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In these proceedings we study various sources of theoretical uncertainty in the Drell–Yan p``T
spectrum focussing on the p``T . 100 GeV region. We consider several perturbative aspects
related to the choice of the scale setting adopted in resummed calculations, and we assess their
impact on the theoretical prediction both for the differential p``T spectrum and for the N3LO
fiducial cross section. For both quantities, we find the results obtained with the different setups
to be compatible with each other within the quoted uncertainty, highlighting the robustness
of the theoretical prediction. In all cases, the experimental LHC data for the p``T spectrum is
well described by our calculation.

Introduction.— The theoretical description of the Drell–Yan p``T spectrum is among the most
challenging tasks in collider physics at present, due to the outstanding accuracy reached by the
experimental measurements. In a recent article 1, we have presented the state of the art, N3LO
calculation of the fiducial Drell–Yan cross section and its leptonic distributions such as p``T , also
studying the effect of the inclusion of QCD resummation of large logarithms of M``/p

``
T , with M``

being the Drell–Yan pair invariant mass. Our findings indicate that a first-principle calculation
using perturbative QCD methods describes well the experimental data for the differential p``T
distribution measured in the regime M`` ∼MZ , with the exception of the very small p``T region
where a phenomenological modelling of non-perturbative effects is needed.

The high accuracy of the theoretical calculation requires a careful estimate of the associated
uncertainties, which are below ±5% for p``T . 100 GeV. In these proceedings we briefly review the
calculation of Ref.1 and we discuss various sources of theoretical uncertainty that are relevant for
the description of the Drell–Yan p``T spectrum. We focus our discussion on aspects particularly
relevant in the p``T . 100 GeV region: the resummation of logarithmic corrections and the
matching of resummation with the fixed order prediction.
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The prediction of Ref. 1 for the differential p``T spectrum is based on a combination of a
resummed calculation at N3LL (including constant terms up to O(α3

s)) obtained with RadISH2,3,4

with the NNLO calculation obtained with NNLOJET5,6,7. The formulation adopted in the RadISH

code is based on a momentum-space formalism and does not introduce any modelling of non-
perturbative effects. Instead, the Landau singularity is regularised by freezing the running of
the strong coupling constant at scales of the order of 0.5 GeV and that of the parton distribution
functions (PDFs) at the extraction scale of the set adopted, which in this case corresponds to
1.65 GeV 8. We will comment further on the prescription used to freeze the PDFs below. This
prescription leads to effects in the calculation in the first two bins of the p``T distribution where
non perturbative (NP) dynamics becomes relevant. In this region a realistic modelling of NP
corrections is therefore necessary.

In the following, we study the impact on the theoretical uncertainties of various sources of
higher-order corrections, related to the central scale setting used in our predictions.

Computational setup.— Throughout this note, we will consider proton–proton collisions at
a centre-of-mass energy

√
s = 13 TeV, and we adopt the NNPDF4.0 parton densities 8 at NNLO

with αs(MZ) = 0.118, whose scale evolution is performed with LHAPDF9 and Hoppet10, correctly
accounting for heavy-quark thresholds. We set the central factorisation and renormalisation

scales to µF = µR =

√
M``

2 + p``T
2
. We adopt the Gµ scheme with the following EW parameters

taken from the PDG 11: MZ = 91.1876 GeV, MW = 80.379 GeV, ΓZ = 2.4952 GeV, ΓW =
2.085 GeV, and GF = 1.1663787 × 10−5 GeV−2. We consider a fiducial volume 12 in which the
leptonic invariant mass window is constrained to be 66 GeV < M`` < 116 GeV and the lepton
rapidities are confined to |η`± | < 2.5. The transverse momenta of the two leptons are required
to satisfy |~p `±

T | > 27 GeV.

Resummation scheme and scale setting for the O(α3
s) constant terms.— We start by

discussing the impact of the choice of the strong coupling scale in the O(α3
s) constant terms in

the resummation formula. Here we deliberately use a very schematic and simplistic language to
introduce how they arise in the resummed calculation. An appropriate discussion of these terms
and their structure within the RadISH framework is reported in Ref. 13, where the scale setting
adopted in Ref. 1 is discussed in detail. Schematically, one can parametrise the perturbative
logarithmic counting for the resummed cumulative cross section considered here as

C(αs(M``), αs(µ)) exp{
2∑

i=−1
αis hi+2(αsL) + . . . }, (1)

where αs ≡ αs(M``) and L denotes the large logarithms which are resummed in the p``T � M``

regime. The function C(αs(M``), αs(µ)) encodes constant contributions that survive in the
p``T → 0 limit. It admits a perturbative expansion in powers of the strong coupling αs, which
is needed up to three loops (O(α3

s))
14,15,16,17 in order to achieve, together with the functions

hi(αsL), the accuracy of the predictions of Ref. 1 in the regime αsL ∼ 1 and αs � 1.
We first turn our focus on the scale of the coupling constant in the perturbative expansion

of C(αs(M``), αs(µ)). At each order O(αis) this receives contributions both from terms evaluated
at αis(M``) and from terms evaluated at αis(µ), where the scale µ � M`` is of the order of the
transverse momentum of the QCD radiation probed in the p``T → 0 limit. The precise value of this
scale depends on the resummation formalism. Within RadISH this is set as µ ∼ kt1, with kt1 being
the transverse momentum of the hardest initial-state radiation, while in an impact-parameter
approach this is set as µ ∼ 1/b, with b being the impact parameter (see e.g. Refs.18,19,20). These
two scales are of the same order and are related by a Bessel integral transform 3.

In a direct QCD formulation of p``T resummation, the separation of terms evaluated at
αis(M``) and those evaluated at αis(µ) specifies the so-called resummation scheme 19, and only
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Figure 1 – Left panel: fiducial p``T distribution at N3LO+N3LL in the default scale setup of Ref. 1 (blue, hatched)
and evaluating the O(α3

s) constant terms of soft and collinear origin at µ = kt1 (green, solid). See Ref. 13 for
a more detailed discussion. Right panel: Fiducial p``T distribution at N3LO+N3LL in the default scale setup of
Ref. 1 (blue, hatched) and using the hybrid evolution for the parton densities below the extraction scale (brown,
solid).

the combination of both factors in Eq. (1) is resummation-scheme invariant. More precisely, if
we denote by C(i) the O(αis) term of the perturbative expansion of C(αs(M``), αs(µ)), only the
combination of C(i) and hi+2(αsL) is resummation-scheme invariant. Consequently, a change in
the renormalisation scale in the O(α3

s) constant terms C(3) will affect the form of the correction
α3
sh5(αsL) in Eq. (1), which is a genuine N4LL correction and hence beyond the perturbative

accuracy of the calculation discussed here.

The prediction presented in Ref. 1 evaluates the O(α3
s) terms with αs(M``); it is however

possible to evaluate the terms of hard-virtual origin in C(3) at αs(M``), while those of soft and/or
collinear origin are evaluated at µ ∼ kt1 � M``. The difference between the two prescriptions
is, as explained above, subleading in the perturbative order of the calculation. As such, one
expects it to be compatible within the quoted perturbative uncertainties.

A study of the difference between the two scale settings in the RadISH+NNLOJET prediction
was presented in Ref. 13. The difference between the two scale settings is shown in Fig. 1 (left),
where the blue, hatched band represents our default setup used in Ref.1, and the green, solid band
shows the result with the constant terms of soft and/or collinear origin evaluated at the scale
µ = kt1 (labelled with µ 6= M`` in the plot) up to O(α3

s). The uncertainties are still estimated
as outlined in Ref. 1. In particular, this prescription includes a very conservative estimate of the
matching uncertainty, which is obtained by taking the envelope of the uncertainty bands obtained
with four different matching schemes, for a total of 36 variations (9 scale variations per scheme).
This conservative approach is taken given the level of precision that is reached by the perturbative
calculation. Fig. 1 shows that the change in the scale µ leads to a distortion of the spectrum
in such a way that it becomes softer at small p``T and slightly harder for p``T > 10 GeV. The
resulting distribution in Fig. 1 is still compatible with the data and with our default setup within
uncertainties, in line with the fact that it corresponds to a subleading logarithmic correction.
An exception is the region between [20, 40] GeV where the central value of the green band lies
outside the error band (blue) of our default setup, suggesting that one may adopt a slightly more
conservative error estimate that includes the central curve of the green band in the envelope
that defines the theory uncertainty.

Evolution of parton densities and freezing.— We now briefly discuss how the freezing
of the parton densities at the extraction scale of 1.65 GeV 8 impacts our prediction. As an



alternative prescription, instead of freezing the parton densities at Q0 = 1.65 GeV, we evolve
backward from this scale down to 0.5 GeV taking correctly into account the charm-quark mass
threshold. This ensures that possible small artefacts related to the freezing of the parton densities
are pushed to the very small p``T region. Fig. 1 (right) shows the comparison of the default setup
of Ref.1 to the prediction obtained with the above treatment of the parton distribution functions,
that we label as hybrid in the plot. As it can be appreciated from the figure, the freezing only
modifies the prediction for this setup at very small p``T values, in a way that is fully compatible
with our estimate of the theory uncertainties.

The resummation scale.— Finally, we discuss another relevant aspect in the scale setting
used in the RadISH calculations, which concerns the value of the hard scale of the process, of the
order of M``. This hard scale is set to M``/2 in the RadISH predictions of Ref. 1. An associated
variation of this perturbative scale (as well as of the other perturbative scales) is encoded in the
estimate of the perturbative uncertainties. In the RadISH formalism, this scale enters in the form
of a resummation scale Q. This can be introduced by decomposing the resummed logarithm L
as 21,13

L = L̃+ ln
M``

Q
, (2)

and re-expanding L about L̃ while neglecting subleading (N4LL) corrections. This is motivated
by the fact that in the p``T → 0 limit one has L̃� ln M``

Q . A variation of the scale Q (commonly by
a factor of two about its central value) then probes the size of subleading logarithmic corrections
in the uncertainty estimate. At the same time, the logarithm L̃ is switched off for p``T & Q with
a smooth deformation 21,13 that introduces power corrections of order (p``T /Q)p−1 (we choose
the parameter p = 6) in the p``T differential distributions. These facilitate the matching of the
resummed result to the fixed order calculation and appear only at subleading orders with respect
to the nominal result, that is at O(α4

s). In this way, the scale Q also takes the role of the scale
at which resummation effects are switched off in the p``T distribution. Choosing Q = M`` as a
central scale implies that a variation of Q in the assessment of the theory uncertainty will induce
residual resummation effects up to p``T ∼ 2M``, which is a rather high scale. For this reason, our
default setup is to vary Q about its central value M``/2, above which QCD is well described by
fixed-order perturbation theory.

Nevertheless, in the following we study the difference between the two scale settings. For this
reason, in Fig. 2 we show the comparison between the RadISH+NNLOJET prediction using either
Q = M``/2 (our default, given by the blue, hatched band) or Q = M`` (given by the red, solid
band) as a central scale. In the latter, we also adopt the hybrid treatment of the evolution of
parton distribution functions (PDFs) discussed above, to avoid any interplay between the PDFs
freezing scale and the perturbative prediction in the small p``T region. The uncertainties in the
red band of Fig. 2 are estimated as done in Ref. 13, by performing scale variations within three
matching schemes a that ensure that the resummation is switched off at p``T ∼M``. We observe
that the prediction with Q = M`` as a central scale receives a shift in the upward (downward)
direction for p``T > (<) 10 GeV. Moreover, the perturbative uncertainty grows with this different
resummation scale, and the prediction remains compatible with the experimental data.

Finally, it is instructive to adopt the three modifications to our default setting discussed in
this note together. That is, we use µ 6= M`` as outlined in the previous section together with
Q = M`` in our prediction. The result is displayed by the dot-dashed light-green line in Fig. 2,
and it is entirely within the (red) uncertainty band of the Q = M`` result as one would expect
from a subleading effect.

aIn this case, due to the high resummation scale, we only consider the three matching schemes involving a
matching factor (see Ref. 13). The corresponding uncertainty thus consists of 27 variations.
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Figure 2 – Fiducial p``T distribution at N3LO+N3LL in the default scale setup of Ref.1 (blue, hatched) and setting
the central value of the resummation scale at Q = M`` (red, solid). The green-dashed curve indicates the central
prediction with Q = M`` and µ 6= M``.

Impact on the fiducial cross section.— As a last step, we also discuss the impact of
the different scale setting discussed in this note on the fiducial cross section at N3LO+N3LL
presented in Ref.1. This reference quotes 726.2(1.1)+1.07%

−0.77% pb for the fiducial cross section within

symmetric cuts, compatible with the N3LO result of 722.9(1.1)+0.68%
−1.09% ± 0.9 pb, computed in the

same article. The central value of the N3LO+N3LL cross section obtained within the setup
shown in the green band of Fig. 1 (left) (namely with µ 6= M``) is 725.0(1.1) pb, while the
central value corresponding to the red band of Fig. 2 is 723.8(1.1) pb. Both values are well
within the scale uncertainty of the N3LO+N3LL calculation performed in Ref. 1, which confirms
the robustness of this prediction for the fiducial cross section.

Conclusions.— In these proceedings we have discussed the dependence of the
RadISH+NNLOJET predictions of Ref. 1 upon different choices for the perturbative scale setting.
We observed that all setups yield results which are compatible with each other within the quoted
uncertainties. This indicates that the latter uncertainty is reliable, although a more conservative
estimate could be envisaged by taking into account the spectrum of variations considered here.
All of our predictions agree well with the experimental LHC data, possibly with the exclusion
of the very small p``T region, which requires a careful assessment of non-perturbative effects.

We have also examined the impact of the different setups on the fiducial cross section at
N3LO+N3LL, finding in all cases that the effect of the different scale choices is well within the
perturbative uncertainty band obtained in Ref. 1, highlighting its robustness.
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