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Abstract: Existence of strong Kähler with torsion metrics, shortly SKT metrics, on complex manifolds has been 
shown to be unstable under small deformations. We �nd necessary conditions under which the property of 
being SKT is stable for a smooth curve of Hermitian metrics {ωt}t which equals a �xed SKT metric ω for t = 0, 
along a di�erentiable family of complex manifolds {Mt}t.
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1 Introduction
Let (M, J, g, ω) be an Hermitian manifold. If the fundamental form ω of g is closed, i.e., dω = 0, where
ω(⋅, ⋅) = g(J⋅, ⋅), the metric g is said to be Kähler. By the celebrated theorem of Kodaira and Spencer, see
[14], we know that on a compact complex manifold the Kähler condition, i.e., the property of admitting a
Hermitianmetric with closed fundamental form, is stable under small deformations of the complex structure.
Therefore, it is straightforward to consider notions that generalize the Kähler condition which naturally arise
in the Hermitian setting and study their stability under deformations.

When the fundamental form ω (or its powers) belong to kernel of certain di�erential operators deriving
from the complex structure, special Hermitian structures arise, e.g., SKT and balanced metrics. More pre-
cisely, denoting (M, J) a complex manifold of complex dimension n, a Hermitian metric g on (M, J) with
fundamental associated form ω is said to be strong Kähler with torsion, shortly SKT, or pluriclosed if ∂∂ω = 0.
Note that if g is Kähler, then it is also trivially SKT. Another notion which generalizes Kählerness is the bal-
anced condition, i.e., dωn−1 = 0. Also in this case, if g is Kähler, then it is balanced. In respectively [8] and
[1], it is proved that the existence of SKT and balanced metrics is not stable, once the base compact complex
manifold is deformed via a smooth family of complex structures. In both works the authors construct explicit
examples of di�erentiable families of complex manifolds which do not admit respectively SKT and balanced
metrics.

Since the existence of SKT metrics on complex manifolds is not stable under deformations, it is worth
investigating under which assumptions a SKTmetric exists on a deformed complex manifold. More in detail,
we will be interested in studying SKT metrics which are not Kähler, taking into account the stability result of
the Kähler condition by Kodaira and Spencer. Analogously to the Kähler setting as studied in [12], the exis-
tence of SKT metrics on compact complex manifolds can be intrinsically characterized in terms of currents,
see [4]. SKT metrics play a relevant role in the following setting. Let (M, J, g,ω) be a Hermitian manifold of
complex dimension n. It is known that there exists a unique connection ∇B, called Bismut connection, sat-
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isfying ∇Bg = 0, ∇BJ = 0 for which g(X, T(Y , Z)) is totally skew-symmetric, where T denotes the torsion of
∇B. The resulting 3-form turns out to be equal to Jdω. The properties of such connection are related towhat is
called Kähler with torsion geometry (we refer to [6], [11], [22] for further details), and if Jdω is closed, or equiv-
alently if ∂∂ω = 0, then the Hermitian structure is strong Kähler with torsion and g is indeed called SKT. We
point out that compact complexmanifolds admitting SKT structures have been proven to be valid candidates
for the study of generalizations of the Kähler-Ricci �ow, see for example [21]. See also [2] for a development
of Hodge theory on SKT manifolds by tools from generalized complex geometry.

The theory regarding compact complexmanifolds admitting SKTmetrics in complex dimension n at least
three is completely di�erent from the one on compact complex surfaces. Indeed, on a compact complex sur-
face a Hermitian metric is SKT if and only if it is Gauduchon, i.e., ∂∂ωn−1 = 0, and it is well known, by a
remarkable result of Gauduchon in [10], that there exists a Gauduchon metric in the conformal class of any
given Hermitian metric on a compact complex manifold. Therefore on a compact complex surface the SKT
condition is stable under small deformations of the complex structure.

Examples of compact complex manifolds admitting SKT metrics of complex dimension at least three
are given by nilmanifolds, i.e., compact quotients of connected simply-connected nilpotent Lie groups by
uniform discrete subgroups. In particular, for complex dimension three, or real dimension six, nilmanifolds
with SKTmetrics have been characterized. In [7], Fino, Parton and Salamon prove that ifM is a 6-dimensional
nilmanifold with an invariant complex structure J, then the SKT condition is satis�ed by either all invariant
Hermitian metrics or by none; moreover, it is satis�ed if and only if the complex structure J ful�ls a suitable
property. Therefore, it is worth studying what happens in higher dimensions.

In [19], Rossi and Tomassini prove that if M is a 8-dimensional nilmanifold with an invariant complex
structure J, then the SKT condition is satis�ed by all invariant Hermitian metrics if and only if the complex
structure J ful�ls a suitable property. Therefore, it can happen that a 8-dimensional nilmanifold with an
invariant complex structure J admits both invariant SKT metrics and invariant non-SKT metrics.

In this paper, we prove the following necessary condition to the existence of a smooth family of SKT
metrics on a di�erentiable family of complex manifolds.

Theorem 1.1. Let (M, J, g,ω) be a compact Hermitian manifold with g a SKT metric. Let {Mt}t∈I be a di�er-
entiable family of compact complex manifolds parametrized by the (0, 1)-vector form φ(t), for t ∈ I = (−ϵ, ϵ),
ϵ > 0. Let {ωt}t∈I be a smooth family of Hermitian metrics on each Mt written as

ωt = eiφ(t)∣iφ(t) (ω(t)),

where ω(t) has local expression ωij(t) dzi ∧ dzj ∈ A1,1(M). Denote by ω′(t) ∶= ∂
∂tωij(t) dz

i ∧ dzj ∈ A1,1(M).
Then, if the metrics ωt are SKT for every t ∈ I, the following condition must hold

2iIm(∂ ○ iφ′(0) ○ ∂)(ω) = ∂∂ω′(0). (1.1)

Here, for any p, q and for t ∈ (−ϵ, ϵ), the map eiφ(t)∣iφ(t) ∶Ap,q(M) → Ap,q(Mt) is a real linear isomorphism
between the space of (p, q)-forms onM and the space of (p, q)-forms onMt, called extension map; see equa-
tion (3.11) for its de�nition. By iψ wedenote the contraction operator on (p, q)-forms by the (0, 1)-vector form
ψ; see section 2 for its de�nition. As a consequence, we have the following cohomological obstruction.

Corollary 1.2. Let (M, J, g,ω) be a compact Hermitian manifold. A necessary condition for the existence of
a smooth family of SKT metrics which equals ω in t = 0 along the family of deformations t ↦ φ(t) is that the
following equation must hold

[Im(∂ ○ iφ′(0) ○ ∂)(ω)]H2,2
BC (M)

= 0.

Here, Hp,qBC (M) denotes the Bott-Chern cohomology group of bi-degree (p, q) de�ned on the complex mani-
fold M.

We remark that our results involves a slightly di�erent notion of stability of SKT metrics from the usual
one. Our results concern the existence of smooth families of SKTmetrics {ωt}t on the di�erentiable family of
complex manifold {Mt}t, and do not concern the existence of SKT metrics on {Mt}t in full generality.
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To prove our result, following Rao and Zhao in [18], we develop a method to compute the complex dif-
ferentials ∂t and ∂t acting on (p, q)-forms on a di�erentiable family of complex manifolds {Mt}t, which
depends on the complex di�erentials ∂0 = ∂ and ∂0 = ∂ on the base complex manifold M0 = M, and on the
(0, 1)-di�erential form with values in the holomorphic tangent bundle which describes the deformation of
the complex structure. Note that it is not necessary to have any information on the complex coordinates of
the deformed complex manifold to apply this method of computing ∂t and ∂t.

We remark that the method just introduced of computing ∂t and ∂t acting on (p, q)-forms could be ap-
plied to �nd necessary conditions to the existence of di�erentiable families of deformations with smooth
families of special Hermitian metrics other than the SKT ones, for example balanced metrics.

Thepaper is organized in the followingway. In section 2,we recall the basic notions andde�nitionswhich
will be useful later on. In section 3, we give a brief review of the classical deformation theory, following [17],
and introduce the extension map mentioned above. In section 4, we recall the expressions of the complex
di�erentials ∂t and ∂t acting on (p, q)-forms on a di�erentiable family of complex manifolds {Mt}t, as de-
veloped by Rao and Zhao in [18], and prove our main result. In section 5, we apply Theorem 1.1 and Corollary
1.2 providing two examples of 8-dimensional nilmanifolds admitting a left invariant complex structure, more
precisely on a family of nilmanifolds introduced in [9, Section 2.3] and on a quotient of the product of two
copies of the real Heisenberg groupH(3;R) and R2, presented in [19, Example 8].

We remark that the case of 8-dimensional nilmanifolds admitting a left invariant complex structure is
of particular interest, since, as noted above, existence results for SKT metrics in dimension eight are not as
known as in dimension six.

Acknowledgments. The authors would like to sincerely thank Adriano Tomassini, both for his support and
encouragement, and for many useful discussions and suggestions. We are also grateful to Daniele Angella,
Anna Fino, and Federico Rossi for interesting conversations and helpful comments.

2 Notations and preliminaries
Let (M, J, g,ω) be an Hermitian manifold, with J ∈ End(TM) the integrable almost-complex structure on M
and g a Riemannian metric on M compatible with J. Let ω be the (1, 1)−fundamental form associated to g
given by ω(⋅, ⋅) = g(J⋅, ⋅).

The metric g is said to be strong Kähler with torsion, brie�y SKT, if

∂∂ω = 0,

where d = ∂ + ∂ is the decomposition induced by the complex structure.
Let π∶ E → M be a complex vector bundle of rank r over (M, J, g,ω), a Hermitian manifold of complex

dimension n. For every p, q, let ⋀p,q(M, E) ∶= ⋀p,q(M) ⊗ E be the bundle of the (p, q)-di�erential forms on
M with values in E and letAp,q(M, E) ∶= Γ(M,⋀p,q(M, E)) be the space of its global C∞-sections.

If h is anHermitianmetric h on E, i.e., a smoothHermitian scalar product on each �bre of E, let us identify
h as a C-antilinear isomorphism between E and its dual E∗ and consider the usual C-antilinear Hodge ∗-
operator on (M, J, g,ω) with respect to g (see [13]). Then

∗E ∶Ap,q(M, E) → An−p,n−q(M, E∗),
∗E(φ ⊗ s) ∶= ∗(φ) ⊗ h(s), for φ ⊗ s ∈ Ap,q(M, E),

is aC-antilinear isomorphismdepending on themetrics g and h, such that∗E∗ ○∗E = (−1)p+q on⋀p,q(M)⊗E.
In particular, h(α, β) ∗ 1 = α ∧ ∗E(β), for α, β ∈ ⋀p,q(M, E).

An element of Ap,q(M, E) can be locally written as β = ∑ βi ⊗ si, with βi ∈ Ap,q(M) and (s1 . . . , sr) a
local trivialization of E. Then we can de�ne

∂E(β) ∶= ∑ ∂(βi) ⊗ si , (2.1)
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and the Dolbeault cohomology of a holomorphic vector bundle as

Hp,q
∂E

(M, E) ∶= Ker(∂E ∶Ap,q(M, E) → Ap,q+1(M, E))
Im(∂E ∶Ap,q−1(M, E) → Ap,q(M, E))

.

The ∗E-operator can be used to de�ne
∂∗E ∶= −∗E∗ ○ ∂E∗ ○ ∗E (2.2)

and hence, the Laplace operator and its harmonic forms:

∆E ∶= ∂
∗
E∂E + ∂E∂

∗
E

Hp,q(M, E) = { β ∈ Ap,q(M, E) ∶ ∆E(β) = 0}.

Assume that M is compact. If we de�ne the Hermitian product ⟪⋅, ⋅⟫ onAp,q(M, E) as

⟪α, β⟫ = ∫
M

h(α, β) ∗ 1,

the operator ∂∗E is the adjoint of ∂E and the operator ∆E is self-adjoint with respect to ⟪⋅, ⋅⟫. With these nota-
tions, the following Hodge decomposition holds

Ap,q(M, E) = ∂E(Ap,q−1(M, E)) ⊕Hp,q(M, E) ⊕ ∂∗E(Ap,q+1(M, E)),

andHp,q(M, E) is �nite-dimensional. Also the spaceHp,q(M, E) projects bijectively onto Hp,q
∂E

(M, E)which
also is �nite-dimensional.

In the following, wewill denote by simply ∂ the operator ∂E, and byAp,q(E) the spaceAp,q(M, E), when
the setting is clear.

Wewill call the elements ofA0,q(T1,0M) as (0, q)-vector forms. Let us assume φ = ξ⊗V is a (0, 1)-vector
form with ξ ∈ A0,1M and V ∈ T1,0M. We de�ne the contraction map as

iφ ∶Ap,q(E) → Ap−1,q+1(E)
iφ(α ⊗ s) = ξ ∧ iV(α) ⊗ s,

where iV(α) is the usual interior product of a vector �eld and a (p, q)-di�erential form, and we extend by
linearity this de�nition to any φ ∈ A0,1(T1,0M). Analogously, we de�ne iφ(α ⊗ s) = ξ ∧ iV(α) ⊗ s for the
conjugate φ = ξ ⊗ V. De�ne also the contraction

iφ ∶ Γ(T0,1M) → Γ(T1,0M)
iφW = ξ(W)V ,

and set iφW = ξ(W)V. We will also denote the map iφ by the symbol φ⌟.
The cohomology of Bott-Chern of (M, J) is the datum of the spaces

Hp,qBC (M) = Ker(∂∶Ap,q(M) → Ap+1,q(M)) ∩ Ker(∂∶Ap,q(M) → Ap,q+1(M))
Im(∂∂∶Ap−1,q−1(M) → Ap,q(M))

.

We denote by
∆̃BC = ∂∂∂

∗∂∗ + ∂∗∂∗∂∂ + ∂∗∂∂∗∂ + ∂∗∂∂∗∂ + ∂∗∂ + ∂∗∂
the fourth order self-adjoint elliptic operator known as the Bott-Chern Laplacian, where

∂∗ = − ∗ ∂∗, ∂∗ = − ∗ ∂∗,

and ∗ is the C-antilinear Hodge operator for a Hermitian metric g on (M, J). We denote by

Hp,q
BC (M, g) = Ker(∆̃BC) ∩Ap,q(M),

the (p, q)-Bott-Chern harmonic forms. If M is compact, by Hodge theory, see [20, Section 2.b], we have the
following isomorphism of vector spaces

Hp,q
BC (M, g) ≃ Hp,qBC (M),

induced by the identity map.
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3 Review of deformation theory of complex structures
For the sake of completeness, we recall the fundamental de�nitions and results of deformation theory of
complexmanifolds both in the di�erentiable and holomorphic settingswhichwill be useful for our purposes.
Let B be a domain of Rm (resp. Cm) and {Mt}t∈B a family of compact complex manifolds.

De�nition 3.1. We say thatMt depends di�erentiably (resp. holomorphically) on t ∈ B and that {Mt}t∈B forms
a di�erentiable (resp. holomorphic, or complex analytic) family if there is a di�erentiable (resp. complex)man-
ifoldM and a di�erentiable (resp. holomorphic) proper map π fromM onto B such that

1. π−1(t) = Mt as a complex manifold for every t ∈ B,
2. the rank of the Jacobian of π is equal to the dimension (resp. complex dimension) of B at each point of
M.

We will sometimes denote by (M, π, B) the di�erentiable (resp. complex analytic) family {Mt}t∈B.

It follows from (2) of the de�nition that everyMt, for t ∈ B, is a submanifold (resp. complex submanifold) of
M.

De�nition 3.2. IfM, N are compact complex manifolds, we say thatM is a di�erentiable (resp. holomorphic)
deformation of N if there exists a di�erentiable (resp. holomorphic) family {Mt}t∈B over a domain B of Rm

(resp. Cm), with Mt0 = M, Mt1 = N for some t0, t1 ∈ B.

A classical theorem by Ehresmann, see [5] or [13, Proposition 6.2.2], shows that if {Mt}t∈B is a di�erentiable
family of complex manifolds, then Mt1 and Mt2 are di�eomorphic as di�erentiable manifolds for any t1, t2 ∈
B. Hence, from the di�erentiable point of view, it holds

M≃ Mt0 × B, (3.1)

i.e., the manifoldM can be regarded as the product of a �xed Mt0 , for t0 ∈ B, and the base manifold B.
Let (M, π, B) be a di�erentiable family of compact complex manifolds over B. For the sake of simplicity

we assume t0 = 0 and B = B(0, 1) ⊂ Rm, i.e. B = {t ∈ Rm ∶ ∣t∣ < 1}.
Let us consider a system of local coordinates {Uj , (ζj , t)} ofM such that each Uj can be identi�ed with

{(ζj(p), t(p)) ∶ ∣ζj(p)∣ < 1, ∣t(p)∣ < 1}, π(ζj(p), t(p)) = t(p),

with transition functions fjk, which identify points in Uj ∩ Uk ≠ ∅ by

ζk = fjk(ζj , t),

and which are di�erentiable on (z, t) and are holomorphic on z for any �xed t.
By (3.1), we can describe local coordinates ofUj as di�erentiable functions of coordinates ofM0 = π−1(0):

ζj = ζj(z, t), (3.2)

where z are local coordinates on M0. We note that ζj(z, t) is a di�erentiable function of (z, t), whereas it
depends holomorphically on z for a �xed value of t.

With the aid of the expressions (3.2) for the coordinates, we can actually describe the complex structure
on each Mt, t ∈ B, via a smooth (0, 1)-vector form φ(t) ∈ A0,1(T1,0M0), de�ned starting from the local
transition functions fjk (see [17, page 150]).

In fact, since both {ζ 1j (z, 0), . . . , ζ nj (z, 0)} and {z1, . . . , zn} are local holomorphic coordinates on M0,
where n = dimCM0,

det(
∂ζ αj (z, 0)
∂zλ )

λ

α
≠ 0.
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Therefore, in a small neighborhood of t = 0

det(
∂ζ αj (z, t)
∂zλ )

λ

α
≠ 0.

Set A ∶= (( ∂ζ
α
j (z,t)
∂zλ )

λ

α
)
−1

. Therefore, the local expression

φ(t) =
n
∑
λ=1

φλ ⊗ ∂
∂zλ , (3.3)

with, for each λ ∈ {1, . . . , n},

φλ =
n
∑
α=1

Aλα∂ζ αj ∈ A0,1(M0) (3.4)

de�nes a global (0, 1)-vector form on M0.
We notice that, by equations (3.3) and (3.4), it holds

iφ(t) ζ αj (z, t) =
n
∑
λ=1

φλ
∂ζ αj
∂zλ = ∂ζ αj (z, t)

or equivalently

(∂ −
n
∑
λ=1

φλ ⊗ ∂
∂zλ ) ζ

α
j (z, t) = 0.

It can be proved (see [17, Chapter 4, Proposition 1.2]) that the (local) holomorphic functions on each Mt are
de�ned as the di�erentiable functions f de�ned on open sets of M0 which are solutions to equation

(∂ −
n
∑
λ=1

φλ ⊗ ∂
∂zλ ) f(z, t) = 0, (3.5)

i.e., the complex structure on each Mt, for t small enough, is encoded in the (0, 1)-vector form φ(t).
On the spaces Aq ∶= A0,q(T1,0M0), q ∈ {1, . . . , n}, a bracket can be de�ned in the following way. Let

Ψ = ∑ψα∂α and Ξ = ∑ ξ α∂α be respectively (0, p)- and a (0, q)-vector forms, where ∂α = ∂
∂zα . Then

[Ψ , Ξ ] ∶=
n
∑
α,β=1

(ψα ∧ ∂αξ β − (−1)pqξ α ∧ ∂αψβ)∂β ∈ Ap+q . (3.6)

In particular [ , ] is bilinear and satis�es the following

1. [Ψ , Ξ] = −(−1)pq[Ξ,Ψ],
2. ∂[Ψ , Ξ] = [∂Ψ , Ξ] + (−1)p[Ψ , ∂Ξ],
3. (−1)pr[Ψ[Ξ,Φ]] + (−1)qp[Ξ, [Φ,Ψ]] + (−1)rq[Φ, [Ψ , Ξ]]=0,

if Ψ ∈ Ap, Ξ ∈ Aq and Φ ∈ Ar.
A classical results (see [17, Chapter 4, Theorem 1.1]) shows that the deformations of the complex structure

on a compact complex manifold can be characterized according to the following theorem.

Theorem 3.3. If (M, π, B) is a di�erentiable family of compact complexmanifolds, then the complex structure
on each Mt = π−1(t) is represented by the vector (0, 1)-form φ(t) ∈ A1 just constructed on M0, such that
φ(0) = 0 and

∂φ(t) − 1
2
[φ(t), φ(t)] = 0 (Maurer-Cartan equation). (3.7)

As for the existence of deformations of compact complex manifolds, we refer to the general theory known as
Kuranishi theory.
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Let M be a compact complex manifold. Fix an Hermitian metric h on M, extend it toAq and denote it by
the same symbol h. De�ne and inner product onAq by

⟪Ψ , Ξ⟫ = ∫
M

h(Ψ , Ξ) ∗ 1,

where Ψ , Ξ ∈ Aq, ∗ is the C-antilinear Hodge operator. We also de�ne the Laplacian onAq by

◻ = ∂∗∂ + ∂∂∗,

where ∂∗ is the adjoint operator of ∂ with respect to the Hermitian metric h. The space of harmonic forms is

Hq = {Ψ ∈ Aq ∶ ◻Ψ = 0}.

The Hodge theory induces a decomposition on the spaceAq as a direct sum of orthogonal subspaces:

Aq = Hq ⊕◻Aq .

The operator G∶Aq → ◻Aq is well de�ned and acts onAq as the projection onto ◻Aq, whereas the operator
H is the well-de�ned projection operator ontoHq.

Theorem 3.4 (Kuranishi). Let M be a compact complex manifold, {ην} a basis forH1. Let φ(t) be the (0, 1)-
vector form which is a power series solution of the equation

φ(t) = η(t) + 1
2
∂∗G[φ(t), φ(t)], (3.8)

where η(t) = ∑m
ν=1 tνην, ∣t∣ < r, r > 0, and let S = {t ∈ Br(0) ∶ H[φ(t), φ(t)] = 0}. Then for each t ∈ S, φ(t)

determines a complex structure Mt on M.

The space S is called the space of Kuranishi. The proof of Theorem 3.4 shows that a (0, 1)-vector form φ(t)
satisfying equation (3.8) can be constructed as a converging power series

φ(t) =
∞
∑
µ=1

φµ(t)

in which the forms
φµ(t) = ∑

ν1+⋅⋅⋅+νm=µ
φν1 ...νm tν11 ⋯t

νm
m , φν1 ...νm ∈ A1,

are determined via a recursive formula. In fact, if {ην}nν=1 is a basis for H1 and we set ψ1(t) = ∑m
ν=1 tνην,

equation (3.8) assures that each term φµ can be computed as

φµ(t) =
1
2
∂∗G (

µ−1
∑
κ=1

[φκ(t), φµ−κ(t)] ). (3.9)

In general S can have singularities and hencemay not have a structure of smoothmanifold. Nonetheless,
{Mt}t∈S can be proven to be a locally complete family of complex manifolds and therefore can be still be
interpreted as a complex analytic family, see [15].

As a �rst step to understand deformations, it makes sense to study how the decompositions of the com-
plexi�ed cotangent bundle (TCM)∗ and its powers ⋀kC(M) vary along with Mt, for a di�erentiable family
(M, π, B). For simplicity, we suppose that B = I = (−ϵ, ϵ) ⊂ R, for ϵ > 0.

Let us denote the central �ber M0 = π−1(0) by M and let us suppose φ(t) ∈ A1 is the (0, 1)-vector form
describing (M, π, B). If we denote by ikφ(t) ∶= iφ(t) ○ ⋅ ⋅ ⋅ ○ iφ(t)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
k times

and φ(t) ∈ A1,0(T0,1M) the conjugate of φ(t),

in the following operators

eiφ(t) =
∞
∑
k=0

1
k! i

k
φ(t) and eiφ(t) =

∞
∑
k=0

1
k! i

k
φ(t)
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the summations are �nite, since the dimension ofM is �nite. As in [18, De�nition 2.8], we de�ne the extension
map

eiφ(t)∣iφ(t) ∶Ap,q(M) → Ap,q(Mt), (3.10)

where, if α = αi1 ...ip j1 ...jqdzi1 ∧ ⋅ ⋅ ⋅ ∧ dzip ∧ dz
j1 ∧ ⋅ ⋅ ⋅ ∧ dzjq is a (p, q)-di�erential form on M with αi1 ...ip j1 ...jq

di�erentiable functions on M with complex values, we set

eiφ(t)∣iφ(t)(α) = αi1 ...ip j1 ...jq e
iφ(t)(dzi1 ∧ ⋅ ⋅ ⋅ ∧ dzip) ∧ eiφ(t)(dzj1 ∧ ⋅ ⋅ ⋅ ∧ dzjq). (3.11)

Indeed, we have the following lemma, see [18, Lemma 2.9, 2.10].

Lemma 3.5. For any p, q and for t small, themap eiφ(t)∣iφ(t) ∶Ap,q(M) → Ap,q(Mt) is a real linear isomorphism.

Moreover, the following decompositions hold

AkC(M) = ⊕p+q=kAp,q(Mt), k ∈ {1, . . . , n}. (3.12)

Remark 3.6. We observe that, for a (0, 1)-vector form φ(t) ∈ A1 on M0 such that φ(0) = 0, the Maurer-
Cartan equation (3.7) is equivalent to the integrability of the complex structure Jt on Mt, i.e.,

(dα)0,2 = 0 ∀α ∈ A1,0(Mt), (3.13)

where (dα)0,2 is the component in A0,2(Mt) of the 2-form dα, according to decomposition (3.12). Indeed,
from Lemma 3.5 it immediately follows (I −φ)⌟ ∶ Γ(T1,0M) → Γ(T1,0Mt) is an isomorphism for t small, and
for X, Y ∈ Γ(T1,0M)

−d(α + eiφ(t)∣iφ(t)(α))(X − φ(t)(X), Y − φ(t)(Y)) = α ((∂φ(t) − 1
2
[φ(t), φ(t)])(X, Y)) .

See also [13, Proposition 6.1.2]. Furthermore, for a (0, 1)-vector form satisfying (3.8), the de�ning property of
S, i.e., H[φ(t), φ(t)] = 0, is equivalent to the integrability condition given by the Maurer-Cartan equation
(3.7) (see [17, Chapter 4, Proposition 2.5]).

4 Proof of Theorem 1.1
Let (M, π, I) be a di�erentiable family of compact complex manifolds parametrized by φ(t), for t ∈ I, I =
(−ϵ, ϵ), ϵ > 0. We need to recall formulas for the di�erential operators ∂t and ∂t, de�ned as

∂t ∶= πp+1,qt ○ d∶Ap,q(Mt) → Ap+1,q(Mt),
∂t ∶= πp,q+1t ○ d∶Ap,q(Mt) → Ap,q+1(Mt),

for any p, q, with πp+1,qt and πp,q+1t the usual projections of d(Ap,q(Mt))with respect to the decompositions
(3.12).

We take as main reference [18]. Starting from (0, 0)-di�erential forms, i.e., di�erentiable complex func-
tions, we have

∂t f = eiφ((I − φφ)−1 ⌟ (∂ − φ ⌟ ∂)f), (4.1)

∂t f = eiφ((I − φφ)−1 ⌟ (∂ − φ ⌟ ∂)f), (4.2)

where φφ = φ⌟φ, φφ = φ⌟φ andwe omit the dependence on t of φ, see [18, Equation (2.13)]. Wewill denote
by ` the simultaneous contraction on each component of complex di�erential form, i.e.

φ`α ∶= αi1 ...ip j1 ...jqφ ⌟ dz
i1 ∧ ⋅ ⋅ ⋅ ∧ φ ⌟ dzip ∧ φ ⌟ zj1 ∧ ⋅ ⋅ ⋅ ∧ φ ⌟ dzjq ,
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for any (p, q)-di�erential form locallywritten as α = αi1 ...ip j1 ...jqdzi1∧⋅ ⋅ ⋅∧dzip∧dz
j1∧⋅ ⋅ ⋅∧dzjq . This contraction

is well-de�ned and it can be used to describe the extension map, in fact

eiφ(t)∣iφ(t) = (I + φ + φ)`.

With these notations, from the proof of [18, Proposition 2.13], we can summarize the action of the operators
∂t and ∂t on di�erential forms eiφ(t)∣iφ(t)α ∈ Ap,q(Mt), with α ∈ Ap,q(M). Then,

∂t(eiφ ∣iφα) = eiφ ∣iφ((I − φφ)−1`([∂, iφ] + ∂)(I − φφ)`α), (4.3)

∂t(eiφ ∣iφα) = eiφ ∣iφ((I − φφ)−1`([∂, iφ] + ∂)(I − φφ)`α). (4.4)

Now we have all the ingredients to prove our main result Theorem 1.1. Let us �x (M, J, g,ω) a compact
Hermitian manifold and suppose that g is SKT, i.e. ∂∂ω = 0. We want to �nd necessary conditions under
which the property of being SKT is stable for a smooth family of Hermitian metrics {ωt}t∈I such that ω0 = ω,
along a deformation of the complex structure parametrized by a (0, 1)-vector form φ(t).

Proof of Theorem 1.1. The metrics ωt are SKT for every t ∈ I, i.e., ∂t∂tωt = 0. This implies
∂
∂t (∂t∂tωt)∣t=0 = 0. (4.5)

Let us compute equation (4.5) using the expressions (4.3) and (4.4) for ∂t and ∂t. First we calculate ∂t(ωt)

∂t(ωt) = eiφ ∣iφ((I − φφ)−1`([∂, iφ] + ∂)(I − φφ)`ω(t)),

and then ∂t∂t(ωt),

∂t∂t(ωt) = eiφ ∣iφ((I − φφ)−1`([∂, iφ] + ∂)(I − φφ)`(I − φφ)−1`([∂, iφ] + ∂)(I − φφ)`ω(t)).

Now, to compute equation (4.5), we develop ∂t∂t(ωt) in Taylor series centered in t = 0 up to the �rst order.
Note that

φ(t) = tφ′(0) + o(t)
implies

(I − φφ) = (I − φφ) = (I − φφ)−1 = (I − φφ)−1 = I + o(t).
Therefore we get

∂t∂t(ωt) = (I + tφ′(0) + tφ′(0))`([∂, tφ′(0)⌟] + ∂)([∂, tφ′(0)⌟] + ∂)(ω(0) + tω′(0)) + o(t)

= (I + tφ′(0) + tφ′(0))`([∂, tφ′(0)⌟] + ∂)([∂, tφ′(0)⌟]ω(0) + ∂ω(0) + t∂ω′(0)) + o(t)

= (I + tφ′(0) + tφ′(0))`( − t∂(φ′(0) ⌟ ∂ω(0)) + t∂(φ′(0) ⌟ ∂ω(0)) + t∂∂ω′(0)) + o(t)

= −t∂(φ′(0) ⌟ ∂ω(0)) + t∂(φ′(0) ⌟ ∂ω(0)) + t∂∂ω′(0) + o(t),

implying
0 = ∂

∂t (∂t∂tωt)∣t=0 = −∂(φ
′(0) ⌟ ∂ω(0)) + ∂(φ′(0) ⌟ ∂ω(0)) + ∂∂ω′(0),

which is equivalent to equation (1.1).

5 Applications
We now apply Corollary 1.2 and Theorem 1.1 to study two 4-dimensional complex nilmanifolds admitting
invariant SKT metrics. In particular, we study obstructions along a speci�c family of deformations on a fam-
ily of nilmanifolds introduced in [9, Section 2.3] and on a quotient of the product of two copies of the real
Heisenberg groupH(3;R) and R2 presented in [19, Example 8].

In the following, we may refer to one-dimensional di�erentiable families of complex manifolds {Mt}t∈I ,
I = (−ϵ, ϵ), ϵ > 0, by the terminology curves of complex structures.
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5.1 Example 1

Let us consider the Lie algebra g endowedwith integrable almost complex structure J such that g∗ is spanned
by {η1, . . . , η4}, a set of (1, 0) complex di�erential forms with structure equations

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dηi = 0, i ∈ {1, 2, 3},
dη4 = a1η12 + a2η13 + a3η11 + a4η12 + a5η13

+a6η23 + a7η21 + a8η22 + a9η23

+a10η31 + a11η32 + a12η33,

(5.1)

with ai ∈ C for i ∈ {1, . . . , 12}. In particular, g is a 2-step nilpotent Lie algebra depending on the complex
parameters a1, . . . , a12. If we denote by G the simply-connected nilpotent Lie group with Lie algebra g, then
for any a1, . . . , a12 ∈ Q[i], by Malcev’s theorem [16, Theorem 7], there exists a uniform discrete subgroup Γ
of G such that M = Γ/G is a nilmanifold. As in [9, Theorem 2.7], the invariant Hermitian metric on M

g = 1
2

4
∑
j=1

(ηj ⊗ ηj + ηj ⊗ ηj)

is Astheno Kähler, i.e., the fundamental form of g

ω = i
2

4
∑
j=1
ηj ∧ ηj (5.2)

is such that ∂∂ω2 = 0, if and only if the following equation holds

∣a1∣2 + ∣a2∣2 + ∣a5∣2 + ∣a6∣2 + ∣a7∣2 + ∣a9∣2 + ∣a10∣2 + ∣a11∣2 = 2Re(a3a8 + a3a12 + a8a12). (5.3)

Moreover, if a8 = 0, the Astheno-Kähler metric g is SKT if and only if

a1 = a4 = a6 = a7 = a9 = a11 = 0.

Hence, if ai = 0 for i ∈ {1, 4, 6, 7, 8, 9, 11} and

∣a2∣2 + ∣a5∣2 + ∣a10∣2 = 2Re(a3a12), (5.4)

from equation (5.3), the metric g is SKT, i.e., ∂∂ω = 0. From now on, we will consider the nilmanifold (M, J),
with Hermitian SKT metric ω.

The structure equations (5.1) boil down to

⎧⎪⎪⎨⎪⎪⎩

dηi = 0, i ∈ {1, 2, 3},
dη4 = a2η13 + a3η11 + a5η13 + a10η31 + a12η33.

(5.5)

We consider now the following invariant (0, 1)-vector form given by

φ(r, s) = rη1 ⊗ Z1 + sη3 ⊗ Z3, (r, s) ∈ C2, ∣r∣ < 1, ∣s∣ < 1, (5.6)

where Zj is the dual of ηj in g, for j ∈ {1, 2, 3, 4}. We de�ne the invariant forms ηjr,s ∶= ηj + iφ(ηj), for
j ∈ {1, 2, 3, 4}:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η1r,s = η1 + rη1,
η2r,s = η2,
η3r,s = η3 + sη3,
η4r,s = η4,
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which form a coframe of (T1,0Mt)∗. It is clear that
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η1 = 1
1−∣r∣2 (η

1
r,s − rη1r,s),

η2 = η2r,s ,
η3 = 1

1−∣s∣2 (η
3
r,s − sη3r,s),

η4 = η4r,s .

Therefore, it can be easily seen that the structure equations for the coframe {η1r,s , η2r,s , η3r,s , η4r,s} are:

dηir,s = 0, i ∈ {1, 2, 3},

dη4r,s =
a2 + ra10 − sa5

(1 − ∣r∣2)(1 − ∣s∣2) η
13
r,s +

a3
1 − ∣r∣2 η

11
r,s +

a5 − sa2 − rsa10
(1 − ∣r∣2)(1 − ∣s∣2) η

13
r,s+

+ a10 + ra2 − rsa5
(1 − ∣r∣2)(1 − ∣s∣2) η

31
r,s +

a12
1 − ∣s∣2 η

33
r,s +

−ra5 + sa10 + rsa2
(1 − ∣r∣2)(1 − ∣s∣2) η13r,s .

For the integrability condition (dηir,s)0,2 = 0, which is equivalent to check the Maurer Cartan equation for φ
by Remark 3.6, we must have that

−ra5 + sa10 + rsa2 = 0. (5.7)

We begin studying this equation by noticing that, if we set F(r, s) = −ra5 + sa10 + rsa2, the gradient ∇F in
(r, s) = (0, 0) is

(Fr(0, 0)Fs(0, 0)
) = (−a5a10

) .

We distinguish two cases, depending on whether ∇F(0, 0) = 0 or ∇F(0, 0) ≠ 0. We observe that in the �rst
case, the solution set, which we will denote by B, might not be a smoothmanifold, whereas it happens in the
latter case.

5.1.1 Case (i)

∇F(0, 0) = 0, i.e., a5 = a10 = 0. The solutions of (5.7) are

B = {(r, s) ∈ C2 ∶ rsa2 = 0, ∣r∣, ∣s∣ < δ},

for δ > 0 su�ciently small. The corresponding (0, 1)-vector form which parametrizes the deformation is
φ = rη1 ⊗ Z1 + sη3 ⊗ Z3. If we consider the segment γ∶ (−ϵ, ϵ) → B, γ(t) = (tu, tv) for (u, v) ∈ B, we de�ne
the curve of deformations

t ↦ φ(t) = tu η1 ⊗ Z1 + tv η3 ⊗ Z3.

In this case, φ′(0) = u η1 ⊗ Z1 + v η3 ⊗ Z3. With structure equations

⎧⎪⎪⎨⎪⎪⎩

dηi = 0, i ∈ {1, 2, 3},
dη4 = a2η13 + a3η11 + a12η33,

we compute ∂ ○ iφ′(0) ○∂(ω). It turns out that this term vanishes, therefore Corollary 1.2 gives no obstructions
to the existence of curve of SKT metrics along the curve of deformations t ↦ φ(t).

5.1.2 Case (ii)

∇F(0, 0) ≠ 0, i.e., (a5, a10) ≠ (0, 0).
We begin by studying the case a5 ≠ 0. The set

B = {(r, s) ∈ C2 ∶ r = sa10
a5 − sa2

, ∣r∣ < δ, ∣s∣ < δ′} ,
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for δ, δ′ > 0 su�ciently small, is the set of the solutions of equation (5.7)

−ra5 + sa10 + rsa2 = 0.

If we consider the smooth curve γ∶ (−ϵ, ϵ) → B,

γ(t) = ( tua10
a5 − tua2

, tu) (5.8)

with u ∈ C, we have that
t ↦ φ(t) = tua10

a5 − tua2
η1 ⊗ Z1 + tuη3 ⊗ Z3

is a smooth curve of deformations with φ′(0) = ua10
a5 η1 ⊗ Z1 + u η3 ⊗ Z3. By the usual computations and

structure equations

⎧⎪⎪⎨⎪⎪⎩

dηi = 0, i ∈ {1, 2, 3},
dη4 = a2η13 + a3η11 + a5η13 + a10η31 + a12η33,

we obtain that
∂ ○ iφ′(0) ○ ∂(ω) = iua2

∣a10∣2 − ∣a5∣2
a5

η1313.

We observe that the real form η1313 is closed with respect to ∂ and ∂. Moreover,

(∂∂∗)η1313 = (∣a2∣2 + ∣a3∣2 + ∣a10∣2 − 2R(a3a12))η123123 = 0,

by equation (5.4). Therefore η1313 is harmonicwith respect to the Bott-Chern Laplacian and, via the canonical
isomorphism, the class [η1313]BC is a non-vanishing class in H2,2

BC (M). Hence, if

Im(iua2
∣a10∣2 − ∣a5∣2

a5
) ≠ 0,

by Corollary (1.2) there exist no family of SKT metrics ωt along t ↦ φ(t) such that ω0 = ω.
If instead we assume that a10 ≠ 0, we have that equation (5.7)

−ra5 + sa10 + rsa2 = 0

admits solutions
B = {(r, s) ∈ C2 ∶ s = ra5

a10 + ra2
, ∣r∣ < δ, ∣s∣ < δ′} ,

with δ, δ′ > 0 su�ciently small.
If γ∶ (−ϵ, ϵ) → B is the smooth curve γ(t) = (tv, tva5

a10+tva2 )with v ∈ C, we de�ne the curve of deformations
by

t ↦ φ(t) = tv η1 ⊗ Z1 +
tva5

a10 + tva2
η3 ⊗ Z3. (5.9)

We notice that φ′(0) = v η1 ⊗ Z1 + v a5a10 η
3 ⊗ Z3. With the aid of structure equations (5.5), we can check that

∂ ○ iφ′(0) ○ ∂(ω) = iva2
∣a10∣2 − ∣a5∣2

a10
η1313.

Since η1313 ∈ H2,2
BC (M, g) and [η1313]BC does not represent the class 0 ∈ H2,2

BC , therefore, if

Im(iva2
∣a10∣2 − ∣a5∣2

a10
) ≠ 0,

by Corollary 1.2, there is no curve of SKT metrics ωt along the curve of deformations t ↦ φ(t) such that
ω0 = ω.

Summing up, we gather what we obtained.



298 | Riccardo Piovani and Tommaso Sferruzza

Theorem 5.1. Let (M, J) be an element of the familiy of nilmanifolds with structure equations

⎧⎪⎪⎨⎪⎪⎩

dηi = 0, i ∈ {1, 2, 3},
dη4 = a2η13 + a3η11 + a5η13 + a10η31 + a12η33,

a2, a3, a5, a10, a12 ∈ Q[i] such that ∣a2∣2 + ∣a5∣2 + ∣a10∣2 = 2Re(a3a12), endowed with the Hermitian SKT
metric ω = i

2 ∑
4
j=1 ηjj. Then

• if a5 ≠ 0 and u ∈ C, there exist no smooth curve of SKT metrics ωt such that ω0 = ω along the curve of
deformation t ↦ φ(t) = tua10

a5−tua2 η
1 ⊗ Z1 + tuη3 ⊗ Z3 for t ∈ (−ϵ, ϵ), ϵ > 0, if

Im(iua2
∣a10∣2 − ∣a5∣2

a5
) ≠ 0;

• if a10 ≠ 0 and v ∈ C, there exist no smooth curve of SKT metrics ωt such that ω0 = ω along the curve of
deformation t ↦ φ(t) = tv η1 ⊗ Z1 + tva5

a10+tva2 η
3 ⊗ Z3 for t ∈ (−ϵ, ϵ), ϵ > 0, if

Im(iva2
∣a10∣2 − ∣a5∣2

a10
) ≠ 0.

5.2 Example 2

Let us consider the group G ∶= H(3;R) ×H(3;R) ×R2, whereH(3;R) is the 3-dimensional real Heisenberg
group. We �x a basis {e1, . . . , e8} for g∗, the dual of the Lie algebra g of G such that

⎧⎪⎪⎨⎪⎪⎩

de1 = de2 = de3 = de4 = de5 = de7 = 0,
de6 = −1

2 e
12, de8 = −1

2 e
34.

Due to [16, Theorem 7], there exists a lattice Γ of G such that the quotient M = Γ/G is a compact manifold. In
particular, M is real 8-dimensional nilmanifold.

If wemake use of the standard real coordinates {x1, x2, x3} and {x4, x5, x6} on the two copies ofH(3;R)
and {x7, x8} on R2, the coframe {e1, . . . , e8} can be written as

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

e1 = dx1, e2 = dx2, e6 = dx3 − x1dx2,
e3 = dx4, e4 = dx5, e8 = dx6 − x4dx5,
e5 = dx7, e7 = dx8.

Notice that it de�nes a global left-invariant coframe of di�erential 1-forms on G, and therefore on M.
Let us de�ne an almost-complex structure J on g∗ by setting the following basis for (g∗)1,0

⎧⎪⎪⎨⎪⎪⎩

η1 ∶= e1 + ie2, η2 ∶= e3 + ie4,
η3 ∶= e5 + ie6, η4 ∶= e7 + ie8.

Let Zj be the dual of ηj in g, for j ∈ {1, 2, 3, 4}. This position gives rise to a left-invariant integrable almost-
complex structure on G, hence it descends to the quotient M. With an abuse of notation we will denote the
latter by J.

We �nd that the holomorphic coordinates on M which induce J are
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z1 = x1 + ix2,
z2 = x4 + ix5,
z3 = x7 + 1

2(x
2)2 + i(x3 − x1x2),

z4 = x8 + 1
2(x

5)2 + i(x6 − x4x5).

(5.10)
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We point out that the structure equations for (M, J) are

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

dη1 = dη2 = 0,
dη3 = 1

2η
11,

dη4 = 1
2η

22.
(5.11)

Let us now consider a generic Hermitian invariant metric g with associated fundamental form

ω = i
2

4
∑
j=1
αjj η

jj + 1
2∑j<k

(αjk η
jk − αjk η

kj) ,

whose coe�cients αij are such that the matrix representing g

⎛
⎜⎜⎜⎜
⎝

α11 −iα12 −iα13 −iα14
iα12 α22 −iα23 −iα24
iα13 iα23 α33 −iα34
iα14 iα24 iα34 α44

⎞
⎟⎟⎟⎟
⎠

is positive de�nite.
It is straightforward to check with the aid of (5.11), that g is a SKT metric if and only if

Im(α34) = 0.

We construct a (0, 1)-vector form

φ(t) = t11η1 ⊗ Z1 + t22η2 ⊗ Z2 + t32η2 ⊗ Z3 + t33η3 ⊗ Z3
+ t34η4 ⊗ Z3 + t41η1 ⊗ Z4 + t43η3 ⊗ Z4 + t44η4 ⊗ Z4,

for t = (t11, t22, t32, t33, t34, t41, t43, t44) in su�ciently small ball B centered in 0 ∈ C8. Using the holomor-
phic coordinates (5.10), it is a computation to show that φ satis�es Maurer-Cartan equation. As a side note,
thanks to [3, Theorem 1.1], we point out φ(t) parametrizes a locally complete family of complex analytic de-
formations. We construct the segment γ∶ (−ϵ, ϵ) → B, where

t ↦ γ(t) = t(a11, a22, a32, a33, a34, a41, a43, a44),

with (a11, a22, a32, a33, a34, a41, a43, a44) ∈ C8. The corresponding curve of deformations is

t ↦ φ(t) = t(a11η1 ⊗ Z1 + a22η2 ⊗ Z2 + a32η2 ⊗ Z3 + a33η3 ⊗ Z3
+ a34η4 ⊗ Z3 + a41η1 ⊗ Z4 + a43η3 ⊗ Z4 + a44η4 ⊗ Z4)

whose derivative in t = 0 is clearly

φ′(0) = a11η1 ⊗ Z1 + a22η2 ⊗ Z2 + a32η2 ⊗ Z3 + a33η3 ⊗ Z3
+ a34η4 ⊗ Z3 + a41η1 ⊗ Z4 + a43η3 ⊗ Z4 + a44η4 ⊗ Z4.

Via structure equations (5.11) and the expression of φ′(0), we obtain that

2iIm((∂ ○ iφ′(0) ○ ∂)(ω)) = (5.12)
1
8
(iα33(a34 + a34) + iα44(a43 + a43) + α34(a33 + a44) − α34(a44 + a33)) η

1212.

We observe that η1212 = 1
4∂∂(η

34), therefore the real (2, 2)-form η1212 represents the vanishing class in
H2,2
BC (M). Hence, Corollary 1.2 gives no obstruction.

Nonetheless, if we take any smooth curve of SKT Hermitian invariant metrics {ωt} along φ(t) such that
ω0 = ω, written as ωt = eiφ(t)∣iφ(t)(ω(t)) with

ω(t) = i
2

4
∑
j=1
αjj(t) η

jj + 1
2∑j<k

(αjk(t) η
jk − αjk(t) η

kj) ,
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a straightforward computation yields

∂∂ω′(0) = 1
8
Im(α′34(0))η

1212,

therefore, by imposing equation (1.1) of Theorem 1.1, we obtain the following result.

Theorem 5.2. Let (M, J, g,ω) be the nilmanifold obtained as the compact quotient Γ/G of the Lie group G ∶=
H(3;R) ×H(3;R) × R2 by a lattice Γ of G, with complex structure J de�ned through the invariant coframe of
(1, 0)-complex forms {η1, η2, η3, η4} with structure equations

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

dη1 = 0, dη2 = 0,
dη3 = 1

2η
11,

dη4 = 1
2η

22.

Let us consider the curve of deformations

t ↦ φ(t) = t(a11η1 ⊗ Z1 + a22η2 ⊗ Z2 + a32η2 ⊗ Z3 + a33η3 ⊗ Z3+
+ a34η4 ⊗ Z3 + a41η1 ⊗ Z4 + a43η3 ⊗ Z4 + a44η4 ⊗ Z4), t ∈ (−ϵ, ϵ)

and any smooth curve of Hermitian invariant metrics {ωt}t∈(−ϵ,ϵ) along φ(t) such that ω0 = ω, with ωt =
eiφ(t)∣iφ(t)(ω(t)), where

ω(t) = i
2

4
∑
j=1
αjj(t) η

jj + 1
2∑j<k

(αjk(t) η
jk − αjk(t) η

kj) .

Then a necessary condition for ωt to be SKT for any t ∈ (−ϵ, ϵ) is that

iα33(a34 + a34) + iα44(a43 + a43) + α34(a33 + a44) − α34(a44 + a33) = Im(α′34(0)).

Con�ict of interest: Authors state no con�ict of interest.
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