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Abstract. We study and characterize the inclusion relations of global
classes in the general weight matrix framework in terms of growth re-
lations for the defining weight matrices. We consider the Roumieu and
Beurling cases, and as a particular case, we also treat the classical weight
function and weight sequence cases. Moreover, we construct a weight se-
quence which is oscillating around any weight sequence which satisfies
some minimal conditions and, in particular, around the critical weight
sequence (p!)1/2, related with the non-triviality of the classes. Finally,
we also obtain comparison results both on classes defined by weight
functions that can be defined by weight sequences and conversely.
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1. Introduction

We deal with global classes of ultradifferentiable functions defined by weight
matrices and study and characterize different inclusion relations between
these classes. There are basically two ways to introduce the classes of ultrad-
ifferentiable functions, the point of view of Komatsu [14], based on previous
ideas of Carleman, which pays attention to the growth of the derivatives on
compact sets modulated by a sequence (M,), of positive numbers, or the
point of view of Bjorck [2], based on ideas of Beurling [1], who used a weight
function to estimate the growth of the Fourier transform of compactly sup-
ported functions. Braun, Meise, and Taylor 7] unified these points of view
by introducing weight functions which allow the use of convex analysis tech-
niques. In terms of their topological structure, the classes are of two types,
of Beurling type, which are classes whose topology looks like the topology

Y Birkhauser
Published online: 08 July 2024


http://crossmark.crossref.org/dialog/?doi=10.1007/s00009-024-02694-1&domain=pdf

153 Page 2 of 29 C. Boiti et al. MJOM

of the space of all smooth functions, and of Roumieu type, whose topology
looks like that of the space of real-analytic functions.

More recently, Rainer and Schindl [18] introduced weight matrices to
study when the spaces of ultradifferentiable functions are closed under com-
position treating at the same time the classes in the sense of Komatsu (esti-
mates of the derivatives with a sequence) and in the sense of Braun, Meise
and Taylor (estimates of the derivatives via a weight function). They also
studied intersections and inclusion relations of the classes in the local sense
(i.e. when the estimates are given over the compact sets of a given open
set). Since then several papers using weight matrices have been published.
We mention, for instance, [4,9,10,13], and the references therein. However,
the characterization of inclusion relations in global classes of ultradifferen-
tiable functions, i.e. classes where the estimates on the derivatives are taken
in the whole of R?, has not been investigated yet. In this paper (Sect. 4), we
characterize the inclusion relations of global classes defined by weight ma-
trices using the isomorphisms introduced in [4, Sect. 5]. Moreover, given a
weight sequence we construct an oscillating weight sequence around the first
one to have examples of the opposite situation of the inclusion relations. In
particular, in Sect. 3, we construct an oscillating weight sequence around the
sequence (p!)'/2, which is very related to the non-triviality of the correspond-
ing ultradifferentiable class (see Remark 3.4). We begin with some notation
(Sect. 2) and continue in Sect. 4 with the weight function case and the more
general weight matrix case. In Sect. 5, we compare the classes when defined
by weight functions and sequences in the spirit of [6]. Finally, in Sect. 6, we
give alternative proofs in the non-quasianalytic case for the inclusion rela-
tions, which allows to eliminate some assumptions on the weight matrices
with respect to the results of Sect. 4.

2. Notation

2.1. Weight Sequences

We denote Ny := NU {0}. A weight sequence M = (Mp,),en, Is a sequence
of positive real numbers. A weight sequence M = (M,,),, is called normalized
it My > My = 1 (without loss of generality). We say that M satisfies the
logarithmic converity condition, i.e. assumption (M1) of [14], if

M} < Mp_1Mp11, peN. (2.1)
This is equivalent to the fact that the sequence of quotients p, := MAZ:,
p € N, is nondecreasing and we set po := 1. If M is normalized and log-
convex, then

Vp,geNog: MyM; < Mpyyg; (2.2)

see e.g. [20, Lemma 2.0.6]. Moreover, in this case, M is nondecreasing because
fp > p1 > 1 forall p e N.
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We say that M satisfies derivation closedness, i.e. condition (M2)" of
[14], if

ID>1 My <DPM'M,,  peN, (2.3)

and M satisfies the stronger condition of moderate growth, i.e. condition (M2)
of [14], if

3C>1 My, <CPTIM,M,,  p,q€N,. (2.4)
For convenience, we set
LC = {M € ]Rli"o : M is normalized, log-convex, lim (Mp)l/p = oo} ,
p—00
where Rli% denotes the set of strictly positive sequences indexed in Nj.

For a normalized sequence, M = (M), the associated function is de-
noted by

P
wmMm(t) = sup log |—, t eR, (2.5)
p€No M,
with the convention that 0° := 1 and log0 := —oo. Note that condition

(M,)'/P — +o0 is equivalent to w(t) < 400 by [4, Remark 1].
If M € LC, then we can compute M by involving wng as follows, see
[16, Chapitre I, 1.4, 1.8] (and also [14, Proposition 3.2]):
P
M, =sup ——— =, p € Ng. 2.6
P ety PN 20
Given two (normalized) sequences M and N we write M < N, if
3C>1VpeNy: M, <CPN,.

If M <N and N < M, then we write M =~ NN and say that the sequences M
and N are equivalent. Moreover, we write M < N if

M. 1/p
Vh>030h21VpeN0: Mnghhpr@Iim <p) =0.
p—oo \ N,
Next we recall [14, Lemmas 3.8 and 3.10] transferring these growth relations
to the associated functions: Given M, N € LC, we have
M<N<<3JAB>1Vt>0: wn(t) <wMm(At)+ B,
and
M<JAN<«<=VA>03IB>1Vt>0: wn(t) <wm(A4t)+ B.

The implications = are clear by definition, for the converse one uses the fact
that the sequences are log-convex and [14, (3.2)].

Similar conditions can be considered for sequences M = (Mq)qeng of
positive real numbers for multi-indices o € N¢ (see [4] for more details), i.e.
for multi-sequences. In particular, normalization is given by My = 1, (M2)’
is given by My ., < Al®IT1M, for some A > 1, for any o € N¢ and any
1 <i<d M =N is given by M, < CleIN, for some C' > 1 and all

1/|al
a € Ng and similarly M < N by lim|q|—c (%—:) = 0. However, the
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extension of the notion of logarithmic convexity for dimension d > 1 in the
anisotropic case is delicate, and we refer to [5] for more details. Obviously, in
the isotropic case, this means that the weight sequence N = (N, )pen, given
by Ny, = M| = M, for p = |a| is logarithmically convex.

In the following, by abuse of notation, if M is an isotropic weight multi-
sequence, we will identify it (when needed) with the weight sequence N de-
fined as above.

2.2. General Weight Matrices

Next we recall from [4, Sect. 3] the notion of weight matrices and global
ultradifferentiable functions in the weight matrix setting. Let

M= {(Mm)»o MO = (MD) geng, M5V =1,

(2.7)
M < M® for all 0 < A< n},

where M < M%) means that MW < M for all a € NZ. We call M a
weight matriz and we say that it is constant if M) ~ M®) for all X,k > 0.
In the one-dimensional case, we call M standard log-convez if M) e £C for
any A > 0.

Given two weight matrices M = {(M®W)y 50} and N = {(NM), 50}
we define the following three relevant growth conditions based on the weight
sequence notation.

We write
M(N if VYA>03k>0: MW <N®,
M{=IN if YA>03k>0: MM <N®K,
MaN if VA>0Vk>0: MM aN®.

We denote by || - |lc the supremum norm. Given a normalized weight

sequence M, we consider the following spaces of weighted rapidly decreasing
global ultradifferentiable functions of Roumieu type

Sy (RY) o= {f € C>®°(R%) : 3h>0 such that

”xaaﬁf“oo
= Sup g < +00op,
[PAIESRYNA a,ﬁeIl)\IS hletBI M, 5 *

and of Beurling type
San(RY) == {f € C®(RY): VA >0 we have | f|loom,n < +00},

endowed with the inductive limit topology in the Roumieu case (which may
be thought countable if we take h € N) and with the projective limit topology
in the Beurling case (countable for A~ € N). Next, the matrix type spaces
are defined as follows:

Sy (RY) = Smony = {f € C¥(RY) = 3h,A >0
A>0
such that || f||. v p < 400}
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in the Roumieu setting, and

S(M)(Rd) = m S(Mm)

A>0
={f e C®RY): Vh,A>0 we have ||f|lon < +o0}

in the Beurling setting, again endowed with the inductive limit topology in
the Roumieu case (which may be thought countable if we take A\, h € N) and
endowed with the projective limit topology in the Beurling case (countable
for A7, 71 € N).

We denote by Ernmy, Evy, Ermys Emy the analogous (local) classes of
ultradifferentiable functions replacing ||[x*0” f||. by the supremum of |0” f|
on compact sets (and then take the projective limit over compact sets). More-
over, Dinvy, Diviys Dyiamys Diamy denote the corresponding classes of ultradif-
ferentiable functions with compact support. We refer to [6] and [18] for precise
definitions of such classes.

We collect here some conditions, already introduced in [4] and motivated
by the assumptions in [15]. In the Roumieu case, we consider

YA>03k>\B,C,H>0Va,BcNg:
a®?M{N < polelgletoip ()
YA>03r2AA>1Va,feNd: MMM < aletoiy™) | (2.9)
YA> 036> NA> WaeNL1<j<d: MY, <Al
(2.10)
YA> 03k >\ A> o, f e NG : MDYy < Alerfip(op( (2.11)

(2.8)

and in the Beurling case

VA>030<k<A\H>0YC>03B>0Va,3cNd: (2.12)
24 7(%) [ +81 ) ’
a2 My < BelelHlePIM )

YA>030<k<AA>1Va,FeNd: MYIMED < Aletsly - (2.13)

VA>030 <k <AA>WWaeN1<j<d: M), <aAlHiMY (2.14)

YA> 030 <k <A A>1Wa,feNG: M, <Al pd. (2.15)

We summarize now some consequences for a given weight matrix M as
defined in (2.7):

(i) By [4, Proposition 1] the spaces Sy (R?) resp. Saq) (R?) can be equiv-
alently defined in terms of the system of (weighted) L2-seminorms when
assuming (2.8) and (2.10) in the Roumieu case, resp. (2.12) and (2.14)
in the Beurling case.

(i) If M satisfies (2.9) and (2.11), then we can replace in the definition of
Sy (R?) the seminorm || - ||, prov s by

2907 fl

— = (2.16)
apeng hlo+B MM MY



153 Page 6 of 29 C. Boiti et al. MJOM

We have an analogous statement for the class S ) (R?) when assuming
(2.13) and (2.15). When we define the spaces Syaqy(RY) or Sag(R?)
with the weighted L? norms, the similar property holds.

2.3. Weight Functions
Definition 2.1. A weight function is a continuous increasing function w :
[0,4+00) — [0, +00) such that

() AL> 1Vt >0: w(2t) < L(w(t) + 1);

(B) w(t) = O(t?) as t — +o0;

(7) logt = o(w(t)) as t — 4o0;

(0) pu(t) :=w(e) is convex on [0, +00).
Then we define w(t) := w([t|) if t € RY, where [t| denotes the Euclidean norm
of t.

We call w a general weight function, if w satisfies all listed properties

except (9).

It is not restrictive to assume w|j ;) = 0 (normalization). As usual, we
define the Young conjugate ¢, of ¢, by

wr(s) == sup{ts — v, (t)}, s>0,
>0

which is an increasing convex function such that ¢ * = ¢,, and s — @ is
increasing. Condition () guarantees that ¢ is finite.
We introduce the following growth relations between two (general) weight

functions arising naturally in the ultradifferentiable framework: We write
w=o if o) =0(w)), t— oo,

and
w<o if o(t) =o(w(t)), t— oco.

If w < 0 and 0 < w are valid, then we write w ~ ¢ and call the weights
equivalent.
For any given (general) weight function w, we set

W = ex LAl A > 0,0 € NI, (2.17)
and consider the weight matrix
M, = (W(/\))/\>0 = (Wa(z)\)))\>0,a€Ng' (2-18)

We observe that growth relations between weight functions and their
corresponding associated weight matrices are connected as follows:

Lemma 2.2. Let w and o be general weight functions. Then the following are
equivalent:

(a) My(=X)M,,

(b) M A=IM,,

(¢) w=o.
Moreover, the following are equivalent:

(d) M, < M,,
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(e) w<o.

Proof. The equivalences (a)—(c) are explained in statement (1’) inside the
proof of [18, Corollary 5.17].

The equivalence between (d) and (e) follows from [18, Proposition (2),
Theorem 5.14 (2), Corollary 5.17 (2)]. O

We recall now the following result, which was proved in [4, Lemma 11]
for a weight function, but which can be stated for a general weight function,
since assumption () was not needed in the proof.

Lemma 2.3. Let w be a (general) weight function. Then M, satisfies the
following properties:

G) WM =1, A>o0;

i) W2 <w®M wh | A>0,a €N witha; £0, and i = 1,...,d;
) W < WO 0< k<A

A 20) 177 (2A

) W, < WEIWEY, A > 0,a,8 € Ng;
V) Vh>03A>1YA>03D>1VYaeNd: hpllw) < pwit;
) Both conditions (2.10) and (2.14) are valid.

) Conditions (2.9) and (2.13) are satisfied for k = X and A = 1.

The spaces of rapidly decreasing w-ultradifferentiable functions are then
defined as follows: In the Roumieu case,

Sty (RY) = {f e C®RY): IA>0s.t. sup |\x“8"f|\we‘%%“‘“+”'> < —|—oo}
a,BeNd

= feC®RY): IN>0s.t. 1/l oo wwr) := sup % < 400 g,
a,BENG Wa-‘rﬁ

and in the Beurling case,
Sy RN :={f € C®RY) : YA>0, ||fllsowen < +o0}.

From (iv), (vii) in Lemma 2.3, we have that equivalently the classes can
be treated by separated growth at infinity, i.e.

aaﬁ
Sy (R%) =4 f € C®(R?): 3A >0 such that sup % e
a,BeNg Wa W,B

and

aaﬂ
SR =< feC®RY): VA>0, sup % < 400 ;.
a,ﬁGNg Wa Wﬁ

We can also insert hl1®*+#| at the denominator (for some h > 0 in the Roumieu
case and for all h > 0 in the Beurling case) by (v) in Lemma 2.3. In particular,
we finally recall from [4, Proposition 5] (where again assumption (3) was
not necessary) that, analogously as in the ultradifferentiable setting, we can
use the associated weight matrix in order to have an alternative and useful
description of the classes defined by weight matrices:
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Proposition 2.4. Let w be a (general) weight function and M,, be the weight
matric defined in (2.17), (2.18). We have

SimyRY) =Sy (RY) and  Sim,)(RY) = Sy (RY),
and both equalities are also topological.

We refer to [3] for a more complete characterization of such spaces, and
to [7] for the analogous spaces £,y /Dy,,} and £,/ Dy, of ultradifferentiable
functions/with compact support.

3. Oscillating Sequences and a Critical Example Case

The aim of this section is to construct explicitly a weight sequence M which
oscillates around a given fixed sequence N € LC. We assume for N some more
basic growth properties and show that these requirements can be transferred
to M, too. Moreover, these conditions yield the fact that the function w = wm
is also oscillating around the weight wn. Since by construction M € LC, we
focus on the one-dimensional situation (or, equivalently, on the isotropic case,
i.e. Mo := M),)). As a special case, we apply this to N = G1/2 := (p!'/2)
and the corresponding weight function w(t) = 2 in the sense that w = wg1/2
(see Example 3.1). This is a crucial case since it is related to the problem of
non-triviality of S,y and Sty (see Remark 3.4).

M,
M, 1
by putting M, := [[%_, u; (and My := 1, empty product) and consider the
associated weight function wyg. More precisely, the aim is to show that

(i) wm satisfies (a), (7), (9),
1/p
(i) infyzr (52) " =0 and

We construct the sequence M in terms of the quotients ), :=

1/p

(iii) SUp,>1 (%) = 4o00.
Concerning (4), first, we recall that for any given M € LC the function wy
satisfies automatically the basic assumption in Definition 2.1 and conditions
() and (9), see [16, Chapitre I], [14, Definition 3.1] and [6, Lemma 12 (4) =
(5)]-

We start the construction as follows. Let from now on (a;);>0 be a
sequence of positive real numbers such that

1 < amin = Inf aj < sup a; =: amax < +00. (3.1)
520 >0

Moreover let @Q € N, @ > 2, be given, arbitrary but fixed. We introduce a
new sequence (3;);>1 by

ﬁl == ﬁQ—l = 046‘271 (32)

and

ﬂQ" = ... = ﬂQnJrl,l = Oh?n(Qil), n € N. (33)
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Finally, M is defined via the quotients (p;);>1 as follows: We put

pi=c=1, i1 = Bipg, J =1 (3.4)
Using this, we have “l% = % e ﬁ = ;- Bgj—1 for all j > 1 which

J
yields a product consisting of j(Q — 1)-many factors.

Claim I: i < ”}Zj < Quax is valid for all j € N.
Q-1
If j =1, then %Z%Zﬁy“ﬂ@q =ai" = .

If j = Q", n € Narbitrary, then Qj = Q"' and so “TijzﬂQn o+ Bgntiq

Q7l+17Q7l
— @Y _ g
If Q" < j < Q"' —1, n € N arbitrary, then Q"' < Qj < Q"2 -Q <

Q"2 — 1 and we get, for i = Q" — 4,

HQj i j(ffl)ﬂ' Qi-trcfj—j—i
PRI _n ...3,.  — Q7@  ,ertl@e-1 Q-1
o ﬂ] BQ]—I = Qn O[n—!—l Z O[min
Hj
(i+4)(Q—1) (it+3)
_ o Qrtle-n _ ontl _ .
— “*min — “min = Qmin-

Finally, if Q° =1 < j < @ —1 (when Q > 3), then we can estimate as before
replacing a,, and au,4+1 by ag and «; respectively. The estimate from above
in the claim is obtained analogously when taking .y instead of cupin-

Claim II: M € LC holds.

Since amin > 1, we clearly have that 3; > 1 for all j € N, which is
equivalent to p;11 > p; for all 7 € N. Hence, M is log-convex. The previous
Claim I yields pgj > aminptj for all j € N, thus by iteration pgn; > ol 1
for all n € N. Consequently, we get pon > api pt1 = opn€ > oy, which
tends to infinity as n — oo because i, > 1 by assumption. This proves
lim; o0 gt = 400, hence lim; _, o, (M;)'/7 = 400 follows (e.g. see [18, p. 104]).

Now we start with the definition of M in terms of the aforementioned
construction using the auxiliary sequences (3;); resp. (¢;);. We put

po = p1 == 1(=c),
so My = My = 1 follows which ensures normalization. The idea is now to
define M (via («;);) piece-wise by considering an increasing sequence (of

integers) (k;);>1. Given a sequence N € LC, we consider the sequence of its
quotients

N
Vi = 5 ]{5:1,2,...,
N1
and, moreover, we assume that N satisfies
vQ; Vo,
3QeN: 1<liminf—*% and sup—L < +o0. (3.5)
J Vj j V5

It is immediate that @ > 2 in the above requirement and (3.5) is crucial
to ensure that wy satisfies («) (see (I11) below) and that M has moderate
growth (see (IV) below).
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Let now @ be the parameter according to (3.5) and without loss of
generality () > 3. First, we set k1 := @ and

ag = oy =4/, .

Then we have
Py = HQ = Qopin = g = 4y/Vk, (> 4),

and for 1 < i < k1, we have put p; := Gi—1pi—1 = ao Yoy (see (3.2)).

In the next step, we select a number n; € N, ny > 2, and put ko :=
Q™M k; = Q™! > ky. Here we choose n; sufficiently large in order to ensure
vgnik, > 64y, (note that lim;_. o v; = 00). Then we set

1
=T
g ==y, =64 e <V’“2> > 1,
Vi,
1 sz 1
and get ag - oy - s -+ = 16vy, — o ZV]Q. Hence, by (3.3) and (3.4)
we get
n1+1 n1 Ql+171
k Hgnri+1 1

Bhy _ Homitt H " pin =TI II 6i=cr -,

Foker HQ R o o
and so one has

1

ke = HQUky = [ky Q1 Qg = Q0 Q1 Qe Oy =

Note that for k1 < i < ko we put p; := aﬁ_lrl((‘) Y 1;_1 whenever Qlkl <1<

Q" ky, 0 <1< ny —1 [see (3.3) and (3.4)].
Then select a number ny € N, ny > 2, put kg 1= Q"2ky = Q2tmtl >
ko and

1

Y
py 1 =+ = Oy oy o= 3273 <"’“3> (> 32).

V/Cz

Hence, we get

1 Vigs
0 O Q- Qg = — V32— = 8V,
4 Vi,
So
My = HQrak, = Q@ Q1 * Q2"+ * Qg 4y = SVpy,
Ik Qn2+n1+171 i1
since 7= = =[[Z Qritt T+ = Qni+1° " Qnyfno-

For ks < i < ks, again according to (3.3) and (3.4), we have put p; :=

lilrt::;l@ Y ;-1 whenever Q'ky < i < Q" ky, 0 <1 <ny—1.
And then we proceed as follows:
Case I—from odd to even numbers. Given any k; with j > 3 odd, then
we select n; € N, n; > 2, put kjq 1= Q"k; = Qi+ +Tm+l and define
1

_1 (g, nj
— — . : j+1
Onj_y+dni4+1 = 7" = Onjdn; g +-fng = (2J( + 1)) K < vk > .
J
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Case II—from even to odd numbers. Given any k; with j > 4 even, then we
select n; € N, n; > 2, put kj1 1= Qmik; = QU T+l and define

— — — i+1 N7 (Ckit1 ) n;
Apj q4dni+l = 70 = Onjqn g+ tng = (2] .]) 7 (T) .
J

With these choices, first, for all odd j > 3 (starting with the case j = 3 from
above), one has

QOOLQ2 Oy 4eegmy, = (OO Oy gy ) -

_ 2j 1 Vkjia _ 1
an]‘,1+---+n1+1"'anj+---+n1 = ij 2](j+1) . = j+11/k]~+1,

ij

and so

1
Bhjpr = HQMk; = Q0O1Q2 "~ Qpjpodny = ml/kjﬂ‘

On the other hand, for all even j > 4, we see

QOOLQ2 Oy 4egmy, = (OO Oy gy ) -

]+1 Vkjt1 j+1
-2 =2

Qnj_y4-+ni+1 " Onjttng = — ™ Vkji1s

J
and so
_ = — 9j+1
Phjin = BQrik; = Q00O+ Onjpoegny = 277 Vg
Pkjiq - Qrittmitl_g
Moreover, — recall  that — —&= = ]_[z Qri—1tn
J
lh+1

= Qp; y4dgni+1° " Qn,t.qn, and for all k; < i < kjyq, according
(3 3) and (3.4), we have set

1
I+n;_1+-+n1+1

fi = (g g ooty +1) @ @D pj—1,

Q'kj <i<Qk;, 0<i<m;—1.
Claim III: (3.5) implies (3.1). First, we treat the upper estimates and
. 1 1 Vi L
note that for Case I, we have (27(j + 1)) ™ (%) nj< (ﬂ) o< A

s (=
Vng .,
for some A > 1. The second estimate is equivalent to % < A" (recall:

J
kj_+1 = Q™ k;) and this is valid because by, the second part of (3.5), we have
”ﬂ < B for some B > 1 and all j € Ny and so, iterating this estimate cn;-

n Vyenj

times with ¢ € N such that @ < 2¢, we have fatiny < 21N < B = A

k:

with A := B¢. Here the first estimate holds by the 10g—convex1ty of N.
1
For Case II with the expression (2/+15)" (%) i, we get the bound

(271 j)TlJA by the previous comments. And this can be bounded uniformly
for all even j > 4 by some A; > A when choosing n; large enough. Therefore,
note that A is not depending on the choice of n;; it only depends on given
(fixed) constants @ and B, both depending only on N via (3.5). Summarizing,
the upper estimate in (3.1) is verified for all j € N since the remaining cases
are only finitely many indices.
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Now we treat the lower estimate. By the first part in (3 5) we have that
there exists some ¢ > 0 such that (by iteration) V’fj% = e “J > (1+¢)m

provided that k; is chosen sufficiently large. We assume now that we have
chosen k3 large enough (for a fixed € > 0) and so the above estimate holds
for all 5 > 3. Now, concerning Case I for all odd j > 3 we estimate by

P —L v, L o - . .
(29(454+1)) ™ (#:1) " > (27(541)) " (14¢€) > 1 and the last estimate is
equivalent to requiring (1+€)™ > 27(j+1). This can be achieved by choosing
nj, j > 3 odd, sufficiently large.

. 1 a Ve, L
Concerning Case II, we observe (27117)% (Z ljk“ )= (#:rl) ny>
(1+¢) for all even j > 4.
To guarantee o; > 1 for all j € N, i.e. also for 1 < j < ny +no, we recall

our choice for n; above.
Summarizing, we get:

(I) M € L£C: Normalization is obtained as seen above, log-convexity holds
by the fact that o; > 1 for all j € N and so the sequence j — p;
s (strictly) increasing. Since for all odd j > 3 by construction we get
Pk > 2-j+11/kj, we see that lim;_,o p1; = 400 (since vk, is nondecreasing
by the logarithmic convexity), and so also lim;_ ., (M;)'/7 = 400, e.g.
see [18, p. 104].

(IT) Moreover, by Claim III, we see that 1 < amin < Qmax < +00 when
choosing n; large enough. Thus, by construction and Claim I, we have
1 <liminf; ”i’ < limsup,_, “f’ < 400.

(III) The proof of [6, Lemma 12, (2) = (4)] shows that the lower estimate
1 < liminf;_ o H/ZJ unphes (a) for wpm. Thus, wnm has all standard
requirements to be a weight function except ((), i.e. wm is a general
weight function.

(IV) By the upper estimate, M satisfies (2.4) (see e.g. [19, Lemma 2.2]).
Equivalently, by taking into account [14, Proposition 3.6], the associated
weight function wn satisfies the following condition

dJH>1Vt>0: 2w(t) <w(Ht)+ H, (3.6)

introduced in [6, Corollary 16(3)] in order to compare ultradifferentiable
spaces defined by weight sequences (M,,), and weight functions wng.

(V) Let now My, = {M® : X\ > 0} be the matrix associated to ws. By
[18, Lemma 5.9] and (3.6) it follows that M) ~ M®) ie. M,,,
constant. In this case, we get M = M) by definition of MO and [1 [
Proposition 3.2] (see also the proof of [21, Theorem 6.4]):

MY = exp(¢l,, (p)) = exp (sup{py - wM(ey)}> = sup exp(py — wm(e?))
y=>0 y>0

tP tP
(02 R N N

b explwn(e?))  rab exp(wm(t))  1op explon()) T

Note that by normalization, we have wpn(t) = 0 for 0 < ¢ < 1 which
follows by the known integral representation formula for wy;, see [16,
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1.8. III] and also [14, (3.11)], and since t*» < 1 for 0 <t < 1, p € Ny
arbitrary.
Consequently, M) ~ M for all A > 0 and so

St} (RY) = Sy, 3} (RY) = Sy (RY),
Sona)RY) = S, ) (RY) = Sy (RY),
as topological vector spaces.

(VI) By construction, we have j, = 27 vy, for all j > 3 odd and py,; = %I/kj

for all 5 > 4 even. Thus,

liminf 22 = 0 and limsup Hp ~+o00.

p—oo Uy p—oo Vp
Now,

FJA>1VpeN: (M)YP <p, < AM,)Y?.

In fact, the first estimate follows by log-convexity and normalization
(see e.g. [20, Lemma 2.0.4]), the second one by moderate growth, e.g.

see again [19, Lemma 2.2]. Consequently the sequences (Mz}/p)p and
(1p)p are comparable up to a constant. By (3.5), the same is valid for
N and so we have

M\ P M\
liminf (<2 ) =0, lmsup( ) = -oc.
pray (N,,) P <Np) e

Hence, M and N are not comparable, which means that neither M < N
nor N <M hold (consequently, neither M <1 N nor N <« M, too).

Ezample 3.1. Now we treat the case when N is the critical sequence G/2 :=
(p!/?) en, € LC. Tt is not difficult to see that N fulfills the requirements to
find a weight sequence My such that the weight function wy = wn, oscillates
around the critical weight function w(t) = t2. This is related to the problem
of non-triviality of the classes S(,,)(R?) and Sy} (R?) as we explain below in
Remark 3.4.

Now, translating into the notation of growth relations of [4, Lemma 13]
(whose proof did not use assumption (()), we obtain:

Lemma 3.2. Let w be a (general) weight function. Then
t— 2 2w wt) =0 <= YA>0: G2 <W®,
and
t=1? Qu = w(t) =o(t?) <= YA>0: G2 qWW,
Similarly, following the lines in the proof of [4, Lemma 13], we obtain:
Lemma 3.3. Let w be a (general) weight function. Then
w=tt? =12 =0wlt) <= YA>0: WM <G/
and

Wt t? e t2=ow(t) <= YA>0: WY G2
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Note that these results follow also from [18, Lemma 5.16, Corollary 5.17]
and we can replace in all conditions “V A > 0”7 equivalently by “I A > 0”.

Now, for My = W(()A), which is equivalent to the weight matrix as-
sociated to the general weight function wy of Example 3.1, we have that
M, and G'/2 are not comparable. This means that neither My < G/2 nor
G!/2 < My hold (hence neither My <1 G'/2 nor G'/2 <1 M hold, too). It also
follows from Lemmas 3.2 and 3.3 that neither wg <t — 2 nor ¢ — t2 < wy
are valid (and hence neither wy <1t + 2 nor t — t> < wy, t00).

Finally, we mention that My does not satisfy the requirements of [6]
because their basic assumption

de>0: (e(p+1))P <M, p € Ny,

is violated, since

o M 1/p
hprgggf (p!J;) =0, (3.7)

1

% ) /p _0
Moreover, from (3.7) again, we also get that the sequence My cannot

satisfy the conditions in [4, Proposition 3]. Hence, the spaces S(MO)(Rd) and

S(Mo} (R%) do not contain any Hermite function. Still, we do not know if these

classes are non-trivial. However, the existence of such an oscillating sequence

is important in view of the following:

and then also liminf, (

Remark 3.4. Let w be a given (general) weight function according to Def-
inition 2.1. If w(t) = o(t?), then [4, Corollary 3(b)] yields that S(,)(R?) is
non-trivial (all Hermite functions are contained in this class).

However, when t> = O(w(t)) as t — oo, then we prove now that
S(w)(R?) = {0}: First, for any f € S(,)(R?), we get

TA>0: sup |f(2)]er < oo, sup |F()]e*®) < oo,
zER4 £eRd

which gives, by the relation t* = O(w(t)),
sup |f(@)|el”/? <0, sup [ F()]el/? < oo,
zER £ER
Now [11, Corollary] yields f = 0.
Analogously, in the Roumieu case, w(t) = O(t?) implies by [4, Corol-
lary 3(a)] that Sg,}(R?) is non-trivial but t* = o(w(t)) implies Sp,y(RY) =
{0}

4. Characterization of the Inclusion Relations of Global
Ultradifferentiable Classes

In this section, we characterize the inclusion relations of spaces of rapidly
decreasing ultradifferentiable functions using the isomorphisms with sequence
spaces obtained in [4], inspired by the previous ideas by Langenbruch [15].
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Such isomorphisms are obtained assigning to each function its coefficients in
its Hermite expansion; see also [24]. Let us distinguish the various cases.

4.1. The Weight Matrix Case
In this case, for a weight matrix M, we recall the isomorphisms proved in [4,

Theorem 1]. In the Roumieu case, if conditions (2.8) and (2.10) are satisfied,
then

d
Sy (RY) = Appgy = { ¢ = (Ca)aeng €CY :

Ja
A eN: |cfpw, = sup |ca]em® CT) < oo b
aeNd

(4.1)

Analogously in the Beurling case, if conditions (2.12) and (2.14) are satisfied,
then

d
S (RY) = Ay = { = (ca)aeng € C :

VIeN: |c|lyam 1= sup |cqle“marn Vol < +oo}.
L d
aeNg

(4.2)
We start with the Roumieu case.

Theorem 4.1. Let M := {MW : X\ > 0} and N := {NX) : X\ > 0} be given
weight matrices and consider the following assertions:

(i) M{=}N,

(i) Sgaqy(RY) C Syary(R?) holds with continuous inclusion.
Then we get the following: (i) = (i1) is valid for all dimensions d € N. If (ii)
holds for the case d = 1 and both matrices are standard log-convex with (2.8)
and (2.10), then (it) = (i) is valid, too.

Proof. The implication (i) = (it) follows by the definition of the spaces.
For (it) = (i), we use the inclusion for the dimension d = 1 and so the
matrices consist only of sequences MM NW e £C.
By the assumptions on M and N, we can apply the isomorphism (4.1)
and so (i) yields Ay = S{M}(R) C Sy (R) = Any-

We consider the sequence ¢ := (cp)ren, € CNo defined by
VE
cp = e~ “m ) with j € N, j > 2, arbitrary but from now on fixed.

So ¢ € Ay follows by choosing [ = j in (4.1) and this yields ¢ € Az as
well. Thus

VieNIIeNIC>1VEkeNy: e “mOCT) = || < Cemnw 1)

which implies log(C) + wno) (VE) > 10g(C) + wnin () > wn ().
Let now t € R with vk <t < vk + 1 for some k € N. Then
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¢ VE+1 E+1
WN D) (g) < wn ( ] > <log(C) + wp0) ( ; > < 1og(C) 4wy (VE)

<log(C) + w0 (1)-

Here we have used that —V]C]‘H < vk is valid for any k € N when j > 2
and that each wy;) is increasing. Finally, if 0 < ¢t < 1, then wyo (%) <
WN ) (%) Consequently, by enlarging the constant C' if necessary, so far we

have shown
t
VjeN, j>2 31eNIC>1VE>0: wno (l) §log(0)+wM(j)(t).

We use this estimate and the fact that each sequence belonging to the ma-
trices is log-convex and normalized. Hence, by (2.6), we get for all p € Ny:
P t (sl)?

MZ(,j):supiSCsup = C'sup

— =Ny,
>0 exp(wyr(5) (1)) >0 exp(wy (£)) 5>0 exp(wn ) (8))

which proves
VjeN,j>2 3leN: MUY <NO
and so M{=}N is verified. Note that the assumption j > 2 is not restricting

the generality in our considerations since we are dealing with Roumieu type
spaces. O

Next we treat the mixed situation between the Roumieu case and the

Beurling case.
Theorem 4.2. Let M := {M®™ : X > 0} and N := {NWM : X\ > 0} given
weight matrices and consider the following assertions:

(i) MaN,

(i) Sy (RY) C Say(RY) holds with continuous inclusion.
Then we get the following: (i) = (ii) 4s valid, for all dimensions d € N. If
(i3) holds for the case d =1 and if both matrices are standard log-convexr and
M does have (2.8) and (2.10), whereas N is required to satisfy (2.12) and
(2.14), then (ii) = (i) is valid, too.

Proof. Again, (i) = (ii) follows by the definition of the spaces.

For (ii) = (i), we use this inclusion for d = 1. By the assumptions
on M and N and the isomorphisms (4.1)-(4.2), we have that (i:) yields
Ay 2 S (R) € Sy (R) = Ay As in the previous proof, we consider
the sequence ¢ := (cg)gen, € CYo defined by ¢ := e_‘”M“)(é) with j € N,
J = 2, arbitrary but from now on fixed. So ¢ € A, by choosing [ = j and
now the assumption yields ¢ € A(xr) as well. Thus, we obtain

VjeN 7>2 VieNIC>1VEkeNy:

_ L (MYE —
e~wnG (7)) — lex| < Ce wN(l/z)(\/El)7

which gives log(C) + wyn (VE) > log(C) + wM(j)(%) > wnasn (VEL) and
note that the arising constant C' is depending on [ and j.
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Let now ¢ € R with vk <t < vk + 1 for some k € N. Then

Vk+1
wy/n (H) < wnan (VE+ 1) <log(C) + wyii) ( i ) < log(C) + wyy(s) (V)

<log(C) 4 w5 (1),
as in the proof of Theorem 4.1. Finally, if 0 < ¢ < 1, then wnam (H) <

wna/n (1). Consequently, by enlarging the constant C' if necessary, so far we
have shown

VieNj>2, VIieNIC>1Vt>0: (.«JN(1/z)(tl) Slog(C’)—FwM(j)(t).

We use this estimate and the fact that each sequence belonging to the ma-
trices is log-convex and normalized, hence by (2.6), we get for all p € Ny and
1 <
. P P 1P
S S 1 2
120 exp(wno) (1)) >0 exp(wna/ (i) 520 exp(wnasn (s))

1 1 i
—oinom < o yasm
= O NJY/D < O NV,

This estimate proves MU) < N(/9 for all i,j € N, j > 2: Let i and j >
2 be arbitrary but fixed, then we get by the previous computations that

oo\ L/p
(7)
(M‘"> < C’ll/p% for all I > 4 and p € N. Assumption j > 2 is not

restricting since the matrix M is related to Roumieu-type conditions and
small indices can be omitted without changing the corresponding function
class. Thus, we have verified M < . O

Finally, we treat the general weight matrix case in the Beurling-type
setting.

Theorem 4.3. Let M := {MW : X > 0} and N := {NW) : X\ > 0} be given
and consider the following assertions:

(i) M(2N,

(i) Siamy(RY) C Sipy(RY) holds with continuous inclusion.
Then we get the following: (i) = (ii) is valid for all dimensions d € N. If (i)
holds for the case d = 1, both matrices are standard log-convex with (2.12)
and (2.14), then (i) = (i) is valid, too.

Proof. Again, (i) = (i9) follows by the definition of the spaces.
(i) = (z) We use this inclusion for d = 1. By the assumptions on M and
N and the isomorphism (4.2), we have that (ii) yields A(rq) = Siaq)(RY) C
Sy (R?) = Ay with continuous inclusion. By the continuity of the inclu-
sion, we get
VjieN3dleNIC>1Vce A(M) : ||CHN(1/j),% < C||C||M(1/z),%. (4.3)

For i € Ny, we consider the sequence ¢’ defined by ¢, := §; . It is clear that

each ¢’ € Ay because | c||ypasi 1 = e“m/n (Vi) < oo for all i € Ny and
g
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j € N. We apply (4.3) to the family c?, i € Ny, and get
VjeNIIeNIC>1WEkeNy: e“na/mnVE) < ceomarn (VR

consequently wra /i) (VEG) < log(C)+wppasn (VEL) < log(C)4wypamn (VE2D)
follows because each wys¢;) is increasing.

Let now t € R with vk <t < vk + 1 for some k € N. Then
wnasmn (7)) < wnasn (VE + 15) < log(C) + wypam (VE + 11)
< log(C) + wnvasm (VE2D)
<log(C) + wppaaym (121).

Here we have used that vk + 1 < 2vV/k.
If t € R with 0 < t < 1, then wyay (t7) < wnaz (j). Consequently, by
enlarging the constant C' if necessary, so far we have shown

VjeNIIeNIC>1Vt>0: wnamp(t) <log(C)+ wnmarm (t21/7).
Finally, using this and again (2.6), we get for all p € Ny:

NWD —qp—— S Lo v
P >0 exp(wna/i (t)) — C >0 explwyasn (121/7))

L /ey

C s>0 exp(wppa/m (s))

RN (/1)
_C<2l> My

which proves M(1/) < N(1/7) and so M(=<)N is verified. O

4.2. The Single Weight Sequence Case

It is straight-forward to obtain the analogous results for Theorems 4.1, 4.2
and 4.3 in the single weight sequence case and we get the following charac-
terization:

Theorem 4.4. Let M, N be two weight normalized multi-sequences such that
both satisfy the condition of derivation closedness (M2)'.

(I) Let M and N satisfy (2.8) and consider the following assertions:
(i) M <N,
(i) Symy(RY) € Syny(RY) with continuous inclusion.
(IT) Let M and N satisfy (2.8) and (2.12) respectively, and consider the
following assertions:
(i) M <N,
(ii) Sivy(RY) C Siny(RY) with continuous inclusion.
(III) Let M and N satisfy (2.12) and consider the following assertions:
(i) M =N,
(i) Svpy(R?) € Sy (R?) with continuous inclusion.
Then all implications (i) = (i1) hold for arbitrary multi-sequences. If (ii)
holds and the multi-sequences are isotropic, i.e. My = M| for any o € Ng
and M € LC, then the implications (ii) = (i) are valid, too.
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Remark 4.5. If we consider the isotropic setting, i.e. MO(LA) = M\(o>¢\|) for any
A >0 and o € N&, in all results in this section, then we have that (ii) = (i)
is valid if (i¢) holds for some dimension d € N. For the analogous results in

the anisotropic setting, we refer to [5].

As a consequence, we can deduce the corresponding results for spaces
defined by weight functions. We need Theorems 4.1 and 4.3, [4, Lemma 13],
Lemmas 2.2 and 2.3 and Proposition 2.4.

Corollary 4.6. Let w and o be weight functions. Then the following are equiv-
alent:
(i) w=o.
(i) Sguy(RY) C Sioy(RY) holds for all dimensions d € N with continuous
inclusion.
(ii") Sguy(R) € Sty (R) holds with continuous inclusion.
Under the assumptions w(t) = o(t?), o = o(t?) as t — oo, the
previous statements are equivalent to
(ili) S(w)(RY) C 8oy (R?) holds for all dimensions d € N with continuous
inclusion.
(iii") Sy (R) € S()(R) holds with continuous inclusion.

Now we treat the mixed case between the Roumieu and Beurling classes.
By Theorem 4.2, [4, Lemma 13], Lemmas 2.2 and 2.3 and Proposition 2.4,
we obtain

Corollary 4.7. Let w and o be weight functions with o(t) = o(t?) as t — oco.
Then the following are equivalent:
(i) w<o, e o(t)=o(w(t)) ast — oo,
(i) Sgu}(R?Y) C Sy (R?) holds for all dimensions d € N with continuous
inclusion.
(ii") Sgui(R) € S(oy(R) holds with continuous inclusion.

5. Comparison of Classes Defined by Weight Sequences and
Weight Functions

Gathering the information from the previous section, we are now able to
prove the following results which are analogous to the statements obtained
in [6] and [18] for the spaces Eqnmy, Em), Eqwyy E(w) (cf. also [4, Remark 4]).

Theorem 5.1. Letw be a weight function with associated weight matrix M, :=
{W®) X > 0). Then the following are equivalent:
(i) w satisfies (3.6),
(ii) There exists an isotropic multi-sequence M € LC such that:
ii.1) M satisfies (2.4), and hence (2.3);
ii.2) M satisfies (2.8);
ii.3) wm satisfies (a);
ii.4) for any d € N, we have S{w}(Rd) = S{M}(Rd) as topological vector
spaces.

(
(
(
(
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The analogous result holds true for the Beurling case as well, when consid-
ering (in addition) w(t) = o(t?) as t — oo for the weight function w and
condition (2.12) instead of (2.8).

In both cases, we can take M = W) for some/each X > 0 in (i4).

Proof. We will only treat the Roumieu case explicitly. The Beurling case
follows analogously.

The Roumieu case (i) = (ii): First, by [18, Lemma 5.9 (5.11)], we get
that M,, is constant, more precisely M, {=}W®X) for some/each A\ > 0.
Thus, by definition of the spaces and Proposition 2.4, we get as topological
vector spaces for all d € N

Stwp(RY) = Sy (RY) = Spwoy (RY), ¥ A> 0.

Condition W) € £C is clear by definition. Moreover, [18, Corollary 5.8 (2)]
yields that some/each WM satisfies (2.4), hence (2.3) as well. Also (2.8) for
some/each W) follows by [4, Lemma 13(a)] applied to r = 1/2 which can
be done by assumption (8) on w and by [4, Proposition 3 (a) = (b)].

Finally, that wyyv satisfies («) for some/each A > 0 follows by the fact
that («) holds for w by assumption, by [18, Lemma 5.7] and because this
condition is clearly stable under equivalence of weight functions.

(i) = (7): First, we want to show that the matrix M, is constant, i.e.
WO =~ W for all A,k > 0.

By Proposition 2.4 and assumption (7i.4), we get as topological vector
spaces,

Simoy(RY) = Sy (RY) = Spary (RY).

Now Theorem 4.1 applied to the inclusion Sy, 3 (R) € Syaiy (R) and to M =
My, N = {M}, yields M, {=}M. By the converse inclusion Spny(R) C
Sim,3(R) and Theorem 4.1 applied to M = {M} and N' = M, we get
M{=<}M,, as well.

Recall that we can apply this characterizing result since w is assumed
to be a weight function and because of (ii.1) and (¢3.2) for M.

Summarizing, so far we have shown M, {~}M which clearly implies
that M, is constant. Then [18, Lemma 5.9 (5.11)] yields (3.6) for w and
M ~ WO for some/any A > 0 follows. O

Conversely, in the next result, we start with a weight sequence, however
the required arguments for the proof are the same as before.

Theorem 5.2. Let M € LC be given and set My := M| for any a € Ng.
Assume that:

(a) M satisfies (2.8);

(b) M satisfies (2.5);

(¢) wm satisfies ().
Then the following are equivalent:

(i) M satisfies (2.4);
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(ii) there exists a weight function w satisfying (3.6) such that for all d € N
S(w}(RY) = Sy (RY) (5.1)
as topological vector spaces.

The analogous result holds true for the Beurling case as well when M satisfies
(2.12) (instead of (2.8)) and (in addition) w(t) = o(t?) as t — oco.
In both cases, we can take the weight function w = wnm in (i4).

Proof. Again we only treat the Roumieu case.

(7) = (i1) We consider the weight function wps. The basic assumptions
to be a weight function, (v) and (J) hold automatically by definition and
(a) follows by assumption (c); (2.4) implies (3.6), see [14, Proposition 3.6].
The choice 3 =0 in (2.8) for M and the proof of (6.6) in [4, Lemma 13 (a)]
applied to 7 = 1/2 and to W = M imply (3) for wys.

Thus, wy is a weight function as required for (ii). Let M, := {M® :
A > 0} be the matrix associated to wp. By [18, Lemma 5.9 (5.11)] we get
that this matrix is constant and since M = M®) (see (V) in Sect. 3), we
have M) ~ M for all A > 0. This shows (5.1) for w = wy by taking into
account [4, Proposition 5.

(#4) = (i) We follow the proof of (ii) = (i) in Theorem 5.1 by applying
Theorem 4.1 twice which can be done by the assumptions on w and M. By
(3.6) the associated matrix M, is constant (see [18, Lemma 5.9 (5.11)]),
some/each WM satisfies (2.4) (see [14, Proposition 3.6]) and finally W) ~
M for some/each A > 0 holds. Since (2.4) is obviously stable under the
equivalence relation ~, the proof is complete. O

Remark 5.3. Recently, in [23, Theorem 3.1], the requirement that wyy has
(a), arising in (i4.3) in Theorem 5.1 and in assumption (¢) in Theorem 5.2,
has been characterized in terms of M € LC by the following condition:

1/(Lp)
JLEN: liminf%

> 1.
p—00 (Mp)l/p

6. Characterization of the Inclusion Relations in the
Non-quasianalytic Case

In this section, we present alternative proofs for the characterizations of the
inclusion relations for Gelfand—Shilov classes. Here, we are not using results
from [4] but following ideas generally used in the ultradifferentiable setting.
Our assumptions are slightly different from Sect. 4. In fact, here we need
non-quasianalyticity, i.e. the existence of non-trivial compactly supported
ultradifferentiable functions. This was not required in Sect. 4.

Moreover, although we needed the mixed (M2)" conditions (2.10) and
(2.14) in Theorems 4.1 and 4.3, here we can avoid these assumptions. Finally,
here the Roumieu and the Beurling cases require different techniques.
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6.1. The Roumieu Case

Let M € LC be given. We recall (e.g. see [18, Lemma 2.9]): There exists
Om € Eqy (R) such that

3Ch>0VjeNgVaeR: |0 (x) <CWM;,

and with |91(j[) (0)] > M;j for all j € Ny. In [18], such a function has been
called a characteristic function. We can assume 6pg to be real- or complex-
valued (see the proof of [18, Lemma 2.9]) and note that fp cannot belong
to the Beurling-type class &) (R). Such functions are useful to characterize
the inclusion relations of (global/local) ultradifferentiable function classes in
terms of growth relations of weight sequences/functions or even matrices, see
[18, Propositions 2.12 and 4.6, Corollary 5.17].

However, for our purposes, we need that fp € Spviy(R), M € LC. To
this aim, we assume that M is non-quasianalytic, i.e.

Zizz%<+oo. (6.1)
w1 PR = ME
Accordingly, a standard log-convex matrix M is called Roumieu non-quasi-
analytic, if there exists some Ao > 0 such that M) is non-quasianalytic.
By the well-known Denjoy—Carleman theorem, we obtain that both the
classes Dyvy and Dy are non-trivial, see e.g. [14, Theorem 4.2], and define

with ¢ € Dynpy having #)(0) = ;.0 (Kronecker delta). For the existence
of such a specific test function, we refer to the proof of [17, Theorem 2.2].
Concerning the support of ¢ we do not make any restriction and by involv-
ing the product rule (cf. [20, Lemma 2.0.6]) the following statement is then
immediate:

Lemma 6.1. Let M € LC be non-quasianalytic and ym the function defined
via (6.2). Then ¢m € Divy € Spny and |w1(\3l)(0)| > M, for all j € Ny.

With this preparation, we are able to prove the first main statement.

Theorem 6.2. Let M := {M®W : X\ > 0}, N := {NWN : X\ > 0} be arbitrary
and consider the following assertions:

(i) M{=IN,

(i) Sgaqy(RY) C Spary(RY) is valid with continuous inclusion.
Then (i) = (it) is valid for all dimensions d € N. If M is standard log-
convex and Roumieu non-quasianalytic and if (ii) holds for the case d = 1
(and hence also N is Roumieu non-quasianalytic), then (ii) = (i) is valid,
too.

Proof. (i) = (i) follows again by the definition of the spaces.

For (ii) = (i), we use this inclusion for d = 1. Since M is standard log-
convex, for each given index A > 0, we can find Oyz0»). Since M is Roumieu
non-quasianalytic, we can assume that each M) is non-quasianalytic as well
and so Dyppeny is non-trivial. This can be achieved by “not considering” all
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possible quasianalytic sequences MM, X\ < \g, which by definition does not
change the according function classes. By Lemma, 6.1

Ymo € Spmy (R) € Spagy(R) € Sian(R),
hence there exist some £ > 0 and C,h > 0 such that ij[)m ()] < Cth;K)
for all x € R and j € Ny. For z = 0, we get MJO‘) < |¢&)<A)(O)| for all j € Ny
and both estimates imply M) < N(*), O

Let w be a (general) weight function, we call w non-quasianalytic, if

/1 %dt < 400, (6.3)
It is known, see e.g. [21, Corollary 4.8], that w is non-quasianalytic if and only
if some/each W is non-quasianalytic; i.e. if and only if M, is Roumieu
non-quasianalytic. Since M,, is always standard log-convex (see Lemma 2.3),
Theorem 6.2 implies

Corollary 6.3. Let w and o be non-quasianalytic weight functions. Then the
following are equivalent:

(i) w=o,

(i) Sgu}(RY) C Sioy(RY) is valid for all d € N with continuous inclusion.
(1) = (i) is valid for general weight functions w and o and for (ii) = (i)
only d =1 is required.

6.2. The Beurling Case

We call a standard log-convex weight matrix M = {M® : X\ > 0} Beurling
non-quasianalytic, when for all A > 0 the sequence M) is non-quasianalytic.
This definition is justified by [21, Theorem 4.1, Sect. 4.6]: A countable inter-
section of non-quasianalytic ultradifferentiable classes (with totally ordered
weight sequences) is still non-quasianalytic. So, if M is standard log-convex
and Beurling non-quasianalytic, then

'D(M) =DnN 5(/\/1) =Dn n 5(M<>\)) =Dn m S(M(l/n))
A>0 neN
is non-trivial; see [21, Propositions 4.7 (i) and 4.4]. (Recall that for huge
intersections this statement fails in general.) For any given weight function
w, the associated matrix M, is Beurling non-quasianalytic if and only if w
is non-quasianalytic.
Let us now consider the following Beurling-type condition:

YVA>03k>03A4>1VpeNg: (M) <APMP. (6.4)

It is immediate to see that M = {M}, M € LC, can never satisfy (6.4)
because this would yield suppzl(Mp)l/p < +0o0.

Moreover, if M is standard log-convex and satisfies (2.12), then for all
A > 0 there exist H > 0 and B > 0 such that j7/2 < BH M for all j € N,
ie. G2 < MW Thus, it is immediate to see that any standard log-convex
matrix having (6.4) and (2.12) is Beurling non-quasianalytic.
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Now we are ready to state the following result which is analogous to
Theorem 6.2.

Theorem 6.4. Let M and N be arbitrary and consider the following asser-
tions:

(i) M(Z)N,

(i) S (RY) € Siny(R?) is valid with continuous inclusion.
Then (1) = (ii) holds. If both matrices are standard log-convex, M is Beurling
non-quasianalytic and satisfies (6.4) and if (ii) holds for the case d =1 (and
hence also N is Beurling non-quasianalytic), then (1) = () is valid too.

Proof. (i) = (ii) is again clear by the definition of the spaces. Concerning
(79) = (i), we follow the ideas of the proof given in [18, Proposition 4.6 (2)]
which is based on techniques developed in [8, Sect. 2]. By the continuous
inclusion S aq)(R) € Siar)(R), we get the following:

VA>0VAh>03k>03C, hy >0V f e Suny(R):

[ £lloo,n . < CllLf lloo, Moy - (6.5)

We will apply (6.5) for h = 1 and to the following family of functions. For each
a > 0, arbitrary but from now on fixed, we consider a function ¢, € D)

with supp(¢.) C [—a,a] and (b(])( 0) = d;,0: The existence of such functions
follows again by [17, Theorem 2.2], more precisely let ¢, € Dy € Dum)
with L € £C, L, < M denoting the non-quasianalytic sequence constructed
in [21, Propositions 4.7 (i) and 4.4]. (Here we use the fact that M is Beurling
non-quasianalytic.) Moreover, for ¢ > 0 and = € R, we set f;(z) := exp(itx)
and finally

ga,t(x) = ft(m) . (ba(x)-

First, it is easy to see f; € Eaq)(R) and supp(ga,¢) € [—a,al for all £ > 0. We
fix t > 0 and @ > 0 and by the product rule it is known and straight-forward
to verify ga.+ € Doy € S(my. We apply (6.5) to this family with h = 1 and
set a = hi(<1).

According to the index k arising in (6.5), by applying (6.4), we get an
index k1 and A > 1 such that (M;E’“))2 < APMIER) for any p € Ny.

Using this preparation, we start now by estimating the right-hand side

n (6.5) for all t > 1:
(k)

|5’3J9h (@)] |1]9h t(x)|
Cllgny ¢l o =C sup sup ——2"—"— =C sup sup L LA
Lotlloo, MOy j.kENg zER hﬂ'kM(Jg,c 3, k€Ng 2€[—h1,h1] h”kM](i)k
k k
g (@) lghs) (@)
< C sup su p —r e = C sup sup
§,kENg x€[—h1,h1] hﬁ M(") j,k€ENg z€[—hy,h1] h’cMJ(_'f_)k
tk 1 h kM("'ﬂ) 2 kM(Nl)
< CChy,x, SUP % < CChy,x, SUP ()7(12)
J:kENo hy M keNo  RE M,
2tA
< CChy,r, SUP (2t4)* = CChy,k, €XP (wM(Nl)(QAt/hl)).

keNg hchlg"ﬂl)
(6.6)
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To estimate the second inequality of (6.6), we argued as follows: Since
On, € D(M) - S(M)(R), we get
k

k k—1) k YA
9h () |<Z(>t|¢< )sZ(Z)tlchl,mh’f pU

=0

k
< Oy M <l>hk L= Oy tF MY (1 4 By ).
=0

Note that by log-convexity and normalization M,E'ill) <M ,g'ﬁ), i.e. each se-
quence is increasing and since we are dealing with the Beurling case we
Will have O < hy < 1 (small). Moreover, note that we have estimated by

M<“) < M(") for any j, k € Ny and any index k.
itk

We continue now with the left-hand side in (6.5) and get

7 it ()]
thhtHoo,N("),l = Sup sup ()’\)
j,kENg z€R Nj+k
l952,(0)] tk
> sup —2 i = sup — = = exp (wno (1) -
~~ keNg N,ﬁ’\) keN, N,g’\)

r=0=j
Summarizing, we have shown that (6.5) yields:
VA>03dk1 >03C, A hy >0VEt>1:
exp (wym (1)) < Cexp (wypee) (2At/hy)) .

Since NV € £C (for any A > 0) we get wy (t) = 0 for all ¢ € [0,1]. So the
above estimate is valid for all ¢ > 0. Finally, we are applying (2.6) and obtain
for any p € Ny that

tP 1 tP
NN —gqup—————— > —su
p t;g exp(wnm () = C t;g exp(wpen) (24t/hy))

p P
(o (Y
C \24) Soexplwmen(s)) C \24 L

which implies M(<)A and finishes the proof. O

Again, by involving the associated weight matrices, we can transfer The-
orem 6.4 to the weight function situation:

Corollary 6.5. Let w be a weight function with
JH>0: w(t?) =0(w(Ht)), t— +oo, (6.7)
and o be a (non-quasianalytic) weight function. Then the following are equiv-
alent:
(i) w <o,
(i) S(w)(R?) C S(4)(RY) holds for all dimensions d € N with continuous
inclusion.
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(1) = (i1) is valid for general weight functions w and o. For (i) = (i), only
the inclusion for d =1 is required.

Proof. In order to apply Theorem 6.4 to the matrices M, and M,, we
remark that, by [12, Appendix A], w satisfies (6.7) if and only if M,, satisfies
(6.4) and w satisfies (6.3), see [12, Lemma A.1]. O

Remark 6.6. By [12, Lemma A.1l], condition (6.7) is stronger than
non-quasianaliticity, which in turn is stronger than (3).
We observe that in Theorems 4.1, 4.2, 4.3 and 6.4 we could avoid the
assumption that A is standard log-convex by substituting (2.6) with
P

N, > sup

>0 exp(wN(t))v p S NO) (68)

which is always true (cf. [5]).

Finally, it is known that S,y = &, the classical Schwartz class, when
the weight w(t) = log(1+1), t > 0. This weight clearly satisfies the standard
assumptions («) and () in Definition 2.1, and is non-quasianalytic, which
implies (), but does not satisfy (), nor property (3.6). In fact, M,, is not a
weight matrix as defined in Section 2.3, because the matrix associated with
this weight does not contain sequences of positive numbers. Moreover, due
to [22, Lemma 7.2], there is no sequence M € LC such that

wMm ~ t— log(1l+1). (6.9)
However, if M = (M,), is a sequence with 1 = M, and
dgo€NsgVp>q: M,=+o0,

and such that 1 <y, < pip41 for 1 < p < qo, then wn satisfies (6.9) with the
conventions +%.O = 0 and log(0) = —co. Hence, [4, Lemma 12] remains valid,
and so wyw o ~ w for all indices A > 0.
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