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Abstract

I investigate the dynamics of galaxies in refracted gravity (RG), a novel classical theory
of modified gravity inspired to electrodynamics in matter, which does not resort to dark
matter (DM). The presence of DM is mimicked by a gravitational permittivity, a mono-
tonic increasing function of the local mass density which depends on three, in principle,
universal parameters. RG properly describes the rotation curves and the vertical velocity
dispersion profiles of 30 disk galaxies from the DiskMass Survey (DMS), with mass-to-
light ratios consistent with stellar population synthesis (SPS) models, disk scale heights
in agreement with edge-on galaxies observations, and RG free parameters from different
galaxies consistent with each other, suggesting their universality. RG produces a radial
acceleration relation of DMS galaxies with the correct asymptotic limits but with residuals
correlating with some galaxy properties and with a too large intrinsic scatter, at odds with
observations. Further investigation is required to assess if this issue indicates a failure of
RG or depends on the galaxy sample. RG also models the velocity dispersions of stars
and of blue and red globular clusters of the elliptical E0 galaxies NGC 1407, NGC 4486,
and NGC 5846 belonging to the SLUGGS survey with mass-to-light ratios in agreement
with SPS predictions, anisotropy parameters consistent with the literature, and the three
RG parameters in agreement with each other. Two out of three RG parameters are also
consistent with those estimated from the DMS galaxies. Given these encouraging results,
RG is a theory that certainly deserves further investigation.
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Chapter 1

Thesis plan

The target of this thesis work consists in testing, on galaxy scales, Refracted Gravity
(RG), a novel theory of modified gravity inspired to electrodynamics in matter which
does not resort to dark matter (DM).

This thesis is organised as follows. Chapter 2 introduces the general context of our
work. In Sect. 2.1, we give an overview of the mass discrepancy problem in the Universe,
observed from cosmological to galaxy scales, and of how the most investigated cosmological
model, ΛCDM, accounts for it. According to ΛCDM, only ∼5% of the mass-energy budget
of the Universe is made of ordinary and baryonic matter and the remaining ∼95% is made
of two dark components, dark energy (DE, ∼70%) and DM (∼25%), implying a mass
discrepancy of 80–90%.

Section 2.1.1 details the most important pieces of evidence of the mass discrepancy
problem on large scales, and of the nonbaryonic and cold nature of DM. In Sect. 2.1.2, we
describe the most striking piece of evidence of the mass discrepancy problem on galaxy
scale: the flatness of rotation curves in disk galaxies. We also show three very tight rela-
tions between the properties of baryonic and dark matter in galaxies, that neatly quan-
tify the mass discrepancy in these systems: the baryonic Tully–Fisher relation (BTFR),
the mass discrepancy–acceleration relation (MDAR), and the radial acceleration relation
(RAR). Moreover, we describe the mass discrepancy problem in dwarf galaxies, which are
DM-dominated even in their innermost regions, in globular clusters (GCs), apparently
DM-free, and in elliptical galaxies.

In Sect. 2.2, we present the major challenges encountered by the ΛCDM paradigm
in describing the phenomenology in the Universe. The ΛCDM model faces some issues
on large scale, like the cosmological constant and the coincidence problems and some
tensions between cosmological parameters measured from the late-time and the early-
time Universe. However, the important challenges presented by the ΛCDM model appear
at the scale of galaxies. Among them, we describe the smallness of the scatter of the
DM-baryons relations and the lack of correlations between their residuals and the galaxy
properties. In Sect. 2.2.1 we illustrate some possible solutions to these problems on large
scales, provided by dynamical DE and modified gravity models. In Sect. 2.2.2, we present,
instead, the most investigated solutions on galaxy scale remaining within the context of
the CDM paradigm, considering alternative DM models, and modifying the law of gravity
with respect to Newtonian one. One of the most investigated theories of modified gravity
on galaxy scale is MOdified Newtonian Dynamics (MOND).

In our work, we present RG, another theory of modified gravity which aims to de-
scribe the phenomenology observed on galaxy scale without resorting to DM. Chapter 3
summarises the main features of RG. In Section 3.1, we present the basic equations that
formulate this theory. Specifically, the RG field equations yield a Poisson equation mod-
ified with respect to the Newtonian one by the presence of a gravitational permittivity,
an arbitrary monotonic function of the local mass density that contains three free uni-
versal parameters. Section 3.1 also illustrates the first successes achieved by the theory

7



Chapter 1. Thesis plan

in modelling the rotation curves and the BTFR of disk galaxies and the temperature
profiles of galaxy clusters. Sections 3.2 and 3.3 describe the main applications of RG on
galaxy and cluster scales: the theory might explain the different dynamical properties in
flattened and spherical systems, like elliptical galaxies with different ellipticities or dwarf
galaxies and GCs, and the BTFR extended to galaxy groups and clusters. We conclude
this chapter by highlighting the analogies and the differences between RG and MOND
theories (Sect. 3.4) and by presenting the ongoing project of a covariant formulation of
RG (Sect. 3.5).

In Chapters 4 and 5, which is the original work of this thesis, we test RG on galaxy
scale, by investigating the dynamics of disk and elliptical galaxies. In Chapter 4 we model
the rotation curves, the vertical velocity dispersions profiles, and the RAR of 30 close to
flace-on disk galaxies belonging to the DiskMass Survey (DMS). In Sect. 4.1, we model
the rotation curves of the DMS galaxies alone, whereas in Sect. 4.2 we model both their
rotation curves and vertical velocity dispersion profiles, at the same time. Modelling
the dynamics of each galaxy in RG requires five free parameters: two parameters for
the galaxy, namely, its mass-to-light ratio and its disk-scale height, and three RG free
parameters. Introducing the vertical velocity dispersion profiles in the modelling requires
disk-scale heights smaller than the values observed from edge-on galaxies of about a factor
of 2. However, this result is not due to an issue of the theory but to an observational bias,
as described in Sect. 4.2.1.

RG reproduces these kinematic profiles with mass-to-light ratios consistent with stellar
population synthesis models, disk-scale heights in agreement with the observations from
edge-on galaxies, and the three RG parameters from different galaxies consistent with
each other, suggesting their universality. In Sect. 4.3, we demonstrate that the DMS
sample could, in principle, be modelled by a single set of these three RG free parameters.
The parallel code we wrote to model all the DMS galaxies at the same time, named
astroMP, is described in Appendix C.2, whereas Appendix D summarises the diagnostics
we employ to assess the convergence of the Monte Carlo Markov Chains run from this
code. The model of the galaxy mass distribution and the Poisson solver we wrote to
obtain the RG gravitational potential are, instead, illustrated in Appendixes A and B,
and Appendix E shows the RG models obtained from our different analyses superimposed
to the observational data from the DMS galaxies. Besides the astroMP code, Appendix C
describes the semi-automatic metodology we define to parallelise both this code and a 2D
Laplace solver, detailed in Sect C.3.

In Sect. 4.4, we show that RG can also model the RAR of the DMS galaxies, albeit
with some drawbacks. Indeed, RG reproduces a RAR with a too large intrinsic scatter
and with residuals correlating with some galaxy properties, apparently in contrast with
observations. This issue requires further investigation to assess if it is due to the chosen
galaxy sample or to a problem of RG.

In Chapter 5, we model, at the same time, the root-mean-square velocity dispersions
of the stars, the blue GCs, and the red GCs of three elliptical E0 galaxies belonging to
the SLUGGS survey. Sections 5.1 and 5.2 illustrate the derivation of the photometric
and spectroscopic data we exploit to perform this analysis and Appendix F describes
the derivation of the errors on the kinematic profiles of the two GCs populations. In
Sect. 5.3, we detail the mass modelling, derived from spherical Jeans equations, that we
adopt to model the data of the three kinematic tracers. Modelling the dynamics of each
E0 elliptical galaxy in RG requires seven free parameters: four parameters for the galaxy,
namely, the stellar mass-to-light ratio and the anisotropy parameters of each kinematic
tracer, and three RG free parameters. In Sect. 5.4, we report our results, showing that RG
can properly model these kinematic profiles with sensible mass and anisotropy parameters
and with RG free parameters from different galaxies in agreeement with each other. Yet,
the RG parameters present some tensions with the unique set derived from the DMS
sample. This result requires further investigation to assess if it is due to a nonuniversality
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of the RG parameters or to a too approximate modelling.
Chapter 6 concludes this thesis, remarking the most important points of our analyses

and presenting the future projects concerning RG. Given these encouraging results on
galaxy scale, we can state that RG can compete with other theories of gravity to describe
the phenomenology of these systems and it deserves further investigation on larger scales.
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Chapter 2

Introduction1

General relativity (GR) and its Newtonian weak field limit cannot account for ∼95%
of the components of the Universe. This probably represents the most outstanding open
issue in modern cosmology. The most investigated cosmological model is ΛCDM [2] which
explains this missing 95% with two dark components. One component is an exotic fluid
with negative pressure called dark energy (DE), which causes the accelerated expansion
of the Universe and represents ∼70% of its mass-energy budget. It can be associated
to a cosmological constant term, Λ, appearing on the right-hand side of the Einstein
equations [3]. The second dark component is a nonbaryonic and invisible form of matter,
the dark matter (DM), which represents ∼25% of the mass-energy budget of the Universe
and interacts with baryonic matter only gravitationally. To account for the observed
scenario of the formation of the cosmic structure, DM has also to be “cold”, that is
nonrelativistic at the time of decoupling from radiation [4]. The name “ΛCDM” derives
from these two dark components, since “Λ” is the cosmological constant and “CDM” stands
for “cold dark matter”. The remaining ∼5% is made of ordinary, or “baryonic”, visible
matter, implying that ∼85% of the mass is dark [5, 6, 7].

2.1 The mass discrepancy problem

This mass discrepancy is evident at every scale in the Universe, from cosmological to
galaxy ones. If we assume that GR is correct, we observe this mass discrepancy from the
flatness of the rotation curves of disk galaxies [8, 9], the dynamics of galaxy clusters [10],
the gravitational lensing [11, 12, 13], the dynamics and the large-scale distribution of
cosmic structures [14, 15], and the cosmic microwave background (CMB) radiation [2].
The mass-to-light ratios of galaxy clusters, the radial peculiar velocity field, the evolution
of the exponential tail of the mass function of virialised structures, and the large-scale
distribution of galaxies all provide a consistent value for the density contrast, Ω = ρ/ρcrit,
of DM equal to 0.3 (e.g. [16, 17]). ρcrit =

3H2
0

8πG
is the critical density of the Universe,

namely, the average density that the Universe needs to stop its expansion [18], and H0 is
the Hubble parameter at the present epoch. A critical Universe has a flat curvature [18].

In Sect. 2.1.1 and in Sect. 2.1.2 I detail the mass discrepancy problem on large and
galaxy scales, respectively.

2.1.1 Large scales

In galaxy clusters, the mass discrepancy is evident from the virial theorem, the tempera-
ture of the hot intracluster gas, and the gravitational lensing effect. In 1933 Fritz Zwicky
calculated, with the virial theorem, the dynamical mass of the Coma cluster (see Fig. 2.1)
which resulted ∼100 times larger than the sum of the masses of the single galaxies present

1Part of the content in this chapter is published in [1].
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Chapter 2. Introduction

in the cluster. Specifically, he measured a line-of-sight velocity dispersion of ∼1000 km s−1

for 8 galaxies in Coma, about 13 times larger than the one expected in a system of N
massive galaxies in dynamical equilibrium (∼80 km s−1) [10]. In fact, he underestimated
by a factor of ∼10 the baryonic mass of the cluster because he did not know about the
presence of the hot X-ray emitting gas, but, even if this further component is included,
the mass discrepancy subsists and it is quantified between 5 and 10 [19, 20, 21]. The
equation of hydrostatic equilibrium of the hot gas and the gravitational lensing effect
provide values for the dynamical mass consistent with the virial theorem [22].

Figure 2.1: The Coma cluster, of which Fritz Zwicky calculated the dynamical mass in 1933 [10]. Image Credit: NASA/JPL-
Caltech/L. Jenkins (GSFC).

The strongest evidence in favour of the DM hypothesis from the gravitational lensing
effect is provided by the Bullet Cluster (see Fig. 2.2, left panel), composed by two colliding
galaxy clusters [11, 12, 13]. Each cluster is composed by hot gas, the dominant baryonic
component, and galaxies. Being a collisional fluid, the gas electromagnetically interacts
during the collision, and, consequently, it slows down and concentrates in the most central
region. Instead, the galaxies are a noncollisional fluid, and, for this reason, they pass
through the inner part, distributing on the left and on the right of the gas. Since the gas is
the dominant mass component we would expect a stronger lensing effect in correspondence
of the area where it is concentrated but, instead, we observe a stronger signal where the
galaxies settle. According to GR, this can be explained by the presence of massive DM
halos embedding the galaxy regions. Actually, another colliding galaxy cluster, Abell 520
(see Fig. 2.2, right panel), might challenge this conclusion since the strongest lensing signal
is observed in the cluster core, where the X-ray gas emission is maximum but galaxies
are almost not present [23]. This result is very hard to interpret in the most quoted
collisionless CDM paradigm and it is in contrast with the observations from the Bullet
Cluster. Yet, this evidence might not represent a challenge for CDM model, since this
apparent DM-dominated core might be explained by assuming that Abell 520 is forming
at the crossing of three filaments in the large-scale structure [24].

This missing mass cannot be made of baryonic matter too faint to be detected, like
brown dwarfs, planets, white dwarfs, neutron stars, or black holes, called also MAssive
Compact Halo Objects (MACHOs). All these systems can only represent a small fraction
of DM, set to 8% by microlensing measurements in the Milky Way [25, 26]. The largest

12



2.1. THE MASS DISCREPANCY PROBLEM

Figure 2.2: Left panel : the Bullet cluster. Image Credit: X-ray: NASA/CXC/CfA/M.Markevitch et al. (pink); Optical:
NASA/STScI; Magellan/U.Arizona/D.Clowe et al.; Lensing Map: NASA/STScI; ESO WFI; Magellan/U.Arizona/D.Clowe
et al. (blue). Right panel : the Abell 520 cluster. Image Credit: NASA, ESA, CFHT, CXO, M.J. Jee (University of
California, Davis), and A. Mahdavi (San Francisco State University). The optical light from stars is shown in orange
(CFHT), the X-ray signal from the hot gas is shown in green (CXO), and the gravitational lensing map produced by DM
is shown in blue (Hubble Wide Field Planetary Camera 2).

fraction of DM has necessarily to be nonbaryonic, following several pieces of evidence. The
first one is due to the abundances of the light elements, 4He, D, 3He, and 7Li, produced
during the Big Bang nucleosynthesis (BBN) [27]. These abundances are function of the
number of photons per baryon, η, that depends, in turn, on the density contrast of baryons,
Ωb. By measuring these abundances, Ωb is constrained in the range of [0.01, 0.04], a factor
of ∼10 smaller than ΩDM = 0.3. This indicates that DM cannot be baryonic and that
baryons represent only a minimal fraction of the Universe content.

The second piece of evidence is provided by the density perturbation anomaly of the
CMB [28, 7]. At the epoch of the formation of the CMB, 380000 years after the Big
Bang, corresponding to redshift z ∼ 1000, radiation and baryons were still coupled and
the temperature and baryonic density perturbations coincided. They were equal to δ =
10−5 on an angular scale of 7 degrees, corresponding to ∼100 Mpc. In an Einstein-
deSitter Universe, namely a flat universe with zero cosmological constant [29], the density
perturbation evolves with redshift according to:

δ(z) =
δ0

1 + z
, (2.1)

where δ0 is the density perturbation today. Setting δ = 10−5 and z = 1000 in the above
equation, we obtain δ0 = 10−2. Yet, today we measure a baryonic density perturbation
δ0 ∼ 1 on the same scale, two orders of magnitude larger than the expected value. This can
be explained by the presence of an additional component, dominant in the Universe, that
decouples from radiation before the CMB epoch. In this way, its density perturbations
can start evolving before t = 380000 years and its density perturbation does not have to
be equal to the radiation density perturbation at that time. This component has to be
nonbaryonic because, otherwise, it would have decoupled from radiation at z = 1000. At
t = 380000 years, baryonic matter decouples from radiation and it is obliged to follow
the deep potential wells generated by the already collapsed stuctures of the dominant
fluid that permeates the Universe. From that moment on, the density perturbation of the
baryonic matter evolves with the same law of the dominant component and this would
explain why we detect a density perturbation different from expectations at the present
epoch. The growth of density perturbations in a DM-dominated Universe is shown in
Fig. 2.4.

Besides being nonbaryonic, DM should be cold, that is nonrelativistic at the epoch
of decoupling from radiation, to account for the observed formation scenario of cosmic
structure. As said before, during the expansion of the Universe the evolution of bary-
onic perturbations is regulated first by radiation and then by DM, before and after the
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Chapter 2. Introduction

Figure 2.3: BBN light element abundances relative to hydrogen as a function of η−1, the number of baryons per photon in
the Universe. The red vertical line corresponds to the measued value of η−1. The figure is from [27].

epoch of recombination, respectively. During the radiation-dominated epoch, DM fluc-
tuations are damped by random thermal motions below a characteristic free-streaming
scale, λfs, inversely proportional to the mass of the DM particle, mχ: λfs ∝ m−1

χ [30].
The free-streaming length approximately coincides with the comoving distance that the
DM particle crosses in a time equal to the age of the Universe. Three possible scenarios
for DM particles are hot dark matter (HDM, relativistic at the epoch of decoupling),
warm dark matter (WDM, relativistic at the epoch of decoupling), and cold dark matter
(CDM, nonrelativistic at the epoch of decoupling), which might have a typical mass of
mχ ∼ 30 eV, mχ ∼ 2 keV, and mχ ∼ 100 GeV, respectively [30]. These masses might
correspond to a neutrino [30], as measured by [31], a sterile neutrino [32] and a WIMP,
or neutralino [32], respectively. These three particles have a free-streaming length corre-
spondent to a characteristic mass of large galaxy clusters (∼1016 M�), dark halos of dwarf
galaxies (∼106 − 107 M�), and the Earth (∼10−8 − 10−2 M�) [30]. This implies three
different formation scenarios: in the HDM case, large structures form first through gravi-
tational instability and then they fragment to form small structures (top-down scenario);
in the other two cases small structures form first through gravitational instability and
then they hierarchically merge to form large structures (bottom-up scenario), where DM
halos much smaller than galaxies can only result in CDM case [30]. Figure 2.5 illustrates
the late-time (epoch of recombination) linear power spectrum for a Universe gravitation-
ally dominated by HDM (green line), WDM (red line), and CDM (black line) with the
previously mentioned masses for the DM particle: we can clearly see that in the HDM and
WDM cases a cut-off in the power spectrum is present and that for HDM it corresponds
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2.1. THE MASS DISCREPANCY PROBLEM

Figure 2.4: Growth of density perturbations in a DM-dominated Universe. Solid curve: density perturbation of the DM
component. Dashed curve: density perturbation of the baryonic component. Oscillating solid curve: photons perturbation.
The figure is from [28].

to larger scales (smaller wave numbers k) [30]. Observations seem to rule out a top-down
formation scenario and to favour a bottom-up one produced by CDM, since galaxies are
observed forming at higher redshift z with respect to galaxy clusters [30, 33, 34].

Figure 2.5: Late-time (epoch of recombination) linear power spectra for density perturbations generated from inflation in
a HDM (green line), WDM (red line), and CDM (black line) scenario with a DM particle mass equal to mχ ∼ 30 eV,
mχ ∼ 2 keV, and mχ ∼ 100 GeV, respectively. The figure is from [30].

Moreover, the distribution of the large-scale structure (see Fig. 2.6), measured by the
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Chapter 2. Introduction

galaxy correlation function, cannot be reproduced without a dominant nonbaryonic and
cold form of matter, if we assume the theory of gravitational instability for structure
formation (e.g. [35]).

Figure 2.6: Large-scale structure in the HectoMAP redshift survey. The figure is adapted from [36].

2.1.2 Galaxy scale

Since in my Ph.D. analysis I investigated the dynamics of galaxies, I detail now the mass
discrepancy problem on galaxy scale. The most striking evidence of this issue is the
flatness of rotation curves of disk galaxies. The rotation curve of a galaxy is obtained by
equalling the contributions of the centripetal and the gravitational forces on its mid-plane:

v(R, z = 0) =

√
R
∂φ(R, z)

∂R
, (2.2)

where φ is the gravitational potential generated by the galaxy mass distribution, R is the
distance from the galaxy centre, and z is oriented along the galaxy symmetry axis. If we
assume spherical symmetry we obtain:

v(r) =

√
GM(< r)

r
, (2.3)

where G = 6.67×10−11 N m2 kg−2 is the Newtonian gravitational constant, r =
√
R2 + z2

is the spherical radius, and M(< r) is the galaxy mass enclosed within a certain r.
The baryonic mass in galaxies, made of stars, gas, and dust, is mainly concentrated

in their inner regions and, if it were the only component, the galaxy mass would remain
constant beyond a certain distance from the centre and v(r) would be proportional to
r−1/2 (Keplerian fall). Instead, we observe that the neutral hydrogen (HI), which extends
up to much larger distances than stars, move as fast as the inner matter, that is the
rotation curve is flat. This evidence was first observed in the Ph.D. thesis of Albert
Bosma, in 1978 [37]. He measured, from the 21-cm emission line of HI, the rotation
curves of the spiral galaxies NGC 5055, NGC 2841, and NGC 7331 up to 30-40 kpc from
the centre, observing that their trends were nearly flat in their external regions [37] (see
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Fig. 2.7). This phenomenology can be explained by a pressure-supported spheroidal DM
halo, embedding the entire galaxy, as suggested by theoretical studies of the stability of
disk against the development of a bar [5]. In this way, the mass would continue growing
linearly proportional to the radius, accounting for a flat rotation curve, if the DM density
profile decreases ∝ r−2 in the outer regions of the galaxy. In fact, the flatness of the
rotation curve is the result of a fine-tuning between the contributions of the stellar disk
and of the DM halo, known as the disk-halo conspiracy [38, 39] (see Fig. 2.8). DM-only
simulations of ΛCDM predict a Navarro-Frenk-White density profile for the dark halo,
which shows a central cusp with ρ(r) ∝ r−1 [40, 41].

NGC 5055 NGC 2841 NGC 7331

Figure 2.7: Rotation curves of NGC 5055, NGC 2841, and NGC 7331 as a function of the distance from the galaxy centre.
Grey dots with error bars are the measurements. Grey solid lines are the models. The figure is adapted from [37].

Figure 2.8: Rotation curve of NGC 3198 as a function of the distance from the galaxy centre. Black dots with error bars
are the measurements. The black solid line is the model, where the flat trend of the rotation curve is obtained by the
fine-tuning of the contributions of the stellar disk and the DM halo (disk-halo conspiracy). The contributions to the total
rotation curve of the stellar disk and of the DM halo are highlighted in the figure. The figure is from [38].

This mass discrepancy can be neatly quantified by some very tight phenomenological
relations between the properties of baryonic and dark matter: the baryonic Tully–Fisher
relation (BTFR) [42], the mass discrepancy–acceleration relation (MDAR) [43], and the
radial acceleration relation (RAR) [44].

The BTFR (see Fig. 2.9) correlates the total baryonic mass (Mbar) and the asymptotic
flat part of rotation curves (Vf) of galaxies, spanning 6 orders of magnitude of galaxy
mass. The BTFR follows this power law:

Mbar = AV b
f , (2.4)

where A and b are free parameters. Fitting the data from 47 gas-rich galaxies with
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different techniques, McGaugh [45] found normalisations always in agreement between
each other and slopes always consistent with 4. By setting the slope to 4, McGaugh
found a normalisation equal to A = (47 ± 6) M� km−4 s4, comparable to the quantity
(Ga0)−1, where a0 = 1.2 × 10−10 m s−2 is an acceleration scale. For mass-to-light ratios
in the 3.6 µm band Υ[3.6] & 0.5 M�/L�, the BTFR shows a minimum intrinsic scatter of
∼0.10 dex [46]. The residuals of the observed BTFR from Eq. (2.4) show no correlations
with some galaxy properties like the radius or the surface brightness [47].

Figure 2.9: The baryonic Tully–Fisher relation (BTFR). The dots and squares are the measurements from [48] (red), [49]
(black), [50, 51] (green), [52] (light blue), and [53] (dark blue). The black solid line is an unweighted linear fit to the data.
The figure is from [42].

The MDAR (see Fig. 2.10) anti-correlates, at each radius R from the galaxy centre, the
Newtonian acceleration due to the mass density of baryons, gbar, and the squared ratio
between the total and the baryons-induced galaxy velocities, (V/Vbar)

2, that, assuming
spherical symmetry, coincides with the mass discrepancy, M/Mbar [43]. The mass dis-
crepancy remains ∼1 for accelerations a & a0 and it starts to increase as the acceleration
goes below a0, where a0 is found from the normalisation of the BTFR. The intrinsic scat-
ter in both the MDAR and the BTFR is minimised by the same mass-to-light ratio, in
agreement with stellar population synthesis models (SPS) [43].

At last, the RAR (see Fig. 2.11) correlates the observed centripetal acceleration,
gobs(R) = V (R)2/R, derived from the measured rotation curve V (R), with the Newtonian
acceleration from the baryonic matter distribution alone, namely, gbar [44]. McGaugh and
collaborators [44] fitted the RAR data of 153 edge-on disk galaxies from the SPARC
sample [55] with this simple relation:

gobs(R) =
gbar(R)

1− exp
(
−
√

gbar(R)
g†

) , (2.5)

where g† = (1.20± 0.02± 0.24)× 10−10 m s−2 is the only free parameter and is consistent
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Figure 2.10: The mass discrepancy–acceleration relation (MDAR). The black dots are several hundreds of individual points
measured from the rotation curves of ∼100 spiral galaxies. The figure is from [54].

within 1σ with the acceleration scale a0 = 1.2×10−10 m s−2. To build the RAR of SPARC
galaxies, McGaugh and collaborators set the mass-to-light ratios of the disk and the bulge
components to 0.5 and 0.7 M�/L�, respectively, which are reasonable values in the 3.6 µm
band, and they found an observed scatter of 0.13 dex. This scatter is consistent with the
scatter of 0.12 dex due to the observational uncertainties on the measured rotation curves,
the distances, and the inclinations of galaxies, and to the different mass-to-light ratios
of each galaxy, leaving little room for intrinsic scatter. Indeed, fitting the mass-to-light
ratios from the measured rotation curves of individual galaxies and marginalising over the
distances and inclinations errors, the intrinsic scatter results equal to 0.057 dex [56].

Figure 2.11: The radial acceleration relation (RAR). The blue color-scale rectangles represent 2694 individual points
measured from the rotation curves of 153 galaxies in the SPARC sample. The red solid line is the fit to the data with
Eq. (2.5) and the black dotted line shows the line of equality, for comparison. The figure is from [56].

These three relations hold from the most massive, high-surface-brightness (HSB) spiral
galaxies with a Mbar ∼ 1012 M� to the dwarf and low surface brighteness (LSB) galaxies
with a Mbar ∼ 106 M� [42, 43, 44], even if the observed scatter of the RAR seems to
increase from 0.13 to 0.24 dex for small gbar when dwarf and LSB galaxies with slowly-
rising rotation curves are included in the sample [57] (see Fig. 2.12). However, caution
must be taken when dealing with these galaxies with complex dynamics.

The dynamics of dwarf galaxies provides one of the best pieces of evidence of the mass
discrepancy problem on galaxy scale. Dwarf spheroidal and LSB galaxies are among the
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Figure 2.12: The radial acceleration relation (RAR) for both cuspy and cored galaxies. Color-coded dots show the mea-
surements, the light blue solid line and shaded area represent the RAR and its observed scatter found by [44], and the
black dotted line shows the line of equality, for comparison. Cored galaxies with slowly-rising rotation curves, coloured
with darker points, locate with a larger scatter around the RAR and they typically fall outside this relation. The only way
to reconcile them with the RAR is to assume that the most internal rotation velocities of these galaxies has substantial
errors [57]. The figure is from [57].

darkest galaxies in the Universe. The velocity dispersion observed in their inner regions
is ∼10 km s−1, about a factor of 10 larger than the expectations for a self-gravitating
system of the same luminosity and scale radius at equilibrium [58]. Whereas, for HSB
galaxies, the stellar disk maximally contributes to the central regions of their rotation
curves (maximum disk hypothesis), in dwarf and LSB galaxies the DM seems to dominate
even in the innermost radii, where the rotation curve rises more slowly than in HSB
galaxies [59, 60].

Despite having baryonic masses similar to those of dwarf galaxies, globular clusters
(GCs) seem not to require at all a DM component to account for their dynamics. Indeed,
the internal dynamics of GCs belonging to the outer halo of the Milky Way, where the
acceleration is below a0, is well reproduced by Newtonian gravity without including a
DM halo [61, 62, 63, 64, 65, 66, 67]. Yet, this issue is still open [68] since some theories
of formation and evolution of GCs predict the existence of DM in these systems and
its observational evidence is under discussion [69, 70]. The determination of either the
presence or the absence of DM in GCs is further complicated by their often inaccurate
data, usually due to low-resolution spectroscopy and to errors on GCs distances larger
than 10% of their values (e.g. [64]).

A more difficult task is to assess the amount of mass discrepancy in early type galax-
ies (ETG), which include ellipticals and lenticulars. The majority of the surveys of ETG
probe the kinematics of stars which extends up to ∼1 effective radius, Re, from the galaxy
centre, where the effective radius encloses half of the total luminosity of the galaxy. Among
these surveys we can mention ATLAS3D [71], SAMI [72], CALIFA [73], and MaNGA [74],

20



2.2. PROBLEMS OF THE CDM MODEL

which all employ an integral field spectroscopy observational technique. The effective
radius encloses less than 10% of the galaxy total mass (e.g. [75, 76]) and within that dis-
tance the Newtonian expectations are generally in agreement with the data, even without
needing a DM halo (e.g. [77]). However, this does not necessarily mean that ETG are
DM-free systems but that one effective radius might not be representative of the dynam-
ics of ETG. Deep long-slit observations and other pioneering methods (e.g. [78, 75, 79])
probed the kinematics of ETG until ∼3 Re and the detection of kinematic tracers, like
GCs and planetary nebulae, until 8–13 Re. As an example, the SLUGGS [76] and the
ePN.S [80] surveys exploit this last technique, respectively considering GCs and planetary
nebulae. To simultaneously account for the dynamics of stars and of these external trac-
ers, DM seems to be required (e.g. [81]), which indicates that a mass discrepancy in ETG
is also present. A work by Alexander Deur suggests a possible correlation between the
ellipticities and the total mass-to-light ratios of elliptical galaxies, stating that the flatter
a system the stronger its mass discrepancy [82, 83]. Yet, further investigation is required
since the majority of the data used by Deur extends up to ∼1 Re.

2.2 Problems of the CDM model

Despite being successful in describing the majority of the phenomenology in the Universe,
the ΛCDM model faces some important challenges. Two of the most puzzling challenges
on cosmological scales are the cosmological constant (e.g. [84, 85, 86]) and the coincidence
(e.g. [84, 87]) problems. Both questions pose very severe fine-tuning mechanisms. The
former consists in a very serious tension between the expectations from quantum field
theory (QFT) and the observations of the cosmological constant, if we interpret it as
the zero-point of the energy density of the vacuum. Indeed, QFT predicts a value of
ΛQFT = (1019GeV)4 whereas the observed value is of Λobs = (10−12GeV)4, resulting in a
difference of about 124 orders of magnitude [86]. If expressed in units of the Planck mass,
MPlanck, the observed value of the cosmological constant is equal to Λobs = (10−30MPlanck)4.
To reconcile the vacuum energy density from QFT with the observed value, we should
add to it a correction term, presumably from the fundamental theory above the Planck
energy scale, opposite in sign but incredibly close in modulus such that the discrepancy
is canceled with a 10−124 precision [86].

The coincidence problem is due to the fact that the energy density of the cosmological
constant, ΩΛ ≈ 0.7, and the energy density of DM, ΩΛ ≈ 0.3, are of the same order of
magnitude at the present epoch, which would require very special initial conditions in the
primordial Universe (e.g. [84, 87]).

Moreover, some tensions involving cosmological parameters are present. One of these
is the Hubble tension, where the Hubble parameter, H0, from local measurements of type
Ia Supernovae appears 3.6σ larger than the Hubble parameter from the early Universe,
derived from the modelling of the CMB power spectrum measured with the Planck satellite
(e.g. [2, 88]) (see Fig. 2.13, top panel). Another tension occurs between the matter density
contrast at the present time, Ωm,0, and the amplitude of the density fluctuation power
spectrum, σ8, measured from low redshift galaxy surveys (e.g. KIDS, CFHTLS, and DES)
exploiting weak lensing and from the CMB [89]. In particular, all low redshift large scale
structure probes provide results consistent with each other and privilege Ωm,0 and σ8

parameters smaller than the ones obtained from the CMB (Fig. 2.13, bottom left panel).
Moreover, these two cosmological parameters also present a tension, at 2.4σ, between
the measurements from the Sunyaev Zel’dovich signal in 200 galaxy clusters and from
the CMB, both taken with the Planck satellite in 2013 [89] (see Fig. 2.13, bottom right
panel). However, considering the more recent measurements taken with Planck in 2016,
as in particular an updated value of the optical depth of reionisation τ = 0.055 ± 0.009,
this tension is reduced to 1.5σ [90, 89, 91] (Fig. 2.13, bottom right panel).
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Figure 2.13: Top panel: The H0 and Ωm,0 tensions. The panel compares the constraints in the (H0,Ωm,0) plane obtained
with the Planck satellite (black contours) and with the Hubble diagram constructed from the SNLS 3 catalogue (blue
and green filled contours). The blue and green filled contours show constraints from the Hubble diagram in two different
cosmologies, specifically in a spatially flat universe with a Friedmann-Lemaître geometry and in a spatially flat universe
described with a “Swiss-cheese” model, where matter is completely clumped, respectively. Whereas the two different models
basically unaffect H0, the “Swiss-cheese” model reduces the tension on Ωm,0 with Planck with respect to the Friedmann-
Lemaître model. The Hubble parameter, H0, is expressed as h = H0/100. Bottom panels: the Ωm,0 and σ8 tensions. The
bottom left panel illustrates the tension between these two cosmological parameters measured from different low redshift
large scale structure probes (blue, purple, green, and orange filled contours) and from the CMB (black filled contours). Low
redshift probes drive Ωm,0 and σ8 toward smaller values than in the CMB. The bottom right panel compares the Sunyaev
Zel’dovich cluster constraints from Planck (orange filled contours) and the CMB constraints from Planck in 2013 (grey filled
contours) and 2016 (black filled contours), for the same two cosmological parameters. The tension between the Sunyaev
Zel’dovich clusters and the CMB is alleviated in the 2016 data with respect to the 2013 data thanks to the new value of
the optical depth of reionisation. The figures are from [88] (top panel) and from [89] (bottom panels).

Yet, the most severe challenges of the CDM model appear at the scale of galaxies. The
small scatter of the BTFR, the MDAR, and the RAR, usually consistent with the observa-
tional errors, and the apparent lack of correlations between their residuals and the galaxy
properties do not occur naturally in the CDM model, where structures form hierarchi-
cally through a stochastic merging process. According to these relations, the kinematics
of galaxies seems to be tightly regulated by their baryonic components, despite baryons
represent only ∼10% of the matter in galaxies. This could only be explained by a very
precise fine-tuning between the dark and baryonic matter components of galaxies [92, 93].
Specifically, semi-analytic models of galaxy formation in ΛCDM and DM-only cosmologi-
cal simulations predict a BTFR with a minimum scatter larger than observed [94, 95], and
with a slope b = 3, discrepant at the 8σ level from the observed value b = 3.98±0.12 [42].
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The RAR poses an even more serious issue with respect to the BTFR due to its local,
rather than global, nature. Its intrinsic scatter of 0.057 dex is smaller than the scatter
&0.09 dex predicted by the EAGLE simulation [56]. Yet, the problem of the RAR requires
further investigation since, for small baryonic accelerations, its scatter might appear larger
for dwarf galaxies [57] (see Sect. 2.1.2 and Fig. 2.12) and, for some galaxy samples dif-
ferent from SPARC, some correlations between its residuals and galaxy properties might
exist [96, 97].

Another fact hard to explain in ΛCDM is the emergence of the same acceleration scale,
a0 = 1.2× 10−10 m s−2, from all the mentioned relations. In natural units, a0 can also be
written as a0 ∼ H0.2 Intriguingly, a0 can also be expressed in the same units as a0 ∼

√
Λ.

This arises another striking coincidence, which shows that both the DM and DE sectors
are regulated by the same acceleration scale [54].

Besides DM-baryons relations, other small scale problems of ΛCDM are present. Some
of the most relevant are (1) the cusp/core problem, that is the discrepancy between the
centrally cuspy profiles for the DM halo density predicted by collisionless DM-only simu-
lations and the centrally cored profiles required to account for the dynamics of dwarf and
LSB galaxies; (2) the missing satellites problem, where the total amount of substructures
around Milky Way-like galaxy haloes emerging from cosmological simulations seems to be
a factor of ∼10–20 larger than observed; (3) the too-big-to-fail-problem, where dissipation-
less ΛCDM simulations of Milky Way-like galaxy haloes predict that the majority of the
most massive subhalos of the Milky Way should form luminous dwarf spheroidal satellites
with densities, or equivalently circular velocities, larger than observed values; and (4) the
planes of satellite galaxies problem, where CDM simulations can hardly account for the
flattened distribution of the orbits and the kinematic correlations shown by the satellite
galaxies of the Milky Way, M31, and Centaurus A (e.g. [98, 1]).

2.2.1 Possible solutions on large scales

The cosmological constant and the coincidence problems represent two aspects of the
same issue: the smallness of the cosmological constant [104]. One possible explanation
of this evidence is given by the anthropic principle: the cosmological constant is so small
because otherwise the formation of large-scale structures and of life would not have been
possible. The upper bound of the cosmological constant-to-DM density contrast ratio to
allow the formation of large-scale structures is ΩΛ/ΩDM ∼ 10− 100 [105, 85, 104] and the
measured value is ΩΛ/ΩDM ∼ 2−3, well within this boundary. This idea is accepted within
the context of string theories, which claim the possibility of multiple realisations of the
Universe, each with a different value for the cosmological constant [106, 107, 108, 109, 110,
104], although there are still many open questions about this possible explanation [104].

Two other well-explored possible solutions are dynamical DE and modified gravity
models. Both classes of models invoke the introduction of a scalar field, ϕ, which produces
the effect of cosmic acceleration and is minimally or nonminimally coupled to gravity and
baryonic matter, for dynamical DE and modified gravity theories, respectively [111]. I
detail below the two categories of models.

Every fluid in the Universe is characterised by its equation of state w, given by the
ratio between its pressure and density, P/ρ. For the cosmological constant, w is set to
-1. Dynamical DE models assume that the equation of state of DE is not constant but
it varies across cosmic time. Specifically, DE is associated with a cosmological scalar
field, ϕ, minimally coupled to gravity, which slowly-rolling3 varies during time toward
a flat potential, such that its equation of state stays close to wϕ = −1 along its entire
evolution [112, 104]. The potential energy of this field causes the accelerated expansion of
the Universe [104]. These models provide the simplest generalisation of ΛCDM and are

2More specifically, a0 ≈ cH0/2π. In natural units (c = G = } = 1), we have that a0 ∼ H0.
3A slow-rolling field ϕ must have a kinetic energy much smaller than the potential energy: ϕ̇� V (ϕ).
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Figure 2.14: Top left panel : the cusp/core problem. The panel illustrates the rotation curve of the LSB galaxy UGC
5750, whose 2D image is shown next to the plot. This slowly-rising rotation curve can be properly fitted with a cored
isothermal sphere profile for the DM halo density (solid line) but neither with a singular isothermal profile (dotted line)
nor with a NFW profile (dashed line), at odds with DM-only simulations that predict cuspy NFW profiles for the DM halo
density. This is an example of the cusp-core problem. Top right panel : the missing satellites problem. On the left we
can see the projected distribution of DM subhalos within a radius of 600 kpc from a 1012 DM halo predicted in ΛCDM
from the ELVIS simulation. The most massive subhalos are highlighted with white circles. On the right we can see the
spatial distribution of the closest nine of the 11 most luminous (classical) satellites of the Milky Way, where the diameter
of the most external sphere is equal to 300 kpc. The number of small subhalos predicted by ΛCDM simulations largely
exceeds the number of known satellite galaxies of the Milky Way, arising the missing satellites problem. Bottom left panel :
the too-big-to-fail-problem. The panel shows that the circular velocity profiles of DM subhalos predicted by the ELVIS
simulation within 300 kpc from a Milky Way-like galaxy of virial mass Mvir = 1.3× 1012 M� exceed the measured velocity
dispersions of the dwarf spheroidal satellites of the Milky Way, illustrating the too-big-to-fail-problem. Specifically, the
cyan solid lines represent the “strong massive failures”, i.e. subhalos that are too dense to host any of the observed Milky
Way dwarf spheroidals and the black solid lines represent the “massive failures”, i.e. additional subhaloes that cannot be
explained by the dense galaxies in the observational sample. The dotted lines show the subhalos that are consistent with
at least one of the remaining seven dwarfs in the sample and the grey dashed line indicates the unique subhalo expected to
host a Magellanic Cloud. The measured velocity dispersions of the dwarf spheroidal satellites of the Milky Way, illustrated
as filled squares with sizes proportional to the logarithm of their stellar mass, derive from [99]. Bottom right panel : the
planes of satellite galaxies problem. The panel represents the edge-on view of the vast polar structure (VPOS) around the
Milky Way and the disk (solid black line at the center), one of the most striking pieces of evidence of the planes of satellite
galaxies problem. The VPOS shows that the satellite galaxies, the distant GCs and the stellar streams of the Milky Way
all lie almost on the polar great circle. The orientation and the width of the best-fit satellite plane are indicated by the
dashed and dotted lines, respectively. The colored triangles, red upward (blue downward) for receding from (approaching
towards) an observer at rest with respect to the host galaxy, indicate coherent kinematics of the co-orbiting satellites. The
satellites with no proper motion measurements are plotted as crosses. The grey area corresponds to the region ±12 from
the Milky Way disk which is obscured by galactic foreground. The figures are from [100] (top left panel), [101] (top right
panel), [102] (bottom left panel), and [103] (bottom right panel).

generally called quintessence theories (e.g. [113, 114, 115, 116]).
This slowly-rolling scalar field can produce cosmic acceleration in two ways, which

result in two different classes of quintessence models [117]. In the former type, the field
does not change at early times, frozen by the Hubble friction, and recently it starts
to roll down its potential, having wϕ ∼ −1 up to almost the present epoch. In the
latter type, the scalar field varies at early times, slowly converging to wϕ ∼ −1 toward
the present day, and then it freezes [117, 118, 119, 120, 121, 122, 123, 104]. Another
possibility is to let wϕ become smaller than -1, producing the so called phantom dark
energy (e.g. [124, 125, 126, 127]). This model properly describes the data from the SNIa,
the CMB anisotropy, and the mass power spectrum [124], deserving further investigation.
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Another class of dynamical DE models is provided by the K-essence theories, which,
with respect to quintessence, have noncanonical kinetic energy terms (e.g. [128, 129, 130,
131]). Extensions of quintessence have been developed to embed these models in a more
general and fundamental theory [104], like supersimmetry (e.g. [132, 133, 134, 135, 136])
and string theory (e.g. [137, 138, 139, 140, 141]).

The other possibility to solve the cosmological constant and the coincidence problems is
to modify Einstein equations of GR, by adding one or more degrees of freedom with respect
to the metric. The addition of degrees of freedom to the theory of gravity can be achieved
by introducing one or more scalar fields nonminimally coupled to gravity [142], which can
mimic the phenomenology produced by DE. These particular modified theories of gravity
are called scalar-tensor theories and they should be built with particular carefulness to
prevent the theory developing instabilities, like the Ostrogradsky’s ones [143, 144].

The most general scalar-tensor theory with second-order equations of motion is Horn-
deski gravity [145], which is equivalent to the generalised Galileons theory [146]. Given
the constraints resulting from the detection of the gravitational wave GW170817 and its
electromagnetic counterpart GRB170817A from Ligo-Virgo collaboration [147], the most
general Horndeski lagrangian is equal to (e.g. [148, 149, 150]):

LH = G4(ϕ)R + G2(ϕ,X)− G3(ϕ,X)�ϕ, (2.6)

where G4, G2, and G3 are functions of the scalar field ϕ, R is the Ricci scalar, X = ∇µϕ∇µϕ
is the kinetic term, and � is the Dalambertian operator.

Among the particular cases of Horndeski theory we can remember Brans-Dicke grav-
ity [151]. f(R) gravity [152, 153, 154, 155, 156] is instead equivalent to a scalar-tensor
theory with an appropriate potential. This theory is obtained by replacing the standard
Einstein-Hilbert action equal to the Ricci scalar R with a linear function of R and, besides
the effects produced by DE, it can also reproduce the phenomenology of DM (e.g. [156])
(see Sect. 2.2.2 for a more in-depth discussion about the unified dark sector).

The scalar field, ϕ, introduced in both dynamical DE and modified gravity models has
to have some peculiar features. To neutralise the cosmological constant to a precision of
∼ H2

0M
2
Planck ∼ (meV)4, ϕ must have an upper bound for its mass of the order of the

Hubble constant4 [104]:
mϕ . H0. (2.7)

Moreover, this scalar field has to couple to Standard Model fields and, thus, it mediates
a force between these fields, with an interaction length of ∼ m−1

ϕ which is of the order of
the Hubble radius, given Eq. (2.7) [104]. This means that, besides the four classical forces
(electromagnetic, strong, weak, and gravitational), a fifth force is present and we should
observe its effect from the cosmological to the solar system scales. This might represent an
issue, since gravitational tests of GR are well satisfied at solar system scales [157, 158, 159,
160, 161]. To overcome this problem, a screening mechanism is necessary, where deviations
from GR are suppressed in high-density environments, such as in the solar system [104].
Some of the most popular screening mechanisms are the Chameleon [162, 112, 163, 164],
the Symmetron [165, 166, 167, 168], the kinetic, and the Vainshtein [169, 111] mechanisms.

In the Chameleon mechanism, the mass of the scalar field depends on the density:
in high-density environments, such as the Earth or the solar system, the mass of the
field is sufficienty large to “screen” the effect of the fifth force, whereas in low-density
environments, such as at cosmological scales, the mass of the field is ∼H0 and the ef-
fects of the fifth force are evident [112]. This mechanism is exploited in f(R) theory
(e.g. [152, 153]). In the Symmetron mechanism, the coupling between the scalar field and
the matter is weakened in high-density or high-Newtonian-potential regions [165, 166].
This mechanism is also employed to account for inflation [170]. The kinetic screening

4Equation (2.7) is written in natural units (see Sect. 2.2).
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involves modified Lagrangians with exotic kinetic terms that include only the first deriva-
tives of the scalar field [104]. Among the models that exploit this mechanism we can
mention K-inflation [171, 172] and, again, K-essence (e.g. [128, 129, 130, 131]). In the
Vainshtein mechanism, which is classified as a kinetic screening [104], some nonlinear
derivative interactions make the kinetic term of the scalar field become effectively large
in proximity of high-density regions, screening the effect of the fifth force [111]. Both
Galileon-like theories [173] and nonlinear massive gravity (e.g. [174, 175, 176]) are based
on this screening mechanism [111].

2.2.2 Possible solutions on galaxy scale

The possible solutions for the problems of ΛCDM paradigm emerging on the scale of
galaxies can be categorised in three groups: (1) remaining within the CDM paradigm,
(2) going beyond CDM paradigm, and (3) going beyond Newtonian dynamics, that is
modifying the law of gravity [1].

The ΛCDM model provides only partial or not so natural solutions for the observed
problems on galaxy scale. The normalisation and the slope of the BTFR can be repro-
duced in ΛCDM if baryons are included in the simulations (hydrodynamical simulations)
(e.g. [177, 178]), but its small scatter can only be accounted for by an extremely accu-
rate balance between star formation efficiency and stellar feedback mechanisms [45, 46].
Concerning the MDAR, Di Cintio and Lelli built a semi-empirical model that properly
describes its shape and scatter, but that cannot simultaneously account for the small
scatter of the BTFR, which results equal to 0.17 dex at odds with the observed value of
∼0.10 dex [95].

Possible solutions invoked by the CDM paradigm to solve the cusp/core problem can
involve processes of the baryonic matter, like supernova feedback and dynamical friction
that have been neglected in simulations [1]. For example, winds generated either by
supernovae [179, 180] or by stars [181, 182] can convert the cuspy DM density profiles
into cored ones in dwarf galaxies and the dynamical friction between gas clumps of masses
of 105 − 106 M� transfers angular momentum from the gas to the DM particles which,
at this point, go from the inner to the outer regions of the galaxies, turning the central
cusp of the DM halo density into a core [183, 184]. The problem of this last solution is
that usually gas clumps in dwarf galaxies are less massive than 105 − 106 M� and, thus,
the mechanism is not sufficient to solve the cusp/core problem [185].

The missing satellites problem can be addressed within the CDM paradigm with the
abundance matching argument, according to which the cumulative distribution of an
observed property of baryonic matter and of a predicted property of DM in galaxies are
linked together [98]. If the observed property is the mean star formation rate, we observe
that the missing satellites problem in the Galaxy can be solved for sub-halos with a DM
mass larger than ∼109 M� [186]. Indeed, the cumulative mass function of the satellite
galaxies concentrated within 280 kpc from the Milky Way centre is consistent with the
results from ΛCDM simulations that due the depletion of the satellites with a halo mass
& 109 M� to the presence of the Milky Way stellar disk. For satellites with halo masses
. 109 M�, the missing satellites problem might be solved thanks to the reionisation UV
feedback [98] but this issue requires further investigation.

If the mass of the Milky Way were overestimated by a factor of ∼2, the number of
massive dark sub-halos not correspondent to observed dwarf satellites would be of the
order of 3, and it might be, thus, attributed to statistical fluctuations, solving in this way
the too-big-to-fail problem [187]. Yet, the issue would remain open, both because there is
no evidence for an overestimate of the Milky Way mass and because this problem appears
also in other galaxies other than the Milky Way, such as M31 [1]. One way to solve this
problem would be to account for baryonic physics in simulations [188, 189, 190], even if
the results depend on the mass resolution of baryonic particles [1].
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Concerning the planes of satellite galaxies problem, so far no viable solution has been
found within the CDM model since the proposed solutions are either not able to describe
the observed phenomenology or their assumptions are not built on solid basis [1]. As
an example, some mechanisms can reproduce the planar structures observed in M31 and
Centaurus A [191] but not in the Milky Way [192, 103].

We now illustrate some possible solutions beyond the CDM paradigm. Specifically,
we will consider the WDM (already mentioned in Sect. 2.1.1), the self-interacting dark
matter (SIDM), the quantum cromodynamics (QCD) axions, and the fuzzy dark matter
(FDM) models.

As already stated at the end of Sect. 2.1.1, each type of DM particle is characterised
by its free-streaming length, λfs, or equivalently by its free-streaming wavenumber, kfs,
below which DM fluctuations are suppressed by random thermal motions. λfs corresponds
to a typical halo mass below which structures cannot form via gravitational instability.
λfs is inversely proportional to the mass of the DM particle and depends also on the mean
velocity and on the temperature of the DM particle at the decoupling from radiation [1].
Besides kfs, the DM particle is also defined by its decaying rate Γ and Fig. 2.15 illustrates
the different DM particle candidates in the Γ− kfs plane [1].

log!" ( )

Figure 2.15: Allowed parameter space for the currently most quoted DM models. The bottom axis shows the wavenumber
set either by free-streaming, kfs, or by kinetic decoupling, kkd, the top axis shows its corresponding typical halo mass below
which structures cannot form through gravitational instability, and the vertical axis shows the DM particle decaying rate,
Γ. The acronyms ADM and BEC mean “asymmetric dark matter” and “Bose-Einstein condensate”, respectively. The figure
is adapted from [32].

Differently from CDM particles, WDM particles are relativistic at the epoch of their de-
coupling from radiation and, consequently, present a cut-off in their power spectrum [193]
(see Fig. 2.5). The lower bound for the mass of WDM particles is mX = 4.65 keV [194]
and its most quoted candidate is the sterile neutrino, whose mass ranges from 0.4 to
105 keV [32]. This results in a kfs ∼ 0.5(mX/keV) Mpc−1 which corresponds to a charac-
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teristic mass in the range of Mfs ∼ [10−6− 1011] M� [32]. Given the larger free-streaming
length with respect to CDM particles (see Sect. 2.1.1), WDM particles suppress the for-
mation of structures below a mass scale larger than in CDM model. This provides a
solution for the missing satellites problem, since in WDM model the subhalo mass func-
tion is consistent with the observed number of satellites [193, 195, 196]. WDM can also
provide a solution for the cusp/core and the too-big-to-fail problems. The gravitational
collapse in WDM paradigm forms less centrally concentrated cuspy profiles for the DM
halo density with respect to the CDM case [193] and the fact that WDM particles have
a relic thermal velocity distribution may provide a cusp-to-core transition in the inner
part of DM halo density profiles [197]. Concerning the too-big-to-fail problem, a WDM
particle with a mass of 1.5− 2 keV or of ∼1 keV might solve it for satellite [198, 199] and
field dwarf galaxies [200], respectively. This is possible because in WDM the subhalos
around Milky Way-sized halos are less and less dense than in CDM [198, 199]. Yet, some
issues are present also with this model since the cores produced in WDM are too small
to account for LSB galaxies [201, 202], and WDM particle masses between 1 and 2 keV,
necessary to solve the too-big-to-fail problem, are below the lower bound for the mass of
this particle from the high-resolution HIRES/MIKE spectrographs [194].

SIDM particles act like collisionless CDM particles in small density regions, where
the collisional rate becomes negligible, and they are parametrised as a function of the
cross section-to-mass ratio, σ/m, that is a function of the relative speed between the DM
particles, vrel [203, 1]. SIDM paradigm can solve the cusp/core problem with σ/m &
0.5 cm2 g−1 for halos of M ∼ 1011 M� (galaxy scale) [204, 205] and with σ/m ∼
0.1 cm2 g−1 for halos of M ∼ 1014 M� (cluster scale) [204, 206, 207, 203], implying
a velocity-dependent cross section [1]. SIDM model can also alleviate the too-big-to-
fail problem, both for satellite and field dwarf galaxies. Specifically, whereas velocity-
independent SIDM models present some issues to solve this problem [208, 209], velocity-
dependent SIDM models can completely account for it [210, 209, 211], although they still
remain largely unconstrained [1]. Moreover, if dissipative or inelastic scattering between
SIDM particles is taken into account, SIDM models can also mitigate the problem of the
planes of satellite galaxies [212, 213]. Instead, SIDM models can hardly solve the missing
satellites problem [214, 215, 210, 208], unless we do not include nonminimal interactions
between SIDM particles [203].

QCD axions are another candidate to be taken into consideration. They provide an
interesting subject of study since they can both account for the Strong CP problem
in the Standard Model of particle physics [216, 217, 218, 219] and they are a possible
DM candidate [220, 221, 222]. Ultra-light axion-like particles (ULALPs) with a mass of
∼10−22 eV might solve both the cusp/core problem, resulting in DM density profiles with
a ∼1 kpc extended core, and the missing satellites problem. Yet, QCD axions cannot
simply solve the cusp/core problem by extrapolating the ULALPs scenario since the size
of the DM core they produce is of the order of 1 km, that is extremely small [223].
Further investigation is required to assess whether QCD axions are able or not to solve
the galaxy-scale problems of ΛCDM.

The last DM candidate we mention is FDM, an ultra-light boson with a mass between
10−23 and 10−20 eV [224, 225]. They are real scalar fields with a mass minimally coupled
to the metric [226], they have a mass equal to 0 until the Universe stays above a critical
temperature, and they acquire a mass afterwards, through oscillations around the min-
imum of a potential generated in a nonperturbative way [227]. They have a de-Broglie
wavelength, λdB, of the order of kpc and the resulting large-scale structure is identical to
the one generated by the CDM model for scales larger than λdB [228]. Instead, for smaller
scales the two models behave in different ways, and, for masses larger than the Jeans mass,
the minimum halo mass that can be formed in a FDM scenario is Mhalo ∼ 107 M�, if the
mass of the FDM particle is mX ∼ 10−22 eV [226]. N -body simulations of FDM, based on
simultaneously solving the Schrödinger and the Poisson equations, show the formations
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of cores, usually called solitons, in the central regions of DM halos, generated by the
ground-state solution of the Schrödinger-Poisson equations [228, 229]. These solitons can
account for the widely-cored profiles required in dwarf galaxies and they might address
the cusp/core problem [223, 230, 231, 232, 233, 234]. Moreover, FDM paradigm can even
explain the too-high velocity dispersion of the stars settling in the central region of the
Galaxy bulge [235] and might provide a solution for the missing satellites problem, since
the number of halos with M . 1010 M� results suppressed in N -body simulations [236].
Yet, the assumption of FDM as a viable DM canditate is still under debate and many
pieces of evidence, like the contribution of baryons or the constraints on FDM mass, have
yet to be explored [1].

At last, the challenges observed on galaxy scale could be due to a modification of the law
of gravity. In contrast to the much larger number of theories of modified gravity formulated
to explain the phenomenology produced by DE on cosmological scales (see Sect. 2.2.1), a
smaller number of theories of modified gravity conceived to explain the effect of DM on
small scales is present. Yet, these theories were historically born previously, already in
the 1980s [237, 238, 9, 239], and some ideas already emerged at earlier times [240]. The
most investigated alternative theory of gravity that focuses on galactic scale and does not
resort to DM is the MOdified Newtonian Dynamics (MOND) [241, 237].

MOND was first introduced by Milgrom in 1983 [241] and it is a general paradigm that
assumes spacetime scale-invariance at accelerations a � a0 [242]. Newtonian gravity is
recovered for accelerations much larger than a0, whereas we observe a departure from it
for accelerations much smaller than this value:

a =

{
gN, a� a0√
gNa0, a� a0,

(2.8)

where gN is the Newtonian acceleration. The MOND paradigm may be achieved by
modifying either gravity or inertia, where both options are discussed in [241]. In the
nonrelativistic modified gravity version, fully addressed by Bekenstein and Milgrom in
1984 [237], MOND gravitational potential obeys to the following Poisson equation:

∇ ·
[
µ

(
|∇φ|
a0

)
∇φ
]

= 4πGρ, (2.9)

where µ is an interpolating function, monotonic in its argument, with these two asymptotic
limits:

µ

(
|∇φ|
a0

)
=

{
1, a� a0
|∇φ|
a0
, a� a0.

(2.10)

For a� a0 the Newtonian Poisson equation is recovered:

∇2φ = 4πGρ, (2.11)

whereas for a � a0 the gravitational field is boosted with respect to the Newtonian one
and it is proportional to R−1, deviating from the Newtonian inverse square law. Succes-
sively, other modified gravity versions of MOND, like QUMOND [243], were formulated.
Instead, the modified inertia version of MOND, poorly developed, was fully addressed by
Milgrom in 1994 [244].

MOND did not only describe but actually predicted most of the phenomenology ob-
served on galaxy scale [245]. Some of the most important predictions are (1) the BTFR,
the MDAR, and the RAR with zero-intrinsic scatter, and (2) the difference between the
rotation curve shapes of high and low surface brightness galaxies, providing a natural
solution for the cusp/core problem [245]. It should be specified that the intrinsic scatter
of the RAR is predicted to be zero only for the modified inertia version of MOND and for
circular orbits [244]. For the modified gravity versions of MOND, the RAR is recovered
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with a very small intrinsic scatter, consistent with the observations, unless the systems
are spherical, in which case we obtain again a null intrinsic scatter [237, 246, 247].

Despite its numerous successes on galaxy scale, MOND fails to describe the phe-
nomenology on larger scales. For example it can only reduce, but not eliminate at
all, the mass discrepancy in clusters of galaxies [248, 249, 250]. Moreover, it seems
that MOND cannot be extended in a covariant sense. Some attempts of relativistic
extensions of MOND failed to reproduce the features of gravitational lenses, provided
superluminal velocities or were not consistent with the post-Newtonian tests of general
relativity [237, 251, 252]. In 2004 Bekenstein built the Tensor-Vector-Scalar (TeVeS) grav-
ity [253], a relativistic MOND inspired theory, which solved some of these issues but failed
to describe cosmological observations like the CMB or the matter power spectra. Yet,
further investigation about the building of a relativistic version of MOND is still ongo-
ing and some recent results might look promising [254, 255]. In particular, Hernandez
and collaborators [254] show that a fully covariant equivalence between a0 and the scalar
quantity

KB = K
r4

M
=

28Ga0

c4
, (2.12)

where K is the Kretschmann curvature scalar for a Schwarzschild metric, M is the total
mass of the baryonic component in a galactic system, G is the universal gravitational
constant and c is the speed of light, can be constructed at galaxy level and that this
same identification naturally yields a Universe with late time accelerated expansion in
accordance with ΛCDM predictions.

Another challenge for MOND is provided by the internal dynamics of GCs residing in
the most external regions of the Milky Way. Since the background acceleration is much
smaller than a0 and the external field effect is negligible, we expect that their stellar
velocity dispersion profiles obey the MOND theory. Instead, Newtonian gravity without
the inclusion of a dark component can better describe these measurements than MOND,
whose predicted velocity dispersions can exceed their Newtonian counterparts by a factor
of ∼3 [61, 62, 63, 64, 65, 66, 67]. Three of the most striking examples are the GCs
NGC 2419, Palomar 14, and Palomar 4 [62, 63, 65, 66, 67]. However, the disagreement
between MOND predictions and observations might not be necessarily due to an issue
of the theory but, instead, either to inaccurate data (see Sect. 2.1.2) or to approximate
modelling. In most cases, the adopted models were spherically symmetric, nonrotating
and orbitally isotropic. Whereas the first two assumptions can be justified by observations,
orbital anisotropies in GCs are predicted by N -body simulations [256] and the adoption
of strong radial anisotropies can reconcile MOND predictions and observations. A more
clear answer to this question can only be provided by high-precision data, where the
effect of a strong radial anisotropy and the adopted theory of gravity can be properly
disentangled [64].

Another theory of modified gravity acting on galaxy scale is Scalar-Vector-Tensor grav-
ity, also known as MOdified Gravity (MOG) [257]. In MOG the modification of the theory
of gravity is already present in the action, where three contributions from a scalar, a ten-
sor, and a massive vector fields are added to the classical Einstein-Hilbert action. The
total action is, thus, given by:

SMOG = SEH + Sϕ + SS + SM , (2.13)

where SEH is the Einstein-Hilbert action, Sϕ and SS are the actions correspondent to the
massive vector and the scalar fields, respectively, and SM is the matter action.

Rather than depending on an acceleration scale, the modification of gravity in MOG
depends on a length scale. In particular, in the weak field limit of the modified Einstein
equations, the resulting gravitational potential is modified with respect to Newtonian case
by a Yukawa-like correction term. This correction produces different effects on small and
large scales: below a certain length scale a repulsive gravitational force that suppresses
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gravity at galactic, sub-galactic or even smaller scales is present and stabilises the system,
and above the same length scale this repulsive force becomes weaker and Newtonian
gravity is recovered with an effective larger gravitational constant [258]. The resulting
potential is [258]:

φeff(~x) = −GN

∫
ρ(~x′)∣∣∣~x− ~x′

∣∣∣
[
1 + α− α× exp

(
−µ
∣∣∣~x− ~x′

∣∣∣)] d3~x′, (2.14)

where ρ is the mass density of the self-gravitating system, µ, given by the inverse of the
length scale, is function of the mass of the system, α = (G∞ −GN)/GN, G∞ is the modi-
fied gravitational constant at infinite distance from the system, and GN is the Newtonian
gravitational constant. MOG is successful at extragalactic and cosmological scales, prop-
erly reproducing gravitational lensing effects [259, 260], the X-ray and Sunyaev-Zel’dovich
emissions from clusters of galaxies [261, 259, 262, 263, 264], and the accelerated expansion
of the Universe [265, 266], mimiking the effect of DE.

However, the successes of MOG on galaxy scale are more controversial. Despite some
successes found at earlier times, more recent results seem to disfavour the theory. At
first, it was believed that MOG could solve the cusp/core problem. Indeed, the poten-
tial (2.14) can properly reproduce the rotation curves of both the HSB and the LSB
galaxies in the THINGS sample with a unique combination of µ and α parameters, equal
to µ = 0.042 ± 0.004 kpc−1 and α = 8.89 ± 0.34 [258], and it can also describe the ro-
tation curves of less massive galaxies belonging to LITTLE THINGS catalogue, with µ
and α parameters different at most at 10% level [267]. Moreover, MOG might also re-
produce the RAR of SPARC galaxies [268] and the velocity dispersion of the ultra-diffuse
galaxy NGC 1052-DF2 [269, 270]. Yet, some inconsistencies with these results recently
emerged. A previous study where the rotation curve of the Milky Way was properly
fit by MOG [271] is at odds with a more recent one, where the data for R < 20 kpc
are badly described [272]. Moreover, MOG recovers the velocity dispersion profiles of the
dwarf spheroidal satellites of the Galaxy with mass-to-light ratios inconsistent with stellar
population synthesis models and with µ and α parameters in disagreement between the
different satellites [273], and it reproduces the velocity dispersion profile of the satellite
Antlia II with an unreasonable tangential stellar anisotropy parameter [274, 275]. These
results challenge the ability of MOG of solving the cusp/core problem. Furthermore,
MOG recently presented also an inconsistency on large scale, since a tension between the
normalisation of the power spectrum, σ8, predicted by MOG and measured by Planck
is present. Further studies are certainly needed to better investigate whether all these
incongruities represent a real problem for MOG.

Another class of models that is worth mentioning are those which attribute the effects
both of DM and of DE to a single cause that can be, for example, the presence of a scalar
field. The idea of a unified dark sector is theoretically justified and it is shared by different
models. Martin Kunz claimes that gravity can only probe the total energy momentum
tensor, implying a degeneracy between the dark components [276], and tries to constrain
this unique dark fluid in a model-independent way [277]. Moreover, the acceleration
scale coincidence [54], that is the fact that both DM and DE are regulated by the same
acceleration scale a0 (see Sect. 2.1.2), might further suggest a unification of the dark
sector. This idea is commonly known as Unified Dark Matter, Unified Dark Energy, or
quartessence [278, 279, 280] and includes different theories like the generalised Chaplygin
gas [281, 282, 283], the K-essence [284, 285], the fast transition models [286, 287], and
other models that assume the presence of condensates [288, 289, 290]. Other possibilities
are given by f(R) theories (e.g. [156]), mimetic gravity [291], and by models where the
cosmic acceleration emerges from interactions between DM and baryons [292].

One of the first models invoking a unique description of the DE and DM phenomenolo-
gies is Conformal gravity [293, 294]. This theory introduces a further local conformal
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invariance principle with respect to GR. Specifically, this additional symmetry makes the
action remain invariant under local conformal Weyl transformations of the metric [295]:

gµν(x)� φ(x)gµν(x), (2.15)

where x are the spacetime coordinates, gµν(x) is the metric tensor, and φ(x) is an arbitrary
function, regular and positively defined, of x [295]. Recent works involving this alternative
theory of gravity include [296, 297, 298, 295]. In [295] some issues in reproducing the
rotation curves of galaxies and gravitational lensing effects are presented, which requires
further investigation.

One of the most recent models implying a unified dark sector is the unified superfluid
dark sector [278], where a unique DM superfluid made of axion-like particles dominates
the Universe. In this superfluid, two energy states with an energy gap smaller than H0

coexist and can interact between each other. These interactions at the microscopic level
change the macroscopic bahaviour of the fluid, producing an accelerated expansion of
the Universe that mimics DE. This model can reproduce both the cosmological effect
that in ΛCDM is due to DE, and the phenomenology at the scale of galaxies of MOND
without facing some issues, like superluminal sound speeds or the need of a UV completion,
encountered by some of the previously mentioned models [278].

An even more recent and innovative model is the fuzzy dark fluid [299], where a single
scalar field can mimic, at the same time, the behaviours of DM, DE, and inflation by as-
suming a nonminimal coupling to the gravitational field, a Mexican hat-shape potential,
and a spontaneous symmetry breaking before the inflationary period. Also mimetic grav-
ity [291] provides a unified geometrical description for the behaviours usually attributed
to these three different phenomena.

In the work of this Ph.D. thesis, we present another theory of modified gravity, orig-
inally proposed by Matsakos and Diaferio in 2016 [300]. This theory is called Refracted
Gravity (RG) and it was formulated in a nonrelativistic way, aimed at reproducing the
phenomenology of DM on galactic scale without resorting to it, as MOND. Actually, RG
is based on a completely different idea from MOND but it is expected to share most of its
successes without encountering its failures. Recently, a relativistic version of this theory
has been developed [301] and it seems to simultaneously account for both the effects of
DE and DM, resorting to a single scalar field, entering in this way in the class of theories
based on the unified dark sector. In the following sections, we present the formulation
and the properties of RG and the tests we performed on galaxy scale, by describing the
dynamics of nearby disk and elliptical galaxies.
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Refracted Gravity

3.1 Formulation of RG theory

RG is a classical theory of gravity inspired to electrodynamics in matter which does not
imply the presence of DM [300]. An electric field within a dielectric medium with no free
charges is described by the following Laplace equation:

∇ · (ε ~E) = 0, (3.1)

where ε ≥ 1 is the electric permittivity. Following Eq. (3.1), an electric field line crossing
a surface that separates two different dielectric media with permittivities ε1 and ε2 is
refracted according to:

tanα1

tanα2

=
E2,⊥

E1,⊥
=
ε1
ε2
, (3.2)

where α1 and α2 are the refraction angles and “⊥” indicates the component of the field
perpendicular to the separating surface. In this refraction process, the component of
the field parallel to the interface does not vary whereas the perpendicular component
decreases. This means that, when the electric field crosses a dielectric medium with a
nonuniform permittivity, both its direction and its intensity change.

To explore a similar framework for gravity, RG field equations yield this modified
Poisson equation:

∇ · [ε(ρ)∇φ] = 4πGρ, (3.3)

where φ is the gravitational potential, and ε(ρ) is the gravitational permittivity, an arbi-
trary monotonic increasing function of the local mass density ρ with the following asymp-
totic limits:

ε(ρ) =

{
1, ρ� ρc

ε0, ρ� ρc.
(3.4)

In the above equation, 0 < ε0 ≤ 1 and ρc are the gravitational permittivity in vacuum
and the critical density, respectively, and are two of the three free parameters of the
theory. When the local density is much larger than ρc, Eq. (3.3) reduces to the Newtonian
Poisson equation (2.11), whereas, when the local density is much smaller than ρc, the
RG gravitational field is boosted with respect to the Newtonian case. Summarising, ε0
regulates the magnitude of this boost and ρc sets where the transition between the two
regimes occurs.

In principle, the gravitational permittivity could depend on other scalar quantities
besides the mass density ρ, like the total mechanical and thermodynamical energy or the
entropy. Yet, since these quantities are also function of the density, we might expect that
assuming a more complex dependence of the permittivity ε would return a phenomenology
consistent to the one resulting by adopting a permittivity dependent only on ρ.
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One possible expression for the gravitational permittivity, adopted in [300], is the
following:

ε(ρ) = ε0 + (1− ε0)
1

2

{
tanh

[
ln
(
ρ

ρc

)Q]
+ 1

}
. (3.5)

Besides ε0 and ρc, this expression contains a third free parameter, Q, which regulates the
steepness of the transition between the asymptotic limits of Eq. (3.4). In particular, the
larger its value, the steeper the transition. Figure 3.1 shows the trend of the gravitational
permittivity (3.5) for Q = 1/2, Q = 3/4, and Q = 2 with ε0 set to 0.25. We expect that ε0,
Q, and ρc are universal free parameters. Equation (3.5) provides only a possible expression
for the gravitational permittivity: any other equation that increases monotonically with
ρ and has the asymptotic limits of Eq. (3.4) is certainly viable.
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Figure 3.1: Gravitational permittivity for different values of Q. The black dashed line shows ε0 = 0.25. The figure is
from [97].

For spherically symmetric systems, the integration of Eq. (3.3) provides this expression
for the gravitational field:

∂φ

∂r
=

G

ε(ρ)

M(< r)

r2
, (3.6)

where M(< r) is the mass of the system within the spherical radius r. In this con-
figuration, RG field has the same direction and r-dependence as the Newtonian case,
proportional to r−2, in the most external regions, but, it is enhanced by 1/ε(ρ)1

For not-spherically symmetric systems, the expansion of the first member of Eq. (3.3),

∂ε

∂ρ
∇ρ · ∇φ+ ε(ρ)∇2φ = 4πGρ, (3.7)

shows that φ depends both on the density field ρ, according to the second term in the
left-hand side of the equation, as for spherical systems, and on its variation, according to
the first term in the left-hand side of the equation.

1Equation (3.6) shows that the gravitational field is ∝ r−2 in the vacuum, where both M(r) and ε(ρ) are constant. This
behaviour of the RG gravitational field does not necessarily contradict the observed velocity dispersion profiles of elliptical
galaxies [302, 303, 304] and of GCs [305, 306, 303, 307], or the external ρ ∝ r−3 mass density profiles of spherical stellar
systems [308] that suggest a gravitational field falling off as r−1. No astrophysical system is completely isolated and exactly
satisfies the conditions M(r) = const and ε(ρ) = const in its outer regions. Therefore, in principle, the permittivity ε(ρ)
can determine an r−1 behaviour of the gravitational field in each of these systems depending on the actual density field of
its environment.
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The term “ ∂ε
∂ρ
∇ρ · ∇φ” is responsible for the refraction of the field lines and, thus, the

analogy with the behaviour of the electric field in matter is evident for nonspherical sys-
tems, where this term is different from zero. In the external regions of flattened systems,
the acceleration boost that in Newtonian gravity is due to DM, in RG is explained by
the focussing of the field lines toward the mid-plane of the object. This means that RG
predicts that the flatter a system the larger its mass discrepancy when interpreted in New-
tonian gravity. Figure 3.2 illustrates the analogies and the differences between Newtonian
(top) and refracted (bottom) gravities for flat (left) and spherical (right) systems.

Figure 3.2: Analogies and differences between the gravitational field in Newtonian (top) and refracted (bottom) gravities
for flat (left) and spherical (right) systems. The figure is from [300].

In flat systems this redirection process implies the asymptotic behaviour ∂φ/∂R ∼√
a0 × |∂φN/∂R| ∝ R−1 for the radial component of the gravitational field, in low-density

environments at large distances R from the galaxy centre. In the above expression, φN

is the Newtonian potential and a0 is the MOND acceleration scale, set by the observed
normalisation of the BTFR. This asymptotic limit coincides with the low-acceleration
limit in MOND, which suggests that the successes of MOND on the scale of galaxies
might be shared by RG. Instead, for the vertical component of the gravitational field,
∂φ/∂z, the asymptotic behaviour is ∂φ/∂z ∼ 0, which means that the field lines are
refracted parallel to the galaxy equatorial plane.

The proportionality of RG field to r−2 in the external low-density regions of spherical
bodies and to R−1 in the external low-density regions of flattened systems guarantees the
preservation of the Gauss theorem in both cases [300].

Matsakos and Diaferio reported the first encouraging results of RG theory: they showed
that RG can model the BTFR, the rotation curves of two disk galaxies, the HSB NGC 6946
and the LSB NGC 1560, and the intracluster gas temperature profile from the hydrostatic
equilibrium equation and the ideal-gas equation of state of two galaxy clusters, A1991
and A1795. For this reason RG certainly deserves further investigation. These results are
shown in Fig. 3.3.

3.2 Applications of RG on galaxy scale

RG seems to describe the phenomenology on galaxy scale. RG describes the flatness of
rotation curves in disk galaxies thanks to the focussing of the field lines in the external

35



Chapter 3. Refracted Gravity

Figure 3.3: First encouraging results obtained by Matsakos and Diaferio with RG: the BTFR (top panel), the fit to the
rotation curves of the HSB and LSB galaxies NGC 6946 and NGC 1560 (bottom left panels), and the fit to the temperature
profile of the intracluster hot X-ray emitting gas of two galaxy clusters, A1991 and A1795 (bottom right panels). The figure
is adapted from [300].

regions of these systems. As MOND, RG can also describe the difference between the
dynamical features of high and low surface brightness galaxies. If interpreted in Newtonian
gravity, LSB galaxies are more DM-dominated than HSB galaxies and they show large
mass discrepancies even in their innermost regions, whereas the dynamics of HSB galaxies
can be recovered with the “maximum disk hypothesis”. If we assume that light traces mass,
RG explains the difference between these two classes of galaxies because, when the mass
density of HSB galaxies is still above the critical value, the mass density of LSB galaxies
is already below it and, thus, RG gravitational field is already boosted with respect to
the Newtonian case. This could provide a natural solution for the cusp/core problem.

Moreover, the prediction of RG that the flatter a system the larger its mass discrep-
ancy can explain some observed phenomenology. This is in agreement with the prelimi-
nary analysis of Alexander Deur [82, 83], which shows the existence of a monotonically
increasing relation between the ellipticities and the total mass-to-light ratios of elliptical
galaxies. This prediction of RG might also account for the difference in the dynamics of
dwarf galaxies and GCs. The two systems have similar baryonic masses, but very differ-
ent dynamical features, the former showing large mass discrepancies even in their most
internal regions, and the latter being DM-free, when interpreted in Newtonian gravity.
According to RG, this difference can be due to their diverse shape, since dwarf galaxies
are flattened systems and GCs show a spherical morphology.
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3.3 Applications of RG on cluster scale

As already stated, RG properly models the intracluster hot gas temperature radial profiles
of two galaxy clusters, A1991 and A1795, having different gas temperatures [309] (see the
bottom right panels of Fig. 3.3). Matsakos and Diaferio modeled the two profiles from
the ideal-gas equation of state and the hydrostatic equilibrium equation derived from
the RG gravitational field obtained, in turn, from Eq. (3.3) assuming a spherical density
model. The two temperature predictions resulted in agreement with the data taken from
the Chandra satellite [309]. An interesting application of RG would be to extend this
study to a larger sample of galaxy clusters, to assess whether RG always provides a good
modelling. Furthermore, a less simplified model could be formulated, for example by
including the mass profiles of the single galaxies by exploiting the results from N -body
simulations, to verify if the modelling could be even further improved. We have to keep
in mind that modelling the temperature profiles of galaxy clusters is complicated by a
series of uncertainties due to the equation of state, the entropy profiles, the inflows, the
outfows, and the turbulent motions of the hot X-ray emitting gas causing local deviations
from the hydrostatic equilibrium status (e.g. [310]). They should be certaintly taken into
account when interpreting the results obtained with RG.

Another aspect of RG on cluster scale which could be explored is how the gravita-
tional interaction between galaxies in galaxy groups and clusters would behave. These
interactions are not trivial to treat in RG, since the field lines in each galaxy suffer from
redirection in low-density regions. Yet, we could simplify this configuration and we could
assume that the gravitational field at large distances from the centre in each galaxy de-
screases ∝ R−1 and that the only difference with respect to Newtonian gravity is that it
is enhanced by ε−1

0 . This would imply the following expression for the BTFR extended to
galaxy groups and clusters:

σ4
V = GAf

km

ε0
, (3.8)

where σV is the velocity dispersion of the galaxies in the cluster, k is the number of
galaxies, m is the mass of each galaxy, A is the normalisation of the BTFR, and f < 1 is
a geometric factor that accounts for the fact that, since the geometry of the RG field in
disk galaxies is anisotropic, only a fraction of the k galaxies belonging to the clusters will
cross the plane of a certain disk galaxy where the force is ∝ R−1. The comparison of this
predicted extended BTFR with the observed one for galaxy groups and clusters would
provide another test for RG and a method to constrain both ρc and ε0. Particularly, it
would be able to set a lower bound for ρc.

3.4 Comparison between RG and MOND theories

RG and MOND Poisson equations (Eqs. (3.3) and (2.9), respectively) have the same
structure but are only formally similar. Indeed, whereas the MOND interpolating func-
tion, µ, depends on the gravitational field or acceleration, ∇φ, which is a vector quantity,
the gravitational permittivity, ε, depends on its source, ρ, which is a scalar quantity.
Moreover, wherever the acceleration is much below a0, the field dependence in MOND
departs from the Newtonian case, being proportional to r−1. This is true for RG and
the critical density, ρc, only in the external regions of flat systems, like disk galaxies,
whereas is no more true in the external regions of spherical systems, where the field is
magnified but its trend remains Newtonian and proportional to r−2. This guarantees, in
RG, the preservation of the Gauss theorem both for flattened and for spherical systems,
whereas, in MOND, Gauss theorem is preserved only for flattened systems. Spherical
systems, like globular or galaxy clusters, are, thus, the best places to test the differences
between these two theories of modified gravity. In particular, RG might naturally explain
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the dynamics of GCs that MOND cannot properly describe (see Sect. 3.2). Having three
more parameters than MOND, where one of them is ε0 that regulates the magnitude
of the acceleration boost, RG might fully account for the mass discrepancy observed in
galaxy clusters that MOND cannot explain, as suggested by the first tests performed by
Matsakos and Diaferio [300].

Despite the potential improvements that RG could offer with respect to MOND in
describing some phenomenology on galaxy and cluster scales, it should be pointed out
that several pieces of evidence favour the idea that Newtonian gravity breaks down where
the acceleration is small, and this occurs below a very precise acceleration scale set by
observations (e.g. [42, 43, 44]). This could strongly support MOND with respect to RG,
since the same could not be said for low density regions and the critical density.

Still concerning the comparison between the RG and MOND theories of gravity, it is
also interesting to discuss the differences between RG and the dipole DM model. In the
dipole DM model [311, 312, 313, 314, 315] the phenomenology described by MOND is
reproduced by a framework that includes both standard CDM particles and a dark fluid
subjected to a polarisation in a gravitational field, similar to the electrostatic polarisation
of a dielectric medium, induced by the presence of a vector field [315]. Even if both the
dipole DM model and RG refer to electrodynamics, they are based on two completely
different approaches. Indeed, whereas in RG the connection to electrodynamics does not
go beyond the phenomenological formulation of the modified Poisson equation (3.3), in
the dipole DM model the polarisation is a real phenomenon.

3.5 A covariant extension of RG

Recently, Sanna, Matsakos and Diaferio have worked on a relativistic formulation of
RG [301]. The formulation of RG offers another advantage with respect to MOND.
The transition from a Newtonian regime to a regime of modified gravity driven by the
gravitational acceleration has made the construction of a covariant formulation of MOND
considerably challenging (e.g. [253]). Instead, the adoption of a scalar quantity, like the
mass density, appears to make RG expandable in a covariant sense. RG might be re-
formulated as a scalar-tensor theory (see Sect. 2.2.1) which includes the presence of a
single scalar field, ϕ, nonminimally coupled to the gravitational field. The RG Poisson
equation (3.3) can be recovered as the weak field limit of the modified Einstein equations
derived from the scalar-tensor action if ϕ coincides with the gravitational permittivity
ε(ρ). Being associated with the gravitational permittivity, the scalar field is responsible
for the phenomenology that in Newtonian gravity is associated to DM. The same field
is also responsible for the accelerated expansion of the Universe, that is it explains the
phenomenology that in GR is attributed to DE [301].

The fact that a single scalar field can mimic both the behaviours that in GR are due to
DE and DM, classifies RG in the group of theories of modified gravity involving the unified
dark sector (see Sect. 2.2.2). Moreover, the fact that in RG the modification of gravity
depends on the local density and that, in particular, Newtonian gravity is recovered
in high-density regions, reminds the screening mechanism, which hide the effect of the
fifth force mediated by the scalar field in the same regions (see Sect. 2.2.1). Given the
present formulation of relativistic RG, this theory should employ the Vainshtein screening
mechanism (see Sect. 2.2.1), which prevents the theory to violate the weak equivalence
principle [301, 316].

In this work, we intend to study if RG can model the dynamics of real galaxies. This is
an essential test to perform, before investigating RG in its relativistic version. Specifically,
we model, at the same time, the rotation curves and the vertical velocity dispersions of
30 disk galaxies in the DiskMass Survey (DMS) [317, 97], and the velocity dispersions
of stars and GCs of three elliptical E0 galaxies in the SLUGGS survey [76, 318]. In the
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sections below, we present the results of these two analyses, where we adopt the Hubble
constant H0 = 73 km s−1 Mpc−1 [319, 320]. This value of the Hubble constant is adopted
by Martinsson and coauthors for their analysis with DMS galaxies [320].
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Chapter 4

Dynamics of disk galaxies in RG: the
DiskMass Survey1

To test the viability of RG, we model the observed dynamics of disk galaxies. To provide
the most stringent tests of the full dynamics of a disk galaxy, rather than modelling
rotation curves alone, we consider a sample of galaxies where both the rotation curves and
the velocity dispersion profiles, in the direction perpendicular to the disk, are available.
The DMS [317, 321, 322, 323, 320, 324] provides a sample that is fitting for our purpose:
it contains 46 galaxies from the Uppsala General Catalogue (UGC) whose disks appear
close to face-on and for 30 galaxies the measures of both the rotation curves and the
vertical velocity dispersion profiles are publicly available.

The dynamics of this galaxy sample was already modelled with other theories of grav-
ity. The DMS collaboration performed the modelling in Newtonian gravity, by adopting
the disk-scale heights derived from the observations of edge-on galaxies [321], obtaining
sub-maximal disks, with mass-to-light ratios systematically smaller than the predictions
from stellar population synthesis (SPS) models [325]. Instead, Angus and coauthors
used the DMS sample to test MOND [326]. MOND reproduces the kinematic profiles of
these galaxies with mass-to-light ratios in agreement with the SPS values but with disk-
scale heights systematically smaller than those inferred from the observations of edge-on
galaxies. Milgrom [327], however, pointed out that this inconsistent disk thickness might
originate from an observational bias: the measured velocity dispersion is inferred from the
absorption lines near the V -band of the integrated spectra, which are dominated by the
younger stellar population [328]; this measured velocity dispersion is thus smaller than the
velocity dispersion of the older stellar population which sets the estimate of the disk-scale
height from near infrared photometry of edge-on galaxies [329, 330, 331, 332, 333, 321].
This bias would also explain the low mass-to-light ratios estimated by the DMS collab-
oration because the disk surface mass density is proportional to the ratio between the
velocity dispersion and the disk-scale height and it is thus underestimated [328]. The
analysis of the dynamics of DMS galaxies that we present here could also be affected by
this bias.

To test RG, we first model the rotation curves of the DMS galaxies alone and then
we provide a unique constraint of RG parameters from both the rotation curves and the
vertical velocity dispersions at the same time. Moreover, to further test RG theory, we
also model the RAR of DMS galaxies, since the RAR very clearly quantifies the mass
discrepancy on galaxy scale. In the following sections, we detail the analysis we perform
to investigate the dynamics of DMS galaxies in RG.

1The results in this chapter are published in [97].
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4.1 Modelling the rotation curves alone of the DMS galaxies

To test whether RG can describe the dynamics of disk galaxies, we first consider the
rotation curves of the 30 published galaxies of the DMS catalogue on their own [317, 321,
322, 323, 320, 324].

Disk galaxies can be modelled as axisymmetric systems. For an axisymmetric mass
density distribution ρ(R, z), the Poisson equation (3.3) returns the gravitational potential
φ(R, z) that, in turn, yields the rotation curve (2.2) on the disk plane, z = 0.

We model each disk galaxy with a stellar disk, a stellar bulge, and an interstellar gas
disk separated into an atomic and a molecular component. The stellar disk is described by
a linear interpolation of the measured radial surface brightness and by an exponentially
decreasing density profile along the vertical axis. The stellar bulge is described by a Sérsic
profile. The details of our model of the mass distribution are given in Appendix A.

To model the galaxy rotation curves, we estimate the RG potential by numerically
solving the Poisson equation (3.3) with a successive over relaxation algorithm described
in Appendix B. We then perform the numerical derivative of the potential to obtain the
rotation curve from Eq. (2.2). In our model, the rotation curve depends on two parameters
describing the galaxy, namely the disk mass-to-light ratio, Υ, and the disk-scale height,
hz, and on the three parameters of the RG gravitational permittivity: ε0, Q, and ρc.

We adopt the same mass-to-light ratio for the bulge and the stellar disk because, in
our sample, the galaxy luminosity is dominated by the disk (see Appendix A); assuming
a different mass-to-light ratio for the bulge only introduces an additional free parame-
ter without substantially improving the galaxy model. We explore this five-dimensional
parameter space with a Monte Carlo Markov Chain (MCMC) algorithm.

We assume a Gaussian prior for the two galaxy parameters Υ and hz and a flat prior
for the three RG parameters. Specifically:

1. For the mass-to-light ratio Υ in the K-band, adopted for the measurement of the
surface brightness of the DMS galaxies, we use a Gaussian prior; the first moment of
the Gaussian is the value derived from the SPS models of [325] applied to the DMS
galaxies; for these galaxies the B − K colour ranges from 2.7 (UGC 7244) to 4.2
(UGC 4458) (see Table 1 in [320]). We set the second moment of the Gaussian to
three times the maximum errors derived from the SPS models for each galaxy. This
choice yields a second moment in the range of 0.21-0.36 dex.2 We set the Gaussian
tail to zero where Υ < 0.

2. For the disk-scale height hz, we adopt a Gaussian prior with mean hz,SR, where hz,SR
is the disk-scale height derived from the relation, reported in Eq. (A.12) in Appendix
A, between the observed disk-scale heights and the disk-scale lengths, inferred from
the observations of edge-on galaxies [321]. We set the standard deviation of the
Gaussian to three times the errors on hz,SR, which basically coincide with the intrinsic
scatter of the relation (A.12). On average, the error on hz,SR is 0.11 kpc for the DMS
galaxies. We set the Gaussian tail to zero where hz < 0.

3. For the vacuum permittivity ε0, we adopt a flat prior in the range of [0.10, 1]. In
principle, the full allowed range is [0, 1]; however, we do not explore values smaller
than 0.10 because the boost of the gravitational field would yield unphysically large
rotation velocities, of the order of ∼600− 1000 km s−1.

4. For Q, we adopt a flat prior in the range of [0.01, 2]. This parameter regulates the
steepness of the transition between the Newtonian and the RG regimes. Our range

2Setting the second moment of the Gaussian to three times the error from the SPS models, rather than just the error,
enables the MCMC analysis to explore a sufficiently extended range of Υ; in fact, the relative error on the SPS Υ’s is 16%,
on average, and, with the second moment of the Gaussian set to this value, the preferred value suggested by the MCMC
analysis would often be forced to be close to the SPS value, independently of the theory of gravity we want to test. The
same argument holds for the disk-scale height hz,SR, whose relative error is 22%, on average.
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explores from very smooth (Q = 0.01) to very steep transitions (Q = 2).

5. For log10 ρc, we adopt a flat prior in the range of [−27,−23], with the critical density
ρc in units of g cm−3. This range includes the two extreme values −27 and −24
considered by [300].

We adopt the Metropolis-Hastings acceptance criterion in our MCMC algorithm. The
random variate x at step i + 1 is drawn from the probability density G(x|xi), which
depends on the random variate xi at the previous step. For the probability density
G(x|xi), we adopt a multi-variate Gaussian density distribution with mean value xi; its
multiple standard deviations are 1/3 the standard deviation of the Gaussian priors, for Υ
and hz, and 10% of the prior ranges, for the three RG parameters. In our case, x is the
five-dimensional vector x = (Υ, hz, ε0, Q, log10 ρc). We adopt the likelihood,

L(x) = exp

[
−
χ2

red,RC(x)

2

]
, (4.1)

where,

χ2
red,RC(x) =

1

ndof,RC

NRC∑
i=1

[vmod(Ri;x)− vdata(Ri)]
2

v2
data,err(Ri)

, (4.2)

NRC is the number of data points of the rotation curve, vdata are the velocity measures at
the projected distance Ri with their uncertainty vdata,err, vmod is estimated with Eq. (2.2)
and ndof,RC = NRC − 5 is the number of degrees of freedom. If p(x) is the product of the
priors of the components of x, the Metropolis-Hastings ratio is:

A =
p(x)× L(x)

p(xi)× L(xi)

G(x|xi)
G(xi|x)

. (4.3)

If A ≥ 1, we set xi+1 = x, otherwise we set either xi+1 = x, with probability A, or
xi+1 = xi, with probability 1− A.

For the chain starting points, we adopt the values found by the DMS collaboration for
Υ and hz (see Table 1 of [326]); for the three RG parameters ε0, Q and log10 ρc, we set
0.30, 1.00, and −24.0, respectively. We run the MCMC algorithm for 19000 steps, after
a burn-in chain of 1000 steps. This number of steps guarantees the achievement of the
chain convergence. We check the chain convergence using the Geweke diagnostic [334]:
we compare the means of the first 10% of the chain steps, after the burn-in, with the
last 50% of the chain steps; we compare the means with a Gaussian test, adopting the
standard deviations of the two portions of the chains as the errors on the two means.
In every case, the Gaussian test shows that the two means coincide at a significant level
larger than 5%, suggesting that the chains converge.

As an example, Fig. 4.1 shows the posterior distributions for four galaxies. The poste-
rior distributions for the remaining galaxies are qualitatively very similar. The posterior
distributions show a single peak and we can thus adopt the medians of the posterior distri-
butions as our parameter estimates; the range between the 15.9 and the 84.1 percentiles,
thus including 68% of the posterior cumulative distribution centred on the median, defines
our 1σ uncertainty range on the parameter estimates. Table 4.1 lists the medians of the
parameters and their associated uncertainties.

We use these parameters to compute our rotation curve models. We collect all the
figures showing our results in Appendix E. We arrange the figures by galaxy, so that the
outcomes of the various analyses we perform here can be compared more easily.

The rotation curves estimated in this section are shown in sub-panels (d) of Figs. E.1–
E.7 as blue solid lines. The red dots with error bars are the DMS data. The vertical lines
show the size of the bulge we adopt. In some galaxies, the presence of the bulge produces,
at small radii, a relevant spike in the modelled rotation curve that is not present in the
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data. Other than these cases, the observed rotation curves are modelled relatively well.
Because we model the surface brightness of the disk with a linear interpolation of the
data (Appendix A), the model rotation curves capture some of the features appearing in
the measured rotation curves that have a correspondence in the surface brightness profile
of the disk (Renzo’s rule [335]); the galaxies UGC 1635, UGC 4555, UGC 6903, or UGC
7244 are some examples of this correspondence. Nevertheless, the rotation curves of a few
galaxies still have some features that are not described by the model, for example UGC
4036, UGC 4622 or UGC 8196.

The χ2
red,RC of Eq. (4.2) are listed in Table 4.1; they quantify the quality of the RG

model. In most cases, the large values of χ2
red,RC originate from a possible underestimation

of the error bars of the data, as suggested by the visual inspection of the sub-panels (d)
of Figs. E.1–E.7, rather than from an inappropriate modelling. The goodness of the
modelling does not show any significant trend with galaxy properties, like the value of
the central density or the bulge-to-disk luminosity ratio, and with the radial coverage of
the kinematic data, that goes from 1.88hR (UGC 1862) to 12.14hR (UGC 4368).

Table 4.1 also lists the mass-to-light ratio ΥSPS that we estimate for each galaxy with
the SPS models of [325] from the B−K colours listed in Table 1 of [320].3 Specifically, we
adopt the SPS model with a mass-dependent formation epoch with bursts and a scaled
Salpeter initial mass function (IMF) (see Table 1 of [325]). According to [325], this model
better reproduces (1) the trends in colour-based stellar ages and metallicities [338], (2)
the decrease in the colour-stellar mass-to-light ratio slope caused by modest bursts of star
formation, and (3) it has an IMF consistent with maximum disk constraints.

To somehow quantify the uncertainty on ΥSPS, for the error bar we adopt the range
covered by all the different models investigated by [325] based on a scaled Salpeter IMF
(see Table A3 of [325]). The resulting uncertainties are asymmetric and, except for three
galaxies, the lower limit of the error bar is 0 because, in these cases, our preferred SPS
model yields the smallest mass-to-light ratio among all the other models with the same
IMF. We neglect the models that adopt different IMFs, under the assumption that the
scaled Salpeter IMF can reasonably be considered universal [325]. We do not estimate the
SPS mass-to-light ratio for the galaxy UGC 3997, since [320] does not provide its B −K
colour.

The two mass-to-light ratios for each galaxy, namely, the ΥSPS and Υ derived from
our RG model, are shown in the left panel of Fig. 4.2. In Table 4.1 we list the difference
between these ratios in units of the uncertainties on the mass-to-light ratios. Our Υ’s
nearly cover the same range as the ΥSPS’s and the two mass-to-light ratios for the same
galaxy tend to agree with each other: for 23 out of 29 galaxies, they agree within 2σ; for
an additional five galaxies, they agree within 2.5 to 3.5σ; and for only one galaxy, they
are discrepant at more than 6.5σ.

The disk-scale height hz derived in RG tends to be larger than the scale height hz,SR
calculated with Eq. (A.12), as shown in the left panel of Fig. 4.3. Table 4.1 also lists their
ratios. Specifically, the RG hz is larger than hz,SR for 20 galaxies out of 30, and for nine
galaxies hz/hz,SR ≥ 2; among these nine galaxies, two have hz/hz,SR ≥ 5. The ten galaxies
with hz/hz,SR < 1 have thinner disks than expected because their gravitational potential
wells are shallow: in fact, their central disk surface brightness Id0 and their disk-scale
length hR are among the smallest in the sample, similarly to their rotation velocity and
vertical velocity dispersion profiles.

3We adopt the SPS models of [325], rather than more recent models of the relations between mass-to-light and colours
(e.g. [336, 337]) because [325] specifically compute these relations for the B − K colour, which is available in the DMS
sample.
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PROFILES

Figure 4.1: Examples of the posterior distributions for four galaxies. The quantities plotted are the two galaxy parameters
and the three RG parameters estimated from the rotation curves alone. The green dots locate the median values and the
yellow, red and black contours limit the 1σ, 2σ and 3σ regions, respectively.

4.2 Modelling the rotation curves and the vertical velocity dis-
persion profiles

The DMS sample enables a more comprehensive investigation of the dynamics of disk
galaxies because, in addition to the rotation curves, we have a measurement of their
stellar vertical velocity dispersion profiles. In fact, the DMS galaxies are close to face-on:
as illustrated in Appendix A, based on the Tully-Fisher relation (Eqs. (A.5) and (A.6)),
the estimated inclinations of the DMS galaxies are in the range of 5.8 − 45.3 deg (see
Table 5 of [320]). Therefore, combining the two kinematic pieces of information can
provide unique constraints on the dynamical properties of the galaxies and can represent
a stringent test for theories of modified gravity.

To model the stellar vertical velocity dispersion profile, we use the fact that our ax-
isymmetric model of the galaxy, illustrated in Appendix A, is described by a two-integral
distribution function f(E,Lz) and thus the velocity dispersions, σ(R, z), along the ver-

45



Chapter 4. Dynamics of disk galaxies in RG: the DiskMass Survey

Table 4.1: Parameters estimated from the rotation curves alone.

UGC Υ
[

M�
L�

]
ΥSPS

[
M�
L�

]
Υfit−ΥSPS√
σ2

Υfit
+σ2

ΥSPS

hz [kpc] hz
hz,SR

ε0 Q log10

(
ρc

[
g

cm3

])
χ2

red,RC

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

448 1.06+0.12
−0.16 0.64+0.07

−0.00 +2.88 0.52+0.65
−0.31 1.13 0.62+0.24

−0.31 0.78+0.84
−0.65 −26.03+1.06

−0.58 8.03

463 0.66+0.08
−0.08 0.64+0.07

−0.00 +0.22 0.66+0.60
−0.34 1.43 0.89+0.08

−0.14 0.92+0.73
−0.73 −25.37+1.82

−1.17 10.93

1081 0.61+0.21
−0.17 0.52+0.10

−0.00 +0.46 0.30+0.56
−0.18 0.77 0.55+0.16

−0.16 1.34+0.40
−0.74 −23.72+0.55

−1.65 16.34

1087 0.85+0.25
−0.32 0.58+0.08

−0.00 +0.92 0.22+0.32
−0.13 0.56 0.52+0.10

−0.11 0.78+0.56
−0.65 −25.78+1.81

−0.81 10.67

1529 1.09+0.11
−0.13 0.70+0.08

−0.00 +3.08 0.85+0.44
−0.31 1.93 0.79+0.12

−0.16 0.86+0.83
−0.74 −25.86+1.09

−0.85 42.03

1635 0.88+0.18
−0.14 0.61+0.07

−0.00 +1.64 0.18+0.27
−0.10 0.44 0.70+0.15

−0.16 0.60+0.79
−0.51 −24.48+1.19

−1.01 8.58

1862 0.74+0.38
−0.33 0.52+0.10

−0.00 +0.61 0.06+0.06
−0.03 0.23 0.64+0.19

−0.17 0.89+0.82
−0.75 −25.22+1.27

−1.34 23.16

1908 0.29+0.04
−0.04 0.67+0.07

−0.00 −6.72 2.91+1.11
−1.27 5.37 0.39+0.04

−0.04 1.86+0.13
−0.28 −23.86+0.10

−0.07 32.02

3091 0.87+0.21
−0.29 0.48+0.10

−0.00 +1.53 0.40+0.65
−0.23 0.95 0.52+0.12

−0.22 1.06+0.75
−0.87 −23.58+0.48

−1.41 11.62

3140 0.85+0.11
−0.13 0.64+0.07

−0.00 +1.66 0.65+0.46
−0.34 1.55 0.78+0.13

−0.17 0.77+0.82
−0.64 −25.63+1.70

−1.07 8.75

3701 0.70+0.24
−0.20 0.45+0.11

−0.00 +1.10 0.54+0.63
−0.37 1.26 0.25+0.07

−0.06 0.87+0.67
−0.49 −23.79+0.32

−1.27 2.13

3997 0.32+0.21
−0.10 - - 0.19+0.41

−0.12 0.33 0.23+0.14
−0.06 1.24+0.35

−0.20 −23.28+0.13
−0.21 22.90

4036 0.79+0.20
−0.22 0.50+0.10

−0.00 +1.34 0.54+0.48
−0.31 1.32 0.55+0.19

−0.17 0.70+0.77
−0.55 −25.52+1.61

−1.07 4.62

4107 0.82+0.18
−0.21 0.58+0.08

−0.00 +1.18 0.17+0.25
−0.08 0.40 0.81+0.11

−0.14 0.94+0.82
−0.62 −24.98+1.38

−1.45 8.06

4256 0.39+0.11
−0.12 0.52+0.10

−0.00 −1.00 1.19+0.95
−0.62 2.43 0.39+0.12

−0.13 0.95+0.64
−0.57 −25.63+0.77

−0.79 2.08

4368 1.03+0.15
−0.21 0.45+0.11

−0.00 +3.06 0.67+0.31
−0.26 1.86 0.40+0.09

−0.13 0.68+0.74
−0.53 −26.16+0.65

−0.58 12.25

4380 0.96+0.25
−0.32 0.52+0.10

−0.00 +1.50 1.06+0.93
−0.67 1.96 0.47+0.18

−0.19 0.83+0.82
−0.74 −24.06+0.92

−2.06 22.07

4458 0.55+0.04
−0.05 0.85+0.09

−0.06 −3.18 4.20+3.84
−2.65 5.25 0.77+0.15

−0.28 0.76+0.79
−0.56 −25.78+1.62

−0.95 2.83

4555 0.73+0.25
−0.30 0.48+0.10

−0.00 +0.88 0.12+0.15
−0.05 0.29 0.91+0.05

−0.19 1.28+0.51
−0.86 −24.53+0.97

−1.10 18.91

4622 0.69+0.33
−0.24 0.55+0.09

−0.00 +0.48 2.58+2.09
−1.53 3.69 0.45+0.18

−0.14 1.06+0.62
−0.95 −23.49+0.30

−1.24 15.47

6903 0.67+0.27
−0.13 0.52+0.10

−0.00 +0.73 0.10+0.07
−0.03 0.18 0.37+0.26

−0.10 0.62+0.42
−0.39 −25.95+1.76

−0.59 7.08

6918 0.41+0.06
−0.06 0.52+0.10

−0.00 −1.41 0.31+0.13
−0.09 1.48 0.41+0.12

−0.11 1.04+0.64
−0.60 −25.75+0.87

−0.72 4.13

7244 0.51+0.24
−0.19 0.41+0.12

−0.00 +0.44 0.72+0.53
−0.39 1.67 0.23+0.06

−0.06 0.79+0.69
−0.42 −24.74+0.73

−1.20 2.00

7917 0.97+0.14
−0.17 0.81+0.09

−0.04 +0.92 1.45+1.47
−0.91 2.10 0.85+0.11

−0.16 0.78+0.88
−0.64 −25.59+1.85

−1.06 7.14

8196 0.70+0.09
−0.11 0.77+0.08

−0.03 −0.60 1.69+1.18
−0.83 2.91 0.42+0.16

−0.15 0.71+0.76
−0.48 −25.69+0.99

−0.86 4.72

9177 0.83+0.38
−0.26 0.43+0.11

−0.00 +1.23 2.22+2.11
−1.44 3.26 0.46+0.19

−0.11 1.41+0.36
−0.63 −23.33+0.21

−0.69 11.46

9837 0.67+0.18
−0.14 0.64+0.07

−0.00 +0.18 0.76+1.38
−0.70 1.27 0.29+0.18

−0.07 0.93+0.39
−0.34 −23.47+0.34

−0.20 17.11

9965 0.83+0.18
−0.22 0.50+0.10

−0.00 +1.60 0.37+0.38
−0.17 0.86 0.78+0.15

−0.16 0.81+0.80
−0.63 −25.43+1.52

−1.05 3.16

11318 0.70+0.12
−0.13 0.67+0.07

−0.00 +0.22 1.40+1.05
−0.79 2.75 0.66+0.23

−0.31 0.89+0.74
−0.63 −25.52+1.59

−1.00 2.87

12391 0.99+0.13
−0.14 0.50+0.10

−0.00 +3.30 1.29+0.64
−0.46 2.87 0.37+0.26

−0.12 1.18+0.57
−0.66 −25.60+0.76

−0.80 11.58

Column 1: UGC number; Cols. 2, 5, 7, 8, 9: medians of the posterior distributions of the model parameters estimated from the
rotation curves alone; Col. 3: mass-to-light ratio derived with the SPS model; Col. 10: reduced chi-square, χ2

red,RC, from Eq. (4.2).
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Figure 4.2: Mass-to-light ratios estimated with RG from the measured rotation curves alone (ΥRC - left panel) and with
the rotation curves and the vertical velocity dispersion profiles (ΥRC+VVD - right panel) compared with the mass-to-light
ratios derived with the SPS model (ΥSPS), for each DMS galaxy. The black dashed line is the line of equality.

tical and radial axes, z and R, coincide [339, 340]. The system also satisfies the Jeans
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Figure 4.3: Disk-scale heights estimated with RG from the measured rotation curves alone (hz,RC - left panel) and with the
rotation curves and the vertical velocity dispersion profiles (hz,RC+VVD - right panel) compared with the disk-scale heights
inferred from the observations of edge-on galaxies (hz,SR, see Eq. (A.12) in Appendix A), for each DMS galaxy. The black
dashed line is the line of equality.

equation,
∂[ρ(R, z)σ2(R, z)]

∂z
+ ρ(R, z)

∂φ(R, z)

∂z
= 0 , (4.4)

where ρ(R, z) is the stellar density. The observed vertical velocity dispersion profile,
weighted by the local stellar surface density Σ∗(R), is

σ2
z(R) =

1

Σ∗(R)

∫ +∞

−∞
ρ(R, z)σ2(R, z)dz . (4.5)

By considering the contribution of the disk alone to Σ∗(R) and ρ(R, z), thus neglecting the
luminosity contribution of the bulge (see Appendix A), the stellar surface mass density
profile is:

Σ∗(R) =

∫ +∞

−∞
ρ∗(R, z)dz = ΥdId(R) , (4.6)

where ρ(R, z) = ρ∗(R, z) is our disk model, namely the surface brightness profile Id(R)
multiplied by exp(−|z|/hz)/(2hz) (Appendix A.1). Thus, combining Eqs. (4.5), (4.6),
and (4.4) yields:

σ2
z(R) =

1

hz

∫ +∞

0

[∫ +∞

z

exp

(
−|z

′|
hz

)
∂φ(R, z′)

∂z′
dz′
]
dz . (4.7)

We model the two kinematic profiles, the rotation curve (Eq. (2.2)), and the vertical
velocity dispersion profile (Eq. (4.7)), with the same MCMC algorithm illustrated in
Sect. 4.1. We adopt the same priors of Sect. 4.1.

The MCMC analysis considers the two kinematic profiles at the same time. We thus
define the single figure of merit,

χ2
red,tot(x) =

χ2
RC(x) + χ2

VVD(x)

ndof,tot

, (4.8)

where χ2
RC is Eq. (4.2) multiplied by ndof,RC, and

χ2
VVD(x) =

NVVD∑
j=1

[σz,mod(Rj,x)− σz,data(Rj)]
2

σ2
z,data,err(Rj)

(4.9)
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is derived from the vertical velocity dispersion profile, with NVVD the number of data
points of the vertical velocity dispersion profile, σz,data the velocity dispersion measured
at the projected distance Rj with their uncertainty σz,data,err, and σz,mod the velocity
dispersion model estimated with Eq. (4.7); finally ndof,tot = NRC +NVVD − 5 is the total
number of degrees of freedom.

We estimate the vertical velocity dispersion error bars, σz,data,err, by summing their
random (∼0.1 − 10 km s−1) and systematic (∼1 − 10 km s−1) uncertainties in quadra-
ture [324].

Figure 4.4 shows the posterior distributions for the same four galaxies shown in Fig. 4.1
for comparison. For the remaining galaxies, the posterior distributions are qualitatively
similar. Because the posterior distributions show a single peak, we adopt the medians of
the posterior distributions as our parameter estimates as in Sect. 4.1.

Table 4.2 lists the medians and the 15.9 and the 84.1 percentiles of the posterior
distributions. We adopt these percentiles as the 1σ uncertainty range. The blue solid lines
in the sub-panels (e) and (f) in Figs. E.1–E.7 in Appendix E show the model rotation
curves and the vertical velocity dispersion profiles with the median parameters listed
in Table 4.2. The red dots with error bars show the DMS data. As in Sect. 4.1, the
features of the observed rotation curves are captured by the models in most cases although
some discrepancies remain. Remarkably, the modelling of the rotation curves generally
improves, like in UGC 1087, UGC 3997, and UGC 9837. Also in this case, the quality of
the RG models does not present any trend either with the galaxy properties or with the
radial coverage of the kinematic data.

The right panel of Fig. 4.3 shows that the disk-scale heights hz required to model
the rotation curves and the vertical velocity dispersion profiles are substantially smaller
than the disk-scale heights hz,SR derived from Eq. (A.12), suggested by the observations
of edge-on galaxies. In sub-panels (f) of Figs. E.1–E.7, the cyan solid lines are the ver-
tical velocity dispersion profiles when we adopt the parameters of Table 4.2 except for
hz replaced by hz,SR. Comparing the left and the right panels of Fig. 4.3 confirms that
including the vertical velocity dispersion profiles in the modelling is responsible for re-
quiring substantially thinner disks than hz,SR; in fact, modelling the rotation curves alone
actually requires, sometimes, disks thicker than expected from Eq. (A.12).

This comparison supports the conclusion that the discrepancies between hz,RC+VVD
and hz,SR are derived from the fact that the two scale heights are inferred from two
different stellar populations: a younger stellar population dominating the observed vertical
velocity dispersion, hence hz,RC+VVD, and an older stellar population dominating the
surface brightness in the edge-on galaxy sample, hence hz,SR [328].

The general agreement between our results and those found by [326] for MOND also
confirms that, as anticipated in the introduction of this chapter, if this disagreement
between hz,RC+VVD and hz,SR is derived from an overlooked observational bias, it does not
suggest a possible tension between the data and the theory of gravity, either MOND or
RG.

This observational bias in the vertical velocity dispersion measure brings on conse-
quences for the estimate of the mass-to-light ratio. In fact, the velocity dispersion in-
creases with the disk thickness and with the intensity of the gravitational field originated
by the baryonic mass. By reducing the disk thickness, a larger mass must be attributed
to the baryonic component to reproduce the observed velocity dispersion field. Therefore,
our mass-to-light ratios are larger than the DMS values, as also occurs in MOND [326].
In fact, our mass-to-light ratios agree with the MOND ratios within 2σ for 29 out of 30
galaxies and within 2.13σ for UGC 11318.

Our estimated mass-to-light ratios are corroborated by the comparison with the SPS
values (Sect. 4.1). The right panel of Fig. 4.2 compares the mass-to-light ratios required
to model the rotation curves and the vertical velocity dispersion profiles with the mass-
to-light ratios derived from the SPS model. The RG mass-to-light ratios span the same
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range (∼0.3− 1.2 M�/L�) as the RG ratio derived by modelling the rotation curve alone
(left panel of Fig. 4.2), which nearly coincides with the range covered by the mass-to-light
ratios derived from the SPS models. For each individual galaxy, our estimated mass-to-
light ratio agrees with the mass-to-light ratio derived from the SPS model most of the
time: for 20 out of 29 galaxies, the two values agree within 2σ; for six galaxies, they agree
within 2 to 3σ; and for the remaining three galaxies, they are consistent within 3 to 5σ.
The largest discrepancy, 4.6σ, occurs for UGC 1908; this discrepancy is smaller, however,
than the 6.7σ discrepancy found in Sect. 4.1 with the modelling of the rotation curve
alone.

On the contrary, for 70% of the galaxy sample, the mass-to-light ratios estimated by
the DMS collaboration are at least a factor of 2 smaller than the SPS values and their
disks turn out to be sub-maximal [326, 328]. Despite these discrepancies, the large error
bars associated with the DMS mass-to-light ratios make them agree within 3σ with the
SPS values (see Table 1 of [326]).

To test RG, we have modeled the rotation curves alone and the rotation curves and the
vertical velocity dispersion profiles at the same time, for each DMS galaxy. Instead, we
have not considered the only vertical velocity dispersion profiles, which is an additional
consistency check that should be taken into account in future works. However, given the
limited radial extension of the vertical velocity dispersion profiles that in some cases cover
regions of densities above ρc, this kinematic piece of information would not be so relevant
to constrain the property of the theory. Indeed, we can see by comparing the values of
Tables 4.1 and 4.2 that the RG parameters are weakly affected by the introduction of the
vertical velocity dispersions in the modelling.

4.2.1 The observational bias in the vertical velocity dispersion profile

As mentioned above, the estimate of the vertical velocity dispersion profile is likely to be
affected by an observational bias. Therefore, the disk thickness obtained by modelling
this profile might give a severe underestimation of the real value. Here, we want to
quantify how correcting the vertical velocity dispersions by an appropriate factor can give
disk thicknesses that are consistent with the observations of edge-on galaxies and with
mass-to-light ratios still consistent with the SPS models.

Aniyan and coauthors [328] model what we would observe in the disk of a typical ex-
ternal face-on galaxy by selecting a sample of giant stars simulated in the Milky Way from
the on-line Besançon model [341]. This model describes the main structural components
and stellar populations of the Milky Way and includes recipes for galactic reddening, star
formation history, and dynamical evolution [341, 328]. For their simulated star sample,
Aniyan and collaborators [328] choose giant stars of spectral type G8III - K5III, with
luminosity in the range of −3 ≤MV ≤ +3, and colour in the range of 0.8 ≤ B−V ≤ 1.8,
within a cylindric volume, centred on the Sun and perpendicular to the Galactic disk, of
radius 2 kpc and height 10 kpc. They assume a star formation and a dynamical history
similar to the solar neighbourhood.

From the simulated sample, they extract the vertical velocity dispersion integrated
vertically through the disk by considering either the entire stellar population (σ1) or
the dynamically hotter and older giant component alone (σ2). They estimate that η =
σ2/σ1 = 1.55 ± 0.02. Now, observationally, the disk-scale heights are inferred from mea-
sures of the surface brightness that is dominated by the old hot giants, which have a larger
vertical velocity dispersion, whereas the younger stellar population mostly contributes to
the spectral signal used to derive the observed velocity dispersion. Therefore, according
to the result of [328], assuming a single stellar population to interpret the vertical velocity
dispersions and the disk-scale height at the same time introduces a bias that originates
an underestimate of the disk thickness.

Here, we estimate this observational bias with the ratio between the expected vertical

49



Chapter 4. Dynamics of disk galaxies in RG: the DiskMass Survey

Table 4.2: Parameters estimated from the rotation curves and the vertical velocity dispersion profiles.

UGC Υ
[

M�
L�

]
ΥSPS

[
M�
L�

]
Υfit−ΥSPS√
σ2

Υfit
+σ2

ΥSPS

hz [kpc] hz
hz,SR

ε0 Q log10

(
ρc

[
g

cm3

])
χ2

red,tot

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

448 0.94+0.08
−0.20 0.64+0.07

−0.00 +2.06 0.22+0.06
−0.05 0.48 0.60+0.26

−0.37 0.57+0.72
−0.51 −25.82+1.07

−0.80 5.32

463 0.56+0.04
−0.06 0.64+0.07

−0.00 −1.25 0.25+0.07
−0.07 0.54 0.90+0.07

−0.12 1.09+0.60
−0.70 −25.07+1.29

−1.42 6.71

1081 0.66+0.13
−0.15 0.52+0.10

−0.00 +0.94 0.24+0.06
−0.05 0.62 0.53+0.19

−0.15 0.92+0.76
−0.59 −24.54+1.02

−1.57 8.38

1087 0.81+0.11
−0.14 0.58+0.08

−0.00 +1.69 0.19+0.04
−0.03 0.49 0.52+0.14

−0.13 0.85+0.63
−0.67 −25.53+1.20

−0.91 3.53

1529 0.80+0.08
−0.10 0.70+0.08

−0.00 +1.02 0.24+0.06
−0.05 0.55 0.74+0.09

−0.07 1.11+0.55
−0.75 −25.02+0.96

−1.35 16.35

1635 0.75+0.12
−0.09 0.61+0.07

−0.00 +1.20 0.11+0.02
−0.02 0.27 0.66+0.18

−0.14 0.76+0.59
−0.51 −25.39+1.68

−1.29 4.91

1862 1.01+0.19
−0.24 0.52+0.10

−0.00 +2.17 0.13+0.04
−0.03 0.50 0.46+0.22

−0.17 0.84+0.74
−0.65 −24.28+0.94

−1.68 6.23

1908 0.34+0.05
−0.06 0.67+0.07

−0.00 −4.57 0.50+0.09
−0.09 0.93 0.37+0.09

−0.09 0.59+0.71
−0.32 −25.51+0.84

−0.98 16.91

3091 0.74+0.15
−0.16 0.48+0.10

−0.00 +1.55 0.15+0.03
−0.02 0.36 0.53+0.18

−0.14 0.82+0.80
−0.66 −24.86+1.22

−1.58 2.82

3140 0.75+0.06
−0.06 0.64+0.07

−0.00 +1.53 0.28+0.04
−0.04 0.67 0.78+0.13

−0.15 0.76+0.74
−0.56 −25.91+1.52

−0.83 8.90

3701 0.73+0.28
−0.23 0.45+0.11

−0.00 +1.05 0.25+0.09
−0.07 0.58 0.26+0.09

−0.07 0.78+0.79
−0.45 −24.15+0.64

−1.10 2.09

3997 0.97+0.31
−0.23 - - 0.18+0.06

−0.05 0.31 0.47+0.17
−0.11 1.27+0.51

−0.66 −23.68+0.48
−1.39 13.63

4036 0.72+0.09
−0.10 0.50+0.10

−0.00 +1.97 0.26+0.05
−0.05 0.63 0.58+0.19

−0.13 0.97+0.67
−0.68 −25.94+1.03

−0.78 5.20

4107 0.77+0.08
−0.10 0.58+0.08

−0.00 +1.93 0.16+0.03
−0.03 0.38 0.78+0.14

−0.14 0.62+0.82
−0.49 −25.45+1.82

−1.12 5.84

4256 0.29+0.08
−0.09 0.52+0.10

−0.00 −2.23 0.35+0.10
−0.07 0.71 0.37+0.13

−0.11 0.99+0.65
−0.64 −25.99+0.74

−0.63 2.10

4368 0.88+0.13
−0.17 0.45+0.11

−0.00 +2.66 0.42+0.17
−0.16 1.17 0.43+0.07

−0.07 0.84+0.78
−0.52 −26.05+0.72

−0.64 9.20

4380 0.79+0.11
−0.09 0.52+0.10

−0.00 +2.41 0.24+0.04
−0.04 0.44 0.54+0.18

−0.15 0.28+0.92
−0.20 −25.98+1.27

−0.73 8.40

4458 0.53+0.03
−0.03 0.85+0.09

−0.06 −3.75 0.86+0.48
−0.30 1.08 0.77+0.15

−0.22 1.02+0.64
−0.72 −26.08+1.24

−0.73 3.08

4555 0.88+0.10
−0.14 0.48+0.10

−0.00 +3.08 0.19+0.09
−0.06 0.45 0.89+0.09

−0.10 0.89+0.89
−0.60 −25.33+1.69

−0.89 11.55

4622 0.71+0.14
−0.14 0.55+0.09

−0.00 +1.08 0.37+0.12
−0.09 0.53 0.58+0.17

−0.12 1.30+0.47
−0.53 −25.14+1.05

−1.15 6.06

6903 0.61+0.19
−0.27 0.52+0.10

−0.00 +0.38 0.10+0.07
−0.03 0.18 0.33+0.14

−0.10 1.11+0.84
−0.57 −25.04+1.38

−0.58 8.47

6918 0.35+0.06
−0.06 0.52+0.10

−0.00 −2.18 0.21+0.07
−0.06 1.00 0.42+0.15

−0.12 0.96+0.66
−0.59 −25.71+0.99

−0.79 4.10

7244 0.51+0.14
−0.16 0.41+0.12

−0.00 +0.62 0.37+0.10
−0.08 0.86 0.22+0.07

−0.06 0.85+0.64
−0.49 −25.17+0.75

−1.16 3.41

7917 0.80+0.09
−0.12 0.81+0.09

−0.04 −0.08 0.44+0.14
−0.11 0.64 0.81+0.14

−0.19 1.01+0.61
−0.74 −25.86+1.02

−0.76 4.60

8196 0.70+0.05
−0.05 0.77+0.08

−0.03 −0.90 1.15+0.25
−0.20 1.98 0.43+0.17

−0.13 1.07+0.60
−0.60 −26.17+0.63

−0.56 12.51

9177 0.86+0.23
−0.20 0.43+0.11

−0.00 +1.89 0.36+0.11
−0.12 0.53 0.55+0.20

−0.10 1.25+0.51
−0.62 −24.65+1.05

−1.78 6.39

9837 0.76+0.13
−0.10 0.64+0.07

−0.00 +0.95 0.18+0.05
−0.07 0.30 0.35+0.06

−0.04 1.11+0.54
−0.41 −23.57+0.29

−0.16 3.24

9965 0.66+0.07
−0.08 0.50+0.10

−0.00 +1.70 0.19+0.04
−0.03 0.44 0.75+0.15

−0.17 0.88+0.56
−0.60 −25.67+1.32

−0.85 2.21

11318 0.65+0.07
−0.07 0.67+0.07

−0.00 −0.25 0.36+0.05
−0.04 0.71 0.72+0.17

−0.29 1.37+0.44
−0.65 −25.68+0.81

−0.96 37.53

12391 0.60+0.08
−0.13 0.50+0.10

−0.00 +0.83 0.37+0.08
−0.07 0.82 0.39+0.09

−0.12 0.61+0.71
−0.42 −25.67+0.99

−0.83 8.02

Column 1: UGC number; Cols. 2, 5, 7, 8, 9: medians of the posterior distributions of the model parameters estimated from the
rotation curves and the vertical velocity dispersion profiles; Col. 3: mass-to-light ratio derived with the SPS model; Col. 10:
χ2

red,tot (Eq. 4.8).

velocity dispersions computed with the parameters inferred from the rotation curves alone
(Table 4.1) and the measured vertical velocity dispersion profiles. We adopt the following
procedure: (1) for each galaxy, we use Eq. (4.7) to compute the expected vertical velocity
dispersion, according to the parameters of Table 4.1; (2) at each radial coordinate, we
compute the ratio between the expected and the measured vertical velocity dispersions
and we estimate the mean of these ratios along the radial profile of each of the 30 galaxies;
(3) we then estimate the mean, η′, of these 30 means and their standard deviation. Thus,
we obtain η′ = 1.63 ± 0.65, which agrees within 0.12σ with the value 1.55 ± 0.02 found
by [328].

To quantify the effect of this bias on the estimate of the disk thickness, we now repeat
the analysis presented in Sect. 4.2 for five galaxies where we artificially increase the vertical
velocity dispersion profile by a factor of 1.63. We choose five galaxies with a hz-to-hz,SR
ratio smaller than 0.5: UGC 1635, UGC 3091, UGC 4107, UGC 4555, and UGC 9965.
We also model the kinematics of these galaxies in MOND where, as free parameters, we
only have the galactic parameters Υ and hz. For the MCMC analysis, we use the same
priors as above.

To model the galaxies in MOND, we derive the MOND potential by solving the Poisson
equation in the QUMOND formulation of MOND [243]:

∇2φ = ∇ ·
[
ν

(
|∇φN|
a0

)
∇φN

]
, (4.10)
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4.2. MODELLING THE ROTATION CURVES AND THE VERTICAL VELOCITY DISPERSION
PROFILES

Figure 4.4: Four examples of posterior distributions of the two galaxy parameters and of the three RG parameters estimated
from the rotation curves and the vertical velocity dispersion profiles at the same time. The green dots locate the median
values and the yellow, red and black contours show the 1σ, 2σ and 3σ levels, respectively.

where φN is the Newtonian potential, a0 = 1.2×10−10 m s−2 = 3600 kpc−1 (km s−1)2 is the
MOND critical acceleration, and ν is the interpolating function regulating the transition
between the Newtonian and the MOND regimes. We use the ‘simple ν-function’ [54, 326],

ν(y) =
1

2

(
1 +

√
1 +

4

y

)
. (4.11)

Tables 4.3 and 4.4 list the medians and percentile ranges of the posterior distributions
in RG and QUMOND, respectively. As expected, hz increases by a factor between 2.07
(found for UGC 3091 in QUMOND) and 2.89 (found for UGC 4555 in QUMOND) with
respect to the values obtained in Sect. 4.2 (see Tables 4.2, 4.3, and 4.4). For UGC 1635
and UGC 3091, the disk-scale heights are still smaller than the values expected from the
observations of edge-on galaxies, but their hz-to-hz,SR ratios still increase to values greater
than 0.5.

The agreement between the RG mass-to-light ratios estimated in the current section

51



Chapter 4. Dynamics of disk galaxies in RG: the DiskMass Survey

and the SPS values worsens compared to Sect. 4.2, but for four out of five galaxies, it
is within 4σ. QUMOND mass-to-light ratios tend to be closer to the SPS values than
the RG mass-to-light ratios: their agreement with their SPS expectations is within 3σ for
four out of five galaxies. However, since the QUMOND mass-to-light ratios uncertainties
are smaller than in RG, the agreement between the QUMOND mass-to-light ratios and
the SPS values is formally worse than in RG for two out of five galaxies (UGC 1635 and
UGC 3091).

The sub-panels (i)-(l) of Figs. E.6–E.7 in Appendix E show the RG and QUMOND
models of the rotation curves and vertical velocity dispersion profiles (blue solid lines).
The vertical velocity dispersion data are increased by the factor 1.63 (red dots with error
bars). RG describes the rotation curves slightly better than QUMOND whereas both
theories describe the vertical velocity dispersion profiles equally well. Clearly, this better
performance of RG follows from the version of RG we adopt at this stage that, for each
galaxy, has three more free parameters than QUMOND.

Our QUMOND results of these five galaxies are comparable to the results of [326].
Specifically, we also find that the QUMOND rotation curves of UGC 3091 and UGC 9965
properly describe the data, whereas the QUMOND rotation curves of UGC 1635, UGC
4107 and UGC 4555 tend to underestimate the inner profile and to overestimate the outer
profile. Our vertical velocity dispersions are also comparable to [326], although their
models slightly uderestimate the most inner data point of UGC 1635 and UGC 3091.

Figure 4.5 compares the parameters estimated with RG with the original values of the
vertical velocity dispersion profile, σz(R) (Sect. 4.2), with the parameters obtained with
σz(R) increased by the factor of 1.63. These figures show that the three RG parameters
are not systematically affected by the increase of σz(R), whereas both Υ and hz tend
to be larger. Figure 4.6 compares Υ and hz obtained in RG and QUMOND with the
σz(R) values increased by the factor 1.63. The disk-scale heights are comparable in the
two theories of gravity whereas the mass-to-light ratios in RG are systematically larger
than in QUMOND. This systematic difference will be relevant in describing the RAR we
illustrate in Sect. 4.4.

Table 4.3: Parameters estimated in RG from the rotation curves and the vertical velocity dispersion profiles increased by the factor
1.63.

UGC Υ
[

M�
L�

]
ΥSPS

[
M�
L�

]
Υfit−ΥSPS√
σ2

Υfit
+σ2

ΥSPS

hz [kpc] hz
hz,SR

ε0 Q log10

(
ρc

[
g

cm3

])
χ2

red,tot

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

1635 0.82+0.15
−0.14 0.61+0.07

−0.00 +1.35 0.27+0.05
−0.04 0.66 0.56+0.11

−0.13 1.11+0.65
−0.69 −23.58+0.39

−0.86 5.66

3091 0.94+0.18
−0.21 0.48+0.10

−0.00 +2.23 0.33+0.04
−0.05 0.79 0.56+0.13

−0.12 0.99+0.70
−0.67 −23.82+0.63

−1.60 5.07

4107 0.96+0.09
−0.16 0.58+0.08

−0.00 +2.79 0.41+0.07
−0.08 0.98 0.78+0.14

−0.22 0.99+0.69
−0.84 −24.82+1.49

−1.59 7.82

4555 1.07+0.08
−0.11 0.48+0.10

−0.00 +5.28 0.52+0.16
−0.14 1.24 0.88+0.08

−0.16 0.88+0.70
−0.77 −25.10+1.47

−1.21 13.77

9965 0.88+0.07
−0.10 0.50+0.10

−0.00 +3.69 0.48+0.08
−0.06 1.12 0.68+0.21

−0.23 0.77+0.81
−0.59 −25.88+1.24

−0.83 4.42

Column 1: UGC number; Cols. 2, 5, 7, 8, 9: medians of the posterior distributions of the parameters estimated simultaneously,
in RG, from the observed rotation curves and the vertical velocity dispersion profiles increased by the factor 1.63; Col. 3:
mass-to-light ratio derived with the SPS model; Col. 10: χ2

red,tot (Eq. 4.8).
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Figure 4.5: Comparison between the parameters estimated with RG from the two kinematic profiles of five DMS galaxies
with the original values of σz(R) (Sect. 4.2) and the parameters estimated with RG from the two kinematic profiles with
σz(R) increased by the factor 1.63 (Sect. 4.2.1). The black dashed lines show the lines of equality.
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Table 4.4: Parameters estimated in QUMOND from the rotation curves and the vertical velocity dispersion profiles increased
by the factor 1.63.

UGC Υ
[

M�
L�

]
ΥSPS

[
M�
L�

]
Υfit−ΥSPS√
σ2

Υfit
+σ2

ΥSPS

hz [kpc] hz
hz,SR

χ2
red,tot

(1) (2) (3) (4) (5) (6) (7)

1635 0.70+0.04
−0.05 0.61+0.07

−0.00 +1.41 0.26+0.04
−0.04 0.63 7.58

3091 0.73+0.04
−0.04 0.48+0.10

−0.00 +3.90 0.31+0.05
−0.05 0.74 6.09

4107 0.60+0.04
−0.04 0.58+0.08

−0.00 +0.35 0.42+0.08
−0.07 1.00 12.91

4555 0.62+0.04
−0.03 0.48+0.10

−0.00 +2.19 0.55+0.19
−0.15 1.31 27.83

9965 0.52+0.04
−0.04 0.50+0.10

−0.00 +0.31 0.45+0.06
−0.05 1.05 5.74

Column 1: UGC number; Cols. 2, 5: medians of the posterior distributions of
the parameters estimated simultaneously, in QUMOND, from the observed rotation
curves and the vertical velocity dispersion profiles increased by the factor 1.63; Col.
3: mass-to-light ratio derived with the SPS model; Col. 7: χ2

red,tot (Eq. 4.8), with
ndof,tot = NRC +NVVD − 2 degrees of freedom.
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Figure 4.6: Comparison between the RG and QUMOND Υ and hz estimated from the two kinematic profiles of five DMS
galaxies where σz(R) is increased by the factor 1.63 (Sect. 4.2.1). The black dashed lines show the lines of equality.

4.2.2 On the error bars of the rotation curves

We conclude this section with a digression on the rotation curve error bars. In their
modelling of the DMS data with MOND, rather than maintaining the original DMS
error bars as we do here, [326] arbitrarily increase the error bars from ∼1 − 5 km s−1

to 10 km s−1. Angus and coauthors [326] were concerned by the possibility that disk
warping could introduce systematic errors which can indeed affect the rotation curves; by
this approach, Angus and coauthors [326] clearly intend to increase the statistical weight
of the vertical velocity dispersion profiles which are more dependent on the disk thickness.

We verified that this modification is in fact unnecessary. By setting the rotation curves
error bars to 10 km s−1 and performing once again the MCMC analysis described above, we
find that the new disk-scale heights, hz, substantially agree with our original results: the
distributions of the ratios between the new and the original hz is peaked around ∼1, with
median 1.09+0.11

−0.20, where the uncertainties are the 15.9 and 84.1 percentiles. Similarly, the
mass-to-light ratios remain unbiased, with their ratios between the new and the original
values having median 0.95+0.09

−0.11.

4.3 A universal combination of the RG parameters

In the formulation of RG, ε0, Q and ρc are universal parameters. Here we show that, in
principle, a single set of these parameters could indeed be able to model the dynamics of
our entire sample of disk galaxies.

For this task, the ideal approach would be to use the MCMC algorithm to explore the
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63-dimensional space of these three RG parameters and the 2× 30 parameters describing
the galaxies, namely the mass-to-light ratios Υ and the disk-scale heights hz. However,
this approach requires an extraordinary computational effort which, at this stage of our
investigation of the RG viability, appears unreasonably large.

We prefer a simpler strategy. Our analyses above show that modelling each individual
galaxy by keeping the three RG parameters free returns values of these parameters that
are roughly consistent from galaxy to galaxy. In fact, the ε0, Q and log10 ρc values listed in
Table 4.2, whose distributions are shown in Fig. 4.7, have mean and standard deviations
ε0 = 0.56± 0.19, Q = 0.92± 0.24, and log10[ρc (g/cm3)] = −25.30± 0.70. These standard
deviations are either smaller than or comparable to the mean uncertainties of the values
listed in Table 4.2, which are 0.16, 0.71, and 1.22, for ε0, Q and log10 ρc, respectively. We
can thus reasonably conclude that the different values that we find for different galaxies
can in principle be ascribed to statistical fluctuations.

Therefore, to check whether a single set of RG parameters could be able to describe the
entire galaxy sample, rather than performing the computationally demanding exploration
of the 63-dimensional parameter space, we assume that the values of the mass-to-light
ratios Υ and the disk-scale heights hz for each galaxy, estimated in our previous analysis,
are appropriate, and we only explore the 3-dimensional space of the parameters ε0, Q and
log10 ρc for the entire galaxy sample at the same time.

We adopt the priors for the three RG parameters as in Sects. 4.1 and 4.2. The figure
of merit is now:

χ2
red(x) =

Ngal∑
i=1

χ2
red,tot,i(x) , (4.12)

where x = (ε0, Q, log10 ρc), Ngal is the number of DMS galaxies and χ2
red,tot,i(x) is Eq. (4.8)

where the number of free parameters is now equal to three instead of five.
As in Sects. 4.1 and 4.2, we run the MCMC for 19000 steps in addition to the 1000 burn-

in steps.4 To better assess the convergence of the chains, we run three chains with three
different starting points and we test their convergence with the variance ratio method of
Gelman and Rubin [344], described in Appendix D. We find that 13000 steps are already
sufficient to have the chains converging. We also test that each chain converges according
to the Geweke diagnostic [334].

Figure 4.8 shows the posterior distributions of the three parameters. The green dots
show the median values, and the yellow, red, and black curves show the 1, 2, and 3σ
contour levels. The medians and 68% confidence intervals are ε0 = 0.661+0.007

−0.007, Q =
1.79+0.14

−0.26 and log10 ρc = −24.54+0.08
−0.07. The purple points show the means of the three

distributions shown in Fig. 4.7; the error bars show the mean errors listed in Table 4.2.
As expected, the posterior distributions in Fig. 4.8 show that considering all the DMS

galaxies at the same time provides much tighter constraints on the RG parameters than
in our previous analyses. Because of the large errors found in Sect. 4.2, the universal
parameters estimated here are consistent with our previous analyses: the means of the
distributions of Fig. 4.7 agree within 0.63, 1.19 and 0.62σ with the medians, found here,
of ε0, Q and log10 ρc, respectively.

However, the agreement between the data and the models of the rotation curves and
the vertical velocity dispersion profiles derived with the mass-to-light ratios and disk-scale
heights listed in Table 4.2 and the universal combination of RG parameters found here
worsens with respect to the agreement obtained with the individual RG parameters found
in Sect. 4.2 as shown in sub-panels (g) and (h) of Figs. E.1–E.7. Figure 4.9 compares the
reduced χ2 found in Sect. 4.2 with the reduced χ2 found here. Despite the presence of a

4To explore the parameter space, we consider all the galaxies at the same time and we thus need to run the Poisson
solver 2×30 times at each MCMC iteration. To reduce the computational effort, we parallelised our code with OpenMP, an
application programming interface, which supports multiplatform shared memory multiprocessing programming in different
languages. The C++ code we used, named astroMP, is publicly available at https://github.com/alpha-unito/astroMP
and it is described in [342] and [343]. We report the description and the scaling properties of this code in Appendix C.2.
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number of galaxies whose χ2 substantially increases, the bulk of the sample maintains its
χ2 close to, albeit still larger than, the original χ2.

The increase of the χ2 compared to Sect. 4.2 is mainly due to the rotation curves.
In fact, all the vertical velocity dispersion profiles are rather well interpolated with this
universal combination of RG parameters: their χ2 are close to those of Sect. 4.2, except
for a few outliers, like UGC 3701 and UGC 3997. On the contrary, the rotation curves of
only about half of the sample are still well described with this unique combination of RG
parameters (e.g. UGC 1081, UGC 1635, UGC 4036, UGC 4380 and UGC 9965), whereas
the models worsen for the remaining sample.

The good agreement of this universal combination of RG parameters with the param-
eters of Sect. 4.2 and the somewhat limited worsening of the χ2 shown in Fig. 4.9 suggest
that finding a unique set of RG parameters that accurately describes the kinematics of
the DMS galaxies might be feasible. This simple exercise in fact appears to indicate that
properly exploring the full 63-dimensional parameter space might return substantially
smaller χ2 with still reasonable, albeit different from the results of Sect. 4.2, mass-to-light
ratios and disk-scale heights of the galaxies. We might also expect that the unique set of
RG parameters will be statistically equivalent to the set we find here.
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Figure 4.7: Distributions of the three RG parameters ε0, Q, and log10 ρc listed in Table 4.2. The bin sizes are of the order
of the mean uncertainties. The means of the distributions are shown as black solid lines; the two blue solid lines show the
standard deviations of the distributions; the two blue dashed lines show the mean uncertainties of the parameters listed in
Table 4.2.

4.4 The Radial Acceleration Relation

To test the viability of RG as a gravity theory describing the dynamics of disk galaxies, we
need to consider an additional relevant observational piece of evidence that very clearly
quantifies the mass discrepancy on galaxy scales: the RAR. McGaugh et al. [44] and Lelli
et al. [246] pointed out that the observed centripetal acceleration traced by the rotation
curves,

gobs(R) = v2
obs(R)/R , (4.13)

is tightly correlated with the Newtonian acceleration gbar(R) due to the baryonic matter
distribution alone.

McGaugh et al. [44] found that the function:

gobs(R) =
gbar(R)

1− exp
(
−
√

gbar(R)
g†

) (4.14)

provides a good fit for the entire SPARC sample, made of 153 galaxies [345]. The fit
has only one free parameter g† whose single value g† = 1.20 ± 0.02 (random) ±0.24
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Figure 4.8: Posterior distributions of the three RG parameters. The green dots locate the median values and the yellow,
red, and black contours show the 1σ, 2σ, and 3σ levels, respectively. The purple points and error bars show the means of
the distributions of the RG parameters and their mean uncertainties found in Sect. 4.2 and reported in Fig. 4.7.
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(systematic) ×10−10 m s−2 is appropriate for all the galaxies in the sample. This value is
also consistent with the MOND acceleration scale a0. The asymptotic limit of Eq. (4.14)
for small gbar returns the acceleration in the MOND regime gobs ∼

√
gbar(R)a0.

For the galaxies of the SPARC sample, this correlation has a relatively small root-mean-
square scatter of 0.13 dex, mostly due to possible variations of the stellar mass-to-light
ratio from galaxy to galaxy and to observational uncertainties [44, 246]. Indeed, for this
result, McGaugh et al. [44] adopt a single 3.6 µm mass-to-light ratio of 0.50 M�/L� for
all the galaxy disks, under the assumption that the stellar mass-to-light ratio does not
vary much in this band [336, 346, 347, 348]. Similarly, for the galaxy bulges, which are
present in 31 out of 153 galaxies, McGaugh et al. [44] adopt a mass-to-light ratio equal
to 0.70 M�/L�.

To explore the intrinsic scatter of the RAR due to the mass-to-light ratio variations,
Li and coauthors [56] fit galaxy mass-to-light ratios to individual galaxies with Eq. (4.14)
and g† fixed to 1.2 × 10−10 m s−2. They find a RAR tighter than [44], with an intrinsic
root-mean-square scatter of 0.057 dex and mass-to-light ratios generally consistent with
the SPS model predictions.

Here, we estimate the RAR for our DMS sample. The observed acceleration, gobs, is
directly derived from the measured rotation curve according to Eq. (4.13). The Newtonian
acceleration attributed to the baryonic matter alone, gbar = |−∂φ/∂R|, is derived from the
numerical solution of the Newtonian Poisson equation (2.11) where the density, ρ(R, z),
is Eq. (A.10). For the galaxy disk-scale height, hz, which appears in ρ(R, z), we use
the values derived from Eq. (A.12) inferred from the observations of edge-on galaxies
(see Appendix A.3). For the numerical solution of the Poisson equation, we adopt the
successive over relaxation algorithm described in Appendix B.

To estimate the mass density ρ(R, z) from the galaxy surface brightness, we adopt the
mass-to-light ratios derived with our MCMC analysis (Sect. 4.2) and listed in Table 4.2.
As discussed above, for 26 galaxies out of 29, these values agree within 3σ with the values
of the SPS models (see Table 1 of [325]) and for all the galaxies, the difference is within
5σ.

Red symbols and error bars in both panels of Fig. 4.10 show the RAR of all the DMS
galaxies in our sample. The black curve is Eq. (4.14). The blue curves in the left panel
of Fig. 4.10 are the RAR of each DMS galaxy obtained from the RG parameters, the
mass-to-light ratios and the disk-scale heights derived from our MCMC analysis of the
rotation curves and vertical velocity dispersion profiles (Sect. 4.2). The blue curves are
not fits to the observed RAR, but just the relations between the Newtonian gbar and the
expected RG centripetal acceleration gobs based on the galaxy parameters estimated with
our previous analysis. The dashed line shows the relation gobs = gbar for comparison.

We also estimate the RAR expected in MOND, adopting the QUMOND formulation
described in Sect. 4.2.1. For QUMOND, we adopt the mass-to-light ratios Υ and the
disk-scale heights hz that we derive for RG in Sect. 4.2. These mass-to-light ratios agree
within 2σ with the values estimated by [326], who model the rotation curves and vertical
velocity dispersions in QUMOND with the simple interpolating function (Eq. (4.11)).
Similarly, their values of hz agree with our estimates within 1σ. The QUMOND RAR
curves are shown as green solid lines in the right panel of Fig. 4.10.

RG correctly reproduces the asymptotic limits of the observed RAR and, on average,
it interpolates the data, although it tends to underestimate the relation (4.14) at low gbar;
on the contrary, QUMOND properly reproduces the shape of the RAR relation (4.14)
along the entire range of gbar. The fact that RG slightly underestimates the observed
RAR while at the same time providing a good fit to the kinematics of the individual
galaxies, as shown in the previous sections, suggests that RG might attribute more mass
to the luminous matter than QUMOND. In fact, Fig. 4.11 shows that the RG mass-to-
light ratios are systematically larger than in QUMOND, although the mass-to-light ratios
in the two models agree with each other within 2σ. This result is consistent with the left
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panel of Fig. 4.6 of Sect. 4.2.1.
A more serious issue for RG is the scatter of the curves along the gobs axis. Figure 4.12

shows the distributions of the deviations of each curve from Eq. (4.14). We only con-
sider the deviations of each curve from Eq. (4.14) within the horizontal axis range of
log10[gbar(m/s

2)] = [−11.28,−8.81] covered by the data. This approach makes the com-
parison with the data more sensible. In passing, we note that we use the disk-scale heights
hz,SR for the data and our estimated hz for the models. These values can be different by a
factor of two, as shown in the right panel of Fig. 4.3 and in Table 4.2. However, adopting,
for the models, hz,SR rather than hz, leaves the distributions of the deviations basically
unaffected.

The width of the residual distribution in Fig. 4.12 for the data, which quantifies the
observed scatter of the RAR, is 0.12 dex. We estimate this scatter by removing four
outlying points, clearly visible in the right part of both panels of Fig. 2.11. These points
belong to the galaxies UGC 1081, UGC 1862, UGC 3997, and UGC 6903, and they
correspond to the innermost point of their rotation curves; these values are 17.00, 0.05,
1.19, and 17.69 km s−1, which are unusually small. If we include these four points, the
root-mean-square scatter increases from 0.12 dex to 0.32 dex. The observed scatter of the
DMS sample is thus comparable to the value 0.13 dex found by [44] and [246].

The widths of the distributions of the residuals for the RG and QUMOND models
shown in Fig. 4.12 are 0.11 and 0.017 dex, respectively. We can identify these widths
with the intrinsic scatter of the RAR predicted by the two models. The small intrinsic
scatter predicted by QUMOND, consistent with the expectations [246, 247], is almost an
order of magnitude smaller than the RG scatter. MOND actually appears with different
formulations: in the version of modified inertia, which modifies the Newtonian second law
of dynamics, the intrinsic scatter is predicted to be zero if the orbits are circular [244];
similarly, in the version of modified gravity, which modifies the Poisson equation, like
QUMOND does, the intrinsic scatter is predicted to be zero only for spherically symmetric
systems [237], whereas in flat systems, like disk galaxies, a small not-null intrinsic scatter
should appear (see also Sect. 2.2.2).

To investigate the nature of the intrinsic scatter predicted by RG, we explore the
possible correlation of the RAR residuals with the global and the radially-dependent
properties of the galaxies. We plot these residuals in Figs. 4.13 and 4.14. The first column
shows, in cyan, the residuals of the RG models. The second and the third columns show
the residuals for QUMOND, in green, and the DMS data, in pink.5

Table 4.5 lists the Kendall statistic τ [349] and the Spearman statistic ρ [350] with
their corresponding p-values, namely, the significance levels of the lack of correlation.
For large size N of the sample, the density distributions of the random variates τ and ρ
are excellently approximated by the Gaussian distribution with zero mean and variance
(4N + 10)/(9N2− 9N) and 1/(N − 1) for τ and ρ, respectively [351, 352]. In our analysis
of RG, N = 4560 and, assuming Gaussian distributions, the corresponding standard
deviations σ’s are 〈τ 2〉1/2 = 0.0099 and 〈ρ2〉1/2 = 0.0148.

We can interpret the results of Table 4.5 by arbitrarily choosing the threshold log10 p =
−3: p-values smaller than the threshold of p = 10−3 indicate that the listed values of τ or
ρ have a probability smaller than 0.1% of occurring by chance for an uncorrelated sample.
For this probability, the values |τ | > 0.033 and |ρ| > 0.049 are thus more than 3.3σ away
from the expected means 〈τ〉 = 0 and 〈ρ〉 = 0. For RG, the only two parameters that have
p-values larger than 10−3, namely, − log10 p < 3, and therefore their uncorrelation with
the residuals is statistically significant, are the central surface brightness Id0 of the disk
and its scale length hR. The remaining parameters show significant correlations. This

5The residuals for the four outlying points of the DMS data that we mention above do not appear in the plots because
they lie beyond the range of the vertical axis. They are however included in our statistical tests we describe below. These
four outliers do not drive the correlations of the DMS data that we find: if we remove them when performing the statistical
tests, the statistical significance of the correlations actually increases.
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result might appear at odds with the observed RAR because the observed residuals do
not seem to correlate with the galaxy properties in the SPARC sample [246].

This issue requires additional clarification. In fact, unlike the SPARC sample, the
DMS sample also shows some correlations: the p-values listed in Table 4.5 indicate that
the RAR residuals are not significantly correlated (− log10 p < 3) only with hR, Id0, Re,
and the stellar surface brightness profile, Σ∗(R) (see also Figs. 4.13 and 4.14). Moreover,
similarly to RG, correlations are found between the residuals of the QUMOND models and
all the galaxy properties but the bulge central surface brightness Ie.6 For QUMOND, this
result might not be surprising, however, because QUMOND is a modified-gravity version
of MOND, where a non-null intrinsic scatter for the RAR, and thus correlated residuals,
are expected for nonspherical systems, unlike modified-inertia versions of MOND, that
predict a null intrinsic scatter, and thus uncorrelated residuals [237].

The correlations we find for the residuals of the DMS data might partly generate the
correlations we find for the RG residuals. In addition, the correlations for the DMS
data, at odds with the claimed uncorrelations for the SPARC sample, might suggest a
difference between the DMS and the SPARC samples. Unfortunately, we cannot quantify
this difference here, if there even is any, because Lelli and coauthors [246] only mention in
their analysis that the Kendall and Spearman coefficients are in the range of [−0.2, 0.1]
but they do not report their corresponding significance levels, namely their p-values.
Therefore, we cannot assess the statistical significance of the lack of correlation. In fact,
many coefficients in Table 4.5 from our analysis are in the range of [−0.2, 0.1], but their
p-values clearly indicate that they are at many σ’s away from the null expected means
and, thus, they demonstrate the presence of a statistically significant correlation.

The significance levels listed in Table 4.5 suggest that the correlations for the RG
models are much stronger than for the DMS data for all the galaxy properties but Id0. In
addition, RG shows a very strong correlation, at largely more than 5σ, namely − log10 p >
6.24, with the radially-dependent properties of the galaxies, whereas the data show a
significant correlation, between 4 and 5σ, namely 4.20 < − log10 p < 6.24, for R and
fgas(R), but no correlation for Σ∗(R).

Therefore, a possible serious tension between RG and the data might indeed be present.
However, given the possible tension between the DMS and the SPARC samples, which is
yet to be confirmed, we conclude that this issue remains open at this stage of our testing
of RG. Further investigations with multiple data samples are necessary to clarify whether
reproducing the observed properties of the RAR is indeed a challenge for RG.
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Figure 4.10: RG (left panel) and QUMOND (right panel) models of the RAR obtained for each galaxy with the parameters
derived from the MCMC analysis of the rotation curves and vertical velocity dispersion profiles (Sect. 4.2). Red points with
error bars are the DMS measures. The black solid line is Eq. (4.14). The black dashed line is gobs = gbar.

6In passing, we emphasise that the statistical significance of the correlation is quantitatively supported by the p-values
listed in Table 4.5: from a qualitative visual inspection of Figs. 4.13 and 4.14, one might draw the incorrect conclusion that
the residuals of QUMOND generally show a weaker correlation, if any, than the DMS data.
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Figure 4.11: Mass-to-light ratios estimated with RG, ΥRG (Table 4.2), and with QUMOND, ΥQUMOND (Table 1, [326]).
The black dashed line is the line of equality.
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Figure 4.12: Distributions of the residuals of the RG models (blue), the QUMOND models (green) and the data (red) of
the RAR with respect to relation (4.14).
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Figure 4.13: Residuals of the modelled or estimated RAR from the relation (4.14) as a function of the global properties
of the galaxies. Left, middle and right columns show the RG, QUMOND, and DMS residuals, respectively. From top to
bottom the residuals are plotted against the total baryonic mass, bulge effective radius, bulge effective surface brightness,
disk-scale length, central disk surface brightness, and total gas fraction. To guide the eye, solid squares with error bars
show the means and standard deviations of binned residuals.
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Figure 4.14: Same as Fig. 4.13 for three radially-dependent properties of the galaxies. From top to bottom the residuals
are plotted against the radius, the stellar surface density profile, and the gas fraction profile.
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Chapter 5

Dynamics of elliptical galaxies in RG:
the case of three nearby E0 galaxies1

In Chapter 4 we show that the bending of the gravitational field lines occurring in RG is
sufficient to describe the kinematic profiles of flat systems, namely 30 disk galaxies in the
DMS, without resorting to DM. RG describes the kinematics of the entire DMS sample
with a single set of permittivity parameters, ε0, Q, and ρc, supporting the expectation
that these parameters should be universal. These encouraging results on flat systems
motivate us to test whether RG is also able to describe, with the same set of parameters,
the dynamics of spherical systems, where the RG field lines remain radial and the gravita-
tional field is enhanced with respect to Newtonian case by the inverse of the gravitational
permittivity (see Chapter 3). In other words, we wish to probe that the boost of the
gravitational field can be set by the gravitational permittivity alone, independently of the
redirection of the field lines.

Here, we illustrate the result of this test on three E0 galaxies, that are approximately
spherical. We consider NGC 1407, NGC 4486, alias M87, and NGC 5846 from the
SLUGGS survey2 [76, 353, 354]. In elliptical galaxies, the baryonic matter within Re,
the effective radius at half projected luminosity, suffices to describe the galaxy dynamics
with Newtonian gravity (e.g. [355, 356, 75, 77]). To probe RG, we thus need kinematic
information in the outer regions, where Newtonian gravity breaks down unless DM is
assumed to exist. X-ray emitting gas, planetary nebulae, and GCs have been adopted
as kinematic tracers in these regions, out to ∼10Re, where the stellar luminosity fades
out [357, 358, 359, 76, 80]. In addition, GCs usually appear separated into two distinct
populations, according to their colour. Red GCs tend to be more spatially concentrated
and to have smaller velocity dispersions than blue GCs [360, 361, 362, 363, 364, 365, 366,
367, 76]. In particular, the kinematics of the red GCs is typically similar to the one of
the stars in the host galaxy [368, 365], which could be explained by a similar formation
history of the two populations [369]. By adopting GCs as tracers of the velocity field in
the outer regions of ellipticals, we thus actually have two tracers rather than one and they
can thus more strongly constrain the model. The SLUGGS survey thus provides the ideal
dataset for our study.

Studying the outer regions of ellipticals might be, however, particularly insidious. Here,
we will model each galaxy as an isolated system. However, ellipticals tend to live in dense
environments: NGC 1407 and NGC 5846 are within groups and NGC 4486 is the central
galaxy of the Virgo cluster. Therefore, their outer regions are subject to the gravitational
field of nearby galaxies and of the hosting system as a whole. As a consequence, our
simple model might overlook relevant effects. We will actually see that, although the
environment might indeed be responsible for some discrepancies that we find, RG can
satisfactorily describe the dynamics of these elliptical galaxies.

1The results in this chapter are presented in [318].
2https://sluggs.swin.edu.au/Start.html
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Chapter 5. Dynamics of elliptical galaxies in RG: the case of three nearby E0 galaxies

5.1 Photometric data

In this section, we describe the observables that enter our mass model of each galaxy:
the surface brightness of the stars, the surface number densities of the GCs populations,
the mass density of the hot X-ray emitting gas, and the mass of the central supermassive
black hole (SMBH). Table 5.1 lists the quantities characterising the three galaxies and
the colour cut that we adopt in Sect. 5.2.2 to separate the GC samples into the red and
blue populations.

NGC 1407, NGC 4486, and NGC 5846 are at redshift z < 0.007.3 We can thus neglect
any k-correction in the photometric measures and in the distance modulus m − M =
5 log10[D(pc)] − 5, with m and M the apparent and the absolute magnitudes of the
source. Similarly, to convert the radial coordinate R projected on the sky from angular
units, in arcsec, to physical units, in kpc, we adopt the relation, valid in a nonexpanding
Euclidean geometry,

R(kpc) = 4.84814× 10−6D(kpc)R(arcsec) , (5.1)

with D the distance to the galaxy. For elliptical galaxies, the radial coordinate R is

R =

√
qx′2 +

y′2

q
, (5.2)

where q is the minor-to-major axis ratio of the galaxy on the sky, and the x′ and y′

coordinates are oriented along the galaxy major and minor axes, respectively (e.g. [370,
77, 371, 76, 81]).

Table 5.1: General properties of NGC 1407, NGC 4486, and NGC 5846.

NGC D z q NGCs NGCs,Blue NGCs,Red Vhel (g − i)TH

[Mpc]
[
km s−1

]
(1) (2) (3) (4) (5) (6) (7) (8) (9)

1407 28.05 0.0068 0.95 379 153 148 1779± 9 0.98
4486 17.2 0.0042 0.86 737 480 199 1284± 5 0.93
5846 24.2 0.0059 0.92 195 91 102 1712± 5 0.95

Column 1: galaxy name; Col. 2: distance; Col. 3: redshift; Col. 4: minor-to-major axis
ratio; Col. 5: number of confirmed GCs; Cols. 6–7: number of blue and red GCs in the final
sample (see text). Col. 8: heliocentric (recession) velocity; Col. 9: (g − i) colour threshold
separating the GC population. The distance and the number of confirmed GCs of NGC 1407
are from [81], whereas the distance and the number of confirmed GCs of NGC 4486 and NGC
5846 are from [76]. The distances are derived with the method of the surface brightness
fluctuations, from the SBF survey [372], subtracting 0.06 mag to the distance modulus [373]
(NGC 1407 and NGC 5846), and from the ACS Virgo cluster survey [373] (NGC 4486). The
number of blue and red GCs of NGC 1407 are from [81], whereas the number of blue and red
GCs of NGC 4486 and NGC 5846 are determined from our analysis. The minor-to-major
axis ratio and the heliocentric velocities of the three galaxies are from [76], as well as the
(g − i) colour thresholds for NGC 1407 and NGC 5846. The (g − i) colour threshold for
NGC 4486 is from [365].

5.1.1 Stellar surface brightness profiles

For the surface brightness of the stars, we adopt the models derived by [81] for NGC 1407
and by [374] for NGC 4486 and NGC 5846.

NGC 1407

The stellar surface brightness profile of NGC 1407 is measured in theB-band with the Hub-
ble Space telescope/ACS [375, 376] and in the g-band with the Subaru/Suprime-Cam [76].

3The redshifts are computed as z = H0D/c, where H0 is the Hubble parameter, D is the distance, and c is the speed
of light. This formula neglects the contribution of peculiar velocities to the recession velocity Vhel of the galaxy. However,
the redshifts calculated as z = Vhel/c are at most within 13% (NGC 1407) from the redshifts calculated as z = H0D/c,
suggesting that the Hubble flow dominates peculiar velocities.
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5.1. PHOTOMETRIC DATA

The B and g-bands largely overlap; therefore, Pota and collaborators [81] derive a unique
surface brightness profile in the B-band by a proper transformation of the g-band data.
NGC 1407 has ellipticity ε = 1− q = 0.05. Pota and collaborators [81] model the surface
brightness profile with the Sérsic profile

I∗(R) = Ie exp

{
−bns

[(
R

Re

) 1
ns

− 1

]}
, (5.3)

where the effective radius Re encloses half of the total luminosity of the stellar distribution,
Ie is the surface brightness at radius Re, ns is the Sérsic index, and

bns = 2ns −
1

3
+

4

405ns

+
46

25515n2
s

(5.4)

[377]. After deconvolving for the seeing, Pota and collaborators [81] derive Re = (100 ±
3) arcsec, Ie = 3.5× 105 L�,B arcsec−2, and ns = 4.67± 0.15.

NGC 4486 and NGC 5846

Scott and collaborators [374] measure the surface brightness of NGC 4486 and NGC
5846 in the ugriz bands from the Sloan Digital Sky Survey DR7 [378] and the Wide
Field Camera on the 2.5-m Isaac Newton Telescope at the Roque de los Muchachos
observatory. Scott and collaborators [374] model the two-dimensional map of the surface
brightness in the r-band; this band reduces the dust contamination and provides images
with the optimal signal-to-noise value [77]. They adopt the axisymmetric Multi-Gaussian
Expansion (MGE) approach [379], which yields the surface brightness map [370, 77]

I∗(x
′, y′) =

N∑
k=1

Lk
2πσ2

kq
′
k

exp

[
− 1

2σ2
k

(
x′2 +

y′2

q′2k

)]
, (5.5)

whereN is the number of Gaussian components in the MGE fit, and Lk, σk, and 0 ≤ q′k ≤ 1
are the luminosity, the standard deviation along the major axis, and the observed minor-
to-major axis ratio of each Gaussian, respectively; x′ and y′ are the coordinates on the
plane of the sky, where the x′-axis is oriented along the major axis of the galaxy. Scott
and collaborators [374] find q′k = 1 within 5% for almost all the Gaussians of the model
of each galaxy4. Indeed, NGC 4486 has ellipticity ε = 1 − q = 0.14, and NGC 5846
has ε = 0.08. We thus model these galaxies as spherical systems, set q′k = 1 for all the
Gaussians, and adopt the parameters Lk and σk determined by [374] for Eq. (5.5) in the
surface brightness profile [370]

I∗(R) =
N∑
k=1

Lk
2πσ2

k

exp

(
− R

2

2σ2
k

)
. (5.6)

Scott and collaborators [374] find N = 9 and N = 7 Gaussian components for NGC 4486
and NGC 5846, respectively. Tables 5.2 and 5.3 list Lk and σk after deconvolving for the
seeing. Finally, the total stellar luminosity of the galaxy is [77]

L∗,tot =
N∑
k=1

Lk. (5.7)

4Specifically, for NGC 5846 q′k = 1 within 5% for 5 out of 7 Gaussians and within 9% for all the Gaussians. For NGC
4486, q′k = 1 within 5% for 7 out of 9 Gaussians, within 10% for 8 out of 9 Gaussians, and within 20% for all the Gaussians.
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Chapter 5. Dynamics of elliptical galaxies in RG: the case of three nearby E0 galaxies

Table 5.2: Parameters of the stellar surface brightness profile of NGC 4486.

Lk σk
[L�] [arcsec]
(1) (2)

3.26333× 107 0.31847133
6.31462× 107 0.85316859
1.42502× 108 1.9878101
1.20241× 109 4.3688105
2.92993× 109 7.0315581
6.16303× 109 11.941329
1.08416× 1010 21.809295
2.11184× 1010 48.869046
3.15170× 1010 120.71397

Table 5.3: Parameters of the stellar surface brightness profile of NGC 5846.

Lk σk
[L�] [arcsec]
(1) (2)

3.09594× 108 1.3004914
6.31938× 108 2.0720509
2.52404× 109 4.7753466
2.41652× 109 8.9026766
8.05893× 109 16.353135
9.26616× 109 32.666416
2.29889× 1010 78.813294

Stellar 3D luminosity density profiles

For NGC 1407, the three-dimensional (3D) luminosity density of the stars is the Abel
integral, valid in spherical symmetry,

ν∗(r) = − 1

π

∫ +∞

r

dI∗
dR

dR√
R2 − r2

, (5.8)

where I∗(R) is given by Eq. (5.3) and r is the radial coordinate in three dimensions. For
NGC 4486 and NGC 5846, the deprojected MGE 3D luminosity density is [370]

ν∗(r) =
N∑
k=1

Lk

(
√

2πσk)3
exp

(
− r2

2σ2
k

)
. (5.9)

The 3D luminosity density of the stars, ν∗(r), yields the stellar luminosity profile

L∗(r) = 4π

∫ r

0

ν∗(r
′)r′2 dr′. (5.10)

The total stellar luminosity, L∗,tot, is formally obtained by setting r =∞. However, L∗(r)
rapidly converges to L∗,tot. By setting R = 4800 arcsec, we obtain L∗(R) = 8.51×1010 L�
for NGC 1407, L∗(R) = 7.39 × 1010 L� for NGC 4486, and L∗(R) = 4.59 × 1010 L� for
NGC 5846. These total luminosities are consistent with the total galaxy luminosities
L∗,tot = 8.53 × 1010 L�, found by [81] for NGC 1407, and L∗,tot = 7.40 × 1010 L� and
L∗,tot = 4.62 × 1010 L�, found by [374] with Eq. (5.7), for NGC 4486 and NGC 5846,
respectively. This result supports our spherical approximation and our choice of R =
4800 arcsec as the extension of the radial grid that we will adopt in our dynamical model
in Sect. 5.3.1.

5.1.2 Number density profiles of GCs

The number density profiles of GCs are from [81] for NGC 1407, from [365] for NGC 4486,
and from [76] for NGC 5846. Each GC sample is separated into a blue and a red sample ac-
cording to the colour thresholds listed in Table 5.1. To ensure the magnitude completeness
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5.1. PHOTOMETRIC DATA

of the GC samples in all the three galaxies, Pota and collaborators [76] remove the sources
fainter thanMi = −8.0 in the i-band. This magnitude limit corresponds to the peak of the
GC luminosity function that has a roughly Gaussian shape (e.g. [380, 381, 382]). More-
over, the samples might be contaminated by ultracompact dwarf galaxies (UCDs), that
are a kinematically and spatially distinct population from the GCs. Therefore, Pota and
collaborators [76] remove the sources brighter thanMi = −11.6. This luminosity is 1 mag
brighter than ω Cen, the brightest GC in the Milky Way, and brighter objects are likely to
be UCDs. NGC 1407, NGC 4486, and NGC 5846 have 379, 737, and 195 confirmed GCs,
respectively (Table 5.1). Imposing the magnitude range −11.6 < Mi < −8.0 removes 72
objects from the NGC 1407 sample, and 53 objects from the NGC 4486 sample, whereas
the NGC 5846 sample remains unaffected.

In addition to this photometric selection, Pota and collaborators [76, 81] apply a kine-
matic selection on the two separated populations of blue and red GCs. Despite Galactic
stars and GCs are two populations whose velocity distributions are usually well distinct,
sometimes the population of stars might have a low-velocity tail so that a Galactic star
could erroneously be identified as a GC. Pota and collaborators [76, 81] thus remove
the sources whose velocity is more than 3σ discrepant from the mean velocity of the 20
closest neighbours in the GC sample, where σ is the velocity dispersion of these 20 neigh-
bours [383]. This kinematic criterion removes 6, 5, and 2 objects from the NGC 1407,
NGC 4486, and NGC 5846 samples, respectively. The sizes of the final samples of blue
and red GCs for each galaxy are listed in Table 5.1.

Each GC sample is binned in circular annuli around the galaxy centre. The background-
subtracted surface number density profiles, along with their Poissonian uncertainties, are
shown in Fig. 5.1.

NGC 5846

We model the profiles of the blue and red GCs in NGC 5846 with the Sérsic profile

NGC(R) = Ne exp

{
−bns

[(
R

Re

) 1
ns

− 1

]}
, (5.11)

where the parameters Re, Ne, and ns have similar meaning of those in Eq. (5.3).
We estimate the free parameters of the surface number density profiles of the blue

and red GCs with a MCMC method with a Metropolis–Hastings acceptance criterion.
Details of this algorithm are in Sect. 5.3.2. We run the MCMC for 2 × 106 steps with
105 burn-in elements to achieve the convergence of the chains, according to the Geweke
diagnostics [334]. We adopt flat priors on the free parameters of the model in the ranges
listed in Table 5.4. The upper limit of Re is the radius of the most external data point of
the surface number density; the upper limit of Ne is slightly larger than the data point
with the smallest R. Therefore, the upper limits of the priors for Re and Ne are different
for the two GC populations. Our posterior distributions are single-peaked. We thus
adopt their medians as our parameter estimates and the range between the 15.9 and 84.1
percentiles, which includes 68% of the posterior cumulative distribution, as our parameter
uncertainties. These parameters are listed in Table 5.5. They provide the curves shown
in Fig. 5.1.

NGC 1407 and NGC 4486

We model the surface number densities of the two GC populations in NGC 1407 and NGC
4486 with a Sérsic profile, adopting the parameters obtained by [81] and [365] for the two
galaxies, respectively. Pota and coauthors [81] model their data with Eq. (5.11). Strader
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Chapter 5. Dynamics of elliptical galaxies in RG: the case of three nearby E0 galaxies

and coauthors [365] adopt the slightly different parametrisation

NGC(R) = N0 exp

[
−
(
R

Rs

) 1
m

]
. (5.12)

Table 5.5 lists the parameters of the models shown in Fig. 5.1.
For the three galaxies, the 3D number density of the GCs is

νGC(r) = − 1

π

∫ +∞

r

dNGC

dR

dR√
R2 − r2

. (5.13)

Table 5.4: Priors of the parameters of the GC surface number density models of NGC 5846.

GC sample Ne Re ns[
GCs

arcmin2

]
[arcsec]

(1) (2) (3) (4)

Blue U(0.00, 2.24] U(0.00, 833] U(0.00, 3.00]
Red U(0.00, 2.55] U(0.00, 714] U(0.00, 3.00]

U stands for uniform distribution.

Table 5.5: Parameters of the models of the surface number density of the GCs.

NGC GC sample Ne, N0 Re, Rs ns, m χ2
red,ν[

GCs
arcmin2

]
[arcsec]

(1) (2) (3) (4) (5) (6)

1407 Blue 7± 1 346± 29 1.6± 0.2 0.90
Red 20± 2 169± 7 1.6± 0.2 1.29

4486 Blue (6.10± 2.88)× 102 1± 2 3.69± 0.47 0.54
Red (5.08± 1.59)× 104 (1.6± 1.7)× 10−3 5.33± 0.24 0.28

5846 Blue 0.65+0.57
−0.37 324+171

−100 1.39+1.02
−0.82 1.64

Red 0.91+0.30
−0.30 268+43

−35 0.95+0.87
−0.38 1.88

Column 1: galaxy name; Col. 2: colour of the GC population; Cols. 3–5: parameters
of the model of the surface number density; Col. 6: reduced chi-square, χ2

red,ν , for ν
degrees of freedom. The parameters {Ne, Re, ns}, adopted for NGC 1407 and NGC
5846, refer to Eq. (5.11) and are from [81] and our MCMC analysis, respectively; the
parameters {N0, Rs,m}, adopted for NGC 4486, refer to Eq. (5.12) and are from [365].
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Figure 5.1: Surface number density profiles of blue (blue symbols and blue lines) and red (red symbols and red lines) GCs.
Blue and red dots with error bars show the measured profiles; the solid lines are the models.
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5.1.3 Mass density profiles of the X-ray gas

NGC 1407

For the 3D mass density of the hot X-ray emitting gas, we adopt the model parameters
derived by [384]. They assume spherical symmetry and model the 3D number density
profile of the gas, ng(r), with the two-β function

n2
g(r) = n2

g,1

[
1 +

(
r

Rc,1

)2
]−3β1

+ n2
g,2

[
1 +

(
r

Rc,2

)2
]−3β2

. (5.14)

If we assume hydrodynamic equilibrium and an ideal and thermalised gas, n2
g(r) enters

the observed X-ray surface brightness profile

Sg(R) = S0

∫ +∞

R

Λ(T, Z)n2
g(r)

rdr√
r2 −R2

+ Sbkg , (5.15)

where T (r) and Z(r) are the temperature and the metallicity profiles, Λ(T, Z) is the
cooling function, and Sbkg is the background contamination level. The observed Sg(R)
was measured with Chandra ACIS in the 0.7–7 keV band and with ROSAT PSPC in the
0.2–2 keV band. Zhang and collaborators [384] fit Eq. (5.15) to the data and obtain ng,1 =
0.1 cm−3, ng,2 = 3.65× 10−3 cm−3, Rc,1 = (8.42± 0.70) arcsec, Rc,2 = (58.3± 0.7) arcsec,
β1 = 0.70± 0.01, and β2 = 0.45± 0.01. They report ng,1 and ng,2 without uncertainty.

The 3D density profile of the gas entering our model is

ρg(r) = µmHng(r) , (5.16)

where mH = 1.66054×10−27 kg is the atomic unit mass and µ = 0.6 is the mean molecular
weight, which assumes a completely ionised gas and a chemical composition with zero
metallicity.5 The normalisations ng,1 and ng,2 yield ρg,1 = 9.96 × 10−26 g cm−3 and
ρg,2 = 3.64× 10−27 g cm−3.

NGC 5846

We derive our analytic model of the gas mass density profile from the measurements
of [386]. They use the data from the X-ray observations of the Chandra ACIS and XMM-
Newton MOS instruments. Paggi and coauthors [386] model the galaxy as a spherical
system and fit the galaxy spectrum of each concentric circular annulus around the galaxy
centre with the Astrophysical Plasma Emission Code (APEC) [387]. Each circular annulus
has a minimum width of 1 arcsec, for Chandra data, and of 30 arcsec, for XMM -MOS
data; this choice yields a finer grid in the innermost galaxy region where most of the
Chandra data are. The inner and the outer radii of each annulus are chosen to achieve a
minimum signal-to-noise S/N = 100, for Chandra ACIS data, and S/N = 50, for XMM -
MOS data. The spectrum in each circular annulus is the integral of the emission from
all the 3D spherical shells along the line of sight. For a source at redshift z and angular
diameter distance DA, the APEC parameters include the temperature of the plasma in
each spherical shell, its element abundances, and its normalisation

EM =
10−14

4π[(1 + z)DA]2

∫
ne(r)nH(r)dV , (5.17)

where the integral is taken over the volume of the 3D spherical shell. The equation above
returns EM in cm−5, when DA is in cm, ne and nH in cm−3, and the volume V in cm3. In

5Zhang and collaborators [384] assume a non-null metallicity, in the range [0.21, 1.40] Z�, where Z� = 0.0169 [385].
Within this range, µ is basically insensitive to Z. Indeed, assuming solar hydrogen and helium mass fractions from [385]
(X� = 0.7345 and Y� = 0.2485), as in [384], and adopting Z = 1.40 Z� yields µ = 0.5998.
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Eq. (5.17), ne and nH are the electron and hydrogen number densities. For a fully ionised
gas, η = ne/nH = 1.2. In addition, for NGC 5846, Paggi and coauthors [386] assume that
ne and nH are constant within the shell. Therefore, 4π[(1 + z)DA]2EM = 10−14ηn2

HV ,
where V is the volume of the spherical shell. In each spherical shell, the mass density is
thus

ρg = µmHnH = 107µmH(1 + z)DA

[
4πEM
ηV

]1/2

[g cm−3] , (5.18)

where Paggi and collaborators [386] assume µ = 0.62 to account for the metallicity Z > 0
of the gas of NGC 5846.6

We model the set of data points of the gas mass density in each spherical shell provided
by [386] with the function in Eq. (5.14), where the two normalisation constants are now
ρg,1 and ρg,2. We estimate the parameters of the gas mass density with the MCMC
method described in Sect. 5.3.2 adopting the Metropolis-Hasting acceptance criterion.
Running the chains for 2 × 104 steps with 103 burn-in elements is sufficient to reach the
convergence of the chains, according to the Geweke diagnostics [334]. We adopt uniform
priors in the intervals listed in Table 5.6. The upper limits of Rc,1 and Rc,2 are the
radii of the most external data point of the gas mass density profile in Eq. (5.18). The
upper limits of ρg,1 and ρg,2 are slightly larger than the data point with the smallest
R. Our posterior distributions are single-peaked, and we thus adopt the medians of the
posterior distributions as our parameter estimates and the range between the 15.9 and
84.1 percentiles as our parameter uncertainties. The parameters of the model, along with
their uncertainties, are listed in Table 5.6 and they provide the curve shown in Fig. 5.2.

Table 5.6: Priors and parameters of the 3D mass density model of the hot X-ray emitting gas of NGC 5846.

ρg,1 ρg,2 Rc,1 Rc,2 β1 β2[
10−26 g

cm3

] [
10−26 g

cm3

]
[arcsec] [arcsec]

(1) (2) (3) (4) (5) (6)

U(0, 12.6] U(0, 12.6] U(0, 368] U(0, 368] U(0, 3] U(0, 3]

3.21+0.62
−1.21 6.05+0.69

−0.68 34+13
−9 18+4

−5 0.4985+0.0026
−0.0007 0.95+0.52

−0.47

U stands for uniform distribution.

NGC 4486

We adopt the model derived by [388]. They model the X-ray surface brightness profile of
the gas, Sg(R), measured in the 0.7–3.0 keV energy band with the Einstein Observatory,
with

Sg(R) =
S0

(1 + bR2 + cR4 + dR6)n
, (5.19)

where b = 1.009 arcmin−2, c = 2.386 × 10−3 arcmin−4, d = 1.845 × 10−7 arcmin−6, and
n = 0.68. To obtain the 3D mass density profile, they numerically invert Eq. (5.19),
assuming an isothermal gas. They adopt zero metallicity, with a mean molecular weight
µ = 0.6, and model the numerical deprojected density distribution with the function

ρ(r) =
ρ0

(1 + b′r2 + c′r4 + d′r6)n′
, (5.20)

where b′ = 9.724×10−1 arcmin−2, c′ = 3.810×10−3 arcmin−4, d′ = 2.753×10−8 arcmin−6,
n′ = 0.59, and ρ0 = 1.0 × 10−25 g cm−3. These parameters are provided without uncer-
tainty.

6In fact, assuming a null metallicity, and thus µ = 0.6, leaves our results unaffected.
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NGC 5846
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Figure 5.2: Mass density profile of the X-ray gas in NGC 5846. Magenta dots with error bars show the measured profile;
the solid line is the model.

5.1.4 SMBH mass

We include the contribution of the central SMBH in our mass model. We adopt the SMBH
masses provided by [376]: M• = 4.5+0.9

−0.4×109 M�, 6.2+0.4
−0.5×109 M�, and 1.1+0.1

−0.1×109 M�
for NGC 1407, NGC 4486, and NGC 5846, respectively. We model the mass density of
the SMBH as

ρ•(r) =
M•

4πr2
δ(r) (5.21)

where δ is the Dirac δ function. The cumulative mass profile is thus M(r) = M•.

5.2 Spectroscopic data

5.2.1 Stellar velocity dispersion profiles

NGC 1407

For NGC 1407, we use the root-mean-square velocity dispersion profile of the stars mea-
sured by [81]. They derive the profile from two different data sets, depending on the radial
range. For radii in the range of [0, 30] arcsec, they use the long-slit data, along the major
axis of the galaxy, from the European Southern Observatory Faint Object Spectrograph
and Camera (v.2) (EFOSC2) [75]. For radii in the range of [40, 110] arcsec, they use the
multislit Keck/DEIMOS data [389], again along the galaxy major axis. In the overlapping
range of [30, 40] arcsec, they keep both data sets.

The root-mean-square velocity dispersion profile of the stars at the circularised pro-
jected radius R is

Vrms(R) =
[
V 2

rot(R) + σ2(R)
]1/2

, (5.22)

where σ(R) is the stellar velocity dispersion and Vrot(R) = V (R)− Vsys is the major axis
stellar rotation velocity in the galaxy frame, properly corrected for the angle between the
major rotation axis and the galaxy region considered (see [75] for details), with V (R)
the observed rotation velocity, and Vsys the galaxy systemic velocity mainly due to the
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Hubble flow (peculiar velocities are subdominant as stated in Sect. 5.1), given by Vhel in
Table 5.1.
Vrot(R) and σ(R) are estimated from the mean and the standard deviation of the

Gaussian distribution that best fits the line-of-sight velocity distribution (LOSVD) of the
stars derived from the spectral line profile [370, 77]. Cappellari and collaborators [390, 391]
use semi-analytic dynamical models to show that Vrms = (V 2

rot + σ2)1/2 obtained from this
Gaussian fit is a better estimator of the second moment of the velocity distribution than
the second moment estimated with the integral of the LOSVD modelled with a Gauss-
Hermite parametrisation [392, 393]. This result is due to the sensitivity of Vrot and σ to
the tails of the LOSVD, which are affected by large observational uncertainties [370, 77].

The analysis of [75] confirms that NGC 1407 is a slow rotator, namely Vrot � σ;
therefore, Eq. (5.22) yields Vrms(R) ≈ σ(R). To obtain the final Vrms(R) profile, Pota and
coauthors [81] fold and average the data with respect to the galaxy centre.

In our dynamical model described in Sect. 5.3, we assume an orbital anisotropy pa-
rameter β independent of 3D radius r, as [81] do. However, by fitting Schwarzschild
orbit-superposition models to their kinematic data, Thomas and collaborators [394] infer
a variable β(r) within R = 2 arcsec of NGC 1407. Therefore, Pota and coauthors [81]
only consider the Vrms profile beyond R = 2 arcsec = 0.272 kpc. The top-left panel of
Fig. 5.3 shows the Vrms(R) profile of the stars obtained by [81].

NGC 4486 and NGC 5846

For NGC 4486 and NGC 5846, we derive Vrms(R) from the ATLAS3D survey [71]. All the
data are publicly available on the ATLAS3D website.7

The available data provide the two-dimensional map of V and σ of the galaxy on
the plane of the sky, where V and σ are the observed rotation velocity and velocity
dispersion of the stars. In NGC 4486 and NGC 5846, 99.6% and 97.9% of the data points,
respectively, have V/σ ≤ 0.2. Therefore these galaxies, like NGC 1407, are slow rotators,
and we have Vrms ≈ σ.

We rotate the galaxy map counter-clockwise in the new Cartesian coordinates (x′rot, y
′
rot),

such that the photometric major axis of the galaxy is aligned with the east-west direc-
tion [395]. We iteratively remove the values of Vrms(x

′
rot, y

′
rot) that deviate more than

3 standard deviations from the mean Vrms of the entire map [77]. For NGC 4486 and
NGC 5846, the procedure converges after 7 and 6 iterations and removes 155 and 201
data points, respectively. This removal is necessary because some data points could be
spurious, because of the presence of Milky Way stars or problematic bins at the edge of
the field of view [77]. Finally, we transform the two-dimensional map Vrms(x

′
rot, y

′
rot) in a

one-dimensional profile, Vrms(R), by folding and averaging the data with respect to the
galaxy centre.

This procedure yields Vrms(R) profiles with 2444 and 1752 data points for NGC 4486
and NGC 5846, respectively. These profiles are shown in the upper middle and right panels
of Fig. 5.3. These numbers are ∼2 orders of magnitude larger than the number of data
points in the kinematic profiles of the GC populations of the two galaxies (see Sect. 5.2.2).
As confirmed by preliminary tests, with these unbalanced datasets the dynamical models
are driven by the Vrms(R) of the stars and are basically insensitive to the GC kinematic
profiles. To overcome this problem, we bin the stellar kinematic data. Each bin contains
a constant number of data points: N = 111 for NGC 4486 and N = 103 for NGC 5846.
NGC 4486 and NGC 5846 have now 22 and 17 binned data, respectively. These binned
data are the medians, both in the Vrms and R directions, of the values of the N data
points in the bin. The uncertainties are the semi-interval between the 15.9 and the 84.1
percentiles of the distributions, which are nearly symmetric, of the data points in the bin.

7http://www-astro.physics.ox.ac.uk/atlas3d/
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In general, massive early-type galaxies, like these two galaxies, show negative orbital
anisotropy parameters in their central regions, indicating tangential orbits; on the con-
trary, in the outer regions, the orbits appear radial [394, 396]. Numerical simulations show
that this difference in the stellar orbits might originate if massive elliptical galaxies form
from the merging of two progenitors with mass ratios larger than 1/3 [396]: at the centre
of the new-born galaxy, the gravitational torques caused by the merging of the SMBHs of
the two parent galaxies cause a reversal of the orbit behaviour, from radial to tangential.
Therefore, because we assume below an orbital anisotropy parameter β independent of
radius r, we exclude the innermost 2 arcsec in the kinematic profiles of NGC 4486 and
NGC 5846. This projected radius corresponds to 0.167 kpc and 0.235 kpc for NGC 4486
and NGC 5846, respectively.
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Figure 5.3: Root-mean-square velocity dispersion profiles of the stars (upper panels) and of the GCs (lower panels). Each
column refers to the galaxy indicated in the upper panels. In the upper middle and right panels, the grey dots and the
black dots with error bars show the unbinned and binned profiles, respectively. In the lower panels, the red and blue dots
with error bars refer to the blue and red GC populations, respectively. Note the different radial and velocity ranges of the
panels.

5.2.2 Velocity dispersion profiles of the GCs

NGC 4486 and NGC 5846

We derive the Vrms profiles of the GCs in NGC 4486 and NGC 5846 following the procedure
of [76] and [81]. As already specified in Sect. 5.1.2, our samples of GCs contain 480 blue
GCs and 199 red GCs in NGC 4486 and 91 blue GCs and 102 red GCs in NGC 5846.

We bin each GC population into circular annuli centred on the galaxy centre. Each
annulus contains the same number of GCs. Specifically, each bin contains N = 30 and
N = 25 GCs for the blue and red populations in NGC 4486 and N = 26 GCs for
both populations in NGC 5846. These N ’s are a trade-off between too poor bins and
a too coarse profile. For NGC 4486, we obtain 16 and 8 bins for the blue and the red
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GCs, respectively. In NGC 5846, we obtain 6 and 7 bins for the blue and the red GCs,
respectively. In NGC 5846, some GCs are common to contiguous bins, so that we have
a sufficient number of bins despite the small total number of GCs. The radius R of each
bin is the median of the radial coordinates of the GCs in the bin. The Vrms of the GCs in
each bin is [76, 81]

V 2
rms =

1

N

N∑
i=1

(Vrad,i − Vsys)
2 − (∆Vrad,i)

2 , (5.23)

where Vrad,i is the radial velocity of the i-th GC in the radial bin and ∆Vrad,i is its
uncertainty [397, 398]. We take Vrad and ∆Vrad from [365], for NGC 4486, and [76], for
NGC 5846. To estimate the errors on each value of Vrms we use the procedure reported
in [398], as performed by [81]. For convenience, we report this procedure in Appendix F.

The kinematic profiles of the GCs are shown in Fig. 5.3. These profiles are ∼48 and
∼13 times more extended than the kinematic profiles of the stars for NGC 4486 and NGC
5846, respectively. In NGC 4486, the root-mean-square velocity dispersion profiles of the
GC populations show a bell-like shape that peaks at large radii, around ∼500 arcsec =
∼42 kpc. This feature suggests that the GC kinematics is influenced by the gravitational
potential well of the Virgo cluster whose central giant elliptical galaxy is exactly NGC
4486 [365]. This shape is common to the stellar velocity dispersion profiles of other
elliptical galaxies located at the centre of galaxy clusters, like the brightest cluster galaxy
of Abell 383 [399].

NGC 1407

We extract the Vrms(R) profiles of the two populations of GCs in NGC 1407 from Fig. 5
of [81]. They derive the profiles with the same procedure that we adopt here for NGC 4486
and NGC 5846. Pota and coauthors [81] obtain their kinematic data from nine DEIMOS
masks in [76] and an additional DEIMOS mask in [81]. They have a total sample of
379 GCs. After applying the photometric and kinematic selection criteria detailed in
Sect. 5.1.2, Pota and coauthors [81] obtain a sample with 153 blue GCs and 148 red GCs.
The kinematic profiles of the blue and red GC populations in NGC 1407 are shown in
Fig. 5.3 and are ∼5 times more extended than the star profile.

5.3 Dynamical model

5.3.1 Basic equations

We model the kinematics of the three E0 galaxies by assuming spherical symmetry and
no net rotation, as suggested by the observed slow rotation of the galaxies. We model the
velocity dispersion profile of each dynamical tracer t = {∗, R,B}, namely stars, red GCs,
and blue GCs, as

V 2
rms,t(R) =

2

It(R)

∫ +∞

R

K
(
βt,

r

R

)
νt(r)

dφ

dr
r dr , (5.24)

which is the solution to the spherical Jeans equations [400, 370, 356, 81]. In Eq. (5.24), R
is the circularised radius projected onto the sky according to Eq. (5.2), whereas r is the 3D
radius; It(R) is the surface brightness of the stars or the surface number density of GCs;
νt(r) is the 3D luminosity density of the stars or the 3D number density of GCs; φ(r) is
the gravitational potential; and βt = 1− σ2

θ/σ
2
r is the orbital anisotropy parameter, with

σθ and σr, the velocity dispersions in the tangential and the radial directions, respectively.
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We assume βt to be independent of r. K is the kernel

K
(
βt,

r

R

)
=

1

2

( r
R

)2βt−1
[(

3

2
− βt

)]√
π

Γ(βt − 1
2
)

Γ(βt)

+ βtBR2

r2

(
βt +

1

2
,
1

2

)
−BR2

r2

(
βt −

1

2
,
1

2

)
,

(5.25)

where Γ(z) =
∫ +∞

0
tz−1e−t dt is the Euler Γ function and Bx(a, b) =

∫ x
0
ta−1(1 − t)b−1 dt

is the incomplete beta function (see Eq. A16 in [356]). By inserting the RG gravitational
field obtained in spherical symmetry, Eq. (3.6), into Eq. (5.24), we obtain

V 2
rms,t(R) =

2G

It(R)

∫ +∞

R

K
(
βt,

r

R

)
νt(r)

M(r)

ε(ρ)

dr

r
. (5.26)

In our model, M(r) is the baryonic mass alone, namely

M(r) = M∗(r) +Mg(r) +M•(r) +MGC(r) , (5.27)

where M∗(r), Mg(r), M•(r), and MGC(r) are the cumulative mass profiles of the stars,
X-ray emitting gas, SMBH, and GCs, respectively. We estimate the mass profile of the
stars as

M∗(r) = ΥL∗(r) , (5.28)

where L∗(r) is the luminosity profile, Eq. (5.10), and Υ is the stellar mass-to-light ratio
that we assume to be independent of r. In our dynamical model, Υ is a free parameter
in the ranges predicted by the SPS models of [401] and [384], in the B-band, and [402]
and [403], in the r-band. These ranges depend on the initial mass function. For the
B-band, the range is [4.0, 11.2] M�/L� and the lower and upper limits are set by the
Kroupa [404] and Salpeter [405] initial mass functions, respectively. For the r-band, the
range is [1.7, 5.5] M�/L� and the lower and upper limits are set by the Bottema [406]
and Salpeter [405] initial mass functions, respectively.

The mass profile of the gas, Mg(r), derives from the integration of its density profile.
This density profile is indicated in Eq. (5.14), for NGC 1407 and NGC 5846, and in
Eq. (5.20) for NGC 4486. For each galaxy, the mass of the SMBH, M•, is the value
reported in Sect. 5.1.4. For the cumulative mass profile of GCs, we adopt

MGC(r) = MGC × 4π

∫ r

0

νGC(r′)r′2 dr′ , (5.29)

where νGC(r) is the 3D number density of GCs, Eq. (5.13), and MGC is a constant in the
range of [104 − 106]M�, according to the typical mass function of GCs [407, 408].

Figure 5.4 shows the mass profile of each component. The stars provide the largest
contribution to the total mass of each galaxy in most radial range, except in the very
centre, where the SMBH dominates, and in the outskirts of NGC 4486 and NGC 5846,
where the gas contribution overcomes the star contribution. The contribution of GCs to
the total galaxy mass is always smaller than 1% and we thus ignore it hereafter. Therefore,
in the velocity dispersion profile of Eq. (5.26), we also ignore the GC contribution to the
density profile

ρ(r) = ρ∗(r) + ρg(r) + ρ•(r) , (5.30)

which appears as the argument of the permittivity of Eq. (3.5).
We solve Eq. (5.26) by adopting two independent linear grids in the R and the r

coordinates. Both grids cover the range [10−4, 4800] arcsec, with a step of 4 arcsec.
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Figure 5.4: Cumulative mass profiles of the baryonic component of each galaxy: stars (black solid line), blue GCs (blue
solid line), red GCs (red solid line), hot X-ray emitting gas (magenta solid line), and SMBH (green solid line). The purple
solid line shows the sum of all the mass contributions. The stellar mass profiles assume Υ = 7.6 M�/L� for NGC 1407,
and Υ = 3.6 M�/L� for NGC 4486 and NGC 5846. The grey shaded area around the star mass profiles shows the mass
variation by adopting mass-to-light ratios in the range of [4.0, 11.2] M�/L�, for NGC 1407, and of [1.7, 5.5] M�/L�, for
NGC 4486 and NGC 5846, in the B- and r-band, respectively. The mass profiles of blue and red GCs assume a GC mass
MGC = 105 M�; the blue and red shaded areas show the mass variation by adopting MGC in the range of [104, 106] M�.
The gas mass profile of NGC 4486 has no shaded area because the uncertainties on the adopted mass density profile are
unavailable. The green solid lines and shaded areas are the masses of the SMBH and their uncertainties. The purple shaded
areas show the uncertainty on the total baryonic mass profile.

5.3.2 The MCMC approach

For each galaxy, the dynamical model has seven free parameters: four parameters, Υ, ε0,
Q and ρc, contribute to the gravitational potential well of the galaxy and are common
to the three tracers, and three parameters, β∗, βB and βR, are specific for each tracer.
Note that the contributions of the X-ray emitting gas and the SMBH to the gravitational
potential have no free parameters. For convenience, hereafter, we use the parameters B∗ =
− log10(1− β∗), BB = − log10(1− βB), BR = − log10(1− βR), and Pc = log10[ρc (g/cm3)].
Tangential and radial orbits correspond to Bt < 0 and Bt > 0, respectively, where t =
(∗,B,R).

We explore this seven-dimensional parameter space with a MCMC algorithm, where we
adopt a Metropolis-Hastings acceptance criterion: the random variate ~xi+1 = (Υ∗, ε0, Q,Pc,
B∗,BB,BR), at step i+1 of the chain, is obtained from the probability density G(~xi+1|~xi),
which depends on the random variate ~xi at the previous step. For G(~x|~xi), we adopt a
multi-variate Gaussian density distribution with mean value ~xi. We choose the standard
deviation of this Gaussian distribution according to the priors: when we adopt uniform
priors, the standard deviation is 10% of the ranges of the prior; when we adopt Gaussian
priors, the standard deviation is 1/3 of the standard deviation of the prior.

We adopt the likelihood

L(~x) = exp

[
−
χ2

red,tot(~x)

2

]
, (5.31)

where

χ2
red,tot(~x) =

χ2
∗(~x) + χ2

B(~x) + χ2
R(~x)

ndof,tot

, (5.32)

and

χ2
t (~x) =

Nt∑
i=1

[Vrms,mod,t(Ri, ~x)− Vrms,data,t(Ri)]
2

∆V 2
rms,data,t(Ri)

, (5.33)

where t = (∗,B,R), Nt is the number of data points of the tracer, Vrms,data,t and ∆Vrms,data,t

are the measured root-mean-square velocity dispersions at the projected distances Ri,
and their uncertainties, and Vrms,mod,t is the root-mean-square velocity dispersion model
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derived from Eq. (5.26). The total number of degrees of freedom is

ndof,tot = N∗ +NB +NR −Npar, (5.34)

where Npar = 7 is the number of the free parameters of the model.
The Metropolis–Hastings ratio is

A =
p(~x)× L(~x)

p(~xi)× L(~xi)

G(~x|~xi)
G(~xi|~x)

, (5.35)

where p(~x) is the product of the priors of the components of ~x. If A ≥ 1, we accept the
proposed combination of free parameters and we thus set ~xi+1 = ~x; otherwise, we either
set ~xi+1 = ~x, with probability A, or ~xi+1 = ~xi, with probability 1− A. We adopt 2× 104

steps for our MCMC, a number sufficient to achieve the chain convergence, according to
the Geweke diagnostics [334]. The first 103 elements are discarded as part of the burn-in
chains.

5.4 Results

5.4.1 Priors

To model each galaxy with our MCMC analysis, we need to adopt a prior for each of
our seven free parameters. For NGC 1407, the photometric information available in
the B-band suggests the uniform prior [4.0, 11.2] M�/L� for Υ. For NGC 4486 and
NGC 5846, with photometric information in the r-band, we adopt the uniform prior
[1.7, 5.5] M�/L�. We choose both prior ranges according to the ranges expected from
the SPS models mentioned in Sect. 5.3 [401, 384, 402, 403]. For all the three orbital
anisotropy parameters, B∗, BB, and BR, we adopt the uniform prior [−1.5, 1.0], thus
including almost all possible orbits, from very tangential to very radial. Except for the
prior of Υ in the r-band for NGC 4486 and NGC 5846, our priors coincide with those
adopted by [81], who model the kinematics of NGC 1407 in Newtonian gravity with a
generalised Navarro-Frenk-White DM halo [409, 410].

For the three permittivity parameters, we adopt uniform priors in the ranges (0, 1],
[0.01, 2], and [−27,−23], for ε0, Q, and Pc, respectively. These priors are those adopted
in [97], except for ε0: our range here is wider, compared to the range [0.1, 1] of [97].

5.4.2 Refining the priors

Figures 5.5–5.7 show the posterior distributions of the parameters of the model for each
galaxy and Fig. 5.8 shows the models of the Vrms profiles whose parameters are the me-
dians of the posterior distributions. The description of the kinematics of NGC 4486 and
NGC 5846 shown in Fig. 5.8 appears satisfactory. However, this result is not shared by
NGC 1407, despite the convergence of its MCMC: the model of the blue GCs severely
underestimates the corresponding kinematic data. The corner plots in Fig. 5.5 show that
the nearly flat posterior distribution of Q, the broad posterior distributions of ε0, BB, and
BR without distinct peaks, and the substantial uncorrelation between several pairs of pa-
rameters, complicate the identification of the best values of ε0, Q, BB, and BR; therefore,
adopting the medians of the posterior distribution for these values is unconvincing.

This conclusion also applies to NGC 4486 and NGC 5846, despite the fact that the
estimated parameters appear to provide a proper modelling of their kinematic profiles.
Indeed, Figs. 5.6 and 5.7 show that the one-dimensional posterior distributions of Q and
BR of both galaxies are broad and their medians do not coincide with their peaks. In
addition, the posterior distributions show that most parameters are independent of each
other.
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NGC 1407

Figure 5.5: Posterior distributions of the seven parameters of our first MCMC analysis adopting uniform priors for NGC
1407. The parameters are the stellar mass-to-light ratio, Υ, the anisotropy parameters of the three tracers, B∗, BB, BR, and
the three permittivity parameters, ε0, Q, and Pc. The red squares with error bars show the medians and their uncertainties,
set by the 15.9 and 84.1 percentiles of the posterior distributions. The yellow, cyan, and blue contours limit the 1σ, 2σ,
and 3σ regions, respectively. The medians and their uncertainties are also reported above each column and in the one-
dimensional posterior distributions in the top panels of each column as red solid and black dashed lines, respectively. The
magenta solid lines in the one-dimensional posterior distributions of ε0 and Q show the means of the Gaussian priors that
we adopt in our second MCMC analysis.

We thus perform a second MCMC analysis with refined prior distributions as follows.
For NGC 1407, the first MCMC analysis shows that the values ε0 = 0.13 and Q = 0.38
yield a reasonable description of the kinematic data, almost independently of the values
of Pc and of the other parameters. In our second MCMC analysis, for ε0 and Q, we
thus adopt Gaussian priors with means and standard deviations ε0 = 0.13 ± 0.05 and
Q = 0.38± 0.05. These two means are approximately 1σ smaller than the medians of the
posterior distributions of the first MCMC analysis (Fig. 5.5). For the other parameters,
we keep the flat priors of the first analysis. Peaking the priors of the three permittivity
parameters to the global values found from the DMS sample, listed in Sect. 4.3, would
apparently be more sensible and unbiased. Yet, since a ε0 = 0.38, obtained from the first
MCMC run, cannot provide a sufficient boost of the RG gravitational field to reproduce
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NGC 4486

Figure 5.6: Same as Fig. 5.5 for NGC 4486.

the observed kinematic profile of the blue GCs, a ε0 = 0.661, obtained from the entire
DMS sample, would provide an even more severe underestimation of the kinematic data,
even for a larger value of Q. For this reason, it is thus preferable to force the ε0 and Q
parameters close to values that provide the adequate boost of the gravitational field to
describe the data and to leave more freedom to the other parameters of the model.

For NGC 4486 and NGC 5846, the medians of the posterior distributions estimated
from the first MCMC analysis reproduce the kinematic data well. We thus simply adopt
Gaussian priors peaked on these values for these two galaxies. We set the standard devia-
tions of the Gaussians for all the parameters, except Υ∗ and Pc, to the mean uncertainties
estimated from the first analysis; for Υ and Pc, we set the standard deviations to three
times the mean uncertainties. We adopt larger dispersions for these two parameters be-
cause the relative widths of their posterior distributions derived in the first analysis are
in the narrow range [1.6, 22]%: setting the second moment to this range would thus limit
the exploration of the parameter space in the second MCMC analysis. On the contrary,
the relative widths of the other parameters are in the range [43, 213]% and setting the
second moment of the Gaussians to this width provides sufficiently broad priors. The
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NGC 5846

Figure 5.7: Same as Fig. 5.5 for NGC 5846.

Gaussian priors are set to zero outside the ranges listed in Table 5.7. This choice prevents
the exploration of unphysical or unreasonable values.

5.4.3 Velocity dispersion profiles

The posterior distributions determined by our second MCMC analysis are shown in
Figs. 5.9–5.11 and have well-identified peaks. We can thus adopt the medians of these
distributions as the parameters of our model. As uncertainties on these parameters, we
adopt the range between the 15.9 and the 84.1 percentiles of the posterior distributions.
Table 5.8 lists the parameters that we find and that we use to plot the curves of the
models shown in Fig. 5.12. Table 5.8 also lists the reduced χ2’s, Eq. (5.32), that quantify
the agreement between these curves and the data.

The refinement of the priors improves the data description for all the three galaxies.
For NGC 1407, the kinematics of the stars, red and blue GCs appears to be satisfactorily
described by RG. The underestimation of the profile of the blue GCs disappears. For
NGC 4486 and NGC 5846, the kinematic model of the stars and red GCs also appears
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Figure 5.8: Models of the root-mean-square velocity dispersion profiles emerging from our first MCMC analysis. In the
upper panels, the green, blue, and red solid lines show the model profiles for the stars, blue GCs, and red GCs, respectively.
The lower panels show a zoom-in of the stellar profiles. The dots with error bars are the measured profiles from Fig. 5.3.

appropriate. This result is not shared, however, by the blue GCs. In NGC 5846, RG
underestimates the outer points of the measured profile, whereas, in NGC 4486, RG cannot
interpolate the peak of the velocity dispersion profile. These data are the main cause of
the large values of the χ2: if we remove these data points, the reduced χ2’s decrease from
1.71 to 0.99 and from 3.30 to 2.37, for NGC 5846 and NGC 4486, respectively. These poor
fits might originate from the assumption that these two galaxies are isolated rather than
embedded in a larger system, as we discuss below. The fits might also partly improve if
we remove our assumption that the velocity anisotropy parameters β are independent of
radius r or that the galaxies have null net rotation: albeit weak, the net galaxy rotation
is not completely absent in the real galaxies.

Nevertheless, RG overall provides a global good description of the kinematic data of
the three tracers for all the three galaxies with stellar mass-to-light ratios consistent with
the SPS models. For NGC 1407, the values of Υ, B∗, BB, and BR that we obtain are at
+0.38σ, +0.67σ, +0.79σ, and −0.17σ, respectively, from the parameters found by [81] in
their analysis with Newtonian gravity and a DM halo.

The RG models require radial orbits for the stars and tangential orbits for the blue
GCs in all the three galaxies. The red GCs have tangential orbits in NGC 4486 and
NGC 5846, and radial orbits in NGC 1407, in agreement with the result found by [81] in
Newtonian gravity for NGC 1407.

5.4.4 Parameters of the RG permittivity

The orange squares with error bars in Fig. 5.13 show the permittivity parameters esti-
mated for the three E0 galaxies: the parameters are consistent with each other within∼1σ,
suggesting their universality. Their mean values are {ε0, Q,Pc} = {0.15+0.05

−0.05, 0.59+0.36
−0.25,

−24.51+0.58
−0.68}. Figure 5.13 also shows the permittivity parameters derived from 30 disk
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galaxies of the DMS sample [97]: the purple squares with error bars show the means of
the parameters estimated for each individual DMS galaxy, whereas the green dots at the
centre of the shaded areas show the global values derived with an approximate procedure
from the entire 30 galaxy sample.

Our estimates of Pc and Q are within 1σ from the DMS mean values, whereas the DMS
permittivity of the vacuum ε0 is within 2.5σ from our values. This marginal discrepancy
might originate from our simplistic modelling of the E0 galaxies. Indeed, here we assume
that these galaxies have not net rotation and are relaxed and isolated, whereas, in fact,
these galaxies are in clusters or groups and show sign of interactions with nearby galaxies:
NGC 1407 is at the centre of the Eridanus A group [411] and certainly feels the gravita-
tional influence of its neighbour galaxy NGC 1400. NGC 4486, namely M87, is the central
giant elliptical galaxy of the Virgo cluster [365] and NGC 5846 is the central and brightest
galaxy of a galaxy group [412]. Moreover, the GC sample of NGC 5846 might be contami-
nated by the GCs of its neighbour NGC 5846A [76]. The environment has a relevant effect
on the intensity of the gravitational field in RG [300]; this effect clearly propagates into
the actual values of the permittivity parameters. The environmental effects can also be
responsible for the poor fitting of the velocity dispersion profiles of the blue GCs of NGC
4486 and NGC 5846 shown in Fig. 5.12. It would thus be necessary to refine our model
by taking into account the effects of both rotation and the mass distribution surrounding
the galaxies.

The tension between our permittivity parameters and those derived from the DMS
sample might become more severe if we consider the DMS global values, namely the
green dots in Fig. 5.13. Our Pc and Q are still within 3σ from the DMS parameters,
whereas ε0 shows a ∼10σ tension, clearly driven by the small width of the posterior dis-
tribution of the DMS global value. This discrepancy might be due to the approximate
procedure adopted by [97] to estimate this DMS global value: with their MCMC analysis,
Cesare and collaborators [97] only explore the space of the three permittivity parameters
while keeping fixed the mass-to-light ratio Υ and the disk-scale height hz of each of the
30 individual galaxies. This approach is a shortcut to the appropriate, but computation-
ally overwhelming, procedure of exploring the 63-dimensional parameter space of the full
sample, namely the properties, Υ and hz, of all the galaxies and the three permittivity
parameters. The set of the permittivity global parameters returned by this shortcut still
describes the kinematic profiles of each galaxy, but the agreement is poorer than the
agreement obtained by modelling each galaxy individually. Therefore these values of the
permittivity parameters should be considered with caution.

We have to remember that the values of the permittivity parameters partially depend
on the value of the Hubble constant, that we assume to be H0 = 73 km s−1 Mpc−1

and it is subjected to large uncertainties. Indeed, the CMB power spectrum measured
with the Planck satellite [413] suggests a Hubble parameter equal to 67 km s−1 Mpc−1.
Yet, a variation of the Hubble constant does not translate in a significant variation in
the permittivity parameters such as to solve the tension with the vacuum permittivity
derived from the DMS. We estimate that adopting H0 = 67 km s−1 Mpc−1 might result
in a change in the permittivity parameters of ∼0.5% with respect to the case with H0 =
73 km s−1 Mpc−1.
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Table 5.7: Priors of the parameters of the kinematic model, Eq. (5.26), adopted in our final analysis.

NGC Υ∗ ε0 Q Pc B∗ BB BR[
M�
L�

]
(1) (2) (3) (4) (5) (6) (7) (8)

1407 U [4.0, 11.2] G(0.13, 0.05) G(0.38, 0.05) U [−27,−23] U [−1.5, 1.0] U [−1.5, 1.0] U [−1.5, 1.0]
∈ (0, 1] ∈ [0.01, 2]

4486 G(4.64, 2.64) G(0.11, 0.07) G(0.57, 0.62) G(−23.96, 1.50) G(0.53, 0.29) G(−0.31, 0.66) G(−0.47, 0.81)
∈ (0,+∞) ∈ (0, 1] ∈ [0.01, 2] ∈ [−27,−23]

5846 G(4.49, 3.03) G(0.16, 0.08) G(0.69, 0.66) G(−23.94, 1.14) G(0.58, 0.25) G(−0.60, 0.63) G(−0.90, 0.48)
∈ (0,+∞) ∈ (0, 1] ∈ [0.01, 2] ∈ [−27,−23]

Column 1: galaxy name; Cols. 2–8: free parameters of the kinematic model, Eq. (5.26). U and G stand for uniform and
Gaussian distributions, respectively. For the uniform distributions, we list the entire range. For the Gaussian distributions,
we list the mean, the standard deviation and, on the second line of each galaxy, the range explored by the MCMC.

Table 5.8: Parameters estimated from the three dynamical tracers.

NGC Υ∗ ε0 Q Pc B∗ BB BR χ2
red,tot[

M�
L�

]
(1) (2) (3) (4) (5) (6) (7) (8) (9)

1407 8.4+1.6
−2.1 0.14+0.05

−0.05 0.37+0.06
−0.05 −25.13+0.77

−0.81 0.35+0.08
−0.10 −0.58+0.80

−0.58 0.17+0.56
−0.83 1.03

4486 5.6+1.2
−1.6 0.12+0.04

−0.04 0.64+0.48
−0.30 −24.33+0.56

−0.77 0.45+0.25
−0.22 −0.20+0.45

−0.52 −0.42+0.87
−0.77 3.30

5846 5.1+1.5
−1.5 0.18+0.05

−0.05 0.75+0.53
−0.39 −24.08+0.42

−0.45 0.51+0.21
−0.19 −0.68+0.50

−0.58 −0.92+0.37
−0.45 1.71

Column 1: galaxy name; Cols. 2–8: medians of the posterior distributions with their uncertanties; Col. 9:
reduced chi-square, χ2

red,tot, from Eq. (5.32).
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NGC 1407

Figure 5.9: Same as Fig. 5.5 for our second MCMC analysis.
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NGC 4486

Figure 5.10: Same as Fig. 5.6 for our second MCMC analysis.
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NGC 5846

Figure 5.11: Same as Fig. 5.7 for our second MCMC analysis.
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NGC 1407
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Figure 5.12: Same as Fig. 5.8 for our second MCMC analysis.
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Figure 5.13: Permittivity parameters estimated from the three E0 galaxies in our sample (orange squares with error bars)
compared with the permittivity paramaters estimated by [97] from the DMS disk galaxies: the purple squares with error
bars show the means of the permittivity parameters found for the individual DMS galaxies, whereas the light blue shaded
areas show the posterior distributions of the three permittivity parameters found with an approximate procedure from the
entire DMS sample at the same time, with the green dots indicating their median values and the yellow, red, and black
contours indicating the 1σ, 2σ, and 3σ levels, respectively.
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Chapter 6

Discussion and conclusion

6.1 Summary of the main results

In this thesis, we test, on galaxy scale, the viability of RG, a theory of modified gravity that
does not require the existence of DM to describe the dynamics of cosmic structures. RG
is formulated in analogy to electrodynamics in matter and its modified Poisson equation
contains the gravitational permittivity, a monotonic increasing function of the local mass
density, which depends on three universal free parameters: the permittivity in vacuum, ε0,
the critical density, ρc, which sets where the transition between the Newtonian and the RG
regimes occurs, and the parameter Q, which regulates the steepness of this transition. For
our analyses, we adopt the smooth step function (3.5) for the gravitational permittivity.

We test RG with 30 disk galaxies from the DMS [317]. These galaxies appear almost
face-on, having an inclination between 5 deg and 46 deg with respect to the line of
sight. We can thus model, using a MCMC approach, both their rotation curves and their
vertical velocity dispersion profiles. By modelling every galaxy with five free parameters,
the mass-to-light ratio, Υ, the disk-scale height, hz, and the three free parameters of the
permittivity, our MCMC analysis demonstrates that RG can properly model the kinematic
profiles of these galaxies with sensible values of Υ and hz. In particular, the mass-to-
light ratios agree with the predictions from the SPS models of [325] and this consistency
improves when the vertical velocity dispersion profiles are included in the modelling.
When we model the rotation curves alone, the disk-scale heights are in agreement with
the disk thicknesses, hz,SR, observed from edge-on galaxies. When we model both the
rotation curves and the vertical velocity dispersions, we obtain hz ∼2 times smaller than
hz,SR. Yet, this issue, already faced by Angus and collaborators by analysing the same
galaxies in MOND [326], might not be due to a problem of RG but to an observational
bias pointed out by [327] and quantified by [328]. Indeed, whereas the disk-scale heights
observed in edge-on galaxies are inferred from near infrared photometry coming from old
giant stars, with a larger vertical velocity dispersion and disk-scale height, the vertical
velocity dispersions profiles are measured from integrated spectra near the V -band, whose
signal is dominated by young giant stars, with a smaller vertical velocity dispersion and
disk-scale height. For this reason, the disk-scale heights estimated from the measured
vertical velocity dispersions result smaller than those inferred from the near infrared
photometry. For the DMS sample, we estimate a mean ratio between these two velocity
dispersions of 1.63, consistent within 1σ with the value suggested by [328]. Artificially
increasing the measured vertical velocity dispersions by 1.63, the estimated disk-scale
heights result consistent with those estimated from edge-on galaxies.

RGmodels the kinematic profiles of the DMS sample with permittivity parameters from
individual galaxies consistent with each other, suggesting their universality. To better
test the universality of these parameters, we explore, with a MCMC approach, the three-
dimensional RG parameter space for the entire galaxy sample at the same time, setting
the mass-to-light ratios and the disk-scale heights to the values found from our previous
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analysis. This unique combination of permittivity parameters, {ε0, Q, log10[ρc (g/cm3)]} =
{0.661+0.007

−0.007, 1.79+0.14
−0.26,−24.54+0.08

−0.07}, is consistent, within 1.2σ, with the means of the dis-
tributions of the permittivity parameters estimated from the individual galaxies, {ε0, Q,
log10[ρc (g/cm3)]} = {0.56± 0.16, 0.92± 0.71,−25.30± 1.22}. Although, as expected, the
models of the rotation curves and of the vertical velocity dispersion profiles worsen, and
some χ2 increase also of a factor of 5, they still appear to be reasonable for about half
sample. This result suggests that a single combination of permittivity parameters that
describes the kinematics of the DMS galaxies with sensible Υ and hz might indeed exist.

RG can also describe the RAR built from the DMS data. The RAR modelled in RG
interpolates these measurements rather well and reproduces the asymptotic limits of the
observed RAR, given by Eq. (4.14). Yet, RG produces a RAR that slightly underestimates
the data at low Newtonian accelerations and with an intrinsic scatter not consistent
with zero, as galaxy samples different from DMS might suggest [44, 246]. Moreover, the
residuals between the RAR modelled by RG and Eq. (4.14) show some correlations with
some galaxy properties, apparently at odds with the uncorrelations claimed by [246] for the
SPARC sample. In particular, for the three radially-dependent properties of the galaxies,
radius, surface brightness and gas fraction, the correlations are statistically significant at
largely more than 5σ. However, we also find significant correlations with radius and gas
fraction, at more than 4σ, for the residuals of the DMS data.

Besides testing RG with the dynamics of flattened systems, we assess whether RG can
also model the kinematic profiles of spherical systems. We, thus, model, at the same
time, the root-mean-square velocity dispersions of the stars, the blue GCs, and the red
GCs in three elliptical E0 galaxies belonging to the SLUGGS survey. The choice of these
galaxies is due to the presence of two populations of GCs that probe their kinematics up
to ∼10 effective radii from their centres, where the mass discrepancies, as interpreted in
Newtonian gravity, are more important. Modelling the kinematic profiles of these systems
up to their outermost regions provides a stringent test for modified theories of gravity.

Having a minor-to-major axis ratio in the range of [0.86, 0.95], we approximate these
galaxies as spherical systems and we model their kinematic profiles with the spherical
Jeans equation derived from the RG gravitational potential. The theory properly models
the kinematic profiles of the three populations with sets of permittivity parameters of
the three E0 galaxies consistent with each other within ∼1σ. Their values averaged over
the three galaxies are {ε0, Q, log10[ρc (g/cm3)]} = {0.15+0.05

−0.05, 0.59+0.36
−0.25,−24.51+0.58

−0.68}. With
this permittivity, RG requires mass-to-light ratios in agreement with SPS models and
tangential or radial orbits for the GCs, depending on the galaxy and the colour of the
GCs. In particular, for NGC 1407, the mass-to-light ratio and the orbital anisotropy
parameters are within 1σ from the values found by [81], who model this galaxy with
Newtonian gravity and a DM halo.

The values of log10[ρc] and Q that we find here are within 1σ from the DMS average
values and within 3σ from the DMS global values and support their universality. Sim-
ilarly, our estimate of ε0 is within 2.5σ if we consider the DMS average, 0.56 ± 0.16, of
the individual galaxies. However, ε0 is ∼10σ discrepant if we consider the DMS value
0.661+0.007

−0.007 estimated from the DMS sample as a whole.
This discrepancy is mostly driven by the width of the posterior distribution found

by [97] which is small when compared to the uncertainties of the corresponding mean
values (Fig. 5.13). If this width is not severely underestimated, this discrepancy might
highlight at least three different possible problems: a simplistic model of the ellipticals,
an incorrect form of the permittivity, or a fundamental fault of RG. The model of the
ellipticals that we adopt here is oversimplified, because we treat them as isolated systems
and completely neglect the galaxy net rotation. Indeed, NGC 1407 and NGC 5846 are
within galaxy groups and NGC 4486 is the central galaxy of the Virgo cluster. Treating
these galaxies as isolated systems, as we do here, can clearly overlook relevant interactions
with neighbour galaxies that could actually affect the parameters of the permittivity.
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Including these environmental effects requires modelling all the galaxies within the system
at the same time, with each galaxy modelled according to its morphological type and
shape. Properly modelling such a system is arduous and its nonlinear effects are difficult
to assess at the present stage. We cannot thus exclude that they might be the origin of the
possible discrepancy we find here. Alternatively, the explicit form of the permittivity ε(ρ)
(Eq. (3.5)), that is chosen arbitrarily, might actually be inappropriate, especially in the
low-density regime: hints from the weak-field limit of the covariant version of RG [301]
might suggest a better motivated permittivity that might alleviate the tension. These
possible explanations can also account for the poor fitting of some points of the blue GCs
profiles in NGC 4486 and NGC 5846. In addition, we have to keep in mind that the global
combination of permittivity parameters that we estimate from the DMS sample is derived
through an approximate procedure, where we fix the mass-to-light ratios and disk-scale
heights of the individual galaxies and we only explore the three dimentional space of the
permittivity parameters. Properly exploring the 63-dimensional space of the individual
Υ and hz for each DMS galaxy and of the three permittivity parameters might reduce
the discrepancy observed between the vacuum permittivities estimated from the three
E0 galaxies and the DMS. Finally, all of the above might turn out to play a negligible
role, and this possible tension on the permittivity of the vacuum might simply betray a
fundamental fault of RG.

6.2 Future perspectives

6.2.1 Galaxy scale

Given the first successes on the scale of galaxies, we can conclude that RG is a theory of
gravity that deserves further investigations. Before going to larger scales, additional tests
of the dynamics of galaxies have to be accomplished to complete the study of RG of these
systems.

First of all, we have to settle the two issues presented by RG on galaxy scale: the
prediction of a RAR with a too large intrinsic scatter and correlations between its resid-
uals and galaxy properties and the apparent nonuniversality of the vacuum permittivity.
Specifically, we have to understand whether they are due to a failure of the theory or
depend either on the chosen galaxy sample or to a too approximate modelling.

A re-analysis of the radial acceleration relation

The RAR produced by RG from the modelling of the DMS galaxies present strong correla-
tions, at largely more than 5σ, between its residuals and the radially dependent properties
of the galaxies. However, also the RAR built from the DMS data show some, although
weaker, correlations between these two quantities which might partially drive the correla-
tions observed for the RG models. The correlations observed in the DMS measurements
are apparently at odds with the observed uncorrelations in SPARC [246], suggesting a
difference between the two samples. At the moment we cannot state whether this differ-
ence really exists, since Lelli and collaborators [246] do not report the significance levels of
these correlations. Moreover, the DMS is not the only galaxy sample where a correlation
between the RAR residuals and the galaxy properties is observed. Di Paolo and coau-
thors [96] found a correlation between the RAR residuals and the galaxy radius from the
accurate mass profiles of 36 dwarf disk spirals and 72 LSB galaxies, making the question of
the RAR particularly puzzling. Yet, also this question requires further investigation, since
also Di Paolo and coauthors [96] do not report the significance levels of this correlation.

To better assess whether the result obtained in RG from the DMS galaxies depends on
the theory itself or on the DMS sample, we aim to repeat the study of the RAR with the
SPARC galaxies. Differently from the DMS, whose galaxies are close to face-on, SPARC

93



Chapter 6. Discussion and conclusion

sample contains edge-on galaxies. This provides more accurate rotation curves and, thus,
allows a more robust study of the RAR. In particular, we will model the rotation curves of
all the edge-on disk galaxies belonging to SPARC and we will derive the RAR from these
models, as detailed in Sect. 4.4. Then, we will compute both the scatter and the residuals
of the obtained RAR and we will compare these results with the ones from Lelli and
collaborators [246] and from the DMS (Sect. 4.4). This study is already ongoing by Beordo
and collaborators. Another interesting study that should be performed would consist in
repeating the computations of the scatter and of the correlations for the separated groups
of normal spirals and dwarf galaxies present in SPARC and for the sample considered
by [96]. This analysis would better clarify the results obtained by [57] and [96], according
to which the RAR behaves differently in normal spirals and in dwarf or LSB galaxies (see
also Sects. 2.1.2 and 2.2 and Fig. 2.12), besides providing a further test for RG.

Elliptical galaxies

The study of the dynamics of elliptical galaxies in RG is certainly incomplete. Indeed,
we have only considered three E0 galaxies in our sample. First of all, we aim to better
investigate the possible nonuniversality of the vacuum permittivity and if the consistency
between the other two RG parameters and the corresponding values found from the DMS
still subsists for a larger sample of galaxies. To accomplish this task we will perform
a less approximate description of the three galaxies we considered, including the inter-
actions with their surrounding environment in our modelling, possibly by resorting to
N -body simulations. We will improve the statistical significance of this study by includ-
ing additional E0 galaxies with extended kinematic profiles in our sample. The galaxies
in the ePN.S survey are suitable for this purpose, since their kinematics is probed up to
their outer regions thanks to detection of Planetary Nebulae rather than GCs, as in the
SLUGGS survey. Specifically, their kinematic profiles are measured until ∼13Re from
the galaxy centres (see also Sect. 2.1.2). Also the round elliptical galaxies considered
in [302], [303], and [304] might be ideal to test the viability of RG. Their velocity disper-
sion profiles show a flattening beyond a certain radius, where both this radius and the
amplitude of the velocity dispersion in its flat region are consistent with MOND expec-
tations. Modelling these kinematic profiles with RG would show whether they can be
reproduced by a field proportional to r−2 in the outermost regions of the galaxy of if they
necessarily need a field proportional to r−1, as in MOND. If this is the case, it would be
an issue for the current formulation of RG.

Then, we will extend this study to elliptical galaxies with different ellipticities, both
from the SLUGGS and the ePN.S surveys. This analysis would also allow to investigate
the positive correlation found by Alexander Deur [82, 83] between the total mass-to-
light ratios and the ellipticities of elliptical galaxies, which naturally arises within the
framework of RG, as better discussed in Sect. 3.2. These galaxies, which have kinematic
profiles more extended of a factor of ∼10 with respect to the sample considered by [82, 83],
will be determinant to validate or to reject this correlation. Considering elliptical galaxies
with different degrees of flatness would allow the investigation of the possible dependence
of the RG parameters on the morphological type of the galaxies, either ellipticals or disks,
or on the geometry of the system, either spherical or flattened. Moreover, all these studies
might shed light on the validity of the expression (3.5) for the gravitational permittivity.

Dwarf galaxies and globular clusters

Besides the dynamics of elliptical galaxies with different polar flattenings, the fact that
the flatter a system the stronger the refraction of RG field lines toward its equatorial
plane might also account for the different dynamical behaviours in dwarf galaxies and
GCs (see Sect. 3.2). We aim to test this feature of RG, by modelling the rotation curves
of a sample of dwarf galaxies belonging to the Milky Way halo (e.g. [414]) and to the
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LITTLE THINGS survey [415], and the internal velocity dispersions of a sample of GCs
settling in the most external regions of the Milky Way (e.g. [61, 62, 63, 64, 65, 66, 67]),
where the background density drops below the RG critical value. The modelling of the
rotation curves of the dwarf and the LSB galaxies from SPARC and from the sample
considered in [96] that we would perform to better investigate the question of the RAR
would also improve the statistical significance of this study.

This study would allow to test whether RG is indeed able to describe the larger mass
discrepancies observed in dwarf galaxies with respect to spiral galaxies thanks to the
dependence of the modification of the law of gravity on the local mass density, as better
detailed in Sect. 3.2.

6.2.2 Larger scales

Galaxy clusters

If RG passes all the mentioned tests on galaxy scale, an investigation at larger scales
should certainly be performed. In Sect. 3.3 we describe some studies that we aim to
perform to investigate the validity of RG in galaxy clusters. They consists in extending
the study of Matsakos & Diaferio [300] that modelled in RG the radial temperature
profiles measured with the Chandra satellite of two galaxy clusters, A1991 and A1795.
They are two low-redshift and relaxed galaxy clusters, where the assumption of dynamical
equilibrium might be valid at every distance from the cluster centre, and they have a
spectroscopic temperature of the gas, averaged between 70 kpc and r500, of 2.83 keV
(A1991) and 9.68 keV (A1795). r500 is the distance from the centre of the cluster where
the average density is 500 times larger than the critical density of the Universe. These
measurements are taken from [309], that provide the radial temperature profiles of other
11 nearby and relaxed galaxy clusters, besides the two mentioned ones, with redshifts in
the range of [0.0153, 0.2302] and average temperatures in the range of [0.7, 9] keV. We aim
to model the temperature profiles of the other 11 galaxy clusters by adopting the same
methodology illustrated in [300]. In their modelling of the temperature profiles, Matsakos
& Diaferio adopted the gravitational permittivity of Eq. (3.5) with RG parameters fixed
a priori. We aim to repeat this study by leaving the three parameters free, as performed
in our studies on galaxy scale, to see if the estimated values result consistent with each
other. At a second stage, we want to adopt a less approximate modelling by including
the mass profiles of the individual galaxies present in the clusters, exploiting the results
from N -body simulations, as anticipated in Sect. 3.3.

Besides the temperature profiles, we also aim to test whether RG can model the galaxy
velocity dispersion profiles of clusters of galaxies. To perform this task, we will consider
the data in the CIRS and the HeCS samples [416, 417], that present the radial velocity
dispersion profiles taken from the Sloan Digital Sky Survey and the ROSAT All-Sky
Survey of 130 galaxy clusters in a redshift range of [0.0, 0.3] and with different dynamical
properties, from nonmerging and relaxed to merging and dynamically active. This study
allows to investigate how the RG parameters are affected by the environment, either
relaxed or interacting, extending on larger scales the study that we aim to perform with
elliptical galaxies, illustrated in Sect. 6.2.1.

To complete the study of the dynamics of clusters of galaxies in RG, we aim to investi-
gate the BTFR extended to galaxy groups and clusters given by Eq. (3.8) and illustrated
in Sect. 3.3. As already anticipated in Sect. 3.3, we have to consider how the uncertain-
ties on the equation of state and on the entropy profiles of the gas and the possible local
deviations from hydrostatic equilibrium due to X-ray gas flows might affect the values of
the RG parameters.
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Cosmology

As detailed in Sect. 3.5, RG is extended in a covariant formulation [301]. Covariant RG
presents some encouraging results, since it can reproduce the Hubble diagram of SNIa at
high redshift measured in [418]. Differently from ΛCDM, the relativistic version of RG
predicts a redshift-dependent equation of state of DE, which tends to -1 at the present
epoch, in agreement with the observations. The equation of state of DE predicted by
RG can be constrained from the measurements of the expansion rate of the Universe
performed by the Dark Energy Survey (DES)1 observing thousands of supernovae from
August 31th 2013. Moreover, the upcoming Euclid mission2 will measure the variation
of the cosmic acceleration to an accuracy better than the 10% level, allowing further
constraints for RG.

Other important cosmological observables that we aim to investigate with covariant
RG are the formation, the evolution, and the distribution of large-scale structures. To
accomplish this task, we aim to modify the publicly available code GADGET-2 [419] to
perform N -body simulations in the relativistic RG framework. This project first requires
the development of the linear theory of density perturbations in RG, so that initial con-
ditions can be properly set in the N -body simulations. The original GADGET-2 code
describes the evolution of two components: a collisionless one, made of DM and stars,
and a collisional one, made of an ideal gas, both represented as a system of particles. The
first components are modelled with the collisionless Boltzmann equation coupled to the
Poisson equation in an expanding Universe with a Friedman-Lemaître geometry. The sec-
ond component is modelled with smoothed particle hydrodynamics [420], a meshfree and
Lagrangian method to describe the dynamics of fluids. We will compare the results of the
simulations with the observations from DES survey, which probed the formation of struc-
tures with weak gravitational lensing and galaxy clusters, and the distribution of galaxies
with the two-point correlation function. Further constraints will be given by the measure-
ments taken with the Dark Energy Spectroscopic Instrument (DESI)3, which started to
observe in 2019, and with upcoming experiments like the Square Kilometer Array (SKA)4
and Euclid, that are expected to start taking data in 2021 and 2022, respectively.

To complete the testing of RG on cosmological scales, we have to verify if it can
reproduce the power spectrum of the CMB anisotropies, by comparing its predictions
with the latest measurements from the Planck satellite [413]. Moreover, by estimating the
cosmological parameters from different low-redshift galaxy surveys, like KIDS, CFHTLS,
and DES, and from the CMB power spectrum we can assess whether RG can solve the
tensions observed in the ΛCDM model.

1https://www.darkenergysurvey.org
2https://sci.esa.int/web/euclid
3https://www.desi.lbl.gov
4https://www.skatelescope.org
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Appendix A

Modelling the mass distribution in the
disk galaxies

Here, we describe how we model (1) the surface brightness of the bulge and the stellar
disk (Appendix A.1); (2) the mass distribution of the gas (Appendix A.2); and (3) the
total three-dimensional mass distribution (Appendix A.3) for the galaxies in the DiskMass
Survey (DMS) (see Chapter 4).

A.1 Surface brightness of the bulge and the stellar disk

The surface brightness of disk galaxies is the sum of the contribution of the bulge, which
dominates the inner regions, and the contribution of the disk, which dominates the ex-
ternal regions. The surface brightness profile usually shows a distinct change of slope at
the radius that separates the central region dominated by the bulge and the outer region
dominated by the disk (see sub-panels (a) of Figs. E.1-E.7).

To preserve the specific features of the distribution of the luminous matter, which in
general correspond to features of the rotation curve, according to ‘Renzo’s rule’ [335],
we model the disk surface brightness with a linear interpolation of the surface brightness
data points only beyond the central region. To estimate the disk contribution within the
central region, we fit the surface brightness data point beyond the central region with an
exponential profile [421, 422]:

Id(R) = Id0 exp

(
− R

hR

)
, (A.1)

where hR is the disk-scale length.
Therefore, to describe the disk surface brightness on the full radial range of the galaxy,

we adopt the exponential model for the disk contribution within the central region, dom-
inated by the bulge, and the linear interpolation of the data points in the outer region.
We also adopt the exponential model in the very outer region if the grid of the Poisson
solver we use in Sects. 4.1, 4.2, 4.3, and 4.4 goes beyond the measured profile.

We model the bulge surface brightness with a Sérsic spherical profile:

Ib(R) = Ie exp

{
−7.67

[(
R

Re

) 1
ns

− 1

]}
, (A.2)

with Re the effective radius, Ie the surface brightness at radius Re, and ns the Sérsic
index. The average bulge-to-total luminosity ratio in the K-band in the DMS galaxies is
0.09 (see Table 1 in [320]); therefore, ignoring the triaxiality of the bulge should introduce
negligible systematic errors on the modelling of the galaxy luminosity.

For the bulge, we adopt the Sérsic model rather than interpolating the surface bright-
ness data points as we do for the disk, for two reasons: (1) the seeing affects the central
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region more than the outer region, as we detail below, and (2) unlike a two-dimensional
disk, the bulge cannot be trivially deprojected without an analytical approximation. The
deprojection is a required step to model the galaxy mass distribution we illustrate in
Sect. A.3.

To model the surface brightness profile, we also consider the seeing that affects the mea-
surements made with the 3.5 m diameter ground telescope at the Calar Alto Observatory.
We model the seeing with a Gaussian point spread function,

pPSF(R) =
1

2πσ2
exp

[
−(R−Rpeak)

2

2σ2

]
, (A.3)

where σ is the average effective seeing, as listed in Tables 3 and 4 of [320], and Rpeak is
the location of the surface brightness peak.

According to [320], we only convolve the bulge profile (Eq. A.2) with Eq. (A.3):

Iobs(R) =

∫ +∞

−∞
Itrue(R

′)pPSF(R′ −R) dR′ . (A.4)

Ignoring the effect of the seeing on the disk should introduce negligible systematic errors
because the disk is a factor of ten more luminous than the bulge, on average, and spatially
more extended.

The galaxy disks in the DMS sample appear almost face-on, with small inclination
angles i. If we neglect the dust extinction within the galaxy, the observed surface bright-
ness of the disk is brighter than the intrinsic surface brightness because the observed flux
appears to come from an area cos i times smaller than the actual disk area. Therefore,
to derive the light distribution of the disk from the measured surface brightness, µK , we
need to correct for the inclination of the disk with respect to the line of sight.

By assuming the Tully-Fisher relation [423],

log10 vTF = −0.30103 + (5.12−MK)/11.3 , (A.5)

Martinsson et al. [320] estimate the inclination angle,

sin iTF =
vobs

vTF

, (A.6)

from the observed luminosity, MK , and the observed rotation velocity, vobs. The face-on
surface brightness of the disk is thus:

µiK = µK − 2.5Ck log(cos iTF) , (A.7)

where Ck = 1, for a transparent disk, as assumed by [320].
For the conversion of the surface brightness from the astronomical units mag arcsec−2

to units L� pc−2, we use the equation [424]:

µ
( mag
arcsec2

)
= M�,K + 21.572− 2.5 log10 I

(
L�
pc2

)
, (A.8)

where M�,K = 3.28 is the absolute magnitude of the Sun in the K-band. This equation
neglects the expansion of the Universe because all the DMS galaxies are nearby, with the
farthest galaxy (UGC 4622) at z = 0.043, namely at the distance 178.2 Mpc (see Table 1
of [320]).

We now illustrate the steps we adopt to model the entire surface brightness profile.
We apply this procedure to the surface brightness profiles that were already corrected for
inclination with Eq. (A.7) by [320].

As anticipated, most observed surface brightness profiles in the DMS sample show a
distinct change of slope that suggests how extended the bulge is. We remove the central
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data points at radii smaller than the location of the slope change. The removed data points
for each galaxy are shown in sub-panels (a) of Figs. E.1-E.7 as green dots. We assume
that the remaining profile, given by the red dots in sub-panels (a) of Figs. E.1-E.7, is only
due to the surface brightness of the disk. We linearly interpolate this remaining profile.
The disk contribution in the most inner region, where the bulge contribution is dominant,
is estimated with the exponential model of Eq. (A.1), with the parameters of the model
set by the least-square best fit to the data points of the outer region alone.

We now subtract the extrapolated surface brightness profile of the disk from the ob-
served total surface brightness profile of the central region, namely the green data points
in sub-panels (a) of Figs. E.1-E.7. The remaining profile is the surface brightness profile of
the bulge that we now model with Eq. (A.4). Because of the presence of the convolution
integral, to estimate the three parameters Ie, Re and ns of the bulge, it is more convenient
to apply a MCMC approach. We run the MCMC algorithm with JAGS1, a free software
that adopts the Gibbs sampling algorithm to generate the Markov chains.

We adopt Gaussian priors on the three free parameters; we set the Gaussian tails
to zero for the unphysical negative values of the parameters. The Gaussian dispersions
are set to 1/

√
200 L� pc−2, 1/

√
200 arcsec, and 1/

√
200 for Ie, Re and ns, respectively.

Assuming a Gaussian prior avoids the choice of an upper limit required in a uniform prior.
To determine the means of the Gaussian priors, we compare the surface brightness profiles
with the model profiles with a number of different choices of the parameters set by hand.
We pick up the set of parameters that qualitatively best reproduce the data. This simple
approach is sufficient to set the means of the Gaussian priors to reasonable values. The
burn-in chain has 10, 000 steps and we then run the chain for 100, 000 steps.

For the best parameter estimates and their uncertainties, we adopt the medians and
the standard deviations of the posterior distributions obtained from the MCMC runs.
This choice is justified by the fact that the posterior distributions show a single peak and
are basically symmetric.

By adopting this procedure, we find that two galaxies, UGC 1862 and UGC 9965, have
no surface brightness in excess to the disk in the central region and we thus consider
them bulgeless, a finding that is in agreement with [320]. Martinsson et al. [320] find two
additional bulgeless galaxies: UGC 3091 and UGC 7244; however, for these galaxies, we
do find a non-negligible light excess in the central region.

Table A.1 lists the parameters estimated from the MCMC analysis for the bulge profiles
and the best-fit parameters of the exponential profile used to estimate the disk surface
brightness in the central region. The uncertainties on the parameters Id0 and hR are
derived from the covariance matrix obtained from the least-square fit. Sub-panels (a)
of Figs. E.1-E.7 show the 30 measured profiles, corrected for inclination, in green the
region where the bulge contribution is dominant, and in red the region where the disk
contribution is dominant; the models are in blue and are the sum of Eq. (A.4) and the
surface brightness of the disk.

To convert the fit parameters from angular (arcsec) to physical (kpc) radial units we
use the relation:

R(kpc) = 4.84814× 10−6D(kpc)R(arcsec) , (A.9)

where 4.84814 × 10−6 is the conversion factor from arcsec to radians and D(kpc) is the
galaxy distance reported in Table 1 of [320]. This relation is strictly valid in a nonex-
panding Euclidean geometry, but it can be applied to our DMS galaxies because they all
are at redshift smaller than 0.043.

1https://sourceforge.net/projects/mcmc-jags/
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Table A.1: Parameters of the model of the surface brightness.

UGC Id0

[
L�
pc2

]
hR [arcsec] hR [kpc] Ie

[
L�
pc2

]
Re [arcsec] Re [kpc] ns

(1) (2) (3) (4) (5) (6) (7) (8)

448 603± 44 12.29± 0.47 3.89± 0.19 2500.00± 0.07 1.08± 0.05 0.34± 0.02 6.47± 0.07
463 1357± 23 13.17± 0.16 3.81± 0.14 83.00± 0.07 4.50± 0.07 1.30± 0.05 2.03± 0.01
1081 573± 12 14.79± 0.20 3.00± 0.16 4.69± 0.07 2.02± 0.07 0.41± 0.02 0.47± 0.02
1087 598± 25 10.41± 0.33 3.01± 0.14 0.44± 0.02 4.72± 0.07 1.36± 0.05 0.46± 0.03
1529 872± 29 12.19± 0.27 3.64± 0.15 4.70± 0.07 3.01± 0.07 0.90± 0.04 0.61± 0.02
1635 477± 17 14.11± 0.37 3.19± 0.17 3.16± 0.07 2.97± 0.07 0.67± 0.03 0.46± 0.02
1862 329.7± 8.5 17.29± 0.39 1.54± 0.18 - - - -
1908 1406± 42 9.21± 0.19 4.91± 0.14 35.00± 0.07 1.09± 0.06 0.58± 0.03 0.48± 0.03
3091 467± 36 9.30± 0.53 3.33± 0.21 1.06± 0.06 3.97± 0.07 1.42± 0.05 0.60± 0.03
3140 1426± 68 11.23± 0.31 3.38± 0.15 3749.96± 0.07 0.82± 0.04 0.25± 0.01 4.64± 0.07
3701 151± 16 16.7± 1.3 3.51± 0.32 0.24± 0.01 7.02± 0.07 1.47± 0.07 0.37± 0.02
3997 165± 25 13.7± 1.2 5.52± 0.50 0.82± 0.05 7.00± 0.07 2.82± 0.08 0.98± 0.04
4036 985± 12 12.87± 0.08 3.18± 0.13 1.24± 0.06 3.70± 0.07 0.91± 0.04 0.44± 0.03
4107 669± 16 13.26± 0.23 3.29± 0.15 2.50± 0.06 2.99± 0.07 0.74± 0.04 0.49± 0.02
4256 1327± 29 11.78± 0.14 4.27± 0.13 305.00± 0.07 5.03± 0.06 1.82± 0.06 3.55± 0.02
4368 726± 18 9.49± 0.07 2.59± 0.10 0.42± 0.03 4.50± 0.07 1.23± 0.05 0.34± 0.04
4380 473± 36 9.78± 0.45 4.98± 0.25 0.50± 0.04 7.03± 0.07 3.58± 0.08 0.66± 0.04
4458 254± 22 28.0± 1.3 9.27± 0.52 180.00± 0.07 24.99± 0.07 8.29± 0.26 3.26± 0.01
4555 799± 13 10.99± 0.10 3.29± 0.12 1.71± 0.07 1.99± 0.07 0.60± 0.03 0.37± 0.03
4622 520± 27 8.59± 0.26 7.42± 0.24 14.20± 0.07 1.07± 0.06 0.92± 0.05 0.55± 0.03
6903 137± 11 34.5± 2.4 5.23± 0.52 0.84± 0.05 13.50± 0.07 2.05± 0.14 0.79± 0.04
6918 3372± 40 10.96± 0.08 1.16± 0.12 3.79± 0.07 4.02± 0.07 0.42± 0.05 0.43± 0.02
7244 202± 18 10.81± 0.32 3.43± 0.15 0.61± 0.04 6.51± 0.07 2.06± 0.07 0.70± 0.04
7917 686.0± 9.8 14.53± 0.10 7.25± 0.17 12.00± 0.07 7.01± 0.07 3.50± 0.09 1.13± 0.01
8196 1085± 54 9.63± 0.25 5.59± 0.18 144.00± 0.07 7.00± 0.07 4.06± 0.09 2.57± 0.02
9177 362± 23 11.06± 0.44 7.10± 0.31 3.12± 0.07 2.99± 0.07 1.92± 0.06 0.60± 0.02
9837 97± 11 28.2± 2.3 5.91± 0.58 4.98± 0.07 30.00± 0.07 6.28± 0.33 2.69± 0.02
9965 739± 15 10.25± 0.19 3.51± 0.14 - - - -
11318 1090± 27 11.04± 0.19 4.56± 0.14 90.00± 0.07 9.99± 0.07 4.13± 0.11 3.46± 0.02
12391 622± 22 11.31± 0.30 3.66± 0.15 2.04± 0.06 5.95± 0.07 1.93± 0.06 0.97± 0.02

Column 1: UGC number; Cols. 2, 3: best-fit parameters of the exponential profile (A.1), which are used to
model the disk surface brightness in the central regions of the galaxies; Cols. 5, 6, 8: MCMC parameters for
the bulge surface brightness profile; Cols. 4, 7: disk-scale length, hR, and bulge effective radius, Re, in physical
units (kpc).

A.2 Gas surface mass density

The gas component of each galaxy is distributed in a disk-like structure that is thinner
and more extended than the stellar disk. In addition, both the atomic and the molecular
gas contribute to the gas component.

The observed atomic profile is set to Σatom = 1.4ΣHI [324], where ΣHI is the measured
HI gas surface mass density estimated from 21-cm radio synthesis observations (see Sect.
2.5 of [425]). Similarly to the surface brightness of the disk, we linearly interpolate the
data points of the surface mass density of the atomic gas.

Martinsson [425] measured ΣHI only for 24 galaxies out of the original sample of 30
galaxies. For the remaining six (UGC 1081, UGC 1529, UGC 1862, UGC 1908, UGC 3091,
UGC 12391), Martinsson [425] modelled the ΣHI profiles with a Gaussian with mean and
dispersion taken from the average of the other galaxies with measured ΣHI (see Sect. 3.1
of [324] for details), obtaining synthetic data. For these six galaxies, we clearly adopt
their synthetic Gaussian profiles.

The molecular gas surface mass density, Σmol, is indirectly derived from 24-µm Spitzer
observations, based on the CO line detection (see Sect. 3.2 of [324]). Again, we linearly
interpolate the measures of the surface mass density of the molecular gas.

In sub-panels (b) and (c) of Figs. E.1-E.7, the red dots with error bars are the measures
of the surface mass density of the atomic and molecular gas; the blue lines show the linearly
interpolated profiles.
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A.3 Three-dimensional mass density model

We model the total baryonic mass density as the sum of the disk mass density, Υdjd(R, z),
the bulge mass density, Υbjb(r), with r = (R2 + z2)1/2, and the atomic and molecular gas
mass densities, ρatom(R, z) and ρmol(R, z):

ρ(R, z) = Υdjd(R, z) + Υbjb(r) + ρatom(R, z) + ρmol(R, z) , (A.10)

where Υd and Υb are the mass-to-light ratios of the stellar populations of the disk and the
bulge, respectively. We assume that the mass-to-light ratios are independent of R and z.
In addition, we set Υb = Υd = Υ because the bulge is, on average, an order of magnitude
less luminous than the disk, as mentioned in Sect. A.1. Equation (A.10) is the total mass
distribution of the galaxy in modified gravity models where the dark matter component
is assumed to be absent.

We model the three-dimensional luminosity density of the disk by multiplying the
disk surface brightness profile, Id(R), which is the sum of the exponential model and the
interpolated profile, by an exponentially decreasing density profile along the vertical axis
z,

jd(R, z) =
Id(R)

2hz
exp

(
−|z|
hz

)
, (A.11)

where the disk-scale height hz is a free parameter. The factor 1/(2hz) provides the correct
normalisation. In Chapter 4 we compare our estimate of hz with the scale height hz,SR
obtained from the relation derived in [321] from a combined sample of 60 edge-on late-type
galaxies,

log10

(
hR
hz,SR

)
= 0.367 log10

(
hR
kpc

)
+ 0.708± 0.095 , (A.12)

where the term ±0.095 quantifies the ∼25% intrinsic scatter. We estimate the uncertainty
on hz,SR as the sum in quadrature of the intrisic scatter of the relation (A.12) and the
uncertainty on hR. The latter contribution is negligible with respect to the former, so the
error on hz,SR nearly coincides with its intrinsic scatter.

We model the three-dimensional luminosity density of the bulge with the Abel integral:

jb(r) = − 1

π

∫ ∞
r

dIb

dR

dR√
R2 − r2

, (A.13)

where Ib(R) is the surface brightness profile modelled as described in Sect. A.1, R is the
radius projected on the sky and r is the three-dimensional radius. The equation above
assumes a spherically symmetric bulge. As mentioned in Sect. A.1, neglecting the triaxial
structure of the bulge should introduce negligible systematic errors in the mass estimates
because the galaxy luminosity is dominated by the disk [326]. As anticipated, adopting
an analytical model for the two-dimensional surface brightness of the bulge, rather than
interpolating the data points as we do for the disk, facilitates its deprojection into three
dimensions.

We consider both the atomic and molecular gas distributions as razor-thin disks [324],

ρatom,mol(R, z) = Σatom,mol(R)δ(z) , (A.14)

where Σ(R) is the linearly interpolated mass surface density of the gas disk and δ(z) is
the Dirac δ function.
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Appendix B

Successive Over Relaxation Poisson
solver

B.1 Numerical solution of the Poisson equation

For the theories of gravity we consider here, deriving the gravitational potential φ that
originates from the mass density distribution ρ requires solving the Poisson equation,

∇2φ(R, z) + S(ρ;R, z) = 0 , (B.1)

where the source term S is a generic function of the density ρ. For axisymmetric disk
galaxies, we limit the equation to cylindrical coordinates R and z. We only consider static
models and Eq. (B.1) is thus an elliptic partial differential equation independent of time.

We solve the Poisson equation with a successive over relaxation (SOR) algorithm, an
iterative procedure based on the Jacobi and the Gauss-Seidel algorithms [426]. We find
the solution on a rectangular grid of size LR × Lz, with (NR + 1)× (Nz + 1) grid points
and steps ∆R = LR/NR and ∆z = Lz/Nz in the two dimensions (Table B.1).

Given the solution of the gravitational potential φni,k at the n-th iteration on the grid
point of indexes (i, k), the solution at the following (n+ 1)-th iteration is:

φn+1
i,k = φni,k(1− ωSOR)+

+
ωSOR

2Ri(∆2
R + ∆2

z)

[
φn+1
i+1,k

(
Ri +

1

2
∆R

)
∆2
z+

+ φn+1
i−1,k

(
Ri −

1

2
∆R

)
∆2
z + (φn+1

i,k+1 + φn+1
i,k−1)Ri∆

2
R+

+RiSi,k∆
2
R∆2

z

]
,

(B.2)

where Si,k is the source term on the grid and ωSOR is a parameter in the range of (0, 2) to
guarantee the convergence. The value of ωSOR which guarantees the fastest convergence is
ωSOR = 2/(1 + π/N) for a square grid and ωSOR = 2/(1 + π/Nmin) for a rectangular grid,
where Nmin is the smallest number between NR and Nz. In general, it is computationally
convenient to choose the number of grid points N such that ωSOR is in the range of
(1, 2); with this choice, the number of iterations necessary to reach convergence is linearly
proportional to N , whereas for ωSOR in the range of (0, 1) the number of iterations is
proportional to N2 [426].

We adopt LR = 2× 12hR for almost all galaxies and Lz = 2× 100hz,SR for all galaxies,
where hz,SR is derived from Eq. (A.12). With this choice, the grid domain is substantially
larger than the galaxy size, and we can adopt the asymptotic behaviour of the gravitational
potential to set the proper boundary conditions (BCs), as we describe in Sect. B.3 below.
For UGC 4368 and UGC 6918, we adopt LR = 2× 20hR and LR = 2× 18hR, respectively,
because LR = 2×12hR is smaller than the extension of the measured rotation curve. UGC
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4458 has hR = 9.27 kpc and, with this large scale length, we adopt LR = 2× 10hR, which
is already sufficient to reach the asymptotic behaviour of the gravitational potential.

The radial resolution of the rotation curves and of the vertical velocity dispersion
profiles measured for each galaxy in the DMS sample differs from galaxy to galaxy. For
each galaxy, we thus choose NR and Nz that yield both ωSOR in the range of (1, 2) and
the numerical resolution ∆R = LR/NR and ∆z = Lz/Nz comparable to the observed
resolution.

For most galaxies, the grid where we compute the mass distribution and the galactic
potential is more extended than the measured surface brightness of the disk and the
measured gas surface mass density. To estimate the mass distribution in these regions,
we extrapolate the disk surface brightness with Eq. (A.1) with the parameters listed in
Table A.1; we instead set to zero the gas mass density because its contribution to the
galaxy mass is negligible in these outer regions.

Table B.1: Parameters of the computational grid for the Poisson solver.

UGC LR [kpc] Lz [kpc] NR Nz ∆R [kpc] ∆z [kpc] hz,SR [kpc]
(1) (2) (3) (4) (5) (6) (7) (8)

448 93.36 92.00 331 326 0.28 0.28 0.46± 0.10
463 91.44 92.00 355 358 0.26 0.26 0.46± 0.10
1081 72.00 78.00 399 390 0.18 0.20 0.39± 0.09
1087 72.24 78.00 281 304 0.26 0.26 0.39± 0.09
1529 87.36 88.00 329 330 0.27 0.27 0.44± 0.10
1635 76.56 82.00 367 394 0.21 0.21 0.41± 0.09
1862 36.96 52.00 341 306 0.11 0.17 0.26± 0.06
1908 117.84 108.00 301 276 0.39 0.39 0.54± 0.12
3091 79.92 84.00 287 302 0.28 0.28 0.42± 0.09
3140 94.08 94.00 303 314 0.27 0.27 0.42± 0.10
3701 84.24 86.00 387 394 0.22 0.22 0.43± 0.10
3997 132.48 116.00 369 324 0.36 0.36 0.58± 0.13
4036 76.32 82.00 347 374 0.22 0.22 0.41± 0.09
4107 78.96 84.00 357 380 0.22 0.22 0.42± 0.09
4256 102.48 98.00 317 304 0.32 0.32 0.49± 0.11
4368 103.60 72.00 395 274 0.26 0.26 0.36± 0.08
4380 119.52 108.00 321 290 0.37 0.37 0.54± 0.12
4458 185.40 160.00 475 360 0.39 0.44 0.80± 0.18
4555 78.96 84.00 295 314 0.27 0.27 0.42± 0.09
4622 178.08 140.00 401 316 0.44 0.44 0.70± 0.15
6903 125.52 112.00 371 330 0.30 0.30 0.56± 0.13
6918 41.76 42.00 397 398 0.11 0.11 0.21± 0.05
7244 82.32 86.00 293 306 0.28 0.28 0.43± 0.09
7917 174.00 138.00 395 314 0.44 0.44 0.69± 0.15
8196 134.16 116.00 377 326 0.36 0.36 0.58± 0.13
9177 170.40 136.00 383 306 0.44 0.44 0.68± 0.15
9837 141.84 120.00 365 310 0.33 0.33 0.60± 0.14
9965 84.24 86.00 237 242 0.36 0.36 0.43± 0.10
11318 109.44 102.00 297 278 0.37 0.37 0.51± 0.11
12391 87.84 90.00 349 356 0.25 0.25 0.45± 0.10

Column 1: UGC number; Col. 2: size of the computational grid in the R-direction;
Col. 3: size of the computational grid in the z-direction; Col. 4: grid points in
the R-direction; Col. 5: grid points in the z-direction; Col. 6: grid step in the
R-direction; Col. 7: grid step in the z-direction; Col. 8: disk-scale height derived
with Eq. (A.12).

We centre the computational domain on the origin R = z = 0. The coordinate R
appears at the denominator in Eq. (B.2). Therefore, to avoid divergences, we choose the
grid so that the R = 0 axis is not a grid strand, unlike the z = 0 axis. We can thus
compute both the rotation curve in the plane z = 0 and the vertical velocity dispersion
at z = 0 for any R 6= 0.

We set the initial values of the potential to φ0
i,k = 0 over the entire domain except the

boundaries (see Sect. B.3) and stop the iteration when:

εn+1 =
1

(NR − 1)(Nz − 1)

∑
i,k

|φn+1
i,k − φ

n
i,k| < 10−9 . (B.3)
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We test our algorithm with mass density distributions where the Poisson equation in
Newtonian gravity can be solved analytically: the Miyamoto-Nagai disk (see Eqs. (B.12)
and (B.13)), Satoh disk, logarithmic potential, Plummer sphere, isochrone potential,
Hernquist sphere, and Navarro-Frenk-White potential [427]. We compare the numeri-
cal and the analytical potentials as a function of R and z.

Within the half-scale length from the centre, the numerical solution is within 1% of
the analytic solution for the Miyamoto-Nagai and the Satoh disks, 0.05% for the loga-
rithmic potential, 0.25% for the Plummer sphere, 0.13% for the isochrone potential, 4%
for the Hernquist sphere, and 2% for the Navarro-Frenk-White potential. The agreement
improves outwards: beyond two scale lengths, it is smaller than 0.5% for the Miyamoto-
Nagai and Satoh disks, Hernquist and Navarro-Frenk-White spheres, 0.1% for the Plum-
mer sphere, 0.05% for the isochrone potential, and 0.015% for the logarithmic potential.

B.2 The source term S(R, z)

In this work, we consider two gravity theories: MOND and RG.
In the QUMOND formulation of MOND [243], we have:

SMOND(R, z) = −∇ ·
[
ν

(
|∇φN|
a0

)
∇φN

]
, (B.4)

where φN is the Newtonian gravitational potential due to the mass density distribution of
the baryonic matter, and ν(y) is the MOND interpolating function, with y = |∇φN|/a0.
Here, we adopt the simple ν-function, given by Eq. (4.11) (see Eq. (50) with n = 1
of [54]).

In cylindrical coordinates, Eq. (B.4) becomes:

SMOND(R, z) = −
(
ν

R

∂φN

∂R
+
∂ν

∂R

∂φN

∂R
+ ν

∂2φN

∂R2
+

+
∂ν

∂z

∂φN

∂z
+ ν

∂2φN

∂z2

)
.

(B.5)

Deriving the QUMOND gravitational potential clearly requires to solve the Poisson
equation twice: first, to estimate the Newtonian potential φN, where, in Eq. (B.2), we use
the standard source term:

SN(R, z) = −4πGρ(R, z) , (B.6)

and, subsequently, to compute φMOND with the source term SMOND(R, z) of Eq. (B.5).
To derive the source term in the RG case, we need to recast the RG Poisson equa-

tion (3.3),
∇ · [ε(ρ)∇φRG] = 4πGρ , (B.7)

as:
∇ε(ρ) · ∇φRG + ε(ρ)∇2φRG = 4πGρ , (B.8)

so that the source term is:

SRG(R, z) = −4πGρ(R, z)−∇ε(ρ) · ∇φRG(R, z)

ε(ρ)
. (B.9)

Here, the source term contains the unknown φRG. At each iteration step, in the source
term, we insert the potential φRG estimated at the previous step.

The form of Eq. (B.9) requires some additional care in the numerical algorithm: the
source term increases when the vacuum permittivity ε0 decreases, and the Poisson solver
does not necessarily converge with the optimal value ωSOR = 2/(1 + π/N) ∼ 1.97− 1.98,
for our typical NR and Nz. To make the Poisson solver converge for ε0 in the flat prior
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range of [0.10− 1], we need to set ωSOR to values smaller than ∼1.97− 1.98. For example
ωSOR = 2/(1 + π/25) guarantees convergence for every ε0 in our flat prior range. Yet,
setting ωSOR to this unique value would increase the total computational time by at least
a factor of 4. We thus vary ωSOR from 2/(1 +π/25), for ε0 close to 0.10, to 2/(1 +π/200),
for ε0 close to 1, according to the explored value of ε0 within the flat prior range.

In MOND, this issue is not present and we can use the same value of ωSOR for all the
parameter combinations, namely 2/(1 + π/N) for a square grid or 2/(1 + π/Nmin) for a
rectangular grid.

Numerically, we compute all the derivatives present in all the above equations with the
leap-frog method. The first and second derivatives of a function f at a point x are

∂f

∂x
=
f(x+ ∆x)− f(x−∆x)

2∆x
(B.10)

and
∂2f

∂x2
=
f(x+ ∆x) + f(x−∆x)− 2f(x)

∆x2
, (B.11)

where ∆x is the grid step. With the grid steps we adopt, the leap-frog method guarantees
relative errors smaller than 5% on the estimated derivatives.

B.3 Boundary conditions

Elliptic equations, like our Poisson equations, require BCs to be set. To facilitate the
choice of the BCs we put the disk galaxy at the centre of the grid domain and choose
the size of the domain substantially larger than the galaxy size. We could use the axial
symmetry of the problem and only consider a fourth of that domain, with two BCs along
the R and z axes. This choice would clearly reduce the computation time by a factor
of four, but it would pose the nontrivial problem of setting the BCs on the two axes
cutting through the galaxy centre. We thus prefer to compute the potential in all the four
quadrants and to set the BCs far from the galaxy centre.

Since the bulge and gas components are not dynamically dominant in the DMS galax-
ies [317], we use only the disk component to set the BCs. In the external regions of the
domain we model this component with a double exponential disk (Eq. A.11), since we use
the exponential profile (A.1) to extrapolate the disk surface brightness in these regions.
In Newtonian gravity, this mass distribution generates a gravitational potential that does
not have a close analytic expression, but it is well approximated by the sum of the grav-
itational potentials of three Miyamoto-Nagai disks [428]. The Miyamoto-Nagai disk has
mass density distribution [429]:

ρMN(R, z) =

(
b2MMN

4π

)
aR2 + (a+ 3

√
z2 + b2)(a+

√
z2 + b2)2

[R2 + (a+
√
z2 + b2)2]5/2(z2 + b2)3/2

, (B.12)

and generates the Newtonian gravitational potential (e.g. [427],

φMN(R, z) = − GMMN√
R2 + (a+

√
z2 + b2)2

, (B.13)

where MMN is the disk mass and a and b are its scale length and scale height.
The gravitational potential of a double exponential disk can thus be approximated by
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the equation:

φexp(R, z) =− GM1√
R2 + (a1 +

√
z2 + b2)2

+

− GM2√
R2 + (a2 +

√
z2 + b2)2

+

− GM3√
R2 + (a3 +

√
z2 + b2)2

,

(B.14)

where M1, M2 and M3 are the three Miyamoto-Nagai disk masses, a1, a2, a3 are their
scale lengths, and b is the scale height which is equal in all the three disks. The three
disks are only mathematical artefacts to generate the physical gravitational potential, but
they do not correspond to three physical disks. Indeed, the mass M2 of the second disk
is always negative.

The parameters of the Miyamoto-Nagai disks are related to the parameters of the
double exponential disk (Eq. A.11) and its total massMd according to the equations [428]

b

hR
= −0.269

(
hz
hR

)3

+ 1.080

(
hz
hR

)2

+ 1.092
hz
hR

, (B.15)

M1

Md

= −0.0090

(
b

hR

)4

+ 0.0640

(
b

hR

)3

+

− 0.1653

(
b

hR

)2

+ 0.1164
b

hR
+ 1.9487 ,

(B.16)

M2

Md

= 0.0173

(
b

hR

)4

− 0.0903

(
b

hR

)3

+

+ 0.0877

(
b

hR

)2

+ 0.2029
b

hR
− 1.3077 ,

(B.17)

M3

Md

= −0.0051

(
b

hR

)4

+ 0.0287

(
b

hR

)3

+

− 0.0361

(
b

hR

)2

− 0.0544
b

hR
+ 0.2242 ,

(B.18)

a1

hR
= −0.0358

(
b

hR

)4

+ 0.2610

(
b

hR

)3

+

− 0.6987

(
b

hR

)2

− 0.1193
b

hR
+ 2.0074 ,

(B.19)

a2

hR
= −0.0830

(
b

hR

)4

+ 0.4992

(
b

hR

)3

+

− 0.7967

(
b

hR

)2

− 1.2966
b

hR
+ 4.4441 ,

(B.20)

a3

hR
= −0.0247

(
b

hR

)4

+ 0.1718

(
b

hR

)3

+

− 0.4124

(
b

hR

)2

− 0.5944
b

hR
+ 0.7333 .

(B.21)
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In Newtonian gravity, we impose that the gravitational potential equals Eq. (B.14) on
the borders of the rectangular domain. In MOND, when the acceleration drops below the
critical acceleration, a0 = 3600 kpc−1 (km s−1)2, the gravitational field has the asymptotic
behaviour [241]:

g =
√
a0|gN| , (B.22)

which, in cylindrical components, becomes (see also Sect. 3.1):

∂φ

∂R
=

√
a0

∣∣∣∣∂φN

∂R

∣∣∣∣ , (B.23)

and
∂φ

∂z
=

√
a0

∣∣∣∣∂φN

∂z

∣∣∣∣ . (B.24)

To solve the MOND Poisson equation, we thus impose the Neumann BCs (B.23) and (B.24),
with ∂φN/∂R and ∂φN/∂z derived analytically from Eq. (B.14).

As illustrated in [300], at sufficiently large distances from the galaxy centre, RG recovers
the MOND asymptotic behaviour of the radial gravitational field. We thus impose the
Neumann condition (B.23) on the four borders of the domain for the radial component
of the gravitational field. For the vertical component, we resort to the fact that the field
lines are refracted and, at large distances from the source, they are almost parallel to the
disk plane. We thus set:

∂φ

∂z
= 0 (B.25)

on the domain borders (see also Sect. 3.1).
In the analysis of the DMS galaxies, both the disk-scale height b and the disk massMd,

which appear in Eqs. (B.14)-(B.21), are initially unknown. These parameters depend on
hz and Υ, which are two free parameters of the fit. Therefore, we update the BCs derived
from Eqs. (B.23) and (B.24) at each step of the MCMC chain.
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Appendix C

Parallel computing: the astroMP code
and the 2D Laplace solver1

As mentioned in Sect. 4.3, we parallelise the C++ code to model the entire DMS sample at
the same time with OpenMP. Indeed, since this code involves 30 galaxies, whose quantities
are discretised, for each of them, on a grid of 100-150k points, its sequential execution can
become very slow when several MCMC iterations are required to reach a good convergence.
In particular, the most computationally expensive region of the code is the Poisson solver,
which we have to run 2 × 30 times per MCMC iteration. By parallelising the code, we
pass from a total computing time of 6.1 Ms (∼71 days) to a total computing time of 0.52
Ms (∼6 days), considering 20000 MCMC iterations. This code is publicly available at
https://github.com/alpha-unito/astroMP under the name of astroMP.

To achieve the best gain in performance with respect to its sequential version, we
apply to this code a semi-automatic methodology aimed to parallelise, with a limited
re-designing effort, scientific applications designed with a purely sequential programming
mindset, thus possibly using global variables, aliasing, random number generators, and
stateful functions. This methodology works for the parallelisation in the shared-memory
model (via OpenMP), message-passing model (via MPI), and General Purpose Computing
on GPU model (via OpenACC) and it can be applied to any code whose control flow
statements are made of loops, which can be defined either in sequence or nested [342, 343].

In [342] and in [343] we apply this methodology to four real-world sequential (commu-
nity) codes in the domain of physics and material science: the astroMP code (parallelised
with OpenMP), the SprayWeb code (parallelised with CUDA and OpenACC), the Sim-
pleMD code (parallelised with MPI) and the 2D Laplace solver (parallelised with MPI).
In the following sections we detail the mentioned methodology and the structure, the
parallelisation procedure and the scaling properties of two of these programs on which we
directly worked on: the astroMP code and the 2D Laplace solver.

C.1 The semi-automatic methodology

The most prominent control flow statement in scientific codes is the loop, which denotes
iterative computations. Pragmatically, the for-loop iterates over arrays of data, whereas
the while loop iterates up to a given convergence criterion [430]. They can appear jux-
taposed in a sequence or nested in any order. Code in the loop body might exhibit a
network of dependencies among different loops and iterations of the same loop. Examples
are in:

• Particle simulations, in which an internal loop computes quantities related to each
particle and an external loop advances the simulation time step.

1The results in this chapter are published in [342] and in [343].
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• Optimization algorithms, in which one or more internal loops iterate over a subset of
the solution space and an external loop updates the best solution and the heuristic
parameters.

• ODE solvers, in which internal loops iterate over different functions or subsystems
and an external loop advances the time step.

To parallelise a nested loop program, we advocate the following methodology:

1. Identify all parallelisable loops in the code, according to a depth-first search strategy.

2. Evaluate the potential performance gain obtainable by modifying each parallelisable
loop, filtering out those that are not worth the parallelisation effort.

3. Make each of the remaining candidate loops self-contained, to remove true data
dependencies among different iterations.

4. Use nonparallelisable loops as a reference to implement a checkpointing logic, to
support stop-resume behaviour.

We detail these steps in the sections below.

C.1.1 Identify parallelisable loops

We say that A and B are nested loops when the statements of loop B are a proper subset
of the statements of loop A. In the most general case, due to procedure/function calls,
the described loop inclusion relationship generates a (cyclic) graph of loops and is too
weak to identify parallelisable loops. For this, given a code containing multi-level nested
loops, it is useful to induce a partial order relation in the inclusion graph using some
additional relations to turn the graph into a tree. A good example is the domination
relationship [431], which induces the loop-nest tree, in which each node refers to a distinct
loop and a node B is a child of node A if they are nested loops, and no other loop appears
between them. To put all loops in the same tree, we can consider the entire program body
as a pseudo-loop with only one iteration, and we can use it as the root of the tree.

A generic and formal treatment of this concept requires some technicalities from graph
theory. However, in many common cases, it is quite simple to construct such a tree just
by carefully analysing the code. Such representation of multi-level nested loops suggests a
parallelising strategy consisting in considering one loop at a time with a depth-first search
technique, starting from the most external level. In this setting, we consider the single
iteration of the loop as an atomic work unit, and a synchronisation barrier is (implicitly
or explicitly) placed at the end of each loop, ensuring to preserve potential inter-loop
dependencies.

Bernstein’s seminal paper clearly states that the problem of determining if two arbi-
trary program sections are parallelisable is undecidable and offers sufficient conditions
to assert that two sections can be executed in parallel by way of three kinds of data
dependencies: true dependencies, anti-dependencies and output dependencies [432].

We can categorized loops as:

• Loop-independent, when iteration i does not depend on any iteration j < i,∀i < N .

• Loop-carried when ∃n ≥ 1 such that iteration i depends on iteration i− n.

Loops with independent iterations can be trivially parallelised, whereas in the presence
of loop-carried dependencies things get more involved. Unfortunately, loops that are not
written with a parallel mindset can sometimes contain unnecessary dependencies. They
are generally due to certain sequential coding habits, such as “reusing” variable names
for other purposes (inducing anti- and output dependencies). They can be automatically
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removed using techniques such as variable privatisation, i.e., using multiple copies of the
same variable. Loop induction variables are a typical example of variables that can be
privatised. True dependencies are much harder to address and have been the object of
intense research [433]. The parallelisation of loops that have loop-carried dependencies
in their original form is often possible by transforming the loop into some new form in
which the dependencies are removed or arranged to occur at a sufficient distance so that
concurrent iterations do not conflict. A paradigmatic example is the substitution of an
accumulator variable with a reduce (higher-order) function (over an array of privatised
variables). However, not all true dependencies can be eliminated via a reduce function.
A typical case is when the accumulation operation is not associative, as it happens for
updating a variable with the next random number in a sequence.

A practical way to parallelise a program is to descend the loop hierarchy until a par-
allelisable loop is found. Unfortunately, things can get a bit more complicated in the
presence of conditional branches, which can make the parallelisability of a loop a data-
dependent property. In this case, it is useful to identify the most computationally de-
manding paths in the control flow graph and separate them from the rest of the code in
dedicated procedure calls to reduce complexity. Another potential source of complica-
tion arises in those cases when a function containing a loop in its body is called multiple
times in the code. In such a scenario, the same loop can appear multiple times in dif-
ferent positions of the hierarchy, with different parallelisability properties each time. In
this case, a good strategy would be to maintain a serial version of the function for the
nonparallelisable cases, together with one or more parallel versions for the others.

C.1.2 Evaluate potential performance gain

Every time the previously described depth-first search encounters a parallelisable loop,
it is necessary to evaluate the potential benefit introduced by a parallel implementation,
which always comes with a certain amount of overhead introduced by synchronisations
among different workers. When the effective computation time of a parallel section (called
grain) becomes too small, parallelisation can result in even worse performances than the
original serial version. On a modern multi-core platform, the mainstream frameworks
such as OpenMP or Intel TBB exhibit a lower limit for the grain which can be considered
on the order of tens of thousands of clock cycles. Finer grains can be addressed only with
lock-free programming frameworks, such as Fastflow, that can support grains down to
hundreds of clock cycles [434].

Some useful quantities that should be taken into account when estimating the poten-
tial performance gain introduced by the parallelisation of a specific loop are the number
of iterations, which affect the maximum obtainable degree of parallelism, and the total
time spent by the program inside the loop, which determines the maximum achievable
speedup. In some cases, when these estimations are complicated due to the presence of
a high number of branching constructs or external procedure calls, a call-graph tool like
Callgrind [435] can be considerably helpful.

In general, it would be better to parallelise an outer loop instead of one of its nested
counterparts, because this strategy minimises the introduced overheads, e.g., for thread
creation and synchronisation, even if we cannot define a better strategy. For example, if a
loop has very few iterations, the parallelisation of one or more of its inner loops can lead
to better results and, if the code runs on many processors, the parallelisation of both inner
and outer loops can be more convenient [436]. Nevertheless, an effective greedy technique
would be to start parallelising the suitable outermost loop, where suitable means both
feasible and convenient, and then descend the loop hierarchy parallelising suitable nested
loops until either performance requirements are met, or no noticeable speedup is brought
by further optimisations.

Once all candidates for parallelisation have been identified, it is worth to evaluate the
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maximum performance gain that can be expected after the effective transformation of
the program. To predict the performance of a parallel code, we have to investigate its
potential strong and weak scalability. Strong scaling represents the ability of a software
to solve a problem of fixed size faster with a higher amount of computing resources and
it is strictly related to the notion of speedup of a program. The speedup S is defined as
the ratio between the time ts taken by the sequential code and the time tp(n) taken by
the parallel code with an increasing number of processing elements n.

The ideal speedup is linear. Nevertheless, in a real scenario, it is limited by those
portions of the code that cannot be parallelised. More precisely, as Amdahl stated in
1967 [437], an upper bound for a program speedup can be expressed as the inverse of
s+ p/n, where s is the fraction of the total execution time of the code spent by the serial
portion of the code, and p is the fraction of the total execution time of the code spent
by the parallelised part. Unfortunately, Amdahl’s law does not take into account all the
overheads introduced by a parallel implementation, e.g., communications and synchro-
nisations among different workers or initialisation of processes/threads. Indeed, actual
performances of a program are usually worse than those derived from such law.

Whereas strong scaling is investigated for a problem of fixed size, weak scaling is
investigated for a problem of variable size, keeping constant the amount of work assigned
to each computing resource. Gustafson’s law, formulated in 1988 [438], describes the
scaled speedup as s + p × n. This law states that the size of a problem scales with the
available number of processors: the time spent in the parallel part of the code linearly
grows with processors, whereas the time spent in the serial part of the code remains
constant with the size of the problem. This means that, if a code is fully parallelisable,
the time spent by a problem of size n to run on n processors will remain constant. The
scaled speedup does not have an upper limit.

C.1.3 Make loops self-contained

Once we have identified a loop that is worth to parallelise, it is necessary to transform
the iterative construct into a self-contained procedure call, which takes in input all the
externally declared variables used inside an iteration. If the code is parallelised on a many-
core accelerator with a local address space, all the external variables have to be passed
by value as arguments of the newly created procedure. Otherwise, this is necessary only
for the variables that have to be written inside the body of the procedure. Nevertheless,
some modern programming models for hardware accelerators (such as latest versions of
CUDA) provide an abstract unified address space between host and device memory and
manage data transfers under the hood, considerably reducing the programming effort.

Frequently a loop is used to iterate over an array of inputs to produce an array of out-
puts, but it is not uncommon that such loop is immediately followed by another loop that
combines all the produced elements in a single value, by means of an associative binary
operator (e.g., the sum or the product). When thinking about parallel implementations,
this particular pattern can be transformed into a reduce operation. With an input array
of n elements and n workers, a reduce pattern is able to produce the final output in log n
time steps.

Both the transformation of iterative constructs into self-contained procedure calls and
the implementation of the reduce function can either be performed manually or left to an
external library like OpenMP or OpenACC. It is always recommended to start with the
second approach since it is much easier and faster to implement and can guarantee better
performance portability among different hardware architectures. Instead, we can resort
to a manual implementation only when appropriate.
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C.1.4 Deal with random number generators

The complexity in dealing with random number generators in parallel codes is due to their
stateful nature, which is primarily aimed at approximating genuinely random numbers
with actually deterministic numbers generated with pseudo-random number generators
(PRNG). These numbers can be reproduced if the state of the PRNG is known. PRNGs
appearing in sections of code that are sequentially executed do not need special care but
rather the moment of generation can be used as a checkpoint (see Sect. C.1.5). On the
contrary, their parallelisation requires special care. Firstly, the PRNG implementation
should be thread-safe, i.e., performed from multiple threads safely and reentrant, i.e.,
performed from multiple actors of the same thread safely (called multiple times within the
same thread). Secondly, to enforce reproducibility, the random sequence generated in each
parallel section should be deterministic, thus independent of the relative execution order
of the parallel sections. This is achieved by privatising the random induction variable. In
object-oriented languages, this can be easily achieved by using an array of PRNG objects.
Thirdly, to enforce correctness and reproducibility, the array of PRNG objects should
be initialised with a seed generated with a master PRNG implemented with another
algorithm, since using the same algorithm is going to reduce the period and induce loss
of uniformity of distribution in generated numbers. Once the seed of the master PRNG
is fixed, the sequence of random numbers generated in each parallel section should be
deterministic. Fourthly, scientists should know that parallelising a section of code with
PRNG breaks sequential equivalence, i.e., the results computed by the sequential and the
parallel codes are different. It is a scientist’s duty to prove that the sequential and the
parallel codes compute the same stochastic process.

C.1.5 Implement checkpointing logic

The sequential regions of a parallel code do not provide a gain in performance, but they
can provide another advantage. Indeed, since they define a global order in the execution of
the program, they can be defined as checkpoints. A checkpoint is a snapshot of the entire
state of the process at the moment it was taken, which represents all the information
needed to restart the process from that point [439]. Usually, checkpoints are recorded on
stable storage that is persistent storage with some reliability requirements.

Two essential concepts related to checkpoints are the checkpointing overhead, i.e., the
increase in the total execution time caused by the introduction of the checkpointing proce-
dure, and the checkpointing latency, i.e., the time needed to save the checkpoint. The aim
of an appropriate checkpointing strategy is to minimise the first quantity. In order to do
that, two different approaches are possible. The first is to try to minimise latency, either
using more advanced storage and communication technologies or reducing the amount
of data that must be stored. The other is to store checkpointing data asynchronously,
reducing overhead regardless of latency. Often, a combination of the two gives the best
results.

As an example, a checkpoint can be defined in a random sequence of numbers initialised
with a given seed. If the application fail-stops in a given point in the sequence, it is
possible to restart it from the same point, provided that the state of the random number
generator is saved at every iteration in permanent storage. In this work, we can see that
this procedure is particularly useful in Monte Carlo Markov Chains (MCMCs), that can
be quite computationally expensive.

We show now how this methodology applies to the astroMP and the 2D Laplace solver
codes.
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C.2 The astroMP code

In a nutshell, the astroMP code [342, 343] (Algorithm 1) models, at the same time, the
rotation curves and the vertical velocity dispersions from the mass distributions of 30
disk galaxies belonging to the DMS, exploring the agreement between the models and the
measured data with a Bayesian approach. We run a MCMC for 19000 iterations after
1000 burn-in steps, a number suitable to reach a good convergence (see Sect. 4.3).

We adopt flat priors for the free parameters of the model and a Metropolis-Hastings
acceptance criterion for the MCMC, obtaining the random variate ~x at the step i+1 from
the multi-variate Gaussian probability density G(~x|~xi) peaked at ~xi, the random variate
at the previous MCMC step. We define a Metropolis-Hasting ratio

RMH =
p(~x)× L(~x)

p(~xi)× L(~xi)

G(~x|~xi)
G(~xi|~x)

, (C.1)

where ~x is the free parameters vector, p(~x) is the product of the priors of the parameters
and L(~x) =

√
exp [−χ2

tot(~x)] is the likelihood. If RMH ≥ 1 ~x is accepted, else it is
accepted with probability RMH or rejected with probability 1 − RMH (see also Sect. 4.1
for the description of the MCMC and the Metropolis-Hastings algorithms).

C.2.1 Serial version

The overall structure of the code is reported in black in Algorithm 28. A first preparatory
step imports some input data from external files (line 1). Among them we find, for
each galaxy, the mass density, the kinematic data, that have to be compared with the
models, and the features of the grid where the gravitational potential, the gravitational
field and the kinematic profiles of the galaxy are computed. Right after the data import,
we set the priors, initialise the MCMC (line 2), and we define two PRNG with the same
seed (line 3) in order to sample: a real uniform distribution, U(0, 1), for the Metropolis-
Hastings criterion (line 26) and a multi-variate Gaussian distribution, G(0,1), used to
generate the free parameters (line 17) in the second step of the MCMC.

The main body of the program consists of two nested for-loops. The most external
loop iterates on the number of MCMC iterations we decide to perform (lines 6–28), while
the internal one iterates on the number of galaxies present in the sample. Within the
second level for-loop (lines 13–16) we have to execute the same sequence of operations for
every galaxy (lines 14–15):

1. Computation of the galaxy’s gravitational potential φ from its mass density ρ, solving
the Poisson equation (B.1) with a SOR Poisson solver [426] (see Appendix B).

2. Computation of the radial and vertical derivatives of φ (gravitational field).

3. Computation of the rotation curve and the vertical velocity dispersion profile (Eqs. (2.2)
and (4.7)) and their respective χ2 (Eqs. (4.2) and (4.9)).

After that, the χ2 of the rotation curve and of the vertical velocity dispersion computed
for each galaxy are reduced (with sum operation) to obtain the global likelihood (line 16).
Then, both the inner for-loop (lines 22–25) and the reduce operation (line 25) are repeated
for the second part of the MCMC, starting from a new combination of free parameters
randomly generated from the previous one (line 17). Finally, a Metropolis-Hastings ac-
ceptance criterion is applied to accept or reject the last combination of parameters for the
next iteration of the MCMC (line 26).

C.2.2 Semi-automatic parallelisation

First of all, we identify the code regions with true data dependencies, that is that are
not parallelisable. The first important region is the MCMC, which is a sequential process

116



C.2. THE ASTROMP CODE

by definition as the new combination of free parameters is drawn from the previous one
at every step. This region cannot, therefore, be parallelised, but it can be used for
checkpointing purposes (more details are in Sect. C.2.3). The second region is made of
the innermost loops, which compute the field of every galaxy from the potential and the
kinematic profiles from the field.

Then, we identify the points without true data dependencies, which can be parallelised.
This region is made of the second level for-loops that iterate on the number of galaxies in
the sample (lines 13–16 and 22–25). Since we independently perform the same operations
for every galaxy, these loops result embarrassingly parallelisable. Also, the reduce opera-
tions (lines 16 and 25) can be parallelised, implying an eliminable dependence since they
are based on an associative binary operator (the sum in this case) on the χ2 derived from
the kinematic profiles of each galaxy. For this reason, we put the reduce operations within
the for-loops that iterate on the number of galaxies. We parallelise these for-loops using
the OpenMP library, with the #pragma omp parallel for shared(χ2) reduction(+:
χ2

tot) directive before each loop (lines 12 and 21).
Algorithm 28 shows in red the modifications with respect to the serial code that provide

its parallelisation.

C.2.3 Checkpoints

The MCMC can be very computationally demanding, requiring an execution time of one
week on a modern platform even after an adequate optimisation process. During such
a long period, the code can be interrupted for many reasons and restarting it from the
beginning after every stop would result in a severe loss of time.

In our MCMC, we implement two random sequences initialised with the same seed
(line 3). The first is the sequence for a random number U , that follows a real uniform
distribution between 0 and 1. Its definition is necessary for the Metropolis-Hastings
criterion: if RMH ≥ U ~xi+1 = ~x, else ~xi+1 = ~xi. The second is the sequence for a
multi-variate random variable that follows a normal distribution peaked on the previous
combination of free parameters with a given standard deviation, used to generate the new
combination of free parameters from the previous one.

To implement these two random sequences, we define two pseudo uniform random
number generators, PRNG1 and PRNG2, from the C++ library Boost. Every 1000 iter-
ations we print in text files, using the ofstream operator, the following information: 1)
the values of the generators PRNG1 and PRNG2 at the beginning of the MCMC iteration
(lines 7–8)); 2) the parameters chains at the end of the MCMC iteration (lines 27–28). If,
for any reason, the execution is interrupted between the n× 1000 and the (n+ 1)× 1000
MCMC iterations, before restarting the main loop, we can just import from disk the chains
made of the first n× 1000 parameters and the two generators saved at step n× 1000 and
resuming the MCMC loop from iteration n× 1000, instead of restarting it from scratch.

C.2.4 Performance evaluation

We investigate the strong and the weak scaling of this code to test its performance. To
perform these tests, we only take 5 MCMC iterations to operate in reasonable timescales.
We perform the tests on a Linux OS running on a 48-core platform (quad-socket Intel Xeon
E7, 12 physical cores per socket) with 768 GB of memory. The following performance
analysis also includes the impact of the numa control on the results. On UNIX systems, a
process can be launched with the numactl command, which spreads the computation on
different sockets and affects how data are stored in different cache levels. In particular,
the interleave all mode keeps all the cores available in all the sockets, whatever the number
of threads, allocating memory on all sockets using a round-robin strategy. Conversely,
the block mode uses one socket per time, until the number of threads saturates its cores.
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Algorithm 1: Parallel DiskMass Survey
1 data_import(density, kinematic data, grid features)
2 ~xt ← init_MCMC()
3 PRNG1(seed), PRNG2(seed)
4 U ← U(0, 1)
5 G ← G(0, 1)
6 for t← 1 to T do
7 if t mod 1000 == 0 then
8 save(PRNG1, PRNG2) // checkpoint

9 χ2
tot(~xt)← 0

10 omp_set_dynamic(0)
11 omp_set_num_threads(Nthreads)
12 #pragma omp parallel for shared(χ2

j (~xt)) reduction(+: χ2
tot(~xt))

13 for j ← 0 to Ngal do
14 potentials[j] ← compute_potential(~xt)
15 χ2[j]← compute_chi2(potentials[j])
16 χ2

tot(~xt) += χ2[j] // reduce

17 ~y ← ~xt + jump × G(PRNG2)
18 χ2

tot(~y) ← 0
19 omp_set_dynamic(0)
20 omp_set_num_threads(Nthreads)
21 #pragma omp parallel for shared(χ2

j (~y)) reduction(+: χ2
tot(~y))

22 for j ← 0 to Ngal do
23 potentials[j] ← compute_potential(~y)
24 χ2[j]← compute_chi2(potentials[j])
25 χ2

tot(~y) += χ2[j] // reduce

26 ~xt ← MH_acceptance_criterion(χ2
tot(~xt), χ2

tot(~y), U(PRNG1))
27 if t mod 1000 == 0 then
28 save(~xt) // checkpoint

For comparison, we also investigate the strong and the weak scaling of the code on a
Linux OS running on a 24-core platform (two-socket Intel Xeon E5, 12 physical cores
per socket) with 128 GB of memory, using the default policy of the machine (without
the numa control).

Strong scaling

To investigate the strong scaling of this code, we consider the entire galaxy sample. To
measure the actual speedup of our code we take the CPU time of each MCMC iteration
with the function gettimeofday (µs) setting in the latter an increasing number of threads
from 1 to 48 with the omp_set_num_threads(Nthreads) function (lines 11 and 20), where
the number of threads Nthreads is taken in input from an external file.

The left panel of Fig. C.1 shows the strong scaling (speedup) with the numa control
in the block mode (red line) and in the interleave all mode (blue line) and with the
default policy of the machine (green line) on the 48-core platform, where ts and tp are the
execution times for the sequential and the parallel code, respectively. Each point of the
plot is the average over 5 MCMC runs. The errors on the ratio ts/tp, shown in the figure
as shaded areas, are calculated by propagating the uncertainties on ts and tp, which in
turn are the standard deviations of the times of the five respective iterations.

This figure shows that the ideal law S = Nthreads (black dashed line) holds more or less
from 1 to 4 threads, but there is still a quite good linear trend until 9-10 threads. Then,
the measures start to increase more slowly, converging to an asymptotic value around 12.
According to the Amdahl’s law, this means that the time of the serial fraction of the code
is about 1/12 of the total computational time. However, this asymptotic value is reached
in different ways in the three modes.

The speedup of the code is comparable among the three modes only for a number of
threads between 1 and 9 and between 35 and 48. For an intermediate number of threads,
the speedup in the block mode increases more slowly than in the other two cases. This
means that, if we operate in the block mode, we need a number of threads equal to the
resources of the entire machine, or of a large part of it, to obtain the maximum gain in
performance. Instead, with the default policy of the machine and in the interleave all
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mode, whose strong scaling curves are very similar, we only need a number of threads
equal to half of the resources of the machine. Between 10 and 34 threads, the default and
the interleave all modes provide a better gain in performance than the block mode.

From the left panel of Fig. C.1 we can notice the big jump in performance between 24
and 25 threads in the default and in the interleave all modes. In the block mode, we can
observe an abrupt slowdown of the parallel code in correspondence of 13 threads, which
is where the number of threads has saturated the first socket and has just started to use
the second one.

The left panel of Fig. C.2 shows the strong scaling with the default policy of the
machine on the 24-core platform. Qualitatively the trend of this strong scaling curve is
quite similar to the corresponding one on the 48-core platform. Nevertheless, the most
striking difference is the asymptotic value reached by the speedup that on the 24-core
platform is around 8 and on the 48-core platform is around 12.

Weak scaling

In order to investigate weak scaling, we have to define a unit of work. Since the parallelised
for-loop iterates on the number of galaxies in the considered sample, so that the larger the
number of galaxies, the more computational demanding the code, we define one galaxy
as our unit of work. At this point, we measure the time spent by the program with n
galaxies run on n threads, where n goes from 1 to 48. The galaxies in our original sample
are all different from each other. Nevertheless, to consider homogeneous units of work,
we choose a single galaxy and we run the related computation once on a single-core, twice
on two cores and so forth.

In the right panel of Fig. C.1 we plot the mean time in seconds of each MCMC iteration
in function of the number of used threads, which coincides with the number of used
galaxies, for the default (green line), the interleave all (blue line) and the block modes (red
line). As in the left panel of the same figure, the shaded areas show the error bars of the
measures, taken as the standard deviations of the times of the five respective iterations. If
the code were fully parallelisable the time would remain constant, for whichever number
of threads equal to the number of galaxies but there is often a section of code which
remains sequential which makes the trend not perfectly constant.

We can observe different trends in the three modes. As for the strong scaling, the
weak scaling curves corresponding to the default and the interleave all modes are quite
similar. With these two modes, there is a very gradual slowdown of the code from 1 to
37 threads, where the time passes from 4.9 to 5.9 seconds in the interleave all mode and
from 4.9 to 6.2 seconds in the default mode. We can thus state that weak scalability is
mostly satisfied in this range of threads. Then the code shows a steeper slowdown from
37 to 48 threads, where we lose almost two seconds in performance, passing from ∼ 6 to
7.7 or 7.9 seconds, in the interleave all and in the default modes, respectively. We can
see regular bumps of the time from 4 to 37 threads.

In the block mode, we observe almost the same global trend as in the default and
in the interleave all modes, but passing from 1 to 14 threads, which means that the
slowdown of the code occurs faster. After 14 threads, the mean time of each MCMC
iteration remains almost constant, around 7.5 seconds, and the standard deviation of the
measures increases. Also this test shows that the default and the interleave all modes
provide the highest efficiency, which means that to obtain the best performance gain we
have to use the entire machine. In this test, the interleave all mode appears slightly more
efficient than the default mode. Conversely, using only a part of the machine sufficient to
host the number of used threads, as in the block mode, leads to a loss in performance.

The right panel of Fig. C.2 shows the weak scaling in the default policy of the machine
on the 24-core platform. The time remains mostly constant from 1 to 10 threads, and it
shows a gradual slowdown until 24 threads, passing along the entire considered range of
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threads from 4.7 to 5.8 seconds. So, the default mode on the 24-core platform from 1 to
24 threads almost behaves like the corresponding curve on the 48-core platform between
1 and 37 threads. The default curve on the 48-core platform appears flatter than the
corresponding curve on the 24-core platform between 1 and 24 threads.

We can state that our code satisfies weak scalability since the mean time of one MCMC
iteration remains mostly constant for quite long intervals of threads equal to the number
of galaxies.
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Figure C.1: Left panel: strong scaling (Amdahl’s law). Right panel: weak scaling (Gustafson’s law). Both plots are referred
to an Intel 48-core platform. The three solid lines (red, blue, green) refer to application run using different NUMA control
policies for scheduling threads onto cores. The black dashed line shows the ideal Amdahl’s law.
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Figure C.2: Left panel: strong scaling (Amdahl’s law). Right panel: weak scaling (Gustafson’s law). Both plots are referred
to an Intel 24-core platform. The black dashed line shows the ideal Amdahl’s law.

C.3 The 2D Laplace solver

A 2D Laplace solver [343] (Algorithm 2) iteratively searches for an approximate solution
of the Laplace equation, i.e. a Poisson equation (Eq. (B.1)) with a source term S equal
to 0, on a Nx ×Ny evenly spaced cartesian grid (black dots in Fig. C.3).

First of all, the value of the potential φ at the boundaries of the domain has to be fixed
a priori (line 13), while other points are simply initialised to 0 (line 12). We extend the
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grid on each side by one point where the BCs are set (red points in Figs. C.3 and C.4,
left panel). Then, for each point in the grid, the new value of φ is computed upon the
values assumed by all its neighbours in the previous iteration (line 22). The algorithm
iterates until ε, the sum of all the differences between the computed potentials in the last
two iterations (line 23), goes below a given tolerance tol (line 14).

This Laplace solver presents the same structure of the Poisson solver illustrated in
Appendix B and adopted in the astroMP code. The only differences are due to the fact
that this Laplace solver is based on a Jacobi instead of a SOR iterative algorithm, adopts
Dirichlet instead of Neumann BCs and, of course, the source term is now equal to 0.

C.3.1 Semi-automatic parallelisation

Wanting to parallelise the Laplace solver by applying the proposed methodology, the first
thing to do is to reorganise the serial code by dividing the global domain in Tx × Ty
equally-sized sub-domains (or tiles). In order to compute the solution of the equation, it
is now necessary to firstly iterate over the tiles along each dimension (line 17) and then
to iterate over the cells in each tile (lines 18–19), resulting in 4 nested for loops.

Algorithm 3 shows in red how it is possible to parallelise with MPI the two external for
loops and to combine each sub-solution with the MPI_Allreduce function (line 24) to de-
rive the global solution. The decomposition of the domain is performed in parallel through
the MPI_Cart_create function, which assigns each sub-domain to an individual process
according to the topology illustrated in Fig. C.4. This function returns a communicator
that encodes the new MPI topology. In an execution with size processes, the number
of processes along each dimension of the grid is determined through a manual maximally
squared decomposition, where npx =

√
size and npy = size/npx. If npx × npy 6= size,

the domain cannot be decomposed and the execution does not start.
Since we compute Laplace equation in parallel on different portions of the grid, the

number of BCs increases: besides physical BCs set at the borders of the global domain,
also inter-processes BCs are now present. The definition of inter-processes BCs requires
communication among the different neighbour processes in the new MPI topology, since
each process has to send to and to receive from its neighbours the arrays containing the
potential computed in the most external interior points of the sub-grid. These arrays
are then saved at the boundaries of each local domain such that Laplace equation can
be solved on every process. This halo-swap communication is performed through the
MPI_Neighbor_alltoall function (line 16), as shown in the right panel of Fig. C.4.
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Algorithm 2: Seq. Laplace with tiling
1 Tx ← nTilesx, Ty ← nTilesy;
2 ;

3 ;

4 mallocs: φ0[Nx + 2, Ny + 2],
φ1[Nx + 2, Ny + 2];
// φ0 and φ1 globally describe the

problem, boundary conditions need a
halo of 2

5 φA ← φ0; φB ← φ1 ; // duplication of
pointers
// φB is step i+ 1 (write), φA step i

(read)
6 for sx← 0 to Tx − 1 do // init
7 for sy ← 0 to Ty − 1 do
8 for ii← 1 to Nx/Tx do
9 for jj ← 1 to Ny/Ty do

10 i← sx× (Nx/Tx) + ii;
11 j ← sy × (Ny/Ty) + jj;
12 φA[i, j]← 0;

13 init_boundary_conditions(φA, Nx, Ny);
14 while (ε < tol) do
15 ε← 0;
16 for sx← 0 to Tx − 1 do // global

solver
17 for sy ← 0 to Ty − 1 do

18 for ii← 1 to Nx/Tx do
19 for jj ← 1 to Ny/Ty do
20 i← sx× (Nx/Tx) + ii;
21 j ← sy × (Ny/Ty) + jj;
22 φB [i, j]← F(φA[i−

1, j], φA[i+ 1, j], φA[i, j −
1], φA[i, j + 1]);

23 ε← ε+F(φB [i, j]−φA[i, j])

24 ;
25 swap_pointers(φA, φB);

Algorithm 3: Parallel MPI Laplace
1 Tx ← nTilesx = npx, Ty ← nTilesy = npy;
2 Cartesian_create_comm(COMM_WORLD,

2, np[], periods, 0, COMM_CART);
3 Cartesian_get_comm(COMM_CART, 2,

np[], periods, coords);
4 mallocs: φ0[Nx + 2, Ny + 2],

φ1[Nx + 2, Ny + 2];
// φ0 and φ1 are partitions of the

problem, boundary conditions need a
halo of 2

5 φA ← φ0; φB ← φ1 ; // duplication of
pointers
// φB is step i+ 1 (write), φA step i

(read)
6 // parallel init
7 ;
8 for ii← 1 to Nx/Tx do
9 for jj ← 1 to Ny/Ty do

10 i← ii;
11 j ← jj;
12 φA[i, j]← 0;

13 init_boundary_conditions(φA, Nx, Ny);
14 while (ε < tol) do
15 εloc ← 0;
16 Neighbor_alltoall(bounds(φA),

max(Nx/Tx, Ny/Ty) + 2, bounds(φA),
max(Nx/Tx, Ny/Ty) + 2,
COMM_CART);

17 for ii← 1 to Nx/Tx do // local
solver

18 for jj ← 1 to Ny/Ty do
19 i← ii;
20 j ← jj;
21 φB [i, j]← ;
22 F(φA[i− 1, j], φA[i+1, j], φA[i, j −

1], φA[i, j + 1]);
23 εloc ← εloc + F(φB [i, j]− φA[i, j])

24 Allreduce (εloc, ε, sum);
25 swap_pointers(φA, φB);
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Figure C.3: Two-dimensional evenly spaced cartesian grid where Laplace equation is computed (black dots). Red dots
represent the points where BCs are fixed.

Figure C.4: Left panel: Example of a Cartesian decomposition between 4 processes of the domain performed with the
MPI_Cart_create function. Each portion of the global domain is mapped to a single process and to a pair of coordinates.
Black dots show the points of the local grids where Laplace equation is computed iteratively. Red dots show the points
where physical BCs are set whereas the dots coloured in different ways show the points where inter-processes BCs are
defined. Right panel: Halo-swap operation between inter-processes BCs.

C.3.2 Performance evaluation

Strong scaling

The strong scaling performance of the parallelised Laplace solver has been tested on the
CRESCO6 cluster, using an OpenMPI version compiled specifically for Intel processors.
We evaluate the solver using a grid of size 32768 × 32768, which is sufficiently large to
guarantee computational times significantly larger than the communication ones, and we
set a sufficiently challenging tolerance of 4 × 10−7. Moreover, we decide to allocate only
half of the cores available on each node (i.e. 24 cores out of 48), since we empirically
observe that a greater occupation of the node resources led to a rapid deterioration in
performance of the node itself. The left panel of Fig. C.5 shows the average speedups on
10 executions: Amdahl’s law holds until 16 cores but, albeit more slowly, the speedup
continues growing along the entire range of considered cores, achieving a maximum value
of ∼778 with 2808 cores.
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Weak scaling

To investigate the parallelized Laplace solver’s weak scalability, we kept constant the
number of grid points per core, meaning that we added 32768× 32768 points to the grid
for every core used in the run. This implies an increase in the global grid’s resolution
since its dimensions are fixed; consequently, runs with a different number of processors
will converge at different speeds, thus making the results not comparable among each
other. For this reason we did not use a fixed tolerance as the ending condition of the
program, but we run all the computations for a fixed number of iterations, making the
runs comparable. As for the strong scaling, we allocate only half of the cores available on
each node. The right panel of Fig. C.5 illustrates the weak scaling result, with the times
being averaged on 10 executions. The time slowly increases from ∼2200 to ∼2800 s, up
to 624 processes, and then it remains constant around this value, showing a rather good
weak scalability.
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Appendix D

Convergence tests of the MCMC chains

D.1 The variance ratio method

The variance ratio method of [344] is a convergence diagnostic test for monitoring the
convergence of MCMC chains: in other words, it estimates how close to convergence a
chain is and if the convergence can be improved with additional steps of the chain [440].

The test compares the output of m ≥ 2 independent chains that have different starting
points. Each chain has n0 + n elements, where the first n0 are the discarded burn-in
chain. Each chain i, at each step t, returns an estimate of a given parameter of interest
θi(x

t) ≡ θti , where x are the variables of the problem updated at each chain step t. For
each chain, we compute the mean of the parameter estimates,

θ̄i =
1

n

n0+n∑
t=n0+1

θti , (D.1)

the mean of the means of the m chains,

θ̄ =
1

m

m∑
i=1

θ̄i , (D.2)

and their variance,
B

n
=

1

m− 1

m∑
i=1

(θ̄i − θ̄)2 . (D.3)

In addition, we compute the variance of θti within each chain,

s2
i =

1

n− 1

n0+n∑
t=n0+1

(θti − θ̄i)2 , (D.4)

and their mean,

W =
1

m

m∑
i=1

s2
i . (D.5)

Gelman and Rubin [344] assume that the mean of the posterior distribution of the
parameter θ is µ̂ = θ̄ and that its variance is:

σ̂2 =
n− 1

n
W +

B

n
. (D.6)

Gelman and Rubin [344] model the variability of µ̂ and σ̂2 due to sampling with an
approximate Student’s t distribution with mean µ̂ = θ̄, variance

V̂ = σ̂2 +
1

m

B

n
, (D.7)
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and number of degrees of freedom ν = 2V̂ 2/v̂ar(V̂ ), where

v̂ar(V̂ ) =

(
n− 1

n

)2
1

m
v̂ar(s2

i ) +

(
m+ 1

mn

)2
2

m− 1
B2+

+ 2
(m+ 1)(n− 1)

mn2

n

m

[
ˆcov(s2

i , θ̄
2
i )− 2θ̄ ˆcov(s2

i , θ̄i)
]
,

(D.8)

and where the variance v̂ar(s2
i ) and the covariances ˆcov(s2

i , θ̄
2
i ) and ˆcov(s2

i , θ̄i) are estimated
with the m values θ̄i and s2

i .
To monitor the convergence of the chains, [344] compute the potential scale reduction

factor

R̂ =
V̂

W

ν

ν − 2
. (D.9)

If R̂→ 1 as n→∞, the estimated variance V̂ of the expected posterior distribution of θ
is increasingly closer to the varianceW estimated from the chains for an increasingly large
number of steps. In other words, values of R̂� 1 suggest that the estimate of the target
distribution can be improved with additional steps, whereas values of R̂ ∼ 1 suggest that
the chains are close to the target distribution.

D.2 The MCMC convergence for the universal combination of
the RG parameters

In our MCMC analysis we adopt a burn-in chain with n0 = 1000 and a chain with
n = 19000 iterations. To assess the convergence of the chains, in Sect. 4.3 we adopt the
variance ratio method.

We run the test for the first n = 13000 iterations. If the test is positive for this n,
we are confident that running the chains for n = 19000 iterations will provide a posterior
distribution close to the target distribution. We consider m = 3 chains.

The values we obtain for the potential scale reduction factor, R̂, for each RG parameter,
ε0, Q and ρc, are 1.01, 1.04 and 1.004, respectively. According to the interpretation of [344],
these values suggest that our distributions estimated with n = 13000 iterations already
are reasonably close to the target distributions. The results we show in the text are for
n = 19000 iterations and we are thus confident that our values for ε0, Q and ρc are robust
estimates of the target values.

126



Appendix E

Figures of the individual DiskMass
Survey galaxies

In this Appendix, we collect all the figures showing the relevant quantities of each DMS
galaxy. Figures E.1–E.7 show the profiles of the surface brightness, the surface mass
density of the atomic and molecular gas and the kinematic profiles. Each galaxy appears
in an individual panel. Figures E.6 and E.7 show the five galaxies that we analysed
both in RG and in QUMOND. Each panel contains 8 sub-panels in Figs. E.1–E.5 and 12
sub-panels in Figs. E.6–E.7.

The sub-panels (a) show the surface brightness. The filled circles with error bars are
the data in the K-band, corrected for inclination [320] and the blue solid curves are our
models (Sect. A.1). The green data points are removed before performing the fit with the
exponential profile (A.1). We only use this exponential model to estimate the disk surface
brightness both in the central region, to separate the disk and the bulge contributions, and
in the outer regions not covered by the data but still within the numerical domain of our
Poisson solver. The grey vertical lines show the radius for our bulge-disk decomposition.

The sub-panels (b) show the surface mass density profile of the atomic gas. The filled
circles with error bars are the estimates according to [324] and the blue solid curves are
our linear interpolations (Sect. A.2). The sub-panels (c) show the surface mass density
profile of the molecular gas (Sect. A.2). Symbols and lines are as in the sub-panels (b).

The sub-panels (d) show the rotation curves. The filled circles with error bars are
the data; the blue solid lines show the RG models whose parameters are the medians
of their posterior distributions estimated from the rotation curve alone (Sect. 4.1). The
dashed magenta vertical lines show the bulge effective radius, whereas the dashed green
vertical lines show the bulge radius we adopt in our disk-bulge decomposition for the
surface brightness fit (Sect. A.1). For the galaxy UGC 1087, these two radii coincide.
The dashed green vertical lines coincide with the grey lines of sub-panels (a). These two
vertical lines are repeated in all sub-panels (d)-(h).

The sub-panels (e) again show the rotation curves and the sub-panels (f) show the
vertical velocity dispersion profiles. In the sub-panels (e), the data are the same as in
the sub-panels (d). In the sub-panels (f), the data are the filled circles with error bars.
In the sub-panels (e) and (f), the blue solid lines show the RG models whose parameters
are the medians of their posterior distributions estimated from the rotation curve and
the vertical velocity dispersion profile at the same time (Sect. 4.2). In the sub-panels (f),
the cyan solid lines show the vertical velocity dispersion profile when we adopt the same
parameters as for the blue lines except for the disk-scale height hz; for the cyan solid lines,
hz is the value derived from Eq. (A.12). For the galaxy UGC 6918 (Fig. E.4), the cyan
line overlaps the blue line because the estimated hz coincides with the value derived from
Eq. (A.12).

The sub-panels (g) and (h) again show the rotation curves and the vertical velocity
dispersion profiles. In these sub-panels, the blue solid lines show the RG models where
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the mass-to-light ratios and the disk-scale heights are set to the values derived in Sect. 4.2
and listed in Table 4.2, whereas the values of the three RG parameters ε0, Q , and ρc are
set to those of the unique combination found in Sect. 4.3.

Figures E.6 and E.7 show four additional sub-panels. The sub-panels (i) and (k) show
the rotation curves and the sub-panels (j) and (l) show the velocity dispersion profiles. The
measured velocity dispersion profiles in these sub-panels are artificially increased by the
factor 1.63, which is our estimate of the observational bias suggested by [328] (Sect. 4.2.1).
The blue curves are the models whose parameters are the medians of their posterior
distributions estimated from the rotation curve and the vertical velocity dispersion profile
at the same time (Sect. 4.2.1). The sub-panels (i) and (j) show the RG models and the
sub-panels (k) and (l) show the QUMOND models. The cyan lines in the sub-panels (j)
and (l) show the models where the scale height hz is set by Eq. (A.12). For the galaxy
UGC 4107 (Fig. E.6), the cyan lines in sub-panels (j) and (l) overlap the blue lines because
the estimated hz in both RG and QUMOND are almost identical to the values obtained
with Eq. (A.12). The vertical magenta and green lines are the same as in the sub-panels
(d)-(h).
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Figure E.1: Surface brightness, surface mass densities of the atomic and molecular gas profiles and kinematic profiles of the
DMS galaxies and their modelling according to our different analyses (see text of Appendix E).
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Figure E.2: Same as in Fig. E.1.
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Figure E.3: Same as in Fig. E.1.
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Chapter E. Figures of the individual DiskMass Survey galaxies
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Figure E.4: Same as in Fig. E.1.
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Figure E.5: Same as in Fig. E.1.
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Figure E.6: Same as in Fig. E.1 with the additional analyses with the vertical velocity dispersion profiles artificially increased
by the factor 1.63 in RG and QUMOND.
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Figure E.7: Same as in Fig. E.6.
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Appendix F

Derivation of the uncertainties on the
root-mean-square velocity dispersions
of GCs in the three nearby E0 galaxies

We adopt the procedure of [398] to estimate the uncertainties ∆Vrms(R) on the values of
the root-mean-square velocity dispersion profile Vrms(R) that we compute with Eq. (5.23).
In the reference frame of the centre of mass of the galaxy, the line-of-sight velocity of the
i-th GC is

v||,i =
Vrad,i − Vsys

1 + Vsys/c
, (F.1)

where Vrad,i is the observed radial velocity of the GC, Vsys is the systemic velocity of the
galaxy, and c = 3×105 km s−1 is the speed of light. The three E0 galaxies of our analysis
have redshift z < 0.007 and we set to 1 the denominator of Eq. (F.1). The variance of
the radial velocities of GCs in each radial bin of radius R is

σ2
||(R) =

1

N − 1

N∑
i=1

v2
||,i , (F.2)

where N is the number of GCs in the bin. This equation neglects the errors on Vrad and
Vsys.

The quantity

S2(R) = (N − 1)
σ2
||(R)

V 2
rms(R)

, (F.3)

is a χ2
ν random variate with ν = N −1 degrees of freedom. We define S2

− and S2
+ with the

probability α of having S2 in the range (S2
−, S

2
+). The value α = 0.68 defines the upper,

indicated with the + sign, and lower, indicated with the − sign, 1σ uncertainty on the
dispersion of the radial velocities derived with Eq. (F.2):

∆σ2
||,±(R) =

[(
ν

S2
∓(R)

)1/2

− 1

]2

σ2
||(R) +

δ̄2
∗
N

(
1 +

δ̄2
∗

2σ2
||(R)

)
, (F.4)

where δ̄2
∗ is

δ̄2
∗ =

∆Vsys

1 + Vsys/c
(F.5)

and ∆Vsys is the uncertainty on Vsys; δ̄2
∗ = ∆Vsys in our analysis.

Finally, the upper and lower 1σ uncertainties on Vrms(R) are

∆Vrms,±(R) = Vrms(R)

[
1

5N
+

(
∆σ||,±(R)

σ||(R)

)2
]1/2

. (F.6)
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In our analysis, we use the symmetrised uncertainty

∆Vrms(R) =
∆Vrms,−(R) + ∆Vrms,+(R)

2
. (F.7)
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