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Introduction

In this thesis we study the geometry induced by certain classes of stable differential forms
on smooth manifolds of dimension six and seven.

Stability of k-forms is a very rigid condition and it happens in very few cases. Luckily,
it is also a pointwise condition, so it can be defined simply by working on a vector space.
Let V be an n-dimensional real vector space. We say that a k-form o € AFV* is stable if
its orbit, under the natural action of GL(V) on A¥V*  is open. Stability does not depend
on what orientation one chooses for V', but, once such an orientation is fixed, a stable form
always induces a volume form, as shown in [29, [83]. The case k = 3 is of particular interest,
as recalled for instance by Hitchin in [83]. Indeed, besides the fact that 3 is the only possible
odd number for the stability of k-forms in dimension six and seven, it is interesting to note
that it may occur only in dimension six, seven and eight. Moreover, the stability of 3-forms
induces very interesting geometries in these dimensions. In this thesis, we shall focus on the
6- and 7-dimensional cases.

Let M be a 6-dimensional smooth manifold and let p € A3(M) be a stable 3-form,
i.e., p(p) is stable on the tangent vector space T,M, for every p € M. Fix an orientation
Q € AS(M). The stability of p may allow us to define an almost complex structure J, o =: J
on M, depending on both p and the fixed orientation 2. This possibility is encoded in the
negativity of a polynomial A(p) of degree 4 in the coefficients of p in every local frame. When
this happens, since the pointwise stabilizer of p is isomorphic to the special linear group
SL(3,C), we say that p defines an SL(3, C)-structure on M. Pointwise, there exists a basis
(fi,--., fe) of T,M, called adapted basis, such that

4
pp = F135 _ p146 _ 236 _ 245

with respect to the dual basis (f1,..., f¢). We recall that a 2-form « is stable if and only if it
is non-degenerate, namely if o # 0. Given an SL(3, C)-structure p and a stable 2-form & on
M, we say that p is tamed by @ if the (1, 1)-part of @ is positive with respect to the induced
almost complex structure J. This means that M inherits a Riemannian metric g, which is
J-Hermitian. Explicitly,

g = w(-,J~),

where w = @ Special types of these structures are given by SU(3)-structures. Let us
assume p to be an SL(3, C)-structure on M and let w be a non-degenerate positive (1, 1)-form
on M such that p A Jp = %w?’. In particular, w is a taming form with respect to J with
vanishing (2,0) + (0,2)-part. Since the pointwise stabilizer of the pair (w,p) is isomorphic

1,1
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to SU(3), we say that (w, p) defines an SU(3)-structure on M. As in the case of SL(3,C)-
structures, it is always possible to find an adapted basis (f1,..., f) of T, M such that

pp = F135 _ p146 _ 236 _ 245 Wy = F12 4 3 f56

at every point p € M. The study of SU(3)-structures and, more generally, tamed SL(3, C)-
structures has many interactions with the stability of 3-forms in dimension seven.

Let N be a 7-dimensional smooth manifold and let ¢ be a stable 3-form on it. The 3-form
¢ endows N with a Riemannian metric g, and an orientation Voly . Explicitly,

1
gAXJUW%¢=6m¢Aw¢A%

for every pair of vector fields X, Y on IV, where ¢y ¢ denotes the contraction of ¢ by the vector
field V. We denote by V9 the Levi-Civita connection of g, and by *, the Hodge operator
determined by g, and Volg,. Since the pointwise stabilizer of such a form is isomorphic to
the exceptional Lie group Go appearing in Berger’s list (see [14]), these structure are more
commonly known as Ga-structures. An adapted basis for a Go-structure @, at a point p € N,
is a basis (fi,..., fr) of T,N such that

Op = f127 + f347 + f567 + f135 _ f146 _ f236 _ f245~

We can see how tamed SL(3, C)-structures in dimension six and Gg-structures in dimen-
sion seven are linked one to the other by working on a vector space. Let W be an oriented
7-dimensional real vector space endowed with a 3-form ¢ € A3W*. Choose a non-zero vector
z € W and a complementary subspace V' C W, so that W = V @ Rz. Then, we can write

p=wNAb+p,

where 6 € W* is the dual of z with respect to the chosen complement V, @ € A?V* and
p € A3V*. The 3-form ¢ on W is a Gg-structure if and only if the 3-form p on V is an
SL(3, C)-structure tamed by the non-degenerate 2-form @. The pair (@, p) defines an SU(3)-
structure on V, up to a suitable normalization, if and only if W A p = 0. When this happens,
the vector space V' coincides with the g,-orthogonal complement of Rz C W. On the other
hand, if ¢ defines a Ga-structure on W inducing the Riemannian metric g,, we can consider
the 6-dimensional subspace U := (]Rz)J‘W C W and the g,-orthogonal splitting W = U ® Rz.
It then follows that ¢ induces an SU(3)-structure on U.

Translating this construction into the manifold setting, we can consider a 7-dimensional

manifold N endowed with a Go-structure ¢ and an orientable 6-dimensional submanifold
i: M — N. Let X be a vector field along M such that

T,M & (Xp) =T,N, peN. (1)

Then, the Go-structure ¢ induces an SL(3, C)-structure p := i*¢ on M tamed by the non-
degenerate 2-form @ = 1xp. If the direct sum in is g,-orthogonal and X is of constant
unit norm with respect to g,, then (@, p) defines an SU(3)-structure on M.

v



In this thesis, we study closed SL(3, C)-structures in dimension six and closed Ga-structures
in dimension seven, where by closed we mean that the defining form is closed with respect to
the de Rham differential d of the manifold.

In the 6-dimensional case, we focus on closed SL(3,C)-structures which are either mean
convex or tamed by a symplectic form. Let p be a closed SL(3,C)-structure on an oriented
smooth 6-manifold M. As shown in [35], the differential dp of the 3-form p = Jp is of
type (2,2) with respect to J. Therefore, one may wonder if dp is semi-positive. When this
happens, we say that p defines a mean convex closed SL(3,C)-structure on M. In a similar
way, we say that an SU(3)-structure (w, p) is closed and mean convez if dp = 0 and dp is semi-
positive. Note that J is integrable if and only if dp = 0. A special class of mean convex closed
SL(3, C)-structures is given by nearly-Kdhler structures. Indeed, a nearly-Kéhler structure
can be defined as an SU(3)-structure (w, p) satisfying the following conditions:

3
dw:_§V0p7 dﬁ:VOWQa
where vy € R — {0}. Therefore, up to a change of sign of p, we can suppose vy > 0. The
nearly-Kéhler condition forces the induced Riemannian metric g to be Einstein and, up to
now, very few examples of manifolds admitting complete nearly-Kéahler structures are known
(see for instance [23], 62} [77, [78, 109, 110]).

In Chapter [2| we study mean convex closed SL(3,C)-structures on nilmanifolds, i.e., on
compact quotients I'\G of connected simply connected nilpotent Lie groups G by co-compact
discrete subgroups (lattices) I'. Nilmanifolds provide a large class of compact 6-manifolds
admitting invariant closed SL(3,C)-structures [24] 25, 26l 28, 53], where by invariant we
mean induced by a left-invariant one on the nilpotent Lie group G. Note that nilmanifolds
cannot admit invariant nearly K&hler structures, since by [I07] the Ricci tensor of a left-
invariant metric on a non-abelian nilpotent Lie group always has a strictly negative direction
and a strictly positive direction.

In Section [2.3] we provide a full classification of nilmanifolds admitting an invariant mean
convex closed SL(3,C)-structure and we prove that an explicit example of mean convex
closed SU(3)-structure can also be found on each of them. We then restrict to half-flat
SU(3)-structures. An SU(3)-structure (w, p) on a smooth 6-manifold M such that

dp =0,

dw? =0
is called half-flat and we refer to it simply as a half-flat structure (see for instance |12} 20,
241, 26], 29 B0, 70, [83], 4] for general results on this type of structures). We then study

the interplay between these structures and mean convex ones and we determine nilmanifolds
admitting an SU(3)-structure which is both half-flat and mean convex.

Half-flat structures play an important role in constructing 7-dimensional manifolds en-
dowed with a torsion-free Ga-structure, i.e., a stable 3-form ¢ which is parallel with respect
to the Levi-Civita connection V9 of g,. In particular, every oriented hypersurface of a
7-manifold endowed with a torsion-free Go-structure is naturally endowed with a half-flat
structure. Conversely, a 6-manifold with a real analytic half-flat structure can be realized as




a hypersurface of a 7-manifold endowed with a torsion-free Go-structure. This was proved by
Hitchin in [83], with the introduction of the evolution equations

{gtpa) = duw(t),

B w(t) Aw(t) = —dp(t), (2)

now commonly known as Hitchin flow equations. A solution to |(2)| starting from a given
SU(3)-structure (w, p) at tgp € R, is a one-parameter family of SU(3)-structures (w(t), p(t)),
with ¢ belonging to an open interval I containing tg, which solves the Hitchin flow equations
and such that (w(tp), p(to)) = (w,p). It is not difficult to see that, if the initial condition is
half-flat, then the solution is half-flat as long as it exists. Eventually, we study the solutions
to the Hitchin flow equations starting from our examples of mean convex half-flat structures
given in table in the Appendix. In particular, since the mean convexity of the initial data
is preserved by the flow in all of them, we conjecture that this could always be the case.

Given a closed SL(3, C)-structure p on a 6-manifold, another natural condition to study
is the existence of a symplectic form €2 taming J. As shown in [35], a mean convex SL(3, C)-
structure on a compact 6-manifold cannot be tamed by any symplectic forms. If we remove
the assumption of mean convexity, examples of tamed closed SL(3, C)-structures are given by
symplectic half-flat structures (w, p), i.e., half-flat structures (w, p) with dw = 0. In this case,
p is tamed by the symplectic form w. In [2§8], nilmanifolds admitting invariant symplectic half-
flat structures were classified. Later, this classification was generalized to solvmanifolds, i.e.
compact quotients I'\G of connected simply connected solvable Lie groups G by lattices I" (for
more details, see [47]). In Chapter 2| we also classify solvmanifolds admitting invariant closed
SL(3, C)-structures tamed by a symplectic form. In particular, we prove that solvmanifolds
admitting an invariant tamed closed SL(3,C)-structure also admit an invariant symplectic
half-flat SU(3)-structure. As an application, we classify 7-dimensional solvable Lie groups of
the form G x S' admitting closed Ga-structures.

In literature, many examples of closed Go-structures have been obtained on nilmanifolds
and solvmanifolds. The first one was given by Fernandez on the compact quotient of a
nilpotent Lie group [42]. In the solvable non-nilpotent case, various examples are currently
known and many of them satisfy additional meaningful conditions that one can impose on a
closed Go-structure, see e.g. [43], 506, (64, 96], 07, [O8]. In these examples, the closed Go-structure
on the Lie group G is left-invariant and thus it is determined by a Go-structure ¢ on the Lie
algebra g = Lie(G) which is closed with respect to the Chevalley-Eilenberg differential of g.
The isomorphism classes of nilpotent and unimodular non-solvable Lie algebras admitting
closed Ga-structures were determined in [27] and [55], respectively. In Chapter 3| we prove
that a 7-dimensional Lie algebra g with non-trivial center endowed with a closed Go-structure
¢ is the central extension of a 6-dimensional Lie algebra b via a closed 2-form w, € A?h*.
This allows us to reduce the classification problem from 7 dimensions to 6. In detail, g admits
a closed Go-structure ¢ if and only if h admits an SL(3, C)-structure p tamed by a symplectic
form w satisfying dp = —wy A w. As special cases of this, we consider the case w, = 0 and
the case w3 # 0. In the former, the central extension reduces to the Lie algebra direct sum
between b and the abelian Lie algebra R. In the latter, g admits a contact 1-form 6 such that
df = w,. In this case, we refer to the pair (g, ) as the contactization of (h,w).

Using these characterizations, we prove the following:

vi



Theorem. Let g be a 7-dimensional unimodular solvable non-nilpotent Lie algebra with non-
trivial center. Then, g admits closed Go-structures if and only if it is isomorphic to one of
the following:

— (% 26’626 _ 58,636 1 16 0, 0),

_ (el —e20 415 3016 0.0, 0),

— (—elf +625 _615 _ 26,636 _ 15 (35 4 16 () ()

— (0, - 12,0, —el6, o (),

= (615 ,—e 5,645,0,0,0),

= (e’ —e!® + ae?, —ae® 4+ ¥, —e¥ — ae?®,0,0,0), a >0,

::(625 e4 ,—€>,0,0, 0)

= (!0 + —e20 4 e 36 16 0,0, e34),

— (—¢? 6 4 ¢35, 16 036 () 0, 34),

_ (623 67626 _ 656,636 60,2610 425 _ o3y /362 \/3635) :
511 = <623 20 (26 _ (56 36 L 46 () 916 L 25 _ 34\ /3,24 \/§€35> _

In particular, g is the contactization of a symplectic Lie algebra if and only if it is isomorphic
either to s1g or to $11.

Moreover, the simply connected Lie groups corresponding to some of these Lie algebras
admit lattices. Recall that, a necessary condition for the existence of lattices is the unimod-
ularity of G, or, equivalently, of its Lie algebra g (see [107]). We use the results of [15] to
construct a lattice for two of them (see Remark . In this way, we obtain new locally
homogeneous examples of compact 7-manifolds with a closed Geo-structure. Finally, as a
corollary of the classification result, we show that the abelian Lie algebra and a certain 2-step
solvable Lie algebra are the only unimodular Lie algebras with non-trivial center admitting
torsion-free Go-structures.

A torsion-free Ga-structure can be equivalently defined as a Ga-structure ¢ wich is both

closed and coclosed, i.e.,
dp =0,
dx*,=0.

In particular, the induced metric g, is Ricci-flat and the Riemannian holonomy group Hol(g.,)
is isomorphic to a subgroup of Go. The first complete examples of torsion-free Go-structures
were constructed in [21]. In the compact case, 7-manifolds admitting torsion-free Ga-structures
were constructed first in [88] and, later, in [30, OT]. In [88], Joyce proved that under certain
conditions, a closed Go-structure on a compact 7-manifold can be deformed into a torsion-free
Go-structure. In [19], Bryant introduced the so-called Laplacian flow, a geometric flow evolv-
ing a closed Go-structure ¢ in the direction of its Hodge Laplacian. Short-time existence was
proved in [22]. As shown in [I0I], the stationary points of the flow are exactly torsion-free
Go-structures. In [102], the authors proved a result of dynamical stability, stating that, on
a compact 7-manifold, if the initial data is close enough to being torsion-free, the solution
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exists for all positive times and converges to a torsion-free Go-structure. Therefore, closed
Go-structures provide an important tool in the study of torsion-free Go-structures on compact
7-manifolds.

A special class of closed Go-structures that has attracted a lot of attention in recent years
is given by Laplacian solitons. A closed Go-structure ¢ on a 7-manifold N is said to be a
Laplacian soliton if it satisfies the equation

App = Xp+ Lxo, (3)

for some real constant A and some complete vector field X on N, where A, = dodj, +djod
denotes the Hodge Laplacian of the induced metric g,. Here, d;’; = — %, 0d o *, denotes
the codifferential of d induced by (. These Ga-structures give rise to self-similar solutions
of the Laplacian flow, i.e., solutions which differ from the initial data only by a uniform
rescaling and time-dependent diffeomorphisms. Depending on the sign of A, a Laplacian
soliton is called ezpanding (A > 0), steady (A = 0), or shrinking (A < 0). On a compact
manifold, every Laplacian soliton which is not torsion-free must be expanding and satisfy
with Lx¢ # 0 (see [99] [101]). The existence of non-torsion-free Laplacian solitons on compact
manifolds is still an open problem. In the non-compact setting, examples of Laplacian solitons
of every type are known, see e.g. |9, 56, 57, [63] 96, 97, 08, I11]. In particular, the steady
Laplacian solitons in [9] and the shrinking Laplacian soliton in [63] are inhomogeneous and of
gradient type, i.e., X is a gradient vector field. As for the known homogeneous examples, they
consist of simply connected Lie groups G endowed with a left-invariant closed Geo-structure
satisfying the equation with respect to a vector field X defined by a one-parameter group
of automorphisms induced by a derivation D of the Lie algebra g of G. According to [90],
these Laplacian solitons are called semi-algebraic.

In Chapter 4, we consider semi-algebraic Laplacian solitons on unimodular Lie algebras
with non-trivial center. Under a natural assumption on the derivation D, we are able to relate
the constant A in to a certain eigenvalue of D and to the norm of the intrinsic torsion
form of the semi-algebraic Laplacian soliton ¢, namely the unique 2-form 7 such that

d*, 0 =TNANp=—%,T.

Moreover, we show that A coincides with the squared norm of 7 whenever the Lie algebra is the
contactization of a symplectic one. In this last case, the semi-algebraic Laplacian soliton must
be expanding. We also prove the non-existence of semi-algebraic Laplacian solitons on certain
Lie algebras with 1-dimensional center and we obtain the classification of all unimodular Lie
algebras with center of dimension at least two that admit semi-algebraic Laplacian solitons,
up to isomorphism.

Let ¢ be a coclosed Go-structure on a smooth 7-manifold N. We say that ¢ is of pure type
if dpAp = 0. It is well known that a coclosed Ga-structure ¢ on a 7-manifold N induces half-
flat SU(3)-structures on all orientable 6-dimensional submanifolds of N via the construction
described earlier. Moreover, if (w, p) is balanced in the sense of [49], then ¢ is a purely coclosed
Go-structure. We say that a half-flat structure (w, p) is balanced if dp = 0. Such structures
arise as a generalization of torsion-free SU(3)-structures, i.e., SU(3)-structures satifying

dw=0, dp=0, dp=0,




in the non-Kéhlerian case dw # 0. In 1986, Hull and Strominger [87, [125], independently,
introduced a system of PDEs, now known as the Hull-Strominger system, to formalize certain
properties of the inner space model used in string theory. Let J be a complex structure on a
smooth 6-manifold M and let ¥ = p +ip be a nowhere-vanishing holomorphic (3, 0)-form on
M. We denote by E a holomorphic vector bundle on M endowed with the Chern connection.
The Hull-Strominger system consists of a set of partial differential equations involving a
pair of Hermitian metrics (g,h) on (M, E). One of these equations dictates the metric g
on M to be conformally balanced, more precisely d (||¥||,w?) = 0, where w = g(J-,-) is
the fundamental form associated with (g,J) and [|¥|, is the norm of ¥ given explicitly by
VAT = -1 | @[ w3. When one assumes all structures to be invariant under the smooth
action of a certain Lie group G, the aforementioned condition reduces to the balanced equation
dw? = 0, since the norm of ¥ is constant. Notice that in these cases the pair (w, p) defines a
balanced SU(3)-structure on M, up to a suitable uniform scaling of p.

The issue of the existence and uniqueness of solutions to the Hull-Strominger system
is understood only in some special cases. In literature, particular focus is placed on the
non-Kéhlerian case (see for instance [39, 40, 41, 67, 68, 69, [75, 113]). In particular, in
[41], a class of invariant solutions to the Hull-Strominger system on complex Lie groups was
provided. These solutions extend to solutions on all compact complex parallelizable manifolds,
by Wang’s classification theorem [I30]. Moreover, in [52], it was shown that a compact
complex homogeneous space with invariant complex volume admitting a balanced metric is
necessarily a complex parallelizable manifold. Therefore, the invariant solutions given in [41]
exhaust the complex compact homogeneous case. If one allows the Lie group acting on the
homogeneous space to be real, many other solutions to the Hull-Strominger system are known
in literature, see for instance [75] 18] 119, 128]. Then, one may wonder what happens in the
cohomogeneity one case. A cohomogeneity one manifold M is a connected smooth manifold
with an action of a compact Lie group G having an orbit of codimension one. In Chapter
we prove the following non-existence result:

Theorem. Let M be a 6-dimensional simply connected cohomogeneity one manifold under the
almost effective action of a compact connected Lie group G. Then, M admits no G-invariant
balanced non-Kdihler SU(3)-structures.
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Chapter 1

Preliminaries

In this chapter, we review the basic notions and fix some notations on the main topics
of interest of this thesis. After recalling some classical results on Lie groups and their Lie
algebras, we give a quick overview on the theory of group actions on smooth manifolds, a
bridge towards G-structures, the final goal of our preliminary discussion.

We start by fixing some notations. We shall denote smooth manifolds with capital Latin
letters like M and N and points of a smooth manifold M with lowercase Latin letters such
as p and ¢q. The tangent and the cotangent bundles of M will be denoted by T'M and T M,
respectively, with vector fields denoted by capital Latin letters such as X and Y and specific
vectors denoted by vector fields evaluated at a point (for example X, € T,M for a vector
field X') or lowercase Latin letters such as v and w. If E is the total space of a fiber bundle
7: E — M we shall denote by I'(F) the C°(M)-module of its sections. A*(M) will denote
the space of k-forms on M, that is, the space I'(A*(T*M)) of sections of the bundle of k-forms.
Its elements, k-forms, will be denoted by lowercase Greek letters such as «, 8 and . Given
a point p of an n-dimensional smooth manifold M, a basis for the tangent space T, M will be
denoted by the n-tuple (e1, ..., e,), with its dual basis for Ty M denoted by (el,...,e"). The
wedge products of 1-forms e? Aed A ... ... A €* will be shortened as e”-¥. In a similar way,
(% will be a shorthand for the wedge product BA B A...A B of k copies of a differential form
B. Lie groups and Lie algebras will usually be denoted by capital Latin letters such as G or
H and by gothic letters like g and b, respectively. Similarly to the case of tangent spaces, a
basis of vectors for an n-dimensional Lie algebra g and its dual basis for g* will be denoted
by n-tuples (e1,...,e,) and (el,...,e"), respectively.

1.1 Lie group actions

Our first aim is to recall some facts about Lie groups and Lie algebras and to describe
how they can be exploited to impose symmetry on geometric structures on smooth manifolds,
via smooth actions. For more details, we refer for instance to [3].

1



2 CHAPTER 1. PRELIMINARIES

1.1.1 Lie groups and Lie algebras

Definition 1.1. A Lie group G is a smooth manifold endowed with a group structure (G, -)
such that the map

GxG—GaG,
(9.h) — gh™

is smooth.
Let G be a connected Lie group. Each element g € G defines three automorphisms of G,

Ly:G—G, h—g-h,
Ry:G—G, h—h-g,
Cy: G— G, hisg-h-g 1,

called left translation by g, right translation by g and conjugation by g, respectively.

Focusing on left translations, we say that a tensor field 9 on a Lie group G is left-invariant
if, for every g € G,

Loy =1,

i.e., if it is invariant under the action induced by the left translations on the corresponding
space of tensor fields.

Recall that a (real) Lie algebra g is defined as a (real) vector space endowed with a Lie
bracket, namely a g-valued R-bilinear skew-symmetric form satisfying the Jacobi identity

XY, 2+ [V, 2, X]| + [, [X, Y]] =0, XY, Z¢€g.
Focusing on left-invariant vector fields, we recall the following.

Definition 1.2. Given a Lie group G, its Lie algebra g, or Lie(G), is the Lie algebra of
left-invariant vector fields of G, with Lie bracket induced by the Lie brackets of vector fields.

The Lie algebra g of a Lie group G is naturally isomorphic to the tangent space T.G of
G at the identity element e € G, via the map

g— T.G,
X — Xe.

By a well known result, given a Lie algebra g, there exists a unique (up to isomorphism)
connected and simply connected Lie group G with Lie algebra g.

The importance of the concept of Lie algebra g of a Lie group G lies in the fact that
left-invariant tensor fields on G can be identified with tensors of the same type defined on g
and vice versa.

Every Lie group G acts on its Lie algebra g by the adjoint action

Ad: G — GL(g),
g (dCqle: g — g.
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Its differential at the identity element e € G,

ad := (dAd).: g — gl(g),

is such that
adxY =[X,Y], XY €g,

where [, -] denotes the Lie bracket of g. We say that G is unimodular if
|det(Ad(g))| =1, ge€G.
When G is simply connected, this is equivalent to the unimodularity of its Lie algebra g, i.e.,
tr(adx) =0, X €g.

Every compact Lie group is unimodular. We recall that the Lie algebras of compact Lie
groups are called compact.
The Killing Cartan form of g is the symmetric bilinear form

B(X,Y):=tr(ady cady), X,Y €g.

If B is non-degenerate, then g is said to be semisimple. A Lie group G is called semisimple if
its Lie algebra is semisimple. The Killing Cartan form is an important tool for characterizing
the structure of a Lie algebra, as the next results show. For further details, see for instance
[3, Section 2.3].

Proposition 1.3. The Killing Cartan form is Ad-invariant, that is, for all X,Y € g and
g € G, one has that
B(Ad(g)X, Ad(g)Y) = B(X,Y).

Theorem 1.4. Let G be an n-dimensional semisimple connected Lie group. Then, G is
compact if and only if its Killing Cartan form B is negative-definite.

Theorem 1.5. A Lie algebra g is semisimple if and only if it is the direct sum of simple Lie
algebras g;, that is,
g=01D... 0 gk,

where each g; is non-abelian and contains no non-zero proper ideals.

Let g be the Lie algebra of an n-dimensional Lie group G. Let (eq,...,e,) be a basis of
g, with associated dual basis (e!, ..., e"), which can be thought of as a basis for left-invariant
1-forms on GG. We denote by
lei, ej] = cfj ex
5= =%
,...,e" with respect to the

the structure equations of g with respect to the chosen basis. The real numbers ¢
are called structure constants. Differentiating the 1-forms e

differential d of GG, one gets

de' (e, ex) = ej(€(ex)) — er(€'(e))) — €' ([ej, ex]) = =iy,
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Therefore, the structure equations of g can be equivalently defined as
de" = — Z cék eI,
i<k

where d is now seen as a linear map from A'g* to A2g*. A Lie algebra g only depends on its
structure equations with respect to some basis, so we can indicate it via the n-tuple

1 1 _jk n n ik
de :—g cjpe’, ... de :—E Cjy €
Jj<k i<k

We can extend d to a linear map d: A¥g* — A*+1g* by requiring that
dlaAB)=dan B+ (—1)kandp,

for every k-form « and every r-form 5. At the Lie algebra level, the differential d is known
as the Chevalley-Eilenberg differential of g and it satisfies the identity d> = d o d = 0. Thus,
(A®g*,d) is a differential complex. We define the spaces

Zkg = ker d‘Ak(g)*’ Bfg =TIm d|pr-1g;

satisfying B¥g C Z*g. Their quotient defines the k-th cohomology group
Zkg
’;'-[k =

The dimension by, := dim H¥g* is called k-th Betti number of g. We denote by 3(g) the center
of the Lie algebra g, i.e.,

3(9) ={X €g[[X,Y]=0,Y € g},

which is an ideal of g. Other relevant ideals of a Lie algebra g are the terms of its lower
central series, which we denote as follows:

C%(g) =9,
CTJrl(g) =[g,C"(g)], r>0.

By construction, C"*1(g) is an ideal of C"(g), for every r > 0. The ideal C'(g) = [g, 9] is
known as the commutator ideal of g.

Definition 1.6. We say that g is (k-step) nilpotent if there exists an integer k such that
C*(g) = {0} and Ci(g) # {0} for every i < k. We say that a Lie group G is (k-step) nilpotent
if its Lie algebra is.

The derived series of g is defined by:

D'(g) =g,
D' (g) =[D"(9), D" (g)], r >0,

By construction, D"*1(g) is an ideal of D" (g), for every r > 0.
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Definition 1.7. We say that g is (k-step) solvable if there exists an integer k such that
Dk (g) = {0} and D(g) # {0} for every i < k. We say that a Lie group G is (k-step) solvable
if its Lie algebra is.

Equivalently, we can say that a Lie algebra g is solvable if and only if its Killing Cartan
form B is such that

B(g, [g,9]) = {0}.

In particular, if B vanishes identically, then g is solvable.

Remark 1.8. Since one has D"(g) C C"(g) for every r > 0, every (k-step) nilpotent Lie
algebra is also trivially (at most k-step) solvable.

Lie algebras have been classified in low dimensions only. Focusing on the nilpotent and
solvable ones, a full classification has been achieved up to dimension six only. According
to [73), [105], there are 34 isomorphism classes of 6-dimensional real nilpotent Lie algebras
gi, ¢ =1,...,34, listed in Table Solvable (non-nilpotent) Lie algebras of dimension six
have been classified in [108, 123 124] 127]. In higher dimension the problem is still open
and only some partial results are known: in dimension seven, we recall Gong’s classification
of indecomposable real nilpotent Lie algebras [71]. This list contains 140 Lie algebras and
9 one-parameter families. In addition, there are 35 isomorphism classes of 7-dimensional
decomposable nilpotent Lie algebras [105, 121].

1.1.2 Smooth actions on manifolds and G-structures

Let M be a smooth manifold and Diff(M) be its group of diffeomorphisms.

Definition 1.9. A left action of a Lie group G on M is defined by a map
a:GxM—-M

such that
a(e,p) =p, alg,a(h,p)) = algh,p),

for every g,h € G and p € M. For every g € (G, we denote

o = a(g,-) € Diff(M)
and, when no confusion arises, g - p := «a(g, p), for every p € M.

In a similar way, we give the following.
Definition 1.10. A right action of a Lie group G on M is defined by a map
o MxG—-M

such that

o(p,e) =p, a(a(p,g),h)=a(p,gh)

for every g,h € G and p € M. When no confusion arises, we denote p - g := o(p, g) for every
geG, pe M.
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In what follows, we consider a left action ao: G x M — M, but the same constructions
also hold in the case of right actions, with the due adjustments. As usual, g denotes the Lie
algebra of the Lie group G acting on M.

Definition 1.11. For every X € g, the induced vector field on M associated with X is

A d
X, = — tX) - M
p dt li=o (eXp( ) p) ) p € 9

where exp: g — G is the exponential map of G. The map

g—I'(TM),
X=X

is called the infinitesimal action of g on M.

The orbit G - p, through p € M, is defined as the image of the map
ap: G— M
g—9g-p,

while the isotropy (or stabilizer group) at p € M, is the set

Gy =0, (n)={9€Clg p=p}
We say that « is proper if the inverse image of each compact set in M x M via the map

GxM— MxM,
(9,p) — (p,g9-p)

is also compact in G x M. We say that « is almost effective if the kernel of the action, namely
(Mpers Gp: 1s a discrete subset of G, effective if () Gp = {e}. Moreover, if G, = {e} for all
p € M, we say that a is free. We recall that the isotropy group G), changes by conjugation
as p moves along its orbit G - p, namely

Ggp :ngg_l, ge G, pe M.

Let us assume that G acts properly on a smooth manifold M. Then, each isotropy group G,
is a compact Lie subgroup of G. Moreover, each quotient space G/G,, is a smooth manifold,
the orbit G - p is the image of an embedding of G/G, into M and the tangent space T,G - p
is given by

T,G - p = (day), (9)-
We denote by M/G the set of G-orbits in M and equip M /G with the quotient topology
relative to the canonical projection

m: M — M/G,
p—G-p.
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Exploiting the theory of right actions, we can define two special classes of fiber bundles.
Let N be a smooth manifold and G be a Lie group. A principal G-bundle on N is the data
of a smooth manifold P, a locally trivial surjection

m: P— N

and a right and free action of G on P which preserves the fibers of 7 and is transitive on each
of them. The fibers of m can then be seen as the orbits of the G-action on P, which implies
that they are diffeomorphic to G. Moreover, one has that N is diffeomorphic to the orbit
space P/G. The group G is known as the structure group of the principal bundle.

Example 1.12. Let N be an n-dimensional smooth manifold. A linear frame u at a point
p € N is an ordered basis (v1,...,vy) of the tangent space T,N. Let GL(NN) be the set of
all linear frames at all points of N and denote by 7: GL(/N) — N the map sending a linear
frame u at p into p. The natural right action of the general linear group GL(n,R) on GL(V)
makes 7: GL(N) — N a principal GL(n, R)-bundle.

A reduction of the structure group G to a closed subgroup H C G is a submanifold @ of
P which is invariant under the G-action restricted to H and such that

Tlo: @ — N,
together with the H-action on @), defines a principal H-bundle.

Definition 1.13. A G-structure on a smooth manifold N is a reduction of the bundle of
linear frames GL(NV) to a closed subgroup G C GL(n,R).

Let P be the total space of a principal G-bundle over a smooth manifold N and suppose
that the structure group G also acts on a smooth manifold M on the left. Therefore, one
gets a right action of G on the product manifold P x M, given by

1‘p), u€e P, peM, ged.

(u,p)-g=(u-g,9"
We denote by P xg M the quotient space of P x M via this action, which defines the total
space of a fiber bundle on N with fiber M and structure group G, which is called the fiber
bundle associated with P with standard fiber M. Note that, if we replace M with a vector
space V on which G acts linearly, then the previous construction yields a vector bundle on
N with standard fiber the vector space V.
Going back to the theory of left actions, we now analyze the properties induced by proper
ones. In particular, proper actions induce Riemannian metrics which are invariant with
respect to the action. We start with the following.

Definition 1.14. Let (M, g) be a Riemannian manifold. An action of a Lie group G on M
is said to be isometric if a" € Diff(M) is an isometry of (M, g), for all h € G. In this case
the metric g is said to be G-invariant and a“ = {a”, h € G} is a subgroup of the isometry
group I (M, g) of (M, g).
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The action fields induced by the action of the isometry group I(M,g) on a Riemannian
manifold (M, g) are called Killing vector fields and are characterized by the fact that the Lie
derivative of the metric g with respect to them is identically zero. Therefore, the action fields
induced by an isometric action are Killing.

For a proof of the following theorem, see for instance [3, Theorem 3.65].

Theorem 1.15. Let a: G x M — M be a proper action. Then, there exists a G-invariant
metric g on M such that o is isometric on (M, g).

In the theory of left actions, great importance lies in the study of special submanifolds.

Definition 1.16. Let a: G x M — M be a left action. A slice at pg € M for the action «
is an embedded submanifold S, of M through py such that

(i) TpoM = (doyy,), (8) Ty Spo and TyM = (doy), (g) + TpSpys Vp € Spy;
(i) Sp, is Gp,-invariant;
(ili) if p € Spy, g € G and a (g,p) € Sp,, then g € G-

If ¢ is a Riemannian metric on M, a slice at pg is said to be normal with respect to g if the
direct sum in point (i) is orthogonal.

Theorem 1.17. Let a: G x M — M be a proper left action. Then, for every pg € M there
exists a slice Sp, at pg which is normal with respect to the induced G-invariant metric g.

A slice Sp,, through py can be defined by
Spo = €XPy, (B: (0)),

where B. (0) is an open ball of radius € > 0 around the origin in the normal space T}, (G - po)*
1
to the tangent space Ty, (G - po) inside Tp, M. In particular, Tp, M = (doy,), (8) D TpeSp,-
Now, for every p € M, the isotropy group G, acts on T, M by
Gp x TyM — T,M,
(9, X) = (do?), (X).

Since g € G leaves G - p invariant, this action leaves the tangent space T}, (G - p) and any its
complement invariant.

The restriction
Xp: Gp x Ty, (G - p) — T, (G - p)

is called the isotropy representation of the action at p and, for every slice S,, at p, the
restriction

op: Gp x T,,8 — T,Sp,

is called the slice representation of the action at p.
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Theorem 1.18. Let a: G x M — M be a left action of a compact Lie group G on a smooth
manifold M and let po € M be such that o (g,po) = po, for all g € G. Then, there ezists a
G-invariant open neighborhood U of pg in M and a diffeomorphism f from U onto an open
neighborhood V' of 0 in Ty, M, such that

f(po) =0, dfp, =1Idr, m,

and

a(g,p)=f" ((dag)po (f (p))) , geG, pel.
For a proof, see |36, pages 96-97].

Definition 1.19. Let M and N be smooth manifolds. We say that a G-action a on M and
a G’-action 3 on N are equivalent if there exists a Lie group isomorphism ®: G — G’ and a
diffeomorphism F' from M to N which is ®-equivariant, namely such that

Foa?=p8%09oF gea.

Definition 1.20. Let a: G x M — M be a proper left action. Given pg € M, let Sp, be a
slice at pg. We define a tubular neighborhood of the orbit G - py as the image of Sy, under the
G-action, namely

Tub (G - po) == a (G, Sp,) -
The next theorem gives Tub (G - pp) the structure of an associated fiber bundle.

Theorem 1.21. Let a: G X M — M be a proper left action. Then, for every pg € M, there
exists a G-equivariant diffeomorphism between Tub (G - py) and G XG,, B. Here, B is an

open Gy, -invariant neighborhood of 0 in Ty, (G - po)J‘ and G X¢,, B is the total space of the
fiber bundle over U C M associated with the Gy, -principal bundle G — G /Gy, with fiber B
and Gp,-action on B defined by

Gp, x B — B,
(9, X) = (da?),, (X))

Proof. One first proves that there exists a unique G-equivariant diffeomorphism
D GXGpo S’po — U C M,

where S, is a normal slice through py. Then, the claim follows from Theorem by
observing that the G -action on S, is equivalent to the tangent action of G, on an open

Gp,-invariant neighborhood B of 0 in T}, Sp, = T, (G -po)l. For more details, see [36] pages
102-103]. 0

Definition 1.22. Let «: x M — M be a proper left action and let p be a point of M. The
orbit G - p through p is called principal if there exists a neighborhood V' of p in M such that,
for each ¢ € V', G, C Gy.4 for some g € G.

Proposition 1.23. Let a: G x M — M be a proper left action and let p be a point of M.
Then, the following are equivalent:
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(i) G- p is a principal orbit;
(i) If Sp is a slice at p, then G, = G4 for all g € Sp.
For a proof of these properties, see |3, Proposition 3.74].

Proposition 1.24. Let a: G x M — M be an isometric proper left action and let S, be a
slice at p. Then, the orbit G - p is principal if and only if the slice representation of Gy is
trivial.

See for instance [3, Exercise 3.77]. We denote by MP"1¢ the set of points of M contained
in principal orbits.

Theorem 1.25. Let a: G X M — M be a proper left action, where M is connected. Then,
o NP s open and dense in M ;
o MPYIC /G s a connected submanifold of M/G;
o If G-p and G - q are principal orbits, there exists g € G such that G, = qugfl.
For a proof, see [3, pages 75-76].
Definition 1.26 (Orbit types). Let a: G x M — M be a proper left action.
(i) The orbit G - p has a larger orbit type than G - ¢ if there is g € G such that G, C Gg.g;
(ii) The orbits G-p and G -q have the same orbit type if there is g € G such that G, = Gg.q;

(iii) An orbit G- p is said to be regular if the dimension of G - p coincides with the dimension
of principal orbits;

(iv) A non-principal regular orbit is called exceptional;

(v) A non-regular orbit is called singular.

1.2 Stable forms

In this section, we review the properties of the geometric structures defined by stable
differential forms. As a reference, see for instance [82] [83].

Definition 1.27. Let V be an n-dimensional real vector space. A k-form a € AFV* is stable
if its orbit under the natural action of GL(V) is open in AFV*.

Stability occurs only in even dimension and in dimension seven. More precisely, in even
dimension n = 2m # 6,8, a k-form may be stable only if & = 2,2m — 2. The cases where
n is 6 or 8 are richer. Indeed, besides the previous values of k, stability may occur also for
k =3,2m — 3. In odd dimension n = 7, instead, a k-form may be stable only if k is equal to
3 or 4. Moreover, depending on both n and k, stability can be characterized in the following
ways.
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Proposition 1.28. [82] A 2-form w a 2m-dimensional real vector space V is stable if and
only if W™ # 0, i.e., if w is non-degenerate.

The previous proposition follows from a dimensional argument. Let w be a non-degenerate
2-form on V. The orbit GL(V)/Sp(V,w) of w has the same dimension of A2V*, so it has to
be open in A2V*. On the other hand, since A2V* contains only one open orbit, it has to
coincide with the orbit of a non-degenerate 2-form. Given a stable 2-form w, we shall call
%wm the Liouville volume form defined by w.

Stability of 3-forms in dimension six was first characterized in Reichel’s thesis from 1907
[120]. The result was later riformulated by Hitchin [82]. Let V be a 6-dimensional real
vector space and let p be a 3-form on it. Choose an orientation € ASV* and consider the
endomorphism S,: V — V defined via the identity

wp Np AN =n(S,()Q, neV* veV,

where ¢,p denotes the contraction of p by v € V. One has Sz = A(p)Idy for some quartic
polynomial A(p) in the coefficients of p. Moreover, p is stable if and only if A\(p) # 0 and the
quartic hypersurface defined by A(p) = 0 is invariant under the GL(V)-action and divides
A3V* into two open sets

OF = {p € A*V*| A(p) > 0},
O~ = {pe A3V*| X\p) < 0}.

The identity component of the stabilizer of a 3-form lying in the former is conjugate to
SL(3,R) x SL(3,R) and in the latter to SL(3,C). This motivates the following.

Proposition 1.29. [82] A stable 3-form p € O~ defines a complez structure and a complex
volume form on V.

The complex structure also depends on the choice of € ASV*. Explicitly,
Joo = (=X(p)) "2 5,
Notice that the 3-form p = J,p is stable, as well. Here, we are using the convention

Jooy(vi, ... o8) = y(Jpaui,. .., Jpau), for every k-form vy and vy, ..., v, € V. The complex
volume form is then given by

U= p+ip.

Remark 1.30. A simple computation shows that J, does not change if p is rescaled by a
non-zero real constant, i.e., J, = J, for every s € R — {0}.

Following [35], we introduce the next definition.

Definition 1.31. A definite 3-form on an oriented 6-dimensional real vector space V is a
stable 3-form p € O~.
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Now, let us focus on the concept of stability of 3-forms on 7-dimensional real vector
spaces. Let W be a 7-dimensional real vector space, let ¢ be a 3-form on it and consider the
symmetric bilinear map

1
bo: WX W — ATW*, by,(v,w) = 6 Lwp A lwp ANp, v,w e W. (1.1)

By [83], ¢ is stable if and only if det(b,)"/ € ATW* is non-zero. Therefore, the symmetric
bilinear map
gp = det(by) "7 by

is well defined and Vol,, = det(b,)'/? defines a volume form on W. By [I8, 80|, there
are exactly two open orbits of a stable 3-form ¢, one corresponding to the case where g, is
positive definite, the other to the case where g, is of signature (3,4). We denote by AiW*
the orbit of ¢ corresponding to the former case.

As for the 6-dimensional case, we introduce the following.

Definition 1.32. [35] A definite 3-form on a 7-dimensional real vector space W is a stable
3-form p € A3 W*.

1.3 SL(3,C)-structures

In this section, M always denotes a 6-dimensional oriented smooth manifold.

An SL(3, C)-structure on M is a reduction of the frame bundle of M to SL(3,C). This
is equivalent to the existence of a definite 3-form p on M, i.e., such that p(p) € A3T;M is
definite for every p € M. Since the identity component of the pointwise stabilizer of p is
isomorphic to SL(3, C), we introduce the following.

Definition 1.33. An SL(3,C)-structure on M (respectively, on T, M) is a definite 3-form
p € A3(M) (respectively, a definite 3-form p(p) on T,M).

Fix Q € AS(M) and let p € A3(M) be an SL(3,C)-structure on M. By Section [1.2] p
induces an almost complex structure J, o on M which, at a pointwise level, coincides with
the linear complex structure on 7, M induced by p, and €,, at every point p € M. We shall
denote it by J, or, even more simply, by J, when no confusion arises. We denote by p = Jp
the image of p via J and by ¥ = p + ip the complex (3,0)-form induced by p. Notice that p
is stable, as well. Moreover, the wedge product between p and p defines the same orientation
as ). By Section at each point p of M, there exists a basis (e, ..., es) of T, M with dual
basis (el,...,e5) such that Q, = e!23156 and

pp = 135 — 146 _ 236 _ 245 (1.2)

In particular,
Jp(el) = €2, Jp(eg) = €4, Jp(€5) = €6. (1.3)

Definition 1.34. A basis (eq,...,e) of T,M with dual basis satisfying is called an
adapted basis for the SL(3, C)-structure p at p € M.
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From a Riemannian point of view, a special type of SL(3, C)-structures we are interested
in is the following.

Definition 1.35. An SL(3, C)-structure p € A3(M) is tamed by a stable 2-form & € A%(M)
if the (1,1)-part @' of @ is positive in the standard sense. The 2-form @ is also called a
taming form with respect to J,,.

The positivity in the standard sense of @' implies that the symmetric tensor
— ~L
g=w 1('7Jp')-

is positive-definite. This implies that g defines an almost Hermitian metric on M, namely a
Riemannian metric satisfying

Q(Jp‘va‘) = 9(‘a )

We shall refer to (g, J,) as the induced almost Hermitian structure on M. Special types of
these structures are given by SU(3)-structures.

Definition 1.36. An SU(3)-structure (w,p) on M is the data of an SL(3, C)-structure p
tamed by a stable 2-form w satisfying the compatibility conditions

wAp=0 (1.4)

and the normalization condition

p/\f):§w . (1.5)

Remark 1.37. In the language of principal bundles, an SU(3)-structure on M is a reduction
of the frame bundle of M to SU(3).

Remark 1.38. An SU(3)-structure can be equivalent defined as the data of a Riemannian
metric g, a g-orthogonal almost complex structure J and a nowhere-vanishing (3, 0)-form W.
If we denote by p the real part of ¥ and by w the 2-form

then the pair (w, p) defines an SU(3)-structure in the sense of Definition inducing the
almost complex structure J and the Riemannian metric g. The 2-form w is also called the
fundamental form associated with the almost Hermitian structure (g, .J).

Let (w, p) be an SU(3)-structure on M. As we have seen in the previous section, we can

always find a pointwise coframe (el, e ,66) such that

w=e'? 434 e p— 35 _ QM6 _ 236 _ 245 (1.6)

Definition 1.39. A basis (eq,...,e) of T,M with dual basis satisfying is called an
adapted basis for the SU(3)-structure (w, p) at p € M.
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We denote by g = w(J,,-) the induced almost Hermitian metric and by *, the Hodge
operator associated with g and the Liouville volume form %3 on M. Then, p = x4p. Moreover,

with respect to an adapted basis (e1,...,e5) at p € M, we may write
6
i\ 2
am =) (),
=1
and
lép — e136 + 6145 + 6235 _ 6246.

Let d be the de Rham differential of M. We then give the following.

Definition 1.40. An SL(3, C)-structure p (resp. an SU(3)-structure (w, p)) is closed if dp =
0.

Closed SL(3,C)-structures have been recently studied in [35, 65]. In Chapter [2 we
shall study two special classes of closed SL(3, C)-structures, both characterized by the (semi-
)positivity of certain differential forms. They are called mean conver and tamed by a symplec-
tic form, respectively. In particular, we shall also analyze the compatibility of mean convex
closed SL(3, C)-structures with the half-flat condition for SU(3)-structures.

Definition 1.41. An SU(3)-structure (w, p) is called half-flat if

dp =0,
fircm, .

Half-flat SU(3)-structures have been extensively studied in literature (see for instance
[25] 26, 28, 83, [115] (116]). Special focus was placed, in particular, on symplectic half-flat and
balanced SU(3)-structures.

Definition 1.42. An SU(3)-structure (w, p) is called symplectic half-flat if

dp=20
{ =5 (1.8)
dw = 0.

Definition 1.43. An SU(3)-structure (w, p) is called (non-Kdhler) balanced if

dp =0,
dw? = 0, (dw #0), (1.9)
dp = 0.

In Chapter [5] we shall study the existence of balanced SU(3)-structures on simply con-
nected manifolds of cohomogeneity one, namely manifolds admitting an action of a compact
Lie group having an orbit of codimension one.

Finally, we have the most restrictive case in which all the defining differential forms are
closed.
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Definition 1.44. An SU(3)-structure (w, p) is called torsion-free if

dp =0,
dw =0, (1.10)
dp = 0.

A torsion-free SU(3)-structure (w, p) is equivalent characterized by asking that the defining
tensors w and W = p + ip are both parallel with respect to the Levi-Civita connection V9 of

the induced metric g, i.e.,
Viw = 0,
{ “ (1.11)

Vv = 0.

For this reason, torsion-free SU(3)-structures are also called parallel. More commonly, they
are referred to as integrable SU(3)-structures or Calabi- Yau structures in the compact case.
By the holonomy principle, an SU(3)-structure is integrable if and only if Hol(g) is isomorphic
to a subgroup of SU(3), where Hol(g) is the holonomy group of VY. In particular, the induced
metric g is Ricci-flat, i.e., the Ricci tensor Ric(g) associated with g vanishes identically (see,
for instance, [89, Proposition 7.1.1]).

The obstruction for Hol(g) to be isomorphic to a subgroup of SU(3), hence for (w,p)
to be torsion-free, is represented by the so-called intrinsic torsion T of the SU(3)-structure.
The intrinsic torsion of (w, p) is a section of the vector bundle T*M ® su(3)+, which can be
identified with the pair (V9w, V9¥). Here, su(3)+ C s0(6) is the orthogonal complement of
su(3) with respect to the Killing Cartan form B of s0(6). Moreover, by [24, Theorem 1.1|, the
intrinsic torsion of (w, p) is completely determined by the differentials dw, dp and dp. More
precisely, the natural action of SU(3) on the space of k-forms A¥(M), for k = 2,3, gives rise
to the following splittings:

A2(M) = C*(M)w @ AG(M) ® AF(M),
AP(M) = C*(M) p & C%(M) p & AG(M) & Afy(M),

where the irreducible r-dimensional SU(3)-modules A¥(M) are defined as follows
ANM)={ce N (M)|Jo=—-c}, AZ(M)={BeN(M)|JB=p, BAw*=0}

and

AM)={arwlae AN (M)}, ALM)={yeN(M)|yAw=0, yAp=0, yAp=0}.

Therefore, there exist unique war,wg € C®(M), vi,w; € AY (M), wy,wy, € AZ(M), w3 €
A3,(M), such that
3 3
dw = f§w0p+7w0p+w3+yl A w,

dp—wow +wi Aw+wi Ap, (1.12)

dp:wow +wy, Aw+ Jwy A p.

Notice that every 2-form o € A%(M) satisfies the identity o A w = %40, while every 2-form
B € AZ(M) satisfies the identity 8 Aw = — x, .
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Definition 1.45. The differential forms w(jf,wl, vi,wy, w3 uniquely defined by [(1.12)| are
called intrinsic torsion forms of the SU(3)-structure.

An SU(3)-structure is torsion-free if and only if its intrinsic torsion forms vanish identi-
cally.

1.4 Go-structures

Let R” = {eq,...,e7) and consider the 3-form

Qo = 6135 o 6146 o 6236 o 6245 + e127 + 6347 + 6567.

The exceptional Lie group Gg is the stabilizer of ¢y under the natural action of GL(7,R) on
A3(R7)*. Explicitly,

Gy = {a € GL(7,R)| a*(90) = w0} C SO(7).

Go is a compact, connected, simply connected, simple Lie group of dimension 14. Therefore,
the orbit

GL(7,R) - ¢o = GL(7,R)/Gs

is open in A3(R7)*. Hence, (g is stable in the sense of Definition

Let N be a 7-dimensional smooth manifold. A Gg-structure on N is a reduction of the
structure group of its frame bundle to the exceptional Lie group Go. This reduction exists
if and only if N is orientable and spin (see [76]) and it is equivalent to the existence of a
definite 3-form ¢ € Q3(N), i.e., such that (p) € A’T¥N is definite for every p € N. Since
the identity component of the pointwise stabilizer of ¢ isomorphic to Ga, we introduce the
following.

Definition 1.46. A Gg-structure on N (respectively, on T, N) is a definite 3-form ¢ € A3(N)
(respectively, a definite 3-form ¢ on T,N).

A Go-structure ¢ endows N with a Riemannian metric go and an orientation Vol o
Explicitly,

1
go(X,Y)Voly, = 5 Lx@ ANiyp A @,

for every pair of vector fields X, Y on N. We denote by V9 the Levi-Civita connection of g,
and by *, the Hodge operator determined by g, and Vol . Moreover, the 4-form ¢ = x,p
is stable, as well.

Let ¢ € A3(N) be a Go-structure on N. As we have recalled in Section at each point
p of N, there exists a basis (e1,...,e7) of T,N with dual basis (e!,...,€") such that

op = 135 _ Q146 _ (236 245 | 127 | 34T | 567 (1.13)

Definition 1.47. A basis (ey,...,e7) of T,N satisfying is called an adapted basis for
the Go-structure ¢ at p € N.



1.4. Go-STRUCTURES 17

Moreover, with respect to an adapted basis (e1,...,e7) at p € N, we may write
7
i\ 2 1234567
(90)p = D ()% Voly, =¢
i=1
and
Gp = 1234 | (3456 | 1256 | (1367 | 1457 4 2357 _ 2467

In particular, this basis is orthonormal with respect to g,,.
Definition 1.48. A Go-structure ¢ is closed if dp = 0.
Definition 1.49. A Ga-structure ¢ is coclosed if d x, ¢ = 0.

Closed and coclosed Go-structures exist on every open 7-manifold admitting Go-structures
[37]. In [31], the authors extended this result by proving that a compact 7-manifold admit-
ting Ga-structures always admits coclosed ones. The same is no longer true for closed Go-
structures. Examples of compact 7-manifolds with a closed Go-structure can be obtained by
taking products of lower dimensional manifolds endowed with suitable geometric structures
(see for instance |46, 511, 56 93]). In Chapter 3] we shall investigate their existence on certain
classes of compact 7-manifolds.

Definition 1.50. A Ga-structure ¢ is torsion-free if

dp =0
e (1.14)
d *90 90 = Oa

i.e., if it is both closed and coclosed.

A torsion-free Go-structure ¢ is equivalently characterized by asking that the 3-form ¢ is
parallel with respect to the Levi-Civita connection V9% (see [40]), i.e.,

V% = 0. (1.15)

For this reason, torsion-free Ga-structure are also called parallel. More commonly, they are
also referred to as integrable Ga-structures. By the holonomy principle, a Go-structure ¢ is
integrable if and only if Hol(g,) is isomorphic to a subgroup of Gs. In this case the induced
metric g, is Ricci-flat (see [16]).

The first complete examples of torsion-free Go-structures were constructed in [21]. In the
compact case, 7-manifolds admitting torsion-free Ga-structures were constructed first in [8§]
and, later, in [30, 90, OI]. Up to now, all known and potentially effective methods to obtain
new examples of torsion-free Go-structures on compact 7-manifolds involve closed ones: in
[88], Joyce proved that a closed Ga-structure on a compact 7-manifold with small torsion, in
a suitable sense, can be deformed into a torsion-free Go-structure. In [19], Bryant introduced
the Laplacian flow, a geometric flow for closed Go-structures (for more details, see Section
. Since the stationary points of this flow are torsion-free Go-structures, one may expect
that, starting from a closed initial data, the flow could possibly converge to a torsion-free
Go-structure.
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The obstruction for Hol(g,) to be isomorphic to a subgroup of Gg is represented by the
so-called intrinsic torsion 7, of the Ga-structure. The intrinsic torsion of a Go-structure is a
section of the vector bungle T*N ® g3 and it can be identified with the covariant derivative
V9 . Here g5 C s0(7) is the orthogonal complement of gy with respect to the Killing Cartan
form B of s0(7). In a similar way to what happens for SU(3)-structures, the components of
7, are completely determined by those of dy and d %, ¢ (see [I9, Proposition 1]). The
decompositions of the spaces A¥(N), for k = 2,3, into irreducible Ga-modules induce the
following decompositions:

A*(N) = AZ(N) & Af4(N),
A*(N) = C®(N)p @ A7(N) ® AJ(N),

where the irreducible 7-dimensional Ga-modules A¥(N) are defined as follows
AF(N) = {r € A*(N)| *o (v A ) = 2w}, AL(N) = {r € A*(N)| K A xpp = 0},
and
AFN) = {xp(anp)lae AN)},  AZ(N) ={B € A(N)|BA@=0, BA*yp=0}.

Therefore, there exist unique 70 € C®(N), 71 € AY(N), 72 € A},(N) and 73 € A3, (N) such
that
dp = 79 %, @ + 371 A @ + *,73,
' 0 *p P 1A@ »T3 (1.16)
d*y, @ =411 N*po0 + T2 A .
Definition 1.51. The differential forms 7, 71, 72, 73 uniquely defined by [(1.16)| are called
intrinsic torsion forms of the Ga-structure.

A Ga-structure is torsion-free if and only if its intrinsic torsion forms vanish identically.

1.5 The link between SL(3, C)-structures and Gs-structures

In this section, we recall the interplay between Gso-structures in dimension seven and
the geometry of SL(3,C)-structures and SU(3)-structures in dimension six. Consider a 7-
dimensional real vector space W and let ¢ be a 3-form on it. Choose a non-zero vector
z € W and a complementary subspace V' C W so that W 2 V @ Rz. Then, we can write

p=wNb+p,

where § € W* is the dual of z with respect to the chosen subspace V, @ € A?V* and p € A3V*.
The 3-form ¢ on W is definite if and only if the 3-form p on V' is definite and w is a taming
form for the complex structure J induced by p and one of the two orientations of V.

Remark 1.52. If ¢ = @w A 6 + p is definite, then the 2-form w = .|y on V has rank 6,
namely it is a non-degenerate 2-form. The pair (0, p) defines an SU(3)-structure on V, up to
a suitable normalization, if and only if @ A p = 0. When this happens, the vector space V
coincides with the g, -orthogonal complement of Rz C W.
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On the other hand, if ¢ defines a Ga-structure on W, we can consider the 6-dimensional
subspace U := (Rz)* C W and the ge-orthogonal splitting W = U @ Rz. Then, if we let
u = |z|, = gp(2,2)"/? and 7 == u~22", so that 7(z) = 1, we have

p=uwAn+py,
for some (w, ) € A2U* x A3U*. Therefore, the pair (w,1,) defines an SU(3)-structure on
U inducing the metric g such that

gp =g +un@.
Moreover,

1
*pp = iw/\w—l-ud}, A,

where ¢ == Jy_ 9y, Jy, being the almost complex structure induced by ¢. In particular,

Vol,, = uVolg An.

Since the vector subspaces V and U are isomorphic, there exists an SU(3)-structure on V
corresponding to (w, ) via the identification V' = U. We shall denote this SU(3)-structure
using the same symbols. It follows from the discussion in Remark that V and U coincide
if and only if @ A p = 0. In such a case,  and 6 coincide, too.

Remark 1.53.

1. The structures (0, p) and (w, 1, ) on V are related as follows. On W = V @Rz, we have
p=wA0+pand p =uwAn+1,. Thus, w =1, = uw. Moreover, since n(z) = 1,
we can consider the decomposition n = ny + 0, where 1y € V* and see that

p=uwAny + 1.

2. Let (e1,...,e7) be a basis of W =V @ Rz with V' = (ey,...,e5) and e7 = z. Then, a
basis for U = (Re7)* is given by (ek - %67% g Consequently, (e',...,e%)
is a basis of U*.

The following identities will be useful in the sequel. The reader may refer to [56, Lemma
3.7] for a proof.

Lemma 1.54. Let (w,,) be an SU(3)-structure on a 6-dimensional real vector space V' and

let o € V*. We denote vv— = Jiy, J being the almost complex structure induced by 1 .

Then,
(1) *g(a NP )ANw=JaANp, =aN_,

(2) #g(aAp_) Aw? =0,

(3) *4( )

(4) #4( )

kg(A AP YAy = — 55 (AP ) AP = aAw? = 2%, (Ja),

4) kg AP YA =55 AP ) Ay, = —JaAw? =2 x4 a.
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At the level of smooth manifolds, the previous construction hold by working on the tangent
space of a 7-dimensional smooth manifold N endowed with a Ga-structure ¢. Let i: M — N
be an orientable 6-dimensional submanifold of N and let X be a vector field along M which,
at every point p € M, is complementary to the the tangent space of M at p, i.e., such that

T,M & (X,) = T,N.

The 3-form p = i*p is an SL(3, C)-structure tamed by the non-degenerate 2-form w = txp.
Note that when X = v is a normal vector field of unit norm with respect to g, then the pair
(t*p, typ) defines an SU(3)-structure on M.

Conversely, if p is an SL(3, C)-structure tamed by a non-degenerate 2-form w on an ori-
ented smooth 6-manifold M, we may define a Go-structure ¢ on the cartesian product between
M and a smooth 1-fold I; explicitly,

p=wA0+p,

where 6 is a nowhere-vanishing global 1-form on I. In particular, ¢ induces the product
metric if and only if w A p = 0.

Remark 1.55. Let ¢ be a Gg-structure on a smooth 7-manifold N and let (ej,...,e7) be
an adapted basis of T,N at a point p € N. The sextuple (e1,...,es) is an adapted basis for
the SU(3)-structure (w, p) induced on Res C T,N. In particular,

1 R
gop:w/\e7+p, gop:§w2+p/\e7.



Chapter 2

Closed SL(3, C)-structures

As remarked in [35], closed SL(3, C)-structures obey an h-principle, since every hypersur-
face in R7 acquires a closed SL(3, C)-structure. In this chapter, we consider closed SL(3, C)-
structures which are either mean convex or tamed by a symplectic form. These notions were
introduced by Donaldson in relation to Ge-manifolds with boundary. Since both definitions
rely on concepts of semi-positivity for (p, p)-forms, we start by recalling some general results
on these structures. Then, we frame them within the theory of closed SL(3, C)-structures and
SU(3)-structures, providing some characterizations in terms of the intrinsic torsion forms of
the SU(3)-structure. We then focus on nilmanifolds and solvmanifolds. In particular, we clas-
sify nilmanifolds which carry an invariant mean convex closed SL(3,C)-structure and those
which admit an invariant mean convex half-flat SU(3)-structure. Finally, we prove that, if a
solvmanifold admits an invariant tamed closed SL(3, C)-structure, then it also has an invari-
ant symplectic half-flat SU(3)-structure. The main contents and results of this chapter were
published in [59].

2.1 Semi-positive (p, p)-forms

In this section we review the definitions and main results regarding semi-positive (p, p)-
forms on complex vector spaces. For more details, we refer for instance to [33] [81].

Let V be a complex vector space of complex dimension n, with coordinates (z1,...,zn).
Notice that V' can be considered also as a real vector space of dimension 2n endowed with
the complex structure J given by the multiplication by i. Consider the exterior algebra

AV* @ C = APV,

where AP9V* is a shorthand for APV* ® AV ". A canonical orientation for V is given by the
(n,n)-form

1
7(2) = Q—nidzl ANdZi N ... Nidzy NdZ, = doy ANdyy Adxg A ... A dyp, (2.1)

where z; = xj+1iy;. We say that a (p, p)-form + is real if ¥ = 7. One may introduce a natural
notion of positivity for real (p, p)-forms.

21
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Definition 2.1. A real (p,p)-form v € APPV* is said to be semi-positive (resp. positive) if,
for all a; of ALOV* 1 <j<n—p,

YNiagr NG AL NGy A G = AT(2),
where A > 0 (resp. A > 0 when «y,...,a,—, are linearly indipendent).

We now focus on the case n = 3 and we provide equivalent definitions for semi-positive
real forms of type (1,1) and (2,2). For a more general discussion we refer the reader to [33]
Chapter III].

Proposition 2.2. Leta = % >k @5 dzj Adzy be a real (1,1)-form on V. Then, the following
are equivalent:

(i) « is semi-positive (resp. positive);

ii) the Hermitian matriz of coefficients (a.7) is positive semi-definite (resp. positive defi-
7k
nite);

(iii) there exist coordinates (w1, ...wy) on V' such that
7: n
o = EZ&kEdwk A dwy,
k=1
with az >0 (resp. a;z; >0), k=1,...,n.

Proof.

(i) <= (ii) follows from [33, Chapter III, Corollary 1.7| and its straightforward generalization
for the case of positive (1, 1)-forms;

(ii) <= (iii) is achieved by diagonalizing the Hermitian matrix of coefficients (az). O

The next result follows from [33, Chapter III, Corollary 1.9 and Proposition 1.11].
Proposition 2.3. If ay, as are semi-positive real (1,1)-forms, then cy A g is semi-positive.

We want to characterize the semi-positivity of real (2, 2)-forms. Let v be a real (2, 2)-form
on a 3-dimensional complex vector space V. We may write

1
Y =—7D Vg da A dz; Ndz A dz, (22)
1<k
j<l

with respect to some coordinates (z1, z2, 23) on V. We may associate with ~ the real (1,1)-
form

i
B = 5 Zﬁmﬁdzm N dZnp,
m,n
whose coefficients are determined by those of ~ following

1
/Bmﬁ = Z Z ’Yijkzgikmgjln- (23)
1,5,k
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Here €4 is the Levi-Civita symbol, with 193 = 1. Using a change of basis dz; = Zp Al dw,,

the matrix (B,,7) changes by congruence via the matrix A = det(A)(AY) ™!, where A = (A?).
Consequently, the semi-positivity of 5 does not depend on the choice of coordinates on V.
Notice that the matrix (8,,7) is Hermitian, since v = 7 implies Ykl = Vitk:

Proposition 2.4. Let v be a non-zero real (2,2)-form on V. Then, the following are equiv-
alent:

(i) ~ is semi-positive,
(ii) v Aa > 0 for every positive real (1,1)-form a, i.e., v Ao = AT(2), where A > 0,
(iii) the associated (1,1)-form B is semi-positive.

Proof.
(i) <= (iii) Let y be a real (2,2) form on V. Then, v can be written as in |(2.2)[ with respect
to a basis (dz1,dz, dz3) of ALOV*. By Definition , 7 is semi-positive if for all n € ALOV*
one has §y An A7 >0. Set n =3 Nmdzm; then

1

SYANIAT= Y BT, (2),

m,n

where the coefficients (,,7 are defined in Therefore, since 7 is arbitrary, v is semi-
positive if and only if the matrix (8,,7) is positive semi-definite.

(i) = (ii) Let « be a positive (1,1)-form on V. Then, there exists a basis (dz1,dz2,dz3) of
ALOV* such that,

1 _
o= 3 Z appdzg N dzy
k
with a,7 > 0. Let v be a semi-positive (2,2)-form on V. We may write

1 _
v = ~1 Z%‘jkid'zi ANdzj Ndz N dz.
i<k
j<i
Then,
YA = Z ar?ﬁrFT(z)-
'

Since + is semi-positive, by (iii) we have that 8,7 > 0 for all » = 1,2, 3 with at least one of
them being strictly positive. Therefore, since a,+ > 0, for every 7, the claim follows.
(i) = (i) Let (a1, a2, a3) be a basis of AM0V*. We define

1 _ _ _
Qe = §(a1 No + e(ag Ny + a3 A Q).

We notice that, for every € > 0, a. is a positive (1,1)-form. Then, by hypothesis, v A a. > 0.
i
The claim follows by continuity since 27 Aoy Ay = limeo(y A ag) > 0. O]
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As shown in [81, Theorem 1.2|, a real (2,2)-form + is always diagonalizable, i.e., there
exist coordinates (w1, wsy,ws) of V' such that

1
v = —1 Z ’yﬁkgdwi A dw; N dwy, A\ dwy,.
i<k

By Proposition 7 is semi-positive if and only if ;7 > 0, for every ¢ < k. In particular,
the diagonal matrix (f8,,7) associated with 7 in these coordinates is positive semi-definite.
Moreover, v is positive if and only if v,z > 0, for every i < k.

Remark 2.5. [106], formula (4.8)] A real (2,2)-form v on V is positive if and only if v = a2,
where « is a positive (1, 1)-form.

2.2 Mean convexity and intrinsic torsion of closed SU(3)-struc-
tures

In this section, we study the mean convex property in the context of closed SU(3)-
structures and provide necessary and sufficient conditions in terms of the intrinsic torsion
of the SU(3)-structure.

Let M be an oriented smooth 6-manifold endowed with an SU(3)-structure (w, p). Ac-
cording to [35], the differential dp of the SL(3, C)-structure p = Jp is a real (2,2)-form, so
that it could be semi-positive in the sense of Definition [2.1]

Definition 2.6. A closed SL(3,C)-structure p on M is (strictly) mean conver if dp is a
non-zero semi-positive (resp. positive) (2,2)-form at every point of M.

Definition 2.7. A closed SU(3)-structure (w, p) on a 6-manifold M is (strictly) mean convex
if the SL(3, C)-structure p is (strictly) mean convex.

As a consequence of , if p is closed we have dp = 6 A w, where 6 is the (1,1)-form
defined by 0 = wyw + w, .

We recall that, given a real (1, 1)-form a, the trace tr(a) of a is given by 3aAw? = tr(a)w?.
Then, in terms of w, and the (1,1)-form 0, we can prove the following.

Proposition 2.8. Let (w,p) be a closed SU(3)-structure on M. Then,

(i) if (w, p) is mean convez, the intrinsic torsion form wy is strictly positive and the (1,1)-
form 0 is not negative (semi-)definite. Moreover, its trace tr(6) is strictly positive;

(i) of 6 is semi-positive, the SU(3)-structure is mean conver.

Proof. Let us assume that (w, p) is a mean convex closed SU(3)-structure on M. By
we have dp = O Aw. Now, Proposition implies dp A« > 0 for every positive real (1, 1)-form
. Then, (i) follows by choosing o = wj; indeed, dp A w = wy w3, since wy, € AZ(M). In
particular tr(#) = 3w, > 0. (ii) follows from Proposition [2.3| and the positivity of w. O
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Let N be a 7-dimensional smooth manifold endowed with a torsion-free Ga-structure
¢ € A3(N). By Section ¢ induces an SU(3)-structure (w, p) on each oriented hypersurface
i: M — N. By a quick computation, one can see that the resulting SU(3)-structure is half-
flat. As a matter fact, one has

p=1i"p, w?=2i"(xp),

which are closed when ¢ is both closed and coclosed. Moreover, the intrinsic torsion of the
half-flat structure can be identified with the second fundamental form B € T'(S?(T*M)) of
M with respect to a fixed unit normal vector field v. As in [35], with respect to J,, we can
write B = Bj 1 + B¢, where By ; is the real part of a Hermitian form and B¢ is the real part
of a complex quadratic form. If we denote by 81,1 = B1,1(J,-, ) the corresponding (1, 1)-form
on M, we have 311 Aw = %dﬁ, from which it follows that, if (w, p) is mean convex, then the
mean curvature p given explicitly by % PPNp = %dﬁ/\w is positive with respect to the normal
direction (for more details see |35, Proposition 1]). Moreover, since the wedge product with
w defines an injective map on 2-forms, comparing this with yields 6 = 231 1. Then, by
Proposition @, if B1,1 defines a positive semi-definite Hermitian product, then the half-flat
structure (w, p) is mean convex.

Special types of half-flat structures (w, p) are called coupled, when dw = —%wg p, and
double, when dp = wy w?. Notice that, by Proposition double structures (w,p) are
trivially mean convex as long as w, > 0. However, it is straightforward to check that, if
(w, p) is a double structure such that w; < 0, then (w, —p) is mean convex. In [25] Theorem
4.11], a classification of 6-dimensional nilpotent Lie algebras endowed with a double structure
was given. Other examples of double structures on S x $3 were found in [104] [122].

For a general Lie algebra, we can show the following,.

Proposition 2.9. If a Lie algebra g has a strictly mean convez closed SL(3,C)-structure,
then g admits a double structure.

Proof. Let p be a strictly mean convex closed SL(3, C)-structure on g. Then, dp is a positive
(2,2)-form and, as shown in [106] (see Remark 2.5), there exists a positive (1,1)-form « such
that dp = a®. Moreover, since « is positive with respect to Jo, a? is a positive multiple of
the volume form p A p. Since J, does not change for a non-zero rescaling of p, this implies
that there exists b # 0 such that (bp, a) is a double structure on g. O

As a consequence, the classification of nilpotent Lie algebras admitting strictly mean
convex closed SL(3,C)-structures reduces to Theorem 4.11 in [25]. Therefore, in the next
section we weaken the condition asking for the existence of (non-strictly) mean convex closed
SL(3, C)-structures.

2.3 Mean convex closed SL(3, C)-structures on nilpotent Lie al-
gebras

Using the classification result in 73], 105], we can prove the following.
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Theorem 2.10. Let M = T'\G be a 6-dimensional nilmanifold. Then, M admits invariant
mean convex closed SL(3, C)-structures if and only if the Lie algebra g of G is not isomorphic
to any of the siz Lie algebras g;, i = 1,2,4,9,12,34, as listed in Table[6.1]

Proof. Let g be the Lie algebra of G. We recall that every invariant SL(3, C)-structure on M
is determined by an SL(3, C)-structure on g and vice versa. First notice that the possibility
that g is abelian is precluded by Definition 2.7] Then, in order to prove the first part of the
theorem, we first show the non-existence result for the five Lie algebras g1, go, g4, g9 and gi2.
For each of these Lie algebras, let us consider a generic closed 3-form

p= Z pik€7*,  pijr €R.
i<j<k
Let us assume that p is definite, i.e., stable with A(p) < 0. Then, p induces an almost
complex structure J, and we may ask if the induced (2,2)-form dp is semi-positive. Notice
that the 1-forms ¢* = eF — inek, for k =1,...,6, generate the space Al’og;‘ of (1,0)-forms
with respect to J, on g;, ¢ = 1,2,4,9,12. So, for every closed definite 3-form p, we extract
a basis (¢1,£2,¢3) for AM0g¥, where ¢/ = (¥ for some kj € {1,...,6} and j = 1,2,3. Then,

(€1, €2 53,21,52,53) is a complex basis for g7 ® C and we can write dp in this new basis as

dp

1 =i =l
— 1 2V €EEE
i<k
i<l

for some Vijui € C. We note that the real 1-forms

F= ST, e =b@ ), =123

define a new real basis for g;. Now, following Section we consider the real (1,1)-form g
associated with dp, given explicitly by

i 1
p= 2 Z/Bmﬁ €€, Pm = 1 Z Vijki€ikmEjin; (2.4)
m,n

1,5,k

and we compute the expression of B,z in terms of p;j;. Therefore, dp is semi-positive (non-
zero) if and only if the Hermitian matrix (8,,7) is positive semi-definite, which occurs if and
only if

BkEZ(]v k:172737

Br?ﬁkE - |B7"E|2 > 07 r< k? T, k= 1> 27 37 (25)

det(Bmm) > 0,

with (Bpm) different from the zero matrix. Then, it can be shown that, for every closed
3-form p such that A(p) < 0, the system in the variables p;;, has no solutions. The
computations have been made with the aid of Maple 2021 (see Appendix 2 for the list of
instructions used). Let us see this explicitly for g;, ¢ = 1,2. By a direct computation, for the
generic closed 3-form p on g; we have

2
Ap) = [(p145 + 2p235)p146 + P145P236 + P§45] + 4p1a6p236 (P126 — P145P235 + P135P245)
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and, for the generic closed 3-form p on go, we get

2
Ap) = (P§45 + D145P236 + 2p146p235) + 4p146p236 (—P145P235 + P135P245 + P125P146) -

Notice that, if at least one between pi46 and poss is equal to zero, then A(p) > 0. So let
us assume that both pi46 and pasg are non-zero. Then, (e, Jpel, e?, JpeQ, e®, J,e°) defines a
basis of g}, for i = 1,2, hence (¢! = e! — inel,§2 = e? —iJ,e?, &3 = € —iJ,ed) is a basis
of (1,0)-forms on g;, i = 1,2. By a direct computation, it can be shown that in these cases
the matrix coefficient 8,7 vanishes and so 8,7853 — |B13> = —|83/> < 0, but B3 = 0 implies
A(p) = 0, which is a contradiction.

By a very similar discussion, we may discard cases g4, go and gi2 as well. In order to prove
the second part of the theorem, we construct an explicit mean convex closed SU(3)-structure
(w, p) on the remaining nilpotent Lie algebras (see Table [6.3). O

Using the classification of half-flat nilpotent Lie algebras (see [26]), we can then prove the
following.

Theorem 2.11. A 6-dimensional nilmanifold M = T'\G has an invariant mean conver half-
flat structure if and only if the Lie algebra g of G is isomorphic to one of the Lie algebras g,
i=6,7,8,10,13,15,16, 22, 24,25, 28, 29, 30, 31, 32, 33, as listed in Table[6.1]

In [26], a classification up to isomorphism of 6-dimensional real nilpotent Lie algebras
admitting half-flat structures was given. They are twenty-four and they are listed in Table
[6-3] So, in order to classify nilpotent Lie algebras admitting a mean convex half-flat structure,
we restrict our attention to this list. An explicit example of mean convex half-flat structure on
gi,1=06,7,8,10,13,15,16, 22,24, 25,28, 29, 30, 31, 32, 33, is provided in Table[6.3] Therefore,
we only need to prove non-existence of mean convex half-flat structures on the remaining Lie
algebras g;, i = 4,9,11,12,14,21,27. By Theorem we may immediately exclude the
Lie algebras g;, ¢ = 4,9,12, since mean convex half-flat structures are mean convex closed
SL(3, C)-structures, in particular.

For the remaining Lie algebras g;, ¢ = 11,14, 21,27, whose first Betti number is 3 or 4,
we first collect some necessary conditions for the existence of mean convex closed SU(3)-
structures (w, p) in terms of a filtration of Jj-invariant subspaces U; of g*. Then, by working
in an SU(3)-adapted basis, we exhibit further obstructions.

Let us start by defining the filtration {U;} as in [25]. Let (w, p) be an SU(3)-structure on
a 6-dimensional real nilpotent Lie algebra g and let (g, .J,) be the induced almost Hermitian
structure. By nilpotency, there exists a basis (al, . ,aﬁ) of g* such that, if we denote
Vj = <a1,...,aj>, then dV; C A2Vj,1 and, by construction, 0 C V4 C ... C V5 C V5 = g*.
We notice that the basis (e!,...,e%), whose corresponding structure equations are given in
Table satisfies the previous conditions and V; = kerd when b1(g) = j. In the following,
we consider V; = <el, . ,ej>. As in [25], let U; == V; N J,V; be the maximal J,-invariant
subspace of V; for each j. Then, since J, is an automorphism of the vector space g, a
simple dimensional computation shows that dimg Uz, dimg Us € {0, 2}, dimg Uy € {2,4} and
dimp Us = 4. Notice that the filtration {U;} depends on V; and the almost complex structure
Jp.

We can prove the following.
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Lemma 2.12. Let p be a mean convex closed SL(3,C)-structure on a nilpotent Lie algebra
g. If g is isomorphic to

o = (0,00, e e + e +e*) or gia=(0,0,0,e", " e + %),
then Us = Uy. If g is isomorphic to
go1 = (0,0,0,e'2,el3 e +e2)  or gor =(0,0,0,0,e'2, el + €2,

then dimg Us = 2, or equivalently <61, 62> is Jp-invariant. Moreover, on go1 (up to isomor-
phism) we also have dimg Uy = 4.

Proof. On each Lie algebra g;, i = 11, 14,21, 27, we consider the generic closed 3-form

p= Z pijk ", pik €R,
i<j<k

and we impose A(p) < 0 and the mean convex condition. First, by a direct computation on
each Lie algebra, we determine the expression of A(p) in terms of the coefficients p;;, and a
basis of (1,0)-forms with respect to J,. Then, we exclude the cases where either A(p) > 0 or
the matrix (S,,7) associated with dp is not positive semi-definite. As in the proof of Theorem
we first extract a basis of (1,0)-forms from the set of generators (¢*) and we use
to compute (Bym) in terms of p;;,. We shall give all the details for the Lie algebra gi;. For
the other cases the computations are similar and we only report the necessary conditions on
pijk- The generic closed 3-form p on the Lie algebra gq; has

A(p) =(P126P236 — P126P146 — P135P246 + P145P236 + P146DP235 — P146P245 + P234P246
- p235p245)2 + 4pass(p123P236D246 — p123p346 - P124p%36 ~+ P124D236P246
+ 2p125p146P236 — P125P146D246 + P125D235D236 — P125D2350246 — P134D235D246
+ P134P236P245 — P125P146P246 1 P135P234P246 — P135P235P245 1 P145P146P235
+ p145p%35 — P145P234P236) + 4P146P236 (—P125DP236 + P135DP235 — P145D235)-

Then, we have the following possibilities:

(a) poss # 0,p246 # pase- Then, (61 - in€1,62 - ineQ,e?’ — ine3) is a basis for ALOg{l,
but (Bm) being positive semi-definite implies A\(p) = 0, a contradiction.

(b) pase = 0,paze # 0,p146 # 0. Taking (el —iJyel,e? —iJ,e?, e’ — ine5) as a basis for
A9g%,, again we find that (3,,7) being positive semi-definite implies A(p) = 0.

(¢c) p2ae = pase = 0, or pasg = p1a¢ = 0. These would force A(p) > 0.
(d) p2se = pase # 0. In particular, this implies that Vo = <61,62> is J,-invariant, i.e.,

dimg Uy = 2. Notice also that, since Jp63(€6) = 0 if and only if pas3g = 0, we also have
that V4 = <el, e, e, e4> is not J-invariant, hence Uy = Uz = Uy.
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By a very similar discussion, one can show that a generic mean convex closed SL(3,C)-
structure p on g4 must have pays = 0 and p3s6 7# 0. In particular, since Jpel, Jp€3 S <el, 63>,
we have dimg Us = 2. Moreover, J,e%(eg) # 0, hence dimg Uy = 0 and Us = Uy.

Analogously, every mean convex closed SL(3, C)-structure p on go; must have psq5 = 0.
This implies that V5 and Vj are J,-invariant, so that dimg Uz = 2, dimg Uy = 4 and U = Us.

Finally, a mean convex closed SL(3, C)-structure p on go7 must have p3y5 = 0. In partic-
ular, this implies that V5 is J,-invariant, so that Uy = Us. O

Now we can prove Theorem [2.11

Proof of Theorem[2.11 Starting from the classification of half-flat nilpotent Lie algebras
given in [26], we divide the discussion depending on the first Betti number b; of g.

When b1(g) = 2, the claim follows directly by Theorem . In particular, we have
seen that g4 cannot admit mean convex closed SL(3, C)-structures and, for the remaining Lie
algebras ge, g7 and gg from Table [6.1] we provide an explicit example in Table [6.3] on the
respective Lie algebras.

Analogously, when b1(g) = 3, an explicit example of mean convex half-flat structure on
gi, ¢ = 10,13,15,16,22,24, is given in Table By Theorem [2.10, we may exclude the
existence of mean convex half-flat structures on gg and gi2. For the remaining Lie algebras
gi, ¢ = 11,14,21, let (w, p) be a mean convex half-flat structure on g;. Then, by Lemma
with respect to the fixed nilpotent filtration V; = <61, ey ej>, we may assume dimg Us = 2.
Using this and the information on Uy we also collected in Lemma [2.12] we shall show that
on the three Lie algebras there exists an adapted basis (f;) with dual basis (f*) such that
df' = df* =0 and fs € 3(g:).

Let us consider the case of ga1, first. Then, we may assume dimg Uy = 4, which occurs if
and only if Vy = J,Vjy. In particular, we may choose a g-orthonormal basis ( L f2) of Us such
that J,f! = —f2, take f3, f* € U3 N Uy of unit norm such that pr3 = —f* and complete
it to a basis for g3, by choosing f° € U} NV5 and f6 € Ui N J,Vs of unit norm such that
Jof% = —f8. Then, by construction, (fi,..., fe) is an adapted basis for the SU(3)-structure
(w, p). In particular, since V5 = <f1,f2,f3,f4,f5>, the inclusion dV; C A%(V;_1) implies
fo € 3(g21). Therefore, since f!, f? € V3 = kerd, we have df!' = df? = 0.

Cases g11 and g4 may be discussed in the same way. By Lemma [2.12] we can assume
dimg Uy = 2 for both Lie algebras. As shown in [25], since Uy, V3 C Vj, we have dimg(Uy N
V3) > 1 and we may take (fl,f2) to be a unitary basis of Uy with f! € V5. Then, since
Us C V3 = ker d, we may suppose df! = df? = 0. Analogously, since dimg (V4N J,V5) > 3 and
UsNVy = VsNJ,VsNVy = VaNJ, Vs, then dimg (UsNVy) > 3, from which dimg (UsNV4NUS) >
1 follows. Then, we may take (f3, f4) to be a unitary basis of Uj- NUs with f3 € V,. Finally,
since dimg (U~ N'V;5) > 1, we may take a unitary basis (f5,f6) of U with f° € V5. By
construction, ( e, fﬁ) is the dual basis of an adapted basis for (w, p). In particular,
since Us C V5, we also have V5 = <f1,f2,f3,f4,f5>, which implies fs € 3(gi), for i = 11, 14.
This proves our claim.

Using this, we prove that the three Lie algebras g;, i = 11,14,21, do not admit any
mean convex half-flat structures. By contradiction, let us suppose there exists a nilpotent Lie
algebra g endowed with a mean convex half-flat structure (w, p) which is isomorphic to gi1,
g14 or go1. Without loss of generality, we may assume that there exists an adapted basis (f;)
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for the SU(3)-structure such that df* = df? =0, fs € 3(g). In this basis,
w= f12 + f34 + f567 p= f135 o f146 o f236 _ ']1’2457 /3 — f136 + f145 + f235 o f246-

Therefore, g has structure equations

5
df' =df* =0, df*=-> ¢if9, k=34,56.
1<j
i1
By imposing the unimodularity condition Z] i =0, for all ¢ = 1,...,6, and the half-flat

equations
dp=0, dw?=0,

a direct computation shows that, if c§4 #£ 0, then the Jacobi identities d?f* = 0,7 =3,...,6,
are equivalent to the conditions
4 4 3 6 4 4 3 3 3
Cl5 = Cg5 = Co5 = C15 = C13 = €1y = C13 = Cp3 = Cp4 = 0,
which imply b;(g) > 4, a contradiction. Then, we have to impose c§4 = 0. Let us assume
§, # 0. Again, a straightforward computation shows that d?f = 0 implies

3 4 4 3 4 3 4 6
Co5 = Cg5 = C15 =0, Cl3= —Cly, Ch3 = —Ci3 — (15
Now, let us look at the mean convex condition. Using|(2.4) m we obtain that the matrix (ﬁmn)
associated with dp, with respect to the basis (€' = f1 +if2 &2 = f3+if4,¢3 = f54+if%), is
given by

0 0 0

0 ) % A 05?5 - i6<c§4 ‘Z cis) .

0 o5 iy +c1g) —Cly — I3+ 5y — 33
Therefore, dp is semipositive if and only if 0?5 =0, c3, =—clyand —c}, — 0?3 +c8, — 033 > 0.
In particular, ¢; = 0 and ¢, = —cf, imply that the Jacobi identities hold if and only if

i3 = ¢}y = 0. However, this also implies df® = df* = 0, so that b;(g) > 4, meaning that we
have to discard this case as well. Therefore, c§4 = 6?2 = 0 and, as a consequence,

df3 == C?:aflg - (04113 + C?5)f14 - C%5f15 - Cg3f23 - Cg4f24 - C§5f25’

df4 =- Clllzaf13 - CZ114f14 - 01115f15 - 0?3]623 - (0%3 + C?5)f24 - C%5f257

df* = — (4 + B3 + B3P — Aaf M + (a + i) f° — S — ™! (2.6)
+ (c33 + iz + 95) %,

df6 == C(133]'113 - 06134f14 - C?5f15 - Cg3f23 - Cg4f24 - (034 - C?S)f%'

In particular, f!2 is a non-exact 2-form belonging to A%(ker d) such that f'2 A dg* = 0. On
the other hand, a simple computation shows that for every Lie algebra g;, for i = 11,14, 21,
a 2-form o € A?(ker d) such that a A dg; = 0 is necessarily exact, leading to a contradiction.
This concludes the non-existence part of the proof in the case b; = 3.
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Now, we consider the remaining case bi(g) > 4. An explicit example of mean convex
half-flat structure on g;, : = 25, 28, 29, 30, 31, 32, 33, is given in Table Then, we only need
to prove the non-existence of mean convex half-flat structures on go7.

Let (w,p) be a mean convex half-flat structure on gao7. We claim that there exists an
adapted basis (f;) with dual basis (f?) such that df! = df? = df3 = 0 and fs € 3(go7). By
Lemma we can assume Us = Us, with dimg Uz = 2. We recall that U; has dimension
two or four. Let us suppose dimg Uy = 4, first. We note that, in this case, the existence of
an adapted basis (f;) for (w, p) such that fs € 3(go7) and Vy = Uy = <f1,f2,f3,f4> follows
from the previous discussion on go1, where we only used dimg Us = 2 and dimg Uy = 4. In
particular, since V4 = kerd on go7, in this case we also have df' = df? = df? = df* = 0.
When dimg Uy = 2 instead, since Uy = Us = Uy, the discussion is the same as for gi; and
g14, where we only used Us = Uy to find an adapted basis such that df' = df? = 0 and
fe lying in the center. In particular, since by construction f', f2, f3 € V4, on gor we also
have df? = 0, since V4 = kerd. This proves our claim on go7. Now, using this claim we
shall show that go7 does not admit any mean convex half-flat structures. Like in the previous
cases, by contradiction, let us suppose there exists a nilpotent Lie algebra g isomorphic to gor
admitting a mean convex half-flat structure (w, p). Then, we may assume that there exists
an adapted basis (f;) for (w, p) such that df' = df? = df? = 0 and V5 = <f1,f2,f3,f4,f5>,
so that fs € 3(g). Therefore,

5
dff ==Y " cifi, k=456
1<j
ij=1

By imposing the unimodularity of g and the half-flat condition for (w, p), we get

46 13 4 p4 4 15
df* =cisf > —ciuf " —cisf
5 5 412 (5 . 6 . 6 f13 5 g4, 4 15 5 23
df® =c3uf " — (cag +cig+e3) 77 —cluf " +ciuf” —cosf
5 .24 5 434
— o fT =g f

6 6 (12 6 (13 6 (14 6 15 6 £23 6 (24 6 £34
df® = —clof 7 —cisf 7 —clyf T =57 —cas [T —cou ST+ claf7

(2.7)

Since b1(g) = 4, there should exist a closed 1-form linearly independent from f!, f? and f3.
Moreover, since kerd = V4 C V5 = <f1, 2,3, 4, f5>, the matrix C' associated with

d: <f4;f5> N A2‘/5 — A2 <f17f27f37f47f5>

must have rank equal to 1. This is equivalent to requiring that C' is not the zero matrix and
all the 2 x 2 minors of C vanish. After eliminating all the zero rows, we have

0 cg 4
66155 —034 - 0?4 - Cg{i
_0‘114 —0?4
C= —0315 04114
0 —033
0 fc‘;’ 4

5
0 —C3y
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By using that (f;) is an adapted basis and [(2.4), we get

0 0 0
_ 4 6 ;4
(Bmm) = | 0 €15 A C1s — 101y
6 | - 5 6 6 5
0 cj5F+icly —ciy— Q3+ oy — o3

Let us suppose 0%5 = 0. Then, (8,,7) being positive semi-definite implies 0%4 = 0?5 =0, from
which it follows that g is 2-step nilpotent, so that we can discard this case since go7 is 3-step
nilpotent. Thus, we have to impose 0%5 £ 0. As a consequence, d’f' =0, i = 4, 5,6, if and
only if ¢, = 3, = 5, = ¢33 = §, = 0, from which it follows that b1(g) = 4 holds if and only
if

4 4 6 4 6
5 _  Ci4 6 _ ©14%5 — C15C23
Cla=—"7, Cuu= 1 .
€15 €15

Then, g must have structure equations
df* =df? = df* = o,

4 _ 6 »13 4 rl14 4 (15
df* =ci5f —ciuf " —cisf 7,

5 s g1z, (€0)? a4 4 415 (2.8)
df = 1 f + 4 f +Cl4f ) ’
€15 €15
4 6 4 6
6 6 (13 C14C15 — C15€23 p14 6 15 6 23
df* =—cisf — Cff —cisf 0 — e fT
15

By , g has the same central and derived series as go7. Note that, if ¢§3 = 0, then g is
almost abelian, so it cannot be isomorphic to go7. Thus, we can suppose cg3 # 0. By [20], a
6-dimensional 3-step nilpotent Lie algebra having by = 4 and admitting a half-flat structure
must be isomorphic to either gos or go7. In addition, be(gos) = 6, while ba(go7) = 7. We show
that we cannot have ba(g) = 7, which is a contradiction. To this aim, we need to compute
the space Z2g of closed 2-forms of g. By a direct computation using and 033 £ 0, it
follows that dim Z2g = dim A%V + 2 = 8. Therefore, in order to get by(g) = 7, we have to
require that the space B2 of exact 2-forms of g is 1-dimensional. This is equivalent to asking
that the linear map
dlgago oy (F1 7 10) — A7

has rank equal to 1. Let £ denote the matrix associated with d| s f5 g6y in the induced basis
(f17) of A%g*. Eliminating all the zero rows, one has

4 6

6 %145 _ 6
€15 0‘1‘5 €13

432 4 6 4 6

F=|_ (cia) _ C14%5 — C15C23
= 14 1 7]
. P
—C15 Ci4 —Ci5

Then, E has rank 1 if and only if E is not the zero matrix and all the 2 X 2 minors of E vanish.
Notice that the minor c§;cf; is different from zero, since we have already excluded both cases
cg3 = 0 and 04115 = 0. Then, g cannot be isomorphic to goy and we obtain a contradiction.
This concludes the case b; > 4 and the proof of the theorem. O
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Remark 2.13. A 6-dimensional nilpotent Lie algebra g with b1(g) = 2 admitting mean
convex half-flat structures also admits double SU(3)-structures. See Table for an explicit
example. This is not true for different values of the first Betti number.

Under the hypothesis of exactness, we can prove the following.

Theorem 2.14. Let g be a 6-dimensional nilpotent Lie algebra admitting an exact mean
convex SL(3, C)-structure. Then, g is isomorphic to gig or gag. Moreover, up to a change of
sign, every exact definite 3-form p on gi1g and gag is mean conver and gog is the only nilpotent
Lie algebra admitting mean convex coupled structures, up to isomorphism.

Proof. Among the 6-dimensional nilpotent Lie algebras admitting half-flat structures, as
shown in the proof of [53, Theorem 4.1], the only Lie algebras that can admit exact SL(3,C)-
structures are isomorphic to g4, go or gos. Therefore, by Theorem [2.10} gog is the only
nilpotent Lie algebra among them which can admit a mean convex structure. In particular,
a coupled mean convex structure on gog is given in Table [6.3] This example was first found
in [53], up to a change of sign of the definite 3-form. For the remaining nilpotent Lie alge-
bras g;, for i = 3,5,17, 18,19, 20, 23, 26, which can admit mean convex SL(3, C)-structures by
Theorem we prove that gig is the only one that admits exact definite 3-forms. To see
this, let (e/) be the basis of gf as listed in Table Then, the generic exact 3-form p on g;
is given by dn, where

n=>Y _piye’, py€eR (2.9)

1<j

By an explicit computation, one can show that, on g;, for i = 3,17,19,23,26, A(p) = 0,
while, on g5 and gag, A(p) = psg > 0. Finally, on gis, A(p) = —4pds. Then, if psg # 0,
p = dn is a definite 3-form on gi13. Moreover, (e! — éJpel,e3 — Z'Jpe3,e5 — ine5) is a basis
for Algtg and, with respect to this basis, the matrix (8,,7) associated with the (2,2)-form
dp is diag(0,0, —4pse). Then, when psg < 0, p is mean convex, otherwise —p is. By a direct
computation one can check that the same conclusions hold also for gog. In particular, the
generic exact 3-form p = dn, with  as in is definite as long as psg # 0. Moreover, (e! —
inel, e3 — Z'Jpe?’, e’ — ine5) is a basis of Ablghg, for every exact definite p and, with respect
to this basis, the matrix (5,,7) associated with the (2,2)-form dp is diag(0,0, —4pse). O

2.4 The Hitchin flow

In this section we study the mean convex property in relation to the Hitchin flow equations
We recall that the solution (w(t), p(t)) of [(2)| starting from a half-flat structure remains
half-flat as long as it exists. However, the same does not happen in general for special classes
of half-flat structures. Then, a natural question is whether the Hitchin flow equations preserve
the mean convexity of the initial data (w(0), p(0)). A first example of solution preserving the
mean convex condition of the initial data, up to change of sign of p(0), was found in [54]
Proposition 5.4]. In this case the initial structure is coupled. More generally, when the
Hitchin flow solution (w(t), p(t)) preserves the coupled condition of the initial data, then
p(t) = f(t)p(0), where f: I — R is a non-zero smooth function with f(0) = 1 (for more
details see [54, Proposition 5.2]). Then, a coupled solution preserves the mean convexity of
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the initial data as long as it exists. Some further remarks can be made in other special cases.
If (w(t), p(t)) is a solution to[(2)|starting from a strictly mean convex half-flat structure (w, p),
the solution remains mean convex, at least for small times, by continuity. This occurs, for
instance, for double structures. In particular cases, the mean convex property of the double
initial data is preserved for all times:

Proposition 2.15. Let M be a connected 6-manifold endowed with a double structure (w, p).
If (w(t), p(t)) is a double solution to defined on some I CR, 0 € I, i.e., dp(t) = vp(t)w?(t)
for each t € I, for some smooth nowhere-vanishing function vg: I — R, then there exists a
nowhere-vanishing smooth function f: I — R such that w(t) = f(t)w(0). Conversely, if
(w(t), p(t)) is a solution to with w(t) = f(t)w(0), then it is a double solution.

Proof. Let (w(t), p(t)) be a solution to[(2)] with w(t) = f(¢)w(0). From [(2)] one gets

Aplt) = 5 5 (@1?) = 5 5 (P2(0(0) Aw(0) = — (1) ((0)

Then, w(t) = f(t)w(0) is a double solution with y(t) = —% In f(t). Conversely, if dp(t) =
vo(t)w(t)?, then

0 .

S Aw(t) = =dp(t) = —vo(t)w(t)”.

Since the wedge product with w(t) is injective on 2-forms, this is equivalent to %w(t) =
—p(t)w(t), whose unique solution is w(t) = f(t)w(0), with f(t) = e~ Jo vo(s)ds, O

We now provide an explicit example of double solution to and show that a double
solution with double initial data may not exist.

Example 2.16. Consider the double SU(3)-structure (w, p) on g4 given in Table The
solution to the Hitchin flow equations with initial data (w,p) is double and it is explicitly

given by
5\
5
w(t) = (1 - 2t) w,

6
51\5
p(t) - _ <1 _ 2t> 6123 + e145 + 6246 + 6356.

In particular dp(t) = v (t)w?(t) with v(t) = (2—5t)~! > 0, for each ¢ in the maximal interval
of definition I = (—o0, 2). Consider now the double SU(3)-structure (w,p) on g¢ given in
Table The solution to the Hitchin flow equation with initial data (w, p) is given by

w(t) = f1(t) (615 — 624) — f2(t)636,
p(t) = h1(t)6123 + (ha(t) — 1) Q134 146 235 | 256 345 | hg(t)€126,
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where f1(t), f2(t), h1(t), ha(t) satisfy the following autonomous ODE system:

/ ;L 1 B

fl_zf]?,'];-? (2h2 1)7

fy = T2, (2f1 + f2(2h2 — 1)),
hll = _2f1)

\h‘IQ = _f27

with initial conditions f1(0) = f2(0) = h1(0) = 1, ha(0) = 0, which, by known theorems,
admits a unique solution with given initial data. In particular, this solution is not a double
solution. A direct computation shows that the eigenvalues \;(t) of the matrix (Bnm(t))
associated with dp(t) are

/\1:)\2:\/—h%+h1+h2, )\3:(1—2h2)\/—h%+h1+h2.

In particular, the mean convex property is preserved for small times as expected.

To our knowledge, the question of whether the Hitchin flow preserves the mean convexity
of the initial data when the (2,2)-form is not positive but just semi-positive is still open.
Nonetheless, some easy considerations can be made in order to obtain a better understanding
of the problem. Let M be a compact real analytic 6-dimensional manifold endowed with a
half-flat mean convex SU(3)-structure (w, p). Since the unique solution to |(2)| starting from
(w, p) is a one-parameter family of half-flat structures (w(t), p(t)), we can write

dp(t) = (n()w(t) —va(t)) A w(t),

where vy(t) € C°(M) and vy(t) € AZM with respect to J,) for every t € I, where I is
the maximal interval of definition of the flow. Then, dp(t) A w(t) = vo(t)w(t)® and, since
10(0) > 0 by the mean convexity of the initial data, by continuity we have y(t) > 0 at least
for small times. By as long as vy(t) > 0, the volume form w(#)? is pointwise decreasing:

gt(w(t)g) = gt(w(t)Q) Aw(t) + gtw(t) Aw(t)? = =3dp(t) Aw(t) = —3vo(t)w(t)>.

Moreover, w(t)? is a positive (2,2)-form with respect to J,q) for all ¢ € I and, from the
second equation in we know that —d;(w?(t)) remains a (2,2)-form with respect to J,
for each t € I such that —ﬁt(wz(t))’tzo = 2dp(0) is semi-positive. Then, the Hitchin flow
solution preserves the mean convexity of the initial data if and only if —0;(w?(t)) = 2dp(t)
remains semi-positive. The essential difficulty in this problem lies in the fact that the link
between the positivity of w?(t) and the mean convexity of the initial data is not sufficient to
ensure the mean convexity of the solution, since also the almost complex structure evolves in
a non-linear way under the equation d;(p(t)) = dw(t).
Let us look at the behaviour of on a specific mean convex example.

Example 2.17. Consider the mean convex half-flat structure (w, p) on go5 given in Table
and consider the family of solutions to the second equation in starting from (w, p):

w(t) = —ay(t)e' + e®d + as(t)e,

L
as(t)

p(t) — 6156 + bl(t)6124 o e235 o e346 + b2(t)(6125 o 6234),
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where a1 (t), aa(t), b1(t),be(t) satisfy the ODE system

1
(1/1 = _2a1a2 (2&%()2 + 1) y
1

(2.10)

and the normalization condition /by — b3 = a1, with initial data a;(0) = a2(0) = b1(0) = 1,
b2(0) = 0. This system defines a family of solutions to 29;(w(t)?) = —dp(t) depending on
ba(t). Then, if ba(t) = aq(t) — 1, for instance, dp(t) is not semi-positive, at least for small
times ¢t > 0. Anyway, the unique solution to|(2)|starting from (w, p), given by|(2.10)} together
with )

by = ——,

1 -

blg = az,

preserves the mean convexity of the initial data.

By a direct computation, one may show that the mean convexity of (w, p) is never strict
for all the examples proposed in Table @ on gio, 913, 916, 922, 929, 930, 931, 932, 933, since
there is always a vanishing eigenvalue \; of the matrix associated with dp. This follows also
by Proposition since these Lie algebras do not admit double structures (see [25]). This
means that, a priori, a solution to the Hitchin flow equations starting from one of these pair
might not preserve the mean convexity of the initial data. Anyway, we show that this happens
in our examples, at least for small times. Therefore, it would be interesting to determine if
this is always the case.

Example 2.18. Let (w, p) be the mean convex half-flat structure on gy given in Table
The unique solution to the Hitchin flow equations starting from (w, p) is given by

ai(t) 13 16 L o5
t = = — t —
w(t) 5 € + as(t)e ag(t)e ,
_ Lo (1 234, L 345 | 156
p(t) = 5¢ 5 +b1(t) ) e + ;¢ te

+ (by(t) — 1)eM® 4 by(t)e'® 4 by (t)e!?,
where aq(t), az(t),b1(t), ba(t) satisfy the following ODE system:
, a3(6bi+1)+1

CLI —
2a1a2
,  a3(6by+1)—1
Qo = ———5 35
2a? (2.11)
bll = az,
1
by = ——,
2 as

with initial conditions a;(0) = a2(0) = b2(0) = 1, b1(0) = 0. The mean convex property is
preserved for small times since the eigenvalues \;(t) of the matrix (8,,m(t)) associated with
dp(t) are

AM=0, X=a, M= (6b1 + 1)&1.
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Example 2.19. Consider the mean convex half-flat structure (w,p) on gi3 given in Table
The solution to |[(2)[starting from (w, p) is thus given by

1
wlt) = a(D)e +ast)e’ + e

p(t) — —6236 + 6234 o 6345 + e156 + (1 + bl (t))€145 _ bz(t)€124 + bl (t)el%,

where a1(t), aa(t), b1(t),ba(t) satisfy the following ODE system:

o — C1+a3(261 +1)
L= 2a1a2
, a3(2bp+1) -1
@2 = 242 ’ 2.12
aj (2.12)
bll = az,
1
by = ——,
2 as

with initial conditions a;(0) = a2(0) = b2(0) = 1, b1(0) = 0. The mean convex property is
preserved for small times since the eigenvalues \;(t) of the matrix (8,7 (t)) associated with
dp(t) are

)\1 == 0, )\2 =ai, )\3 = (2b1 + 1)(11.

Example 2.20. Let (w, p) be the mean convex half-flat structure on gig given in Table
The solution to the Hitchin flow equations with initial data (w, p) is given by

1
w(t) = a1 (t)e' + az(t)e*® — e e,

2
\2f6156 T

p(t) = 2+ bi(t)e! — (ba(t) — 1)e? + \fem - bo(t)(B,

with coefficients satisfying

( _ 2b2— a3 (1 + 2b1)
1 4@1&2
, 2by + a3(1+ 2by)
Qg = 4 2 )
aj
bll = ay,
1
by = ——
2 3

and having initial conditions a1 (0) = a2(0) = 1, b1(0) = b2(0) = 0. The eigenvalues associated
with dp(t) are
a1(2b1 + 1) o 2\/5(11[)2

AM=0, = = .
1 ’ 2 (b1—1)2’ 3 bl—l

Therefore, the mean convexity of the initial data is preserved for small times.
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Example 2.21. Let (w, p) be the mean convex half-flat structure on goo given in Table
The solution to the Hitchin flow equations with this initial data is given by

1
w(t :a1t616+a2t623+ 645,
() = it O +

p(t) — bl (t)6124 o e135 o 6256 . 6346 + bz(t)(6125 o 6134),

with coefficients satisfying

2
a; = 92 2 ’
a3
o _a% + 2by
2 2(11(12
/
bl = —aiy,
by = !
o = —
\ ai

and having initial conditions a1(0) = a2(0) = b1(0) = 1, b2(0) = 0. The eigenvalues \;(t)
associated with dp(t) are

/\1 = ay, )\2 = 0, )\3 = 2a2b2.
Therefore, the mean convexity of the initial data is preserved for small times.

Example 2.22. Consider the mean convex half-flat structure (w, p) on gog given in Table
The solution to the Hitchin flow equations with initial data (w, p) is given by

w(t) = ay(t)(e'® + *) — - 1(t) e,

1
p(t) = b (1) (¢!20 — e14%) + By(1)e?%” — €5,

with coefficients satisfying

oy by — 2bs
1 2b1by
1
W, = ——,
1 a1
1
by, = —
2 a

and having initial conditions a;(0) = b1(0) = b2(0) = 1. The eigenvalues of dp(t) are

b2(2b — b
M =0, XA=0, Ny = @2 = b))
ai
In particular, the mean convexity of (w, p) is preserved for small times.
Example 2.23. Let (w, p) be the mean convex half-flat structure on g3 given in Table
The solution to the Hitchin flow equations starting from (w, p) is given by

. 1
wlt) = m(Oe =) + e

p(t) — (bl(t) _ 1)6126 + e236 + 6145 + (1 . bl(t))€345 + 6146 + 6125,
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with coefficients satisfying
, b3 —3b3 +2b; + 1
ay = — 9 9 ’
ay

ai
and having initial conditions a1(0) = 1, b1(0) = 0. The eigenvalues \;(t) associated with
dp(t) are
a1(b3 — 3b? +2by + 1)
1=0, A2 3 (b — 172

Therefore, the mean convexity of the initial data is preserved for small times.

Example 2.24. Consider the mean convex half-flat structure (w, p) on g3; given in Table
m The solution to the Hitchin flow equations with initial data (w, p) is explicitly given by

w(t) = —v1 —2telt — 3 4 €%
p(t) _ —6346 _ 6245 + 6156 . (1 . Qt) 6123.
The eigenvalues associated with dp(t) are
1
)\1(1:) = 0, )\Q(t) - ﬁ’ )\3(1:) =V 1 - 2t

Therefore, the mean convexity of (w, p) is preserved by the solution to , as long as it exists.

Example 2.25. Let (w, p) be the mean convex half-flat structure on g3y given in Table
The solution to the Hitchin flow equations starting from (w, p) is given by

wlt) = —ar () (e + V3 el?) - all(t) e,

p(t) _ (bl(t) o 1)6125 + 6146 o 6236 + (2 + bl(t))€345,

with coefficients satisfying

, 201 +1
a; = —
! 4a%
1
b, = —
1 ai

and having initial conditions a1(0) = 1, b1(0) = 0. The eigenvalues \;(t) associated with
dp(t) are

—2b% + b +1
3= —F= -

V2a1 (b1 + 2)

Therefore, the mean convexity of the initial data is preserved for small times.

A =0, X=0,

Example 2.26. Let (w, p) be the mean convex half-flat structure on gs3 given in Table
The solution to the Hitchin flow equations starting from (w, p) is given by
w(t) = —a1(t)(e"® + e**) — aa(t)e®®,

p(t) — —bl(t)€125 4 6146 o 6236 + 6345,
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with coefficients satisfying

1
/
a4 = ———
! 2a1v/b1
CL/ = a2
2 2a2 by
b, = —as

and having initial conditions a1(0) = a2(0) = b1(0) = 1. The eigenvalues \;(t) associated
with dp(t) are
AM=0, X=0 A;=+/b1.

Therefore, the mean convexity of the initial data is preserved for small times.

2.5 Tamed closed SL(3, C)-structures on solvable Lie algebras

Let M be a 6-dimensional smooth manifold endowed with a closed SL(3,C)-structure
p € A3(M) inducing the almost complex structure J, € End(TM).

Definition 2.27. The 3-form p is called tamed if there exists a symplectic form Q € A%(M)
taming J,,.

As already observed in [35], a compact 6-manifold M cannot admit a mean convex
SL(3, C)-structure p tamed by a symplectic form €2, since

/dfmﬂ:/ pAdQ = 0.
M M

Notice that, when the normalization condition p A p = %93 is satisfied and d€) = 0, the pair
(€2, p) defines a symplectic half-flat structure.

Since we consider invariant tamed closed SL(3,C)-structures on solvmanifolds, we can
work in the same way as in the previous sections at the level of solvable unimodular Lie
algebras. We then prove the following result.

Theorem 2.28. Let g be a 6-dimensional unimodular solvable (non-abelian) Lie algebra.
Then, g admits tamed closed SL(3,C)-structures if and only if it has symplectic half-flat
structures. If g is nilpotent, then it is isomorphic to gaq or gs1 as listed in Table @ If g is
solvable, then it is isomorphic to one among 98,38} gg:;ll, 9211—118,—1’ e(1,1)@e(1,1), As 7 ’7’8@]1%,
Ag:?’; ®R and A;’l;a’l @R, as listed in Table . Moreover, all nine Lie algebras admit closed
SL(3, C)-structures tamed by a symplectic form Q such that dQ # 0.

Proof. First we prove the theorem in the nilpotent case. 6-dimensional symplectic nilpotent
Lie algebras were classified in [73] (see also [121]) and their structure equations are listed in
Table For each of these Lie algebras, we consider a pair (p, Q) € A3gF x A%g} explicitly

given by
p= Z Dijk eijk, 0= Z hrs ersj
1<j<k r<s

with p;;r, hrs € R, and impose the two conditions dp = 0 and df2 = 0, which are both linear
in the coefficients p;;i, hrs. Then, €2 is a symplectic form provided that it is non-degenerate,
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Table 2.1: Tamed closed SL(3, C)-structure on 6-dimensional nilpotent Lie algebras

g | Structure constants Tamed closed SL(3, C)-structure
p= —el25 _ M6 _ (156 _ ;236 _ 245 _ (345 _ ;356
Q=eB 4 Jelt — Lo 4 26 4 % 4 %
p=el2 1 2615 | (156 4 (235 | o246 | (345
Q= el6 _ 25 _ ¢34 4 36

g2a | (0,0,0,€'?, ¢!, e)

g3 | (0,0,0,0,¢'2, e13)

i.e., 02 # 0. By [38, Lemma 3.1], a real Lie algebra g endowed with an almost complex
structure J such that J3(g) N[g,g] # {0} cannot admit a symplectic form 2 taming J. If we
assume A(p) < 0, we may then apply this result on each g; by considering the almost complex
structure J, induced by p. We notice that, for every g; listed in Table e € 3(9i). A
direct computation on each g; for i = 3,4,5,6,7,8,9,10,13,18,19, 20, 28, 29, 30, shows that
Joe6 € [8i,9i], for every J, induced by a closed 3-form p. On g;, for i = 23,26, 33, the same
obstruction holds since an explicit computation shows that the map

woJy:3(gi) — 9i/]94, 04

has non-trivial kernel, where m denotes the projection onto g;/[gi, gi;]. This means that, for
each p, one can find a non-zero element in the center of g; whose image under J, lies entirely
in [g;, gi]. For all the other cases, let Q = Qb + 020 + Q02 be the decomposition of € in
types with respect to J, and denote by w the (1,1)-form Q! := 1 (Q + J,Q). Then, in order
to have a closed SL(3,C)-structure tamed by 2, we have to require that w is positive, i.e.,
that the symmetric 2-tensor g := w(-, J,-) is positive definite. Denote by g;; = g(e;, e;) the
coefficients of g with respect the dual basis (ej,...,eg) of g. Then, a direct computation
on g;, for i = 11,12,21,22,27, shows that ggg always vanishes, so we may discard these
cases as well. We may then restrict our attention to the remaining Lie algebras gogq and gs;.
As shown in [28, Theorem 2.4], these are the only 6-dimensional non-abelian nilpotent Lie
algebras carrying a symplectic half-flat structure, up to isomorphism. Explicit examples of
closed SL(3, C)-structures tamed by a symplectic form Q such that dQ! # 0 are given in
Table This proves the first part of the theorem.

Using the classification results in [103, Theorem 2| for 6-dimensional symplectic unimod-
ular (non-nilpotent) solvable Lie algebras, for each Lie algebra one can compute the metric
coefficients g;; of g with respect to the basis (e, ..., eg) for g as listed in Table It turns
out that, if g is one among 92:51, gg:(l)o, ggjé%’o, 9371_31’07 98,217 ggjgev 96,78, A;é ® R, A;%;’goﬁa
Ag,m & R, Ag&5 @ R, Ag:(l)’; & R, Ag,ls @ R and A;&@Q @ R, each closed definite 3-form p
induces a J, such that gi1 = 0. In a similar way, if g is 967&5 or gg&é_l, then g44 = 0, while
when g is ngt§4, ¢(2) ® R? or ¢(1,1) ® R3, we have gs3 = 0. Finally, when g = ¢(1,1) @ b,
then gg = 0. In some other cases, g cannot ever be positive definite since, for each closed p
inducing an almost complex structure J,, one has g,, = —gg;, for some r # k. In particular,
when g = ggzgm then g1 = —go2, when g = ¢(2) @ ¢(2), then gs5 = —ges and, when g is
¢(2) ®e(1,1) or e(2) @ b, then gaa = —g33. As shown in [47), Propositions 3.1, 4.1 and 4.3],
for the remaining Lie algebras 9(6),387 ggzg;, 9231_118’_17 e(1,1)@e(1,1), A;%’ﬁ’_ﬂ OR, Ag:?’; OR,
Ag’l—?a’l @ R, as listed in Table a symplectic half-flat structure always exists. Explicit
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Table 2.2: Tamed closed SL(3, C)-structure on unimodular symplectic non-nilpotent solvable
Lie algebras

g Structure constants Tamed closed SL(3, C)-structure
_ _ 124 _ 135, 236 _ 456
0 (623, — 3,626, 26 _ 56 (36 | (16 () p=-c e te ¢
96,38 er, e e e men e e, Q 2616 4 623 _ (25 4 o34
= —2e e —e €
_ 125 _ 136 | 246 |_ 345
0,-1 16 | 35 _ .26 | 45 36 _ 46 p=er—emFete
96,54 (€% e, —e® 4P, e, —™,0,0) 14, .23 .34 4,56
’ D=e*+e* +e + 3¢
_ 126 | 135 | 145 _ _245 | _346
0,—1,—1 (—el6 125, 15 _ 26 36 _ 15 o35 4 016 () () p=eT+ete e +e
96118 e e, —e e e e® e e*,0, )
, Q= eld 423 4 (56
_ 125 _ 126 | 135 _ 145 _ 246 | 345 |_ 346
p=—eeP —eT e —e —e Fe" Fe
e(1, [4 ,—e°, —e ,—e* —e N
1.1 o) 171 0 137 ]270 46 45
’ ’ ’ ’ Q= —el 4 28 _ 956
_ _ 126 _ 145 _ 235 _ 346
188 , p=—el? el 23 _¢
A By—f &R (615776'25,&635775645’0,0)7 —1<8<0 ) _
5,7 Q= —el3 4 ol5 4 o241 (56
_ 125 | 136 | 145 | 246 _ 345
—al p=er e +e e —e
A?’”a’ PR (ae?® 4 ¥, —e!5 + ae?® —aed® 4+ e, ¥ — ae?®,0,0), a>0 Q 14 23 56
’ =—e"4e* —¢
_ 145 _ _136 |_ 246 |_ 235 _ 346 _ 456
A%0! o R 25 _ 15 45 _ 35 p=el e e et — et —e
517 D (e¥, —e?,e™, —e™,0,0) 12 13 4 24 _ 56
' Q=e*—e’+e’ —¢

examples of closed SL(3, C)-structures p tamed by a symplectic form Q such that dQb! # 0
are given in Table [2:2] O

Remark 2.29. 1. By [47, Remarks 3.2 and 4.4], the solvable Lie groups corresponding
to each solvable Lie algebra admitting closed tamed SL(3, C)-structures admit compact
quotients by lattices (for further details see [15] [44] 126, [131]).

2. Let g be a real 6-dimensional Lie algebra endowed with a closed SL(3, C)-structure p
tamed by a symplectic 2-form 2. Then, the 3-form

p=p+QAdt

defines a closed Go-structure on g & R. Therefore, as an application of Theorem [2.28
we classify decomposable solvable Lie algebras of the form g & R admitting a closed
Go-structure. In particular, in the nilpotent case, this result was already obtained in
[27].




Chapter 3

Closed Go-structures

In this chapter, we characterize the structure of a 7-dimensional Lie algebra with non-
trivial center endowed with a closed Go-structure. Using this result, we classify all unimodular
Lie algebras with non-trivial center admitting closed Ga-structures, up to isomorphism, and
we show that six of them arise as the contactization of a symplectic Lie algebra. The main
contents and results of this chapter were published in [58].

3.1 Central extensions and contactizations

In this section, we review the general construction of central extensions and contactizations
of a given Lie algebra. Let b be a real Lie algebra of dimension n > 2 and denote by [-, ],
its Lie bracket. Consider a 2-form w, € A?h* that is closed with respect to the Chevalley-
Eilenberg differential dy of b.

Definition 3.1. The central extension of (h,w,) is the n + 1-dimensional real Lie algebra
g:=bhoORz,
endowed with the Lie bracket

[276} =0, [:E,y] = —wo(x,y)z + [‘T?y]fﬁ T,y € b. (31)

It is clear from this definition that the vector z belongs to the center of g. More precisely,
the center of g is given by

3(9) = (3(h) NRad(wo)) @ Rz,
where Rad(w,) ={z € h | wo(z,y) =0, y € h}.

Remark 3.2. The central extension of (h,w,) only depends on the cohomology class [w,] €
H2(h). Indeed, different representatives of [w,] give rise to isomorphic central extensions.

In the following, we shall denote by 6 € g* the dual of z with respect to the complement
h, namely 0(z) = 1, ], = 0. Let d denote the Chevalley-Eilenberg differential of g. Then,
df defines an exact 2-form on g that coincides with w, on h and satisfies ¢,df = 0. Thus, we
can write df = w, on g by extending w, to g via the condition ¢,w, = 0. When wy is zero,

43
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the Lie algebra g is simply the direct sum of h and the abelian Lie algebra R. When (h,w,)
is a symplectic Lie algebra of dimension 2n, the previous construction gives rise to a contact
Lie algebra (g,0) of dimension 2n + 1 with center 3(g) = Rz. Indeed, 6 € g* satisfies the
condition (df)™ A @ # 0 and so it is a contact form on g (see [I]). Moreover, Rad(w,) = {0},
whence 3(g) = Rz. Notice that z is the Reeb vector of the contact structure 6, as 6(z) = 1.
This motivates the following.

Definition 3.3. The contact Lie algebra (g,6) obtained from the symplectic Lie algebra
(h,wy) via the construction described above is called the contactization of (b,wy).

It is easy to characterize contact Lie algebras arising as the contactization of a symplectic
Lie algebra, as the next result shows (see also [34]).

Proposition 3.4. A contact Lie algebra (g, 0) is the contactization of a symplectic Lie algebra
(h,wo) if and only if the center 3(g) of g is not trivial.

Proof. 1f (g,0) is the contactization of a symplectic Lie algebra (h,w,), then the assertion is
true. Conversely, let us assume that (g, #) is a contact Lie algebra of dimension 2n 4+ 1 with
non-trivial center. Then, 3(g) is 1-dimensional and it is spanned by the Reeb vector z of the
contact structure 6 (cf. [0, Proposition 1]). Consequently, we can consider the decomposition
g = h &Rz, where the 2n-dimensional subspace b := ker § is a Lie algebra with respect to the
bracket

[:E?y]h = [‘r7y] - 9([$,y})2, T,y € b

Let w, be the 2-form on b defined as wy(z,y) = df(z,y), for all z,y € h. A direct computation
shows that wj is closed with respect to the Chevalley-Eilenberg differential dj of h. Moreover,
wo is non-degenerate. Indeed, (df)™ A6 is a volume form on g and contracting it with z gives
(d0)™ # 0, as 0(z) = 1 and ¢,df = —60(][z,-]) = 0. Therefore, (g, 8) is the contactization of the
symplectic Lie algebra (b, wy). O]

3.2 Closed Gs-structures on central extensions and contactiza-
tions

In this section, we investigate the structure of a 7-dimensional Lie algebra g with non-
trivial center endowed with a closed Go-structure. From the previous section, g is the central
extension of a 6-dimensional Lie algebra h endowed with a closed 2-form wpy. As a special
case of this, when w3 # 0, g admits both a closed Ga-structure ¢ and a contact structure 6.

More generally, every 7-manifold admitting Go-structures is spin, therefore it also admits
almost contact structures. The interplay between these structures and the existence of contact
structures on 7-manifolds endowed with special types of Go-structures have been recently
investigated in |8, [32]. Moreover, it is possible to construct examples of compact 7-manifolds
with both a Gg-structure and a contact structure as follows. In [I7], Boothby and Wang
showed that an even-dimensional compact manifold M endowed with a symplectic form w
with integral periods is the base of a principal S'-bundle 7: N — M having a connection 1-
form 6 that defines a contact structure on N and satisfies the structure equation df = 7*w.
If M is 6-dimensional and it also admits a definite 3-form p and a non-degenerate 2-form
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w which is taming for the almost complex structure J induced by p and one of the two
orientations of M, then the total space N has a natural Ge-structure defined by the 3-form
@ =W A0+ 7 p. A special case of this construction occurs when the pair (0, p) defines
an SU(3)-structure on M. On the other hand, a Gg-structure which is invariant under a
free S'-action on a 7-manifold N induces an SU(3)-structure on the orbit space N/S! (see
[7]). Furthermore, the Go-structure ¢ = m*@© A § + 7*p on the total space of the S'-bundle
m: N — M is closed whenever the 2-form w on M is symplectic and p satisfies the condition
dp = —wy N\ W.

Going back to the Lie algebra setting, we can state the next results, which are reminiscent
of the construction described above. We begin with the following.

Proposition 3.5. Let b be a 6-dimensional Lie algebra and let w, be a closed 2-form on it.
Assume that b admits a definite 3-form p and a symplectic form w such that

a) @ is a taming form for the almost complex structure J, on b induced by p and one of
the two orientations of b,

b) dp = —w A wp.

Then, the T-dimensional Lie algebra g = @ Rz obtained as the central extension of (b, w;)
1s endowed with a closed Go-structure defined by the 3-form

p=wAb0+np.

Proof. The hypothesis on p and w guarantee that the 3-form ¢ = W A 6 + p defines a Go-
structure on g = h @ Rz. Moreover, since w is closed and w, = df, we have

dp=doN0+ONdI+dp=0Aw,+dp=0. 0

Corollary 3.6. Let § be a 6-dimensional Lie algebra. Assume that ) admits a definite 3-form
p and a symplectic form w such that

a) @ is a taming form for the almost complex structure J, on b induced by p and one of
the two orientations of b,

b) dp = 0.

Then, the Lie algebra direct sum g = bh ® R is endowed with a closed Ga-structure defined by
the 3-form
o=wA0+p.

Proof. Tt follows from Proposition [3.5 with w, = 0. O
The next result is a converse of Proposition [3.5

Proposition 3.7. Let g be a 7-dimensional Lie algebra endowed with a closed Go-structure
. Assume that the center of g is not trivial, consider a non-zero vector z € 3(g) and let
0 € g* be such that 6(z) = 1. Then, g is the central extension of a 6-dimensional Lie algebra
(h,wo), and the closed Go-structure can be written as ¢ = w A 0 + p, where p is a definite
3-form on b, W is a taming symplectic form for J, and dp = —w A wy.
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Proof. Consider the 6-dimensional subspace h := ker# of g. Then, b is a Lie algebra with
respect to the bracket

[%,y]b = [x,y] - (9([28,1/})2, T,y € b, (3'2)

and the 2-form wy = df|yxy on b is closed with respect to the Chevalley-Eilenberg differential
of (h,[-,-]y). In particular, g = h ® Rz is the central extension of (h,w,). Since A’g* =
(A%h* @ RO) @ A3h*, there exist some & € A%h*, p € A3h* such that o = & A 6 + p. Clearly,
p is a definite 3-form on h and w = ¢,¢ is a non-degenerate 2-form taming J,. Moreover, w
is symplectic. Indeed,

0=L,p= d(bz()o) = dw,

as z € 3(g). Finally, we have
O=dp=wANdi+dp=wAw,+dp,
where the last identity follows from ¢,df = 0. O

Corollary 3.8. Let g be a 7-dimensional Lie algebra endowed with a closed Ga-structure .
If g .= h DR as Lie algebras direct sum, then the Ga-structure can be written as ¢ = WA+ p,
where @ € A?b* is a symplectic 2-form and p € A3h* is a closed SL(3, C)-structure tamed by

W.

Proof. Tt follows from Proposition [3.7] with w, = 0. O

Remark 3.9. 1) It follows from [55] that every 7-dimensional unimodular Lie algebra
with non-trivial center admitting closed Go-structures is necessarily solvable. On the
other hand, there exist unimodular solvable centerless Lie algebras admitting closed
Ga-structures, see e.g. [97, Example 4.7].

2) Every vector z € 3(g) satisfies £,¢ = 0. More generally, if = € g satisfies £, = 0, then
L:9, = 0, whence it follows that ad, € Der(g) is skew-symmetric. Consequently, if the
Lie algebra g is completely solvable, namely the spectrum of ad, is real for all v € g,
then every vector x satisfying £, = 0 must belong to the center of g.

The following result is a consequence of Proposition

Corollary 3.10. Let g be a 7T-dimensional nilpotent Lie algebra endowed with a closed Go-
structure w. Then g is the central extension of a 6-dimensional nilpotent Lie algebra b admit-
ting symplectic structures. Moreover, g is the contactization of a 6-dimensional symplectic
nilpotent Lie algebra (h,w,) if and only if g is isomorphic to one of the following:

12 13 23 24 4, 2
=(0,0,e2, e e S e el0 4 3 g ),
o = (0,0,¢'2,0, ¢! + 62476147646 410 4 By,
i = (0,0,¢12,0,e13, 2 4 ¢ 62 4 3y 15 | (16 3626),

nia = (0,0,0,e'2, 23, —e!3,2¢%0 — 2634 — 2616 4 2625).
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Proof. Since a nilpotent Lie algebra has non-trivial center, the first assertion immediately
follows from Proposition By the classification result of [27], a 7-dimensional nilpotent
Lie algebra admitting closed Ga-structures is isomorphic to one of the following:

oooooom
0,0,0,0,e'?,e!3,0),
ng = (0,0,0,e"? 623,0),
ng = 0061200613+€24 '),

= (
= (
(
(
=(0,0,e2,0,0,e!3, e + €29,
(
(
(
(

ng = OOOe 3 147 15)’

n7 = (0,0,0,e'2,e!3 +—e 15)

ng = (0,0, e'? e? +€24 16 4 ¢34y,

ng = (0,0, el2 13 6237615+€24,616+634+625),

o = (0’0’612707613 IS 2 L L IS L
12 13 24 | .23 2 41 1 2
nip = (0,0,e12,0,e!3, €2 + 2, ¥ 4+ 3 4 !5 4 16 — 3¢%9),

ni2 = (0,0,0, el?, €23, —el3, 220 — 2¢3% — 2010 4 2625).

By [92, Theorem 4.2|, a decomposable nilpotent Lie algebra cannot admit any contact
structures. Consequently, the Lie algebras ni, no and n3 cannot be the contactization of
any symplectic Lie algebra. 7-dimensional indecomposable nilpotent Lie algebras admitting
contact structures have been classified in [92]. Comparing this classification with the one
above, we see that g must be isomorphic to one among ng, nig, ny1, ni2. For each of these
Lie algebras, 3(n;) = Re7 and the 2-form de” induces a symplectic form on the 6-dimensional
nilpotent Lie algebra b; := ker e’ with Lie bracket defined as in ]

Let us now consider a 7-dimensional Lie algebra g with non-trivial center endowed with a
closed Go-structure . Then, from the previous discussion we can assume that g = h @ Rz is
the central extension of a 6-dimensional Lie algebra (), w, = df|yxy), and that ¢ =0 A+ p,
with dp = —w A w, and dw = 0. From Section we also know that h admits an SU(3)-
structure (w, 1) such that ¢ = vw A+, with u := |z|, and n = w2 = ny + 0, for some
ny € b*. In particular, b is the g, -orthogonal complement of Rz in g if and only if 7y, = 0. It
is worth observing that this setting generalizes the one considered in [50], Section 6.1], which
corresponds to the case where both 7y and w, vanish, i.e., to the direct sum of Lie algebras
g = b &R endowed with a closed Go-structure inducing the product metric.

We now investigate the properties of the SU(3)-structure (w,%,) on h. Since uw = @, we
immediately see that dw = 0 holds. Consequently, by , we have

dp, = wi ANw+wy Ay,

_ (3.3)
dy_ = wy Nw+ Jwy Ay,

for some unique wi € h* and wéﬁ € A2p*.
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Lemma 3.11. The 2-form dn € A*h* has no component in A3h* = Rw, that is, dn Aw? = 0.
Moreover, the intrinsic torsion forms w, and wy are related to the components (dn)x of dn
m Aih*, k=6,8, as follows:

u(dn)s = — *g (w1 AYy),

u(dn)s = —wy.
In particular, w1 = 5 x4 (Y, Adn).
Proof. The condition dy = 0 is equivalent to dy, = —uw Adn. Since w is symplectic and we
have w A, = 0, we get dn Aw? = 0. Now, according to the SU(3)-irreducible decomposition
A%h* = A?h* @ AZh* @ AZh*, this implies (dn); = 0 and we thus have dn = (dn)s + (dn)s,
with (dn)e Aw = %4(dn)s and (dn)gs A w = — %4 (dn)s, see Therefore,

dip, = —uw Adn = —u x4 (dn)e + u x4 (dn)s.

Comparing this expression with the one in|(3.3)] we obtain the identities relating (dn)s and
(dn)s with wq and w3, respectively. Finally, to obtain the expression of wy, it is sufficient to
notice that

udn Ay = u(dn)e Ay = —xg (W1 AYy) Ay = =25 wy,
where the last identity follows from Lemma O

The 2-form dn belongs to A2h* & AZh*, hence it satisfies the following condition (see [10}
Remark 2.7]):
dn ANw = —J %4 dn. (3.4)

In the next lemma, we describe the intrinsic torsion form 7 of the closed Go-structure
¢ =uw AN+, on g in terms of the intrinsic torsion forms of the SU(3)-structure (w, )
on b.

Lemma 3.12. The intrinsic torsion form T € A3,g* of the closed Ga-structure p = uw An+

W, s given by
T =w, —*g (Jwi Apy) —2uJwi A,

while its Hodge dual is
*¥oT = U kg Wy AN —uJwy ANy A+ 2% Jws.
Consequently, |7|% = [w; |2 + 6|w: [}

Proof. Recall T = — *, d *x, ¢, with *,p = %wz + u_ An. We first compute

dxgo=udp_ An—up_ Ndnp=udp_ ANn—up_ A (dn)s
=udp_ ANn—2 %4 Jwy,

where we used (dn)s A = 0, Lemma and the identity *,(w1 A Y, ) A = =2 %4 Jw;.
Using now the relation between the Hodge operators *, and *, together with the identity
dyp_ = — x4 wy + Jwy A, we obtain

T=—x,d%, p=—xdp)_ —2uJw A= w5 —*g (Jwr ANpy) —2uJwy An.
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From this expression and the relation between *, and *4, one can easily compute *,7. To

obtain the norm of 7, it is then sufficient to use the identity 7 A *,7 = |T’?OVOIQ¢ and the
identity (4) of Lemma [1.54] O

We now examine an example of closed Go-structure on the nilpotent Lie algebra ng in the

light of Propositions [3.5] and 3.7

Example 3.13. Consider the 6-dimensional nilpotent Lie algebra h with structure equations
(0707612’6137623’615 i 624)'

The following 2-forms are symplectic forms on b:

Wy = 616 + 625 + 634, o= —612 o 614 o 635 + 626.

Let g = h @ Re; be the contactization of (b, w,) with contact form 6 = ¢’ and Reeb vector
z = e7. Then, g has structure equations

(0,0, 12, e13, 623 15 1 24 16 | 25 | (34
and so it coincides with the Lie algebra ng described in the proof of Corollary [3.10] It is easy
to check that w A wy = —dp holds, where

p= el o125 o136 (281 305 4 456

is a definite 3-form on h. The almost complex structure .J induced by (p, !23456)

by

on h is given

J€1:—64—65, J62:66, J€3:62—€5, J64:61—63—66, J€5=€3+66, J€6:—62.

The 2-form @ is a taming form for J, as for every non-zero vector £ = £*e;, € g we have

6
BT = (FP+¢+ 8 -8 —d >0
k=1

Therefore, ¢ = @ A e’ + p defines a closed Go-structure on g. The metric induced by ¢ has
the following expression:

7

g¢:2% Z€i®€i—|—(61@66+62@65—63@66—64@65)+(62—€4+65)@67 ,

=1
where ! © ¥ = % (ei ek +ef® ei).

On the other hand, we can start with the Lie algebra g endowed with the closed Go-
structure ¢ and consider the SU(3)-structure induced by it on the g -orthogonal complement
u of the 1-dimensional subspace generated by e7 € 3(g). We have u = |e7|, = 26 and

L

n=u"2(er)’ = 3 (e —et+€°) +e.
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The closed Ga-structure ¢ can be written as ¢ = uw A n + ¢, where the pair

—1 ~ _1
w=u lw:2 6(—612—614—635+626),

1 1 1 1 1 1
b, = -5 125 136 4 5 o145 _ 234 _ 5 246 | 5 0256 _ 5 345 4 5 (235 1 o456

defines an SU(3)-structure on the vector subspace u C g. Notice also that h = kerf is a

Lie algebra with respect to the bracket |(3.2)| and that it is endowed with an SU(3)-structure

w, whose expression with respect to the basis (el,...,e%) of h* is the same as the one
+ p p )

appearing above (cf. Remark [1.53). The metric induced by (w,%,) on b is
3
g:2% (el®el+63®e3+66®e6) +Z2% (62®62+64®64+65®€5)

1
4+ 95 el@66—63®66+§(€2®64+62®65—64®65)

and we have g, = g+ u*n ®n.

The results of Proposition[3.5|are also useful to produce examples of 7-dimensional solvable
non-nilpotent Lie algebras admitting closed Go-structures, as the next example shows.

Example 3.14. On the 6-dimensional unimodular solvable non-nilpotent Lie algebra 92:(7)0
with structure equations

2 1 4 4
(=0 4 €%, e!0 4 1 —e16¢%,0,0),

consider the closed 2-forms

wo = 263, = —!B3 _ o2 _ 56
and the definite 3-form
p =125 _ A6 | 236 ;345
Then, we have dp = —w A w, and that the almost complex structure J induced by the pair
(p, e'2343%) is given by
J€1 = —€3, Jeg = —é€4, J€3 = €1, J€4 = €9, J65 = —€g, J€6 = €5.

In particular, @ is a taming form for J, as for every non-zero vector & = &Fey, € 92:(;0 we have
6
~ k
5,78 =) (") >0.
k=1

The pair (@, p) defines an SU(3)-structure on 92:(7)0, since @ A p =0 and 3p A J,p = 23, The

g ( s ’ ’ ’ » )

and it is isomorphic to the Lie algebra sg of Theorem [3.15] below. By Proposition 3.5 we
know that the 3-form ¢ = @ A €7 + p defines a closed Go-structure on g. Notice that the
1-form e’ does not define a contact structure on g, as the closed 2-form w, is degenerate.
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More generally, one can consider the list of all 6-dimensional unimodular solvable non-
nilpotent Lie algebras admitting symplectic structures (see [I03]) and determine which of
them admit a structure (wy,w, p) satisfying the hypothesis of Proposition This allows
one to obtain further examples of solvable non-nilpotent Lie algebras admitting closed Go-
structures.

3.3 A classification result

In this section, we classify all 7-dimensional unimodular Lie algebras with non-trivial
center admitting closed Go-structures, up to isomorphism. Every such Lie algebra must be
solvable by the results of [55]. If it is nilpotent, then it is isomorphic to one of the Lie algebras
ni,...,n2, by [27]. To complete the classification, we have to determine which unimodular
solvable non-nilpotent Lie algebras with non-trivial center admit closed Go-structures. We
can state the following result.

Theorem 3.15. Let g be a 7-dimensional unimodular solvable non-nilpotent Lie algebra with
non-trivial center. Then, g admits closed Ga-structures if and only if it is isomorphic to one
of the following:

— (%, - 26’626 _ 58,636 1 16 0, 0),
— (&1 1 —e?0 415 30 16 0.0, 0),
— (—elf +625 7615 _ 26,636 15 (35 4 16 () (),
— (0, - €120, 6, o (),
(615 ,—e 5,645,0,0,0),
= (e’ —eP® + ae?, —ae® 4+ ¥, —e¥ — ae?®,0,0,0), a >0,
:(625 64’ 35000)
= (!0 + —e20 4 ¢ 36 16 0,0,e34),
— (—¢? 6 4 15, 16 36 (0, 34),
_ (823 6’626 _ 656,636 £ et6.0,2616 125 _ o3y /362 4 \/3635> :
_ <€23 26 (26 _ (56 36 46 () 916 L 25 34\ /3,24 \/§€35> _

In particular, g is the contactization of a symplectic Lie algebra if and only if it is isomorphic
either to s19 or to §11.

Proof. Since the central extension of a nilpotent Lie algebra is nilpotent, by Proposition
we can assume that g is the central extension of a 6-dimensional unimodular solvable non-
nilpotent Lie algebra (h,w,) admitting symplectic structures. Recall that g is determined by
any representative in the cohomology class [w,] € H2(h), up to isomorphism. Moreover, b is
isomorphic to one of the Lie algebras listed in Table (cf. 47, 103]).

If wy = 0, then g is the direct sum of h and the abelian Lie algebra R. As a consequence
of Theorem g admits closed Go-structures if and only if h admits symplectic half-flat
SU(3)-structures. Therefore, by [47, Theorem 1.1], g must be isomorphic to one of the Lie
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algebras 51 = 98738 DR, 59 = 92:5_41 DR, 53 = 92,1—118,—1 DR, 54 ¥ e(1,1) ®e(l,1) dR,
55 2 AS 0 R, 56 2 AP @ R?, 57 2 ADD @ R,

We can then focus on the case where w, # 0 and § is one of the Lie algebras appearing in
Table [6.2] To determine those having a central extension admitting closed Ge-structure, we
proceed as follows. First, we compute a basis of the second cohomology group H?(h) using
the structure equations given in Table [6.2] Then, we consider a non-zero representative wy
of the generic element in H2(h), and we look for closed non-degenerate 2-forms @ € A2h*
such that @ A w, is exact (cf. Proposition . A computation shows that there are no exact
4-forms of this type when b is a decomposable Lie algebra not isomorphic to AE?&Ew @ R or
to Ag 18 @ R. Let us prove this claim for instance, for the first decomposable Lie algebra

appearing in Table namely gg 1’2’ A basis for its second cohomology group is given by

(112 (2. [*)).
and we can consider the non-zero representative
= fre?® + fae® + fz”°

where f1, f2, f3 € R satisfy f2 + f3 + f2 # 0. The generic closed non-degenerate 2-form & on

72’0

96 15> has the following expression:

~ 1
& = hye'® + hy <€23 —3 616> + hg €2t + hye®0 + hy 30 + hg e + hy DO

for some h; € R such that hy hg hy # 0. Now, we compute

@ Awo =— (fihg + fah1) €2 — fihy €' + fihe €' + (fih7 + f3hy) €'*°
1
— 5 f2he 2€10 — fohs €*0 + (foh7 + f3hg) €470 + fshy €230,
and we see that this 4-form is exact only if the coefficients of e!?3*, 1356 and e24%6 vanish,

namely
fihs+ fohy =0,
fihy + fshy =0,
feh7 + fshs =0.

This is a homogeneous linear system in the variables f;’s whose unique solution under the
constraint hy hg hy # 0is f1 = fo = f3 = 0. Thus, W Aw, cannot be exact if wy, # 0. A similar
discussion leads us to ruling out all of the decomposable Lie algebras listed in Table with
the exception of 145_%5 @ R and A%ls @ R. In the remaining two cases, b is the direct sum of
a 5-dimensional ideal £ and R. A computation shows that there exist pairs (w,w,) satisfying
the required conditions only when w, € A?¢*. In detail, if h = Ag}5 @ R, then the possible
2-forms are given by 7

O =hy (e =€)+ hoe® + hye® 4 hye®™ + hse®® + hge®® + hre®, w, = ae?,
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where a,h; € R and ahi hy #0. If h = Ag718 @ R, then the possible 2-forms are given by
=k (el + 624) +koe® +kye?® +kye® +kse®® + kge®® + ke, w, =be,

where b, k; € R and bk k7 # 0. Since, in both cases, h = ¢ ® R and w, € A%E*, all possible
central extensions of (h,w,) split as the Lie algebra direct sum of a 6-dimensional ideal and R.
If such an extension admits closed Go-structures, then it must be isomorphic to one among
51,...,97.

e are then left with the indecomposable Lie algebras appearing in Table[6.2] Also in this
case, with analogous computations as before, one can check that there are no pairs (w, w)
satisfying the required conditions when b is an indecomposable Lie algebra not isomorphic
to one among 98738, gg:gj, 92:20- In the remaining three cases, we claim that h has a central
extension admitting closed Ga-structures.

Ifp= 98’38, then there exist closed non-degenerate 2-forms w such that w A w, is exact
if and only if either w, = a (2 el6 425 — 34 4 /32 + \/3635), for some a # 0, or w, =
b (2 elb 4 25 _ ¢34 _ (/324 _ \/§e35), for some b # 0. These forms are not cohomologous,
so they give rise to non-isomorphic central extensions of . In the former case, the central
extension of (h,w,) is isomorphic to s19 and admits closed Ga-structures. An example is given
by = el 4 45 4 9 16T | ([T 4 (256 4 35T 346 84T /3357

In the latter case, the central extension of (h,w,) is isomorphic to s1; and admits closed
Go-structures. An example is given by

o= 6123 _ 46145 + 26167 + \/36247 _ 6256 + 6257 + 6346 _ 6347 + \/36357.

Both s19 and s1; are contactizations, since the 2-form w, is non-degenerate.
Ifp = 92’5_41, then w, = ae3*, for some a # 0. The central extension of (h,w,) is isomorphic
to sg and it admits closed Go-structures. An example is given by
1

5
o= 6147 + 6237 + 6567 + 6125 _ e136 + 5(6146 _ 6236) + Ze246 + 6345.

Ifph= ggzgo, then w, = ae3*, for some a # 0. The central extension of (h,w,) is isomorphic
to s9 and admits closed Go-structures. An example is given by

o= 6137 + e247 + 26567 _ 6125 + 6146 _ 6236 + 6345,

see also Example [3.14]

To conclude the proof, we first observe that the Lie algebras sg and sg cannot be the
contactization of a symplectic Lie algebra. Indeed, in both cases w, is a closed degenerate 2-
form on the unimodular Lie algebra b, thus every representative of [w,] € H2() is a degenerate
2-form. Finally, a direct computation shows that the remaining Lie algebras s1, ..., s7 do not
admit any contact structures. O

Remark 3.16. Notice that there are some misprints in [103] that have been corrected in
Table see also the appendix in [47].
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Corollary 3.17. A 7-dimensional Lie algebra with non-trivial center admitting torsion-free
Ga-structures is either abelian or isomorphic to sy.

Proof. Let g be a 7-dimensional Lie algebra with non-trivial center endowed with a torsion-
free Go-structure ¢. Then, the metric g, induced by ¢ is Ricci-flat and thus flat by [2].
Consequently, the results of [107] imply that either g is abelian, or g splits as a g,-orthogonal
direct sum g = b @ a, where b is an abelian subalgebra, a is an abelian ideal and the
endomorphism ad, is skew-adjoint for every € b. In the latter case, g is a unimodular 2-step
solvable Lie algebra and the eigenvalues of ad, are purely imaginary for every = € g (cf. [72}
Section 2.8|). Among the Lie algebras obtained in Theorem the 2-step solvable ones are
S9, §3, 54, 55, 5¢ and s7. The first four Lie algebras in this list do not admit flat metrics, as the
following endomorphisms have real spectrum: ad., € Der(s2), ade, € Der(ss), ade, € Der(sa),
ade; € Der(ss). Also the Lie algebra s can be ruled out, since ade, has complex eigenvalues
that are not purely imaginary. Finally, the Lie algebra sy admits torsion-free Ga-structures.
An example is given by the Ga-structure

o = 6137 + 6247 + e567 + e125 _ 6146 + 6236 _ e345

which induces the metric g, = 22-721 et ® el O

Remark 3.18. The simply connected solvable Lie groups whose Lie algebra is one among
51, S92, §3, S4, 55, 57 admit lattices, and this is the case also for the family of Lie algebras
56 = ?7’1_70"1 @® R2, for certain values of the parameter a > 0 (see e.g. [47] and the references
therein). We now show that the simply connected Lie groups with Lie algebra sg or s9 admit
lattices, too. Indeed, since they are both almost nilpotent, it is possible to construct a lattice

using the following criterion.

Proposition 3.19. [I5] Let G = R x,, H be an almost nilpotent Lie group with nilradical
H and let g = R xp b be its Lie algebra, where b = Lie(H) and D € Der(h) is such that
du(t))1, = exp(tD). If there exists to € R — {0} and a rational basis (x1,...,x,) of b
such that the coordinate matriz of exp(toD) in such a basis is integral, then I' := toZ x,
exp(Z{x1,...,x,)) is a lattice in G.

Let us consider the Lie algebra sg with the basis (ej,...,e7) as in Theorem We

can write sg = R xp b, where h = (e1,...,e5,e7) is a nilpotent Lie algebra with structure
equations
(€%,¢%,0,0,0, ), (3.5)
and
0 -1.0 0 0O
1 0 0 0 0O
0O 0 0 -1 0 O
D=adelh=105 o 1 ¢ 0 0
0O 0 0 O 0O
0O 0 0 0 0O

For to = 27, this basis satisfies Proposition [3.19| guaranteeing the existence of a lattice in the
simply connected Lie group corresponding to sg.
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Let us now focus on the Lie algebra sg with the basis (ej,...,e7) as in Theorem
We note that sg = R xp b, where the structure equations of the nilpotent Lie algebra h =
(e1,...,e5,e7) are those given in and D = ade4|y = diag(l,—-1,1,—-1,0,0). Let tg =
In <%> We note that exp(tgD) = E~'BE, where

2 2

30 -1 0 00 3_\/53+\/50 0 0 0
2 2
N R
1 1 0 0 0 0
B = E=
01 0 0 0 0] 0 0 1 1 0 0
00 0 0 10 0 0 0 0 1 0
00 0 0 01 0 0 0 0 0 V5
Thus, the integer matrix B is the matrix associated with exp(toD) with respect to a suitable
basis (f1,..., fs, f7) of h. Moreover, b has rational structure equations

(f%,0, f*5,0,0, /24

in such a basis. The existence of a lattice in the simply connected solvable Lie group with
Lie algebra sg then follows.






Chapter 4

Laplacian solitons

We study the existence of self-similar solutions of the Go-Laplacian flow on the Lie algebras
from our previous classification. In particular, we prove that every semi-algebraic Laplacian
soliton on a unimodular solvable Lie algebra with 1-dimensional center must be expanding
and we determine all unimodular Lie algebras with center of dimension at least two that
admit semi-algebraic Laplacian solitons, up to isomorphism. The main results of this chapter
were published in [58].

4.1 The Gs-Laplacian flow

In [19], Bryant introduced a geometric flow for closed Ga-structures. Let N be a 7-manifold
endowed with a closed Ga-structure ¢g.

Definition 4.1. The Go-Laplacian flow starting from ¢ is the initial value problem

0

5%U=Aww@%
d&t) =0, (4.1)
©(0) = wo,

where A, = dodj + dj od is the Hodge Laplacian with respect to the metric g, and
dj, = — *p 0d o *, is the codifferential of d induced by ¢.

The solution to|(4.1)|is a one-parameter family of Go-structures ¢(t) which preserves the
closure of the initial data, i.e.,
dolt) =0, tel,

where T is the maximal definition interval of the solution. Assume N is compact. Since p(t)
evolves in the same cohomology class of the initial data g, we can write

©(t) = wo +dn(t),

for some time-dependent 2-form 7(t). Using this, Hitchin showed that the Go-Laplacian
flow is the gradient flow of a volume functional [82]. Let [¢o]+ be the open subset of Go-
structures in the cohomology class [¢o] = {@o+dB| B € A*(N)} of g. The volume functional

o7
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H: [po]+ — Rsp is defined by

1
H(«p):7/Ng0/\*@<p:/N*¢1.

Consider its restriction

H: {n e A*(N)|po+dn € [po]+} — Rso
n — H(po + dn).

Its gradient V7 is a vector field defined on an open subset of A2(N) satisfying

A1) = il (1)) = (o (1), VA).

On the other hand, one can show that

DHMD) = (1), dp(1))

Therefore, .
VH = d:‘o(t)@(t). (4.2)
If we consider the gradient flow of H,
&) = VA
from the previous discussion we have
0 -
51 = VH = dg)e(t)

= d iy (po + dn(t)).
Therefore,

aat(p(t) = gt(so() +dn(t)) = dn'(t)

= ddg) (po + dn(t)) = dd iy o(t) = Ay p(t),

which is exactly the Ga-Laplacian flow. Thus, along the flow, the volume will increase unless
¢(t) is torsion-free. Moreover, by [(4.2)] ¢ € [¢o]+ is a critical point for the volume functional
if and only if di, = 0, i.e., if ¢ is torsion-free.

Short-time existence of the solutions in the compact case was proved in [22]; in particu-
lar, since the Go-Laplacian flow appears to have the wrong sign for the parabolicity, using
DeTurck’s trick, Bryant and Xu modified the Laplacian flow by a gauge fixing Ly )¢(t) =
duy1)e(t) for some vector field V'(t), so that the new flow

0

at”
was strictly parabolic in the direction of closed forms. Therefore, short-time existence was
proved by applying the Nash Moser inverse function theorem to |(4.3)]

(t) = Apyp(t) + deyye(t) (4.3)
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Theorem 4.2. [22] Assume that N is compact and ¢(0) is a closed Ga-structure on N. Then,
the Laplacian flow has a unique solution for a short time t € [0,e) with € depending on ¢(0).

The stationary points of the Laplacian flow are the harmonic ¢, which on compact man-
ifolds are exactly the torsion-free Go-structures, since

Vi =0 < {d@ =90,
d*, =0,

where V9¢ is the Levi-Civita connection of the metric g, induced by ¢. This is true also
in the non-compact setting, as shown in [I01]. We shall review this result in the next sec-
tion. Therefore, the Laplacian flow provides an important tool for studying the existence
of torsion-free Ga-structures on 7-manifolds admitting closed Ga-structures. Anyway, the
Laplacian flow does not always converge to a torsion-free Ga-structure even if it has long-time
existence. Indeed, examples of long-time existence on 7-manifolds not admitting torsion-free
Go-structures are known in literature (see, for instance, [19]). Examples of solutions to the
Laplacian flow which exist for all times and converge to a torsion-free Go-structure can be
found in [45, 56, 86]. In [102], Lotay and Wei proved that torsion-free Go-structures are
(weakly) dynamically stable along the Laplacian flow: this means that, if the initial data ¢q
is sufficiently close to a given torsion-free Go-structure @, then the solution to the flow exists
for all times and converges to a torsion-free Ga-structure in the same orbit of .

In the next section, we shall focus on self-similiar solutions of the Go-Laplacian flow, i.e.,
solutions which differ from the initial data (g just by time-dependent scalings and pullbacks
by diffeomorphisms.

4.2 Laplacian solitons
Let N be a smooth 7-manifold.
Definition 4.3. A closed Ga-structure ¢ on N is called a Laplacian soliton if
App = Ao + Lx, (4.4)

where A € R is a constant and X is a complete vector field of N.

Laplacian solitons are initial data to self-similar solutions of the Laplacian flow. More
precisely, consider

and let ®(t) be the family of diffeomorphisms generated by the vector field X (¢) such that
®(0) = Id. One obtains that
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is a solution to the Laplacian flow which differs from the initial data only by a time-dependent
scaling factor a(t) and a pullback by ®(¢). Depending on the sign of A\, we say that a Laplacian
soliton ¢ is expanding if A > 0, steady if A = 0, or shrinking if A < 0.

In recent years, there has been a lot of interest in Laplacian solitons. In [99], Lin proved
that on compact 7-manifolds there are no shrinking Laplacian solitons and that the only
steady ones are given by torsion-free Go-structures. In [I0I], Lotay and Wei looked at the
stronger eigenform condition

App = Ap, (4.5)

proving that a closed Go-structure ¢ satisfying has to be expanding (A > 0) or torsion-
free (A = 0). Therefore, stationary points of the Go-Laplacian flow are exactly torsion-free
Ga-structures, even if N is not compact. Combining the results obtained in [99] and in [101],
one has that every non trivial Laplacian soliton on a compact manifold N has to be expanding
and the vector field X in has to be different from zero. This result is very interesting if
we think of the analogous for the Ricci flow. The Ricci flow

2 4(1) = ~2Ric(g(1)). (4.6)
9(0) = go,

is a geometric flow evolving a Riemannian metric go in the direction of its Ricci tensor (for
further details, see [79]). Initial data of self-similar solutions of |(4.6)| are the so-called Ricci

solitons, i.e., Riemannian metrics g satisfying
Ric(g) = Ag + Lx g, (4.7)

for some complete vector field X and some constant A € R. When X = 0, a Ricci soliton g
is called Einstein and we refer to g simply as an Einstein metric. Unlike Laplacian solitons,
there are many examples of compact manifolds admitting Einstein metrics for different values
of A e R.

The first example of an expanding Laplacian soliton which is not an eigenform for its
Hodge Laplacian was found by Lauret on a nilpotent Lie group [95]. The shrinking condition
appears to be rarer and all the known examples of Lie groups admitting these Laplacian
solitons have trivial center. See, for instance, [97, [112] for some explicit examples. Other
interesting examples of Laplacian solitons have been found in [63, [86]. In particular, in [63],
the author provided a first example of shrinking Laplacian soliton of gradient type, i.e., one
where the vector field X in is the gradient of a smooth function. In [86], the authors
provided a first example of cohomogeneity one solution to the Go-Laplacian flow existing for
all times and converging to a torsion-free Go-structure. It is interesting to note that, up to
now, there are no known examples of compact manifolds admitting Laplacian solitons.

In the next section, we shall focus on the existence of Laplacian solitons on unimodular
solvable Lie groups with non trivial center. As shown by Lauret in [96], these Laplacian
solitons correspond to semi-algebraic Laplacian solitons on the corresponding Lie algebras.
Regarding the existence of compact examples, we recall that, if a Lie group G admits a
compact quotient via a lattice I', a Laplacian soliton on G may not descend to a Laplacian
soliton on the compact quotient I'/G, since the vector field X in may not be invariant
with respect to the action of G restricted to I'. We remark that, in [57], the authors found
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the first example of a left-invariant closed Go-structure on a (non-unimodular) solvable Lie
group satisfying |(4.4)| for A = 0 and a left-invariant vector field X.

4.3 Semi-algebraic Laplacian solitons on the central extension
of a Lie algebra

Let G be a 7-dimensional simply connected Lie group with Lie algebra g. Consider a
derivation D of g and denote by Xp the vector field on G induced by the one-parameter
group of automorphisms F; € Aut(G) with derivative dFy|. = exp(tD) € GL(g).

Definition 4.4. [96] A left-invariant closed Go-structure ¢ on G is said to be a semi-algebraic
Laplacian soliton if it satisfies the Laplacian soliton equation with respect to some vector
field Xp corresponding to a derivation D € Der(g). In this case, Lx,p = D*p, so that
equation can be rewritten as follows:

App = Ap + Do, (4.8)

where

A*B(.’El,...,l‘k) = ,8(A$1,,xk)++6($1,,14[1}k),

for every A € gl(g), 1,...,25 € g and 8 € A¥g*. When the g,-adjoint D! of D is also a
derivation of g, the Go-structure ¢ is called an algebraic Laplacian soliton.

We note that Ayp = ddie = dr, 7 being the intrinsic torsion form of ¢. Let us focus
on the case where g is a unimodular Lie algebra with non-trivial center. By the results of
Section [3.2] we can assume that g = h @ Rz is the central extension of a 6-dimensional
unimodular Lie algebra (h,w,). Moreover, every closed Go-structure ¢ on g can be written
both as ¢ = WA O+ p, with dp = —W Aw, and dw = 0, and as ¢ = uw An+1,, where (w, 1))
is an SU(3)-structure on b, u := |2, and 7 = u=22" = n + 6, for some 7y € h*.

If ¢ is a semi-algebraic Laplacian soliton, the condition is equivalent to a set of equa-
tions involving either the forms (@, p) or the SU(3)-structure (w,%,) on h. In the following,
we shall see that it is possible to obtain information on the semi-algebraic Laplacian soliton
 under suitable assumptions. We are interested in the case where z is an eigenvector of D,
as this happens whenever g is the contactization of a symplectic Lie algebra. Indeed, in that
case the center of g is 3(g) = Rz and it is preserved by all derivations of g.

Henceforth, we assume that ¢ is a semi-algebraic Laplacian soliton on the unimodular
Lie algebra g = h & Rz and that it satisfies the equation with respect to a derivation
D € Der(g) such that Dz = cz, for some ¢ € R. Then, we have D*0 = a + c6, with a € b*.
We let D == mp o D|y € gl(h), where m: g — b denotes the projection onto b.

Using the expression of 7 obtained in Lemma we see that o = WAO+p =uwAn+,
solves the equation dr = A, = Ap + D*¢ if and only if the following equations hold on b:

2d(Jw;) = —D*w — (¢ + A w, (4.9)
dwy —d*g (Jwr Apy) —2u (d(Jwi) Ay — Jwi Adn) =uww Ao+ D*p+ Ap, .
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where wq,w; are the intrinsic torsion forms of the SU(3)-structure (w, ) and p = ww Any +
.. Recall that the 2-form dn depends on the intrinsic torsion forms wj and wy of (w, )
as shown in Lemma [3.11]

The equations allow us to relate the constant A to the eigenvalue ¢ and the norm of
the intrinsic torsion form of the semi-algebraic Laplacian soliton. Before stating the result,
we show a preliminary lemma.

Lemma 4.5. Let (w,v,) be an SU(3)-structure on a 6-dimensional real vector space V and

let A e gl(V). Then,

A*p, Np_ = A*wAw? = % (tr A) w?.

Proof. Consider a basis (e1,...,eg) of V which is adapted to the SU(3)-structure (w,,).
Then,

w=el2 p B g = 135 Q6 236 ¢45 (186 o145 4 (235 46

with respect to the dual basis (e!,...,e%) of V*. Now, a direct computation shows that
1
A*hy ANp_ = A*w Aw? = 2 (trA) 3156 = 3 (tr A) w®. O

Proposition 4.6. The constant X\ is given by
A= 3t (Jwg |2 +6|w1]?) = —3c— ! |72
2 2
Proof. Wedging the first equation of by the closed 4-form w?, we obtain
D*w Aw? + (c+ Nw® = —2d(Jwy) Aw? = —2d(Jwy Aw?) =0,
as every 5-form on the unimodular Lie algebra b is closed. Then, by Lemma we get
trD = —3(c+ A). (4.10)

Let us now consider the second equation in [(4.9)l Wedging both sides by ¢ _ and using the
compatibility condition w A ¢y_ = 0, we obtain

(dwy —dxg (Jwi Apy) —2u(d(Jwr) Ay — Jwiy Adn)) ANp_ = (ﬁ*p—i- Ap) Ao, (4.11)

Since p = uw Ay + 1 and w A ¢_ = 0, the right-hand side of can be rewritten as
follows

(f)*p+/\p) AY_ =uD*w Ay Ap_ + D Ap_ + b, Ab_
=u(—2d(Jwi) — (c+ A)w) Any A +%(tr5)w3+§Aw3

1 ~ 2
= —2ud(Jwi) Ay ANp_ + 3 (tr D) w? + g)\w?’,
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where the second equality follows from the first equation of |(4.9)] Lemma and the nor-
malization condition ¥, AY_ = %w?’. The summands appearing in the left-hand side of |[(4.11)
can be rewritten as follows. Since w, € A2h*, we have

dwy Np_ = d(wy Np_) —wy Adip_ = —wy A (= g wy + Jwi Atpy) = Jwy |2 Volg.
Since every 5-form on b is closed, we get

—d*g (Jwi AN ) Np_ = xg(Jwy ANp) Adip_ = xg (Jwi Apy) A (= xg wy + Jwi A)y)
= Jwi A2 %4 (Jwy) =2 \lelg Vol, =2 \wl\f] Volg,

where we used the identity (4) of Lemma Finally, by Lemma and the identity (3)
of Lemma we have

2u Jwy Adn Ap_ = =2 Jwy Axg(wr Ahy) Apo =4 Jwy Axg(Jwr) = 4 |w]} Vol
Hence, equation |(4.11)| becomes

_ 1 ~ 2
(Jwy |§ +6 !’wﬂz) Vol, = 3 (tr D) w® + 3 Aw3.

Recalling that Vol, = éw?’, we have
1 —12 2y D
3 (Jwg]; +6]wi];) = tr D+ 2\,
Now, the claim follows by combining this identity with trD = —3(c+ A) and recalling that
jwy 2+ 6wy |2 = |7[2 (cf. Lemma [3.12). O
As a consequence of Proposition [£.6] we have the following.

Corollary 4.7. Let (g,0) be the contactization of a symplectic unimodular Lie algebra (b, w;)
and let ¢ be a semi-algebraic Laplacian soliton on g such that Ay = Ap + D*@, for some
D € Der(g). Then,

A= Jwy |3+ 6wy =7}

and ¢ is expanding.

Proof. Since g is the contactization of a symplectic Lie algebra (h,w,), we have g = h @ Rz
and 3(g) = Rz. In particular, Dz = cz, for some ¢ € R. Therefore, by Proposition the
constant A is given by

1 _ 1
A=—3c— 5 (lwyj+6wilf) =3¢ — |72,
Recall that w, = df on g. Since D € Der(g), we see that

D*wy, = D*(df) = d(D*0) = d(a + ¢0) = da + c w.
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On the other hand, w, is a non-degenerate 2-form on the unimodular Lie algebra §. Conse-
quently,

3 (tr D)w? = D*wy Aw? = D*wy Aw? = (dov + cwy) A w? = cw?,

as every b-form on § is closed. Now, from the proof of Proposition [4.6] we know that 3¢ =
tr D = —3¢ — 3\, whence —2¢ = \. Therefore, we have A = |w5|§ +6 |w1|§ = |T|i.

To conclude the proof, we observe that A = 0 holds if and only if ¢ is torsion-free. By
Corollary [3.17], torsion-free Go-structures do not occur on the contactization of any symplectic
unimodular Lie algebra. Thus, A > 0 and ¢ is expanding. O

The previous result applies, for instance, to the nilpotent Lie algebra nyo endowed with
the closed Ga-structure considered in [45, Theorem 3.6].

Example 4.8. Consider the nilpotent Lie algebra njs and let (e!,...,e") be the basis of ni,
for which the structure equations are the following:
( V3 12 \1/23613 B 1623 _6623 B 161376616 . 1615 n ﬁe% 4 1626 _ @e:m

0,0,0, Zz=¢ 112 1° 12 1 12 1 6 )

6

Recall that njo is the contactization of a 6-dimensional symplectic nilpotent Lie algebra (cf.
Corollary [3.10). The 3-form

@ = 167 4 25T | BT | o185 (124 (236 456
defines a closed Ga-structure on ny2 inducing the metric g, = 21'721 e!®e’. The corresponding
intrinsic torsion form is 7 = % (656 — 637). A computation shows that ¢ is an expanding

algebraic Laplacian soliton solving the equation A, = A + D*¢ with A = % = \T|?D and

1
_D = —g dlag(l, 1,07 27 ]-7 172) e Der(le)‘

In addition to nj2, also the non-abelian nilpotent Lie algebras ng,...,n7; admit (semi-
)algebraic Laplacian solitons (see [I11]). However, it is currently not known whether semi-
algebraic Laplacian solitons occur on the nilpotent Lie algebras ng, ng, njg and nq;.

Using Corollary [£.7] and Proposition [3.7, we can show that semi-algebraic Laplacian soli-
tons do not exist on nyg.

Proposition 4.9. The nilpotent Lie algebra
g = (070’612761376237615 et 16 4 o3 e25)
does not admit any semi-algebraic Laplacian solitons.

Proof. As we observed in Corollary [3.10, the Lie algebra ng is the contactization of the
nilpotent Lie algebra h = (0,0,e'2,e!3,e?3 e!® + ¢?4) endowed with the symplectic form
w, = e 4+ €3 4+ €25, In particular, 3(ng) = Rey.

By Proposition every closed Ga-structure on ng can be written as ¢ = @ A €7 + p,
where p is a definite 3-form on b, @ is a symplectic form taming J, and dp = —w A w, (see
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Example for an explicit case). This Ge-structure is a semi-algebraic Laplacian soliton
solving A, = Ap + D*p, for some X € R and some D € Der(ng), if and only if the system
is satisfied. By Corollar we must have De; = cer and X = —2¢ = |7[2 > 0.
Moreover, the first equation in [(4.9)| forces the 2-form on b

B=DG+(c+ N> =DG—cd

to be exact. We shall show that, if this last condition holds for every derivation D and every
symplectic form w on ng, then W A w, cannot be exact.

The matrix associated with the generic derivation D € Der(ng) with respect to the basis
(e1,...,e7) is given by

hiy 0 0 0 0 0 0
0 2hy 0 0 0 0 0
ha  hs 3h1 0 0 0 0
D=1 hs hs hs 4hy 0 0 0o 1,
he hz —ha 0 5hy 0 0
hs ho hr—hy —hs hs 6h1 O
hio hi1 hg—he hy—2hy —hs—hy hs Th

with h; € R. In particular, ¢ = 7hy; and we can assume hy < 0.
The generic closed 2-form w on b is

5= f1e'? + foe®® + fre' 4+ fy (615 +624) ' (616+€34) + foe® 4 fre® 1 g (626 _635)’
which is non-degenerate if and only if f2f; — f3f2 # 0. Now, we have
B=DG—Th&
= (h3fo — 4h1f1 + hsfs — hafa+ hfa + hofs — hafe — he f7 — hsfs) €'

+ (hsfs — Bhifo — hafs — 2hafs + fohy + hefs) e

+ (hafs — hafa — hafs) (e'® + €**)

+ (hafs — hsfs — 2h1fs — hafr — fsha + 2z fs) €*

—2hy fye' + by fs e — by fs e®.
Since the space of exact 2-forms on b is generated by e'?, '3, e!® 4 24, 23 and, since h; < 0,
we see that § is exact if and only if f3 = fs = 0. Consequently, @ is non-degenerate if and

only if f5f7 # 0. This last constraint implies that w A w, cannot be exact, since the space of
exact 4-forms is spanned by

61254 61255 61245

Y Y Y

61256,61246 + 61345,61256 o 62345 61356 _ 62346. 0

)

By similar arguments, the same non-existence result holds more generally on some central
extensions of solvable non-nilpotent Lie algebras.

Proposition 4.10. The 7-dimensional solvable Lie algebras
o5 = (€16 4 ¥, 20 4 5 (30 46 3
69 = (—626 + 635,616 + 645, —646,63670,0, 634)

do not admit semi-algebraic Laplacian solitons.
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Proof. We prove the result only for sg, since the discussion for sg is analogous. We recall
that sg is the central extension of (h,wy), where h = gggj and wg = e3*. Then, we consider
the generic closed 2-form @ and the generic 3-form p on b satisfying the necessary condition
dp = —@ Awp. By an explicit computation using the structure equations of Table [6.2] one
has

o= f1(614 _|_623) +f2634+f3(616 +635) +f4€36 +f5(e45 _ 626) +f6€46 +f7656
and

p :p1€125 _ f3€134 +p2€136 + p3€145 + (p4 + f7)6146 +p5€156 o f56234

235 236 246 256 345 356 6

+ pee®®® + pse?® + pre®® + pge™® + pget® + p1oe®® + 11370 4 prae?,

for some fi,..., fr,p1,...,p12 € R. In particular @3 = 6f2f7e!23456 £ 0 if and only if
fifr # 0. Now, by |(4.9)| and [(4.10)| in order to have a semi-algebraic Laplacian soliton on
sg, we have to require that the 2-form

- 1 -
DG — 5(tr D)

is exact on b, for some D € Der(h). The matrix of the generic derivation D of sg is given by

hi 0  he 0 hs hy 0
0 hs O hg hr hs 0
0 0 hg 0 0 hs 0
D= 0 O 0 hg + hs — hq 0 —hy 0 R
0 O 0 0 —hg+h; O 0
0 O 0 0 0 0 0
0 0 —hy hs h1o hii 2hg+ hs — hy

for some hq, ... thl e R. Ir{ particular, o = —h7~€3+h364+h1065+h11€6 and ¢ = 2hg+hs—h1.
If we compute D*w — %(tr D)& for the generic D = my, o D]y on b, we have that its projection
onto e has to vanish, since e'* is not exact on h. This forces

1
§f1(h5 + 2hg — hl) =0,

hence hy = hs 4 2hg. Then, ¢ = 0 and A = —(hs + hg) < 0, by Proposition 1.6 In particular,
by A = 0 holds if and only if tr D = 0 which corresponds to the case where the Go-
structure ¢ = p+ @& A e is torsion-free. However, sg cannot admit torsion-free Go-structures
by Corollary[3.17} In particular, we may assume hs > —hg. Let us look at the second equation
in We note that the projection of the 3-form b*p + A\p+@ A« onto e!?® has to vanish,
since €125 ¢ Rwy A b* and it is not exact on h. This is equivalent to 2p;(hs + hg) = 0, which
implies p; = 0, since hs > —hg. It is straightforward to check that p; = 0 implies that the
bilinear form b, defined on sg is never positive-definite, since by (e1,e1) = by(e2,e2) =0. O

By [27] and Theorem we know that a 7-dimensional unimodular Lie algebra with
1-dimensional center admitting closed Ge-structures is isomorphic to one among ng, ng, nyg,
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ni1, N2, S2, 63, 64, 68, 59, 510 and §11. By Proposition [£.9and Proposition [£.10] the only ones
which may admit semi-algebraic Laplacian solitons are ng, nig, nii, no, 52, §3, 54, 510 and
$11-

Examples of expanding semi-algebraic Laplacian solitons are known on njs (see Example
and on the Lie algebras s9 and s4 (see [50, Proposition 6.5]). In the remaining cases, it
is still not known whether semi-algebraic Laplacian solitons exist. However, if there are any,
they must be expanding. This follows from Corollary [£.7] when the Lie algebra is one among
nyg, N11, N2, 10 and 511, while it follows by a direct computation when the Lie algebra is
one among ng, §9, §3 and s4. We shall see it in detail in the next proposition.

Proposition 4.11. Let g be a 7-dimensional Lie algebra isomorphic to either ng, s2, §3 or
s4. If g admits a semi-algebraic Laplacian soliton, then it is expanding.

Proof. We work case-by-case. Let us start with the Lie algebra ng, which is the central
extension of (h,wp), where b is the nilpotent Lie algebra whose structure equations are

(00,612, 13 23 15 4 (24)

and
wo = el 4 34,

The generic closed 2-form in this coframe is
5= f1e?2 4 foel® + faeld 4 fa(e!® +e2) 1 f5 (€16 + e3) 1 foe® + fre®t 4 fee® + fo(e26 — %),

for some f; € R, i =1,...,9. In particular, @ = 6(f2fs — f3/2)e!?3*%%. The matrix of the
generic derivation D of ng is given by

hy O 0 0 0 0 0
0  ho 0 0 0 0 0
hs hy h1 + ho 0 0 0 0
D=1 hs hg hy 2h1 + ho 0 0 0 ,
h7  hg —hs 0 hi + 2ho 0 0
hg hio —hs+ hg —hs hy 2(h1 + hQ) 0
hi1 hio h1o hg — 2hs —hg hg 2h9o + 3h

for some hq, ..., h12 € R. In particular, o = huel+h1262—|—h1063+(h8—2h5)e4—h665+h466 S
h* and ¢ = 2ho + 3h1. Since the 2-form

- 1 -
DG — 5(tr D)

has to be exact on b, its projections onto e'*,e'6, 23 ¢%6 ¢34 ¢35 have to vanish. This is

equivalent to the following system of equations

(4.12)
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If h1 = 2ho, then ¢ = 8ho, tr D = 29hs and A = —15he. In particular, by Proposition 4.6
ho < 0, so that A > 0 holds, with A = 0 only if the semi-algebraic Laplacian soliton arises
from a torsion-free Go-structure, which is impossible by Corollary If hy # 2ho, instead,
implies f3 = fg = 0 and, since the vanishing of both f5 and fg implies the degeneracy
of w, admits solutions if and only if hg = 2hy. In particular, A > 0 holds as before.

Now, let us consider the Lie algebra s5. We recall that this Lie algebra is obtained as the
Lie algebra direct sum gg:ng ® R, so in this case we have wg = de” = 0. The matrix of the
generic derivation D of s is given by

hi 0 ho 0 hs hy 0
0 hs O he h7 hs 0
0 0 hg 0 0 h3 0
D= 0 0 0 hg+hs—h 0 —h7 O ,
0O 0 O 0 —hg+ht O 0
0O 0 O 0 0 0 0
0 0 0 0 hl() hi1  hio
hi,...,h12 € R. In particular, & = hige® + h11€® € h* is closed. We note this is always true

when wy = 0, since, by differentiating D*e” = a + ce”, we get 0 = da since do D = Dod. In
particular, |(4.9)[ reduces to asking that the forms

. 1 .
D*& — g(trD)(I;, Dp+Ap+ 0N

are exact on ggz;ll, where \ = —%(trD + 2¢). Let us consider a pair (@, p) € A%h x A3 of

generic forms closed forms on h = gg’;f. Then,

@ =fi(e! + ) + fo(e" + e¥) + fo(e® — ) + fae™ + fre + foe' + fre®,
125 136 145 + p4(6146 + 6236) 156 235 + p76246 + P8€256

p =p1e " + p2e
+ poedts 356y ppe 46

+ p3e
346

+ pse " + pge

+ pioe” + prie

for some fi,..., fr,p1,...,p12 € R. We recall that this is equivalent to the closure of the
3-form ¢ = p+ @ A€’ on s, since wy = 0. Then, @® = 6f2Zf7e!?40 50 we may assume
both f1 and f; different from zero. Now, since e is not exact on 9215—417 the projection of
D*&— 3 (tr D)& onto this direction, given by 1 f1(hs+2hg — hy), has to vanish. This occurs if
and only if hy = hs + 2hg, since f1 # 0. Analogously, the projection of D*p+ Ap+@ A onto
el given by p1(2(hs+hg)—hi2), has to vanish, since e!2% is not exact. Let us suppose p; = 0,
first. A direct computation shows that, if we consider the generic closed 3-form ¢ = p+@Ae”,
then the bilinear symmetric tensor b, is never positive-definite, since b,(1,1) = b,(2,2) = 0.
If p1 # 0 instead, then hio = 2(hs + hg) which implies
trD = gc, A= —gc.

In particular tr D — 7¢ = —%c. Then, by Proposition A > 0 holds, with A = 0 only in the
torsion-free case, which cannot occur by Corollary [3:17 This concludes the proof in the case
where g is isomorphic to s,.

By a very similar discussion, the same result holds for s3 and sy4. O
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When the center of the Lie algebra is at least 2-dimensional, we have the following clas-
sification result.

Theorem 4.12. Let g be a 7-dimensional unimodular Lie algebra with dim 3(g) > 2 admitting
closed Go-structures. Then, g admits semi-algebraic Laplacian solitons if and only if it is
isomorphic to one among ni, Ny, g, Ny, N5, Ng, N7, S5, 5 and S7.

Proof. If g is nilpotent, then it must be isomorphic to one among ny, no, n3, ng, ns, ng and
ny, by the classification result in [27]. Every Ga-structure ¢ on the abelian Lie algebra n; is
torsion-free and thus solves the equation A, = Ap + D*¢ with A = 0 and D = 0 € Der(ny).
In the remaining cases, the existence of semi-algebraic Laplacian solitons is known from [IT1].

We can then focus on the case where g is solvable non-nilpotent. By Theorem g
must be isomorphic to one among s1, §5, 5¢ and s7. Examples of semi-algebraic Laplacian
solitons on s5 and sg were given in |50, Proposition 6.5]. By Corollary the Lie algebra
s7 admits torsion-free Go-structures, which are semi-algebraic Laplacian solitons with A =0
and D = 0 € Der(s7).

To conclude the proof, we must show that the Lie algebra s; does not admit any semi-
algebraic Laplacian solitons. Let us assume by contradiction that ¢ is a semi-algebraic Lapla-
cian soliton on s;. Then, as 51 = 98738 ® R, we can write ¢ = @ A e’ + p, where e’ spans R*
and w and p are closed forms on 98’38. In particular, we have

o= fl (2 616 + 625 _ 634) + f2 623 + f3 (624 + 635) + f4 626 + f5 636 + f6 646 + f7 656,

p=p1e® +ps (e +e'%) + p3e0 + pre'® 4 ps (M0 — ) + pg (e + )

236 246 256 346 356 56

+ p7 €28 4 pg €216 4 pg €20 4 p1g €310 + p1g €376 4 prg e,

with the fi,..., fr,p1,...,p12 € R. The symmetric bilinear form b, induced by ¢ as in
satisfies by, (e, e1) = —2p2 f1 1234557 and by(€s,e4) = —po f1p12€'2343%7  Since b, is definite,
we must have papiafi # 0.

The generic derivation D € Der(s) has the following expression with respect to the basis
(e1,...,e7) of s1:

hi  ha  hs 0 0 hg bhs
$hi he 0O 0 he O
~he 1m0 0 by
hi hs Lhi he hg
—~hg hy —hg $hi1 hi
0 0 0 0 0
0 0 0 0  hit hio

0
0
0
0

0
0
0
0
0
0

with h; € R. Since ¢ is a semi-algebraic Laplacian soliton, there is some A € R such that
the 3-form D*p + Ay on s7 is exact. Under the constraint popiofi # 0, this implies that
A =0 and that 3(s;) = (e1,e7) C ker D. By Proposition we then have |7|, = 0, i.e., the
Go-structure ¢ is torsion-free. However, s1 does not carry any torsion-free Go-structures by

Corollary 3.17] O






Chapter 5

Balanced SU(3)-structures of
cohomogeneity one

A Hermitian structure (g, J) on a 2n-dimensional manifold M is called balanced if dw™ ! =
0, w being the fundamental form associated with (g, J). Balanced metrics have been exten-
sively studied in [11} 52} [60] 61, 66], 106l 114]. In this chapter, we consider balanced metrics
on complex manifolds with holomorphically trivial canonical bundle, most commonly known
as balanced SU(n)-structures. Such structures are of interest for both Hermitian geome-
try and string theory, especially in dimension 2n = 6, since they provide the ideal setting
for the Hull-Strominger system. We provide a non-existence result for balanced non-Kéhler
SU(3)-structures which are invariant under a cohomogeneity one action on simply connected
6-manifolds. The discussion and the main results of this chapter were published in [5].

5.1 Cohomogeneity one manifolds

Here, we recall the basic structure of cohomogeneity one manifolds. For further details,
see for instance [3] [13], 84], 85] [132].

Definition 5.1. A cohomogeneity one manifold is a connected smooth manifold M with a
left action ao: G x M — M of a compact Lie group G having an orbit of codimension one.

From now on, let us assume that M is a simply connected cohomogeneity one manifold
and that G is connected. By the compactness of G, the action « is proper and there exists a
G-invariant Riemannian metric g on M (cf. Theorem @) This is equivalent to saying that
the G-action on (M, g) is isometric (cf. Definition[1.14)). Moreover, we assume that the action
a is almost effective. As usual, we denote by m: M — M /G the canonical projection and we
equip M /G with the quotient topology relative to m. By a result of Bérard Bergery [13], the
quotient space M /G is homeomorphic to a circle or an interval. As we are assuming that M is
simply connected, we have that M /G is homeomorphic to an interval I. The inverse images of
the interior points of the orbit space M /G are principal orbits in the sense of Definition m
while the inverse images of the boundary points are singular orbits in the sense of Definition
As usual, we denote by MP"" the union of all principal orbits, which is an open dense
subset of M (cf. Theorem and by G, the isotropy group at p € M.

71
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First, we will suppose M is compact. It follows that M /G is homeomorphic to the closed
interval I = [~1,1]. Denote by O; and Oy the two singular orbits 7! (—1) and 7! (1),
respectively, and fix g1 € O;. By the compactness of the G-orbits, there exists a minimizing
geodesic 74, : [—1,1] — M from ¢; to Oz which is orthogonal to every principal orbit. We
call normal geodesic a geodesic orthogonal to every principal orbit. Let v: [-1,1] — M be a
normal geodesic between 77! (—1) and 7! (1). Up to rescaling, we can always suppose that
the orbit space M /G is such that w o~y = Id;_1,1)- Then, by Kleiner’s Lemma, there exists a
subgroup K of G such that G ;) = K for all t € (=1,1) and K is subgroup of G(_;) and
G, 1) (cf. also Proposition .

For M non-compact, M /G is homeomorphic either to an open interval or to an interval
with a closed end. In the former case, M is a product manifold M = I x G/K. In the latter
case, there exists exactly one singular orbit and M/G = I where I = [0, L) and L is either
a positive number or +00. Analogously to the compact case, there exists a normal geodesic
v:[0,L) — M such that v(0) € 7~'(0) and we can suppose 7oy = Idjy 7). In addition,
there exists a subgroup K of G such that G4y = K for all ¢ € (0,L) and K is a subgroup of
H =G (). So, we have

e 71 ()2 G/K forallt e },

o MPe = om0 = U, ;G ()

e for every pi,pes € MP¢ G . p; and G - py are diffeomorphic.

Therefore, up to conjugation along the orbits, when M is compact we have three possible
isotropy groups Hy = Gy, Ha == Gy and K = Gy, t € (=1,1). When M is non-
compact and has one singular orbit, instead, we have two possible isotropy groups H = G
and K = G, t € (0, L). From all of the above, we have

MPC = [ x G/K,

so that, by fixing a suitable global coordinate system, we can decompose the G-invariant
metric g as
In(t) = dt* + gy, (5.1)

where dt? is the (0,2)-tensor corresponding to the vector field & := 4/ (t) evaluated at the
point v (¢) and g¢; is a G-invariant metric on the homogeneous orbit G-~ (t) through the point
v(t) € M.

Now, assume M is compact. By the density of MP""¢ in M and Theorem M is
homotopically equivalent to

(G X Sy(-1) Voyx (G X a2 () (5.2)

where the geodesic balls S, (41) = exp (B.+ (0)), B+ (0) C Ty41) (G- (£1))*, are normal
slices to the singular orbits in « (41). Here, G Xp, Sy41) is the associated fiber bundle
to the principal bundle G — G/H; with type fiber S, ;). By Theorem M is also
homotopically equivalent to

(G xg, B.~(0)) Ug/k (G X, Bt (0)) (5.3)
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The isotropy groups H; act on B.+ (0) via the slice representation and, since the boundary of
the tubular neighborhood Tub(0;) = G x g, B.+ (0), i = 1,2, is identified with the principal
orbit G/K and the G-action on Tub(O;) is identified with the H;-action on B.+ (0), then
H; acts transitively on the sphere S% := 9B.x, l; > 0 again with isotropy K. The normal
spheres S' are thus the homogeneous spaces H;/K, i = 1,2. The H;-action on S%, i = 1,2,
may be ineffective, but it is sufficient to quotient H; by the ineffective kernel to obtain an
effective action. Transitive effective actions of compact Lie groups on spheres were classified
by Borel and are summarized in Table [5.1]

H SO(n) U(n) SU(n) Sp(n)Sp(1) Sp(n)U(1) Sp(n) Ga | Spin(7) | Spin(9)
K SO(n—1) | Un—1) | SUn—1) | Sp(n —1)Sp(1) | Sp(n —1)U(1) | Sp(n —1) | SU(3) Go Spin(7)
Sl = H/K gn—1 §2n—1 Gdn—1 S6 S7 S15

Table 5.1: Transitive effective actions of compact Lie groups on spheres

The collection of G with its isotropy groups G O Hi, He D K is called the group diagram
of the cohomogeneity one manifold M. Conversely, let G O Hi, Hy D K be compact groups
with H;/K = S% i =1,2. By the classification of transitive actions on spheres, one has that
the Hj-action on S% is linear, so that it can be extended to an action on B, (0) bounded by
Sl i =1,2. Therefore, defines a cohomogeneity one manifold M. Analogously, if M
is a non-compact cohomogeneity one manifold with one singular orbit, we define the group
diagram of M to be the collection of G and the isotropy groups G O H O K, where the
homogeneous space H/K is a sphere. The converse is also true: the group diagram defines a
non-compact cohomogeneity one manifold M. In these cases, M is homotopically equivalent
to G x g B:(0), where B.(0) C T,y (G - 7(0))* as before.

We study cohomogeneity one manifolds up to the equivalence given in Definition [I.19]
Moreover, if a cohomogeneity one manifold M has group diagram G D Hy,Hy D K or
G D H D K, one can show that each of the following operations results in a G-equivariantly
diffeomorphic manifold:

1. switching H; and Ho,
2. conjugating each group in the diagram by the same element of G,

3. replacing H; (respectively H) with aH;a~! (respectively aHa~!), where a is an element
of the identity component of the normalizer of K.
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5.2 Balanced SU(3)-structures on cohomogeneity one 6-mani-
folds

We recall that an SU(3)-structure (w, ) on a 6-manifold M is called balanced if

d¢+ = 07
dip_ =0,
dw? = 0.

where ¢_ = J4, J being the almost complex structure on M induced by the 3-form . .
We denote by ¥ = 14 +i1)_ the induced (3,0)-form on M. Following [49] and Remark
a balanced SU(3)-structure can be equivalent defined as a triple (g, J, V) of tensors on M
satisfying the following conditions:

e J is integrable, i.e., (M, J) is a complex manifold. We recall that, for SU(3)-structures,
the integrability of J is equivalent to the condition (d¥)%? = 0,

e U is a nowhere-vanishing holomorphic (3, 0)-form,
e dw? =0, w being the associated fundamental form.
In particular, we are interested in the non-Ké&hlerian case, i.e., dw # 0.

Remark 5.2. We can equivalently say that an SU(3)-structure (g, J, ¥) on M is balanced if

and only if
d¥ =0,
dw? =0,

since dipx = 0 if and only if dU = 0. Moreover, d¥ = 0 if and only if ¥ = ¢ +i_ is
holomorphic and the induced almost complex structure J = Jy,, is integrable.

Remark 5.3. From the formulas in [10], we have that, if (w,4) is a balanced non-Kéhler
SU(3)-structure on a 6-dimensional smooth manifold M, the scalar curvature of the associated
metric g is strictly negative.

Let M be a simply connected cohomogeneity one 6-manifold for the almost effective action
of a compact connected Lie group G and let (w,1) be a balanced SU(3)-structure on M
which is invariant under the cohomogeneity one action. We are thus requiring G to preserve
the SU(3)-structure on M. For the convenience of the reader, we recall that

e G preserves the induced metric ¢ if and only if o is an isometry for g, for each h € G,

e ( preserves the induced complex structure J if and only if J commutes with the differ-
ential da”, for each h € G,

e G preserves the induced 3-form ¥ if and only if (a”)*¥ = W, for each h € G.
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In particular, this implies that the principal isotropy K acts on T, M preserving (wp, (¢4 )p)
for every p € M, which means that K can be identified with a subgroup of SU(3). Now, since
the J-invariant K-action fixes the subspace (£|,) of T, M, then it fixes (J¢|,) as well. Let us
write T, M as

TyM = (¢lp) & (JElp) &V,

where V' is the 4-dimensional g,-orthogonal complement of (£, J¢|,) in T,,M. Notice that
V' is J,- and K-invariant. To see the K-invariance, let h € K and v € V' be generic. Then,
if dol (v) = X (JE€|p) +w, for some A € R, w € V, we would have J (do’ (v)) = dal (Jyv) =
—A¢|p + Jpw, which contradicts the fact that the K-action is closed along the G-orbits.
Therefore, for each h € K, its action on T}, M is described by a 6 x 6 block matrix

10
01

0 A

with respect to the decomposition of T, M = (&|,) & (JE|p) V. Since the matrix above lies in
SU(3), we have A € SU(2), hence K can be identified with a subgroup of SU(2). Therefore,
t = Lie(K) is {0}, R, or su(2). As observed in [I17], all the possible candidate pairs (g, £),
with g compact, which may admit an SU(3)-structure in cohomogeneity one are:

(a) £={0} and

(1) g=su(2) @R R,
(2) g=Ra&...®R,
—_—

5 times

(b) £=R and

(1) g=su(2) @su(2),
(2) g=s5u(2) ROER DR,
3) g=Ra...0R,

6 ti

(c) E=su(2) and

(1) g=su(2)@su(2) SRR,

2 = 2)Rd...®R

(2) g=su2)eR®...®R,
5 times

(3) g=su(3).

Under the assumption of simply connectedness of M, we can discard some pairs of this
list. If M is compact, by Hoelcher’s classification [84, Proposition 3.1], we can readily discard
cases (a.2), (b.2), (b.3), (c.1) and (c.2). For the case where M is non-compact and has one
singular orbit, we can suitably adapt [84, Proposition 1.8] which deals with the compact case,
to obtain:
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Proposition 5.4. Let M be the non-compact cohomogeneity one manifold given by the group
diagram G D> H > K with H/K = S'. Then, (M) = 71(G/K)/N where

N = ker{m (G/K) — m(G/H)} = Im{m (H/K) — m(G/K)}.

In particular, M is simply connected if and only if the image of w1 (S') generates 71(G/K)
under the natural inclusions.

We know that 7 (S') is either {0} or Z. Now, we observe that
71(G/K) = Z? in cases (a.1) and (c.1),
m1(G/K) = Z5 in cases (a.2), (b.3) and (c.2),
11 (G/K) =72 or m1(G/K) = Z3 in case (b.2).

If M is non-compact and has no singular orbits, m (M) = m(G/K). Hence, when M is
non-compact, we can discard the pairs (a.1), (a.2), (b.2), (b.3), (c.1) and (c.2), as m (M)
would be infinite. Therefore, the possible pairs which may admit a balanced SU(3)-structure
on a simply connected manifold of cohomogeneity one under the almost effective action of a
compact connected Lie group G are (a.1) (only when M is compact), (b.1) and (c.3).

Remark 5.5. In case (b.1), we shall need to divide the discussion depending on the em-
beddings of £ = R in g = su(2) @ su(2), which, up to isomorphism, are all generated by an
element of the form

w 0 0 0
0 —ip 0 0
0 0 ig 0 € su(2) @ su(2),

0 0 0 —ig

with fixed p,q € N. Up to uniform rescalings, which do not change the immersion of &,
we can assume either (p,q) = (1,0) or p,q to be coprime, if neither is zero. Notice that,
when (p,q) = (1,1) or (p,q) = (1,0), £ induces a decomposition of g in Ad(K)-modules,
some of which are equivalent. In the former case, we shall say that ¢ is diagonally embedded
in g, while, in the latter, £ is said to be trivially embedded in one of the two su(2)-factors
of g. Instead, when p and ¢ are different and non-zero, the Ad(K)-modules are pairwise
inequivalent.

From now on, for each p € MP"¢ let m, = m be an Ad(K)-invariant complement of £ in
g. For each p € MP"2¢ we have T,M = (£|,) ®m|,, where, for every X € g, we denoted by X

. o
the action field as defined in Definition|1.11] It is known that, since MP""¢ = [ x G/ K, every
G-invariant structure on MP™¢ can be expressed via a K-invariant structure on (£) & m,

with C"O(;)—coefﬁcien‘cs. Let m = my @ ... & m, be the decomposition of m into irreducible
Ad(K)-modules. Recall that, if the m;’s are pairwise inequivalent, then they are orthogonal
with respect the metric g, for every ¢ (see . Otherwise, the expression of the metric
strongly depends on the specific equivalence of the modules. In all cases, we recover the
whole SU(3)-structure from a pair of G-invariant stable forms (w,y) of degree two and
three, respectively.

To fix the notations, in what follows, we shall denote by
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e B = —B the opposite of the Killing Cartan form on g,

® (€;);_123 the standard basis for su(2) given by

(i 0 (0 (0 1
el_o_i’ 62_1'0’ 63__10?

(fi)iz1, m the generic basis for g =t @®m, = (f1,...., fx), m = (fr+1,..., fm), where
k=dim¢, m = dimg,

° elzzf%%,

€; == f/;‘, j =dim€ — 1 44, the Killing vector fields on MP" induced by the G-action,
fori=2,...,6,

e ¢’ the dual 1-forms to e;.

Therefore, in what follows (e;);_; ¢ Will be vectors on M Princ which provide a basis for T, M

. o
at each point p = (t) € MP"™°, where 7,: I — M is a normal geodesic through p. For
every principal point p of M, we also denote by ~y, the normal geodesic such that ~,(0) = p.
Moreover, we recall some basic facts about G-actions which will be useful for our discussion:

e Since g - yp = 7gp for the uniqueness of the normal geodesic v starting from the point

g-p, we have & o <I>§(p) = <I)§ o CID{((p), where @} denotes the flow of the vector field v
evaluated at time ¢. This is equivalent to [§, X] = 0, for all X € g;

e A k-form o on MP'RC of the form

6

_ E I R 2
o = Ajy .4 € 5

1< .. <ip=1
[e]
with a;, 4, € C®(I) for all iy < ... < iy, is G-invariant if and only if o, is K-invariant
for all p € MP™€,

e If « is a G-invariant k-form on M and wvq,...,v; are G-invariant vector fields on M,
then a (vq,...,vy) |p is constant along the G-orbit through p, for all p € M.

5.3 Non-existence result

We first give a local result (Theorem [5.6) for the existence of balanced non-Kéhler SU(3)-
structures by working on the principal part and then we prove that none of these local
solutions can be extended to a global one (Theorem [5.10)).

Theorem 5.6. Let M be a 6-dimensional simply connected cohomogeneity one manifold under
the almost effective action of a compact connected Lie group G and let K be the principal
isotropy group. Then, the principal part MP° admits a G-invariant balanced non-Kdhler
SU(3)-structure (w,v+) if and only if M is compact and (g,€) = (su(2) @ 2R, {0}).
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Proof. From all the above discussion and the previous lemmas, the only possible pairs allowing
MPTRC to support a balanced SU(3)-structure are (a.1) with M compact, (c.3) and (b.1). We
investigate these three cases separately.
For each of these cases, we shall consider the generic pair (w, ¢4 ) of G-invariant forms on
[¢]

MPrin¢ of degree two and three, respectively, with C°°(I)-coefficients. In order for the pair
(w,1+) to define a G-invariant balanced non-Kéahler SU(3)-structure on MP"™¢ we have to
impose the following conditions:

(1) the stability conditions:

. WP £0,
° )\:)\(w+)<0

(2) the compatibility conditions ¢+ A w = 0,

(3) the normalization conditions:

'¢+/\T/}f:*

. éw3 = det(g) e'® where the sign + depends on the fixed orientation +e'+6,
(1) d
(5) the balanced condition dw? = 0,
(6) the non-Kéahler condition dw # 0,
(7) the positive-definiteness of the induced symmetric bilinear form g := w(-, J-) on MPrne,
We start with case (b.1).

5.3.1 Case (b.1): (g,t) = (su(2) ®su(2),R)

In the notation of Remark let us suppose p, ¢ non-zero and coprime with (p, q) # (1,1),
first. Consider the B-orthonormal basis of g given by

f:1<pé1 0> le(qél O>
T 22 +2) \ 0 qger)’ 27 202+ ¢ \ 0 —per)’
1 (& 0 1 (0 0
1=375 (5 o) =350 &) o0
f_1<é2 O> f__l(O O)
* T 2y2\0 0)° 792 \0 &

and take € = (f1). Notice that, since rk(su(2)) = 1, this assumption is not restrictive. The
decomposition of g into irreducible Ad (K )-modules is given by

g=tDad® b Dby,
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with a == (fs) is Ad(K)-fixed, b1 := (fs, f5) and by := (f4, f6), hence m = a @ b; @ by. Fix

the orientation given by 2 = e! and consider the generic G-invariant 3-form v, on MPrnc,

135 146 235

Py = p1e 4 po et 4 p3 e 4 py 0,

where p; € COO(} ), j = 1,...,4. A simple calculation shows that the stability condition
A(t4) < 0 never holds, since A(¢4) = (p1ps — paps)® > 0.

Now, let (p,q) = (1,0) and consider the B-orthogonal basis of g given by when
(p,q) = (1,0) and assume ¢ = (f;) as before. Then, the decomposition of g into irreducible
Ad(K)-modules is given by

g=tdb; Da; ®ay D as,

with by = (fs, f5), a1 == (fa2), a2 = (f4) and ag := (fs). Observe that the modules qa;,
i =1,2,3, are equivalent. Consider the generic G-invariant 3-form v, on MP""¢ which is of
the form

124 126 135 146 235 246 345

Py = pre? £ po el 4 p3 el 4 py el 4 ps 23 4 pg 210 4 pr 31 4 pg 3%,

with p; € C*(I), j =1,...,8. It is straightforward to show

A1) = (pips + papr — pspe + paps)® > 0.

Remark 5.7. By the previous discussion we have that, when (g, ) = (su(2) @ su(2),R) with ¢
not diagonally embedded in g, M admits no G-invariant SL(3, C)-structures, i.e., G-invariant
stable 3-forms inducing an almost complex structure on M.

Finally, let us consider the case where £ is diagonally embedded in g. Without loss of
generality, we can assume (p,q) = (1,1). We consider the B-orthonormal basis of g given by
(5.4)[ when (p,q) = (1,1). The decomposition of g into irreducible Ad (K)-modules is given
by

g=tDad® by Dby,

with € = (f1), a == (f2) being Ad(K)-fixed, by = (fs, f5) and ba := (f4, f6). Then, m =
a® by @ by. Unlike the case p # ¢ both non-zero, here the equivalence of the modules b; and
by implies that the metric g on MP"™¢ is not necessarily diagonal but of the form

= dt2 + f(t)23|a><a + h’l(t)21§|b1><bl + h’Q(t)ZBthsz + Q‘thbgv

o
for some f,hi,he € C°(I), where Q denotes a symmetric quadratic form on the isotypic
component by @ by. In particular, the metric coefficients g;; :== g(e;, ;) must satisfy

gi=9i1=0, 1=2,...,6,
92i = gi2 =0, 1=3,...,6, (5.5)
933 = G55, 935 = gs3 =0,

944 = 966, 916 = gea = 0.
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where e;, 1 = 1,...,6, are the vector fields defined in the usual way. Fix the orientation given
by Q = !5 and consider a pair of G-invariant forms (w, ) of degree two and three, given
respectively by

w =hy e'? + ho €® + h3 e®® + hy(e® + €0) + hs(e®® + ),
b =p1 e 4 py M 4 po(e!3h 4 e156) 1 py (136 4 o149)
4 ps €23 1 pg 16 4 pr (e 4 e29) 4 pg (20 1 ¢219),

o
with h;,p; € C*°(I),i=1,...,5, j =1,...,8. Moreover, the structure equations are given
by

1

1 1 1
de! =0, de? = (635 - 646) , ded = —5625, det = 5626, de® = 5623, deb = —5624.

In order to find a G-invariant balanced non-Kéhler SU(3)-structure on MP' we have to
impose the conditions (1) to (7) listed at the beginning of this section, together with
We shall show that this system of equations is incompatible. This implies there are no G-
invariant balanced non-Kéhler SU(3)-structures on the corresponding M. In order to see
this, we write all conditions in terms of the coeflicients h;,p; of (w,vy), for i = 1,...,5,
j=1,...,8. One has that dw? = 0 holds if and only if

h
?1 (hs — h2) — (hahy — b2 —h3)' =0

and, in particular, dw = 0 holds if and only if

ha
(h2 + h3>/ =0,
hs = hs = 0.
Similarly, dy 4+ = 0 holds if and only if
ps —p3 =0,
/
=0
Ps = Peé,
pg = 0.

Let us suppose that ¢ is stable with A < 0 and consider the induced almost complex
structure J on MP™¢. Recall that, by G-invariance, ¢»_ = J needs to be of the same
general form of ¢, namely

1/]_ :q16135 + QQ6146 + Q3(€134 + 6156) + Q4(6136 + 6145)
+ q5€235 + q6€246 + Q7(€234 4 6256) + QS(€236 + 6245),
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where q1, ..., qs are functions of py, ..., pg. Therefore, one has diyy_ = 0 if and only if
/ _
g5 —q3 =0,
/
g7 + q4 (5.7)
45 = ge,
g6 = 0.
Moreover, |(5.5)|is equivalent to the system
(D196 + pape — 2psp7 — paps = 0,
ha(psps — pap7) + ha(paps — p1ps) + 2hs(p1p7 — p3ps) = 0,
h3(paps — pap7) + ha(paps — paps) + 2hs(p2pr — paps) = 0,
hs(paps — p1ps) = 0, (5.8)
hs(p2ps — paps) = 0,
ha(p2ps — p1pe) + 2ha(p1p7 — p3ps) = 0,
hs(p2ps — p1pe) + 2ha(p3ps — pap7) = 0,

where we have already assumed ps = pg from . Since pg = 0 and all the conditions for
the G-invariant balanced non-Kéahler SU(3)-structure involve only homogeneous polynomials,
we can assume either pg = 0 or pg = 1, up to scalings. Some possibilities can be excluded
using the following lemmas.

Lemma 5.8. Assume pg = 0. If py =0, or po = 0, or p; = 0, then conditions (1)-(7) are
incompatible.

Proof. Let us assume p; = 0. Then, A(¢;) = —2(psps — pap7)? < 0 and

Qi:07 i:475787

1

q3 = iﬁp%
1

qr = iﬁp&

where the signs of ¢z and ¢; depend on that of (psps — pap7). Then, diyr = 0 implies
p3 = pg = 0, from which \ = 0 follows.

Assume instead ps = 0. Then, we have A = —2(p3ps — pap7)? < 0, as in the previous case.
Moreover, one can easily compute

qa =qs =0,
q3 75194,
1
= :l:i 5
qr ﬁps

by which we can draw the same conclusion.



82 CHAPTER 5. BALANCED SU(3)-STRUCTURES OF COHOMOGENEITY ONE

Finally, let us assume p; = 0. Then, |(5.6) implies py = 0. In this case, A\(¢y) =
2p§ (p1p2 — p%) can be strictly negative and one can compute

=0, 1=23,4,38,

p1p3

a5

)

Dy

B
oot

2P

g6 =

i

D

p3p?

GI7=\/_—X

Therefore, assuming pg # 0 to ensure A(¢4) # 0, the requirement dipy = 0 imposes

b1 = p2,

which implies A > 0. O
Lemma 5.9. If hs # 0, ps = 1, ps = 0, then conditions (1)-(7) and |(5.8)| are incompatible.

Proof. From |(5.8)[ and the closure of 1, one has

p3 =0,
P4 = 07
b1 = —p2,

from which it follows that A = —4p3(p? — 1) and

_2(pF—Lpa _
G5 = ———F—— = — (6.
V=X
Thus g5 = ¢ = 0, from |(5.7), which would force A to vanish. O

We can then divide the discussion into the following cases:
L. hs #0, ps =0,
2. hs #0, ps =1,
3. hs =0, p¢ =0,
4. hs =0, pg = 1.

We study each case separately.

Case . By |(5.8)] Lemma and dy, = 0, it follows that ps = pg = hgy = 0. Then,
dy_ = 0 implies p; = p2. Now, we have A\ = Qp%(ng — pi). The compatibility condition
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¥y Aw = 0 holds if and only if pa(he + hg) = 2hsps. Then, if ho # —hg, we can write

po = (lff _4&’; 3 Therefore, |(5.8)| reduces to

—pap7(h3 + hohs — 4h2) = 0,
—p4p7(h§ + hohs — 4h§) =0,

all of whose solutions imply A > 0. When hy = —hs, the condition ¥; Aw = 0 implies py = 0,
from which A > 0 follows.

Case[(2)} By Lemma we can assume pg # 0. Then, by ((5.8), we have

p1 = p2,
P4 = P2Ps.

Moreover, since in this case A = —2(pZ — 2)(p2p7 — p3)?, [(5.8)| implies hy = 0 as well. Then,
(5.8)| implies

(p2p7 — p3)(haps — 2hs) = 0,
(p2p7 — p3)(h3ps — 2hs) = 0,

from which it follows that ho = hg = 22—2, since A must not vanish. Then, ¥ A w = 0 holds
if and only if p3 — 2 = 0, which would imply A = 0.
Case . By |(5.8)[ and Lemma we have hy = 0, which implies det(g) = h?h3h3.
Then, from , we also have
P3ps = papr,
2p3p7 = —paps.
If p3,ps # 0, then implies p% + 2p$ = 0, which contradicts our hypothesis. If pg = 0,
the closure of 14 implies p3 = 0. Then, we only need to discuss the remaining case, ps = 0.
Supposing this is the case, we have that together with Lemma implies py = 0.
Under these hypotheses, one can easily compute A\ = 2p1p2(2p% + pg),

(5.9)

(2p% + p3)m

LN
g6 = (207 + PE)p2
V= ’

so that A < 0 forces ¢5 # ¢g, a contradiction.
Case . Here, the compatibility condition 1y A w = 0, which holds if and only if

{h2 = 2hyp7 — h3, (5.10)

—haps — hsp1 + 2haps = 0,
together with |(5.8)] implies that one of the following must hold:
(4.a) hy =0,

(4.b) P4 = 0,
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(4.c) 2p2 +pi =2.

Let us start with case|(4.a)l By [(5.10), we have hy = —hg. In particular, since det(g) =
h%h%h%, we must have hz # 0. Then, a simple calculation show that dw? = 0 is equivalent to
dw = 0. In case|(4.b), by [(5.10)| and |(5.8), we have

p1 = 2p3pr — P2,
ha = 2hap7 — h3,

from which it follows that A\ = —2(2p2 + p2 — 2)(—2papspr + p3 + p3). Moreover, one can
show that g5 = g¢ implies pa = psp7. Now, |(5.8) implies hy = 0, which was already ruled out
in the previous case. In case [(4.c)| again by [(5.10)] and [(5.8)] we have

D1 = 2p3p7 + paps — D2,
ho = 2hap7 — h3,

which implies A = 0. This concludes case (b.1).

5.3.2 Case (c.3): g =su(3), t =su(2)
Consider the B-orthogonal basis of g given by

0 2 0 0 1 1 0 0 0 0 9
fi=17: 00 fo=1-1 0 0 fa=10 —i O fa=10 0 0)

0 0O 0 00 0 0 ¢t 00

0 01 0 00 0 0 O 1 ¢t 0 0
f5= 0 00 f6= 0 0 = 0 0 1 fg— 0 1 0

-1.0 0 0@0) 0 -1 0 \/5(00 2

Then, ¢ = (f1, f2, f3). Let a := (fg) and n = (f4, f5, f6, fr). Hence, m = a@® n. Since the
Ad(K)-invariant irreducible modules in the decomposition of g are pairwise inequivalent, the
metric g on MP'"¢ is diagonal. In particular, it is of the form

g = dt® + h(t)*Blaxa + f(£)*Bluxn,

o .
for some positive h, f € C°°(I). Moreover, with respect to the frame (e;)j=1,. ¢ of MP""
the structure equations are given by

de! =0, de? = —\/3¢%0, de® = /3%,
—V/3e%, ded = /3¢9, de® = —V/3(e* + ).

Fix the volume form € = e'*6. One can easily show that a pair of generic G-invariant forms
(w,1h4) on MP'C of degree two and three is given by

w =hy e’ + hy (e* + ) + hz (e2* — €3%) + hy(e®® + ),
b =p1 (€123 4 e5) - py (124 — 133) 1 (246 — &356) 4 py (6236 4 (496
+ ps (6125 + 6134) + pg ( 256 + 6346)
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o
with hy,pj € C*(I),i=1,...,4,j=1,...,6. As we did for case (b.1), we are going to show
that the system of equations resulting from imposing conditions (1)-(7) is incompatible. A
simple computation shows that diy; = 0 is equivalent to

Py —2v3p2 =0,
P +2v3ps =0,
pa=py=0.
By the G-invariance,
Do =qq (1% 4+ 145) - go (€124 — e135) 1 g5 (€46 — €36) 4 gy (236 4 ¢456)
+ g5 (€125 1 e134) 4 gg (25 4 346,

where the ¢;’s are functions of p1, ..., pg. Therefore, diy»_ = 0 holds if and only if

qé - 2\/3(]2 = 05
qg + 2\/3115 = 07
qa=q; =0.

In particular, it follows from ps = 0 that we have
o = 223+ Pe)pn
v=\ ’

with A = —4(p? (p3 + p3) + (p2ps — p3 ps5)?). We suppose that 9 is stable with A < 0. Then,
g4+ = 0 holds if and only if p; = 0 does. Since p; has to be equal to zero, it can be shown that
the compatibility condition ¥, A w = 0 is equivalent to the following system of equations:

{h3p3 + hape = 0,

(5.11)
hapa 4 haps = 0.

Moreover, the positive-definiteness of g implies h; > 0. Then, the normalization condition

Vi NP = %wS is equivalent to
|p2p6 — paps| = hi(h3 + h3 + h3). (5.12)
The balanced condition dw? = 0 is satisfied if and only if
2v/3h1hy + (h3 4+ h3 + h3) = 0. (5.13)
Finally, the Kéhler condition dw = 0 holds if and only if
{%;ﬁh_éo: 0 (5.14)

Multiplying [(5.12)| by h4 and using [(5.11)] we obtain hyhy(h3 + h3 + h2) = 0. Since hy > 0
and ho = hs = hy = 0 would imply w? = 0, we necessarily have hy = 0. Then, implies

h3pz =0
hapa = 0,
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from which hs = 0 follows, since po = p3 = 0 would imply A = 0. Then, reads
ha(v/3h1 +hb) = 0 and, since hy # 0, in order to have w?® # 0 we have v/3h; +h), = 0, forcing
dw = 0. Therefore, every G-invariant balanced SU(3)-structure on the corresponding M is
necessarily Kahler. This concludes case (c.3).

5.3.3 Case (a.1l): g =su(2) @ 2R, ¢t = {0}
Since ¢ = {0}, we can write T,M = (e1|,) ® ¢

k-form o on MPRC of the form

_ K S Pt 7 %
a= E Qi€ ,

1<41 <. <1, <6

» for each p € MP"*¢ Moreover, every

(o]
with «;,.;, € C°(I), is G-invariant. Let

w= > hye", = > pyre?t (5.15)
1<i<;j<6 1<i<j<k<6
be a pair of generic G-invariant forms on MP"" of degree two and three, respectively, with
o ~
coefficients hi;, pijr € C°°(I). If we choose a B-orthogonal basis of su(2) with vectors of
constant norm, say
€

fi: 7i:172737

0

and extend it to a basis (f;)i=1,...5 of g, the structure equations with respect to the frame
(€:)i=1...6 of MP'" are given by

del =0, de? = —2¢**, ded =2e*t, det = —2¢%, de® =0, de® =0.
Fix the volume form 2 := —e!6. We consider the forms given in and set

D134 = p234 = 1,

D136 = P235 = P246 = —P145 = €2t7
3 e4t

hi2 = - —F———,
21/9 4 3ebt

1
hsq = . (—3 +VI+ 366t> e 2,

h3s = h3e = hag = —has =1,

_ 2t
h56 = 2e 5

for each ¢t € (—1,1), with all the other coefficients equal to zero. Then, by performing the
change of variable

(1) = /O a(s)ds, a(s):\/§(9+3e&)—ie%,
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one can easily check that the resulting pair (w, ) defines a G-invariant balanced non-Kéhler
SU(3)-structure on the corresponding MP'"¢. With respect to the ¢ parameter, the metric
on MPr¢ ig represented by the matrix

3 et
2Vorse " ' vl
3 e
Y — 3+ 9 4+ 3ebt
(9i5) 0 0 —am 0 1 -1
34+ V9 + 3ebt
0 0 —a
0 1 1 2e% ()
0 0 —1 1 0 2e%

However, using the results from [129], we can check that this example cannot be extended
to the singular orbits to give a smooth metric on the whole manifold. This concludes the
proof of Theorem 0

We will finally prove our main theorem.

Theorem 5.10. Let M be a 6-dimensional simply connected cohomogeneity one manifold
under the almost effective action of a compact connected Lie group G. Then, M admits no
G-invariant balanced non-Kdhler SU(3)-structures.

Proof. By Theorem we only need to discuss whether there exist balanced non-Kéhler
SU(3)-structures of cohomogeneity one arising as the compactification of the principal part
determined by the pair (g, ) = (su(2) ® 2R, {0}).

By [85], a 6-dimensional compact simply connected cohomogeneity one manifold M whose
corresponding principal part is determined by the pair (g,¢) = (su(2) ¢ 2R, {0}) at the Lie
algebra level is G-equivariantly diffeomorphic to the product of two 3-dimensional spheres,
ie., M =283 x S3. If we denote by H;, i = 1,2, the singular isotropy groups for the G-action
on M and by bh; = Lie(H;), i = 1,2, their respective Lie algebras, we have that both b
and hs are isomorphic to R so that both the singular orbits of M are 4-dimensional compact
submanifolds of M. Letting b; be the i-th Betti number of M, then we have by = 0. By
Michelsohn’s obstruction ([106, Corollary 1.7]), if M admitted any 4-dimensional compact
complex submanifold .S, then M would not admit a balanced metric. Therefore, we can make
a few considerations by focusing on one tubular neighborhood of a singular orbit G D H D K
at a time. In particular, we divide the discussion depending on the immersion of h C g. Let
S be the singular orbit determined by the group diagram G > H D K. We notice that, if S is
J-invariant, a complex structure on M would give rise to a complex structure on S, so we can
discard all these cases by Michelsohn’s obstruction. In particular, we have T,M =T,S @&V,
where V =T, qSL is the slice at ¢ € S. Since S is 4-dimensional, V is always a 2-plane. We
recall that the H-action on TS is given by the adjoint representation, while the H-action
on V is given via slice representation. Since V is 2-dimensional, this action is just a rotation
on V of a certain speed, say a. Let us start by considering the case where h is contained in
the center of g, 3(g). In this case, the H-action on T,S is trivial. Therefore, T,S @ V are
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inequivalent modules of the H-action on T;,M and, since J commutes with the H-action, J
preserves 1,5 for each ¢ € S, i.e., S is an almost complex submanifold of M and we may
apply Michelsohn’s obstruction to discard this case. Therefore, we may suppose that b has
a non-trivial component in the su(2)-factor of g. In particular, since rk(su(2)) = 1 and the
adjoint action ignores components in the center of g, we may assume b = (f;) without loss of
generality and using the notation from Section [5.3.3] Moreover, if we let m denote the tangent
space to S via the usual identification, the decomposition of m in irreducible H-modules is
given by
m=1[yDly,

where H acts trivially on [y and via rotation of speed d on l;. Therefore, when the integer a
is different from d, the modules lg, {1 and V are inequivalent for the H-action and must be
preserved by J, as a consequence. In particular, we have J(7,5) C T;S and we may apply
Michelsohn’s obstruction as before. For the remaining case a = d, we have that the two
modules /; and V' are equivalent, hence, J(I; @ V) C I3 @ V but not necessarily J(l1) C [;.
In particular, when this case occurs, the orbit S is not J-invariant and we do not have
obstructions to the existence of balanced metrics. Therefore, from now on, we assume this is
the case.

Let 0/0x be a vector field such that (§|,,0/0x|,) is an orthonormal basis for the slice V'
and Ty M = (e, dzlq, €3|4, €']q, €°|g, €%]q). Let ¢: b — End(T,M) be the h-action on T, M.
Then, in order to have 1 and V' h-equivalent, up to rescaling f1, ¢(f1)* acts on 1-forms given
in the previous basis as

0o 1 0 0 0 0

1 0 0 0 0 0

. o o 0 1 0 0
=10 o -1 0 o0 o
0 0 0 0 0 0

0 0 0 0 0 0

Fix the volume form Q = e!% and consider the 3-form
- D123 4 poel?t 1 pael? 4 puel26 4 peeldt | peel3S f prel36 | poelds
T poeS 1t p11e?t 4 p1oe?3 1+ p13e?3 1+ prae® 4 prse 4 pige?®
+ p17e345 4 p18e340 + p1ge3C + poget®0,
with p; € C>*((-1,1)), j=1,...,20.
The condition di, = 0 is equivalent to the following ODE system:
+ q g Yy

'p/u =0,

p/12 +2ps =0,

Pis +2py =0,

p:14_2p6:0’ (5.16)
P15 — 2p7 =0,

p/17 +2p3 =0,

p,18 +2py =0,

P16 = P19 = p20 = 0.
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From now on, we shall assume pig = p1g = p2g = 0.

Let the slice be V 2 R?, so that the singular point ¢ € Oy is identified with 0 € R?, and
let 7: V' — R be the radial distance, such that for v = (vi,v2) € V, r(v) = |v| = /v] + v3.
Then, r ¢ C*°(V) and neither are the odd powers of r. Via the exponential map, we can
identify ¢t 4+ 1 with the radial distance r.

Let a be a G-invariant 1-form on M. Then,

6
alt) = a(t)e,
i=1

for t € (—1,1) and some smooth functions «;, i = 1,...,6. This expression has to extend
smoothly to t = —1. In particular, the Taylor expansion of aj(t) around ¢ = —1 for k > 2
only has even powers of (¢t + 1):

Oék(t) ~ Zak72”(t + 1)2n'

n>1

Now, for 2 < i < j < k < 6 fixed, the e”*-coefficients extend smoothly to t = —1. Hence,

pra(t) ~ Y agn(t+1)*",

n>1

with analogous expressions holding for p13(t), p14(t) and p15(¢) around ¢ = —1. Therefore,
we have limy—._1 pl,(t) = limy—_1 pi5(t) = limy—_1 pl4(¢) = limy—_y pi5(t) = 0. From[(5.16)]
we obtain limy—,_1 pg(t) = limy—,_1 p7(t) = limy—,_1 pg(t) = limy—._; py(t) = 0.

The 3-form ¢4 at t = 0 has to be H-invariant, hence it can be written as

p =czel Ndax Ne® + cgel Ada A el + el + crel30
+ cge!® + cgel® — cgdx A €3® — codx A €36
+ cgdx N e*® + crdr A e*6 4 ¢17e3% + ¢1ge3%,

for some c3,C4, Cg, C7,C8,C9,C17,C18 € R. But C;, = lirnt_>_1 pi(t) =0 for: = 6, 7, 8, 9. There-
fore, one can easily compute

Mi=—1 = (c1s¢3 — c17¢4)? > 0.

This concludes case (a.1).

We note that it is possible to reach a contradiction just by studying the behaviour around
one of the singular orbits. However, if we do not use the information coming from Michelsohn’s
obstruction, the computations get significantly more complicated. The main point is that
dy_ = 0 and the stability condition A < 0 imply p1g = 0. If we assume this too, the 3-form
¥4+ at t = —1 can be written as

) =cre! Adz A e+ coel Adx A et + csel Adx A e® + cael Adx A el
+ 656134 + 066135 + 676136 + 686145 + 696146
+ cridx A e3t + crada A €% + cpzdz A €30 + cradz A e*® 4 cisdx A e*0

345 346
+ c17e”™ + c18e”™,

for some ¢; € R, i = 1,...,18, ¢ # 10,16. Then, once again, we obtain A|;=—_1 = (c1gc3 —
01704)2 > 0 concluding the case. O
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Remark 5.11. In case (a.1) and when h = R, we also note that we can remove the hypothesis
of simply connectedness from the non-compact case and still get a non-existence result. Let
M be a 6-dimensional non-compact cohomogeneity one manifold under the almost effective
action of a compact connected Lie group G and let K, H be the principal and singular isotropy
groups, respectively, with (g,b,€) = (su(2) ® 2R, R, {0}). Then, M admits no G-invariant
balanced non-Kéhler SU(3)-structures.

Remark 5.12. In [66], balanced metrics were constructed on the connected sum of k£ > 2
copies of S2 x S3. However, it is not known whether S® x S admits balanced structures.
In [106, Example 1.8], Michelsohn proved that S® x S% endowed with the Calabi-Eckmann
complex structure does not admit any compatible balanced metrics. By |4, Remark 1|, in a
manifold with six real dimensions, there is no non-Kéahler Hermitian metric which is simul-
taneously balanced and strong K&hler-with-torsion (a.k.a. SKT). In [60], Fino and Vezzoni
conjectured that on non-Kéhler compact complex manifolds it is never possible to find an
SKT metric and also a balanced metric. In [74], an example of an SKT structure on 3 x S3
was provided. The key case that needed to be tackled in Theorem was precisely S3 x §3.

From Theorem [5.10] we get the following corollary.

Corollary 5.13. There are no non-Kdhler balanced SU(3)-structures on S3 x S® which are
mwvariant under a cohomogeneity one action.

Remark 5.14. In the non-simply-connected case, by Theorem we can discard cases (b.1)
and (c.3), as these do not admit local solutions to conditions (1)—(7). Moreover, as observed
in [I17, Section 3|, one can also rule out cases (b.3) and (c.2), as the G-action would not be
almost effective, as well as case (c.1) since it would give rise to a 3-dimensional J-invariant
subspace, a contradiction.
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Appendix 1

Table contains the isomorphism classes of 6-dimensional real nilpotent Lie algebras
i, ¢ = 1,...,34, including their first Betti numbers and an indication of whether they
admit half-flat structures and symplectic forms. Explicit examples of mean convex closed
SU(3)-structures on these Lie algebras, whenever they exist, are given in Table We also
indicate which ones are half-flat. Table contains all 6-dimensional symplectic solvable
(non-nilpotent) unimodular Lie algebras, up to isomorphism, specifying which ones admit
tamed closed SL(3, C)-structures.

91



CHAPTER 6. APPENDIX 1

Table 6.1: 6-dimensional real nilpotent Lie algebras, up to isomorphism

g Structure constants b1(g) | Half-flat | Symplectic
g1 | (0,0,e'2,e13, ! 4 23, €3 — e25) | 2 - -
9 (0,0,e'2, ¢13 14 34 _ o25) 5 - -
93 (0,0,e'2 e!3 el el?) 2 - %
g1 | (0,0,e'2,e13, e 4 €23 e - e19) | 2 v v
95 (0,0,612,61376147623 + 615) 2 B v
96 (0,0,612,61376237(314) 2 v/ v
g7 (0,0,e'2 €13, €23, el — %) 2 v v
98 (0,0,e'2,e13, €23, ¢!t + 2) 2 v v/
go | (0,0,0,e!2 et — 2 15 4 34) 3 % ;
g10 (0,0,0,€'?, e, e!® + €23) 3 v/ v
g1 | (0,0,0,e'%, et et 4 €2 + ) 3 v/ v
912 (0,0,0,e'?, !, e!® 4 ¢24) 3 v v
913 (0,0,0,e'? e, e!?) 3 % v
914 (0,0,0,e'?,e'3, e 4 %) 3 v/ _
915 (0,0,0,e'2, €23, el + €39) 3 v -
g16 (0,0,0,e'2,e23 14 — 3%) 3 % -
917 (0,0,0,e'? el4 e24) 3 7 -
g1z | (0,0,0,e!2 e!3 — 24 o1t 4 23) 3 - 7
919 (0,0,0,e'2 el el — £24) 3 - v
920 (0,0,0,e'2 el3 4 el e24) 3 _ v
g21 (0,0,0,¢'2,e'3, ! 4 €9) 3 v v
go2 (0,0,0,e'? '3 e24) 3 % ;
923 (0,0,0, €2, e13, ¢14) 3 - Y
924 (0,0,0,¢e!2, 3 ¢23) 3 v ;
925 (0,0,0,0,e'2,e!5 + 34) 4 v -
926 (0,0,0,0,e'2,e'9) 4 _ v
927 (0,0,0,0,e'2, !4 4 25) 1 ; S
928 (0,0,0,0,e'? — e el 4 23) 4 % ;
929 (0,0,0,0,e'2, et + €23) 4 v %
gs0 (0,0,0,0, 2, ¢34) 1 / /
931 (0,0,0,0,e'2,¢e'3) 4 v 7
932 (0,0,0,0,0,e'? + e34) 5 v -
933 (0,0,0,0,0,¢e'?) 5 / v
934 (0,0,0,0,0,0) 6 v/ v
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Table 6.2: 6-dimensional unimodular solvable non-nilpotent Lie algebras admitting symplectic
structures, up to isomorphism [47, [103].

g Structure equations decomposable | Tamed closed SL(3, C)-structure
92:;1 (6267 6367 0, 646’ 7656’ 0)
92:(1)0 (€2,¢36,0, 50, —e%6, )
9;1273%’0 (_%616 _'_6237_6267%6367646’070) v
gé’l;l’o (_%616 +e23’%€267_€367€467070) v
9(?&5 (e23,e26, €36 26 4 (16 36 _ (36 ()
gaéfl (623’ _626’ 6367 €36 4 6467 _6567 0)
92721 (€23,0, €26, 646, 36 ()
92326 (6237 0, 6267 —e56 6467 0)
98,38 (623, —36, 620 26 _ (56 36 1 46 () v/
9815_41 (€16 + €35, —e20 1 % 36, %6 0, ) v/
98:20 (_626 + 6357 el6 4 e457 _6467 63670’ 0)
6.7 (—el6 1 ¢25 45 24 4 36 | 46 o6 (56 ()
gg:ilsﬁl (7616 + €25, —el5 — 26 36 _ 15 ¢35 4 46 0) v/
néf%m (—e®, —e15 — 36, _l4 4 26 3 56 (56 (46 ()
e(2) @ e(2) (0, —e'3,e12,0, —e%0 e45) v
e(1,1) ®e(1,1) (0, —e'3, —e'2,0, —e0, —e%) v v
¢(2) @ R? (0, —e'3,e'2,0,0,0) v
¢(1,1) o R3 (0, —e'3,—'2,0,0,0) v
e(2) ®e(1,1) (0, —e'3, 12,0, —e*0, —e19) v
¢(2) © b3 (0, —e'3,¢12,0,0, ) v
¢(1,1) ® b3 (0, —e'3, —e'2,0,0, e%) v
A7 R (15, —e25, Be3® —Be®5.0,0), —1<B<0 v v
A;z @R (€%,0,e35, —e,0,0) v
Aﬁéo”y R (e'®, —e25 vye, —4e35,0,0), ~+>0 v
Ag714 oR (€2°,0,e*, —¢%,0,0) v
A:%o o R (€15 + €2, e, —e¥ 4 B e 0,0) v
A;’ﬁa’l OR (ae®® + 25 —e 4 ae®, —ae®® + e, —e® — ae?,0,0), a>0 v v
Ag(l)’? OR (€28, —e1d ye® —e®.0,0), 0<y<1 v
Ag:?’; e R (e?®, —e™®, e —3% 0, 0) v v
Ag,m oR (€25 4+ ¢35, —elb 1 e85 15 35 0,0) v
AR OR (—elB 4 €23 e 235 2¢45 0, 0) v

9
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Table 6.3: Explicit examples of mean convex closed SU(3)-structures

g Mean convex closed SU(3)-structures Half-flat structures | Half-flat mean convex structures
o - - -
92 - - -
W= _el2 _ 35 _ A6
93 5 = ; - ; - -
p= 3l 4 Bld5 _ (156 _ 234 _ (236 4 (245
04 - v -
w=—el? — 3% —¢40
95 . . ., - -
p=leldt_ (156 _ 6236 | 9025
W= elD _ g2 _ 36 , ,
g6 o 2 . o orp .
p=el23 o134 146 (235 256 _ ;345
_ 1,15, 1,24 _ 3,36
97 wT e haeae v v
_ 3,123 | 1,134 _ 146 , 1 /235 _ 1,256 , 3,345
p=—3¢"+3e e+ e 7€ €
w=el®—¢e2 - %636 v v
p=cl? _ ol3t _ Lou6 _ 235 _ 345
99 - 4 -
w=—Leld 1 (16 _ o2 ,
910 p=el2h M5 4 156 _ 1,231 1,236 | 1,315
=e¢ 4 4 2¢ 2¢ 2¢
W= 213 B2 | B _B2e26 | B3 | o35 4 o5 4 Hoi6 | (56 .
gn ; 34 36 ; ; 36 15 46 -
p = 26125 4 126 _ 51314 o136 | (M6 4 o156 _ 236 4 ;215 _ 216
912 v
w=el el e v
913 p= —el2h g M5y (156 4 234 (236 ;345
W= 13 _ 26 4 15 ,
914 p= —el25 _ QM6 4 (234 4 (356
W= 15 4 3 _ 2 , /
915 o . ) . ’
p= el 4 136 16 | 235 (245 | (356
W= 13 4 26 _ 5 , ,
d16 . - o oy
p= 9e124 _ ﬁelsﬁ — 235 4 %6346
w=el? 434 e
917 . . . - -
p= —el 4 9el6 4 236 | Leats
W — 12 _ 31 _ 56
918 5 E o 245 94 - -
p= el35 _ éemﬁ + éezse 4245 4 (246
W= —el2 4 31 _ 56
919 — _
p = el35 4 Q16 _ (236 | ;215
W= —el2 _ 31 4 56
920 p = —el35 _ QM6 | (235 _ 236 | 25 | 216 B B
W= —el2 _ g3 4 56 ,
921 _
p = —2e136 1 15 | 1235 | (216
w=el04 e 4 v v
922 = el2h _ 135 _ (256 _ ;346
w=e'?4 e 4 e
923 ) ) - _
p =213 4 Lel45 | (235 _ 216
W= —elb 4 25 _ o34 , /
924 o= _el23 4 o145 4 246 4 356
W= —el3 4 o5 4 (26 . .
25 _ 156 | 124 _ 235 _ 346
925 = el56 4 124 _ 235 _ ;346
W= elb 4 23 _ 36 4 (15
g2 1 o o : - -
p= —2el2% 4 135 | o6 _ (234 | ;256
w:7§5127645+836 P
927 . ) . ’ e -
p= 135 4 M6 | (234 | (235 _ ;256
W= —el? _ ¢34 4 (56 , ,
928 p= —el80 4 QM5 | o285 | 216
W= el 4 2 _ (50 , ,
29 _ 96 _ 45 235 _ BT
929 p= 126 _ M5 g (235 _ 316
W= 13 _ 2 6 , S
930 p= 12126 4 M5 | M6 | (236 | 345
W= _eld _ ¢35 4 2% , ,
_ 56 _ 245 _
931 p= —elBy QI56 _ 245 _ 346
W = —/2el3 _ g2 _ 36 , ,
932 p= —el25 4 QM6 _ (236 | 9845
w=—eld — 2 — 5 v v
933 p= —el25 4 M6 _ (236 4 (345
934 - v _
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Appendix 2

In this appendix, the reader can find the Maple instructions used to derive the main
results of Chapter [2]

restart;
with(LinearAlgebra); with(difforms);

for i to 6 do defform(e[i] = 1) end do;
for i to 6 do defform(dw[i]l = 1) end do;

Sign := proc (p::list) local i, j, n, N; n := nops(p); N := 0;
for i to n-1 do for j from i+l to n do

if p[j] < p[i] then N := N+1 end if end do end do;
“if‘(N::even, 1, -1) end proc:

# Procedure to order wedge products

ord := proc (form) local i, j, k, 1, m, n, listl, 1list2, res, temp; res := 0;
temp := simpform(form);

if wdegree(temp) = 2 then for i to 6 do for j to 6 do

if simpform(&~(el[il, e[jl)) <> O then listl := [i, j]; list2 := sort(listl);
res := res+Sign(listl)*coeff (temp, &~ (eli]l, el[jl))*&~(e[list2[1]], e[list2[2]])
+Sign(listl)*coeff (temp, &~ (dwl[il, dw[jl))*& (dw[list2[1]1], dw[list2[2]])

end if end do end do

elif wdegree(temp) = 3 then for i to 6 do for j to 6 do for k to 6 do

if simpform(&~(&~(el[i]l, el[jl), elk])) <> O then listl := [i, j, k];

list2 := sort(listl); res := res+Sign(listl)*coeff(temp, &~ (&~ (elil, el[jl), elk]l))
&~ (& (e[1ist2[1]], ellist2[2]]1), el1list2[3]11)

+Sign(listl)*coeff (temp, &~ (& (dwl[i]l, dw([jl), dwlk]))

*&~ (&~ (dw[list2[1]], dwllist2[2]1]1), dwl[list2[3]11)

end if end do end do end do

elif wdegree(temp) = 4 then

for i to 6 do for j to 6 do for k to 6 do for 1 to 6 do

if simpform(&~(&~(&~(elil, eljl), elk]l), e[1l]l)) <> O then
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listl := [i, j, k, 1]; 1list2 := sort(listl);

res := res+Sign(listl)*coeff (temp, &~ (&~ (&~ (e[i], el[j1), elk]l), el[1l]))

*&~ (&~ (&~ (e[list2[1]1], ellist2[2]1]1), ellist2[3]1]), ellist2[41])
+Sign(listl)*coeff (temp, &~ (&~ (& (dwlil, dwl[jl), dwlk]), dw[1]))

&~ (&~ (&~ (dw([list2[1]], dwllist2[2]]), dw[1list2[3]]), dwl[list2[4]])

end if end do end do end do end do

elif wdegree(temp) = 5 then

for i to 6 do for j to 6 do for k to 6 do for 1 to 6 do for m to 6 do

if simpform(&~(&~ (&~ (&~ (eli], el[jl), elk]l), el[1]), e[m])) <> O then

listl := [i, j, k, 1, m]; 1list2 := sort(listl);

res := res+Sign(listl)*coeff (temp, &~ (&~ (&~ (&~ (e[i], el[jl), elk]), e[l]l), e[m]))
*&~ (&~ (&~ (&~ (e[1list2[1]], ellist2[2]]1), e[1ist2[3]1]1), ellist2[4]]), el[list2[5]1])
+Sign(listl)*coeff (temp, &~ (&~ (& (& (dw([i]l, dw[jl), dwlk]), dw[l]), dwl[m]))

*&~ (&~ (&~ (&~ (dwl[list2[1]], dwl[list2[2]]), dw[list2[3]1]), dwl[list2[4]]), dwllist2[5]])
end if end do end do end do end do end do

elif wdegree(temp) = 6 then

for i to 6 do for j to 6 do for k to 6 do for 1 to 6 do for m to 6 do for n to 6 do
if simpform(&~ (&~ (&~ (&~ (&~ (el[i]l, e[jl), elk]), el1l]l), elm]), eln])) <> O then

listl := [i, j, k, 1, m, n]; list2 := sort(listl);

res := res+Sign(listl)

xcoeff (temp, &~ (&~ (& (& (& (elil, el[jl), elk]), ell]), elml), elnl))

*&~ (&~ (&~ (&~ (&~ (e[1ist2[1]], el[list2([2]]), ellist2[3]]), el[list2[4]1]),
e[list2[5]]1), el[list2[6]1])

+Sign(listl)*coeff (temp, &~ (&~ (& (& (& (dw([il, dw[jl), dwlk]), dw[l]), dw[m]), dw[nl))
*&~ (& (& (& (&~ (dwllist2[1]], dwllist2[2]]), dwl[list2[3]1]1), dwllist2[4]1]),
dw[list2([5]]), dw[list2[6]1])

end if end do end do end do end do end do end do end if;

simpform(res) end proc:

# Procedure to differentiate differential forms

dform := proc (form) local i, j, k, temp, res;

res := 0; temp := simpform(form);

if wdegree(temp) = 2 then for i to 6 do for j to 6 do

if simpform(&~(el[il, e[jl)) <> O then

res := res+coeff (temp, &~ (el[i]l, el[j1))*(&~(del[i], e[j1)-& (el[i]l, delj1))
end if end do end do

elif wdegree(temp) = 3 then for i to 6 do for j to 6 do for k to 6 do

if simpform(&~(&~(el[i], e[jl), elk])) <> O then

res := res+coeff (temp, & (& (el[il, e[jl), elk]))

* (&~ (&~ (del[i], el[j1]), elk])-&~ (& (elil, deljl), elk])+&~ (& (el[il, e[jl), delk]))
end if end do end do end do end if; ord(res) end proc:

# Chosen orientation
Omega := & (&~ (&~ (&~ (&~ (e[1], e[2]), el3]), el[4]), el5]), el[6]):
orient := coeff(Omega, &~ (&~ (& (&~ (&~ (e[1], e[2]), e[3]), el[4]), el[5]), el61)):
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for i to 20 do defform(p[i] = const) end do;

# Generic 3-form psip:=psi_plus

psip := plilx&~(e[1], e[2], e[3])+p[2]*&~(el[1], e[2], e[4])
+p[3]*&~(e[1], e[2], e[5])+p[4]l*&~(el1], e[2], el[6])
+p[5]*&~(e[1], e[3], e[4])+pl6]l*&~(e[1], e[3], e[5])
+p[7]1*x&~(e[1], e[3], el6])+p[8l*&~(el[1], e[4], e[5])
+p[9]*&~(e[1], el4], e[6])+p[10]*&~(e[1], e[5], el6])
+pl11]*x&~(e[2], e[3], el4])+pl[12]*&~(e[2], e[3], e[5])
+p[13]*&~(e[2], e[3], el[6])+p[14]*&~(e[2], e[4], e[5])
+pl156]*&~(e[2], e[4], el[6])+pl[16]l*&~(e[2], e[5], el6])
+p[17]*&~(e[3], e[4], e[5])+p[18]*&~(e[3], el[4], e[6])
+p[19]1*&~(e[3], el5], el6]1)+p[20]1*&~(e[4], e[5], el6]):

# Structure constants
del[1] := [###]:

de[2] := [###]:
de[3] := [###]:
de[4] := [##4#]:
de[5] := [###]:
de[6] := [##4#]:

# Compute d(psip) and impose its vanishing
dform(psip)

# Construct the induced almost complex structure

for i to 6 do Ki[i] := 0 end do;

for i to 6 do for j to 6 do for k from j+1 to 6 do

if simpform(&~(&~(el[i], e[jl), elk])) <> O then

K1[i] := simpform(K1[i]+coeff (psip, &~ (&~ (el[i], el[jl), elk1))*& (el[jl, elkl));
if simpform(&~(&~(el[jl, elil), el[k])) <> O then

K1[i] := simpform(K1[i]-coeff (psip, &~ (&~ (el[jl, elil), elk1))*& (el[jl, elkl));
if simpform(&~(&~(eljl, elk]l), el[il)) <> O then

K1[i] := simpform(K1[i]+coeff (psip, &~ (&~ (el[jl, elk]), elil))*& (el[jl, elk]))
end if end if end if end do end do end do;

for i to 6 do K1[i] := ord(&~(K1[i], psip)) end do:

for i to 6 do

K2[i] := orient

xsimpform(coeff (K1[i], &~ (&~ (&~ (&~ (e[2], e[3]), el4]), el[5]), el6]))*e[1l]
-coeff (K1[i], & (&~ (&~ (&~ (e[1], e[31), el[4]), e[5]), el6]1))*e[2]

+coeff (K1[i], & (&~ (&~ (&~ (el[1], el2]), el4]), e[5]1), el6]))*e[3]

-coeff (K1[i], & (&~ (&~ (&~ (e[1], e[2]1), e[3]), e[5]), el6]))*el4]

+coeff (K1[i], & (&~ (&~ (&~ (el[1], el2]), el3]), el4]), el6]))*e[5]
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-coeff (K1[i], & (&~ (&~ (&~ (e[1]l, el[2]), e[3]), el[4]), el5]))*el[6]) end do:

K := Matrix(6):
for i to 6 do for j to 6 do K[i, j] := -coeff(K2[j]l, el[il) end do end do:

lambda := factor((1/6)*Trace(K.K)):

J := simplify(DiagonalMatrix([1/sqrt(-lambda), 1/sqrt(-lambda), 1/sqrt(-lambda),
1/sqrt(-lambda), 1/sqrt(-lambda), 1/sqrt(-lambda)]) .K):

for i to 6 do Je[i] := 0 end do:

for i to 6 do for j to 6 do Jel[i] := J[i, jl*el[jl+Jel[i] end do end do:

# Construct psim:=J(psip)

psim := O:
for i to 6 do for j from i+l to 6 do for k from j+1 to 6 do

psim := ord(psimt+coeff (psip, & (&~ (eli]l, e[jl), elk]))*&~ (& (Jelil, Jeljl), Jelkl))

end do end do end do:

# For simplicity, multiply d(psim) by sqrt(-lambda)
dpsim2 := ord(sqrt(-lambda)*dform(psim)) :

# Construct a basis of the form {e_i,Je_i,e_j,Je_j,e_k,Je_k}
# To do so, choose three indices {i,j,k}

# and build the change of basis

listJ := [#4#4#]:

M := Matrix(6);

M[1istJ[1], 1] := 1; M[1listJ[2], 3] := 1; M[1listJ[3], 5] := 1;
for i to 6 do M[i, 2] := J[i,listJ[1]];

M[i, 4] := J[i,1listJ[2]]; M[i, 6] := J[i,1istJ[3]] end do:

# Make sure det(M) is non-zero
Determinant (M)

Q := simplify(MatrixInverse(M)):

# Rewrite dpsim2 in complex coordinates, obtaining dpsim3
# dwl[i], i=1,2,3, are (1,0)-forms

# dw[i], i=4,5,6, are their conjugate (0,1)-forms

h([1] 1/2x(dw[1]+dw[4]): h[2] (Ix(1/2))*(dw[1]-dw[4]):
h[3] 1/2x(dw[2]+dw[5]) : h[4] (I*(1/2))*(dw[2]-dw[5]):
h[5] 1/2*%(dw[3]+dw[6]1): h[6] (Ix(1/2))*(dw[3]-dw[6]):



99

for i to 6 do g[i] := 0 end do:

for i to 6 do for j to 6 do gl[i] := Q[j, il*h[jl+gli] end do end do:
dpsim3 := O:

for i to 6 do for j from i+l to 6 do

for k from j+1 to 6 do for 1 from k+1 to 6 do

dpsim3 := ord(dpsim3+coeff (dpsim2, &~ (&~ (&~ (el[il, e[j1), elk]l), elll))
&~ (&~ (&~ (glil, glj1), glkl), g[1])) end do end do end do end do:

# Construct the (1,1)-form beta associated with dpsim3

beta := 0:

for i to 6 do for j from i+l to 6 do for k from j+1 to 6 do

for 1 from k+1 to 6 do for r to 6 do for s from r+1 to 6 do

if & (&~ (dwlil, dwljl, dwlk], dw([1]), dwlr], dw[s]) <> O then

beta := ord(beta+Sign([i, j, k, 1, r, sl)

*(2x1)*&~ (coeff (dpsim3, &~ (dw[il, dwljl, dwlk]l, dw[1])), dwlr]l, dw[s]))
end if end do end do end do end do end do end do:

# Construct the 3x3 matrix B associated with beta

B := Matrix(3):

for i to 3 do for j to 3 do

B[i, j] := -(2%I)*coeff(beta, & (dw[i], dw[j+3])) end do end do:
# Using Sylvester’s criterion, check if B is positive semidefinite
# via its principal minors

B[1, 1]

B[2, 2]

B[3, 3]

Determinant (SubMatrix(B, [1, 2], [1, 2]))

Determinant (SubMatrix(B, [1, 3], [1, 3]1))

Determinant (SubMatrix(B, [2, 3], [2, 3]1))

Determinant (B)
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