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ABSTRACT

In Bayesian Statistics, the modeling of data with complex dependence structures is often obtained by a com-
position of simple dependence assumptions. Such representations facilitate the probabilistic assessment and
ease the derivation of analytical and computational results in complex models. In the present thesis, we de-
rive novel theoretical and computational results on Bayesian inference for probabilistic clustering and flexible
dependence models for complex data structures. We focus on models arising from hierarchical specifications in
both parametric and nonparametric frameworks.

More precisely, we derive novel conjugacy results for one of the most applied dynamic regression models
for binary time series: the dynamic probit model. Exploiting such theoretical results we derive new efficient
sampling schemes improving state-of-the-art approximate or sequential Monte Carlo inference. Motivated by an
issue of the well-known nested Dirichlet process, we also study a model, arising from the composition of Dirichlet
processes, to cluster populations and observations across populations simultaneously. We derive a closed form
expression for the induced distribution of the random partition which allows to gain a deeper understanding
of the theoretical properties and inferential implications of the model and we propose a conditional Markov
Chain Monte Carlo (MCMC) algorithm to effectively perform inference. Moreover, we generalize the previous
composition of discrete random probabilities defining a novel wide class of species sampling priors which allows
to predict future observations in different groups and test for homogeneity among sub-populations. Posterior
inference is feasible thanks to a marginal MCMC routine and urn schemes that allow to evaluate posterior and
predictive functionals of interest. Finally, we prove a surprising consistency result for the number of clusters in
the most famous nonparametric model for clustering, that is the Dirichlet process mixture model. In this way

we partially answer an open question in the methodological literature.
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CHAPTER 1

INTRODUCTION

Probability estimation is naturally approached and justified in the Bayesian nonparametric framework. Indeed,
when we judge an extendable sequence of observable variables exchangeable, a random probability measure
arises from de Finetti’s representation theorem and the observations can be seen as independent identically
distributed given such a random probability. If a subject wants to make inference and prediction using the
Bayes-Laplace paradigm they can interpret the law of the random probability measure as a prior. When the
support of the prior does not degenerate on a finite-dimensional parameter space, we are in the Bayesian
nonparametric framework.

In real world applications, the homogeneity assumption of exchangeability is often too restrictive when we
want to model complex data structures. To quote de Finetti (1938): “But the case of exchangeability can only
be considered as a limiting case: the case in which this ‘analogy’ is, in a certain sense, absolute for all events
under consideration. [..] To get from the case of exchangeability to other cases which are more general but still
tractable, we must take up the case where we still encounter ‘analogies’ among the events under consideration,
but without attaining the limiting case of exchangeability.” Indeed, exchangeability entails that the order of the
observations does not count in the inferential procedures. According to the specific application, the type of
data and the availability of covariates different dependence assumptions can be assessed more reasonably by a
subject. For instance, when modeling time series (Chapter 2) it is reasonable to exploit the time information
to perform inference and prediction. Likewise, when data are collected in different studies or populations
(Chapters 3 and 4), it is sound to perform inference effectively borrowing information across them without
degenerating to the exchangeable case. Though in such aforementioned cases we clearly need to go beyond the
assumption of exchangeability, exchangeability still remains the fundamental building block of a major part of
more flexible Bayesian models. More generally, the idea of combining simple conditional independent structures
to characterize complex dependence relationships in the data is ubiquitous in Bayesian Statistics. For instance,
in the time series setting introducing an hidden state process with a simple Markovian dependence allows to set
far more general dependence assumptions on the observable process. In the same spirit, thanks to de Finetti’s
representation Theorem for the partially exchangeable case, we can flexibly model partial exchangeable arrays by
assigning a distribution on the vectors of the underlying random probabilities, that is the de Finetti’s measure,
which takes the role of the prior. Note that such hierarchical compositions can, at least in principle, be extended

to an arbitrary level of depth. Such conditional independence assumptions have also several practical advantages.



Indeed, they facilitate the elicitation of the subject’s prior opinion and also ease the derivation of analytical and
computational results in complex models. It is important to stress that the simpler prior elicitation on latent
quantities can be also made “coherent” to de Finetti’s idea of assessing just observable quantities if we derive
analytical results that allow to understand the model linking the assumptions on latent quantities to observable
ones. In the present thesis we derive novel theoretical and computational results on Bayesian inference for
probabilistic clustering and complex dependence models both in the parametric and nonparametric settings.
As said we focus on Bayesian models arising from the different hierarchical specifications of simple dependence
structures that combined together allow to characterize and flexibly model complex data structures preserving
mathematical and computational tractability.

More precisely, in Chapter 2 we analyze the dynamic probit model which allows to asses complex dependence
in binary time series by exploiting the conditional independence structure of hidden Markov models. We prove
that the filtering, predictive and smoothing distributions in dynamic probit models with Gaussian state variables
are, in fact, available and belong to a class of unified skew-normals (SUN) whose parameters can be updated
recursively in time via analytical expressions. Also the functionals of these distributions depend on known
functions, but their calculation requires intractable numerical integration. Leveraging the SUN properties, we
address this point via new Monte Carlo methods based on independent and identically distributed samples
from the smoothing distribution, which can naturally be adapted to the filtering and predictive case, thereby
improving state-of-the-art approximate or sequential Monte Carlo inference in small-to-moderate dimensional
studies. A scalable and optimal particle filter which exploits the SUN properties is also developed to deal with
online inference in high dimensions.

In Chapters 3 and 4, the core of the present thesis, we focus on the case where the data arises from different,
though related, populations or studies and can be naturally modeled in the partially exchangeable framework
to borrow information across them. Roughly speaking, partially exchangeable extendable arrays can be thought
of, thanks to de Finetti representation theorem, as decomposable into different conditionally independent ex-
changeable subpopulations. More precisely, in Chapter 3 we propose a Bayesian nonparametric prior arising
from the composition of Dirichlet processes that allows to perform inference in the partially exchangeable frame-
work when we are interested in clustering populations and observations simultaneously and/or perform density
estimation borrowing information across populations. A well-known Bayesian nonparametric prior to perform
such tasks is the nested Dirichlet process which is known to group distributions in a single cluster when there
are ties across populations. We study a hybrid nonparametric prior which solves the problem by hierarchically
combining two different Dirichlet processes structures. We derive a closed form expression for the induced dis-
tribution of the random partition which allows to gain a deeper understanding of the theoretical properties and
inferential implications of the model and, further, yields a MCMC algorithm for evaluating Bayesian inference
of interest. However, such an algorithm becomes infeasible when the number of populations is larger than two.
Therefore, we also propose a different MCMC algorithm to perform inference for a larger number of populations
and to test homogeneity between different populations as a by-product.

In Chapter 4 we generalize the previous composition of Dirichlet processes to a wider class of composition of
Gibbs type priors in order to face species sampling problems in heterogeneous populations while simultaneously
identifying sub-groups of populations and borrowing information across them. Indeed, our goal is two-fold:

predict future discrete observations in different groups and test for homogeneity among sub-populations. The



former is usually the main focus in species-sampling problems, while the latter task is not feasible with the
state-of-the art methods available in the literature, since they generally consider all populations’ distributions
different almost surely. In order to do so, we extend what is arguably the most popular species sampling model in
Bayesian nonparametrics in this partially exchangeable framework, that is the hierarchical Pitman-Yor process.
Adding a latent structure on the distributions, we allow to have ties across the sub-populations distributions,
performing both the above-mentioned tasks at the same time. We show that the distribution of the induced
random partition admits a closed form expression and we derive the asymptotic behavior of the number of
species and homogeneous subpopulations, allowing to gain a deeper understanding of the theoretical properties
and inferential implications of the model. Moreover, we derive computational results to perform inference via a
marginal Gibbs sampler and predictive urn schemes.

In Chapter 5 we study the asymptotic behavior of the number of clusters under Dirichlet process mixture
models, arguably the most famous Bayesian nonparametric model to perform clustering and density estimation.
It has been recently shown that, when data are generated from a finite mixture, this posterior is inconsistent
as it does not concentrate around the “true” value of the number of components. We show that placing a prior
on the concentration parameter of the Dirichlet process drastically changes the asymptotics of the number of

clusters, possibly allowing to overcome the inconsistency issue.



CHAPTER 2

A CLOSED-FORM FILTER FOR BINARY TIME

SERIES

2.1 INTRODUCTION

Despite the availability of several alternative approaches for dynamic inference and prediction of binary time
series (MacDonald and Zucchini, 1997), state-space models are a source of constant interest due to their flexibility
in accommodating a variety of representations and dependence structures via an interpretable formulation (West
and Harrison, 2006; Petris et al., 2009; Durbin and Koopman, 2012). Let y; = (y1t,...,Ymt)T € {0;1}™ be a
vector of binary event data observed at time ¢, and denote with 8, = (614,...,0,:)7 € RP the corresponding
vector of state variables. Adapting the notation in, e.g., Petris et al. (2009) to our setting, we aim to provide
closed-form expressions for the filtering, predictive and smoothing distributions in the general multivariate

dynamic probit model

p(ye | 0:) = @, (B:F.0,; B, V,B,), (2.1)
Ot = Gtet—l + &, Ep v Np((),Wt), t=1... ,n, (22)

with 8y ~ Ny (ag, Py), and dependence structure as defined by the directed acyclic graph displayed in Fig. 2.1.
In (2.1), ¢,,(B:F;0;; B;V;B;) is the cumulative distribution function of a N,,,(0, B;V;B;) evaluated at B;F;0,,
with By = diag(2y1: — 1, ..., 2ym: — 1) denoting the m X m sign matrix associated with y;, which defines the
multivariate probit likelihood in (2.1).

Model (2.1)—(2.2) generalizes univariate dynamic probit models to multivariate settings, as we will clarify
in equations (2.3)—(2.5). The quantities F;, V;, G¢, Wy, a9 and Py denote, instead, known matrices controlling
the location, scale and dependence structure in the state-space model (2.1)—(2.2). Estimation and inference
for these matrices is, itself, a relevant problem which can be addressed both from a frequentist and a Bayesian
perspective. Yet our focus is on providing exact results for inference on state variables and prediction of future
binary events under (2.1)—(2.2). Hence, consistent with the classical Kalman filter (Kalman, 1960), we rely on

known system matrices F;, V;, G;, Wy, ag and Py. Nonetheless, results on marginal likelihoods, which can be
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Figure 2.1: Graphical representation of model (2.1)—(2.2). The dashed circles, solid circles and grey squares
denote Gaussian errors, Gaussian states and observed binary data, respectively.
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Figure 2.2: Graphical representation of model (2.3)—(2.5). Dashed circles, solid circles, white squares and grey
squares denote Gaussian errors, Gaussian states, latent Gaussian data and observed binary data, respectively.

used in parameter estimation, are provided in Section 2.3.2.

Model (2.1)—(2.2) provides a general representation encompassing a variety of formulations. For example,
setting V; = I, in (2.1) for each ¢ yields a set of standard dynamic probit regressions, which include the classical
univariate dynamic probit model when m = 1. These representations have appeared in several applications,
especially within the econometrics literature, due to a direct connection between (2.1)—(2.2) and dynamic
discrete choice models (Keane and Wolpin, 2009). This is due to the fact that representation (2.1)—(2.2) can be
alternatively obtained via the dichotomization of an underlying state-space model for the m-variate Gaussian
time series z; = (21¢,-.-,2mt)T € R™, t = 1,...,n, which is regarded, in econometric applications, as a set of
time-varying utilities. Indeed, adapting classical results from static probit regression (Albert and Chib, 1993;

Chib and Greenberg, 1998), model (2.1)-(2.2) is equivalent to

V= Wity s Yme)T = L(ze > 0) = [L(z1: > 0),...,L(zme > 0)]T, t=1,...,n, (2.3)
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with z1,...,2, evolving in time according to the Gaussian state-space model
p(zi | 0) = b (2t — Fi045Vy), (2.4)
Ot = GtOt_l +€t, Et NNP((),Wt), t= 1...,77,, (25)

having 68y ~ N, (a9, Py) and dependence structure as defined by the directed acyclic graph displayed in Fig. 2.2.
In (2.4), ¢m(z: — F10:; V) denotes the density function of the Gaussian N,,, (F:0;, V;) evaluated at z; € R™.
To clarify the connection between (2.1)—(2.2) and (2.3)—(2.5), note that if z;, is a generic Gaussian random
variable with density (2.4), then it holds p(y: | 6:) = pr(B:z; > 0) = pr[-By(z: — F:0;) < B:F.6,] =
®,,(B.F.0,;B,V,B,), given that —B(z; — F;0;) ~ N,,,(0,B,V;B;) under (2.4).

As is clear from model (2.4)—(2.5), if z1.; = (z],...,2z])T were observed, dynamic inference on the states 6y,
fort =1,...,n, would be possible via direct application of the Kalman filter (Kalman, 1960). Indeed, exploiting
Gaussian-Gaussian conjugacy and the conditional independence properties that are represented in Fig. 2.2, the
filtering p(0; | z1.+) and predictive p(0; | z1..—1) densities are also Gaussian and have parameters which can be
computed recursively via simple expressions relying on the previous updates. Moreover, the smoothing density
p(01. | Z1.n) and its marginals p(0; | z1.,), t < m, can also be obtained in closed form leveraging Gaussian-
Gaussian conjugacy. However, in (2.3)—(2.5) only a dichotomized version y; of z; is available. Therefore, the
filtering, predictive and smoothing densities of interest are p(0; | y1.¢), p(0: | y1.t.—1) and p(01., | ¥1.n), respec-
tively. Recalling model (2.1)—(2.2) and Bayes’ rule, the calculation of these quantities proceeds by updating the
Gaussian distribution for the states in (2.2) with the probit likelihood in (2.1), thereby providing conditional
distributions which do not have an obvious closed form (Albert and Chib, 1993; Chib and Greenberg, 1998).

When the focus is on online inference for filtering and prediction, one solution to the above issue is to rely on
approximations of model (2.1)—(2.2) which allow the implementation of standard Kalman filter updates, thus
leading to approximate dynamic inference on the states via extended (Uhlmann, 1992) or unscented (Julier and
Uhlmann, 1997) Kalman filters, among others. However, these approximations may lead to unreliable inference
in various settings (Andrieu and Doucet, 2002). Markov chain Monte Carlo (MCMC) strategies (e.g., Carlin
et al., 1992; Shephard, 1994; Soyer and Sung, 2013) address this problem but, unlike the Kalman filter, these
methods are only suitable for batch learning of smoothing distributions, and tend to face mixing or scalability
issues in binary settings (Johndrow et al., 2019).

Sequential Monte Carlo methods (e.g., Doucet et al., 2001) partially solve MCMC issues, and are specifically
developed for online inference via particle-based representations of the states’ conditional distributions, which
are then propagated in time for dynamic filtering and prediction (Gordon et al., 1993; Kitagawa, 1996; Liu and
Chen, 1998; Pitt and Shephard, 1999; Doucet et al., 2000; Andrieu and Doucet, 2002). These strategies provide
state-of-the-art solutions in non-Gaussian state-space models, and can be also adapted to perform batch learning
of the smoothing distribution; see Doucet and Johansen (2009) for a discussion on particles’ degeneracy issues
that may arise in such a setting. Nonetheless, sequential Monte Carlo is clearly still sub-optimal compared to
the case in which p(6; | y1.t), p(6; | y1..—1) and p(61., | y1.n) are available in closed form and belong to a
tractable class of known densities whose parameters can be sequentially updated via analytical expressions.

In Section 2.3, we prove that, for the dynamic multivariate probit model in (2.1)-(2.2), the quantities

p(0: | y1.t), p(0¢ | y14—-1) and p(61., | Y1) are unified skew-normal (SUN) densities (Arellano-Valle and
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Azzalini, 2006) having tractable expressions for the recursive computation of the corresponding parameters. To
the best of our knowledge, such a result provides the first closed-form filter and smoother for binary time series,
and facilitates improvements both in online and batch inference. As we will highlight in Section 2.2, the SUN
distribution has several closure properties (Arellano-Valle and Azzalini, 2006; Azzalini and Capitanio, 2014) in
addition to explicit formulas — involving the cumulative distribution function of multivariate Gaussians — for
the moments (Azzalini and Bacchieri, 2010; Gupta et al., 2013) and the normalizing constant (Arellano-Valle
and Azzalini, 2006). In Section 2.3, we exploit these properties to derive closed-form expressions for functionals
of p(0; | y1:t), p(0: | y1.t—1) and p(O1., | ¥1.n), including, in particular, the observations’ predictive density
p(yt | ¥1:1—1) and the marginal likelihood p(y1.,). In Section 2.4.1, we also derive an exact Monte Carlo scheme
to compute generic functionals of the smoothing distribution. This routine relies on a generative representation
of the SUN via linear combinations of multivariate Gaussians and truncated normals (Arellano-Valle and Azzalini,
2006), and can be also applied effectively to evaluate the functionals of filtering and predictive densities in small-
to-moderate dimensions where mt is of the order of few hundreds, a common situation in routine applications.

As clarified in Section 2.4.2, the above strategies face computational bottlenecks in higher dimensions (Botev,
2017), due to challenges in computing cumulative distribution functions of multivariate Gaussians, and in
sampling from multivariate truncated normals. In these contexts, we develop new sequential Monte Carlo
methods that exploit SUN properties. In particular, we first prove in Section 2.4.2 that an optimal particle
filter, in the sense of Doucet et al. (2000), can be derived analytically, thus covering a gap in the literature.
This strategy is further improved in Section 2.4.2 via a class of partially collapsed sequential Monte Carlo
methods that recursively update via lookahead strategies (Lin et al., 2013) the multivariate truncated normal
component in the SUN generative additive representation, while keeping the Gaussian part exact. As outlined
in an illustrative financial application in Section 2.5, this class improves approximation accuracy relative to
competing methods, and includes, as a special case, the Rao—Blackwellized particle filter proposed by Andrieu
and Doucet (2002).

2.2 THE UNIFIED SKEW-NORMAL DISTRIBUTION

Before deriving filtering, predictive and smoothing distributions under model (2.1)—(2.2), let us first briefly
review the SUN family. Arellano-Valle and Azzalini (2006) proposed this broad class to unify different extensions
(e.g., Arnold and Beaver, 2000; Arnold et al., 2002; Gupta et al., 2004; Gonzélez-Farias et al., 2004) of the original
multivariate skew-normal (Azzalini and Dalla Valle, 1996), whose density is obtained as the product between a
multivariate Gaussian density and the cumulative distribution function of a standard normal evaluated at a value
which depends on a skewness-inducing vector of parameters. Motivated by the success of this formulation and
of its generalizations (Azzalini and Capitanio, 1999), Arellano-Valle and Azzalini (2006) developed a unifying
representation, namely the SUN distribution. A random vector @ € R? has unified skew-normal distribution,

0 ~ suNg (&, Q,A,~,T), if its density function p(#) can be expressed as

Oy +ATQ w0 - &) T-ATQA]
®p(y;T) 7

$q(0 — & 92) (2.6)
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where the covariance matrix € of the Gaussian density ¢,(0 — &;€2) can be decomposed as = wQw, that
is by re-scaling the ¢ x g correlation matrix Q via the positive diagonal scale matrix w = (2 © Iq)l/ 2, with
©® denoting the element-wise Hadamard product. In (2.6), the skewness-inducing mechanism is driven by the
cumulative distribution function of the N, (0,T — ATQ ~'A) computed at v + ATQ ~lw= (0 — &), whereas
®,(7v;T) denotes the normalizing constant obtained by evaluating the cumulative distribution function of a
N,(0,T) at . Arellano-Valle and Azzalini (2006) added a further identifiability condition which restricts the
matrix 2%, with blocks @}, =T, Q= Q and Q= QETQ
that in (2.6) the quantities ¢ and h define the dimensions of the Gaussian density and cumulative distribution

| = A, to be a full-rank correlation matrix. Note

function, respectively. As clarified by our closed-form SUN results in Section 2.3, ¢ defines the dimension of the
states’ vector, and coincides with p in the SUN filtering and predictive distributions, while it is equal to pn in
the SUN smoothing distribution. On the other hand, h increases linearly with time in all the distributions of
interest.

To clarify the role of the parameters in (2.6), we first discuss a stochastic representation of the SUN. Let
7z € R" and @ € RY characterize two random vectors jointly distributed as a Nj4(0,Q*), then (£ + w8 |
Z+v > 0) ~ SuNg (&, Q,A,v,T') (Arellano-Valle and Azzalini, 2006). Hence, £ and w control location and
scale, respectively, while I', Q@ and A define the dependence within z € R”, 6 € R? and between these two
vectors, respectively. Finally, 4 controls the truncation in the partially observed Gaussian vector z € R". The
above result provides also relevant insights on our closed-form filter for the dynamic probit model (2.1)—(2.2),
which will be further clarified in Section 2.3. Indeed, according to (2.3)—(2.5), the filtering, predictive and
smoothing densities induced by model (2.1)-(2.2) can be also defined as p(6; | y1..) = p[0: | 1(z1.: > 0)],
p(0: | y14-1) = p[0: | 1(z1.4-1 > 0)] and p(01.p, | Y1:n) = P[O1:n | L(Z1:n > 0)], respectively, with (z¢, ;) from
the Gaussian state-space model (2.4)—(2.5) for ¢t = 1,...,n, thus highlighting the direct connection between
these densities and the stochastic representation of the SUN.

An additional generative additive representation of the SUN relies on linear combinations of Gaussian and
truncated normal random variables, thereby facilitating sampling from the SUN. In particular, recalling Azzalini

and Capitanio (2014, Section 7.1.2) and Arellano-Valle and Azzalini (2006), if 6 ~ SUN, (&, Q, A,~,T'), then
0% ¢+wUy+AT'U,), Up LUy, (2.7)

with Uy ~ N, (0,2 — AT !AT) and U; from a N,(0,I') truncated below —v. As clarified in Section 2.4,
this result can facilitate efficient Monte Carlo inference on complex functionals of SUN filtering, predictive and
smoothing distributions under model (2.1)—(2.2), leveraging independent and identically distributed samples
from such variables. Indeed, although key moments can be explicitly derived via the differentiation of the SUN
moment generating function (Gupta et al., 2013; Arellano-Valle and Azzalini, 2006), such a strategy requires
tedious calculations when the focus is on complex functionals. Moreover, recalling Azzalini and Bacchieri (2010)
and Gupta et al. (2013), the first and second order moments further require the evaluation of h-variate Gaussian
cumulative distribution functions ®(+), thus affecting computational tractability in large h settings (e.g., Botev,
2017). In these situations, Monte Carlo integration provides an effective solution, especially when independent
samples can be generated efficiently. Therefore, we mostly focus on improved Monte Carlo inference under

model (2.1)—(2.2) exploiting the SUN properties, and refer to Azzalini and Bacchieri (2010) and Gupta et al.



2.3. FILTERING, PREDICTION AND SMOOTHING 9

(2013) for a closed-form expression of the expectation, variance and cumulative distribution function of SUN
variables.

Before concluding this general overview, we emphasize that SUN variables are also closed under marginal-
ization, linear combinations and conditioning (Azzalini and Capitanio, 2014). These properties facilitate the

derivation of the SUN filtering, predictive and smoothing distributions under model (2.1)—(2.2).

2.3 FILTERING, PREDICTION AND SMOOTHING

In Sections 2.3.1 and 2.3.2, we prove that all the distributions of direct interest admit a closed-form SUN repre-
sentation. Specifically, in Section 2.3.1 we show that closed-form filters — meant here as exact updating schemes
for predictive and filtering distributions based on simple recursive expressions for the associated parameters —
can be obtained under model (2.1)-(2.2). Similarly, in Section 2.3.2 we derive the form of the SUN smoothing
distribution and present important consequences. The associated computational methods are then discussed in

Section 2.4.

2.3.1 FILTERING AND PREDICTIVE DISTRIBUTIONS

To obtain the exact form of the filtering and predictive distributions under (2.1)—(2.2), let us start from p(6; |
y1). This first quantity characterizes the initial step of the filter recursion, and its derivation within Lemma 1
provides the key intuitions to obtain the state predictive p(0; | y1..—1) and filtering p(0; | y1.¢) densities, for any
t > 2. Lemma 1 states that p(6; | y1) is a SUN density. In the following, consistent with the notation of Section
2.2, whenever € is a ¢ x ¢ covariance matrix, the associated matrices w and € are defined as w = (2 ® I,)*/?
and @ = w 'Quw™!, respectively. All the proofs can be found in Appendix A.1, and leverage conjugacy
properties of the SUN in probit models. The first result on this property has been derived by Durante (2019) for
static univariate Bayesian probit regression. Here, we take a substantially different perspective by focusing on
online inference in both multivariate and time-varying probit models that require novel and non-straightforward
extensions. As seen in Soyer and Sung (2013) and Chib and Greenberg (1998), the increased complexity of this

endeavor typically motivates a separate treatment relative to the static univariate case.

Lemma 1. Under the dynamic probit model in (2.1)—(2.2), the first-step filtering distribution is

(01 ]y1) ~ SUNp,m(ﬁlu, Q1 A1\1,71\1»I‘1|1)7 (2.8)
with parameters defined by the recursive equations

&ip = Giag, Qi =GIPoG]+ W, Ay = Q1\1“1\1FI
Bis; ', Yin = SlelFlﬁl\la Iy = Slel(FlﬂmFI +Vi)Bys; ',
where s = [(F19,,F] + V1) © L,]'/2.

Hence p(0; | y1) is a SUN density with parameters that can be obtained via tractable arithmetic expressions

applied to the quantities defining model (2.1)-(2.2). Exploiting the results in Lemma 1, the general filter
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updates for the multivariate dynamic probit model can be obtained by induction for ¢ > 2 and are presented in

Theorem 1.

Theorem 1. Let (6;—1]y1:4-1) ~ SUNp,m(tfl)(é‘tthflaQt71|t715At71|t71,7t71|t717I‘t71|t71) be the filtering
distribution at time t — 1 under model (2.1)—(2.2). Then, the one-step-ahead state predictive distribution at t is

(0 | y1:6—1)~ SUNp mme—1) (Ee—15 Reje—1, Ate—15 Vejt—1, Leje—1)s (2.9)
with parameters defined by the recursive equations

— _ T _ -1
§t|t—1 = tht—l\t—h Qt\t—l = Gtﬂt—l\t—th + Wy, At|t—1 =w Gtwt—l\t—lAt—nt—b

tlt—1

Yt|t—1 = Vt—1|t—1> Ft\tfl = I‘tfl\tfl-

Moreover, the filtering distribution at time t is

(0 | y1:4) ~ SUNp e (&40 ejes Atjes Yees Tae) (2.10)

with parameters defined by the recursive equations
€t|t = €t\t—17 Qt\t = Qt|t—1, At\t = [At|t—17Qt\twﬂthBtSt_lL Y|t = [‘vf‘t,pél‘tFIBtst‘l]T,

and Ty is a full-rank correlation matriz having blocks T'y;11] = Teje—1, Tipjao) = s;lBt(Ftﬂt‘tFtT—l—Vt)Bts;l
and Tyyp01) = let[12] = s{lBtFtwt‘tAt‘t,l, where s; is defined as s, = [(FyQy, F] + V) © L,]1/2.

As shown in Theorem 1, online prediction and filtering in the multivariate dynamic probit model (2.1)—(2.2)
proceeds by iterating between equations (2.9) and (2.10) as new observations stream in with time ¢. Both
steps are based on closed-form distributions and rely on analytical expressions for recursive updating of the
corresponding parameters as a function of the previous ones, thus providing an analog of the classical Kalman
filter.

We also provide closed-form expressions for the predictive density of the multivariate binary response data
v:. Indeed, the prediction of y; € {0;1}™ given the data yi.;—1, is a primary goal in applications of dynamic
probit models. In our setting, this task requires the derivation of the predictive density p(y: | y1.t—1) which
coincides, under (2.1)—(2.2), with f@m(BtFtat;BtVtBt)p(Ot | ¥1.t—1)d6:, where p(0; | y1.4—1) is the state
predictive density from (2.9). Corollary 1 shows that p(y; | y1.t—1) has an explicit form.

Corollary 1. Under model (2.1)—(2.2), the observation predictive density p(y: | y1:1—1) 18

@t (Yepe; Tope)
<I’m(t—l) (’7t|t—1; Ft\t—l) ’

p(ye | y1:e-1) = (2.11)

for every time t, with parameters vy, Lij¢, Yije—1 and Ty_q, defined as in Theorem 1.

Hence, the evaluation of probabilities of future events is possible via explicit calculations after marginalizing
out analytically the states with respect to their predictive density. As is clear from (2.11), this requires the

calculation of Gaussian cumulative distribution functions whose dimension increases with ¢ and m. Efficient
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evaluation of such integrals is possible for small-to-moderate ¢ and m via recent methods (Botev, 2017), but
this solution is impractical for large ¢t and m, as seen in Table 2.1. In Section 2.4, we develop novel Monte
Carlo strategies to address this issue and enhance scalability. This is done by exploiting Theorem 1 to improve

current solutions.

2.3.2 SMOOTHING DISTRIBUTION

We now consider smoothing distributions. In this case, the focus is on the distribution of the entire states’
sequence 01.,,, or a subset of it, given all data y;.,. Theorem 2 shows that also the smoothing density p(6.,, |
¥1:n) belongs to the SUN family. Direct consequences of this result, involving marginal smoothing and marginal
likelihoods are reported in Corollaries 2 and 3.

Before stating the result, let us first introduce the two block-diagonal matrices, D and A, with dimensions
(mn) x (pn) and (mn) x (mn) respectively, and diagonal blocks Dy, = B,Fs € R™*? and A, = B, VB €
R™*™  for every time point s = 1,...,n. Moreover, let £ and € denote the mean and covariance matrix of
the multivariate Gaussian distribution for 6., induced by the state equations. Under (2.2), £ is a pn x 1
column vector obtained by stacking the p-dimensional blocks £ = E(68s) = Giag € R? for every s = 1,...,n,
with G = G, ---G;. Similarly, letting G] = G,--- Gy, also the (pn) x (pn) covariance matrix € has a
block structure with (p x p)-dimensional blocks Q) = var(6;) = GiPoG" + 3], GiW,;_1G;T + W, for

s=1,...,n, and Qg = Q[Tls] = cov(0s,0;) = G}, Q) for s > 1.

Theorem 2. Under model (2.1)-(2.2), the joint smoothing distribution is
(01:n | Y1:n) ~ SUNp i (§1inins Piinins Aiinjns Yimjny Limjn)s (2.12)
with parameters defined as
Einn =& Qi =Q, A, =QwDTs™ 5, =s7'DE, Ty, =s(DODT+A)s™ !,

where s = [(DODT + A) @ L,,,]/2.

Since the SUN is closed under marginalization and linear combinations, it follows from Theorem 2 that the
smoothing distribution for any combination of states is still a SUN. In particular, direct application of the
results in Azzalini and Capitanio (2014, Section 7.1.2) yields the marginal smoothing distribution for any state

0, reported in Corollary 2.

Corollary 2. Under the model in (2.1)—~(2.2), the marginal smoothing distribution at any time t < n is
(01 | Y1:n) ~ SUNp mn(&tjns Qs Atjns Vejn> Tiejn) (2.13)
with parameters defined as
Ein =81 Lt = Qs Apjn = Aimnft)y Yeln = Yinfns Ltjn = Linns

where A1y defines the t-th block of p rows in Ay, Whent =n, (2.13) gives the filtering distribution at n.
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Algorithm 1: Independent and identically distributed sampling from p(61.,, | y1.n)

[1] Sample Uél)l e UE)Rl):n\n independently from a N, (0, Ql:"\n — Ay 111\nA.1r:n|n)'
[2] Sample Ugl)lmln, cee U(1R1);n\n independently from a TN, (0, Lipjns Any, L )-
[3] Compute 0&)’/'", cey Oii)‘n via 05 Z‘n Einfn + wl:n‘n(U(()T)lm‘n + AT i‘nUY)l n|n) forr=1,...,R.

Another important consequence of Theorem 2 is the availability of a closed-form expression for the marginal

likelihood p(y1i.,), which is provided in Corollary 3.

Corollary 3. Under model (2.1)—(2.2), the marginal likelihood is

p(yl:n) = (I)mn(’h:n\n; Fl:n|n)7

with Yi:jn and L., defined as in Theorem 2.

This closed-form result is useful in several contexts, including estimation of unknown system parameters via

marginal likelihood maximization, and full Bayesian inference through MCMC or variational inference methods.

2.4 INFERENCE VIA MONTE CARLO METHODS

As discussed in Sections 2.2 and 2.3, inference without sampling from (2.9), (2.10) or (2.12) is, theoretically,
possible. Indeed, since the SUN densities of the filtering, predictive and smoothing distributions can be obtained
from Theorems 1-2, the main functionals of interest can be computed via closed-form expressions (Arellano-
Valle and Azzalini, 2006; Azzalini and Bacchieri, 2010; Gupta et al., 2013; Azzalini and Capitanio, 2014) or
by relying on numerical integration. However, these strategies require evaluations of multivariate Gaussian
cumulative distribution functions, which tend to be impractical as ¢ grows or when the focus is on complex
functionals.

In such situations, Monte Carlo integration provides an accurate solution to evaluate the generic functionals

Elg(0:) | y1:¢), E[g(6:) | y1.t—1] and E[g(01.,,) | ¥1.n] for the filtering, predictive and smoothing distribution via

R
f\t 1 z : 171\n

uM:a

R
Z )

with HE‘Tt, OtITt) , and 052‘” sampled from p(6; | y1.t), p(0: | y14—1) and p(61.n | Y1), respectively. For
example, if the evaluation of (2.11) is demanding, the observations predictive density can be easily computed
as Y ®,,(BF,0") :B,V,B,)/R.

To be implemented, the above approach requires an efficient strategy to sample from (2.9), (2.10) and

tjt—17

(2.12). Exploiting the SUN properties and recent results in Botev (2017), an algorithm to draw independent
and identically distributed samples from the exact SUN distributions in (2.9), (2.10) and (2.12) is developed
within Section 2.4.1. As illustrated in Section 2.5, such a technique is more accurate than state-of-the-art

methods and can be efficiently implemented in small-to-moderate dimensional time series. In Section 2.4.2 we
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develop, instead, novel sequential Monte Carlo schemes that allow scalable online learning in high dimensional
settings and have optimality properties (Doucet et al., 2000) which shed new light also on existing strategies

(e.g, Andrieu and Doucet, 2002).

2.4.1 INDEPENDENT IDENTICALLY DISTRIBUTED SAMPLING

As discussed in Section 2.1, MCMC and sequential Monte Carlo methods to sample from p(0; | y1.¢), p(0t | y1:t—1)
and p(01., | y1.n) are available. However, the commonly recommended practice, if feasible, is to rely on
independent and identically distributed (i.i.d.) samples. Here, we derive a Monte Carlo algorithm to address
this goal with a main focus on the smoothing distribution, and discuss direct modifications to allow sampling
also in the filtering and predictive case. Indeed, Monte Carlo inference is particularly suitable for batch settings,
although, as discussed later, the proposed routine is practically useful also when the focus is on filtering and
predictive distributions, since i.i.d. samples are simulated rapidly, for each ¢, in small-to-moderate dimensions.

Exploiting the closed-form expression of the smoothing distribution in Theorem 2, and the additive rep-
resentation (2.7) of the SUN, i.i.d. samples for 6., from the smoothing distribution (2.12) can be obtained
via a linear combination between independent samples from (pn)-variate Gaussians and (mn)-variate truncated
normals. Algorithm 1 provides the detailed pseudo-code for this novel strategy, whose outputs are i.i.d. samples
from the joint smoothing density p(€1., | y1.n). Here, the most computationally intensive step is the sampling
from TN, (0, Ty A,hm‘n), which denotes the multivariate Gaussian distribution Ny, (0, 'y, ) truncated to
the region A, | =~ = {u; € R™ :uy +v1:)p > 0}. In fact, although efficient Hamiltonian Monte Carlo solutions
are available (Pakman and Paninski, 2014), these strategies do not provide independent samples. More recently,
an accept-reject method based on minimax tilting has been proposed by Botev (2017) to improve the accep-
tance rate of classical rejection sampling, while avoiding mixing issues of MCMC. This routine is available in the
R library TruncatedNormal and allows efficient sampling from multivariate truncated normals with a dimen-
sion of few hundreds, thereby providing effective Monte Carlo inference via Algorithm 1 in small-to-moderate
dimensional time series where mn is of the order of few hundreds.

Clearly, the availability of an i.i.d. sampling scheme from the smoothing distribution overcomes the need
of MCMC methods and particle smoothers. The first set of strategies usually faces mixing or time-inefficiency
issues, especially in imbalanced binary settings (Johndrow et al., 2019), whereas the second class of routines
tends to be computationally intensive and subject to particles degeneracy (Doucet and Johansen, 2009).

When the focus is on Monte Carlo inference for the marginal smoothing density p(0; | y1.,) at a specific time
t, Algorithm 1 requires minor adaptations relying again on the additive representation of the SUN in (2.13),
under similar arguments considered for the joint smoothing setting. This latter routine can be also used to
sample from the filtering distribution in (2.10) by applying such a scheme with n = ¢ to obtain i.i.d. samples
for 0y, from p(0; | y1.¢). Leveraging realizations from the filtering distribution at time ¢ — 1, i.i.d. samples
for 6;;_1 from the predictive density p(6; | y1.:—1), can be simply obtained via the direct application of (2.2)
which provides samples for ;1 from N,(G:6;_1;;—1, W;). As a result, efficient Monte Carlo inference in

small-to-moderate dimensional dynamic probit models is possible also for filtering and predictive distributions.
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2.4.2 SEQUENTIAL MONTE CARLO SAMPLING

When the dimension of the dynamic probit model (2.1)—(2.2) grows, sampling from multivariate truncated
Gaussians in Algorithm 1 might yield computational bottlenecks (Botev, 2017). This is particularly likely to
occur in series monitored on a fine time grid. Indeed, in several applications, the number of time series m is
typically small, whereas the length of the time window can be large. To address this issue and allow scalable
online filtering and prediction also in large ¢ settings, we first derive in Section 2.4.2 a particle filter which
exploits the SUN results to obtain optimality properties, in the sense of Doucet et al. (2000). Despite covering
a gap in the literature on dynamic probit models, as clarified in Sections 2.4.2 and 2.4.2, such a strategy is
amenable to further improvements since it induces unnecessary autocorrelation in the Gaussian part of the SUN
generative representation. Motivated by this consideration and by the additive structure of the SUN filtering
distribution, we further develop in Section 2.4.2 a partially collapsed sequential Monte Carlo procedure which
recursively samples via lookahead methods (Lin et al., 2013) only the multivariate truncated normal term in the
SUN additive representation, while keeping the Gaussian component exact. As outlined in Section 2.4.2, such a
broad class of partially collapsed lookahead particle filters comprises, as a special case, the Rao—Blackwellized
particle filter developed by Andrieu and Doucet (2002). This provides novel theoretical support to the notable
performance of such a strategy, which was originally motivated, in the context of dynamic probit models, also

by the lack of a closed-form optimal particle filter for the states.

“OPTIMAL” PARTICLE FILTER

The first proposed strategy belongs to the class of sequential importance sampling-resampling (SISR) algorithms
which provide default strategies in particle filtering (e.g., Doucet et al., 2000, 2001; Durbin and Koopman,
2012). For each time ¢, these routines sample R trajectories for ;. from p(0:1. | y1.¢), known as particles,

conditioned on those produced at ¢t — 1, by iterating, in time, between the two steps summarized below.

B(R)

1. Sampling. Let 017: Ut—1> > T1p—1)t—1

be the trajectories of the particles at time ¢ — 1, and denote with

m(0¢ | O1.4—1,y1.t) the proposal. Then, forr=1,... R

[1.a] Sample 6" from (6 | 01 FERTPIRTS SF .+) and set

t|t
5(r) (r) (r)
alzt\t (91 tT1|t 1’0t|tT) :
[1.b] Set w;” = w, (7)), with
5\, g | o)
A(r) ( | 0t|t) (0t|t | etfl\tfl)

wt(01:t|t) x

)

(r)
(Oflt ‘ 91:t—1|t_17y1:t)

and normalize the weights, so that their sum is 1.

O(R) fromz lwt 6,

2. Resampling. For r = 1,..., R, sample updated particles’ trajectories 01 e O

From these particles, functionals of the filtering density p(0; | y1.+) can be computed using the terminal values

0y); of each particles’ trajectory for ;.;,. Note that in point [1.a] we have presented the general formulation of
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Algorithm 2: “Optimal” particle filter to sample from p(0; | y1.t), for t = 1,...,n [AUF version]

for ¢t from 1 to n do
[1] Compute the weights w( M= p(yt | 0;_1 = Bt )1|t ) forr=1,... R, by applying (2.15).

[2] Resample updated particles 6" .7015 i|t , from Zr 1 wlt )5

t— 1\t IR 0",y
for r from 1 to R do
[3] Set £t‘tt =G G_t( 14— and 'Mt)t ,=c¢;'B Ft€t|t +—1- Then, simulate 01§|t) from (2.14), as
follows:
[3 1] Sample Ué 3“ from a N (0 Qtltt 1 — At‘tt 1Ff|t t— 1A2’|t,t—1)'

[3.2] Sample U™ from a TN, (0, Ft‘t)tfl;A’y(,,.)

tlt,t—1

1 t\t

[3.3] Compute 0f|t Sf(rt),t—l + wt\tt—l(U(() e T At 1Ff|t t— 1Ugr1)‘|t)

SISR, where the importance density 7(6; | 61..—1,y1.t) can, in principle, depend on the whole trajectory 67.;—1
(Durbin and Koopman, 2012, Sect. 12.3).

As is clear from the above steps, the performance of SISR relies on the choice of 7(0; | 61.t—1,y1:+). Such a
density should allow tractable sampling along with efficient evaluation of the importance weights, and should
be also carefully specified to propose effective candidate samples. Recalling Doucet et al. (2000), the optimal
proposal is (0 | 01.4—1,y1.t) = p(6; | 0:—1,y+), with importance weights w; o p(y; | 6;—1). Indeed, conditioned
on 0y.;_1);—1 and yi., this choice minimizes the variance of the weights, thus limiting degeneracy issues and
improving mixing. Unfortunately, in several dynamic models, tractable sampling from p(0; | 6;—1,y:) and the
direct evaluation of p(y: | 6:—1) is not possible (Doucet et al., 2000). As outlined in Corollary 4, this is not the
case for dynamic probit models. In particular, by leveraging the proof of Theorem 1 and the closure properties

of the SUN, sampling from p(8; | 60;—1,y:) is straightforward and p(y; | 8;—1) has a simple form.

Corollary 4. For every time t =1,...,n, the optimal importance distribution under model (2.1)—(2.2) is

(0 0i—1,y:) ~ SUNp,nL(€t|t,t—1>ﬂt\t,t—lvAt|t,t—1a7t\t,t—17I‘t|t,t—1)> (2.14)

whereas the importance weights are

P(Yt | 01571) = q’m(’)’t|t,t—1;rt|t,t—1)7 (2-15)

with parameters defined by the recursive equations

_ _ Yo T —1
St\t,tfl =G0, Qt|t,t71 =W,, At\t,tfl = Qt\t,tflwﬂt,tlet Bic; 7,
=c;'B,F r =c;'B,; (F.Q FI+V,)B.c;!
Yeit,i—1 = € BeFi&je -1, tlt,t—1 = C; "By ( S 1 B+ t) tC;

where ¢; = [(FtQt\t,tle;tr + Vi) o Im]l/z'

As clarified in Corollary 4, the weights p(y: | 6;:—1) for the generated trajectories are available analytically
in (2.15) and do not depend on the sampled values of the particle at time ¢. This allows the implementation of

the more efficient auxiliary particle filter (AUF) (Pitt and Shephard, 1999) by simply reversing the order of the
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sampling and resampling steps, thereby obtaining a performance gain (Andrieu and Doucet, 2002). Algorithm 2
illustrates the pseudo-code of the proposed “optimal” auxiliary filter, which exploits the additive representation
of the sUN and Corollary 4. Note that, unlike for Algorithm 1, such a sequential sampling strategy requires to
sample at each step from a truncated normal whose dimension does not depend on ¢, thus facilitating scalable
sequential inference in large ¢ studies. Samples from the predictive distribution can be obtained from those of
the filtering as discussed in Section 2.4.1.

Despite having optimality properties, a close inspection of Algorithm 2 shows that the states’ particles at
t — 1 affect both the Gaussian component, via &;;—1, and the truncated normal term, via 7y ;_1, in the SUN
additive representation of (8; | y1.¢). Although the autocorrelation in the multivariate truncated normal samples
is justified by the computational intractability of this variable in high dimensions, inducing serial dependence
also in the Gaussian terms seems unnecessary, as these quantities are tractable and their dimension does not
depend on ¢; see Theorem 1. This suggests that a strategy which sequentially updates only the truncated normal
term, while maintaining the Gaussian part exact, could further improve the performance of Algorithm 2. This

new particle filter is derived in Section 2.4.2, inheriting also lookahead ideas (Lin et al., 2013).

PARTIALLY COLLAPSED LOOKAHEAD PARTICLE FILTER

As anticipated within Section 2.4.2; the most computationally intensive step to draw i.i.d. samples from the
filtering distribution is sampling from the multivariate truncated normal Uy 1.4y ~ TNpt(0, 145 Ay, ) in
Algorithm 1. Here, we present a class of procedures to sequentially generate these samples, which are then com-
bined with realizations from the exact Gaussian component in the SUN additive representation, thus producing
samples from the filtering distribution. With this goal in mind, define the region A, , = {z € R™(¢t=s+1) .
(2ys:t —1) ©®z > 0} for every s = 1,...,¢, and let V4 be the (mt) x (mt) block-diagonal matrix having blocks
V[ss] = Vg, for s = 1,...,t. Moreover, denote with B,.; and F,.; two block-diagonal matrices of dimension
[m(t—s+41)] x [m(t —s+1)] and [m(t—s+1)] x [p(t —s+1)], respectively, and diagonal blocks B.4;;) = Bst1-1
and Fyyp) = Fspyq1 for [ =1,...,¢t — s + 1. Exploiting this notation and adapting results in Section 2.3.2 to

the case n = t, it follows from standard properties of multivariate truncated normals (Horrace, 2005) that

4

Ui 14t = =Y + S;g‘tBlztzlzﬂta (2.16)

with 21,40 ~ TNpt(F1a€ie, F1uQue L, + Vi Ay, ,) and sy = [(DQy, DT+ A) © I.]'/?, where D
and A are defined as in Section 2.3.2, setting n = ¢t. Note that the multivariate truncated normal distribu-
tion for z;,; actually coincides with the conditional distribution of z.; given yi.; under model (2.3)-(2.5).
Indeed, by marginalizing out 6. in p(z1.; | 014) = Hi:l Odm(2s — FsO5;Vs) = dmi(z1.4 — F1.401.4; V1)
with respect to its multivariate normal distribution derived in the proof of Theorem 2, we have p(z1.) =

St (214 — Fr.€10)6; F1:4 Q0.0 F 1., + V1.4) and, as a direct consequence, we obtain

P(Z1:¢ | Y1) X D(21:6)P(Y1:t | Z1:6) X D(Z1:6) L[(2y1:6 — 1) © 214 > 0],

which is the kernel of a TNy (F1:¢&1.4¢, F1:¢Q1:4¢F 1., + Vis Ay, ) density.
The above analytical derivations clarify that in order to sample recursively from Uj 1., it is sufficient

to apply equation (2.16) to sequential realizations of z14¢ from the joint conditional density p(z1+ | Y1),
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induced by model (2.3)—(2.5), after collapsing out 6y.;. While basic SISR algorithms for p(z1.; | y1.¢), combined
with the exact sampling from the Gaussian component Uy 4, are expected to yield an improved performance
relative to the particle filter developed in Section 2.4.2, here we adapt an even broader class of lookahead
particle filters (Lin et al., 2013) — which includes the basic SISR as a special case. To introduce the general
lookahead idea note that p(z1.¢ | y1.t) = p(Ze—k+1:¢ | Z1:0—k, Y1:6)P(Z1:0—k | ¥1.t), where k is a pre-specified
delay offset. Moreover, as a direct consequence of the dependence structure displayed in Fig. 2.2, we also have
that p(z¢—kt1:¢ | 21—k, Y1:t) = P(Zt—kt1:¢ | Z1:4—k, Yi—k+1:¢) fOr any generic k. Hence, to sequentially generate
realizations of zy.y; from p(z1.¢ | y1.¢), we can first sample zy.;_p; from p(z1.4—r | y1.t) by extending, via SISR,
the trajectory z;_j_1)¢—1 with optimal proposal p(z;_ | Z1:t—x—1 = Z1:4—k—1)t—1,Yi—k:t), and then draw the
last &k terms in zy.¢¢ from p(z;—g41:¢ | Z1:0—k = Z1—k|t> Yi—k+1:¢). Note that when k = 0 this final operation is
not necessary, and the particles’ updating in the first step reduces to basic sISR. Values of k in {1;...;n — 1}
induce, instead, a lookahead structure in which at the current time ¢ the optimal proposal for the delayed
particles leverages information of response data y;_j.; that are not only contemporaneous to z;_g, i.e., y¢_x,
but also future, namely y¢ g11,...,y: In this way, the samples from the sub-trajectory zi.;_; of zy.; at
time ¢ are more compatible with the sampling density p(z;.¢ | y1.+) of interest and hence, when completed with
the last k terms drawn from p(z¢ 414 | Z1:t—k = Zig—k|t, Yi—k+1:t), Produce a sequential sampling scheme
from p(z1.¢ | y1.¢) with improved mixing and reduced degeneracy issues relative to basic SISR. Although the
magnitude of such gains clearly grows with k, as illustrated in Section 2.5, setting & = 1 already provides
empirical evidence of improved performance relative to basic SISR, without major computational costs.

To implement the aforementioned strategy it is first necessary to ensure that the lookahead proposal belongs
to a class of random variables which allow efficient sampling, while having a tractable closed-form expression

for the associated importance weights. Proposition 1 shows that this is the case under model (2.3)—(2.5).

Proposition 1. Under the augmented model in (2.3)—(2.5), the lookahead proposal mentioned above has the
form

P(Zt—k | Zrt—b—1s Yi—ket) = /P(thk;t | Z1t—k—1,Yt—kit)dBe—gt1:t, (2.17)

where p(zs kit | Z1:0—k—1,Yt—k:t) 15 the density of a truncated normal TNy, (k1) (Ce— kit ft—k—1,St—kit)t—k—13Ay, _1.0)
with parameters vy_p.jt—p—1 = B(Z¢—p:t | Z10—k—1) and Sy_pyje—p—1 = var(z¢—g:¢ | 21.4-1—1). The importance
weights wy = w(z1.4—k) are, instead, proportional to

st | Bk oy R
Pyt | Zre—k—1) _ Pm(ern) (e t)7 (2.18)

P(Yimkit—1 | Z1:4—k—1) NS )

where the mean vectors are py = By guTi_pje—r—1 ond iy = By_py 1T _p—1)¢—k—1, whereas the covariance

matrices are defined as 3y = Bt—k:tstfk:t\tfk—lBt—k:t and 3; = Bt—k:t—lStfk:tfl\tfklet—k:t—l-

To complete the procedure for sampling from p(zi.; | y1.¢) we further require p(zi—g+1:¢ | Z1:t—k, Yi—k+1:t)-

As clarified in Proposition 2, also such a quantity is the density of a multivariate truncated normal.

Proposition 2. Under model (2.3)—(2.5), it holds

(Zt7k+1:t \ Z1:t—k,ypk+1:t) ~ TNmk(rt—k+1:t|t—k7St—k+1:t|t—k;Ay¢_k+1:t)a (2019)
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Algorithm 3: Lookahead particle filter to draw from p(0; | y1.¢), for t = 1,...,n [AUF version with
KF steps]

Set k, and initialize aéT()J =ag forr =1,..., R and Py = Py.
for t from 1 to k do
[1] Sample 0“ P 0§| t) from Algorithm 1 [this can be done efficiently in an exact manner since k
| is usually small].
for ¢t from k+ 1 ton do
[2] Define the vectors and matrices that are required to perform steps [3] and [4].
[2.1] Set Py_ppp—p—1 = Gi—kPi_p—1p—k—1G}_;, + Wi [KF] and compute S;_j.¢—x—1 as in Sect. 2.4.2.

[2.2] Set Py_pji—rp = Prpje—k—1 — Poroppp—n—1F]_ S, 1k|t w1 FtkPe_pp—r—1 [KF] .

[2.3] For r =1,..., R, set a'”

ikl—k—1 = Gt—kay )k i—k—1 [KF] and compute rg )kt|t x_1 as in Sect. 2.4.2.

[3] Implement the resampling step under the AUF version.

[3.1] For r =1,..., R, calculate the importance weight w( ") Via (2.18).

(1) =(1) =(R) —(R)
[3.2] Sample (&, 7\, 10Ty i p—1)r 0 (8 hppm 1o T pagp—p—1) from Zr 1wt 5(aﬁ7jk\t7k717r57;)k:t\t7k71).

for r from 1 to R do
(r)

[4] Update the delayed particle Zi )k‘t and sample 0t|t )

[4.1] Sample (Zi?g|t72§?g+1:t|t)T from a TN, (o4 1) (Ce—kst)t—k—1, St—ketft—k—1; Dy, 0 )-

(r) (1) 1 77 =(r)
[4.2] Set a,” klt—k — &_klt—k—1 + P FL S, klt—k— (2 t—k|t _rt—k|t—k—1) [KF].

[4.3] Compute atl(;) and Pt‘(t ") by performing k recursions of the KF updates applied to (2.4)—(2.5) from

t — k+ 1 to t with observations z;_y4+1.4 = Zy(tr—)k+1;t|t and starting moments atik‘t_k and P;_g;—-

[4.4] Sample Hﬂt from the N,(a *r) prlr )).

Ayt

with parameters vy_j1.4ji—) = E(Zs—py1:¢ | Z1:0—k) and Sy_pyr:eje—r = Var(ze—pi1:t | Z1:e—k)-

Note that the expression of the importance weights in equation (2.18) does not depend on z;_, and, hence,
also in this case the resampling step can be performed before sampling from (2.17), thus leading to an AUF
routine. Besides improving efficiency, such a strategy allows to combine the particle generation in (2.17) and the
completion of the last & terms of z;; in (2.19) within a single sampling step from the joint [m(k 4 1)]-variate
truncated normal distribution for (z;—g.¢ | Z1.t—k—1,Yt—k:t) reported in Proposition 1. The first m-dimensional
component of this vector yields the new delayed particle for z,_, from (2.17), whereas the whole sub-trajectory
provides the desired sample from p(z;—.; | Z1.t—k—1, Yt—k:¢) Which is joined to the previously resampled particles
for zy.4__q)¢ to form a realization of z.;; from p(z1. | y1.¢). Once this sample is available, one can obtain
a draw of 6,; from the filtering density p(6; | y1.¢) of interest by exploiting the additive representation of the
SUN and the analogy between Uj 1.4, and z1.; in (2.16). In practice, as clarified in Algorithm 3, the updating
of Uj 1.4, via lookahead recursion on z;,; and the exact sampling from the Gaussian component of the SUN
filtering distribution for 8; can be effectively combined in a single online routine based on Kalman filter steps.

To clarify Algorithm 3, note that p(6; | z1.1) is the filtering density of the Gaussian dynamic linear model
defined in (2.4)—(2.5), for which the Kalman filter can be directly implemented, once the trajectory z.,; has been
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generated from p(zy.; | y1.+) via the lookahead filter. Let a;,_j_1j;—x—1 = E(0r 1 | 214 1-1), Pe—p—1jt—k—1 =
var(@;_g—1|z1:e—k—1) and a;_pji—p—1= E(Os_r|Z1:t—1—1), Py_pjp—r—1 = var(@;_p | z1.4—x—1) be the mean vector
and covariance matrices for the Gaussian filtering and predictive distributions produced by the standard Kalman
filter recursions at time ¢t — k — 1 under model (2.4)—(2.5). Besides being necessary to draw values from the
states’ filtering and predictive distributions, conditioned on the trajectories of z.;; sampled from p(z1.; | y1:¢),
such quantities are also sufficient to update online the lookahead parameters r;_j.;;;—r—1 and S;_j.s—x—1 that
are required to compute the importance weights in Proposition 1, and to sample from the [m(k + 1)]-variate
truncated normal density p(z;—j.t | Z21.t—k—1, Yt—k:t) under the auxiliary filter. In particular, the formulation of
the dynamic model in (2.4)-(2.5) implies that r;_p.st—r—1 = E(Zt—n:t | Z1:0-1-1) = E(Fi—r:00t—pet | Z1:0—1-1),
and, therefore, r;_j.;,_r—1 can be expressed as a function of a;,_;_,_; via the direct application of the law of
the iterated expectations by stacking the m-dimensional vectors Fy_xa; _pj;—r—1, Ft—k+1Gt—k18i—gjt—k—1,-- >
F.G}_, . 3, kjt—k—1, with G} defined as in Section 2.3.2.

A similar reasoning can be applied to write the covariance matrix St kitlt—k—1 = var(zi—j:t | 21.4—k—1) as a
function of P;_y;_r_1. In particular letting [ = —1, the m x m diagonal blocks of S;_j.;;—r—1 can obtained

sequentially after noticing that

— — T
St—ketft—k—1[) = Var(Ze—k+i_ | Zre—k—1) = Fooppi_ Proppi -1 Fi_jpy + Vi,

for every I =1,...,k+1, where the states’ covariance matrix P;_j; |;—r—1 at time ¢t —k +[_ can be expressed
as a function of P;_j;_,_; via the recursive equations Py_j 1 ;1 = Gt,k+17Pt_k+l__1|t_k_1GtT_k+l_ +
Wi _pyi_, for every I = 2,... k4 1. Moreover, letting [_ =1 —1 and s_ = s — 1, also the off-diagonal blocks

can be obtained in a related manner, after noticing that the generic block of S;_j.4;—x—1 is defined as

QT —
St—k:tlt—k—l[sl] = St_k;t“_k_l[ls] =cov(Fipys O prs_ Foopnp1 O pyi_ | Z1:0—k—1)

_ t—k+s_ T
=Fib+s Gy Poorpip—rFi_ s

for every s =2,...,k+1land [ =1,...,s — 1, where the matrix P;,_;; ;_r—1 can be expressed as a function
of P;_jji—r—1 via the recursive equations reported above.

According to these results, the partially collapsed lookahead particle filter for sampling recursively from p(6; |
y1:t) simply requires to store and update, for each particle trajectory, the sufficient statistics a;_y);—x—1 and
P;_jt—x—1 via Kalman filter recursions applied to the model (2.4)-(2.5), with every z; replaced by the particles
generated under the lookahead routine. As previously discussed, also this updating requires only the moments
a;_pjt—k—1 and Py_p;_p_1 computed recursively as a function of the delayed particles’ trajectories. This yields
to a computational complexity per iteration that is constant with time, as it does not require to compute
quantities whose dimension grows with ¢. In addition, as discussed in Remark 1, such a dual interpretation
combined with our SUN closed-form results, provides novel theoretical support to the Rao—Blackwellized particle

filter introduced by Andrieu and Doucet (2002).

Remark 1. The Rao—Blackwellized particle filter by Andrieu and Doucet (2002) for p(60; | y1.t) can be directly

obtained as a special case of Algorithm 3, setting k& = 0.

Consistent with Remark 1, the Rao-Blackwellized idea (Andrieu and Doucet, 2002) actually coincides with



2.5. ILLUSTRATION ON FINANCIAL TIME SERIES 20

a partially collapsed filter which only updates, without lookahead strategies, the truncated normal component
in the SUN additive representation of the states’ filtering distribution, while maintaining the Gaussian term
exact. Hence, although this method was originally motivated, in the context of dynamic probit models, also
by the apparent lack of an “optimal” closed-form SISR for the states’ filtering distribution, our results actually
show that such a strategy is expected to yield improved performance relative to the “optimal” particle filter for
sampling directly from p(0; | y1.¢). In fact, unlike this filter, which is actually available according to Section
2.4.2, the Rao—Blackwellized idea avoids the unnecessary autocorrelation in the Gaussian component of the SUN
representation, and relies on an optimal particle filter for the multivariate truncated normal part. In addition,
Remark 1 and the derivation of the whole class of partially collapsed lookahead filters suggest that setting k& > 0
is expected to yield further gains relative to the Rao—Blackwellized particle filter; see Section 2.5 for quantitative

evidence supporting these results.

2.5 ILLUSTRATION ON FINANCIAL TIME SERIES

Recalling Sections 2.1-2.4, our core contribution in this thesis is not on developing innovative dynamic models
for binary data with improved ability in recovering some ground-truth generative process, but on providing
novel closed-form expressions for the filtering, predictive and smoothing distributions under a broad class of
routine-use dynamic probit models, along with new Monte Carlo and sequential Monte Carlo strategies for
accurate learning of such distributions and the associated functionals in practical applications.

Consistent with the above discussion, we illustrate the practical utility of the closed-form results for the
filtering, predictive and smoothing distributions derived in Section 2.3 directly on a realistic real-world dataset,
and assess the performance gains of the Monte Carlo strategies developed in Section 2.4. The focus will be on
the accuracy in recovering the whole exact SUN distributions of interest, and not just pre-selected functionals. In
fact, accurate learning of the entire exact distribution is more challenging and implies, as a direct consequence,
accuracy in approximating the associated exact functionals. These assessments are illustrated with a focus on
a realistic financial application considering a dynamic probit regression for the daily opening directions of the
French cAc40 stock market index from January 4th, 2018 to March 29th, 2019. In this study, the variable
y; is defined on a binary scale, with y; = 1 if the opening value of the CAC40 on day t is greater than the
corresponding closing value in the previous day, and y; = 0 otherwise. Financial applications of this type have
been a source of particular interest in past and recent years (e.g., Kim and Han, 2000; Kara et al., 2011; Atkins
et al., 2018), with common approaches combining a wide variety of technical indicators and news information to
forecast stock markets directions via complex machine learning methods. Here, we show how a similar predictive
performance can be obtained via a simple and interpretable dynamic probit regression for y;, which combines
past information on the opening directions of cAC40 with those of the NIKKEI225, regarded as binary covariates
x; with dynamic coefficients. Since the Japanese market opens before the French one, z; is available prior to y;
and, hence, provides a valid predictor for each day t.

Recalling the above discussion and leveraging the default model specifications in these settings (e.g., Soyer
and Sung, 2013), we rely on a dynamic probit regression for y; with two independent random walk processes

for the coefficients 8, = (014,02)T. Letting Fy = (1,2;) and pr(y; = 1| 8;) = ®(014 + Oarx¢; 1), such a model
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Figure 2.3: Pointwise median and interquartile range for the smoothing distributions of 61; and 65; in model
(2.20), for the time window from January 4th, 2018 to May 31st, 2018. The quartiles are computed from 10°
samples produced by Algorithm 1.

can be expressed as in equations (2.1)—(2.2) via

p(yi | 0:) = ®[(2y: — 1)F0;; 1],

id (2.20)
0, =0,_1+¢;, & L}\.J'NQ(O,W), t=1,...n,

where 6y ~ Na(ag,Ppy), whereas W is a time-invariant diagonal matrix. In (2.20), the element 61; of 6,
measures the trend in the directions of the CAC40 when the NIKKEI225 has a negative opening on day ¢, whereas
02; characterizes the shift in such a trend if the opening of the NIKKEI225 index is positive, thereby providing
an interpretable probit model with dynamic coefficients.

To evaluate performance in smoothing, filtering and prediction, we split the time window in two parts. Ob-
servations from January 4th, 2018 to May 31st, 2018 are used as batch data to study the smoothing distribution
and to compare the particle filters developed in Section 2.4.2 with other relevant competitors. In the subsequent
time window, spanning from June 1st, 2018 to March 29th, 2019, the focus is instead on illustrating performance
in online filtering and prediction for streaming data via the lookahead routine derived in Section 2.4.2 — which
yields the highest approximation accuracy among the online filters evaluated in the first time window.

Figure 2.3 shows the pointwise median and interquartile range of the smoothing distribution for 61, and 6y,
t=1,...,97, based on R = 10° samples from Algorithm 1. To implement this routine, we set ag = (0,0)T
and Py = diag(3,3) following the guidelines in Gelman et al. (2008) and Chopin and Ridgway (2017) for
probit regression. The errors’ variances in the diagonal matrix W are instead set equal to 0.01 as suggested
by a graphical search of the maximum for the marginal likelihood computed under different combinations of
(W11, Waq) via the analytical formula in Corollary 3.

As shown in Fig. 2.3, the dynamic states #;; and 65; tend to concentrate around negative and positive
values, respectively, for the entire smoothing window, thus highlighting a general concordance between CAC40
and NIKKEI225 opening patterns. However, the strength of this association varies in time, supporting our
proposed dynamic probit over static specifications. For example, it is possible to observe a decay in #;; and
02; on April-May, 2018 which reduces the association among cAC40 and NIKKEI225, while inducing a general

negative trend for the opening directions of the French market. This could be due to the overall instability in
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the Eurozone on April-May, 2018 caused by the uncertainty after the Italian and British elections during those
months.

To clarify the computational improvements of the methods developed in Sections 2.4.1 and 2.4.2, we also
compare, in Fig. 2.4 and in Table 2.1, their performance against the competing strategies mentioned in Section
2.1. Here, the focus is on the accuracy and computational cost in approximating the exact filtering distribution
at time t = 1,...,97, thereby allowing the implementation of the filters discussed in Sect. 2.1. The competing
methods include the extended Kalman filter (Uhlmann, 1992) (EKF), the bootstrap particle filter (Gordon et al.,
1993) (BoOT), and the Rao—Blackwellized (RAO-B) sequential Monte Carlo strategy by Andrieu and Doucet
(2002), which has been discussed in Section 2.4.2 and exploits the hierarchical representation (2.3)—(2.5) of model
(2.1)—(2.2). Although being a popular solution in routine implementations, the extended Kalman filter relies on
a quadratic approximation of the probit log-likelihood which leads to Gaussian filtering distributions, thereby
affecting the quality of online learning when imbalances in the data induce skewness. The bootstrap particle
filter (Gordon et al., 1993) provides, instead, a general SISR that relies on the importance density p(0; | 6;—1),
thus failing to account effectively for information in y;, when proposing particles. Rao—Blackwellized sequential
Monte Carlo (Andrieu and Doucet, 2002) aims at providing an alternative particle filter, which also addresses
the apparent unavailability of an analytic form for the “optimal” particle filter (Doucet et al., 2000). The
authors overcome this issue by proposing a sequential Monte Carlo strategy for the Rao—Blackwellized density
p(z1+ | y1.+) of the partially observed Gaussian responses zi.; in model (2.3)—(2.5) and compute, for each
trajectory ., relevant moments of (6; | zy.4;) via classical Kalman filter updates — applied to model (2.4)-
(2.5) — which are then averaged across the particles to obtain Monte Carlo estimates for the moments of
(0: | y1.¢). As specified in Remark 1, this solution, when adapted to draw samples from p(0; | y1.¢), is a special
case of the sequential strategy in Section 2.4.2, with no lookahead, i.e., k = 0.

Although the above methods yield state-of-the-art solutions, the proposed strategies are motivated by the
apparent absence of a closed-form filter for (2.1)—(2.2), that is, in fact, available according to our findings in
Section 2.3. Consistent with this argument, we evaluate the accuracy of EFK, BOOT and RAO-B in approximating
the exact filtering distribution obtained, for each ¢t = 1,...,97, via direct evaluation of the density from (2.10).
These performances are also compared with those of the new methods proposed in Section 2.4. These include
the filtering version of the i.i.d. sampler (I1.1.D.) in Section 2.4.1, along with the “optimal” particle filter (OPT)
presented in Section 2.4.2, and the lookahead sequential Monte Carlo routine derived in Section 2.4.2, setting
k=1 (La-1).

For the two dynamic state variables 61; and 6, the accuracy of each sampling scheme is measured via
the Wasserstein distance (e.g., Villani, 2008) between the empirical filtering distribution computed, for every
time ¢t = 1,...,97, from R = 102, R = 10* and R = 10° particles produced by that specific scheme and the
one obtained via the direct evaluation of the associated exact density from (2.10) on two grids of 2000 equally
spaced values for 61; and 6. For the sake of clarity, with a little abuse of terminology, the term particle refers
both to the samples of the sequential Monte Carlo methods and to those obtained under i.i.d. sampling from
the SUN. The Wasserstein distance is computed via the R function wassersteinid. Note also that, although
EKF and RAO-B focus, mostly, on moments of (6; | y1.t), such strategies can be adapted to sample from an
approximation of the filtering distribution. Figure 2.4 displays, for the two states and for varying number of

particles, the frequencies of the global rankings of the different schemes, out of the 97 time instants. Such
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Figure 2.4: For the states 61; and 6o, barplots representing the relative frequencies of global rankings for the
six sampling schemes, in terms of accuracy in approximating the exact SUN filtering distributions over the time
window analyzed. For each scheme and time ¢t = 1,...,97, the accuracy is measured via the median Wasserstein
distance (over 100 replicated experiments) between the empirical filtering distribution computed from 102, 10%
and 10° particles, respectively, and the one obtained by direct evaluation of the associated exact density from
(2.10) on two grids of 2000 equally spaced values for 61; and 03;. This allows to compute, for every t = 1,...,97,
the ranking of each sampling scheme in terms of accuracy in approximating the exact filtering density at time
t, and to derive the associated barplot summarizing the distribution of the rankings over the whole window.

rankings are computed according to the median Wasserstein distance obtained, for each t = 1,...,97, from 100
replicated experiments. The overall averages across time of these median Wasserstein distances are reported
in Table 2.1, along with computational costs for obtaining R samples from the filtering at time ¢ under each
scheme; see Appendix A.2 for detailed derivations of such costs.

Figure 2.4 and Table 2.1 confirm that the 1.1.D. sampler in Section 2.4.1 over-performs the competitors in
accuracy, since the averaged median Wasserstein distances from the exact filtering distribution are lower than
those of the other schemes under all settings, and the ranking of the 1.1.D. is 1 in almost all the 97 times. This
improved performance comes, however, with a higher computational complexity, especially in the sampling from
(mt)-variate truncated normals in the SUN additive representation, which yields a cost depending on C'(mt), i.e.,
the average number of proposed draws required to accept one sample. While the improved accuracy of 1.I.D.
justifies such a cost in small-to-moderate dimensions, as ¢ increases the I.1.D. becomes progressively impractical,
thus motivating scalable particle filters with linear cost in ¢, such as BOOT, RAO-B, OPT and LA-1. In our basic
R implementation, we found that the proposed I1.I.D. sampler has reasonable runtimes (of a couple of minutes)
also for larger series with mt ~ 300. However, in much higher dimensions the particle filters become orders of
magnitude faster and still practically effective.

As expected, the OPT filter in Section 2.4.2 tends to improve the performance of BOOT, since this strategy
is optimal within the class where BOOT is defined. However, as discussed in Sections 2.4.2 and 2.4.2, both
methods induce unnecessary autocorrelation in the Gaussian part of the SUN filtering distribution, thus yielding
suboptimal solutions relative to particle filters that perform sequential Monte Carlo only on the multivariate
truncated normal component. The accuracy gains of RAO-B and LA-1 relative to BOOT and OPT in Fig. 2.4
and Table 2.1 provide empirical evidence in support of this argument, while displaying additional improvements
of the lookahead strategy derived in Section 2.4.2 over RAO-B, even when k is set just to 1, i.e., LA-1. As
shown in Table 2.1, the complexities of LA-1 and RAO-B are of the same order, except for sampling from

bivariate truncated normals under LA-1 instead of univariate ones as in RAO-B. This holds for any fixed k,



2.5. ILLUSTRATION ON FINANCIAL TIME SERIES 24

ACCURACY

01¢ [R =103 0y [R =107 01 [R =10% 0y [R =10 01 [R =10 0y [R=10°]
LLD. 0.01917 [1]  0.02362 [1] 0.00606 [1] 0.00748 [1] 0.00199 [1] 0.00245 [1]
La-1 0.02558 [2]  0.03588 [2] 0.00838 [2] 0.01133 [2] 0.00273 [2] 0.00379 [2]
RAO-B 0.02700 [3]  0.03700 [3] 0.00885 [3] 0.01201 [3] 0.00278 [3] 0.00383 [3]
oPT 0.06642 [5]  0.09063 [4] 0.02196 [4] 0.03077 [4] 0.00687 [4] 0.00958 [4]
BOOT 0.07237 [6]  0.10021 [5] 0.02325 [5] 0.03225 [5] 0.00728 [5] 0.00992 [5]
EKF 0.06108 [4]  0.10036 [6] 0.05853 [6] 0.09824 [6] 0.05829 [6] 0.09802 [6]

COMPUTATIONAL COST

L.I.D. O(tp? + t3m? + R[p? + t*m?C(mt)])
LA-1 O(t(p* +m?3) + tR[p* + pm + m*C(2m)] + tM[m? + Rm])
RAO-B O(t(p® +m3) + tR[p? + pm + m*C(m)] + tM[m? + Rm))
oPT @(t(p3 + m?3) +tR[p* + pm + m2C(m)] + tM[m? + Rm)])
BOOT O(t(p® + m3) + tR(p? + pm) + tM[m? + Rm))
EKF O(tp? +m + Mm?))

Table 2.1: For the states 61; and 6y, averaged accuracy in approximating the exact SUN filtering distribution at
t=1,...,97, and computational cost for obtaining a sample of dimension R from such a filtering distribution at
time ¢. For each scheme, the accuracy is measured via the Wasserstein distance between the empirical filtering
distribution computed from 10%,10* and 10° particles, respectively, and the one obtained via direct evaluation
of the associated exact SUN density from (2.10) on two grids of 2000 equally spaced values for 6y, and 05;. For
each t, we first compute the median Wasserstein distance from 100 replicated experiments, and then average
such quantities across time. Numbers in square brackets denote the ranking in each column. The costs are
derived for the case in which the importance weights are evaluated via Monte Carlo based on M samples. For
the EKF, we provide the cost of the KF recursions, when the probit likelihood is evaluated via M Monte Carlo
samples.

with the additional sampling cost being C(m[k + 1]). However, consistent with the results in Fig. 2.4 and
Table 2.1 it suffices to set k quite small to already obtain some accuracy gains, thus making such increments
in computational cost affordable in practice. The EKF is, overall, the less accurate solution since, unlike the
other methods, it relies on a Gaussian approximation of the SUN filtering distribution. This is only beneficial
relative to BOOT and OPT when the number of particles is small, due to the reduced mixing of such strategies
induced by the autocorrelation in the Gaussian component of the SUN additive representation. All these results
remained consistent also when comparing other quantiles of the Wasserstein distance across experiments and
when studying the accuracy in approximating pre-selected functionals of interest.

Motivated by the accurate performance of the novel lookahead strategy in Section 2.4.2, we apply LA-
1 to provide scalable online filtering and prediction for model (2.20) from June 1st, 2018 to March 29th,
2019. Following the idea of sequential inference, the particles are initialized exploiting the marginal smoothing
distribution of May 31, 2018 from the batch analysis. Figure 2.5 outlines median and interquartile range for
the filtering and predictive distribution of the probability that cAc40 has a positive opening in each day of the
window considered for online inference. These two distributions can be easily obtained by applying the function
D (014440245 1) to the particles of the states filtering and predictive distribution. In line with Fig. 2.3, a positive
opening of the NIKKEI225 provides, in general, a high estimate for the probability that y; = 1, whereas a negative
opening tends to favor the event y; = 0. However, the strength of this result evolves over time with some periods
showing less evident shifts in the probabilities process when x; changes from 1 to 0. One-step-ahead prediction,

leveraging the samples of the predictive distribution for the probability process, led to a correct classification
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Figure 2.5: Median and interquartile range of the filtering and predictive distributions for ®(01; + x¢02+;1)
computed from 10° particles produced by the lookahead particle filter in Algorithm 3 for the second time
window. Black and grey segments denote days in which z; = 1 and x; = 0, respectively.

rate of 66.34% which is comparable to those obtained under more complex procedures combining a wide variety
of inputs to predict stock markets directions via state-of-the-art machine learning methods (e.g., Kim and Han,

2000; Kara et al., 2011; Atkins et al., 2018).

2.6 DISCUSSION

This chapter shows that filtering, predictive and smoothing densities in multivariate dynamic probit models
have a SUN kernel and the associated parameters can be computed via tractable expressions. As discussed in
Sections 2.3-2.5, this result provides advances in online inference and facilitates the implementation of tractable
methods to draw i.i.d. samples from the exact filtering, predictive and smoothing distributions, thereby allowing
improved Monte Carlo inference in small-to-moderate settings. Filtering in higher dimensions can be, instead,
implemented via scalable sequential Monte Carlo which exploits SUN properties to provide novel particle filters.

Such advances motivate future research. For example, a relevant direction is to extend the results in Section
2.3 to dynamic tobit, binomial and multinomial probit models, for which closed-form filters are unavailable. In
the multinomial setting a viable solution is to exploit the results in Fasano and Durante (2020) for the static
case. Joint filtering and prediction of continuous and binary time series is also of interest (Liu et al., 2009). A
natural state-space model for these data can be obtained by allowing only the sub-vector of Gaussian variables
associated with the binary data to be partially observed in (2.3)—(2.5). However, also in this case, closed-form
filters are unavailable. By combining our results in Section 2.3 with classical Kalman filter, this gap may now
be covered.

As mentioned in Sections 2.1 and 2.3.2, estimation of possible unknown parameters characterizing the state-
space model in (2.1)—(2.2) is another relevant problem, that can be addressed by maximizing the marginal
likelihood derived in Section 2.3.2. This quantity can be explicitly evaluated as in Corollary 3 for any small-
to-moderate n. A more scalable option in large n settings is to rely on equations (62) and (66) in Doucet
et al. (2000) which allow to evaluate the marginal likelihood leveraging samples from particle filters. In this
respect, the improved lookahead filter developed in Section 2.4.2 is expected to yield accuracy gains also in

parameter estimation, when used as a scalable strategy to evaluate marginal likelihoods. This routine can be
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also adapted to sample from the joint smoothing distribution via a backward recursion. However, unlike the
i.i.d. sampler in Algorithm 1, this approach yields an additional computational cost which is quadratic in the
total number of particles R (e.g., Doucet et al., 2000). Since R is much higher than n in most applications, the
i.i.d. sampler developed in Algorithm 1 is preferable over particle smoothers in routine studies having small-
to-moderate dimension, since it also yields improved accuracy by avoiding sequential Monte Carlo. Finally,
additional quantitative studies beyond those in Section 2.5 can be useful for obtaining further insights on
the performance of our proposed algorithms relative to state-of-the-art strategies, including recent ensemble

sampling (Deligiannidis et al., 2020).
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APPENDIX A

A.1. PROOFS OF THE MAIN RESULTS

Proof of Lemma 1. To prove Lemma 1, note that, by applying the Bayes’ rule, we obtain

p(01 | y1) o< p(61)p(y1 | 61),

where p(61) = ¢,(01 — Grag; G1PoG] + W) and p(y; | 61) = ©,,(B1F160,;B;V1B;). The expression for
p(01) can be easily obtained by noting that 8; = G160y +¢&7 in (2.2), with 8y ~ N, (ag, Pg) and &1 ~ N,(0, W1).
The form for the probability mass function of (y; | 81) is instead a direct consequence of equation (2.1). Hence,
combining these expressions and recalling (2.6), it is clear that p(€; | y1) is proportional to the density of a
SUN with suitably—specified parameters, such that the kernel of (2.6) coincides with ¢,(0; — Grag; G1PoG] +
W;)®,,(B1F10,;B,V;B;). In particular, letting

&ip =Giag, Q1 =GiPoGl + Wy, Ay =QwFIBisi,
i1 =s7'BiF1&y1,  Typ =s7'By(F1Q,F] + Vi)Bysi ',

we have that

Y11+ AIHQHWH(% — &) =87 ' BiF &)1 +57 ' BiF1(6; — &)1) = s7 'B1F164,

T —A] QA = s B1(F192,F]+V1)B; — Bi(F1Q,,F])By]s; ' =s7 "B,V Bs; .

with sfl as in Lemma 1. Note that this term is introduced to make I'y|; a correlation matrix, as required in
the SUN parametrization (Arellano-Valle and Azzalini, 2006). Recalling Durante (2019), and substituting these

quantities in the kernel of the SUN density (2.6), we have

¢p(01 — Grag; G1PoG] + W1) - ®,,(s7'B1F10;;s; 'B1V Bys; ')
= ¢p(01—Gra9; G1P(G]+W;)?,,(B,F16:;B;VB;)
=p(01)p(y1 | 01) x p(0: | y1),

thus proving Lemma 1. To prove that Q*{Il is a correlation matrix, replace the indentity I, with B;V1B; in

the proof of Theorem 1 by Durante (2019). O
Proof of Theorem 1. Recalling equation (2.2), the proof for p(6; | y1..—1) in (2.9) requires studying the

variable G40;_1 + &;, given y1.;_1, where

(@1 | y1:e-1) ~ SUNp,m(tfl)(gtfl\tflaQtfl\tflaAt71|t7177t71\t71aFt71|t71)a

and &, ~ N,(0, W), with &, L y1.4—1. To address this goal, first note that, by the closure properties of the SUN
under linear transformations (Azzalini and Capitanio, 2014, Section 7.1.2), we have that (G0;—1 | y1:4—1) is

still a SUN with parameters G;&; 111, GtQ—11t-1G], [(G¢Qy—1:-1G]) @Ipr%Gtwt—l\t—lAt—ut—l, Yi—1]t—1
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and I'y_;;_1. Hence, to conclude the proof of equation (2.9), we only need to obtain the distribution of
the sum among this variable and the noise €; ~ N,(0,W¢). This can be accomplished by considering the
moment generating function of such a sum — as done by Azzalini and Capitanio (2014, Section 7.1.2) to prove
closure under convolution. Indeed, it is straightforward to note that the product of the moment generating
functions for e; and (G¢60;—1 | y1.t—1) leads to the moment generating function of a SUN having parameters
§t|t—1 = tht—l\t—h Qt|t—1 = Gtﬂt—ut—thT + Wy, At\t—l = wﬁtl,lGtwt—1|t—1At—1|t—17 Yt|t—1 = Vt—1|t—1 and
Tyji—1 = Ti_14—1. To prove (2.10) note that

p(et \ Y1:t) o8 ‘I)m(BtFtet; BtVtBt)p(at \ Y1:t—1)

coincides with the posterior density in the probit model having likelihood ®,,,(B:F:0;; B;V;B;), and SUN prior
p(0: | y1:t—1) from (2.9). Hence, (2.10) can be derived from Corollary 4 in Durante (2019), replacing matrix L,
in the classical probit likelihood with B, V;B;. [

Proof of Corollary 1. To prove Corollary 1, re-write [ ®,,(B;F;0;;B,V,B,)p(6; | y1..—1)d6, as

f@m(BtFt9t§BtvtBt)K(9t | y1:t71)d0t
Qpe—1) (Yepe—1; Tje—1)

)

with K(0¢|y1.t—1) = p(0¢]y1:t—1)Prn(e—1) (Veje—1:T¢j1—1) denoting the kernel of the predictive density from (2.9).
Consistent with this result, Corollary 1 follows by noting that ®,,(BF:0;;B;V,;B;)K(6; | y1..—1) is the kernel
of the filtering density from (2.10), whose normalizing constant [ ®,,(B:F:0;;B;V,B;)K(0; | y1..—1)d6; is
equal to @y (yees Typ). O

Proof of Theorem 2. First notice that p(€1., | Y1.n) X p(01..)0(¥Y1.n | 01.n). Therefore, p(01., | y1.n)
can be seen as the posterior density in the Bayesian model with likelihood p(y1., | 01.,) and prior p(6;.,) for
the vector 1., = (6],...,07)T. As pointed out in Section 2.3.2, it follows from (2.2) that 6., ~ Ny, (&, €2),
with & and © defined in Section 2.3.2. The form of p(yi., | 61.n) can be obtained from (2.1), by noticing
that y1,...,y, are conditionally independent given 6., thus providing the joint likelihood p(yi1.n | 01.n) =
szl D,,(B;F.0,;B,V;B;). This quantity can be re-written as ®,,,(D601.,;A) with D and A as in Section
2.3.2. Combining these results and recalling the proof of Lemma 1, if follows that p(61., | ¥1:n) < ¢pn(01:n —
£0)0,,,(D0Oy.,; A), which coincides with the kernel of the SUN in Theorem 2. [

Proof of Corollary 3. The expression for the marginal likelihood follows by noting that p(yi.,) is the nor-
malizing constant of the smoothing density. Indeed, p(y1.,) = fp(ylm|01m)p(01m)d01m. Hence, the integrand
coincides with the kernel of the smoothing density, so that the whole integral is equal to ®.un (Yiinjn; Tiinjn)-

O

Proof of Corollary 4. The proof of Corollary 4 is similar to that of Lemma 1. Indeed, the proposal
p(0; | 0:—1,y+) is proportional to the product between the likelihood p(y; | 6;) = ©,,(B.F.0;; B;V;B;) and the
prior p(6; | 0;—1) = ¢p(0; — G;0:_1; W,). To derive the importance weights in (2.15), it suffices to notice that

the marginal likelihood p(y: | 6;—1) coincides with the normalizing constant of the SUN in (2.14). O

Proof of Proposition 1. To derive the form of the proposal, first notice that p(z;—g.¢ | Z1.t—k—1,Yi—k:t) X
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P(Zt—kt | Z1t—k—1)P(Yt—k:t | Z1.4). Recalling model (2.3)—(2.5) and Section 2.4.2, we have that (z;—g.; |
Z1:t—k-1) ~ Nonea1) (Ce—pat)t—k—15St—putpt—r—1) and p(yi—r:t21:4) = L(ze—ne € Ay, ). Hence, p(z¢ p:y |
Z1:t—k—1)P(Yt—k:t | Z1:+) is the kernel of the [m(k + 1)]-variate truncated normal in Proposition 1. The form
of the weights in (2.18) follows from their general expression (e.g., Andrieu and Doucet, 2002, Section 2.2.1),
combined with the sequential formulation of the model. Note also that, when written as a function of zs from
the proposal, p(ys | zs) = 1, for any s = 1,...,t — k. Therefore, with the convention that p(z, | zg) = p(z1),

the weights are proportional to

p(Z1:t—k | Y1:t) x p(Yl:t | Zl:t—k)p(zlzt—k)/p(zlzt—k—1)
P(Zufkq | Y1:t71)P(Zt7k | zl:tfkfI;thk:t) P(Y1:t—1 | Z1:t7k71)p(zt7k | Z1:t7k—1,}’t—k:t)
P(yit | Z1a—k)P(Ze—k | Z1:0—k—1) _ Pyt | Z1a—k)D(Yi—ket | Z1:0——1)

p()’1:t—1 | Zl:t—k—l)p(zt—k | Zl:t—k—lv}’t—k:t) p(Y1:t—1 | Zl:t—k—l)p(}’t—k:t | Zl:t—k)
_ p(thk:t | Z1:t7k71) _ p(thk:t | Z1:t7k71)

p(y1:t—1 | Z1:f,—k—1) p(}’t—k:t—l | zl:t—k—l)?

where the last equality follows from the fact that p(y1.: | Z1.4—x) = P(¥i—k:t | Z1:t—x). To obtain the final form
of equation (2.18) if suffices to notice that p(y;—r:¢ | Z1:t—x—1) = Pr(Be—42z > 0) = Ppyoy1)(1e; B¢), where
iNNm(k:+1)(rtfk:t|t7k717St7k:t\t7k71)a with Ui kt|t—k—15 Stfk:t\tfkfla and B;_j.; defined as in Section 2.4.2. A

similar argument holds for the denominator of (2.18). O

A.2 DERIVATION OF COMPUTATIONAL COSTS

In this section we derive the computational costs of the algorithms discussed in Sections 2.4 and 2.5. Let us
first consider Algorithm 1 with an initial focus on the smoothing distribution. For this routine, the matrix
computations to obtain the parameters of interest require ©(n®[p? + m3]) operations. Regarding the sampling
cost to obtain R draws, step [1] requires O(p3n®+ Rp?n?) operations since we have to first compute the Cholesky

AT

lin|n

decomposition of Ql:n‘n — AlmmI‘_1 in O(p*n?), and then multiply each independent sample for the

Lin|n
resulting lower triangular matrix, at‘ O(Rp?n?) total cost. Step [2] requires, instead, to obtain a minimax
exponentially-tilted estimate at O(m3n3) cost (Botev, 2017) and then perform ©(n?m?C(mn)) operations
for each independent sample, where C(d) denotes the average number of proposed draws required per accepted
sample in Botev (2017), when the dimension of the truncated normal is d. Hence, the overall cost of Algorithm 1
is O(n3(p® +m?) + Rn?[p? + m?C(mn)]). If the interest is in the filtering distribution, which coincides with
the marginal smoothing at n = ¢, it is sufficient to sample Uy ,,,, instead of Uy 1.5, Hence, the overall cost
for R samples reduces to O(tp? + t3m? + R[p? + t*m?C(mt))).

We now consider the computational costs of the particle filters considered in Section 2.4 and 2.5. For each t,
the cost is due to computation of parameters, sampling and evaluation of the importance weights. Starting with
the “optimal” particle filter in Section 2.4.2, the matrix operations for computing the quantities in steps [3.1]-
[3.3] of Algorithm 2 have an overall cost for the R samples of O (m3+pm?+p?m+Rpm+ Rp?). The sampling costs
are, instead, O(p>+ Rp?) and O(m?>+ Rm?C(m)) for the Gaussian and truncated normal terms, respectively. To
conclude the derivation of the computational costs, it is necessary to derive those associated with the evaluation
of the importance weights. For all the particle filters analyzed, such weights are obtained by evaluating in R

different points the cumulative distribution function of a zero mean multivariate normal with fixed covariance
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matrix. To facilitate comparison, we assume that this evaluation relies on a Monte Carlo estimate based on M
samples in all the particle filters. For the “optimal” particle filter, this step requires ©(m? + Mm?) operations
to obtain the samples, plus O(M Rm) for computing the Monte Carlo estimate. Combining these results, the
overall cost for the “optimal” particle filter at time ¢ is O(t(p® + m?3) +tR[p* + pm +m?2C(m)] +tM[m? + Rm)]).

Let us now derive the cost of the Rao—Blackwellized algorithm by Andrieu and Doucet (2002). In this case,
adapting the notation of the original paper to the one of Section 2.4.2, it can be noticed that one KF step
requires O(p® + Rp? + Rpm + m?) operations for the computation of Pyi—1,a40—1,Stji—1,Teji—1, Py and ay,
at any t. As for the sampling part, it first requires R draws from an m-variate truncated normal. Exploiting the
same arguments considered for the previous algorithms, this step has an ©(m?+ Rm?2C(m)) cost. The sampling
from the final Gaussian filtering distribution p(6; | z1.¢ = 21.4) of direct interest requires instead O(p*® + Rp?)
operations. Leveraging again the derivations for the previous algorithms, the computation of the importance
weights has cost O(m3 + Mm? + RMm). Therefore, the overall cost of the sequential filtering procedure at
time ¢ is O(¢t(p® + m?3) + tR[p? + pm + m2C(m)] + tM[m? + Rm]).

The above derivations for the Rao—Blackwellized algorithm directly extend to the partially collapsed looka-
head particle filter shown in Algorithm 3. In fact, while at each ¢ the Rao—Blackwellized solution requires one KF
recursion combined with sampling from m-variate truncated normals and evaluation of cumulative distribution
functions of m-variate Gaussians, the lookahead routine relies on samples from [m(k+1)]-variate truncated nor-
mals along with k+1 KF steps, and computation of cumulative distribution functions for [m(k+1)]-dimensional
Gaussians. Hence, adapting the cost of the Rao—Blackwellized algorithm to this broader setting, we have that
the overall cost of Algorithm 3 at time ¢ is O (t(k4.p® 4+ k3 m?) + tR[kyp? + ky pm+ k2 m?C(kym)] + M [k3m? +
Rk, m]), where k; = k+1. Note that, in practice, k is set equal to a pre-specified small constant and, therefore,
the actual implementation cost reduces to O(t(p> + m?3) + tR[p? + pm + m2C(kym)] + tM[m? + Rm)]), where
k4 only enters in C(kym).

The bootstrap particle filter leverages the proposal p(0; | 6;—1), with importance weights given by the
likelihood in equation (2.1). Hence, exploiting similar arguments considered for the previous routines yields a
cost O(t(p® + m3) + tR(p* + pm) + tM[m? + Rm)).

Finally, note that the cost of the extended Kalman filter (Uhlmann, 1992) is lower than the one of the
particle filters since no sampling is involved, except for the Monte Carlo evaluation of the multivariate probit
likelihood. In particular, at each ¢, one has to invert a p X p and an m x m matrix, plus computing the likelihood,

which yields a total cost at t of O(t[p> +m?3 + Mm?]).



CHAPTER 3

HIDDEN HIERARCHICAL DIRICHLET

PROCESS FOR CLUSTERING

3.1 INTRODUCTION

Dirichlet process (DP) mixtures are well-established and highly successful Bayesian nonparametric models for
density estimation and clustering, which also enjoy appealing frequentist asymptotic properties (Lo, 1984;
Escobar, 1994; Escobar and West, 1995; Ghosal and Van Der Vaart, 2017). However, they are not suitable to
model data {(Xj1,...,X;,):j=1,...,J} that are recorded under .J different, though related, experimental
conditions. This is due to exchangeability implying a common underlying distribution across populations, a
homogeneity assumption which is clearly too restrictive. To make things concrete we consider the Collaborative
Perinatal Project, which is a large prospective epidemiologic study conducted from 1959 to 1974 (analyzed in
Section 3.5.3), where pregnant women were enrolled in 12 hospitals and followed over time. Using a standard
DP mixture on the patients enrolled across all 12 hospitals would correspond to ignoring the information on the
specific center j where the data are collected and, thus, the heterogeneity across samples. The opposite, also
unrealistic, extreme case corresponds to modeling data from each hospital independently, thus ignoring possible
similarities among them.

A natural compromise between the aforementioned extreme cases is partial exchangeability (de Finetti, 1938),
which entails exchangeability within each experimental condition (but not across) and dependent population—
specific distributions (thus allowing borrowing of information). See Kallenberg (2005) for a detailed account
of the topic. In this framework the proposal of dependent versions of the DP date back to the seminal papers
of Cifarelli and Regazzini (1978) and MacEachern (1999, 2000). Dependent DPs can be readily used within
mixtures leading to several success stories in topic modeling, biostatistics, speaker diarization, genetics, f{MRI
analysis, and so forth. See Dunson (2010); Teh and Jordan (2010); Foti and Williamson (2015); Quintana et al.
(2020) and references therein.

Two hugely popular dependent nonparametric priors, which will also represent the key ingredients of the
present contribution, are the hierarchical Dirichlet process (HDP) (Teh et al., 2006) and the nested Dirichlet
process (NDP) (Rodriguez et al., 2008). The HDP clusters observations within and across populations. The

31
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NDP aims to cluster both population distributions and observations, but as shown in Camerlenghi et al. (2019),
does not achieve this goal. In fact, if there is a cluster of observations shared by different samples, the model
degenerates to exchangeability across samples. This issue is successfully overcome in Camerlenghi et al. (2019)
by introducing latent nested nonparametric priors. However, while this proposal has the merit of being the first
to solve the degeneracy problem, it suffers from other limitations in terms of implementation and modeling: (a)
with data from more than two populations the analytical and computational burden implied by the additive
structure becomes overwhelming; (b) the model lacks the flexibility needed to capture different weights that
common clusters may feature across different populations. More details can be found in the discussion to
Camerlenghi et al. (2019).

The goal of this chapter is thus to devise a principled Bayesian nonparametric approach, which allows
to cluster simultaneously distributions and observations (within and across populations). We achieve this by
blending peculiar features of both the NDP and the HDP into a model, which we term Hidden Hierarchical
Dirichlet Process (HHDP). Importantly, the HHDP overcomes the above-mentioned theoretical, modeling, and
computational limitations since it, respectively, does not suffer from the degeneracy flaw, is able to effectively
capture different weights of shared clusters and allows to handle several populations as showcased in the real
data application. Note that the idea of the model was first hinted at in James (2008) and, later, considered
in Agrawal et al. (2013) from a mere computational point of view without providing results on distributional
properties that are relevant for Bayesian inference. Hence, as a by-product, our theoretical results shed also
some light on the topic modeling applications of Agrawal et al. (2013).

Section 3.2 concisely reviews the HDP and the NDP with a focus on the random partitions they induce.
In Section 3.3 we define the HHDP and investigate its properties, foremost its clustering structure (induced
by a partially exchangeable array of observations). These findings lead to the development of marginal and
conditional Gibbs sampling schemes in Section 3.4. In Section 3.5 we draw a comparison between HHDP and
NDP on synthetic data and present a real data application for our model. Finally, Section 3.6 is devoted to

some concluding remarks about the HHDP model and possible future research.

3.2 BAYESIAN NONPARAMETRIC PRIORS FOR CLUSTERING

The assumption of exchangeability that characterizes widely used Bayesian inferential procedures is equivalent to
assuming data homogeneity. This is not realistic in many applied contexts, for instance, for data recorded under
J different experimental conditions inducing heterogeneity. A natural assumption that relaxes exchangeability
and is suited for arrays of random variables {(X;;)i>1:j =1,...,J} is partial exchangeability, which amounts
to assuming homogeneity within each population, though not across different populations. This is characterized
by
{(X)iz1 =1 Y S {(X @)z 2 = 1, T

for every finitary permutation {o; : j = 1,...,J} with < henceforth denoting equality in distribution. Thanks

to de Finetti’s representation theorem for partially exchangeable arrays, the dependence structure is effectively



3.2. BAYESIAN NONPARAMETRIC PRIORS FOR CLUSTERING 33

represented through the following hierarchical formulation

ind . .
Xj7i|(G1,...7GJ)NGj, (221,...,[j,j:1,...,<])

(G1,...,Gy) ~ L.

(3.1)

Here we focus on priors L defined as compositions of discrete random structures and including, as special cases,

both the HDP and the NDP. More specifically, we consider £ in (3.1) that is defined as follows
iid )
Gi|lQ ~ L(G;1Q) (G=1,....J);  Q|Go ~ L(Q[Go);  Go ~ L(Go), (32)

with discrete random probability measures G; (j = 1,...,J), @ and Go. The data are denoted by X =
{X1,..., X} with X; = (Xj1,...,X,1,) and I; the size of the jth sample. Discreteness of these random
structures entails that with positive probability there are ties within each sample X; and also across samples
j=1,...,J,ie pr(X,; = Xj,) > 0 for any ¢ # ¢, and pr(X;; = X, ) > 0 for any j # . Hence, X induces
a random partition of the integers {1,2,...,n} with n = I} + --- + I, whose distribution encapsulates the
whole probabilistic clustering of the model and is, therefore, the key quantity to study. Importantly, the random
partition can be characterized in terms of the partially exchangeable partition probability function (pEPPF) as
defined in Camerlenghi et al. (2019). The pEPPF is the natural generalization of the concept of exchangeable
partition probability function (EPPF) for the exchangeable case (see e.g. Pitman, 2006). More precisely, D is
the number of distinct values among the n = Z}‘le I; observations in the overall sample X. The vector of
frequency counts is denoted by n; = (n,1,...,njp) with n; 4 indicating the number of elements in the jth
sample that coincide with the dth distinct value in order of arrival. Clearly, n;q > 0 and 21]:1 niq > 1. One
may well have n; 4 = 0, which implies that the dth distinct value is not recorded in the jth sample, though by
virtue of Z;]:l n; 4 > 1 it must be recorded at least in one of the samples. The dth distinct value is shared by any
two samples j and j’ if and only if nj gn; 4 > 1. The probability law of the random partition is characterized

by the pEPPF defined as

D
1% (ny,...,n;) =E / i [T{G 1 (dza)yme .. {G y(dag) e, (3.3)

X2 da=1
with the constraint ZdDzl njq = I, for each j = 1,...,J and where X is the space in which the X ;’s take

values and X2 is the collection of vectors in X” whose entries are all distinct. We stress that the expected
value in (3.3) is computed with respect to the joint law of the vector of random probabilities (G, ..., G ), that
is the de Finetti measure £ in (3.1). Hence, the pEPPF may also be interpreted as a marginal likelihood when
(G, ...,G ) directly model the observations according to (3.1). Obviously, for a single population, that is
J =1, the standard EPPF is recovered and (3.3) is further interpretable as an extension of a product partition
model to a multiple samples framework. As such, it provides an alternative approach to popular covariate—
dependent product partition models. See, e.g., Miiller et al. (2011), Page and Quintana (2016) and Page and
Quintana (2018).

If we specify JL(-]Q) and @ such that they give rise to an NDP, then one may have ties also among the
population probability distributions G1, ..., Gy, i.e. pr(G; = G) > 0 for any j # x. Therefore, in the framework

of (3.1) and (3.2), one may investigate two types of clustering: (i) distributional clustering, which is related
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to G1,...,Gy and (ii) observational clustering, which refers to X. The composition of these two clustering
structures is the main tool we rely on to devise a simple, yet effective, model that considerably improves over

existing alternatives.

3.2.1 HIERARCHICAL DIRICHLET PROCESS

Probably the most popular nonparametric prior for the partially exchangeable case is the HDP of Teh et al.

(2006), which can be nicely framed in the composition scheme (3.2) as

L(G4|Q) =pr(G;(6,Q), L(Q|Go) = 66,(Q), L (Go) =DP(Go|Bo; H), (3.4)

where DP( - |a, P) denotes the law of a DP with concentration parameter oz > 0 and baseline probability measure
P. Here we assume that H is a non—atomic probability measure on X and we refer to such prior as the J-
dimensional HDP denoted by (Gi,...,Gy) ~ HDP(B, Bo; H). Hence, the G,’s share the atoms through Gy and
this leads to the creation of shared clusters of observations (or latent features) across the J groups. The pEPPF
induced by a partially exchangeable array in (3.1) with £ = HDP(8, Bo; H) has been determined in Camerlenghi
et al. (2019). It is important to stress that the model is not suited for comparing populations’ distributions since
pr(G; = Gx) = 0 for any j #  (unless the G;’s are degenerate at Gy, in which case all distributions are equal).
Similar compositions have been considered in Camerlenghi et al. (2019) and, later, in Argiento et al. (2020)
and Bassetti et al. (2020). Anyhow, the HDP and its variations cannot be used to cluster both populations and
observations. To achieve this, one has to rely on priors induced by nested structures, the most popular being

the NDP.

3.2.2 NESTED DIRICHLET PROCESS

The NDP, introduced by Rodriguez et al. (2008), is the most widely used nonparametric prior allowing to cluster
both observations and populations. However, as proved in Camerlenghi et al. (2019), it suffers from a degeneracy
issue, because even a single tie shared across samples is enough to group the J population distributions into a
single cluster.

Like the HDP, also the NDP can be framed in the composition structure (3.2) as

L(G41Q) = Q(Gy), L(Q|Go) =pP(Q|a;Go), L(Go) = 5DP(B;H)(G0)7 (3.5)

where @ is a random probability measure on the space Px of probability measures on X and G is degenerate
at the atom DP(3; H), which is the law of a DP on the sample space X. As in (3.4), H is assumed to be a
non-atomic probability measure on X. Henceforth, we write (G1,...,G;) ~ NDP(a, 8; H). By virtue of the
well-known stick—breaking representation of the DP (Sethuraman, 1994) one has
" N « iid
Q= midc;, (mi)iz1~GEM(a), G}~ DP(S;H), (3.6)
k>1

where the weights (7})r>1 and the random distributions (G} )r>1 are independent. Recall that GEM stands for

the distribution of probability weights after Griffiths, Engen, and McCloskey, according to the well-established
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terminology of Ewens (1990). Given a sequence (V;);>1 such that V; £ Beta(l, «), this means that 77 = V; and
=V H;:ll(l —V;), for any k > 2. Since pr(G; = Gx) = 1/(a+1) for any j # , () generates ties among the
random distributions G;’s with positive probability and, thus, clusters populations. Furthermore, a structure

similar to the one displayed in (3.6) holds for each G}, i.e.

X iid . did
Gi= wridx;,, (wriis1 ~ GEM(B), Xj, ~ H,
1>1
and, due to the non-atomicity of H, the X, are all distinct values.
The discrete structure of the Gj’s generates ties across the samples {X; : j = 1,...,J} with positive

probability. For example, pr(X;; = X ) = 1/{(a+ 1)(8 + 1)} for any j # j'. Hence, the G}’s induce the
clustering of the observations X.

If the data X are modeled as in (3.1), with (G4,...,Gy) ~ NDP(«, 8; H), conditional on a partition of
the G;’s the observations from populations allocated to the same cluster are exchangeable and those from
populations allocated to distinct clusters are independent. This potentially appealing feature of the NDP is
however the one responsible for the above-mentioned degeneracy issue. For exposition clarity, consider the case
of J = 2 populations. If the two populations belong to different clusters, i.e. G; # Ga, they cannot share even
a single atom X, due to the non-atomicity of H. Hence, pr(Xi; = Xor|G1 # G2) = 0 for any [ and .
Therefore there is neither clustering of observations nor borrowing of information across different populations.
On the contrary, pr(X;; = Xo2.#|G1 = G2) = 1/(8+ 1) > 0. These two findings are quite intuitive. Indeed,
GG1 # G2 means they are independent realizations of a DP with atoms iid from the same non-atomic probability
distribution H and, thus, they are almost surely different. Instead, G; = G5 corresponds to all observations
coming from the same population distribution, more precisely from the same DP, and ties occur with positive
probability. A less intuitive fact is that when a single atom, say X} 1 1s shared between Gy and Go the
model degenerates to the exchangeable case, namely pr(Gy; = G2|X1,; = X24) = 1 and the two populations
have (almost surely) equal distributions. Hence, the NDP is not an appropriate specification when aiming at
clustering both populations and observations across different populations. This was shown in Camerlenghi et al.
(2019) where, spurred by this anomaly of the NDP, a novel class of priors named latent nested processes (LNP)
designed to ensure that pr(G; # G2|X1,; = Xs,/) > 0 is proposed. However, while this formally solves the
problem, it has computational and modeling limitations. On the one hand, the implementation of LNPs with
more than two samples is not feasible due to severe computational hurdles. On the other hand, LNPs have
limited flexibility since the weights of the common clusters of observations across different populations are the
same. This feature is not suited to several applications and the discussion to Camerlenghi et al. (2019) provides
interesting examples. See also Soriano and Ma (2019); Christensen and Ma (2020); Denti et al. (2020); Beraha
et al. (2021) for further stimulating contributions to this literature.

Hence, within the composition structure framework (3.2), our goal is to obtain a prior distribution able to
infer the clustering structure of both populations and observations, which is highly flexible and implementable

for a large number of populations and associated samples.



3.3. HIDDEN HIERARCHICAL DIRICHLET PROCESS 36

3.3 HIDDEN HIERARCHICAL DIRICHLET PROCESS

Our proposal consists in blending the HDP and the NDP in a way to leverage on their strengths, namely
clustering data across multiple heterogeneous samples for the HDP and clustering different populations (or

probability distributions) for the NDP. More precisely we combine these two models in a structure (3.2) as

L(G)|Q) = Q(G;), L(QIGo) = DP(Q|e; DP(8;Go)), L (Go) = DP(Go|Bo; H).

This leads to the following definition.

Definition 1. The vector of random probability measures (G4, ..., G ) is a hidden hierarchical Dirichlet process
(HHDP) if
iid % * *
GilQ~NQ, Q=) mba:, (Tp)kz1~CEM(a), (Gi)ix1~ HDP(B,Bo; H),
k>1

with (7})k>1 and (G} )k>1 independent. In the sequel we write (G, ...,Gy) ~ HHDP(a, 3, Bo; H).

In terms of a graphical model, the HHDP can be represented as in Figure 3.1.

<_@«_a

AN J

@
N
\ Bo

B

Figure 3.1: Graphical model representing the dependencies for a HHDP(«, 3, Bo; H). Here the z;’s are auxiliary
integer-valued random variables that assign each G; to a specific atom G, of Q.

The sequence (Gj)r>1 acts as a hidden, or latent, component that is crucial to avoid the bug of the NDP,
namely clustering of populations when they share some observations. Moreover, by extending (3.4) to J = oo,

it can be more conveniently represented as

iid iid
= g W10z, ZrilGo ~ Go, Go= g woudxy, X, ~ H,
1>1 >1 (3.7

(Wrk1)i>1 s GEM(S), (wo,)i>1 ~ GEM(fo),

where independence holds true between the sequences (wg;)i>1 and (Zy ;);>1 and between (wg ;);>1 and (X;);>1.
Combining the stick-breaking representation and a closure property of the DP with respect to grouping, one

further has
Gi = _whidx;,Go =D woidx;,

1>1 1>1

where ((wj;)i>1 | wo) i DP(f;wp), wo = (wo,1)i>1 ~ GEM(fp) and X/ SH, for 1> 1.
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Figure 3.2: Correlations as functions of the hyperparameters 8 and [y with a = 1. The left plot represents
the correlation between random probabilities G;(A), the middle one between observations collected in the same
population and the right one between observations from different populations.

In this scheme, the clustering of populations is governed, a priori, by the NDP layer @ through (7} )r>1 ~
GEM(«r). However, the aforementioned degeneracy issue of the NDP, a posteriori, is successfully avoided. The
intuition is quite straightforward: unlike for the NDP, the distinct distributions G, in the HHDP are dependent
and have a common random discrete base measure G, which leads to shared atoms across the Gj’s and thus

borrowing of information, similarly to the HDP case.

3.3.1 SOME DISTRIBUTIONAL PROPERTIES

Given the discreteness of (Gy,...,Gy) ~ HHDP(«q, 3, fo; H), the key quantity to derive is the induced random
partition, which controls the clustering mechanism of the model. However, it is useful to start with a description
of pairwise dependence of the elements of the vector (Gy,...,G ), which allows a better understanding of the
model and intuitive parameter elicitation. To this end, as customary, we evaluate the correlation between G;(A)
and Gj/(A): whenever it does not depend on the specific measurable set A C X, it is used as a measure of

overall dependence between G; and Gj.
Proposition 3. If (Gy,...,G ;) ~ HHDP(«, 3, Bo; H) and A is a measurable subset of X, then

H(A) - H(A)(Bo + B+ 1)
(B+1DBo+1)
—1_ afo o

VariG,(A)) =

Arguments similar to those in the proof of Proposition 3 lead to determine the correlation between observa-

tions, either from the same or from different samples.

Proposition 4. If{X;:j=1,...,J} are from (G1,...,G ) ~ HHDP (o, B3, Bo; H) according to (3.1), then

3 1+1 + (1+a)(1—ﬂ|—0ﬂ)(1+5) G#7)
Corr(Xj,i,Xj/,z‘f) = PT(Xj,i = Xj,i’) = 05 + 6y +1 ’ . .
FEORTD U=

The correlation between observations of the same sample depends only on the parameters of the underlying
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HDP (8, So; H) that governs the atoms Gj: this is not surprising since, whatever the value of the parameter « at
the NDP layer, observations from the same sample are exchangeable. Moreover, an appealing feature is that such
a correlation is higher than for the case of observations from different samples, i.e. 7 # j’. As for the dependence
on the hyperparameters («, 8o, 8), when oo — oo the G;’s ar forced to equal different unique distributions Gj,
similarly to the NDP case. However, unlike the NDP, this does not imply that the distributions are independent,
and the correlation is controlled by the hyperparameters 8 and fy (increasing in S and decreasing in Sy). In
Fig. 3.2 we report the aforementioned correlations as functions of 8 and Sy with a set equal 1. Finally, if « — 0
the a priori probability to degenerate to the exchangeable case, i.e. all G;’s coincide a.s., tends to 1 and so does
also Cor[G;(A4),Gj (A)].

We now investigate the random partition structure associated with a HHDP, namely the partition of

{1,...,n}, with n = ijl

I;, induced by a partially exchangeable sample X modeled as in (3.1). Since a
HHDP(q, 3, Bo; H) arises from the composition of two discrete random structures, it is clear that the partition
induced by X will depend on the partition, say ¥(/), of the random probability measures G1,...,G . As for
the latter, the G;’s are drawn from a discrete random probability measure on Py whose weights have a GEM(«)
distribution and whose atoms are almost surely different since they are sampled from an HDP (3, 8y; H). Then

the probability distribution of ¥(/) is the well-known Ewens sampling formula, namely
af &
J
pr(U) = {By,.... Bp}| = ¢ (ma,....mn) = —5 I[l(mr ~ 1),

where {By,...,Bgr} is a partition of {1,...,J}, with 1 < R < J, the frequencies m, = card(B,) are such that
Zf‘:l m, = J and o) = T'(a + J)/T'(«). This structure a priori implies, as in the NDP case, that pr(G; =
G.) € (0,1) for any j # k. However, unlike the NDP, a posteriori the HHDP yields pr(G; = G, | X) < 1,
regardless of the shared clusters across the samples X. Moreover, let @g))R( -+, Bo) denote the pEPPF of a
HDP(, Bo; H), namely

D
B (im0, 50) =B [T Gi(dea)io - Galdag)ivs
XY a=1

where (Gl, ol GR) ~ HDP(B, Bo; H), D € {1,...,n} and Zle Zle ny 4 =n. An explicit expression of (I)g)R
has been established in Camerlenghi et al. (2019), even beyond the DP case. Now we can state the pEPPF
induced by {X; : j=1,...,J} in (3.1), where /£ is the law of a HHDP(c, 3, Bo; H).

Theorem 3. The random partition induced by the partially exchangeable array {X,; : j =1,...,J} drawn from
(Gy,...,Gy) ~HHDP(av, B, Bo; H), according to (3.1), is characterized by the following pEPPF

Hgl)(nl, cemy) = Z(bg)(ml, ..., MRg; a)@%ﬁ%(n? co oy R B, Bo), (3.8)

where the sum runs over all partitions {B1,..., Br} of {1,...,J} andn; ; = ZjeBr n;aq foreachr € {1,..., R},
de{l,...,D}.

Given the composition structure underlying the HHDP(«, 8, 8p; H), the pEPPF (3.8) unsurprisingly is a
mixture of pEPPF’s induced by different HDPs. For ease of interpretation consider the case of J = 2 populations
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and note that the pEPPF boils down to

Hgl) (ny,m3) = %H@D,l(nl +ng) + %@D,Q(nl, ny), (3.9)
where fIDgL,)l is the EPPF of a single HDP(3, Bo; H), namely J = 1, while ¢’(Dn7)2 is the pEPPF of a HDP(, Bo; H)
with two samples, namely J = 2. Clearly (3.9) arises from mixing with respect to partitions of {G1, G2} in either
R =1 and R = 2 groups, where the former corresponds to exchangeability across the two populations. Still
for the case J = 2, a straightforward application of the pEPPF leads to the posterior probability of gathering
the two probability curves, G; and Gs, in the same cluster thus making the two samples exchangeable, or

homogeneous.

Proposition 5. If the sample {X; : j = 1,2} is from (G1,G2) ~ HHDP(cv, 3, Bo; H), according to (3.1), the

posterior probability of degeneracy is

(I)g,)1(n1 +n2)

pr(Gr =Gz | X) = (3.10)

o (1 + n2) +a @ (ng,my)

where @g?l and (I’gl,)z are the EPPF and the pEPPF induced by the HDP(S, fo; H) for a single exchangeable

sample and for two partially exchangeable samples, respectively.

The pEPPF is a fundamental tool in Bayesian calculus and it plays, in the partially exchangeable frame-
work, the same role of the EPPF in the exchangeable case. Indeed, the pEPPF governs the learning mechanism,
e.g. the strength of the borrowing information, clustering, and, in view of Proposition 5, it allows to perform
hypothesis testing for distributional homogeneity between populations. Finally, one can obtain a Pdélya urn
scheme that is essential for inference and prediction, see Appendix B.5. In the next section, we provide a char-
acterization of the HHDP(a, 3, Bo; H) that is reminiscent of the popular Chinese restaurant franchise metaphor

for the HDP and allows us to devise a suitable sampling algorithm and further understand the model behavior.

3.3.2 THE HIDDEN CHINESE RESTAURANT FRANCHISE

The marginalization of the underlying random probability measures, as displayed in Theorem 3, can be charac-
terized in terms of a hidden Chinese restaurant franchise (HCRF) metaphor. This representation sheds further
light on the HHDP and clarifies the sense in which it generalizes the well-known Chinese restaurant (CRP) and
franchise (CRF) processes induced by the DP and the HDP, respectively. For simplicity we consider the case
J =2

As with simpler sampling schemes, all restaurants of the franchise share the same menu, which has an
infinite number of dishes generated by the non-atomic base measure H. However, unlike the standard CRF,
the restaurants of the franchise are merged into a single one if G; = G2, while they differ if G; # G5. Moreover,
each X ; identifies the label of the dish that customer ¢ from the j—th population chooses from the shared menu
(X})a>1, with the unique dishes X} S G1 # (s, customers may be assigned to different restaurants
and when G; = (s, they are all seated in the same restaurant. Given such a grouping of the restaurants,
the customers are, then, seated according to the CRF applied either to a single restaurant or to two distinct

restaurants (Teh et al., 2006; Camerlenghi et al., 2018). Furthermore, each restaurant has infinitely many
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tables. The first customer ¢ who arrives at a previously unoccupied table chooses a dish that is shared by all
the customers who will join the table afterward. It is to be noted that distinct tables within each restaurant
and across restaurants may share the same dish. An additional distinctive feature, compared to the CRF, is
that tables can be shared across populations when they are assigned to the same restaurant, i.e. when G; = Gs.
Accordingly, the allocation of each customer X;; to a specific restaurant clearly depends on having either
G1 =G5 or G # Gs.

The sampling scheme simplifies if latent variables Tj;’s, denoting the tables’ labels for customer i from
population j, are introduced. We stress that, if Gy # G2, the number of shared tables across the two populations
is zero, given the populations j = 1,2 are assigned to different restaurants, labeled r = 1,2, respectively.
Conversely, if G; = G4, one may have shared tables across populations, since they are assigned to the same
restaurant r = 1.

Now define g, + 4 as the frequencies of observations sitting at table ¢ eating the dth dish, for a table specific to
restaurant r. Moreover, D; is the dish label corresponding to table ¢t and ¢, 4 the frequency of tables serving dish
d in restaurant . Marginal frequencies are represented with dots, e.g. ¢,. is the number of tables in restaurant
r. Throughout the symbol £~ identifies either a set or a frequency obtained upon removing the element 4 from
x. Finally, A stands for an indicator function such that A =1 if G; = Ga, while A =0 if Gy # Gbs.

The stepwise structure of the sampling procedure reflects the composition of the three layers J£(G;|Q),
L(Q|Gp) and L(Gp) in (3.7) relying on a conditional CRF. First, one sample the populations’ clustering A

and, given the allocations of the populations to the restaurants, one has a CRF. Hence, the algorithm becomes
(1) Sample the population assignments to the restaurants from pr(A =1) =1/(a + 1).

(2) Sequentially sample the table assignments 7 ; and corresponding dishes Dr; ; from

—(Ji+)

.4
Tj,i =1 Aq:,.(,j.t“)-i-ﬁ ",
g —Git) x—(it) _ _ s e
p(Tji Dr,, | T X D) o< § Tji = "V, Dpnew = d e ei,<jf+>+ﬁo
j—jj)i — tnew, Dtnew — dIleW B BU

PO O
where (ji+) = {(§3') : i’ > i} U{(5¢') : 7/ > j} is the index set associated to the future random variables not
yet sampled.

3.4 POSTERIOR INFERENCE FOR HHDP MIXTURE MODELS

Thanks to the results of Section 3.3, we now devise MCMC algorithms for drawing posterior inferences with
mixture models driven by a HHDP. Though the samplers are tailored to mixture models, they are easily adapted

to other inferential problems such as e.g. survival analysis and species sampling. Henceforth, K is a density
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kernel and we consider

ind . .
Xj,i|9j,i Ng{(w]ﬂ% (Z:L...,Ij jil,...,J),
0,:1G;, "~ G, (i=1,....0;, j=1,....J), (3.11)

(Gla"'7GJ) ~ HHDP(avﬁaﬁOQH)'

We develop two samplers: (i) a marginal algorithm that relies on the posterior degeneracy probability (Proposi-
tion 5) in Appendix B.5; (ii) a conditional blocked Gibbs sampler, in the same spirit of the sampler proposed for
the NDP by Rodriguez et al. (2008), in Section 3.4.1. As for (i), the underlying random probability measures
Go and G7’s are integrated out leading to urn schemes that extend the class of Blackwell-MacQueen Pélya urn
processes. In such a way we generalize the a posteriori sampling scheme of the Chinese restaurant process for
the DP mixture Neal (2000) and the one of the Chinese restaurant franchise for the HDP mixture (Teh et al.,
2006). In the Appendix B, we describe the marginal sampler for the case of J = 2 populations. Even if in
principle it can be generalized in a straightforward way, it is computationally intractable for a larger number
of populations. Similarly to the hidden Chinese restaurant franchise situation, one has to evaluate the poste-
rior probability of all possible groupings of G1,..., G, which boils down to pr(G; = G3|X) when J = 2 but
becomes involved for J > 2.

This shortcoming is overcome by the conditional algorithm we derive in Section 3.4.1, which relies on finite—
dimensional approximations of the trajectories of the underlying random probability measure. Its effectiveness
in dealing with J > 2 populations is further illustrated in the synthetic data example 3.5.2 and in the application
of Section 3.5.3.

3.4.1 A CONDITIONAL BLOCKED GIBBS SAMPLER

A more effective algorithm is based on a simple blocked conditional procedure. To this end, we use a finite
approximation of the DP in the spirit of Muliere and Tardella (1998) and Ishwaran and James (2001). However,
instead of truncating the stick—breaking representation of the DP, we use a finite Dirichlet approximation. See
Ishwaran and Zarepour (2002). Therefore, we approximate 7*, w¢, with a K— and an L—-dimensional Dirichlet

distribution, respectively. More precisely, we consider the following approximation
m* ~DIR(a/K,...,a/K), wy ~ DIR(Bo/L, ..., Bo/L) (3.12)

implying that (w} | wg) i DIR(Bwf), for k > 1.

Introduce the auxiliary variables z; and (;; which represent the distributional and observational cluster
memberships, respectively, such that z; = k and ¢;; = [ if and only if G; = G}, and 6;; = 6;. Henceforth,
S = {(0H)E,, 7 w§, (WK, (Zj)}]:p (Gj.i)4,i, (Xj,)5,4+ and, in order to identify the full conditionals of the

Gibbs sampler, we note that under the finite Dirichlet approximation (3.12)

[ﬁp(“’z | “’S)H ’ p(z | W*)[Hp(Xj,z‘ |05, )p(Gi | w:j)]}.

k=1 j=1

L
n(S) = p(w*)p(wm[ﬂp(eﬁ]

This leads to the following
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(1) Sample the unique §; from

p(6; |8~ ocH(G) [ K (Xl 6]).
{4,i:¢;,s=1}

(2) Sample distributional cluster probabilities from
p(m* | ™™ ) = DIR(7* | /K +ma,...,a/K +mg),

with my = Z;.le 1{z; = k}.

(3) Sample probability weights of the base DP from

plws | S70) o [ ] (3.13)

« —1¢Pwg,
g
=1

F(ﬁowal)K ’

: K
with § = [[},—; wi ;-

(4) Sample the observational cluster probabilities independently from
p(wi | §79F) = DIR(w], | B + ),

. I]
with ngg =3y 2l H{Ga =1}

(5) Sample distributional and observational cluster membership from

I L

p(z; =k | S {z6h) WZHZMZJW(XM | 67) k=1,...,K),
i=11=1

p(Gji = 1] S797) o wly K (X | 67) ((=1,...,L).

Importantly, all the full conditional distributions are available in simple closed forms, with the exception of
the distributions of w§ and, possibly, of 6;. To update wg we perform a Metropolis-Hastings step, where we
work on the unconstrained space RE™1 after the transformation [log(wo 1/wo.1), - - - ,log(wo —1/wo,1)] and we
adopt a component-wise adaptive random walk proposal following Roberts and Rosenthal (2009). The update
of the unique atoms 6} is standard, as with the DP mixture model in the exchangeable case.

In Section 3.5 we assume a Gaussian kernel K (-|§) = N(-|u,0?) and a conjugate Normal-inverse-Gamma

base measure H(-) = NIG(- | o, Ao, S0,:50) and obtain

p(0; | ST = N1G(6] | s My s1551),

. i + Aofo 1/ 5 mXo(T — po)?

th yy = ———, 8 = So + = A0S P07
WL Ao + 1y ! o+ 2 it Ao+ 1y
Z'j]:l fozl ¢ =1}, o = Z{j,i:g,;l} X;.i/m, and €7 = Z{j,z‘:g‘j,Fl}(vai — ;)% are the observational cluster

sizes, means and deviances, respectively.

>, Al = X+ ny, and s; = ny/2 + sg, where n; =
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3.5 ILLUSTRATION

In this section, we compare the performance of our proposal (3.11) with the same model where the HHDP is
replaced by a NDP as in (3.5), on synthetic data involving J = 2 and J = 4 populations. Note that for the
latter, the implementation of the latent nested prior process mixture of Camerlenghi et al. (2019) is not feasible,
while the proposed HHDP mixture model can easily handle that level of complexity. The inferential results that
we display are obtained by relying on the blocked Gibbs sampler of Section 3.4.

3.5.1 INFERENCE WITH TWO POPULATIONS

The data are simulated from the same scenarios considered in Camerlenghi et al. (2019). More precisely, we

consider two populations and the data in each population are iid from a mixture of two normals:
Scen 1. We simulate the data from the two populations independently from the same density

X1 2 X0 % 0.5N(0,1) + 0.5N(0,1).

Scen 2. We simulate the data in the two populations independently from mixtures of two normals with one shared
component
X1, g 0.9N(5,0.6) + 0.1N(10,0.6) Xo i g 0.1N(5,0.6) + 0.9N(0,0.6).
Scen 3. We simulate the data in the two populations independently from mixtures of two normals having the same
components, though with different weights

X1, S 08N(5,1) +02N(0,1)  Xpu 2 0.2N(5,1) + 0.8N(0,1).

In all these scenarios we consider balanced sample sizes I; = Io = 100 and an HHDP mixture model (3.11),
witha=1,8=1, B =1 and H(-) = NIG(- | po, Ao, S0, 50). We set standard values of the hyperparameters in
terms of the mean § and variance Var(y) of the data, i.e. po = g, Ao = 1/(3Var(y)), so = 1 and Sy = 4. In
drawing the comparison between (3.11) and the NDP(«, 8; H), we further set a« = 8 = 1. Furthermore, we set
the concentration parameters all equal to 1. In Appendix B.6 we perform a sensitivity analysis with respect
to hyperparameters’ specifications as done, for instance, by Zuanetti et al. (2018) for the NDP. The mean
measure of the marginal underlying random distributions E[G;(A)] = H(A) is the same for all populations.
Also variances are comparable (see Proposition 3) since Var[G;(A)| equals H(A)[1 — H(A)]/2 for the NDP
and 3H(A)[1 — H(A)]/4 for the HHDP. The sensitivity analysis leads, for all the considered settings, to the
same conclusions in terms of comparison of the two models. Moreover, we fix the dimensions of the finite
approximations L = K = 50 in (3.12) and we do the same for the truncation levels in the algorithm of
Rodriguez et al. (2008). In the Appendix, we perform an empirical analysis trying different levels of L and K
which corroborates the fact that the approximation error is negligible in terms of inferential results.

Inference is based on 10000 iterations with the first half discarded as burn-in. As for the output, besides
obtaining density estimates for the two populations we also determine the point estimate of the clustering of

observations that minimizes the variation of information (VI) loss function. See Meila (2007) and Wade and
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Ghahramani (2018) for detailed discussions on VI and point summaries of probabilistic clustering. Additionally,
we estimate the probability that observations co-cluster, namely pr({;; = ;i | X) through the average over

MCMC draws 5
Zb:l ]l{g?l = le?’,i’}
B b

where B is the number of MCMC iterations. These are visualized through heatmaps as in Fig. 3.4, with colors
ranging from white, if the probability is 0, to dark red, if the probability is 1. Our analysis is completed by
reporting the estimated distributions of the numbers of mixture components in each scenario.

As expected, both models yield accurate estimates of the true densities in all scenarios. In Fig. 3.3 we
report the true and estimated models under the third scenario. In terms of clustering, in the first scenario
both models correctly cluster together the two populations, thus degenerating to the exchangeable case as they
should. However, in the second and third scenarios the NDP makes the two samples X; and X5 independent,
therefore preventing borrowing of information across the two populations. As the distributions have a shared
component, the only way for the NDP to recover correctly the true densities is by missing such a component.
Had it been detected, the density estimates of the two populations would have been equal and, thus, far from
the truth. The point estimate of the observations’ clustering in Table 3.2, the heatmaps of the posterior co-
clustering probabilities in Fig. 3.4 and the posterior distributions of the overall number of occupied components
in Table 3.1 showcase the theoretical findings, namely that the NDP in the second and third scenarios cannot
learn the shared components. Hence, it overestimates the total number of occupied components and does not
cluster observations across populations. In contrast, the HHDP model is able to cluster observations across
populations, learns the shared components and borrows information also when the model does not degenerate

to the exchangeable case.

NDP HHDP
Pop 1 Pop 2 Pop 1 Pop 2

0.4 4 0.4 1 0.4 1 0.4 1

0.3 9 0.31 0.3 1
—
=
= 0.2 0.2 0.2
=
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5 o] 5 10 5 (0] 5 10 -5 (o) 5 10

Figure 3.3: True (dashed lines), posterior mean (solid lines) densities and 95% point-wise posterior credible
intervals (shaded gray) estimated under the third scenario.

3.5.2 INFERENCE WITH MORE THAN TWO POPULATIONS

Here we consider J = 4 populations and deal with the same scenario discussed in Beraha et al. (2021). More

precisely, we simulate independently across populations I; = 100 (for j =1, ...,4) observations as follows
X1, 2 Xo,; % 0.5N(0,1) + 0.5N(5,1) X3, 2 0.5N(0,1) + 0.5N(=5,1) X4, < 0.5N(—5,1) + 0.5N(5,1)

Our prior corresponds to a Gaussian mixture model with the same specification for the HHDP used in the

previous Section with J = 2 population. Fig. 3.5 shows that the HHDP mixture model is able to recover the
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Overall number of components

Scen | Model | 1 2 3 4 5 6 7 8 9 >10
1 NDP 0 0.4090 0.3615 0.1647 0.0492 0.0136 0.0020 0 0 0
HHDP | 0 0.5374 0.3743 0.0788 0.0080 0.0016 0 0 0 0

I NDP 0 0 0 0.2959 0.3906 0.2151 0.0700 0.0256 0.0024 0.0004
HHDP | 0 0 0.5742 0.3339 0.0796 0.0116 0.0008 0 0 0

I NDP 0 0 0 0.1331 0.3055 0.2947 0.1743 0.0608 0.0232 0.0084
HHDP | 0 0.5010 0.3966 0.0856 0.0164 0.0004 0 0 0 0

45

Table 3.1: Posterior distributions of the number of overall occupied components estimated with the two models
under different scenarios.

Scenario 1 Scenario 11 Scenario 111
NDP HHDP NDP HHDP NDP HHDP
Population | 1 2 1 2 1 2 3 4 1 2 3 1 2 3 4] 1 2
1 56 44 |56 44 |87 13 0 0|8 13 0|8 15 0 08 15
2 48 52|48 52| 0 0 8 12|12 0 8| 0 0 8 20|21 79

Table 3.2: Frequencies of observations in the two populations allocated to the point estimate of the clustering
that minimizes the VI loss with the two models under different scenarios.

Scenario 1T Scenario I

Scenario ITT
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Figure 3.4: Heatmaps of the true and estimated posterior probability of co-clustering of observations, ordered by
population memberships, under the HHDP and the NDP models, for the three different scenarios in Section 3.5.1.

data generating densities also in this scenario. In terms of clustering of populations the point estimate that

minimizes the VI loss coincides with the data generating truth. Fig. 3.6 reports the heatmaps of the posterior

co-clustering probabilities of the four populations that show little uncertainty around the correct point estimate,
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Figure 3.5: True (dashed lines), posterior mean (solid lines) densities and 95% point-wise posterior credible

intervals (shaded gray) estimated under the fourth scenario.

e.g. the estimated probability that populations 1 and 2 are correctly clustered together is 0.9858.

. -
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0.50
0.25

0.00

Figure 3.6: Heatmap of the estimated posterior probabilities of co-clustering of the population estimated with
the HHDP mixture model under the fourth scenario in Section 3.5.2.

Finally, the point estimate of the observations’ clustering in Table 3.3 shows the HHDP model is able to

cluster observations across populations, learns the shared components and borrows information also when there

are more than two populations.

observational cluster 1 2 3
Pop 1 53 47 0
Pop 2 56 44 0
Pop 3 48 0 52
Pop 4 0 52 48

Table 3.3: Frequencies of observations in the four populations allocated to the point estimate of the clustering
that minimizes the VI loss with HHDP under the fourth scenario.

3.5.3 COLLABORATIVE PERINATAL PROJECT DATA

A multi-center application is the focus of this section. We consider a data set from the Collaborative Perinatal

Project (CPP), a large prospective epidemiologic study conducted from 1959 to 1974. Pregnant women were

enrolled in 12 hospitals between 1959 and 1966 and were followed over time. Among several pre—pregnancy

measurements, we focus on the birth weight X ; for non-smoking woman ¢ in center j. We assume the following
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Gaussian mixture model:

ind . .
Xji | g8, 055 ~ N(pjir05i) (i=1,....L;, j=1;...,12),
ind . .
uj7¢,0j7¢|Gj~Gj (Z:L...,Ij, ]:1;...,12).

The same HHDP prior used for the previous synthetic data is placed the vector of random distributions.
This model specification is coherent with what is suggested by Dunson (2010) for the CPP data. Indeed, it is
known that the pregnancy outcome can vary substantially for women from different ethnicity and socioeconomic
groups. Therefore, we specify a model allowing to capture differences between the centers since different groups
of hospitals can serve different women. Canale et al. (2019) provide further analysis of the CPP data.

The heatmap of the co-clustering posterior probability for the 12 hospitals is shown in Fig. 3.7. Such
probabilities imply that the clustering point estimate of the hospitals that minimizes the VI loss has two blocks
and, in the same figure, the mean posterior densities associated with the two clusters are reported. Given
the partition of the hospitals, the posterior mean densities are evaluated based on all patients belonging to
hospitals in each of the two partition groups. The heatmap shows the posterior distribution of the clustering
of the hospitals and can be used to perform uncertainty quantification. As expected, the lack of well-separated
data generating mixtures of Gaussians entails more uncertainty around the point estimate of the clustering of
the populations with respect to the numerical experiments. However, the heatmap shows that the point estimate
of the clustering of distributions is a reliable summary. More precisely, the point estimate that minimizes the
VI loss entails that the first cluster of hospitals includes the hospitals with (reordered) labels 1,2, 3: these
are well-separated from the remaining hospitals according to the posterior probabilities of co-clustering in the
heatmap. The heatmap shows also that another meaningful point estimate of the clustering of the hospitals is
the finer partition {{1,2,3},{4,5,6,7},{8,9,10,11,12}}. However, the VI loss suggests a more parsimonious
clustering of the hospitals in two blocks, that is {{1,2,3},{4,5,6,7,8,9,10,11,12}}. Note that in the second
cluster of hospitals (red dashed density in Fig. 3.7) the distribution of the birth weights is slightly shifted on
lower values and the two mean densities are similar in the two clusters of populations. Coherently the proposed
model allows to borrow information across clusters of hospitals for estimating the posterior mean densities of
the birth weights. Furthermore the model can be used to identify clusters of women shared in the two different
clusters of hospitals. Indeed, Table 3.4 shows that some clusters of observations are shared across different
clusters of hospitals, thus allowing the borrowing of information for estimating the densities of the birth weights

in the two groups.
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3_

21 0.000{ — | ! !
1L ........... 0 50 100 150

1234567 89101112

Figure 3.7: Heatmap of the estimated posterior probability of co-clustering of hospitals and estimated population
cluster-specific posterior densities for the CPP data.
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number of observational clusters 0 1 2 3 4 )
only in the second cluster of hospitals | 0.3530 0.3670 0.2040 0.0640 0.0100 0.0020
only in the first cluster of hospitals 0.7750 0.1850 0.0340 0.0060 0 0
shared across clusters of hospitals 0 0.1680 0.4800 0.2660 0.0780 0.0080

Table 3.4: Posterior distributions of the number of clusters shared and not shared across the two clusters of
hospitals.

3.6 DISCUSSION

As highlighted in the recent literature, NDP mixture models are often not an appropriate tool for clustering
simultaneously population distributions and observations. In contrast, the HHDP, overcomes the issues plaguing
the NDP, while preserving tractability and clustering flexibility even when the number of populations J is larger
than 2. We have further devised sampling schemes allowing for efficient inference and prediction. This chapter
paves the way for future intriguing research directions that we plan to address in forthcoming work. First, it
is natural to move beyond DPs and consider models based on alternative discrete nonparametric priors, such
as the Pitman-Yor process (see the next chapter of this thesis) and normalized completely random measures,
while studying the induced clustering. Moreover, the general composition scheme, where we have embedded
the HHDP, seems a promising and effective approach for addressing other interesting inferential problems,
beyond density estimation and clustering. Finally, the general scheme that we have introduced in (3.2) seems
an appropriate specification for capturing the inherent complexity and heterogeneity of data that arise when
drawing predictions with multivariate species sampling models and when performing inferences in survival and

functional data analysis.
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APPENDIX B

B.1. PROOF OF PROPOSITION 3
Note that G5(A) | Go ~ BETA(BGo(A), B(1 — Go(A))) and Go(A) ~ BETA(BoH (A), Bo(1 — H(A))). Hence,

H(A)[1 - H(A)]

EGo(A) = H(A), Var[Go(A)] = Bo+ 1

. d
and since G; = G7,

EG;(A) = EE[G1(A) | Go] = EGo(A) = H(A)
H(A)M - H(A)(Bo+B+1)

Var[G;(A)] = EVar[G7(A) | Go] + Var[Go(A)] = (B+1)(Bo +1)

Mixed moments are also easy to determine, as EG%(A)G3(A) = EE[G;(A) | Go]E[G5(A) | Go] = EGo(A)? and

EGJ(A)GJ/(A) = E[Gl(A)GQ(A) | G1 = GQ] pr(G1 = Gg) + E[Gl(A)GQ(A) | Gl 7& GQ] pI‘(Gl 7& GQ)

1 a
= —— E[GF(A)?
——E[Gi (%) +
1

= - E[G(4)°] + —ElGo(4)’)

TEIGT(A)G3(A)]

One, then, obtains

CovIGy(A), Gy (A)] = EIG; ()G (A)] — H(A) = ——Var[G1(4)] + — Var(Go(A)]
and
1 a Var[Go(A)]  fo+B+1+af+a

Cor[G;(A),Gj(A)] = 1+« + a+1Var[GH(A)]  (1+a)(Bo+B+1)

so that the conclusion follows.

B.2. PrROOF OF PROPOSITION 4

Note that X;; < X;. Thus,
COV(XJ',,‘, leﬂ‘/) = pl"(Xj,i = Xj/,i/) Var(X;)

Moreover, if j = 5/, then

pr(Xji = X)) = pr( Xy = Xji | Ty = Tj)pr(Lys = Tjo) + pr( Xy = Xji | Tjo # Tj) pr(Tye # Tjir)

_ 1 _ ey B Bbotl
=5+ +PT(DTj,i/ = Dy, | Tji # Tj) B+1  (B+1)(Bo+1)
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If j # 4§/, then

Pr(Xj,i = Xj',z") = pr(Xj,i = Xjr i | Gj = Gj’) Pr(Gj = Gj’) + pr(Xj,i = Xjr i | Gj # Gj/)pr(Gj # Gj’)

=pr(X;v = X;4)pr(Gj = Gy) + pr(Dry, , = Dr,, | Tji # Tjrir) pr(Gj # Gyr)
_ 1 n Bo
Bo+l (1+a)(1+B)(1+5o)

and the conclusion follows.

B.3. PROOF OF THEOREM 3
In order to prove Theorem 3, we first state the following auxiliary result.

Lemma 2. The random partition induced by the samples {X; : j = 1,...,J} drawn from (G1,...,Gj) ~
HHDP (o, B, Bo; H) given a particular partition of distributions W\Y) = {By,...,Br} is characterized by the
pEPPF

H(Dn) (nla"'7nJ;a76760 | \IJ(J) = {Bla"'7BR}> (Dn)R (n17"'an*R;/Ba60)a
where n; ; = ZjeBr njd for each r =1,...,R, d =1,...,D, and @gl,)R (ny,...,n%;B,050) is the pEPPF
associated to a R-dimensional HDP(B, Bo; H).

Now we can write
0y (... om0, 8,50 | W) = {By,..., Bg}) =

= E|:/XD H Gl d.]?d)nl d., GJ(dxd)""d ’ J) = {Bl, .. BR} (314)

* d=1

{/ HGnmlLucymgﬁd:@ggﬂ“wng@m%

*dl

with XD = XP\ {x : 2; = x; for some i # j} and (G},...,G%) ~ HDP(B, Bo; H). Moreover, note that the R
unique values among (G, ..., G ) are not necessarily the first (G7,..., G};) but since (G} )r>1 are exchangeable
the third equality holds.

Therefore, by applying Lemma 2

) (ny,...,my) =3 p(¥Y) = {By,..., BRI (na,....,ns;0, 8,0 | ¥ = {Bi,..., Br}) =

(3.15)
Y e s BB 0)

B.4. PrROOF OF PROPOSITION 5

In order to derive the posterior probability of degeneracy, we write the marginal likelihood as

D
p(X)=1I nl,ng H (dX)),
d=1
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where {X7,...,X},} are the D unique values among X and Hg)(nhng) is the pEPPF associated to the
proposed model (3.8), that is

) (n1,m5) = pr(Gy = G2)®) (n1 + o) + pr(G # G2)@ ) (1, ma),

Finally, we prove the proposition by applying Bayes theorem

— (n)

GL=Go)p(X |Gy =G " (n1 +no)

pr(Gy =Gs | X) = pr(ch 2)p§( | G1=Ga) - Dl 2) |
p(X) @D1(7b1+n2)+a®D2(n1,n2)

where @53”7)1 and (D(g,)Q are the pEPPF and the EPPF of a bivariate and univariate HDP(8, Bo; H), respectively.
More precisely, following Camerlenghi et al. (2019, 2018) we can derive the pEPPF q)gg and the EPPF

@gl’)l of a bivariate and univariate HDP(S, Bo; H), respectively. In particular

«| D
n) oy _ BY 5‘2
#5a(n) = Gy 2 ey 10— Dbt £ (3.16)
where [4(n, £)| is the signless Stirling numbers of the first kind and the sum runs over all vectors €* = (¢, ..., (7))
such that 4 € {1,...,n}}, |¢*] = ZdD:l 2% and
D 2
n By Bl
) (n1,n2) = — > DT 1s(ng.a.45.0)] (3.17)
. szl AU “ By (len o] i

where £ = (€1, €5), with each £ = ({;1,...,4;.p) € xP{1,...,njqa} and [¢| = S5 37 £

B.5. A MARGINAL GIBBS SAMPLER

The marginal Gibbs sampler that updates A, the table dish assignments 77 ;, and D, can be deduced from the
hidden Chinese restaurant franchise presented in Section 3.3.2. Let S = {A, (T},);.i, (D¢)s, (Xj,i)j:}. Hence,

the algorithm can be summarized as follows

(1) Sample the population assignments to the restaurants

(I)Sjn,)l (n1 +ny)

prlA=1]X) =

)

O (1 + ) + a @y (ny + ny)

where @gé, @g?l are the pEPPF and EPPF of a bivariate and univariate HDP(3, Bo; H), respectively.

(2) Sample the table assignments 7} ; and corresponding dishes D, ; from

— (%)

qr.t),.
Tji=t 55 Po.({Xji})
_(T',ivD 1) e:(’ji)
(Tj i DTj,i i T;, ) x Tj,i = 9V Dimew = d 7q:(Jl)+B 7li,(jid)+ﬁo pd({X]’,i})
__4n _ B B
Tj,i = 1", Dnow = d"*V q:,.(,j.i)-&-ﬂ Z:_(ji)o_‘_ﬁo pd“ew({Xj,i})v
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where py({X;,}) is defined by the following equation. For every index set J

_ ij'i'egugd g((Xj,i | 9)dH(9)
JLircgno K (X | 0)AH(9)

pa({Xj,i}(j.iyea)

where 93 = {(j,7) : Dr,, = d}. For instance, pg({Xj;}) is the marginal conditional probability of X;; in

cluster d given the other observation assigned to cluster d.
(3) Sample the dish assignments D; from

e*t
p(D | Sit) o~ ﬁpd({xﬂz : Tj,i — t})
t ’

dnew

e;_tﬁiiﬁopdnm({xm Ty =t}).

B.6. SENSITIVITY ANALYSIS FOR THE HYPERPARAMETERS SPECIFICATION

Here we study the robustness with respect to the specification of hyperparameters in relation to the comparison
between the NDP and the HHDP mixture models presented in Section 3.5. The results are reported in terms
of density estimates in Fig. 3.8 and probabilities of co-clustering of the observations in Fig. 3.9 using the finite—
dimensional approximations of the Dps with L = K = 50 and different hyperparameter specifications. The
sensitivity analysis is performed by selecting different values for the concentration parameters. This allows to
verify the robustness of the results comparing the two models. We report the results for the data simulated
according to scenario III, in which the two populations share both the Gaussian components, but with different
mixture weights.

We perform inference with the model as in Section 3.5 with the following specifications for the concentration

parameters:

e Parameters 1: all the concentration parameters are set equal to 1, that is

(G1,G2) ~NDP(a=1,8=1;H) and (G1,G3) ~ HHDP(aw = 1,8 = 1, By = 1; H), respectively.

e Parameters 0.1: all the concentration parameters are set equal to 0.1, that is

(G1,G2) ~NDP(ae = 0.1, = 0.1; H) and (G1,G2) ~ HEDP(aw = 0.1, 8 = 0.1, By = 0.1; H), respectively.

e Parameters 3: all the concentration parameters are set equal to 3, that is
(G1,G2) ~NDP(a = 3,8 =3;H) and (G1,G2) ~ HHDP(a = 3, 8 = 3, By = 3; H), respectively.

Importantly the density estimates are essentially the same under the different hyperparameters specifications.
Probabilities of co-clustering change under the different hyperparameter settings coherently with the theory
developed in Section 3.3.1. However, in all the scenarios both models do not degenerate to the exchangeable
case. This implies that the NDP cannot cluster observations across populations, while the HHDP overcomes this
issue. Therefore, the results of the comparison between the two models presented in Section 3.5 are essentially

the same.

B.7. CHOICE OF THE FINITE-DIMENSIONAL APPROXIMATIONS

We now present the inferential results in terms of density estimates in Fig. 3.8 and probabilities of co-clustering

of the observations in Fig. 3.9 for the two specifications in Section 3.5. We report the results for the data
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Figure 3.8: True (dashed lines), posterior mean (solid lines) densities and 95% point-wise posterior credible
intervals (shaded gray) estimated under different hyperparameters specifications.

simulated according to scenario IIT with the following finite-dimensional approximations of the DPs:

o L =K =50;
o [ =K =30;
e L=K=170.

Under all the different finite-dimensional approximations the inference is qualitatively the same, corroborat-

ing the idea that the finite-dimensional approximations L = K = 50 proposed for the comparison of the NDP

and HHDP in Section 3.5 induce a negligible error in our analysis.

B.8. MxiNnGg oF THE MCMC ALGORITHM

We now investigate the mixing for the number of clusters of both distributions and observations for the col-

laborative perinatal project application in Section 3.5.3. Figure 3.12 shows the trace plots of the number of

distributional and observational clusters sampled at each iteration (without discarding the burn-in and without

performing any thinning). Note that here we started the MCMC with the bad initial guess that both clusterings

feature only singletons and still the algorithm performed well. The traceplots in Figure 3.12 show a good mixing

for the number of clusters of both distributions and observations.
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Figure 3.9: Heat maps of the true and estimated posterior probability of co-clustering of observations, ordered

by population memberships, with the two models under different hyperparameters specifications.
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Figure 3.10: True (dashed lines), posterior mean (solid lines) densities
intervals (shaded gray) estimated under different truncation levels.
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Figure 3.11: Heat maps of the true and estimated posterior probability of co-clustering of observations, ordered
by population memberships, with the two models under different finite-dimensional approximations.
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Figure 3.12: Traceplots of the number of distributional and observational clusters.



CHAPTER 4

PROBABILISTIC DISCOVERY OF NEW
SPECIES AND HOMOGENEOUS

SUBPOPULATIONS

4.1 INTRODUCTION

Species sampling models have been widely applied to face one of the most important problems in Statistics:
prediction. They owe their name to the seminal contributions by Good (1953) and Good and Toulmin (1956),
who focused, among other, on studying the number of new species one would observe if additional observations
are sampled. Such models find their natural fit in Ecology and Biology, where they were originally developed, but
an increasing number of applications is developing. Since the original formulation, the term ‘species sampling
model’ has been broadly used for a wide range of discrete distributions, not necessarily linked to biological
applications, while maintaining the original terminology and denoting as ‘species’ the unique values that the
observations can take (Pitman, 1996). In the single-sample or exchangeable setting, they allow to perform
inference on the values of the future observations given a sample from a discrete population. The focus is
typically on the prediction of the number of new species one would discover if one is allowed to sample additional
observations, or, similarly, on the assessment of the number of unobserved species in the original sample Efron
and Ronald (1976); Chao (1981); Chao and Lee (1992); Bunge and Fitzpatrick (1993); Mao (2004).

Lately, species sampling models faced a growing interest from both applied and theoretical perspective. In
addition to the original ecological applications (Bunge and Fitzpatrick, 1993; Stockwell and Peterson, 2002),
they have been applied in several fields such as genetics (Mao and Lindsay, 2002; Lijoi et al., 2007; Favaro
et al., 2009), machine learning and privacy data (Samuels, 1998) just to mention a few. See also De Blasi et al.
(2015) for an extensive overview and other possible applications. In a Bayesian setting, these constructions
have been further generalized to effectively tackle the problem of prediction when the data arise from different
related experiments or populations, i.e. when we are in the so-called partially-exchangeable framework. In such
a scenario, Bayesian hierarchical models can be successfully applied to naturally borrow information across the

different populations to improve the predictive performance of the model. This is the underlying idea of some
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of the most popular Bayesian nonparametrics constructions as the hierarchical and nested formulations for the
Dirichlet Process (DP) (Ferguson, 1973) and their generalizations to the Pitman-Yor process (PYP) and beyond
(Teh, 2006; Teh et al., 2006; Rodriguez et al., 2008; Camerlenghi et al., 2017, 2019).

Despite the availability of a large numbers of works in literature to face the species sampling problem
in a single population framework, just a few works treat the more challenging case of multiple populations.
Camerlenghi et al. (2017) exploits a hierarchical Pitman-Yor process (HPYP) construction to effectively face the
problem of prediction combining different populations. The choice of the HPYP arises naturally in the species-
sampling framework, as the random partition structure induced by the PYP is governed by two parameters
and is such that the probability of observing a new species in an additional observation depends on the number
of distinct species observed so far, while in the DP case there is only one parameter governing the clustering
structure and the above mentioned probability depends only on the global sample size.

This different behavior gives rise to different asymptotic distributions for the number of cluster observed as
the population size diverges, with the PYP showing a power-law behavior, which is observed in many empirical
studies, while the DP shows only a logarithmic growth, which appears too restrictive. However, the hierarchical
construction exploited in the two above-mentioned works does not allow to naturally test homogeneity of
subpopulations and cluster the populations with the same species distributions. We define a novel hierarchical
construction based on PYPs which allows to effectively face also the aforementioned task. This model is obtained
by adding a latent nonparametric discrete prior distribution on the population distributions, so that ties among
the different population distributions are allowed. In such a setting, testing for homogeneity of population
distributions arises naturally, as the model allows to perform probabilistic clustering of the distributions of the

groups.

4.2 PRELIMINARIES

Before presenting the proposed model in Section 4.3, we shortly review the literature involved in such construc-
tion. Following Pitman (1996), a random probability P is said to be distributed according to a proper species

sampling process if it admits the series representation

P=Y mbx:, (X])iz1 ©H L (m)is1, (4.1)
i>1

with H non-atomic. The law of P is completely specified after one fixes the law of the vector of weights (m;);>1.
In particular, when the m;’s are such that m;, = v; H;;i vy, with v; ~ BETA(l — 0,0 +i0), ¢ > 1, 0 € [0,1)
and 6 > —o, then P is distributed according to a PYP with parameters (6,0, H), denoted P ~ pPYP(0,0; H).
This process is also called two-parameter Poisson-Dirichlet process, and its particular case o = 0 boils down to
the DP. Observe that, although in species sampling processes the base measure H is nonatomic, in the general
PYP formulation this is not required. A vector of weights (m;);>1 constructed with the process just described
is said to be GEM(o, 6) distributed, after Griffiths, Engen, and McCloskey. A well-known urn scheme allows to

sequentially sample observations from P since if U,, = (Uy,...,U,) is a conditionally independent sample from
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P,ie. U; | P i P, then a new observation U, 1 will have predictive distribution

K
“n;—o 0+ K, o
U, U, ~ oy=(-) + —H(-), 4.2
| U 3 s (04 S 2 ) (42)
where K, is the number of distinct values (U7, ..., U;}n) in the sample U,,, and n; are their multiplicities, so

that Zfil n; =n.

This single-sample scenario is well established in the literature (see De Blasi et al. (2015) for a review),
however in many applications the data are collected in J different, but related, experiments or populations.
In the following we denote with X = {(Xj;;);>1 : j = 1,...,J} the data matrix. In such a framework the
assumption of a common underlying distribution (ezchangeability) is too restrictive since it does not take into
account the possible differences of the populations. On the other hand, the assumption of independence across
populations does not allow to borrow information across experiments in the Bayesian learning.

A natural compromise between the aforementioned extreme cases is partial exchangeability (de Finetti,
1938), that entails exchangeability within but not across the different groups. Thanks to de Finetti theorem,
we can characterize the array X as arising from a vector of J dependent random probabilities. More precisely,

for every vector of population sample sizes (I1,...,1;), it holds

X | (P, PN P (=1, I;j=1,...,J)
! ! ! (4.3)
(Py,...,P)) ~ L,

where L takes the role of the prior in the Bayes-Laplace paradigm and controls the dependence, thus the
borrowing of information, across the different populations.

Many possible prior specifications for the vector (Pi,...,P;) are possible. When dealing with species
sampling problems, one of the most famous priors in a single—population framework is arguably the PYP. This
is due to the fact that, as apparent from equation (4.2), when sampling a new out-of-sample observation, the
probability to allocate it to a new cluster depends on the number of already created cluster, and not only on
the total number of observations, as happens instead in the case of a DP prior. For this reason, together with
the asymptotic power law shown by the number of clusters as n diverges, the PYP is usually the first choice in
species sampling problems, being the DP a valuable choice for density estimation under mixture models, but not
flexible enough for species sampling processes. Consistently, a common prior specification in multiple-sample
cases for (Py,..., Py) is the HPYP (Teh, 2006; Teh et al., 2006; Camerlenghi et al., 2017). This construction is
shortly reviewed in Section 4.2.1: although being well-suited for multiple-sample prediction, it does not allow
to test for distribution homogeneity across different populations. This is one of the two tasks of interest in the
present work, and, to the best of the authors’ knowledge, its treatment in the species sampling framework is
lacking, aside from early attempts by Lijoi et al. (2008). In order to achieve this, a nested structure is added,
allowing for possible ties in the group distributions P;. This is done exploiting a nested Pitman-Yor process
(NPYP), which is introduced in Section 4.2.2 and follows from the nested Dirichlet Process (NDP) (Rodriguez
et al., 2008), after replacing the DP with a PYP.
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4.2.1 HIERARCHICAL PITMAN-YOR PROCESS

A well-known Bayesian nonparametric prior for a vector of dependent discrete random probabilities (P, ..., Py)
is the hierarchical Pitman-Yor process (HPYP) (Teh, 2006; Teh and Jordan, 2010), which extends the definition
of the hierarchical DP (Teh et al., 2006).

The idea is to introduce dependence across the random probabilities Pi,..., P; via a common random
discrete base measure Py. More precisely we say that (Pi,...,P;) follows a HPYP with parameter vector

(0'79,0'0,90, H), denoted (Pl, ey PJ) ~ HPYP(O’, 9, g9, 90; H) if
P | Py pyp(0,0;Py) j=1,...,J, Py~ pPYP(0o,00; H). (4.4)

Thanks to the discreteness of P; we will observe ties with positive probability between the observations recorded
in each population X; = {X;, : i = 1,...,I;}. Furthermore, the discreteness of the common random base
measure Py allows to share species (cluster observations) across the random probabilities. This feature is
essential to perform clustering with mixture models as well as species sampling under heterogeneous populations
(Teh et al., 2006; Camerlenghi et al., 2017).

This random partition structure induced by the ties is the core element of species sampling models and
from a statistical perspective it can be interpreted as a random clustering. The probability distribution of such
a random partition structure can be characterized via the partially exchangeable partition probability function
(pEPPF) marginalizing out the vector of random probabilities. The pEPPF is an essential object to understand
the model and perform inference. For instance, from the pEPPF we can derive closed form results for the joint
moments of the observations, both in the same or different populations. Moreover, it can also be used to derive
urn schemes that allow to develop marginal Monte Carlo Markov Chain routines which constitute the basis to
perform predictive inference. See Camerlenghi et al. (2019) for results on the pEPPF for a large class of models.

However, when the goal is to test population homogeneity, the HPYP has a huge drawback, as it does not
allow two groups to share the same distribution. Indeed, in the HPYP, pr(P; = Py) = 0 for any j # k. In order
to allow for homogeneous subgroups of populations we will rely on nested structures, extending the HPYP in
order to allow P; = Py, for j # k, with positive probability. Thus, before moving to the presentation of the
proposed model, we introduce the nested Pitman-Yor process (NPYP).

4.2.2 NESTED PITMAN-YOR PROCESS

The nested Dirichlet process (NDP) (Rodriguez et al., 2008) is arguably the most famous Bayesian nonpara-
metric prior to perform joint clustering of distributions and observations under mixture models. However, as
pointed out by Camerlenghi et al. (2019) it suffers from a degeneracy issue that makes it unsuitable to face our
species sampling problem. More precisely, it allows to naturally test for homogeneity of groups and to perform
probabilistic clustering of groups since, contrary to the HDP case, a priori we have pr(P; # Py) € (0,1), for
any j # k. However, given that a single species (cluster of observations) is shared across groups j and k, i.e.
X;i = Xk, for some 4,1 > 1, the species-populations P; and P} are almost surely equal. On the other hand,
given that the two species-populations are not exactly equal they are independent and cannot share any species.

In order to overcome the restrictions not suitable for species sampling problems due to a DP prior exposed in

Section 4.2, we first extend the hierarchical definition of the NDP to a composition of PYPs. However, also such
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nested Pitman-Yor process (NPYP) suffers from the same degeneracy issue of the NDP. This will be overcome
in Section 4.3, where we will introduce a novel prior for dependent species sampling processes that overcomes
the issue combining the NPY and the HDP, taking the advantage of the two.
We say that (Py,..., Py) follows a NPYP distribution with vector of parameters («,7,c,60, H), denoted
(P1,...,Py) ~NPYP(0t,7,0,0, H), if
PlQEQj=1,....J0, Q~pyr(a,v;PYP(0,0; H)). (4.5)
In order to ease the understanding of the model we can rewrite the random distribution on the space of

distributions @ exploiting the well-known stick-breaking representation of the Pitman-Yor process, so that

Q=) widpy,
E>1
where the unique atoms P} are random probabilities on the space of the observations and are i.i.d. samples from
PYP(0,0; H), independent of the weights (w})k>1 ~ GEM(«,~y). The discreteness of @ induces a probabilistic
clustering of the groups since pr(P; = P;) = }Y’Tﬁ‘ € (0,1). However, as for the NDP, given that a single atom
is shared between the two distribution, such probability to degenerate to the exchangeable case is 1. Indeed,
given that the two distributions P; and Py, are different they are i.i.d. sampled from PYP(c,6; H) and thus their
random atoms are i.i.d. sampled from a non-atomic distribution H and are almost surely different.

To overcome such issue of the NDP in mixture models (Camerlenghi et al., 2019) introduce a novel class of
BNP priors named latent nested processes (LNPs). LNPs have the merit to be the first proposal to solve the
degeneracy issue of the NDP. However, they are not suited for the study at hand, since computations become
infeasible when there are more than two groups and in addition it forces the proportion of species, i.e. the
weights, to be the same across groups.

Other proposals are available in the literature, exploiting hidden hierarchical Dirichlet process (HHDP)
constructions for mixture models describe in Chapter 3. However, in addition to having a different focus, the
theoretical results in Chapter 3 as well the proposed algorithm are not suited for the scenario we are considering,
since they rely on the conjugacy and the finite dimensional approximations of the DP. See also Soriano and Ma
(2019), Christensen and Ma (2020) and Beraha et al. (2021) for stimulating contributions to this literature. Note
that, even if for practical reason we restrict ourselves to the case of composition of PYPs, the methodological
arguments together with the algorithms developed in the present work can be easily adapted to a more general
class of priors that arise from the composition of different Gibbs type priors, due to product form of their

exchangeable partition probability function (EPPF).

4.3 HIDDEN HIERARCHICAL PITMAN-YOR PROCESS

After having addressed the limitations of the HPYP and NPYP for the scopes at hand, we introduce a novel
class of priors, called hidden hierarchical Pitman—Yor process (HHPYP), arising from composition of PYPs that
overcomes the above mentioned issues. In particular, this construction is obtained combining the HPYP with the

NPYP, as explained in Section 4.3.1, and allows for ties in the population distributions, without suffering from
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the aforementioned degeneracy issue of the NPYP, thus making homogeneity testing of sub-groups effective,

while simultaneously performing species sampling tasks borrowing information across populations.

4.3.1 DEFINITION AND BASIC PROPERTIES

The HHPYP is obtained by taking a NPYP with discrete base measure distributed according to a PYP. This
hierarchical construction, combined with the NDP, allows different populations P; and Py, j # k, to possibly
share the same atoms, so that a tie in two observations in these groups does not imply P; = P}, with probability
1.

In formulae, we say that (P, ..., Py) ~ HHPYP(a, 7, 0,0, 00,00; H) if

(Pla"'va)NNPYP(O“’%U’G;P*)
0 (4.6)
PJ ~ PYP(0q, 00; H).

For now on we assume that the common probability on the sample space H is non-atomic and for notational
simplicity we just write (P, ..., Py) ~ HHPYP. Furthermore, we assume the hyperparameters to be fixed, but in
practice we can set a prior on them and all the results holds given the hyperparameters and it is straightforward
to adapt the Gibbs sampler in Section 4.4 as for the usual species sampling under PYP prior in the exchangeable
case.

It follows from (4.5) that we can alternatively characterize the P;’s to be i.i.d. sampled from

Q ~ pPYP(w,7v; PYP(0,0; Py)), given P, which admits the representation

Q=) widpy, (4.7)
k>1
where the weights (wj )i ~ GEM(a;~y) are independent from the distribution atoms. The unique underlying
distributions (P})g>1 follow an infinite dimensional HPYP, that is
P | Py " pYP(0,0;P}) (k>1), PJ ~PYP(by,00;H). (4.8)

The discreteness of @ allows to cluster the distributions. For instance, pr(P; = P) = }Y_T‘i‘ € (0,1), as for
the NPYP. However, thanks to the discreteness of the common random base measure F; the unique random
distributions P;’s are now dependent and share the same countable set of atoms allowing to share species across
populations which is essential to overcome the aforementioned degeneracy issue.

In order to better understand the model, the role of the hyperparameters and the borrowing of strength we
can derive the moments of the random probability measures (Pi,...,P;) ~ HHPYP evaluated at an arbitrary
measurable set A of the sample space X. All the proofs are available in the Appendix. The expected value is
E[P;(A)] = H(A), as usual in species sampling processes, while the variance can be derived leveraging results
on hierarchical models (Camerlenghi et al., 2019) and has the form

H(A)[1 - H(A)] l-—0

Var[P;(A)] = 1 (1 —00) + (00 + 00) 1

(4.9)

We can also derive the expression for the correlation between P; and Py, j # k, which does not depend on
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the specific set A, and thus it is often interpreted as a global measure of dependence between the random

probabilities in Bayesian nonparametrics. It holds

l-a v+« 1—o09

( 00)‘*‘(04‘00)79_'_1

It is interesting to note the role played by the parameters a and v, with the correlation decreasing as o — 1
or v — oo: this is indeed consistent with the fact that in such scenarios we are decreasing the probabilities
of homogeneity between the two populations. However, contrary to the NPYP (and its special case NDP), if
j # k, Pj and Py are not independent, but follow a bi-dimensional HPYP and we can control their dependence
via the hyperparameters (o, 8, 0¢,6y) as for the well-known HPYP.

Finally, if the focus is predict future observations it is better to study the dependence directly in term of the

observable random variables as de Finetti suggested. If the data matrix X is drawn from (P,..., P;) ~ HHPYP,
then
Cor(Xj,i, Xk,1) = pr(Xj,i = Xp,1) (4.11)
l—-0c 1—09b0+0 1—o09 PR

1-— 1 f k

<0+1+¢90+19+1>( A L IO A e )
1 -0 : :
1- 1)~1 if j =k.
U+90+1(9+U)](9+ ) ifj=k

Note that a priori correlation between observations, i.e. the probability that the observations belong to the same
specie, arising from the same population is larger than the one between observations from different populations,
which is an appealing feature from a modeling perspective. The fact that correlation between two observations
coincides with the probability that they are equal is a very general result for species sampling models, both in
the exchangeable and partially exchangeable cases. See the proof in the Appendix for further insights.

This hierarchical representations of general dependent species sampling processes points out that the de-
pendence is controlled by the ties of the observations and the random partitions they induce. Thus, in order
to understand the model and develop sampling schemes, we now study the random partitions structures of the
distributions and populations induced by the ties.

A priori, the discreteness of @ induces a random partition ¥(/) of [J] = {1,...,J} and thus a clustering of
the distributions Py, ..., P;. More precisely, if (P, ..., P;) ~ HHPYP the probability law of ¥(/) is characterized
by the following EPPF, arising from the PYP,

R—1 R
g) Hr:l (7 + 7"04) H (1 . a)(mr—1)7 (4.13)

(m17"')mR;a7’Y) =

where (/) = 2(x +1)---(z + J — 1) is the Jth ascending factorial, R is the random number of blocks of the
partition of [J] and m, is the cardinality of the rth block in order of arrival of the unique P;. Equation (4.13)
immediately follows after recognizing that the underlying distributions Py, ..., P; are almost surely different
under the HHPYP, although they can share the same atoms.

Denoting with S = (51, ...,5) the cluster membership indicator vector of the J populations in the Chinese
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restaurant process (CRP), the following Pdlya urn scheme characterizes the distribution of S = (Sy,...,5):
~GH) (i
: e ifs=80
pr(Sja1 = 5| §70H) = e (4.14)
’Y+O¢R7(J+) if @ 9
M4, 8= news,
where we use the - symbol to indicate a summation over an index set, (j+) = (j + 1,...,J) is the set of

future populations not assigned to any restaurant yet, and a~(*) denotes the quantity a without considering the
elements in b. We call (S} :r =1,..., R) the unique values of the restaurant assignment vector S.

In addition, the discreteness of the P;’s induces a random partition of the observations X within and across
populations. Calling D the overall number of unique values (number of species) in X and n; = (n;q : d =
1,..., D) the vector of cardinalities of the species observed in population j, j = 1,...,J, the above mentioned
partition structure of X is characterized by the pEPPF H(D")(nl, ...,ny). In order to have a tractable form
for it, in addition to the population assignment vector S, we also make use of a further data augmentation,
which corresponds to the usual table augmentation of the Chinese restaurant franchise (CRF) (see Teh (2006);
Teh and Jordan (2010)). More precisely, exploiting that culinary metaphor, we introduce the variables T} ;,
j=1,...,J, 1 =1,...,J;, representing the table at which observation ¢ in population j sits and denote
T={T;;: j=1,...,J, i =1,...,1;}. Furthermore, we call ¢, ;4 the number of customers in restaurant r
sitting at table t eating dish d. Marginalizing out the previous latent variables we obtain the following form for

the pEPPF.

Theorem 4. If X is drawn from (Pi,..., P;) ~ HHPYP(«, 7, 0,0, 00,00; H), then the random partition structure

induced by the samples is characterized by the following pEPPF

ng) (ny,...,ny) = Z d)g)(ml, ..., MR;Q, 7)<I>([7;) (1,51 qR,.;0,6,00,00), (4.15)
where the sum runs over all partitions of [J], (;555{]) as in (4.138), and @g)(%,.,,...,qu.,;a,Q,aoﬁo) is the

pEPPF associated to an R-dimensional HPYP(a, 0, 0¢,00; H).

Exploiting the aforementioned variable augmentation based on T' and S, and calling X7, ..., X}, the unique
values in the sample X, it follows from Bayes Theorem that the following urn scheme easily allows to sample
from (4.6) in two steps:

(1) Assign the population to the different restaurant recursive from equation (4.14).

(2) Given the assignment of the populations to the restaurants via S, sample the table assignments T and
the observations values X recursively adapting the CRF (Teh, 2006) from
pr(Xj; =2, T =t| S, X UTH) 7-0++)) =

0o + D—(j+i+)0-0 0+ [;.(JJr“r)U
0o _"_[i(jJriJr) 0 _i_q;(J_*iJr)
Wy GHD Gt

00_,’_['.*‘.(]‘1’754’) 9+q;’(’]+1+)

—(+i+)
qr,t,d

if x = “new” and t = “new”

if x = X;_(j+i+) and t = “new”

if 2 = X3~UF) and ¢ = 77, ),

where (j 4+ i+) = {(jl) : I > i} U{(kl) : k > j} is the index set associated to the future random variables not
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sampled yet, and T7; ; denotes the value of the [th table in restaurant r serving dish d. Finally, ¢, 4 represents
the number of tables in restaurant r serving dish d. If we are interested not just in the clustering structure,
but also on the specific value of the observations, we can sample the “new” values of the observations from the
non-atomic base distribution H.

Notice that, contrary to the usual CRF characterizing the HPYP, a restaurant is not identified by a unique
population, but different populations can be assigned to the same restaurant, thus sharing tables. On the other
hand, if two populations are assigned to two different restaurants, they will not share any table. Since this urn
scheme naturally extends the well-known CRF metaphor, with the additional property that a restaurant can
be composed by more than one group, we call such a Pdlya urn scheme hidden Chinese restaurant franchise
(HCRF). Populations are clustered together when assigned to the same restaurant. In testing the homogeneity
among different groups, one can then compute the posterior probability that two populations belong to the

same cluster as discussed in the next section.

4.3.2 POPULATION HOMOGENEITY TESTING

One of the main goals of the present work is to introduce a valuable model that, among usual inferential species
sampling tasks, is able to assess which populations are homogeneous. Since the clustering is probabilistic, the
key quantity of interest is the posterior probability of co-clustering for each couple of distributions P;, Py, j # k,
namely pr(P; = Py | X). These probabilities can be interpreted in terms of posterior evidence of homogeneity
between the distributions P; and Pj. Considering the case of J = 2 populations for ease of interpretation, and
denoting n; and nsy the vectors of the counts of the overall distinct D values in each of the two populations,

the pEPPF characterizing the law of X can be written as

1—«
+1

n +7
3" (n +ng;0,0,00,0 +L
p (n1 2 0,00) S+l

Hg)(nl,ng) = (I)(Dn)(nl,ng;O',e,O'o,eo), (416)
with @gl) as in Theorem 4. As expected by the model specification (4.6), the pEPPF (4.16) can be seen as
a convex combination of the probability laws of the random partitions induced by different HPYPs, the first
composed by a single population with n; + no vector of multiplicity, while the second formed by two distinct
populations having multiplicity vectors 1 and mno respectively. From (4.16) one can easily derive the posterior

probability to degenerate to the exchangeable case, that is of the event {P, = P»}.

Proposition 6. If J =2 and X is sampled from (Py, Py) ~ HHPYP, then the posterior probability of degeneracy
18

(1— )0 (ny + ny;0,0,00,0)
(1 - a)q)([;l) (nl + n2; o, 07 go, 00) + (O[ + ’Y) (I)([;l) (nla na; o, 07 go, 00)

pr(PL=P | X)=

Notice that the HHPYP overcomes the degeneracy issue of the NDP allowing for the presence of shared
species across populations, without implying to degenerate to exchangeability.
The above mentioned task is strictly related with hypothesis testing procedures. Indeed, assessing whether

Py = P, can be rephrased as a test where

HO : Sl = SQ vs. Hl : Sl 7£ SQ. (417)
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Hy and H; specify two different models for the data matrix X. The corresponding Bayes factor is then readily

available and has the form
p(X | HO) _ CD(Dn)(nl + no; o, 07 go, 00)

B p(X | Hl) @g’)(nl,ngga,ﬁ,aoﬁo) .

Bo:

For J > 2, the co-clustering posterior probabilities for each couple (j,k) can be easily computed via the
marginal Gibbs sampler described in Section 4.4. It will be sufficient to count how many times out of the B
Gibbs updates S; = Sk to get an MCMC estimate of pr(P; = Py | X). Moreover, the testing procedure (4.17)
can be straightforwardly extended to the generic null hypothesis

Hy: Sj, = Skys--.ySje = Sk, for some {j1,...jc}, {k1,...kc} C [J],

with complementary alternative hypothesis Hy, with corresponding Bayes factor following from the specification

of the summation in (4.16) to the cases specified by the null hypothesis and the alternative.

4.3.3 INFERENCE ON THE NUMBER OF SPECIES

Consistently with the above, let D be the overall random number of species (dishes) in the sample X of size
n = Z;‘le I;, and define D, the random number of species among the g,,.. observations in the rth cluster of
populations (restaurant). Call R the number of heterogeneous populations among the J populations. To keep
the notation lighter, we suppress the dependence on n, J and ¢,... The probabilistic behavior of D and R
both on finite samples and when the overall numbers of observations n and populations J diverge is of utmost
importance to deeper understand key properties of the proposed species sampling model.

First, note that (T}; | S; = r, P}) iid px

> with P* i pYP(0,0, H), where H is a non atomic probability
measure, so that, if we call L, the number of distinct values in T, = (T ; : S; =r), r =1,..., R, these quantities
are independent across restaurants.

We also denote by Dy, the random number of distinct values between ¢ exchangeable values generated from
Py. Notice that the distribution of R, L, and Dy ¢ can be derived via marginalization from the EPPF induced

by a PYP with non-atomic base measure. More precisely,

1 J () .
p(R):ﬁ Z <m1,...,mR> R(ml,u-,mRﬂﬁ)

" meFr(J)

(4.18)
IS (G +ra) () Ria)
G

where Fr(J) = {(m1,...,mg) : my > l,zf;l mp = J}. Here €(n,k; o) represents the generalized factorial

. 1 & ; .
coefficient defined by (o)™ = Sr_ €(n, k;0)(t)), and computable as € (n, k; ) = = Z?ZO(—l)J (’;)(—o—j)(")
with the proviso ¢(0,0;0) = 1 and €(n,0;0) = 1 for any n > 0 and €' (n,k;0) = 0 for any k > n. For an
exhaustive review of the generalized factorial coefficients see Charalambides (2002).

Marginalizing out the corresponding EPPF we can also obtain:

2o (00 + doo) B¢, Dog; a0)

TN 0+ o) Elar,, L) o)
G+ oy B |

(6 + 1) ol

, p(Ly)

(Do) =
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In the next Theorem we derive probability distribution of the overall number of species.

Theorem 5. If the data matriz X is drawn from (Py,..., Py) ~ HHPYP, then

n J
p(D)= Y 6 (mi...omriay) Y pr(Dor=D)pr | L. =1L
Bep(J) L=D =

R
_ H’r‘ (v +ra) H mr—l)
1) J-1)
Beps) (VF r=1
3 [1i' (60 + dov) €(¢, Ds o) [1i=, (6 + £0) € (4., Lio)
L=D 9 +1 (@=1) J[)D (90+1)(€_1) ol

X

)

where p(J) is the space of the partitions of [J].

The distribution of the overall number of species D in Theorem 5 is quite involved. However, from such
analytical formula we can derive a simple algorithm to sample from it after a variables augmentation.

From the composition structure points out in Theorem 5 we can also study the asymptotic behavior of the
number of species as the sample size n diverges, which boils down to a simple analytical form. From now on, for
an arbitrary function f(n), we write Y;, < f(n) if the limit of Y,,/f(n) as n diverges is almost surely a positive

and finite random variable.

Theorem 6. If the data matriz X is drawn from (Py,..., Py) ~ HHPYP and D is the overall number of distinct
species in J populations of sample sizes Iy = ... =1;=1=n/J. Then

D =n?9
as n — 0o.

Notice that the HHPYP can be used also to discover the number of heterogeneous subpopulations R as the

number of populations J grows. From (4.18) we have
R=J%,

as j — oo. That is the number of heterogeneous subpopulations follows a polynomial growth under model (4.6).

4.4 MARGINAL GIBBS SAMPLER AND PREDICTIVE INFERENCE

Posterior inference can be efficiently performed thanks to the marginal Gibbs sampler described in the following
section. The full conditionals for the augmented variables S; and T; have indeed a nice ratio expression, which
is recovered exploiting Bayes theorem and the fact that, with such variable augmentation, the pEPPF admits a
product form that simplifies between the numerator and the denominator. This results allow for interpretable
and computationally tractable inference for all quantities of interest. These include the posterior distribution
of the tables T and, more importantly, the posterior distribution of the vector of cluster assignments S and the

predictive distribution of future observations. Such quantities can be used to perform population homogeneity
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testing, and, for instance, to estimate the number of new species that are expected to be observed in an additional

sample of m = (my, ..., my) observations.

4.4.1 GIBBS SAMPLER

The proposed Gibbs sampler follows by extending the marginal Gibbs sampler for NDP mixture models in
Zuanetti et al. (2018) to the species sampling framework presented in the present work. The main idea is that,
after having set an initial configuration for the augmented variables S and T, at each iteration one first updates
the table assessment T7; for each individual, and then updates the population cluster membership indicators S,
j=1,...,J, via a Metropolis-Hastings within Gibbs step. Due to the fact that T; must be coherent with S;, the
update of S; is done jointly with an update of T;. The proposal distribution of the Metropolis step is such that
it is easy to sample from and allows a fast evaluation of the acceptance probability. Performing homogeneity
testing will then be immediate, as it will be sufficient to count the fraction of times two populations are clustered
together out of the total number of iterations. In particular, the Gibbs sampler to perform posterior inference
on the latent variables S and T is reported below.
(0) At t = 0 start from an initial configuration S and T
(1) At iteration t > 1

(1.a) With X;; = X sample latent variables T};, fori=1,...,I; and j =1,...,J from

—(74) =9

(i Qrta — 9 ift="T, 4
pr(Tj; =t | T79), X, 8) e G . (4.19)
W (9 + g'r‘, ) ift = “neW”,
where wd = € — 0y 1f€ (J ) > 0 otherwise wd( I _ .

(1.b) When updatmg S, we w111 have to update the Tj. This is done via the following efficient Metropolis-
Hastings within Gibbs step. Call Y = (S;,T}) the vector of the current values for the jth population cluster
assignment and the table assignments in there, the proposed new values Y’ = (S;,Tj/) are sampled by the
proposal distribution ¢(- | -), which is defined hierarchically exploiting the results for the importance sampling

density in (Maceachern et al., 1999):

I
a(Y' | V) =p(8} | 8-) [T w75 | 725, 770, X707, X, 85) (4.20)

i=1
where (ji+) = {(jl) : I > i} is the index set associated to the future random variables not yet sampled.
Moreover, p(S7 | S—;) is as in (4.14) with (j+) replaced by (j) and p(Tj; | T—;, T, —@et) X5 @et) , Xji, S5) can

be computed as in (4.19).

. . - . "NT_;.S_;, ’
The proposed state Y’ is accepted with probability min(1, A’), where A" = Z;(g/g__i S_J,’;))g(g,lf;)). The full

conditional of Y can be expressed as
p(Sja X |X—]7S—jaT—j) o

(X | X, T, 55) (4.21)
o8 p(SJ | S—j)p(T’jv Xj | X—j,T—jv S—j7 Sj)v

p(Sj7T] | XaT—jvs—j) =
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so that
A = ( X |X*J7T S*J’SI)HZ 1]9( Ji | X_(jH_) X“T j T ) S S)
( X ‘X*thaS*]vS)Hz 1]9( ]Iz|X (Gi+) X T Tl ) S*]vsé)
where the conditional distribution for (Tj,X;) has the form p(T;, X; | X_;,T_;,S) = Hf;l p(Tji, Xji |
X0 =) 8. Thus,
I i = (ji+)
A/:H p(Xji | X~ i) I T 7 ’Tg/z’S—JvS/)
i=1 p( Ji | X_(JZJ'_)aT—jaT Get) TJ“S—]aS )
where
1 if t =17, and z = XU,
0 <”+>70'0 . *—(Jt+)
p(X =X | X~ (Git) T (J1+) ]1 = t S) W if t = “new” and z = Xd s (422)
% if t = “new” and = = “new”.
o .
4.4.2 PREDICTIVE DISTRIBUTION
Consider now the case where we want to make inference about an additional sample of I ™% = (I;meV" ... [Pew")
new observations, where m; is the number of new observations in population j, for j =1,...,J. Le us denote
Xrew = X2V j=1,...,J, i=1,...,1;"°""} the values of such new observations and T"*" = {T¢™ : j =

L,...,J, i=1,..., ;""" } the latent tables allocations in the HCRF metaphor.

The following urn scheme allows obtain sample (X™¢V,T"¢V) exploiting the output of the Gibbs sam-
pler described in the previous section, since the sample can be obtained sequentially, exploiting the fact that
(Xnew new | S,T,X) — HJ ) 1‘[2 1p(X;1(:W,TjnleW | SjT’X’Xnew—(j+i+)’Tnew—(j+i+)), where pr(X;t‘jW —
x.Thew — ¢ | S T.X. Xnew— (J+i+) Tmew — (]+Z+)) —
xZ, Jyi ) 9 9 9
0y + DU+t g, 0 + l’f(jﬂjr)a

9 4 l_ (5+i+) 0 _|_ ]+l+)
e (J+1+) —00 045 (7+1+)

= if 2 = Xx~ Ut and ¢ = “new”
90+[ (G+i+) 0+q*(J+L+) d

—(i+it)
r,t,d -0

0+ qr,-, (JJth)

if x = “new” and t = “new”

if # = X370 and ¢ = T:;7§j+i+),

being (j + i+) = {(j1) : { > i} U{(kl) : k > j} the index set associated to the future random variables not yet
sampled.

Thus, for each configuration (S, T') generated in the Gibbs sampler presented in Section 4.4.1, one can obtain
a sample from p(X™V, TV | S, T, X), so that, after the burn-in period, samples from p(X"*% T™V | X) are
obtained.
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APPENDIX C

C.1. PrROOF OF (4.9) AND (4.10)

Proof. Note that P; < P;.

E[P;(A)] = E[Pf(A)] = H(A) since P is a species sampling model
Var[P;(A)] = Var[P](A)]

Furthermore, we know that Var[P}(A)] = H(A)[1 — H(A)] ; 7_’_0;) and
o
Var[P;(A)] = HAU = H(A)) (1 —09)+ (6o + UO)Q , see Camerlenghi et al. (2019).
0o + 1 0+1

Moreover E[P; (4)P5 (A)] = E[E[P; (A) | P{E[P; (A) | Fy]) = E[P§ (A)?] and

-«
r(P; = Py) = for j # j'. Thus,
pr(P; = Pjr) PO J# 7

E[P;(A)P;:(A)] = E[P1(A)P(A) | Py = Po]pr(Py = P2) + E[Pi(A)P2(A) | P # B)pr(P1 # P) =

* 2 i ta * * — l1-a
E[P}(A)?] + mlE[Pl (A)P;(A)] = -

7+o
v+1

_l—a
o+l

E[P;(A)"] + E[P7(A)?].

From it we derive

11—«

Cov[P(4), Py (4)] = EP(A)Py (A)] ~ H(A)* = ~—TVar[P{ (4% + %Varmm

and

_ Cov[P;(A), Pj:(A)] _ 11—« n v + a Var[P; (4)] _
Var[P;(A)] v+1 ~y+1Var[Pf(A)]
(a+7)(—1400)(1+0)

Cor[P;(A), Py (A)]

1_
l-a v+ 1—o09 B OHL—1+(—1+00)0—90+0(00+90)

Syl vl 0 -0 14~y
( 00)+(0+00)9+1

C.2. PROOF OF (4.11)

Proof. Note that X ; 4 X[. Thus,

Cov(Xji, Xjrir) = E[Cov(X;; = Xy | WX = Xy )pr(Xj: = Xjr i) +0=pr(X;,; = Xjr i) Var(X])

Therefore COI‘(Xj,i,Xj/,i/) = pI‘(Xjﬂ; = Xj/ﬂ‘/), where

69

pr(Xjo = X)) = pr(Xjo = X | Ty = Ty )pr(Lys = Tjr) + pr(Ty # Ty )pr( Xy = Xy | Tja # Tjar) =

1l—-0 1-090+0
C04+1 Gp+160+1
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and if j # j'

pr(Xji = Xj:) = pr(Xji = Xy | Py = Py)pr(Py = Pyr) +pr(X; = Xy | Py # Pj)pr(Py # Pyr) =

l1—0c l—0gf+o 1—o09 _1
= 1-— 1
{{9“ ] L 90+1(7+0‘)}<7+ )
O
C.3. PROOF OF THEOREM 4
Proof. In order to prove Theorem 4 first note that
Lemma 3. The random partition structure induced by the samples X drawn from (Py,..., Py) ~ HHPYP given
a particular partition of distributions U(/) = {Bi,...,Bgr} is characterized by the pEPPF
'y v = {By,...,Bg}) = o'} .7,0,00,0 4.23

D ’I’L17...,’I’LJ| { Tyeoos R} D (Q1,~,-7---7QR,-,~,U7 00, 0), ( )

where @g)(q17.7., ...y qR,..;0,0,00,00) is the pEPPF associated to a R-dimensional HPYP(c, 00,0, 600; H).
Indeed,
ng”(nl,... ny | ¥ ={By,...,Bg}) =
= [/ HP Y dzg) ... Py (dzg) | OY) = {By, ..., Br}
X2 a=1
_ [/ H Pyt (dag) ... PRT 4 (dag) | = @ (nl, ... npi0,0,00,60),
X2 a=1
where XP = XP\ {z : ; = x; for some i # j} and (P},...,Py) ~ HPYP(0,00,0,00; H). Moreover, note
that the R unique values between (P, ..., Py) are not necessary the first (Py,..., Pj;) but since (P} )i>1 are
exchangeable the third equality holds.
Therefore, applying Lemma 3
5 (n, ... ong) = > pr(8Y) = {By,....Bpp)IH (ny, ... ,ny | € = {By,...,Bp}) =
= Z (bg) (mla <.y, MRS aer)(I)(Dn)(QI,‘,W ---34qR,. .5 0, 9, 00, 90)
O

C.4. PROOF PROPOSITION 6

Proof. In order to derive the posterior probability of degeneracy we rewrite the marginal likelihood as

D
p(X): nl,ng H dXd
d=1
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where {X7,...,X},} are the D unique values between X and ng) (n1,m9) is the pEPPF associated to the
proposed model 4.16, that is

Hgl)(nl,ng) =pr(P = P2)<I>(£})(n1 +1n9) + pr(P # Pz)q’gl)(nunz;@e,aoﬂo),

Finally we prove the proposition by applying Bayes theorem

pr(P = P)p(X | P = P»)
p(X)

pI‘(Pl = P2 | X) =

(1- a)ég)(nl + n2;0,0,00,60)

B (1- a)@%’)(nl +n9;0,0,00,00) + («+7) @g)(nl,ng;o,ﬁ,ao,eo).

O
C.5. PROOF OF THEOREM b
Proof. Note that applying Lemma 3 and Theorem 6 in (Camerlenghi et al., 2019) we have that
n J
pr(Dp =D | UY) ={By,....Bp}) = > pr(Dor=D)pr (> Lyg =L
L=D j=1
Then marginalizing out the population partition ¥(/) we have
n J
J
pr(Dy=D)= Y ¢% (m1,...,mpia,9) > pr(Dos =D)pr [ S Ly, =L
Bep(J) L=D j=1
O

C.6. PROOF OF THEOREM 6

Proof. Let T'(n) 4 Zf‘zl Ly, .. < Dy, representing the number of tables in the franchise. The conditional

independence arising from the hierarchical specification of the model (4.6) entails that D,, = Dg 7 () almost
surely. Moreover, by the asymptotic of the number of species in the exchangeable case under a Pitman—Yor

prior we have that for each m, = m,(¥())) € {0,...,J}:

DO,I a.s., C Lr,mrl a.s. C o
Joo 0 I My,

as I — oo, where Cy and C,’s are positive and finite random variables. Since T'(n) = Zf Lym,.1

T(n) as,
Ia
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where 1 = n(¥(/)) is a positive finite random variable. Thus,

Doy  T(n)? Dorm)/T(m) as

= — 1.
Do 1~ (nI°)°0 Do 1o /(nlo)o0
entailing
D’Vl D n D 7 a.s,
— O’T( ) 0,n1 A8y CO,

Jo90 - DO,nI“ (Ia)(ro

as I — oo.
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CHAPTER 5

CLUSTERING CONSISTENCY WITH

DIRICHLET PROCESS MIXTURES

5.1 INTRODUCTION

Bayesian nonparametric methods have experienced a huge development in the last two decades, often standing
out for their flexibility and coherent probabilistic foundations; see the monographs by Miiller et al. (2018) and
Ghosal and Van Der Vaart (2017) for recent stimulating accounts. The cornerstone of Bayesian nonparametrics
is the model based on the Dirichlet process (Ferguson, 1973), which can be expressed as X; | P i P and
P~ DP(a, Qo), where o > 0 is the concentration parameter and Qq is the baseline distribution over the sample
space (X, ). The success of the Dirichlet process in actual implementations of the Bayesian approach to
nonparametric problems is mostly due to its mathematical tractability, which is highlighted by conjugacy, and
flexibility, which is assessed in terms of its large topological support.

Since P is almost surely discrete, if one wishes to model continuous data one may convolve it with a density
kernel k parametrized by a latent variable 6 that is drawn from a Dirichlet process. This yields the popular
Dirichlet process mixture (Lo, 1984), which exhibits appealing asymptotic properties in the context of density
estimation: in several relevant cases, the posterior distribution concentrates at the true data-generating density
at the minimax-optimal rate, up to a logarithmic factor, as the sample size increases (Ghosal et al., 1999; Ghosal
and Van der Vaart, 2007). Such a model and many of its variants are widely used across scientific areas, thanks
also to the availability of a wide variety of efficient computational methods to perform inference, see for instance
Escobar and West (1995, 1998); Maceachern and Miiller (1998); Neal (2000); Blei and Jordan (2006).

Thanks to the discreteness of the Dirichlet process, the latent parameters 6;’s exhibit ties with positive
probability. Hence, the Dirichlet process mixture model is also routinely used to perform clustering since it
partitions observations into groups based on whether their corresponding latent parameters 6; coincide or not.
The ubiquitous use of Dirichlet process mixtures for clustering motivates the interest in the asymptotic behaviour
of the posterior distribution of the underlying partition, and in particular in the inferred number of clusters (i.e.
subpopulations), as the number of observations increases. Nguyen (2013) showed posterior consistency of the

mixing distribution P under general conditions. However, this does not imply consistency for the number of
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clusters, due to the use of the Wasserstein distance. Indeed, Miller and Harrison (2013) proved that Dirichlet
process mixtures are not consistent for the number of components when data are generated from a mixture
with a single standard normal component. See also Miller and Harrison (2014) for extensions. These results,
however, are derived under the assumption that the concentration parameter « is known and fixed. This is
crucial because the clustering behaviour of Dirichlet process mixtures is governed by the choice of a. Indeed,
under the Dirichlet process mixture model, the prior probability of observing ties is a function solely of «, since
pr(0; = 0;) = 1/(a +1).

In order to have a more flexible distribution on the clustering of the data, in most implementations of the
Dirichlet process mixture a prior 7 for « is specified, leading to a mixing measure that is itself a mixture in the
sense of Antoniak (1974). Here we show that introducing such a prior has a major impact on the asymptotic
behaviour of the number of clusters, as Dirichlet process mixtures can be consistent for the number of clusters.

We provide consistency results under fairly general conditions on 7 and for a moderately large class of kernels
k, including uniform and truncated normal distributions. Following Miller and Harrison (2013), we focus on
data-generating mixtures with a single component. However, our results extend to the more general case of
finite mixtures with multiple components, when a suitable separation assumption between the elements of the
mixtures is fulfilled; moreover, we prove consistency for cases where using a non-random « yields inconsistency,
thus suggesting that a hyperprior may be beneficial even beyond the cases considered here. We stress that the
framework we study is arguably closer to the way Dirichlet process mixtures are used in practice, compared to
holding « fixed.

We note that studying an asymptotic regime where the data-generating truth is a mixture with a finite and
fixed number of components entails some degree of model misspecification. Indeed, Dirichlet process mixtures
are nonparametric models with an infinite number of components or, in other words, a number of clusters
growing with the size of the dataset. Thus, our results can be interpreted as a form of robustness of the prior:
if the number of components of the data-generating is finite, it can still be recovered by adapting appropriately
the value of «, despite the prior is concentrated on mixtures with infinitely many components. In particular we
show that, under all the data generation mechanisms we consider in the next sections, the posterior distribution
of a converges to a point mass at 0 at a specific rate, which is crucial to ensure consistency. See Section 5.6 for

more discussion and some related literature.

5.2 DIRICHLET PROCESS MIXTURES AND RANDOM PARTITIONS

Henceforth, we will be focusing on Dirichlet process mixture models with a prior on the concentration parameter,
namely

X0, * k(160;), 0,|PX P, P|a~DP(a,Qy), a~m, (5.1)
where k(-|0) is some density function, for any 6. Since we are interested in the distribution of the number
of clusters, it is reasonable to rewrite (5.1) in terms of the distribution on partitions, related to the so-called

Chinese restaurant process. For every pair of natural numbers (n, s) such that s < n, denote with 75(n) the set

of partitions of {1,...,n} into s non empty subsets. Conditionally on «, the sequence (6;);>1 induces a prior
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distribution on the space of partitions of IN that, for any n > 2, is characterized by

s S

e!
pr(A|a)= ) H(aj -1, (A={A4,..., A} € 75(n),s <n), (5.2)

j=1
where a(®) = a---(a +n — 1) is the ascending factorial and a; = |A;| stands for the cardinality of set A;.

Conditionally on the partition A, the probability distributions of the data X;.,, = (X1,...,X,) and of the

cluster-specific parameters 6., = (él, .. ,és) are
pr(Xl:n | él:saA) = H H k<Xz | éj)a pl"(el S ‘ A Oé) - pl" 91 s qu é (53)
j=11i€A;

The number of clusters in a sample of size n is denoted by K, and under (5.1) it has the following prior

distribution

/Z pr(A | a)r(da).

A€Ts(n)

Since we are concerned with the large sample properties of pr(K,, = s | X1.,), we focus on the joint distribution

of the vector (Xi.,, K,,) which, for any z1., = (z1,...,2,) € X", is given by

S

pr(Xi.p = 21, Ky = 8) = Z pr(A) H m(za,), (5.4)
AeTrg(n) Jj=1

where pr(A) = [ pr(Ala) n(da) and m(z4,) = [ HzeA (z; | 0)qo(0)d0 is the marginal likelihood for the subset

of observations identified by A;, given that they are clustered together. We study the asymptotic behaviour of

the posterior induced by model (5.1) when the observations are independent and identically distributed samples

from a finite mixture, that is we assume the following data generation mechanism
X, N p= ij L (i=1,2,...), (5.5)

where, for any ¢t > 1, the R;’s are probability measures on X and the p;’s are probability weights, i.e. p; € (0,1)
for any j and 3 ;p; =1. We will let P and P(*>) be the product probability measures induced on X" and
X respectively, and denote (5.5) by Xj.o0 ~ P(>)In the following, we will consider each R; to be dominated
by a suitable measure and denote the resulting density by f;(:) := f(- | 7). We say that model in (5.1) is
well-specified for P if k(-|0) = f(- | ), that is if the data-generating distribution is a mixture of kernels belonging
to the same parametric family that defines (5.1).

We say that posterior consistency for the number of clusters holds if pr(K, =t | X1.,) = 1 as n — oo in
P(>®)_probability. Note that the conditional probability pr(K, =t | Xi.,) is defined with respect to the model
in (5.1), while the convergence in probability is with respect to the data-generating process Xi.oo ~ P(>) Since
pr(K, =t | X1.,) lies between 0 and 1, convergence in P(°)-probability is equivalent to convergence in L' with

respect to P(°°) and thus we could equivalently define consistency in terms of L' convergence.
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5.3 MAIN CONSISTENCY RESULTS

The investigation of the asymptotics of the number of clusters K,,, induced by the model in (5.1), will rely on

the following assumptions on the prior 7 of «

Al. Absolute continuity: m is absolutely continuous with respect to the Lebesgue measure and its density is

still denoted as ;
A2. Polynomial behaviour around the origin: Je, §, B such that Yo € (0, €) it holds 3o < m(a) < §a”;

A3. Subfactorial moments: 3D,v > 0 such that [a®r(a)da < Dp~*T(v + s + 1) for every s > 1 and for
sufficiently large p.

The first two assumptions are sufficient to study the posterior moments of a, conditional to the number of groups
K, as will be clarified in Proposition 9. Assumption A3, instead, will be useful specifically for consistency
purposes: the minimum value of p required to achieve consistency depends on the problem at hand, that is on
the specific choice of P in (5.5) and k in (5.1), as will be stated in Theorems 7 and 8. Assumptions A1-A3 are

satisfied by common families of distributions, as displayed in the next lemma.
Lemma 4. The following choices of m satisfy assumptions Al, A2 and A3

(1) Any distribution with bounded support that satisfies assumptions Al and A2, such as the uniform distri-
bution over (0,c), with ¢ > 0;

(2) The Generalized Gamma distribution with density proportional to ad_le_(%)p, provided that p > 1;
(3) The Gamma distribution with shape v and rate p, provided that p is large enough.

Notice that the rate parameter of the Gamma distribution corresponds to the quantity p in assumption A3.

5.3.1 (CONSISTENCY ON SPECIFIC EXAMPLES

We first focus on the case of uniform kernel and ¢ = 1, that is
f="TUnif(0" —¢,0" +¢), k(-|6) =Unif(d —c,0+¢), qo = Unif(6" — ¢, 0" + ¢), (5.6)

where 6* € R is a fixed location parameter and ¢ > 0. In this setting the marginal distribution is available and

with a suitable application of Holder’s inequality it is possible to prove consistency for specific values of p.

Theorem 7. Consider f, k and qo as in (5.6), and assume m satisfies assumptions Al, A2 and A3 with p > 38.
Then

pr(K,=1|X1n) =1
as n — oo in P(*°) _probability.

As a second example, we move beyond bounded kernels and consider a simple, yet interesting, case. Indeed,
we specialize model (5.1) to Gaussian kernels and assume constant data, equal to some fixed real number 6*.

More precisely, set

f =00, Kk(10) =N(0,1), go=DN(0,1). (5.7)
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Unlike the other examples in this chapter, this case is not well-specified, as k(-|0) # f(-) for every 6. This makes
the definition of true or data-generating number of clusters more delicate. Nonetheless, being an example with
constant data, one would hope the posterior of the number of clusters to concentrate on one cluster. However,
even in such a limiting case, Miller and Harrison (2013) show that under (5.1) with fixed concentration parameter
pr(K, = 1/X1.,) does not converge to 1 as n diverges.

Once again, placing a prior on « impacts the posterior asymptotic behaviour of K, and one achieves

consistency, as detailed in the next theorem.

Theorem 8. Consider (f,k,qo) as in (5.7) and assume m satisfies assumptions A1-A2 and A3 with p > 16.
Then,
pr(K, =1 X1m) — 1

P(>)_almost surely as n — cc.

5.3.2 GENERAL CONSISTENCY RESULT FOR LOCATION FAMILIES WITH BOUNDED

SUPPORT

For our general result we consider kernels of the form
k(z|0)=g(x—0) (z€R), (5.8)

where ¢ > 0 and 0 € R is a location parameter. Here g is a density function on the real line satisfying the

following assumptions
B1. g is strictly positive on some interval [a, b] and 0 elsewhere;
B2. g is differentiable with bounded derivative in (a, b);

B3. The base measure Qg is absolutely continuous with respect to the Lebesgue measure, and its density qq

is bounded.

The above assumptions essentially require that the kernel is a location-family distribution with positive density
on a bounded support. The class is fairly general and it includes, as relevant special cases, the uniform
distribution and the truncated Gaussian distribution, among others.

When considering a mixture of the kernels in (5.8) as data generation mechanism satisfying B1-B3, with
true parameters 0 = (07,...,0;), we say that 0 is completely separated if |07 — 0} > b—a, with j # k. Under

such somewhat restrictive assumptions we have the following general consistency result.

Theorem 9. Suppose k and qq satisfy assumptions B1-B3. If w satisfies assumptions A1-A3 then, for every
P asin (5.5) with t € {1,2,...}, f; = k(-|0F), 0 completely separated and 0} belonging to the interior support
of Qo for every j, we have

pr(K,=t| X1.,) — 1

as n — oo in P -probability. If m(a) = 6o~ (), with a* > 0, then as n — oo

limsup pr(K,, =t | X1.,) < 1.
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Therefore, a prior on the concentration parameter yields consistency when the true data generating distribu-
tion meets a condition of complete separability, that informally amounts to having cluster locations sufficiently
distinct: notice that this condition is automatically satisfied when t = 1. We additionally show that, even under
such an assumption, the Dirichlet process mixture model with fixed « still fails to be consistent at the number
of clusters. Hence, a prior on « is crucial to overcome issues with learning the true number of clusters as the
sample size increases.

Moreover, the posterior mass on a smaller number of clusters than the truth vanishes, as explained in the next
proposition. The latter holds under mild assumptions on model (5.1), satisfied either by bounded distributions

as above or for instance by the Gaussian kernel.

Proposition 7. Let P be as in (5.5), with true parameters 07, ...,0;. Let 07 belong to the support of Qo for
any j and let k satisfy assumptions Bl — B3 above or H1 — H3 in the Appendiz. Then

pr(K, <t|Xin) —0 (5.9)

in P() -probability as n — oc.

Finally, note that the previous consistency results are related to another property of general interest, namely
the posterior distribution of the concentration parameter converges to a point mass at 0 in the asymptotic regime

we are considering.

Proposition 8. Under any of the settings in Theorems 7, 8, and 9, we have
7T<a | Xl:n) — 50

weakly, as n — oo, in P -probability.

Hence, under the conditions that ensure consistency for the number of clusters, the posterior distribution
of the concentration parameter converges to a degenerate distribution at 0. This is not surprising since the
Dirichlet process mixture model is concentrated on mixtures with infinitely many components and one way to

achieve consistency is to let « tend to zero, which entails that the prior is swamped by the data.

5.4 METHODOLOGY AND PROOF TECHNIQUE
Our proofs of consistency in Theorems 9, 7 and 8 rely on the following lemma.

Lemma 5. The convergence pr(K, =t | X1.,) — 1 as n — oo in P -probability holds true if and only if one

has, in P -probability,
pr(Kn =S ‘ Xl:n)
(Kn =1 | Xl:n)

—0 asn—oo. (5.10)
sF#t pr

Working with the ratios of conditional probabilities in (5.10) is beneficial, as the marginal distribution of

X1., involved in the definition of pr(K, = ¢ | X1.,) cancels. Also, it is convenient to write such ratios of
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probabilities as follows: first, recall from (5.2) and (5.4) that

pr(Xlzn =T1.p, Ky = 5) :/ (”) dOé Z H — 1 'm JUA )

A€eTs(n) j=1

for any s > 1, which implies that
o d s s
pr(Kn =S | Xl:n) _ f a(") 71'(0[) o ZAGTS(’IL) Hj:l(aj - ]')' Hj:l m(XAj)

pr(Kn =1 | Xl:n) f O(‘t) 71'(04) da ZBen(n) H;:1(bj - 1)! H;:l m(XBj) -
% n

(5.11)

R(n,t,s)
Cn,t,s)

The decomposition of (5.11) into the factors C(n,t,s) and R(n,t, s) is useful to understand the role of the prior
distribution over «, and to compare our results with the one of Miller and Harrison (2013, 2014). In particular,
the term R(n,t,s) does not depend on « and, hence, on the choice of w. This is indeed the key term studied
in Miller and Harrison (2014), where it is shown that for ¢ < s, under some assumptions, liminf R(n,t,s) > 0
as n — oo in P(®)-probability. On the contrary, C(n,t,s) incorporates information about « and its prior
distribution. In the fixed « case, which can be thought of as having a degenerate prior m = ¢, for some a > 0,
the term C(n,t,s) boils down to a®~* which is constant with respect to n. This is sufficient for Miller and

Harrison (2014) to deduce lack of consistency for fixed o, which means that
limsup pr(K, =t| X1, a) <1 (5.12)

as n — oo in P(°)-probability for any « > 0.

However, once a non-degenerate prior « is employed, C(n,t,s) depends on n and, as we show in the next
section, converges to 0 as n — oo under mild assumptions on 7. Thus, liminf R(n,t,s) > 0 is not anymore
sufficient to establish whether consistency holds true or not. Instead, one needs to compare the rate at which
C(n,t, s) converges to 0 with the behaviour of R(n,t, s), as done in the following sections. Note that further lower
bounds for R(n,t, s) for general values of s are given in Miller and Harrison (2014); Yang et al. (2019). However,
once combined with C(n,t,s), these are too loose to deduce either consistency or lack thereof. Therefore, we
need to exploit different techniques to determine the rate of R(n,¢,s). Since pr(K,, =t | X1.,) = [ pr(K, =1t |
X1, a)m(a | X1.n) de, by (5.12) we deduce limsup pr(K,, =t | X1.n, @) < 1 for any o > 0. This, however, does
not imply that limsup pr(K,, =t | X1.,) < 1, as one first needs to ascertain whether limit and integral can be
interchanged. The main reason is that, in the asymptotic regime we are considering, the posterior distribution

m(a | X1.n) concentrates around 0 as n — oo, see Proposition 8 above.

5.5 ASYMPTOTIC BEHAVIOUR OF THE CONCENTRATION PARAMETER

We are now concerned with studying C(n,¢,s) in (5.11). We prove that for priors 7 satisfying assumptions
A1-A3 C(n,t, s) converges to 0 at a logarithmic rate in n. The asymptotic behaviour of C'(n, ¢, s) is not specific
to some kernel k and data generating distribution f and thus can be useful to prove consistency, or lack thereof,

for arbitrary Dirichlet process mixture models with random concentration parameter. In order to facilitate the
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intuition, the term C(n,t,s) can be interpreted as a moment of «, conditional on the n observations being

clustered in ¢ groups. Indeed, under (5.1) it holds

m(a| K, =t) x ()

a(n)

and thus C(n,t,t +s) = [a’n(a | K, = t)da = E(a® | K, = t). Next proposition shows its asymptotic

behaviour.
Proposition 9. Suppose 7 satisfies A1 and A2. Then there exist F,G > 0 such that for every 0 < s <n —t

V[t + s + B3, elog(n)]
log[n/(1 + €)*

vt + s+ B, elog(n)]
[log(n) + 1]

Gs t+s—1
§C(n,t,t+s)§€—sE(a )

)

where y(x,y) is the lower incomplete Gamma function and E(a®) = [ o*r(a)da.

Thus, for a fixed s that does not depend on n, C(n,t,t + s) decreases logarithmically as a function of n
since v(x,y) < y(x) for any x and y. Thus, by looking at the ratios in (5.11), the addition of a prior favours a
smaller number of clusters.

The consistency results of the previous section are established by combining Proposition 9 with suitable
upper bounds on R(n,t,s) to prove the convergence in (5.10), so that

n—t

n—t
pr(K, =t+s| X1.n) 1
E < h
; pr(K, =t| Xi.n) ~ logn Z (5)

s=1

where h(s) is a function that depends on the specific kernel k and is such that limsup >, h(s) < oo for any s.
Indeed, instead of proving directly convergence in probability of (5.10), we show the stronger L' convergence.
In this way we will avoid the study of the specific partition at hand. The following lemma shows how the

problem simplifies in this case, when t = 1.

Lemma 6. Assume (X1, Xo,...) is an exchangeable sequence. Then for any n

5 Z [[i=i(a; — DT, m(Xa,) _ Z n 5 [Hj_l m(XA;)] ’

(n—1)! m(Xi.n) stTI52 a; m(X1.,)

A€Ts(n) acF;(n)

where the sum runs over Fs(n) = {a € {1,...,n}* : 3°_, a; = n} and A® is an arbitrary partition in 74(n)

j=1
such that [A?| = a; forj=1,...,s.

5.6  DISCUSSION

There are many avenues to extend our results and some of the tools we introduced here may prove useful to
accomplish such tasks. First of all, the setting with a general number of components for the data-generating truth
could be addressed, beyond the separability assumption given in Theorem 9. The main issue is that R(n,t,s)
in (5.11) is harder to study, since it becomes the ratio of sums over the space of partitions: in particular Lemma
6 is not easy to generalize and this explains why the case ¢t = 1 is simpler to address. Different mixture kernels

present similar difficulties, since they require to study R(n,t, s) for each specific case. Summarizing, the impact



5.6. DISCUSSION 81

of the prior is fully understood, by Proposition 9 above, but a more general positive result would require finer
bounds on the likelihood component than the ones available here and in the literature.

Another interesting question worth studying is whether consistency can also be attained by estimating the
concentration parameter through maximization of the marginal likelihood, in an empirical Bayes fashion (Liu,
1996; McAuliffe et al., 2006). In this thesis we preferred to focus on the fully Bayesian approach because it is
arguably the one most commonly employed by practitioners using Dirichlet process mixtures. Moreover, the
empirical Bayes estimator of a may not be well defined on (0, 00) because the marginal likelihood can easily
have its maximum at both 0 or infinity, thus raising theoretical and practical issues.

It is also worth noticing that our consistency results require the kernel to be perfectly specified: even a small
amount of misspecification will probably lead the number of clusters to diverge. Indeed, recovering the true
density will require an increasing number of components. This phenomenon has been formally studied in Cai
et al. (2020) for finite mixture models, when a prior on the number of components is placed.

We note that the asymptotic analysis of the posterior distribution of the number of clusters for Dirichlet
process mixtures has recently attracted considerable theoretical interest (Yang et al., 2019; Ohn and Lin, 2020;
Cai et al., 2020), and has motivated various methodological developments (Miller and Harrison, 2018; Zeng
and Duan, 2020). Ohn and Lin (2020) showed that, if « is sent deterministically to 0 at appropriate rates
as n — oo, the posterior distribution of the number of clusters concentrates on finite values when data are
generated from a finite mixture, which is a necessary condition for consistency. Such results are similar in spirit
to ours, although we consider the substantially different setting where « is learned through a prior, which is
arguably more natural in a Bayesian framework. Finally, our results also provide an answer, at least partially,
to the question of Yang et al. (2019): “there exists a natural way to correct the problem instead of truncating

the number of clusters?”, by showing that placing a prior on « can be sufficient to recover consistency.
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APPENDIX D

D.1. PrRoor OorF LEMMA 5

Proof. By construction it holds

pr(Kp=1t|X1y) =1-> pr(Ky=s| X1n).
s#t

Dividing by the left-hand side and rearranging we get

(K, =s| X1.n
pr(Kn:thlzn): 1+Zp< | 1')

The result follows immediately. O

D.2. PROOF OF PROPOSITION 9

By assumptions Al and A2 there exist €,d, 5 > 0 such that

t+s+B atts attstB
1 fo T fo amy m(a)da Qfo o da
52 at 7 g < € o 1 <O s . (5.13)
Jo %o 0 ato (@) da 0 oy da

Notice that, if assumption A2 holds for € > 1, it holds automatically for € < 1. Thus, without loss of generality,

we will assume € < 1. Thus, the main object of interest will be

€
Bufa) = [ a*pa(a)da.
0
where FE,, denotes the expected value with respect to the probability distribution with density

fn(a) _ atth
m7 fn(z) = 20 L(o,e) (), (5.14)

pula) =
where 1 4 stands for the indicator function of set A. We now provide some lemmas that will be useful to prove

Proposition 1.

Lemma 7. Let f and g be two pdf’s on R such that g(x)/f(x) is non-decreasing in x. Then [ h(z)f(z)dz <
[ h(z)g(z)dx for any non-decreasing h : R — R.

Proof. Let X ~ fand Y ~ g. Since g(z)/f(x) is non-decreasing we have g(xo)f(x1) < g(x1)f(xo) for any

zo < x1. Thus we have

x1 x1

gmmmms/gmmmm=&mmm

— 00

Fy (1) f(21) =/

— 00
and

oo

%mﬂmﬂmé/WWMﬂmMm=H—BWMﬂm)

0 Zo

u—mumwmz/
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It follows

for every x € R, which implies

Fy(x) < Fx(z)
lny(:r) -1 7Fx(56) '

Thus, Y stochastically dominates X, i.e. the corresponding cdf’s satisfy Fy(z) < Fx(z) for every z € R,
which implies that E[h(X)] < E[h(Y)] for any non-decreasing h. O

Lemma 8. Under assumptions Al and A2, for anyn —1t > s > 1 it holds

At + s+ B, ellog(n) + 1 }[1Og( = f o n(a)da o 0*lt+ s+ B, elog(n)]

] .
627 {t + B, ellog(n) + 1]} S e ma)da = AT Brelogl) B HAIT

where y(x,y) is the lower incomplete Gamma function and €,6, 8 > 0 are such that for every a € (0,¢€) it holds

%aﬁ < () < dab.

Proof. By (5.13) it suffices to find suitable bounds of E,(a®). For the upper inequality we apply Lemma 7
with f = py, g(a) o« (cn) ™ P~ L ,ep0,q) With ¢ = (1 +€)! and h(a) = a®. To verify that g(a)/pn(a) is

non-decreasing for a € (0, €] we compute

n—1
% log [ 9() :| :% [—a log(en) + ; log(a +7)

n—1
n-+e 1
> 1 >0,
= Og<1+e)+;i+6_

n—1
n 1
=1
Og(1+e> +Z:a+z‘

where the last inequality follows by a standard property of the harmonic series: flk xie dr < Zf;ll w%e for any
k > 1. Thus, since h(a) = o is non-decreasing in « it follows by Lemma 7 that
€ t+s+B—1 —aq 1 —s felog(en) i4s4p-1,-29
@ cn « og(cn z e *dz
En(as)gfoe ( ) _ g( ) 0 _
Jo attP=L(en)~> da foe log(en) i18-1,-2 4

_log(cn)™*y[t + s + 3, elog(cn)]
B [t + B, elog(cn)] '

For the lower bound we apply Lemma 7 with f(a) o« (en) ™o/~ 1 ,cp0.q), 9(@) = pn(a) and h(a) = a*. To
verify that p,(a)/f(a) is non-decreasing for a € (0, €] we compute

n—1 n—1
%lo |:pn(0¢):| :% [_ ;log(a—i—i) + allog(n) + 1]| = — ; Oé:‘li’l +log(n) +1

n—1
1
2—2;+10g(n)+120,
i=1

where the last inequality follows by a standard property of the harmonic series: Z < log(k) + 1 for any

zlz



5.6. APPENDIX D 84
k > 1. Thus, since h(a) = o® is non-decreasing in « it follows by Lemma 7 that

By (o) 3 J0 0 (en) 2da _ log(en) Jy " e e A
n a‘ — € = 3 =
Jo attf=1(en)~>da IN log(en) t+8-1¢—2 4,

_log(en)™*y[t 4+ 5 + B3, elog(en)]
- [t + B, elog(en)] '

Combining the bounds with (5.13) we obtain the desired results. [ O

Lemma 9. For any € > 0, there exists M > 0 such that, for any n > 1, it holds
€ Oét 00 at
M/o Wﬁ(a)dozz/€ Wﬂ(a)da.

Proof. Define p = M. Then
JZ atn(a)da

€ ot 00 ot € ot 5 at
— da — — da = da — — d
/0 o) m(a) da /6 o) (o) da /0 ) m(a) da /0 P 7(a) da
2/0 Wﬂ'(a) da —/O Py () dav.

< 6(:), which is always possible because (e(m))_l (%)(m) — 0 as m — co. Thus

€ t o] t
/ @ 7(a) da > / S m(a)da, n>m
0 €

am) aln)

Choose m such that (%)(m)

and it suffices to set M = max [P, 1] with

p— [f:j fi)”( )da] '

max
1<i<m 5 m(a) do

0

O O

of Proposition 9. We first prove the upper bound. We have

t+5 t+.s

00 otts
fo a(n)”( a) da fo (n)w(a)d Jrfo o) w(a)daf a(n) W( ) da

fo WTF( a)da N foe ‘f;)wa feao(‘fwwa do fo O‘t“ () da

C(n,t,t+s) <

Moreover, it holds

f:o —Zit) (o) dav - f:o ot 1n(a) da < f:o a7 r(a) da < 5 (ot 1)t+s—|—ﬂ
osit(tfﬂ( yda T [yartsTin(a)de T [fattstAolda T ghtsth 7

where the first inequality follows since o™ > €™ for a € (e, 00) and ™) < €™ for o € (0, €), while the second

one follows from assumption A2. Moreover, E stands for the expected value with respect to m. Thus from
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Lemma 8 it holds

52 [14 B(ar+s—1) L8 } [t + 5+ B, elog(n)]
Y[t + B, elog(n)]

C(n,t+s,t) < log[n/(1+¢€)]~°.

Then choose G = m. For the lower bound, apply Lemma 8 and Lemma 9 to get

JiSia)dn | 1 ot s bl + 1)

t,t
Clntit+s)2 M+1 [f 95 r(a)da ~ M+1 629{t + B, flog(n) + 1}

[log(n) +1]*

Then choose F' = m. O O
The following corollary of Proposition 1 will be useful.

Corollary 5. Suppose 7 satisfies assumptions Al and A2. Then there exists G > 0 such that for any 0 < s <n

and n >4 it holds
GL(t+ 8+ 1)2%s
€

C(n,t,t+s) < E(a'™* Y logn/(14¢€)]™!

Proof. By Proposition 1 we have

G(t+s+P)

ES

Y[t + 5+ B, elog(n)]
log[n/(1+¢€)]*

C(n,t,t+s) < E(a®)

Note that

[t + s + B, elog(n)] - Lt+p+1) { log(n)
log|

g/t = ¢ n/<1+e>]} logln/(1 + o))"

Moreover, since € < 1, we have log[n/(1 + €)] > $log(n) for any n > 4. Combining the inequalities above we

obtain the desired result. [ O

D.3. PrROOF OoF LEMMA 6

Proof. Consider R(n,1,s) as in (5.11). Taking the expectation with respect to the data generating distribution

we have
E[R(n,1,5)] = Agn) H;(zﬁ(fjl)_! e [H;;zl(;ff)&)]
- ) B )
-2 MLt Hjmﬁff;?)]
) O

D.4. Proor orF LEMMA 4

Proof. Assumptions Al and A2 are immediately satisfied in all three cases discussed in the statement of the

lemma. We thus focus on proving that A3 is satisfied, considering each of the three cases separately. Suppose
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first that the support of the density 7 is contained in [0, ¢] with ¢ > 0. Then
/ a’r(a)da <.
0

Thus in this case assumption A3 is satisfied for any p > 0 because ¢® < Dp~°I'(s + 1) with D = maﬁc% for
s€

any p > 0. Suppose now the prior is given by a Generalized Gamma distribution, so that

/ asn-(a) da = _pr / ad+s_1e_(%)p da.
0 adl’ (%) 0

The condition p > 1 implies that, for every fixed p > 0 and a > 0, there exists k£ > 0 such that pa < (%)p for
any « > k. Thus

Also,

< Dp~*T(s + d),

s

. pd} , so that also in this case assumption A3 is satisfied for any p > 0.

k\P
) B » ks+d716*(5) P
with D = I?éil\)]( a0(2) T(s+d)

Finally, in the case of Gamma distribution we get

and assumption A3 holds with p high enough, as desired. O

D.5. PROOF OF THEOREM 9

Denote with f(z) = 22:1 pjk(x | 07) the density of the data generating P = 22:1 pjR;, witht € N, p; € (0,1)
and Z;Zl p; = 1. Since 6* = (0;,...,0;) is completed separated, each point = has non-null density for at most

one component of the mixture, i.e.
v € [0 +a,0; +0] = f(z)=pik(x|0]) =piglz - 6)).

It means that it is possible to identify the component from which a precise observation has been sampled.
Therefore, if Xi., ~ P("), denote by n; the number of observations sampled from R;, with Z;Zl n; = n.
Finally, through a linear rescaling, without loss of generality we may assume [a, b] = [—¢, c].

We rewrite the assumptions on g and Qg as

T1. 3m, M such that 0 <m < g(x) < M < oo for any z € [—¢,];

T2. g is differentiable on (—c, ¢) and 3 R such that |gg/((f))| < R < oo for any x € (—c¢, ¢);
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T3. 3U > 0 such that h(y) = qo(y) + qo(—y) < U for any y € [0, 2¢];
T4. 3L > 0 such that go(#) > L for any 6 in a neighborhood of 07, for every j.

We start with a technical lemma.

Lemma 10. Let Q,, sequence of events and Z,, be such that P(2,) — 1 and
Zn]].Qn — 0

in P(*°) _probability as n — co. Then Z, — 0 in P(°°)-probability as n — oco.

Proof. By assumption P(*) (1q, Z, > €) — 0 as n — oo. Thus, we have
P (Z, > €) < P [(Z, > e)NQ,] + P (Q°) -0

asn —oo. [ ]

Consider the event
cm = [For any j =1,...,t there exists ¢ = 1,...,n such that X; ~ R;] = [n; > 0 for any j].

Since 6* is completely separable, C(™ is measurable and P (C(™) — 1, as n — oo. Thus by Lemma 10 it

suffices to study

S

@ d s s
pr(Kn =S | Xl:n) f a(n) 71'((1) a ZAETS(TL) Hj:l(aj - 1)' H_j:l m(XAj)

low = t t t Lo (5.15)
pr(f, =t | Xin) [ 0(‘ )71'(04) da ZBen(n) Hj:l(bj - Hj:l m(Xp,)
« n
Since 6* is completely separated, for any x1., € C™ it holds
Z H(aj —1)! Hm(gcAj) =0 forany s <t,
A€eTs(n) j=1 j=1
t t t + (516)
S TI@s - 0 ] mtes,) = [[0s - 0! T ).
Bery(n) j=1 j=1 j=1 j=1

where C; contains the indices of all observations from the j-th component, that is
Cy={ie{l,...;n} : g(z; —05) >0} .

Thus C; NCj; =0 for any ¢ # j and {1,...,n} = U;=1 C;. It immediately implies that

pr(Kn =S | Xl:n)
pr<Kn =t ‘ Xl:n)

]1C(n) = 0

when s < t. Again by complete separability, A € 74(n) yields positive marginal density only if each A; regards
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one specific component, i.e. if
Aets(n)={Aers(n): Vi=1,...,s there exists j such that A, C C;}.

Therefore, A € 75(n) can be written as

A=A UAU---UA,,

where A; is a partition over the n; elements from the j-th component, for every j. We will denote A; =

(A,...,AL) with af = |A]], so tha

> M- 0lnea) =00 X et- 0L mee).
k=1

AcFs(n) j=1 j=1 s j=1 AjGTsj (nj) k=1

where s = {(51, ...,8) 85 < my, V4, and Z;=1 55 = s} By the above and (5.16) we can rewrite (5.15) as

pr(K, =s| Xi.n) — Cn,t S)ZAG-FS(n) H;:l(aj —1)! H;Zl m(Xa,)

1 (n) (n)
pr(Kn =t | X1m) © H;,l(nj—l)!n;lm(xcj) “

‘ s; (5.17)
[T, (a], — 1)!Hk¢:1 m(XA;;)
]]- mn) .
ntle_[l Z (n—l) m(ch) c)
s J=lAjers;(ng)
for s > t. Moreover
H/H’fXW Qo(db;) /Hg ;) Qo(do;)
i€Cy i€Cy
and .
[T m H/Hleaondek H/Hg X, — 0k) Qo(dby).
k=1 eAJ eA’

We divide and multiply for

n t t Sj

[Ir&) =111 r*xi1en=1111 k(X | 65),

i=1 j=1ieC; J=lk=1;cA
so that we finally get

(Xi—6k)
I, (e — 1) T Je 11 icAd m@o(d@c)
Z H Z 1 9(X,—0;) lowy, fors>t. (5.18)
(05 = D8 [aTliee, pt oty @o(d6))

s j=1A; ETS (nj) 1€Cj pig(X;

We start with the denominator: next lemma specifies the behaviour of the maximum for each group, where

X(JT) denotes the r-th order statistic of the group j.

Lemma 11. For any j=1,...,t it holds

j . 1 .
Y] = mm{l,nj(logn)2 [c+ 07 — (n )}} —1
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in P(°°) probability as n — co.

Proof. First of all, notice that n; — oo P(>)_almost surely, as n — co. Then we have to prove that Ve > 0
pr <|1—Y7fj| > e) —0

as n; — 00, where pr is evaluated with respect to P(>°) Without loss of generality assume 07 = 0. Thus, by

definition we have

, . , 1—
pr(l—Y,f_>e):plr{TzJ»(logTL)Tlt[c—Xj ]Sl—e}:pr X/ 28_761
J (n) (n) n;(logn)2

n

(&
=1-]1 —/ g(x)dx
c— 1—¢

1
nj (log n) 2t

Thus, by T1 we have that [T 1. g(z)dz < M=) oo that

n;(log )3 nj(logn) 32t

)

n M(1—¢) 1

- M(1— - ] O( T )

prl =Y >e)<1—|1- 7( 6)1 =1—¢ Qogm?2t njlogm)2t )
! n;(logn)z

by the Taylor expansion of the logarithmic function. O

Lemma 12. For any j =1,...,t it holds

g(xl - 9) —R * . . *
l;[ g(zz) >e 1[0,%]“9] - 9] I)]l[m{nj)fc,rzlﬁrc] (93 - 9])

with R defined in T2.

Proof. Without loss of generality assume 07 = 0. Define p(z) := log g(z), with = € [—c, ], so that p'(z) = OR
By T2 and the Fundamental Theorem of Calculus

/:p’(t)dt‘ < /Iy

9= =) _ ppa0)-p(0) = o~lo@)=p@=0)] > ~RIl 4 [_c ]
9(x)

g'(t)
g(t)

Ip(y) —p(z)| =

'dt§R|yx|, —c<zr<y<ec

Thus, we have

Finally, we get

H g(xi —0;) > e~ Bnsl0ily
. g(z:)

—Rn 9]' .
eyl (85) 2 €0 gy (051
LECJ J

[xzn7 ) _C,xfl) —+c] (QJ)

> eiR]]-[O,nij](|0j|)]]‘[x{nj)fc,a:{1)+c] (6).
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Lemma 13. For any j =1,...,t there exists K > 0 and N; € N such that for all n; > Nj it holds

gz — 05) KtY]
| = aue)an, = ——tr

R ec, n;(logn)z:
with Y,{j defined in Lemma 11.

Proof. Without loss of generality assume 67 = 0. Notice that, by T4, there exists N; € N such that go(¢) > L

for any 60 € {—ﬁ, O}. Thus, applying Lemma 12 and considering n; > N;, we get
J

g xz — Uy _
|1 0605 = ¢ [ o 1808y o (65) an(6) 06
R g (nj) (1)

zEC’

0
1 ,
R _R .
>e /_L ﬂhﬂ,ﬁ.ﬁ&ﬁd qo(0;)d0; > Le™ " min [nj,c - X(Jnj)} ,

with L defined in T4. Thus, multiplying both the numerator and the denominator by n;(log n)i, with n > N,

we have 1
ng’* ) 40(6;) d6; > 2Le™ " min — X7
n» (nj)
’LEC J
N K min {1,nj(logn)i [c — X(n)]} B K%Y,
N (logn)%f B n;(log n)ze’
with K = (2Le~F)* and YTZJ, = min {1,nj(logn)2i[c+ X(n )}} O
Define the event
0, = {for any j = 1,...,t it holds: n; > N, Y, € [1/2, 1]} , (5.19)

such that P (Q,,) — 1 thanks to Lemma 11 and Lemma 13. Thus, an upper bound of (5.18) with ,, in place
of C(") is given by

t t
™) . LV;;MZH Yoo Hk(nl =5 H/ H 9Xs = Or) _0* Qo(dby)1q, , (5.20)
s j=1lAjers;(ny) eAJ

for s > t. Now we apply the expected value with respect to the values of each group, as shown in the next

lemma.

Lemma 14. Under Xi.oo ~ P, we have

el [T 2= oo < (2) 11

)
k=1cAl o1 @ 1

with m and U defined in T'1 and T3.
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Proof. Without loss of generality assume 67 = 0. Taking the expectation under P(>) we have

k leAJ

/b H H 9% —0%) _9* Qo (0r) d9k] :/]R/ H T 9 —6)ao(6x) d; A6y, (5.21)

by Tonelli’s Theorem. By the change of variables z = x — 6, we have

c c—0
| st cpa@rdo= [ g (o)

—c —c—0

If 6;, > 0, then

c—0p c—0y
/ 9(2)1[—c,q(z)dz = ]1[07261(9;9)/ g(z)dz

—c—0;, —c

— 120 (6) (1 - /_9 9(2) dz) < Doy ([6k]) (1 = ml6k])

Similarly, if 0, < 0 we get

c—0 c
/ 9(2)L[—¢,¢(2) dz = L[—ac,0) (9k)/ g(z)dz

—c—0y —c—0y

—c—0
= 1[—2c,0(0k) <1 —L 9(2) d2> < Ljo,2¢) (0% ) (1 — m|O]) -

Thus, we proved

/ 9(x = Ok) L, 0,4+ () dz < Lo 2 (|0k]) (1 —m|bk]), k=1,....s;,

that implies

TLTT [ o6 00tmconsa(o) e < Tt (0~ i)
k=1

k=1 i€ A, ¢

Considering h defined in T'3, we have

2c
/ 1[0’26](|0k;|)(1_m|9k‘)q0(9k)d0k;:/ (1—m\9k|)h(9k)d9k, ]{ZZ 1,...,Sj.
R 0

Directly from (5.21) we get

[/]RJHH*" _9* (@d@,ﬁlzfm/cc TT TT ot — 00)a0(61) e,

- R=lieay (5.22)

<H/ (1 —ml|6x]) h(0) db;.
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With U as defined in T3, we have

2c ) 2c .
/ (1 —my)*h(y)dy < U/ (1 —my)*k dy.
0 0
Now consider the change of variables u = 1 — my and compute

2c ) 1 ) _ _ ad +1
/ (1 — my)a.ljc dy = l ua'li du = 1 (1 ch) t < 1 .
0 m 1—2me m(afc + 1) 77’2,(&?C —+ 1)

Finally, through (5.22), we have
9
/]RJ U H _9* 0(0k) dOy | < H/ (1 —m|0x]) h(6) dOy
U\ &5 1
< <m> 11

k=1 aj, +1’

as desired. 0

D.6. PROOF OF THEOREM 9

We have the next two technical lemmas.

Lemma 15. Let p* = min; p; € (0,1). It holds

where s = {(sl,...,st) 155 <n; and Z;zl s; = s}.

Proof. The result follows immediately from

>,

S

t
s s .

< (p*)~* %<
..7st>_(p) Z(sh...,st)jl:[lpj <

S

t
_ S .
*) SZ(SD'”“%)]‘IIP;M

L SER

where R = {(sl, A Z;zl 55 = s}, since the sum on the right-hand side is the sum of the probabilities
over all the possible values of a multinomial distribution with parameters (s, p1,...,p:). O
Lemma 16. For any p > 1 and for any integers s > 2 and n > s it holds

P
n
- | <C5,

acFs(n)

where the sum runs over F5(n) ={a € {1,...,n}*: Y a; =n} and C, = 2P((p), with {(p) = > o, & < co.

alap

Proof. We prove the result by induction. Consider the base case s = 2. By the strict convexity of x +— P for
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p > 1 we have

p n—1 P n—1 11 1 1 P n—l1
2 (n ) Zhn—)] 2pz_:1<2a+2n—a) <2y 5 <O

acF(n) a=1

for any n > 2. For the induction step, assume that for some s > 3 we have

2
n
> (n) <o
s—1 p
acF_1(n) <Hj—1 aj)

for all n > s — 1. Then

s (=) -5 5 ()

acFs(n) as=1 (ay,...,as—1)EFs_1(n—as

Pl S =

as=1 a1,..,a5—1)EFs—1(n—as) Jj=1

) n—s+1 n P )
< S— S—
<G Y e <G

as=1

and thus the thesis follows by induction. O O

In the following we will drop the subscript in C), when the value of p is clear from the context, thus denoting

Cc=a,

Lemma 17. Consider the setting of (5.1) with (f,k,qo) as in Theorem 9. Moreover, assume w(a) satisfies

assumptions Al, A2, and A3. Then, under X1.00 ~ P> we have

as n — 00, with Q,, as in (5.19).

Proof. Applying Lemma 14 we can give an upper bound (5.20) as

[T(n} 2\/@( )ZH Z T nj

s j=lAjer., (n)) i — DT (e, + 1)

SIS ()

s j=1 53 a; €% (ny)

where the last inequality follows from Lemma 6. Moreover, from Lemma 16 we have

2
a; €% (ny) Hk 1 Gk
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with constant C < 7. Thus

E[T"] < W%@ (Uc>z 1= (5.23)

m

Moreover, from Corollary 5 and A3 we have

G IZE ot logln/ (1 4+
€ (5.24)

DGT'(t 1)2°
CLUL DA DS o001 1 4 5) logln/ (1 +0) ', m 2 4.

C(n,t,t+s) <

By (5.23), combined with Lemma 15, and (5.24) we finally have

pr(K —s-i-t\Xln
[]lgn§ Ky = 4] X1on) ZC (n,t,t+ s)E[Llq, R(n,t,t + s)]

2t 1= t(U/m)tDGF(t—i—ﬁ—i—l \/lognz s(2CUp* /m)*p~*T(v +t + s)

- Kelog[n/(1 + ¢€)] (s+1)! —0 asm = 0o,

<o
as n — 0o, where finiteness follows by taking p sufficiently large. O

of Theorem 9. First of all, assume n(-) satisfies A1 — A3. By Lemma 17 it holds

pr(K, =s+1|X1.)
— 0
Qn; n*1|X1n)

. 0o e y . . _ =1 pr(Kn=s+1]| X1.n)
in P(°°)probability as n — co. The desired result then follows from Lemma 10 with Z,, = > m

and Q, as in (5.19).
Assume instead m(o) = Jo- () with o* > 0. By (5.17) we have

p(Kn_t+1|X1n 12, (al — D T m(X )
n—t‘Xl ZH Z k(n —1) m(Ac].) ’

p( SleE‘rbn

Notice that, with n high enough, n; > 1 almost surely. Then, denoting i € C, we consider the special case

{i,Ac)\i} j=1
Ac, j=2.

Thus we can write

p(K, =1t] X1.n) (5.25)

By T'1 we have

/Hg i — 0)g0(6) Ao

]EC

<M/ IT 9(xX; = 0)qo()d6 = Mm (Xc,i) -
]eCl\z
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Moreover, by T4 there exists € > 0 such that

m(X;) = /]Rg(Xi —0)qo(0)dd > m :HE qo(6)dd > 2mlLe.
Therefore, (5.25) becomes
p(Kp=t+1] X1.0) > 2a*mLe Z 1 _ 20*mLe mnq .
p(En =1 ] X1:p) Lgom—1 M np—1
Therefore . Xi) (Ko =41 Xo) -
n== n . n = n a*mLe
fminf 2 o R b R T
as desired. ]

D.7. PROOF OF PROPOSITION 7

We adapt the proof of Theorem 2.1 in Cai et al. (2020). Denote by
U={k(-10):0€c0}

the family of kernels, dominated by a o-finite measure g and with common domain X, and let G be the set of

mixtures of exactly s elements in ¥, that is
S
9gEG, & g=> pik(-10;),

Jj=1

with p; > 0, Z§=1 pj =1 and 6; # 0, for any j # k. Therefore G = Uix;l G denotes the set of finite mixtures
of elements in V. Finally, let F' be a mapping from G such that

F(g) = ijk(' 1 0;),

if g € Gs. We will need the following technical definitions.

Definition 2 (p-wide). A sequence of distributions (1;)2, is p-wide if for any closed set C such that u(C) =0
and any sequence of distributions (¢;)$2; such that the sequence of Prokhorov distances d(v¢;, ¢;) — 0 as
i — 00, then

lim sup ¢,;(C) = 0.

1—>00
Definition 3 (degenerate limits). The family ¥ has degenerate limits if for any tight, u-wide sequence (k(- |

0:))2,, we have that (0;)$2, is relatively compact.
Then we will make the following assumptions:
H1. The mapping 8 — k(x| 6) is continuous for any x € X and for any k € U;

H2. The mapping F(g) = [ k(- | 8)dg(0) is a bijection;
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H3. The family ¥ has degenerate limits.

H2 guarantees that identifiability holds and it is a basic condition for clustering problems. H3 instead is
essentially a regularity condition. See Cai et al. (2020) for further discussion. Therefore, H1-H3 are mild
assumptions: for instance they can be proven to hold when W is the family of multivariate Gaussian distributions

(Proposition 2.2 in Cai et al. (2020)). We first prove Proposition 7 under assumptions H1-H3.

D.7.1. PROOF OF PROPOSITION 7 (CASE WITH ASSUMPTIONS H1-H3)

Proof. By assumption, the true generating distribution P belongs to G;. Therefore, by H1 and the fact that
true parameters are supported by Qg, it is immediate to prove that P belongs to the Kullback-Leibler support
of the prior, denoted by II, of model 5.1. By Schwartz Theorem, the posterior distribution is consistent at P,
that is

MU | X1.n) — 00

as n — oo in P(>)-probability, for any weak neighborhood U of P. Therefore, following Cai et al. (2020), we
want to show that there exists a weak neighborhood of P containing no mixture with at most t — 1 components.

Assume (by contradiction) that there exists a sequence (P;)§2; such that P; = >°0 ) pj k(] 0;,), with s; <t
(that is a sequence of finite mixture with less than ¢ components from k) and P; = P, where = denotes weak
convergence.

By mixture-identifiability, we have a sequence of mixing measures p; with at most s atoms such that F(p;) =
P;.

(Case 1) there exists a compact set K C © such that

That is, the atoms of the sequence (p;) either are K in or have weights converging to 0.
Rewrite each p; = p; g + p; e\ k such that p; z is supported on K and Pie\k is supported on O\ K.

Define the sequence of probability measures

Since k is continuous and mixture-identifiable, the restriction of F' to the domain P is continuous and invertible;
and since K is compact, the elements of (ﬁz) i) are contained in a compact set Pz C P by Prokhorov’s theorem.
Therefore F(Pg) = Fi is also compact, and the map F restricted to the domain Py is uniformly continuous
with a uniformly continuous inverse. Next since F'(p; g) = P, the sequence F'(p; g) is Cauchy in F; and since
F~1! is uniformly continuous on Fg, the sequence P; g must also be Cauchy in Pg. Since Py is compact, p; g
converges in Pg.

Lemma 4.1 in Cai et al. (2020) guarantees that the convergent limit pg is also a mixing measure with at
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most ¢t — 1 atoms; continuity of F' implies that F'(pg) = P, which is a contradiction, since by assumption P is
not representable as a finite mixture of k with less than ¢ components.

(Case 2) for all compact sets K C O, p;(© \ K) 4 0. Therefore there exists a sequence of parameters
(0;)22, that is not relatively compact such that limsup, . p;({#;}) > 0. By assumption k is continuous,
mixture identifiable and has degenerate limits, the sequence (kg,) is either not tight or not u-wide. If (kg,)
is not tight then P, = F(p;) is not tight, and by Prokhorov’s theorem P; cannot converge to a probability
measure, which contradicts P; = P. If (1p,) is not y-wide then P, = F(p;) is not u-wide. Denote (¢;) to be the
singular sequence associated with (P;) and C' to be the closed set such that limsup,_, . ¢;(C) > 0, u(C) = 0,
and lim; d(¢;, P;) = 0 by definition py-wide (where d denotes the Prokhorov distance characterizing the weak
convergence). Since P absolutely continuous with respect to u, P(C') = 0. But P; = P implies that ¢; = P,
so limsup,_, . ¢:(C) = P(C) = 0 by the Portmanteau theorem. O O

As regards the case satisfying assumptions Bl — B3, we start by proving weak consistency for densities in

the well-specified framework.

Proposition 10. Suppose observations X1., are generated from P as in (5.5) with f; = g(- — 07). Let k(- |
0) = g(- — 0) and qo satisfy assumptions Bl — B3 in Theorem 9. Then the posterior distribution of model 5.1
1s consistent for P under the weak topology, that is for any weak neighborhood U of P the sequence of posterior
distributions satisfies

(U | X1:0) = 0, (5.26)
P(®) —as. as n — oo.

Proof. We just need to prove that P is in the Kullback Leibler support of the prior, that is for any € > 0 we
have pr(K.(P)) > 0 under the model, where

t * *
Zj:1pjk($ | 0j):|dl' < 6}

K (P) = {(%)?’iu(l’j)?il : /Zp;k(x | 65) log {Z?‘j pik(z | 6;)
=1 g=147 J

The result follows by Schwartz theorem. We prove the case t = 1 and the general case follows very similarly.
Denote by [aj,b;] = [a + 6;,b+ 0;] the support of k(- | ;). Similarly, the support of the data generating
density g(z — 0%) is denoted by [a*,b*] = [a + 6%,b+ 0*. Finally, let p = > 72 p;k(| 0;).
Note that assumptions Bl — B2 imply that 0 < m < k(z | ) < M < oo for any « in the support of k(| 6),
with suitable constants m and M. Fix e > 0 and denote ¢ = 1 — exp(e/4). Then, there exists 6 > 0 such that

e |6 — 0% < and |0 — 0% < § and {[a1,b1] U [ah, 5]} D [a*, b*];

e p1 >1—cand ps > /2

g(z—0")

e For any z € S1 = [a1, b1] N [a*,b*], log [plg(z—el)

] < €/4. This is possible by choosing § small enough by

assumption B2, since

log {M] — —log(p) + log B("’ —6")

(x_el)] < ¢/4+log [Z(xe*)} :

(.T — 91)
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o Let Sy = [a*,b*]\ [a1, bi]

/52 g(z — 0%)log [M} dz < %

This is possible since for any x in Sy

glx —07)

gz — 0%)log [ng(x "y

} < Mlog[2M/(mc)].

Thus the integral is bounded and Sy has length arbitrarily small if we choose ¢ small enough.

We call C¢(P) the set of (0;)52, (p;)52; such that the previous constraints hold. For all {(0;)52, (p;)52,} €
Ce(P)

/ Zf_gl(;j;(i*)_ 5,) } do =
/ G g(x — 6%)

5 (= 67) log [Z}”il pig(x — Gj)} ot /52 9(w = 67)log [ch—l pig(x — 9j)}dx :

/S1 g(x —6%)log [M} dz + /S2 gz — 0%) log [M} dz <e.

g(x —9*)10g[

Thus, C.(P) C K.(P). Moreover, since our model implies full support on the simplex and on the space of the
atoms, pr[C.(P)] >0. O O

We are ready to prove Proposition 7 with assumptions B1-B3.

D.7.2. PROOF OF PROPOSITION 7 (CASE WITH ASSUMPTION B1-B3)

Proof. Let F' be the cumulative density function associated with the data generating P and let Cr be the set

of its continuity points. Denote
v=min{F(zt) - F(z7):2 ¢ Cr}

where v > 0 by definition of g.

Similarly to the previous case, assume by contradiction that there exists a sequence (F;)$2; such that
P, = ijl pjik(| 05,:), with s; <t and P; = P, where = denotes weak convergence. Then, denote F; and CF,
the cumulative distribution functions and the continuity points associated with P;.

By definition of g, F' and F; have 2t and 2s; < 2(¢t — 1) discontinuity points respectively. We denote with
{x1,..., 25} the discontinuity points of F. Let M < oo such that g(z) < M for any 2 and choose 0 < € < 717
small enough such that

(x —exf+e)N(xf — e,z +€) =0 (5.27)

for any k # k’. By weak convergence, there exists I < oo such that for any ¢ > I it holds

F,L({EZ + 6) — FZ(.TZ — 6) >

o2

Moreover, since F; has less than 2t discontinuity points, by (5.27) there exists k such that (¢} —¢, x5 +¢) C CF,.
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For this & we can write

Ik-'rs Si
Fi(xj; Fi(xy, — i 0;:)d 2Me < =
(2 +¢) - 0 / 3 k(e |65 < <l
by definition of e. Thus
% > Fi(zf) +€) — Fi(af, —€) > %,
which is a contradiction. O
D.8. PROOF OF THEOREM 7
The marginal distribution is available and given by the following lemma.
Lemma 18. Consider k and qo as in (5.6). Then it holds
2¢ — [max (1., 0*) — min(z1.y, 0*)] . . n
m(xlzn) - (2C)n+1 9 (l'l:n c [0 — C70 + C] )

Proof. Note that z; € (0 —c,0+¢) for all i € {1,...,n} if and only if § € (max(x1.,) — ¢, min(x1.,) + ¢). Thus

m(x1.,) =

1 n
20)n+1 / H]l 0—c,0+c) xl ]1(9*7(: 9*+c)(9)d9

=1
1
)n+1Aﬂ(max(I1n c,min(zlzn)+c)(9)1(0*7c,0*+c)(9)d0

207[ X(Z1.m,0%) — min(xy.,, 0)]
(2c)n+1 ’

O

O O

Define Range(X1.,,) = max (X3.,) — min (X1.,). Thus, Lemma 18 has an important corollary, that is stated

after a technical lemma.

Lemma 19. Let A C {1,...,n} such that |A| = a, Then it holds:

2¢ — [max(X 4, 6%) — min(X 4, 6%)] < 2¢ — Range(X4)
(2¢)a+1 = (2¢)a+1

Proof. The result follows immediately from max(X 4, 6*) > max(X4) and min(X4,0*) < min(X4). O

Corollary 6. In the setting of (5.1) with (f,k,qo) asin (5.6), define Q, = {x € X°° | max(z1.,) > 0* and min(z1.,) < 6*}.
Then

[15 m(Xa,) [1;21[2c — Range(X4,)]
Wlﬂn (Krioo) < (2¢)%[2¢ — Range(X1.,)]

(5.28)

Proof. As regards the numerator, apply firstly Lemma 18 and then Lemma 19 to get

2¢ — [max(X4,,0") — min(X 4, 0")] < 2c — Range(X4,)

m(Xa;) = (2¢)ait1 - (2¢)2s+1 '

j=1,...,s+1.
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Apply Lemma 18 to m(z1.,) for any = € ,,, to get

2¢— [maX(Xlznv 9*) B min(Xli"“ 0*)]

m(Xlzn)]]-Qn (Xlzoo) = (2C)n+1 ILQn (Xlzoo)
2¢ — [max(Xi.,) — min(Xy.,)]
- 1 X 100 )
(20)n+ 0, (X 1:00)
as desired. 0

n—1 pr(K,=s+1|X1.n)

s=1 pr(K.=1X1..)

The lemma below shows that, in order to prove Theorem 7, it is sufficient to show 1o (X1.00) Y.

0 in P(*)-probability.

Lemma 20. Consider f as in (5.6) and define 2, = [x € X*° | max(z1.,) > 0% and min(z1.,) < 0*]. Let [Yy,]
be a sequence of positive random variables. Thus, Y,1q, (X1.00) = 0 in P _probability implies Y, — 0 in
P(>) _probability.

Proof. First of all, by definition of f we have
max(Xi.,) = 0" +¢, min(Xy.,) =0 —c

almost surely with respect to P(>) as n — oo. Then P(*)(Q,,) — 1, as n — oo, by definition of €,,. Thus, fix

€ > 0 and notice that
P (Y, > €)= PCI(V, > e) N Q] + PO [(Y, > e) N Q.

The first term on the right-hand side goes to 0, since Y, 1q (Xi.00) — 0 in P(Oo)—plrobability7 while the second

vanishes because P(>)(Q¢) — 0, both as n — oc. O

Combining Corollary 6 and Lemma 20 we are ready to prove Theorem 7.

Proof of of Theorem 7.

Proof. From Corollary 6 we have

[ m(Xa,) [1521[2c — Range(X4,)]
Ty e Kie) S G T Range(Xam)]

Note that [2c — Range(Xa,)]/(2¢) ~ Beta(2,a; — 1) independently for j = 1,...,s. Moreover, recall that if

Z ~ Beta(a, 8) then for p > —a:
T(a+ p)T(a+ B)

Fa+p+ B (a)

Thus, by Holder’s inequality (with exponents 3 and 3/2) we get

B(ZP) =

1/3

L) ] PR P e

/
m(X1.n) r 3

- [r] T R ]
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By the recursive definition of the Gamma function and recalling that I'(1/2) = 7'/2 the upper bound above

becomes

(e (] ]

o 1 V3 (n—1/2)T(1+n)]%?
‘24/3”1/3@[ ooy B erayo B

Moreover, exploiting again the recursive definition of the Gamma function, Gautschi’s Inequality, i.e. N L(1+n)

n+1/2) —
(n+1)2, and (n+1)/(a; + 1) < n/a;, we have

5 m(Xa, 8 371/3 3 1/3
E[H“ ( AJ)] §24S/3K[H(”+1) } §24S/3K(§n ) = 245K

n
m(Xi:n) (a; +1)3 | a? HJ a5

j=1

Thus, applying Lemma 16 with p = 2 and C = 4{(2) < 7 we get

245/3 K n 2 osmlogsBK
BlRm. 19 < 20K S (Hs ) < |

. s!
acF;(n) J=1"J

From Corollary 5 we have

GT(2+ B)2°s

C(n,1,s+1) <
€

E(a®)logln/(14€)]™, n>4.

Thus, combining the inequalities above with (5.11) and assumption A3 we have

n—1 n—1
pr(K, =s+1|X1.)|
E {lﬂn (X1:00) —  pr(K, =1X1,) B ; C(n,1,s+1)E[lq, (X1:00)R(n, 1,5 + 1)]
1/3 n—1 1/3\s ,—s
24 DGKT(2+ p) 5(2C24777)%p F(V+S+1)%O asn — 0o,
clogln/(1+¢)] = (s+1)!
< oo

where finiteness follows from p > 38 > 241/3 x 2C. This implies that

pr —5+1|X1 n)
—0

in L' and thus in P(>)-probability as n — co. Lemma 20 with Y, = S.'—} T{&%w concludes the

proof. O

D.9. PROOF OF THEOREM 8

We first need the following result.
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Lemma 21. Let k and qo be as in (5.7) and 1 = --- = x, = 0* for some 0* € R. Then

1/2 s 1/2
0*2 ’I’L2 N Z a? _ n
ex 715 . )
Ple\ T nv1 T &gt . a

forany s =1,...,n and any partition A = {A;,...,As} € 15(n).

Mm@a) [ n+l
m(xl:n) B H (aj + 1)

S
j=1

Proof. The equality follows after writing down the marginal likelihood of x4, as

~1/2 ; 6 4]
m(za;) = (a; +1)"/"qo(0")" exp { 2 a; + J’

and then computing the resulting expression for m(z1.,) ™! [[j=, m(x4,). The inequality follows from

n—+1 n

S S S )
Hj:l(aj +1) Hj:l aj

and ) ) .
n’ ~ n? - % n ~ 4
_n+1+Za-—|—1_n_n+1+z<a-+1_aj)_n+1_Za-+1_
j=1""7 j=1 N = Y
S
1 1
= n —+ a; +
O O

of Theorem 8. First, we study R(n,1,s) as defined in (5.11). Since all the observations are almost surely equal,

we have HS (X10)
. m Ao

R(n,1,s) E I=1 i,

HJ 14 m(Xi:n)

acFs(n)

Thus, applying Lemma 21 and then Lemma 16 with p = 3/2, the constant C = 2%§ (%) < 8 is such that
3/2
1 n Ccst
Rinto <t 3 () iy
! . ]
8! orn) gy s!

From Corollary 5 we have

GT (2 + B)2°s

- E(a®)logln/(1+€)]7', n>4. (5.29)

C(n,1,s+1) <

Thus, combining the inequalities above with (5.11) and assumption A3 we have

n—1

pr(K, = s+ 1| X1.n)
1 1 1 1
z; (K, = 11X10) ZC’n, ,s+1)R(n,1,s+1)
DGI(2+B) ~5(20)*°T(v+s+1) \ (5.30)
~ elog[n/(1+ ¢€)] Sz:: (s+1)! -0 asm = oo,
<oo

where the finiteness follows from p > 16 > 2C. Then we conclude applying a variation of Lemma 5 with
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equalities and limits in probability replaced by almost sure equalities and limits (the proof of Lemma 5 extends

trivially to that case). O

D.10. PROOF OF PROPOSITION &

Proof. Under (5.1), for any € > 0 we have

pr(a<e|Xl,...,Xn):Zpr(a<e|Kn:s) pr(K, =s|X1,...,X,) =

s=1

> pr( < €| Kn =) pr(Kn = t] X1,..., Xp).

By the assumption of consistency, pr(K, =t | X1,...,X,) — 1 in P(®)-probability as n — oc. Moreover, by

Proposition 9 with s =1 we get
Ela| K,=1t)—0,

as n — oo. It follows pr(a < €| K, =t) — 1 in P(>)-probability as n — oo, as desired. O
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