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THE LANE-EMDEN SYSTEM ON CARTAN-HADAMARD MANIFOLDS:
ASYMPTOTICS AND RIGIDITY OF RADIAL SOLUTIONS

MATTEO MURATORI AND NICOLA SOAVE

ABSTRACT. We investigate existence and qualitative properties of globally defined and positive radial
solutions of the Lane-Emden system, posed on a Cartan-Hadamard model manifold M™. We prove that,
for critical or supercritical exponents, there exists at least a one-parameter family of such solutions.
Depending on the stochastic completeness or incompleteness of M", we show that the existence region
stays one dimensional in the former case, whereas it becomes two dimensional in the latter. Then, we
study the asymptotics at infinity of solutions, which again exhibit a dichotomous behavior between the
stochastically complete (where both components are forced to vanish) and incomplete cases. Finally, we
prove a rigidity result for finite-energy solutions, showing that they exist if and only if M" is isometric
to R”™.

1. INTRODUCTION

The Lane-Emden equation
—Au=u’, u>0, (1.1)
with p > 0, is the prototype of semilinear elliptic equations, and has played a central role in the develop-
ment of several tools in the analysis of nonlinear PDEs. Its system counterpart, known in the literature
as Lane-Emden system, that is

—Au =1
—Av =uP (1.2)
u,v >0,

with p,q > 0, has also received a lot of attention in the recent years, but is far less understood. The
purpose of this paper is to study existence and qualitative properties of radial solutions to (1.2) posed
on a Cartan-Hadamard manifold M", in the critical or supercritical regime of the exponents (see below).
Recall that a Cartan-Hadamard manifold is a complete and simply connected Riemannian manifold with
nonpositive sectional curvature. An important feature of this type of manifolds consists in the possibility
of writing global polar coordinates centered at any reference point o € M"”, as the well-known Cartan-
Hadamard theorem entails that the exponential map at o is a diffeomorphism between R™ and M".
Thus, in order to understand existence and properties of solutions to (1.2) on Cartan-Hadamard
manifolds, and having in mind the Euclidean case, it appears natural to focus on the radial problem at
first, upon requiring in addition that the ambient space itself is spherically symmetric. In this framework,
we establish the existence of positive radial solutions on any Cartan-Hadamard model manifold (we refer
to Subsection 1.2 for definitions and details on the geometric background). As a second step, focusing
on uniqueness or multiplicity, and on the limit behavior of such solutions, we discover an interesting
dichotomy: if the underlying manifold M" is stochastically complete, then the scenario is Euclidean like,
namely we prove a uniqueness result and show that all solutions are such that both w and v vanish at
infinity (see Theorem 1.1); if instead M" is stochastically incomplete, then we show a new phenomenon of
multiple existence of positive solutions with strictly positive limits at infinity (see Theorem 1.2). Finally,
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2 M. MURATORI AND N. SOAVE

we establish a strong rigidity result in terms of the natural energies involved when dealing with (1.2):
either they are all finite, and in this case the underlying manifold is necessarily R™, the problem is critical,
and (u,v) belongs to a 1-parameter family, or they are all infinite (see Theorem 1.3). As a consequence
of our methods of proof, we can actually extend all of our main results to a suitable class of Riemannian
models that are not necessarily Cartan-Hadamard (see Corollary 1.5).

1.1. Motivation and the state of the art. Existence and qualitative properties of solutions to (1.1),
posed in the Euclidean space R™, n > 2, are by now well understood: in the subcritical regime, namely
1<p+1<2:= % (with 2* = oo if n = 2), the problem has no classical solutions, regardless of radial
symmetry. In the critical case p+ 1 = 2* such solutions exist, are radially symmetric, and correspond to
the extremals of the Sobolev inequality; in particular, they belong to the Sobolev space D12(R™), defined

as the completion of C2°(R™) with respect to the norm

||u||%1,2(Rn) = |Vul|? dz .
]Rn

In the supercritical regime p + 1 > 2*, radial classical solutions still exist, decay to 0 at infinity, but do
not belong to the energy space DV?(R™). We refer the interested reader to the excellent monograph [22],
and to the corresponding bibliography, for further details.

The situation can be considerably different if (1.1) is posed on a Cartan-Hadamard manifold M™. A
first remarkable difference is that positive radial solutions may exist even in the subcritical regime, both
with finite and infinite D2(M") norm; for instance, this is the case if M™ = H" is the n-dimensional
hyperbolic space [3,18], or if M" is a more general model manifold satisfying suitable assumptions [2,
Theorems 2.5 and 2.7]. Concerning the critical or supercritical regimes, the situation is somehow more
rigid, in the following sense. If u is a radial solution to (1.1) on a Cartan-Hadamard model manifold M",
with p + 1 > 2" and ||ul|p1.2gr) < +00, then M" is necessarily isometric to R™ and w is therefore an
Aubin-Talenti function [20, Theorem 1.3] (see also [2, Theorem 2.4] for a related result obtained under
additional assumptions on M", and [16] for a previous rigidity result concerning solutions that minimize
the Sobolev quotient). Furthermore, the asymptotic behavior of radial solutions is strongly affected by
the global geometric properties of the underlying manifold: if M™ is stochastically complete, then all radial
solutions tend to 0 at infinity; otherwise, if it is stochastically incomplete, each solution converges to a
strictly positive constant at infinity [20, Theorem 1.4]. Additional asymptotic estimates can be found
in [20, Theorem 1.5] and [2, Theorem 2.4].

We finally refer to [1,5,7,8] and references therein for results regarding (1.1) and related inequalities
posed on manifolds with nonnegative Ricci curvature, namely the case complementary to ours.

Concerning system (1.2), the problem in R™ presents several analogies with the corresponding scalar
case. In particular, one can naturally introduce a subcritical regime

1 1 n—2

,q>0, + > ,
P Pl g1 T n

a critical regime
1 1 n—2

+ —
p+1 qg+1 n

p,q>0, , (1.3)

and a supercritical regime

0 1 n 1 < n—2

L P )

For subcritical exponents, radial positive solutions do not exist [19], and it is conjectured that positive
classical solutions do not exist at all. This has been rigorously proved only up to dimension n = 4 [27] (see
also [4,21,23,24]). On the other hand, for critical or supercritical exponents radial positive solutions do
exist [17,25,26]. In the critical case, they correspond to extremals for higher-order Sobolev inequalities [17]
(see also [28]), while in the supercritical regime it is not expected that they belong to any natural Sobolev
space.

(1.4)
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As far as we know, problem (1.2) on Cartan-Hadamard (model) manifolds is untouched. The purpose
of this paper is thus to investigate existence and qualitative properties of radial positive solutions, in the
critical or supercritical regimes. This implies working in spatial dimension n > 3, otherwise conditions
(1.3) and (1.4) are empty. As concerns the subcritical regime, that we do not address here, it is natural
to wonder whether or not, on suitable Cartan-Hadamard manifolds that significantly differ from R™,
globally positive solutions can exist. If we think of what happens in the Euclidean case (non-existence, as
recalled above), and the results in [18] and [2] (existence for (1.1) on the hyperbolic space and on many
other model manifolds), the answer still depends on the specific analytic-geometric properties of M™.

In order to state our main results in a precise form, it is necessary to recall first some standard
definitions and introduce notations accordingly.

1.2. Main results and basic notions. We say that a noncompact Riemannian manifold M" is a model
if there exists a pole o € M"™ such that its metric g is given, in polar (or spherical) global coordinates
about o, by

g=drQdr+ ¢2(7") gsn—1,

where r is the Riemannian distance of a point = (r,0) € RT x S*~! from o, gsn-1 stands for the
usual round metric on the unit sphere S"~! and ¢ is a C1([0,4+00)) N C°°((0,+00)) positive function
with 1(0) = 0 and ¢’(0) = 1 (for a more complete introduction to model manifolds we refer the reader
e.g. to [10,11]). The Cartan-Hadamard assumption in this case is equivalent to the fact that v is
in addition convex, due to the explicit expression of the sectional curvatures in terms of v, see for
instance [14, Section 2]. A prototypical example is represented by the choice ¢ (r) = sinhr, which gives
rise to a well-known realization of the hyperbolic space H"™, whose sectional curvature is identically equal
to —1.

For future convenience, we define

1
Pr=i(r)
namely, © is the function accounting for the volume-surface ratio of geodesic balls centered at the pole.
Tts importance, for our purposes, is due to the fact that a model manifold M (not necessarily of Cartan-
Hadamard type) is stochastically complete if © ¢ L'(R™), whereas it is stochastically incomplete if
© € L'Y(RT). This dichotomy will have a key role in our results. We refer to [11, Sections 3 and

6] for a deeper discussion, and we also point out the recent papers [12,13] for new nonlinear analytic
characterizations of stochastic (in)completeness for general manifolds.

O(r) == /07” Yt ds Vr > 0; (1.5)

By writing (1.2) in polar coordinates, it is not difficult to check (see for instance [2] or [20] for the
details) that a radial solution is (represented by) a regular enough function (u,v) : [0, +00) — R? solving
the Cauchy problem

(vntu )—|—1/J”1\fu\q ly=0 forr>0

(vt )+¢”1|u\p =0 forr>0
w/(0) = 0=v'(0)

uw(0) =¢, v(0)=n,

for some initial data (&,7) € (0,+0o0)?. Note that, although we are only interested in positive solutions,
for technical reasons it is necessary to be able to deal with sign-changing solutions as well, whence the
replacement of v? and uP with |v|?"1v and |u|P~lu, respectively. The fact that (1.6) gives rise to an
everywhere positive solution is a highly nontrivial issue, which is actually false in general, and will be
thoroughly addressed in Section 3. In what follows, we will say that (u,v) is a (radial) globally positive
solution if it solves (1.6) for every r > 0 and u,v > 0 on [0, +00). Clearly, any such a solution solves the
Lane-Emden system (1.2).

(1.6)
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At this point it is worth recalling that, in the Euclidean setting, from well-known results due to Serrin
and Zou [25,26] (see also [17]) the system (1.6) for M™ = R™ and in the critical-supercritical regime
1 1 n—2
+ <
p+1 qg+1 n
admits a globally positive solution if and only if the initial data (£, n) satisfy the explicit relation

n=mn(€) =cei, (1.8)

where ¢ is a positive constant depending only on p, ¢,n. In particular, we observe that £ — n(&) is a
strictly increasing and continuous bijection of (0,+00) into itself. We stress that the specific form (1.8)
of the function n(¢) is crucially related to the natural scaling properties of (1.2) in R™, which however
fail on model manifolds. Indeed, as we will see in a moment, such function is not explicit and its very
definition, i.e. the fact that for every £ > 0 there exists a unique value of 7 ensuring global positivity,
strongly depends on the stochastic completeness or incompleteness of M™.

(1.7)

Before stating our main results, for notational convenience, for any globally positive solution of (1.6)
we set

by, = rgrfoou(r) , L, = Tgrfoov(r) ,

the existence of such limits being guaranteed by the monotonicity of both components, which readily
follows from the differential equations in (1.6) (see Section 2).

Theorem 1.1 (Globally positive solutions for stochastically complete manifolds). Let M™ (n > 3) be a
Cartan-Hadamard model manifold associated to a function ¢ with © ¢ LY*(RT). Let p,q > 0 fulfill (1.7).
Then, for each £ > 0 there exists one and only one value n = n(€) > 0 such that (§,m) gives rise to a
globally positive solution (u,v) to (1.6), which satisfies

b,=10,=0.
Moreover, the function & — n(§) is a continuous and strictly increasing bijection of (0,400) into itself.

Hence, in the stochastically complete case the situation is Euclidean like, since there exists a specific
continuous curve of initial data that give rise to globally positive solutions, except that it has no more
the explicit expression (1.8). Furthermore, both components of the solution vanish as r — —+oo. This
agrees with the results of Serrin and Zou in [25,26]. Instead, in the stochastically incomplete case the
scenario is more complicated and marks a striking difference with respect to the Euclidean framework.

Theorem 1.2 (Globally positive solutions for stochastically incomplete manifolds). Let M™ (n > 3) be a
Cartan-Hadamard model manifold associated to a function ¢ with © € LY(RT). Let p,q > 0 fulfill (1.7).
Then there exist two functions 1, ny which are continuous and strictly increasing bijections of (0, +00)
into itself, satisfying

M (§) <nu(§)  VE>0, (1.9)
lim sup [9ar(§) — nm (8)] < +o0, (1.10)
{—+o0
such that for each & > 0 problem (1.6) admits a globally positive solution (u,v) if and only if
M (§) < n < (). (1.11)
In addition, the following behavior at infinity holds:
b, >0, £6,=0 if n=mnm(&), (1.12a)
b, >0, L,>0  if np(€) <n<nm(§), (1.12b)

l,=0, ¢,>0 ifn=mnm(§). (1.12¢)
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n n
v (§)

Nm ()

(y = 0,2, > 0)

(by =0, €, =0)

(£y > 0,4, = 0)

(A) © ¢ L'(RY) (8) © € L'(R")

FIGURE 1. The regions of existence of a globally positive solution in terms of the initial
data (&,7), in the case of a stochastically complete (A) and incomplete (B) manifold, with the
corresponding behavior of the limits at infinity (£y, £,) of the components.

Two symbolic instances of the global positivity region in the space of the parameters (£,n), associ-
ated with a stochastically complete and a stochastically incomplete Cartan-Hadamard model manifold,
respectively, are depicted in Figure 1 below.

We now focus on the possible existence of radial finite-energy solutions to (1.2) in the critical or
supercritical cases. We recall that for the scalar problem (1.1) such solutions cannot exist unless M"™ = R”
(i.e. the manifold is isometric to the Euclidean space), as shown in [20]. Here we are able to reproduce
the natural counterpart of this rigidity result for the Lane-Emden system.

Theorem 1.3 (Energy rigidity). Let M"™ (n > 3) be a Cartan-Hadamard model manifold associated to
a function 1, and let p,q > 0 fulfill (1.7). Suppose that, for some (&,n) € (0,+00)?, there exists a radial
solution (u,v) to (1.2) such that

+oo +oo oo
/ w'v' Yl ds < 400 or / uPTr "t ds < 400  or / vyl ds < 400
0 0 0

Then M™ = R",
1 n 1 n-2
p+1 qg+1 n

and
+oo +oo +o0o
/ u'v' Y ds + / uPThyn Lt ds + / v Yl ds < 400 (1.13)
0 0 0

Remark 1.1. We point out that on M™ = R™ radial solutions do comply with (1.13) for every critical
pair (p,q), see [17]. They can be obtained through a variational argument combined with a scaling
property, and are characterized as extremals of higher-order Sobolev inequalities. As already observed,
up to translations, radial solutions form a 1-parameter family (the parameter being the value of one
component, say u, at r = 0), and their asymptotic behavior is understood [15]. Differently from what
happens in the scalar case (1.1), their explicit expression is however unknown in general.

It is also worth to mention that any solution to (1.2) on R™ with (u,v) € LPTL(R"?) x LIT1(R") is
radially symmetric [6]. This is proved by using an integral version of the moving planes method, and
seems hardly adaptable on general manifolds.
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We now state a key preliminary proposition regarding the “first zeros” of a solution to (1.6), which
may be of independent interest and will play an important role in the proof of our main results.

Proposition 1.4. Let M" (n > 3) be a Cartan-Hadamard model manifold associated to a function 1,
and let p,q > 0 fulfill (1.7). Then, given any (£,1) € (0,+00)2, problem (1.6) coupled with

u(R) =v(R)=0 for some R >0
has no positive solution on (0, R).

Note that this can be read as a nonexistence result for the radial homogeneous Dirichlet problem in
Riemannian balls.

We conclude with a result in the spirit of [2, Theorem 2.2], which is essentially a consequence of our
methods of proof, showing that the Cartan-Hadamard assumption can be slightly relaxed.

Corollary 1.5. Let M™ (n > 3) be a noncompact model manifold associated to a function ¢, and let
p,q >0 fulfill (1.7). Then Theorems 1.1, 1.2, 1.8 and Proposition 1.4 still hold provided the function

v\ Tt
V(r) = (/ P ds> Vr € [0, 400) (1.14)
0

1S convez.

Remark 1.2. In the critical case, the exponent in formula (1.14) attains its minimum value (within the
critical-supercritical regime), which is precisely ﬁ After some routine calculations (see e.g. the proof
of Proposition 2.5 below), one can check that the convexity of V is equivalent to

T n 1

/ ¥ ¢2 ds >0 vr € (0,+00).
o (¥)

In particular, we emphasize the fact that there is room for 1" to be negative somewhere, which means

that the (radial) curvatures of M™ are allowed to be positive is some small region. Clearly, this is a

fortiori admissible in the supercritical regime.

1.3. Paper organization. We devote Section 2 to the proof of some useful inequalities and local exis-
tence results for the solutions to (1.6) (including Proposition 1.4). In Section 3 we show that, for a given
& > 0, there exists at least one n > 0 for which (1.6) yields a globally positive solution. This will require
a number of preliminary technical tools. In Section 4 we prove our main results regarding the complete
structure of the region of global positivity in the initial-data space (£,n) and the asymptotics of solutions
as r — +00, that is Theorems 1.1 and 1.2. Finally, Section 5 contains the proof of the rigidity Theorem
1.3, and in Section 6 we establish the generalization of our main results stated in Corollary 1.5.

For notational convenience, from here on we set a \V b := max{a, b} and a A b := min{a, b}.

2. PRELIMINARY PROPERTIES OF RADIAL SOLUTIONS

In this section, we first establish some basic local existence results for problem (1.6), and then we focus
on a key Pohozaev-type inequality and its consequences.

From here on, unless otherwise specified, we take for granted that M"™ is a Cartan-Hadamard model
manifold of dimension n > 3. In particular, we observe that the differential equations appearing in the
system (1.6) can be rewritten as

! !
u"+(n71)au’+|v|q*1fu:0, v"+(n71)av’+|u|p*1u:0, (2.1)

or, by integrating,

W) () = — /MHW*ds, G () = — /T|u|p*1uw1ds. (2.2)
0 0
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In the sequel, both (2.1) and (2.2) will be very useful to our purposes.

2.1. Local existence and continuation lemmas. The existence and uniqueness of a local positive
solution to (1.6) is rather classical, but for the sake of completeness we provide a full proof.

Lemma 2.1. Let p,q > 0. Then for every (£,m) € (0,+00)? there exists p = p(€,m) > 0, depending
continuously on (£,n), such that problem (1.6) has a unique positive solution for r € (0, p).

Proof. Let
X = {(w0) € C0AR) : ) — (€l < g ENT).

where p has to be chosen later, and ||(-, )| denotes the norm obtained as the maximum between the
usual L> norms of the two components on [0, p]. Note that, by construction, since £, 7 > 0 the set X is
formed by positive functions. Let also F' = (F1, F) : X — C’([O pl; R?) be defined by

Fi(u,v)(r) ==& - /w”l (/ vqw"_ldt)ds,
Fy(u, =1 /w“l (/ Pw"‘ldt>ds.

It is not difficult to check that

Py, 0)(r) — €] < (

) . (2.3)
)

o, 0)(r) — 1| < (

and

|Fy (w1, v1)(r) — Fi(ug,v2)(r)| < sup g7t ||v1—v2||00/ Ods,
T€[$n.3n 0

(2.4)

| F (w1, v1)(r) — Fa(ug,v2)(r)| < sup  prPH | |jug — u2||00/ ©ds,
re[3¢.3¢] 0
for every r € [0, p] and every (uy,v1), (u2,v2) € X. Since © is locally bounded (it is smooth on (0, +00)
and behaves like 72 near r = 0), from (2.3) and (2.4) it follows easily that there exists p > 0, depending
on ¢ and n, and in a continuous fashion on (£,7), such that F' is a contraction mapping from X into
itself. Thus, by the Banach fixed-point theorem, F' has a unique fixed point in X, which is clearly a
positive solution of (1.6) in (0, p). O

The local solution constructed above is always positive for small r, and by classical ODE theory can
be extended to a maximal interval [0,T), possibly changing sign. Note that, if p A ¢ > 1, the extension
and its lifetime T' > 0 only depend on the initial data (£,n). However, if p A ¢ < 1, the uniqueness of the
solution may fail past any point 7 > 0 where either u(7) = 0 or v(7) = 0; thus, the value of T can in this
case also depend on the specific chosen extension, and not only on (£, 7). Nevertheless, we will see that
it is still possible to obtain a quantitative lower bound on T'.

Let us now set

Rep:=sup{re0,T): u(t)Av(t)>0 Vte(0,r)}, (2.5)
namely the size of the maximal positivity interval of the solution. Note that, by definition, if R¢, < +oo
either u(Re,) = 0 or v(Re¢,) =0, and Re,, is uniquely determined by &£ and n (as opposed to T'), since
the solution is unique as long as it stays positive. Moreover, still in the case where Ry, is finite, the
continuation theorem for ODE ensures that 1" > Re ,, and one between u and v must necessarily change
sign past r = R¢ ), due to the strong maximum principle.
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As a straightforward consequence of the definition of R¢ ,, and (2.2), we have the following fundamental
monotonicity result, along with the characterization of the limits at infinity in the stochastically complete
case.

Lemma 2.2. Let p,q > 0 and (£,1m) € (0,+00)%. Let (u,v) solve (1.6). Then
W(r)<0 and V' (r)<0  Vre(0,Re,).
In particular, if Re , = +00 (namely (u,v) is a globally positive solution) there exist finite the limits
0, := lim wu(r) >0, by = TEIJPOO’U(T‘) >0.

r——4o0

Corollary 2.3. Let © ¢ L*(RT). Let p,q > 0 and (£,m) € (0,+00)%. Then, if (u,v) is a globally positive
solution to (1.6), it satisfies
by =140,=0.

Proof. Suppose by contradiction that one of these limits, say ¢,,, is strictly positive (if £, =0 and ¢, > 0
the argument can be repeated in the same way). Upon integrating (2.2) on (r,4+00), we deduce that

+oo 1 s
v(r)f&,:/r 1/)7’_1(3)(/0 up1/1"1dt)ds Vr > 0.

The above integral can be easily estimated by recalling that u is monotone decreasing due to Lemma 2.2,
hence

“+oo
v(r)—EUZEZ/ Ods =400 Vr >0,
which is clearly not possible. (Il

In the proof of Proposition 3.4, that is the crucial fact that under (1.7) for every £ > 0 there exists
at least one n = n(§) > 0 that gives rise to a globally positive solution, we will need the continuous
dependence of (suitable extensions of)) the solutions to (1.6) with respect to (£, ) also beyond the positivity
radius Re . Again, this follows from standard ODE theory if pAg > 1, but since (1.7) allows one exponent
to be strictly smaller than 1 (at least in dimension n > 5), we need an argument which covers all these
cases.

Lemma 2.4. Let p,q > 0 and (£,m) € (0,4+00)2. Let (@,v) be the solution to (1.6) provided by Lemma
2.1. Let us fix any 0 € (p,Rey). Then there exists an extension of (u,v) whose mazimal existence
interval contains [0,0 + (], where

B:min{;q <1+1/1+Q>,;<1+\/1+G“>}>0, (2.6)

for some positive constants C1,Cy > 0 depending continuously on (§,1) and independent of o.
Proof. We let Y denote the subset of C’([J, o+ p); Rz) consisting of all functions (u,v) which satisfy
[(u,v) = (@,0) (o)« <EAN, (2.7)

with ¢ as in the statement and S > 0 to be chosen later. By what we recalled above, we can assume that
(u,) exists up to r = 0. Let also F' = (F1, F,) : Y — C([o,0 + B]'RQ) be defined by

R o) = (o) + 6 @) (o) [ Wll -[ Ml ([ o) as,

Fy(u,v)(r) := (o) + " 1( / o1 —/U W (/U |u|p_1uw”_1dt> ds.

The set Y is clearly closed and convex, and it is easy to check that F' is a continuous mapping from
Y to C([U,U + B];Rz), since p,q > 0. We aim at showing that F' has a precompact image, and that
for 8 > 0 conveniently chosen it maps Y into itself. As a result, the Schauder fixed-point theorem (see
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e.g. |9, Corollary 11.2]) will ensure the existence of a fixed point (&,?) for F in Y, which is nothing but
a solution of the Cauchy problem

(qun 15 ) +wn 1|”U|q 1
(6= ) v P =
W (o) =u'(c), ¥'(0)= @

(o) = u(o), (o )—U(U)-

Therefore, because (o), (o) > 0 and the solution is unique as long as it is positive, we can assert
that (a,0) is the desired extension. Let us then prove that the assumptions of the Schauder fixed-point
theorem are met.

We start by showing that I’ has a precompact image. Since o < R¢,, by Lemma 2.2 we have that
0 < a(o) <& and 0 < ¥(o) < n. Hence, if (u,v) € Y, it follows that ||ulle < 2§ and ||v]e < 27. Now,
by the definition of F', for every ¢ <19 <r <o+ B it holds

IR )(r) = R ) <07 0) 70 [ d”/m oy ([ et ar) s

for r € (0,0 + )

=0
0 forre(o,0+p)

T

<C ¢ T ds + (2n) /@ds

where C'is a positive constant depending on o, £, 77, n through v and w. A similar expression can be derived
for |Fo(u,v)(r) — Fa(u,v)(ro)| and, recalling the regularity and positivity properties of ¥ (along with the
fact that o > p > 0), we readily deduce the equicontinuity of F(Y). Concerning the (quantitative)
uniform boundedness, note that by (2.2) we have

_yn—1 =/ _ U—q n—ld .
(o) & (0) /va s

Therefore, thanks to the monotonicity of 1, it follows that
I3 (u,0)(r) — a(0)] < 4" (0) (0 \/ = 1ds+/ g (/ o] - 1dt>ds

< (o o) [ ooy /:w g (vt a)as 29

52
<nlof+(2n)" 5
for all r € [0,0 + ]. Similarly, we obtaln

[F(u,0)(r) — (0| < €20 + (26

This proves the F(Y) is also bounded and hence, by the Ascoli-Arzela theorem, it is indeed a precompact
subset of C([o, o + B8]; R?).
It remains to show that F': Y — Y for suitable choice of § > 0. By (2.8) and (2.9), this is the case if

(2.9)

52 32
[n%m(zn)q ] [spom(%)p }swn.

It is straightforward to verify that such inequality holds for § as in (2.6), provided
2q+1£/\77 2p+1£/\77
EEv—— Co=—17—.
77q fp
Note, in particular, that C; and Cy depend continuously on (&,7n) and are independent of o. The proof
is thus complete. O

1=
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If Rey < +o0, by taking limits as o — R, in (2.6) we deduce that the constructed solution to (1.6)
is defined at least on the interval

[ Re, 1\ Re Cs
o,Rg,nerm{%" (—1+ H%)’?J(_lﬂ/H%)H D [0, Re] .

As already mentioned, such solution must change sign past R ,, and it may not be unique beyond this
threshold if p A ¢ < 1.

2.2. Some fundamental identities and inequalities. Given a solution to (1.6), we introduce the
associated energy function

Fluw(r) =d'(r)v'(r) +
along with the Pohozaev function

Plaay(r)i= ([ 977 05) P + 000

Proposition 2.5. Let p,q > 0 and (£,1) € (0,+00)2. Let (u,v) solve (1.6), with mazimal ezistence
interval [0,T). Then

1

1 1
m|u(7")|p+ + o(r)|TF

qg+1

u(r)v'(r) | w'(r)o(r)
p+1 * qg+1 )

Flyo(r) = —2(n — 1) 1/;((:)) o ()0 (r) (2.10)
and
P(’uw)(r) = K(r)u'(r)v'(r) (2.11)

for allr € (0,T), where
B 1 1 B n—9 - - 2(77,71) o QZ}/(,,,)
K(r):= <p+1+q+1 - )zb (r) - (0 @) ds> )

Proof. Formula (2.10) follows by direct calculations, using (2.1). Taking advantage of the latter and
(2.2), we can then compute the derivative of P, ,):
Y'(r)

Py ) =" 70) Founy 1) = 260 = 1) ([ 02 as) EE )

n— p+1 n— g+1
OO OB (1LY i

+
p+1 q+1 p+1 qg+1

(14 ot o) e 2= ([ ertas) SO w6,

Integrating by parts, recalling that ¢(0) = 0 and ¢’(0) = 1, we have that
T 1 T n—1 ./ n 1 (R YN
/¢n71d5:7/ TL'I)/J wdsiw(r) 4= w 1/) dS,
0 0

n ' Cnd'(r) nJo (y)’
and hence
/ _ 1 1 _ n—1 n—1 _ n—1 "yny” ¢I(T) / ’
= K(r)u/(r)v'(r),
that is (2.11). O

The above result yields a key monotonicity property for P, ), in the critical or supercritical case.
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Proposition 2.6. Let p,q > 0 fulfill (1.7), and (&,n) € (0,+00)2. Let (u,v) solve (1.6). Then K(r) <0
for every r > 0, with K(r) = 0 if and only if equality holds in (1.7) and ¢¥"(s) = 0 for every s € (0,r).
In particular, we have that P, .)(r) < 0 for every r € (0, Re ), with Pp, ) (r) = 0 if and only if equality
holds in (1.7) and " (s) =0 for every s € (0,r).

Proof. The first part of the thesis is a direct consequence of the definition of K, since ¢’ > 0 everywhere
on any Cartan-Hadamard model manifold. The second part follows from formula (2.11) and the fact that
P(u_rv)(O) = 0, recalling also Lemma 2.2. O

We are now in position to prove our nonexistence result for (1.6) on balls.

Proof of Proposition 1.4. Assume, by contradiction, that the Cauchy problem (1.6) admits a solution
(u,v) for suitable initial data (£,7) € (0, +00)?, which is positive on (0, R) and satisfies u(R) = v(R) = 0
for some R > 0. Then, by virtue of Lemma 2.2, we have that v/(R) < 0 and v'(R) < 0. However, since
(1.7) holds, the definition of P, ) and Proposition 2.6 entail

R
0> Pl (R) = (/ Pt ds) ' (R)V(R) >0,
0
which is absurd. O

As a consequence, we infer that in the critical or supercritical case either R, = 400 or Re¢, < +00
and the two components of the solution do not vanish simultaneously at r = R ;.

Finally, we show a fundamental ordering property for positive solutions.

Lemma 2.7. Let p,g > 0. Let & > & > 0 and n2 > m > 0. Then, if (u1,v1) and (u2,v2) are two
positive solutions to (1.6) starting from (£1,m1) and (£2,12), respectively, in the common interval (0,b)
for some b € (0,400], the functions

7= uy(r) — ug(r) and 7= va(r) — v1(r)
are strictly increasing in (0,b).
Proof. First of all, let us show that
uz(r) <wui(r) and wa(r) > vi(r) Vr € (0,b). (2.12)
Note that it suffices to establish the right inequality only, as the validity of the latter implies (recall (2.2))

uz(r)_@—/orwn_ll(s) </Osv‘211/1"1dt> d5<51_/orwn—11(s) </Osv‘fw”1df> ds = uy(r) (2.13)

vr € (0,b),

namely the left inequality. To this aim, we observe that by continuity vy > wv; at least in a small
neighborhood of 0. Hence, if vy > v failed to hold in the whole (0,b) there would exist some a € (0,b)
such that vy > vy in (0,a) and va(a) = vi(a). However, by arguing exactly as in (2.13), this would yield
us < uy in (0, a), which in turn entails

_ “ s
/ wn 1 (/0 ugz/J" 1dt)d$>n1_/0 1/)”_1(5)</0 ul;w 1dt>ds:vl(a),

a contradiction. Therefore, (2.12) holds, and since for all r € (0,b) we have
1

—u ,r:71 Tvq—vq "~lds an vg — ) (1) = ———— Tup—up n=ls
(0 =) (1) = ooy [ @ =ol)u"ds and (o= 00)(0) = s [ ),

such derivatives are strictly positive. O
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3. EXISTENCE OF (AT LEAST) ONE GLOBALLY POSITIVE SOLUTION

Our goal here is to establish an existence result for globally positive solutions, that covers both the
stochastically complete and incomplete cases. To this aim, we carefully adapt the strategy developed by
Serrin and Zou in [25], and split the argument into some intermediate steps.

Using the same notation as in Section 2, let us introduce the sets
A= {(&n) € (0,+00)* 1 Re, < +oo and v(Re,) > u(Re,) =0},
B:={(&n) € (0,400)*: R¢, < +oo and u(Re,) > v(Re,) =0} .

Note that, in view of Proposition 1.4, if (1.7) holds then AU B accounts for the whole set of initial data
that do not give rise to a globally positive solution of (1.6). Since we will have to handle separately,
in some parts of the proof, stochastically complete and incomplete manifolds, in the latter case we also
define the quantity

—+o0

0= Odr e (0,+00), (3.1)
0

where © is the same function as in (1.5).
In the next three lemmas we describe the main topological properties of A and B.

Lemma 3.1. Let p,q > 0. Then both A # 0 and B # (). More precisely:
(i) If M™ is stochastically complete, namely © ¢ L*(RY), then

s,t>0, t> sit = &n)=(s,2t)e A,
and
5,t>0, t < sait = (&,n) = (2s,t) € B.

(ii) If M™ is stochastically incomplete, namely © € L*(RT), then

Q=

56> 0), t>(osp)v(§) — (&) =(s2) €A,

and
£\ 7
s,t>0, s>(9tq)\/(0> = (&,n) = (2s,t) € B.
Proof. We prove only the statements regarding the set A, as those regarding the set B are completely
analogous. Let s,¢ > 0. We consider the (local) solution to (1.6) with (£,n) = (s, 2t), and define
I:=(0,s) x (t,2t), Ry :=sup{r € (0,R¢,): (u(r),v(r)) el}.

By integrating (2.2) and exploiting the monotonicity of the components, we obtain
T T
u(r) —s < —tq/ O do and v(r) —2t > —sp/ Odo (3.2)
0 0

for all » € (0,R;). If Ry < +oo, then by continuity and again monotonicity either w(R;) = 0 and
v(Rr) >t or u(Rr) > 0 and v(R;) = t. In the former case it is plain that (s,2t) € A, so the proof is
complete. Therefore, in what follows we aim at ruling out, under the stated assumptions on (s,t), both
the possibilities Ry = 400 and u(Ry) > 0 with v(Ry) = t.

(i) © ¢ L'(R*).
If Ry = 400, then (u,v) is a globally positive solution of (1.6), so Lemma 2.2 implies that u(r) — £, €
[0,s) and v(r) — £, € [t,2t) as r — 4o0o. However, this is in contradiction with Corollary 2.3, since
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t > 0. Thus R; < +oo. Suppose now that uw(R;) > 0 and v(R;) =t. As © ¢ L'(RT) and © > 0, there
exists 79 € (0,400) such that

r " <0 ifT<’I"0,
/@da—f =0 ifr=rgp,

0 sP .
>0 ifr>rg.

By (3.2), we have that
Ry
t=wv(Ry) >2t— s Odr,
0

whence Ry > rog, and in particular u(rg) > u(Ry) > 0. On the other hand, still (3.2) entails

o tq+1
U(TO)SS—tq/(; @d’r25<1—8p+1><07

where the last inequality follows from the assumptions on (s,t). Therefore, we obtain a contradiction
again.

(ii) © € LY(RT).
Recall that in this case our assumptions on (s,t) read ¢ > 0sP and 6t? > s. If Ry = 400, then by taking
the limit as r — 400 in (3.2) we obtain

0<l,<s—0t1<0,

a contradiction. Thus R; < +oo. Suppose now that u(Ry) > 0 and v(Ry) = ¢. Still by (3.2) and the
positivity of ©, it holds
Ry
t=v(Rr) > 2t —sP Odr > 2t — §s?,
0
whence it follows that 0sP > ¢, which is absurd. (]

Lemma 3.2. Let p,q > 0. Then both the sets A and B are open.

Proof. When p A ¢ > 1, the result is essentially a consequence of the continuous dependence of the
solutions of (1.6) with respect to the initial data (£,7). In order to deal with general exponents, so as
to cover the non-Lipschitz case p A ¢ < 1 as well, one can argue similarly to [25, Section 5], where the
same issue was addressed in R™. Since the modifications required to adapt their proof to our Riemannian
setting are minor, we only sketch the main points of the strategy.

First of all, we fix an arbitrary (£p,70) € A and let (ug, vg) denote the corresponding solution to (1.6)
starting from (§o,70). From the definition of A, it follows that Ry = Re¢, ., < 400, ug(Ro) = 0 and
vo(Ro) > 0, with (ug,vg) positive in [0, Rg). The goal is to show that there exists dp > 0 (small enough)
such that if |£ — &| V |n —no| < do then (&,1) € A, i.e. the solution (u,v) to (1.6) starting from (&,n)
satisfies Re , < 400, u(R¢ ) = 0 and v(Re¢ ;) > 0. To this aim, we proceed as follows.

i) There exist ¢ > 0 and ¢’ € (0,1) such that, if | — &| V | —no| < ', then the maximal existence
interval of (u,v) contains at least the common interval [0, Ry + ¢|. Moreover, the uniform bounds

lu(r)] <26 <2(§+1) and |u(r)] <2n<2(no+1)  Vrel0,Ro+c (3.3)

hold. This can be achieved by means of Lemma 2.4, taking advantage of the fact that the constants
Cy,C5 in (2.6) depend continuously on (&,7), the functions belonging to the space Y comply with
(2.7) and, in addition, continuous dependence of the solutions holds in every interval [0, S] for S < Rg
arbitrarily close to Ry, since ug,vo > 0 in [0, S]. In particular, for ¢’ = d5 > 0 small enough, we have
REW > S.
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ii) There exist € € (0,¢ A Rp) and 6" € (0,d’) such that, if | — &o| V [ — no| < ¢”, then

1 1
[w/(r) = up(Ro)l < 3 lug(Ro)l - and  [v'(r) —vp(Ro)| < 5 [vo(Ro)|  Vr € [Ro—e, Ro+e]. (34)

As concerns the left estimate in (3.4) (one argues analogously for the right one), upon using (2.2)
and the triangle inequality it is not difficult to deduce that

,l/)n 1 RO)
Pri(r)

T Ty
wn_l(r> R()*E r(/}n—l(r) Ro*&‘ 0 ’

for all r € [Rg —¢, Ro+¢]. Thanks to (3.3), the last three terms on the right-hand side of (3.5) can be
made arbitrarily small by choosing e small enough depending only on Ry, ug(Ro), &0, 10, ¢, ¥, n. On
the other hand, the first term can also be made arbitrarily small upon requiring |£ — &o|V|n — no| < §”,
for a suitable 6" = ¢” € (0,4’), still due to continuous dependence (recall that (ug,vg) is positive in
[O, Ro — 6])

ili) We notice that, in the whole interval [Ry — £, Rg + €], by virtue of (3.4) we have

ww%mmqwmaqmmw+MRo\ 4

(3.5)

—_

1 3
u'(r) < iug(RO) <0 and §v6(RO) <v'(r) < zv(Ro) < 0.

[\

In particular, upon integration, for every a € (0,¢) we obtain

v(Ro +¢) zv(RO—a)—g|v6(Ro)|(a+a) and  u(Ro+¢) Su(Ro—a)—%|u6(R0)|(a+6). (3.6)

With no loss of generality, we may further require € and « to be so small that

v(Ro) W .
S Gk M4 O<ulFo-a)s 2 lub(Ro)l (3.7)

since vg(Rp) > 0 and up(Rp) = 0. In view of (3.6), (3.7) and continuous dependence on [0, Ry — o],
we can choose dg € (0,6") so small that, if [€ — &|V |n — no| < g, then (u,v) is positive in [0, Ry — €]
with
v(Ro+¢€) >0 and u(Ro+¢)<0.
Because both « and v are decreasing in [Ry — €, Ry + €], this implies that Re¢, € (Ry — ¢, Ro + ¢€)
and u(Re) = 0. Hence (§,n) € A as desired (the proof for B is similar).
]

Lemma 3.3. Letp,q > 0. Then there exist two functions ¢,y which are continuous and strictly increasing
bijections of (0,+00) into itself, such that

{(&n) € (0,+00)*: €< d(n)} C A,
{(&n) € (0,4+00)*: n<7(§)} CB.
Proof. Let s > 0, and define

soHT if © ¢ L'(RY),
{ (OsP)V (2)7 if © € LY(R*).
In both cases, it is clear that f is a continuous and strictly increasing bijection of (0,+0o0) into itself,
with inverse function f~!'. Moreover, by Lemma 3.1, we have

s$,t>0, t> f(s) = &n) =(s,2t)e A.

In particular, we deduce that

Ene(0+00)?, E<f(F) = (Eme4

f(s) =
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This shows the part of the thesis regarding A, with
o) =17(3) >0

The proof of the second part of the thesis, regarding the set B, is completely analogous and therefore we
omit it. 0

We are finally in position to prove the most important result of this section.

Proposition 3.4. Let p,q > 0 fulfill (1.7). Then, for each & > 0 there exists at least one value n =
n(&) > 0 such that (§,1n) gives rise to a globally positive solution to (1.6). In particular, (1.2) on M™ has
at least a 1-parameter family of solutions.

Proof. Let £ > 0. Thanks to Lemma 3.3, we have that (£,7) € B for every 7 > 0 such that 77 < ().
Moreover, still by Lemma 3.3, it follows that (£,%) € A for every 7 > 0 such that 7 > ¢~1(£). Thus,
since A and B are open (due to Lemma 3.2) and disjoint sets, there necessarily exists 7 > 0 (depending
on &) such that (§,) € AU B. Let us consider the solution (u,v) to the Cauchy problem (1.6) with this
initial datum. Then there are two possibilities: either R¢, = 400, which means that (u,v) is a globally
positive solution as desired, or R, < +o0o, and in this case u(R¢,) = v(Re¢,,) = 0. However, the latter
cannot occur in view of Proposition 1.4, so the proof is complete. O

4. STRUCTURE OF GLOBALLY POSITIVE SOLUTIONS: PROOF OF THEOREMS 1.1 AND 1.2

In this section we prove our main results concerning the structure, with respect to (£, 7), of the existence
region of globally positive solutions, along with their asymptotic behavior. In the stochastically complete
case, the tools introduced above are enough, thus we will start from the proof of Theorem 1.1. On the
contrary, the situation is much more complicated in the stochastically incomplete case, as we will need
several new preliminary results, hence we devote to it an entire subsection.

Proof of Theorem 1.1. The fact that £, = £, = 0, for any globally positive solution, has already been
shown in Corollary 2.3. Hence, let us focus on the rest of the statement. From Proposition 3.4, we know
that for each £ > 0 there exists at least one n > 0 such that the solution to (1.6) is globally positive.
Assume by contradiction that there exists another 7 > 0 such that also the solution to (1.6) with initial
data (&,17), which we denote by (@, ), is globally positive. With no loss of generality, we can suppose
that 7 > 7. Then, upon applying Lemma 2.7 with £, =& =&, 7o =7 > n =, and b = +00, we would
infer that

by — 4, = lim [o(r)—v(r)]>7—n>0,

rl}+oo
which is absurd still in view of Corollary 2.3. Therefore, n = 1(£) is uniquely identified and it is well
defined a function F' : (0,+00) — (0,400) that to every £ > 0 associates such value. In order to show
that it is nondecreasing, let & > & > 0. If; by contradiction, F'(§1) < F(&2) then by reasoning as above
we would obtain ¢,, — £, > 0, which is impossible. Now we observe that, by reversing the roles of p, ¢ and
&, n and repeating the above argument, one finds that it is well defined a function G : (0, +o0) — (0, +00)
that to every n > 0 associates the only value £ = £(n) > 0 such that (£,n) gives rise to a globally positive
solution to (1.6). By construction, it is plain that G(F(€)) = & and F(G(n)) = n for all &, > 0, so F is
a bijection of (0, 4o00) into itself with G = F~1. On the other hand, since F' is nondecreasing, the only
possibility is that it is actually strictly increasing and continuous. O

4.1. The stochastically incomplete case. First of all, note that if M"™ is stochastically incomplete,
then of course it cannot be isometric to R™. In terms of the function v, this means that 1" must be
strictly positive somewhere. Therefore, in the light of Proposition 2.6, we deduce that in the critical or
supercritical case P, .)(r) < —C < 0 for every r large enough. As a straightforward consequence, we
have that

) [ (P)o(r) Fu(r)' (r)] < —C Vr >,
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which in turn implies that
+o0 1
u(r)v(r) > C/T o1 ds Yr >rg, (4.1)

for a suitable 7o > 0 large enough. Note that the integral on the right-hand side is finite as a trivial
consequence of the fact that © € L'(RT). This basic estimate will be crucial in the proof of the next
result, which is the cornerstone of this subsection.

Proposition 4.1. Let © € LY(RT) and p,q > 0 fulfill (1.7). Let (&,n) € (0,+00)%. Then, if (u,v) is a
globally positive solution to (1.6), it holds

lim u(r) Vo(r) >0.

r——4o00

Proof. We argue by contradiction, assuming that both u(r) and v(r) vanish as r — +o0. In such case,
integrating first the differential equations in (1.6) from r to s, and then integrating with respect to s from
r to 400, we readily obtain the following identities:

— ul(r) n— Heo 1 1 +oo 1 s o
o=1e e [ g [ e ([t a)es a

0=1+ 7;/((:)) () /;OO # ds — % /;OO ﬁ (/ uP L dt) ds, (4.3)

for all » > 0. Note that (1.7) implies pg > 1, hence we can and will assume with no loss of generality
that p > 1. Now we consider three possibilities:

v(r)

and

v(r)

lirgigop () =400 and 1r1§irolof ) =0, (A)
e u(r)
e R B)
: v(r)
lim sup < 400. (©)

r—+oo UP(T)

Since (A), (B) and (C) cover all the scenarios, achieving a contradiction in each case will prove the thesis.
Suppose that (A) holds; in particular, this entails the existence of a sequence r,,, — +00 such that

lim v(rm) =
m—00 uP (1)

and (ip)/(rm) =0 VYmeN. (4.4)

U
The rightmost identity is equivalent to

V' (rm) w P (rm) — po(rm) w P ) v/ (rm) =0 Ym €N,

that is
/ !
Llm) ) gy
p v(rm) u(rm)
whence
W (rm) a1 too 1V (rm) et /+°° 1 1
——2 " ds = — " r, —ds > —— Ym e N, 4.5
() Y () g ol Y (1) g , (4.5)

where the inequality follows from (4.3) evaluated at r = r,,,. On the other hand, the leftmost identity in
(4.4) implies the existence of some constant ¢ > 0 such that

v(rm) < cuf(ry) ¥Ym € N. (4.6)
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Hence, using (4.2) with r = r,,, we end up with

— Ul(’f‘m) n—1 e 1 1 +oo 1 * n—1
=1+ B [ ran= s [ e ([ e a

p—2_ Y (r )/ @dszpi—cququl(rm)/ Ods
p o ulrm) Jr, p .
for all m € N, where we took advantage of (4.5), (4.6) and the fact that v is decreasing. Since pg > 1,
p>1,and © € L'(RT), letting m — oo in (4.7) we reach the contradiction 0 > p’%l.
Suppose instead that (B) holds. This means that there exists a constant ¢ > 0 such that

uP(r) < cu(r) Vr > 0. (4.8)

(4.7)

Let us rule out the possibility that

hmsup v(r) Y (r )/+OO ds < —1. (4.9)
r—+400 U( ) r 7,[}"71 -
Indeed, if (4.9) were satisfied, we could select 0 < € < m and r. > 79 such that

’l:)/((:)) wnfl(r) /T+OO w:_l ds S 7(1 _ 6) Yr 2 Te,

and a simple integration of this differential inequality on (r.,r) would yield

+o00 1 1—e
v(r) < Ce (/ — ds) Yr>re, (4.10)

wn 1
for some constant C, > 0. Hence, thanks to (4.1), we would infer that
C ([T 1 ‘

u(r) > c. </r F dS) Vr > re. (4.11)
But (4.10), (4.11) and (4.8) are inconsistent, as 0 < € < % Therefore, since (4.9) cannot hold, we
deduce that there exist a sequence r,, — +00 and « € [0,1) such that

o V) Ly
n}gnoo o) V" (1) . T ds = —«. (4.12)

Taking r = r,, in (4.3), using the fact that u is decreasing along with (4.8), we obtain

=1+ Z;((rm; v )/r:wwj-lds‘vvlm)/riww-ll(s)(/T:“W1‘”)‘“
L )

N (r )/;0o L g w0rm) /T+006)ds (4.13)

v(f‘m) .yt o(rm) Sy,
V) e, ) [T [
>1+ ne ——ds—c Ods
W) O [ G

for all m € N. Hence, by passing to the limit in (4.13) as m — oo, due to (4.12) we reach the contradiction
0>1-aqa.
Finally, suppose that (C) holds. This means that there exists a constant ¢ > 0 such that
v(r) < cuP(r) Vr>0. (4.14)

Similarly to (B), we can rule out the possibility that
) o

lim sup Y (r)
r—+00 ’U,(’I’) r WL*

Tds < -1,
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otherwise for any 0 < € < ﬁ and suitable constants r. > rg and C. > 0 we would deduce the inequalities
too g e c ([t 1 ‘
u(r) < C. = ds and o(r) > o\l o ds Vr > re,

which are inconsistent with (4.14). Hence, we can infer the existence of a sequence 7, — 400 and
B € [0,1) such that

lim 2(m) z/;"—l(rm)/m L 5= —5. (4.15)

m—oo Uu(Tp,) Loyt

Taking r = r,, in (4.2), by combining the decreasing monotonicity of v and (4.14) we reach

/ +oo +oo s
0—14 Yrm) " (rm) rds— : (s) (/ v wn_ldt> o

U(T’m) Tm 1/17171 u(rm) Tm ’l/}nil
W (rm) o1 /+°° 1 ve(1rm) /+°°
>1 " ds — Od
=1+ U(Tm) ¢ (Tm) . 1/}”71 S u(rm) . S
! —+oo +o0
m 1
>1+ Z((:m) wnfl(rm) g Fdsfcqumfl(rm) /Tm Ods
for all m € N, which leads again to the contradiction 0 > 1 — 3 as m — oo, since (4.15) holds and pg > 1.
The proof is thus complete. O

The above proposition motivates a better understanding of the asymptotic behavior of globally positive
solutions when © € L'(R"), as for the moment we only know that at least one of the two components
has a strictly positive limit. This is the main purpose of the next intermediate results.

Lemma 4.2. Let p,qg > 0. Let £ > 0 and ne > n1 > 0. Then, if (u1,v1) and (u2,v2) are two globally
positive solutions to (1.6) starting from (§,m1) and (&, 12), respectively, for each n € (n1,m2) there exists
a globally positive solution to (1.6) starting from (£,m).

Proof. A locally positive solution (u,v) to (1.6) always exists by shooting, and it continues to exist as
long as it is positive (recall the results of Subsection 2.1). So, let b = R¢, € (0,+00] be the largest
number for which (u,v) is positive in the interval (0,b). If, by contradiction, b < +oo then its definition
would imply that either u(b) = 0 or v(b) = 0. However, due to Lemma 2.7, we can infer that

ug(r) <wu(r) <wui(r) and wv(r) <wv(r) <wve(r) Vr € (0,b),

which are clearly inconsistent with both w(b) = 0 and v(b) = 0, since (u1,v1) and (usg,vs) are globally
positive solutions by assumption. O

In the following, we let C} ([0, +00); R2) denote the space of globally bounded and continuous functions

on [0, +00) with values in R2. For notational convenience, we set |(a1,az)| := |a1|V|az| for any a;,as € R.
Lemma 4.3. Let © € L'(RT). Given any Cy,Cq > 0, the set
[(w,v)]o0 < Ch,s

Z = ¢ (u,v) € Cy([0,+00); R?) (4.16)

[(u(r),v(r)) — (u(s),v(s))| < Cq /T Odt Vr>s>0

is compact in Cy ([0, +00); R?).

Proof. Let {(ug,vr)} C Z. Since O is locally bounded, from the definition of Z it follows that for every
R > 0 the sequence is uniformly bounded and uniformly Lipschitz in C([0, R]; R?). Hence, by the Ascoli-
Arzeld theorem and a standard diagonal procedure we can infer that there exist (@,v) € C([O, +00); ]RQ)
and a subsequence {(ug,,vk,)} such that

(ug,,v;,) — (4, 0) in C([0, R];RQ) for every R > 0. (4.17)

J—0o0
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In particular, pointwise convergence takes place, which readily ensures that (u,7) € Z. We are therefore
left with proving that convergence is uniform in the whole half line [0, +00). To this aim, for any arbitrary
€ > 0 we select R. > 0 so large that

+oo c
. Odt < 3G, (4.18)

By virtue of (4.17), there exists j. € N such that
[ (ur (1), v, () = (a(r), o(r))| <
On the other hand, for larger values of r we have
| (s, (1), v, () = (@), o(r)|
< | (uk, (r), vk, (1)) = (ur; (Re), vk, (Re))| + | (un; (Re), vp, (Re)) — (@(Re), 0(Re))]
(R, 0(R) = (@), o) <26, [ Odis S<e s R Wi >,
R.

(4.20)
where we exploited the definition of Z along with (4.18). Taking the limit as j — oo in (4.19) and (4.20)
we end up with

Vr € [0,Re], Vi > je. (4.19)

Wl ™

limsup sup |(uk7 (1), vk, (r)) - (ﬂ(r),f)(r))| <eg,
j—oo ref0,4+00)

which completes the proof in view of the arbitrariness of e. (]

Lemma 4.4. Let p,q > 0. Given (£,1) € (0,+00)?, suppose that (u,v) is a globally positive solution
to (1.6). Let {(&k,mk)} C (0,4+00)? be a sequence that converges to (€,m). Let (ug,vy) denote the local
solution to (1.6) starting from (&g, mx) and [0, Ry) its mazimal positivity interval according to (2.5), with
Ry, = Re, »,, € (0,+00], for each k € N. Then

lim Ry = +00 and (ug,vg) — (u,v) locally uniformly in [0, +00).
k— o0 k— o0

Proof. With no loss of generality, we may assume that Ry < 400 for all k € N, so either ug(Rg) = 0 or
vk (Ry) = 0. For simplicity, and up to subsequences, we discuss the former case only (if instead v (Ry) = 0
one argues similarly). Hence, from a further integration of (2.2) we obtain

Ry 1 s Ry
Osz—/ — </ vgwnldt) ds > & —nj Ods, (4.21)
o ¥ Hs) \Jo 0
thus it is plain that {Rx} stays bounded away from zero. Still up to subsequences, we may therefore
assume, in addition, that Ry — R as k — oo for some R € (0,+o0]. Suppose by contradiction that
R < 400. As a result, for every S € (0, R) the sequence {(ux,vi)} is eventually positive and lies in a
set of the form (4.16), up to replacing [0,4o00) with [0,.5]. A local version of Lemma 4.3 is therefore
applicable and guarantees that, again up to subsequences, it converges in C ([0, ST ]Rz) to a nonnegative
function (@, ), so by passing to the limit in the integral formulations satisfied by (ug,vr) we find that

u(r)zg—/(:M(/oquw"_ldt> ds  Vrelo,9]

@(r)—n/OTW_ll(S) (/Osapwnldt) ds  Vrel0,5].

However, this means that (@, 7) solves the same problem as (u,v) in [0,.5], and therefore it must coincide
with the latter in such interval (recall that (u,v) is globally positive by assumption). In particular, we

and
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can rewrite (4.21), for large k, as

Ry s
0=~ |, wni(s) (/ % wn_l‘“) s
B S 1 s i Ry 1 s _—
= (/ oY dt)ds‘/s ) </ vy dt)ds

S 1 S 1 Rk
> _ - q ,/n— _4q
>& /0 1) (/0 vl dt) ds —ny, i Ods,

whence, taking limits as kK — oo and using the above established convergence, it follows that

S 1 5 R R
_ q =1 _nd — _nd
0>¢ /0 o) </0 vl dt) ds —n /S ©ds=u(S)—n /S Ods.

Finally, letting S 1 R, we would end up with
0>u(R),

which is in contradiction with the global positivity of u. As a result, the only possibility is that Ry — 400
as k — oo, and thus the previously shown uniform convergence holds (at least) locally in the whole
[0, 4+00). O

Lemma 4.5. Let © € L*(R") and p,q > 0. Let {(&k,mx)} C (0,+00)? be a sequence that converges to
some (&,m) € (0,+00)?2, such that (ug,vy) is a globally positive solution to (1.6) starting from (Ex,mk),
for each k € N. Then

(ug, vx) . (u,v) uniformly in [0, +00),
— 00
where (u,v) is a globally positive solution to (1.6) starting from (&, 7).

Proof. Tt is enough to notice that, due to the positivity and the monotonicity of the components, the
inequalities

0<up(r) <& and 0<wvg(r) < vr € [0, +00)

hold for every k € N, thus it is readily seen that {(ug,vx)} is contained in a set of the form (4.16).
Hence, by virtue of Lemma 4.3, it admits a uniformly convergent subsequence {(uy,,vs,)} to some
(u,v) € Cy([0,400); R?), which is therefore also nonnegative. On the other hand, by passing to the limit
in the integral identities

uk(r)sz—/o ¢"_11(3)</0 vgwnldt>ds, Uk(r):nk—/o w"—ll(s)(/o uﬁwnldt>ds,

we infer that (u,v) actually solves (1.6) with initial datum (&, 7), so it is identified as the globally positive
solution starting from (&, 7). Since the argument can be repeated along every subsequence of {(ug, vg)},
the claimed result holds for the whole sequence. (]

Lemma 4.6. Let © € L'(RT) and p,q > 0. Given (£,1) € (0,+00)2, suppose that (u,v) is a globally
positive solution to (1.6). Then:
i) If £, > 0, there exists € > 0 such that for every 11 € (n,n + ) the solution to (1.6) starting from
(&,7) is globally positive;
it) If £, > 0, there exists € € (0,7n) such that for every ) € (n —€,n) the solution to (1.6) starting from
(&,1) is globally positive.

Proof. We proceed in both cases with an argument by contradiction.
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i) If the thesis were false, then there would exist a sequence ¢, | 0 such that the local solution (u,vy)
o (1.6), starting from (£, + £x), has a maximal positivity interval [0, R;) with R € (0,+00).
Thanks to the comparison principle entailed by Lemma 2.7, it must necessarily be u; that vanishes
at r = Ry, so we can write

—_R# 41 _R’“; SQn—l>
0=¢ /o Dn1(s) </0 v, dt)ds s (/0 v dt ) ds

R 1 s —+o0
_ - q , n—1 _ q
>¢ /0 1) (/0 vl dt) ds — (n+ex) ; Ods,

where R € (0, Ry) is arbitrary but fixed for the moment. On the other hand, Lemma 4.4 ensures
that Ry — +oo and {(ug,vk)} converges locally uniformly to (u,v) as k — oo, thus we can pass to
the limit in (4.22) to obtain

+o0 +oo
0>¢— / ¢" s (/ vqw”_ldt>ds—nq Ods =u(R) —n? Ods.

R R

(4.22)

Hence, by finally letting R — +o00, we end up with the inequality
0=>4y,
which is absurd.

ii) Similarly, to case i), denying the thesis would imply the existence of a sequence € | 0 such that the
local solution (ug,vg) to (1.6), starting from (&, — &), has a maximal positivity interval [0, Ry)
with Ry € (0,+00). Still by virtue of Lemma 2.7, we deduce that in this case the component that
vanishes at r = Ry, is necessarily v. Hence, as above we can write

R 1 s B Ry 1 s .
0:"_5’“_/0 () (/o w0 1dt) ds_/R () (/0 i 1dt> s

R 1 s . . +oo
>n—gp — - n— _¢p
>n—eg /0 1) (/0 Uy P dt) ds — ¢ . Ods

for all R € (0, R;). Therefore, by using again Lemma 4.4 and passing to the limit as k — oo, we

obtain
R 1 s “+o0 +oo
ozn—/ _1</ uwnldt>ds—gl’ Ods = v(R) — &P Ods,
o ¥ (s) \Jo R R
that is
0>4,
upon taking the limit as R — +o0, still a contradiction. (|

Before proving Theorem 1.2, we establish a useful quantitative bound on the values of the limits at
infinity £, and ¢,,.

Proposition 4.7. Let © € LY(R") and p,q > 0 fulfill pg > 1. Let (¢,n) € (0,+00)2. Then, if (u,v) is a
globally positive solution to (1.6), it holds

T ( + 1)% =t (p+ 1);:174—21

Pa— - +1 pa— — 41
P 1 a PES a_pqul and 4, < a 1 P il e_ppq71 s (423)
(p+ )77 (pg — 1)7et (g+ )7 (pg — 1)at
where 6 was defined in (3.1).

b, <

Proof. First of all we observe that, by exploiting (2.2) and using the monotonicity of the components, we
easily obtain the inequalities
' (r) < —v?(r) ©(r)
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and
V() < —u(r) O(r),
for all r > 0. Integrating the former from r to +o00, we infer that

+oo +oo
éu—u(r)g—/ v1Ods = —u(r)g—/ v1Ods,

which substituted into the latter yields

v'(r) < — (/T‘FOO v @ds)p@(r) Vr>0. (4.24)

Upon multiplying both sides of (4.24) by v?, note that such inequality can be rewritten as
q+1)/ +oo P
M < - </ v? @ds) vi(r) O(r) Vr > 0. (4.25)
q+1 r
Hence, by further integrating (4.25) from r to 400 we end up with
+oo 4 >P+1
I+l — et () (fr v O ds

< - Vr >0,
qg+1 = p+1 "

which implies
p+1
q+1

T o/ oo
v(r) > (;ii) (/ v? @ds) Vr >0,

and this inequality can equivalently be rewritten as

WI(r) O(r) (/T+oo v @ds) i > (q“) " or) >0, (4.26)

p+1
On the other hand, if we integrate (4.26) from 0 to r, we find

1 +oo —% +oo _pquT 1 Fql T
a4+ (/ vq@d8> —(/ v"@ds) z(‘”) / Ods Vr>o0,
pqg—1 r 0 p+1 0

that is, upon dropping the rightmost term on the left-hand side and rearranging factors,

toe Lo 7 o N
(/ qu@ds> (gt )mr (p+ ) (/ @ds) Vr>0.
r pqg—1 0

Because v(r) > £,, the above estimate entails

pg—1 +o0 %711 qlfl ﬁ r —1
e ( @ds) S(61+1)p+q (pl+1)+ (/ @ds> vr >0,
r - 0

namely
1 1 g+1 1
1)atpa—1) 1)pa—1 r " q(pg—1) r T
(< @FVTT 1) (/ @ds) (9—/ @ds) Vr > 0. (4.27)
(pq — 1)q(pq71) 0 0

A straightforward optimization argument over r ensures that the minimum of the right-hand side is

attained if and only if
/ Ods = & 0
0 q(p+1)

so by substituting such value into (4.27), and carrying out some algebraic simplifications, we deduce the
claimed bound on ¢, in (4.23). The analogous bound on £, is readily obtained by symmetry, i.e. inter-
changing the roles of v and v along with those of p and gq. O
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Proof of Theorem 1.2. Let £ > 0 be fixed. First of all we observe that, as a direct consequence of Lemma
4.2, the set of all > 0 for which there exists a globally positive solution to (1.6) is necessarily an interval,
which we call I. Proposition 3.4 guarantees that I is nonempty, and by virtue of Proposition 4.1 and
Lemma 4.6 we can also assert that I is not a singleton. Moreover, we claim that

£>(n—0)50 and > (E—0n7)50, (4.28)

which readily ensure that I is in addition bounded and bounded away from zero. In order to obtain
(4.28) we notice that, by monotonicity,

. T 1 s - B T B
u(r) =¢& /0 71#”—1(5) (/0 vl dt) ds > & nq/o Ods > ¢ —0n? (4.29)

and

—n _ T; ’ P ,n—1 _¢p " _pep
v(r)=n /oi/J"*l(S) </Ouw dt)dsZrl f/OGdSZU ¢ (4.30)

for all » > 0, so the desired bounds follow by plugging (4.30) into (4.29) and vice versa, using the
positivity of the components and eventually letting r» — +00. Hence, we can denote by 7,,,(§) and nas(€)
the strictly positive and finite infimum and supremum of I, respectively. An immediate application of
Lemma 4.5 shows that they are actually a minimum and a maximum, that is, both the pairs (&, 1,,(§))
and (&, nar(€)) give rise to globally positive solutions to (1.6), i.e. I is in addition closed and thus (1.11)
is necessary and sufficient for a global solution to exist. Still as a consequence of Proposition 4.1, Lemma
4.6 and the definitions of n,, and n,/, it is plain that (1.12a) and (1.12¢) must hold. On the other hand,
the validity of (1.12b) follows from (1.12a), (1.12¢) and Lemma 2.7: indeed, if (4, vm) and (uar, var)
are the globally positive solutions to (1.6) starting from (&, n,,(€)) and (&, nar(€)), respectively, and (u, v)
is the one starting from (£, 7), for any 1 € (9, (£),nar(€)), we have that

by —Llyy, >E—E6E=0 and by — Ly, >N —0m >0,

that is both ¢,, and ¢, are strictly positive.

Let us now prove the claimed properties of the functions § — 1,,(§) and & — np(€), which by
definition take values in (0,+00) and comply with (1.9). To this aim, we can argue similarly to the
proof of Theorem 1.1. Assume by contradiction that there exist & > & > 0 such that 7,,(&1) < 9m(&2),
and let (up,v1) and (ug,v2) denote the corresponding solutions to (1.6) starting from (&1, 7, (1)) and
(€2,mm(&2)), respectively. Then, Lemma 2.7 would entail

gvz - evl > nm<§2) - nm<£1) >0,

which is absurd since we already know that £, = ¢, = 0. Hence, the function & — 7, (€) is nondecreasing.
Via an analogous argument, we infer that also £ — n,,(§) is nondecreasing (in this case one has to use
the monotonicity of u; — ug). Upon reversing the roles of p, ¢ and &, 7, we notice that it is well defined
a function &y : (0,400) — (0,400) that to every n > 0 associates the only value £ = &p(n) > 0 such
that (£,7) gives rise to a globally positive solution to (1.6) satisfying ¢, = 0. By construction, we have
that & (nm(§)) = € and 0y (Ear(n)) = n for all £,n > 0, which shows that 7, is a bijection of (0, 4+00)
into itself with &3, = n,,!. Therefore, due to its monotonicity, it is necessarily strictly increasing and
continuous. A completely analogous reasoning proves that the same properties hold for 7.
Finally, as for (1.10), it is enough to observe that Lemma 2.7 and Proposition 4.7 yield

(&) = nm(€) <Ly, — Ly, <C  VE>O0,

where C' > 0 is, for instance, the same constant appearing in the rightmost bound of formula (4.23). O
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5. RIGIDITY OF FINITE-ENERGY SOLUTIONS: PROOF OF THEOREM 1.3

Now, our goal is to show that globally positive solutions cannot have a finite energy, unless M" =
R™ and ¢q,p are critical. Before, we a need real-analysis lemma, which will be useful especially in the
stochastically incomplete case.

Lemma 5.1. Let f € CY([1,+00)) satisfy f, f' >0 and lim,_, o f(r) = +o0. Let a,e > 0. Then
+oo f «
lim sup fe(r)/ <) ds = 400. (5.1)

r——4o0 fl
Proof. First of all, we set
g(t) =71t  vte[f(1),+o0)
and apply the change of variables 7 = f(s) in the integral in formula (5.1), obtaining:

/;Oo (J{)a ds = /f:jo W dr = /f:jo [ (1)) dr = o) /f:jo lg/(m)*  dr
‘ (5.2)

Assume by contradiction that (5.1) does not hold, namely that there exists C' > 0 such that

fﬁ(T)/TJrOO (J{,)ad8<0 Vr € [1,+00).

Upon setting r = f~1(¢) and taking advantage of (5.2), we would thus infer that

£ /t TErtar <o vee [f1),40).

which in particular implies, by Holder’s inequality,

2t 2t
/ §(r)dr <t (/ 7 a“dT) <cFER Ve [f(1), +o0). (5.3)
t t

Finally, we apply (5.3) with the choices t = t;, f(l -2k for all k € N. This yields
1

tet1 —
/ g (r)dr < ———27sF  VEeN,
L f(l)a+1

whence, by adding up,

+oo Ot 25T
/ g/<T) dr < e T e )
F(1) f(l)a+1 2o+ — 1

that is ¢’ € L'([f(1), +00)), which is inconsistent with the fact that g is surjective onto [1, +00). O

Proof of Theorem 1.3. Having in mind Remark 1.1, in order to prove the thesis it is enough to establish

that, as soon as
1 1 n—2
M"™ £ R" or + < , 5.4
# P S - (5.4)

the globally positive solution (u,v) satisfies

—+oo —+oo —+oo
/ u'v Y dr = / Pty dr = / VI "L dr = 400 (5.5)
0 0 0

To this aim, as a consequence of Propositions 2.5 and 2.6, it is readily seen that under (5.4) there exist
constants rg, Ko > 0 such that

g,y ((Wr)(r) | W (r)u(r)
v (7“)< p+1 * qg+1

) < —K, Yr € [rg, +00), (5.6)



THE LANE-EMDEN SYSTEM ON CARTAN-HADAMARD MANIFOLDS 25

since requiring M"™ # R™ amounts asking that ” > 0 in some interval. On the other hand, upon
multiplying the first and the second equation in (1.6) by v and u, respectively, and integrating by parts,
we end up with the identities

/T v P ds — " ) (r)u(r) = /T vIThyntds  Wr >0 (5.7)
0 0
and i, -
/ w'v Pt ds — P )u(r) () = / uPt oyl ds Vr>0. (5.8)
0 0

In particular, recalling that v’ < 0 and v' < 0, we easily obtain
—+o0 —+o0 +oo +oo
/ wv' " dr < / iyt dr and / uv' " dr < / uPT oyt dr,
0 0 0 0
which means that (5.5) is in fact equivalent to
400
/ u'v' " dr = 400 (5.9)
0

The proof that, under (5.4), then (5.9) holds, will be our main focus from now on. To reach it, we will
distinguish between the stochastically complete and incomplete case.

i) Let © ¢ L'(R*). Thanks to Corollary 2.3, we know that

TEIJPOO u(r) =0 and Tginoo v(r)=0. (5.10)
Assume by contradiction that
+oo
/ u'v " dr < 400 (5.11)
0

As a consequence, by virtue of (5.7) and (5.8) we can deduce that both the limits
Ly:= lim " () (r)v(r) and Ly:= lim " ' (r)u(r)v’(r)

r——400 r——400
exist, and they are clearly nonpositive. Moreover, upon letting » — 400 in (5.6), we infer that
L L
2 Moo
p+1 qg+1

which means that either Ly < 0 or Ly = 0 and L; < 0. In the former case, there exist constants r1, K1 > 0
such that

_KO )

P () u(r)' (r) < =K Vr € [ry,4+00), (5.12)
that is

PP ) (r' () > — Ky VT € [r1,+00).

Upon integrating such inequality from r; to any r > r1, we end up with
/ u'v' "t ds > Ky 10g(u(rl)) Vr € [r1,400),
r u(r)
which is clearly in contradiction with (5.11), recalling the left limit in (5.10). In the latter case one argues
analogously, using the right limit in (5.10) instead.

ii) Let © € L'(R*). From Proposition 4.1, we know that at least one between £, and ¢, is strictly
positive. If both £, ¢, > 0, then from (2.2) and the monotonicity of u and v it readily follows that

T T on—1
,u’(r)>£qw and v/(T)ZfﬁW

= % ’(/Jn_l(’l") vr > O, (513)
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thus (5.9) holds provided we can show that

+oo (‘[‘07" wn—l d8)2 B
/0 =N dr = +o00. (5.14)

This is in fact a simple consequence of Lemma 5.1 with the choices f(r) = for YY" lds and o =€ =1,

since )
“+o00 T wn—l ds 400 r2 “+o00
[ gy [T s [ fo
for all » > 1, whence (5.14) follows upon letting r — 400 along a sequence that attains the lim sup of the
rightmost side. Let us therefore focus on the case where ¢, = 0 and ¢, > 0 (if instead ¢, = 0 and ¢,, > 0
the argument is completely symmetric). The left inequality in (5.13) still holds, and its integration from
r to +oo yields

+oo S ¢n—1 dt

On the other hand, by using this information along with the monotonicity of u in the right identity of
(2.2), we also deduce that

, fOT 1;[}”71 ds +o0 fos 77Z}nfl dt p for 77Z}nfl ds
— v (T) 2 UP(T) W Z qu i, W ds W VT > 0, (516)

so by multiplying (5.15) and (5.16) we obtain

r # +oo S, n—1 ptl
B yulr)e! (r) < — (@D l( / w"—lds) / st] V>0,
0 r

Pri(s)
Thanks to Lemma 5.1 applied to the same f as above, « =1 and € = p%7 we infer that the liminf of
the right-hand side is —oo, hence also
lim inf 4"~ (r)u(r)v’(r) = —oco. (5.17)

r——4o0

Suppose by contradiction that (5.11) holds. Then, from (5.8) we deduce again that the limit L, exists,
and in this case it must necessarily be equal —co due to (5.17). This entails the validity of (5.12) for
other suitable constants r1, K7 > 0, which is however inconsistent with (5.11) as shown in i) (recall that
u vanishes at infinity by assumption). O

6. GENERALIZATIONS: PROOF OF COROLLARY 1.5

Finally, we show that all of our main results can be extended to a class of Riemannian models slightly
wider than the Cartan-Hadamard one.

Proof of Corollary 1.5. First of all, we observe that the preliminary results of Subsection 2.1 hold regard-
less of the Cartan-Hadamard assumption. Moreover, a straightforward computation shows that requiring
the function V to be convex, that is YV > 0 on (0, +00), is equivalent to

1 1 n—1 " n—1 1/1/(7’)
(1+p+1+q+1>d) (r) —2(n 1)(/0 v ds) e <0 Vr € (0,400). (6.1)
On the other hand, from the proof of Proposition 2.5 it is clear that (6.1) is precisely what we need
to assert that P, ,) is monotone non-increasing, and P, .)(r) < 0 for every r € (0, R¢ ), for any local
solution to (1.6) starting from (£,7) € (0, +00)?. It is not difficult to verify that all the proofs of Section 3
and the proof of Theorem 1.1 solely rely on this property, i.e. we never use directly the fact that )" > 0.
As concerns Theorems 1.2 and 1.3, let us notice in addition that, if M" is a noncompact model manifold
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such that V is convex and (5.4) holds, then V" > 0 somewhere. Indeed, if by contradiction V"' (r) = 0 for
every r € (0,+00), from the definition of V we would end up with the identity

v\ b
</ (L ds> =cr Vr € [0, +00)
0

for some ¢ > 0, that is

Y(r) = i [P -1 Vr € [0, +00)
for another constant ¢ > 0. However, since ¢'(0) = 1, this is possible if and only if ¢ = 1 and
1 [2(p+1)(g+1) 1 1 n—2
-1 =1 = = ,
n—l{ pqg—1 p+1+q—|—1 n

which also entails 1(r) = 7, that is the exponents are critical and M™ = R", a contradiction. Hence,
under (5.4) we can infer that V" must be positive somewhere, which implies in turn that inequality (6.1)
is strict in an interval, so (5.6) does hold (recall Proposition 2.6) and the proof of Theorem 1.3 can be
carried out exactly as above. The fact that the volume of M"™ is infinite, which is used when Lemma 5.1
is invoked, is an immediate consequence of the convexity of V (and it is in any case always true if M™ is
stochastically incomplete). The same holds for Theorem 1.2, as the stochastic-incompleteness assumption
yields M™ £ R™, so (4.1) is again satisfied and from there on the proof can be repeated identically. O
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