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Abstract

We study the behavior of the Fourier sums in orthonormal polynomial systems, related to exponential
weights on (—1, 1), in weighted L' and uniform metrics.
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1. Introduction and main results

Supposing that
V) =0 —x)t we) =e 1

we consider the weight function

o) = (1 —x2e 1= — P (wx), «>0, A>0, (1)
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for x € (—1, 1), and the corresponding sequence {p,, (0)},,eN of orthonormal polynomials with
positive leading coefficients y,, (o). If f € L},, ie. f_ll | fo| < oo, we can define the mth Fourier
sum

1

m—1
Su(o, [) =) apr(0), = /1 pr(0) fo,
k=0 -

and investigate under which conditions the function f can be represented by a Fourier series in
some suitable function spaces.

Then, letting the weight in (1) be w, we consider function spaces related to the weight function

w(x) = (1 — x2)Pe 2= — i) Sw(x), a >0, u>0. )
If we consider the case 1 < p < 0o, denoting by LY the collection of all measurable functions f,

1/p
with ||f||L5 =|fulp = (f_ll |fu|1’) , then for our aims the following inequality is crucial:

1Sm (o, Hullp < Cll fullp, 3)

where C is a positive constant independent of f and m. Unfortunately, excluding the case p = 2
and u = /o, inequality (3) does not seem to be true.

To overcome this problem, recently in [7] the authors have proposed approximating a function
f € L% by means of the sequence

{x0Sm (0, X0 f)}men » “

where xg is the characteristic function of the subset of the Mhaskar—-Rahmanov—Saff interval
[—aom, agm], am = am(Jo), 0 € (0, 1) is fixed, and 1 — a,, ~ m~1/@+1/2) A bound of the
form (3) has been proved for this sequence, under suitable assumptions on the weights o and u.
Then the convergence of the sequence (4) to the function f in the LY -metric for 1 < p < oo,
which has the order of the best polynomial approximation, was also shown.

One of the main tools used for proving the results in [7] was the boundedness of the Hilbert
transform in weighted L”-spaces. Since this cannot hold for p = 1 or p = oo, these cases are
still open problems. Therefore, to complete the paper [7], here we show the convergence of the
sequence in (4), in weighted L' and uniform metrics.

Then, letting u be the weight in (2) and p = 1 or p = o0, we are going to consider the
function spaces

Ll = {f CfueL'(—1, 1)}
and
L®=C, = {f €CO=1.: lim f(uc) = o} ,

with the norms

1

Ay = fulr = [1 [f (x)u(x)] dx
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and

I fllge =N fullo = sup |f)u(o)l,
xe(=1,1)
respectively.

To state our main results, we need some notation. In the sequel, C will stand for a positive
constant that could assume different values in each formula and we shall write C # C(a, b, .. .)
when C is independent of a, b, . ... Furthermore A ~ B will mean that if A and B are positive
quantities depending on some parameters, then there exists a positive constant C independent of
these parameters such that (A/B)*! < C. Moreover, we denote by P, the set of all algebraic
polynomials of degree at most m and by Ey(f)u,p = infpep, [I(f — P)ull, the error of the
best polynomial approximation in LY, p € {1, oo}.

The following theorem concerns the behavior of the operator xgS,, (o, xo f) : Cy — Cy.

o

Theorem 1.1. Suppose that o(x) = (1 — xz))‘e_(l_xz)_d and u(x) = (1 — xz)“e_%(l_"z)_ ,
witha > 0, and A, ;t > 0, and let 0 € (0, 1) be fixed. For every f € C,, we have

X6 Sm (0, o f) ulloo < Cologm)|ixo fulloo, &)
withCy = O (log_l/2(l/9)) independent of m and f, if and only if

I_ o a3 ©
1=k =y

Moreover, under the assumption (6), we get

20
ILF = x6Sm (@, xo )l ullog < Co {Hogm) Ext(fluco +e~ M|l fulloo}, 7
where M = L(%) %J and ¢ # c(m, f,0).

To complete Theorem 1.1, we remark that the “truncation of the function” seems to be
essential, since in (5) and (7) the parameter 6 cannot assume the value 1 (see the proof in
Section 2).

Moreover, the following remark could be useful. Denote by S, (v*, f) the mth Fourier sum
with respect to the Jacobi weight v(x) = (1 — xH*, 1 > 0, and suppose that f € LS5, where
v (x) = (1 — xH)H, w > 0.1In [4] (see also [5, p. 276]) the authors proved that the inequality

1S @, FHvHlloo < Chogm)|| fv*lloo, € # Clm, f),

holds true if and only if condition (6) and 0 < u < A + 1 are fulfilled. Then, the behavior of the
sequence {x¢ Sn (0, fo)},uen i Cy, can be deduced from that of the sequence {Sm *, D) }mEN in
Cyu.

In analogy with Theorem 1.1, the next statement shows the behavior of x4S,, (o, xo f) :
Ll — Ll
Theorem 1.2. Let 0 = v*w and u = v*\/w be the weights defined above, with o > 0, A, i > 0,
and 6 € (0, 1) fixed. For any f € Li, the inequality

X6 Sm (o, xo f)ully = Co(logm)lixe fulli ®)
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holds, with Cg # Co(m, f) and Cog = O (log*]/z(l/O)), if and only if

I 1 A
N L Sy ) ©)

Ve vy @
where ¢(x) = +/1 — x2.

Moreover, conditions (9) imply

ILf = x6Sm (o, xo )1ully < Co {Qogm)Ep(f)u1 + e e I Fulli}s (10)
where M = L(%) %J and ¢ # c(m, f,0).

In different contexts, estimates for the weighted L'-norm of XoSm (o, xe f) without the factor
log m are required. Of course we need some further assumptions on the function f.

Theorem 1.3. With the notation of Theorem 1.2, if (9) holds, we have

X6 Sm (o, xo ) ully < Co (11)

(&
xofu (1 +log™ | ful + log T 2)

1
for any function f such that the norm on the right-hand side is bounded, with Co # Co(m, f)
and Cy = O (log™"/2(1/6)), where log* y = {“’gf fory =1

2. Proofs

We first recall some known results which will be used in the proofs.

Following Levin and Lubinsky in [1, p. 5], we will say that the weight o(x) = ¢~ 2™ |x| < 1,
belongs to the class W and write o € W if and only if the function Q : (—1,1) € R is an even
function that is twice continuously differentiable, and satisfies the following properties:

(i) Q'(x) 20 Q"(x) = 0forx € (0, 1);
(i) lim, - Q(x) = +o0;
(iii) the function
x Q" (x)
0'(x)
is increasing in [0, 1) with 7(0) > 1 and
Q'(x)
Q(x)

for x close enough to 1.

T(x) =1+

T(x) ~

One can prove that the weights ¢ and « in (1) and (2) belong to the class W, and the related
functions T satisfy T (x) ~ (1 — x3)~! for x close enough to 1 (see [7, Prop. 2.3]).

The related Mhaskar—-Rahmanov—Saff number a,, = a,,(0) is implicitly defined as the
positive root of the equation

2 / a0 (amt) — (12)
m = — am am =i
7 Jo V1 —12
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and the equivalence (see [3])

0'(am) ~ m/T (am) 13)

can lead to an approximation of a,,. For instance, as regards the weights o and u, we have

1= an (@) ~ 1 — am(u) ~ m~ (4, (14)
As regards the number ay,, the following restricted range inequalities hold. Suppose that
0 € Wand L > 0. For any polynomial P, € P, with1 < p < ocoands > 1, we have
I Pnollp < CllPuollLei—an(1—Lsw).am(1—Lén)]s (15)
and

—CmT(am)’l

/2
I PnollLri—am,amls (16)

where a,, = a,,(0) and §,,, = (mT(am))_2/ 3 and C and ¢ are positive constants independent of
P, (see[1, Th. 1.7, p. 12] and [3, Lemma 2.3]).
Let us now recall some properties of the orthonormal polynomials. Let o be the weight in
1
(1), with @, = ap (o) and T(@n) ~ (1 — an)™' ~ ma 172, and let {py(0)}en be the
corresponding orthonormal system. Then the equivalences

“PmQ“Lp{Xzaxm} = Ce

sup | pm(0, X)v/o (x)y/lad — x2|[ ~ 1 (17)
xe(=1,1)
and
sup | pn(o, VT ()| ~ (T (@), ()
xe(—1,1)
have been proved in [1, formulae (1.38) and (1.39), p. 10] (see also [2, p. 22]).
Suppose that 6 € (0, 1); for any x € [—ag,, ag,] we have (see [7])
2 -y < (14— 2 .2 19
(@, —x7) =< ( X)_(+10g(1/9) (a,, —x), (19)

where c is a positive constant independent of 6 and m. Hence, by (17) and (19), we deduce the
inequality

|pm (0, )| Vo (X)p(x) < Co,  |x] < agm, (20)
where
1 1/4
& =¢(1+ fogiim) @D

with C independent of m and 6.
Moreover, consider the weight ¢’c, which belongs to the same class of o (see for

instance [7]). From (13) we deduce that its Mhaskar-Rahmanov—Saff number a,, = a,, (x/ (pzo)
satisfies

T(@m)™ ' ~1 =Gy ~1—ap,
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where a,, = ap, (\/E) Then, inequalities analogous to those in (19) hold with a,, replaced by
a,,. Namely, supposing that 6 € (0, 1), for any x € [—agm, agm], we have

@ —x)<1-x%< (1 + )(&,i —x%). (22)

c
log(1/6)

Therefore we get

[P (@0, )| o @2 ) < Co, x € [=am. aon] 23)

with Cy as in (21).

Let us denote by xi, k = 1, ..., m, the zeros of p,, (o), located as

—am (1 —cédp) <x1 <X+ <Xy < A (1 —cbpy),

_2( 243
withc > 0and §,, ~m ? (2“+‘). Then the formula

|x — xl

Axy | pm (o, x)| /0 (x) ~ T, LA (24
‘am — Xk ‘

holds for any x € (—1,1), where x; is a node closest to x and Axy = xgy1 — Xk
(see [1, formula (12.7), p. 134]). As a consequence, if x € [—agy,, agm] N Iy, where

I T Axk Axk

= | X —5 X D B

k k 3 k+1 3
we have

[pm (o, )| Vo (x)px) ~ 1, x € N [—agm, aoml, (25)

since @(x;) = \/l —x} ~ /a2 — x2 for |xi| < agm.

The following Bernstein inequality has been proved in [6] (see also [11] for more general
weights).

Theorem 2.1. Suppose that u(x) = (1 —xz)“e_%(l_"z)_a, with u > 0 and o > 0. Then, for any
P, € P, we get

sup | Py, (Deu(x)| < Cmll Puullos, (26)
xe(—1,1)

where ¢(x) = ~/1 — x2 and C is independent of m and P,,.

If f belongs to L Lll, its mth Fourier sum S, (o, f) is defined in the usual way as

m—1

1
S0 f.1) = 3 c(o, f)pi(o,x) = / Kno,x.0f (000 dr,

k=0 -
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where ¢ (o, f) = f_ll pr(o, 1) f(t)o(t) dt is the kth Fourier coefficient of f in the system
{Pm (0)}en and

m—1

Kn(o,x,1) = ) pi(0, x) pi(o, 1)
k=0

_ Ym—1(0) pm(0, X)pm—1(0,1) — pm—1(0, X) pm(0, 1)

Ym(0) X —t @7

is the Christoffel-Darboux kernel. By using the Pollard formula, this kernel can be written as
follows:

Kp(o,x,t) = —ty pm(0o, X) pm (o, 1)

2 2 _ 2 2
4B P (0, X)pm—1(@“o, e (tl _ztam_l(w 0, x)9=(xX) pm (o, 1) (28)

where <p2(t) =1-1%

QO = (1 n V’”“(‘/’zo)ym_l(cpzo))_l Ym—1(¢%0)
: Yn(0)? V(@)

and

—1
J/m+1(¢20))/m1(9020)) Y1 (920 Ym—1(9%0)

= (1
A ( * Ym(0)? Ym(0)?

In [7, Prop. 2.2] it has been shown that y,,, (¢) /Ym+1 ((pza) ~ 1 and then o, ~ 1 ~ B,.
In order to prove the error estimates (7) and (10), we need the following lemma.

Lemma 2.2. Let 0 and u be the weights in (1) and (2), with arbitrary parameters oo > 0,
A, 0 > 0. Then, for any [ € C,, we have

1Sm (0, ulloe < Cm” || fulloo, (29)
and, for any f € Lblt, we get

Sm (o, Hully <Cm" | full, (30)
for some v > 0, where C is independent of m and f in both cases.

Proof. Let us first prove (29). We first observe that, since u = A Zﬁ, for any P, € Py,
with 1 < p < oo, we have (see [7, Prop. 2.1])

| PnttllLor—ag a0 § > 1, ifu—2/2<0
< smstsm
| Bl < € {”Pmu”LP[—am,am] ; otherwise GD

where a,, = a,,(\/0).
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Then, by inequality (31), we have

1Sm (0, fulloo = sup

XE[—asm,asm]

o(t)
< fullc  sup f +/ ‘Km(U,XJ)—M(X)
X€E[—asm,asm] |x_l‘|>M |x_t|§% M(t)

= m

1
u(x)/ Kn(o,x,t) f(t)o(t)dt
-1

dr

<lfulew sup {I + 2},

XE[—asm,asm]

(32)
where s > 1.

Here, our aim is to obtain a raw estimate for ||S,, (o, f) u|| . Therefore, instead of the Pollard

decomposition, we will use the definition in (27) of the Christoffel-Darboux kernel. By (18), we
have

o (t) 1 — X2\ 2
K (o, x, 1) mu(x) = |Kn(o, x, )| Vo (x)o(t) (—)

X
1—1¢2

_ [Pn©@ ) pu-1@. D1 + [pu-1(0. %) (0. D] VT ()0 () (1 - x2>“‘”2

|x —¢] 1 —12

S (mT (@) (1 = agp) = W42,

Hence, with |x|, |¢| < asn, wWe get

I = C(mT(aln))1/3(1 - asm)_llu_)\/z'/ .

le—t]> 29 [x — 1]

< CmT (am)' (1 — agn) " ogm. (33)

Whereas, for the integrand of the term /5 in (32), by the mean value theorem, we have

a(t)
|K, (o, x, 1) mu(x)
1 — %2 u=a/2
={|pn (@, D) pm-1(0, )| + |p),_1 (0, E2) pm (0, D]} Vo ()0 (1) ( 1 _):2>

with &1,& € (x,1). Werecall thatif 7, y € [x — ¢(x)/m, x + ¢(x)/m], we have (1 — 2) ~

(1 -y~ —=x?ando(r) ~ o (y) ~ o(x) (see [6]). Then, by using (18), the Bernstein-type
inequality (26) and, again, (18), we get

o(t)
IKm(a,x,t)lmu(x)
1 m , w1 , (&)
sc(mnam))ém |py (0, &) — Vo) +|p,_i (0. &) — Vo (&)

m

< C(mT(am))?
@(x)



G. Mastroianni, 1. Notarangelo / Journal of Approximation Theory 163 (2011) 1675-1691 1683
Hence we obtain

b < CmT(an))"? 2 dr
P(x) Jjx—r|< e

< C(mT(an)'. (34)
Therefore, by (32)-(34), we deduce (29) since T (a,,) ~ (1 — am) ! and by (14).

Now, let us prove (30). Setting g(x) = sgn {S,, (o, f, x)} and reversing the integrals, we have

1 1
|Sm (o, fHully = /lg(X)/lKm(tf,x,t)f(t)d(l)dlu(X)dx
1
-/,
o) !
< [ fulli sup —/ g(X) Ky (o, x, Hu(x)dx
lel<1 | u(®) Jy
_ suy o
= 1l S (0 £7) MHOO.

Then, by (29), inequality (30) follows. [

dr

1
f(t)U(l)/ 8(X)Km (o, x, u(x)dx
-1

From inequality (16), we can deduce the following proposition (see [7]).

Proposition 2.3. Suppose that 0 < a < 1, let u be the weight in (2) and suppose that
1 < p < oo. There exists an integer M > 1 such that, for any function f € L%, we have

_ —1/2
L fullosiza < € {En(up + M@0 pug ), (35)
where C, ¢ are positive constants independent of f and M.

We remark that, by Proposition 2.3, if fy = xpf, with xg the characteristic function of
[—agm (5/T), agm(+/o)], where o is the weight in (1), for m sufficiently large we can estimate

the L -distance between f and fp by (35) with M = L(Q%) %J, taking into account (31).

Proof of Theorem 1.1. Let us first prove that conditions (6) imply inequality (5).
In order to estimate || x9S, (0, fo)ulloo, Where fy = xg f, it suffices to consider the quantity
|Sm (o, fo, x)|u(x) for x € [—apn, apm]- By (28), since o, ~ 1 ~ B, we have

agm
/ pm(o,t) f(Ho()dt

—Aaom

ISm (0, fo, X)lux) < C {Ipm(U,X)Iu(X)

+ u(x) /aem E(x, t) f(t)o(¢)dt }
—aom
= C{Al +A2}, (36)
where
R = Pm (0. X) pm—1(9*0, )@* (1) — pm—1(9*0, X)9*(X) pu (0, ;).

X —1
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For the term A1, by (20), we have
_A_ 1
A1 = |, Vo e v @) ol
agm A1
< [ pnto Vo @em] i

—Aaom

2 y—%-1 aom
chllfeulloov‘ 274 (x)

Al
vTHRITa () dr

—aom

aom A1
vTHRITa () dr,

< cgnfeunoof

—dom

since, by (6), w —A/2 —1/4 > 0. Moreover, by (6), we have —u +A/2 —1/4 > —1 and then the
integral on the right-hand side is bounded, except for the case —u + 1/2 — 1/4 = —1. Anyway
we get

Ay < C3ogm) |l foullco, (37)

where Cy is the constant in (21).
Whereas, for the term A, we can write

~ o (Hu(x)
I foulloo {/|x—f|>*",&:‘> +/|x_tl<[,,;nx>} Kl =54

: N foulloo {B1 + Ba}, (38)

with |x], [z] < agm.
Let us consider By. Setting h,,(x, 1) = pm (0, X) pm—1(¢>0, )p*(t)/o (x)o (1), by (20) and

(23), we get
1— X2 u=xr/2
< T t2) dr

B :/
= 42
1 1— x2 u—r/2—1/4 1— xz n—Ar/2+1/4
=G — 2 + de.
a H/x—t|>“’f,f) lx —1 |:(1—l2> <l—t2) :|

So, in order to estimate By, it is sufficient to consider integrals of the form
s

1 1 —x2
T de, 0<é6§<1, |x|s|t|§a9m’
—tl<p/m X — 1] \ 1 —1

taking into account (6). These integrals are dominated by log m and then

By < Clogm. (39)

A

IA

B (x, 1) — hin (2, X)
X —1

Let us now consider the term Bj. Setting Q(x) = p;—1 (@0, x)p?(x), we can write

1 x2 n—xr/2
/x_,<¢<x> 100V @)o@) <_> o

1—12
+ \/
e—r] < 20

BBy (40)

Pm(0,x) — pp(0, 1)
x —1

Q) — 0(@)
x—t

B,

IA

1 —1¢2

1— X2 n=1/2
|pm (0, 1)] G(X)G(t)( ) dt
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We are going to estimate only the term B, since B} can be handled in a similar way. To this end

we recall that, for y, ¢t € [x —p(x)/m, x+¢(x)/m], |x| < agm, we have l—y2 ~1—12~1—x
and o (y) ~ o (t) ~ o(x) (see [6]). Then, using (20) and the mean value theorem with § € (x, 1),

setting @, 1 = amn_1(/?%0), we get

'Q(X) — 0@

e N (S INCI )
m (O, < (Cp——=—==
|pmo r)|¢o<x>a(r)(1_t2) s

|:Ipm (9%, 6)|02(E)/a (©) |pm_1(¢zo,s>|\/_o(s>}

+
Vo(©) Vo @)
<0 [|p;1_1<<pza,s)||a3,,_1 2 @) + Pt als_)LzU(g)w © }

since 1 — £2 ~ a — &2, By (23), the second addend is dominated by C/(1 — x2). It remains
to estimate the ﬁrst addend. We observe that there exists a polynomial ¢ € P, such that
q(y) ~ lay_ — y*IV/* and 9(y)g'(y) < Cmlay, | — y*|/* fory € [-1+m™2, 1 —m™?]
(see [8]). Therefore we get

D(x) = |p,_ (%0, &)las_, — 242 (E)o (§)
~ | ph 1 (@20, E)q )]y ()0 (§)
C (pmfl«oza)q)/ (E)‘ VEEETE) + Clpm-1(9%0, &)lq ©)]\/ 92(E)o (§)

M H(pm_1<<o2cr>q /@)’ ?8) Je@roe

@(x)
+ | pm—1(p*0, )lq (S)Igﬂ(g)\/soz(é)a(é)}

and, using the Bernstein-type inequality (26), the restricted range inequality (15), the properties
D(x) < e

of g and (23),
@(x) el (pm 1(e U)Q) I 2(y)cr(y)’
C o rer 2 ]|pm"((p o, My =31 2o ()

(7} ()C) YE[—agm,aom
m

o ——,

@(x)

where Cy is the constant in (21). Hence the integrand of B/ is dominated by

1 m m
2 - " 2_
G (1—x2 +<o<x>) <G

since |x| < ag, < 1 —m™2, for m sufficiently large. It follows that

IA

2

m
By <C3—— dr < C2.
P(x) Jjx—rj< e
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Taking into account (40), we have
2
By < Cj. 41)

Then, combining (37)—(39) and (41) in (36), and taking the supremum over all x €
[—agm, agm], we obtain (5).

Now, let us prove that inequality (5) implies conditions (6). We note that if (5) holds, with xg
the characteristic function of [—ag;,, agm] and fo = xo f, we have

X6 Sm+1 (0 fo) ulloo = Cogm)|| foulloo

and then

I x6 [Sms1 (0. £) = S (o, f)]u| o, < CAogm)|l foullco

ie.

1
| X6 Pm (0)ut]l 0o / o (1) fo()u(t)

m(0, 1) —————=dt| < Clogm.
TN ‘ ®

It follows that

Il X6 pm (@) /T@U* 2714 o sup
llglloo=1

1
/ X0 Pm(0)JaQu T2 Ae| < Clogm. (42)
-1

For the first factor, denoting by xi the zero of p, (o) such that x; < ag, < xg4+1, setting
Xr = (xk—1 + xx)/2, by using (25), we get

16 P (@) /G0 2 g = | p(0) oot 214 )

> CoP M 4 ag) ~ (1 — agm)* 14,

since 1 — xx ~ 1 — ay,,. Moreover, the second factor in (42) is the norm of the functional
I':g e L® > Rdefined by I'(g) = f_ll X6 pm (0) Jogu Ht4/2=1/4 5 and then

sup

1
up / 1X0(¢)Pm(0,t)\/0(f)(ﬂ(f v (g (1) dr
8lloo= -

1
= / X60(0) | P (@, D)/ DO v 27 1) b
—1

It is easy to show that (see [7])
agm

1
/ 100) | P (@, Vo e @) |2y dr = € / (1=~ 27 @ dr.
-1 0

Therefore, from (42), it follows that

agm
¢! —agm)“_)‘/2_l/4/ (1 — ) #2214y dr < Clogm.
0

Hence, taking into account (14), if one of the assumptions of (6) is not fulfilled, we get a
contradiction.
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Finally, to prove inequality (7), let Pyy € PPp be the best polynomial approximation of
f € Cy. By inequality (5), Lemma 2.2 and Proposition 2.3, for m sufficiently large, we have

ILf = xoSm(o, fo)lulloo < I(f — Par) ullog + 1 X0 Sm (0, fo — xo Pm) tll o
+ 1Sm (0, Pu — xo Pum) ulloo + 1(Par — X0 Prr) ]l oo
< Cologm)Ep(fu,co0 +Cm” + 1) I(Pyr — xo Pur) ull oo

2a
<Gy {(logm)EM(f)u,oo M ||PM”||00}

20
<G {<1ogm)EM(f>u,oo oM ||fu||oo} ,
which was our claim. [

Let us denote by H(f) the Hilbert transform of a function f, extended to (—1, 1). Namely,

H(f, x) = &dt xe(=1,1),
-1 X

is the Cauchy principal value of this integral. We recall that the formula

1 1
/ (= f ) 43)

holds if f € LP? and g € L9, 1 < p < oo, I/p + 1/q = 1. Moreover, if f € L* and
geLlogtL,ie. fil lg(x)|log™ |g(x)| dx < oo, the inversion (43) is still true (see [10]) and

IFH@ I < gt +log® gDl flloc- (44)

Now, let us prove Theorem 1.3 before Theorem 1.2. In order to do this, we need the following
lemma, whose proof will be given in the Appendix.

Lemma 2.4. Suppose that v¥ (x) = (1 — x2)7, with0 < y < 1, and let G be a function such
that ||G|lco < 00. Then we have

€
lgv" 1G], = ClIGI Hg (1 +log* [g] +log — .2) @)

1
for any function g such that the norm on the right-hand side is bounded, with C # C(G, g).

Note that an analogy of the previous lemma was proved in [9] with the L'-norm replaced by the
L?-norm, p > 1, while for p = 1 we did not find any result in the literature.

Proof of Theorem 1.3. Supposing that fy = x¢ f, by (28) we have

e Sn (@, fo)ull, 56{/

agm agm

Pm (0, x)u(x) Pm (0, 1) fo(H)o ()dt | dx

—aom —dom
agm agm _ 2 t 2 ¢
+f (@ X)) Pt @70, 0970 o el
—dom —dom X —t
aom
—i—f Pm—1(9*0, X)@* (X)u(x) fe(f)U(f)df dx}
—afm —agm

=C{L + L+ Iz}. (46)

aom pm (o, t)
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For the term 77, by (20) and (9), we have

I <2 RO ” 1 @un)]
b= —agm /U (x)¢(x —dom U‘L(t)
< Cll foullr, 47)

where Cy is given by (21).
Consider now the term I». Since xgpm(o)u € L®(—1,1) and xgpm—1(9?c)¢* foo €
L 10g+ L(—1, 1), the inversion of the integrals is possible (see [10]). Then, by (23), we have

agm
I <Co / o) o354 (0) 11 (o pm (o), D) di.

—Aaom

Note that conditions (9) imply —1 < u —A/2 —1/4 < —1/2. Then, by (9) and (20), we can use
Lemma 2.4 withy =A/2 — u+1/4, G = xgpm(0). /9o and g = fpu, obtaining

=], «

where Cy is given by (21).
In order to estimate /3, we proceed in a similar way. We first reverse the integrals and use
(20). Then, taking into account that, by (9), —1/2 < u —A/2+1/4 <0, we can use Lemma 2.4

withy =1/2 — u —1/4, G = xg pm—1(9*0)p*/ @30 and g = fyu. By (23), we get

2l fou (1 +log™ | fou| + log

agm
Iz = / pm(o,t) fo()o (t)H (X@Pm—l(QDZU)(Pz”’ t)’ dt
—apm

Gom P
<G [ | 5 m (opaer Pyt )| a
—aom

: >
_.2 ’
1

Combining (47), (48) and (49) in (46), inequality (11) follows. O

< (?

(49)

fou <1 +log™ | fou| + log ]

Proof of Theorem 1.2. In order to prove that assumptions (9) imply inequality (8), we
can proceed like in the second part of the proof of Lemma 2.2. Then, setting g(x) =
sgn {Sm (0, X6 f, x)}, we have

u\ o
16w @ foyully = Cll foull | xoSm (0. x65-) |
g u oo
Now, by Theorem 1.1, conditions (9) imply
[r08n (06 %2) 2| = caogm) sl

and (8) follows.

We omit the proof that the inequality in (8) implies the condition in (9) and the proof of the
estimate in (10), since one can apply arguments analogous to those used in the second part of the
proof of Theorem 1.1. [
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Appendix

1689

Proof of Lemma 2.4. Let us estimate |F(¢)|, where F(t) := vY (1) H(Gv™7,t). In view of the
symmetry, we can assume that —1 < ¢ < 0. We first consider the case —1 < ¢t < —1/2. We can

write
H(Gv . 1) = /zm (CLIQICYPN /1 G 4,
—1 X —1 2 +1 X —1
= I+ D.
For I, we have
1—x3)77

1

b= (1=
Bl < [Gllse / A=) g +/

241 X —1

X —1

d

o0 1
= ClGlloc [/2 l(1+x)*H<1x+/0 (1—x)”dx:|
1+

< ClGlloo [A+ D77 +1] < ClIGlloov™ ().

The term I} can be rewritten as

L

X —t -1
1
= v V(OH(G,t) —v V(@)

G(x) dr

241X — 1

= v V(OH(G,t) + A + As.

For A; we have
1

_ dx _
A1l < v y(t)”G”oo/ —t <v 7 (®)|IGlloc log | —

2t41 X

< Cv7 ()]Gl log ﬁ

X —1

2t+1
“f
-1

Whereas, for A;, by the mean value theorem we have

1-—0)70+x)7" =1A-0)"7"A+1)77

x —t

(14+x)7 =1+~

X —1

<C [(1 +x)77 +

whence

2t+1 2t+1
A2l < ClIGllso / (1 +x)- de+f
-1

Then, setting 1 + x = (1 + t)u, we obtain

2
|Aa] sc||G||oo[1+(1+t)—Vf -
0

1

)

G(x)

1—t¢
141

(A+0) 7 — (07|

2t+1 2t+1 — -
v—V(t)/ o) dx+/ G LD ZvTO
-1

vV (x)—v7 (@) dx

X —1

X —1

(50)

619

(52)

(53)

(54)
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2
< C|IGllso [1 + +t)*V/ w1 —u Y du:|
0
< ClIGlloov™ " (1). (55)
Combining (50)—(53) and (55), we get
(]
|H(Gv™Y, )| <Cv7 (1) [IIGIIOO + H(G, )| + |Gl log m] (56)

for—1 <t <—1/2.
Let us now consider the case —1/2 < ¢t < 0. We can write

1 — -
H(Gv ™", 1) = v*V(t)H(G,t)Jr/ MG( ) dx
— v Y (OH(G. z)+{/ / / ,” y(x)_” VI v G dy
= v Y(t)YH(G,t) +{B; + B, + B3}. (57)

For B», by the mean value theorem, we have

vV (x)— vV (@)
X —1

dx <C. (58)

dx}

1
2
B2l = Gl [ |
2

For By, by (54), we get

- )
1B1] < ClIGllos f <1+x)*ydx+/
1 1

Bl—

I4+x)7-QAQ4+77

X —1

< ClGlls 1+(1+r)—yf
0

1
2(1+1)
u V|l — u|_1+ydu:|

< ClGlne 1+(1+r>—yf
0

1

w1 — u)_1+ydu:|

< ClIGllacv™7 (), (59)

since ] +¢ > 1/2and 0 < y < 1. The term B3 can be estimated similarly to B;. Then, by
(57)—(59), we get

V" (OH(G, D] < C(IGlloo + IH(G, 1)

for —1/2 <t < 1. Combining this last inequality with (56), we get
e
[F)| <C [IIGlloo +H(G, )] + |Gl log m} ,

whence, supposing that g € L1log™* L, by (44), we obtain
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(S

1—t2dt

1
lgFll = C|IGlsoliglh + lIgHG) I + ||G||c>o/l 1g(1)|log

1

+ €
< ClGliso | liglt + llg(1 + log™ |gD 1 + 1|g(t)|10g

1—12

dr |,

ie. (45). O
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