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Abstract: Existence of strong Kdhler with torsion metrics, shortly SKT metrics, on complex manifolds has been
shown to be unstable under small deformations. We find necessary conditions under which the property of
being SKT is stable for a smooth curve of Hermitian metrics { w; }+ which equals a fixed SKT metric w for ¢ = 0,
along a differentiable family of complex manifolds {M;};.
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1 Introduction

Let (M, ], g, w) be an Hermitian manifold. If the fundamental form w of g is closed, i.e., dw = 0, where
w(-,-) = g(J-,-), the metric g is said to be Kdhler. By the celebrated theorem of Kodaira and Spencer, see
[14], we know that on a compact complex manifold the Kdhler condition, i.e., the property of admitting a
Hermitian metric with closed fundamental form, is stable under small deformations of the complex structure.
Therefore, it is straightforward to consider notions that generalize the Kdahler condition which naturally arise
in the Hermitian setting and study their stability under deformations.

When the fundamental form w (or its powers) belong to kernel of certain differential operators deriving
from the complex structure, special Hermitian structures arise, e.g., SKT and balanced metrics. More pre-
cisely, denoting (M, J) a complex manifold of complex dimension n, a Hermitian metric g on (M, J) with
fundamental associated form w is said to be strong Kéihler with torsion, shortly SKT, or pluriclosed if 0dw = 0.
Note that if g is Kdhler, then it is also trivially SKT. Another notion which generalizes Kdhlerness is the bal-
anced condition, i.e., dw™ ! = 0. Also in this case, if g is Kéhler, then it is balanced. In respectively [8] and
[1], it is proved that the existence of SKT and balanced metrics is not stable, once the base compact complex
manifold is deformed via a smooth family of complex structures. In both works the authors construct explicit
examples of differentiable families of complex manifolds which do not admit respectively SKT and balanced
metrics.

Since the existence of SKT metrics on complex manifolds is not stable under deformations, it is worth
investigating under which assumptions a SKT metric exists on a deformed complex manifold. More in detail,
we will be interested in studying SKT metrics which are not Kahler, taking into account the stability result of
the Kéhler condition by Kodaira and Spencer. Analogously to the Kihler setting as studied in [12], the exis-
tence of SKT metrics on compact complex manifolds can be intrinsically characterized in terms of currents,
see [4]. SKT metrics play a relevant role in the following setting. Let (M, J, g, w) be a Hermitian manifold of
complex dimension n. It is known that there exists a unique connection VB, called Bismut connection, sat-
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isfying Vg = 0, v®J = 0 for which g(X, T(Y, Z)) is totally skew-symmetric, where T denotes the torsion of
v5. The resulting 3-form turns out to be equal to Jdw. The properties of such connection are related to what is
called Kdhler with torsion geometry (we refer to [6], [11], [22] for further details), and if Jdw is closed, or equiv-
alently if 00w = 0, then the Hermitian structure is strong Kahler with torsion and g is indeed called SKT. We
point out that compact complex manifolds admitting SKT structures have been proven to be valid candidates
for the study of generalizations of the Kihler-Ricci flow, see for example [21]. See also [2] for a development
of Hodge theory on SKT manifolds by tools from generalized complex geometry.

The theory regarding compact complex manifolds admitting SKT metrics in complex dimension n at least
three is completely different from the one on compact complex surfaces. Indeed, on a compact complex sur-
face a Hermitian metric is SKT if and only if it is Gauduchon, i.e., dow™ ! = 0, and it is well known, by a
remarkable result of Gauduchon in [10], that there exists a Gauduchon metric in the conformal class of any
given Hermitian metric on a compact complex manifold. Therefore on a compact complex surface the SKT
condition is stable under small deformations of the complex structure.

Examples of compact complex manifolds admitting SKT metrics of complex dimension at least three
are given by nilmanifolds, i.e., compact quotients of connected simply-connected nilpotent Lie groups by
uniform discrete subgroups. In particular, for complex dimension three, or real dimension six, nilmanifolds
with SKT metrics have been characterized. In [7], Fino, Parton and Salamon prove that if M is a 6-dimensional
nilmanifold with an invariant complex structure J, then the SKT condition is satisfied by either all invariant
Hermitian metrics or by none; moreover, it is satisfied if and only if the complex structure J fulfils a suitable
property. Therefore, it is worth studying what happens in higher dimensions.

In [19], Rossi and Tomassini prove that if M is a 8-dimensional nilmanifold with an invariant complex
structure J, then the SKT condition is satisfied by all invariant Hermitian metrics if and only if the complex
structure J fulfils a suitable property. Therefore, it can happen that a 8-dimensional nilmanifold with an
invariant complex structure J admits both invariant SKT metrics and invariant non-SKT metrics.

In this paper, we prove the following necessary condition to the existence of a smooth family of SKT
metrics on a differentiable family of complex manifolds.

Theorem 1.1. Let (M, ], g, w) be a compact Hermitian manifold with g a SKT metric. Let {M;}¢ be a differ-
entiable family of compact complex manifolds parametrized by the (0, 1)-vector form (t), fort € I = (-€, €),
€ > 0. Let {w¢ } be a smooth family of Hermitian metrics on each M; written as

W = ei«’(t)\im (a)(t)),

where w(t) has local expression w;(t) dz' ndZ e AYL(M). Denote by w'(t) := %wij(t) dz' ndZ e AL (M.
Then, if the metrics w; are SKT for every t € I, the following condition must hold

2iTm (0 0 iyr(g) 0 0)(w) = 90w’ (0). (1.1)

Here, for any p, g and for t € (¢, €), the map el iz, AP Y(M) — AP9(My) is a real linear isomorphism
between the space of (p, g)-forms on M and the space of (p, q)-forms on M;, called extension map; see equa-
tion (3.11) for its definition. By i, we denote the contraction operator on (p, q)-forms by the (0, 1)-vector form
; see section 2 for its definition. As a consequence, we have the following cohomological obstruction.

Corollary 1.2. Let (M,], g, w) be a compact Hermitian manifold. A necessary condition for the existence of
a smooth family of SKT metrics which equals w in t = 0 along the family of deformations t — @(t) is that the
following equation must hold

J o01,(0) O 2 =0.
[3m(9 0 iy (o) a)(w)]HB’C(M)

Here, Hg’c"(M ) denotes the Bott-Chern cohomology group of bi-degree (p, q) defined on the complex mani-
fold M.

We remark that our results involves a slightly different notion of stability of SKT metrics from the usual
one. Our results concern the existence of smooth families of SKT metrics {w¢}+ on the differentiable family of
complex manifold {M;}+, and do not concern the existence of SKT metrics on {M;}; in full generality.
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To prove our result, following Rao and Zhao in [18], we develop a method to compute the complex dif-
ferentials o; and 9 acting on (p, g)-forms on a differentiable family of complex manifolds {M;}:, which
depends on the complex differentials d¢ = d and 9 = 0 on the base complex manifold Mo = M, and on the
(0, 1)-differential form with values in the holomorphic tangent bundle which describes the deformation of
the complex structure. Note that it is not necessary to have any information on the complex coordinates of
the deformed complex manifold to apply this method of computing o and 0.

We remark that the method just introduced of computing d; and 9; acting on (p, q)-forms could be ap-
plied to find necessary conditions to the existence of differentiable families of deformations with smooth
families of special Hermitian metrics other than the SKT ones, for example balanced metrics.

The paper is organized in the following way. In section 2, we recall the basic notions and definitions which
will be useful later on. In section 3, we give a brief review of the classical deformation theory, following [17],
and introduce the extension map mentioned above. In section 4, we recall the expressions of the complex
differentials o; and o acting on (p, q)-forms on a differentiable family of complex manifolds {M;};, as de-
veloped by Rao and Zhao in [18], and prove our main result. In section 5, we apply Theorem 1.1 and Corollary
1.2 providing two examples of 8-dimensional nilmanifolds admitting a left invariant complex structure, more
precisely on a family of nilmanifolds introduced in [9, Section 2.3] and on a quotient of the product of two
copies of the real Heisenberg group H(3;R) and R?, presented in [19, Example 8].

We remark that the case of 8-dimensional nilmanifolds admitting a left invariant complex structure is
of particular interest, since, as noted above, existence results for SKT metrics in dimension eight are not as
known as in dimension six.

Acknowledgments. The authors would like to sincerely thank Adriano Tomassini, both for his support and
encouragement, and for many useful discussions and suggestions. We are also grateful to Daniele Angella,
Anna Fino, and Federico Rossi for interesting conversations and helpful comments.

2 Notations and preliminaries

Let (M, ], 8, w) be an Hermitian manifold, with J € End(TM) the integrable almost-complex structure on M
and g a Riemannian metric on M compatible with J. Let w be the (1, 1)-fundamental form associated to g
givenby w(,-) =g(J-, ).

The metric g is said to be strong Kdhler with torsion, briefly SKT, if

Jdow =0,

where d = 0 + 0 is the decomposition induced by the complex structure.

Let m: E — M be a complex vector bundle of rank r over (M, ], g, w), a Hermitian manifold of complex
dimension n. For every p, g, let A”"?(M, E) := AP*?(M) ® E be the bundle of the (p, q)-differential forms on
M with values in E and let A”*?(M, E) := T'(M, A\P*4(M, E)) be the space of its global C*°-sections.

If his an Hermitian metric h on E, i.e., a smooth Hermitian scalar product on each fibre of E, let us identify
h as a C-antilinear isomorphism between E and its dual E* and consider the usual C-antilinear Hodge x-
operator on (M, ], g, w) with respect to g (see [13]). Then

«g API(M, E) — AVP4(M, E*),
+p(p®s):=x(p)®h(s), forpesecA”I(M,E),
is a C-antilinear isomorphism depending on the metrics g and h, such that g« oxg = (-1)P*?on AP*9(M) ®E.
In particular, h(a, B) * 1 = a A xg(B), for a, B € AP*9(M, E).

An element of AP9(M, E) can be locally written as 8 = 3 B; ® s;, with 8; € AP9(M) and (s1...,5/) a
local trivialization of E. Then we can define

3x(B) = Y 0(Bi) @ si, @)
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and the Dolbeault cohomology of a holomorphic vector bundle as

N... APsq p,q+1
HPA (M, E) o= KT ATUM, E) = AT (MLE))
o Im(d5: AP-4-1(M, E) — AP-4(M, E))

The *g-operator can be used to define
aE = —*Ex- OaE* O*E (2.2)

and hence, the Laplace operator and its harmonic forms:
Ag = 0pdg + 0pdp
HPI(M,E) = {p e A79(M,E): Ag(B) = 0}.
Assume that M is compact. If we define the Hermitian product (-, -) on A”*9(M, E) as

(@)= [ h(ap)+1,
M

the operator 52 is the adjoint of 0z and the operator A is self-adjoint with respect to (-, -)). With these nota-
tions, the following Hodge decomposition holds

APU(M, E) = 9p(APT (M, E)) @ HPU(M, E) ® 05 (AP9* (M, E)),

and H”*9(M, E) is finite-dimensional. Also the space #”*?(M, E) projects bijectively onto Hg’q (M, E) which
also is finite-dimensional. :

In the following, we will denote by simply o the operator 0, and by .A4”*(E) the space .A”*9(M, E), when
the setting is clear.

We will call the elements of A%9(T*°M) as (0, q)-vector forms. Let us assume ¢ = £ ® Visa (0, 1)-vector
form with & € A>*M and V € T"° M. We define the contraction map as

ip: API(E) — AP"LIY(E)
ipla®s)=&niy(a)®s,
where iy (a) is the usual interior product of a vector field and a (p, g)-differential form, and we extend by
linearity this definition to any ¢ e A%'(T"°M). Analogously, we define iz(a ® s) = & A iy(a) ® s for the
conjugate @ = £ ® V. Define also the contraction
ip:T(T®'M) — I(T"°M)
ipW=E&W)V,

and set iz W = £(W)V. We will also denote the map i, by the symbol ¢_.
The cohomology of Bott-Chern of (M, J) is the datum of the spaces

Ker(0: AP1(M) — AP*19(M)) nKer(0: AP1(M) — API*1 (M)

HES(M) = v
Im(99: AP-1.4-1(M) — AP4(M))

We denote by i . . L .
Apc =000 0" +0 0°00+0"00 0+0 00°0+0"0+0 0
the fourth order self-adjoint elliptic operator known as the Bott-Chern Laplacian, where
0 = — 0%, 0 =- 0%,
and = is the C-antilinear Hodge operator for a Hermitian metric g on (M, J). We denote by
HEA(M, g) = Ker(Apgc) n AP (M),

the (p, q)-Bott-Chern harmonic forms. If M is compact, by Hodge theory, see [20, Section 2.b], we have the
following isomorphism of vector spaces

HES (M, g) = H3Z (M),

induced by the identity map.
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3 Review of deformation theory of complex structures

For the sake of completeness, we recall the fundamental definitions and results of deformation theory of
complex manifolds both in the differentiable and holomorphic settings which will be useful for our purposes.
Let B be a domain of R™ (resp. C™) and {M; }p a family of compact complex manifolds.

Definition 3.1. We say that M; depends differentiably (resp. holomorphically) on t € B and that {M; }¢p forms
a differentiable (resp. holomorphic, or complex analytic) family if there is a differentiable (resp. complex) man-
ifold M and a differentiable (resp. holomorphic) proper map 77 from M onto B such that

1. 7 *(t) = M; as a complex manifold for every t € B,
2. the rank of the Jacobian of m is equal to the dimension (resp. complex dimension) of B at each point of
M.

We will sometimes denote by (M, 7, B) the differentiable (resp. complex analytic) family { M} ¢cp.

It follows from (2) of the definition that every My, for t € B, is a submanifold (resp. complex submanifold) of
M.

Definition 3.2. If M, N are compact complex manifolds, we say that M is a differentiable (resp. holomorphic)
deformation of N if there exists a differentiable (resp. holomorphic) family {M;}p over a domain B of R™
(resp. C™), with My, = M, My, = N for some to, t1 € B.

A classical theorem by Ehresmann, see [5] or [13, Proposition 6.2.2], shows that if {M}.p is a differentiable
family of complex manifolds, then M, and M;, are diffeomorphic as differentiable manifolds for any ¢, t; €
B. Hence, from the differentiable point of view, it holds

M ~ My, x B, (3.1)

i.e., the manifold M can be regarded as the product of a fixed My,, for ¢y € B, and the base manifold B.

Let (M, m, B) be a differentiable family of compact complex manifolds over B. For the sake of simplicity
we assume top = 0and B=B(0,1) cR™,i.e. B= {t e R™ : |t| < 1}.

Let us consider a system of local coordinates {if;, ({j, t) } of M such that each 4; can be identified with

{(Gi(p), t(p)) : [§i(P)| < 1, |t(p)| < 1},  7(§i(p), t(p)) = t(p),

with transition functions fj, which identify points in i4; n Uy # & by

(k :f}'k((]" t)a

and which are differentiable on (z, t) and are holomorphic on z for any fixed ¢.
By (3.1), we can describe local coordinates of 4; as differentiable functions of coordinates of Mo = n1(0):

G =Gz, t), (3.2)

where z are local coordinates on M. We note that {j(z, t) is a differentiable function of (z, t), whereas it
depends holomorphically on z for a fixed value of t.

With the aid of the expressions (3.2) for the coordinates, we can actually describe the complex structure
on each M;, t € B, via a smooth (0, 1)-vector form ¢(t) « Ao’l(Tl’OMo), defined starting from the local
transition functions fj; (see [17, page 150]).

In fact, since both {(jl (z,0),..., (j" (z,0)} and {zl, ..., 2"} are local holomorphic coordinates on My,

where n = dim¢ Mo,
0% (z,0 A
det(‘f()) ‘0

A
0z a
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Therefore, in a small neighborhood of t = 0
o (z, t A
o250V L,
oA ),

-1
Set A := (( oG (2, t)) ) . Therefore, the local expression
a

oz A
n
0
(1) =AZ;1 ¢A®9, (3.3)
with, foreach A e {1,...,n},
n —
= 3 Aoy € A% (Mo) (3.4)
a=1

defines a global (0, 1)-vector form on M.
We notice that, by equations (3.3) and (3.4), it holds

tp() § (2, 1) = Z fPA i T =00 (z0)

or equivalently
(a Z (p ® )(, (z,t) =0.

It can be proved (see [17, Chapter 4, Proposition 1.2]) that the (local) holomorphic functions on each M; are
defined as the differentiable functions f defined on open sets of My which are solutions to equation

(a Z(p ® A )f(z t) =0, (3.5)

i.e., the complex structure on each M;, for ¢ small enough, is encoded in the (0, 1)-vector form ¢(t).
On the spaces Ay := Ao’q(Tl’OMo), q € {1,...,n}, a bracket can be defined in the following way. Let

¥ =3y 1%qand £ = Y. %94 be respectively (0, p)- and a (0, g)-vector forms, where dq = aza Then
n
VE]= Y (W0 n 0w - (-1)P1E A 0aP)Op € Apig. (3.6)
a,f=1

In particular [, ] is bilinear and satisfies the following

L =-(-DM[E, ¥,
2. 5[ ,E] = [0¥, E] + (-1)P[¥, 05],
3. (CDP[YIE, @]] + (-1)PP[E, [@, ¥]] + (1) [, [V, £]]-0,

iflPEAp,EGAqand@eAr.
A classical results (see [17, Chapter 4, Theorem 1.1]) shows that the deformations of the complex structure
on a compact complex manifold can be characterized according to the following theorem.

Theorem 3.3. If (M, m, B) is a differentiable family of compact complex manifolds, then the complex structure
on each M; = m'(t) is represented by the vector (0, 1)-form @(t) € A; just constructed on Mo, such that
¢(0) =0and

op(t) - %[(p(t), p(t)]=0 (Maurer-Cartan equation,). (3.7)

As for the existence of deformations of compact complex manifolds, we refer to the general theory known as
Kuranishi theory.
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Let M be a compact complex manifold. Fix an Hermitian metric h on M, extend it to A4 and denote it by
the same symbol h. Define and inner product on .44 by

(¥, 5) = f h(¥,5) 1,
M

where ¥, £ € Ay, * is the C-antilinear Hodge operator. We also define the Laplacian on A4 by
0=00+00 ,
where 9 is the adjoint operator of 0 with respect to the Hermitian metric h. The space of harmonic forms is
HT={¥eAy:0¥=0}.
The Hodge theory induces a decomposition on the space .44 as a direct sum of orthogonal subspaces:

.Aq = Hq 7] DAq.

The operator G: Ay — 0.4 is well defined and acts on A4 as the projection onto 0.44, whereas the operator
H is the well-defined projection operator onto H7.

Theorem 3.4 (Kuranishi). Let M be a compact complex manifold, {1y} a basis for #. Let ¢(t) be the (0, 1)-
vector form which is a power series solution of the equation

w(6) = 1(0) + 53 Glo(0), 9(0)], 68)

where n(t) = YLy tufpv, |t| < 1, v > 0, and let S = {t € B;(0) : H[@(t), p(t)] = 0}. Then for each t € S, ¢(t)
determines a complex structure M; on M.

The space S is called the space of Kuranishi. The proof of Theorem 3.4 shows that a (0, 1)-vector form ¢(t)
satisfying equation (3.8) can be constructed as a converging power series

o) =3 pult)
u=1

in which the forms
(Py(t) = Z §0v1...vmt‘1/1"'t‘r/nmy Pvy..ovi € A,

Vi++Vm=H1
are determined via a recursive formula. In fact, if {y}"_, is a basis for ' and we set 1 (t) = ¥, tunv,
equation (3.8) assures that each term ¢, can be computed as

e Kl
ou() = 539G T [ox(0), gu-+(0)). (39)

In general S can have singularities and hence may not have a structure of smooth manifold. Nonetheless,
{M¢}ts can be proven to be a locally complete family of complex manifolds and therefore can be still be
interpreted as a complex analytic family, see [15].

As a first step to understand deformations, it makes sense to study how the decompositions of the com-
plexified cotangent bundle (TcM)* and its powers /\(’é(M ) vary along with M;, for a differentiable family
(M, m, B). For simplicity, we suppose that B=1 = (-€, €) c R, for € > 0.

Let us denote the central fiber My = 77 (0) by M and let us suppose ¢(t) € A; is the (0, 1)-vector form
describing (M, m, B). If we denote by i’(;(t) =l 0 0 ly(r) and ¢@(t) € A°(T! M) the conjugate of ¢(t),

——————
k times

in the following operators

i = 1 . — 1.
Loty — il - i
ert = ,Z;) qiow and o evo = ,Z% k1G]
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the summations are finite, since the dimension of M is finite. As in [18, Definition 2.8], we define the extension
map

0l AP (M) 5 APU(M), (3.10)

where, if a = ailmipjl,,,jqdzil AondzZ? AdZP A A dPTisa (p, q)-differential form on M with a;, _;,j,...j,
differentiable functions on M with complex values, we set

e Ol@ (@) =y, i, €90 (A2 A A dZP) A €O (dZ A A dF). (3.11)
Indeed, we have the following lemma, see [18, Lemma 2.9, 2.10].

Lemma 3.5. Forany p, q and for t small, the map elowliswm, Apa (M) — AP-9(My;) is a real linear isomorphism.

Moreover, the following decompositions hold
AE(M) = @p g APUMe),  ke{l,...,n}. (G.12)

Remark 3.6. We observe that, for a (0, 1)-vector form ¢(t) € A; on My such that ¢(0) = 0, the Maurer-
Cartan equation (3.7) is equivalent to the integrability of the complex structure J; on M, i.e.,

(da)>? =0  Vae A" (M), (3.13)

where (da)%? is the component in A%2(M;) of the 2-form da, according to decomposition (3.12). Indeed,
from Lemma 3.5 it immediately follows (I - @) : [(T*°M) — I'(T*° M) is an isomorphism for ¢ small, and
for X, Y e I(T*°M)

~d(a+ "0 (@) (X - () (X), ¥ - 9(6) (1)) = a( (Bp(0) - 3[p(0, p(ON(X. 1))

See also [13, Proposition 6.1.2]. Furthermore, for a (0, 1)-vector form satisfying (3.8), the defining property of
S, i.e., H[p(t), p(t)] = 0, is equivalent to the integrability condition given by the Maurer-Cartan equation
(3.7) (see [17, Chapter 4, Proposition 2.5]).

4 Proof of Theorem 1.1

Let (M, m, I) be a differentiable family of compact complex manifolds parametrized by ¢(t), for t € I, I =
(-€, €), € > 0. We need to recall formulas for the differential operators o; and 9¢, defined as

o = ' o d: AP (My) — APTVI(My),
O = T o d: AP (My) — AP (M),

for any p, g, with 77" >? and 779" the usual projections of d(.AP*9(M)) with respect to the decompositions
(3.12).

We take as main reference [18]. Starting from (0, 0)-differential forms, i.e., differentiable complex func-
tions, we have

of =€ ((I- )" 3 (2-9 13)f), (4.)
3f =€ ((I-9p) " 5 (8- 10)f), (4.2)

where 0@ = 9 1@, pp = ¢ 1@ and we omit the dependence on t of ¢, see [18, Equation (2.13)]. We will denote
by 4 the simultaneous contraction on each component of complex differential form, i.e.

Q0= gy, 1Az A A 1dZ" ANQ A2 A AP dZe,
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forany (p, q)-differential form locally writtenas a = a;, i j,...j, dz" a---Adz AdZ" A---AdZ. This contraction
is well-defined and it can be used to describe the extension map, in fact

Ol = (I+ ¢ +9)4,

With these notations, from the proof of [18, Proposition 2.13], we can summarize the action of the operators
o, and o, on differential forms e /%@ o ¢ AP4(My), with a € AP>9(M). Then,

de(el7a) = ei‘*’li5<(1 ~99) ([0, ip] +0)(I - <p¢)ja), (4.3)
(e 7a) = €7 ((1-9p) " 3([0,ip] + ) (I - P9) Ja). (4.4)

Now we have all the ingredients to prove our main result Theorem 1.1. Let us fix (M, ], g, w) a compact
Hermitian manifold and suppose that g is SKT, i.e. 90w = 0. We want to find necessary conditions under
which the property of being SKT is stable for a smooth family of Hermitian metrics { w; } ¢ such that w¢ = w,
along a deformation of the complex structure parametrized by a (0, 1)-vector form ¢(t).

Proof of Theorem 1.1. The metrics w; are SKT for every ¢t ¢ I, i.e., J¢0¢w; = 0. This implies
%(atétwt)‘ho =0. (4.5)
Let us compute equation (4.5) using the expressions (4.3) and (4.4) for 9; and 9;. First we calculate 5t(w t)
d(we) = 7 ((1-5p) " ([0, 1p] + 0)(I - Pp) w(1)),
and then 0.:0¢(w¢),
d:de(we) = €7 ((1- 9) ' 3([3, i) + 0) (I - ) I - Pp) " ([0, i ] + 3) (I - Pp) S () ).

Now, to compute equation (4.5), we develop a@(wt) in Taylor series centered in ¢t = O up to the first order.
Note that

@(t) = t'(0) + o(t)
implies
(I-99)=(I-9p)=(I-9) " =(I-pp)" =I+o(t).
Therefore we get
0:0¢(wr) = (I +tg'(0) + t’(0))3([3, to’(0) ] + ) ([0, te’ (0) 1] + 5)(w(0) + tw'(O)) +o(t)

= (I+t9'(0) + t¢'(0)) 4([3, t'(0) 1] + 3)([9, tg'(0) 1] (0) + dw(0) + 13w’ (0) ) + o(t)

= (I+tp'(0)+ t(p’(O))j( —t(¢’(0) Jow(0)) +ta(¢’(0) Jow(0)) + tagw'(o)) +o(t)
— _ta(¢(0) 5 dw(0)) + t3(9(0) L dw(0)) + tdw' (0) + o(t),
implying

0= %(atgtwt)\z=o =-0(¢'(0) Jow(0)) +0(¢’(0) Jow(0)) + dow’(0),

which is equivalent to equation (1.1). O

5 Applications

We now apply Corollary 1.2 and Theorem 1.1 to study two 4-dimensional complex nilmanifolds admitting
invariant SKT metrics. In particular, we study obstructions along a specific family of deformations on a fam-
ily of nilmanifolds introduced in [9, Section 2.3] and on a quotient of the product of two copies of the real
Heisenberg group H(3; R) and R? presented in [19, Example 8].

In the following, we may refer to one-dimensional differentiable families of complex manifolds {M; } ¢,
I = (-€,€), € > 0, by the terminology curves of complex structures.
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5.1 Example1

Let us consider the Lie algebra g endowed with integrable almost complex structure J such that g* is spanned
by {n',...,n"}, asetof (1,0) complex differential forms with structure equations

dnp' =0, ie{1,2,3},

4 12 13 11 12 13
dn® =aim " +axyn’ +asn +agnC+asn

(5.1)
+agn® +arn’t + agn** + agn?>
+(1101131 + 6111'132 + (1121133,
with a; € Cfori e {1,...,12}. In particular, g is a 2-step nilpotent Lie algebra depending on the complex
parameters as, ..., aiy. If we denote by G the simply-connected nilpotent Lie group with Lie algebra g, then
forany as, ..., a1z € Q[i], by Malcev’s theorem [16, Theorem 7], there exists a uniform discrete subgroup I
of G such that M = I'/G is a nilmanifold. As in [9, Theorem 2.7], the invariant Hermitian metric on M
L i i o
g=>y(en+7en)
25
is Astheno Kahler, i.e., the fundamental form of g
i 4 L
w==>nr7 (5.2)
2
j=1
is such that 90w? = 0, if and only if the following equation holds
|a1\2 + |a2|2 + \a5|2 + |a6|2 + |(17|2 + |ag\2 + |a10|2 + |(111|2 =2NRe(asag + asai + agdia). (5.3)
Moreover, if ag = 0, the Astheno-Kédhler metric g is SKT if and only if
a,=4a,; =0dg=0ay =ag =ay; =0.
Hence, ifa; =0 forie {1,4,6,7,8,9,11} and
2 2 2 —
|az|” + |as|” +|aio|” = 2Re(aszaiz), (5.4)

from equation (5.3), the metric g is SKT, i.e., 90w = 0. From now on, we will consider the nilmanifold (M, J),
with Hermitian SKT metric w.
The structure equations (5.1) boil down to

dn' =0, ie¢{1,2,3}, 55)
dn* = am® + asn' + asn®® + awon’t + anan. )
We consider now the following invariant (0, 1)-vector form given by
@(r,8) =17 ® Zy + ST ® Z3, (r,s)eC?, |r|<1, |s| <1, (5.6)

where Z; is the dual of 7 in g, forj € {1,2,3,4}. We define the invariant forms n’;’s =1+ i(,,(nj), for
je{1,2,3,4}:

1 1, =1
Nrs =N+,

2 2
rIT,S = Tl ’

3 3 —3
Nr,s =N"+SN°,

4 4
rIT,S :71 ’
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which form a coframe of (T*°M;)*. It is clear that

’11 = 1_1|r|2 (rl},s - rﬁ:,s):
> =nis
N = (s = SThs)s
nt =nis.

Therefore, it can be easily seen that the structure equations for the coframe {1}, 113,3, Nr.s» Mr.s ) are:

dnls=0, ie{1,2,3},

a +rayp—Sas 13 as 11~ ds5s—Sax—71sdip 13
dns = + + +
e = @A) T T T A a sy
aqio0 +raz —1’5615 31 ain 33 —rds +Sdqo +rsa; 13
Nrs +

+ r, + r,S.
A-)(a-Jsp) " 1= ]sp A-P)(a-Jsp)

For the integrability condition (dni, S)O’2 = 0, which is equivalent to check the Maurer Cartan equation for ¢
by Remark 3.6, we must have that
—ras +Ssag +rsa; = 0. (5.7)

We begin studying this equation by noticing that, if we set F(r, s) = —ras + saio + rsaz, the gradient VF in

(r,s)=(0,0)1is
Fr(0,0)\ (-as
(Fs(O,O)) B (alo)'

We distinguish two cases, depending on whether VF(0,0) = 0 or VF(0, 0) +# 0. We observe that in the first
case, the solution set, which we will denote by B, might not be a smooth manifold, whereas it happens in the
latter case.

5.1.1 Case (i)

VF(0,0) =0, i.e., as = aip = 0. The solutions of (5.7) are
B={(r,s) ¢ C?:rsa; =0, |7],1s] < 6},

for 6 > 0 sufficiently small. The corresponding (0, 1)-vector form which parametrizes the deformation is
@ =M ®Zy +s° ® Z3. If we consider the segment : (—€, €) — B, v(t) = (tu, tv) for (u,v) ¢ B, we define
the curve of deformations

te@(t)=tul" ® Z1 + v ® Z3.

In this case, ¢’(0) = un’ ® Z; + v[° ® Z3. With structure equations

dn' =0, ie{1,2,3},
dn“ _ a2n13 +a3’111 +a12n33,

we compute 0 oi, (o) o d(w). It turns out that this term vanishes, therefore Corollary 1.2 gives no obstructions
to the existence of curve of SKT metrics along the curve of deformations ¢t — ¢(t).

5.1.2 Case (ii)

VF(0,0) # 0, i.e., (as, ao) # (0,0).
We begin by studying the case as + 0. The set

Saio

B:{(r,s)e(Cz:rzi,
as — Sa

Ir| < 6,]s| < 6'} ,
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for 6, ' > 0 sufficiently small, is the set of the solutions of equation (5.7)
—ras + saip + rsa; = 0.

If we consider the smooth curve v: (€, €) — B,

tuao

t) = , t .8
0 = (e ) 538)
with u € C, we have that
tuai;p _1 —3
t>p(t)=————n ®Z1+t ®7Z
@(t) 4 tua, | B4 i@z

is a smooth curve of deformations with ¢'(0) = ]

structure equations

n ®Z1+U n ® Z3. By the usual computations and

dn' =0, ie{1,2, 3%
dn* =an® +asn't + asn® + aron® + an

we obtain that X 5
doi o _ laiol” - las|® 1313
[¢] l(pr(o) o ((1}) = luazT)] .

1313 is closed with respect to 0 and 9. Moreover,

We observe that the real form n
(0307 = (|aaf + a3 + |asof* - 2% (as@2))n' > = 0,

by equation (5.4). Therefore - 1313
isomorphism, the class ['*1?]

is harmonic with respect to the Bott-Chern Laplacian and, via the canonical
Bc is a non-vanishing class in Hy Cz (M). Hence, if

2 2
jm(iua2|“1°| as| ) +0,
as
by Corollary (1.2) there exist no family of SKT metrics w; along t — ¢(t) such that wo = w
If instead we assume that a1 # 0, we have that equation (5.7)
—ras +saip +rsa; =0
admits solutions

ra
a0+ra

= {(r,s) €eC’:s

with 8, 8’ > 0 sufficiently small.

,|r| <6, |s|<5}

If v: (€, €) — Bis the smooth curve y(t) = (tv, alé‘jj; =) with v e C, we define the curve of deformations
by
— tvas —3
too(t)=tv]' ®Z1 + ———T ® Z3. 5.
PO =tviy @ Zy+ == T ®Z3 (59)

We notice that ¢’(0) = v’ ® Z; + Vo 11 ® Z3. With the aid of structure equations (5.5), we can check that

. . awl* - las)* 1313
doi od(w) = iva —————=— .
9'(0) © O(w) Fova—

Since r113ﬁ € HIZRCZ (M, g) and [nBﬁ] ¢ does not represent the class 0 € H22, therefore, if

BC®
2 2
- la
Jm (iva2|a10||5|) +0,
aio
by Corollary 1.2, there is no curve of SKT metrics w; along the curve of deformations ¢ — ¢(t) such that
wWo = W.
Summing up, we gather what we obtained.
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Theorem 5.1. Let (M, ]J) be an element of the familiy of nilmanifolds with structure equations

dn' =0, ie{1,2,3},
dn® = an® +asn' + asn®® + aron’t + aan’3,

a, as, as, aio, a1z € Q[1i] such that \a2|2 + |a5|2 + |a10|2 = 2%Re¢(asaiz), endowed with the Hermitian SKT
metricw = § ¥, ). Then

e ifas + 0 and u € C, there exist no smooth curve of SKT metrics w¢ such that wo = w along the curve of
deformation t — @(t) = -240_p' @ 7, + tun® @ Z3 fort € (—€,€), € > 0, if

as—tua,
2 2
. a -a
Jm(lua2| 10| - || ) + 0;
as
e ifajp + 0 and v € C, there exist no smooth curve of SKT metrics w; such that wo = w along the curve of

deformation t — @(t) = tvﬁ1 ® 7, + s ﬁ3 ® Z3 forte (—€,€),€>0,if

ayo+tvas

2 2
aipol” —|a
Jm(lll) <.

aio

5.2 Example 2

Let us consider the group G := H(3;R) x H(3;R) x R?, where H(3;R) is the 3-dimensional real Heisenberg
group. We fix a basis {el, e e8} for g*, the dual of the Lie algebra g of G such that

{de1 =de? =de® =de* = de® =de’ =0,

de®=-1e'?, de®=-1e%"

Due to [16, Theorem 7], there exists a lattice I' of G such that the quotient M = I'/G is a compact manifold. In
particular, M is real 8-dimensional nilmanifold.

If we make use of the standard real coordinates {x1, x2, x3} and {x4, x5, x¢ } on the two copies of H(3; R)
and {x7, xg} on R?, the coframe {el, e, e8} can be written as

el = dxt, e’ = dxz, e® = dx3 fxldxz,
e =dxt, e*=dx, e® = dx® —x*dx®,

e’ =dx’, e = dx®.

Notice that it defines a global left-invariant coframe of differential 1-forms on G, and therefore on M.
Let us define an almost-complex structure J on g* by setting the following basis for (g*)*:°
nti=el+ie?, n?i=ée3+iet,
n’i=e’ +ie®, n*:=e’ +ied.
Let Z; be the dual of ni in g, forj € {1, 2, 3, 4}. This position gives rise to a left-invariant integrable almost-
complex structure on G, hence it descends to the quotient M. With an abuse of notation we will denote the
latter by J.
We find that the holomorphic coordinates on M which induce J are

2L =xt+ ixz,

2 _ 4 5
z-=x"+ix,
(5.10)

22 =x" + 103)? +i(° - x'x?),

24 =x8+103)? +1(x® - x*%°).
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We point out that the structure equations for (M, J) are

dn' =

QU
=
)
Il
L

-
[l

(5.11)

QU

=~

w

1l

N[ N[

= S
N
N

Let us now consider a generic Hermitian invariant metric g with associated fundamental form
. 4 _ _ _
l i, 1 k= K
w==>Y a:n +72(a%)1 —azn’|,
2457 25\ j
whose coefficients a;; are such that the matrix representing g

a7 Tl Sz lagg
;& Cldyy Sl
a3 a3 033 gy

W Wy oy Gy

is positive definite.
It is straightforward to check with the aid of (5.11), that g is a SKT metric if and only if

jm((x3z) =0.
We construct a (0, 1)-vector form
(P(t) = t11ﬁ1 ®7Z1 + tzzﬁz ®7Zy + t32ﬁ2 ®Z3+ t33ﬁ3 ® Z3
+ t34ﬁ4 ®Z3+ fqlﬁl ®Zy+ t43ﬁ3 ®Zy+ t44ﬁ4 ® Zy,

for t = (t11, t22, t32, t33, t34, t41, t43, tsy) in sufficiently small ball B centered in O ¢ C8, Using the holomor-
phic coordinates (5.10), it is a computation to show that ¢ satisfies Maurer-Cartan equation. As a side note,
thanks to [3, Theorem 1.1], we point out ¢ (t) parametrizes a locally complete family of complex analytic de-
formations. We construct the segment +: (—€, €) — B, where

t = ~(t) = t(ai1, azz, asz, ass, ass, As1, 43, A44),

with (a1, a2, asa, ass, asy, a1, as3, asy) € C8. The corresponding curve of deformations is

t—o(t) = t(auﬁl ®7Z1+ azzﬁz ®7Zy + a32ﬁ2 ®Z3+ a33ﬁ3 ® Z3

+ a3t ® Z3 + 4l ® Zy + aisl’ ® Zuy + sl ® Zs)
whose derivative in t = 0 is clearly

@' (0) = an ' ® Z1 + anf> ® Zy + asfj> ® Z3 + ass’° ® Zs

+ a34ﬁ4 ®Z3 + a41ﬁ1 ®Zy+ 043ﬁ3 ®Zy+ (144ﬁ4 ®Zy.
Via structure equations (5.11) and the expression of ¢’(0), we obtain that

2iIm((9 0 iy gy 0 0)(w)) = (5.12)
1. . —_ . —_ _ _ _ 2
§(1a3§(a34 +a34) +iag(ass +as3) + ag5(as3 + ss) — a55(ass +a33)) '
We observe that nuﬁ = %65(1135), therefore the real (2, 2)-form nuﬁ represents the vanishing class in

H 12362 (M). Hence, Corollary 1.2 gives no obstruction.

Nonetheless, if we take any smooth curve of SKT Hermitian invariant metrics {w;} along ¢(t) such that
wo = w, written as w; = €% @ (w(t)) with

P4 - -
003 2 a0 1+ 5 5 ap(0 0 -ap(0 1Y),
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a straightforward computation yields
5 1. 12
90w’ (0) = ng(a;Z(O))nl 2,
therefore, by imposing equation (1.1) of Theorem 1.1, we obtain the following result.

Theorem 5.2. Let (M, ], g, w) be the nilmanifold obtained as the compact quotient I/ G of the Lie group G :=
H(3;R) x H(3;R) x R? by a lattice I of G, with complex structure ] defined through the invariant coframe of
(1, 0)-complex forms {rll, 112, n3, rf‘} with structure equations

dn1 =0, dnz =0,

dn’ = 50",
dn* = %nzz.

Let us consider the curve of deformations

to @(t) = t(ann ® Z1 +anh° ® Zy + asi’° ® Z3 + asi’ ® Z3+

+ a34ﬁ4 ®Z3 + a41ﬁ1 ®Zy+ (143ﬁ3 ®Zy + a44ﬁ4 ®Z4), te (—6, 6)

and any smooth curve of Hermitian invariant metrics {W¢}e(-e,¢) along ¢(t) such that wo = w, with w¢ =

eiw(olim(w(t)), where

- 4 = =z =
w(t) = é}; aﬁ(t) 0+ % Z (ajﬁ(t) nlk _a]%(t) nkJ).

j<k
Then a necessary condition for w; to be SKT for any t € (—¢€, €) is that
i0y5(as4 + a34) + i0,7(a43 + As3) + A37(A33 + Aas) — Ay7(Aas + a33) = Im(al;(0)).
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