o: 7 — 7 that associate to every nonempty open set U C [T'] a basic
open set Ng N [T] C U for some s € T is a winning tactic for II in fGE([7]).
Indeed, the answers N, N [T] of o at every round « are such that s, C sg for any
a < B < k. Hence, if the game does not stop before x-many rounds, then the final
intersection (., N, N [T] is nonempty, since it contains s = | J,_,. o (or any
sequence extendeding s, if s has length < k). A similar argument shows that if 7" is
superclosed, than the tactic described above is winning also for G ([T7). O

For more details about perfect information strategies and tactics, and for some
interesting problems in the field, see for example [131].

In this chapter we generalized metrics by allowing values in structures different
from R. Another possible generalization of metric spaces is given by uniform spaces.
In this context we have a notion of completeness as well, which is however strictly
weaker than the notions we considered so far. Indeed, all G-metrizable spaces of
weight < « (that is, by Theorem 1.1.12, all subspaces of “x) are paracompact and
Hausdorff, and this entails that they are completely uniformizable. It follows that
any non-G% subset of "« is a completely uniformizable space of weight < x which
is not fSC, and, more generally, that the class of completely uniformizable spaces
of weight < k properly extends the class of all x-additive spaces with weight < &
(recall that we are tacitly restricting to regular Hausdorff spaces). Thus by Theo-
rem 2.4.15 such class contains spaces which are not even x-Borel isomorphic to an
fSCg-space (that is, they are not standard «-Borel): this seems to rule out the possi-
bility of developing a decent (generalized) descriptive set theory in such a generality.
Nevertheless, from the topological perspective it would still be interesting to know
whether this property also extends the class of non-x-additive fSC-spaces or at least
SCy-spaces.

Question 1.4.18. Is every fSC,-space completely uniformizable?



Chapter 2

Generalized Polish spaces at
singular cardinals

2.1 Preliminaries

Throughout the chapter, we work in ZFC. If not specified otherwise, x and x will
always denote regular infinite cardinals, and A an arbitrary infinite cardinal. In gen-
eralized descriptive set theory, usually one furthermore assume that A is a cardinal
of cofinality . and satisfies 2<* = \. This assumption implies that A<# = X, and
if A is singular, it also implies that X is strong limit (the converse is trivial). While
we will often use (some, or all) these further assumptions, we (try to) specify each
time if we need to require something more from A and p (other then being infinite
cardinals, and p being regular). We do not assume a priori that A is singular, but
singular cardinals will be our main focus, as for regular cardinals most results just
follow from Chapter 1.

2.1.1 Topology

All topological spaces in this work are assumed to be regular and Hausdorff, unless
otherwise specified.

Recall that a topology on a set X is a subset 7 C Z(X) that contains both ()
and X and that is closed under arbitrary unions and finite intersections. Sets from 7
are called open, while sets of the form X \ O for O € 7 are called closed. A set
is called clopen if it is both closed and open. A topology is Hausdorff if every two
distinct points z,y € X can be separated by open sets, i.e. there are U,V € 7 such
thatz € U,y € Vand U NV = (). A topology is called regular if for every x € X
and U € 7 open neighborhood of z there is V' € 7 such that x € V C cl(V) C U,
where cl(V) = ({X\O | O € 7,O0NV = (0} denotes the closure of V. A
local basis of a point x € X is a family B C 7 such that for every U € 7 open
neighborhood of x there is B € B such that x € B C U. Usually, we tacitly assume
that x € B for every B € B when we say that B is a local basis for . A basis
for the topology is a family B C 7 such that for every x € U and for every U € 7
open neighborhood of x there is B € B such that z € B C U. The weight w(X)
a topological space (X, 7) is the smallest size of a basis for 7. A subset Y C X
is called dense (in X) if cl(Y) = X. The density d(X) of (X, 7) is the smallest
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size of a dense subset Y C X. A topology 7 is called zero-dimensional if it admits
a basis made of clopen sets. It is called p-additive if it is closed under < p-sized
intersections. Given two families .4 and B of subsets of X, we say that .4 refines B
if for every A € A there is B € B such that A C B. A family U of subsets of X is
called a cover of X if (JU = X. U is called locally finite if for every = € X there
is U € 7 such that U intersect finitely many elements of I/. A topology is called
paracompact if every open cover U/ can be refined into a locally finite open cover. A
topology is called Lebesgue zero-dimensional' if every open cover I/ can be refined
into a clopen partition of X. Clearly, if a space is Lebesgue zero-dimensional, it is
also paracompact.

The following notable lemma will frequently be used without giving an explicit
reference to it.

Lemma 2.1.1 ([87, Lemma 2.1]). Suppose X and Y are T topological spaces with
bases A and B, respectively, and there is a bijection f: A — B such that (\F = ()
if and only if ( f[F] = 0 for every F C A. Then X andY are homeomorphic.

Recall that given topological spaces (X, 7,) for v < 6, the space | |, 5 Xq is
the disjoint sum of the X,,’s equipped with the smallest topology that makes each X,
clopen: aset U C | |, 5 Xq is open if and only if U N X, € 7, for all @ < §. Given
a cardinal ¢’ < 4, the ¢’-supported topology on [ ], _ 5 Xo is the topology generated
by the sets of the form [ ], 5 U, where each U, is open in X, and U, = X, for all
but < ¢’-many « < .

2.1.2 \-Borel spaces

Given an infinite cardinal 1 and a nonempty set X, an n-algebra on X is a collection
2 of subsets of X which is closed under complements and unions (hence also inter-
sections) of size < 7). A basis for 4 is a collection .of of subsets of X such that £ is
the smallest n-algebra containing .7; equivalently, & is obtained from .7 by closing
it under complements and unions of length < 7. The n-algebra 2 separates points
if for all distinct 2,y € X there is B € A such thatx € Bandy ¢ B.

Call a pair (X, %) a \-Borel space if 2 is a \T-algebra on X which separates
points and admits a basis of size A\. The elements of Z are then called A\-Borel sets
of X. If (X, %) is a A\-Borel space and Y C X, then setting # [ Y = {BNY |
B € A} we get that (Y, % | Y) is again a A-Borel space. If (X, %) and (X', #')
are \-Borel spaces, we say that a function f: X — X’ is A\-Borel (measurable)
if f71(B) € % forall B € #'. A \-Borel isomorphism between (X, %) and
(X', %) is a bijection f such that both f and f~! are A-Borel; two A\-Borel spaces
are then \-Borel isomorphic if there is a A-Borel isomorphism between them. Fi-
nally, a A\-Borel embedding f: X — X’ is an injective function which is a A-Borel
isomorphism between (X, %) and (f(X), %' | f(X)).

Notice that every Ty topological space (X, 7) of weight A can be seen as a \-
Borel space in a canonical way by pairing it with the collection

BOI’)\(X, 7')

!This notation differs from part of the literature, where a space is called Lebesgue zero-dimensional
if every finite open cover of X can be refined to a clopen partition of X. There, spaces where every
open cover of any size can be refined to a clopen partition are usually called ultraparacompact spaces.
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of all its A\-Borel subsets, i.e. with the smallest A" -algebra generated by its topology.
(We sometimes remove 7 from this notation if clear from the context.) If not specified
otherwise, we are always tacitly referring to such A*-Borel structure when dealing
with A-Borel isomorphisms and A-Borel embeddings between topological spaces.

The set Bory (X, 7) of A-Borel subsets of (X, 7) can be stratified as follows. Set
A-E(X,7) =7andfor1 < o < AT set

A-20(X,7) = {UA

<A B<a

5(X,7) foralli < )\}

Setalso \-TIO (X, 7) = {X\A | A € \-22(X,7)}and \-A% (X, 7) = A\-Z0 (X, 7)N
A-TIC (X, 7). As usual, the reference to X or to 7 (or both) might be omitted if they
are clear from the context. An easy computation shows that if (X, 7) is regular and
has weight < A forall 1 < a < 3 < AT

AE(X, 7), VI (X, 7) € A-AY (X, 7) € A-SY(X, 1), AIIG (X, 7)
and

Bon(X,7)= |J »=5(X.n)= [J rOx,n) |J rAayX 7).

1<a<At 1<a<At 1<a<t

Given a set A € Bor) (X, 7), its (A\-Borel) rank is the smallest 1 < o < A" such
that A € \-30,(X, 7) UX-IIQ(X, 7), and is denoted by rank(A) or rank x ,(A) if
we want to specify the ambient space we are working in. Notice that if Y C X is
endowed with the relative topology 7 [ Y, then forall 1 < o < A"

A0V, 7 1Y) ={ANY | Ac \-X(X,7)}

and
ALY, 7 1Y) ={ANY | A€ \I0(X,7)}.

In particular, for every A C X we have rank(y,-1y)(ANY) < rank x )(A).
When A\ = w, it is customary to just speak of Borel spaces, Borel sets, Borel
functions, and so on, removing A from all the notation and terminology.

2.1.3 Trees

We recall here some of the basic notions about trees and partial orders from previous
chapter and from the literature.

Let (T, <t) be a partial order, and denote by <t the strict part of <p. Two
elements s and ¢t of T are comparable if s <y ¢ or ¢t >7 s, and incomparable
otherwise. A chain is a linear suborder of T, and a branch is a maximal chain.
We denote by Br(T) the set of all branches of T. For every ¢ € T, we denote by
sucer(q) = {p € T | ¢ <t p} and predp(q) = {p € T | p <r ¢} the set of
successors and predecessors of ¢ in T, respectively. We say (T, <) is wellfounded
if every subset A C T has a minimal element, i.e. an element ¢ € A such that
pred4(t) = 0. Given a well-founded partial order T, recursively define Lev, (T)
to be the set of minimal elements of T \ (Jz_,, Levg(T). The height htr(q) of an
element ¢ in T is the unique « such that ¢ € Lev,(T). The height of T is defined
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as the smallest ordinal « such that Lev, (T) = (), and it is denoted by ht(T). Given
a branch b € Br(T), we can define the height of b as htp(b) = sup{htr(q) + 1 |
g € b}, and denote by Br,(T) the set of branches of T of height a.. Notice that
ht(T) = sup{htr(d) | b € Br(T)}.

We say that (T, <) is a tree if (pred(q), <t | pred(q)) is a well-order for every
q € T. In particular, this implies that (T, <) is wellfounded. Notice also that every
sub-order of a tree is a tree as well. The elements of a tree are usually called nodes.
Given s € T, the localization of T at s is the subtree Ty C T with domain

Ts = {t € T | t is comparable with s}.

Given g € T, we denote by immsucc(q) the set of immediate successors of ¢, i.e. the
set of <-minimal elements of succ(q). Annote g € T is called a leaf if succ(q) = 0.
We say that T is d-closed if it has no branch of height . We say T is <d-closed (resp.,
<d-closed) if it is a-closed for any o < § (resp., o < §). We say that T is weakly
pruned if it has no leaf (or, equivalently, if it has no branch of successor height).
We say that T is splitting if | immsucc(q)| # 1 for every ¢ € T, that is, for every
node g € T either it is a leaf or it has at least two distinct immediate successors;
given a cardinal 6 > 1 we also say that T is J-splitting if | immsucc(q)] = ¢ or
| immsucc(q)| = 0 (i.e. g is a leaf) for every ¢ € T. We say that a tree T is normal
if pred(q) = pred(p) implies p = ¢ for every p,q € T whose length is not a
successor. (This includes the case in which the length is 0 and implies that Levg(T)
is a singleton.) We say that T is balanced if all branches have the same height;
necessarily, such height coincides with ht(T), thus being balanced is equivalent to
being <d-closed for § = ht(7"). We say that T is pruned if it is weakly pruned
and every node of T belongs to a branch of height ht(T). Finally, we say that T is
superclosed if it is (weakly) pruned and <d-closed for § = ht(T"); equivalently, a
tree is superclosed if and only if it is <d-closed for 6 = ht(7") and it has limit height.

When T is a tree, the set of branches Br(T) of T is also called complete body of
T and denoted by [[T]].. The body [[T]] C [[T]]. of T is the set

[[T]] = {b € [[T]le | htr(b) = ht(T)}.

Notice that while [[T]]. # 0 for all nonempty trees T, if ht(T) is limit we might
have [[T]] = 0 even if T # (). Notice also that a tree T is superclosed if and only if
[[T]] = [[T]]. and ht(T) is limit.

Of particular interest are the so-called trees of sequences. Given an ordinal v and
a nonempty set A, we denote by 7A the set of all sequences of length  and values
in A, and we also set <74 = |J,., “A. Given s € <7A, the length lh(s) of s is
the unique ordinal @ < « such that s € “A. We write s C t to say that s is an
initial segment of ¢, that is, 1h(s) < lh(¢) and s(5) = t(B) for every 8 < 1h(s).
For every t € T and o < 1h(¢), we denote by ¢ | « the unique s C ¢ of length «.
The concatenation between two sequences s,t is denoted by s~ ¢, and to simplify
the notation we write s~ a and a~ s instead of s~ ¢ and ¢~ s, respectively, when
t = (a) is a sequence of length 1. By definition, every subset of 7' C <74 is a
tree when equipped with the initial segment (or inclusion) relation C: such trees are
called tree of sequences. We do not require in general that 7" is closed under initial
segments, thus length lh(s), which is independent of 7', and height ht(s), which
instead heavily depends on 7', need not to coincide for a node s € T
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Fix an ordinal v and a nonempty set A. Given a tree of sequences T' C <7A,
define the boundary §(T') of T as the set of all those sequences s € =7 A such that
t ¢ T forevery s C t € <7A and T is cofinal in the set of C-predecessors of s, i.e. for
every o < lh(s) thereis p € T with s [ & C p. The complete body [[T]]. = Br(T)
of T' may be canonically identified with the set

{s € 6(T) | Ih(s) is a limit ordinal, or lh(s) = a+ 1 and s(a) = a}, (2.1.1)

where a is a fixed element of A. (When A is an ordinal as well, we canonically set
a = 0.) More precisely, each branch b € Br(7T’) can be identified with | b if ht7(b) is
limit, and with (| b) ~ @ otherwise. With a small abuse of terminology and notation,
the set in (2.1.1) will again be called complete body of T" and denoted by [[T]].. Also
the notion of body [[T']] of T' can be adapted accordingly, the advantage being that
in this way both [[T]]. and [[T]] consist of sequences of elements of A instead of
sequences of sequences. Notice however that for arbitrary trees of sequences 1T' C
<7A the body [[T']] needs not to be a subset of 74, and might consist of sequences of
different length (but same height with respect to the tree 7).

A descriptive set-theoretic (DST for short) tree is a tree of sequences T' C <7A
which moreover is downward closed under C, i.e. s [ « € T forevery s € T
and o < 1h(s). Equivalently, a tree of a sequences 7" is a DST tree if and only if
lIh(s) = htp(s) for every s € T. In the case of DST trees, when writing 7' C <74
we often tacitly assume that 7" has height . Notice that by such convention, if
T C <7A is a DST tree with ~y limit its body is a subset of YA (in contrast to what
happens for an arbitrary tree of sequences) and can be described as

([T]|={zx € A |Va<~y(xaeT)}.

Thus we recover the classical notion of body for DST trees considered e.g. in [93] for
v = w and in [6] for ~y an arbitrary infinite cardinal. For this reason, when 7" is a DST
tree we simply write [T'] instead of [[T]], as customary in the literature; accordingly,
we also set [T, = [[T]]..

The following are well-known facts showing how trees, trees of sequences and
DST are closely related to each other. In particular, trees and trees of sequences are
one and the same, up to isomorphism, while DST trees correspond to normal trees.

Proposition 2.1.2. Let (T, <t) be a tree, let v = ht(T), and set 9 = |T|.

(1) If T is normal, then it is isomorphic to a DST tree T C <79 with ht(T) =
ht(T).

(2) If T is not normal and y is limit, then T is isomorphic to the subtree T' =
Ua<, Levat1(T) of a DST tree T C <79 with ht(T') = ht(T). If v is succes-
sor; then a similar result holds with T C <719 and ht(T) < ht(T) + 1.

Proposition 2.1.3. Let v be a limit ordinal. For every tree of sequences T C <7A
there is a normal tree of sequences T' C <7A such that ht(T") < ht(T) + 1 and
ht(T") = Wt(T) if the latter is limit, T C T', T and T" are C-cofinal in each other
(hence [[T]]. = [[T']]c and [[T)] = [[T"]]), and T and T" share the same properties
in the following list: being -closed for § < -y, being weakly pruned, being balanced,
being splitting, being pruned (if Wt(T') is limit), being superclosed.
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2.1.4 Trees and topology

The (complete) body [[T]]. = Br(T) of a tree T can be given a natural topology,
namely, the one generated by sets of the form

NT = {be [Tl | g € b}

for ¢ € T. Subspaces X of [[T]]., including the notable case X = [[T]], are endowed
with the relative topology, which is generated by the sets Né( e N?IT N X. When
T C <7A is a tree of sequences, using our identification of [[T]].. as a subset of <7A
the sets in the above basis can be construed as NI = {t € [[T]]. | s C t} fors € T,
and similarly for NX with X C [[T]].. The above topology will be called bounded
topology. This is because taking v = x with k > w regular and either A = &
and T = <Fr,or A = 2 = {0,1} and T' = <"2 we recover the usual generalized
Baire space “x and generalized Cantor space “2, whose topology is usually called
“bounded topology”, which so far played a central role in the literature on generalized
descriptive set theory (for regular cardinals).

When A is any cardinal of cofinality cof (\) = p, the rightful generalizations of
the Cantor and Baire spaces become respectively:

(a) the generalized Baire space
EX={z|xz:p— A},
with its bounded topology;
(b) the generalized Cantor space
A ={z|z: )= 2},
with its bounded topology;

The assumption 2<* = )\ ensures then that *2 has weight A and (since it implies also
the weaker assumption A<# = )) that the space #\ has weight \.

These spaces are particular instances of spaces of the form YA with - a cardinal,
again tacitly endowed with the bounded topology: such spaces will in general be
dubbed spaces of sequences, and they are crucially involved in the current chapter.
In these particular cases we often write N instead of N3< A

The following is a well-known fact (see e.g. [87] or Theorem 3.8 of [121] and
the preceding paragraphs).

Fact 2.1.4. The following are equivalent:
1. )\ is weakly compact.
2. A2 is A-Lindeldf.
3. 2<* = X and *2 is not homeomorphic to #\.

In particular, for all singular cardinals satisfying 2<* = X the generalized Cantor
space and the generalized Baire space are homeomorphic.

A simple but crucial fact which easily follows from the definitions of (complete)
body and bounded topology is the following.
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Fact 2.1.5. Let Ty, Ts be trees, and suppose that f: T; — T be an isomorphism.
Then the map sending each branch of T; to the corresponding branch of Ty through
f is a homeomorphism between the (complete) bodies of T; and Ts.

Notice that Fact 2.1.5 passes to subtrees: if f: T; — To and T/ is a subtree of
T, then f | T is an isomorphism between T} and the corresponding subtree of T,
so it canonically induces a homeomorphism between the (complete) bodies of such
subtrees.

Every set X C =7A canonically induces a DST tree

Ty ={zla|lze X ANa<lh(z)}. (2.1.2)

Notice that for every DST tree T C <7A we have Ty, = T, while Tjpp = T'if
and only if T is pruned. Conversely, for every X C YA we have that [T'x] C YA is
the closure of X in YA (where the latter, being the body of <7A, is equipped with
the bounded topology described above), and T'x is the unique pruned DST tree such
that X is dense in [T'x|. In particular, for any tree T C <7A and X C 7A set
By = {NY |seT}. Then Bf C Bjp, U {0}, and thus B} is a basis for X if
and only if B%%TX is as well.
We also notice that following key fact.

Fact 2.1.6. Let y be limit, X C YA, and let " C T'x be a (non necessarily DST)
pruned tree. Then Br = {NX | s € T'} is a basis for X if and only if X C [[T7].
If we instead consider non-pruned trees 7' C T'x, then the equivalence becomes:
Br = {N{ | s € T} is a basis for X if and only if

(i) X' C [[T]], where X" is the Cantor-Bendixson derivative of X consisting of all
its accumulation points, and

(ii) for every isolated point z € X there is s € T with N¥ = {z}.

If v > wis limit, not every (pruned) DST tree is < §-closed. It follows that there
are closed sets X C 7A such that T’x is not superclosed. A concrete example when
~ is an uncountable cardinal and A = 2 is the following:

X)={ze2|[{a<y|z(a) =0} < R} (2.1.3)

The above discussion shows that it makes sense to call a closed subset C C 7A
superclosed (in the bounded topology on 7A) if C' = [T"] for some superclosed DST
tree T C <7A.

2.1.5 Games

A game G of length p played by two players I and II is a tuple (A, R, W) where A
is the set of possible moves for the two players, R C A< is a weakly pruned DST
tree called set of legal positions (meant to be the set of positions that can be reached
if both players respect the rules of the game), and W C §(R) is the payoff set, i.e.
the set of positions which assign the victory to I. The two players alternatively pick
elements of A, with I moving first at the beginning and at all limit stages. Thus during
a run of the game the players will increasingly construct sequences p € <A, called
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positions; a position is legal if p € R. If p = (pg | f < 27) € <FA is a position
of even length, we will sometimes write it as p = (x4, Yo | @ < 7) where z,, is I's
move at round « (i.e. x4 = pag) and y,, is II’s reply on that round (i.e. yo = P2a+1)-
Both players are required to respect the rules, i.e. if a position p is reached after
his/her last move (in which case lh(p) is a successor ordinal), then p € R whenever
p | lh(s) =1 € R. A run of the game ends when a position p € d(R) is reached:
then I wins if and only if p € W. A strategy for II is a function o: <*A — A
which tells him/her what to play next. More precisely, given such a ¢ and a sequence
r = (rq | @ < 7) € <FA (to be interpreted as a sequence of moves of I), we
canonically get a position of length 2 setting

r+xo=(ro,o(rla+1)|a<n~).

We say that r is compatible with o if (rxo) [ 5 € Rforall 8 < 2v; the strategy o is
legal if moreover rxo € R whenever -y is a successor ordinal and 7 is compatible with
o. Notice that in order to define a legal strategy o for I1, it is enough to define it on all
sequences r which are compatible with o. (The other values of ¢ are totally irrelevant,
as they will never be reached in an actual run of the game where both players are
following the rules and II is following o.) This will be tacitly used throughout the
rest of the chapter. A strategy o for player II is called tactic if its value on a sequence
r = (ro | @ <y+1) € <*A only depends on v and r., (i.e. the round and the
last move of I). Each tactic o can be thus canonically identified with a function
o': Ax u — A obtained by setting o’(a,~y) = b if and only if o(r) = b for some/any
r € 7HA with ry = a. A strategy (or tactic) for II is winning if 7 x o ¢ W for all
r € <FA compatible with o such that » x ¢ € §(R). We say that II wins the given
game G if (s)he has a winning strategy in it. Strategies and tactics for I are defined
similarly.

2.1.6 Generalized metrics
Consider a totally ordered” Abelian group
G= <G7 +G, OGa §G>a

and let <g denote the strict part of <g. Given a set X, a G-metric is a function
d: X? — G satistying the usual rules of a distance function, i.e. for all 7,7,z € X

* 0g <g d(z,y) and d(z,y) = Og if and only if z = y
* d(z,y) = d(y,x)
* d(l’, Z) <G d(.%‘, y) +c d(y7 Z)

A G-ultrametric (or non-Archimedean G-metric) is a G-metric where the triangle
inequality holds in the following stronger form:

* d(l’, Z) < maXSG{d(xvy)7d(ya z)}

2This means that the order <g is linear and translation-invariant (on both sides).
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Notice that G-ultrametrics do not depend on the operation +¢ of G, and thus could
be defined also for structures G = (G, 0g, <¢) without an operation +g or, equiv-
alently, replacing the operation +¢ with max<, (which does not result in a totally
ordered group, though: we will elaborate on this later on).

Every G-metric space (X, d) is naturally equipped with the (d-)topology gener-
ated by its open balls

By(z,e) ={y € X | d(z,y) <g ¢},

where x € X ande € GT = {g € G | 0 <g g}. If X is already a topological
space, we say that the G-metric d is compatible with the topology of X if the latter
coincides with the d-topology. A topological space is called G-(ultra)metrizable if
it admits a compatible G-(ultra)metric.

Call degree of G the coinitiality Deg(G) of the positive cone G with respect
to <g. By definition, Deg(G) is a regular cardinal p. Canonical examples of totally
ordered Abelian groups G, of degree u > w are the real line R if 4 = w, and
the group [, ,Z (with pointwise sum and lexicographic order) if 4 > w. The
degree of G determines many topological properties of a G-metrizable space. For
example, every point of a G-metrizable space over a totally ordered Abelian group
G of degree p is either isolated, or it has a local basis of size < u well-ordered by
reverse inclusion. In particular, this implies that G-metrizable spaces are divided into
classes depending on the degree of G, with discrete spaces being the only spaces
that can be metrizable over structures of different degrees. It also implies that every
G-metrizable space is Deg(G)-additive (see also Lemma 1.1.19). For this reason, a
topological space is called pu-metrizable if it admits a compatible G-metric for some
totally ordered Abelian group G of degree Deg(G) = p. Similarly, a topological
space is called p-ultrametrizable if it admits a compatible G-ultrametric for some
totally ordered Abelian group G of degree Deg(G) = p.

While the definition of G-metric could be stated for any structure G with a binary
operation +¢, a constant Og, and a binary relation <g, not every possible choice
would give a class of topological spaces that is suitable for our purpose. For example,
if we allow G to vary among all totally ordered Abelian monoid, we get the class of
semimetrizable spaces, that is too wide for us. The problem lies in the fact that there
exist totally ordered monoids G where the set {z +¢ v | =,y € G} is bounded away
from Og, making trivial the triangle inequality. Nevertheless, if we avoid this problem
we can extend the definition of metrizability even further.

Let G = (G, +¢,0c, <g) be a totally ordered pointed semigroup, i.e. +¢ is a
binary associative (but not necessarily commutative) operation, Og is a singled out
element of GG (but, despite the notation, not necessarily the neutral element of +¢,
which might not exist), and <g is linear and translation invariant. =~ For example
we can take any linear order (G, <g), pick any element Og € G, and then equip
the resulting structure it with the binary operation max<,. This setup allows us
to formally define G-(ultra)metrics and G-(ultra)metrizable spaces as before, and
also the degree Deg(G) of G can be defined accordingly. A totally ordered pointed
semigroup G is said Og-continuous if for all sequences (r, | @ < <) coinitial in
Gt = {9 € G| 0g <g g}, we have that (r,, + 74 | @ < =) is still coinitial in
G™. A canonical example of Og-continuous totally ordered pointed semigroup with
degree p is given by ({Og} U p, max<.,0g, <g), where for all o, 5 € p we set



CHAPTER 2. GDST AT SINGULAR CARDINALS 83

0g <g aand a <g B if and only if o > 3; such a semigroup will be denoted by S,,.
Notice also that if G is actually an Abelian group with Og as neutral element, then it
is automatically Og-continuous, hence we are strictly enlarging the class of structures
used to define generalized metrics.

Recall that we have set G, = Rand G, = [], u Z (for p > w) as canonical
examples of totally ordered Abelian groups of degree u, and that g is always assumed
to be a regular cardinal.

Theorem 2.1.7 ([ 126, Theorem 2]). Let X be a topological space. The following are
equivalent:

(1) X is p-metrizable, i.e. X is G-metrizable over some totally ordered Abelian
group G of degree y;

(2) X is G-metrizable over some Og-continuous totally ordered pointed semigroup
G of degree p;

(3) X is G, -metrizable.

This shows that once the regular cardinal p is fixed, there is some flexibility
in choosing the structure G to define a corresponding (generalized) metric. In par-
ticular, if needed we can always restrict the attention to totally ordered Abelian
groups (which simplifies some computations), or even just to the canonical groups
G,. Notice however that sometimes it is useful to consider structures that are not
necessarily groups, e.g. when considering G-ultrametrics. Indeed, in this case it is
more natural to look for semigroups: even if G = (G, +¢, 0g, <) were a group,
a G-ultrametric is precisely a G'-metric for the Og-continuous pointed semigroup
G’ = (G,max<,0g, <g), and viceversa. The use of semigroups also allows us to
distinguish p-ultrametrizable spaces inside the class of pu-metrizable spaces as those
spaces that are G-metrizable for every Og-continuous totally ordered pointed semi-
group of the right degree (Corollary 2.2.55). This must be contrasted with item (2) in
Theorem 2.1.7, where the quantification over semigroups is only existential. Never-
theless, it must be pointed out that this distinction is relevant only in the case u = w,
where e.g. the space R space is (w-)metrizable but not (Q-metrizable and hence not
(w-)ultrametrizable; in all other cases u-metrizability and p-ultrametrizability actu-
ally coincide (Theorem 2.2.1).

A canonical example of p-(ultra)metrizable space is the following.

Example 2.1.8. Let  be an infinite regular cardinal, G be any Og-continuous totally
ordered pointed semigroup of degree p, and let (r, | a < p) be coinitial in G™.
Consider the space #A. Then the function

_J0g ifz=y
de,y) = {ra ifr(a) Zy(la)andz [a=y | « @19

is a G-ultrametric compatible with the bounded topology on #A.
Similarly, if cof (\) = p and (A\q)a<y, is a strictly increasing sequence of ordinals
cofinal in ), then the function

Og ifz=
dz,y)=4 ¢ 7Y (2.1.5)
ra fx[AaFyldgandz [Ag=y [ Agforall § <«
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is a G-ultrametric compatible with the bounded topology on *A for any set A (and
in particular, on *2).

2.2 Characterizations of ;i-metrizable spaces

In this section we provide various characterizations of (u-)metrizability. The litera-
ture about y-metrizability is wide, and several notions have been proven equivalent to
it. We collect here the most relevant to us, like Nagata-Smirnov bases and tree bases,
and introduce some new ones, most notably the one originating from the p-uniform
local basis game.

The ultimate goal of this section is to prove the following theorem, where as usual
1 1s an infinite regular cardinal (countable or uncountable).

Theorem 2.2.1. Let X be a (regular Hausdorff) topological space.
(1) The following are equivalent:

(a) X is p-metrizable;

(b) X is a p-additive NSi-space;

(c) X is a p-additive NS,,-space;

(d) X is a p-additive, paracompact, p-uniformly based space.

(2) The following are equivalent:

(a) X is p-metrizable (and Lebesgue zero-dimensional, if n = w);
(b) X is p-ultrametrizable;

(¢) X is a p-additive space with a clopen NSLQ)-basis;

(d) X is p-additive and pi-tree-based;

(e) X is p-additive, p-uniformly based and Lebesgue zero-dimensional.

If moreover X has weight < X for some cardinal )\, then the above conditions
are equivalent to

(f) X is homeomorphic to a subspace of *\;
and if i = cof () also to
(g) X is homeomorphic to a subspace of *2.

In particular, when . > w then all the above items (a)—(d) from part (1) and (a)—(g)
from part (2) (under the appropriate assumptions on \) are equivalent to each other.

The proof will be given in Section 2.2.5. The symbol NS stands for Nagata-
Smirnov: NSELQ)—bases and NSEE)—spaces are studied in Section 2.2.1. Tree bases are
instead studied in Section 2.2.2. Finally, the property of being p-uniformly based,
which to the best of our knowledge is new, is introduced in Section 2.2.3 through
a corresponding topological game. These properties are all automatically present in
every space of weight < p (under the additional assumption of p-additivity for p-

metrizability, and of p-additivity plus Lebesgue zero-dimensionality for u-tree-basis,
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unconditionally for all the other notions). Thus their presence becomes relevant only
when we look at spaces of weight > p like we do in generalized descriptive set
theory on a singular cardinal A\ > cof(\) = p, but they become trivial, for example,
in descriptive set theory on a regular cardinal.

It is worth noticing that on the way of proving Theorem 2.2.1, we also provide
a new characterization of (classical) metrizability, namely: A (regular Hausdorff)
space X is metrizable if and only if it is paracompact and w-uniformly based (Theo-
rem 2.2.39). The relevance of this result, in comparison with the existing metrization
theorems, is briefly discussed at the beginning of Section 2.2.3.

Some of the results of this section already appeared in literature, although in a
very sparse way and sometimes in weaker or substantially different forms. To give
some examples:

* the equivalence among items (a), (b) and (c) in Theorem 2.2.1(1) is proved
in [119, 141, 21] for 4 = w and [137, 84] for ;4 > w, but in the latter case
item (c) involves only NSj-spaces rather than NS/;-spaces;

* the equivalence among items (a), (b) and (c) in Theorem 2.2.1(2) is proved
in [44] for p = w and [137] for p > w, but again item (c) is limited to NS;‘Z—
bases rather than NSZ—bases;

e [121, Theorem 3.3] essentially proves the equivalence among items (a), (b), (d)
and (f) in Theorem 2.2.1(2), but although a posteriori this shows that if ;1 > w
item (c) of Theorem 2.2.1(1) is equivalent to item (d) of Theorem 2.2.1(2), the
known proofs always artificially pass through p-metrizability: in contrast, in
Proposition 2.2.29 we provide a direct link between the two concepts for p-
metrizable spaces.

While proving the new results, namely the addition of item (d) in Theorem 2.2.1(1),
of items (e) and (g) in Theorem 2.2.1(2), and the various strengthenings of the known
results mentioned above, we will provide a complete self-contained presentation of
the subject in a way that should be accessible to readers without a deep knowledge in
general topology. In particular, we will reprove (with a few exceptions) in a simpler
and more direct way the known statements from the literature that we actually need,
and track back definitions and results in the literature with the appropriate references
when possible.

2.2.1 Nagata-Smirnov bases

In classical descriptive set theory, one restricts the attention to second-countable topo-
logical space. For these spaces, metrizability can be characterized as follows:

Theorem 2.2.2 (Urysohn metrization theorem). Let X be a second countable topo-
logical space. Then, the following are equivalent:

(a) X is regular Hausdorff.

(b) X is metrizable.
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Analogously, in generalized descriptive set theory for uncountable regular cardi-
nals u the main focus is on topological spaces of weight < 1 (see Chapter 1). In this
context, the following Sikorski’s Metrization Theorem 2.2.3 can be seen as an ana-
logue of the Urysohn Metrization Theorem 2.2.2 for this class of spaces. Recall that
by convention . is a regular® cardinal, and notice that the requirement on y-additivity
is implicit in Urysohn’s theorem, as in that case ;1 = w and w-addivity holds for all
topological spaces.

Theorem 2.2.3 ([139, Theorem (viii)-(X)]). Let X be a topological space of weight
< u. Then, the following are equivalent:

(a) X is regular Hausdorff and p-additive;
(b) X is u-metrizable;

These theorems do not extend to u-metrizable spaces of weight greater than p, as
there are regular Hausdorff spaces of uncountable weight that are not metrizable, and
regular Hausdorff p-additive spaces of weight > u that are not p-metrizable.

The most famous characterization of metrizable spaces holding unconditionally
is Nagata-Smirnov metrization theorem (see [119, 141] and its variant by Bing [21]),
and its generalization to u-metrizable spaces is given by [137]. In those theorems, the
crucial condition is the existence of a particular basis for the topology. A family F of
subsets of a topological space X is said locally <d-small if every point x € X has a
neighborhood U that intersects less than J-many elements of . This way, a locally
<w-small family is precisely a locally finite family. A locally <2-small family is
usually called discrete family.

Let B be a basis of a topological space X, and &, y be cardinals. We say that B is
a (0,~)-Nagata-Smirnov basis (or NSi-basis) if it can be written as B = |J,_, B;
where each B; is locally <d-small. The family {B; | i € v} is called a (4, )-Nagata-
Smirnov cover (or NSfY-cover) for B. Notice that if Bisa NSi—basis with NS‘ff—cover
{B; | i € v} and B’ C B is a another basis, then 5’ is still a Nsty—basis as witnessed
by the NSg—cover {B;NB' | i€~} Thusif Bisa NS‘fY—basis for a space X of weight
< )\, without loss of generality we can assume that |B| < \.

Definition 2.2.4. Let §,y be cardinals. A (regular Hausdorff) topological space is
called a (J,y)-Nagata-Smirnov space (briefly, N Si-space) if it has a ng—basis.

For ease of notation and terminology, when § = ~ we simply speak of y-Nagata-
Smirnov spaces (or NS, -spaces), NS, -bases, and NS -covers. Notice that if v/ > ~
and &' > ¢, then every NSi—space is also a Nstyl,—space. We are now ready to state
the Bing-Nagata-Smirnov Metrization Theorem.

Theorem 2.2.5 ([119, 141, 21]). For any topological space X the following are
equivalent:

(a) X is a regular Hausdorff NSi—space;

(b) X is a regular Hausdorff NSy -space;

3The restriction to regular cardinals is due to the fact that if 77 is a singular cardinal, then n-additivity
coincides with ™ -additivity, and thus the only n-additive spaces of weight < 7 are the discrete ones.
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(¢) X is metrizable.

This result was later generalized to p-metrizability: again, the key ingredient to
be added when p > w is p-additivity. (Again, the case u = w is already covered by
Theorem 2.2.5 because w-additivity comes for free: the genuinely new result is about
the case when p is uncountable.)

Theorem 2.2.6 ([ 137, Theorem 6] and [84, Theorem 2.2]). For any topological space
X the following are equivalent:

(a) X is a regular Hausdorff p-additive NSi-space;
(b) X is a regular Hausdorff ji-additive NS -space;
(¢c) X is u-metrizable.

Notice that every basis B = {B, | a < u} of size p trivially admits {{B,} |
a<p}asa NSi—cover. Thus, all spaces of weight < 1 are in particular NSZ—spaces.

Remark 2.2.77. Every (regular Hausdorff) space of weight < pis a NSZ—space.

In particular, Theorems 2.2.5 and 2.2.6 extend Theorems 2.2.2 and 2.2.3, respec-
tively, to spaces of weight > .

In classical descriptive set theory, an important dividing line in the class of Polish
spaces is given by zero-dimensionality (in the sense of small inductive dimension).
Recall that a topological space X is zero-dimensional if it admits a basis consisting
of clopen sets. Since Polish spaces are second-countable, this is equivalent to requir-
ing that X be Lebesgue zero-dimensional, i.e. every open cover of X can be refined*
to a clopen partition of X. However, when we move to spaces of uncountable weight
the two concepts are no longer equivalent: Lebesgue zero-dimensionality implies
zero-dimensionality, but the converse, in general, is not true, as there are even com-
plete metric spaces that are zero-dimensional but have Lebesgue covering dimension
1 (see Roy’s space [129]). As observed e.g. in [52], in order to have a decent (gener-
alized) descriptive set theory the correct notion to be considered is the stronger one,
namely Lebesgue zero-dimensionality. This is due to the following phenomenon. In
view of Theorem 2.2.5, a zero-dimensional metrizable space has a NS;-basis as well
as a clopen basis: it is thus natural to ask if one can have a single basis which is both
(w,w)-Nagata-Smirnov and consists of clopen sets. It turns out that this precisely
corresponds to being Lebesgue zero-dimensional.

Theorem 2.2.8 ([44]). Let X be a topological space. The following are equivalent:
(1) X is metrizable and Lebesgue zero-dimensional.
(2) X is ultrametrizable.
3) X hasa NSL(,JQ)—basis consisting of clopen sets.

In particular, Roy’s space [129] is an example of an (w-additive) zero-dimensional
NS;-space which does not admit a NS-basis of clopen sets (since it has Lebesgue
covering dimension 1).

“Recall that a family .A refines a family 1 if for every A € A there is B € B such that A C B.
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Moving to p-metrizability for an uncountable y, the situation radically changes.
Since p-metrizable spaces are p-additive and the latter implies zero-dimensionality
when cof (1) > w, every pu-metrizable space is zero-dimensional; but actually this
can be improved to Lebesgue zero-dimensionality using the following notion and
results.

Definition 2.2.9. Let §, -y be cardinals. A topological space X is (, v)-paracompact
if every open cover of X can be refined into a subcover which is the union of v-many
locally <¢§-small families. As a shortcut, we use the term y-paracompact for (-, 1)-
paracompact.

Thus w-paracompactness is just the usual notion of paracompactness, which is a
notable conseguence of metrizability. Clearly, every NS‘EY—space is (9, y)-paracompact.
Notice also that if X is (4, v)-paracompact and &’ > 8,7 > ~, then X is also (¢',7/)-
paracompact.

It is well known that a space is (w, w)-paracompact if and only if it is paracom-
pact. In the uncountable case, even more is true.

Proposition 2.2.10 ([10, Theorem 3.4]). Let § be a regular uncountable cardinal,
and let X be a d-additive space. The following are equivalent:

(1) X is (6,6)-paracompact.
(2) X is paracompact.
(3) X is Lebesgue zero-dimensional.
Proposition 2.2.11. Let pn > w. Every u-metrizable space is Lebesgue zero-dimensional.

Proof. Let X be p-metrizable. By Theorem 2.2.6, X is a (u-additive) NS/-space,
hence it is (w, p)-paracompact, and thus also (u, u1)-paracompact. Setting 6 = p in
Proposition 2.2.10 we are done. O

As for the possibility of having a basis that is simultaneously Nagata-Smirnov
(for the appropriate parameters) and made of clopen sets, Shu-Tang [137] showed
that if 1 > w then every p-metrizable space has a NS;/-basis consisting of clopen
sets. In what follows, we are going to prove in a very direct way a slightly improved
version of this statement. We will use the following simple observations.

Fact 2.2.12. Let ¢ and ~y be cardinals.

(1) The union of finitely many locally <J-small families of (open) subsets of X is
again locally <§-small. Similarly, if v < cof(d) and X is a ~y-additive topo-
logical space, then the union of <~+-many locally <¢§-small families of (open)
subsets of X is again locally <d-small.

(2) Every NSg—basis B admits a NSi—cover {Ba | @ < «} with the property that for
every finite subset I C - there exists j < 7 such that | ;. B; C B;. Indeed,
let {F,, | @ < v} be an enumeration of all finite subsets of -, and fix any NS‘;—
cover {Bj, | a < 7} of B. Then each |J;c . B; is again locally <¢-small, so
that we can define a new NSf/—cover of B with the desired property by setting
Bo = Uier, B; foreach o < 7.
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(3) Similarly, if p < cof(d) is a cardinal such that v = ~, and X is pT-additive,
we can assume that the same is true for all subsets of ~y of size p, that is: Every
NSi—baSis B of X admits a NSff—cover {Ba | @ <~} such that for every F' C ~y
of size p we have | J;. B; € B; for some j < 7.

(4) Finally, if 6 = + is regular and X is J-additive, then every ng—basis of X
admits a ng—cover {By | @ < 6} suchthat B, C Bg foralla < g < 4. (If
not, just replace each B, with Uz‘g o Bis)

Definition 2.2.13. Given a family .4 of open subsets of a topological space (X, 7)
and a point x € X, define the set CN(A, =) of complemented .A-neighborhoods of
x by setting

ON(A,z) ={Ac A|z e AAU{X\cl(A) | Ac AAa ¢ cl(A)).

When needed, we write CN (.4, ) to make explicit that closures in the definition of
CN(A, z) are computed relatively to the topology 7.

Lemma 2.2.14. Let ¢ be a cardinal. Let X be a §-additive space, and let A be
a locally <d-small family of open subsets of X. Then for every x € X the set
(N CN(A, z) is open.

Proof. Fix x € X. Given y € [|CN(A,x), we want to find some open set O
such that y € O C [ CN(A,z). Let U be an open neighborhood of y such that
U={Aec A| ANU # (0} has size < . Define

B={AcU|zecAU{X\cl(A) | AcUNz¢cl(A)} C ON(A,z).

We claim that O = U N (B works. Since |B| < |[U| < § and X is J-additive,
the set O is open, and clearly y € U N (B because (|CN(A,z) C () B: thus
we only need to show that O C [(CN(A,xz). Since y € [(CN(A,z), for every
A € A we have that either A € U, orelse x ¢ Aand U C X \ cl(A). Given an
arbitrary C' € CN(A, x), we have two cases. Either C = A for some A € A with
x € A, in which case by the previous observation we can conclude A € I/ and hence
O CNBCC. Orelse C = X \ cl(A) for some A € A with x ¢ cl(A), and
hence by the previous observation either A € & and O C (B C C again, or else
OCUCX\cl(4) =C. O

Lemma 2.2.15. Let X be a topological space, and let A be a family of clopen sets.
Then {(N\CN(A, z) | x € X} is a partition of X.

Proof. Observe that’ z € () CN(A, x) forevery x € X, hence such sets form a cover
of X consisting of nonempty sets. If for some z,y € X we have [|CN(A,x) #
(N CN(A,y), then CN(A,z) # CN(A,y), andinturn {A € A |z € A} # {A €
A | y € A} because A consists of clopen sets. Suppose without loss of generality
that there is A € A such that x € A and y ¢ A: since A is clopen, X \ cl(A) =
X\ A€ CN(A,y),and so CN(A,z) N(CN(A,y) = 0. O

Lemma 2.2.16. Let §,v > 2 be cardinals and let X be a )-additive NSi-space. The
following are equivalent:

*When A = () we have CN(A, z) = () as well, hence () CN(A, z) = (| = X by convention.
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(@) X hasa ng—basis consisting of clopen sets.
®) X hasa NS?Y-basis consisting of clopen sets.

(c) X has a basis which is a y-sized union of clopen partitions {B,, | o < ~v}.

Furthermore, if § = -y is regular, then the above conditions are also equivalent to the
following:

(d) X has a basis which is a union of clopen partitions {B,, | o < v} such that Bg
refines B, for every a < 3 < .

Proof. The implications (d) = (c¢), (c) = (b), and (b) = (a) are obvious. We simul-
taneously prove (a) = (¢) and (a) = (d) (under the extra cardinal assumption). Let
B’ be a NSﬁsy—baSis of clopen sets with cover {B), | @ < v}. If § = ~ is regular,
we may further assume that B/, C B;ﬁ for every o« < B < v by Fact 2.2.12, which
implies that () CN(Bj,x) € (CN(B,,z) for every + € X. By Lemmas 2.2.14
and 2.2.15, setting B, = {(1CN(B,,z) | = € X} and B = [, ., Ba We get the
desired basis. O

Proposition 2.2.17. Let §,y be a uncountable cardinals with § regular. Suppose that
at least one of 6 = v and v* = ~y holds. Let X be a d-additive NSﬁsy-space. Then X
has a NS?Y-basis D consisting of clopen sets.

Proof. Let B be a NSﬁsy—basis for X with NSg—cover {Bs | @ < ~v}. By Fact 2.2.12
and our assumptions on J and -, without loss of generality we may assume that for
every family A C B of size w there is o < «y such that A C B,,. Let

Co = {ﬂA ‘ ACB A A =wnr[A= ) cl(A)},
AcA
and set Dy = {(1CN(Cq,z) |z € X} and D =, .,
is a clopen partition of X and that D is a (N Si-)basis.
Since X is at least w;-additive, by definition each set in C, is clopen, hence by
Lemma 2.2.15 each D, is a partition of X and its elements are closed: we want to
show that they are open as well.® Since each B3, is locally <§-small, for every o < ~y
and x € X the set [ CN(B,, x) is open by Lemma 2.2.14.

Claim 2.2.17.1. (JCN (B, z) € () CN(Cq, z).

D,. We claim that each D,,

Proof of the claim. Indeed, fix any B € C,, and a countable family .A C B, witness-
ing this, and recall that B is clopen. We distinguish two cases, according to the defi-
nition of CN(Cy, x). If 2 € B = [ A, then we have x € A for every A € A and so
(N CN(By,x) € [).A = B by construction. If instead = ¢ cl(B) = B, then there is
A € Asuchthatz ¢ cl(A)because B = (1) 4 4 cl(A), hence X \cl(A) € CN(Bq, x)
for such A and

(NCN(Ba,z) € |J (X \cl(4)) =X\ [] cl(4) = X\ B.
AcA AcA
This finishes the proof of the claim. 0

®Notice that we cannot directly apply Lemma 2.2.14 because the family C,, might not be locally
<d-small if there is p < § such that p* > 4.
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Fix any (| CN(C,,x) and a point y in it. Since y € [(CN(Cqa,y) and D,, is a
partition of X, it follows that (| CN(Cq, z) = () CN(C4, y). By the claim, the open
set O = [CN(By,y) is such thaty € O C [(CN(Cq,y) = CN(Cq, ). Since y
was arbitrary, this shows that [ CN(C,, ) is an open set, as desired.

So it remains to prove that D is a basis for X (and hence, in particular, a NSZ—
basis for X). Consider any nonempty open set O C X and an arbitrary point x € O.
We want to find o < «y such that z € ([JCN(Cqy, ) € O. Using the regularity of
the space X, define a family A = {U; | i < w} C B of basic open sets such that
x € cl(Uit1) C U; C O for every @ € w. By assumption, since |A| = w there is
a < v such that A C B,, and furthermore (A = [, 4 cl(A) by construction.
Hence, (A € C,, and since z € [].A C O then z € [|CN(Cq,z) C O as well and
we are done. O

In general, if § < ¢’ < y then being a NSi’—space is (strictly) weaker than being
a NSZ—space. In particular, considering NS ,-spaces is more general than considering
just NS} or NSi—spaces. In contrast, the previous result shows that if © > w is
regular, then for p-additive spaces all these notions coincide and we can thus get rid
of the parameter 6.

Corollary 2.2.18. Let X be a pi-additive topological space. Then X is a NS,-space
if and only if it is a NSi-space for some/any 2 < § < p.

This slightly improves Theorem 2.2.6, where the parameter § was allowed to vary
only between 2 and w, and thus provides a better analogue of Theorem 2.2.5 for an
uncountable ;. Another interesting consequence is that when p > w we always
have a NSi—baSis consisting of clopen sets as soon as the space is p-metrizable,
which gives the desired strengthening of another theorem of Shu-Tang from [137],
the difference being that now we can get a clopen NSi—baSis instead of a clopen
NS“lj—basis. This should be contrasted with the case 1 = w, where a (w-)metrizable
space has a N'S,,-basis of clopen sets if and only if it is Lebesgue zero-dimensional
(Theorem 2.2.8), which in such setup is a nontrivial requirement.

Corollary 2.2.19. Let i > w and X be a p-metrizable space. Then X has a NSELQ)—

basis consisting of clopen sets.

Notice that Proposition 2.2.17 strengthens the mentioned Shu-Tangs’s theorem [137]
also in the direction of requiring potentially less additivity. For example, suppose that
©¥ = p and that the space X is at least wi-additive: then X has a clopen NSi—basis
as soon as it has a NS};-basis. (Notice that together with p-additivity the latter yields
to p-metrizability, the original Shu-Tang’s hypothesis, by Theorem 2.2.6: however,
here the space needs not to be p-additive if p > wy.)

Finally, using Lemma 2.2.16 we further get the following strengthening of Corol-
lary 2.2.19.

Corollary 2.2.20. Let > w and let X be a p-metrizable space. Then X has a basis
which is a pi-sized union of clopen partitions {Ba, | o < pu} such that Bg refines By,
forevery a < B < p.

Of course, a similar result hold for 4 = w if we further require that X be
Lebesgue zero-dimensional.
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2.2.2 Tree bases

Topological spaces admitting a basis that form a tree under the reverse inclusion
relation O have been introduced and studied for the first time by Kurepa [99, 100].
Later, this notion has been recovered and studied thanks to its deep connections with
non-Archimedean spaces and ultrametrics (see e.g. [121]).

Definition 2.2.21. A tree basis for a topological space X is a basis B3 such that () ¢ BB
and (B, D) is a tree; the height of 13 is the height of (B3, D) as a tree. We say that X
is tree-based if (it is regular Hausdorff and) it admits a tree basis. Moreover, if 7 is
an ordinal we say that X is y-tree-based if it admits a tree basis of height < ~.

Notice that a basis contained in a tree basis is still a tree basis. It follows that if X
has a tree basis B and has weight < ), then there is tree basis B’ C B with |B/| < A.
With a little abuse of notation, we often denote the tree (13, D) by B because in this
context the tree-relation is fixed and there is no danger of confusion.

Proposition 2.2.22. Let X be a Hausdorff topological space, and let B be a tree
basis for X. Then

(1) the tree B is splitting;
(2) if U,V € B are D-incomparable, then U NV = ();
(3) every U € B is clopen, hence X is regular;

(4) for every x € X the family B(x) = {B € B | x € B} is a branch through B
and is a local basis of x, hence (\B(x) = {x};

(5) conversely, if A C B is a branch through B and (| A # (), then A = B(z) for
a (necessarily unique) x € X.

Proof. (1) Pick any U € B. If U is a singleton, then it is obviously a leaf in the
tree 5. If instead |U| > 1, then it must have at least one D-immediate successor
) #V € B because otherwise X would not even be Ty. Pick y € U \ V.
Consider a D-minimal element in {W € B | W 2 U Ay € W}, which is
nonempty because X is Hausdorff: it is a D-immediate successor of U different
from V, hence we are done.

(2) Suppose that U NV = (). Since B is a basis and U NV is open, there is W € B
such that W C U NV, hence both U and V belong to pred(W) in the tree B:
it follows that they must be D-comparable by definition of tree.

(3) If U € B is a singleton, then it is trivially closed because X is Hausdorff and
we are done. Assume now that |[U| > 1, and pick any x € cl(U): we want
to show that x € U. By case assumption, there is y € U with y # z. Fix
V € Bsuchthatz € V buty ¢ V. Since x is a closure point of U, it follows
that V N U # () and hence either U C V or V C U by item (2). But the first
alternative is violated by y, hence we get x € V' C U, as desired.

(4) The fact that B(x) is a chain follows from item (2). Maximality follows instead
from item (3). Indeed, let V' € B\ B(X). Since V is clopen, by regularity there
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isU € Bsuchthatz € UandU NV = (), sothat U € B(x) and U and V are
D-incomparable. This means that V' cannot be added to B(z) in order to build
a larger chain. The fact that B(x) is a local basis of x trivially follows from its
definition.

(5) Let z € [).A. Then by definition A C B(z), and since A is a maximal chain
then A = B(x). O

It turns out that the converse to Proposition 2.2.22(2) is true as well. By [121,
Theorem 2.9], X is a tree-based topological space if and only if X has a basis where
every two basic open sets are either disjoint or comparable with respect to inclusion
(i.e. Bis a so-called non-Archimedean basis). Furthermore, Proposition 2.2.22 easily
allows us to relate p-metrizability and tree bases.

Proposition 2.2.23. A space X is p-ultrametrizable if and only if it is p-additive and
p-tree-based.

Proof. If d is a G-ultrametric on X, then all points in an open ball By(x,¢) are
centers of it, and hence any two given open balls that do not intersect have to be
comparable with respect to inclusion. It follows that if Deg(G) = p as witnessed by
a strictly decreasing sequence (1, | o < p), then B = {By(z,70) | x € X N < p}
is a tree basis for X of height < u. Moreover, as already observed in Section 2.1.6,
p-additivity follows from p-(ultra)metrizability.

Conversely, assume that X is p-additive and that B is a tree basis of height < .
Given a < prand z € X, let B, (x) be the unique B € Lev,(B) such that x € B if
such a B exists, otherwise B, (z) is undefined. By p-additivity, a point x is isolated
in X if and only if some B,(z) is undefined, and in this case there is a maximal
a < p such that B, (z) is defined. Let G be any totally ordered Abelian group with
Deg(G) = u, and let (r,, | @ < p) be strictly decreasing and cofinal in G*. Given
distinct z,y € X, set d(x,y) = 74 if and only if @ < p is smallest such that both
B, (x) and B,(y) are defined and B, (x) # B, (y). Using Proposition 2.2.22 and
the observation above, it is easy to verify that d is a well-defined G-ultrametric on
X. Moreover By(z,74) = Bo(z) if the latter is defined, while if B, (x) is undefined
then z is isolated and By(z,r,) = {x}. O

Proposition 2.2.22(3) also implies that a tree-based space is zero-dimensional.
This can be strengthened as follows.

Proposition 2.2.24. Let X be a Hausdorff space with a tree basis B. Then X is
Lebesgue zero-dimensional in the following strong sense: Every open cover A of X
can be refined to a clopen partition C consisting of basic open sets (i.e. C C B).

Proof. Without loss of generality, we may assume A C B, so that its elements are
clopen by Proposition 2.2.22(3). Let z € X. Let A, € A be the D-minimum ele-
ment of A such that z € A,: we claim that C = {A, | z € X} C A works. The
only nontrivial part is showing that the elements of C are pairwise disjoint. But if
Ay, Ay € C are such that A, N Ay # 0, then A, C A, or A, C A, by Propo-
sition 2.2.22(2). Suppose the former: if the inclusion were proper, then A, would
contradict the minimality of A, because v € A, C A, € A. The other case is
similar. O
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Proposition 2.2.22(4) easily yields to the following useful lemma from [121],
which may be viewed as a very weak form of additivity within the tree bases.

Lemma 2.2.25 ([121, Theorem 2.3]). Let B be a tree basis for a Hausdorff space X,
and let A C B be arbitrary. Then either (| A is open, or (| A = {x} for some x € X
and A is a local basis of x (i.e. B is an ortho-base).

Proof. Tf (. A = () we are done, so suppose this is not the case. By definition, for
every z € (| Awehave A C B(x). If Ais D-cofinal in B(z), then (A = (" B(z) =
{z} by Proposition 2.2.22(4) and we are done. The remaining case is when A is not
D-cofinal in B(z) for every x € [].A. But then by linearity of B(x) for every such x
there is U € B(x) such that U C V for every V' € A, hence [].A is open. O

Among tree-based spaces, we find all spaces of the form YA and their subspaces.
Indeed, let X C YA and T C <7VA be atree: if By = {NZ | s € T'} is a basis for X
and () ¢ Bp (see Fact 2.1.6 and previous paragraph), then is actually a tree basis of
height < ~. Moreover, in this case 7" is isomorphic to Br if and only if 7 is splitting.

Fact 2.2.26. For every tree T, the complete body [[T]]. is a tree-based space, while
the body [[T]] is a d-additive d-tree-based space for § = cof (ht(T)).

In particular, for every (limit) ordinal v and non-empty set A, the space 7A with
bounded topology is a d-additive, d-tree-based for & = cof (ht(T)).

Conversely, we are now going to observe that tree-based spaces can always be
construed as subspaces of [[T7]]. for some tree of sequences 7' C <7A. First, notice
that Proposition 2.2.22(4)—(5) easily yields to the following.

Lemma 2.2.27. Let B be a tree basis for a Hausdorff space X. Then the map x —
B(x) is a homeomorphism between X and the subspace Y C [[B]]. given by

Y = {Ae (B[40}

Indeed, by definition of bounded topology the above homeomorphism maps each
B € B to the basic open set Ng and viceversa, so it is an isomorphism between B3
and the canonical basis for the bounded topology on Y C [[B]]. (viewed as trees).
Further applying Proposition 2.1.2 to the tree (B3, 2) we then get:

Corollary 2.2.28. Let v be a limit ordinal. Let X be a space with weight < )\, and
assume that X is ~y-tree-based. Then there is a tree T C <7\ (isomorphic to (B,2))
such that X embeds into [[T]]..

When X is p-additive for an uncountable p, admitting a tree basis of height
< u provides yet another reformulation of being a NS,-space, and hence of p-
metrizability.

Proposition 2.2.29. Let X be a p-additive space with j1 > w. Then X is a NS,-
space if and only if it is p-tree-based.

Proof. One direction easily follows from Proposition 2.2.17 and Lemma 2.2.16. For
the other direction, let B be a tree basis of height < p. Setting X, = |JLev,(B),
every point x € X \ X, is isolated because the branch B(z) has length < a < p
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and hence (| B(z) = {x} is open by p-additivity. Thus by Proposition 2.2.22(2) the
family
By ={{z} |z € X\ Xo}ULevy(B),

is a clopen partition of X, and {B, | o < u}isa NS,(E)—cover of B. O

Corollary 2.2.30. Let n > w and X be a topological space. Then X is u-metrizable
if and only if it is p-additive and p-tree-based.

As usual, similar results hold if 4 = w and X is assumed to be Lebesgue zero-
dimensional. In particular, by Remark 2.2.7 we get also the following.

Corollary 2.2.31. Every regular Hausdorff (Lebesgue zero-dimensional if n = w)
p-additive space of weight < (i is u-tree-based.

Remark 2.2.32. In the above results, both p-additivity and the fact that the tree basis
has height < p are necessary: if 4<# = p, the lexicographic topology on #2 gives
a zero-dimensional NS,,-space which is not tree-based (cf. Proposition 3.3.2), while
Propositions 2.5.1 and 2.5.2 show tree-based spaces (either not p-additive or with
tree bases of height > ) that are not N'S,,-spaces.

Proposition 2.2.33. Let X be a u-additive u-tree-based space of weight < \. Then
X is homeomorphic to a subspace Y of M )\.

Proof. By Corollary 2.2.28 we can assume that X C [[T]]. for some tree 7' C <H\.
By p-additivity, all elements of X N <#X are isolated in X. Given s € <K\, let
5”0 denote the unique sequence = € “\ such that s C z and z(a) = 0 for all
o >1h(s). Then Y = (X N #A\) U {s~ 0 | s € X N <H\}, viewed as a subspace
of #), is homeomorphic to X. O

By regularity of u, Proposition 2.2.33 can obviously be reversed: every subspace
of ) is p-additive, u-tree-based, and has weight < A<#.

2.2.3 Games and p-uniformly based spaces

Two of the most important consequences of metrizability (besides regularity and be-
ing Hausdorff) are paracompactness and first-countability. Many theorems true for
metrizable spaces need only these two conditions (or even just one of them). How-
ever, these two conditions alone are not enough to grant full metrizability, as shown
e.g. by the Sorgenfrey line. We are going to show that what is missing is just a
uniform version of first-countability (Definition 2.2.34), a condition defined through
a suitable topological game that is hidden in metrizability and its equivalent refor-
mulations considered so far (existence of NS,,-bases or of tree bases). Interestingly
enough, all definitions and results work well also for p-metrizable spaces, so we will
not distinguish between the cases 4 = w and ;z > w in the discussion below.

Let X be a topological space. The p-uniform local basis game is a game of
length p (see Section 2.1.5) of the form

I | ‘xo T v Ty
I | Vo Vi v,
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At each round a < p, player I picks a point x, € X, and player II replies with an
open set V, containing . At the end of the run, player II wins if either [, u Vo =
0, or {Vy | @ < p} is alocal basis of a point of X; otherwise I wins. Notice that
when X is at least 77, if II has won the run of the game and (), i Vo # (), then
Na<y Vo = {z} for the (necessarily unique) x € X of which {V,, | @ < p}isa
local basis. Notice also that if at some round o < yu player I plays x4 & cl((5-,, V),
then II can easily wins by playing X \ cl((5, V3)-

Definition 2.2.34. A topological space is p-uniformly based if player II has a win-
ning strategy in the corresponding p-uniform local basis game.

The following easy observation shows that we can always assume that the strat-
egy for II in the p-uniform local basis game only picks basic open sets from any
prescribed basis.

Lemma 2.2.35. Let X be p-uniformly based and B be any basis for X. Then player
IT has a winning strategy o in the p-uniform local basis game G on X such that
ran(o) C B.

Proof. Let ¢’ be a winning strategy for IT in G. For every r € <FX of successor
length with last element x € X, pick any B € B such that x € B C ¢/(r) and set
o(r) = B. We claim that o is still winning. Pick any b € #X. If the intersection
Na<p @ [ (a+1)) # 0is non-empty, then also (), , o’(b [ (a +1)) # 0 because
o(b ] (a+1)) Co'(b | (a+1)). Since ¢’ is winning, then {o’(b | (a+1)) | @ < u}
is a neighborhood basis of some point z € X, and (,.,0'(b [ (a +1)) = {z}. It
follows that (., o(b [ (o« + 1)) = {z} too, and that {o(b | (¢ +1)) | < p}isa
local basis of x as well. O

It is clear that If X is p-uniformly based, then every point of X has a local
basis of size at most p. But the p-uniform local basis game is introduced to mimic
a stronger property that is common to all y-metrizable space, namely, the fact that
every pu-sequence of open sets with vanishing diameter is a local basis of some point
of the space, if its intersection is not empty. (In particular, all ;-metrizable spaces are
p-uniformly based.) The latter property is strictly stronger than just having a local
basis of size p at every point, see for example Proposition 2.5.1.

We first show that the existence of NS ,,-bases or of tree bases is enough to ensure
that the space is p-uniformly based.

Proposition 2.2.36. Suppose that X has a NS,-basis B. Then X is p-uniformly
based and (., j1)-paracompact.

Proof. The fact that the NS,,-space X is (u, it)-paracompact follows from the com-
ment after Definition 2.2.9, so let us prove that it is also p-uniformly based. Let
{Ba | o < p1} be a NS ,-cover for B, and for every z € X and a < p fix a canonical
neighborhood U (z, ) of  such that {B € B, | BNU(z,a) # 0} has size < p.
By Fact 2.2.12(4), without loss of generality we may assume that B, C Bg for every
a < B < p. For ease of notation, for every B € Bset B = B and B! = X \ cl(B).

We want to define a strategy o for player II. Let (V,, | a < ) be the sets played
by II up to a certain round ~y, and suppose that I just played a point z.. Without

loss of generality, we can assume that 2, € cl([,, Va). as otherwise II would win
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by playing X \ cl((,~, Va) on round ~. In particular, we can assume that V' # 0.
Moreover, if {V,, | @ < ~} is already a local basis for 2, € X, then II could just
play X from that point on and win the run, so we can assume that this is not the case.
This means that there is B € B such that 2, € B and V,, ¢ B for every a < 7.

Let 6(7y) < p be the smallest ordinal for which there are i, € {0, 1} and B, € By,
satisfying z, € Bfﬂ and V,, ¢ B? for every o < v (this is well defined by case
assumption), and let II reply with V, = BY' N U, where U, = U(x.,(7)). This
concludes the definition of o.

We claim that o is a winning strategy for II. Let (x4, Vo | @ < p) be arun in the
p-uniform local basis game where II followed o. Suppose towards a contradiction
that (Vo | o < p) is not winning for II, so that in particular V' = (,_, Vo # 0.
Then, by definition of o we must have z, € cl((,, Va) and {Vo | @ <~} isnota
local basis for z.,, for every v < p. Solet 6(v), i, € {0,1}, B, € By, and U, be

as in the definition of o, and recall that V., = Bfﬁ NUs,.
Claim 2.2.36.1. Bg # B and B, NUg # D forall § < v < p.

Proof of the claim. First assume, towards a contradiction, that Bg = B,. If ig = i,
then By = BY, and thus V3 = By’ N U C BY, contradicting the choice of BY
in defining o. If instead ig # i, then Bgﬁ N Bf] = (), and thus also V3 NV, = 0,
contradicting V' # (). This shows that Bz # B,

Now suppose towards a contradiction that B, NUg = (), so that c(B,) NUg = 0
because Up is open, and hence Ug C X \ cl(B,). If i, = 1, then we would again

have Vg = B;B NUg C Bi”, in contrast with the definition of o. If instead i, = 0

then Uz N BY = (), hence we have again V NV, = {, contradicting V # (). Thus
B, NUg # 0, as desired. O

Pick any z € V = (), 4 Va. Since o is not winning, there is a basic open
neighborhood O € B of z such that V,, ¢ O for every v < p. Since the space is
regular, we may find a basic O’ € B such that z € O" C cl(0O’) C O. Let @ be such
that both O and O’ belong to By.

Claim 2.2.36.2. §() < a for every v < p.

Proof of the claim. The sets O and X \ ¢l(O’) form a (open) cover of X, and thus
z belongs to one of the two sets. Furthermore, for every @ < p we have that
Vo € X\ cl(O') (since x € V,, while z ¢ X \ cl(O')) and V,, € O (by the choice
of O). Therefore, independently of I's choice of z at round , by definition of §(~)
we must have §(y) < a. O

For every § < &, let Ig = {v < p | 6(y) = B}. By Claim 2.2.36.2, u =
Up<a - Since pu is regular and & < p, there is B < @ such that [ 15| = p: let ¥ be
the smallest ordinal in /3. By Claim 2.2.36.1 and the fact that Uy = U(z5,6()) =
U (x5, B) intersects less than u elements of B, we have

w=105l = By |y € I} <1+ {B € By | BAU; 0} < p,

a contradiction. O
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As a corollary, by Remark 2.2.7 we get the following.

Corollary 2.2.37. Every (regular Hausdorff) space of weight < p is p-uniformly
based and (., j1)-paracompact.

Proposition 2.2.38. Let X be a space with a tree basis B of height < p. Then X is
w-uniformly based and ((j, pt)-)paracompact.

Proof. By Proposition 2.2.24 the tree-based space X is Lebesgue zero-dimensional,
hence paracompact; let us prove that it is also p-uniformly based. Without loss of
generality, we may assume that X € 3. We define a strategy o for II as follows. Let
(T, Vo | @ < ) be a partial play in the p-uniform local basis game on X such that
V. € B forevery a < -y (this will be granted by our definition of o), and suppose that
player I has played a point 2., on the next round. Notice that the set V' =" . V, is
closed because each set in B is clopen by Proposition 2.2.22(3), thus we can assume
that 2, € V (otherwise II wins by playing X \ V). We distinguish two cases.

Case 1 if thereis B € Bsuchthatz, € B C V,seto((zo | a < 7)) = B;
Case 2 otherwise set o((z, | @ < 7)) = X.

This concludes the definition of o.

We claim that ¢ is a winning strategy for player II. Indeed, assume that we have
Na <u Vo # (), where the V,,’s are II’s moves at the end of a run in which (s)he
followed o. If Case 2 never occurred along the run, then by definition of ¢ the V,,’s
form a strictly C-decreasing chain of basic open sets in B3, and by definition they all
belong to B(x) for some/any x € ), Vo By regularity of 1z and the fact that 5 has
height < p, this implies that B(x), which by Proposition 2.2.22(4) is a local basis for
x, has length p, and that the V,,’s are D-cofinal in B(x). It follows that {V,, | & < pu}
is a local basis for z, as desired. Suppose now that v < p is least such that Case 2
occurs, and let V' = (1, < Va: recall that V' is non-empty by assumption. First, if
V = {x} is open of size 1, then there is § < ~ such that V3 = {z} (since we are in
Case 2), and so {V3} and thus {V,, | @ < p} are already a local basis of the point
x. If this is not the case, then V' can not be open, as otherwise, we could find U € B
with z, € U C V because X is Hausdorff, contradicting the fact that we are in Case
2. Thus, by Lemma 2.2.25 applied to A = {V,, | @ < 7} we can conclude that A is
already a local basis of x-, and hence so is {V,, | a < pu}. O

Notice that in tree-based spaces, player II need not to have a winning tactic in the
p-uniform local basis game: see Proposition 2.5.2 and the ensuing corollary.

We are now ready to prove our new metrization theorem. Because of its rele-
vance, we single out the classical case ¢ = w, and deal with the uncountable case
4 > w in a separate theorem.

Theorem 2.2.39. A topological space X is metrizable if and only if it is regular
Hausdorff, paracompact and w-uniformly based.

Proof. 1t is well known that every metrizable space is (regular Hausdorff) paracom-
pact, and it is w-uniformly based by Theorem 2.2.5 and Proposition 2.2.36 (or di-
rectly by letting II play open balls of vanishing diameter with respect to a compatible
metric).
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For the reverse implication, in view of Theorem 2.2.5 it is enough to show that
if X is (regular Hausdorff) paracompact and w-uniformly based, then it has a NS-
basis. Suppose o is a winning strategy for player II in the w-uniform local basis game
G on X. We recursively define locally finite open covers {B,, | n < w} of X, aDST
tree T C X <% (all of whose branches are to be intended as sequences of moves of
player I in a run of (3), and a surjection

f: UByn—=T\0, Brrp

n<w
satisfying the following properties (for all n < w):
(1) f[By] =TN""1X =Lev,1(T);

(2) for every B € B,, the sequence rg € T N "X is such that B C ANo(rp)
for some A € B,,_; with f(A) = rp | n, where if n = 0 we set B_; = {X}
and f(X) = 0.

Notice that the last condition implies that for every B € B,, and for every i < n + 1
there is A € B;_1 such that f(A) =rp [ iand B C A.

Start with n = 0. The family B, = {o({z)) | = € X} covers X because
x € o((z)) by the rules of G and = € X is arbitrary. Using paracompacteness, find
a locally finite open refinement By of Bj,. For every B € By, choose some x  such
that B C o((zp)), and set g = (xp). Finally, let Lev,(T) = {rp | B € By}.

Given now an arbitrary n < w, suppose that 53;, Lev;1(7), and f | B;: B; —
Lev;+1(T) have been defined for every ¢ < n in accordance with our constraints. Let

1 ={ANo(ra”z)| Ae B, Nz € A}.

It is a cover of X because B,, is a cover of X, and for every z € X and A € B, such
that z € A we have x € AN o(r4a” z) by the rules of G. As before, let B, be
a locally finite open refinement of 8], 41 Foreach B € B, choose A € B,, and
x € Asuchthat BC ANo(ra”xz),setrg =ra” x, and let Lev,42(T) = {rp |
B € B,,41}. All desired conditions are trivially met by the previous construction.

We claim that B = | J,,, Br is a basis for X (and hence a NS,,-basis, as desired).
Given any z € X and an open neighborhood V' of it, define

T(z) ={0} U{r € T\ {0} | € B for some B € By,()_ with f(B) =r}.

The set T'(x) is actually a DST subtree of T, since if r € Lev,41(T(z)) and
B € B,, witness this (so that in particular x € B), then by the comment after con-
dition (2) we have that B C A for some A € B;_1 withrq = r [ i,hencex € A
and A itself witnesses that r [ i € T'(z). Every level of T'(z) is finite because
fYLevyy1(T(x))] = {B € B, | + € B}, which is finite because B,, is locally
finite. Moreover, ht(7'(x)) = w because each B,, covers of X. By Konig’s lemma
there is an infinite branch b = (z,, | n < w) € [T'(x)]. By construction and condi-
tion (2), z € (e, Bn € pew 0(b [ (n+1)), where each B,, € B,, is a witness of
bl (n+1) € T(x). Since o is winning in G , the family {o(b [ (n+1)) | n < w}is
a local basis for a point, which necessarily is x itself. Thus sois {B,, | n < w} C B,
which means that x € B,, C V for some n < w and we are done. ]
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As a simple consequence of Theorem 2.2.39, it might be worth noticing that being
w-uniformly bases is enough (together with being regular Hausdorff) to characterize
metrizability within the class of Lebesgue zero-dimensional spaces.

Corollary 2.2.40. Let X be a (regular Haudorff) Lebesgue zero-dimensional space.
Then X is metrizable if and only if it is w-uniformly based.

We now move to the generalized case and prove an analogous result when p is
uncountable. In this setup, the proof can be slightly simplified because for p-additive
spaces the notion of (1, u1)-paracompacteness is equivalent to the apparently stronger
conditions of being paracompact, or even being Lebesgue zero-dimensional.

Theorem 2.2.41. Let X be a topological space and v > w. Then the following are
equivalent:

(1) X is u-metrizable;
(2) X is (regular Hausdorff) p-additive, p-uniformly based and (., p)-paracompact.

Moreover, in item (2) we can equivalently replace (ju, j1)-paracompactness with para-
compactness or with Lebesgue zero-dimensionality.

Proof. Recall that a u-metrizable space is always p-additive, and since we assumed
i > w it is also Lebesgue zero-dimensional (Proposition 2.2.11), and hence para-
compact and (u, pt)-paracompact. Moreover, it is y-uniformly based: this can easily
be seen directly, or by passing through Theorem 2.2.6 and Proposition 2.2.36.

We now show that (2) implies (1). By Proposition 2.2.10 we can assume that
X is Lebesgue zero-dimensional. (Indeed, the same proposition also justifies the
additional statement in the theorem.) Let o be a winning strategy for player II in
the p-uniform local basis game G on X. By Corollary 2.2.30 and the fact that we
already have p-additivity by hypothesis, it is enough to show that X has a tree basis
B of height < p. The basis B will be defined by recursively constructing clopen
partitions B, of X, for o < p, so that Bg refines B, for every a < 3 < p: then,
once we ensure that B = | J,, . . Ba is abasis for X one can see that it is actually a tree
basis with respect to the relation O. The B, ’s are defined recursively, simultaneously
constructing a function f: B — X such that for every v < ppand B € B,

B Co((f(Ba) | a <)), 2.2.1)

where B, = B and B, is the unique set in B,, satisfying B C B,

First define B, = {o({z)) | x € X}, and let B be a clopen partition refining 5],
given by Lebesgue zero-dimensionality. For every B € By, choose = € X such that
B C o({x)), and set f(B) = x.

Now suppose we have defined B, and f | B, for all @ < + so that (2.2.1)
is satisfied up to that point. For every z € X, let B,(z) be the unique element
of B, containing z, and let 7, = (f(Ba(7)) | a < )" z. Let B}, = {o(rz) N
(o<~ Ba(z) | € X} itis an open cover of X by p-additivity. Let B, be a clopen
partition refining B/, given by Lebesgue zero-dimensionality. For every B € B,,
choose z € X suchthat B C o(r;)N( ), Ba(z) and set f(B) = x. This concludes

the construction of B =, " B, and f.
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It remains to show that B is a basis for X. Pick an arbitrary x € X, and set
7y = (f(By(x)) | ¥ < p), where B, (x) is again the unique element of 3, containing
x. Since By (z) C (7 | (7 + 1)) by construction and since o was winning in G,
fromz € (., By(z) € N, 00 [ (v+ 1)) # 0 we conclude that the family
{o(7 [ (y+1)) | v < u} is alocal basis of x, and hence so is {By(z) | v < u},
proving that the entire B3 is a basis. O

Remark 2.2.42. The proof of Theorem 2.2.41 works also in the case 1 = w, in which
case p-additivity comes from free and can be dropped, if we restrict the attention to
Lebesgue zero-dimensional spaces. Thus it provides an alternative and direct way to
prove Corollary 2.2.40.

Theorem 2.2.41 crucially requires the space to be p-additive. Nevertheless, for
spaces that lack p-additivity related results can be obtained if we require that player
IT has a winning tactic instead of just a strategy. (Notice that when dropping u-
additivity, some strengthening of the other conditions is in order because there are
non--additive spaces with a strategy in the p-uniformly basis game that are not NS, -
spaces: see Proposition 2.5.2 and the ensuing corollary.) Our analysis reveals that in
p-metrizable spaces player II always has a winning tactic (Proposition 2.2.44), and
that the existence of such a tactic is indeed equivalent, modulo some form of a para-
compactness, to the existence of a suitable Nagata-Smirnov basis (Theorem 2.2.45).
These results hold both in the countable and uncountable case, i.e. we can indiffer-
ently take yp = wor pp > w.

Proposition 2.2.43. Let X be (9, p)-paracompact space such that player 11 has a
winning tactic o in the p-uniform local basis game G on X. Then X is a N Si-space.

Proof. For every a < p, let U, = {o(x,a) | x € X}: it is an open cover of X by
the rules of G. Using (4, ut)-paracompactness, let A, be an open cover of X refining
U, such that 4, = | B<p Bg for suitable locally <4§-small families Bg . We claim
that B =, s, BY is a basis for X, and hence an NS/‘i—basis (as witnessed by the
NSfL—cover {BS | a, 8 < u}).

Let x € X. Since each A, is an open cover of X, for every a < p there is
Ba < pand B, € B2 such that 2 € B,. Let x, € X be such that B, C o(zq, @).
Then (x4, 0(xq,a) | @ < ) is a run in the p-uniform local basis game on X in
which II followed 0. Since z € (,., Ba € Na<), 0(Ta; ) # 0, it follows that
{o(xq,a) | @ < p}is alocal basis for a point of X, which necessarily is z itself
Hence the same is true of { B, | @« < p} and we are done. O

Proposition 2.2.44. Let X be a §-additive NSi-space. Then player 11 has a winning
tactic o in the p-uniform local basis game G on X.

Proof. Let B be a NSﬂ—basis for X with NSZ—cover {Ba | @ < p}. Without loss of
generality, by Fact 2.2.12(2) we may assume that for every o, 3 < p thereis v <
such that B, U Bg C B,,. Define o by setting, for z € X and o < i,

o(z,a) =) CN(B,, z),

where CN(B,, x) is as in Definition 2.2.13. Since B, is locally <d-small and X is
0-additive, the set o(z, «v) is open by Lemma 2.2.14, and thus if player II follows o
his/her moves are legal.
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We claim that the tactic o is winning. Indeed, suppose that (x,,V, | a < p)
is arun of G in which Vi, = 0(zq, ), i.e. Il followed 0. 1If (), , Vo = () then II
won the run, so let us assume that there is = € (. u Vot we are going to show that
{Va | @ < p} is alocal basis for z, so that IT has won again. Let B € B be any
basic open neighborhood of z, and use regularity of X to find some basic open set
B’ € Bsuchthatz € B’ C cl(B’) C B. By the assumptions on {,, | & < p}, there
is v < p such that B” and B are both in B,. Notice that 2, € B, as otherwise we
would have z, € X \ B C X \ cI(B’), and hence V, = o(z4,7) € X \ cl(B’) by
definition of o: but this would contradict the fact that z € V, N B’. Since Ty € B,
by definition of o we have x € V,, = o(z~,v) C B and we are done. O

In particular, it turns out that spaces with a winning tactic for II in the y-uniform
local basis game on X (and the right degree of paracompactness), precisely charac-
terize the NS;/-spaces, which in view of Theorem 2.2.6 is a very natural class: in a
sense, it is the one obtained by dropping p-addivity from p-metrizability (if p > w).

Theorem 2.2.45. A (regular Hausdorff) space is a NSﬁ-space if and only if it is
(w, p)-paracompact and player 11 has a winning tactic in the p-uniform local basis
game on X.

When @ = w, Theorem 2.2.45 and Theorem 2.2.5 together show that we can
require a stronger form of winning strategy for II in the relevant game.

Corollary 2.2.46. A topological space X is metrizable if and only if it is regular
Hausdorff, paracompact, and player 11 has a winning tactic in the p-uniform local
basis game on X.

224 G sets

In this section we briefly consider spaces of sequences like #A and 2, and the com-
plexity of their subsets in relation to (complete) bodies of trees.

Definition 2.2.47. Let X be a topological space and 7 be an infinite cardinal. A
subset A C X is called G if it can be written as 7)-sized intersection of open subsets
of X.

Notice that when 17 = w we recover the classical notion of a G set. If the space
X is sufficiently well behaved, and in particular if it is u-metrizable, one can easily
show that the collection of Gg sets includes all open and closed sets.

Lemma 2.2.48. Let X be a d-additive NSfL-space. Then every closed C C X is a
G set.

Proof. Let Bbe a NSi-basis for X with NSZ-cover {Ba | @ < u}. Forevery a < p,
define U, = {U € B, | cl(U) N C = 0} and consider the open set U, = |JUa.
Since each B, is locally <d-small and X is d-additive, by e.g. [10, Lemma 3.1]
we have cl(U,) = J{cl(U) | U € Uy}, hence cl(U,) N C' = (. This means that
X\ Ua<, cl(Ua) C C. Conversely, by regularity of X for every z € X \ C there
isU € Bsuch that z € U and cl(U) N C = 0, hence U € U, for some ov < p and
2 € Us C cl(Ua) € Upe,, €l(Us). Thus X \ C = |, cl(Ua) and so C'is G
because C' =, ,(X \ cl(Ua)). O
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We now move to the space X = #\. Recall that a set C' C #) is closed if and
only if there is a (pruned) DST tree T C <#) such that C' = [T]: indeed, the tree T
can be canonically defined as the tree 7' = Tz from (2.1.2). Dropping all hypothesis
on T', we get a characterization of G sets of #\.

Lemma 2.2.49. Let v be a limit ordinal and A be nonempty. Let B C 7A be such
that’ B = [[T] for some tree T C <7A of height n = |ht(T)|. Then B is G| in 7A.

Proof. The condition [[T]] = B C 7A entails that the branches of 7' of height
ht(T), when viewed as sequences in <7A, have length -y, which in turn implies that
ht(T') is limit. For every av < ht(T') define Uy = Ujepev, (1) N.“. We now claim
that (., Ua = [[T]] = B. Using [[T]] C 7A, the inclusion [[T]] C (,, Ua
is obvious. Conversely, if € (1,, Ua then for each o < n = ht(T) there is
iq < 7y such that z | i, € Levy(T). It follows that b = Ua<ht(T)x [ g = |
SUPq<hi(7) fa € [[T]]. But since [[T]] C 74, it follows that sup,p¢(7) ia = v and
z=>be[[T]. O

Proposition 2.2.50. A set B C #X is G§ in "X if and only if there is a (not necessarily
DST) tree T C <M\ such that B = [[T]].

Proof. We may assume B # (), as otherwise the statement is trivial.

Assume first that B = [[T']] for some tree ' C <#\. Notice that this implies that
ht(T) = p1 because p is regular. Hence B is G§ by Lemma 2.2.49.

Conversely, assume that B is G§ in #X, and let {U, | a@ < p} be a family of
open subsets of #\ such that B = ;. Ua. Without loss of generality, we may
assume that B # () and that Ug C U, for every a < 8 < p because the space X is
p-additive by regularity of u. For every a < p, let

Al ={se <M\ |lh(s) > a AN, C U,},

and let A, be the set of minimal elements of A/,. This implies that the sequences
in A, are pairwise incomparable and U, = J,c A, Ns. Consider the tree T' =
Ua<p Aa: we claim that [[T]] = B.

Suppose first that z € B = [, , Ua, andlet I = {i < p | s [ i € T}. Then
I is unbounded in p: for every o < p we have that x € U,1, which means that
x [ i€ Aqqq for some i > « and hence @ € I. Since p is regular, it follows that
by = {x | i | € I} is achain of length p. This implies that ht(7") = p and that
b, by its definition and its length, is a branch of T". Thus = = | J b, € [[T]], and this
proves B C [[T7].

Conversely, let us prove that [[T]] C (,.,Us = B. Since we showed that
ht(T") = p, each x € [[T]] is an element of #A. Moreover, for every = € [[T]] there
is an unbounded set / C p such that z [ ¢ € T forevery ¢« € I. For every ¢ € I, let
a; be smallest ordinal such that « [ ¢ € A,,: by minimality of the elements in the
Ay’s, it follows that the ;s are all distinct, hence {«; | @ € I} is still unbounded in
1. Since the sequence of the U, ’s is decreasing with respect to inclusion, it follows
that z € (;c; Ua, = (a< Uas and we are done. O

"Recall that, as discussed in Section 2.1.3, since T is a tree of sequences we canonically identify
its body with a subset of <7A (see equation (2.1.1)), and in particular branches b of limit height are
identified with | b.
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Remark 2.2.51. Let B C #X be G§ and T be such that B = [[T]], as in the propo-
sition above. Then 7" = T N T} still satisfies B = [[T"]]. This shows that without
loss of generality, when picking a tree 7" such that B = [[T']] we may assume that
T C Tp. Notice also that from B = [[T]] and T' C Tz we can conclude that T is
necessarily pruned.

Notice that by Propositions 2.2.29 and 2.2.33, the above Proposition 2.2.50 pro-
vides an alternative proof of Lemma 2.2.48 when § = u. Moreover, it easily gener-
alizes the following fact, which is well-known if y = A = w.

Corollary 2.2.52. Every Gg subset of "\ is homeomorphic to a closed subset of P \.
In particular, in *\ the classes of closed sets and Gg‘ sets coincide up to homeomor-
phism.

Proof. Given a G set B C X, let T C <FX be a tree such that B = [[T']] (Propo-
sition 2.2.50), so that in particular ht(7") = p is limit. By Proposition 2.1.3, we may
assume that 7" is a normal tree. By Proposition 2.1.2(1), there is an isomorphism be-
tween 7" and a DST tree 77 C <H\ (of height p). Then B = [[T]] is homeomorphic
to [[T']] = [T"] by Fact 2.1.5. Since [1"] is closed, we are done. O

To complete the proof of Theorem 2.2.1 we need one last ingredient, namely,
that #\ can be embedded in *2 if cof(\) = p. The following result can easily be
proved with ad hoc constructions, but using Lemma 2.2.49 we can use a very short
and elegant argument.

Proposition 2.2.53. Assume that cof(\) = . Then *2 contains a GY homeomorphic
copy of *\.

Proof. Let (\y | o < p) be an increasing sequence of ordinals cofinal in A. For an
ordinal 3, let 0°) be the constant sequence of length 3 with value 0. Recursively
define the function ¢: <#\ — <2 by setting ¢()) = (),

O(s77) = d(s) " 0Cme) ~ 00 7,

and ¢(s) = Uycm(s) (s | @) for s of limit length. It is easy to see that ¢ is
an isomorphism between the whole <#\ and the tree 7" = ¢[<#\] C <*2, which
has height p by construction: hence #\ = [[<#\]] is homeomorphic to [[T"]] by
Fact 2.1.5. Notice that ¢ maps branches of <#) into elements of *2, since we have
Ih(p(s)) > Ans)—1 for every s € <#)\ of successor length. It follows that [[7"]] C
A2. Then, [[1"]] is G in *2 by Lemma 2.2.49 and we are done. O

For the sake of completeness, we also observe that under further assumptions on
) the space *2 can be embedded into #), this time even as a superclosed set.

Proposition 2.2.54. Suppose that cof(\) = u and that 2<* = \. Then M\ contains
a superclosed set homeomorphic to *2.

Proof. Let (\, | a < p) be an increasing sequence of ordinals cofinal in A. For
every a < p, let 6, = |**2|, so that 6, < A by 2<* = X\. Then 2 is obviously

homeomorphic to the superclosed set [ ], " 0o C P O
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2.2.5 Proof of Theorem 2.2.1

Combining together the results obtained in the previous sections, we finally get the
proof of Theorem 2.2.1.

Proof of Theorem 2.2.1. We start with part (1). If 4 = w, then (a) <= (b) <= (¢)
by the classical Theorem 2.2.5. If instead p > w, then (a) <= (b) are equivalent
by the well-known Theorem 2.2.6, and obviously (b) = (c¢). But (c) = (b) by Corol-
lary 2.2.18, hence we get again the equivalence among the first three items. Finally,
(a) <= (d) by Theorem 2.2.39 (if ;x = w) or by Theorem 2.2.41 (if p > w).

Let us move to part (2). Assume first that 4 = w. Then (a) <— (b) <—
(c) by the well-known Theorem 2.2.8. Also, (a) <= (e) by Corollary 2.2.40,
while (b) <= (d) by Proposition 2.2.23. If X has weight < A, then (d) = (f) by
Proposition 2.2.33, and if moreover p = cof (\) then (f) = (g) by Proposition 2.2.53.
Finally, both (f) = (b) and (g) = (b) by Example 2.1.8. This concludes the proof of
the countable case.

We now move to the case u > w. Now (a) = (c) by Corollary 2.2.19 (recall-
ing that p-additivity readily follows from p-metrizability), (c) = (d) by Proposi-
tion 2.2.29, (d) <= (a) by Corollary 2.2.30, while (a) <= (e) by Theorem 2.2.41.
All remaining (bi-)implications (b) <= (d), (d) = f), (f) = (g), (f) = (b), and
(g) = (b) (under the appropriate hypotheses on \) are proved as in the countable
case, hence we are done. O]

In view of the fact that #\ is G-ultrametrizable for every (g-continuous to-
tally ordered (Abelian) semigroup (Example 2.1.8), and that if G is of the form
G = (G, max<,0g, <g) with Deg(G) = p then every G-metric is actually a G-
ultrametric by definition, the equivalence between (b) and (f) in Theorem 2.2.1(2)
yields to the following. (Recall the definition of S,, from page 83.)

Corollary 2.2.55 (cf. Theorem 2.1.7). For any topological space X, the following
are equivalent:

(1) X is p-ultrametrizable, i.e. X admits a compatible G-ultrametric for some to-
tally ordered Abelian group G of degree u;

(2) X is G-metrizable over every Og-continuous totally ordered pointed semigroup
G of degree i,

(3) X is S,-(ultra)metrizable.

2.3 Variations on completeness

In this section, we investigate various notions of (generalized) completeness for our
classes of topological spaces. The first two, strictly related to each other, are based
on Choquet-like games and mirror what has been done in Chapter 1 for regular car-
dinals x (Section 2.3.1). They are motivated by the fact that in classical descriptive
set theory, by a theorem of Choquet a (regular Hausdorff) space is Polish if and only
if it is second-countable and strong Choquet [93, Theorem 8.18]. On a different ap-
proach, if we are already dealing with a (u-)metrizable space, then it is natural to
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introduce completeness as convergence of (long) Cauchy sequences, as in the classi-
cal definition of a Polish space (Section 2.3.2). For regular cardinals, this possibility
was already exploited in Chapter 1 together with a stronger completeness notion,
still based on the presence of a (u-)metric, called spherically completeness. Besides
adapting the above concepts to embrace singular cardinals as well, in this section
we introduce two other completeness notions leading to compact-based spaces and
p-Lindelof-based spaces (Section 2.3.3). They show that, just as u-metrizability can
be characterized through the existence of particular bases like Nagata-Smirnov-basis
and tree-bases, also completeness can be characterized through the existence of bases
having certain compactness-like properties. Besides being interesting on their own,
these new notions also allow us to better clarify the relationships among the previous
ones, and in a sense simplify some of the proofs from Chapter 1.

In each of the three groups of definitions above (Choquet-like completeness,
metric-related completeness, and completeness given by certain bases), we always
have a weaker version and a stronger one. In this section, we are going to show that
for pi-metrizable spaces® all the three weak notions coincide with each other, and the
same for the three stronger notions.

Theorem 2.3.1. Let X be a (regular Hausdorff) space of weight < X, and further as-
sume® that X be Lebesgue zero-dimensional if 1 = w. The following are equivalent:

(1) X is (A, u)-Polish;
(2) X is a spherically p-complete p-metrizable space;
(3) X is a p-metrizable fSCf‘L—space;
(4) X is a p-Lindelof-based pi-metrizable space;
(5) X is homeomorphic to a closed subset of " )\;
(6) X is homeomorphic to a G‘g subset of *\;
If furthermore . = cof (), then they are also equivalent to the following:
(7) X is homeomorphic to a GS‘ subset of A2,

Theorem 2.3.2. Let X be a (regular Hausdorff) space of weight < ), and further
assume that X be Lebesgue zero-dimensional if u = w. The following are equivalent:

(1) X is a spherically <p-complete (X, i)-Polish space;
(2) X is a spherically complete p-metrizable space;
(3) X is a p-metrizable SCﬁ-space;

4) X is a compact-based p-metrizable space;

8Given that (generalized) Cauchy-completeness, which is arguably the most natural one, can be
defined only in presence of a p-metric, this setup appears quite natural for this analysis.

Formally, this additional requirement must be made explicit only in the countable case. However,
recall that when g > w all p-metrizable spaces are Lebesgue zero-dimensional by Proposition 2.2.11,
so this condition is always implicitly present.
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(5) X is homeomorphic to a superclosed subset of *\.

In particular, when i = w then all the above items (1)—(7) from Theorem 2.3.1
and (1)—(5) from Theorem 2.3.2 (under the appropriate assumptions on \) are equiv-
alent to each other, because, for example, in this case the classes of f SCL)“) and SCi‘)—
spaces coincide (Fact 2.3.8).

The proof of the theorem will be given in Subsection 2.3.4.

Obviously, in Theorems 2.3.1 and 2.3.2 we could systematically replace p-me-
trizability with any of the equivalent conditions from Theorem 2.2.1. Moreover, by
Corollary 2.3.33 we get that if X is a (), u)-Polish space (or a space satisfying any
of the conditions in Theorem 2.3.1) and ¥ C X is a closed subspace satisfying
some/any of the stronger completeness notions from Theorem 2.3.2, then Y is a re-
tract of X. (This is relevant because when y > w it is no longer true that every closed
subset of #) is a retract of it.)

Corollary 2.3.3. Let X be a (Lebesgue zero-dimensional, if i = w) (X, )-Polish
space. Then every spherically complete closed subspace Y C X is a retract of X.

If we drop p-metrizability (and we restrict ourselves to spaces of weight < ),
the largest class of spaces among all the possibilities considered here is the one of
strong fair y-Choquet spaces. Theorem 2.2.1 shows that a first important dividing line
within such class is given by p-metrizability (and its equivalent characterizations).
Theorem 2.3.2 shows instead that a second important dividing line is given by the
stronger forms of completeness, in particular strong p-Choquetness or equivalently,
if we are in the class of p-metrizable spaces, spherically completeness. Dropping p-
metrizability, the largest class of spaces among those from Theorem 2.3.2 is given by
strong p-Choquet spaces. When developing generalized descriptive set-theory for
regular cardinals as in Chapter 1, this neat picture is quite exhaustive and gives us a
well-delimited setup to work with. (Recall that when i equals the weight of the space,
properties like having a NSi—basis are automatic: hence p-metrizability amounts to
being p-additive and there are no other distinctions to be made in that respect.) When
moving to singular cardinals, the situation is more graded because we already have
various non-equivalent possibilities to extend (weak forms of) p-metrizability beyond
the realm of p-additive spaces: being a NS ,-space, having a tree-basis of height < i,
being (u, 1)-paracompact and p-uniformly based, and so on. Moreover, the addition
of concepts like being p-Lindeldf-based and compact-based opens up the possibility
of exploring different classes of “complete” spaces.

2.3.1 Choquet-like games

Let 4 be an infinite cardinal. Recall from Chapter 1 that the strong §-Choquet game
G35(X) on a topological space X is the game played by two players I and II, where
for every round o < 4, player I pick a set U, and a point x,, and player II replies
with a set V,

I ‘ (U(),:L'o) (Uhml) s (Uocuxoc)
II | Vo Vi Va

so that
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(1) Uay1 € Vo C U
(2) U, and V,, are open relatively to the intersection of all previous moves;

(3) if possible, i.e. if Vi (0, the sets U, and V,, are non-empty and z,, €
P B<a VB pty
Vo C U,.

Player II wins the run of G§(X) if the set (), .5 Ua = [p<s Vo is nonempty.

Definition 2.3.4. A (regular Hausdorff) space X is called strong p-Choquet (or
SC,.-space) if player II has a winning strategy in G,(X).

The space X is called strong (), 11)-Choquet (or SCﬁ-space) ifitis a SC,-space
and it has'® weight < ).

The strong fair ji-Choquet game fG§(X) is the variant of G§(X) where the rules
are the same, but the winning condition for II is modified so that (s)he wins if either
the set [ acs Ua = N a<s Va 18 nonempty (as before), or else there is a (necessarily
limit) ordinal v < § such that the set (), Ua = (\,<, Va is empty.

Definition 2.3.5. A (regular Hausdorff) space X is called strong fair ;.-Choquet (or
fSC,-space) if player I has a winning strategy in fGj,(X).

The space X is called strong fair (A, 11)-Choquet (or f SC;}-space) ifita fSC,
space and has weight < A.

Of course these variants are relevant only if ¢ > w, as otherwise the two games
G;,(X) and fGj,(X) coincide and we have a unique class of topological spaces.
Moreover, in Corollary 2.3.37 we will show that for (Lebesgue zero-dimensional)
p-metrizable spaces there is no difference between having a winning strategy for 11
or having a winning factic for the same player in both G}, and fGj,.

By (the proof of) Proposition 1.1.10, we get that strong fair -Choquet spaces are
closed under G% spaces.

Proposition 2.3.6. Let X be an fSC,-space andY C X be G’g in X. ThenY is an
fSC,-space as well.

The class of spaces of strong (fair) u-Choquet spaces is also closed under prod-
ucts and sums of any size.

Fact 2.3.7. Let {X, | o < ¢} be a family of SC,-spaces (respectively, fSC,-
spaces). Then both | |, X, and, for any cardinal ¢’ < ¢, the product [, 5 X en-
dowed with the ¢’-supported topology are SC,,-spaces (respectively, fSC,,-spaces).

This is obvious for sums. For products ], s Xa. it is enough to pick for each
«a < J a winning strategy o, in the strong (fair) u-Choquet game on X, with the
additional property that for every v < u

oa(((Usg,z5) | B <)) = Xa

1"Notice that we are deliberately allowing our spaces to have weight strictly smaller than A. Although
this might sound unnatural at first glance, it allows us to state some of our results in a more elegant form
and is perfectly coherent with what is done in the classical setting, where one includes among Polish
spaces also those of finite weight.
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for every sequence of moves (Ug, xg) of player I in which Ug = X, forall 8 < .
(This is to ensure that moves of II in the strategy below are legal, i.e. they are open
in the relevant product topology.) Then it is not difficult to show that the coordinate-
wise product function [ [, s 0 is a winning strategy for player II in the strong (fair)
p-Choquet on the space [ [, 5 Xa, no matter which ¢’ was chosen as support for the
product topology.

Finally, notice when X has countable cofinality, the two classes of fSC)-spaces
and SC;\J—spaces coincide. If we add any of the metrizability conditions from Sec-
tion 2.2, these classes coincide also with the one of A-Polish spaces.

Fact 2.3.8. Suppose A is a cardinal of countable cofinality. Then, a space is f SCi‘j if
and only if itis SCU);. Furthermore, the following classes coincide:

(a) fSC) paracompact w-uniformly based-spaces.

(b) fSCA NS“-spaces.

(c) fSC) NS2-spaces.

(d) A-Polish spaces, i.e. completely metrizable spaces of weight < A.

Proof. By Theorem 1.1.12 all these spaces are metrizable. The result then follows
from [36] (or replacing second countability with paracompactness in [93, Theo-
rem 8.17] - see also [52, 53]). ]

2.3.2 Generalized Cauchy-completeness

Recall that a u-metric is a G-metric d for some totally ordered Abelian group G =
(G, +g,0¢, <g) of degree Deg(G) = u, and u-metric space is a G-metric space
(X, d) for some some totally ordered Abelian group G of degree Deg(G) = p. A
sequence (;);<,, of points from a y-metric space (X, d) is (d-)Cauchy if

Ve € GT Ja < uVB,y > a(d(zg, ) <g €).

The space (X, d) (or the G-metric d) is Cauchy-complete if every Cauchy sequence
(x;)i<, converges to some (necessarily unique) z € X, that is,

Ve € Gt 3a < uVB > a(d(zg,r) <g ).

Definition 2.3.9. A (Hausdorff regular) space is called (A, x1)-Polish if it has weight
< )\ and admits a compatible Cauchy-complete p-metric.

Notice that if < A and X is y-metrizable, then having weight < ) is equivalent
to having density character < \.

Definition 2.3.9 generalizes both the notion of A-Polish space as introduced in [52],
which corresponds to the case i = w, and the notion of a G-Polish space from Chap-
ter 1, which instead corresponds to the case where A = p is regular (see Fact 2.3.16).

The proof of Proposition 1.1.26 shows that the following holds.

Proposition 2.3.10. Let X be a p-metrizable space, and (Y, d) be Cauchy-complete
pw-metric space. Let A C X and f: A — Y be continuous. Then, there is a Gg
set B C X and a continuous function g: B — Y such that A C B C cl(A) and g
extends f,ie g A= f.
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Corollary 2.3.11. Let X be a p-metrizable space and let Y be a (A, p)-Polish sub-
space of X, where X is the weight of X. Then'Y is Gg inX.

Moreover, arguing as in Lemma 1.1.20 and recalling that -metrizable spaces are
p-additive, we also get:

Proposition 2.3.12. If X is (\, u)-Polish, then it is also a p-additive f SCﬁ-space.

We are now going to show that requiring a stronger form of completeness for
G-metrics, we obtain a special class of (\, uu)-Polish spaces which is related to p-
additive SCf;-spaces.

Recall that a -metric d is called spherically complete if the intersection of every
decreasing (with respect to inclusion) sequence of open balls of X is nonempty!!. If
we instead consider only sequences of order type ( (respectively, <) we say that d
is spherically p-complete (respectively, spherically <u-complete).

Definition 2.3.13. A p-metrizable space X is said to me spherically complete if
it admits a compatible spherically complete p-metric d. Spherically (<)u-complete
p-metrizable spaces are defined analogously.

First, the same argument of Cantor’s intersection theorem shows that weak forms
of spherical completeness imply the usual Cauchy-completeness.

Proposition 2.3.14. Every spherically p-complete pi-metric is Cauchy-complete.
The following is the analogue of Proposition 2.3.12.

Proposition 2.3.15. Every spherically <p-complete (X, i)-Polish space X is a yu-
additive SCﬁ—space.

Proof. Let d; be a compatible spherically <u-complete p-metric on X, and fix a
compatible Cauchy-complete G-metric ds on X, where G is a totally ordered Abelian
group with Deg(G) = u. Let (ro | @ < u) be a coinitial sequence in G*. Con-
sider the following tactic o for II in GZ(X ). Suppose I has played an open set U
and a point z € U at round o. Choose 8 > « such that W, = Bg,(x,rg) satis-
fies cl(W,) C U, and then choose an dj-open ball V, such that x € V, C W,:
set o((U,z),a) = V,. We claim that o is winning. Indeed, for any (partial) run
((Ua;®a), Vo | @ <) in G7,(X) in which II followed o, we have that (| V,, # 0 if
v < u, this is due to the spherically < p-completeness of dj, since all the V,,’s are
open balls of dy; if instead v = p, this is due to the Cauchy-completeness of da, since
Na<p Vo = Nacy Wa = Nacy l(Wa) and the W, ’s have vanishing diameters with
respect to ds. O

When A has countable cofinality, we recover complete (classical) metrizability.
For uncountable cofinality instead, we recover the notion of G-Polish spaces.

Fact 2.3.16. Let X be a topological space, and let A be a cardinal of cofinality p.

(a) If 4 = wis countable, then X is (A, w)-Polish if and only if it is A-Polish spaces,
i.e. completely metrizable spaces of weight < \.

""Once again: different definitions are possible, see Definition 1.1.29.
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(b) If A = p > w is regular and uncountable, then X is (resp., spherically com-
plete) (u, pt)-Polish if and only if it is (resp., spherically complete) G-Polish for
some/every totally ordered Abelian group G of degree .

Proof. By [126] every G-metrizable space is also metrizable when Deg(G) = w, and
thus point (a) follows from Proposition 2.3.12 and Fact 2.3.8. Point (b) follows from
Corollary 1.1.22. 0

Fact 2.3.16(a) hold for spherically complete (A, t)-Polish spaces as well if we as-
sume furthermore that X is Lebesgue zero-dimensional, but this is already contained
in Theorem 2.3.2.

Finally, it is easy to show that all closed subsets of #A have a natural G-

Proposition 2.3.17. Every closed subset X C M\ admit a compatible spherically
u-complete p-metric.
If X is furthermore superclosed, the pi-metric can be taken spherically complete.

Proof. Let X = [T] be the body of a DST tree T' C <F\. Let G be a totally ordered
Abelian group of degree y, and let (r, | o < 1) be coinitial in G*. Recall the metric
from Example 2.1.8

d(z,y) = Og ifzx=y
Hy= roe ifz(a)#yla)andz [a=y [«

It is easy to see then that d [ X is a spherically p-complete G-ultrametric compatible
with the topology of X, and that if furthermore T is superclosed, then d | X is also
spherically complete. O

2.3.3 Completeness via bases

Recall that given a regular cardinal J, a space is said §-Lindelof if every open cover
of the space has a subcover of size < ¢. With this terminology, a space X is compact
if and only if it is w-Lindelof. Every form of compactness brings with itself a form
of completeness: for example, it is well-known that every compact metrizable space
is completely metrizable, and analogous statements hold for compact (respectively,
p-Lindelof) spaces and SCi‘L—Spaces (respectively, f SCl’)—spaces) when p > w is reg-
ular (see Chapter 1). Compactness and d-Lindelofness can be restated to make this
connection more explicit.

Definition 2.3.18. Let ¢ be an infinite cardinal, X be a topological space, and D be
a family of closed subsets of X. We say that D is a J-Lindelof family if for every
C C D we have [\ C # 0 whenever (A # () for every A C C of size < .

Then, a topological space is J-Lindelof if and only if every family of closed
subsets of it is §-Lindelof. Notice that if D is a d-Lindelof family, C € D, and
0’ > 6, then C is a §’-Lindelof family.

Being fully p-Lindeldf is a very restrictive condition. In fact, even the generalized
Baire space 1 is not u-Lindelof, while the generalized Cantor space #2 is p-Lindelof
if and only if 4 = w or u is weakly compact. Thus it makes sense to weaken such
requirements as follows.
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Definition 2.3.19. Let ¢ be an infinite cardinal. A topological space X is called
6-Lindelof-based if it is regular Hausdorff and it admits a §-Lindelof basis B, i.e. a
basis B for the topology such that cl[B] = {cl(B) | B € B} is a 6-Lindelof family in
X; when 6 = w, we simply speak of compact-based spaces and compact basis.

Remark 2.3.20. The idea to define a notion of completeness by looking at intersec-
tions of families of subsets of a basis for the topology has been considered before
— see e.g. the notion of B-compactness from [87] and of B-completeness from [7]
(which correspond to BB being a compact basis in our terminology), or the theory of
s-complete spaces and d-closed subsets in [9].

If B is a tree basis for a space X, properties like being §-Lindelof-based have a
strong effect on the tree-structure of B. This is because by Fact 2.2.22 the elements
of B are clopen, hence B is a §-Lindelof basis if and only if B itself is a J-Lindelof
family. Moreover, given C C BB we have that if [ C = (), then either C is not a chain,
or else it is cofinal in a branch of 5. In the former case, taking C-incomparable
elements Cp, C; € C we get that C' = {Cp, C1} is such that (|’ = 0. So in order
to have that B is a d-Lindelof basis it is enough to consider the branches of it. This
yields the following criterion:

Fact 2.3.21. Let ¢ be an infinite cardinal. A tree basis I3 for a space X is d-Lindelof
if and only if every branch of B of cofinality > ¢ has nonempty intersection.

In particular, this shows that the complete body of every tree (and thus in partic-
ular every space of the form 7 A) with the bounded topology is compact-based. This
extends further Fact 2.2.26.

Fact 2.3.22. For every tree T, the complete body [[T]]. is a compact-based (tree-
based) space, while the body [[T]] is a J-additive, -Lindelof-based and §-tree-based
space for § = cof (ht(T)).

In particular, for every (limit) ordinal  and non-empty set A, the space 7A with
bounded topology is a d-additive, compact-based J-tree-based for 6 = cof (ht(T)).

Specializing this more to the case where X C #X and B = Br for some tree
T C Tx, we get a tight connection between Linedl6f-like properties of Br and the
behaviour of the (complete) body of T'. (Compare with Fact 2.1.6.)

Fact 2.3.23. Let A be any cardinal. If X C #X and T' C Tx is pruned, then the
family By = {NX | s € T} is a u-Lindelof basis for X if and only if X = [[T]].
Similarly, By it is a compact basis for X if and only if X = [[T]]., in which case
[[T]]c € #A, and hence [[T']] = [[T]]. and T is superclosed (since y is a limit ordinal).

Remark 2.3.24. Setting T' = T’y in Fact 2.3.23, we get that the canonical basis
{NX | s € <PFAANX £ 0}

of a space X C #\ is p-Lindelof if and only if X is closed, and it is a compact basis
if and only if X is superclosed.

Proposition 2.3.25. Let § be an infinite cardinal. Let X be a §-Lindeldf-based tree-
based space. Then every tree basis IB contains a 0-Lindeldf tree basis B C B.
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Proof. Let B be a tree basis for X and let A be a §-Lindelof basis. We are going to
build a basis B/ C B such that if B, € Lev,(B’) and By41 € Lev,y41(B’) are such
that B,11 C By, then there is A, € A with Byy1 C cl(Ay) € B,. In this way,
if (Bo | @ < ) € Br(B') and cof(v) > d we get (., Ba = (e, l(Aa) # 0
(because A was a d-Lindelof basis), hence B C B is a ¢-Lindelof basis too by
Fact 2.3.21.

Given an open set U with at least two points, let

By={BeB|3dAc A(BCcl(A)CU)}.

and let By C B be the set of minimal elements of B3, (with respect to the order of
the tree B, i.e. the superset relation D). Since X is regular Hausdorff, then | J B}, =
U By = U. Moreover, by Proposition 2.2.22(2) the sets in By are pairwise disjoint,
hence By; is a clopen partition of U. Furthermore, B C U for every B € By. If U is
open and contains just one point, set instead By = {U}.

We construct B’ by induction on its levels. Let Levo(B’) = Levo(B). Suppose
that v > 0 and that Lev, (B’) has been defined for every a« < . If y =+ lisa
successor ordinal, set

Lev,(B') = J{Bu | U € Levg(B') A [U| > 1}.

If instead ~ is limit, let X, = {z € X | Va < v(z € |JLeva(B'))}. Foreach z €
X, and a < 7, let B, (z) be the (unique, by Proposition 2.2.22(2)) B € Lev,(5')
such that x € B. By Lemma 2.2.25, either {B,(z) | @ < v} is a local basis for
x € Xy, orelse (), .., Ba(z) is a nonempty open set. Let

U, = { M Balx) ‘ z€ XA () Balx)is open}

a<ly a<ly
and
Lev,(B) = | J{Bv | U ey}
It is easy to verify that B’ is a basis with the desired property. O

Corollary 2.3.26. Let § be an infinite cardinal. If X C *\ is §-Lindeldf-based, then
there is a pruned tree T C Ty such that By = {NX | s € T} is a §-Lindelof basis
for X.

Proof. Consider the tree T, so that By, = {NX | s € T} is a tree basis for X.
By Proposition 2.3.25 there is B/ C By, such that B is a u-Lindelof basis for X.
For each B € B’ let sg € T'x be the shortest sequence satisfying B = Nﬁ; and let
T' = {sp | B € B'}, so that By» = B’. The tree 7" might fail to be pruned, but this
can be fixed as follows. If s € T" is such that NX = {z} for some x € X, add to
T all sequences of the form = | (Ih(s) + «) for @ < p: the resulting tree 7" is then
pruned and By = By = B’. Hence T is as required. O

Together with the equivalence between (a) and (d) in Theorem 2.2.1(2), Propo-
sition 2.3.25 and Corollary 2.3.26 are the key ingredients which allow us to prove
analogues of Theorem 1.1.28, Propositions 1.1.13 and 1.1.14, and Corollary 1.1.15
in the context of u-Lindelof-based and compact-based p-metrizable spaces.

The following theorem characterizes the concept of being p-Lindelof-based in
terms of descriptive set-theoretical complexity.
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Theorem 2.3.27. Let X be a (Lebesgue zero-dimensional, if i = w) u-Lindeldf-
based p-metrizable space. Then a subspace Y C X is pu-Lindeldf-based if and only
ifitis Gf; in X.

Proof. By Theorem 2.2.1 we can assume that X C #), where ) is the weight of X.

Assume first that Y C X C #) is p-Lindelof-based. Setting 6 = p in Corol-
lary 2.3.26, we get a pruned tree 7' C Ty such that By is a u-Lindelof basis for Y.
Then Y = [[T] by Fact 2.3.23, hence Y is G§ in #\ by Proposition 2.2.50, and thus
itis also G§ in X.

Setting Y = X in the previous argument, we actually get that X is GSL in the
whole #\. Since the class of Gg is closed under (< p-sized) intersections by defini-
tion, if Y is G§ in X then it is also G in #). By Proposition 2.2.50 there is a tree
T C <tX such that Y = [[T]]. By Remark 2.2.51 we can assume that 7" C Ty and
thus that 7" is pruned. By Fact 2.3.23, this means that By is a u-Lindelof basis for Y,
witnessing that Y is p-Lindelof-based. O

Thanks to Example 2.1.8 and Fact 2.3.22, every space of the form *A is both
p-metrizable and compact-based (so also p-Lindelof-based). Thus, applying Theo-
rem 2.3.27 to it we get the following.

Corollary 2.3.28. Assume ;i = cof(\) and let A be non-empty. A subset X C *A is
w-Lindelof-based if and only if it is Gg in *A.

Combining Theorem 2.3.27 with Corollary 2.2.52, we also get another kind of
characterization of being p-Lindelof-based.

Corollary 2.3.29. A (Lebesgue zero-dimensional, if p = w) p-metrizable space of
weight < )\ is u-Lindelof-based if and only if it is homeomorphic to a closed subset
of M.

We now move to compact-based spaces. Unfortunately, we cannot have a charac-
terization of this notion just in terms of complexity, since we do not have an analogue
of Proposition 2.2.50 for the bodies of superclosed trees. However, we can still obtain
a characterization along the lines of Corollary 2.3.29 (see Proposition 2.3.31). First a
useful lemma.

Lemma 2.3.30. A subspace X C #\ is compact-based if and only if X = [[T]] for
some superclosed tree T C <F\.

Proof. If T C ¥\ is superclosed then [[T]] = [[T]].. Hence if X = [[T7]], then
Br = {NZ¥ | s € T'} is compact by Fact 2.3.23.

Conversely, assume that X is compact-based. By Corollary 2.3.26 applied with
0 = w there exists a pruned tree T C T'x such that By is a compact basis for X.
By Fact 2.3.23 this implies that X = [[T]]. = [[T]] and hence that T" superclosed, as
desired. O

A simple corollary of Lemma 2.3.30 is that a (Lebesgue zero-dimensional, if
@ = w) p-metrizable space of weight < )\ is compact-based if and only if it is
homeomorphic to [[T7]] for some superclosed tree T C <#\. This can be slightly
improved by requiring that 7" be a DST tree, so that [[T']] is a superclosed subset of
B,
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Proposition 2.3.31. A (Lebesgue zero-dimensional, if © = w) p-metrizable space
of weight < X is compact-based if and only if it is homeomorphic to a superclosed
subset of *\.

Proof. As usual, we can assume to work inside a subspace X C . Every super-
closed set in #\ is compact-based by Lemma 2.3.30, hence so is X if it is homeo-
morphic to a superclosed set.

Conversely, suppose that X is compact-based. By Lemma 2.3.30 again, there is
a superclosed (not necessarily DST) tree 7" such that X = [[7”]], and by Proposi-
tion 2.1.3 we may assume that 7" is normal. Then by Proposition 2.1.2 there exists
a DST tree T C <K\ isomorphic to 7”, which is superclosed because the latter
is a property which is clearly preserved under isomorphisms. By Fact 2.1.5, [[T"]]
is homeomorphic to [[T]] = [T, thus X is homeomorphic to the superclosed set
C=1T]. O

If we are in the situation where X is p-Lindelof-based and Y C X is compact-
based, we would like to simultaneously realize Corollary 2.3.29 (applied to X) and
Proposition 2.3.31 (applied to Y) so that the corresponding superclosed set is a subset
of the closed subset of A coming from X. The following result, which is the ana-
logue of Proposition 1.1.14 for u-Lindelof-based and compact-based spaces, shows
that this is possible.

Proposition 2.3.32. Suppose that X is a (Lebesgue zero-dimensional, if 1 = w)
w-Lindeldf-based p-metrizable space of weight < A, and let Y be a compact-based
closed subspace of X. Then there exist a closed C' C *\ and a homeomorphism
¢: X — C which maps'Y into a superclosed C' C C.

Proof. By Corollary 2.3.29, we may assume that X C #) is closed. Since Y is closed
in X (and hence in #\), we have X = [T'x| and Y = [Ty]. Notice that Ty C Tx
and they are both pruned and that By, = {NX | s € T} is a p-Lindelof basis for
X by Fact 2.3.23. By the proof of Lemma 2.3.30, there exists a pruned superclosed
(not necessarily DST) subtree 73, C Ty such that Y = [[T7,]]. By Proposition 2.1.3
we can assume that 77, is normal. Define 7% = (Tx \ Ty’) U T},: since Ty was
a DST tree and both Ty and Ty, are pruned, then T% is pruned and X = [[T%]],
so that Br; = {NX | s € T%} is still a p-Lindeldf basis for X by Fact 2.3.23.
Furthermore, the fact that 7y was a DST tree entails that T’y \ 7y is upward closed
in Tx, hence Ty, C Ty is a downward closed subset of T%. By Proposition 2.1.2
there exists a tree isomorphism f: 7% — T mapping 7% to a DST tree T C <),
and by Fact 2.1.5 and the comment following it this isomorphism canonically induces
a homeomorphism ¢ between X = [[T%]] and the closed set [[T']] = [T']. Moreover,
the restriction of ¢ to Y = [[T3,]] is a homeomoprhism between Y and the body C' of
the tree f[73,]. Butsince f was a tree isomorphism, f[77] is superclosed, pruned, and
downward closed in 7', thus in particular it is also a DST tree and C' is superclosed.
Setting ¢ = ¢ we are done. ]

Besides its technical content, Proposition 2.3.32 is useful in that it shows, to-
gether with [105, Proposition 1.3], that compact-based subspaces of u-Lindelof-
based p-metrizable spaces are always a retract of the ambient space (see also [9,
Theorem 4.6]).
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Corollary 2.3.33. Let X be a (Lebesgue zero-dimensional, if n = w) u-Lindeldf-
based p-metrizable space. Then every compact-based closed subspace Y C X is a
retract of X.

The notions of being p-Lindelof-based and compact-based are closely related to
the other completeness notions that we considered in the previous sections. For ex-
ample, by Proposition 2.3.6 and Theorem 2.3.27 every (Lebesgue zero-dimensional,
if 4 = w) p-Lindelof-based p-metrizable space of weight < A (which by Theo-
rem 2.2.1(2) might be conceived as a subspace of the p-Lindelof-based p-metrizable
f SCﬁ—space #X)is an f SCf‘L—space. More generally:

Proposition 2.3.34. If X is u-Lindeldf-based, then player 11 has a winning strategy
(and even a winning tactic, if X is p-additive) in fGy,(X).

Moreover, if X is compact-based then player 11 has a winning strategy (and even
a winning tactic, if X is p-additive) in G§(X) for every infinite cardinal 6.

Proof. Let B be a u-Lindelof basis (or a compact basis, if X is compact-based).
We define a winning strategy o for II in the relevant game as follows. If player I
just played (U,, z4) at round «, let II pick any open set U/, C X such that U, =
Ua NNp<q Vs> and then reply by playing Vo, = V,; N U, for some V,, € B such that
z € V. Ccl(V)) C U.. Notice that if X is u-additive then we can set U, = U, and
hence ¢ is actually a tactic.

Suppose first we are in the case of a p-Lindelof-based space, and let (Uy, 74), Va
a < p) be a run of the game in which II followed o. Using the notation from the
previous paragraph and arguing by induction on -y, for any v < p limit we have
Np< Us = Np<r Us = N, cl(V}): hence if such sets are nonempty for every
v < w, then also the intersection corresponding to v = g is nonempty because the
Vé’s belong to the p-Lindelof basis B. Similarly, if X were compact-based and p
is replaced by any infinite cardinal ¢, then all intersections (5., Us = (5, Ué =
Np<~ cl(Vj) are nonempty because the V;’s belong to the compact basis 5.

Corollary 2.3.35. Every u-Lindeldf-based space of weight < X is an fSC,’)-space,
and every compact-based space of weight < X is an SCI’)—space.

For p-tree-based spaces, the converse is true as well.

Proposition 2.3.36. Suppose that X is p-tree-based and has weight < \. Then X is
f SCI); if and only if it is p-Lindelof-based, and X is SCﬁ if and only if it is compact-
based.

Proof. One direction is given by Corollary 2.3.35, so let us simultaneously prove
the two forward implications. Let B be a tree basis for X of height < p, and let
o be a winning strategy for II in the strong (fair) u-Choquet game. Without loss of
generality, we may assume that o has range contained in B. We want to define a
new tree basis A C B together with a function f: |J,. i Levat+1(A) — X such
that for every branch (A4, | a < ) of A of limit height, the sequence of moves
((Aq, f(Aat1)) | @ < =) of player I is compatible with o. Since elements of 53, and
hence of A, are clopen by Proposition 2.2.22, this last condition ensures that A is a
p-Lindeldf tree basis (if o was winning in f G, (X)) or a compact tree basis (if o was
winning in Gy, (X)) by Fact 2.3.21.
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We recursively define the levels of 4 and corresponding restrictions of f. More
precisely, for every v < p we define a family A, C B and, if + is successor, a
function f,: A, — X such that letting A<, = J,<, Aa and foy = U, <, fa+1 We
have: -

(1) Lev,(A<,) = A,.
(2) Forevery B € Lev,(B) and x € B thereis A € A<, suchthatz € A C B.

(3) For every branch (A, | a < ) of A<, of length v + 1 and every z € A,, the
sequence of moves ((Aq, foy(Aa+1)) | & <) (A, x) is compatible with &

Then A = |, u A, C Bis a (tree) basis by item (2), and by item (3) it satisfies the
additional requirement discussed above.

Start by setting Ay = Levo(B). This trivially satisfies items (1)—(3), so we can
move to the inductive step. Given 0 < v < pu, suppose that f,41 and Ag have been
defined for every a < 8 < 7. Let A, = |, <~Aa. Define X to be the set
of those € X such that {4 € A., | € A} is a local basis for z, and notice
that if v/ < ~ then X,y C X,. For elements of X, we have nothing more to add
to A., to make it a local basis for x, so we will concentrate on X \ X,: indeed,
our construction will ensure that A, is a clopen partition of X \ X,. For every
z€ X\ Xy CNyo, (X \ Xy), theset Ay(z) = {4 € A, | © € A} is open
by Lemma 2.2.25 and ¢ X,. Moreover, A,(z) C X \ X, because if y € A,(z)
theny € (N, (X \Xy)and {A € Ao, |y € A} = {A € A, [z € A} by
the fact that A/ is a partition of X \ X./; hence if y # x then {4 € A, |y € A}
does not separate y from  and thus cannot be a local basis for y. This shows that
{A,(x) | z € X\ X,} is an open cover of X \ X,. Forevery z € X \ X, let B, (x)
be the minimum (with respect to the tree order O) B € B suchthatx € B C A
for every A € A., with x € A, so that in particular B, (z) C A,(x). The family
{By(z) | x € X \ X,} is a clopen partition of X \ X, by A,(z) C X \ X,,
Proposition 2.2.22(2) and minimality of the B, (x)’s.

Assume first that -y is limit, so that f—, is already entirely defined, and set A, =
{By(z) | z € X\ X;}. Since X \ Xy C 1, (X \ X,) and we are ensuring
that each A, is a clopen partition of X \ X/, for every x € X \ X, and v/ < v
there is A € A, with z € A: by item (1) applied to such ordinals 7' < ~ and the
choice of B, (x) we then have that B, (x) € Lev,(A<~) and item (1) is satisfied. As
for item (2), pick any x € B € Lev,(B). Notice that every predecessor B’ of B
in B belongs to Lev,,(B) for some o < +, and thus by induction hypothesis there is
A € A, suchthat z € A C B’. In particular, if there is no A € A, such that
x € A C B (so that in particular x € X \ X)), then by Proposition 2.2.22(2) B is
minimal such that x € B C A forall A € A, withx € A, and thus B, (z) = B by
definition of B, (x). Finally, item (3) is satisfied by induction and B, (z) C A, (z).

Assume now that v = 3 + 1 is successor. In this case A, will be a partition
refining { B, (x) | + € X\ X, }. Granting this, the argument in the previous paragraph
shows that items (1) and (2) will be satisfied by such an A,. As for item (3), we first
need to define f,,. Forz € X \ X, and o < f3, let A, € A, be (the unique set) such
that z € A,. Define

Ty = <(Aaaf<'y(Aoc+1)) ‘ a < /8>A<(Aﬁ’x)>'
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Then r, is compatible with ¢ by item (3) applied to 5. Let
Cy = {o(rs) N By(2) | € X\ X, },

and notice that it covers X \ X,. Since both o(r;) € B and B,(z) € B and they
have nonempty intersection, as witnessed by z itself, we must have that they are
comparable with respect to inclusion by Proposition 2.2.22(2), hence either o (r,) N
By (x) = o(rg) or o(ry) N By(x) = B,(x). It follows that C, C B. Let A, be
the set of minimal elements of C,, (with respect to the tree relation 2 of B): then A,
is a partition of X \ X, by Proposition 2.2.22(2) again. For every A € A,, choose
x € X \ X, such that A = o(r;) N By(x), and set f,(A) = x. It is easy to check
that item (3) is then satisfied by construction. ]

This means that for u-additive pu-tree-based spaces, having a winning strategy
in the relevant Choquet-like games is the same as having a winning tactic in those
games. In particular, since every (Lebesgue zero-dimensional) p-metrizable space is
p-additive and p-tree-based, we have the following:

Corollary 2.3.37. Let X be a (Lebesgue zero-dimensional, if |4 = w) u-metrizable
space. Then player 11 has a winning strategy in the strong fair u-Choquet game
f GZ(X ) if and only if it has a winning tactic in it, and the same is true for the strong
p-Choquet game G, (X).

2.3.4 Proof of Theorems 2.3.1 and 2.3.2

Combining together all the results obtained, we can prove the two theorems an-
nounced at the beginning of the section.

Proof of Theorem 2.3.1. First, every (A, p)-Polish space is pu-metrizable, thus (1) =
(3) by Proposition 2.3.12. Also, (2) = (1) by Proposition 2.3.14. Every u-metrizable
space is p-tree-based by Theorem 2.2.1, thus (3) <= (4) by Proposition 2.3.36.
The equivalence (4) <= (5) is Corollary 2.3.29, while (5) <= (6) is given by
Corollary 2.2.52. The implication (6) = (7) follows from Proposition 2.2.53, while
(7) = (4) by Corollary 2.3.28. Finally, (5) = (2) by Proposition 2.3.17. ]

Proof of Theorem 2.3.2. First, (2) is a strict strengthening of (1), so (2) = (1). Every
spherically-complete (A, 11)-Polish space is p-metrizable, thus (1) = (3) by Proposi-
tion 2.3.15. Every p-metrizable space is pu-tree-based by Theorem 2.2.1, thus (3)
<= (4) by Proposition 2.3.36, and the equivalence (4) <= (5) is Proposi-
tion 2.3.31. Finally, (5) = (2) by Proposition 2.3.17. U

2.4 Standard \-Borel spaces

Sections 2.2 and 2.3 provide a large number of classes of spaces which could claim
to be the “right” generalization of Polish spaces. To determine which are the bet-
ter classes to work with if we aim at developing a decent (generalized) descriptive
set theory is a quite challenging task and certainly requires a deeper analysis. It
might well happen that we will have to accept a blurry situation, in which differ-
ent results will rely on different classes, or that we will instead have to restrict to
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the class of u-metrizable spaces, where all the notions collapse into a simple and
well-delimited setup (although this would then show that when © > w, generalized
descriptive set theory would just be a theory of Lebesgue zero-dimensional Polish-
like spaces). Whatever the answer to this question will be, we are now going to
show that also in the generalized context there is a unique notion of standard A-Borel
space (Theorem 2.4.13), thus providing a solid ground for the development of de-
scriptive set theory from A-Borel sets onward. Moreover, all the different classes of
topological spaces considered so far are the same up to A-Borel isomorphism (Theo-
rem 2.4.12), and actually in most cases the only differences concern the finite levels
of their A-Borel hierarchy (even though A might be very large in the cardinal hier-
archy). This shows that even if the situation might be chaotic from the topological
viewpoint, there is a chance that a better picture can be obtained from the point of
view of (generalized) descriptive set theory.

2.4.1 Standard \-Borel spaces

Recall from Section 2.1.2 the notion of (\-)Borel space and related concepts. A
well-known fact in classical descriptive set theory concerning Borel spaces is the
following.

Theorem 2.4.1 ([93]). Let (X, %) be a Borel space. Then the following are equiva-
lent:

(1) there is a Polish topology T on X such that = Bor(X, T);

(2) there is a (Lebesgue) zero-dimensional Polish topology on X such that 8 =
Bor(X, 7);

(3) there is a Borel set A C “w such that (X, B) is Borel isomorphic to A, where
the latter is equipped with the Borel structure Bor(“w) | A inherited from “w.

A Borel space is called standard if it satisfies the equivalent conditions above.
Theorem 2.4.1 conveys two distinct (although related) pieces of information, namely,
that the class of Polish spaces and the class of (Lebesgue) zero-dimensional Polish
spaces are the same up to Borel isomorphism, and that it is equivalent to saying that
the Borel structure of a Borel space X is generated by a nice (i.e. Polish, or zero-
dimensional Polish) topology and that, up to Borel isomorphism, X is a Borel subset
of the Baire space “w (or any other uncountable Polish space, including the Cantor
space “2). These results were extended in Chapter 1 to the context of x-Borel spaces
for regular cardinals x satisfying 2<" = k. In this section we further extend this
to all cardinals J, including the case where A is singular, still under the assumption
2<* = \. Except for Proposition 2.4.3, in the rest of the section we assume this
hypothesis and that cof (\) = p and (\;);</, is a strictly increasing sequence of limit
ordinals cofinal in A.

When standard A-Borel spaces (for A > w) were first introduced in [118], no
reasonable notion of a Polish-like space for generalized descriptive set theory was
known, hence the following definition was adopted'? (compare it with Theorem 2.4.1(1)).

2To be precise, the definition in [118] is slightly different, yet equivalent, to the present one—see
Chapter 1 for more on this.
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Definition 2.4.2. A \-Borel space (X, ) is standard if it is A\-Borel isomorphic to
a A-Borel subset of #\.

As a first result, we show that for various important classes of topological spaces
considered in this chapter, we can enrich their topology (in a minimal way) to make
them p-additive without destroying their relevant properties and without altering their
A-Borel structure. (Here we are not requiring that ;o = cof (), although the assump-
tion A<# = X\ implies that 1 < cof()).)

Proposition 2.4.3. Assume that \* = \. For any (regular Hausdorff) space (X, 1)
of weight < \, the smallest u-additive topology 7' D 7 is still regular Hausdorff and
of weight < )\, it is such that Bor(X, ") = Bor)(X, 7), and moreover:

(1) if (X, 7) is a NS ,-space, then so is (X,7');
2) if (X,
3) i (X,
@ if (X7
(5) if (X, 7) is an SC)-space, then so is (X, 7').

T) is a p-tree-based space, then so is (X, 7');
7) is a p-uniformly based space, then so is (X, 7');

)
)
) is an fSCf;-space, then so is (X, 7');
)

Proof. If 1 = w we have 7/ = 7 and there is nothing to prove, so let us assume that
p is uncountable. Let B be a basis for (X, 7) of size < A, and let 7’ be the smallest
p-additive topology refining 7. Notice that B = {1 A | A C BA|A| < p}isa
basis for (X,7) of size A* = \. Since B C Bor,(X,7) and B has size \, we
have that 7 C 7/ C Bory (X, 7), and thus Bory (X, 7’) = Bor,(X, 7). Also, notice
that since (X, 7) is Hausdorff, then (X, 7’) is Hausdorff as well, and since (X, 7) is
w1 -additive, then it is in particular zero-dimensional and thus regular.

We now prove item (1). Assume that B is a NS ,-basis for (X, 7) with a NS,-
cover {B, | @ < p}. By Fact 2.2.12(4) we can assume that B, C Bg for every
a < B < p. Analogously to what we did in the proof of Proposition 2.2.17 (but
using families .4 of size < u instead of countable families), we set

Co = {ﬂA‘AgBa/\M] <upn()A= ) cl(A)},

AcA
Do = {N1CN(Cq,z) | = € X}, and D = |J,., Da. Arguing as in Proposi-
tion 2.2.17 and using the fact that 7’ is u-additive, we get that each D,, is a 7'-clopen
partition of X. We need to prove that D is a basis for (X, 7’) (and so in particu-
lar a NS,,-basis for it, since {D, | a < p}isa NSi—cover of D). Consider any
O € Bandz € O. Let A C B be such that |A] < pand O = ().A. We want
to find @ < g such that z € [(CN(Cq,z) C O. For every A € A, using the
regularity of X find a family {U/* | i < w} C B of basic T-open sets such that
T € clT(UfH) - UZ-A C A for every i € w, where cl, denotes closure with respect
to 7. Define A’ = {U#' | i < w,A € A}. Then |A'| < p, and since we assumed
that U5<a Bs C B, for every a < p, there exists &« < g such that A" C B,.
Furthermore,

NA = <ﬂUZA> =N (ﬂd(U;“)) = ) cl4).

AEA Nicw AEA Micw Ale A!
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Hence (A’ € C,, and since z € (| A" then 2z € (JCN(Cq,z) CNA' CNA=0
and we are done.

Next we move to item (2). Assume that (X, 7) has a tree basis B of height p.
Define

B’:{ﬂA}AgBA\A\<uAﬂA7ﬁ®}.

Then B’ D B is by definition a basis for 7/, and it is a tree basis of height < u because
by Proposition 2.2.22 the condition (] A # () implies that A is contained in some (not
necessarily unique) branch of B.

As for item (3), assume that o is a winning strategy for player II in the p-uniform
local basis game on (X, 7). Recall that in such a game there are no restrictions on
the possible moves of player I, so there is no distinction between (legal) sequences
of moves for I in the game on (X, 7) and (legal) sequences of moves for the same
player in the game on (X, 7’). We define a strategy ¢’ for II in the p-uniform local
basis game on (X, 7') as follows, ensuring in particular that each move of player 11
is actually a 7/-clopen set. Consider any sequence of moves r = (z, | a < «) for
player I of successor length. We distinguish two cases. If z, € o'(r | (7' + 1)) for
all v/ < ~, then let o/ (r) be any 7’'-clopen set such that

zy €0'(r) Co(r)n ﬂ ar (v +1)).

Such a set exists because z, € o(r) (since o was legal) and 7’ is p-additive, hence
also zero-dimensional because we are in the case y > w. If instead =, ¢ o'(r |
(7' + 1)) for some 7/ < 7, then set o’(r) = X \ o/(r | (v + 1)). Itis clear that in
all cases ¢’(r) is a 7'-clopen set which contains x.,, hence it is in particular a legal
move for II in the game on (X, 7') and ¢’ is a legal strategy: we claim that is also
winning. Let (zq, V], | a < ) be a run of the game on (X, 7’) in which II followed
o',andset V, = o((zg | f < o)) forall v < p. If the second case above occurred at
some round v, then (), Vo, = () because V| = X'\ V, for some 7' <, so without
loss of generality we can assume that only the first case occurred along the run. Then
for every v < p we have V,; C V,, by construction. If z € (,_, Vs # 0, then
T € (Nyep Vo # 0 as well, and hence {V,, | @ < p} is a local basis of = with respect
to 7 because o was winning. Let O be a 7'-open neighborhood of x: without loss of
generality, O =) 3<~ Up for some y < 11 and 7-open sets Ug. For each B < ~y there
is ag < psuch thatz € Vi, € Up. Let 6 = sup{ag+ 1| 3 < ~}. Thend < p
because u is regular, and by construction and case assumption

reViC (VLS (VoS )Vas S [)Us=0.
v'<6 <9 B<y B<y

This shows that {V | a < p} is a local basis for « with respect to 7/, as desired.
Finally, if player IT has a winning strategy in fG;, (X, 7) (respectively, Gy, (X, 7)),

then the same argument from [42, Proposition 4.3 and Lemma 4.4] shows that II also

has a winning strategy in f G, (X, 7') (respectively, G, (X, 7')). This proves items (4)

and (5) and concludes the proof. ]

Items (5) and (4) in Proposition 2.4.3 cannot be reversed. For SCi‘L spaces, this
is easy to see, as for example, the space of rational numbers Q is not strong Cho-
quet, but the smallest p-additive topology refining it is SCQ when p > w (since it is
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discrete). See also [42] for more examples. As for f SCﬁ—spaces, Proposition 2.5.4
shows that there are spaces (X, 7) that are not fSC?, yet the smallest p-additive
topology generated by 7 is f SCf;.

2.4.2 Changes of topology

A fundamental technique to prove Theorem 2.4.1 is the possibility of changing the
topology of a given Polish space to turn a given Borel set into a clopen set, without
losing Polishness and without modifying the Borel structure of the space. In Chap-
ter 1 this technique was extended to the generalized setting for regular cardinals: by
adapting that argument to the singular context, we are now going to prove the same
result in full generality.

Theorem 2.4.4. Assume that 2<* = X has cofinality ju and let (X, T) be an f SC/);-
space. Let B C Bory(X, T) be of size < \. Then there is a topology 7' on X such
that:

(1) 7 refines T;
(2) each B € B’ is 7'-clopen,
(3) Borx(X,7") = Bory(X, 7), and

4) (X,7') is a p-additive fSCi‘L-space with a NSﬁ—basis of clopens (hence it is
also Lebesgue zero-dimensional and (X, p1)-Polish).

We split the proof of Theorem 2.4.4 into three technical lemmas that will also
be used to prove Theorem 2.4.15. To simplify the terminology, say that a collection
B C Bor)(X,T) of A\-Borel sets is downward closed if for every 1 < a < ATt
and B € B with rank(B) = « there is F C B such that |F| < ), each element
of F has A\-Borel rank < «, and B = JF (if B € \-X0(X, 7)) or B = N F (if
B € MII%(X,7)). In other words, B is downward closed if every time that a set
B € Bhas rank < « for some 1 < o < AT, this is witnessed within the family B
itself.

Lemma 2.4.5. Assume that 2<* = X has cofinality ji and let (X, T) be an fSCl);—
space. Let B C Bory (X, T) be of size < \. Then there is a family B = (By)a<) of
A-Borel sets with B O B’ satisfying the following conditions:

(a) B contains a basis for the topology T.
(b) B; = {Ba | @ < Ai} is closed under complements for every i < pu.
(¢) B is downward closed.

Proof. We recursively define families B,,, n € w, of size at most A as follows. Given
a < \-sized basis A for 7, let By be the closure under complements of B’ U A. In
the inductive step, for every B € B,, of rank > 1 choose a family F5 C Bor)(X, 1)
witnessing this. More precisely, if rank(B) = o > 1 and B € A-30(X, 1) (re-
spectively, B € A\-TIY (X, 7)) pick Fp C Ui<p<a )\—H% (X, 1) (respectively, Fp C
Ui<p<a )\-Z%(X, 7)) of size < A such that B = | J Fp (respectively, B = |J Fp).
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Then let 3,11 be the closure under complement of 3, U( J BeB, Fp. By construction,
B = UHEW By, has size < A, satisfies (a) and (c), and is closed under complements. To
get (b) it is enough to enumerate B as (B, )a<) in such a way that Bog 1 = X \ Bg
for every 5 < A: since the \;’s are limit ordinals, this works. O

Lemma 2.4.6. Assume that 2<* = X has cofinality ji and let (X, T) be an fSCi‘L—
space. Let B C Bory)(X,7) be a family of size < \ which contains a basis A for
T and it is both closed under complements and downward closed. Then the smallest
u-additive topology T 2 B on X is such that:

(1) T refines 7;

(2) each B € B is T-clopen,

(3) Bor)(X,7) = Bory(X,7), and
4) (X,7) is a p-additive fSC;)—space.

Proof. By definition, the topology 7 refines 7 and is zero-dimensional by A C B
and closure of 3 under complements. For the same reason, each B € B is 7-clopen.
It is easy to check that (X, 7) is Hausdorff and regular since 7 O 7 and 7 is zero-
dimensional. A basis for T is given by the family of all intersections of size < u of
elements of B, and since A<* = \ (because we assumed 2<* = \) the space (X, 7)
has weight < \. Moreover, Bor)(X,7) = Bor)(X, 7) because B has size A and
A C B C Bory (X, 7).

It remains to show that (X, 7) is also fSC
Proposition 1.3.1. For every A € B, let

Bl A={A X\ A} U{B € B|rank(B) < rank(A)}.

A

;1> and for this we proceed similarly to

Let <7 be the collection of those A € B for which the smallest p-additive topology
generated by B | Ais f SC;). Notice that <7 is trivially closed under complementa-
tion.

Claim 2.4.6.1. Let (4;);<) be a family of sets in «7. Let T, be the smallest z-
additive topology generated by | J; (B | A;). Then (X, 7o) is an f SCf‘L—space.

Proof of the Claim. Let 7; be the smallest p-additive topology generated by B [ A;,
and let X =[], _,(X,7;) be endowed with the ji-supported product topology. Since
A; € o the space (X, 7;) is Hausdorff for every i < A, hence the diagonal

= {her < X [¥3 <3 (15}

is closed in X. It is then easy to check that the map h: A — (X, 7 ) sending
(xi)i<x € A to xg is a homeomorphism. By Fact 2.3.7, player II has a winning
strategy in the strong fair y-Choquet game on X. Since A is closed in X, we get that
A (and thus (X, 7)) is an fSCl’)—space by Proposition 2.3.6. O

Notice that if (A;);<» is an enumeration of B, then the corresponding 7, from
Claim 2.4.6.1 coincides with 7 because | J,_,(B [ A;) = B, hence to complete our
proof it is enough to show that A € &7 for every A € B. This is done by induction
on rank(A), using the following two claims and the fact that <7 is closed under
complements.
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Claim 2.4.6.2. Let C' be an open or closed set of an f SCI’)—space (Y, 7y), and let 7y
be the smallest p-additive topology generated by 7y U {C,Y \ C'}. Then (Y, 7y) is
an fSC,’)—space.

Proof of the Claim. Let T be the smallest topology generated by 7y U {C,Y \ C}.
Then (Y, 7) is homeomorphic to the sum of the spaces C' and Y \ C' (endowed with
the relative topologies inherited from Y'). Since both C' and Y \ C are f SC;\L—spaces
by Theorem 2.3.6, and since the class of f SCﬁ—spaces is trivially closed under < A-
sized sums, then (Y, 7) is an fSC,’)—space as well. By Proposition 2.4.3 applied to
(Y, T), the smallest p-additive topology generated by 7 is strongly fair u-Choquet,
and since such topology coincides with the smallest p-additive topology generated
by v U{C,Y \ C'} we are done. O

In particular, setting (Y, 7y) = (X, 7) we get that if C' € B is closed or open,
then C' € 7, i.e. that all sets in B of \-Borel rank 1 belong to .<7.

Claim 2.4.6.3. Let 1 < o < A" be such that B, = {B € B | rank(B) < a} C <.

Let A € Bbesuchthat A =(,_, A; with A; € B, foralli < X\. Then A € /.

Proof. By Claim 2.4.6.1, the smallest y-additive topology 7 generated by |z Bea B
B is strongly fair ;-Choquet, and since |z 5., B | Bis closed under complements
then each A; is Too-clopen and A = (), A; is Toc-closed. The smallest y-additive
topology generated by 7o, U {A, X \ A} coincide with the smallest p-additive topol-
ogy generated by B | A. Therefore setting (Y,7y) = (X,7x) and C = A in
Claim 2.4.6.2 we get the desired result. O

Since B is downward closed, Claim 2.4.6.3 can be used to show that if B, C <7,
then every setin BNA-TT2 (X, 7), and hence also every setin BNA-X% (X, 7), belongs
to 7. This concludes the proof of Lemma 2.4.6. O

Lemma 2.4.7. Assume that 2<* = X has cofinality j1 and let (X, T) be an fSCf;-
space. Let B = (Bgy)a<x be a family of A\-Borel subsets of X satisfying condi-
tions (a)—(c) in the conclusion of Lemma 2.4.5. For i < y set

l’S’i—BiU{U]-“‘]-"gBi}U{ﬂ]-"’]—“g[:’z},

where as in Lemma 2.4.5 the family B; is defined by B; = {Ba | a < \;}. Let
B= Ui<u Bl )
Then the smallest p-additive topology 7' generated by B on X is such that:

(1) 7' refines 7;
(2) each B € l’;’ and hence in particular each B € B, is 7’-clopen,
(3) Borx(X,7") = Bory(X, 7), and

4) (X,7') is a p-additive f SCZ\L—space with a NSZ-basis of clopens (hence it is
also Lebesgue zero-dimensional and (X, p1)-Polish).
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Proof. The smallest u-additive topology 7 O B satisfies the conclusion of Lemma 2.4.6.
Since 2<* = )\, we have that |B| < \: indeed, |B;| < | 2(B;)| < 2% < X for every
i < p. Moreover, since each set in B3 is 7-clopen, then every element of B is either
open or closed in 7, and since B; is closed under complements then so is each B;
and the entire /3. Furthermore, B is downward closed by definition and the fact that
B was downward closed. Thus we can apply once again Lemma 2.4.6 to the space
(X 7) and the family B: we claim that the smallest p-additive topology contalmng
BB from that lemma is the desired 7’. Indeed, 7/ O 7 D 7, each B € B is 7/ -clopen,
Bora(X,7") = Bory(X,7) = Bory(X, 7), and (X, 7’) is a u-additive fSCﬁ—space.

Fix any ¢ < pu. Since each element of B; is clopen in 7 C 7/ and B; is closed
under complements, we have that

CNT/(Bi,.%') = CN;—(BZ',HJ) = {B € B; ‘ WS B}

Set D; = {1CNn(Bj,z) | z € X} and D = |J,,
by Lemma 2.2.15, and it consists of 7/-clopen sets because by definition B contains
every intersection of sets from 53; and elements of B3 are 7/-clopen. In particular, this
shows that {D; | i < u}isa NSi—cover of D consisting of 7/-clopen sets.

It remains to show that D is a basis for 7. For every O € 7/ and z € O let
A C B be a family of size < p such that z € ().A C O: we may find A since 7/
is the smallest p-additive topology containing B. Then by definition of B for every
A € Awemay findig and F4 C B;, suchthat A = |JF4 or A = [ Fa. (Notice
that this includes the case in which A € B;,, asthen A = |JF4 = [ Fa for
Fa = {A}.) In the first case, set F)y = {F'} for some F' € F,4 such that z € F,
otherwise set 7y = F4. Let A’ = (J 4 F4 and let i = supc 4ia. Theni < p
because |A| < p and p is regular, and thus A’ C B;. Then we have

D;. Each D; is a partition

v €(ON.(Bi,z) ={BeB;|[xeB}C (A C[)ACO,
and since (| CN/(B;, z) € D; C D we are done. O

To prove Theorem 2.4.4, it is now enough to apply Lemma 2.4.5 and Lemma 2.4.7
one after the other.

Once the change-of-topology technique is available, we can derive a number of
interesting and useful consequences. Naturally adapting the arguments in Corol-
lary 1.3.2 we get the following corollaries of Theorem 2.4.4.

Corollary 2.4.8. Assume that 2<* = X has cofinality . For every A-Borel subset B
ofan f SCl’)-space there is a continuous A-Borel isomorphism from a closed C C #)\
to B.

Corollary 2.4.9. Assume that 2<* = X has cofinality . Each \-Borel subset B of
an fSCl’)-space is A-Borel isomorphic to a superclosed subset of *\ (and thus to a

p-additive SCﬁ-space with a NSi-basis of clopens).

Proof. By Corollary 2.4.8 the set B is A-Borel isomorphic to a a closed C' C #\.
Then the same argument of Lemma 1.1.38 gives the desired result. O

Corollary 2.4.8 gives in particular that every f SCf;-space is a continuous injective
image of a closed subset of #\. In the case of SC;)—spaces, by Corollary 2.3.33 we
can also obtain the following related result.
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Corollary 2.4.10. Assume that 2<* = X has cofinality j1. Every SCﬁ—space isa
continuous image of *\.

The following is the counterpart of Theorem 2.4.4 in terms of functions and can
be proved by applying it to the preimages of the basic open sets in any < A-sized
basis for the topology of Y.

Corollary 2.4.11. Assume that 2<* = X has cofinality p. Let (X,T) be an fSCf;-
space and Y be any space of weight < \. Then for every \-Borel function f: (X, 1) —
Y there is a topology 7' on X such that:

(1) 7’ refines T;
(2) f: (X,7") = Y is continuous; each B, is T'-clopen,
(3) Bory(X,7") = Bor)(X, 1), and
4) (X,7') is a p-additive f SC;}-space with a NSi-basis of clopens (hence it is
also Lebesgue zero-dimensional and (X, p1)-Polish).
2.4.3 Main results

We are now ready to prove the analogue of Theorem 2.4.1 in our generalized context.
First of all, Theorem 2.4.4 and Corollary 2.4.9 show that all classes of Polish-like
spaces naturally arisen in this chapter coincide up to A\-Borel isomorphism: once
we have the weakest notion of completeness, i.e. being an f SCﬁ—space, all the rest
comes for free if we are interested in results depending just on the A-Borel structure
of the space (and not on its actual topology). The classes of spaces listed in the next
theorem are just a sample of the variations on the theme that might be considered.

Theorem 2.4.12. Assume that 2<* = X has cofinality j1. Up to \-Borel isomorphism,
the following classes of (regular Hausdorff) topological spaces coincide:

) fSCﬁ-spaces;

2) SC;\L-spaces;

(3) (A, p)-Polish spaces;

(4) (Lebesgue zero-dimensional) spherically complete (A, p)-Polish spaces;
(5) p-Lindeldf-based spaces;

(6) compact-based spaces.

Moreover, items (3) and (4) can be replaced by any of their reformulations from
Theorems 2.3.1 and 2.3.2.

Using the same results, we can also show that standard A\-Borel spaces can equiv-
alently be defined in terms of Polish-like topologies generating them.

Theorem 2.4.13. Assume that 2<* = \ has cofinality ji. A \-Borel space (X, R) is
standard if and only if there is a topology 7' on X such that Bor)(X,7') = % and
the following condition holds:
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() (X, isa fSCﬁ—space.
Moreover, condition (1) might be replaced by any of the following ones:

(2) (X,7') is a p-additive fSCi‘L-space with a NSi-basis of clopens (hence it is
also Lebesgue zero-dimensional (\, j)-Polish,).

(3) (X,7') is a u-additive SCi‘L-space with a NSZ-basis of clopens (hence it is also
Lebesgue zero-dimensional and spherically complete (\, p)-Polish).

Furthermore, if 8 = Bor)(X,7) for some topology T of weight < )\, in condi-
tions (1) and (2) we can additionally require that T C 7'

Remark 2.4.14. Since p-additive SCﬁ—space with a NS ,-basis of clopens and f SCf‘L—
spaces form, respectively, the smallest and largest class of Polish-like spaces consid-
ered in this chapter, in Theorem 2.4.13 we can further replace those classes with any
of the other ones like p-additive fSCﬁ—spaces or u-tree-based SC;}—spaces, and so
on.

We conclude this section by solving two natural problems concerning standard
A-Borel spaces. All results below again extend corresponding theorems in Chapter 1
(which deals only with regular cardinals) to arbitrary \’s satisfying 2<* = \; we
refer to that paper for a more thorough discussion on their relevance, in particular in
relation to what happens in the classical case A = w.

First, we want to characterize those subspaces of a Polish-like space that inherit
a standard A-Borel structure from it.

Theorem 2.4.15. Assume that 2<* = X has cofinality ji. Let (X, A) be a standard
A-Borel space, and let A C X. Then (A, % | A) is a standard \-Borel space if and
only if A € A.

Proof. Since (X, %) is standard A\-Borel, by definition we can find some B € Bor)(*\)
which is A\-Borel isomorphic to (X, £).
If A € %, then the subspace (A,%# | A) is A\-Borel isomorphic to a set in
Borx(B) C Bory(#\), hence (A, # | A) is standard A-Borel by definition.
Conversely, assume that (A, # | A) is standard A-Borel. Let 7x be a p-additive
f SCf; topology on X with Z = Bor, (X, 7x), whose existence is granted by Theo-
rem 2.4.13. Using the same theorem, together with the fact that the topology induced
by 7x on A has weight < X and generates & | A, find a p-additive f SCf; topology
Taon Asuchthat7x [ AC 74and B [ A= Bory(A,7a).

Claim 2.4.15.1. There are families Cx = (Ba)a<x and C4 = (Cy)a< of A-Borel
subsets of, respectively, (X, 7x) and (A, 74) which simultaneously satisfy (the ana-
logues of) items (a)—(c) from Lemma 2.4.5 (with respect to the corresponding ambi-
ent spaces), and moreover C, = B, N A forall & < \.

Proof of the Claim. Let D be a basis for (A, 74) of size < ), and let Cg be the
family obtained by applying Lemma 2.4.5 to B’ = D4 (with respect to the space
(A,74)). Since CY C Bory(A, 74) = Bor\(X,7) | A, forevery C € CY we can find
B¢ € Bory(X,7) such that C = Bo N A: let C§ = {B¢ | C € C}. Now let C% be
the family of \-Borel sets given by Lemma 2.4.5 applied to B’ = C% (with respect
to the space (X, 7x)), and let C} = {BN A | B € C%}. Recursively proceed in the
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same fashion for w-many steps, that is: at even stages n > 0 let C’; be the family of
A-Borel sets of (A, 74) given by Lemma 2.4.5 applied to B/ = CZ_I, and let C% be
a family of A-Borel sets in (X, 7x) whose traces are exactly the elements of C'}; at
odd stages, apply Lemma 2.4.5 to C?{l togetC,andletC} = {BNA| B eC%}.
Finally, set Cx = {J,,c,,C% and C4 = J,,c,, C’4- and notice that C4y = {BNA | B €
Cx } by construction.

The family Cg C Cy4 contains the basis D4 for 74, while C}( C Cx contains a
basis for 7x because we applied Lemma 2.4.5. Moreover, for all even n € w the
family C} is closed under complements and downward closed in (A, 74) because we
applied Lemma 2.4.5, and since if n > 0 then Cj}l_l C ('} by construction it follows
that C4 is closed under complements and downward closed as well. Similarly, for
any odd n € w the family C¥ is closed under complements and downward closed in
(X,Tx), and since C% ' C C% also Cx is closed under complements and downward
closed. Enumerate Cx = (Ba)a<x s0 that Bag 1 = X \ Bog forall § < A, and set
Co = B, N Aforall @ < A. By construction C4 = (Cy)a<n, and

Copy1 =B NA=(X\By)NA=A\(BygNA) = A\ Cop,

new

hence the families Cx = (By)a<x and C4 = (Cy)q<) are as required. d

Let 7% be the topology on X constructed as in Lemma 2.4.7 starting from B =
Cx and, similarly, let 7/; be the topology on A constructed in the same way but
starting from B = C4. By Lemma 2.4.7 both (X, 7% ) and (A, 7/;) are Lebesgue zero-
dimensional (\, ;1)-Polish spaces, and Bor (X, 75 ) = Bory (X, 7x) Moreover, since
Coq = BoNAforall @ < A we have that 7/y = 7% | A by construction, i.e. (A4, 7)) is
a subspace of (X, 7% ). Therefore by Corollary 2.3.11 we have that A is a Gg‘ subset
of (X, %), and so in particular A € Bory (X, 7% ) = Bor\(X, 7x) = £. O

Corollary 2.4.16. Assume that 2<* = X has cofinality ji. Let X,Y be standard -
Borel spaces. If A C X is \-Borel and f: A — Y is a A-Borel embedding, then
f(A) is A\-Borel inY.

We finally come to the problem of understanding which topologies generate a
standard A-Borel structure. Using the results of this chapter, it can be shown that this
class is larger than the collection of e.g. all (A, )-Polish spaces (see also Chapter 1
for more details). On the other hand, if a space (X, 7) is homeomorphic to a A-Borel
subset of #)\, then it clearly generates a standard A-Borel structure by definition.
Theorems 2.2.1(2) and 2.3.6 together with Corollary 2.4.16 allow us to reverse the
implication, yielding the desired characterization in the case of p-metrizable topolo-
gies.

Corollary 2.4.17. Assume that 2<* = X has cofinality . Let (X, 7) be a -
metrizable space of weight < )\ and if i = w further assume that X be Lebesgue
zero-dimensional. Then (X, Bory(X, 7)) is a standard \-Borel space if and only if
(X, 7) is homeomorphic to a A-Borel subset of "\ (or; equivalently, of *2).

2.5 Examples and counterexamples

In this section, we analyze some spaces that share some but not all of the proper-
ties described in the chapter, and thus serve as a counterexample for many possible
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conjectures about how much the hypothesis of the theorems stated can be weakened.

Proposition 2.5.1. Suppose 2<* = \ > cof(\) = . There is a (regular Hausdorff)
w-additive, (paracompact, Lebesgue zero-dimensional,) tree-based, compact-based
(and thus SCi‘L) space X of weight X such that every point x € X has a local basis
of size i, but X is not y-uniformly based (thus, not y-metrizable nor a NS ,-space).

Proof. Consider the set A = {s € #2 | s(a) = 0 for < p many «}, and define the
DSTtree T = {s € <*2 | s [ u ¢ A}, where s | u = siflh(s) < p. Let X = [T].
with the usual bounded topology: we claim X is as wanted.

First, X has weight 2<* = ), and by Fact 2.3.22 X is a compact-based tree-based
(regular, Hausdorff) space. This implies that X is also Lebesgue zero-dimensional
(by Proposition 2.2.24, and this implies also paracompact) and an SC,’)—space (by
Corollary 2.3.35). Finally, X is p-additive and every point £ € X has a local basis
of size p because every branch of 7" has cofinality p.

Finally, we show that I has a winning strategy in the p-uniform local basis on
X, and hence X is not p-metrizable (nor a NS,-space) by Theorem 2.2.1(1). By
Lemma 2.2.35 we may assume that player 1I plays only open sets in the canonical
base Br = {Ns | s € T'}. Letr = (N, | v < §) be a sequence of moves of
player II, and let ¢, = U7<5 s~, where we set | () = (). Define o(r) =¢,~ 0" 1(m)
if Ih(¢,) < u, and define o(r) = x for a fixed point z € X otherwise. First, notice
that o(r) € [T]. = X for any r, so o is well-defined. We claim this o is a winning
strategy for I. Indeed, suppose that (x,, N, | @ < p) is a run of the y-uniformly
based game on X played by I accordingly to . Then, an easy induction on r | «
shows that 1h(s,) < p for every o < p, and furthermore

[{a <lh(sp) | sp(a) = 0} < {ear <1h(sy) | sy(e) = O}

for every f < 7 < u. Hence, if s = sup{sy | @ < u}, then we have lh(s) = p
and s ¢ A, thus s € T and N, = ﬂa<u N, # 0 (as for example s~ 1) € Ny).
Furthermore, for every z € N, and for every a < p we have x € Ng € Ng_, so
particular {IN,_ | & < p} is not a local basis of any point. O

Proposition 2.5.2. Suppose A<# = \ > cof(\) = p > w, and there is v < i such
that "\ contains a subset which is not Gg in it.

Then there is a (regular, Hausdorff, paracompact, Lebesgue zero-dimensional,)
p-uniformly based p-tree-based compact-based (and thus SCQ ) space X of weight A
that is not a NS ,-space.

Proof. Let~yand A C 7\ be such that A is not G§ in 7\. Define
T={se\|slvy¢A}

where s | v = sif lh(s) < 7. Let X = [T, with the usual bounded topology. We
claim X is as wanted.

First, X has weight A# = ), and by Fact 2.3.22 X is a compact-based tree-based
(regular, Hausdorff) space. This implies that X is also Lebesgue zero-dimensional
(by Proposition 2.2.24, and this implies also paracompact), that X is p-uniformly
based (by Proposition 2.2.38), and that X is SC}); (by Corollary 2.3.35).
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It remains to prove that X is not NS,,. Notice that X can be partitioned into two
sets X1 = X N\ = Aand Xy = X N #\ = [T]. Suppose by contradiction that X
is also a N'S,-space, and let B = |, 4 Ba be a NS -basis with By locally <p-small
for every a < p. Forevery z € X; and o < p, let s(a,z) € <7\ be given by
definition of NS, -cover (and by the fact that {NX | s € T} is a basis for X) such
that

{B € Ba| BONNY,,, # 0} < p.

s(a,x

Let Y = 7, and define also Uy = (J,cg Nsy(a )" Then, every U,, is an open set
in 7\, and A C U,. Since A is not G§ in 7\, there is s € (., Us \ A. Since

s ¢ A, in particular we have that N:’\ = NZ¥ C X is non-empty. For every a < p,
let x, € X7 be such that s € Nsy(a za)’ ie. s(a,x,) C s. Notice that the family
B' = {BNNZ¥ | B¢ B,BNNZX # (0} is a basis for the subspace NX C X, and
furthermore {B € B, | BNNX # 0} C {B € B, | BNNX ) # 0} for every

s(a,za
a < u. Hence, we have

a<lp

wNF) < B <[ |J{BE€Ba | BANY, ) #0H <D pn=n

a<p a<p

However, the subspace N is homeomorphic to #), and in particular it has weight
ASHF =X > p. O

Corollary 2.5.3. Suppose A" = X\ > cof(\) = p > w, and there is v < p such
that "\ contains a subset which is not Gg in it.

Then there is a (regular, Hausdorff, paracompact, Lebesgue zero-dimensional,)
w-tree-based compact-based (and thus SCf; ) space X of weight A\ where player 11
has a winning strategy but not a winning tactic in the p-uniform local basis game.

Proposition 2.5.4. Suppose p > w and 2<* < \. There is a j-tree-based space
(X, T) of size and weight 2<" such that (X, ) is not fSC?, but (X, ') is fSC?, for
7/ be the smallest pi-additive topology generated by T.

In particular, if 2<" = p, then (X, T) is also a NS ,-space.

Proof. Let f,g: M2 — p be two functions defined respectively by

f(s) = ot({ar € lh(s) | s(a) = 0}),  g(s) = ot({er € Ih(s) | s(r) = 1})

for every s € <H2.

Let T be the tree of those s € <#2 such that f(s | §) < g(s | ) for every limit
ordinal § < 1h(s). Then T is trivial closed under initial segment (and thus it is a
DST tree). Define X = [T, \ [T], with 7 being the bounded topology inherited from
[T).. First, X is p-tree-based, by Fact 2.2.26, and it has weight and size 2</ since
X C <H2,

We claim that player I has a winning strategy in the strong fair ;-Choquet game
on X. Without loss of generality, by Remark 1.1.4 we may assume player II plays
only open sets in the canonical basis {Ng | s € T'}. Let (V, | @ < 7) be the
sequence of moves of player II of a partial run of the game up to round v < pu. If
N <~ Vo has size < 1, then player I has only one forced move to do. Otherwise,

we have (), <y V, = Ng for some s € T', by Lemma 2.2.25 (and since 7' is closed
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under initial segment). Let o be the minimum ordinal such that s ~ 1(<) ~ (@) ¢ T
Define 0(N;) = (N, - @),s" 1)~ 0(®). Then, given a partial run of the game
((Nsy>a), Vo | @ < 7y), we have f(sa) < g(sq) for every a < -y by construction,
and so f(s) < g(s) as well for s = (U,<,, 8a). Then, (), Ns, is empty if and
only if v = u, and thus o is winning for I. However, player II has a winning strategy
in (X, '), since this space is discrete. O



Chapter 3

Examples and classification

In this section, we are going to study some examples of fSC, or SC,-spaces and
show that these classes are rich, as they contain as many distinct spaces as possible
up to homeomorphism.

For sake of simplicity, we work with a regular uncountable cardinal x satisfying
2<F = k. However, it is not difficult to see that many constructions can be adapted
to the singular case as well.

3.1 LOTS, GO-spaces and their relation with the Choquet
games

One of the greatest sources of examples of non k-additive fSC, or SCy-spaces
comes from linearly ordered sets. First, we recall some basic facts about these spaces
that we are going to use throughout all other sections, and we prove some more that
show their relationship with the Choquet games. We refer to [120] for notation and
for a good introduction to the topic.

Given a linear order (L, <), we usually denote with 0 the minimum and with 1
the maximum of L, if I has any of the two. An extreme point or endpoint of L is
a point that is either the minimum or the maximum. An open interval of L is a set
of the form (s,t) = {x € L | s < z < t} for some a,b € L U {—00, +00}, where
400 (resp., —o0) is an element outside IL that is assumed greater (resp., smaller) than
any element of L. Similarly we define intervals of other forms (a,b] = (a,b) U {b},
and [a,b) = (a,b) U {a}, and [a,b] = (a,b) U {a,b}. The order topology 7= on L
is the smallest topology generated by the open intervals of the order. A topological
space with a linear order (IL, <p,, 7) is called a linearly ordered topological space,
or LOTS if the topology coincide with the order topology 7 = TE. A topological
space with a linear order (X, <x,7) is called a GO-space or generalized ordered
space! if there is a LOTS (IL, <1, 71,) such that X is both a subspace and a suborder
of L. Given two GO-spaces (X, <x,7x) and (Y, <y, 7y ), we say that X and Y are
isomorphic if there is a function f : X — Y that is both an isomorphism of orders
and a homeomorphism of topological spaces. When dealing with more ordered sets

'An interval that is open in the topology of a GO-space may not be an open interval of the form
(a,b): for this reason, we try to stick to the term 7-open interval or interval open in X to denote
intervals that are open in the topology of X, and leave the term open interval for sets of the form (a, b).

132
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L; C L; at the same time, we use the notation (z,y)y,, to specify in which set an
interval is calculated (and similarly for other types of intervals). Given a linear order
(L, <), asubset A C L is called convex if and only if [a,b] C A for every a,b € A.
Every convex set A can be written as union of intervals A = J;,, ;slai, b;] for
a decreasing sequence (a;)ic, and an increasing sequence (b;);c, and A is open in
the order topology if and only if we may choose the sequences (a;)ico and (b;)icg
so that A = J;, j<p(ai, ;). Notice that any convex GO-subspace X of a LOTS
(L, <, 7) is again a LOTS with topology and order inherited from L.

GO-spaces can be characterized in terms of the relationship between the order
and the topology.

Proposition 3.1.1 ([120, Proposition VIILA]). Let (X, <,T) be a linear order with
a topology. Then X is a GO-space if and only if:

s T refines the order topology X of (X, <).
* 7 has a basis made of convex subsets of (X, <).

Notice that if (X, <, 7) is a GO-space and A is T-open convex set, then for every
x € A we may find a 7-open interval I of one of the forms [z, x|, [x,b), (a,x] or
(a,b) such that z € I C A. Indeed, if A = {z} we are done. Otherwise, if z is
the minimum of A and there is b € A with b > z, then [z,b) = AN (—o0,b) is
T-open, since 7 refines the order topology and (—o0, b) is open in the order topology.
Furthermore, z € [z,b) C [z,b] C A by definition of convex set. Similarly if z is
the maximum of A. And if x is neither the maximum nor the minimum of A, then it
means that there are a,b € A such that a < z < b, and thus = € (a,b) C [a,b] C A.

Thus, we can always work with intervals instead of convex sets, if needed.

Corollary 3.1.2. A ropological space with a linear order (X, <,7) is a GO-space
if and only if T refines the order topology and it admits a basis made of intervals of

(X, <).

Notice that the intersection of convex sets is again a convex set. Thus, we get the
following.

Corollary 3.1.3. Let (X, <,T) be a GO-space, and let 7,; be smallest k-additive
topology refining T. Then, (X, <, T,) is again a GO-space.

For a topological space X, the density d(X) (i.e. the smallest size of a dense
subspace) is always less than or equal to the weight w(X) (i.e. the smallest size of
a basis for the topology). In general it is possible that d(X) < w(X). For LOTS,
however, these two cardinals are always equal.

Remark 3.1.4. Let (L, <) be a complete linear order. Then the order topology has
weight x if and only if Il contains a dense subset of size .

The same is not true for GO-spaces, as, for example, the Sorgenfrey line has
density w but weight continuum c.

Given a linear order (L, <), a cut is a convex partition (C, D) of L. We call a
cut (C, D): a jump or a trivial cut if both C' has a maximum and D has a minimum;
left-cut, if C' has no maximum; right-cut, if D has no minimum. A cut (C, D) is
called a gap if it is both a left and right cut. A cut (or gap) (C, D) is called an end cut
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(or end gap) if C = () or D = (). Notice that if (IL, <g, 7-H<“) is furthermore a LOTS,
then a non-trivial cut (C, D) is a gap if and only if {C, D} is a clopen partition in
the order topology. For a GO-space (X, <y, 7) instead, we may have convex clopen
partitions that are not gaps. Since these partitions play a key role in many topological
properties, we define a further notion. A (right or left) pseudo-gap in a GO-space
(X, <x,7) is a cut where C' has a maximum if and only if D has no minimum and
where additionally C' and D are both clopen and non-empty in X. In other words, a
pseudo-gap is a clopen right or left cut that is not a gap. Notice that while the concept
of gap depends only on the order, the concept of pseudo-gap depends strongly from
the topology. Also, LOTS have no pseudo-gaps.

Given a subset of a linear order C' C (L, <), the downward closure of C' is the
set JC = {z € L | dc € Clz < ¢|}. Similarly, the upward closure of C'is the set
1C = {z € L | 3c € Clx > ¢]}. The cofinality of LL is the smallest size of a subset
C C L such that [C' = L, and the coinitiality of L is the smallest size of a subset
C C L such that 1C' = LL. Notice that we may define the cofinality also on any subset
X C L using the order inherited from L, and the cofinality of X is always either 0
if X is empty, 1 if X has a maximum or an infinite regular cardinal otherwise. The
same holds for the coinitiality?.

A (p,v)-cut is a cut (C, D) such that the cofinality of (C, <) is u and the coini-
tiality of (D, <) is v. We call (p, v) the type of the cut. We define (u, v)-gaps and
(11, v)-pseudo-gaps as (1, v)-cuts which are, respectively, also gaps or pseudo-gaps.
Notice then that a (u, v)-cut is an end gap if and only if one between p and v is O
and the other is an infinite regular cardinal. It is a gap if and only if x and v are both
infinite regular cardinals; it is a pseudo-gap (and not a gap) if and only if C' and D
are open and one between p and v is 1 and the other is an infinite regular cardinal.

With abuse of notation, given two subsets C, D C L and z € IL, we write C' < D
to denote ¢ < dforevery c € C'and d € D, and similarly we use the notations C' < x
and x < C. Notice that if C, D are two subsets of L such that C' < D and there
isno z € L such that C' < = < D, then (C, D) uniquely identifies a cut (JC,TD).
In this case, we say that (C, D) form a cut (or a gap/pseudo-gap, if ({C,1D) is a
gap/pseudo-gap). With abuse of notation, we often confuse a gap (C, D) with two
sets that generate it.

Given a linear order (L, <), a subset C' C L is called upward bounded if there
isx € L such that C' < z. Itis called downward bounded if there is « € LL such that
C > z. The order LL is called boundedly complete if every upward bounded subset
has a supremum and every downward bounded subset has an infimum. Equivalently,
L is boundedly complete if and only if it has no gaps other than end gaps, or if
and only if every convex set is an interval. L is called complete? if it is boundedly
complete and it has both maximum and minimum. The order (L, <) is called (order)
dense if between any two points there is a third distinct point. We say that " C 1L
is a dense suborder of L if for every a,b € IL with a < b, either a,b € I’ or there
is ¢ € L' such that @ < ¢ < b. If L is an infinite linear order, this implies that L' is
dense in the order topology of L. If I furthermore is order dense, then the converse

This differs from part of the literature where, for example, the cofinality and coinitiality of linear
orders with endpoints are set to co.

*In literature often the term complete linear order is used to refer to what we call here boundedly
complete linear order. For this reason, in order to avoid confusion in this chapter, we always try to avoid
using the term complete alone and write instead complete with endpoints as a reminder.
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is true as well.

Remark 3.1.5 (Completion through Dedekind cuts). For any linear order (IL, <) there
is a complete order with endpoints (Iﬂ, <) that contains L as a dense suborder.

This is given by the set of all trivial and left cuts of L, ordered by the relation
(A,B) <1 (C,D) if and only if A C C, identifying each x € L with the cut
((—OO, l’), [:Ea —I—OO))

Lemma 3.1.6 ([120, VIIL.C]). Every open set U of a LOTS (L, <, T) has a convex
open partition.

Proof. Let U be open. Define an equivalence relation ~ on U by setting x ~ y if
and only if there is an open interval I C U such that =,y € I. Then, it is immediate
to verify that ~ is an equivalence relation and that the equivalence classes [z].. are
convex and open for every x € U. Thus, {[z]. | z € U} is as wanted. O

Remark 3.1.7. Let (L, <, 7) be a linearly ordered topological space. An interval (s, t)
is clopen if and only if s has a successor and ¢ has a predecessor. Let (s; | i < a) and
(t; | i < B) be respectively a strictly increasing and a strictly decreasing family of
distinct elements of L, for «, 5 limit ordinals. The open set U = (U, ;< g(si, ti) is
clopen if and only if {s; | i < a} has no infimum and {¢; | i < 8} has no supremum.
A similar argument can be used for intervals and the union of intervals of other forms.

The previous remark has the following corollaries. Recall that a topological space
is called connected if it contains no proper clopen subset.

Proposition 3.1.8. Let (L, <, ) be a linearly order space. Then, the order topology
is connected if and only if the order is boundedly complete and dense.

Proof. First, if IL has a (non-end) gap or two consecutive points, then it contains a
proper clopen set by Remark 3.1.7.

Conversely, assume there is a clopen set U. Then, by Lemma 3.1.6 we may find
a convex clopen partition P of X refining {U, X \ U}, and then the result follows
from Remark 3.1.7. O

Notice that GO-topologies instead are never connected.

Remark 3.1.9. Given a linear order (X, <), any GO-topology other than the order
topology on X is not connected.

In fact, any interval of the form (—o0, b], [a, +00) or [a, b] that is open in a GO-
topology is clopen, and by Corollary 3.1.2 any GO-topology either coincide with the
order topology or contains an interval of one of the form above.

Recall that space is said zero-dimensional if it has a basis of clopen sets.

Corollary 3.1.10. Let (L, <) be a linear order. Then the order topology is not zero-
dimensional if and only if there is an open interval I such that (I,<) is a dense
boundedly complete linear order with at least two points.

Proof. (<) Let I = (a,b) be an open interval such that (I, <) is dense and bound-
edly complete. Then it is connected by Proposition 3.1.8, and for every point z €
(a, b) there is no clopen set U such that z € U C (a, b).
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(=) Assume every interval is not dense or not boundedly complete. Consider
r € (—oo,t), we want to find U C (—oo,t) clopen such that z € U. First, if
(xz,t) = 0 then ¢ is a successor of x and thus (—oo, z] is clopen. Otherwise, the
interval (z, t) is non-empty, and thus it is either not dense or not boundedly complete.
In the first case, if y < z are two consecutive points, then we are done since (—oo, z)
would be clopen. Suppose conversely (z, t) is dense but not boundedly complete, and
we may find (y, | @ < 7) C (z,t) bounded in (x,t) that has no supremum. Then
U = Up<ry(—00,9a) is clopen and U C (—0o0,t) as required. The same argument
can be used for intervals of the form (s, +00), and so also for intervals of the form
(s,t) = (—o0,t) N (s, +00). O

The compactness properties of a GO-space can be described in terms of existence
or non-existence of certain types of gaps.

Proposition 3.1.11 ([ 120, Theorem VIIL.2]). A GO-space (L, <, T) is compact if and
only if it has no gaps nor pseudo-gaps.

In particular, for LOTS it is enough to check the completeness of the order (since
they do not contains pseudo-gaps).

Corollary 3.1.12. A LOTS (L, <, ) is compact if and only if (L, <) is a complete
linear order (with endpoints).

[120, Theorem VIII.2] can be extended to k-Lindelof spaces (this may be folk-
lore, but we give an explicit proof for the reader’s convenience).

Proposition 3.1.13. Let k be a regular cardinal. A GO-space (X, <, T) is k-Lindelof
if and only if it has no (u, v)-gaps nor (u, v)-pseudo-gaps with max(u,v) > K, nor
clopen convex partition of size > k.

Proof. First, it is clear that if (C, D) is a convex clopen partition and C' contains a
cofinal strictly increasing sequence (y; | ¢ < u) of length © > k, then the family
{D} U{(—00,¥;) | i < u} is a cover of size ;1 without smaller refinement, and thus
X is not k-Lindel6f. The same argument works for the coinitiality of D. Finally, it is
clear that if X is x-Lindeldf then it can not contain a clopen convex partition of size
> K.

Conversely, suppose X has no gaps nor pseugo-gaps of type (u, v) or (v, u) with
Kk < p < oo and no clopen convex partition of size > k.

Let U/ be an open cover of X. Define an equivalence relation on X by saying that
x ~ y if there is a family &’ of convex open sets refining ¢/ and of size [U’| < k such
that | J U/ is a convex open neighborhood of both x and y. Notice that ~ is symmetric,
and it is reflexive by Lemma 3.1.6, and it is transitive since if /' witness x ~ y and
U" witness y ~ z, then U’ UU" witness = ~ z. Hence, ~ is an equivalence relation.
Furthermore, if U’ witness = ~ y, then it witness also that x ~ z for any z € |JU":
thus each equivalence class is convex and open. Then, P = {[z|~ | x € X} is
a clopen convex partition of X. By assumption, P has size |P| < k. Also, every
convex set C' € P is clopen, and thus T C and | C are clopen as well. In particular,
(X\(1C),tC)and (| C, X\ (J C)) are gaps or pseudo-gaps, which means that
C must have coinitiality and cofinality < & (by assumption on the types of gap or
pseudo-gap of X). For every C' € P, fix a decreasing sequence (y; | i < «) of length
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a < k coinitial in C' and an increasing sequence (z; | i < ) of length 8 < k cofinal
in C. Choose a point p € C' and let A; witness that y; ~ p for every i < « and let A’
witness that z; ~ p for every i < (. Then Ac = U, Ai U, A; is a refinement
of U of size < & that covers C. Thus, A = |Jocp Ac is a refinement of U of size
< K that covers X, as wanted. OJ

Notice that, unlike the countable case, here we need to require explicitly that X
contains no clopen convex partition of size > x. This is due mostly to one fact: w
is a weakly compact cardinal, while x, in general, is not. When & is not weakly
compact, in fact, we can not remove this additional requirement, as for examples the
k-Cantor set “2 with lexicographic order and bounded topology is a GO-space that
has no gaps nor pseudo-gaps of type (u,v) or (v, 1) with k < p < oo, and yet it is
not k-Lindelof (see Fact 2.1.4). The same remains true if we restrict the attention to
LOTS, as ("2, 7,) is homeomorphic to (*Z, 1), which together with lexicographic
order is a LOTS (Proposition 3.2.2).

However, for weakly compact cardinals we can reestablish the previous stronger
version of the theorem.

Proposition 3.1.14. Let x be weakly compact. A GO-space (X, <, T) is k-Lindeldf
if and only if it has no (u, v)-gaps nor (, v)-pseudo-gaps with max(u,v) > k.

Proof. By Proposition 3.1.13, it is enough to show that if X has no gaps nor pseudo-
gaps of type (i, v) or (v, u) with £ > p, than it has no clopen convex partition of
size > k either.

Suppose not, and let P be a convex clopen partition of X of size |P| = pu > k.
Let P = {P; | i < p} be an enumeration of P.

Notice that for every P, € P, since P and () are convex and disjoint, then
either P < @ (i.e. p < gforeveryp € Pand g € Q) or Q < P. Color each set
{i,j} € [k]* by red when P; < P; holds if and only if i < j holds, otherwise color
{7, j} by blue. Since « is weakly compact, there is a set H C x of size |H| = & such
that [H]? is monochromatic. Then, picking p; € P; for every i € H we get an infinite
increasing or decreasing sequence of length x (suppose increasing, and the other case
is similar). Let C' = (J;cp(—00,p;): then C = | J{P € P | P < p; for some i €
H} is clopen, and thus (C, D) is a gap or a pseudo-gap with type (u, v) with u > &,
contradiction. O

We now study the relation between strong Choquet games and GO-spaces. We
start by proving a very general result that allows us to obtain some interesting corol-
laries.

Theorem 3.1.15. Letr (X, <, T) be a GO-space of weight < k. Then X is SCy, (resp.,
fSCy) if and only if player 11 has a strategy winning every match of the strong (resp.,
fair) k-Choquet game on (X, T) where player 1 plays only open intervals®.

Proof. We prove the statement here for the strong x-Choquet game. The proof for
strong fair k-Choquet games follows similarly.

“Notice that we are not allowing to play the intersection of an open interval with all previous moves,
but we allow to play only open intervals that are already fully contained in the intersection of all previous
moves. Notice also that I1 is allowed to play any 7-open set instead.
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First, it is clear that if IT has a winning strategy o that wins every match of the
strong k-Choquet game, then this strategy wins in particular those matches where
player I use only open intervals (recall that open intervals are 7-open sets by Propo-
sition 3.1.1).

Conversely, suppose 11 has a strategy o in the strong x-Choquet game that wins
the matches where player I use only open intervals.

We want to define a winning strategy ¢ for player II that is suitable for every
match of the strong x-Choquet game on (X, <, 7).

First, by Corollary 3.1.2 (and preceding paragraph), for every convex set U and
for every x € U we may find a interval I such that z € I C U, and furthermore

1. I = [z,z] ifand only if U = {x};

2. 1= [z,b) if and only if  is the minimum of U;
3. I = (a, ] if and only if z is the minimum of U;
4. otherwise I = (a, b) is an open interval.

Given a convex set U, a point € U, and an open interval [ = (a,b), we call I an
approximation of (U, z) if I = I U {z} is defined as above (and z € I C U).

Notice in particular that an interval I approximate (I U {x},z) if and only if
x € cl(I).

Notice that for every convex Y C X, for every convex U C Y that is 7-open in
Y, for every x € U and for every approximation I of (U, z), then the set {z} U I
is 7-open in Y. Indeed, if I is empty we are done since in this case U = {x} by
definition, and if I = (a, b) is an open interval we are done since every GO-topology
refines the order topology. Otherwise, I is the intersection of U with an open interval
(—o0,b) or (a,+00), and thus 7-open once again (in V).

Now (X, <, 7') has a basis made of convex sets, by Proposition 3.1.1. Since the
intersection of convex sets is again convex, by Remark 1.1.4 we may assume that
player I always plays only convex sets. Then, by previous argument we may assume
that player I plays only couples of the form (I U {x}, z) for I an open interval with
x € cl(I): if not, replace the move (U, x) of player I with (I U {z}, ) for I an
approximation of (U, z).

Letr = (IoU{xa},zq | @ < ) be a sequence of moves played by player I until
a certain round ¢, where I, is an open interval and x,, € cl(I,). We say that  is:

e good if x5 € Is.

* ok if x5 ¢ I5 and there is § < ¢ such that z3 ¢ Iz and xg = x, # x5 for
every v with 8 < v < 4.

¢ bad otherwise.

Define also G, O, and B, to be, respectively, the sets of all &« < § for which
r | (a+ 1) is, respectively, good, ok or bad.

If r is good, define &(r) = o(r | G;), where r | G, = (I, | @ € G;).

If r is bad, we let II just copy the last move of I, i.e. we set (1) = I5 U {zs}.

If finally r is ok, we associate to r a sequence r’ with only open intervals as sets.
Let A, = {a € O, U B, | z3 # z, for cofinally many 8 < a}. (Recall that we
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say that {3} is cofinal in o = 5+ 1.) Let v = ot(A,) and let A, = {a(€)}c<y
be an increasing enumeration of A,. Notice that by construction v = +/ + 2 and
a(y' + 1) = ¢ since r is ok. Define

= <Ia(6)7xa(e+1) ’ €< ’7,>'

Notice that if » C s are two partial matches that are ok, then the associated sequences
r’, s also satisfies ' C s’. Also, ' is a legal sequence of moves of player I using
only open intervals, since if T (1) # Ta(e) ad To(e11) € {Ta(e} U o), then
Ta(et1) € lage). Define 6(r) = (Is U {xs}) No(r’): it is a legal answer, since
T§ = To(y41) € 0(17).

Now let r = (I, Za, Vo | @ < ) be a match of the strong k-Choquet game up
to a limit round 6 < & played by II accordingly to &. Assume that (1), _ gla # () for
every 3 < 0. We claim (5 I # 0.

First, if there are cofinally many rounds « such that r [ (o 4 1) is good, then we
are done since ¢ = o on those rounds, and ¢ is winning for II.

Second, suppose there is o < ¢ such that xg = x, forevery o < 3 < 6. we are
done since x4 € (), 515

Hence, suppose we are not in those cases: then there are cofinally many « such
that » | (a+ 1) is ok. Indeed, there can not be cofianlly many o < ¢ such that
r | (o + 1) is good (as otherwise we would be in the first case); and if there is
a < dsuch that r [ (8 + 1) is bad for every for every a < 8 < ¢, this would imply
xg = x, forevery o < 8 < 9, and we should be in the second case. Define as before
A, ={a € O, UB, | x3 # x, for cofinally many < a}. Let also v = ot(A) and
let A = {a(€)}c< be an increasing enumeration of A. Notice that +y is limit, since
we assumed that there is no av < ¢ such that zg3 = z, for every a < 3 < 4. Also,
given € < v we have a(e) € B, if and only if € is limit. Thus, for every € < v we
have that r [ (a(e+1)+1) is ok and we may define 7 | = (I (); Za(e+1) | € <€)
as in the definition of the strategy ¢ on ok sequences.

Then, by construction we have that I, (c19) U {Tq(et2)} € 0(rey 1) € Lo for
every e < 7, and r’ = |J, < .., is a legal sequence of moves in the strong -
Choquet game where player I plays only open intervals and II replies accordingly to
o. Therefore, (s I = ., o(rc11) # 0 since o is winning. O

An interesting consequence is that in order to check whether a GO-space is strong
(fair) k-Choquet it is enough to check whether any weaker GO-topology is strong
(fair) k-Choquet. In particular this applies to the order topology, which is coarser
than any GO-topology (Proposition 3.1.1).

Corollary 3.1.16. Given a linear order (L, <), if a GO-topology 7 is fSC (resp.,
SCy), then any other GO-topology of weight < k refining T is fSCy, (resp., SCy).

In particular, if the order topology is fSC, (resp., SCy), then any GO-topology
of weight < r is fSCy (resp., SCy).

We can not expect to obtain the reverse implication in general, as for example
for every linear order (L, <) (of size < k), the discrete topology is a GO-topology
that makes the space SC,;, but there are linear orders (like Q) for which the order
topology is not SCy.
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In Remark 1.1.4, we said that in the Choquet games we can always assume that
the two players play only basic open sets intersected with all previous moves. Theo-
rem 3.1.15 implies that for linearly ordered spaces and GO-spaces we may even ask
that the sets played are not intersected with previous moves.

Corollary 3.1.17. Let (X, <, T) be a GO-space of weight < k with a basis B. Then
X is fSCy (resp., SCy) if and only if player 11 has a strategy in the strong (fair)
k-Choquet game where she plays only sets in B and that is winning for every match
where 1 plays only sets in B.

Theorem 3.1.15 gives a nice characterization of Choquet games in term of gaps.
Let us define the following game.

Definition 3.1.18. Given a non-empty set . C T, the 2,.-gap game on a linear
order (L, <) is the game played by two players

I ‘ 0, Yo, 20 T1,Y1, 21 - Lo Yas Ra
IT | (), 2 TYy 2 - x

where at each round @ < k, player I chooses points x, ya, 2o in L that satisfies
z. <o < Yo < 2o < z. for every € < a, and then player II chooses z,,, 2/, € L
such that z, < 2}, < yo < 2}, < z,. The game stops after k-many rounds or when
it is not possible anymore to play accordingly to the rules. Then, player I wins if the
two sequences obtained ((zq, 2o) | @ < ) form a gap of type (6, d) for some § € Q)

(and player II otherwise).

Proposition 3.1.19. A LOTS (L, <, 7) is fSCy, (resp., SCy) if and only if player 11
has a winning strategy in the Q,-gap game for Q, = {k} (resp., Q. = k1) and L
has weight < k.

Proof. Every open interval (s, t) (and every point x € (s,t)) identify a couple s < ¢
(resp., a triple s < x < t) that is a legal move of player II (resp., I) in the 2,-gap
game, and vice-versa. Then, the result follows from Corollary 3.1.17. O

Combining this result and Corollary 3.1.16, we get the following.

Corollary 3.1.20. Letr (X, <,7) be a GO-space of weight < k. If (X, <) has no
(K, k)-gaps, then (X, <, T) is strong fair k-Choquet. If furthermore (X, <) has no
(6,60)-gap for any § < k, then (X, <, T) is also strong k-Choquet.

In particular, every boundedly complete linear order with any GO-topology is an
SC-space.

LOTS have nice separation properties.

First, every GO-space is normal (and even collectionwise normal, see [120, The-
orem VIII.1]), and thus in particular Hausdorff and regular.

However, paracompactness of GO-spaces is a more difficult subject, since not
every LOTS is paracompact (see e.g. w; with order topology). The following is a
characterization of the GO-spaces which have this property.

Proposition 3.1.21 ([ 120, Theorem VIIL.4]). A GO-space (X, <, T) is paracompact
if and only if every gap or pseudo-gap (C, D) has a closed discrete subspace C' C C
cofinal in C and a closed discrete subspace D' C D cofinal in D.
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3.2 Lexicographic topologies and their properties

In this section, we study a particular class of LOTS that is closely related to the
r-Cantor and x-Baire spaces with bounded topology.

Given a linear order (L, <) and given a pair of sequences s,¢ € "L of length ,
define d(x,y) = min{a < k | z(a) # y(a)}. The lexicographic order on “L is the
linear order defined by = <jex v if z(d(x,y)) <r y(d(x,y)). We call lexicographic
topology the order topology induced by the lexicographic order.

Remark 3.2.1. The bounded topology on "L is finer than the smallest x-additive
topology refining the lexicographic topology on *LL.

Indeed, the bounded topology is «-additive, and for every x, y, # € "Ll such that
y € (z,2),if @ = max(d(z,y),d(y, z)), then y € Nyjo41) C (7, 2).

In particular, if the bounded topology on “LL is k-perfect, then also the lexico-
graphic topology on "L is.

Depending on the order, it may happen both that the bounded topology is exactly
the smallest x-additive topology refining the lexicographic topology on "L, or that
it is strictly finer. Similarly to gaps, we say that a point [ € L has type (u,v) if
(—o0,1) has cofinality  and (I, 4+00) has coinitiality v. A (u, v)-point is a point of
type (i, v).

Proposition 3.2.2. Let (IL, <) be a linear order with at least two points. Then:

1. Suppose 1L has no maximum nor minimum. Then the lexicographic topology on
("L, <1ex) is k-additive and coincide with the bounded topology.

2. Suppose L is dense, and if L has a minimum, then it has no (ji, v)-point with
w > K, and if L has a maximum, then it has no (p, v)-point with v > k. Then,
the bounded topology on ("L, <ex ) is the smallest k-additive topology refining
the lexicographic one.

3. Suppose L is not dense, and it has coinitiality and cofinality < k. Suppose also
that if L has a minimum, then it has no (u, v)-point with . > k, and if L has a
maximum, then it has no (u, v)-point with v > k. Then, the bounded topology
on ("L, <iex) is the smallest k-additive topology refining the lexicographic
one.

4. Otherwise, the bounded topology on ("L, <\ex) is strictly finer than the small-
est k-additive topology refining the lexicographic one.

Proof. Recall that we denote with 0 and 1 respectively the minimum and maximum
of I, if IL has any of the two.

Suppose first that I has no maximum nor minimum. Then, for every s € <L
and z € Ny there are points y, z € Ny such that z € (y, 2)1ex C Ny, thus Ny is
open in the lexicographic topology. Since the lexicographic topology is coarser than
the bounded topology, then 1 follows.

Next, we want to prove 2 and 3 together, showing that if either 2 or 3 holds then
for every s € <FIL and z € N we may find a set U such that x € U C Ny and U is
open in the smallest x-additive topology refining the lexicographic one.

Ifz # s70% and x # s~ 17, then as before we may find y, 2 € N, such that
x € (y,2)1ex € Ny and we are done.
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Thus, assume L has a minimum 0 and x = s~ 0. The case where IL has a
maximum and x = s~ 17 follows symmetrically.

Let z € Nj be such that z <jex z and let o be the smallest ordinal such that
z(B) = 0 forevery 5 > a.

If « is limit, then there is a cofinal set I C « such that z(3) # 0 for every 8 € I.
Then, we have x € ﬂﬁel(w’ B0 2)1ex C Ny, as wanted.

If instead o = B+ 1, letl = z(8) > 0. If either 2 or 3 holds, then (—oo,!)
has cofinality < k. If there is an infinite cofinal sequence (p;)i<, of size v < &
in (—o0o,l)r, thenz € ), (x | B“pgﬁ), Z)iex € Ny as wanted. This is the only
possible case if L is dense, thus this proves 2.

Otherwise, [ must have a predecessor I’. If 3 holds, then L has cofinality < » and
we may find a set D C L cofinal in L of size < & (possibly D = {1} if L has a
maximum). Then, z € (\;ep(x [ 8717 d), 2)1ex € N as wanted.

In order to prove 4, suppose first I has minimum 0 and a (u, v)-point [ with
> k. Then, given s = (I) and = [~ 0(%), for every family of lexicographic-open
intervals A of size |A| < k, if z € (A then (A ¢ Nj. Similarly, if L has a
maximum and a (u,v)-point [ with v > k. Finally, suppose LL is not dense and it
has a minimum and cofinality > k. Let I’ < [ be two consecutive points. Then,
s = (I) and x = 1~ 0") once again proves that for every family of lexicographic-
open intervals A of size |A| < &, if 2 € (A then [).A ¢ Nj. Similarly if L is not
dense and it has a maximum and coinitiality > «. O

Since the bounded topology on the space of sequences "X on a set X with at
least two points is always x-perfect, we get the following.

Corollary 3.2.3. If (L, <) is a linear order with at least two points, then the lexico-
graphic space ("L, <iex, Tiex) i K-perfect.

A topological space (X, 7) is called orderable if it is homeomorphic to a LOTS,
and suborderable if it is homeomorphic to a GO-space. Equivalently: X is orderable
if and only if (X, <, 7) is a LOTS for some linear order < on X, and suborderable if
(X, <, 7) is a GO-space for some linear order < on X.

Corollary 3.2.4. For every X, the space X with bounded topology is orderable.
If furthermore X is infinite, then there is an order < on X such that the space
("X, <lex, Tp) With lexicographic order and bounded topology is a LOTS.

Proof. First, if X is infinite, then let < be any linear order on X such that (X, <) has
no minimum and no maximum. Then the result follows from Proposition 3.2.2. If X
is finite, then *X is (homeomorphic to) the x-Cantor space, which is homeomorphic
to "w, and the result follows again by the previous case. O

When L has a maximum or a minimum, the lexicographic topology has fewer
properties than the bounded one.

Proposition 3.2.5. Suppose L has a maximum or a minimum and contains at least
two points. Then the lexicographic topology on "L is not w1 -additive.

Proof. Without loss of generality, suppose L has a minimum 0 and let [ > 0 be
another element of L. Consider the increasing sequence (z,, | n < w) where z,, =
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1™~ 0% for every n < w, and let z = {“) ~ 0(%). Then ), _,(%n, 00) = [z, +00),
but [z, +00) can not be expressed as union of intervals, since if z € (y, z), then there
isz, € (y,x) = (y,2) \ [z, +00) and so (y,z) € [z, +00). O

However, every lexicographic space contains a dense subset where the lexico-
graphic topology coincides with the bounded topology. This is the analogue of what
happens in the classical case for the Baire space and the irrational numbers of R.
Given a linear order (L, <) and a subset X C "I, define the rationals of X as the
set

Q(X)={s"1") € X | s € <"I, 1 is an endpoint of L},

and let the irrationals of X be the set [(X) = X \ Q(X).

It is easy to see that for every linear order (L, <) of size < x and with at least
two points and an endpoint, the rationals Q(*IL) are a dense F,, subspace of “L. of
size k (we assumed k<¥ = k). As in the classical case, the irrationals instead are
homeomorphic to the x-Baire space.

Proposition 3.2.6. Suppose (L, <) is a linear order of size 2 < |L| < k with at
least one end point. Then, the order topology on the irrationals (I("IL.), <iex, Tlex)
coincide with the topology inherited from "L, and this space is a G'§ subspace of "L
homeomorphic to the k-Baire space with bounded topology ("k, Tp).

Proof. First, we prove that the topology of I(*IL) inherited from ("L, <jeyx, Tiex) CO-
incide with both the bounded topology on I(*LL) and with the order topology induced
by the lexicographic order on it. Indeed, the order topology is coarser than the topol-
ogy inherited from "I, by Proposition 3.1.1, and this GO-topology is coarser than
the bounded topology by Remark 3.2.1. Thus we just need to prove that for every
s € <FL, the set N; N I(*LL) is open in the order topology. Let (p, | @ < ) be
coinitial in IL, and let (g3 | 8 < 6) be cofinal in L. Choose also y € I(*L). Then, we
have

NLAI(L) = [ J{(s (o)™ "y, 5 7 (gp) ™) " y)NI("L) [ @ <, B < 6, p, v < K}

Thus, I(“L) is k-additive. Also, it is easy to see that [(“L) is SC,. In fact, the
set Ny NI(*L) # 0 is non-empty for every s € <FLL. Thus, it is enough that at
each round «, if player I plays a couple (U, x), then player II choose an s € <L
such that z € Ny NI("L) C U and plays N~ 1,y NI("L) for Iy, s two distinct
points of IL to ensure that the sequence created is not constant. Finally, given a
subset X C I(*LL) with non-empty interior, then we may find s € <*IL such that
N; NI("L) C X. Then, if 0 is the minimum of IL and a is another point of L, the
cover U = {(—00,5”0")) N X} U {(s” 0@ ~a®) 400)N X | @ < x} has no
subcover of size < k. An analogue construction can be done if L has a maximum
1. Thus, every x-Lindelof subset of I(*IL) has empty interior, and the result follows
from Theorem 1.2.10. O

Among all GO-topologies, some play a special role as they appear naturally
in many situations. The lower-limit topology on a linear order (L, <) is the GO-
topology generated by the intervals of the form [a,b) fora € L and b € L U {+o0}.
The upper-limit topology is the GO-topology generated by the intervals of the form
(a,b] fora €e LU{—oo}and b € L.
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Proposition 3.2.7. Let (IL, <) be a linear order (of size < k).

* Suppose L has no maximum nor minimum. Then, every GO-topology of weight
< kon ("L, <jex) is SC.

* Suppose L. has a maximum but no minimum. Then, every GO-topology of
weight < k on ("L, <jex) is fSCy (resp., SCy) if and only if the lower-limit
topology on (L, <) is fSC,, (resp., SCy).

* Suppose L has a minimum but no maximum. Then, every GO-topology of
weight < k on ("L, <jex) is fSCy (resp., SCy) if and only if the upper-limit
topology on (L, <) is fSC,; (resp., SCy).

e Suppose 1L has both maximum and minimum. Then, every GO-topology of
weight < K on ("L, <jex) is fSC,; (resp., SCy) if and only if both the upper-
limit and lower-limit topologies on (L, <) are fSC,; (resp., SCy).

Proof. First, by Corollary 3.1.16 we may work using only the lexicographic topology
on ("L, <jex)-

If L has size 1 then the result is trivial, so assume L has size at least 2. Also,
if I has no maximum nor minimum, then the result follows already from Proposi-
tion 3.2.2 since the bounded topology is always SCj.

So suppose LL has a minimum 0 but no maximum. The other cases follow simi-
larly.

Assume first that (“IL, <jex) is fSCy, and let o be a winning strategy for player
IT in this game. By Remark 1.1.4, we may assume that o answers only with open
intervals of ("IL, <jex). We want to find a winning strategy & for the strong fair -
Choquet game on L with upper-limit topology. By Theorem 3.1.15, it is enough if
& wins every game where player I plays only open intervals of the form (a, b). So
let r = ((a;, b;),c; | i < ) be alegal sequence of moves for player I on the strong
k-Choquet game on L. For every ¢ < ~, define x; = ¢; 0(%) and yi = a; " 0() and
2 = b; ~ 0%%), Then, we have z; € (Yi, zi) in "L, and " = ((y;, 2;),@; | i < 7) is
a legal sequence of moves of player I in the strong x-Choquet game on "ILL. So let
(v',2') =o(r"). Leta’ = y/(0) and let b’ = 2/(0). Notice that by definition of z; we
must have @’ < ¢, < ¥'. Thus, (a’, '] is a legal answer for IT on the strong x-Choquet
game on IL and we may define 5(r) = (a/,V']. Then, it is easy to see that for every
sequence of moves r = ((a;, b;),¢; | i < 0) of player I played accordingly to &, we
have that ()5 (r | «) is empty if and only if (), 50 (" | «) is empty, and thus
0 is winning in the strong fair k-Choquet game on L. with upper-limit topology. The
same argument shows that if o is winning also in the strong x-Choquet game on *L,
then & is winning in the strong k-Choquet game on L with upper-limit topology.

Conversely, assume player II has a strategy ¢ that is winning in the strong fair x-
Choquet game on I with upper-limit topology. We may assume & answer only with
intervals of the form (a, b] for some a,b € L, by Remark 1.1.4 and Corollary 3.1.2.
By Theorem 3.1.15, it is enough to show that II has a strategy in the strong fair «-
Choquet game on "L that wins every match where player I plays only open intervals.
Suppose r = ((yi, zi),z; | i < 7y) is a legal sequences of moves of player I in the
strong fair k-Choquet game on L up to a certain round v < k with x; € (y;, 2;) for
every i < 7. Let v > max(d(z~, zy), ) and choose Iy € L such that [y > z(v).
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Let o be the minimum ordinal such that z. () = 0 for every § with a < 8 < &,
where min(()) = co. Notice that d(z, y) < a. First, if & # d(x, y)+1, choose 3
such that d(x.,y,) < f < aand z () # 0 and define o(r) = (x, [ B~ 0(’*),m7 i
v~ 1), Otherwise, let d(ay,,) =6 = o — Land A = {8 < 7 | d(yg, ) = 6}.
Notice that A is a final segment of . For every 3 € A, define ag = y3(), and
let bg = xp(0). Then, r' = ((ag,bgl,bg | B € A) is a legal sequence of moves of
player I in the strong fair xK-Choquet game on L. Let (¢, d] = (') be the answer of
the strategy & to r’. Let also [; € IL be such that Yy <lex T [ 07 ™ léﬁ). Define
o(r)=(xzy 6" c” léﬁ),xﬁ, fv” lgﬁ)).

Now suppose r = ((yi, zi),x; | © < 7y) is a legal sequences of moves of player
I in the in the strong fair xk-Choquet game on "L up to a certain limit round ~y with
x; € (s, 2;) for every i < ~. First, suppose there is a cofinal subset / C ~ such that
d(za,ya) < d(zg,ypg) forevery o, B € I with e < 3. Let sq = x4 | d(Zq, Yo ), and
lets = J, e Sa- Letalsow = s~ 0%) if1h(s) < k, orw = siflh(s) = x. Then, we
must have Yo <iex W <iex Ta <lex Za forevery a € I, and thus (), (vi, z:) # 0.
Otherwise, let € < 7 be the minimum ordinal such that d(zq, yo) = d(z3,y5) = 0
for every a < 8 < «y with € < a. This implies o, = = [ (6 + 1)~ 0" for every
a > €, by definition of 0. Define as above A = [¢,7) = {f < v | d(z,y,) = ¢}
and ag = yg(0) and bg = x5(0) for every B € A: then, ' = ((ag,bgl,bg | B € A)
is compatible with & by definition of o. If ¥ = &, then 7’ also has length x and thus
Npealas, bl # 0 and we may find ¢ € (e 4(ag, bg]. Then, we have yo <jex Te [
" e 00 <oy To <lex Zo and thus ﬂK,y(y,-, 2;) # 0. The same proof gives the
wanted result for the strong x-Choquet game. O

Thanks to Corollary 3.1.16, instead of checking the upper-limit and lower-limit
topologies we can check only that the order topology is fSC, or SCi.

Corollary 3.2.8. Ifa LOTS (L, <,7) is fSCy (resp., SCy), then every GO-space on
the lexicographic order ("L, <jex, ') is fSC (resp., SCy).

Finally, we collect some properties of the lexicographic orders. These facts are
probably folklore, but we reprove them here for the reader’s convenience.

Lemma 3.2.9. Let (L, <) be a linear order. Then, the lexicographic order "L is
dense if and only if L is dense or I has no maximum or no minimum.

Proof. Assume L is dense or it has no minimum or it has no maximum. Choose any
pair of sequences x,y € "L. First, if L is dense, then there is an element [ € L
such that z(d(z,y)) < I < y(d(z,y)), and thus = <je (z | d(z,9)) 1) <y v.
Otherwise, let & = d(z,y) + 1. Suppose L has no maximum. Then, we have for
example © <jex (z [ @) 1) <y y for some I > x(c). Similarly, if L has no
minimum we have for example © <jex (y [ )~ 105 <o y for some | < y(a).
Conversely, if I has minimum 0 and maximum 1 and two consecutive points
I < lo, then there is no z € FL such that [; ~ 107 <oy 2 <jex l2 ™ 009, O

For GO-spaces and LOTS, we have a homogeneous property similar to the one
obtained for the bounded topology. Indeed, given a linear order L, for every s € <"LL
the set N with order and topology inherited from (*LL, <jeyx, Tiex) i iSomorphic to
the whole ("L, <jex, Tlex)- Since the bounded topology refines the lexicographic one,
we may find sets of the form N in every non-empty open set.
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Remark 3.2.10. Let (L, <) be a linear order. Then, every non-empty open set U of
the lexicographic space ("L, <jex, Tlex) contains a subspace and suborder V' C U
isomorphic to the whole space ("L, <jex, Tlex)-

The gaps in the lexicographic topology depend strongly on the gaps and cofinality
of the starting order.

Lemma 3.2.11. Let L be a linear order and let I C "I be a non-empty open interval
in the lexicographic order. Then, I contains a (v, §)-gap for some cardinals § and ~y
if and only if one of the following conditions hold:

1. L has a (v, 0)-gap.
2. L has cofinality v and 6 < k.
3. L has coinitiality § and v < k.

We prove this result in a more technical lemma that helps us also in other situa-
tions.

Lemma 3.2.12. Let L be a linear order, let also (p; | i < p) be an increasing
sequence and (q; | i < v) be a decreasing sequences in IL such that p, < qg for
every a < pand 8 < v. Let s € <FIL and for every o < 1h(s) choose l,, € L.

1 If(pi | i < p) and (q; | i < v) forma gaps in L, then C = (s ~(p;)"™ | i < p)
and D = (s~ (q;)"™ | i < v) form a (u,v)-gap in "L.

2. If (pi | i < p) is cofinal in L, 1h(s) is limit and s(a) < lo for every oo < 1h(s),
then C = (s~ (p;)") | i < p)and D = (s | a”~(14)") | a < lh(s)) form a
(p, cof(1h(s)))-gap in "L.

3. If (qi | i < v)is coinitial in L, 1h(s) is limit and s(c) > 1, for every oo < 1h(s),
then C = (s | a” (1) | a < lh(s)) and D = (s~ (¢;)") | i < v) form a
(cof(lh(s)),v)-gap in "L.

Furthermore, every gap of <FLL is generated this way for some choices of (p; | i < p),
(gi | i <v), sand (lo | a < 1h(s)).

Proof. LetC = (s~ (p;)™*) | i < p)yand D = (s ~(g;)*¥) | i < v). If thereis z € "L
such that ¢ <z < dforevery c € C'and d € D, then p, < x(lh(s)) < ¢ for every
a<pand 8 < v.

Let instead C' = (s ~(p;)") | i < pwyand D = (s | a”(lo)"™ | a < 1h(s)).
Consider z € "L such that ¢ < x < d forevery ¢ € C and d € D. Then, s C z, as
otherwise s | (d(s,z) + 1)~ (lo)*) < z. But then p, < x(Ih(s)) for every a <
and thus (p; | ¢ < p) is not cofinal. The last case follows symmetrically.

Conversely, let (yo | o < 7) and (23 | f < &) be respectively an increasing
and a decreasing sequence in "I that form a gap (possibly an end gap) for some
(regular) cardinals 7, . Let 1 = sup{d(ya, 23) | @ < 7, < 0} (where we assume
sup(P) = 0). If p = 0let s = 0, and otherwise let s = |J,,, Sa, Where the
element s, = yg | @ = zz | « witness that there are 5 < ~ and ' < 0 such that
d(yg,zg) > o (since (yo | @ < +y) is increasing and (zg | B < 0) is decreasing, s,
is well-defined and does not depend on the choice of 3 and /3’). Notice that ;1 < &, as
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otherwise s € "I and we would have 1, <jex 5 <jex 23 forevery o < yand 8 < 9.
Let

Y ={ys(u) | s Cyp, B <}, Z ={25(p) | s C zp,B <0}

Then, (Y, Z) must form a gap in L, as otherwise if Y < | < Z we would have
Yo <lex S [(%) <lex 2 for every a < v and 3 < 4. Then, it is easy to see that there
are choices of sequences (p; | ¢ < p) and (¢; | ¢ < v) and (I, | @ < lh(s)) in L
such that the couple of sets (C, D) defined as in point 1 (if (Y, Z) is not an end gap),
point 2 (if Z = ) or point 3 (if Y = ()) form the same gap of (y, | @ < ) and
(25 | 6 < ). O

Notice that Lemma 3.2.11, we have that the lexicographic order (“L, <jex) is
complete if and only if it is boundedly complete if and only if the starting linear
order (IL, <) is complete and has endpoints. Thus, thanks to Corollary 3.1.12 we get
the following.

Corollary 3.2.13. Let L be a linear order. Then, ("L, <jex, T) is compact if and only
if L is a complete linear order (with endpoints).

Similarly, thanks to Proposition 3.1.13, we get the following. Recall that a linear
order has endpoints if and only if it has no (-, 0)-gap and no (0,~y)-gap for some
infinite v, and w is weakly compact, so for k = w we recover the previous statement.

Corollary 3.2.14. Let L be a linear order and let v be a regular cardinal.
* Ifv < k and L has not both endpoints, then ("L, <jex, Tiex) is not v-Lindelof.

o If there are cardinals vy and § with max(v,d) > v such that 1L contains a
(0,7v)-gap, then ("L, <iex, Tiex) is not v-Lindeldf.

* If k is weakly compact and L contains no (0, y)-gap with max(vy,d) > k, then
("L, <lex, Tlex) IS K-Lindeldf.

Proof. First, if v < k and LL has no maximum or no minimum, then "I contains a
(v, 6)-gap or (9, y)-gap for any regular cardinal § < x by Lemma 3.2.11, thus it can
not be v-Lindel6f by Proposition 3.1.13.

Similarly, if there are cardinals v and § with max(+y,d) > v such that IL contains
a (0, y)-gap, the result follows from Lemma 3.2.11 and Proposition 3.1.13.

If instead x is weakly compact and 1L contains no (4,y)-gap nor (v, d)-gap for
(regular) cardinals v and § with & > k, then the result follows from Proposition 3.1.14
and Lemma 3.2.11. O

Thanks to Proposition 3.1.8 and Corollary 3.1.10, if we additional require that I,
is also dense, we can characterize when a lexicographic space is connected.

Corollary 3.2.15. Let (L, <) be a linear order. Then, the following are equivalent:
1. (L, <) is a complete dense linear order with endpoints.
2. ("L, <iex, T) is compact and (L, <) is dense.

3. ("L, <jex, T) is connected.
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4. ("L, <iex, T) is not zero-dimensional.
Finally, we characterize when lexicographic spaces are paracompact.

Proposition 3.2.16. Given a linear order (L, <), the space ("L, <iex, Tiex) is para-
compact if and only if one of the following holds:

1. L has no endpoint.

2. L has (a minimum but) no maximum and for every gap (C, D) there is a cofinal
closed discrete subset C' C C.

3. L has (a maximum but) no minimum and for every gap (C, D) there is a coini-
tial closed discrete subset D' C D.

4. L (has both endpoints, but it) is paracompact.

Proof. We prove the statement for the case where I has a minimum 0 but no maxi-
mum, and the other cases follow from a similar argument.

Assume first that for every gap (X,Y’) of L there is a discrete closed cofinal
subset X’ C X. We want to show that for every gap (C, D) of “L there are a closed
discrete subspace €’ C C cofinal in C, and a closed discrete subspace D' C D
cofinal in D: then "L is paracompact by Proposition 3.1.21.

By Lemma 3.2.12, every gap of “LL is generated by a gap of L. Let (p; | i < u)
and (¢; | i < v) form a gap in L. Then, (p; | ¢ < w) is non-empty (since L has a
minimum) and we may assume that (p; | ¢ < u) is closed and discrete by assumption
on L.

First, suppose (g; | i < v) is non-empty and C' = (s~ (p;)*) | i < p) and
D = (s™(g;)" | i < v) be a gap of "L for some s € <“L. For every | € L, let
(a7, by) be an interval in L that contains at most one point of (p; | ¢ < ). Then,
the intervals (s~ (a;)*®), s ~(b;)*)) forms an open covering of “IL and each of them
contains at most one point of C, proving that C' is closed and discrete. For every
1 < v, let instead I; € L be such that ¢; < I: we can find such an element since
IL has no maximum. Then, the intervals (s~ (gi+1)*), s~ ¢; ~(1;)**)) form an open
covering of the clopen set TD = {2 € "L | s ~(¢;)*) < 2 for some i < ;1} and each
of them contains at most one element of D, proving that D is closed and discrete.

Second, suppose instead (¢; | i < v) = () and (p; | @ < p) is cofinal in L. Let
C=(s"(p)™ |i<p)and D = (s | «~(I4)*) | a < Ih(s)) be a gap of "L for
some s € <"LL of limit length and (l,, | a < lh(s)) such that s(«) < [, for every
a < 1h(s). Then, the same proof of the previous case shows that C' is closed and
discrete. For every a < lh(s), let I/, € LL be such that [, < I.,. Then, the intervals
(51 (a@+1) " (laz1)®,s [ a™(12)*)) shows that D is closed and discrete.

To prove the converse, suppose that L has a gap (C, D) for which there are no
closed discrete subsets C’ C C. Let (p; | ¢ < p) and {g; | i < v) be two sequences
identifying (C, D). We claim that the associated gap (C’, D) generated by the pair
((p)™) | i < p) and {(¢;)™ | i < v) of "L proves that “I is not paracompact as
well (using Proposition 3.2.16). So let A C C be cofinal, we want to prove that A
is not closed or not discrete. Let X = {z(0) | + € A}. Without loss of generality
(passing to a subset of A and X if necessary) we may assume that X is a well-ordered
subset of .. Also, X is cofinal in C, hence it can not be closed and discrete. This
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implies that there is z € IL such that for every a € L the set (a, z] N X is infinite.
But then every open interval (y, w) in “IL containing z ~ 0(%) must contain infinitely
many elements of A, proving that A is either not closed or not discrete. O

3.3 Examples of LOTS and GO-spaces

We now apply all the results obtained so far to provide concrete examples of SCy-
spaces with different properties. We start studying the properties of spaces of the
form "« for an ordinal .

Proposition 3.3.1. For every ordinal 1 < o < k™, the space ("o, <iox, Tiex) is @
k-perfect, zero-dimensional, not wi-additive, SC-space. Furthermore:

1. If ais successor, then ("o, <jex, Tiex) IS compact.

2. Ifcof () = w, then ("o, <jex, Tlex ) is paracompact. If furthermore k is weakly
compact, then ("o, <iex, Tiex) IS K-Lindeldf.

3. If w < cof () < K, then (", <jex, Tiex) IS not paracompact. If furthermore k
is weakly compact, then ("o, <jex, Tiex) is k-Lindelof.

4. If «v is limit of cofinality cof () > K, then ("o, <jex, Tiex) IS nOt paracompact
nor k-Lindeldf.

Proof. First, the bounded topology on "« is x-perfect, thus the lexicographic topol-
ogy is as well (see Remark 3.2.1). Also, if @ > 1 then the order on «v is not dense, thus
"o is zero-dimensional by Corollary 3.2.15. Now: every ordinal « has no gaps other
than end gaps, thus the order topology on « is SC, by Corollary 3.1.20. Hence, the
lexicographic topology on “« is also SC,, by Proposition 3.2.7. Also, ("o, <jex, Tlex)
is not wi-additive by Proposition 3.2.5. The relations with compactness and para-
compactness follow from Corollary 3.2.13 and Proposition 3.2.16, noticing that if
cof (o) = 0 > w, then for any cofinal increasing sequence («; | ¢ < ) in «, the
ordinal 5 = sup,_,{«;} proves that (o; | ¢ < J) is not closed or not discrete. O

The previous proposition in particular applies to the x-Cantor space and the -
Baire space.

Corollary 3.3.2. The x-Cantor space 2 with the lexicographic topology is a k-
perfect, zero-dimensional, not wy-additive, compact SC-space.

Corollary 3.3.3. The k-Baire space "k with the lexicographic topology is a k-perfect,
zero-dimensional, not w1-additive, not k-Lindeldf SC-space.

Proposition 3.2.2 shows that if we refine the lexicographic topology on the Cantor
space, we recover directly the bounded topology. For the Baire space, we still get a
topology that is homeomorphic to the bounded one, although it is coarser than the
bounded topology.

Proposition 3.3.4. The smallest k-additive topology that refines the lexicographic
topology on the rk-Baire space is strictly coarser than the bounded topology of the
Generalized Baire space, yet it is homeomorphic to it.
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Proof. Let T be the smallest k-additive topology refining the lexicographic topology
Tiex ON the k-Baire space. First, by Proposition 3.2.2, 7 is strictly coarser than the
bounded topology 7,. By Corollary 3.3.3, (“x, 7) is a x-additive, zero-dimensional,
k-perfect, SC,-space. Also, it is not x-Lindelof, and by Remark 3.2.10 every x-
Lindelof subset of it must have empty interior. Thus, the result follows from Theo-
rem 1.2.10. O

When dealing with order topologies, one should be careful that when a linear
order I can be embedded into another one I/, usually the order topology on L is
different from the GO-topology it would inherit from I". This is the case for example
of the Cantor set “2: the GO-topology it inherits from the x-Baire set is slightly
different from its own lexicographic topology.

Proposition 3.3.5. The k-Cantor set with GO-topology inherited from the lexico-
graphic order on the k-Baire set is a k-perfect, zero-dimensional, not wi-additive,
k-Lindeldf (but not d-Lindeldf for 6 < k), SCk-space.

Proof. Let ("k, <}ex, Tlex) be the k-Baire set with lexicographic topology, and let 7
be the topology induced by the restriction of 7, on “2.

By Corollary 3.2.3 we have that ("2, <jex, 7) is k-perfect. Furthermore, it is zero-
dimensional since it is a subset of (“k, <jex, Tlex)- Also, T refines the lexicographic
topology on "2 (which is SCy), and thus ("2, <jex, 7) is SC, by Corollary 3.1.16.
Also, the same argument of Proposition 3.2.5 shows that this space is not w; -additive.
Finally, ("2, <jex, 7) is not §-Lindelof for any regular cardinal § < & since the sets
{(_0070(5)“1(@]} U {(0®" l(ﬁ),—i—oo) | o < 4} form a T-open cover of size §
without smaller refinements. Thus, it remains only to prove that (%2, <jex, 7) is K-
lindelof.

First, notice that ("2, <ex) has no gaps since it is a complete linear order (and
this property depends only on the order, not on the topology). Notice also that every
T-open interval is either open also in the lexicographic topology on the Cantor set,
or it is of the form (x, s~ 1(®)] for some = € *2 and s € <#2. In particular, for
every convex 7-open set A, either A is open also in the lexicographic topology on the
Cantor set, or A has a maximum that is not 1) and A \ {max(A)} is open in the
lexicographic topology on the Cantor set.

Then, ("2, <jex, 7) has also no pseudo-gaps of types (u, v) with max(u, v) > k:
indeed, let (C, D) be a non-trivial clopen cut. Then, (C, D) must be of the form
((—o0, ], (x, +00)) for some z € "2 of the form = = s~ 1(®), since otherwise
(C,D) would be a gap, which is impossible since ("2, <jex) is complete. Thus,
(C, D) has type (1, cof(lh(s))), and cof(lh(s)) < k as wanted.

Then, it is enough that we check that (“2, <jc, 7) has no clopen convex partition
of size > k: the result will follow from Proposition 3.1.13.

So let U be a clopen convex partition of (%2, <jex, 7). Define A’ be the set of
those A € A that are open also in the lexicographic topology on “2, and let A" =
A\ A'. Define also C' = {max(A4) | A € A"}.

Notice that C' = “2 \ |J{A \ sup(4) | A € A} is a closed (and thus com-
pact) subspace of “2 with the lexicographic topology. In particular, this implies that
the lexicographic order on it (C, <jex) is complete and with endpoints, by Proposi-
tion 3.1.11. Then, (C, <)) is anti-well-ordered: suppose not and suppose there is a
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strictly increasing sequence (p; | i < w) in C, and let p = sup«y{p; | # < w}. Since
C is closed, we must have p € C, and by definition of C' there exist U € A” such
that p = max(U) and U \ {p} open in the lexicographic topology on *2. Since A is
a partition of #2, then we must have p; ¢ U for every i < w, contradiction.

Now notice that for every ¢ € C, the coinitiality of (¢, +00) is < k, as there is
s € <f2 such that ¢ = s~ 1("). Since C is closed, this implies C' must have size
< K. Also, it must have a maximum. So let C' = {¢; | i < a} be an enumeration of
C such that ¢; <jex ¢; forevery i < j < a < k. Letalso co41 = —oo for simplicity,
and notice that ¢y = 1(%) by definition of C.

Notice that for every ¢ < «, the set (¢;1+1, ¢;] with the topology inherited from
("2, Tiex) is K-Lindelof. Furthermore, by definition of C' each set A € A is either
disjoint from (¢;41,¢;] or it is contained in it and it is open in the topology that
(Cit+1,¢;) inherits from (%2, Tjex ). Thus, A | (¢it1,¢] = {A € A| A C (ciy1,¢il}
must have size < & for each i < o, and so A = |J, ., Ai | (¢i41, ;] has size < & as
well as wanted. - O

We now look at the order-completion (B’ , <lex) Of the lexicographic order on the
generalized Baire set (", <jex) as given by Remark 3.1.5.

Proposition 3.3.6. The completion (l”;’ , <lexs Tlex ) Of the K-Baire space, with its order
topology, is a k-perfect, connected, compact, (not wi-additive,) SC-space.

Proof. First, notice that the x-Baire set with lexicographic order has only (%, §)-gaps
by Lemma 3.2.11. Thus, no point in B \ "k is k-isolated, and ("K, <jex, Tiex) 1S K-
perfect, thus (3 , <lexs Tlex) 18 k-perfect as well. Second, the lexicographic order on
"k is dense (by Lemma 3.2.9), and thus the order on the completion (5’ , <lex) 18 dense
as well. Then by Proposition 3.1.8 and Corollary 3.1.12, the topology is connected
and compact. The space is not w;-additive since it is not zero-dimensional. Finally,
since the order is complete, the space is strong x-Choquet by Corollary 3.1.20. [

Other classical (and very useful) examples of Polish spaces in the classical case
come from manifolds. The arguably most important example in this sense is the
unit circle S{. This space can be constructed starting from the unit interval [0, 1]
of the real line and identifying its endpoints. The same procedure can be used on
any linearly ordered topological space with endpoints, and the resulting space shares
many similarities with both the (classical) unit circle Si and the starting linear order
used to define it.

Example 3.3.7. Given a linear order L with endpoints, define Sj (L) to be the circle
made from L by joining the maximum and minimum.

Formally, if (IL, <) is the linear order and 0, 1 are respectively the maximum and
minimum, define S{ (L) = L/~ where ~ = {(z,2) | z € L} U{(0,1), (1,0)} is the
relation that identifies 0 and 1.

The set S{(L) can be made into a topological space passing the topology 7'2‘
through the quotient. Since we are identifying only two points, it is straightforward
that most topological properties of (I, 72) pass to S (L).

Proposition 3.3.8. Let (L, <, ) be a LOTS with endpoints.
1. If (L, 7Y) is fSC,, then S1(L) is fSC,.
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L, L) is SCy, then S} (L) is SC..

L
L,

(L)
3. If (L, 7L) is zero-dimensional, then Si (L) is zero-dimensional.
If ( ) is k-perfect, then Si (L) is K-perfect.

(L)

L,7L) is k-additive, then Si(L) is k-additive.

For any cardinal \, if (L, 7%) is A-Lindelof, then St(LL) is A-Lindeldf.

N S K

If (L, <, 7) is connected, then St (L) \ {x} is connected for every x € Si(L).
In particular; if (L, <,T) is connected there is no embedding from St (L) into
(L, <, 7).

3.4 Classification up to homeomorphism

In this section, we study the size of homeomorphism types of certain classes of SCy,
fSCy and G-Polish. The basic proof idea is similar to that of [42, Proposition 6.5],
with some changes for each class: we report each case in detail for the reader’s
convenience.

First, we want to find k-many spaces without homeomorphic open subsets.

Definition 3.4.1. Given a subset A of «, let T4 denote the tree of all t € <k such
that for all 5 € A the set {ov < 3 | t(«) = 0} is bounded below 5. Let X 4 = [T4].

Then, each X 4 is a x-additive fSC, space. Furthermore, each X 4 is perfect, and
| X 4| = 2" for every A C k.

Lemma 3.4.2. Suppose A and B are disjoint subsets of k and A is stationary. Then
no nonempty open subset of X 4 is homeomorphic to an open subset of X g.

Proof. Suppose by contradiction ¢ : U — V is a homeomorphism with U open sub-
set of X 4 and V open subset of X 5. Without loss of generality, passing to restrictions
of ¢ if needed, we may assume U = N for some s € Tj,.

Proceeding recursively, we construct two families (s, | @ < k) C T4 and
(to | @ < k) C T such that

(@) sp=sands; "0 C sjforany: < j < k.

(b) t; Ctjforanyi < j < k.

(c) 1h(s;) <1h(t;) < lh(sit1) forevery i < k.

(d) ¢[Ns,,, N Xa] €Ny, N Xp C [N, ~oN Xy foreveryi < k.

Given s,, we may find t, € T and so+1 € T4 satisfying the requirement using the
fact that ¢ is a homeomorphism on an open subset of X p.

For limit steps, suppose s, t- has been defined for every € < « and define s, =
Uz<q Se- We claim that Ny, N X4 # () and s € T4 as required. Call v, = lh(sqa):
then N, N X4 may be empty only if 7, € A. So suppose 7, € A. Lett = (J., L.
then by point (c) we have 1h(t) = v, so lh(t) ¢ Bandt € Tp since AN B = 0.
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Now ¢[N,, N Xa] = Nocq ?[Ns. N X 4] = .o Net. N Xp = N;N Xp # () hence
N, N X4 # 0 and we are done.

So consider (s, | @ < k) C T4 constructed as above, and let x = |J, . Sa-
Define Lim,, to be the set of those o < x such that {5 < a | () = 0} is unbounded
below a. Since {8 < k | () = 0} is unbounded in x, then Lim, is a club of x and

there is o € Lim, N A which contradicts the definition of A. O

We are now ready to classify homeomorphism types of G-Polish and fSC,
spaces.

Theorem 3.4.3. There are 2% many pairwise not homeomorphic perfect G-Polish
spaces of size 2.

Proof. Fix a sequence S = (S, | a < k) of pairwise disjoint stationary subsets of
#. For any subset A of &, let X4 = |l;c 4 Xs; be the disjoint union of those Xg, for
which ¢ € A. Since each Xg, is a closed subset of " and hence a G-Polish space
and this class of spaces is closed under the disjoint union of size < x, then X4 is
again a G-Polish space for each A C k.

It suffices to show that X“ and X B are not homeomorphic if A # B.

Assume that « € A\ B and f: X4 — X7 is a homeomorphism: then for each
B € B such that Xg, N f~4(X s5) is nonempty, the restriction of f to the open set
Xg, NfFHX s5) would be an homeomorphism contradicting Lemma 3.4.2. O

We now turn our attention to SC,; spaces.

If k is not weakly compact, then there is only one homeomorphism type of perfect
k-additive SC; spaces by Theorem 1.2.10. Giving up on perfectness however we get
a result similar to Theorem 3.4.3.

Recall that for a tree 7' C <"k we denote with §(T") the boundary of the tree.

Definition 3.4.4. Given A C k, define Ty = Ty U{s "0 | s € §(T4) and o < x}
and let Y4 = [T4].

Notice that TA is a superclosed subtree of <"k, hence Y} is a x-additive SCj,
space, X 4 is exactly Y4 minus its isolated points, and |Y4| = | X 4| = 2" for every
A C k.

We need the following corollary of Lemma 3.4.2

Corollary 3.4.5. Suppose A and B are disjoint subsets of k and A is stationary.
Then there is no homeomorphism between open subsets of Y4 and Yp of size 2".

Proof. Suppose ¢ : U — V is a homeomorphism with U open subset of Y4 of size
2% and V open subset of Y. Since |Y4 \ Xa| < s then U N X4 # (). Since a
homeomorphism sends isolated points in isolated points, we have ¢[X 4 N U] C Xp
and ¢[(Ya\Xa)NU] C Y\ Xp,hence ¢ [ (UNX4): UNX4 — Xp contradicts
Lemma 3.4.2. O

Theorem 3.4.6. There are 2% many pairwise not homeomorphic rk-additive SCy
spaces of size 2°.
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Proof. Fix a sequence S = (S, | a < k) of pairwise disjoint stationary subsets of
#. For any subset A of x, let Y4 = |lic4 Y, be the disjoint union of those Y, for
which ¢ € A: itis again an SC,; space.

It suffices to show that Y4 and Y2 are not homeomorphic if A # B.

Assume that « € A\ Band f: Y4 — Y is a homeomorphism. Then there is
B € B such that the set U = Yg_ N ffl(Ygﬁ) is an open subset of Y4 of size 2".
The restriction of f to U contradicts Corollary 3.4.5. U

Assume now k is weakly compact instead.

Definition 3.4.7. Given A C k, define Ty = T4 U{s "t | s € 5(T4) and t € <"2}
and let Z4 = [T4].

Once again, Tyisa superclosed splitting subtree of <*x, hence Z4 is a perfect
k-additive SC,; space. Furthermore, X 4 is equal to Z4 minus its x-Lindelof open
subsets, hence every open set U C Z4 \ X4 is K, and |Z 4| = 2" for every A C k.

Corollary 3.4.8. Suppose A and B are disjoint subsets of k and A is stationary. Then
there is no homeomorphism between non-K,, open subsets U C Za andV C Zp.

Proof. Suppose ¢ : U — V is a homeomorphism with U open subset of Z4 and
V open subset of Zg and U and V are not K. Then U N X4 # (). Since ¢ is a
homeomorphism, then a point x € U has a k-Lindel6f neighborhood if and only if
¢(x) € V has a k-Lindelof neighborhood. Since for every C' C k, X¢ is exactly
the set of points of Z¢ that does not have a x-Lindelof neighborhood, then we have
$[XaNU] € Xp and ¢[(Zs \ Xa) N U] € Zp\ Xp. Then ¢ | (U N Xy) :
U N X4 — Xp contradicts Lemma 3.4.2. ]

Theorem 3.4.9. Suppose that  is weakly compact. Then there are 2% many pairwise
not homeomorphic perfect k-additive SCy, spaces of size 2.

Proof. Fix a sequence S = (S, | a < k) of pairwise disjoint stationary subsets of
#. For any subset A of , let Z4 = | lic 4 Zs; be the disjoint union of those Zg, for
which ¢ € A: itis again a SC, space.

It suffices to show that Z4 and Z? are not homeomorphic if A # B.

Assume that « € A\ B and f: Z4 — ZPB is a homeomorphism. Since Zg,, is
not K,; then there is 5 € B such that the set U = Zg, N f_l(ZSB) is an open subset
of Z4 which is not K. The restriction of f to U contradicts Corollary 3.4.8. U

Finally, we turn to x-Lindelof spaces.

If x is weakly compact, then there is only one homeomorphism type of x-Lindelsf
perfect x-additive SC,; spaces by Theorem 1.2.15.

For fSC, spaces, we have the following.

Definition 3.4.10. Given a subset A of x, let Ty = T4 N <"3. Let X/, = [T%].

If k is weakly compact, then X, is the x-Lindeldf version of X 4. The choice of
<#3 instead of <"2 is to ensure that the space X', has size 2”. We have for this class
as well a lemma similar to 3.4.2.

Lemma 3.4.11. Suppose A and B are disjoint subsets of k and A is stationary. Then
no nonempty open subset of X'y is homeomorphic to an open subset of X.
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The proof is the same as Lemma 3.4.2.

Theorem 3.4.12. Suppose k is weakly compact. There are 2% many pairwise not
homeomorphic perfect, k-Lindelof, G-Polish spaces of size 2".

Giving up on perfectness instead we have the following.

Definition 3.4.13. Define 7, = T/, U {s~0(®) | 5 € §(T’) and a < x} and let
Y/ = [T",] for every A C k.

Proposition 3.4.14. The space Y) is a k-Lindeldf, SC-space of size 2".

Proof. Ttis an SC-space since TA is a superclosed subset of <#3, and it has size 2".
To prove it is x-Lindeldf, firse notice that “3 is homeomorphic to 2, and so "3 is
k-Lindelof if « is weakly compact. Let A C B be an open cover of Y;. Without loss
of generality, we may assume that for every A € A we have A = N, NY for some
s €Ty Uo(T)). Define A’ = {IN, | N;NY) € A}, itis an open cover of “3. Since
this space is x-Lindelof we may find an open subcover F C A’ of size |F| < k.
Then {ANY) | A € F} is an open subcover of A of size < k. O

From the same arguments of Lemma 3.4.5 and Theorem 3.4.6 we get the follow-
ing.
Lemma 3.4.15. Suppose A and B are disjoint subsets of k and A is stationary. Then

no nonempty open subset of Y of size 2" is homeomorphic to an open subset of Y.

Theorem 3.4.16. Suppose k is weakly compact. There are 2% many pairwise not
homeomorphic k-Lindeldf, k-additive SCy, spaces of size 2.
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Ramsey theory and combinatorics

156



Chapter 4

Finite monoids in combinatorics

4.1 Introduction to Ramsey and Y-controllable monoids

First, we recall the main combinatorial notions that we use throughout this (and next)
chapter. Then, we try to give a better insight into these definitions by showing how
these concepts can be formulated in an equivalent way.

First, a semigroup (S, -) is a set S with - a binary associative operation. A partial
semigroup (.5, -) is a set .S with a binary associative operation - such that (a - b) - ¢ is
defined if and only if a - (b - ¢) is defined. In particular, every partial semigroup (.5, -)
can be seen as a subset of a semigroup (S U {_L},-) for some element L. ¢ S with
l-a=a-1 = 1 forevery a € M (however, not every subset of a semigroup is a
partial semigroup). A monoid is a semigroup that has a (unique) identity element 1
suchthata-1=1-a =aforeverya € M.

Given a partial semigroup (S, -), an endomorphism of S is a function f : S — S
such that if x - y is defined, then f(x) - f(y) is as well and f(z - y) = f(z) - f(y).
We say that a monoid M acts on a set X if for every m &€ M there is a function
fm + X — X satisfying f,(fp(x)) = fop(z) and fi(x) = z for every x € X and
a,b € M and 1 the identity of the monoid. With abuse of notation, we always write
m(x) to denote f,,(x). If X is a partial semigroup, we say that the action of M is by
endomorphism if every function is an endomorphism.

We need to introduce a few semigroups that we will use abundantly in the fol-
lowing sections.

Example 4.1.1. Let X be a set. The semigroup of words W over the alphabet
X is the free semigroup generated by X. In other words, Wx = (X <% ") is the
set of all finite sequences of elements of X with operation given by the concate-
nation of sequences (ag, ..., an) "~ (bo,...,bm) = (ao,...,an,bo,...,by) for any
(CL(), ce ,an), (bo, ce ,bm) € X<v,

Example 4.1.2. Let X be aset,andlet Y = (J, . ,{n} x X. The partial semigroup
of located words (FIN x, ™) on the alphabet X is the partial subsemigroup of Wy
consisting of those words ((ng, ap), - . ., (ni,a;)) such that ng < - -+ < n;.

Notice that both the semigroup of words and the partial semigroup of located
words have an identity (the empty sequence), so they are (partial) monoids. Both
above examples can be seen just as instances of a more general situation.

157
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Example 4.1.3. Let (X,,),c. be a family of sets, andlet Y =  J, ., X»n. The partial
semigroup of located words ((X,,),c.) on the family of alphabets (X}, ), is the
partial subsemigroup of Wy consisting of all those sequences x1 ~ ...~ x,, € Wy for
which there exists 71 < ... < ¢, € wsuch that z;, € X, .

We often omit the adjective located for words of FIN x and (X, )new)-

If a monoid M acts on X, we say that X is an M -set. Given a family of M -sets
(X1n)new»> We say that the action of M on (X)), is uniform if for every k,n € w,
m € M and x € X N X, if mpx and m,,x are the results of the action of m on
x respectively in X}, and in X,,, then mgx = m,x. Notice that the action of M on
(Xn)new is uniform if and only if it extends to X = | J,,c,, Xn.

Notice that if X is an M -set, then M acts coordinate-wise also on Wx and FIN x.
If M acts uniformly on (X}, )ne., then M acts coordinate-wise also on (X}, )new)-

A distinguished point or variable of an M -set X is an element x € X such that
Mz = {mx | m € M} = X. A pointed M-set is an M-set X together with a
fixed distinguished point € X. Given a pointed M -set (X, z), we say that a word
w € Wy is a variable word if w contains x. Similarly, we define variable located
words for FINx. If (X, z,)new i a sequence of pointed M-sets, we say that a
word w € {(X,,)new) is a variable located word' if it contains x,, for some n < w.
Notice that variable words form a both-sided ideal of the semigroup W, and the
same is true for variable located words in FIN x or ((X;,)new)-

Notice that if M is a monoid, then (M, 1) is a pointed M-set with identity as
the distinguished point. In this case, variable words and variable located words are
exactly the words containing the identity of the monoids 1.

Notice that all coordinate-wise actions of a monoid on Wx, FIN x and (X, )new)
are by endomorphism.

Given a monoid M acting on a partial semigroup S, we say that an infinite se-
quence § = (s;)i<w € S¥ is basic if the product mgs;, ™ ...  mys;, is defined for
every ig < --- < i and mo, ..., my € M.

Given a monoid M acting by endomorphism on a partial semigroup 5, for ev-
ery w = (n4,a;)i<n, € FIN)s and for every basic sequence 5 = (s;)ica € Ssw
with 1h(s) > nj, we can define w(5) = agsp, - - - anSn,. This operation satisfies
(w™w')(5) = w(3) " w'(3) for every w,w" € FIN ;.

Definition 4.1.4. Let M be a monoid acting by endomorphisms on a partial semi-
group S, and let 5 be an infinite sequence of elements of S. Given a family C' C
FIN,,, we define the (combinatorial) C-span of s as the set

(8)c =Cs= {mo Sig " M Si, | ((i0,m0), -y (in,mp)) € C’}.

For ease of notation, we define also the C-span for C C Wy, as the C’-span
for C" = {(ns,a;)i<n € FINyr | (a3)i<n, € C}. We define also the M-span as
()M = (S5)y,, for Vi the set of variable words of FIN/ (i.e. those words of FIN
containing the identity). Since the identity of M acts as the identity function on S, the
M -span is precisely the set of those elements obtained from 5 where one coordinate
is not changed by the action of M. Among all possible C-spans, the M-span is

"This definition is tricky: see also the definition of strongly variable word and the following discus-
sion.
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special: it is the largest span granting that if all elements of 5 belong to a both-sided
ideal I C S, then (5)5; C I as well.

Definition 4.1.5 ([142]). A monoid M is said Ramsey if for all sequences of pointed
M -sets (X}, )new on which M acts uniformly and for all finite colorings of (X}, )new)
there is a basic sequence of variable words § € (((X;,)new))* With monochromatic
M-span (5) .

The class of partial semigroups of the form ((X},)nc.,) is general enough to cover
most cases of interest, like Wx and FINx for any X, and yet sufficiently well-
behaved to allow to talk about variable words (a concept that does not exist in every
semigroup). However, many other choices are possible, and in what follow we dis-
cuss briefly different choices that would bring to equivalent definitions.

First, notice that if M is a monoid acting by endomorphisms on a partial semi-
group S, if 5 € SY is basic, then for every partial subsemigroup C' C M <%, the
C-span (5)¢ of 5 is a partial subsemigroup of S. In particular, semigroups of located
words can be seen just as the full span of a specific sequence.

Remark 4.1.6. Given a uniform family of pointed M -sets (X,,, Zp,)new, We have that
t = (Tn)new is basic and (X, )new) = (€)Fin,,. Conversely, given any M-set X
and a basic sequence ¢ € X“, we have (t)rin,, = ((Xpn)new) for X,, = Mty

Since in a semigroup in general we do not have a concept of variable words,
we need a different way to control that the sequence s with monochromatic span is
“nice”. Given a partial semigroup S on which a monoid M is acting by endomor-
phism, and given two sequences § and ¢ in S¥, we say that 5 is extracted from ¢ by
M, or 5 <) t, if there is an increasing sequence (%, )nc, Of natural numbers such
that s,, € <tin7 .. 7t(in+1)*1>M‘

The notion of extraction of sequences allows us to get a very strong form of
control. For example, if I C S is a both-ideal and ¢ € I“ is a sequences of el-
ements of S all inside the ideal I, then every sequence 5 <;; ¢ belongs to I“ as
well. Since variable (located) words form a both-sided ideal of W}, (and of FIN,
or ((X,)new)), then every sequence extracted from a sequence of variable words is
again of variable words. However, this kind of control allows us to get the same
result for other ideals as well. Even for variable words, asking that a sequence s is
extracted from a given sequence ¢ allows getting something stronger than just 5 be-
ing a sequence of variable words. Given a sequence of pointed M -sets (X,,, Zn )news
call a located word w = ag ™ -+ " an € ((Xn)necw) strongly variable if there ex-
ists i9 < --- < i, < w such that a;, € X;, forevery h < n and a;, = z;,
for some £ < n. Not every variable word is a strongly variable word. For exam-
ple: if Xo = {z0,y} C X; and 29 # a; for every i € w \ {0}, the word (y, zo)
is a variable word (as it contains a distinguished point), but not a strongly variable
word since this distinguished point can not be obtained from the set in which it is
distinguished. And in some scenarios, the difference is even more evident. For
example: for every sequence of (finite) pointed M-sets (X, Zp)new, adding the
pointed M-sets (My,y) for every y € J, ., Xn to the starting sequence, we get an-
other sequence of pointed M sets (X, 2, )new such that ((X;,)new) € (X)) )new)
and every word of ((X/ )nc.) is a variable word (since every element of any X, is
the distinguished point of some other X/,). If for example the original sets X, were
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disjoint, every word w € (X, )new) is a strongly variable word in ((X],)new) if and
only if it was already a strongly variable word in (X}, )new)-

Strongly variable words, however, has the disadvantage that they do not form a
both-sided ideal of ((X},)new), as in general they are not even closed under concate-
nation (e.g. if Xo = {xo} and X; = {z1} and 29 # 21, and xg € X; and z¢ # z;
for all ¢ > 1, then () is a strongly variable word while (z, ) is not).

Remark 4.1.7. Given a uniform family of pointed M-sets (X, Z, )new, @ sequence
5 € {(Xn)new) is a basic sequence of strongly variable words if and only if 5 <;; ¢
fort = () new-

Notice, however, that it is possible (e.g. in FIN x) that every variable word is also
a strongly variable word.

The situation thus seems very complicated. Luckily, the next result shows that in
reality, things work in a much smoother way, as everything gives equivalent combina-
torial statements. Hence, in practice, we may work with any of the notions described
above without having to think too much about it.

Definition 4.1.8. Given a monoid M acting by endomorphism on a semigroup .5,
a sequence t € S“ is a free sequence if for every x € (t)y,, there are unique
mo, ..., My € M and g, .. .,7, € wsuch that x = mgs;, - ... - M S;,,-

The next remark is saying that if we consider the category of partial semigroups
of the form (5) 5, with surjective homomorphism sending generating sequences into
generating sequences as arrows, then the elements generated by basic free sequences
are (weakly) initial in the category.

Remark 4.1.9. Suppose M is a monoid acting by endomorphism on partial semi-
groups S and S’, and let t € S and 5 € (S")“. If ¢ is basic and free, then the
function f(moti, - ... - mpti,) = MoSiy - ... - Mps;, is a well-defined surjective
homomorphism from (f) ¢ to (5)¢ for every choice of C' C W),.

Lemma 4.1.10. The following are equivalent for a monoid M and C C FIN ;-

1. There is a partial semigroup S and an action by endomorphism of M on S and
a basic free sequence t € S¥ such that for every finite coloring of S there is
5 < t with (3)¢ monochromatic.

2. For every action by endomorphism of M on any partial semigroup S, for every
sequence t € S“ and for every finite coloring of S there is § <j; t with (3)¢
monochromatic.

Proof. Let f : (Z)c — (y)c be the surjective homomorphism given in Remark 4.1.9.
Then every coloring ¢ of ()¢ induces a coloring ¢ = c o f of (Z)¢. Furthermore, it
is easy to see that if § <j; Z and f(5) = (f(Sn))necw, then we have f(5) <ps ¥ and
f 1(5)c = (f(5))c, and the result follows. O

Thus, we may define Ramsey monoids in many different possible ways.
Given a set X, an infinite sequence ¢t € (Wx)¥ is said rapidly increasing if
Ita] > S0 [ti] forall n € w.

Proposition 4.1.11. A monoid M is Ramsey if and only if one of the following holds:
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(a) For every (partial) semigroup S on which M acts by endomorphisms, for every
(basic) sequence t € S¥, for every finite coloring of S there is an infinite
sequence 5 <,y t such that (3) s is monochromatic.

(b) Forevery M-set X, for everyt € X“ and for every finite coloring of Wx there
is an infinite basic sequence 5 <, t in (Wx)* with monochromatic M -span.

(¢) For all sequences of pointed M-sets (X, )new on which M acts uniformly and
for all finite colorings of ((Xy)new) there is a basic sequence of strongly vari-
able words 5 € ({( Xy )new))® with monochromatic M-span (5) ;.

(d) For all finite coloring of FINy; there is a basic sequence s € (FIN)“ of
variable words such that (8) ys is monochromatic.

(e) There is a rapidly increasing sequence of variable words t € (W) such that
for all finite coloring of Wy there is an infinite sequence 5 <; t with (3)
monochromatic.

Proof. Itis easy to see that (a) (with or without parenthesis) implies (b), and the latter
is equivalent to (c) by Remarks 4.1.6 and 4.1.7. Point (c) is a strictly stronger version
of the definition of Ramsey monoid, and being Ramsey implies (d) and (e).

Finally, (d) and (e) each implies (a) by Lemma 4.1.10, since every rapidly in-
creasing sequence of variable words is (basic and) free in W, while s € (FIN ;)%
is a basic sequence of variable located words if and only if § <p; ¢ fort = (n, 1)pecw,
which is a basic and free sequence in FIN ;. O

Other choices of (classes of) partial semigroups are also possible, as long as they
admit at least one free basic sequence. Also, notice that other conditions are possible
as well, but for more complicated reasons: see e.g. Theorem 5.2.13.

We move to the next main definition we are going to work with.

Given a monoid M, define X(M)= {aM | a € M}. It is a partial order un-
der inclusion. Define Y(M)C Z(X(M)) as the family of all non-empty chains of
(X(M), C), i.e. the subsets of X(M) which are linearly ordered by inclusion. Given
x,y € Y(M), define x <y y if z C y and all elements of y \ x are larger with
respect to C than all elements of z. If X(M) contains no infinite descending chains
(e.g. if it is finite), then Y (M) is a forest. Notice that M acts by endomorphism on
(X(M), C), and thus also on (Y(M), <y).

Given a preorder (P, <p), let (P), with operation V, be the semigroup freely
generated by [P modulo the relations

pVqg=q=qVpforp<pgq.

In other words, ({P), <) is the semigroup of words P<* over the alphabet > modulo
the smallest congruence relation extending the relations above. In particular, (P) is a
monoid, with identity given by (the class of) the empty sequence.

We will be interested in the semigroup ((Y(M)), V), and in particular in its sub-
semigroups ((My), V) fory € Y(M), where My = {my | m € M} is the smallest
suborder of Y(M) generated by y under the action of M. Notice that an element
y € Y(M) is maximal if and only if it contains 1.

The following definition is also borrowed from [142], although there it does not

have an explicit name.
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Definition 4.1.12. We say that M is Y-controllable if for every y maximal element in
Y(M), for every finite F' C (Y(M)), for every sequence of pointed M-sets (X, )new
on which M acts uniformly and for every finite coloring of ((X,,)ncw) there is a basic
sequence 5 € (((Xy)new))” such that s,, has a distinguished point for every n € w
and such that for every m,n € w and for every a;,b; € M if agy V --- V apy € F
and agy V - - -V any = boy V - - - V by, then ags;, - ... - aps;, has the same color of
bosjy « - bmsj,,, forevery ig < -+ <'ip, jo < -+ < jm.

Once again, there are several other ways to formulate this definition in an equiv-
alent way. Let us discuss for a moment some alternatives that might be useful to
better grasp the idea behind this notion and the similarities and differences with other
notions and theorems in combinatorics.

First, notice that we may always assume that ' C (M), since the elements of F’
that are not in (My) play no role in the definition. The monochromatic set obtained
in the definition can be described in another way that closely resembles the one used
for Ramsey monoids. Indeed, for every y € Y (M), the order <y on My induces
a preorder <y on M given by a <y bif ay <y by. It is not difficult to see that the
monoid ((M), V) generated by (M, <y) is isomorphic to the monoid (M) generated
by (My, <y). This gives us an advantage: every element f € (My) can be seen as
a family (more precisely, an equivalence class) of located words of Wy (and thus
of FIN,y, since W)y is the quotient of FIN ;). In other words: we may think of any
[ € F as the equivalence class f = {(n;,m;)i<p € FINps | moyV---Vmpy = f}.

Thus, if M acts by endomorphism on a semigroup S, given a sequence § € S¥
and an element f € (My), we may denote with (5) s the f-span (where f is seen as
an equivalence class of words of FIN ) of 3, i.e. the set of all elements of the form
moSip * - - -+ AnS;, formoy VvV ---Vmyy = f.

This notation allows us to rewrite the previous definition.

Remark 4.1.13. A monoid M is Y-controllable if and only if for every y maximal
element in Y(M), for every finite ¥ C (My), for every sequence of pointed M-
sets (X}, )new on which M acts uniformly and for every finite coloring of (X}, )new)
there is a basic sequence of variable words § € ({(X;,)new))* With monochromatic
f-span (5) ; for every f € F.

Once again, thanks to Lemma 4.1.10, we can restate the definition of Y-controllable
monoid in many equivalent ways using different classes of partial semigroups.

Proposition 4.1.14. A monoid M is Y-controllable if and only if for every y maximal
element in Y(M ) and for every finite F C (My), one of the following hold:

(a) For every (partial) semigroup S on which M acts by endomorphisms, for every
(basic) sequence t € S¥, for every finite coloring of S there is an infinite
sequence 5 <)z t such that (5) ¢ is monochromatic for every f € F.

(b) Forevery M-set X, for everyt € X% and for every finite coloring of Wx there
is § < t infinite with monochromatic f-span () for every f € F.

(c) For every uniform sequence of pointed M-sets (X, )ney, for every finite col-
oring of ((Xn)new) there is a basic sequence of strongly variable words s in
(((Xn)new))® with monochromatic f-span (5)y for every f € F.
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(d) For all finite coloring of FIN; there is a basic sequence § € (FIN)“ of
variable words such that (5) y is monochromatic for every f € F.

(e) There is a rapidly increasing sequence of variable words t € (Wy)“ such that
for all finite coloring of Wy there is an infinite sequence 5 <y t with (5)
monochromatic for every f € F.

4.2 Basic notions of semigroup and monoid theory

In this section, we introduce the basic algebraic notions and definitions we are going
to use throughout this and the next chapters.

A monoid is said aperiodic if for all @ € M there exists n € w such that
a" = a"*!. The class of finite aperiodic monoids has been widely studied, as it
is involved in one of the most important theorems in finite automata theory, due to
Schiitzenberger [134]. It states that star-free languages are exactly those languages
whose syntactic monoid is finite and aperiodic. By a result of McNaughton and Pa-
pert, these also correspond to the languages definable in FO[<], i.e. first-order logic
with signature < [112].

A warning: there is another notion that is closely related to aperiodic monoids
and goes by a similar name. A monoid is said periodic if for all @ € M there exist
distinct 4, j € w such that a® = a’. Obviously, every aperiodic monoid is periodic.
This should not cause confusion, as here “aperiodic” does not mean “not periodic”,
but rather “cycle free”. In a similar way, we say that an element a € M has finite
period k for k € w, k > 0if a**! = a and a’ # a forevery 0 < i < k + 1. We say
that an element a € M has infinite period if a’ # a7 for every i < j < w.

One of the best ways to describe monoids and semigroups is using Green’s re-
lations. They were first introduced by Green in his doctoral thesis and in [76].
The Green’s relations R, £ and J on a monoid M are the equivalence relations
defined by, respectively, a Rb if aM = bM, aLb if Ma = Mb and a J b if
MaM = MbM. The Green’s relation H is the intersection of R and L, while
the Green’s relation D is the smallest equivalence relation containing both £ and R.
In every finite monoid, we have D = J. The same is true for aperiodic monoids
(see e.g. [79]). The Green’s relations induce quasi-orders on the monoid. Given two
element a,b € M, define a <g bifaM C bM, a <p bif Ma C Mb,a <7 b
if MaM C MbM, and finally a <y bif both a <z band a <, b hold. If K is
an equivalence relation, we say that an equivalence class [a|x is trivial if it contains
exactly one element, and we say that a monoid M is K-trivial if every KC-class is
trivial. For more information about Green’s relations, see e.g. [37].

Among finite monoids, the class of aperiodic monoids can be characterized in
many ways. We report here some of the most famous options used in literature.
Among all possibilities, we isolate the notion of R-rigid monoid as the operative
definition we are going to use in the proofs of the next section.

n

Definition 4.2.1. A monoid is said R-rigid if for every a,b € M, if abR b, then
ab =b.

Proposition 4.2.2. Let M be a monoid. Then, each statement implies the followings:

1. M is aperiodic.
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2. Foreveryg,a,qg € M, if gag’ = a, then ga = ag’ = a.
3. M is R-rigid.
M is H-trivial.

M contains no non-trivial subgroup.

ISATEN IS

Every element a € M of finite period is idempotent.

Furthermore, if M is periodic (i.e. for every a € M the set {a" | n € w} is finite) all
above statements are equivalent.

For the ease of the reader, we report also a short proof of the equivalence.

Proof. First, assume 1, and let g,a, g’ € M be such that gag’ = a. By induction
this implies g"a(g')" = a for every n € w. Choose n such that g"*! = ¢" and
(¢")"*! = (g’)". Then, 2 holds since

ga = g(g"a(g)") = " a(g)" = g"a(g))" = a

and thus also ag’ = (ga)g’ = a.

If ab R b, then by definition of R there exists a’ € M such that b = aba’, hence
2 implies 3.

Notice that if a,b € M are such that a H b, then in particular ¢ R b and there is
x € M such that b = a. Thus bR b, and 3 implies 4.

Now if G C M is a subgroup of M, then for every a,b € G there are x,y such
that ax = ya = b, and symmetrically there are 2/, ¢’ such that bx’ = 3'b = a, hence
aH band G is contained inside one single #H-class. Therefore, 4 implies 5.

If a € M is an element of finite period k, then {a,a?,... a1} is a cyclic
subgroup of M, and it is trivial if and only if £ = 2 and a is idempotent, hence 5
implies 6.

Finally, if M is periodic, then for every a € M there are minimal n, k € w such
that ™% = a™. Hence a™ has finite period k + 1, and 6 implies & = 1 and thus 1
hold. -

These conditions do not coincide in general for monoids that are not periodic.
For example, (N, 4, 0) is not aperiodic, but satisfies all other conditions. Also, the
bicyclic monoid M = (p,q | pg = 0) (i.e. the free monoid of words over {p, ¢}
quotient the relation pg ~ () is H-trivial, but for example a = gp® and b = gp shows
that it is not R-rigid. Or again, (Z, +) shows that point 6 does not imply point 5.

However, we will work mostly with monoids that satisfies one condition that
implies periodicity: for these monoids, all statements are equivalent. We anticipate
this result, even if it uses

Remark 4.2.3. If {d'y | ' € M,d'y < ay} is finite for every a € M and for
every y € Y(M), then M is periodic and thus all statements of Proposition 4.2.2 are
equivalent.

The class of aperiodic monoids is closed under most basic operations. For exam-
ple, the following holds:
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Proposition 4.2.4. Let (S1,%1),...,(Sn,*n) be aperiodic semigroups. Then, the
following are aperiodic:

1. The product monoid S1 X - - - X Sy, with coordinate-wise operation.

2. The disjoint union S1 U - - - U Sy, with any operation x such that a xb = a *; b
when a,b € S;.

For more information about aperiodic monoids and their relations with languages
and automata, see for example [102] or [125].

Let us move to the next class. Given a monoid M, recall that X(M ) is the set of
all principal right ideals generated by M. Notice that X(M) is linearly ordered by
inclusion if and only if <p is a total quasi-order. The existence of a total quasi-order
on M affects the behaviour of Green’s relations, and having that < is total has even
stronger consequences. The next proposition collects some well-known properties of
monoids where <x is total (see [85, Proposition 3.18-3.20]).

Proposition 4.2.5. Let M be a finite monoid with linear X(M). Then, the following
hold:

1. Forevery a € M, the principal right ideal aM is a both-sided ideal.
2. J=D=TRand L =H, while <p = <gand <p = <y.

3. R is a congruence relation.

4. <g is translation-invariant on both sides.

For more information about monoids with linear X (M ), see for example [85].

Combining results about aperiodic monoids with results about monoids with lin-
ear X(M), one can obtain further properties and characterizations of the class of
finite aperiodic monoids with linear X(M ) For example, a finite monoid with linear
X(M) is aperiodic if and only if it is £-trivial. Notice that in light of Theorem 4.4.7
(and later on, Theorem 5.2.11), every property of this class of monoids will give a
necessary condition for a monoid to be Ramsey.

Finally, let us introduce a seemingly new class of monoids, the class of aperiodic
monoids with linear X (M).

Let X (M) be the subset of X(M) of those aM such that [a|g is non-trivial. We
say that Xg (M) is linear if it is linearly ordered by inclusion. Recall also that M
is called almost R-trivial if for every non-trivial R-class [a]g we have Ma = {a}
(see [142] and [96]).

Proposition 4.2.6. Every finite almost R-trivial monoid M is aperiodic and has
linear X (M).

Proof. Let M be a finite almost R-trivial monoid. First, we want to show that
Xz (M) has at most one element that is the minimum of X(M) (and so Xz (M)
is in particular linearly ordered by inclusion). If [a]z is a non-trivial R-class then,
for every m € M we have ma = a, that means a € mM and aM C mM. Hence,
if [a]r and [b]r are non-trivial R-classes, then we have aM = bM. Now let us
prove that M is aperiodic. Since M almost R-trivial, then Mb = {b} holds for every
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non-trivial R-class. This in particular implies that (Mb)N[b]gr = {b} holds for every
‘R-class, and this is just a rephrasing of the R-rigid condition. Then the claim follows
from Proposition 4.2.2. O

Notice that the converse does not hold, as it is easy to show that there are ape-
riodic monoids with linear X (M) that have more than one non-trivial R-class (for
example, by combining almost ‘R-trivial monoids with point 2 of Proposition 4.2.4;
see also Example 4.2.7). Also, there are aperiodic monoids that have non-trivial
R-classes [a]r such that a is not idempotent (a minimal example is given by the
monoid in Table 4.1, see also Example 4.2.7). These conditions are impossible for
almost R-trivial monoids, as shown in the proof of Proposition 4.2.6. Finally, there
are examples of aperiodic monoids with linear X5 (M) that do not have linear X (M)
(the easiest examples coming from R-trivial monoids). Thus, the class of aperi-
odic monoids with linear X (M) properly extends both the class of almost R-trivial
monoids and the class of aperiodic monoids with linear X(M).

Example 4.2.7. Consider the Gowers” monoid Gy, = ({0, ...,k — 1}, +) with oper-
ation i+ j = min(i+ j, k — 1). Consider also the Carlson’s semigroup Cy = (A4, %),
i.e. a finite set A with operation a * b = b for every a,b € A. Let Cy = C4 U {lcn}
be the corresponding monoid. Then, for every k and A the monoid M = (G x C})
is aperiodic and has linear X5 (M), while M = (G, x C4) U{1 17} s aperiodic, has
linear X (M) and all its R-classes other than [1 i7)® are non-trivial. If & > 2, neither
of these monoids is almost R-trivial.

For those familiar with finite automata theory, Schiitzenberger’s Theorem pro-
vides a wonderful way to produce examples of aperiodic monoids. Starting from a
star-free language S, or from a formula in FO[<], we always generate a finite ape-
riodic syntactic monoid. For example, the monoid from Table 4.1 is the syntactic
monoid of the star-free language S in the alphabet A = {a, g, h} defined as

S ={g,h}*hU{g,h}*a{g,h}* gU A*aA*a A*

or, equivalently, defined by the formula in FO[<] that says “the word is non-empty,
and if it does not contain the letter a, then the word ends with h, and if there is exactly
one letter a, then the word ends with g”.

SO OO
> e 2 o

S o O
O O OO OO
Q@ Q O O Ol
Q@ oo Ol

Table 4.1: Syntactic monoid of the language S.

4.3 Dynamic theory

In this section, we study the actions of aperiodic monoids with linear Xz (M) on
compact right topological semigroups. The main objective is to prove Theorem 4.3.5.
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This result reveals the relation between aperiodic monoids and dynamic theory and
it will be the key point to sufficient conditions for a monoid to be Ramsey or Y-
controllable. The advantage to work with compact right topological semigroups is
that they are the common ground for many different techniques, either from logic or
ergodic theory (see e.g. [18], [68], [108], [142], [154]).

Let us recall some notions. A semigroup (U, -) with a topology 7 is a right topo-
logical semigroup if the map = — x - u is continuous from U to U for every u € U.
It is called compact if 7 is compact. A element u in a semigroup (U, -) is called
idempotent if u - u = w. The set of idempotents of U is denoted by E (U ). We define
a partial order <y in E(U) by

u <y v<EsS uUv = U = V.

Finally, let I(U) be the smallest compact both-sided ideal of U It exists by compact-
ness of U.

We report some facts about idempotents, corresponding to [154, Lemma 2.1,
Lemma 2.3, Corollary 2.5].

Proposition 4.3.1. Let U be a compact right topological semigroup. Then,
1. E(U) is non-empty.
2. For every idempotent v there is a <y-minimal idempotent u such that u <y v.
3. Any both-sided ideal of U contains all the minimal idempotents of U.

Fact 4.3.2. Let M be a monoid, let U be any set, and fix a left action of M on U.
Then, for every a,b € M such that aM C bM we have a(U) C b(U).

Proof. In fact, if bm = a for some m € M, then a(U) = b(m(U)) C b(U). O
In particular, if a R b, then a(U) = b(U).

Lemma 4.3.3. Let M be an aperiodic monoid such that X (M) is linear. Then, for
every distinct a,b € M with a R b there are two distinct g, h € M such that ag = b,
bh = a and gh = h, hg = g. This in particular implies gM = hM.

Proof. Fix anon-trivial R-class [c]g and let a,b € [c]g with a # b.
For every y, z € M, define

Gy = {9y € M 1 ygy. = z}.

Notice that if y R 2, then Gy . is non-empty. Let g € G, and he Gp,q- Since M is
aperiodic, there is n. € w such that (gh)" = (gh)"*! and (hg)" = (hg)"*!. Define
g = (gh)"g and h = (hg)™h. Then, we have
hgh = (hg)"h(gh)"g(hg)"h = (hg)*"*'h = (hg)"h = h.
and similarly ghg = g. 3 3
Notice that hg € Gy, since bhg = ag = b, and so also (hg)" € Gypyp. Thus,
h € Gy 4, since bh = b(hg)"h = bh = a. Similarly, g € G.
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Since hg € Gpp and Gy N Gy, = 0, we have that h # hg. However, we
have hM = hghM C hgM C hM, thus hg R h and the class [h]r is non-trivial.
Similarly, g R gh and g # gh, so the class [g]g is non-trivial.

Since X (M) is linear either gM C hM or hM C gM. Suppose for example
gM C hM = hgM. Then, g = hgm for some m € M, which implies g = hg,
by Proposition 4.2.2. Hence, gM = hgM = hM, and gh = h by Proposition
4.2.2. O

Lemma 4.3.4. Let M be an aperiodic monoid such that Xg (M) is linear. Then, for
every a € M, if there are b, ¢ € [a]r such that bc = ¢, then for every b, ¢ € [a|r we
have bc = c.

Proof. First, notice that if xy = y for some x,y € M, then zz = z forevery z € [y|r
since xzM = xyM = yM = zM and since M is R-rigid by Proposition 4.2.2.

Therefore, we just need to prove that given a non-trivial R-class [a]r such that
azx = x for every = € [a|r, and given an element b € [a|g with b # a, then we have
ba = a.

Let i be such that bh = a. Notice that ha R hb since haM = hbM, and also
ha # hb since bha = a # b = bhb. Then haM € Xz (M) and so haM C aM or
aM C haM.

If haM C aM then

aM = aaM = bhaM C baM C bM = alM.

Hence, ba R a and ba = a.
If aM C haM then a = ham for some m, and by Proposition 4.2.2, a = ha.
Hence, ba = bha = a. ]

Theorem 4.3.5. Let M be an aperiodic monoid. Let U be a compact right topo-
logical semigroup on which M acts by continuous endomorphisms. If Xgr(M) is
linear and finite, then there exists a minimal idempotent v € E(U) N I(U) such that
a(u) = b(u) for all couples a,b € M such that a R b.

Proof. Let agM C ... € a, M be an increasing enumeration of X5 (M) and define
an+1 = 1. BEvery a;(U) is a semigroup, since a;(u1) - a;(u2) = a;(u; - uz), and it
is compact because it is a continuous image of a compact space. Then, a;(U) is a
compact subsemigroup of the compact semigroup a;+1(U). We want to find a chain
of idempotents u; such that u;11 <y wu; and such that u; is minimal in F(a;(U))
with respect to <, (), forevery i < n + 1.

First, by points 1 and 2 of Proposition 4.3.1, we can find vy € ag(U) sat-
isfying the requirement. Then, suppose we have u; € a;(U) idempotent. Since
a;(U) C a;+1(U) we may apply point 2 of Proposition 4.3.1 to find u;+1 € a;41(U)
idempotent such that ;1 <, () wi and u;; is minimal in E(a;+1(U)), and this
concludes the construction. Since an4+1 = 1 and E(an+1(U)) = E(U), by point 3
of Proposition 4.3.1 we also know that u,,1 € I(U).

We claim that u = u,, 1 satisfies the requirements of the thesis.

First, we want to show that for each R-class [a;|g with a;a; = a; we have

b(u) = u; forall b € [a;]r.
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By Lemma 4.3.4, for every b € [a;]gr we have ba; = a;, and this implies that
for every v € a;(U), say v = ai(u,), we have b(v) = b(a;(uy)) = a;(u,) = v.
In particular for v = wu;, we have b(u;) = u;. Notice that the action of M is order-
preserving on (U, <) since it is by endomorphisms. Since u <y u; we get

Thus, b(u) <, (v wi, and since u; is minimal in a;(U), we get b(u) = u;.

Now consider a non trivial R-class [a;]» such that a;a; ¢ [a;|r, and let a,b €
[a;]r. Let g, h be given as in Lemma 4.3.3 such that ag = b and bh = a and hg = g.
Notice that this implies bg = bhg = ag = b and also h(u) = g(u), since [g]r

belongs to the previous case. Then, a(u) = bh(u) = bg(u) = b(u). O

Notice that the proof of Theorem 4.3.5 does not rely on M being aperiodic: this
hypothesis is used only to obtain the thesis of Lemmas 4.3.3 and 4.3.4. Also, it is
possible to obtain idempotents of this form even for (aperiodic) monoids that do not
satisfy the thesis of the two lemmas: see Example 5.4.8.

We take the opportunity to state a corollary of Lemma 4.3.3.

Corollary 4.3.6. Let M be a finite aperiodic monoid such that Xg (M) is linear, let
U be a set and fix a left action of M on U. Then, for every a,b € M with a R b and
forevery u € a(U) we have a(u) = b(u).

Proof. Let a,b € M be such that a’R b and a # b, and let g,h € M be given by
Lemma 4.3.3 such that ag = b and bh = a, and gh = h and hg = ¢. This in
particular implies gg = ghg = hg = g, and bg = bhg = ag = b. Notice that by
linearity of Xz (M) either a(M) C g(M) or g(M) C a(M) holds, since both [a]r
and [g]r are non-trivial. Then, we have a(M) C g(M), since |aM| = |[bhM| <
|hM| = |gM|, and also a(U) C g(U), by Fact 4.3.2. Fix u € a(U) and find v € U
such that u = g(v). We have

a(u) = a(g(v)) = a((g9)(v))) = ag(g(v))) = b(g(v)) = b(w). =

4.4 Coloring theorems and aperiodic monoids

In this section, we discuss how to obtain sufficient conditions for a monoid to be
Ramsey or Y-controllable starting from Theorem 4.3.5 and by following ideas from
Solecki’s paper.

Let us recall some relevant notions for this section. Given a monoid M, the set
Y(M)C Z(X(M)) consists of the non-empty subsets of X(M) which are linearly
ordered by inclusion. Define z <y y, for z,y € Y(M), if and only if x C y and all
elements of y \ x are larger with respect to C than all elements of .

Notice that every partial order (P, <) generates a semigroup (IP), with operation
V, defined as the semigroup freely generated by P modulo the relations

pVqg=q=qVp for all p,q € P with p <y ¢

In particular, we will be interested in the semigroup ((Y(M)), V).
Notice that the action of M on itself by multiplication extends to a natural left
action of M on Y (M) defined as m(z) = {maM | aM € z} for every m € M and
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x € Y(M). It is easy to check that this action is order-preserving, thus it extends to
a left action by endomorphism of M on ((Y(M)), V) defined as

m(po V-V pn) =m(po) V- Vm(py).

Recall that an embedding of a semigroup (U, -) into a semigroup (U’, ) is a map
f : U — U’ that is an isomorphism on the image, i.e. f is injective and for every
xz,y € U we have f(z -y) = f(x) * f(y). Given two left actions of M on U and
U',amap f : U — U’ is said M-equivariant if it preserves the action of M, i.e.

f(ma) = mf(a).

Definition 4.4.1. A monoid M is called good if for every left action of M by con-
tinuous endomorphisms on a compact right topological semigroup U there exists a
function h: Y(M) — E(U) such that

(i) his M-equivariant;
(ii) h is order reversing with respect to <y and <p;
(iii) h maps maximal elements of Y(M ) to I(U).

In other words, a monoid M is good if whenever M is acting by continuous
endomorphisms on a compact right topological semigroup U, then there exists also
an M -equivariant embedding & : (Y(M)) — U such that

hi{po V-V p, € (Y(M)) | p; maximal in Y (M) for some i < n}] C I(U).

The notion of good monoids was first used by Solecki in [142]. We borrow here
three results that are contained or essentially proved therein.

The following useful lemma has the same function as two other lemmas by Lupini
[107, Lemma 2.2] and Barrett [ 13, Theorem 5.8], i.e. to get stronger conclusions from
results like Theorem 4.3.5.

Lemma 4.4.2 ([142, Lemma 2.5]). Let M be a finite monoid. Assume that for ev-
ery left action of M by continuous endomorphisms on a compact right topological

semigroup U there is a M -equivariant f from Y (M) to U such that f maps maximal
elements of Y(M) to I(U). Then, M is good.

We isolate the following lemma from the proof of [142, Theorem 2.4] since it
gives a sufficient condition for a monoid to be good.

Lemma 4.4.3. Let M be a finite monoid and assume that for every action by contin-
uous endomorphisms of M on a compact right topological semigroup U there exists
a minimal idempotent v € E(U) N I(U) such that a(u) = b(u) for all couples
a,b € M such that a R b. Then, M is good.

Proof. Let m : Y(M) — X(M) be the function that maps a set x € Y(M) to
the maximal element in = with respect to C. Let w € E(U) N I(U) be given by
hypothesis. The function f : X(M) — E(U) that maps aM to a(u) is well-defined,
and maps 1M tou € E(U) N I(U). Also, notice that if y is a maximal element
of Y(M), then 1M € y and so wo f(y) = uw € E(U)NI(U). Since both f and
7 are M-equivariant the map f o7 : Y(M) — E(U) satisfies the assumptions of
Lemma 4.4.2, from which we get that M is good. O
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Solecki in [142, Corollary 4.3] states that every finite almost R-trivial monoid is
Y-controllable, but in the proof, he shows something stronger. The hypothesis that M
is almost R-trivial is used only to apply [142, Theorem 2.4], which states that every
finite almost R-trivial monoid is good. The remaining part of the proof never uses
this hypothesis again and relies instead on the fact that M is good. In other words,
from the proof of [142, Corollary 4.3] one can derive also the following result.

Theorem 4.4.4. Let M be a finite monoid. If M is good, then it is Y-controllable.

However, the reader can find a short model-theoretic proof of this result in Sec-
tion 4.5.
Finally, the following is a restatement of part of the proof of [142, Corollary 4.5

@]
Fact 4.4.5. If M is Y-controllable and X (M) is linear, then M is Ramsey.

Proof. Notice that X(M) is linear if and only if X(M) € Y(M). We want to use the
definition of Y-controllable with y = X(M) and F' = {y}. It is enough to notice that
for every a € M we have

aX(M) ={amM | mM € X(M)} = {«M | xM C aM}.

Hence, if aM C bM, then ay V by = by = by Vay,andsoa;yV:---Va,y=y € F
for every a1, .., a, € M with at least one ¢ such that a; = 1. ]

Theorem 4.4.6. Let M be a finite monoid.
1. If M is aperiodic and has a linear X (M), then it is Y-controllable.
2. If M is Y-controllable, then it is aperiodic.

Proof. First, let M be a finite aperiodic monoid with linear Xz (M ). By Theo-
rem 4.3.5 and Lemma 4.4.3, we get that M is good. Hence, Theorem 4.4.4 implies
that M is Y-controllable, and statement 1 holds.

In order to prove 2, let (M < ") be the free semigroup over M, with coordinate-
wise action. Notice that (M <%, ") can be seen as ((X,,)n<w) setting all X,, = M,
with 1 as distinguished point, and a word w has a distinguished point if and only if
1 € ran w (in which case we call w a variable word).

Suppose M is not aperiodic, and let a € M be such that a”*! # a™ for every
new. LetA={a"|necw}landletC ={m e M | a"m € Aforsomen € w}.
Then, we have ac # c forevery c € C, and ac € C'ifand only if c € C.

Lety = {a"M | n € w}, where we set a’ = 1, and let F' = {y}. Then, y is a
maximal element of Y(M),andyVy =y =ay Vy.

Let C'U {L} be the set of colors. Given a word w € M<¥, let m be the first
letter of w in C, if any. If there is such m, color w by m. Otherwise, color w by
L. Consider any sequence of variable words § € (M <“)%, and consider the words
yo " y1 and a(yo) ~ y1 with colors ¢; and ¢y respectively. Then, ¢; € C, since yp
is a variable word and 1 € ran(yg). Hence, by definition of C' we have ¢ = ac;.
Therefore, co = acy # c1, contradicting the fact that M is Y-controllable. O

Theorem 4.4.7. Let M be a finite monoid. The following are equivalent:
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1. M is Ramsey.
2. M is aperiodic and X(M) is linear.

Proof. Proof of point 2 of Theorem 4.4.6 also shows that if M is Ramsey then it is
aperiodic. If M is Ramsey, then X(M) is linear by [142, Corollary 4.5 (ii)]. Theo-
rem 4.4.6 and Fact 4.4.5 prove that 2 implies 1. O

Corollary 4.4.8. Let M be a finite monoid. Then, M is Ramsey if and only if it is
Y-controllable and X(M) is linear.

4.5 A model-theoretic approach

In this section, we give a short explicit proof of Theorem 4.4.4 using model theory as
an alternative approach to ultrafilters.

First, let us recall some basic definitions and facts of model theory. From now
on, we consider a semigroup G on which M acts by endomorphisms. Let L = (-, <)
be the first-order language with one single function (— - —) of ariety 2 denoting the
operation the partial semigroup, and a binary relation <. Let Lt = LU{A | A C
G} U {m | m € M} be the expansion of L where we add one unary relation symbol
for each subset of G and one function of ariety 1 for each element of our monoid
(much of the language is redundant, but it is added for sake of simplicity). Then G
is a Lt -structure, where each symbol A(z) for A C G is interpreted in G as z € A,
every m € M is interpreted as the unary function given by the action of m over G.
We denote with G a monster model for G in the language Lt,ie. G D Gisan
elementary extension of (G that is also a < x-saturated and < k-homogeneous for
some cardinal « large enough. For our purpose, it is enough to take k > | Z(G)|.

Given A C G, we denote with L™ (A) the language L' U {a | a € A} where we
added a constant symbol for each element of A. A partial 1-type over A is a set of
formulas in the language L' (A) with one free variable. A (complete) 1-type p(x)
over A is a maximal partial 1-type over A4, i.e. a type such that for each formula ¢(z)
with parameters in A, either ¢(x) or ~¢(x) belongs to p(x). Given an element a € G,
we denote with tp(a/A) the complete 1-type over A generated by a, i.e. the set of
all formulas with one free variable and with parameters in A that are satisfied by a.
We write a F p(z) to say that every formula of p(a) holds in G. Given a,b € G, we
write a =4 b for tp(a/A) = tp(b/A). We say that a 1-type p(x) over A is finitely
satisfied in G if every finite conjunction of formulas in p(x) has a solution in G.

We define S(G) to be the space of all complete 1-types over G in the free variable
x that are finitely satisfied in G. Notice that since G is a model of the theory of G,
the type over GG of every element of the monster G is finitely satisfiable in G. In
other words, we have S(G) = {tp(a/G) | a € G}. Also, taking parameters in G is
redundant (since we can already refer to elements of G in the language L™ without
parameters), but we prefer to stick to this notation as a reminder of this.

It is easy to see that the space of types S(G) defined this way is just another
version of Stone—Cech compactification SG. Indeed, since we have a unary relation
A(z) for every A C G, atype p(x) € S(G) identifies a unique ultrafilter {A C
G | A(z) € p(x)}, and conversely every ultrafilter U over G identifies a unique
type {¢(x) | [G F ¢(x) < A(x)] AN A € U}. However, by using types we can
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benefit from the language and tools of logic and model theory, which allows us to
significantly simplify the notation and the proofs.

As it happens for example in SN, we can introduce an operation on S(G) that
turns it into a compact right topological semigroup. Given an element a € G and
A C G, we write a L g A if tp(a/G U A) is finitely satisfied in G. In other words,
the relation a L A is saying that the type of a over G U A is uniquely determined
by the type of a over G: indeed, for every formula ¢(x,yo, ..., y,) in LT(G) and
for every tuple (ag, . ..,a,) € A" let R={g€ G |GF é(g,a0,...,a,)}. Then
=[p(x, ao, .. .,a,) <> R(z)] is not satisfiable in G, hence R(x) € tp(a/G) if and
only if ¢(x, ag, ..., a,) € tp(a/G U {b}).

When A = {b} is a singleton, we write a L b. Given two types p,q € S(G),
we define p - q as tp(a - b/G), for any a,b € G such that a E p(x), b F g(x) and
a \:LG b.

As usual, we will consider the compact topology 7 on S(G) generated by the
basic open sets {t € S(G) | ¢(z) € t}, for ¢(z) € LT(G).

Notice that we can identify the semigroup (G, ) with an open discrete subsemi-
group of (S(G), ¢, 7): indeed, for every g € G, the atomic formula = g defines a
unique type p,(z) that is finitely consistent in G (corresponding to a principal ultra-
filter), and thus G = {p,(x) € S(G) | g € G}.

With this operation and topology,

Proposition 4.5.1. (S(G), ¢, 7) is a compact right topological semigroup on which
M acts by continuous endomorphisms by m(tp(a/G)) = tp(m(a)/G).

Proof. Most of the required properties follow immediately from [39] (see e.g. Re-
mark 2.7 and Propositions 4.4 and 6.3). However, for sake of completeness, we prefer
to give a complete and self-contained proof of the statement.

First, in order to prove that the operation is well defined it is enough to show that
for every formula ¢(x,y) in L*(G) and for every a,a’,b,b’ € G, if we have a Lo b
anda’ Lot anda =g d/, and b =g ¥/, then ¢(a, b) holds in G if and only if ¢(a’, b')
holds in G. Since b =¢ ¥/, for every g € G we have that ¢(g, b) holds in G if and
only if ¢(g,b) holds in G. Let

A={geG|GFdgb)}={9€G|GF ¢(g,V)}.

Then —[A(z) <> ¢(x,b)] is not satisfiable in G, and since tp(a/G U {b}) is finitely
satisfied in GG, we have that ¢(a, b) holds in G if and only if A(a) hold in G. Similarly
#(a’,b') holds in G if and only if A(a’) hold in G. But a =¢ o/, hence A(a) holds in
G if and only if A(a’) and holds in G.

Next, we want to show the associativity of the operation. First, notice that for
every type p(z) € S(G) and A C G of small size (i.e. less than the saturation degree
of the monster model), there is always an element @ € G such that a F p(z) and
a Lg A: it is enough to extend p(z) to a complete type p/(x) over G U A finitely
satisfiable in GG. This type will be realized by some element a of the monster model
(by saturation), and a will have all the desired properties. Secondly, notice that for
every a,b € G and A C G of small size (with a,b ¢ A), if a Lg5{b} U A and
blg A, thena-blg A Infact, let ¢(x) be a formula in L1 (G U A) satisfied by

%In literature this relation is also denoted by a | oA
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a - b. Then ¢ (z) = ¢(x - b) is a formula in LT (G U A U {b}) satisfied by a, and
since a L A U {b} there is g € G such that ¢;(g) = ¢(g - b) hold in G. Now let
Yo(x) = ¢(g - ): since bl A, there is ¢’ € G such that ¢(g’) = ¢(g - ¢') hold in
G, as wanted.

Therefore, given p,q,7 € S(G), consider a,b,c € G such that b1l c and
aLg{b,c,b-c}. Then we also have ab L c, and thus

p-c(qgar)=tpla-(b-c)/G)=tp((a-b) - ¢/G)=(p-cq)ar

The action of M on S(G) is well-defined and continuous. Indeed, for every
formula ¢(z) in LT (G), let () = ¢(m(z)): it is still a formula in L™ (G). This
implies first that if @ =¢ b then m(a) =¢ m(b), and thus action is well-defined, and
secondly that m " [{p(z) € S(G) | 6(z) € p(a)}] = {p(x) € S(G) | ¥(x) € p(x)}
and thus m continuous. Furthermore, if a1 ¢ b then also m(a) L g m(b), since for
every ¢¥(z) € tp(m(a)/G U {m(b)}) there is ¢(x) € tp(a/G U {b}) such that
¥(z) = ¢(m(zx)). Thus M acts by endomorphism, since

m(p-aq) = m(tp(a-b/G)) = tp(m(a-b)/G) = tp(m(a)m(b)/G) = m(p)-cm(q).

Finally, we need to prove that for every r € S(G), the map f, : S(G) — S(G),
fr(p) = p-g r is continuous. Let ¢(z) be a formula in L™ (G). Choose an element
b € G such that b F r(x), and define A, = {g € G | G F ¢(g - b)}. Notice that for
every other V/ € G satisfying b’ F r(z), we have b’ =¢ b and thus Ay = Ap. Then
=[Ap(x) ¢ ¢(z - b)] is a formula in Lt (G U {b}) that is not satisfiable in G. Hence,
for every type p(x) € S(G), and for every a,b € G with a F p(z) and b F r(x), if
a L b we must have that A;(a) holds in G if and only if ¢(a - b) holds in G. This
implies that

fr Hp(e) € S(G) | ¢(x) € p(z)}] = {p(z) € S(G) | Ap(2) € p(x)}
and thus f,. is continuous. ]

We say that the infinite tuple ¢ = (c¢;)i<,, is a coheir sequence of p(z) over G if
cn Ep(z)and ¢, Lgfe; | i < n}and c,iq =GUfco,en_1} Cn fOT every n < w. We
say that ¢ is indiscernible over G if for any formula ¢(z, . .., z,) in LT (G) and for
any natural numbers ig > --- > i, and kg > --- > k,, we have that ¢(c;,, ..., ¢, )
holds in G if and only if ¢(ck,, - - ., ck, ) holds in G. The following is a well-known
fact but we prove it here for the reader’s convenience.

Fact 4.5.2. Every coheir sequence over G is also indiscernible over G.

Proof. Suppose not and let n be minimal such that there exist a formula ¢(xo, . .., )
in LT(G) and ig > -+ > 4, and kg > --- > k;, such that ¢(c;,,...,c;,) and
“P(Chys - - - » Ck,, ) hold in G. Assume without loss of generality that i9 > ko. Since
Cig =GU{corcrg_1} Cho» W have that also ¢(cig, ..., ci,) A 20 (Cigs Cy s - - Cy )
hold in G. But tp(c;,/G U {co,...,ci,—1}) is finitely satisfied in G, hence we may
find g € G such that both ¢(g,¢;,, ..., ¢, ) and =é(g, ¢k, - - -, C, ) hold in G, con-
tradicting the minimality of n. 0

The following is an easy well-known fact.
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Fact 4.5.3. For every type p(x) € S(G) there is a coheir sequence of p(x).

Proof. We proceed by induction. First, by saturation of G and since p(z) is finitely
satisfiable in GG, we may find ¢y € G satisfying p(x). Now given (¢;);<n+1 coheir
sequence, let p/, (z) = tp(c,/G U {co, ..., cn-1}), and then extend p}, (x) to a com-
plete type p,(x) over G U {cp, ..., c,} that is finitely satisfiable in G. Again, since
G U{co,...,c,} has small size and since p, () is finitely satisfiable in G, by satura-
tion we may find ¢, 11 € G such that ¢, 41 F p,(x). Now: since p, () is a complete
type over G U {co, ..., ¢}, we have tp(cp+1/G U {co,...,cn}) = pn(x), which

is finitely satisfiable in G’ by construction, and thus ¢, lg{c[), ...,Cp}. Since
p(z) C pn(x), we have ¢, 11 F p(x). Finally, since tp(c,/G U {co,...,cn-1}) C
Pn(), we have cny1 =aufe,....cn_1} Cn» s Wanted. O

We are ready to prove Theorem 4.4.4. Let us introduce the following auxiliary
definition to simplify the notation of the next proof.

Definition 4.5.4. Let F' be a finite subset of the semigroup (Y (M)), let y be a max-
imal element in Y (M), and let ¢ be a finite coloring of a semigroup S on which M
acts. We say that a sequence 5 € S=¥ is (F,y, c)-controllable if for every m,n < |3|
and for every a;,b; € M if agy V --- V ayy belongs to F' and agy V --- V a,y =
boy V - -+ V byy, then ags;, - ... - ans;, has the same color of bysj, - ... - by, S, for
every 19 <+ <p, jo < < Jm-

Notice that we can always assume that ' C (M), since elements of F' that are
not of the form agy V - - - V a,y have no influence in the above definition.

Proof of Theorem 4.4.4. We want to prove that for every finite subset F' of (Y(M)),
for every maximal element y in Y (M ), for every sequence of pointed M -sets (X, )new
on which M acts uniformly and for every c finite coloring of ((X,,)new) there is a
basic sequence 5 € (((Xy)new))” thatis (F,y, ¢)-controllable and such that s,, has
a distinguished point for every n € w.

So let (Xy,)new be a sequence of pointed M-sets on which M acts uniformly,
and let L be notin | J,,., X». Define G = (((Xyn)new) U{L},-) to be the semigroup
extending ({(X,)new), ) defining = - y = L if  ~y is not defined in the partial
semigroup ((X,)necw), and z - y = x ~ y otherwise. In particular, we have x - 1 =
1L -2 = 1. Wewrite x <y if and only if x - y # 1. We may also extend the
coordinate-wise action of M over ((Xp,)new) to the whole G by letting m(L) = L
for every m € M. By definition of endomorphism, m(a - b) is defined if and only if
m(a) - m(b) is defined for every a,b € ((Xy)new), so the action of M on G is still
well defined and by endomorphism.

Then (G, -, <) is a semigroup as wanted, and we can define the language L™, a
monster model G for G and the compact right topological semigroup (S(G), -G, T)
as described above.

Lete(x) = {“g=<a” | g € G\ {L}}: itis a partial type. Notice that e(z) is
finitely satisfiable, since for every finite set A C G \ {_L} there is a b € G such that
a < b for every a € A. Define

U={p(x) € S(G) | e(z) C p(x)}

to be the set of all complete types in S(G) extending e(z).
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Claim. U is a non-empty compact right topological subsemigroup of (S(G), ¢, 7)
closed under the action of M.

Proof. First, since e(x) is finitely satisfiable, then U is non-empty. It is also clear
that U is a closed (and thus compact) subset of S(G), since U is type definable
and thus it is the intersection of sets defined by a single formula, which are clopen
by definition. Next, notice that for every p(z) € U, we have L ¥ p(z), and thus
“r # 17 € p(x) by completeness of the type. Given two elements p(z), q(z) € U,
let a,b € G be such that a = p(z) and b F ¢(z) and a L b. Then, we must have
that a <b and g - a<b for every g € G \ {L}, since b F e(z) and the formulae
Sz <b] A [z # L] and —[g - x <b] A [g < x] are not satisfiable in G. Hence, for
every g € G\ {L} wehave g- (a-b) = (g-a)-b+# L, which implies g <(a - b)
and thus e(x) C p(z) -¢ q(z) € U, so U is closed under the operation of S(G).
Finally, notice that since M acts coordinate-wise on ((X,)new) = G \ {L}, the
formula g <z A —[g < m(z)] is not satisfiable in G. Hence, for every ¢ € G and
a € G we have that g < a implies g < m(a), and thus m(p) € U for every p € U and
m e M. O

Now fix a maximal elementy € Y(M) and let u(x) = h(y) € E(U) N I(U),
where h : (Y(M)) — U is the M-equivariant embedding given by definition of
good monoid. Let DP C G be the set of elements of ((X,,)necw) that have at least
one distinguished point. Notice that DP is a both-sided ideal in GG. Since being an
ideal is expressible in L™ (G) by the formula Va, y[DP(y) — DP(z-y) ADP(y-z)],
and since G models the theory of G, then DP defines a both-sided ideal of the monster
model DP(G) = {a € G | G F DP(a)}. Thus,

J={p(z) €U | “DP(2)” € p(x)}

is also a both-sided ideal of U. It is also non-empty, since e(x) U {DP(x)} is finitely
satisfiable in G. Since u(x) € I(U) and I contains all non-empty both-sided ideals
of U, we have that u(z) is in J.

Fix also a finite coloring (i.e. partition) ¢ = {C; | i < r} of ((Xy)new). We can
extend ¢ to a coloring ¢ of the whole G by adding { L} to ¢/. Notice that since the
coloring c is finite and since L™ () contains a relation symbol for every subset of G,
then c is definable in L™ (@), and thus c extends to a finite coloring of G

c={{a€eG|GECi(a)}|i<r}.
Let (un )new be a coheir sequence of u(x). We write u; for the tuple u;_1, . . ., uo.
Claim. For every i € w and F' C (MYy), the sequence uy; is (F,y, ¢)-controllable.

Proof. Since the map h is an M-equivariant embedding of (Y(M)) into E(U), for
every ag, . . ., 0n, bo, - - ., by, € M we have

anyV---Vagy = bpyV---Vbgy if and only if a,u g ... -gagu = bpu-c...-gbou.

We just need to check that ag(ug) Lg{a;(u;) | j < k} for every k < n. Indeed,
since L™ (G) contains a function symbol for every element of M, then for every
a € G, forevery A C G of small size we have

tp(a/GU A) = tp(a/GU{m(b) | m e M,be A}).
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Furthermore, for every formula ¢(x) there is a formula ¢ (z) = ¢(m(z)) such that
¢(m(a)) holds if and only if ¥)(a) holds. Thus, if tp(a/G U A) is finitely satisfiable
over G, then tp(m(a)/G U {m(b) | m € M,b € A}) is as well.

Therefore, anuy, - . . .- apug satisfies a,u(z) . . . -¢ apu(z) and by ty, - . . .- boug
satisfies b, u(x) -G ... -¢ bou(x). Since the color of an element of G is determined
by its type over G, this implies immediately that for every choice of F' C (MYy) (not
even necessarily finite) and ¢ € w, we have that u; is (F,y, ¢)-controllable. L]

Now fix a finite subset ' C (My). Every element f € (Y(M)) has a (unique)
representation of minimal length f = py V --- V p; for some py,...,p; € Y(M).
We write | f| the denote the length j € w of this minimal representation. Since y is a
linearly ordered subset of X(M), if f, f, f” € (My) are such that '\ f” = f, then
we must have | f'| < |f]and |f"| < |f].

Therefore, there exists k € w such that for every f' € (My), if f Vv f' € F for
some f € (My), then |f'| < k.

Claim. For every [ > k and for every sequence g = (go, - - -, gn) in G, the sequence
g~ uy is (F,y, ¢)-controllable if and only if g ™ uy, is (F,y, ¢)-controllable.

Proof. 1tis clear that if g~y is (Fy, ¢)-controllable then so is g~ .
Let fg = apyV---Vapyand f, = apt1y V- - Vany, andf; =boyV:---Vbyy
and f] = by 1y V - -+ V byyy. Suppose

fg\/fu:aOy\/"'vamy:boyv"'\/bm’y:f;\/fqu,GF

Letig < -+ <ip <myand iy, < - <ippq < l,and iy < --- < 1), < n, and
z"m, << i;zurl < l,andletay = aogiy-...-angi,, and a, = Ay 1 Wiy g "o AU, s
and by = b09i6 C bh/gi/h/ and b, = bh’+1“i;,+1 Ce bm/ui:n,.

We want to show that

¢(ag - ay) = ¢(bg - by).

First, since f, V f, € F, we have j = |f,| < k. Letdy,...,d; € M be such
that f, = d;y V ---V dpy. Let ag = dju; - ... - doug: then, as shown in previous
claim, a, and ag4 satisfies the same type over GG. In particular, for every color C' € ¢,
we have that C'(a, - x) is in the type of a,, if and only if it is in the type of a4. Thus,
¢lag - ay) = é(ag - ag).

In the same way, &(bg - by) = &(by - bg) for some by = dJujr - . ... - dyug such that
j' <kand f;, =d,yV---Vdy.

However, since g~ u is (F)y, ¢)-controllable and since

foV fu = aoyV---VaryVd;yV---Vdoy = boyV-- Vb VduyV---Vdoy = fyV [,
then we have ¢(ag - aq) = ¢(bg - bq). O

Notice that up to now we never used the fact that M is finite.

Now, to conclude the proof, we want to pass from the sequence (uy,)new in the
monster model to a basic (Fy, ¢)-controllable sequence § in (X}, )necw)-

First, since F', M and c are finite and since we added all subsets of G to the lan-
guage L, forevery n € w there are a formula ¢, (o, . . . , 7, ) saying that (zo, . .., z,)
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is (F,y, c¢)-controllable, a formula v, (g, . . ., x,) saying that (zg,...,x,) is a ba-
sic sequence, and a formula A, DP(z;) saying that each word has a distinguished
point. (In this context, we say that a sequence (sq, ..., s,) € G" is basic if s; < 54
for every ¢ < j < n, i.e. if its n-type is satisfiable only by basic sequences of
<(Xn)n€w>) Let

En(x0, -+, n) = Gn(20,- ., 2n) Athn(@o, ..., zn) A\ DP(xy).

i<n

We proceed recursively. Assume that we have a (possibly empty) basic se-
quence 5}; € DP? of words with a distinguished point such that 5;; ~ uy, is (Fy, ¢)-
controllable (i.e., &4 (5p, Uyi) hold in G). The empty sequence satisfies this by the
previous claim, so the base case is ok. Our goal is to find s; € ((X},)new) such that
the same properties hold for 5p;41.

By induction hypothesis 5; " u; is (F,y, c¢)-controllable, and so by previous
claim 5; ~ U4 is as well. Notice that u; is a basic sequence, since U is closed
under products and L ¢ U. Also, since e(x) C u(x) and uy, F u(z) for every h < k,
we have s; <u; for every j < i and h < k. These and the fact that 5}; is basic by
induction hypothesis imply that 5};, %41 is basic as well. Finally, u; = u(z) and
u(z) € J, thus ui, F DP(x), and other coordinates satisfies DP(x) as well by induc-
tion hypothesis. Therefore, G F & 11(5}4, uk, Uk ). Since ur, Lg{uo, ..., uk_1}
the type tp(ux/G U {uo,...,ur_1}) is finitely satisfiable in G, hence we may find
s; € G such that & +1(5}4, Si, Ujx) hold in G, and we are done.

Notice that L. ¢ DP, thus (s;)ic € ((Xn)new) as wanted. O

4.6 Final remarks and open problems

We conclude with some open questions and remarks concerning the work done so
far.

In the definition of M -span, we ask that at least one element of the basic sequence
is moved by 1. Thanks to 4.4.8 (and Proposition 5.1.3), we can relax this condition.

Proposition 4.6.1. Let M be a finite Ramsey monoid. Then, for any partial semi-
group S, for any finite coloring of S and for every sequence t € S“ thereis 5 <;; t
such that for every a € M the set

{mo Sig My Siy, | G0 < -+ <'ip,m; € aM,m; Ra for at least one 1}
is monochromatic.

Proof. By Corollary 4.4.8, M is Y-controllable. Then, the thesis follows from the
definition of Y-controllable monoid applied to the maximal element y = X(M) and
to F' = {ay | a € M}, and by Proposition 5.1.3. O

In the previous corollary, the action of M can be controlled with |X(A/)|-many
colors. This is optimal, as in general, it is not possible to get less than |X(M)|-
many monochromatic sets. For example, choose X(M) as set of colors, and color
each word w € M <“ by the minimum aM such that ran(w) C aM: then, if ¢ is a
sequence of variable words, for any 5 <,; ¢ each set defined above has a different
color.
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When instead M is Y-controllable but X(M) is not linear, it is not difficult to see
that for any k € w there are y and F' C Y(M) and colorings of, say, M <% such that
for every sequence of variable words 5 there are more than k-many f € F' such that
the sets

(8)f ={aosiy * --- - ansi,, | @i € Myig < -+ <im,aoyV---Vayy = f}

have different colors.

The next theorem is a generalization of both Theorem 4.4.7 and Milliken-Taylor
theorem [115], [151]. It is a combination of Ramsey’s theorem and Theorem 4.4.7, in
the same way as the Milliken-Taylor Theorem is a combination of Ramsey’s theorem
and Hindman’s theorem. For a sequence 5 € S* let 5 be the collection of n-
subsets of {a € S | a = s; for some ¢ € w}. Notice that for n = 1 the following is
the content of Theorem 4.4.7.

Theorem 4.6.2. Let M be a finite Ramsey monoid. Then, for any n > 1, for all
sequences of pointed M-sets (X, )new on which M acts uniformly, for any finite
coloring of n-subsets of ((X,)new) there is a basic sequence 5 € ({(Xn)new))”
n)

such that s, has a distinguished point for every n € w and such that U 7 s

T<M3§
monochromatic.

Proof. The proof goes as in Theorem 4.4.4, in section 4.5. Let G and u = g(y) be
defined as in Theorem 4.4.4, with y = X(M), and let (uy,)new be a coheir sequence
of u. It is straightforward to check that all elements of the span of u; satisfy the
type u for every i € w. Also, notice that with signature L™, for every a,a’,b € G<¥
ifa=gd,a Llgb and a Lgb, then a =) o', Then, for any h < U we have
R =¢ U, by the remark above and the definition of coheir sequence. All the n-subsets
of an indiscernible sequence have the same color, for any n € w. The rest of the proof
is the same as in Theorem 4.4.4. O

Notice that here as well, thanks to Lemmar 4.1.10 we can extend this result to
any partial semigroup.

It can be easily seen that if a monoid satisfies the conclusions of Proposition 4.6.1
or the conclusions of Theorem 4.6.2, then it is Ramsey. Conversely, Proposition 4.6.1
and Theorem 4.6.2 hold for all finite Ramsey monoids. Hence, their conclusions hold
for a finite monoid if and only if it is Ramsey.

Our main theorems suggest a possible connection between Ramsey theory and
automata theory, passing through Schiitzenberger’s Theorem. Any result in that di-
rection would be of the highest interest.

Limiting ourselves to Ramsey theory, there are still several challenging open
questions in the context of monoid actions on semigroups.

Theorem 4.4.6 provides a sufficient condition for a monoid to be Y-controllable.
This condition is not necessary, as there are Y-controllable monoids for which X (M)
is not linear.

Proposition 4.6.3. Let M be a finite aperiodic monoid such that for every distinct
a,b € M with a Rb, we have a® = a and ax = bx for every x € M \ {1}. Then, M
is Y-controllable.
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Proof. To show that M is Y-controllable is enough to work with M <%, thanks to
Proposition 5.1.3.

Consider the monoid M = (M, *) where = x y = y for all z,y # 1. It acts
coordinate-wise on M <%, considered as M <%,

Let G be M < with the signature L™ used in the proof of Theorem 4.4.4, plus an
unary function & for any a € M, which is interpreted in G as the action of M. Since
M is Ramsey and since every element in M different from 1 is in the same R-class,
one can find an idempotent u in the space of types S(G) such that au = bu for every
a,b # 1. Let v be an element of the monster model satisfying . Then, if a R b, we
have

av = adv =¢ abv = bv,

where we use the fact that for every z € M <«_and hence for every z in the monster
model, we have aax = ax and abx = bz, by hypothesis. Hence, we can conclude
that M is Y-controllable, by the arguments of Theorem 4.4.4. O

An example of a monoid satisfying the hypothesis of Proposition 4.6.3 for which
Xz (M) is not linear is given by the following Cayley table.

d

QL O Q=
O O Q Q|9
QU QU o
O 0 2|0

QU Qoo

Table 4.2: Example of (aperiodic) Y-controllable monoid M such that X (M) is not
linear.

On the other hand, it seems possible that the necessary condition of Theorem
4.4.6 is also sufficient, and that a finite monoid is aperiodic if and only if it is Y-
controllable. If true, this would suggest an even stronger connection between Ramsey
theory and Schiitzenberger’s Theorem.

Open Problem 4.6.4. Find an algebraic characterization of Y-controllable monoids.

If M is a Ramsey monoid, then for every action of M on every partial semigroup
you have a monochromatic set as described in the definition. Lupini’s in [107] gave
examples of non-Ramsey monoids where the same statement holds for certain actions
on certain partial semigroups (actually, he proved a stronger statement that can be
seen as the analogue of Proposition 4.6.1).

Define I}, to be the set of functions f from & to & such that f(0) = 0 and such that
if f(i) = j then either f(i + 1) = j or f(i + 1) = j + 1. Then, I}, is a monoid with
composition of functions as operation, and k is an [g-set with distinguished point
k — 1, where the action is defined by fi = f(¢). This action induces a coordinate-
wise action on FIN, = (({n} X k)necw) (i.e. the set of all partial functions with
finite domain from N to k). Lupini in [107] showed that for every k£ € w and for
every finite coloring of FINy there is an infinite sequence of words in FIN each
containing k—1 such that its I;-span is monochromatic. Notice that this result implies
that every R-trivial monoid is Ramsey. In fact, let /N be a R-trivial monoid with
linear X(V). Without loss of generality, we may assume that N = {0,...,k — 1}
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and that ON C --- C (k — 1)N is an increasing enumeration of X (V). Then, the
coordinate-wise action of N on FIN}, coincides with the action of a submonoid of I,
by Proposition 4.2.5, and Lupini’s theorem implies point (d) of Proposition 4.1.11.

All monoids I}, are R-trivial, but X(I}) is linear if and only if £ < 3 (see [142,
Section 4 .4]). In particular, if £ > 3 these monoids are not Ramsey, and Lupini’s
result does not follow from the theory of Ramsey monoids. It would be interesting to
see if a similar statement holds for other (non-Ramsey) monoids.

Open Problem 4.6.5. Classify the couples (M, k) such that k € w is a pointed M-
set and for every finite coloring of FINy there is a basic sequence s in FINy such
that sy, has a distinguished point for every n € w and such that the M-span of § is
monochromatic.

In the same direction, the following seems a challenging problem.

Open Problem 4.6.6. Characterize the class of triples (S, M, t), where S is a partial
semigroup, M is a monoid acting on S by endomorphisms and t is a basic sequence
in S, for which for every finite coloring of S there is a sequence 3 <,y t in S such
that its M -span is monochromatic.

One can check that every finite Ramsey monoid generates examples of Ramsey
spaces. However, an even nicer property might be true: there are topological Ramsey
spaces that induce a collection of projected spaces such that every metrically Baire
set has the Ramsey property. A sufficient condition for the latter has been found by
Dobrinen and Mijares in [54]. An example of a space of this form is Carlson-Simpson
space, see [32] and [154, section 5.6]). See also [54, section 4] for generalizations of
the latter.

Open Problem 4.6.7. Which topological Ramsey spaces given by finite Ramsey
monoids meet the sufficient conditions given in [54]?

Hales-Jewett theorem [77] is a corollary of Proposition 4.6.1 for the special case
of monoids M such that ab = b for every a,b € M \ {1}. In Ramsey theory, two
of the strongest known results are a polynomial generalization [20] and a density
generalization [69] of Hales-Jewett theorem for these monoids.

Open Problem 4.6.8. Do polynomial or density results hold for other finite Ramsey
monoids?

Ojeda-Aristizabal in [123] obtained upper bounds for the finite version of Gow-
ers’ FINj theorem, giving a constructive proof. It would be interesting to know if
these upper bounds hold for other Ramsey monoids.

The work of Gowers on FINy and the related space FIN_; was the key to his
solution of an old problem in Banach spaces [74]. Also, the aforementioned example
of BartoSova and Kwiatkowska found applications in metric spaces. Finally, a discus-
sion about the connection between Ramsey spaces and Banach spaces can be found
in Todorcevic’s monograph. In this chapter, we found new Ramsey monoids, and
consequently new Ramsey spaces. Hence, it might be possible to find applications of
these new results to metric spaces.

Recently various papers have found different common generalizations of Carl-
son’s and Gowers’ theorems, see [13], [91], [108]. Of particular interest is the context
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of adequate layered semigroups, introduced by Farah, Hindman, and McLeod [61]
and recently studied by Lupini [108] and Barrett [13]. Barrett’s paper [13] describes
a framework which seems well suited for a connection between Ramsey monoids and
layered semigroups. His work and ours are independent from each other and were
written concurrently, so we did not investigate this research line. Nevertheless, in
Example 4.6.9 and in the following paragraph we show a possible connection.

Example 4.6.9. Let M be a monoid with linear X(M), and let agM C --- C a, M
be an increasing enumeration of X (M ). Define ¢ : FIN;; — n + 1 by

(w) = min{i | ran(w) C a; M }.

Then, (FIN,/, £) is an adequate partial layered semigroup as defined in [13, Defini-
tion 3.7]. Furthermore, the canonical action J.y, of M on FIN,, is made of regres-
sive maps, by Proposition 4.2.5.

This example shows that every monoid with linear X(/) generates an adequate
partial layered semigroup, FINj/, and a family of regressive functions F.y. On
the other hand, every family of regressive functions F on an adequate partial lay-
ered semigroup generates a monoid M r with composition, acting on .S by endomor-
phisms.



Chapter 5

Infinite monoids in combinatorics

5.1 Introduction to locally Ramsey and locally Y-control-
lable monoids

In the previous chapter, we gave an algebraic characterization of finite Ramsey monoids
and provided necessary and sufficient conditions for a finite monoid to be Y-control-
lable. In this chapter, we extend this study to infinite monoids. What we aim to
achieve is a bit more general than this. We study two bigger classes of monoids, lo-
cally Ramsey and locally Y-controllable, which are more suited for infinite monoids,
and allow us to extend other theorems in combinatorics, like the infinite Carlson’s
Theorem for words on an infinite alphabet [31].

First, let us briefly introduce the main definitions we will use throughout the
chapter. Notice that for every set M and for every sequence (M/;);c,, of finite subsets
of M, we have that (({n} X M, )ney) is a partial subsemigroup of FIN ;. Let M be
a monoid acting by endomorphisms on a partial semigroup S, let § be a sequence of
elements of S, and let (M;);c., be a sequence of finite subsets of M. Given a family
C C FIN<¥, define C" = CN{({i} X M;)icw). Then, we define the C, (M;);c.,-span

as <§>?Mi)i€w = (5)¢r. In other words:

<§>(CM1')¢Ew = {mo Sig * - M Sy, ‘ myp € Mih, ((io,mo), RN (in,mn)) S C}

Similarly to previous chapter, we define the (M;);c.-span (3) 1y,),.., of 5 as the
AV
set <S>(1\IV4[¢)¢€W
MO Sig * * M Si,, 18 10 (3) (ar,),c., if and only if 49 < --- < i < wand my, € M;,
for every h < n and my, = 1 for at least one h < n.
Once again, thanks to Lemma 4.1.10 we have that different combinatorial prop-

erties define the same class of monoids (see also the proof of Proposition 4.1.11).

for V), the set of variable words of Wj;. In other words, a word

Proposition 5.1.1. Let M be a monoid, and let (M;);c., be a family of finite subsets
of M. Then, the following are equivalent:

(a) For every (partial) semigroup S on which M acts by endomorphisms, for every
(basic) sequence t € S¥, for every finite coloring of S there is a sequence
5 < t such that (3)(nr,), ., is monochromatic.

(b) Forevery M-set X, for everyt € X“ and for every finite coloring of Wx there

is an infinite § <y t such that (8)(M,),., is monochromatic.

183



CHAPTER 5. INFINITE MONOIDS IN COMBINATORICS 184

(c) For every uniform sequence of pointed M-sets (X, )necw, for every finite col-
oring of ((Xn)new) there is a basic sequence of (strongly) variable words 5 in
(((Xn)new))® such that (3)(pr,),., is monochromatic.

(d) For all finite coloring of FINy there is a basic sequence 5 € (FIN)“ of
variable words such that () yr,),_., is monochromatic.

(e) There is a rapidly increasing sequence of variable words t € (Wyy)* such
that for all finite coloring of Wy there is an infinite sequence 5 <p; t with
(8) (M), monochromatic.

Definition 5.1.2. A monoid M is called locally Ramsey if it satisfies one of the
equivalent conditions of Proposition 5.1.1.

Similarly, we define a local version of Y-controllable monoids as well.

Proposition 5.1.3. Let M be a monoid, let'y be a maximal element of Y (M), let
F C (My) be finite and let (M;);c., be a family of finite subsets of M. Then, the
following are equivalent:

(a) For every (partial) semigroup S on which M acts by endomorphisms, for every
(basic) sequence t € S¥, for every finite coloring of S there is a sequence

5 <u t such that <,§>{M_)_< is monochromatic for every f € F.

(b) Forevery M-set X, for everyt € X“ and for every finite coloring of Wx there

is an infinite 5 <, t such that (§>{M_)_< is monochromatic for every f € F.

(c) For every uniform sequence of pointed M-sets (X, )necw, for every finite col-
oring of ((Xn)new) there is a basic sequence of (strongly) variable words s in

({(Xn)new))® such that (3)]

(M;)ie is monochromatic for every f € F.
1)1<w

(d) For all finite coloring of FIN; there is a basic sequence s € (FIN)“ of
variable words such that (5) { M;)ie is monochromatic for every f € F.

“ such

(e) There is a rapidly increasing sequence of variable words t € (Wyy)
that for all finite coloring of Wy there is an infinite sequence 5 <p; t with

<§>{M_)_< monochromatic for every f € F.

In order to give more precise results, we state the notion in a slightly different
way.

Definition 5.1.4. Let M be a monoid, let y be a maximal element in Y(M), let
F C (My) be finite, and let (M;);c., be a family of subsets of M. We say that
M is (F,y, (M;)icw)-controllable if it satisfies one of the equivalent conditions of
Proposition 5.1.3.

We say that M is (F,y)-controllable if it is (F,y, (M;);<.)-controllable for ev-
ery family (M;);<. of subsets of M (equivalently: for (M;)ic, = (M)i<w). M
is locally (Fy)-controllable if it is (F,y, (M;);<,)-controllable for every family
(M;)i<.w of finite subsets of M.

Similarly, we say that M is (locally) y-controllable if it is (locally) (F,y)-
controllable for every finite F' C (MYy). It is clear then that Y-controllable monoids
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are exactly y-controllable monoids for every maximal y € (Y(M)). We define lo-
cally Y-controllable monoids as those are locally y-controllable for every maximal
y € (Y(M)).

5.2 Necessary conditions for Ramsey classes

First, we start by studying which properties are necessary to be locally Ramsey or
locally Y-controllable.

The following is a straightforward generalization of [142, Corollary 4.5(i1)] to
locally Ramsey monoids.

Proposition 5.2.1. If M is locally Ramsey then X(M) is linear.

Proof. Suppose X(M) is not linear, and let aM and bM such that aM ¢ bM and
bM ¢ aM. By aM ¢ bM we have a ¢ bM, and by bM ¢ aM we have b ¢ aM.
Consider the semigroup of words (M <“, ") and color each word w € M <“ with red
if the letter a is in w and it appears before the first appearance of b. Otherwise, color
w with blue. Then, any sequence (M;);e., of finite subsets of M each containing
{1, a,b} witness that for every sequence 5 € (M <“)“ we have that a(s1) " so has
color red and b(s1) ~ s9 has color blue. Hence, the (M/;)-span of § is not monochro-
matic and M is not locally Ramsey. O

Notice that the definition of (locally) Ramsey monoids coincide exactly with the
definition of (locally) (F,y)-controllable for y = X(M) and F' = {y}. The latter
definition requires that X(/) is linear. By the previous proposition, however, this is
always true, and hence we get the following.

Corollary 5.2.2. A monoid M is (locally) Ramsey if and only if it has has linear
X(M) and it is (locally) (F,y)-controllable fory = X(M) and F = {y}.

Next, we show that being aperiodic is necessary for this context as well.

Proposition 5.2.3. Let M be a locally Y-controllable or locally Ramsey monoid.
Then, M is aperiodic.

Proof. Suppose M is not aperiodic, and let @ € M be such that a # a™*! for every
n € w. Lety be such that ay <y y (e.g. y = {a"M | n € w} if M is locally
Y-controllable, or y = X (M) if M is locally Ramsey) and let F' = {y}. We want to
prove that M is not locally (F', y)-controllable.

Let A= {a" |ne€whletC ={me M]|a"m e Aforsomen € w}. We
convene that a” = 1 is the identity of the monoid. Notice that ¢ € C if and only if
ac € C, and furthermore, ac # c foreverya € M and ¢ € C.

Let (M;);c., be a sequence of finite subsets of M such that {a™ | n < i} C M;
for every ¢ € w. Notice that "y Vy =y for every n € w.

Consider the semigroup of words (M <, ") , and suppose first A is finite. Let
AU{L} be the set of colors, for | some element not in A. Given a word w € M <%,
color w with L if w contains no letter in A. Otherwise, color w by m, for m be
the first letter of A that appears in w. Then, given a sequence of variable words
5 € (M<¥)¥ letn € wbe such that A C M,,, let ¢ be the first letter of s, in C' and
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let & € w be such that a¥c € A: then a*lc = a(aFc) # aFe. Then, a*(s,) ™ spy1
has color a*c while a**'(s,,) ™ 5,41 has color a**'c.

If instead A is infinite, then a’ # o/ for every i # j. Given a word w € M <%,
color w with black if w contains no letter in C. Otherwise, let c be the first letter of
win C. Letn = min{i € w | a’c € A} and let k be such that a"c = a*. Color w
with red if n — k is odd, and with blue if n — k is even. Then, for every sequence
of variable words § € (M <¥)“ it is clear that sp ~ s; and a(sp) ~ s1 have different
colors.

In any case, M is not locally Y-controllable nor locally Ramsey. 0

When in the previous chapter we restricted our attention only to finite monoids,
the two conditions above (being aperiodic and having linear X(A/)) were the only
necessary conditions we obtained. For infinite monoids, the situation is quite differ-
ent, and a key role in obtaining the desired combinatorial statements is often played
by the presence/absence of infinite chains in X (). In this direction, we obtain the
following necessary conditions.

Proposition 5.2.4. Let M be a monoid, lety € Y(M ) be maximal and let F' = {ay}
for some a € M. If M is locally (F,y)-controllable, then {a'y | 'y <y ay} is finite.

Proof. Towards a contradiction, assume A = {a'y | ' € M, d'y <y ay} is infinite.
Notice that if @’ R a” and {a’y,a"y} C A, then a'y = a”y: in fact ¢’y and oy are
<y-comparable and a’ M = a” M is their top element. Hence,

AM)={cM |ce M,cy € A}

is infinite. Also, A(M) = {cM | ¢y € A} is linearly ordered by inclusion since it is
isomorphic as an order to a subset of A, which is linear.

We want to show that A(M) contains no infinite ascending chain. Suppose not,
and let {a; M} be ascending in A(M) with a;M C a;11 M and a;y € A for every
i € w. For each word w € M<¥, define i(w) to be the highest natural number
such that a letter of w is in [a;(,)]®, if there is such a letter in w. Color w with
black if it contains no such letter, otherwise color w with red if i(w) is odd and with
blue if i(w) is even. Let (M;);c. be the sequence of finite subsets of M defined by
M; ={1,a,ap,...,a;}. Let § = (sp)necw be any sequence of variable words. If as
has color black, then asg ™ a;s1 has color blue or red, since s; has at least a letter 1.
Otherwise, let k = i(asg). Then,

i(aso” apq15k41) = k41,

since asp~ ag41S5k+1 contains agq as a letter, and each other letter of ag41Sk+1
belongs to a1 M. This contradicts that M is locally (F,y)-controllable, since

ay vV ayy = ay V ag41y = ay.

Now we want to show that A(M ) contains no infinite descending chain. Suppose
not, and let {a; M} be an infinite descending chain in A(M), with a;,M 2D a;11 M
and a;y € A for every i € w. Without loss of generality, assume also that ag = a. For
each word w € M <%, let H,, be the set of i € w such that there is a letter b in w such

thatb € [a;]R, there is no letter ¢ in w such that ¢ € [a;4+1]®, and there exist k > 2 and
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a letter d in w such that d € [a;;|r. We can think of H,, as a set counting "holes”.
Color w by red if H,, has even cardinality, by blue otherwise. Let (););c,, be the
sequence of finite subsets of M defined by M; = {1, aq,...,a;}. Let § = (Sp)new
be any sequence of variable words. Given a word w € M <% such that w has a
letter in | J;,, [a;]®, let [(w) be the maximum ¢ such that w has a letter in [a;]r. Let
i =l(asp)andletk = l(asp” a;t+18i+1)- If asp has the same color of asg ™ a;11+1
then the cardinality of Hg,, s, , 18 even. In this case, aso ™ a;+18i41" Qgp415k+1
and asg ~ ap41Sk+1 have different colors. This contradicts that M is locally (F,y)-
controllable, since

ay Vv a;gy1y = ay Vv ai41y V ag1y = ay Vv ag1y = ay.
Hence, A(M ) must be finite, contradiction. O

Notice that when y = X(M) is linear, then we have ay <y y for every a € M.
Hence,by Corollary 5.2.2, we get the following.

Corollary 5.2.5. . Let M be a locally Ramsey monoid. Then X(M) is finite.
Finally, we have one last necessary condition for infinite Y-controllable monoids.

Proposition 5.2.6. Suppose M is Y-controllable and X(M) is linear. Then [a]R is
finite for every a € M.

Proof. Suppose not. By Proposition 5.2.4, we have that X(M ) is finite. Let [a|g be
the maximal infinite R-class. Let B = M \ aM: by maximality of [a]r, it is finite.
Hence, we may find a well-order <, of [a]r such that for infinitely many m € [a]r
we have mB <, m (i.e. mb <, m for every b € B). Let

C={celar|cB<c},

it is an infinite suborder of ([a|r, <), and thus is wellordered as well by <,. Let
a > w be its order type, and let {¢; | ¢ € a} be an increasing enumeration of C. By
Proposition 5.2.3 and 4.2.2, M is R-rigid, and thus for every ¢ € C and for every
be M\ {be€la]gr|b> c} we have either cb ¢ [a]r or cb < c.

Lety = X(M), let F = {y} C (Y(M)). Notice that y is a maximal in Y (M)
and ay Vy =y for every a € M. Consider the semigroup of words (M <¥ ") and
color a word w € M <¥ by black if it has no letter in C'. Otherwise, let i(w) be the
highest index among the letters of C' that appear in w, and color w by red if i(w) is
odd, and by blue if it is even.

Let (y;)ic be a sequence of variable words. If yo~ y; has color black, then
¢(yo) ~ y1 has color red or blue for any ¢ € C. Otherwise, let n be the maximal index
of a letter in C' occurring in yo ~ y1. Then, ¢,+1(yo) ~ y1 and yo ~ y1 have different
colors. Either case, this shows that M is not Y-controllable. O

Remark 5.2.77. The same proof actually shows something stronger: suppose M is a
monoid containing an infinite R-class [a]g and an infinite set I C [a]r such that for
every ¢ € I we have that ¢(M \ [a]g) NI ={cm € I | m ¢ [a|r} is finite. Then M
is not Y-controllable.

By Proposition 5.2.4, if X(M) is linear than it must be finite. Thus, we get the
following.
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Corollary 5.2.8. If M is Y-controllable and X(M) is linear, then M is finite.

Since in locally Ramsey monoids X (/) is always linear (Proposition 5.2.1), we
get the following.

Corollary 5.2.9. If M is locally Ramsey and Y-controllable then it is finite.

Proposition 5.2.6 works also for Ramsey monoids, thanks to Corollary 5.2.2. This
together with Corollary 5.2.5 gives the following.

Corollary 5.2.10. If M is Ramsey, then it is finite.

These necessary conditions allow us to improve the algebraic characterization of
Ramsey monoids given in the previous chapter.

Theorem 5.2.11 (cf. Theorem 4.4.7). A monoid is Ramsey if and only if it is finite,
aperiodic, and X(M) is linear.

Hence, we may extend Corollary 4.4.8 also to infinite monoids.

Corollary 5.2.12. A monoid is Ramsey if and only if it is Y-controllable and X (M)
is linear.

Finally, the new characterization provided of Ramsey monoids allows us to show
that this notion is equivalent to another (apparently) weaker notion, that corresponds
roughly to Schur’s Lemma for monoids.

Theorem 5.2.13. A monoid M is Ramsey if and only if for every finite coloring of
Wy there are variable words a,b € Wy such that ((a,b)) s is monochromatic.

Proof. 1t is clear that if M is Ramsey, then the first two elements of an infinite se-
quence of variable words are as wanted.

Conversely, assume that for every finite coloring of W3, there are variable words
a,b € Wy such that Ma~b = {ma~b | m € M} is monochromatic. We want to
show that M is finite and aperiodic and X(M) is linear. First, the proofs of Propo-
sitions 5.2.1, 5.2.3, 5.2.4 and 5.2.6 immediately shows that M is aperiodic, that it
contains no infinite R-class and (X (M), D) is a well-order (linear and wellfounded).
It remains to prove that (X(M), C) is wellfounded as well using only two words.

Suppose X(M) is not finite, then (X (M), D) has order type « for some o > w.
Let D to be the set of the first w elements of X(M). We claim that a®> = a for an
infinite number of aM € D.

First, notice that for each a € M with aM € D we have aaM € D. Suppose
not: then abM ¢ D for every b € alM, since ab € aaM. Also, ax R ay whenever
xRy. Given a € M, define X(aM) = {cM € X(M) : ¢M C aM}. Then,
IDNX(aM)| < |X(M)\ X(aM)|, but the set X(M ) \ X(aM ) is finite, while D and
so D N X(aM) are infinite, contradiction.

Let C = {[a]r : aM € D, [a]r - [a]r = [a]r}. Since M is aperiodic, for every
a € M with aM € D there is n € w such that a = ¢"*! and "M = a*"M € D,
hence C has size w. Let C = {[¢;|Rr }i<. be an enumeration of C such that for every
i < j wehave c;M C ¢;M .

For every word w = (aq, ...,ap) € M<¥, define n,, as the minimum i < w
such that for every j < h, either ¢; M C a;M or a; M ¢ D.
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First, notice that for every a,b € M, if bM ¢ D, then abM ¢ D: if not, then
bM C abM and thus b = abx for some x € M and thus ab = b by Proposition 4.2.2,
contradiction.

Also, by Proposition 4.2.2 M is R-rigid, and thus for every [a]gr € C we have
aa = a. Hence, if aM C bM and aM € C, then aM = aaM C abM.

These two conditions together implies that if w € M <% is a variable word and
1 > Ny, then Ny (w) = 1.

Color each word w € M <% by red if n,, is odd, and by blue if n,, is even. Then,
given two variable words yo, y1, if w = yp ~ y1 and n = n,,, the words ¢, +1(yo) ~ ¥1
and yo ~ y1 have different colors. ]

5.3 Sufficient conditions for Ramsey classes

Next, we analyze some sufficient conditions for a monoid to be (locally) Ramsey or
(locally) Y-controllable.

We start by proving a technical lemma. In Proposition 5.2.4, we showed that if
M is locally Y-controllable, then for every a € M and maximal y € Y (M), the set
{d'y | a'y <y ay} is finite. This property turns out to be crucial also in providing
sufficient conditions, but in an equivalent form.

For every F' C Y(M), let

Gen(F)={xeY(M) | fvxV f € F forsome f, f € (Y(M))}.
We also write Gen(f) for Gen({ f}) when f is an element of (Y(M)).

Lemma 5.3.1. Let M be a monoid, lety € Y(M) be maximal and let A C M. Then,
the following are equivalent:

1. Foreverya € A, the set {a'y | a’ € M,d'y <y ay} is finite.
2. For every finite ' C (Ay), the set Gen(F) is finite.

Proof. First, assume that 1 does not hold and B = {d'y | ' € M,d'y <y ay} is
infinite for some a € A. It is enough to choose F' = {ay} to show that 2 does not
hold, since in this case Gen(F') = B.

Conversely, suppose Gen(F) = |Jcp Gen(f) is infinite for some finite £ C
(Ay). Then, by pigeonhole principle there is f € F' such that Gen(f) is infinite. Let
f =apyV---Va,y be the unique representation of f of minimal length. Notice that
since F' C (Ay), we must have a; € A for every ¢ < n. Then, for every b; € M such
that f = boy V --- V biy and for every j < k there is ¢ < n such that by <y a;y.
Therefore, applying the pigeonhole principle once again we may find ¢ < n such that
{d'y | a € M,d'y <y a;y} is infinite. O

Once again, we introduce a new notion to simplify the proof of the next theorem.

Definition 5.3.2. Let F’ be a finite subset of the semigroup (Y (M)), let y be a maxi-
mal element in Y (M), let (M;)ic., be a sequence of finite subset of M, and let c be a
finite coloring of a semigroup S on which M acts. We say that a sequence 5 € =¥
is (F,y, (M;);cw, c)-controllable if for every m,n < |5| and for every a;,b; € M if
apyV- - -Va,y belongs to F'and apyV: - -Vany = boyV- - -Vbyy, then ags;, . . .-ans;,
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has the same color of bysj, - .. .- by, S5, forevery ig < -+ < iy, jo < -+ < jm such
that a € Mik and b, € Mjk'

In other words, a sequence 3 € S is (F,y, (M;);cw, c)-controllable if <§>{ Mi)ic

is monochromatic for every f € F'.

Theorem 5.3.3. Let M be a monoid, lety € Y(M) be maximal and let A C M be
the set of those a € M such that the set {a'y | a’ € M, d'y <y ay} is finite.

Suppose also that for every action of M by continuous endomorphisms on a
compact right topological semigroup U there exists an M-equivariant embedding
h: (My) — E(U) such that h(y) € 1(U).

Then, M is locally (F,y)-controllable for every finite F' C ( Ay).

Proof. The first part of the proof proceeds in the same way as the proof of Theo-
rem 4.4.4, so we report here only the main steps without all details.

We want to show that for every sequence of pointed M-sets (X}, )ne, on which
M acts uniformly, for every sequence (M;);c. of finite subset of M and for every
finite coloring ¢ of ((X,)ney) there is a basic sequence § € ({(X,)new))® that is
(F,y, (M;)icw, c)-controllable and such that s,, has a distinguished point for every
necw.

Given (X, )ncw be a sequence of pointed M-sets on which M acts uniformly,
let G = ({(Xn)new) U {L},-) be the semigroup extending ((X,,)new), and let < be
the binary relation on G such that z < y if and only if z,y € G\ {L} and x "y is
defined in ((X,,)new) (as in the proof of Theorem 4.4.4). Define in the same way the
language LT, a monster model G for G and the compact right topological semigroup
(S(G)7 G T)'

Lete(z) ={“g<2" | g € G\ {L}}, and define

U= {p(z) € 5(G) | e(z) C p()}

to be the set of all complete types in S(G) extending e(z).

Then U is a non-empty compact right topological subsemigroup of (S(G), g, T)
closed under the action of M (see again Theorem 4.4.4).

Let u(x) = h(y) € E(U) N I(U) be given by hypothesis. Let DP C G be the
set of elements of ((X;,)ne.) that have at least one distinguished point. Notice that
DP is a both-sided ideal in GG, and thus,

J={p(z) €U | “DP(2)” € p(z)}

is also a both-sided ideal of U. It is also non-empty, since e(x) U {DP(x)} is finitely
satisfiable in G. Hence, u(x) € I(U) implies u(z) € J.

Fixed a finite coloring ¢/ = {C; | i < r} of ((X})new), let ¢ be the coloring of
the whole G obtained by adding { L} to ¢. Since c is definable in L™ (G), it extends
to a finite coloring of G

c={{aeG|GECi(a)} i<}

Let (un)new be a coheir sequence of u(x). We write u; for the tuple u;_1, . . ., uo.
As shown in the proof of Theorem 4.4.4, we get that w is y-controllable.
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Claim. For every i € w and (1)<, (possibly infinite) subsets of A/, the sequence
wy; is (F,y, (M;)<w, ¢)-controllable.

Proof. The proof is similar to the one of Theorem 4.4.4 provided in Section 4.5. Let
ag, ..., an, bo, ..., b, € M besuchthata,yV---Vagy = b,,yV---Vboy € F. Then,
by definition of & we have also a,u(z) -G ... ¢ apu(z) = bpu(x) ¢ ... ¢ bou(z).

Since uy Lg{u; | j < k} implies ay(ur) Lo{a;j(uj) | j < k} forevery k < n,
we have that a,uy, - . . . - agug satisfies a,u(z) - ... ¢ apu(x) and by, - . . . - boug
satisfies b, u(x) -g ... ‘¢ bou(z). Since the color of an element of G is determined
by its type over G, this implies immediately that for every choice of ¢ € w, we have
that w; is (F,y, (M;)i<w, ¢)-controllable. O

Now fix a finite subset F' C (Ay), and fix a natural number k& € w such that for
every f, f' € (My) with fV f’ € F there are g, ...c; € M with j < k such that
' = coy V-V ¢jy. We write |f| the denote the length j € w of this minimal
representation.

By Lemma 5.3.1, we have that Gen(F) is finite. Notice that this implies also that
if f/=apyV---Vayyand fV f' € F forsome f € (My), then a;y € Gen(F') for
every ¢ < n. For every x € Gen(F) fix an element a, € M such that x = a,y. Let
K = {a; | x € Gen(F)}: it is finite.

Now fix a sequence ()<, of finite subsets of M. Notice that if a sequence is
(F,y,(M;UK);<w, ¢)-controllable, then it is also (F,y, (M;);<., ¢)-controllable, so
without loss of generality we can assume K C M, for every ¢ < w.

Claim. Let go, ..., g, € G. If the sequence (go, ..., gn) " U is (F,y, (M;)i<w, €)-
controllable, then for any [ > k the sequence (go, ..., gn) " Uy is (E,y, (M;)i<w, €)-
controllable as well.

Proof. Let fg = apyV---Vayyand f, = ap11yV---Vany,and fi = boyV---Vbpy
and f/, = by 11y V -+ V byyy. Suppose

foV fu=aoyV---Vany=boyV---Vbuyy=fiVf,€F

Letig < - <ip <m,and iy, < - - <ipqpp < lyandig < --- <1ip, <n,and
iy <00 <y <l,andletay = aogiy-.---angiy, A Gy = Apy1Uiy,,, - - G, ,
and bg = b()gié t et bh/gi/h/ and bu = bh/+1ui;,+1 T ” bm/ui:n,.

Now assume a, € M;, forevery r < h and b, € M; for every r < h'. We want
to show that

¢(ag - ay) = E(bg - by).

First, since f, V f, € F, we have j = |f,| < k. Letdy,...,d; € K be such
that f, = d;y V ---V dpy. Let ag = dju; - ... - doug: then, as shown in previous
claim, a, and ag4 satisfies the same type over GG. In particular, for every color C' € ¢,
we have that C'(a, - x) is in the type of a,, if and only if it is in the type of a4. Thus,
¢lag - ay) = é(ag - ag).

In the same way, &(bg - by) = &(by - ba) for some by = dJu;r - ... . - dyug such that
j'<kand f, =dyV---Vdyyandd, € K forevery r < j'.

However, since g~ Uy, is (F,y, (M;)i<w, ¢)-controllable, since

foV fu = aoyV---VaryVd;yV---Vdoy = boyV-- Vb VduyV---Vdoy = foV fr,
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and since each element of M acting on y in the above equation belongs to the right
piece M; (recall K C M; for every ), then we have ¢(ag - aq) = ¢(by - bg). O

Finally, we want to pass from the sequence (u;,)ne, in the monster model to a
basic (Fy, (M;)i<w, c)-controllable sequence S in (X, )new)-

We say that a sequence (s, ..., s,) € G"is basic if s; < s; forevery i < j < n.
Notice that since F' and ¢ and all M; are finite, being (F,y, (M;)i<w, ¢)-controllable
is definable in L*(G). So let &, (o, ..., z,) be a formula in L1 (G) that says that
the sequence (xo, ..., xy,) is basic and (F,y, (M;)i<w, c)-controllable and that each
x; has a distinguished point.

We proceed recursively. Assume that we have a (possibly empty) basic sequence
51 € DP? such that 51 "y, satisfies &k (o, . . ., xi4k) (€. 55 7 Uy is basic and
(F,y, (M;)j<w, c)-controllable and each coordinate has a distinguished point). The
empty sequence satisfies this by previous claims, so the base case is fine. Our goal is
to find 5; € (X, )new) such that 51,41 ~ uyy, satisfies &4 k11 (20, - - -5 Tight1)-

By induction hypothesis 51; " uyy is (F,y, (M;);j<w, c)-controllable, and so by
previous claim 5p; ~ U4 is as well. Then, G F &4 x41(5}i, uk, Up). Furthermore,
since uy, L {uo, ..., up_1}, the type tp(up/G U {ug, ..., ux_1}) is finitely satisfi-
able in G, hence we may find s; € G such that & 41(5}i, si, ux) hold in G. Notice
that L ¢ DP, thus (s;)icw € ((Xn)new) as wanted. O

In Proposition 5.2.6, we proved that if M is a monoid with linear X (M), then
being Y-controllable implies that each R-class [a]g is finite. Here, we show that
this condition is sufficient to be Y-controllable if the monoid is already locally Y-
controllable.

Theorem 5.3.4. Let M be a monoid, lety € Y(M ) be maximal and let F', A be finite
sets such that A C My and A C F C (A). If M is locally (F,y)-controllable and
[a|r is finite for every a € Gen(F), then M is (F,y)-controllable.

Proof. Indeed, by Proposition 5.2.4 and Lemma 5.3.1 we have that Gen(F) is finite.
Let K' = {a € M | ay € Gen(F)}: itis finite, since Gen(F') and [a] are finite for
every a € Gen(F).

Furthermore, K’ satisfies that for every agy V - -- V a,y € F, then a; € K’ for
every ¢ < n. Hence applying the definition of locally (F y)-controllable monoid by
choosing M; = K' for every i < w shows that M is also (F,y)-controllable. O

Notice that for every finite /' C Y(M) there are finite sets A and F’ such that
A C Myand A C F C (A). Indeed, it is enough for every f € F to choose
xzf € Y(M) such that f = xg\/‘--\/x,éf and define F’ = FU{X{ | f € Fi<ng}
Since being (F’,y)-controllable implies being (F,y)-controllable for every F' C F,
we get the following.

Corollary 5.3.5. Let M be a locally Y-controllable monoid, and assume [a]R is finite
forevery a € M. Then M is Y-controllable.

By Theorem 5.3.3, we get also the following result.

Corollary 5.3.6. Let M be a monoid, lety € Y(M) be maximal and let A C M be
the set of those a € M such that the set {a' € M | a'y <y ay} is finite.
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Suppose also that for every action of M by continuous endomorphisms on a
compact right topological semigroup U there exists an M -equivariant embedding
h: (My) — E(U) such that h(y) € 1(U).

Then, M is (F,y)-controllable for every finite F' C (Ay) such that Gen(F') C A.

Up to this moment, we have been able to work under almost optimal hypotheses.
The assumption on the finiteness of {a’ € M | a’y <y ay} is also a necessary con-
dition for being locally Y-controllable (by Proposition 5.2.4). The assumption that
every R-class [a]g is finite is sometimes necessary for Y-controllable monoids (by
Proposition 5.2.6), and it seems possible that it turns out to be a necessary condition
for every Y-controllable monoid.

To obtain the existence of the function h, however, we need to work under stronger
assumptions that are far from optimal. While proof of Theorem 5.3.3 could work un-
der weaker hypotheses than having such a function h, this would make it much more
complex.

Remark 5.3.7. Let M be a monoid, lety € Y(M) be maximal and let A C M be
the set of those a € M such that the set {a'y | ' € M,d'y <y ay} is finite. Let
F C (Ay) be finite and such that f V f' € F implies f' € F forevery f € Y(M).
Let S be a (partial) semigroup of reader’s choice with a free sequence ¢ € S, and
let G = ()w,, (e.g. G = FINy). Let (U, ) be the compact right topological
semigroup of types p(z) over G such that “g < 2”7 € p(z) for every g € G.

Suppose that for every finite clopen partition (coloring) c of U there exists an
idempotent u € I(U) N E(U) such that if agy V --- V a,y = boy V --- V bpy € F,
then ¢(apu -G - .. g apu) = é(bou G - . . -G bpmu), where ¢ is the closed partition of
U refining the clopen partition {{z € U | g-qx € C} | C € ¢} forevery g € G.

Then M is locally (F,y)-controllable (and the same proof of Theorem 5.3.3
proves it).

The authors do not know whether this weaker hypothesis can be achieved more
easily than the ones from Theorem 5.3.3.

Instead, we focus on finding algebraic sufficient conditions for obtaining a func-
tion A as described in Theorem 5.3.3.

Once again, [142, Lemma 2.5] (or Lupini’s [107, Lemma 2.2]) provides a won-
derful way to achieve this. Recall that a forest (IP, <) is a partial order such that for
every p € P, the set of predecessors pred(p) = {z < p} is a well-order. Recall also
that IP has height < w if for every p € P, the set of predecessors pred(p) = {z < p}
is a finite linear order. We say that a partial order (P, <) is a strong M -partial order
if M acts by endomorphism on P and furthermore pred(m(p)) = m|pred(p)] for
every m € M and p € P. Although in [142] the author works with finite objects, the
proof of [142, Lemma 2.5] holds for every forest of height < w.

Lemma 5.3.8 ([142, Lemma 2.5]). Let M be a monoid acting by continuous endo-
morphisms on a compact right topological semigroup U. Let (P, <) be a strong
M -partial order and a forest of height < w. For every M-equivariant function
f P — U there exists an M-equivariant embedding h : (P) — E(U) such that
FLIW)) € ).

We apply this lemma in two distinct situations to give two different sufficient
algebraic conditions for a monoid to be locally Y-controllable.
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First, we want to work locally using My. Notice that in our cases of interest, this
set is always a forest of height < w.

Remark 5.3.9. Given a monoid M and a (maximal) elementy € Y(A/), the suborder
(My,<y) of Y(M) is a forest of height < w if and only if {ay | a'y <y ay} is finite
for every a € M.

It is not clear to the authors whether (My, <y) is always a strong M -partial order
too. However, in some situations, we can get the desired result.

Lemma 5.3.10. Let M be a monoid and lety € Y(M) be maximal. Suppose that
for every aM €y there is b € [a|r such that by <y y. Then (My, <y) is a strong
M -partial order.

Proof. Indeed, for every a,m € M, since m acts by endomorphism on Y (M) we
have m[pred(ay)] € pred(may). Now consider a’,a € M such that a'y < ay.
Then, there is ¢cM € y such thatify' = {aM €y |xzM C c¢M}, we have a’'y = ay’.
By hypothesis there is b € [c]g such that bM = cM and by <y y. Then, we must
have by = y’, and thus a’y = aby as wanted. O

Whenever we have that (My, <y) is a strong M -partial order and a forest of
height < w, we can apply Lemma 5.3.8 in order to obtain the desired M -equivariant
embedding h from any idempotent of U sufficiently regular under the action of M.

Lemma 5.3.11. Let M be a monoid acting by continuous endomorphisms on a com-
pact right topological semigroup U. Lety € Y(M ) be maximal such that (My, <y)
is a strong M -partial order that is also a forest of height < w.

Assume also that there exists a minimal idempotent w € E(U) N I(U) such that
a(u) = b(u) for all couples a,b € M such that ay = by.

Then, there exists an M-equivariant embedding h : (My) — E(U) such that

h(y) € I(U).

Proof. First, notice that every element ay in My has a maximum aM, as y is maxi-
mal and M €y. Letu € E(U) N I(U) be given by hypothesis and let f : My — U
be the function that maps each ay € My to a(u). Then, f is well-defined by as-
sumption on u) and M -equivariant and maps y to u € E(U)NI(U). Thus, the result
follows from Lemma 5.3.8. O

Notice that if y € Y(M) is maximal, then ay = by implies a R b, as M € y.
Thus, from Theorem 4.3.5, we get the following.

Theorem 5.3.12. Let M be an aperiodic monoid such that Xg (M) is linear and
finite. Lety € Y(M) be maximal and let A C M be the set of those a € M such that
the set {d'y | a’ € M,ad'y <y ay} is finite and for every aM € y there isb € M such
that bM = aM and by <y y.

Then, M is locally (F,y)-controllable for every finite F' C ( Ay).

Thanks to Theorem 5.3.4, we get a similar theorem for Y-controllable monoids
as well.
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Theorem 5.3.13. Let M be an aperiodic monoid such that Xg (M) is linear and
finite. Lety € Y(M) be maximal such that for every aM € y there is b € M such
that bM = aM and by <y y. Let A C M be the set of those a € M such that the set
{a' € M | d'y <y ay} is finite.

Then, M is (F,y)-controllable for every finite F' C (Ay) with Gen(F') C A.

The next sufficient condition we are going to state is a global one. Working with
My we had the advantage that this partial order is always a forest of height < w
(for the monoid we consider), but we need to prove that it is also a strong M -partial
order. Now we work with Y (M), for which the situation is the opposite. Indeed,
it is easy to check that Y (M) is always a strong M partial order. Indeed, for every
X,z € Y(M) and a € M with x <y az for some x,z € Y(M) and a € M, let
z={moM C ... Cm,M}. Thenx = {amoM C ... C amy M} for some h < n,
and it is clear that X’ < z and ax’ < az forx' = {moM C ... CmM}.

Remark 5.3.14. Let M be a monoid, then (Y (M), <y) is a strong M partial order.

However, in general, Y (M) may not be a forest of height < w. This condition is
closely related however to the presence of infinite chains in X(M).

Lemma 5.3.15. Consider a monoid M. Then X(M) contains no infinite chain if and
only if (Y(M), <y) is a forest of height < w.

Proof. Indeed, if X(M) contains no infinite chain then every x € Y(M) is finite
(since it is a linearly ordered subset of X(M)), and thus pred(x) is finite as well.
Conversely, the set pred(x) is a linear order for every x € Y(M). Thus, if
(Y(M), <y) is not a forest of height < w this means that there is x € Y (M) such
that pred(x) is infinite, and thus x C X(/) is an infinite chain. O

When X(M) is linear, we have Y(M) = My for y = X(M) and all different
partial order we are considering collapses to one.

Corollary 5.3.16. Let M be a monoid with linear X(M ). Then X(M) contains no
infinite chain if and only if (My, <y) is a forest of height w for everyy € Y(M).

The above corollary would solve many problems if it holds without the assump-
tion of the linearity of X(M). It is immediate to check that if X(M) contains no
infinite chain, then for every maximaly € Y (M), the set {d'y | ' € M,d’y <y ay}
is finite. Unfortunately, the authors do not know whether the converse is true as well
for every monoid.

Lemma 5.3.17. Let M be a monoid acting by continuous endomorphisms on a com-
pact right topological semigroup U. Suppose M is aperiodic, X(M) contains no
infinite chain and X (M) is linear.

Then, there exists an M -equivariant embedding h : (Y(M)) — E(U) such that

h(y) € I(U).

Proof. Since X (M) is linear and X (M) contains no infinite linear order, then
Xz (M) is finite as well. By Theorem 4.3.5, we can find an element u € U such
that a(u) = b(u) for every a,b € M with a R b. Since every element x € Y(M) is
finite, it has a maximum axM: let f : Y(M) — U be the function that maps each
x € Y(M) to ax(u). Then, f is well-defined, since axM = bM implies ax R b and
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ax(u) = b(u), and it is M-equivariant by definition. Furthermore, for every maxi-
maly € Y(M) we have f(y) = u € E(U) N I(U). Thus, the result follows from
Lemma 5.3.8. O

As a corollary, we get the following sufficient conditions for a monoid to be
locally Y-controllable.

Theorem 5.3.18. Let M be an aperiodic monoid such that Xg (M) is linear and
X(M) contains no infinite chains.
Then, M is locally Y-controllable.

As a corollary, we obtain the following results.

Theorem 5.3.19. Let M be an aperiodic monoid such that Xg (M) is linear, X(M)
contains no infinite chains and each R-class is finite.
Then, M is Y-controllable.

Theorem 5.3.20. Let M be an aperiodic monoid such that X(M) is linear and finite.
Then, M is locally Ramsey (and the converse is true as well).

5.4 Conclusions: some final remarks and a synthesis

We conclude this chapter by making a bit of order and schematizing all the known
relationships between the four classes of monoids we worked with (Ramsey, locally
Ramsey, Y-controllable, locally Y-controllable).

First, we proved two characterizations of Ramsey and locally Ramsey monoids.

Theorem. A monoid M is Ramsey if and only if it is finite, aperiodic and X(M) is
linear.

Theorem. A monoid M is locally Ramsey if and only if it is aperiodic and X(M) is
finite and linear.

The two algebraic characterizations reveal also the connection between the two
classes of Ramsey and locally Ramsey monoids.

Corollary. A monoid M is Ramsey if and only if it is locally Ramsey and all R-
classes are finite.

About Y-controllable monoids, we proved the following.
Theorem. Let M be a monoid.

1. If M is Y-controllable, then it is aperiodic and (My, <y) is a forest of height
< wforeveryy € Y(M).

2. Conversely, if M is aperiodic, X (M) is linear, all R-classes are finite and
(Y(M), <y) is a forest of height < w, then M is Y-controllable.

3. Also, if M is aperiodic, Xr (M) is linear and finite, all R-classes are finite
and (My, <y) is a forest of height < w and a strong M-partial order for
everyy € Y(M), then M is Y-controllable.
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The following statement collects the known relationships between Y-controllable
monoids and the previous two classes of Ramsey and locally Ramsey monoids.
Proposition. Let M be a monoid. The following are equivalent:
(a) M is Y-controllable and X (M) is linear.
(b) M is Y-controllable and locally Ramsey.
(c) M is Ramsey.
Finally, regarding locally Y-controllable monoids, we have the following.
Theorem. Let M be a monoid.

1. If M is locally Y-controllable, then it is aperiodic and (My, <y) is a forest of
height < w for everyy € Y(M).

2. Conversely, if M is aperiodic, Xr (M) is linear and (Y(M), <y) is a forest
of height < w, then M is locally Y-controllable.

3. Also, if M is aperiodic, X (M) is linear and finite, and (My, <y) is a forest
of height < w and a strong M-partial order for everyy € Y(M), then M is
locally Y-controllable.

Recall also that one condition that grants that (Y (M), <y) is a strong M -partial
order is given by Lemma 5.3.10.

We have the following relations between locally Y-controllable monoids and pre-
vious classes.

First, thanks to the characterization of locally Ramsey monoids and the necessary
and sufficient conditions given above, we get the

Proposition. A monoid M is locally Ramsey if and only if it is locally Y-controllable
and X(M) is linear.

Although we do not have a characterization, the size of ‘R-classes plays a crucial
role in the relationship between Y-controllable and locally Y-controllable monoids,
thanks to Proposition 5.2.6 and Theorem 5.3.4.

Proposition. Let M be a monoid.
1. If M is Y-controllable, then it is locally Y-controllable.

2. Conversely, if M is locally Y-controllable and all R-classes are finite, then it
is Y-controllable.

In order to show that some classes are non-trivial and some hypotheses non-
optimal, we provide some examples of monoids.

Proposition 5.4.1. There exists an infinite Y-controllable monoid.
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Proof. Let «v be an ordinal and let (M;, *;);cq be a family of disjoint aperiodic finite
semigroups such that M has linear X (M) and all other M; are R-trivial. Let 1,0
be two elements outside  J;c; M; and let M = |J;c; M; U {1,0}, with operation
defined by letting 1a = al = aforeverya € M,ab=ax*;bifa,b € M; and ab =0
otherwise. Then, M is Y-controllable.

It is straightforward to check that if a € M; then aM = aM; U {0}. Hence,
all R-classes are finite, X (M) is linear (as it is isomorphic to Xz (M), since all
other M; are R-trivial) and furthermore it is aperiodic by Proposition 4.2.4. Also, if
b e Mjthen {aM € X(M) | aM C bM} C M; U {0}; Thus every chain of X(M)
must be contained in one single M; and hence it must be finite.

Then the result follows from Theorem 5.3.19. ]

Recall also that by Proposition 4.6.3 there exist Y-controllable monoids such that
Xz (M) is not linear.

The following example shows that the infinite Carlson’s monoid is locally Ram-
sey but not Y-controllable

Proposition 5.4.2. There exists a locally Ramsey monoid which is not Y-controllable.

Proof. Let X be an infinite set such that 1 ¢ X, and let M = (X U {1}, %, 1) be the
monoid with operation ab = b for every a,b € M \ 1. It is enough to check that M is
aperiodic, that M/\ {1} is an infinite R-class and that X(M) = {M\{1}, M } is linear
and finite. Then the result follows from Theorem 5.3.20 and Proposition 5.2.6. [

Similarly, one can prove the following.

Proposition 5.4.3. There exist locally Y-controllable monoids which are not locally
Ramsey nor Y-controllable.

Proof. Let (X;);<y be a finite sequence of infinite sets such that 1 ¢ (J,., X, and
let F' C n be non-empty. Define an operation *; on every X; by setting for every
a,b € X;eithera; b = bif i € F or a ; b = a otherwise. Let (M, *,1) be the
disjoint union of the X;s, i.e. M = |J;; X; U {1} is the monoid with identity 1 and
operation defined a * b = a *; bif a,b € X;, whileaxb =bxa = aifa € X;
and b € X; with i < j. Then, the monoid is aperiodic, as a® = a for every a € M.
Furthermore, if a € X; theneither aM = |J;, X;U{a}ifi ¢ F,oraM = J,;; X;
if i € F. In particular, aM = bM if and only if a = bor a,b € X, fori € F, so
there are infinite R-classes and Xz (M) = {U;<; X; | ¢ € F'} is finite and linear.
Also, aM C bM if and only if aM = bM ora € X; and b € X, for j < i, thus
X(M) ={U;«; Xj | i€ F}U{lU;; X; U{a} | a € X;,i ¢ F} U{M} contains
only chain of size < n, but it is not linear. Hence, M is locally Y-controllable by
Theorem 5.3.18, but it is not locally Ramsey by Proposition 5.2.1. Finally, it is easy
to see that for every i € F and a € X, then [a]r is an infinite R-class satisfying
that for every ¢ € [a]g we have {cm | m ¢ [a]r} N [a]r = {c}, thus M is not
Y-controllable by Remark 5.2.7.

Notice that these monoids are a generalization of Furstenberg-Katznelson monoids
(which are the case of n = 2 and F' = {0}), and they are almost R-trivial if and only
if I = {0}. O
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In this work, we tried to do an in-depth study of (locally) Ramsey and (locally)
Y-controllable monoids. However, there are several other variants that we did not
consider and that could reveal to be very interesting for other aspects. So let us
provide some examples of other classes of monoids and show a few easy results that
follow from what we proved so far.

In [142], given a finite monoid M, the set Y (M) is defined as the forest generated
by X(M) by taking the set of all chains of X(M) ordered by initial segment. This
gave us two distinct possibilities on how to extend this notion to infinite monoids:
either as the forest generated by X(M), or as the set of all chains of X(M ) ordered by
initial segment (which does need not to be a forest in this case). We decided to go for
the second option. However, one may be curious about the possibility we left behind.
Define W (M) be the forest generated by X(M). This set is usually constructed by
taking the set of all increasing sequences 5 € (X(M))<>° of elements of (X(M), C)
with initial segment relation C as order. However, W (M) can be identified also as
the suborder of Y (M) of the wellordered subsets of X(M)

W(M) ={y € Y(M) | yis awellorder}

Then, we can define a monoid to be (locally) W-controllable if it is (locally)
y-controllable for every maximal y € W(M).

Some of the results we presented work for this class of monoids as well. For
example, Proposition 5.2.4 tell us already a necessary condition for locally W-con-
trollable monoids. Other results can be adapted with some changes. For example,
the proof of Proposition 5.2.3 can be split into two parts, the first proving that “If M
is locally Y-controllable, then every element of finite period is idempotent” and the
second proving that “If M is locally Y-controllable, then M is periodic”. It is easy to
see that the first part still works for locally W-controllable monoids, as it uses only
finite elements y € Y (/) (which are also in W(A1)).

Proposition 5.4.4. Let M be a locally W-controllable. Then, every element of finite
period is idempotent.

This condition corresponds to point 6 of Proposition 4.2.2, the weakest of all
statements listed there. This can be improved a bit. It is not difficult for example
to see that the same argument of Proposition 5.2.3 shows that M does not contains
non-trivial subgroups (using that if GG is a non-trivial subgroup of M and ¢ € G is
not the identity of G, then a® # a and a"M = a™M for every n,m > 0. Then
applying the same argument of Proposition 5.2.3 toy = {aM, M} gives the wanted
result). However, we can not expect to obtain that M is aperiodic, as for example
the natural numbers are W-controllable (in a trivial way, since for every wellfounded
y € W(M) and a,b € N we have ay <y by if and only if a = b) but not aperiodic.

On the other side, from Theorem 5.3.3 and from the same arguments of Lem-
mas 5.3.15 and 5.3.17 applied to W(M) instead of Y (M), we can derive the follow-
ing sufficient conditions for being W-controllable.

Theorem 5.4.5. Let M be a monoid such that (X(M), C) contains no infinite in-
creasing chain (i.e. (X(M), D) is wellfounded). Suppose that for action by contin-
uous endomorphisms of M on a compact right topological semigroup U there is a
minimal idempotent u € U such that for every a,b € M, if a R b then a(u) = b(u).

Then, M is locally W-controllable.
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Corollary 5.4.6. Let M be a monoid such that Xg (M) is linear and finite, and
suppose M satisfies the thesis of Lemmas 4.3.3 and 4.3.4 (i.e., for every a,b € M
there are g, h € M such that ag = b, bh = a, hg = g9 = g and gh = hh = h, and
ab = b and a R b implies ba = a for every a,b € M). Suppose also that (X(M), C)
contains no infinite increasing chain (i.e. (X(M), D) is wellfounded).

Then, M is locally W-controllable.

Finally, locally Y-controllable monoids can be seen as just a particular case of a
more general notion.

Definition 5.4.7. Let (M, 0, *, 7) be a monoid with a topology'. Let y be a maximal
element in Y(M), let F' C (My) be finite. We say that (M, 7) is topologically
(F,y)-controllable if it is (F.y, (M;);e, )-controllable for every family (M;)ic., of
compact subsets of M.

This notion naturally extends both the one of locally Y-controllable and the one
of Y-controllable monoids, the first by giving for example the discrete topology to
M and the second by giving the indiscrete topology to it.

We conclude with a remark. While reading this chapter, a careful reader may
notice a section seems missing. He would be right. The study of finite monoids
(Chapter 4) had three main parts (roughly): one about conditions that are necessary to
be Ramsey/Y-controllable, one for finding idempotents in compact right topological
semigroups, and one for obtaining sufficient conditions to be Ramsey/Y-controllable
knowing the existence of these idempotents. In this chapter, we focused only on
the first and third part and said nothing about the second (while this work would
enjoy a new section with stronger results on idempotents in compact right topological
semigroups, since the ones provided in Theorem 4.3.5 are far from optimal). This is
partially due to time, as the work to do is a lot and the PhD lasts a fixed bounded
amount of time, but the plan for the future is to complete the work of this chapter
with one more section on topological dynamics.

However, we anticipate here a first easy result that hints how Theorem 4.3.5 could
be improved to obtain idempotents relying on weaker hypotheses. We do so by study-
ing an example of a monoid that does not satisfy most of the sufficient conditions we
provided, and yet is Y-controllable.

Example 5.4.8. Consider the monoid M freely generated by the set {0, g, h, 1} mod-
ulo the relations

* 0g =¢g0 =gg =0and Oh = h0 = hh = 0.
e lx =21 = x forevery x € M.
* ghg = g and hgh = h.

In other words, M satisfies the Caley following table:

Then, X(M) = {{0},{g,gh}, {h, hg}, M} and Xz (M) = {{g, gh},{h, hg}}.
Thus Xz (M) is not linear, and M does not satisfy the theses of Lemmas 4.3.3
and 4.3.4. Also, M does not satisfy the hypothesis of Proposition 4.6.3 either.

'The definition makes sense for every monoid with a topology, although in a further study of the
notion it would probably be the best to restrict the attention to topological monoids where the operation
is compatible with the topology.
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1 g gh h hg O
g | 0 0 gh g O
gh| g gh 0 0 O
h|hg h 0 0 0
hg| 0O 0 h hg O
0|0 O O 0 O

However, M is Y-controllable. Indeed, let U be a compact right topological
semigroup on which M acts by continuous endomorphisms. We proceed as in Theo-
rem 4.3.5 to find a minimal idempotent v € E(U) N I(U) such that a(u) = b(u) for
all couples a, b € M such that a R b.

First, let up be a minimal idempotent in 0(U), and let u; be a minimal idem-
potent in g(U) such that u; <y wup as given by Proposition 4.3.1. Notice that
(gh)? = gh and (hg)? = hg, hence the two functions g : h(U) — gh(U) = g(U)
and h : g(U) — hg(U) = h(U) are the inverse of each other and thus they are
homeomorphisms. Hence, h(u7) is minimal in A(U) and h(u1) <y ug (as other-
wise, uph(u1) # h(u1) would imply g(uph(u1)) = wour # gh(u1) = wi, since
g injective). Notice that since u; € g(U), we have g(u1) € gg(U) = 0(U), and
up <y wuo implies g(u1) <y g(ug) = wuyp, thus g(u;) = wp by minimality of ug.
Similarly, h(h(u1)) = uo.

Let v = uih(uy1). Then, g(v) = g(u1)gh(u1) = wou; = wy, and similarly,
h(v) = h(u1). Thus, U’ = g~ '(u1) N h=1(h(u1)) is a non-empty compact right
topological subsemigroup of U, and we may find an idempotent us € U’ and a
minimal idempotent v € I(U) N E(U) such that u <g; ug by Proposition 4.3.1.

We claim that u is as wanted. Indeed, g(uz) = wuy and h(uz) = h(ui) by
definition of U’. Hence, by minimality g(u) <g g(u2) = w; implies g(u) = w1, and
similarly h(u) = h(uq). Also, gh(u) = gh(u1) = w1 and hg(u) = h(uy). Thus, u
satisfies that a(u) = b(u) for every a,b € M with a R b, as wanted.

Then, M is Y-controllable by (for example) Lemma 5.3.11.
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