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All graphs considered are finite and simple (without loops or multiple edges). We shall
use the term multigraph when multiple edges are permitted. Most of our terminology is
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Abstract

A graph G is 1-extendible if every edge belongs to at least one 1-factor of G. Let
G be a graph with a 1-factor F'. Then an even F-orientation of G is an orientation in
which each F-alternating cycle has exactly an even number of edges directed in the
same fixed direction around the cycle. In this paper, we examine the structure of
l-extendible graphs G which have no even F-orientation where F is a fixed 1-factor
of G. In the case of graphs of connectivity at least four and k-regular graphs for
k > 3 we give a complete characterization.

Introduction

standard and can be found in many textbooks such as [2], [10] and [19].

Let G be a graph with vertex set V(G) and edge set E(G) and denote by (u,v) an
edge with end-vertices v and v in G. An orientation G of G is an assignment of a direction

to each edge of G.

A 1-factor F' of G is said to induce a 1-factor of a subgraph H of G if E(H) N E(F)

is a 1-factor of H. Note that we will often identify F' with E(F).



Let F' be a 1-factor of G. Then a cycle C' is said to be F-alternating if |E(C)| =
2|E(F)NE(C)|. In particular, each F-alternating cycle has an even number of edges. An
F-alternating cycle C' in an orientation G of G is evenly (oddly) oriented if for either choice
of direction of traversal around C, the number of edges of C' directed in the direction of
traversal is even (odd). Since C' is even, this is clearly independent of the initial choice
of direction around C. Let G be an orientation of G and F be a 1-factor of G. If every
F-alternating cycle is evenly oriented then G is said to be an even F-orientation of G.
On the other hand, if every F-alternating cycle is oddly oriented then G is said to be an
odd F'-orientation of G.

An F-orientation G of a graph G is Pfaffian if it is odd. It turns out that if Gisa
Pfaffian F-orientation then G is a Pfaffian F*-orientation for all 1-factors F* of G (cf.[10,
Theorem 8.3.2 (3)]). In this case we simply say that G is Pfaffian. It is well known that
every planar graph is Pfaffian and that the smallest non-Pfaffian graph is the complete
bipartite graph Kj33. The Petersen graph is a further example of a non-Pfaffian graph

(cf. Lemma [2.7).

The literature on Pfaffian graph is extensive and the results often profound (see [17] for
a complete survey). In particular, the problem of characterizing Pfaffian bipartite graphs
was posed by Pélya [15]. Little [8] obtained the first such characterization in terms of a
family of forbidden subgraphs. Unfortunately, his characterization does not give rise to a
polynomial algorithm for determining whether a given bipartite graph is Pfaffian, or for
calculating the permanent of its adjacency matrix when it is. Such a characterization was
subsequently obtained independently by McCuaig [12} 13], and Robertson, Seymour and
Thomas [16]. As a special case their result gives a polynomial algorithm, and hence a
good characterization, for determining when a balanced bipartite graph G with adjacency
matrix A is det-extremal i.e. it has |det(A)| = per(A). For a structural characterization
of det-extremal cubic bipartite graphs the reader may also refer to [18], [I1], [13] and [6].

The problem of characterizing Pfaffian general graphs seems much harder. Neverthe-
less, there have been found some very interesting connections in terms of bricks and near
bipartite graphs (cf. e.g. [7], [10], [14], [17], [20]).

A graph G is said to be 1-extendible if each edge of GG is contained in at least one
1-factor of G. A subgraph J of a graph G is central if G — V(J) has a 1-factor.

A l-extendible non-bipartite graph G is said to be near bipartite if there exist edges
e; and ey such that G\{ej, ea} is 1-extendible and bipartite.

The Pfaffian property which holds for odd F-orientations does not hold for even F-
orientations. Indeed, the Wagner graph W is Pfaffian, so there is an odd orientation for

each 1-factor. On the other hand, it has an even F}-orientation and no even Fs-orientation
where F} and F; are chosen 1-factors of W (cf. Lemma [2.5)).

Since little is known about even F-orientations, the purpose of this paper is to achieve
results helpful in this context. In particular, we examine the structure of 1-extendible



graphs G' which have no even F-orientation where F' is a fixed 1-factor of G (cf. Theorem
3.8(i)). In the case of graphs of connectivity at least four and of k-regular graphs for
k > 3 we give a characterization (cf. Theorem [3.§ points (ii) and (iii)).

2 Preliminaries

In order to state our results we need some preliminary definitions and properties.

We denote by P(u,v) a uv-path (u := wug,uq,...,u, =: v) and by P(v,u) a vu-path
(V1= Up, Up_1, ..., U1, up =: u). Suppose that u, v and w are distinct vertices of G and that
P(u,v) is a uv-path and Q(v,w) is a vw-path such that V(P(u,v)) N V(Q(v,w)) = {v}.
Then P(u,v)Q(v,w) denotes the uw-path formed by the concatenation of these paths.

Definition 2.1 Let G be an orientation of G. We define a (0,1)-function w := wgz on
the set of paths and cycles of G as follows:

(i) For any path P := P(u,v) = (ug, ..., uy,)
w(P) = |{i : [us,uir1] € B(G),0<i<n—1} (mod?2)

Note that w(P(u,v)) = w(P(v,u)) + n(mod?2);
(ii) For any cycle C = (uy, . .., Uy, 1)

—

w(C) == |{i : [us, up1] € E(G),0 <i<n—1}(mod2)
where the suffizes are integers taken modulo n.

We say that w is the orientation function associated with G.

In other words, for each path P (or cycle C), w(P) (or w(C)) is the parity of the
number of edges oriented consistently with G.

As we have already noted, if n is even then w(C') is independent of any cyclic rotation
of the vertices of G. This is not the case when n is odd and so we have a slight abuse
of notation in this case. Note also that when n is even, C' is evenly oriented or oddly
oriented if w(C') = 0 or w(C') = 1 respectively.

Suppose that G is an even (resp. odd) F-orientation of G where F'is a fixed 1-factor

of G. Then the orientation function w associated with G is said to be an even F -function
(resp. odd F'-function).

Observe that when C'is considered as a concatenation of paths, e.g.

C = (Pl(Uh ’LLQ)PQ(UQ,’U?,), Ce ,Pn(un,ul))
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then

n

w(€) = S (P uiyuise))  (mod 2)

i=1

Definition 2.2 Let G be a graph with a 1-factor F. Suppose that A := {Cy,...,Cx}
1s a set of F-alternating cycles such that each edge of G is contained in exactly an even
number of elements of A. Then A is said to be a zero-sum F-set.

We say that the zero-sum F'-set is respectively an even F-set or an odd F-set if k is
even or odd.

The following lemma and its corollary are very useful to our purpose.

Lemma 2.3 [1] Let G be a graph with a 1-factor F and an odd zero-sum F-set C:=
{C1,...,Cy}. Suppose that Cy,...,Cy, are oddly oriented and Cy 41, ...,Cy are evenly
F-oriented in an orientation G of G. Let kg :=k —ky; and 0 < k; <k (i =1,2). Then,
G cannot have an even F-orientation or an odd F'-orientation if either ki or kg is odd,
respectively.

Corollary 2.4 [1/ Let G be a graph with a 1-factor F' and an odd F-set. Then G cannot
have both an odd F-orientation and an even F'-orientation.

The Wagner graph W is the cubic graph having vertex set V(W) = {1,...,8}
and edge set E(W) consisting of the edges of the cycle C' = (1,...,8) and the chords

{(1,5),(2,6),(3,7), (4,8)}, see Figure [1]

Let Cy and C5 be cycles of G such that both include the pair of distinct independent
edges e = (ug,uz) and f = (v1,v2). We say that e and f are skew relative to Cy and
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Figure 1: The Wagner Graph W



Cy if the sequence (uq,ug,v1,v9) occurs as a subsequence in exactly one of these cycles.
Equivalently, we may write, without loss of generality, C; := (uy, ug,...,v1,v9,...) and
Cy = (uy,ug,...,v9,01,...) Le. if the cycles Cy and Cy are regarded as directed cycles,
the orientation of the pair of edges e and f occur differently.

Lemma 2.5 Let F} :={(1,5), (2,6), (3,7), (4,8)} and F5 := {(1,2), (3,4), (5,6), (7,8)}
be 1-factors of the Wagner graph W. Set e := (1,8) and f := (4,5). Then the Wagner
graph W satisfies the following:

(i) W is 1-extendible.
(ii)) W —{e, f} is bipartite and 1-extendible (i.e. W is near bipartite).
(i1i)) W has an even Fi-orientation and an odd Fi-orientation.
(iv) W is Pfaffian.
(v) W has no even Fy-orientation.
(vi) There ezists no pair of Fi-alternating cycles relative to which e and f are skew.
(vii) The edges e and f are skew relative to the Fy-alternating cycles Cy = (1,...,8) and
Cy=1(1,2,6,5,4,3,7,8).

Proof. (i), (ii) and (vii) are easy to check.

(iii) The Fj-alternating cycles are C; = (1,2,6,5), Cy = (2,3,7,6), C3 = (3,4,8,7)
and Cy = (4,5,1,8). It is easy to check that the orientation W

E(W) := {[1,2],2,3],[3,4], [4,5],[5,6], (6,7, [7,8], [8,1], 2,6, [1, 5], 3, 7], [4,8]}
is an even F}-orientation and that the orientation W
E(W) = {[2,1),[2,3],[3,4], [4,5], [5,6], [6, 7], [7,8], [1,8], [2,6], [7,3], [4,8], [1, 5]}

is an odd Fji-orientation.

(iv) As we already remarked in the introduction if W has an odd Fj-orientation then
W has an odd F-orientation for every 1-factor F' of G. Hence, from (iii) W is Pfaffian.
(v) The Fy-alternating cycles are:

Cy=(1,2,3,4,5,6,7,8), Cy = (1,2,6,5,4,3,7,8)

Cs=(1,2,3,4,8,7,6,5), Cy = (3,4,8,7), Cs = (1,2,6,5)



It is easy to check that {C}, Cy, C5, Cy, C5} is an odd Fy-set and that W where

E(W) = {[1,2),[2.3],[3.4],[4,5]. [5,6]. (6, 7). 7,8, [1,8], [5, 1], [2. 6], [7. 3], [4, 8]}

is an odd Fy-orientation. Hence, from Corollary W has no even Fy-orientation.

(vi) There is only one Fj-alternating cycle, namely (4, 5,1, 8), which contains both e
and f. a

Definition 2.6 Let G be a bipartite graph with bipartition (X,Y). Set X :=
{x1,29,...,2,} and Y := {y1,92,...,yn}. Let F := {(x;,y;) |1 = 1,2,...,n} be a 1-
factor of G. Let G be the orientation of G defined by:

E(G) = {[ziyl i =1,2,...,n} U{ly,z]| (y,x) € B(G)\ F,z € X,y € Y}
G is said to be the canonical F-orientation of G. Clearly G is an even F-orientation.

Note that if G is a bipartite graph containing a 1-factor then GG has an even orientation:
the canonical orientation. In this direction, the following results were shown by Carvalho,
Lucchesi and Murty:

Lemma 2.7 [J] The Petersen graph P has an even F-orientation for each
1-factor F' of P, but has no odd Fy-orientation, where Fy is the prismatic 1-factor. Hence
P is non-Pfaffian.

Lemma 2.8 [J]] The complete bipartite graph K3 has an even F-orientation but no odd
F-orientation, where F' is as in Defition (2.6). Hence, K33 is non-Pfaffian.

3 Main Results

As we have already said in the Introduction, since little is known about even F-
orientations, the purpose of this paper is to achieve helpful results in this context. Recall
that if G is a bipartite graph containing a 1-factor then G has an even orientation: the
canonical orientation. We ask when graphs, not necessarily bipartite, have an even orien-
tation. In particular, we examine the structure of 1-extendible graphs G which have no
even F-orientation where F' is a fixed 1-factor of G. (cf. Theorem [3.8)).

However, before stating our main theorems, again, we need some additional notation.

Definition 3.1 Let G be a graph and H < G. If G has a 1-factor F and G\V (H) has a
1-factor which is 1-extendible to F' we say that H is F-central.
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Definition 3.2 An even subdivision of a graph G is any graph G* which can be obtained
from G by replacing edges (u,v) of G by paths P(u,v) of odd length such that V (P(u,v))N
V(G) = {u, v}

Note that, if F'is a 1-factor of G then F' induces, in a obvious way, a 1-factor F™* of
G* and conversely. For brevity, we will often blur the distinction between F' and F™.

Definition 3.3 A graph G is said to be a generalized Wagner graph if

(i) G is 1-extendible;
(i1) G has a subset R := {e, f} of edges such that G — R is 1-extendible and bipartite.

(i1i)) G — R has a 1-factor F' and F-alternating cycles Cy and Cy relative to which e and
f are skew.

The set of such graphs is denoted by VW. We define a W-tactor of G € W, a 1-factor of
G satisfying Definition [3.5(iii).

Remark 3.4 (a) For example in Lemma the Wagner graph W € W and F} is not
a W-factor of W but Fy is. Incidentally, it is easy to prove that if G is a cubic graph
belonging to W with at most eight vertices then G 1is isomorphic to the Wagner graph.
Thus the Wagner graph s the smallest graph in VV.

(b) If we say that G € W we will often assume the notation of Deﬁm’tz’on i.e. that
F is a W-factor of G and R, Cy and Cy are as described in Definition [3.3(ii) and (iii)
respectively.

(c) It is easy to see that Deﬁmtion implies that if G € W then G is near bipartite.
In particular, G is non-bipartite by Definition [3.5(ii).

Remark 3.5 Let G € W. We use the notation of Definition with G* and F* as
defined therein. It is easy to prove that G* € W and that F* is a W-factor of G*. The
converse of this statement is also clearly true.

Definition 3.6 Letn > 2 be an integer. Let W(< n) denote the subset of W consisting of
graphs G with mazimum degree n. Moreover, we define W(n) to be the subset of W(< n)
consisting of the graphs G € W(< n) such that either

(i) G is regular of degree n;
or

(ii) G is an even subdivision of such a graph (i).



Definition 3.7 Suppose that G € W(3). Then G € W*(3) if G is cubic and contains no
proper central subgraph H such that H is an even subdivision of some element of W(3).

Then, using this notation our main results are:

Theorem 3.8 Let G be a 1-extendible graph containing a 1-factor F.

(i) Suppose that G has no even F-orientation, then G contains an F'-central subgraph

H e W and F is a W-factor of H.

(ii) Let G € W such that k(G) > 4, then G has no even F-orientation for some
W-factor F' of G.

(iii) Let G € W k-regular (k > 3), then G has no even F-orientation for some V-
factor F of G.

Theorem 3.9 Let G € W. Suppose that G is a proper subgraph of some element of
W*(3). Then G is F-even.

The proof of Theorem is unfortunately very long. We begin by proving Theorem
3.8(i). In section 4| we discuss the structure of 1-extendible graphs (see [10]). In Sections
and [6] the structure of a possible minimal counterexample to Theorem [3.8[1) is examined.
Then in Section[7]the proof of Theorem [3.§[i) is completed. In Section [J]we prove Theorem
3.8(ii) and (iii). Finally in Section [10] we prove Theorem [3.9]

Figure 2: G ¢ W

Remark 3.10 Note that the graph G in Figure [J satisfies the conditions of Theorem
(2) Such a graph G contains an F-central subgraph H where F is a VWW-factor of H
and of course H € W. However, G ¢ W .



4 Structure of 1-extendible graphs

Let G be a l-extendible graph A path of odd length in G whose internal vertices have
degree two is called an ear of G. An ear systemis aset R = {Py,..., P,} of vertex disjoint
ears of GG. Suppose that G has such an ear system. Then G — R is the graph obtained
from G by deleting all edges and the internal vertices of the constituent paths of R.

R is said to be removable if (i) G — R is 1-extendible and (ii) there exists no proper
subset R’ of R such that G — R’ is l-extendible.

Definition 4.1 (c¢f. [10], [3]) Let G be a 1-extendible graph. An ear decomposition of G
is a sequence D =(Gy, ..., G,) of 1-extendible graphs G; such that

(’L) Gl = KQ, GT = G,'

(ii)) Gi-y = G; — R;, for 2 <i <r, where R; is a removable ear system.

Theorem 4.2 [1(, Theorem 5.4.6] Let G be a 1-extendible graph and D =(Gy, ..., G;)
be an ear decomposition of G with G;_1 = G; — R;, for 2 < i < r, where R; is a removable
ear system. Then, for each i, R; has at most two ears. O

We say that an ear system of size 1, size 2 is respectively a single, double ear. If
R = {P} is a removable single ear and P has length one with E(P) = {e}, then e is said
to be a removable edge. If R = { Py, P»} is a removable double ear and P; has length one,
E(P) ={e;}, i =1,2, then {e1, e} is said to be a removable doubleton.

Definition 4.3 Let F' be a 1-factor of a 1-extendible graph G. Let D =(G4, ..., G,) be
an ear decomposition of G such that F; := E(F)N E(G;) is a 1-factor of G;, i =1,...,r.
Then D is said to be an F-reducible ear decomposition.

Proposition 4.4 Let F' be a 1-factor of a 1-extendible graph G. Then there exists an
F-reducible ear decomposition D =(Gy, ..., G,) of G with G;_1 = G; — R;, where R; is
either a removable single ear or a removable double ear, i =2,...,r.

Proof. We may assume that G is connected. D is constructed inductively.

Let G = Ky where F(K3) C E(F). Now suppose that for a fixed k, 2 < k < r, there
exists a sequence Dy= (G4, ..., G}) of subgraphs G; of G such that, for 2 < i < k,

(i) Gi—1 = G; — R;, where R; is a removable ear system.

(i) Fjis a l-factor of G; where E(F;) = E(F)N E(G;).
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Suppose that G # G. Select, if possible, e to be an edge of G which has exactly one
end-vertex in (Gj. Since G is 1-extendible there exists a 1-factor M of GG which contains e.
Adjoin to G, the set R}, of paths contained in (M\ E(G}))U(F\F}). there exists at least
one such path: the path containing e. Set G, := (JR},,;. Then G}, is l-extendible
since FFNE(GY, ) and MNE(GY,,,) are both 1-factors of G}, ;. Now choose Ry1 € Ry,
so that Ry, is removable. Again Fyi 1 := E(F) N E(Ggy1) is a 1-factor of Gyyq. Thus,
by induction, D =(Gj, ..., G,) is an ear decomposition of G with G;_; = G; — R;, where
R; is a removable ear system, for ¢ = 2,...,r. Hence, from Theorem R; has at most
two ears. Finally if e cannot be chosen with exactly one end in GGj then choose it so that
e has both ends in GG, and the proof then continues exactly as in the former case. a

Definition 4.5 (i) Let G be a graph and X C V(G). Let A(X) denote the set of edges
with one end in X and the other in V(G)\X. A cut in G is any set of the form A(X)
for some X CV(Q).

(i) Suppose that G contains a 1-factor F'. A cut A(X) is F-tight if |A(X)NF| = 1.
A cut is tight of it is F-tight for all 1-factors F' of G. Let G be a graph G with a 1-factor
and v € V(G), then every cut A({v}) in G is tight. These tight cuts are called trivial
while all the other tight cuts are called non-trivial.

(ii) Let A(X) be a non-trivial F-tight cut in a graph G where F' is a 1-factor of G.
Let Gy and Gy be obtained from G by identifying respectively all the vertices in X and
all the vertices in X := V(G)\X into a single vertex and deleting all resulting parallel
edges. We say that G and Gy are the shores of A(X). We denote by F; the 1-factor of
G, induced by F' (i=1,2).

We now describe the Lovasz [9] decomposition of 1-extendible graphs (cf. also [3]).
Trivially we have:

Lemma 4.6 [10/,[3] Let A(X), X C V(G) be a cut in a 1-extendible graph G. Then

(1) if F is a 1-factor of G, F induces a 1-factor of both of the shores of A(X);
(i1) if A(X) is a tight cut then both of the shores of A(X) are 1-extendible. O

Definition 4.7 A brace (respectively a brick) is a connected bipartite (respectively a con-
nected non-bipartite) 1-extendible graph that has no non-trivial tight cuts.

A Petersen brick is a multigraph whose undelying simple graph is the Petersen graph.

Definition 4.8 A graph G is bicritical if G contains at least one edge and G —u —v has
a 1-factor for every pair of distinct vertices uw and v in G.
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Lemma 4.9 [5] Let G be a non-bipartite graph with at least four vertices. Then G is a
brick if and only if G is 3-connected and bicritical. O

Let G be a 1l-extendible graph with a non-trivial tight cut then, from Lemma [4.6] its
two shores GG; and GGy are 1-extendible and both are smaller than G. If either G or Go
has a non-trivial tight cut this procedure can be repeated. The procedure can be repeated
until a list of graphs which are either bricks or braces is obtained. This is known as the
tight cut decomposition procedure.

Lemma 4.10 [9], [3] Any two applications of the tight cut decomposition procedure yields
the same list of bricks and braces, except for multiplicities of edges. a

Lemma 4.11 [9/, [3] Let G be a brick. If R is a removable doubleton then G — R is
bipartite. a

Recall that Tutte’s 1-factor theorem states that a graph G has a 1-factor if and only
if co(G — S) < |S]| for every subset S of V(G), where co(G — S) denotes the number of
odd components of G — S (cf. e.g. [2]). A set S C V(G) is said to be a barrier of G if
co(G — S) > |S|. The empty set and singletons are said to be trivial barriers.

Lemma 4.12 [3, Theorem 1.5, Corollary 1.6]

(i) Let G be a connected graph which contains a 1-factor. Then G is 1-extendible if
and only if, for every non-empty barrier B of G, G — B has no even components and no
edge has both ends in B.

(ii) Every connected 1-extendible graph is 2-connected. O

Definition 4.13 (i) Suppose that B is a non-trivial barrier in a connected graph G.
Suppose that H is a non-trivial odd component of G — B. Then A(V(H)) is said to
be a barrier cut.

(ii) Let {u,v} (u # v) be a non-trivial barrier, 2-separation of a connected graph G .
Let G := G1 U Gy where G1 NGy =< u,v > (i.e. the subgraph of G induced by u
and v). Then A(V(G;) —u), A(V(G;) — v) are tight cuts. Such cuts are said to be
2-separation cuts (G — {u,v} has exactly 2 components).

Lemma 4.14 [5], [3, Theorem 1.12] Suppose that G is a connected 1-extendible graph
which contains a non-trivial tight cut. Then G has either a non-trivial barrier cut or a
2-separation cut. O
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5 The structure of minimal counterexamples to
Theorem (3.8|(i)

Let G be such that

(i) Gy is a l-extendible graph.

(ii) G has no even F-orientation for some 1-factor F' of Gj.
(iii) Gy contains no F-central subgraph H such that H € W.
)

(iv) Gy is as small as possible subject to (i), (ii) and (iii).
Then, if Gy exists, it is a smallest counterexample to Theorem [3.8]

Lemma 5.1 Let Gy be a smallest counterexample to Theorem [3.8 Then Go is a non-
bipartite graph and it is either 3-connected or each 2-separation is a barrier.

Proof. Gy is non-bipartite since otherwise Gy has the canonical even F-orientation (see

Definition [2.6)).
By minimality Gy is connected and, from Lemma |4.12{ii), Gy is 2-connected.
Assume that Gy has a 2-separation {u, v} which is not a barrier. Write Gy := G7 UG»
where G1 NGy := {u,v}. Notice that, by definition, |V (G;)| = |V(G2)| =0 (mod 2), and
that G; and Gy are both 1-extendible.

Let f; and f; be the edges of F' incident with u and v respectively. There are two
cases to consider:

CASE (Z) f1 = fg.
Let F; := F N E(G;). Then F; is a 1-factor of G; (i = 1,2). For i = 1,2 assume that
(G; has an even Fj-orientation (; with associated even functions w; := Wg,- We choose

G; so that wy(u,v) = wy(u,v): this is possible since, if necessary, one can reverse all the
orientations in, say, G. Since {u, v} is a 2-separation, G; and G5 together induce an even

F-orientation of Gy with associated even function w; Uwsy. This contradicts the definition
of Go.

Hence, without loss of generality, we may assume that G; has no even Fj-orientation.
By the minimality of Gy, G; has an Fj-central subgraph H such that H € W. Then, it
follows that H is an F-central subgraph of Gy such that H € W. Again a contradiction
by the minimality of Gj.

CASE (i1): f1 # fo.
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Without loss of generality, we may assume that fi, fo € E(Gy). Set

Gi= Gt (wo) if (wo) @ B(Gy) "= b

Then, again, since Gg is l-extendible and {u,v} is a 2-separation, G is l-extendible
(1=1,2).
Set Fy := FNE(Gy) and I, := FNE(Gy) U{(u,v)}. Now assume that G} has an

—

even Fj-orientation G} with associated even function w; (i = 1,2). Reversing orientations
as in Case (i), if necessary, we may assume that w;(u,v) = 1 and wy(u,v) = 0.

Suppose that C is any F-alternating cycle of G such that C'is not contained in G
(1 =1,2). Then u and v are both vertices of C since {u,v} is a 2-separation. Hence

C = (Pi(u,v), Py(v,u)),

where P; is an Fj-alternating path in G; (i = 1,2).

Again C' induces Fj-alternating cycles C; in G where
Cy = (u, P (u,v),v)
02 = (U> P2('U7 U), U)

and w;(C;) =0, i = 1,2. Hence, setting w := w; U wy,
w(C) = wi(Pi(u,v)) + wa(Pa(v, u) =

= (w1 (P1(u,v)) + wi(v,u)) + (wa( Pe(v,u)) + we(u,v)) =
= wl(C’l) + w2<02) =0.

On the other hand, if C' is contained in G}, for some i, then w(C) = w;(C) = 0
(i =1,2). In all cases w(C) = 0. Hence Gy has an even F-orientation which is not the
case.

Therefore, from cases (i) and (ii), we deduce that, for some i = 1,2, G} has no even
F;-orientation.

Firstly assume that G} has no even Fj-orientation. Then, by minimality, G7 has an
Fj-central subgraph H; such that H; € W. Then, except in the case when (u,v) € E(H;)
and (u,v) ¢ FE(Gy), Hy is an F-central subgraph of Gy such that H; € W. In the
exceptional case, we replace (u,v) € E(H;) by an Fy-alternating path P(u,v) in Go to
obtain an even subdivision H; of H; such that Hy is an F*-central subgraph of G and
Hf € W. Hence, using Definition and Definition [3.2] again, in all cases minimality is
contradicted.

Finally assume that G} has an even Fj-orientation and G% has no even Fy-orientation.
The argument is almost identical as above but in the exceptional case when (u,v) is, by
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definition, in Fy, and (u,v) ¢ E(Gp). Now as above G5 has an Fy-central subgraph H,
such that Hy € W. We replace (u,v) in Hy by an Fj-alternating path in G to obtain an

even subdivision Hj of Hy such that Hj is an F*-central subgraph of Gy (see Definition
and H; € WW. Again minimality is contradicted.

Hence, if G is not 3-connected each 2-separation is a barrier. O

In the next lemma and subsequently, we use the notation of Definition [3.1] and Defi-
nition 3.2l We need the following definition:

Definition 5.2 Let eq € E(G), we say that e € E(G) is ep-bad if for all 1-factors L of
G that contain e, L contains eq. Thus eq itself is eg-bad.

Lemma 5.3 Let G € W and F be a W-factor of G. Then G contains an F'-central
subgraph H such that H € W(< 3). Moreover H is isomorphic to an even subdivision of
Ky.

Proof. We may assume that G is connected. Suppose firstly that G € W(3). Without
loss of generality G — {e, f} is bipartite, with vertex bipartition {X,Y} and e and f
are skew relative to F-alternating C; and Cy. Set e := (1, x2) and f := (y1,y2) where
r,e X,y €Y (Z: 1,2) Set

C, = (951,1’27P2($27y2)7P1(yh$1))
Cy, = ($1,$27Q2($2;yl%Ql(Z&J’l))

Then we may choose aj,as € Py and by, by € P, such that Q1(by,a;) and Qa(bs, as)
are internally disjoint from C;. Notice that as,b; € X and aq,b, € Y. Now if a; < as in
Pi(yy, 1) and by > by in Pa(g,y2) (or if ag < aj in Pi(y;,x1) and by < by in Py(x9,y2))
then C7 U Q1 (aq,b1) UQ2(bs, az) gives the required H. So now assume that these cases do
not arise.

Hence, without loss of generality, we may assume that ay < a; in Py (y1, 1) and by < by
in Py(z9,y2) and furthermore that b; and by are chosen so that

o by € Q1(y2, 1) N Pa(y2,z2) and subject to this choice by is as large as possible in
Ql(y%xl) and

o by € QQo(wa,y1) N Py(wa,ys) and subject to this choice by is as large as possible in
Q2(z2, 1)

Now choose y in P;(y1,x1) so that
(1) y € Qi(y2, 71)
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(i) if v >y in Pi(y1,21), v ¢ Q2(72, 1)

(¢4i) from (i) and (i), y is as small as possible in P;(y;,x1).

Then choose z € Q2(x2,y1) N Pi(y1, 1) so that x < y in Py(y1,x1) and z is as large as
possible.

Note that by choice x € X, y € Y and Pj(x,y) is internally disjoint from ¢; U Q.
Again Py (by, by) is internally disjoint from Q1 U Q2. Set

Ct = (z1, Pa(22,b2), Q2(b2, 11), Po(y2, b1), Q1(b1, 21)),

and this case is symmetric to the one already studied with C},Pi(x,y) and Py(by,bs)
taking respectively the roles of C1, Q1(aq,b1) and Qo(by, az). Notice that now by < x in
Q2(b2,y1) and by <y in Q1(by,x1), by € X, by € Y. This give the required H.

Assume now that G contains a vertex u with deg(u) > 4. Since deg(u) > 4 there
exists ey := (u,v) € E(G) such that ey ¢ C; UCy U F. Since G is 1-extendible, ey € Ly
for some 1-factor L of G.

Let H be the graph obtained from G by deleting all ep-bad edges. We show that
G* € W and F* is a W-factor of H (see Definition and Definition [3.2)).

Step 1: C4;UC, C H.

Let e € E(CLUCY). If uw € V(Cy UCy) then e is contained in a 1-factor L such that
ep ¢ L. So now suppose that u ¢ V(C,UC5). If e € F, then e is not ep-bad, since ey ¢ F.
Thus, w.l.o.g , we may assume that e € E(C}) and e ¢ F. Let Fy be the 1-factor derived
from F' by changing the “colours” of E(Cy). Since u ¢ V(Cy UCy), eg € Fpy, and e is not
eo-bad.

STEP 2: H € W.

Trivially C; and Cy are skew relative to e and f in H since they are skew relative to
e and f in G. Furthermore, since C; UCy C H, H — {e, f} is bipartite.

Suppose e € E(H). Then e is not eg-bad and hence there exists a 1-factor L of G such
that e € L and ey ¢ L. This, in turn, implies that each edge of L is not ep-bad. Thus L
is a 1-factor of H. Hence H is l-extendible. Thus H € W, F* is a W-factor of H and

degp(u) = dega(u) — 1.

The thesis follows on repetition, if necessary, of this argument. O

Theorem 5.4 Let Gy be a minimal counterexamples to Theorem [3.8, Then Gy is 3-
connected.

Proof. Assume that Gy is not 3-connected. Then, from Lemma [5.I G¢ has a barrier
B = {u,v}, u # v. Let H; and Hy be the odd components of Gy — B. From Lemma m,
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G — B has no even components and (u,v) ¢ FE(Gy). Since Gy is non-bipartite at least one
of Hy and Hs is non-trivial. So assume that H; is non-trivial and suppose that (u,z1),
(v,91) € E(F), x1 € V(Hy), y1 € V(Hs). Write X; := V(H;), i = 1,2. Let G; and G5 be
the shores of A(X;) (cf. Definition where (G; is obtained by contracting the vertices
of V(G5)\X; to a vertex x and G is obtained contracting the vertices of V(Gy)\ X3 to a
vertex y.

Set [ = (FNE(H))U{(z,21)} and I := (FNE(Hy))U{(y,y1)}. Clearly F; is a
1-factor of G; (i = 1,2). From Lemma [4.6/both G; and G, are l-extendible.

Since G has no even F-orientation for some ¢ = 1,2, G; has no even Fj-orientation.
Indeed, suppose that G; has an even orientation le with even Fj-orientation function wj,
i=1,2. Set K7 := A(X) ={(zs,z) : i=1,...,k1} and Ky := AY) = {(yi,y) : i =
1,...,ko}. Moreover, suppose that C' is an F-alternating cycle of Gy such that (x,u)
and (y;,v) are edges of C. Then C := (Py(z1,2;),v, Pa(y1,y5),u), 2 < i < ky, 2 < j < ko,
where P; is and Fj-alternating path in H; (i = 1,2).

We define an F-alternating function w for Gq as follows:
(i) if (a,b) € E(H;) then w(a,b) = w;(a,b),i=1,2;
(ii) for edges of E(Gy)\E(H,) U E(H,) define
(1) wi(zi, @, 21) + w2y, v, y5) = w(zr,u,y;) + wlyr, v, ;).
Then, by definition of C, and using (1):
(2) w(C) = w(Pi(z1, ) + w(zs,v,y1) + w(Palyr, yj)) + w(y;, u, 1)
= wi((Pr(w1, 7)) + wilws, 7, 21) + wa( Payr, ;) + w2y, ¥, y1)
= wi(D1) + wa(Dy)
where D; is an Fj-alternating cycle in G;. Hence w(C') =0 (mod 2).

By () if C'is an F-alternating cycle of G not containing (z1,u) or (y1,v) then w(C)
0 (mod 2).

This ends the proof that, since GGy has no even F-orientation for some ¢ = 1,2, GG; has
no even Fj-orientation.

Thus, we may assume that, say 1, has no even Fj-orientation.

By the minimality of Gy, G; contains an Fj-central subgraph H such that H € W
and Fy is a W-factor of H. If x ¢ V(H) then G contains H and H is central in Gy and
F is a W-factor of H, thus contradicting the minimality of Gy. Hence z € V(H). By
Lemma , we may assume that 2 < degy(x) < 3.

Assume that degy(z) = 3 and (z,z;) € E(H), i = 1,2,3. We may assume, without
loss of generality, that either

(i) (u, 1), (u,z2), (v,23) € E(Gy)

16



or
(i2) (u, 21), (v, 22), (v, 23) € E(Go)
otherwise H again would contradict the minimality of Gj.

We consider case (i). Let L be a 1-factor of Gy containing (v, z3). Now replace the edge
(x,x3) in H by the path P;(u,z3) contained in F'U L (disjoint from H;) to again obtain
a subgraph H* of Gy with the required properties. In case (ii), Let L be a 1-factor of Gy
containing (v, x3). Now replace the edge (x,z3) in H by the path Ps(v,x3) contained in
FUL (disjoint from H) to again obtain a subgraph H* of Gy with the required properties.
Finally if degy(x) = 2 then the proof of the existence of H* is exactly the same as for
case (ii).

In all cases we have a contradiction with the minimality of Gy. Hence Gy is 3-
connected. O

Lemma 5.5 Suppose that G is a non-bipartite 1-extendible graph with a barrier cut B.
Let Hy, Hs, ..., H, (n>2) be the odd components of G — B. Suppose that G has no even
F-orientation where F is a 1-factor of G. Set X; := V(H;) and G; to be the shore of §(X;)
obtained by contracting X; to a vertex y;. Set 6(X;) N F := {a;, b;} where a; € X;. Set
F, = (FNE(H;))U{a;,y;}. Then, for somei, 1 <i<n, G; has no even F;-orientation.

Proof. The proof follows by induction, using the argument obtained in the proof of
Theorem [5.4] O

Theorem 5.6 Let Gy be a minimal counterezample to Theorem [3.§(i). Then Gy is a
non-Petersen brick.

Proof. By Lemma [2.7] Gj is not the Petersen graph. By Lemma [5.1] and Theorem [5.4]
Gy is 3-connected and not bipartite. Now suppose that G is not a brick. Then, by
definition, G has a non-trivial tight cut. Hence, by Lemma [4.14] G, has a barrier cut.
So by Lemma there exists a barrier B with odd components Hy, ..., H, (n > 2) of
Go — B such that there are no even components and F(B) = (). Since Gy is non-bipartite,
using Lemma [5.5| and also its notation, w.l.o.g. we assume that H; is non-trivial and
that GG has no even Fj-orientation. Therefore, by minimality, G; has a central subgraph
H such that F} induced a 1-factor and H is an even subdivision of some graph in W.
As in the proof of Theorem , using Lemma , we may also assume that y; € V(H),
2 <degn(y1) <3 and (y1,a1) € E(H).

Firstly assume that degy(y;) = 3. Set Ny := {x11, 219,213} where z1; = ay. Set
gi = (x13,b;) i = 1,2,3 where 17 = a1 and ¢g; € F (recall that F' is a 1-factor of Gy).
Up to relabelling we may set B := {by,...,b,}. Write G} for the multigraph obtained
from Gy by contracting each X; to a single vertex z;. Clearly G{ is a bipartite graph
having the 1-factor F* := {(x;,0;)]i = 1,...,n} induced by F. Let L; be a 1-factor of Gy
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which contains g;, where L; = F. Notice that, since B is a barrier cut, |L; N A(X;)| = 1,
i=1,...,n; j = 1,2,3. Set gf := (x1,b;), i = 1,2,3. Then, L; induces naturally a
1-factor L} of G which contains ¢, i = 1,2,3. Let P; := P;(b;,b1) be the b;b;-path in
L; U F* (with first edge in F*), j = 2,3. Since by € PN P3, P, N P3 # (). Now choose
u € V(G}) as follows:

(1) Uepgmpg;

(i) V(Ps(bs,u) N Py) = {b1,u}, (possibly by = u).

By construction, v € B and there exist three internally disjoint F*-alternating paths
Q; = Qj(u,by), j = 1,2,3 in G§ each of which has even length. Then, in Gy, we can
construct three internally disjoint F-alternating paths Q; := Q;(u, b;) from @7, j =1,2,3
as follows, suppose that R} := (y1,2;,y2) is the subpath of Q] containing z; for some i,
1 <i <n. We may assume that (y;,z;) € F'* and (z;,92) € L}. Then there exist x;, and
Ty in V(H;) such that (yi,zi1) € F and (2s2,y;) € L;. In QF we replace R} by the path
(y1, R(x;, xi2), y2) where R is the z;z;0-path contained in (FUL;)NE(H;), j =1,2. Each
of the paths P if of even length. So in this way, by iteration, we obtain the required
paths Q;(u,b;), j =1,2,3. It follows that the graph H, defined by:

V(Ho) = (VH)\{y1}) U{u},

E(Hy) = E(H —y1)UQ1UQ2UQs3,
is a central subgraph of Gy such that F' induces a 1-factor of Hy and Hy € W.

We have assumed, for the sake of clarity, that if B* = {by, bs, b3} then |B*| = 3.
There is nothing to prove if |B*| = 1 since H is already contained in Gy. If |B*| = 2 the
argument is contained in the case |B*| = 3.

We observe that in all cases Hj is contained in Gy which contradicts the minimality
of Gy. Hence Gy is a non-Petersen brick. O

In the next theorem we use the notation of Definition [4.1] and [4.3}

Theorem 5.7 Let Gy be a minimal counterezample to Theorem[3.8(1). Then Gy has an
F-reducible ear decomposition D =(G4,...,G,), (n > 2; Gy = G,,), such that G; has an
even Fj-orientation (i =1,...,n— 1) and either:

(i) Gn_1 = Gy — R, where R = {e} is a removable edge

or

(ii)) Gn—1 = Gy — R, where R = {e1,e} is a removable doubleton and G,_ is bipartite.

18



Proof. From Proposition 4.4 Gy has an F-reducible ear decomposition D = (Gi... ., G,,)
with G,, = Gg and G;_; = G; — R; where R; is either a removable single ear or a removable
double ear. Recall that F; = F N E(G;). trivially G; (= K») has an even Fj-orientation.
Choose i, 1 < ¢ < n, as large as possible, so that G; has an even Fj-orientation. By
the minimality of Go, i = n — 1. Since Gy is a brick (see Theorem , G is bicritical
(cf. Lemma . Hence, R is either a removable edge or a removable doubleton. From
Lemma [4.11], since Gy is a brick, if R is a removable doubleton then G,,_; = Gy — R and
G',_1 is bipartite. O

Remark 5.8 In the next section, we get rid of case (i) of Theorem . Then we will be
very close to proving the main Theorem[3.§().

6 Theorem (5.7, Case (i)

We assume throughout this section that Gy is a minimal counterexample to Theorem 3.8]()
and that Gy has an F-reducible ear decomposition D = (Gy,...,G,), (n > 2, Go = Gy,)
such that G; has an even Fj-orientation (1 = 1,...,n — 1) and G* := G,_; = Gy — R
where R = {e} is a removable edge, i.e. we assume that Case (i) of Theorem [5.7|is true.

We now examine the structure of GGy in even more detail and via a series of lemmas
derive a contradiction. Our proof imitates the proof of [8, Theorem 1].

Let G* be an even F-orientation of G* with associated even F-function w and let
e:= (u,v).

Lemma 6.1 There exist F-alternating paths Q1 := Q1(u,v), Q2 := Qa2(u,v) in G* such
that w(Q1)# w(Q2). Moreover, the first and last edges of Q; (i = 1,2) belong to F.

Proof. Since G* is an even F-orientation if no such paths @)1 and @), exist, a suitable
orientation of e would yield an even F-orientation of Gj.

Since e ¢ F, the first and last edges of Q; (i = 1,2) must belong to F. O

Lemma 6.2 The F'-alternating paths Q)1 and Q2 may be chosen in Lemma so that
there exist xg, yo € V(Q1) NV (Qs2) such that

(i) There ezist paths R; := R;(xo,y0) (1 = 1,2) such that Ry and Ry are respectively
equal to Q1\Q2and Q2\Q1 (abusing notation slightly). The first and the last edges
of R; do not belong to F (i = 1,2).
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(iii) w(Ry) =1, w(Ry) =0;
(iv) subject to (i), (i1) and (iii), |E(Q1(u,zo)| + |E(Q1(yo,v)| is a mazimum.
(v) Qa(u,v) = Q1(u, xo) Ra2(x0, o) @1 (o, v)-

Proof. Choose 1 and @), as above and write Q1 :=Q1(aq,. . .,ax) and Qo :=Q2(by,. . .,by),
where u = ag = by, v = ap = b;. Let x be the smallest integer such that a, # b,. Since
the first and the last edges of @); belong to F', x > 2 and v <[ —2, x < k — 2. Now
choose ()1 and (3 so that z is maximized. Let b, be the first vertex of Q2(b,,v) in V(Q1).
By definition y > x. Set Ry := Q1(az—1,by), Ro := Qa(az—1,by), o := ay_1, Yo := b,. If
w(R1) # w(R2) then, without loss of generality, let w(R;) = 1 and w(Ry) = 0. Finally,
choose QQ such that QQ = Ql(u7 ZL'())R2<I0, y(])Ql(yO; U).

Thus we assume that w(Ry) = w(R2). Let Q5(u,v) = Q1(u,b,)Q2(b,,v) and replace
Q2 by Q3 in the above argument. Then, by Lemma [6.1] the choice of @i, @2 and z is
contradicted.

Now choose @1, @2, Ry and Ry as above to maximize |E(Q1(u,zo)| + |E(Q1(yo,v)|.
This choice implies that Q2(u,v) = Q1(u, xo) Ra(0, Yo)Q1 (o, v).

Note that, since () and ), are F-alternating paths, R; and R, are F-alternating
paths with first and last edges not in F. a

We now examine G* in more detail. Recall that G* = Gy — e and that G* is 1-
extendible.

Lemma 6.3 In G* there exists an edge f in Ri\F with the property that each F-
alternating cycle containing f has a nonempty intersection with Ry. Furthermore, f
1s contained in at least one such cycle.

Proof. Suppose that the Lemma is not true. Then for each f = (a,b) € R{\F (a < b
in () there exists a path P(z,y) (y < a < b < z in Q1) where P is internally disjoint
from Q1 U Q3 and C := Qq(z,y)P(x,y) is an F-alternating cycle.

Since C'is F-alternating and @) is F-alternating, ()1 (y, x) has first and last edge in F'
and P(z,y) has first and last edge in E(G*)\F.

Let f := e; = (u1,y0) where u; < yo in @;. From Lemma and the definition of
Yo, €1 € R\ F. Choose a path Pi(z1,y1), y1 < w1 < yo < o1 in @1 where P, is internally
disjoint from @ U Q2 and Cy := Q1(y1,x1)Pi(x1,91) is an F-alternating cycle in G*. We
choose x; and y; to minimize the length of Q1 (uy,y).

If y; € V(Ry), we repeat the procedure with y; playing the role of y. In the same
way we choose Yo, Ta, Pa(ra,y2) and Coy := Q1(y2, x2)Pa(x2,ys) such that the length of
@1(ug,y) is minimized. Because of the minimization of the lengths of Q1 (u;,y;), i = 1,2:
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(1) 12 <y1 <22 <yo <1 in Q;
(ii) Py(z1,y1) and Py(x9,ys) are disjoint.
We repeat this argument and continue to construct disjoint paths P; := P;(z;, y;) and
F—alternating cycles C; = Ql(ywxz>Pz(xzayz>a (%‘—1 < Yimo < i1 < Yz < Lo <X <

Yo < x1) until we reach an integer j such that y; € Q(u, zo) and y;_1 € Ry(zo, o). Since
C; is F-alternating and the first and last edges of P; do not belong to F, y; # .

Now let G* be a fixed even F-orientation of G* with associated even function w. Since

w is even and C; is an F-alternating cycle in G*, w(C;) =0, for i = 1,...,j. Hence
J j
ZW(Ql(%>$i))+Zw(H) =0(mod?2). (1)
i=1 i=1
Set

C = Q1(y5, vo) Ra(0, Y0) Q1 (o, 71) Pr (1, Y1) Q1 (1, ¥2) Pa(2, y2)
Q1(y2, 23) Ps(w3,y3) . .. Pj_1(wj-1,5-1)Q1(yj—17;) Pj (w5, ;) .
By definition, C' is an F-alternating cycle in G* and therefore w(C) = 0. Hence, using

Lemma [6.2[(iii) and

(2)

w(Q1(yj, x0)) + Y w(Qi(yj—1,7:)) + > _w(P) = 0(mod2). (3)

i=1 i=1
Since
Q1(yi, i) = Q1(yi, yi—1) + Qu(Yi1, 74),
w(Q1(yi, 7:)) = w(Q1(¥i, Yi—1)) + w(Q1(Yi—1, 7:)) (mod2).

Adding and

7—1

Z(w(Ql(ywz)) + w(Q1(yi-1,7:))) + (W(Q1(yo, 71)) + w(Q1(y1, 1))+ (5)

+w(Q1(yj, ;) + w(Q1(yj, o)) + w(Q1(y;j—1,7;))) = 0 (mod 2).
From , using

J—1

Z(W(Ql(yi, Yi-1)) + w(Q1(y1,21)) + (W(Q1(yo, 21)) + w(Q1(y;, v5))+ (6)

+w(@1(y;, 7o) + w(@1(y;-1,7;))) = 0 (mod 2).

ie.
w(Q1(yj—1,91)) + w(@1(y1, %)) + w(Q1(wo, yj-1)) = 0 (mod 2) .
i.e. w(Ry) =0 which contradicts Lemma [6.2((iii). O
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Lemma 6.4 Case (i) of Theorem[5.7 is not possible.

Proof. The result is proved by contradiction. Using Lemma we can select an edge
f := (a,b) in R{\F and an F-alternating cycle C' such that for some z,z; € V(Q),
z<a<b<uz (x1#y) and C := Q1(z,21)P(x1,2) where P(x1,2) N Ra(xg,yo) # 0.

Now choose y; € V(Rz) (y1 # vo) so that P, := P(x1,y;) is edge-disjoint from Rs.
Furthermore, choose x; and y; to minimize the length of Qo (u,y1).

We repeat the argument of Lemma [6.3] In that Lemma we begin with the edge
e1 = (u1,yo) where u; < yo in Q1. We now start with the edge ey := (uf,y1) in Q2 where
ey € Ro\F. The edge es plays the role of e; below.

As in Lemmal6.3| we construct disjoint F-alternating paths P; := P;(z;, y:), i = 1,...,]
such that

(i) P; is edge disjoint from Q1 U Qs.
() T1,Y; € V(Ql) To € V(Qg) x; € V(Rg) 222,...,j; Y; € V(RQ),Z: 1,...,j—1.

(i) yo < y1 <23 < yYyo < T4 < ... < T < yj_1 < To in Ro(yo,0); Yo < T2 < ¥ in
Ry(yo, o) or T2 < Yo < y1 in Qo(v, u).

Below, we assume that yo < 23 < y; in Ra(yo, zo) (the case when zo < yo < ¥y in
Q2(v,u) is almost exactly the same; equation must be adjusted in the case i = 2).

Set

Then C; is an F-alternating cycle.

Let G* be a fixed even F-orientation of G* with associated even function w. Since w
is even, w(C;) = 0. Hence, from (7)),

j—1 j—1
> w(Ralys 1)) + Y w(Pi(ai,y:)) = 0(mod 2) . (8)
=2 =2
CASE (a): 1,95 € V(Rl)
Set
Co == Q1(yj, 1) Pr(x1, y1) Ra(y1, v2) Pa(2, yo) Ra(ya, ¥3) - . . Ra(yj-2, Tj-1)
Pi1(zj-1, yj—1) Ra(yj—125) Py (25, ;) -

Then Cj is an F-alternating cycle and w(Cp) = 0. Hence,

Zw (i, 4:)) + ZW(R2(Z/¢, Tiy1)) + w(Q1(yj, v1)) =0 (mod 2). 9)
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Also (see Lemma and its proof) because of the choice of Q1, Qa, Ry, Ra, x¢, yo and
the maximality condition of Lemma [6.2)(iv) (see Remark [6.5] below), w(C;) =0, i = 1,2
where
Cy = Qu(z1,90) Ra (Yo, y1) Pr(y1, 1)
C3 = Q1(xo, y;) P (y;, ) Ra (x5, o) -

Hence
w(Q1(z1,90)) + w(Ra(yo, y1)) +w(Pi(y1, 21)) =0 (mod 2), (10)
and
w(Q1(o,y5)) + w(Pi(yz, 75)) + w(Ra(z), 7)) = 0 (mod 2), (11)
Adding , @, and , we obtain:
( ’ W(R2(yis Tiv1)) + ZW(R2(% ;) + w(Q1(y;, 21))+ (12)

+w(Q1(21, %)) + w(Q1 (o, y5)) + w(Ra(yo, y1)) + w(R2(x5, 70)) = 0 (mod 2).
Since Ry(y;, ;) = Ro(yi, Tiv1)Ra(xivr, x;),(1=2,. .., j-1), from ((12)):
w(Ra (25, y1)) + (W(Q1(20, y5))) + w(Q1(ys, 21)) + w(Q1(21,90)))
+(w(R2(y1,y0)) + 1) + (w(R2(z0,2;)) +1) = 0(mod 2) .
- W(Ry) + w(Ry) = 0 (mod2) | (13)
which contradicts Lemma [6.2](iii).
CASE (b) T € V(R1>, Y; € V(Ql(u,$0))

The only difference from Case (a) is that now Cj is an F-alternating cycle and hence
w(C5) = 0, simply because w is an even function.

CASE (¢): z1 € V(Q1(y0,v)), y; € V(Ry).
This is the same as Case (b) up to a relabelling.
CASE (d) T € V(Ql(yo,v)), Y; € V(Ql(u,l’g))

This is the same as Case (a) except that now w(C}) =0, i = 1,2, simply since w is an
even function. a

Remark 6.5 Note that w(C}) = 0, i = 1,2, by the mazimality condition in Lemma
[6.4(iv). For instance, consider the cycle C; and new paths Qi := Q1(u,v) and Q3 =
Q1(u, x1) Pr(z1,, 1) Ra(y1, 40) Q1 (yo, v) with Ry = Q1(x1,90), B3 := Pi(z1,y1)Ra(y1, vo)-
By mazimality w(R}) = w(Ry) i.e. w(Qi(z1,v)) = w(Pi(x1,y1)) + w(yi,yo)) (mod
2). Since for odd length paths P(u,v), w(P(u,v)) + w(P(u,v)) = 1 (mod 2), we have
w(Q1(x1,90)) + w(R2(yo, y1)) + w(Pi(y1, 1)) =0 (mod 2).

23



7 Proof of Theorem |3.8(i)

Let Gy be a minimal counterexample to Theorem [3.8(i). From Theorem and Lemma
6.4, G* = Gy — R where R = {e1, €2} is a removable doubleton and G* is bipartite. Also F
is a fixed 1-factor of Gy such that RN F = () and such that Gy has no even F-orientations.

Let G* be the canonical even F-orientation of G* with associated even function w (cf.
Definition . Assume that there does not exist cycles C; and C, relative to which e;
and ey are skew. Let ey = (x1,22) and es = (y1,42), z; € X and y; € Y (1 = 1,2) and
(X,Y) is a bipartition of G*. W.l.o.g., any cycle C' containing e; and e, is of the form

C:= (wla5527Pl(any2)7y,y17P2(y1;$1))' (1)

Since G* is canonical, w(P,) = 1 and w(P,) = 0. Now define an F-alternating function
wo on G as follows:

(i) if (z,y) € E(Gg), wolx,y) = w(z, y);
(11) WO({L'l,{L'Q) = O, WQ(yg,yl) =1.

Then wy extends w which itself is even. Hence, if C' is any cycle such that RN E(C) = ()
then wy(C) = 0. If RN E(C) # 0 then R C E(C) and C has the form of (I). Then

wo(C) == wo(x1, x2) + wo(P1) + wo(y2, y1) + wo(F2) =0, (mod 2).

Hence, wo(C) = 0 for all F-alternating cycles C. Thus Gy has an even F-orientation
which is not true. Hence GGy does have cycles C; and Cs relative to which e; and ey are
skew. Hence G has a central subgraph H (H = Gy) such that F'is a 1-factor of H and
H is an even subdivision of a graph in WW. This contradicts the definition of Gj. a

8 Preliminaries to Theorem 3.8(ii), (iii) and to The-
orem

In this section we introduce important tools, which will be useful in the proofs of the
theorems.

Definition 8.1 (Weights)

Let 8 be an F-orientation of the graph G. Let w be an additive (0, 1)-function defined
on the directed edges of E(a) as follows:

Let P = (uy,ug,...,u,) denote an orientation of the F-alternating path P(uq,w,).

%
The “opposite orientation” ofﬁ 1s denoted by P. Now define a function w* as follows.
Set
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L if (Um Ui-i-l;

w* (s, Uiy1) = , 1<e<n
0 if Eui:uiJrl)a

and w*(P) = Z?:_ll w*(us, wiyr). Similarly if C is the F-alternating cycle C' =
(ur, ug, ... up, ) = (Pyug) set w*(C) := w*(P)+w*(up, uy). Finally set w = w*(mod?2).
(I

We shall say that w is the weight of the orientation 8
Lemma 8.2 Let w be the weight functions of 8, G €W, where 8 is an F-orientation
of G. Let C = (uy,ug,...,up,uy) be an F-alternating cycle. Then, for 1 < i < n —
1 (i modulo n)
w(ur, g, .., ;) = Wi Ui, - - Up, up) (Mmod 2)

if and only iof C' 1s evenly oriented.

Proof. Follows immediately from the definitions. O

Lemma 8.3 Let 8 be an even F-orientation of G, G € W, with weight function w. Let
P and Q) be F-alternating paths of odd length:

P 2:(U1,U2, e ,uk)

Q 2:<U1, Vo, ... ,”Ul)
where uy = vy, ux, = v; and (uy,uz) € F. Then w(P) = w(Q).

Proof. Notice that since (uy,us) € F and k and [ are both even, E(PUQ) C E(G) —
{e, f}. From Lemma [8.2 if E(P) N E(Q) = 0 the result immediately follows. So now
assume that this is not the case.

Assume that the result is false. Choose P and () so that w(?) = w(a) and such that
|[V(P) N V(Q)| is minimal. Choose j as small as possible such that u; € V(P) N V(Q)
(7 > 1). Then, form above, j < k. And choose i so that i < j — 1, P(u;,u;) C @ and ¢ is
as small as possible. From Lemma (8.2

w(P(ur, 1)) = w(Q (v, 1)) 2)

where v,, = u;.
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Now replace u; by u;(= v,) in the above argument and replace the paths P and @ by
P(u;, uy) and Q(vy,, vx) respectively, using and in minimality we obtain a contradic-
tion. O

Lemma 8.4 Let G € W and u,v € V(G). Let 8 be an F-orientation of G. Suppose
that G contains a path P(u,v):

P(u,v) :=(uy,ug, ..., ug); (u,us) € E(G)\ F

uy = u,up =v and k > 2, k even.

Then G contains an F-alternating path P*(uy,uy).

Proof. Choose P := P(u,v) so that |E(P)\ F| is as small as possible. Now choose 7 as
large as possible such that P(uq,u;) is F-alternating. Set eq = (u;, u;+1) and choose Cj
to be an F-alternating cycle containing ey. Then P U C contains a path P* := P*(u,v)
such that |E(P*) \ F| < |E(P) \ F| which is a contradiction. O

Lemma 8.5 Let G € W. Let u,v € V(G). Let & be an F-orientation of G. Let P(u,v)

be an F'-alternating path in with first and last edges in F. Then if Q(u,v) is any
F'-alternating path

%
w(P) =w(Q).
Proof. This follows from Lemmas and [8.4] O

Definition 8.6 (Splitting an edge)

Let G be a cubic graph and ey = (a,b) € E(G). Suppose that N(a) = {b,b1,b2}, N(b) =
{a,a1,a2} and N(a)NN(b) = 0. Set Ry := {(a1,b1), (az,b2)} and Ry := {(ay, bs), (az,b1)}.
An eg-splitting of G is a multigraph G* such that:

(i) V(G") = V(G)\{a, b},
(ii)) E(G*) = E(G —a—b)U R, where R = R; for some i € {1,2}.

Note that, we abuse notation slightly in Definition [8.6](ii): for instance if (a1,b1) €
E(G) and R = R, then (a1, b1) is a multiple edge in G*.

26



Definition 8.7 (Special vertices and edges, e-splittings)

Suppose that G € W(3) and F is a W-factor for G. Let G — {e, f} be bipartite and
e = (z1,23), [ = (v1,y2). Then we say that x;, y; (i = 1,2) are special vertices and that
e and f are special edges.

Suppose that ey = (z,y) € F, v € X, y € Y and y is not special, where (X,Y) is a
bipartition of G — R with R = {e, f}. Suppose that there exists a special vertex u which
1s adjacent to either x ory. Then any eq-splitting G* is said to be a special ep-splitting.
The converse construction where two edges e; and ey (one of which is incident to a special
vertex) are glued together will be called a special {e, e }-glueing.

Lemma 8.8 Suppose that the 3-reqular graphs G € W(3) has no non-trivial F-tight cut
of size three (see Definition , where F' is a W-factor for G. Then there exist a special
eg-splitting G* of G such that G* is a graph.

Proof. If G* contains no multiple edges then R; N E(G) = 0 for some i (i = 1,2).
Otherwise, if (x1,y3) and (x3,y3) are both edges of G, then {xy, z3,z,y,ys} is an F-tight
cut. If (z1,y4) and (x3,y4) are both edges of G, then {x1, x3, z,y,ys} is an F-tight cut. If
(x3,y3) and (z3,y4) are both edges of G, then {x3,x,ys, ys,y} is an F-tight cut. Finally,
since 7 has degree 3 and (z1,22) € E(G), at most one of (z1,y3) and (z1,y4) is an edge.
It follows that R; N E(G) = 0 for some i (i = 1,2) which is a contradiction. O

9 Proof of Theorem [3.8(ii) and (iii

Notation 9.1 Suppose that G € W (see Figure [ and set ( = k(G). Let S =
{wy,ws, ..., we} be a separating set. Let G\S := G1UGy where e € E(G4) and f € E(G5).
Suppose that V(Gy) \ {e} == X1 UY) and V(Ga) \ {f} = Xa U Y2 where X = X; U X,
and Y =Y, UYs.

Set F; .= FNES,X;UY;) (i = 1,2) and finally set F;; = F; N E(S,X;) and
Fyp:=FNE(SY) (i=1,2).

Proof. (Theorem (ii))

Suppose that G € W and k(@) = 4. By Lemmal5.3] G contains an F-central subgraph
H € W(< 3) which is isomorphic to an even subdivision of Ky (cfr. Figure 4.

In Figure 4| P, and P, (P, N P, = () denote paths Py := Pi(ay, by), Ps := Py(by, as),
a;,by € X and ag, by € Y. We set e := (ug,uz) and f := (vq,v2). The skew cycles C; and
Cy are
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Figure 3: Illustration of Notation [9.1
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Figure 4: Even subdivision of Ky

Cl = (’LLl,UQ,...,Cll,...,CZQ,...,UQ,/Ul,...,bQ,bl,...,'LLl)
OQ = (Ul,U,Q,...,al,Pl,bQ,...,Ul,Ug,...,CLQ,PQ,bl,...,Ul).
Since k(G) = 4 there exist disjoint paths P; := Pj(uy,v1) and P := PJ(ug,vs)

(or we can relabel say u; and v;). Now from Lemma there exist F-alternating paths
Py := P3(uq,vq) and Py := Py(ug, v2). Now let us suppose that G has an F-even orientation

with weight function w. Set (again see Figure
P5I:P5<U2,...,CL1) P622P6<CL1,...,CL2) P72:P7(6L2,U2)
Pg = Pg(Ul,...,bg) Pg = Pg(bg,...,bl) P10 = Pm(bl,ul)
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Now using Lemmas and [8.5( and set w; ;== w(P;) (i =1,2,...,10)

3
-}
.
[\

w(ug, us) + ws + we + wy + w(vg, v1) + wg + wy + wip =0

3
S
S,
[\

w(uy, ug) + ws + wy + Ws + w(vy, v2) + Wy + wa + wip =0

3
-
.
[\

w5+w6—|—w7—|—w_4§0

3
S
S,
\)

[\
N T o

(
(
w3 + ws + wg +wyp =0 (mod
(
(

w3 + Ws +w_1+w_5+w4+w_7+w2+w1050

where w; ;== 14+ w; (i =1,2,...,10)
Adding this equation:

ws + w(vy,vy) +wg +wy +wy =0 (mod  2)

which is a contradiction. O

Lemma 9.2 Let G € W and G be regular of degree k (k > 3). Suppose that k(G) = 2.
Then G is not F'-even.

Proof. Suppose that G € W, k(G) = 2 and G k-regular (k > 3). Suppose that G
is F-even. Set S := {wy,ws} where S is a separating set. There are (several cases) to
consider.

CASE 1 (|F11| + | Fi2] = 0(mod2)) In these cases G ¢ W since the skewness condition
of W is contradicted.

CASE 2 (|F11| = 1,|Fi2] = 0) In this case s; = t; + 1 and ks; — ki3 — 2 = kt; — kqo.
Hence &k = 2 + ]{711 + /{?12 and ]{311 =k - 1, klg = 1. Set E() = {(wl,yl), (wg,l‘g)} where
y1 €Y1, 9 € Xo, w; € X, wy € Y. Then Ej is an edge-cut. Let Gy \ Ey = HUH, and
set Hf := Hy + (w1, x2) and Hy := Hs + (y1,ws). Clearly HF € W for some i € {1,2}.
Furthermore we can choose H; to be as small as possible. In particular we can choose H
so that k(H}) > 3 and H} is k-regular (k > 3). So by CASE 1, H} is not F-even which
implies GG is not F-even which is not true.

CASE 3 (|F11] = 2) In this case s = t; + 2 and s1k — k11 — k12 — 2 = t1k. Hence
2k = ki1 + k12 + 2. Hence kyy = k1o = k — 1. Set Ey = {(wl,yl), (wg,yg)} where Y; € Yé,
w; € X (i =1,2). This Ej is an edge-cut and we repeat the argument of CASE 2. a

Proof. (Theorem [3.8[iii)) Let G € W be regular of degree k (> 3). Assume that G is
F-even. From Theorem [3.8(ii) and Lemma [9.2, x(G) = 3.

We use the terminology of the introduction and of Notation[9.1] Thus S = {wy, ws, w3}
is a separating set. By symmetry we may assume that |S N X| > 2. We now prove, with
this assumption, that
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1SN X| = [Fuu| + |Fiz| (mod 2) (1)

Set k;j := |E(w;, X UY}| (i =1,2,3; j =1,2). There are two cases

CASE 1 (]S N X| = 3) Since |[SN (V(Cy) UV(Cy))| > 2, |Fi2|] < 1. Suppose that
|Fi2| = 0. Then |Fy| = 3. Hence ty = so + 3. Hence tok — 2 — (kg1 + koo + ko) = sok.
Hence 3k = 2 + (kg1 + koo + ko) < 3k — 1. Hence |Fi3| = 1 and, by definition, |Fy;| = 0.
Hence is satisfied.

CASE 2 (]S N X| =2) Suppose that wy,wy € X and ws € Y. As in the previous case
|Fi2| < 1. By definition |Fj;| < 1.

Suppose that |Fia| = 0. Assume that Fj; = 1. Then ty = so + 2. Hence sok — ko3 =
tgk? —2— k’gl — k’gg. Hence 2k = 2 + k?gl + ]{?22 — kgg S 2k — 1. Hence if |F12| = 0, |F11| =0
and is satisfied.

Finally suppose that |Fjs = 1|. Assume that |Fj;| = 0. Then this is impossible since
SN (V(Cy)uV(Cy))| > 2. Hence |Fi1| = 1.

Hence in all cases is satisfied.

Now we assume that |[S N X| =2 and |Fi1| = |Fi2| =1 (see (1) above. We follow the
method of proof of Theorem [3.8(ii). By Lemma G contains an F-central subgraph
H € W(< 3) which is isomorphic to an even subdivision of K4 (See Figure |3|in the proof

of Theorem [3.§[(ii).

We may assume (see Figure Without loss of generality that there exist edges wq, y11 €
E(G)\ F and (wsy, x13) € F1, y11 € Y1, 713 € X3, belonging to E(Cy) U E(Cy). Also there
exists an edge (wg,y12) € F, y12 € Y7.

Suppose that e and y;5 are in different components of G;. If y1o and x5 are in the
same component then since z13 € V(C7) U V(Cy), 112 and e are in the same component
which is a contradiction.

So now assume that z13 and y15 belong to different components of GG;. Consider the
component of GG; containing x5 (which must clearly contain e) having sides X7, C X7,
}/12 Q Yi, S12 ‘= |X12| and tlg = |Y12| Then S12 = t12+1 and 812/{?—2—/{333 = t12k—/€§1—k’;2
where kJ; := [E(w;, X12 U Y| Hence

Hence there exists a proper subset of S which separates K form G\ K which is a
contradiction. Hence 13 and y;2 belong to the same component of G; which also includes
e.

Without loss of generality, there exist paths Pfy := Pj5(uy, y12) and Py := Py (u2, y12)
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Figure 5: Illustration for the proof of Theorem [3.§(iii)

in G \ {e} with both paths having their final edges in F(G) \ F' (note that the notation
may be chosen so that u; and uy or v; and vs may be interchanged). Similarly in G\ Gy
there exist paths Py := Py;(we,v1) and Py := Pj,(wa, ve). Finally set Pj := P3Py, and
P; := P}, P, and continue exactly as in Theorem [3.8[ii).

There are now two other cases to consider. In fact these cases basically duplicate the
first case:

CASE A (SN X| =3, |Fi| =1, |Fi1| = 0) Suppose that (wq,y12) € Fi, y12 € Y1 (see
Figure@

AN A A A o ANEA A A A A
Gy
S BT
Gs f

AANN ANAAN AAA

Figure 6: Illustration for the proof of CASE A in Theorem [3.§(iii)
Suppose that y12 and e are in different components of GG;. Then t; = s and sk —2 =

tok — k3, — k3o — k35 Hence k3, + k3, + k33 = 2. Hence the component K, say, containing
e in (G is separated from G\ K by a proper subset of S which is a contradiction.
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Case B (|SQX‘ = 2, |F11’ = |F12| = O)
Suppose that (ws,z3;) € E(G)\ F, x3; € X1,1=1,2,...,¢ (see Figure [7)

31 32 T35 T3¢
ACA A A ACAA AL A Al ANA A A
Gy
O O Q O O O O O O O O O @)
S !'/0" WY
o7
O @, O O O O O O O O @) @) O O
Go

AA A A A A A A A A A A A A

Figure 7: Tllustration for the proof of CASE B in Theorem [3.§[(iii)

Now suppose that there is no component in G; containing both e and x3; for any
i € {1,2,...,¢}. Again this would imply that the component K containing e in G is
separated from G\ K by a proper subset of S which is the final contradiction. a

Example 9.3 We give a concrete example illustrating Theorem (m) The graph G
i Figure @ is such that G € W, k(G) = 3 and G is 4-reqular G has a separating set
S = {wy, wy, w3} where wy € X, wy, w3 €Y.

Figure 8: G

_>
In Figure@ the graph Gy is an F'-central even subdivision of G and Gy is an F-
orientation. We use the labelling of Figure[§ except now wy and ws are relabelled 10 and
8 respectively.
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Figure 9: Gy = an F-central even subdivision of G

Go has F-alternating cycles:

Cy:=(1,2,3,4,5,6,7,8,1), Cy:=(1,9,10,6,7,8,1),
C3:=(2,9,10,5,4,3,2), Cy:=(1,9,10,5,4,8,1),
C5:=(2,9,10,6,7,3,2), Cs:=(1,2,3,7,6,5,4,8,1)
Then {C4,Cy, ..., Cgs} is a zero-sum set and in this set Cq is the only evenly F-oriented
cycle. This proves that Gy is not F-even and hence G is not F'-even. a

10 Proof of Theorem 3.9

Definition 10.1 (Almost F-even)
Suppose that G € W and G is not F-even. If for each eq € E(G)\ (FU{e, f}), G — e

1s F'-even then G is said to be almost F-even.

Proof. (of Theorem [3.9)

Let G € W(3) then G is not F-even (Theorem [3.8| (i)). If G is a graph satisfying the
conditions of Theorem then G is a proper subgraph of some graph Gy € W(3) that is
almost F-even.

Choose Gy as small as possible such that Gy € W(3) and G is not almost F-even.
Hence there exists ey € E(Gy) \ (F U {e, f}) such that Gy — ey is F-even.

Select a special e*-splitting G} of G (see[8.6]) where e* = (az, by). We use the notation
of Figure

We recall that G§ := (G \ {az2,b2}) U {e1,ea} where ey = (ay,b1) and es = (as, bs).
Furthermore G € W(3) and Gj is cubic.
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Figure 10: Notation for a special e*-splitting G}, of Gy

Since Gy € W(3), G§ € W(3). Otherwise there is an F-even subdivision of G} which
gives rise to a central subgraph H as described in Definition [3.7 Since e; is incident to e
and Py(ag, bs) (see below) exists H must be contained in G which is not possible.

By the minimality of Gy, G§ is almost F-even.

Let f§ € E(Gf). Let G§\ {f{f; be an F-even orientation of G§ \ {fi} with weight
function w*. Set

Py = (a1,by,a2,b1);  Pa = (a3, b2, az, b3) (2)
P = (a17b27a2,b3); P, = (b17a2;b27a3>

We now show that this orientation induces an F-even orientation G \ { fg ? of GE\{ [}
with weight function w defined as follows:

w(e?) = w(e"); Ver € E(Go) \ {fo U{er, ea}} (3)

w(P;) ==w*(e;), i =1,21if fi ¢ {e1,ea}

if fi = e; define w(P;) := w*(e;);j # 14,1 € {1,2}. 4

It is clear that w(C*) is F-even for all cycles C* in G§\ ({f§}U{e1, e2}). Furthermore
if E(C*)N{er,ea} =e€; (i €{1,2}) it is clear from (3] that w(C) is F-even where if for
example if i =1

C = (alablap()7&1>

then

C* = (a17P17P07a1)~
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Figure 11: G € W(3) but G ¢ W*(3)

One small twist here is if |[E(C*) N {e1,e2}| = 2. This case is covered in fact by the
following argument.

Finally we must consider the cycles C in Gg \ {f;} such that E(C) N {Ps, P,} = 0.
Suppose that
C1 = (a1, P3, b3, Q1, an) ()

and

C(2 = (b17P47a37Q27a’3) (6)

Now since C] and Cy are F-even

w(Py) = w"(Q1) (7)

w(Py) = w(Q1) (8)
Then, from Lemma [8.3] the definitions of w(P;) (i = 3,4) is independent of the choice
of Qi (i =1,2).
The case mentioned above when |E(C*) N {e1,ex}| = 2 gives rise to two cycles as in
and @

Now since w* is an additive (0, 1)-function equations ({)), and have a solution
(we have four equations in the four unknowns in E(Ps;) U E(P;)). So w is a weight

function for some even F-orientation Go\ {fg ; of Go \ {f¢}. This is true for all fg
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in E(Go) \ (E(Ps) U E(Py) \ {e*}). However this case is easy to deal with. If we set
1o := (B3, a3) then this case is exactly the same for the case when f§ := es and so on.

We have thus shown that Gg \ { fg; is F-even and G is almost F-even which is a
contradiction. O

Remark 10.2 The graph G in Figure |11 is such that G € W(3) but G ¢ W*(3) since
G\ {e1, e} is an even subdivision of W € W(3). This example illustrates why in Theorem
we need the restriction that G € W*(3). O
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