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Introduction and Motivations

This thesis is the result of my doctoral studies, carried out in the past three years and a half, under
the supervision and advisorship of Prof. Lorenzo Fatibene.

It is the continuation of the work, initiated with my master thesis, of investigating the mathematical
structures involved in one of the attempts at quantizing General Relativity: Loop Quantum Gravity.
The theory of Loop Quantum Gravity has been under developement for about three decades and has
now reached a point were there is a definite approach to the problem of quantization “a la Loop” of
Einstein’s General Relativity. The theory is certainly interesting for theoretical physicists, but for
mathematicians as well. In fact, Loop Quantum Gravity is the first attempt at defining a quantum
field theory of the gravitational field which is at the same time generally covariant, background free,
and non-perturbative. General covariance requires that all the physical fields be geometric in nature,
so that their description depends on the observer but the physical laws do not. A theory is background
free when all the physical fields which are considered are variational in nature, that is, their values
are determined as solutions of the Euler-Lagrange equations of some lagrangian and there are no
fields which are given or fixed at the beginning. General covariance and background freedom are the
two core tenets of General Relativity and relativistic theories, but they are still concepts related to
classical physics. As for the third principle, a quantum field theory is non-perturbative if one can
obtain solutions exactly, without resorting to approximation in a perturbative regime. At the time
of writing the most famous quantum field theory, the Standard Model of particle physics, is treated
in a perturbative way and there are many open problems in modern quantum theory that stem from
an absence of non-perturbative, exact solutions (e.g. the problem of color confinement in Quantum
Chromodynamics). Other proposals for a quantum field theory of the gravitational field lack at least
one of the three principles, therefore even if in the long run Loop Quantum Gravity is ruled out by
experimental measurements, it is still of great relevance for modern mathematical physics to try and
overcome the challenge of how to define a generally covariant, background free, and non-perturbative
quantum field theory and extract physical information from it.

There are at least three main lines of research to pursue in this regard:

1. to polish the mathematical language of the theory with the intent of clarifying what objects and
structures are needed and the relations between them. A mathematically homogeneous theory
is easier to navigate and is less prone to “suprises” or inconsistencies;

2. to expand existing mathematics using the current demands of the theory as a guide. This may
include efforts to streamline particular calculations, thorough study of limiting cases, but also
developing new mathematics which directly answers open questions;

3. to organize the existing material and knowledge and make the theory more accessible to both
new and old generations of students and researchers, not only from a physical background but
also from a mathematical one: joining efforts between mathematics and physics is bound to be
extremely fruitful for the theory both in the short and long terms.

Clearly, solving all of the challenges posed by the three points above in a three (and a half!)-year

iii



iv INTRODUCTION AND MOTIVATIONS

long doctoral program is not feasable, but one can lay a few bricks on the road towards the final goal.
Therefore this thesis is not the beginning nor the end, but it actually is a part in a grander scheme,
which I hope to be able to continue in the future.

Together with my advisor, then, I have decided to divert my efforts mainly in the directions of item
1 and 2 of the list above and, due to my personal background and preference, to focus my research on
some geometrical aspects of the theory, hence the title Geometrical Methods in Classical and Quantum
Gravity.

In particular, I worked on the geometrical structures needed to define and characterize Barbero—
Immirzi connections on spacetime as well as their dynamics, in the form of the Holst lagrangian.
Some results were already available in articles and books, albeit expressed using the notation of local
coordinates: this coordinate language is simpler, more straightforward, and has the advantage of being
very close to applications and numerical computations, the downside being that it sometimes is less
clear and simple, regarding its geometrical interpretation, and by often requiring very long and involved
calculations. In the sprit of item 1, I pursued the objective of characterizing the geometric framework
in which to define and build Barbero—Immirzi connections and also to define and study an intrinsic
calculus in which the variational analysis could be performed in a more concise and geometrically
expressive way. This approach then allowed to answer some questions on Barbero—Immirzi connections
which were already present in the literature, as per item 2 of the list above. Specifically, I obtained a
result which completely characterizes Barbero-Immirzi connections on spacetime and the way that they
can be built from a starting spin connection. Regarding dynamics, I gave a thorough description of the
(classical) variational problem for the Holst lagrangian with Barbero-Immirzi connections as dynamical
fields, this was done using the intrinsic language of vector-valued forms in which the resulting Euler—
Lagrange equations had a very clear geometrical meaning. Having expressed everything using the
intrinsic language, I also worked slightly in the direction of item 3, making the material covered in the
thesis more readable to students and researchers with a more geometrical background: I firmly believe
that this small work can show how interesting Loop Quantum Gravity can be, from a geometrical
point of view.

All of this does not quite exhaust what I have been occupied with during my doctoral studies.
Geometrical methods can be applied very fruitfully to relativistic theories and astrophysics, and I have
been able to partecipate in two works dealing with applications of geometrical methods in astrophysical
questions and measurements. These resulted in two peer-reviewed articles ([BCFO20, [CCFO20]) which
show the broad spectrum of applicability of geometrical methods in mathematical physics. I have also
worked on some other mathematical aspects of Loop Quantum Gravity, mainly by clearing the language
and structures which are used in some part of the theory. The developements in this regard are not
part of the thesis, for length, thematic, and originality reasons, but are to be part of a series of Lecture
Notes on the mathematics of Loop Quantum Gravity, which is a project initiated by my advisor Prof.
L. Fatibene in which I willingly and gladly take part. In my opinion this shows how much the work
done during a Ph.D. is part of an always ongoing project and not an isolated research effort.

Structure of the thesis

The thesis is divided into seven main chapters, one final chapter for closing remarks and discussion
of future developements, and three small appendices. The seven main chapters are further divided
into the first four, which contain prerequisite material, and the last three, which present the original
research carried out during my doctoral studies. The prerequisite to[ are included both for
establishing notations and conventions and to reduce the need to refer to external sources to ideally
zero, making this thesis as self-sustained as possible.

In we give an exhausting and self-contained presentation on Clifford algebras, Clifford
groups, spin groups and spin algebras. The prerequisites for reading and understanding this chapter



essentially come from linear algebra and basic matrix group theory. The material is far from unknown
but there are a couple of possibile, equivalent sign choices in the definition of Clifford algebra and very
often the principal results are stated only for the special case of euclidean signatures. We develop the
theory and state the results simultaneously for both coventions and in the case of a generic, indefinite
signature. In the end we will make a choice for the sign convention and deal mainly with the euclidean
an lorentzian signatures, however it should be easy enough to translate from one choice of sign to the
other and to adapt the material to other cases of interest. Any reader which is not acquainted with
Clifford algebras will be able to read and understand the rest of the thesis after covering all the material
contained in this chapter, while a more experienced reader may only need to tune in on the different
notations and conventions. As such the various sections can be skipped at will. The last two sections
provide a vast list of examples which show the theory at work and classify the low-dimensional cases,
which are very common in geometrical and physical applications. This is also to show that, using the
theory and techniques developed in the chapter, it is entirely possibile to characterize the spin groups
and algebras which may be of interest and compute everything by hand, even though the calculations
become increasingly complex as the dimension rises.

In we recall and prove some of the results in principal bundle theory and the associated
bundle construction. The theory of principal bundles is central in modern differential geometry and
mathematical physics, and the amount of source material is enormous. Therefore the content is
anything but exhaustive and we limit the material to the bare minimum needed to understand the
subsequent chapters, but we cite a few competent sources that cover the exposition and applications
both of differential geometry and mathematical physics. As for the previous, the main purpose of this
chapter is to be a reference for the rest of the thesis.

One aspect of the theory of principal bundles which is of special interest for us is the concept of
structure group reduction, which is the focus of the separate The aim of this chapter is to
provide the tools for determining whether or not a given reduction exists, and under what conditions
one can define connections on a reduced bundle starting from the original principal bundle. In this
sense, this chapter is much more concerned with the applications that the previous one, and this is
manifest from the fact that half the sections apply the results to the special case of the frame bundle
L(M) of a manifold M: which is what is needed in this thesis and in most geometric and physical
applications.

consitutes the transition between the prerequisites and the core of the thesis, the material
in this chapter is not strictly new but forms the basic framework in which we develop the original results
in the subsequent chapters: spin frames. The exposition begins with the problem of existence of metric
tensors of indefinite signature, continues by relating existence to structure group reductions, and finally
moves to spin structures, spin frames, and spin connections. The content is fully geometrical, but the
motivations and viewpoint are purely physical. The concept of spin frame is a strict generalization
of the better known idea of spin structure, which is augmented by the property of spin frames of
being dynamical objects suitable for variational calculus. The modern view in mathematical physics
is that relativistic theories are essentially theories of dynamical geometric structures: no structure is
given or fixed on the “bare” manifold M, which models spacetime, and all geometric objects which
are of interest for physics must be determined as the solutions of the Euler-Lagrange equations of
some lagrangian. To this goal, one must treat all geometric objects as variational and interacting,
without fixing one as more fundamental than the other. Spin frames induce both a metric tensor and
a compatible spin structure on spacetime but are more fundamental, allowing us to define spinor fields
without fixing a metric and to perform variational calculus with metric, spin structure, and spinors
as dynamical objects. In this sense this chapter is also a bridge between mathematical physics and
differential geometry, and the added generalization and care for dynamical objects is bound to be useful
for the latter as well. This is also one of the few points in the thesis when we refer to external sources
for results, in particular for the topological obstructions to the existence of spin structures/frames.
This choice is motivated by the fact that giving a satisfactory account of the results we borrow from
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obstruction theory would more than double the length of the thesis, and also fall far out of the intended
scope. The rather detailed final sections on the characterization and classification of spin connections
underlines the central character these objects have for the rest of the work.

With we enter the second half of the thesis and its original contributions. The motivation
for investigating Barbero—Immirzi connections was to try and answer some of the questions present
in literature, many of which appear to be solvable by giving a well-defined, geometric construction
of such connections on spacetime. The rather short chapter builds upon heavily on the results of the
previous four and culminates in a theorem which is both a construction and a classification result: in
manifold dimension m > 4 all Barbero-Immirzi connections which derive from a spin connection can
be built in a unique manner, while in manifold dimension m = 4 there are uncountable many possibile
constructions dependendent on a real parameter 3, the Barbero—Immirizi parameter. The construction
in the case of manifold dimension m = 4 matches and justifies the ad hoc definition of Barbero-Immirzi
connection which is found in the literature, which is the fundamental test that validates our procedure.

is a toolkit chapter: vector-valued forms on a principal bundle, especially on a spin bundle,

sporadically appeared in the previous chapters, foreshadowing the developement of a dedicated theory
and calculus. This was also motivated by the fact that the variational analysis of the following chapter
can both be simplified and gain geometrical clarity by using the language of vector-valued forms.
The exposition is a very classical sequence of definitions and properties with very little in between,
emphasizing the tool nature of the contents.

Finally [chapter 7]applies the classification of Barbero-Immirzi connections of and the vector-
valued form calculus of to study the variational problem for the Holst lagrangian, which is
exclusive to manifold dimension m = 4. In this chapter we recast the Holst lagrangian using the spin
frame/solder form, the Barbero-Immirzi connection, and the extrinsic spacetime field as fundamental
fields. This is expected to be equivalent to the case of spin frame and spin connection as fundamental
fields, but using the Barbero—Immirzi connection we get closer to the classical theory which is then
quantized in Loop Quantum Gravity. The original form of the Holst lagrangian includes a real, non
zero parameter v, called the Holst parameter, which has no effect on the classical field equations and
solutions, but in contrast plays a delicate role in the quantum theory and the spectra of its operators.
In the canonical analysis and subsequent quantization of the Holst lagrangian, the Barbero—Immirzi
connection on a spatial slice is one of the variables in the theory, and the parameter 8 is put equal to
7 as an effect of the canonical analysis. Our construction in however, emphasizes the very
distinct roles these two parameter have: the Immirzi parameter § is kinematical in nature, depending
only on the geometric character of the Barbero-Immirzi connnection, while the Holst parameter + is
dynamical, depending on the particular choice of lagrangian. One of the main aims of the chapter
is to carry out the variational analysis and elucidate how the two parameters 8 and - influence the
equations of motion and their solution, and also to check whether or not the constraint g = ~ is
enforced in some way by the particular form of the lagrangian. A similar computation was done by
Fatibene, Francaviglia, and Rovelli in 2007 (JFERO7]), but using local coordinates and in the special
case § = . Having the classification of Barbero-Immirzi connections at our disposal, it is easier
to extract geometrical meaning from the Euler-Lagrange equations, which is considerably harder in
the local coordinate case. Therefore this chapter constitutes an augmentation of the aformentioned
paper, one in which we identify the geometric, coordinate-free framework which better encapsulates
the properties and character of Barbero-Immirzi connection and which simultaneously streamlines the
computations of variational calculus and the analysis of the resulting Euler-Lagrange equations. The
results we obtain are as clear as expected: in the vacumm case (i.e. not coupling with any matter
lagrangian) we get two sets of equations, the first set puts a heavy constraint on the relation between
the Barbero—Immirzi connection and the extrinsic spacetime field, while the second set is equivalent
to Einstein field equations. These results are independend of the chosen values for the parameters g
and ~, a feature which we expect to change in the presence of matter couplings.

The main content of the thesis is then complemented by three appendices. contains
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the well-known polar decomposition of invertible matrices and recalls some facts about
orthogonal groups in euclidean signature, both appendices are needed in the characterization of spin
groups and their relation to orthogonal groups. on the other hand, is occupied entirely
by the proof of the Trace Lemma stated in we decided to move the proof to one of the
appendices as to not hamper the flow of the chapter.



viii INTRODUCTION AND MOTIVATIONS



Contents

|1 Clifford Algebras, Spin Groups, and Spin Algebras|

T1

The Clifford Algebra of an Inner Product Spacef. . . . . . .. .. ... ... ..

1.2 Zs-Grading and Involutions| . . . . . . . .. ... oo

1.3 Orthogonal Transformations and Reflections|. . . . . . .. ... .. ... ... ... ...

1.4 Topology of the Orthogonal Groups| . . . . . ... .. ... ... ... ... ... ....

[I.5 The CartanDieudonné Theoreml . . . . . . .« o o v v v i i it e s

1.6 Subgroups of the Clifford Algebra and Cliftord Norm| . . . . . . .. ... ... ... ...

I1.7  Pin and Spin Groups|. . . . . . . . ..

1.9 Topology of the Pin and Spin Groups| . . .. .. ... .. .. .. .. ..

[1.10 Spin and Orthogonal Lie Algebras| . . . . ... ... ... ... ... .. ... ......

1.10.1 The Adjo

int Action of Pin(r,s) on spin(r,s)[. . . . . ... ... L.

1.10.2 Scalar Product on A*R™ and Killing Form on spin(r,s)| . . . ... ... .....

1.10.3 Structure

Constants of spin(r, s) in the Canonical Basis| . . . . .. .. ... ...

1T

Classification of Clifford Algebras in Low Dimensions|. . . . . . . ... ... .. ... ..

T.11.1 CI(1,0)

1.11.2 CI(0,1)

1.11.3 CI(0,2)

1114 0)

1115 1)

1.11.7 0)

C1(2,0
CI(L,1
1.11.6 CI(3,0)
CI(4,0
ClI(3,1

1.11.8 1)

1119 Cl(m — 1,

T e e

T12

Classification of Spin Groups and Algebras in Low Dimensions| . . . . . ... ... ...

1.12.1 Spin(1,0)

1.12.2 Spin(0, 1)
1.12.3 Spin(0,2)

(

(
1.12.4 Spin(2,0)
T.12.5 Spin(L,1)

1.12.6 Spin(3,0
1.12.7 Spin(4,0

1.12.8 Spin(3,1)

1.12.9 Spin(m —

TO)| oot

2

Principal Bundles and Associated Bundles|

P.1

Principal G-Bundles| . . . . . . . .

ix



X CONTENTS

[2.1.1  Principal Bundle Morphisms and Infinitesimal Generators| . . . . . . . . ... .. 63

2.2 Fundamental Vector Fields] . . . . . .. ... ..o o oo oo 65

2.3 Principal Connections| . . . . . . . . . . . . e 67

2.4 _Generalized Lie and Covariant Derivativesl . . . . . . . . .. .. ... ... ... ... .. 69

5 Assocdated Bundled . . . . . .. ... 70

2.5.1 Bundle Morphism of P* induced by P| . . . . . . ... .. .. ... ........ 71

2.5.2 Tangent Bundle of P* and Induced Connections| . . . .. . .. ... ....... 72

2.5.3 Sections of an Associated Bundld . . . . . . ... o oo 0oL 72

2.6 Generalized Lie Derivatives in Associated Bundles| . . .. ... ... ... .. ... ... 74

2.6. 1 Associated Vector Bundlesl . . . . . ... ... ... ... ... . .. 76

2.7 Vector-Valued Differential Forms and Exterior Covariant Differentiall . . . . . . . . . . . 77

[3__Structure Group Reduction and G-Structures| 81

3.1 Structure Group Reduction| . . . . . . . ... ... .. oL 82

3.2 Reductive Pairs and Connections on Reduced Bundles| . . . . ... ... ... ... ... 85

3.3 The Frame Bundle L(M) of a Manifold M|. . . . .. ... ... .. ... ... ..... 87

3.4 Bundles Associated to L(M): the Tensor Bundles|. . . . . . ... ... ... .. ..... 90

3.5 Reductions of L(M): the Solder Form| . . . . ... ... ... ... ... ... ..... 92

BASI Tnvariant Tensorson M| . . . . . . . .. .o oL 92

3.5.2  GLi(m)-reductions of L{M)| . . . . . . ... 94

3.5.3 SL(m)-reductions of LIM)| . . . . . . . . . . ... 95

4 _Indefinite Metrics on a Manifold and Spin Structures| 97
4.1 Fxistence of Metrics on a Manifold

[4.1.2  The Vector Subbundle Criteria for Indefinite Signatures| . . . . . . ... ... .. 103

4.2 Reductions of O(M,g)| . . . . . . . . o 104

4.2.1  SO(r,s)-reductions of L(M)[. . . . . . . ... . 104

4.2.2  SOg(r,s)-reductions of LIM)| . . . . . . . ... 105

4.3 Spin Structures and Spin Frames| . . . . . . ..o o 107

4.3.1  Spin Structures from GL,(m)|. . . . . . ... ... .. ... 108

4.3.2  Spin Frames|. . . . . .. oL 109

[4.3.3  Spin Frames as Bundle Sections|. . . . . .. ..o o0 o000 110

4.4 Spin Connections| . . . . . . . . . oL e e 112

[4.4.1 Coordinate Expression of Connections| . . . . . . ... ... ... ......... 115

.b Torsion, Contorsion, and the Classification of Spin Connections| . . . . . . . . ... ... 116

|'5_Spacet1me Barbero—Immirzi Connections| 119

[.1 Reduction of Spiny(n, I)-bundles to Spin(n)] . . . . . . ... ......... .. ... .. 121

[5.2 Barbero Immirzi Connections through Reductive Pairs|. . . . . . . . . . . . . . ... .. 122

b.3  Local Expressions for m =3 . . . . . . . .. o 125

[6 The Calculus of Vector-Valued Forms on a Spiny(r, s)-Bundle] 127

6.1 Calculus for AR™-valued formson Q)| . . . . . . . . ... .. ... ... ... ... ... 128

6.2 Tensorial Forms Q5 (Q,¢) and Hodge Operators|. . . . . ... ... ... ... ...... 132

[6.2.1 Local Expressions for Hodge Duals| . . . . . . ... ... ... o0 0. 138

|6.3 The Trace of a Form in Q7" (Q,0)| . . . . . .. ... .. . 139

|7 Variational Analysis of the Holst Lagrangian| 145

[7.1 Recasting the Holst Lagrangian| . . . . . . ... ... ... ... ... ... ..... 147

[7.2" Holst Lagrangian in terms of BI Connections: The Barbero Immirzi-Holst (BIH) La- |

| GTANGIATL | . o o v v v e e e e e e e e e e e e e e e e e e e e e e 149

7.3 Variational Analysis of the Barbero—Immirzi-Holst Lagrangian| . . . . . . . . ... ... 150




CONTENTS xi

7.3.1 E-L Equations for 0A and ox| . . . . . . . . .. .. o 154

[732 E L Equations for 00] . . . « v o o v v o e e e 156

I8 History, Summary, and Future Perspectives| 159
8.1  History and Summary| . . . . . . . . ... e 160
8.2 Future Perspectives|. . . . . . . . . . 162
165
Al Polar Decomposition of Invertible Matrices) . . . ... ... ... ... ... ....... 167

A2 Topology of the Euclidean Orthogonal Group O(n)| . . . . . . . . . . . . ... ... ... 169
[A21  The Euclidean Cartan-Dieudonné Theorem! . . . . . . . .. .. ... ... .... 169

[A2.2  Connected Components in O(n)| . . . .. ... ... ... ... . ... .. 172

1A3 _Trace Lemmal . . . . . . . . . L 174

|Ackowledgements / Ringraziamenti 179




xii CONTENTS



Chapter 1

Clifford Algebras, Spin Groups, and
Spin Algebras

In this chapter we present the theory of Clifford algebras and Spin groups for a real m-dimensional
vector space V equipped with a metric n of any signature (r, s).

Knowledge of the spin groups, algebras, their construction and relations with the relative orthogonal
groups is a fundamental prerequisite for all of the original results contained in this thesis. In the rest
of the work, in fact, we will be dealing almost exclusively with spin objects such as spin frames, spin
connections, and Barbero-Immirzi connections: having a basic knowledge of Clifford algebra is then
paramount, not only for this thesis but for understanding modern mathemathics and physics as well.

The choice of having this as the first chapter rests upon the fact that the material presented can
be understood with only some basic mathematical knowledge, building only on linear algebra and a
bit of matrix group theory. It is also the only chapter which is exquisitely algebraic, warranting the
treatment before all other prerequisite, differential geometric chapters.



2 CHAPTER 1. CLIFFORD ALGEBRAS, SPIN GROUPS, AND SPIN ALGEBRAS

Summary and References

The presentation is exhaustive for all practical purposes, missing only the results on the full classifi-
cation of real and complex Clifford algebras and their representations. Aside from that, the material
in this chapter has very little prerequisites and the only non standard results which will be needed are

contained in and (7

and are devoted to the definition of Clifford algebras and to the characterization
of the properties which are most relevant for the definition and study of Spin groups and algebras.
to treat Clifford groups, Pin and Spin groups, and their relation with orthogonal
groups. and [I.9] discuss the role of Pin and Spin groups as universal coverings in the
euclidean and lorentzian signatures. characterizes the spin and orthogonal Lie algebras.
Finally in [sections 1.11]and [I.12] we give a complete characterization of Clifford algebras, Spin groups,
and covering maps in some low dimensional cases of interest, especially the 3-dimensional euclidean,
4-dimensional euclidean, and 4-dimensional lorentzian cases.

The standard reference for the theory of Clifford algebras is the book by Lawson and Michelson
ILMS89]. We also refer to the paper [RAAGAVS1I| for a modern proof of the Cartan-Dieudonné

theorem in generic signatures.

1.1 The Clifford Algebra of an Inner Product Space

Consider a real, finite-dimensional vector space V' and an inner product n of signature (r, s) on it, that
is, with r pluses and s minuses with r +s = m = dim V. By the general theory of vector spaces, the
space V is isomorphic to R™ and we can always choose a basis in which 7 has the following matrix

form
-1, O
n= ( 0 1r) (1.1.1)

where 1j is the identity k x k£ matrix. Notice that we put the minuses before the pluses in the diagonal
form of . We denote this particular space by (R™*,n) or simply R™*.

The idea of Clifford algebra on R™* is to define the “smallest” algebra Cl(r, s) which contains R™* and
in which the following relation is satisfied

v-v=nv,v), YweV (1.1.2)

where “-” denotes the product in the Clifford algebra. The notion of being the “smallest” will be defined
precisely later on via the universal property.

IMPORTANT NOTE ON DEFINITIONS

In literature one can find two different definitions of Clifford algebras, differing by a sign. In the
first definition we have

v-v=mn(v,v) (1.1.3)
while in the second we have

v-v=—n(v,v) (1.1.4)

One can map one definition into the other by the substitution 7 — —n and ultimately the result
is that Cl(r, s) — Cl(s,r). We will study both at the same time by considering

v®@v=on(v,v) (1.1.5)
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where o an be either +1 or —1. In the end we will make the choice o = +1, but it is instructive to
keep the sign explicit in all formulas until the end.

As is often done (e.g. for the symmetric and alternating algebras, the universal enveloping algebra)
we start by considering the contravariant tensor algebra 7V on V = R"™*

TV=RaeVaeT’VeT*Ve...
+oo
=prtv
k=0

Recall that the k-th tensor product space T*V is generated by tensor products of k vectors in R™*,
that is

(1.1.6)

TkV:<v1®...®vk:vl,...,vkERr’s> (1.1.7)

where the angular brackets denote the real span. Notice that 7°V = R and T'V = V = R™*. The
tensor product ® gives TV the structure of associative R-algebra, with identity corresponding to the
scalar 1 € R.

The elements in T*V are said to be homogeneous of degree k and since
"V @ T"V c TFhy (1.1.8)

we have that the tensor algebra 7V has the structure of a Z-graded algebra. As with any graded
algebra, TV has also the structure of filtered algebra

+oo
TV =|J TV (1.1.9)

k=0
with filtration
TV =RaVaeT?Ve---oTHV
o (1.1.10)

Notice that for any k € N we have T7*V C T**1V | as for any filtration. Therefore, the tensor algebra
is graded by tensor degree and filtered by maximum tensor degree.

We have an injective map ¢: V —— TV and the universal property

Property 1.1.1 (Universal Property of Tensor Algebras)
Consider a real, finite-dimensional vector space V.. The tensor algebra TV is, up to isomorphism, the
unique associative R-algebra such that, for any associative R-algebra (A, + 4,04, X a,14) and linear
map f:V — A, there exists a unique algebra homomorphism T f: TV — A which extends f. In
commutative diagrams
Vs TV

x lﬂ!Tf (L.1.11)
A

We then want to define the Clifford algebra by “forcing” the relation v ® v = o n(v,v) on TV. The
canonical way of doing this is by considering the (two-sided) ideal in TV generated by all elements of
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the form v ® v — o n(v, v), that is
I, =(v®v—on(v,v):veV) (1.1.12)
and finally define the Clifford algebra Cl(r, s) as the quotient

(mnngK@7 (1.1.13)

For any tensor T' € TV denote by [T] its equivalence class in Cl(r, s), we can then define a product
on Cl(r, s) by

T-[Sl=T®S], VI,S5eTV (1.1.14)

For vectors v € V' it is customary to use boldface v in place of brackets [v]. On the other hand the
equivalence class of a scalar A € R will be denoted by the scalar itself, that is [\] = A. As an immediate
consequence of the definitions, we have

v-v=on(v), YweV (1.1.15)

Another very useful formula is the so-called polarization identity. For any metric n we have

(v + w,v+w) —n(v,v) — n(w,w)] (1.1.16)

N | =

n(v,w) =
Using this we get
20 (v, w) = o [n(v +w,v+w) —n(v,v) —n(w,w)]
=WvV4+w) - (V+wW)—Vv-Vv-w- W (1.1.17)
=¥V+V - W+W:V+W-W— V-V — WM
We finally get the polarization identity
{v,w} =vw+ wv = 20 n(v,w) (1.1.18)

where we also have defined the anticommutator {—, —}.

As usual, when there is no risk of confusion we will denote products also by juxtaposition, i.e.
vw =v-w and [T][S] = [T]-[S]. We then have that the quintuple (Cl(r, s), +,0, -, 1) is an associative
R-algebra.

From the formula (1.1.18) above we can immediately prove the following property

Property 1.1.2
Denote quotient projection by q: TV — Cl(r,s), then the map i: V. — Cl(r,s) given by the
composition i = q o L 1s injective.

Proof. The map i is a linear map since it is a composition of linear maps. Consider then v € keri,
that is

v=0 (1.1.19)
Then for any w € V we have
n(w,v) = % (wv+vw) =0 (1.1.20)

But since 7 is non degenerate it must necessarily be v = 0.
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We are now ready to state and prove the universal property of Clifford algebras.

Property 1.1.3 (Universal Property of Clifford Algebras)
Consider a real, finite-dimensional vector space V' equipped with a metric n of signature (r,s). The
Clifford algebra C1(V,n) = Cl(r, s) is, up to isomorphism, the unique associative R-algebra such that,
for any associative R-algebra (A,+4,04, X a,14) and linear map f: V — A which satisfies

fv) xa f(v) =0on(v,v)la (1.1.21)

there exists a unique algebra homomorphism Cl(f): Cl(r,s) — A which extends f. In commutative
diagrams
V —— Cl(r,s)

\ F, cis (1.1.22)

Proof. We use the universal property of tensor algebras: for each f as in the statement there exists
a unique 7 f: 7 — A which extends f. The image of the ideal Z,, is

Tf(Zy) = (f(v) xa f(v) = on(v,v)La) (1.1.23)
¢ 1

by virtue of the properties of f. Therefore the map 7 f passes to the quotient Cl(r, s) and we define

Cl(f): Clr,s) — A
(T] — CUNT]) =Tf(T)
That is, C1(f) is the unique map defined by C1(f)oq=Tf.

Using the existence and uniqueness of CI(r, s) we have, as for tensor algebras, that another Clifford
algebra Cl(r, s) would be isomorphic to the one we constructed above.

(1.1.24)

O

The polarization identity |eq. (1.1.18)| shows that some homogeneous elements of degree 2 in 7V
become equal to elements of degree 0 in the quotient Cl(r,s). This generalizes to any degree as we
have

Lemma 1
Consider a permutation of k elements p € &y, then for each vy,...,vr € V we have that

1 ®...0 v — SgN P V1) D ... & ’Up(k)) € q(Tk72V) (1.1.25)
where sgn p is the sign of the permutation p.

Proof. The special case for k = 2 is the polarization identity. For generic k, first consider the case
when p is a transposition

(12 i i+l ok
p_(1 2 ..o+l i . k) (1.1.26)

Then

q(sgnpup1) @ ... @ Vp(r)) = —V1...Vif1Vi... Vg (1.1.27)
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using the polarization identity

q(sgn pupy ® ... @ Vp(r)) = V1. ViVigt ... Ve — 20 0(Vi, Vig1) V1 - .. ViVig1 ... Vi (1.1.28)
so that
g1 ® ...V —sgnpv ®...Q0U
(v1 g PV pv(l) p(z@))ki2 (1.1.20)
=20 T](’Ui, Uz‘+1)V1 e ViVigl .. Vg € q('T V)
Since any permutation is the composition of transpositions, we get the thesis.
U
Lemma 2
For k> dimV we have that
q(T*V) = Cl(r, s) (1.1.30)

Proof. For k > dimV any product v; ® ... ® vy contains at least two non independent vectors. By
linearity and eventually using the polarization identity we can suppose that vy = vi_1, then

g1 ® ... ®@vg) = o n(Vk, Vi)V ... VE_2 (1.1.31)

So that q(T*V) = ¢(T™V) and we have the thesis.
O

Using the lemma above we then notice that although the Clifford algebra Cl(r, s) does not inherit the
graded structure of 7V, it still inherits the structure of filtered algebra with filtration
ClF(r,s) = q(T*V) (1.1.32)

Define

R fori =20
Gt = i . (1.1.33)
CI'(r, 3)/011‘71(7“’ ) fori >0

From the general theory of filtered algebras we then have that
too
¢=¢ (1.1.34)
i=0

is a graded algebra, called the graded algebra associated to Cl(r, s). Due to we have that the
direct sum is actually finite, that is

¢=g’ (1.1.35)

Denote by g the projections g : C1* (r,s) — G*, then fromwe have that for any permutation
p €6y

gr(vi...vi) =sgnpgr(Voa) - Vo)) (1.1.36)

The fact that this is reminescent of the wedge product is no coincidence.
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Theorem 1.1.1 (Structural Theorem for Clifford Algebras)
Consider a real, finite-dimensional vector space V' equipped with a metric n of signature (r,s). The
Clifford algebra Cl(r, s) and the alternating algebra AV are isomorphic as vector spaces.

Proof. From the general theory of filtered algebras, we have that the Clifford algebra Cl(r, s) and its
associated graded algebra G are isomorphic as vector spaces, we then just need to show that G ~ AV
As a consequence of the two lemmas above we have that

GF = (gr(vi... V) :v1,..., 0 €V) (1.1.37)
Then the isomorphism ¥: AV — G can be given on homogeneous elements as
(v Ao Avg) = gk(vy ... V) (1.1.38)

Notice that VU is actually an isomorphism of graded algebras.

Corollary 1
Given a basis {Tg}a=1,...m of V we have that the elements

Tal...ak :Tal-”Tak, lgal <a2<"'<a/kgm (11.39)

for k=0,...,dimV, form a basis for Cl(r,s). We then have dim Cl(r,s) = 2™. The subspaces of
scalars C1°(r,5) = q(R) = R is well-defined and independent of the basis.

1.2 Z,-Grading and Involutions

In we showed that the image of a tensor T' € T*V is uniquely defined up to elements in 7+*~2V,
this suggests that although the degree is not well defined in Cl(r, s) the parity is still preserved. Define

the even and odd tensor algebras as

+oo
TV =TV

. (1.2.1)
TV=rtv

i=0
Notice that only the even tensor algebra 7tV is a subalgebra given that

TV @ T¥V c T2y

T2i+1V ® T2j+1V C T2(i+j+1)v (]‘22)
and also because 1 € T°V.
Another way of identifying the two spaces T+V is the following: the map
a: V. — V (1.2.3)
v o— —v
can be extended to TV and on decomposable elements is
Ta: TV — TV (1.2.4)

V1 ®...0 v +H—> (—l)kv1®...®vk
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For simpliciy we still denote T« by « and notice that it satisfies
a(T®S)=aT)®alS) (1.2.5)
The map « is called involution since
a? =id (1.2.6)

which implies that its only eigenvalues are £1, corresponding to eigenspaces 7+V, the even and odd
tensor spaces. Given that a(Z,) = Z,, the map passes to the Clifford algebra and we still denote Cl(cv)
simply by « and again call it involution. The eigenspaces in this case are

Clt(r,s) = q(TTV)

_ ~ (1.2.7)
Cl (r,s) =q(TV)

respectively with eigenvalues +1 and —1, they are the even and odd parts of the Clifford algebra Cl(r, s).
As before, only the even part is a subalgebra.

Before closing this section we define two other involutions, the transpose and the conjugation. The
transpose is defined at tensor algebra level as the linear map which acts on decomposable elements as

(=)' TV — TV

(1.2.8)
VMRX...0 Vg = VpR...R0U;

and is extended to the whole 7V by linearity. The transpose is an involution and an algebra antiau-
tomorphism since

(TesS) =SeT (1.2.9)
The conjugation is then defined as the composition of o and (—)t, that is

= TV — TV

T +— Th=o(T) = oz(T)t (1.2.10)

Since it contains the transpose in its definition, the conjugation is again an algebra antiautomorphism.

Given that (L])t = 1,, both the transpose and the conjugation pass to the Clifford algebra, and we
will still denote them by (—)" and (—)". We will see in the following sections that the transpose and
the conjugation play analoguous roles in the ¢ = 1 and ¢ = —1 cases, therefore to account for both
involutions simultaneously we introduce the bar operator

(1) ifo=1
[T] = ; (1.2.11)
1t ifo=-1
1.3 Orthogonal Transformations and Reflections
On (R™*,7) we have the quadratic form induced by 7
Q: V. — R
1.3.1
v QW) =) (3
As is standard, vectors v € R™* can be of three types
timelike if Qlv) <0
v is < lightlike (or null) if Q(v) =0 (1.3.2)
spacelike ifQv) >0
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Using this definition we have that non null vectors are invertible in Cl(r, s) since

_ v
vww=0QU)#0=v 1:UQ(U) (1.3.3)
so that using the unifying bar notation we have
_ v
vi= 00 (1.3.4)

The fact that scalar products on R™® are translated to algebra products in Cl(r, s) helps in identifying
orthogonal transformations inside the Clifford algebra, to do this we first recall some structural results
about orthogonal groups.

Remark 1. In geometry and differential geometry the term orthogonal is reserved for the euclidean
signature only, using pseudo-orthogonal for the case of indefinite signatures. We will adhere to the
mathematical physics nomenclature and use orthogonal for any signature, treating all cases on equal
footing.

First of all the group of orthogonal transformations O(r, s) is the subgroup of GL(m) defined as

O(r,s) = {L € GL(m) : n(Lv, Lw) = n(v,w) Yv,w € R™"} (1.3.5)

We can also describe O(r, s) in matrix terms
O(r,s) = {L € GL(m) : L'nL = n} (1.3.6)

We can represent L € GL(m) as a block matrix

L= (gl g) (1.3.7)

where A, B, C, and D are respectively s X s, s x r, r X r, and r X r matrices. The condition for O(r, s)
translates to

—A'A+C'C = —1,
~A'B+C'D =0 (1.3.8)
-B'B+D'D =1,
From the first and third identities we get
(det A)? = det(1 4 C*'C)

9 . (1.3.9)
(det D)* = det(1+ B'B)
The matrix 1 + C'C is symmetric, non-degenerate, and positive-definite since for any = € R®
(14 C'C)x = |z]* + (Cz)' (Cx
(1+C'C)r =af + (Ca)'(Ca) 510)

= |2/ + |Cx/”

where |—|2 denotes the standard euclidean square norm. Similarly we get that 1 + B'B is symmetric,
non-degenerate, and positive-definite, hence

det A # 0 # det D (1.3.11)

and A, D are invertible. We have proved
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Property 1.3.1
A matriz L is in the orthogonal group O(r, s) iff

L= (é g) (1.3.12)

with A € GL(s), B € R*>", C € R™®, and D € GL(r) which satisfy

~A'A+ CTC = -1,
—A'B+C'D=0 (1.3.13)
~-B'B+D'D =1,

Corollary 2
For any matriz L € O(r, s) with

L= (g‘ g) (1.3.14)

we have det L = det Adet(D™1).
Proof. The general formula for the determinant of a block matrix gives
det L = det Adet(D — CA™'B) (1.3.15)
From the condition —A*B + C*D = 0 we get
B-(A Y ciD=0
— B=(CA™Y)'D

) , (1.3.16)
= BD'=(CA™)
— CA'=(D"V)'B
Substituting in we get
det I = det Adet(D — (D~')'B'B) (1.3.17)
We now use —B'B + D'D = 1, to write
det L = det Adet(D — (DY) (D'D — 1,))
= det Adet(D — D+ (D™1)") (1.3.18)
=det Adet(D™1)
which is the thesis. O

1.4 Topology of the Orthogonal Groups

Using we study the topology of O(r, s) in greater detail. We will heavily use the following
lemma

Lemma 3
For any matriz L € O(r, s) there is a continuous curve yr: [0,1] — O(r, s) such that
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(i) v(0) is in O(s) x O(r), that is there are Ls € O(s) and L, € O(r) such that
L. 0
wo= (1) (1.41)

(i) v(1) = L;
(iii) if

I_ (é g) (1.4.2)

then det A has the same sign as det Ly and det D has the same sign as det L,.. Also det L has
the same sign as det L - det L,.;

(iv) the map

veo [0,1] x O((;Ls; - %(g)s) (1.4.3)
is a deformation retract of O(r,s) (for s = 1) into O(s) x O(r) (for s =0).
Proof. Using the polar decomposition we factor A, D as
A=UVAIA=UV1+CIC 144

D=VVD'D=VV1+B'B
with U € O(s) and V' € O(r). Notice that
VI+ BB =14B'B= B'B=(1+B'B+1)(VitB'B-1) (1.4.5)
Using [property 1.3.1] we can write
B=A""C'D

— A Yc'vv1+ BB (1.4.6)

=NV1+B'B
where we defined N = A~1'C*V. Then we have

N =B(1+B'B)"z (1.4.7)

therefore

(1+ B'B)"3'B'B(1+ B'B)" %

=

=(1+B'B) *(V1+B'B+1)(V1+B'B—1)(1+B'B)"?
=(1+(1+B'B)"3)(1—(1+ B'B)"?)

=1-(1+B'B)"!

N'N

(1.4.8)

So that

1-N'N=(1+B'B)! (1.4.9)
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Substituting in feq. (1.4.6)[ we get

1

B=N(1-N'N) 2 (1.4.10)
Define the following matrix curves, for s € [0, 1]
C(s)=sC
A(s) = Uy/14 C(s)'C(s)
N(s) = (A(s) ™)) C(s)'V (L4.11)
B(s) = N(s) (1= N(s)'N(s))

D(s) =Vy/1+ B(s)'B(s)

[N

We have to verify that B(s) and D(s) are well defined. We surely need to verify that 1 — N(s)"N(s)
is positive-definite, since

1-N(s)'N(s) =1-V*'C(s)A(s) " (A(s) ™)

‘o(s)tv

= 1-VCG)+06) O] U UL O CEl Y ey
= 1-V'C(s)[1+C(s) ()] E1+ O(s)'C(s)] 2 C(s)'V

= V{1 - C(s)[1 +C(s)'C(s)] 7' C(s)' IV

we need only to prove that 1 — C(s)[1 4 C(s)'C(s)] ' C(s)" is positive-definite. For any = € R” we
have

z=C(s)y+ = (1.4.13)

for some y € R® and z € (im C(s))- = ker C(s)’, where orthogonality in R” is with respect to the
euclidean metric. Then
21— CO(s)[1+C(s)'C(s)] ' C(s) }e
=z = 2'C(s)[1+ C(s)'C(s)] ' C(s)'x

1.4.14
=[C(s)yf* + |2 = y'C(s)'C(s)[1 + C(5) C(s)] 7 C(5)' C(s)y ( )
= |27 +(C(s) C(s)yly) — (C(5)' Cs)yl[1 + C(5)'C()] ' C(5)' C(s)y)
With G = C(s)tC(s) the last two terms are
(Gyly) — (Gyl[1+ G~ 'Gy)
= (Gyly - 1+ G 'Gy)
— (GylL+ G ML+ Gly— [1+ GGy (1419)
= (GYL+6* Gy + 1+ G 7'y - 1 Gy)
With w = (1 + G)"ly <= y =w+ Guw we finally get
(Gyly) — (Gyll1+ G 'Gy)
= (G(w + Gu)|w)
= (Gu|w) + (GGw|w) (1.4.16)

2
:w@w?qa@w@m]

>0
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Having proved that the A(s), B(s),C(s), D(s) are well-defined for s € [0,1] we get that the desired

yL:[0,1] — (A(s) B(S)> (1.4.17)

In particular we get that

1.4.18
e (1.4.18)
- \0 VvV
And since \/1 + C(s)'C(s) and \/1 + B(s)" B(s) have positive determinant we also get
det A-detU >0
(1.4.19)

detD-detV >0

Since the determinant det is a continuous function, all the determinants det y(s) must have the same
sign. Given that

detv(0) =det U - det V (1.4.20)

we get that det L has the same sign as detU - det V.
O

Using the lemma and the characterization of connected components of O(n) given in [property A2.1
and remark, we finally get the characterization of the connected components of O(r, s):

Property 1.4.1 (Connected Components of O(r, s) - Version I)
For r,s > 0 consider the deformation retract v of O(r,s) into O(s) x O(r) given in the previous
lemma, we have four connected components

0% (r,s) = {L € O(r,s) : 7(0,L) € SO(s) x SO(r)}
Ot (r,s) = {L € O(r,s) : v(0,L) € SO(s) x O_(r)} (1.4.21)
OL(r,s) ={L € O(r,s) : v(0,L) € O_(s) x SO(r)}
OZ(r,s) ={L € O(r,s) : ¥(0,L) € O_(s) x O_(r)}

We can give an alternative characterization of these components in terms of time and space orienta-
tion. decompose R™ as R®* ® R", that is

R" — R° @GR’

(zb,.. . 2™ — (a2, 2%) @ (x5, 2 ™) (1.4.22)

then the standard metric 7 of signature (r, s) restricts to a negative-definite metric on R® and to a
positive-definite metric on R". For any transformation L € O(r,s) we can then consider whether or
not it preserves the orientation of R™*, R*, and R". We have the following cases

e the sign of det L is called the orientation of L and
if det L > 0 we say that L is orientation preserving (or that L has positive orientation);

if det L < 0 we say that L is orientation reversing (or that L has negative orientation);
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e the sign of det(L

Rr:) is called the time orientation of L and
if det L|grs > 0 we say that L is time preserving (or that L has positive time orientation);
if det L|grs < 0 we say that L is time reversing (or that L has negative time orientation);

e the sign of det(L|grr) is called the space orientation of L and
if det L|gr- > 0 we say that L is space preserving (or that L has positive space orientation);
if det L|r- < 0 we say that L is space reversing (or that L has negative space orientation).

For any L € O(r, s) we can consider its deformation retract v, (s), since

’yL(O) Rs — Ls
v(0)[rr = Ly

(1.4.23)

we get, by continuity, that the signs of det L|gs and det L

respectively. We have proved

rr are the same as det Ly and det L,.,

Property 1.4.2 (Connected Components of O(r, s) - Version II)
For r,s > 0 consider the four connected components of O(r, s) are

OIm s) ={L € O(r,s) : L is time and space preserving}

O%(r,s) = {L € O(r,s) : L is time preserving and space reversing} (1.4.24)
O (r,s) = {L € O(r,s) : L is time reversing and space preserving} h
OZ(r,) = {L € Or;s) : L is time and space reversing}

We already encountered the component of O(r,s) for which det L > 0, it is the special orthogonal
group SO(r, s). Therefore the two component O (r,s) and OZ(r,s) are more commonly written as
SO4(r, s) and SO_(r,s). Since the identity element sits in SO (r, s) the standard group notation for
this component is SOg(r, s) = SO4(r, s). The two components with det L < 0 are collectively denoted
by O™ (r,s).

Consider the two isomorphisms of R™*, the time reversal operator T

T: R™S s RS
(21,...,2™) — (—2l,22,...,2™) (1.4.25)
and the parity operator P
P R™ _—5 R™S
(21, 2™) — (2},...,2m L —gm) (1.4.26)
We have that 7P = PT and
T 0% =01
1.4.27)
+_ At (
PO: =0z

So that the four components are all diffeomorphic as smooth manifolds, in particular

O (r,s) =T SOq(r, s)
O™ (r,s) = PSOq(r, s) (1.4.28)
OZ(r,s) = PT SOq(r, s)
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1.5 The Cartan—Dieudonné Theorem
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For any non null vector v € V' we have the parallel and orthogonal projectors which are

pﬂ: V — Rv

v

w o ph(w) =n(v,w) gk
pr: V. — (Ru)*
w

— py () = w (v, w) 5ry

(1.5.1)

As expected from a complete set of projectors, we have pﬂ + pt =idy. Then for any non null v € V

the reflection across v is the orthogonal transformation

Lv): V. — V
w o —ph(w) + pr(w)

Explicitly
((v)(w) = w = 2p},(w)
=w — 2n(v, w)%v)
In the Clifford algebra this becomes

a((v)(w)) =3 — o (vw + w¥)o —

= _—vwv !

Reflections are important due to the following theorem:

Theorem 1.5.1 (Cartan-Dieudonné Theorem, Indefinite Case)

For any orthogonal transformation L € O(r, s) there are unit vectors vy, .

such that
L="{(v1)- - L(vg)

Proof. See [RAAGAVS11].

If an orthogonal transformation L corresponds to reflections across vy, .
q(L(w)) = (=1)*vp...viwv; vt

Notice that

and

(1.5.2)

(1.5.3)

(1.5.4)

cy Uk, with k <m =r+s,

(1.5.5)

.., v then

(1.5.6)

(1.5.7)

(1.5.8)
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So that with S = v ... vy we have

q(L(w)) = a(S)-w-S~! (1.5.9)
Notice also that since

(1.5.10)

then we have that

S S=8-S=Q(v1)...Q(vg) (1.5.11)

1.6 Subgroups of the Clifford Algebra and Clifford Norm

Inspired by the previous section we now introduce various subgroups of the Clifford algebra Cl(r, s).
The first is the group of units C1*(r, s)

C1*(r,s) = {S € Cl(r,s) : 3™ with S7!S =SS~ =1} (1.6.1)

Since S~1S =1 then
a(S78) = a(1)

3 (1.6.2)
= a(S7)a(S) =1
As a result we have a(S™!) = a(S) ™!, so that a preserves the units. Similarly
(S718) = 1f
) (1.6.3)

— SHSH =1

Then (S’l)t = (S")~! and the transpose/conjugation/bar also preserve the units.

The formula for reflections motivates the definition of the adjoint action Adg for any unit S € C1*(r, s)

Adg: Cl(r,s) — GL(Cl(r,s))

1] — Ads([T]) = SIT)S ! (1.6.4)
and the twisted adjoint action Adg for any unit S € C1* (r, s)
R R SO (169
Both preserve the algebra structure of Cl(r, s), that is
Ads([T)[S]) = Ads((T)) - Ads([S)) (1.6.6)
and
Ads([T][S]) = Ads([T]) - Ads([S]) (1.6.7)

To reconnect with orthogonal transformations we are interested in the elements of C1* (r, s) that act
invariantly on V' through Ad. To this end we define the Clifford group.
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Definition 1.6.1 (Clifford Group)
The Clifford group C(r, s) is the subgroup of units in Cl(r, s) that acts invariantly on V' through the

twisted adjoint action Ad, that is
C(r,s) ={S € CI*(r,s) : Adg(V) C V} (1.6.8)

Property 1.6.1
The Clifford group is a group. Also, if S € C(r,s) then a(S), St € C(r,s).

Proof. Since (—)'|y = idy = —a|y we get that for any S € C(V,n) and v € V

a(a(S))va(S) ™! = a(a(S)a(v)S™)
=—a(a(S)vs™) (1.6.9)
=a(S)vs~!

So that «(S) and S correspond to the same orthogonal transformation.

Similarly

a(SHv(SH) ! = (S_lvta(S))t
=a(a(S Ha(v)9) (1.6.10)
=a(S7)vs

So that S and S~ correspond to the same orthogonal transformation.

O

At the end of the last section we noticed that for S = v ...v; we have SS = Q(v1) ... Q(vy). We
then define

Definition 1.6.2 (Clifford Norm)
The Clifford norm is the map @Q: Cl(r,s) — Cl(r, s) with

Q([T]) = [T[T] (1.6.11)

The notation is motivated by the fact that, for v € V' we have

Q(v) = Qv) =n(v,v) (1.6.12)

The term “norm” is a misnomer since @ is not valued in R in general. However the situation for the
Clifford group is peculiar:

Property 1.6.2 (Norm in the Clifford Group)
The restriction of Q to the Clifford group C(r, s) is valued in R* and is a group homomorphism.

Proof. This property descends from the fact

(Slv =0 idy (1.6.13)
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Cousider S € C(r, s), then for any v € V we have
(a(S)vS—1) = o a(S)vS™!
(S—1)(ov)S = oca(S)vS™?
xrz[ﬁacn]v[s—%s—w}
v =a(SS)v(5S)™*

(1.6.14)

Therefore for any S € C(r, s) the element Y = Q(S) = SS is in ker Ad or, which is the same

a(Y)v=vY (1.6.15)

We now decompose Y into its even and odd parts Y =Y, 4+ Y_ and use that
OZ‘V = 7id\/ (1.6.16)

So that we must have

a(Yy +Y_ )v=vY, +vY_
Yy —Y_ )v=vY, +vY_ (1.6.17)
Yiv—-Y_v=vY, +vY_

And by comparing even and odd parts we get

Yav=vly (1.6.18)
Y v=-vY_ e

Chose an n-orthonormal basis {T,} for V, that is

+1 ifa=0b

1.6.19
0 ifa#b ( )

Nap = N(Ta, Ty) = {

then by the corollary to [theorem 1.1.1}and using T, T, = —T,T, + 207, we can write

Y+ = a4 + Tla_

(1.6.20)
Y =b_+ T1b+

where a4, by are polynomials in Ts,...,T,,. By parity we have that a,b; are even while a_,b_
are odd. Then for v = T; we get

(a+ + Tla,)Tl = ’:[‘1((14r + Tla,)
(b_ + T1b+)T1 = *Tl(b_ + T1b+)

. {G+T1 + Tla,Tl = T1a+ + ana—

b_Tl + T1b+T1 = 7T1b_ — O’?]llb+
(1.6.21)
. {T1a+ —onia— = T1a+ —+ ani1a—

—Tb_ + O"I711b+T1 =-Tib_ — 0'7711b+

. —07M1a—- = 0M11G-—
omi1by Ty = —oniiby



1.7. PIN AND SPIN GROUPS 19

Since both ¢ and 7;; are not zero, we deduce a_ = b, =0 and so
Y. =a
AR (1.6.22)
Y =b_
which means that Yy are polynomials in Ts,...,T,,. We can now proceed inductively and prove

that Yy are independent on any of the basis elements, meaning that Yy € R. Since Y # 0 we finally
have

Y =Q(S) =SS € R* (1.6.23)

As for the homomorphism part we have, for S, 5" € C(r, s)

Q(SS") = (55")(SS")
= (9)5ss' (1.6.24)

Using that Q(S) € R* we get the result.

1.7 Pin and Spin Groups
We have shown that there is a short exact sequence of groups
0 —— R —— C(r,s) 2% O(r,s) —— 0 (1.7.1)

Notice that Ad is a not a covering map of the Clifford group C(r, s) onto the orthogonal group O(r, s)
since the fiber is uncountably infinite.

We are interested mainly in the euclidean case (r,s) = (m,0) for m > 3 and the lorentzian case
(r,s) = (m —1,1) for m > 4. From algebraic topology we know that the fundamental groups of these
two groups are w1 (O(m)) = 71 (O(m — 1,1)) = Zs, therefore we are interested in two-fold coverings as
candidates for universal covering groups. Since ker Ad = R* we have that if S € Ad=!(L) for some
L € O(r, s) then

Ad~Y (L) =R*S = {AS: A € R} (1.7.2)

To reduce to a two-fold covering we consider the following subgroup

Definition 1.7.1 (Pin Group)
The Pin group is defined as

Pin(r,s) = {S € C(r,s) : Q(S) = £1} (1.7.3)
The twisted adjoint action Ad when restricted to Pin(r, s) is denoted by ¢, that is

0(S) = Adg, VS € Pin(r, s) (1.7.4)
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Since for elements of Pin(r, s) we have Q(S) = SS = £1 we deduce that
S € Pin(r,s) = S~ = +8 (1.7.5)
Using the short exact sequence of groups we can give an alternative characterization of the Pin group

Property 1.7.1
The Pin group is the subgroup of units generated by finite product of unitary vectors, that is

Pin(r,s) ={vy1...vg:v; € R, Q(v;) = £1} (1.7.6)

Proof. Consider S € Pin(r, s), then we have that there exist non null vectors v1,...,vx € V such
that

£(S) = L(vg)o---0l(vy) (1.7.7)

This also motivates the notation ¢ for the twisted adjoint action Ad on Pin(r, s). By suitable normal-
ization we can always choose orthonormal unitary vectors, that is Q(v;) = £1, which immediately
gives us the thesis.

O

If we want the preimages of the special orthogonal group SO(r, s)
SO(r,s) ={L € O(r,s) : det L = 1} (1.7.8)

we have to restrict to elements in Pin(r,s) which are even products of vectors, that is we have to
consider the Spin group.

Definition 1.7.2 (Spin Group)
The Pin group is defined as

Spin(r,s) = {vy1...va 1 v; € R™, Q(v;) = £1} (1.7.9)
Alternatively we have

Spin(r.s) = Pin(r,s) N C1T(r, 5) (1.7.10)

1.8 Universal Covering Groups in Euclidean and Lorentzian
Signatures

So far we have shown that the Clifford algebra Cl(r, s) contains a group, the Pin group Pin(r, s), which
is a two-fold cover of the orthogonal group O(r, s). We now show that this covering is not trivial.

Property 1.8.1
Form > 2 and (r,s) # (1,1) the covering map

¢: Pin(r,s) — O(r, s) (1.8.1)

is mon trivial on each connected component of O(r,s).
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Proof. Tt suffices to show that there is a continuous curve v: R — Pin(r, s) that joins 1 and —1.
Consider an n-orthonormal basis {7, } for V, if (r,s) # (1,1) then there are indices a # b such that
Naa = NMbb, then consider the curves

v+ (8) = (cos s)T, % (sins) Ty, (1.8.2)

which are in Pin(r, s) for s € [0,™/2] since

2

Q02 () = s cos® s+ sin s s
= Naa = 1

Then the curve y(s) = v_(s)v+(s) is in Pin(r, s) by definition and is
v(s) = 7-(5)1+(s)
= cos? s T, T, — sin® s Ty Ty + 2 cos ssin s ToT (1.8.4)
= 4 cos(2s) + sin(2s) T, Ty
So that is joins 1 and —1.
O

A consequence of the property above is that it gives the universal covering groups for O(m,0) and

O(m—1,1).

Theorem 1.8.1 (Pin and Spin Groups in Euclidean and Lorentzian Signatures)
In the euclidean case (r,s) = (m,0) for m > 3 and in the lorentzian case (r,s) = (m — 1,1) for
m > 4, the Pin group Pin(r, s) is the universal covering group of O(r, s).

Proof. Since, for the cases considered, we have 71 (O(r, s)) = Z3 the result is a consequence of the
non triviality of the two-fold covering £: Pin(r,s) —» O(r, s).

0
Remark 2. In general we have that the fundamental group for 71 (O(r, s)) is
{1} for (r,s) = (1,0)
z for (r,s) = (2,0)
{1} for (r,s) = (1,1)
Zy for (r,s) = (m,0),m >3
m1(0(r,8)) =¢Z for (r,s) = (2,1) (1.8.5)
Zy for (r,s) =(m—1,1),m >4
ZxZ for (r,s) = (2,2)
Zyx2Z for (r,s)=(m—2,2),m>5
Zo x2Zy forr>3,s>3

So that the Pin group is not the universal covering except in the cases specified above.

1.8.1 The Volume Element

The volume element is the dual of the volume form on R™® induced by 7. Recall that the volume form
vy, induced by 7 is the unique m-form that satisfies

n(vy, vy) = (=1)° (1.8.6)
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where we extended the scalar product on differential forms by duality, that is for 1-forms o, ..., ax, 51,. .., Bk
we have

n(ar,B1) ... nloa, Br)
nloar Ao Aag, iAo A By) =det : = det (o, B;) (1.8.7)

n(ow, B1) .. ﬂ(ak., Br)

with (e, 8;) = n((:)*, (6))%).
The volume element n, = e, being the dual of v, is defined as the unique m-vector in A" R™* that
satisfies

vy(e) =1 (1.8.8)

We can work everything out explicitly in terms of the canonical n-orthonormal basis {7, } = {fa, €bta=1,....5.b=1,....r
that is the basis of R™* for which

1(fare5) =0 (1.8.9)

If we denote by {79} = {¢?%,£°} the dual basis of {T,} = {f.,es} then we have

V/|det 7|
l/n = ———€

aram TTEA LN T

m! (1.8.10)
="' A AP AEEA L ANET
Using the orthonormality of the dual basis we can verify directly that
_15 0 s
n(vy, vy) = det ( 0 1 ) =(-1) (1.8.11)
,

Since dim A™R™* = 1 we have that the volume element e must necessarily be a scalar multiple of
fin...ANfsNel A...Ne. and given that

AL NG NEE AL ANET(FLA AN AL AL Ae) =1 (1.8.12)
we can finally write
e=f...f.e;...e, (1.8.13)

The Clifford norm of the volume element e is

Qle)=¢,...ef,...fif|...fe;...e,

=Q(er) ... Qe1)Q(f1) ... Qfs) (1.8.14)

= (-1

Notice that by using T,T, = —T;T, we have
ol = (-1)" 5 e (1.8.15)

Therefore

e? = (—1)™ 5 ete (1.8.16)
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Now, the product e'e is

D CIORIEIE ifo=1
(-1)"Q(e) = (-1)™** ifo= -1
So that we can rewrite e? as
. ey e =1
e = m(m+1)
)" (1) o= -1
m(m—1)
2

I
—~~
|
~—
—
|
[y
~

»

Since we have either m = 2k or m = 2k 4+ 1 we get

()R (=1)FCRDif iy = 2k
(—1)@FHDE e = 2k +1

— (-1
Again, we can have k = 2h or k = 2h + 1, leading to four cases
1 ifm=4h
m(m=+1) 1 lf m = 4h + ].
2

-1 ifm=4h+2
-1 ifm=4h+3

1 ifm=0,1 mod4
-1 ifm=2,3 mod4

So that we can finally write

e’ =

(—1)° iftm=0,1 mod 4
(=1)**t! ifm=2,3 mod 4
Similarly we can prove that for any v € R™*
ev=(-1)""1ve

so that for any [T] € Cl(r, s) we have

We have proven the following

Property 1.8.2 (Volume Element)
The volume element e € Pin(r, s) satisfies:

(i) Qe) = (1)
(ii)

e =

" e ifm=0,1 mod4
—e ifm=2,3 mod4

(1.8.17)

(1.8.18)

(1.8.19)

(1.8.20)

(1.8.21)

(1.8.22)

(1.8.23)

(1.8.24)
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(ii)

o J=1° ifm=0,1 mod4
° {(1)5+1 ifm=2,3 mod 4 (1.8.25)
() for any [T] in Cl(r,s)
_ [T]e if m odd
o= {a([T})e if m even (1.8.26)

1.9 Topology of the Pin and Spin Groups

The group Pin(r, s) is a non trivial, twofold cover of the orthogonal group O(r, s) for any pair (r, s) #
(1,1) and r + s > 2. By general properties of covering spaces we then have that Pin(r, s) and O(r, s)
have the same number of connected components. If the covering map is £: Pin(r,s) — O(r, s) then
we have

Pinf(r,s) = ¢1(0L(r,s))
P?n'{(n s) = E:(O‘f(r, s)) (19.1)
Pin’ (r,s) = £ (0L (r,s))
Pin~(r,s) = ¢~ 1(0_(r,5))
By definition we have that
Spin(r, s) = Pin{(r, s) UPin_(r,s) = £~ (SO(r, s)) (1.9.2)
and we define
Sping(r, s) = Pinf(r, s) = £71(SOq(r, s)) (1.9.3)

Since the connected components of O(r, s) are diffeomorphic through the time reversal 7 and parity
P operators, we would like to find a similar description for the Pin group. We have the following

Property 1.9.1 (Connected Components of Pin(r, s))
Consider the n-orthonormal basis {T,} = {fa,€b}a=1,....s.b=1,...r in R™®, that is

N(far fo) = —dap
N(Ta,Tp) = Nap <=  N(fas€) =0 (1.9.4)

We can define the time reversal operator T as the element of Pin(r, s) which corresponds to f1, that
is for any v € R™®
Tv = Adg, (v)

1.9.5
= f1Vf1 ( )

In particular we have that £(T) = T, which is the time reversal operator in O(r, s).
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Similarly we can define the parity operator P as the element of Pin(r, s) which corresponds to e,
that is for any v € R™®

Pv = Xaer (v)

= —e,ve,

(1.9.6)
In particular we have that E(ﬁ) = P, which is the parity operator in O(r,s).
Then we have that TP = PT and

Pin  (r,s) = 7T Sping(r, s)
Pint (r, s) = P Sping(r, s) (1.9.7)
Pin~(r,s) = PT Sping(r, s)

Proof. We just need to prove that 7 and P cover the time reversal 7 and parity P operators
respectively. By decomposing any vector v € R™* as

v=10"f, +uw’e (1.9.8)
we get
Tv =fiv'fify — > ()%, — (f1) wbe,
o~ (1.9.9)
=—v'f; + Zv“fa + wbey
a=2
That is
T (.0t w") s (=002t et ) (1.9.10)
which is exactly the action of T .
Analogously
r—1
Pv=— _(er)QUQfa - Z(er)waeb +ew'e e,
- b=t (1.9.11)
= v, + Zwbeb —w'e,
b=1
That is
Po(oh .0t wh L w”) — ()L 0wt T —w”) (1.9.12)
which is exactly the action of P.
O

Remark 3. Since T and P are the Clifford algebra equivalent of 7 and P, it is usual to denote the first
pair without hats.
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1.10 Spin and Orthogonal Lie Algebras
The orthogonal algebra so(r, s) is the Lie algebra of O(r, s). By the general theory of Lie algebras, we
know that

so(r,s) ~T1 O(r, s) (1.10.1)

by means of right-invariant (or left-invariant) vector fields. Since the Lie algebra is the tangent space
in the identity element we need only consider the connected component of the identity

s0(r,s) = T1 SOg(r, 3) (1.10.2)
From general properties of covering spaces we also have
so(r, s) = spin(r, s) = Ty Sping(r, s) (1.10.3)

We can then give two characterizations of this Lie algebra: one from the special orthogonal group and
one from the Clifford algebra.

Starting from the special orthogonal group, consider a curve

v: R — SOq(r,s)

s I (1.10.4)

which lies in SOg(r,s) and is based in the identity, that is L(0) = 1. Denote by X = L(0), then by
deriving the condition which defines O(r, s) we get
so(r,s) = {X € gl(m) : n(Xv,w) +nv,Xw) =0 Vo,weR"’} (1.10.5)
As for all subalgebras of gl(m), the Lie bracket is given by
X, X]=XoX —X'oX (1.10.6)
If we denote by {T,} the n-orthonormal basis of R™* and {7} its dual basis, then we can expand

X=X!® (T, 1)

b (1.10.7)
and we get
so(r,s) = {X € gl(m) : N X w" + nep Xfv°w® =0 Vo, w € R"*} (1.10.8)
By defining X%* = X%°@ we get
so(r,s) = {X e gl(m): X =0 Vo, weR™} (1.10.9)

We now formulate the condition in coordinate-free fashion. Recall that n induces an isomorphism
between R™* and its dual space (R™*)* given by

b: R s (RM)*

r s 2= () (1.10.10)

with inverse morphism denoted by f. Since gl(m) ~ (R™*)* ® R™* we can apply the f isomorphism to
the first factor and get the isomorphism

t@id: gl(m) — RN @RS

nor s aln (1.10.11)

Using this isomorphism we now show that (§ ® id)(so(r,s)) = AZR™*, the space of skew-symmetric
rank (2,0) tensors.
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Property 1.10.1 (Special Orthogonal Algebra and Skew-Symmetric Tensors)
There is a Lie algebra isomorphism

®: so(r,s) — A*R™* (1.10.12)

where
. ?(X) = (f®id)(X) (1.10.13)
o (x/\y):ﬂ(l’,—)y_mn(yv_)

Proof. We just need to prove everything for a decomposable X = a ® = € gl(m), with a € (R™*)*
and z € R™*. We define y = of, then for any v,w € R™* we have

Xv=al) x=n(y,v) x (1.10.14)
which coincides with the of A2R™* on R"™*

(yoz)(v) =n(y,v) (1.10.15)

Therefore if X € so(r, s) we have

n(Xv,w) +n(v, Xw) =0

= n(n(y,v) -z, w) +n(v,n(y,w) -x) =0
= n(y,v) n(z,w) +n(y, w) -n(z,v) =0
= (Y ©@2")(v,w) =0

(1.10.16)

so that we have shown (§ ® id)(so(r,s)) C A2R™*. Denote by ® the map (f ® id)|so(r,s)-

Going in reverse, we have the decomposition of R"*®R™* into symmetric S?R™* and skew-symmetric
A2R™* rank (2,0) tensors

R7»s ® Rms SQRr,s @ A2Rr,s

YT (%(y@l’),%(y/\x)) (1.10.17)
where
yor=yor+zdy (1.10.18)
YAz =yQzr—xQy
Therefore (f @ id)~!(y A x) is
teid)yrz)=yor—-—2'®y (1.10.19)
and for any v, w € R™* we have
1([¢@id) " yAo)] (v),w) =1 ([yf @z —2* @y] (v),w)
=1 (n(y,v) @z —n(z,v) @y, w) (1.10.20)

=n(y,v)n(z,w) —n(z,v)n(y, w)
= —n (v, [ 2id) " (y A2)] (w))

so that (f ®id)~!|p2grs = @71
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As of now we have that ® is a vector space isomorphism, we need to prove that it is a Lie algebra

isomorphism. First, the commutator of X, X’ € gl(m) is
(X, X'=XX"-X'X
If X, X' € so(r,s) then for any v, w € R™* we have
(X, X/]'Uv w) = n(XX/Ua w) — n(XIXU’ w)
= —n(X'v, Xw) + n(Xv, X'w)
= (v, X' Xw) — n(v, X X'w)
— (o, [X, X']w)

(1.10.21)

(1.10.22)

so that [X, X'] € so(r,s). Similarly, we can define the composition in A?R™*, for z,y,2’,y’ € R™*

and v € R™*

(zAy) (@ AyY)(W) = (xAy)(na’,v) -y —a" -y, v))
= n(x,y")n(a’,v) - '

/

— (@', v)n(y,y') - =+ 0, y)ny',v) =
so that

or

[z ANy, 2" Nyl = n(y,y) (@ Aa') —nly, o)z Ay') +
—n(z,y )y Az') +nlz,z")(y Ay')

Since, for X = a®z and X' = o/ ® 2’ we have
XX =a(2 ) @x
In the case X = &~ (z Ay) and X' = &~ 1(2' Ay') we get
XX — (.Tb Ry _yb ®.%‘)(.’L‘/b ®y/ _y/b ®$/)
=n(z,y)2” @y —n(z,a)y" @y —nly,y)2’ @z +ny,2 )" @
=@ ((zAy)(a' AY))

we get that ® is a Lie algebra isomorphism.

Remark 4. We reiterate that for X = Xt ® (T, ® 7%) € s0(r, s) we have
(I)(X)ab — (I)(X)[ab] — X.ab — naCXg
And the action on a vector v € R™% is

B(X)(v) = Xngev® = XP0®

(1.10.23)

(1.10.24)

(1.10.25)

(1.10.26)

(1.10.27)

(1.10.28)

(1.10.29)
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Then the algebra structure is
DY) (1.10.30)
so that the commutator is

[®(X), (V)] = 2&(X).[* & (Y)Y (1.10.31)

where the underlined indices do not take part in the skew-symmetrization.

If X =& (2 Ay) for some vectors z,y € R™* then

X! = nac(z Ay)™ = 204 2%y (1.10.32)

Remark 5. The last part of the proof above can actually be refined to show that (§ ® id) is an algebra
isomorphism between gl(m) and R™* ® R™*. So that the two commutators correspond through ®
because they derive from corresponding algebra structures.

We now characterize so(r, s) in the Clifford algebra. Since Spin(r, s) is the two-fold cover of SO(r, s)
we have
spin(r, s) = T1 Spin(r, s) ~ T1 SO(r, s) = so(r, s) (1.10.33)
We now generalize the proof of [property 1.8.1| to characterize spin(r, s).

Property 1.10.2 (Spin Algebra)
The spin algebra spin(r, s) is the Lie algebra in Cl(r,s) generated by biproducts of vectors, that is

spin(r,s) = (xy : x,y € R™%) (1.10.34)
The commutator is induced by the algebra structure of Cl(r, s).

Proof. In the proof we showed that for any pair of orthogonal and unitary vectors
x,y € R™® such that Q(z) = Q(y) the curves

v+(s) = (coss)x £ (sins)y, s¢€ [0, g] (1.10.35)
lie in Pin(r, s). Thus the product curve

v(s) = 7-(8)7+(s)

1.10.36
= +cos(2s) + sin(2s)xy ( )

lies in Spin(r, s) and joins the identity 1 to the product xy. The fact that ~y(s) is in Spin(r, s) can
also be verified by noting that

{%8) € ot (r,s) (1.10.37)

Q(7(s)) = cos?(2s) + sin®(2s) = 1

Inspired by this last fact we can consider the case of orthonormal and unitary z,y € R™® with
Q(z) = -1 = —Q(y), then and the curve

7' (s) = cosh s + (sinh s)xy (1.10.38)
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is in Spin(r, s) since

{7/(32 € Cl(r,s) (1.10.39)

Q(7'(s)) = cosh? s — sinh? s = 1

Considering both cases we have (eventually by substituting s — ™/5 — s in 7(s)) that for any
n-orthonormal basis {T,,} and any a # b we can define a curve I'y;(s) in Spin(r, s) such that

Lap(0) =1
(Cap(s)) ™" = (Tan(s))" (1.10.40)
I'ap(0) = T, T,
so that
(T, Ty : a # by Cspin(r,s) (1.10.41)
Given that T, T, = —T}, T, the vector space on the left has dimension %m(mf 1), which is precisely

the dimension of spin(r, s) = so(r, s), therefore

(T, Ty : a # by = spin(r, s) (1.10.42)
O
Corollary 3
The isomorphism
W spin(r,s) — A?R"* (1.10.43)
s given by
Uz Ay) = —%[x, y] (1.10.44)
If x,y € R™® are orthogonal then
U(xy)=—-20zx Ay (1.10.45)

Proof. For any S € Spin(r, s) the transformation £(S) coincides with Adg (since on even elements

we have Ad = Ad), then the element xy will act via the tangent action 77 Ad. As before denote by
I'(s) the curve in Spin(r, s) such that

ro =1
(T(s)) ™" = (T(s))' (1.10.46)
I'(0) = xy

We then define ¥ this way: for any I': R — Spin(r, s) with ['(0) = X € spin(r,s) and v € R™*,
U (X) is the element in A2R™* that satisfies:

[P(X)(v)] = %Adms)v . (1.10.47)

where [¥(X)(v)] denote the class of ¥(X)(v) in the Clifford algebra.
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Then for any z,y,v € R we have and I': R — Spin(r, s) with I'(0) = xy we get

da

7S Adpeg v = gl"(s)vl"(s)

s=0
= XyV + VyXx

s=0

=xyv — vxy + 20 n(z,y)v

=xyv +xvy — 20 n(x,v)y + 20 n(z,y)v
=xyv — xyv+ 20 n(y,v)x — 20 n(z,0)y + 20 n(z,y)v
= =20 (n(z, v)[y] — n(y,v)[z] — n(z, y)v])

From the identity above we immediately get, for orthogonal x,y € R™*, the formula

U(xy)=—-20x Ay
While for generic z,y € R™® we have

[x,y]v = (xy —yx)v
= —do(z Ay)v

which is U= (2 Ay) = —%[x,y].

Remark 6. For the n-orthonormal basis {T},} in R™® in particular we have, for a # b

YT, ATy = —%Tab
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(1.10.48)

(1.10.49)

(1.10.50)

(1.10.51)

Remark 7. We will show in [subsection 1.10.3|that W is actually an isomorphism of Lie algebras.

1.10.1 The Adjoint Action of Pin(r,s) on spin(r, s)
As in any Lie group we have the conjugation, for any S € Pin(r, s)

¢g: Pin(r,s) — Pin(r,s)
Q — SQS™!

The adjoint action Adg is defined as its tangent map, that is

Adg:  spin(r,s) — spin(r,s)
X — Adg(X) = %SPX(S)S_WS:O

where I'x (s) is any curve in Pin(r, s) such that

o) =1
{F(O) =X

(1.10.52)

(1.10.53)

(1.10.54)

notice that, by restricting to a neighborhood of 1 € Cl(r, s), the curve I is actually valued in Spin(r, s).

Since both X and I'x(s) are elements of the Clifford algebra, we are left with

Adg(X) =SXx851

(1.10.55)

so that the adjoint action of the Pin group is simply the adjoint action of the Clifford algebra.
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From |corollary 3| we have that spin(r,s) ~ A?R™ = R™ A R™. Since Pin(r,s) acts on R™ via its
covering map ¢: Pin(r,s) — O(r, s), by functoriality we have an action, for all S € Pin(r, s)

A20(S):  A2R™ —s AZR™

Ay > LSz ALS)y (1.10.56)

We now investigate the relation between A2¢ and Ad.

Property 1.10.3
Under the isomorphism ®: so(r,s) — A*R™ we have that the adjoint action Ad: O(r,s) ~ so(r, s)
Adg(X) =SXS™t, VS eO(rs),VX € so(r,s) (1.10.57)
coincides with A%20: O(r,s) ~ A2R™. That is ¥ is an intertwiner between the two representations

PoAdg =A%Sod, VSeO(rs) (1.10.58)

Similarly, under the isomorphism ¥ : spin(r, s) — A2R™ we have that the adjoint action Ad: Pin(r,s) ~
spin(r, s)

Adg(X)=S8XS51 VS € Pin(r,s), VX € spin(r, s) (1.10.59)
coincides with A?0: Pin(r,s) ~ A?2R™. That is ¥ is an intertwiner between the two representations
ToAdg = A%(S)o W, VS € Pin(r,s) (1.10.60)

Proof. Consider x,y € R™ and the element # Ay € A?2R™, we have that U=1(z A y) = -5yl
Then for any S € Pin(r, s)

_c — !
— _E\Ij (SxyS_l — SyXS_l)
i (1.10.61)
=V (SxS~' SyS~! — SyS~tSxS5H)
- —%\IJ([AdS x, Adgy])
Since Adgx = iAvde = {(S)x we have
g
v (Ads (=5 xy1) ) = (HUS)2) A (£H(S)y) (1.10.62)
= A%U(z Ny)
O

1.10.2 Scalar Product on A¥R™ and Killing Form on spin(r, s)

Given the standard metric 7 of signature (r, s) on R™ we can induce a scalar product on the dual space
(R™)* this way: recall the definition of the flat musical isomorphism b

b: R™ —

x

m)*

= o) (1.10.63)

(
2
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This is an isomorphism since 7 is non degenerate. Its inverse is the sharp musical isomorphism

t: (R™)* — R™

a — of =v <= nv,w) =a(w), YweR" (1.10.64)
Then the scalar product on (R™)* is again denoted by 1 and is defined by
v ROTeRY R (1.10.65)

(a,8) +— nla,B) =n(at, B

One can also induce a scalar product on the skew-symmetric tensor spaces A*FR™ and A¥(R™)*, this
is done by prescribing the product on homogeneous elements. For vy, ..., vg, w1,...,wr € R™ we again
denote the scalar product by n and define it as

n(vi,wi) ... n(vy, we)
Ny Ao AUV, WL AL A wg) = = det n(v;, wy) (1.10.66)

n(vg,w1) ... (v, wg)

and similarly for A¥(R™)*. From linear algebra we have that the determinant of n(v;,w;) is zero iff
the linear application represented by 7(v;, w;) has not full rank, in this case the row vectors of the
matrix are not linearly independent. Without loss of generality, then, suppose that

1 (v, wi)
A : (1.10.67)

U(Ukv wl)

N

77(1]17 wk)

n(og,we)/ =
Since 7 is non degenerate this implies wy = Zf;ll A, but this in turn means
wiA...Nwg =0 (1.10.68)

so that the scalar product on A*R™ is non degenerate.

Property 1.10.4
In inner product space (A*R™,n) the action A¥¢: Pin(r,s) ~ A*R™ is valued in O(AR™, 7).

Proof. For vy,..., v, wi,...,w, € R™ and S € Pin(r, s) we have that
ARL(S) (01 Ao Avg) = £(S)vr A AL(S)ug (1.10.69)
Then, since n(4(S)v;, £(S)w;) = n(v;, w;), we have the thesis. O

Using the isomorphism ¥: spin(r, s) — A?R™ we can induce a scalar product on spin(r, s), denote
it by ¢ = U*n. If {T,} is the n-orthonormal basis of R™ then
Gab,cd = q(TaTb7 Tch)
= 77(—2Ta NTy, —2T. N Td)
= 4(nac77bd - nadnbc)
= 8Na[cNd)b

(1.10.70)

More explicitly we have
4 if (a,b) = (¢,d)
q(Tap, Teq) = —4 if (a,b) = (d,¢) (1.10.71)

0 otherwise
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Property 1.10.5 (Killing Form on spin(r, s))
The scalar product ¢ = ¥*n is a Killing form for spin(r, s), that is

q([X,Y], Z2) = q(X,[Y, Z]), VX,Y,Z € spin(r,s) (1.10.72)
Proof. Consider a curve I': R — Pin(r, s) with I'(0) = X € spin(r, s), then the adjoint action is

adx: spin(r,s) — spin(r,s)

Y — adyY = &L Adp (V)] _, (1.10.73)
This gives
adxY =XY -YX = [X,Y] (1.10.74)
Since, for any Y, Z € spin(r, s), we have
9(Adp(s) Y, Adrs) 2) = ¢(Y, 2) (1.10.75)
we get that adx satisfies
q(adx Y, Z) = —q(Y,adx Z) < q([X,Y].2) = —q(Y,[X, Z]) (1.10.76)
Using the skew-symmetry [X,Y] = —[Y, X] we finally get
oV, X],2) =q(Y,[X,Z]), VX,Y,Z € spin(r, s) (1.10.77)
which is the thesis.
O
Remark 8. Using the Lie algebra isomorphism ¥: spin(r, s) — A2R™ we have
[((X),T(Y)] = T(adx Y) = ¥ ([X,Y]) (1.10.78)

Then the metric 7 on A2R™ is also a Killing form.

1.10.3 Structure Constants of spin(r, s) in the Canonical Basis

In computations in a generic Lie algebra g one is mainly interested in knowing the structure constants:
given a basis {Ta}a=1,....dim g Of g the structure constants c4 € are defined as the numerical coefficients

[Ta,Ts] = cap® Te (1.10.79)

The structure constants are so called because if two Lie algebras have the same constants (in some
bases), then they are isomorphic as Lie algebras.

We now compute the generic structure constants of the spin algebras spin(r, s) in a suitable basis,
which is defined in terms of the canonical n-orthonormal basis {T,}q=1,..m, that is the basis which
satisfies

+1 ifa=0

. (1.10.80)
0 ifa#b

Nab = n(szTb) = {
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From the previous section we have that
spin(r,s) = (Tap = ToTp : a £ b) (1.10.81)
so that we need to compute, for a # b and ¢ # d

[Tab7 Tcd] = Tabcd - Tcdab
== Tabcd + Tcadb — 20 Nad ch
= Tabcd = Tacdb + 20 Nac Tap — 20 Naqg Tep

(1.10.82)
= Tabcd + Tacbd — 20 Tbd Tac + 20 Nac Tdb —20 Nad ch
= M_:Dabc/d"_ 20 MNbe Tad — 20 Mbd Tac + 20 Nac Tdb — 20 Nad ch
=20 (nbc Tad — Thvd Tac + Nac Tdb — TNad ch)
We now change basis like this
(o2 g
Jab — _7(Tab — Tba) = —7(Tab — O"I’]ab) (110.83)

4 2

The reason for the minus sign is that, in the case of the Lorentz algebra spin(3,1) we want Jog, J31, Jio
to correspond to the infinitesimal generators of (counterclockwise) rotations around the z,y, z axes.
Similarly, with the minus signes, the elements Jy1, Joa, Jo3 correspond to the infinitesimal generators

of Lorentz boosts along the x,y, z axes.
The J,p have many nice properties:
(i) for a # b we have Ju, = V=T, A Tp), where ¥ is the isomorphism ¥: spin(r,s) — AZR™S;
(i1) Jap = —Jpa, unlike the Ty, which satisfy Top = —Tpa + 204p;
(i) Jaq = 0 € spin(r, s), unlike Tyy = Moo ¢ spin(r, s);
)

(iv) passing from Ty to Jyp is not a “true” change of basis, only a rescaling, since for a # b we have

Jab = _%Tab;

(v) from the last point and the values of ¢(T4p, Tcq) we have that {Jgp} is a g-orthonormal basis

1 if (a,b) = (¢,d)
0(Jap, Jea) = 4 =1 if (a,b) = (d, ¢) (1.10.84)

0 otherwise
Since Jop = —=F(Tap — 0Nap) <= Tap = 0 (=2Jap + Nap) We have
1
[Jaln ch} = Z[Taby Tcd]

1
= 5 [nbc(_2Jad + nad) - nbd(_2Jac + nac) +
(1.10.85)
+ Nac(=2Jab + Nav) — Nad(—2Jcb + Neb)]

= - (nbc Jad — Mbd Jae + Nac Jay — Nad Jcb)
= - (nbc Jad — TMbd Jac — TNac Jbd + Nad ch)

Finally we get

[Jabs Jed] = = (Mac Jab — Nad Jeb — Mbe Jda + Mod Jea) (1.10.86)

or, noting that J,; = 5[25?] Jed = 525? Jed

[abs Jed] = —2 (na[cag}(sl{ - nb[cag}(sg) Jes (1.10.87)
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From the second one we have

o] = —2 (na[c§§]5,{ - nb[cég}agj) (1.10.88)
In particular, given two elements X,Y € spin(r, s) with

1 1
X = §X“b ®@Jyp and Y = 5ch ® Jed (1.10.89)

We can compute the commutator
1
[Xv Y] = _Z -2 (ﬂa[c5§]5z{ - 77b[c5§]5£) X[ab] Y[Cd] ® Jef

= (nacdie] ) X'yl @ g, (1.10.90)
=XV ®J;
=X Y ®J;

so that

1
(X, v] = SIX, V] ® Jy <= [X,Y]%® =2x 0y (1.10.91)
where the underlined indices do not take part in the skew-symmetrization. From this formula and the

remark to we see that U is a Lie algebra isomorphism.

1.11 Classification of Clifford Algebras in Low Dimensions

We will now explicitly describe most of the low dimensional Clifford algebras for m < 4 and the general
lorenztian case Cl(m — 1,1) for m > 4. In signature (r, s) denote by {T,} = {fa,€b}a=1,...s,p=1,..r the
standard n-orthonormal basis of R™, that is

1(fas€5) =0 (1.11.1)

When the signature is (r,s) = (m — 1, 1) it is customary to denote f; by eg so that

-1 ifa=b=0
Ny =4 0 ifa#b (1.11.2)
1 ifa=b>0

We make now the choice of ¢ = 1, therefore in the Clifford algebra we have

f.f, =—1
f.f, = —ff, ifa#b
b 7 (1.11.3)
e,e, =1
e.ep = —epe, ifa#b
If one choses ¢ = —1 instead, the results of the classification change as

Cl(r, s) «+— Cl(s,r) (1.11.4)
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1.11.1  CI(1,0)
We have that {e,} = {e} is a single vector with n(e,e) = 1. Therefore
C1(1,0) = (1,e)

and the multiplication table is

_lile
1] 1
e

=l o

Therefore we have that
Cl(1,0) R®R
The even part is

CI*t(1,0) = (1) ~R

1.11.2  CI(0,1)

We have that {T,} = {f} is a single vector with n(f, f) = —1. Therefore
Cl(1,0) = (1,f)

and the multiplication table is

Therefore we have that
Cl(1,0) ~C
Notice that CI(1,0) # CI(0, 1). The even part is

ClT(0,1) = (1) ~R

Even thought the two algebras CI(1,0) and Cl(0, 1) differ, their even parts are isomorphic.

1.11.3  CI(0,2)

We have that {T,} = {f1, f2}, both with negative norm. Therefore
C1(0,2) = (1,f,, f1f2)

denote the product fif; by f = e. The multiplication table is

|L] 6| f2 | e
1 1 f1 f2 e
fi -1| f | —f
f2 —e -1 fl
f fo | £ ] -1
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(1.11.5)

(1.11.6)

(1.11.7)

(1.11.8)

(1.11.9)

(1.11.10)

(1.11.11)

(1.11.12)

(1.11.13)

(1.11.14)
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If we rename

fi=i fh=5 f=k (1.11.15)
we get that
PoseRe (111.16)
=k jk=1 ki=j
Therefore Cl1(0,2) ~ H. The even part is
C1*(0,2) = (1,f) ~ C (1.11.17)

Algebra Homomorphisms from H to C2?2

Since we will use it later, let us recall the algebra homomorphisms from H into C?2: for any quaternion
q=a+1ib+ jc+ kd with a,b, c,d € R we collect any of the imaginary units and rewrite it as

a+ dk+ (c— bk)j
g=a+bi+cj+dk=1{a+bi+(d—cik (1.11.18)
a+cj+ (b—dj)i

To discuss matters in general, let us adopt the following convention: denote the three imaginary units
by &, (, ¢ which are only constrained by

(1.11.19)

52:42:1/2:71
=1

In table form we have

(1.11.20)

Therefore in any of the three cases we get ¢ = a + bi + ¢j + dk = u + v€, where u,v € C = R[(]. Using
that u& = ¢uf, the multiplication of any two quaternions ¢ = u + v¢ and ¢ = v/ + v'¢ is

/

qq¢' = uu’ 4+ wv'€ + véu' + v€v'E
= w/ + u'é + o) € — v (1.11.21)
= (wd/ —o(v')") + (' +o(u))¢
This suggests the following homomorphisms
et H — C22

g=u+tvg — <P§((J)=<

ul —of (1.11.22)
v u

Remark 9. There are actually other possible forms for these homomorphisms. The one chosen here is
motivated by the particular form we want for the images of the imaginary units 4, j, k.
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We see that we have three possible isomorphisms, depending on the choice of £. In particular, if
C22 = R[i]?>? the images of the basis elements are
— 0 _ —i0
Z’ - 3

@;i(i) = (_02 _OZ> = —ioy ¢;(j) = (? _01> = —ioy (k) = (0
ould) = (Oi Q) = iy o(j) = <O~ Oi) = —ioy px(k) = ((1) 01) = —ioy  (1.11.23)
0

7 —1

pi(i) = (? _01> = —ioy  i(j) = (_OZ ?) = —ioz  pi(k) = ( i —()z) = —i0]
The matrices 01, 03,03 are the Pauli matrices, which satisfy
0i0; = 651y + iei;* oy, (1.11.24)
which gives the commutators
[0i,0;] = 2ie;;" oy, (1.11.25)

The Pauli matrices multiplied by —i are often denoted by 7, explicitly

Tn = —10p,
. (1.11.26)
TiTj = —51‘]‘12 + €5 Tk
The last identity in particular gives the commutators
(i, 7] = 2€i;% T, (1.11.27)

From simplicity we will resort only to the ¢; homomorphism from now on, denoting it simply by
p, that is:

p: H — 22
a—di —(c+bi)> (1.11.28)

atbitejtdh — (c—bi a+di

1.11.4 CI(2,0)
We have that {T,} = {e1, e2}, both with positive norm. Therefore
Cl(2,0) = (1,eq,€1€2) (1.11.29)

denote the product e;e; by T. The multiplication table is

|Ll] e [e2] e

1 1| e1 | e e

e 1 | e| e (1.11.30)
ey —e | 1| —e;

e —ey e | —1

If we could make the substitution

e — —ie
{ e (1.11.31)
€y —— 1€9
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then we would have C1(2,0) ~ CI(0,2), but being real algebras means that the map just outlined is
ill-defined. Multiplication by i, however, is possible in C*2. By considering the image of the morphism
© given inleq. (1.11.28)[ we can define the morphism

{1,e2,e,e1} — {1y,i7y, 7o, —iT3} (1.11.32)

cwo-(( 90 D YCT) o

Therefore we have proved that

which gives

C1(2,0) ~ R*? (1.11.34)
The even part is
C17(2,0) = (1,e) ~C (1.11.35)
which is consistent with the homomorphism

C — R22
a b) (1.11.36)

z=a+1ib r— <
b a

1.11.5  CI(1,1)

We have that {T,} = {eg,e1}, the first with negative norm and the second with positive norm.
Therefore

Cl(2,0) = (1, eq, €0€1) (1.11.37)
denote the product ege; by e. The multiplication table is

|Ll]eo|ei]| e

1 1] e |er e

H) —1| e | —e (1.11.38)
el —e| 1 | —eg

e e | ey 1

If we could make the substitution

e — —ie
{ ! ! (1.11.39)

er—ie

then we would have Cl(1,1) ~ CI(0, 2), again being real algebras means that the map just outlined is
ill-defined. As for CI(2,0) we can resort to C*? by considering the image of the morphism ¢ given in

leq. (1.11.28)] define the morphism
{1,e,eq,e1} — {1z, —iT1, 72,073} (1.11.40)

Therefore we have proved that

01(1,1)_<((1) 2)(? (1)>((1) _01>,((1) _01)> (1.11.41)
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Showing that

CI(1,1) ~ C1(2,0) ~ R*?

The even part is

ClI*(1,1) = (1,e) ~R®R

1.11.6  CI(3,0)

We have that {T,} = {e;} = {e1, 2, €3}, all with positive norm. Therefore
C1(3,0) = (1, e, €, €)
where we used the following notations
e = e;e;
€ = €123 = €231 = €312

The non trivial products in CI(3,0) are

(ei)* = —1
(e)* =—1
and
€126 = —€3
e;;e = 7§6ijkek <~ €93 = —€;
€31€ — —€9

where eijk = qﬂ&lk is the Levi—Civita symbol. Since

€23€31 = —€j12
€31€12 = —€23
€12€23 = —€31

we can map
(1,(—e2s), (—es1), (—e12)) — H = (1,i,j, k)
notice the minus signs. Then for any X € CI(3,0) we can collect terms as

X =a+ biey + byes + bzes + crea3 + coes; + czeqs + de
= a— ci(—eq3) — ca(—e31) — c3(—ei2) +
+ (d+ bi(—ea3) + ba(—e31) + b3(—e12)) e

and since e = —1 we have

C1(3,0) ~ C @r H
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(1.11.42)

(1.11.43)

(1.11.44)

(1.11.45)

(1.11.46)

(1.11.47)

(1.11.48)

(1.11.49)

(1.11.50)

(1.11.51)

Notice how the real and imaginary parts, where e has the role of imaginary unit, are precisely the even

and odd parts, that is
Cl"(3,0) =R®rH=H
= (1,(—e23),(—e31), (—e12))

(1.11.52)
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It is important to point out that the transpose (f)t translates to quaternion conjugation since
(eij)t = ejz- = —eij (11153)
so that when we map CI*(3,0) ~ H to C?? via the morphism ¢ injeq. (1.11.28) we get
#(¢") = @l(a+bi+cj+ dk)")
_fa+di cH+bi
S \—c+bi a—di

fa—di —(c+bi)\'
T \e—bi a+di

(1.11.54)

= ¢(q)"

In words: the transpose in Cl*(3,0), the conjugation in H, and the hermitian conjugation in C22,
correspond to one another via the algebra homomorphisms.

1.11.7 Cl(4,0)
We have that {T,} = {e;} = {e1, e2, €3, €4}, all with positive norm. Therefore

Cl(4,0) = (1, e;,€;j, €iji, ) (1.11.55)
where we used the following notation

Cir.in = €iy -+ - €iy (1.11.56)
€ = €1234 = —€4123

We can reduce to the C1(3,0) case by noting that for any X € Cl(4,0) we can collect terms as

X = a+bie; + baey + bzez + cazeas + czre31 + crzer2 + di2zeia3 +

+ (ba + c1a@1 + c2s€2 + c34€3 + dazse03 + d31a€31 + d124€12 + ge123) €4 (1.11.57)
Since (e4)? = 1 we have that
Cl(4,0) = C1(3,0) @ C1(3,0)e4 (1.11.58)
The even part is
ClI*(4,0) = CI7(3,0) & C1(3,0)eq (1.11.59)
where
Cl (3,0)e4 = (€14, €24, €34, €) (1.11.60)
= ((—e2),(—es1),(—en2), 1) e
Therefore
Cl"(4,0) = C17(3,0) @ C17(3,0)e (1.11.61)

~H®H

where the last isomorphism is due to e? = 1.
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1.11.8 CI(3,1)

We have that {T,} = {eo,e;} = {eo, €1, e2,e3}, where ey has negative norm and the other three have
positive norm. Therefore

C1(3,1) = (1, eq, €ap; €ave, ©) (1.11.62)
where we used the following notation

€4,...an, — €ay ---€q,

(1.11.63)
€ = €p123 = —€3120

It is customary to use latin letters from the beginning of the alphabeth to denote indices from 0 to 3
while reserving latin letters from the middle of the alphabet for indices from 1 to 3, that is

a,b,e,---=0,1,2,3

U (1.11.64)
Za]7ka"' = 1a253

We can again reduce to the Cl(3,0) by noting that for any X € CI(3,1) we can collect terms as

X = a+bie; + baey + bzez + cazeas + c31e31 + cize1z + dixzeins +

(1.11.65)
+ (bo — co1€1 — coze2 — cozes + dogzeas — doizes1 + do12€12 — ee123) €
Since (eg)? = —1 we have that
Cl1(3,1) = C1(3,0) & Cl(3,0)e
(3,1) = C(3,0) & CI(3, 0)eq )
=~ C ®R 01(3, 0)
The even part is
CI7(3,1) = C17(3,0) @ C1(3,0)eo (1.11.67)
Since
C17(3,0)eqg = (e1g, €20, €30, €
(3,0)eq = (e10, €20, €30, €1230) (1.11.68)
= ((—e23),(—e31),(—e2), 1) e
we have
CI™(3,1) = CI™(3,0) ® C1* (3,0
3:1) (3,0) & CI7(3,0)e (1.11.69)
~H®gC
where the last isomorphism is due to e = —1.

1.11.9 Cl(m—1,1)

We are not interested in classifying all lorentzian Clifford algebras, rather we will describe the general
relationship between Cl(m — 1,1) and the euclidean Clifford algebra Cl(m — 1,0) which naturally sits
inside it. We have that {T,} = {eo, e;}, where ¢y has negative norm and the other have positive norm.
Define n = m — 1, we have

Clim —1,1) = (1,eq4,€ap,€abcy - - - ,€ay...a,, 5 €) (1.11.70)



44 CHAPTER 1. CLIFFORD ALGEBRAS, SPIN GROUPS, AND SPIN ALGEBRAS

where

€ay...ar, = €ay -+ - Cay (1.11.71)
€ =¢€p.n o

It is customary to use latin letters from the beginning of the alphabet to denote indices from 0 to n
while reserving latin letters from the middle of the alphabet for indices from 1 to n, that is

a,byc,---=0,...,n
U (1.11.72)
5,k =1,....n
We can reduce to the Cl(n,0) by noting that for any X € Cl(n, 1) we can collect terms as
_ - 1 ag...ap
- . (1.11.73)
1. 1.
k=1 """ i=1
Since (eg)? = —1 we always have that
Cl(n,1) ~ C ®g Cl(n,0) (1.11.74)
The even part is
Cl™(n,1) = C®g Cl™(n,0) (1.11.75)

Notice that there is an immersion of the euclidean Clifford algebra Cl(n, 0) into the lorentzian Clifford
algebra Cl(n, 1) which on basis elements is given simply by e; — e;.

1.12 Classification of Spin Groups and Algebras in Low Dimen-
sions

As discussed in the relative section, the spin groups can be found in two ways:
(1) as all possible even products of unitary vectors;

(2) as the elements S € C17(r, s) which satisfy

59 =+1 (1.12.1)

We will determine the spin groups using the second characterization, again with the choice o =1 so
that SS = S*S.

In the previous section we noted that, in general, Cl(r, s) # Cl(s,r). However we expect Spin(r, s) =
Spin(s, r), which we will verify in the examples below.

1.12.1 Spin(1,0)
Starting from

CI™(1,0) = (1) ~R (1.12.2)
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we have that S = a in C11(1,0) is in Spin(1,0) iff

' =at=1 (1.12.3)
= a==l o
Therefore
Spin(1,0) = {-1,1} (1.12.4)
The action on a vector v € R is
SvS™! = (£1)v(+1) (1.12.5)
_ 12.
The covering map is
¢:  Spin(1,0) — SO(1) (1.12.6)

+1 — 1

is indeed two-to-one, but the spin group is neither simply connected nor connected, since it is a discrete
group.

1.12.2  Spin(0, 1)

Since
C17(0,1) ~ R ~ CI7(1,0) (1.12.7)
We have, as expected
Spin(0, 1) = Spin(1,0) = {-1,1} (1.12.8)
1.12.3 Spin(0, 2)
Starting from
C17(0,2) = (1,e) ~C (1.12.9)
with e = —1. For a generic S = a + be we have
S'S = (a — be)(a + be)
1.12.10
— a2 +b2 ( )
Then we get that
Spin(0,2) = {S =coss+sinse: s € [0,27
pin(0,2) = { [0,2m)} (L12.11)

~ SU(1) = S*

The action on a vector v € R? is
SvS™! = (coss + sinse)(ve,)(coss —sinse)
= (cos s + sinse)(cos s + sin se)(ve,) (1.12.12)
= (cos(2s) + sin(2s) e)(v?e,)
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Since ee; = e; and ee; = —e; we get that the covering map is

L: Spin(0,2) — SO(0,2)
cos(2s) sin(25)) (1.12.13)

S =coss+sinse +— (sin(?S) cos(2s)

Since S — —S corresponds to s — 7w+ s we can verify explicitly that the covering map is two-to-one,
but the spin group is not simply connected (in fact, it coincides with the special orthogonal group).

The Lie algebra spin(0,2) is simply

spin(0,2) = (e) ~ R (1.12.14)

1.12.4 Spin(2,0)
Since

Clt(2,0) = (1,e) ~C (1.12.15)
we get the same result as Cl(0, 2), that is

Spin(0,2) = {S =coss +sinse: s € [0,2m)}

1.12.16
~ SU(1) =S" ( )
Again, the Lie algebra spin(2,0) is simply
spin(2,0) = (e) ~ R (1.12.17)
1.12.5 Spin(1,1)
Starting from
Clt(1,1) = (1,e) ~R&®R (1.12.18)
with e = 1. For a generic S = a + be we have
S'S = (a — be)(a + be)
2 (1.12.19)
Notice that for two such elements S = a + be and S’ = a’ + b'e the product gives
SS" = ad' +ab'e + ba'e + bv/
aa maveT e (1.12.20)

=aa’ +bb’ + (ab’ + ba')e
Using the fact that the hyperbolic functions satisfty
cosh? s —sinh? s = 1

cosh(s + s') = cosh s cosh s' + sinh s sinh s’ (1.12.21)

sinh(s + s’) = sinh s cosh s’ + cosh s sinh s’

we can define the group isomorphism

(R,+) xZy — Spin(1,1)

(S7Z|:1) — S = i(COShS—i—Sinhse) (11222)
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Therefore

Spin(1,1) = {S = cosh s + sinhse: s € R}

~(R4) (1.12.23)

The action on a vector v € R? is

SvS™! = [+(cosh s + sinh s )] (v e, )[#(cosh s — sinh s e)]
= (cosh s + sinh s e)(cosh s 4 sinh s e)(v®e,) (1.12.24)
= (cosh(2s) + sinh(2s) e)(v?e,)

Since eey = e; and ee; = ey we get that the covering map is

£: Spin(1,1) — SO(1,1)
_ . cosh(2s) sinh(2s) (1.12.25)
§ = #(cosh s + sinh se) (sinh(Qs) cosh(2s)

And we can verify explicitly that the covering map is two-to-one, but the spin group is not simply
connected (in fact, it is disconnected).

Again, the Lie algebra spin(1,1) is simply

spin(1,1) = (e) ~ R (1.12.26)
1.12.6 Spin(3,0)
Start from
C1t(3,00 — H
’ . 1.12.27
{1,(—e2), (—es1), (—e2)} +— {1,4,5,k} ( )
For a generic ¢ = a + bi + ¢j + dk we have
7'q=1q'q
=a? + 02+ +d (1.12.28)
= |qf?
Therefore
Spin(3,0) = {geH:|ql> =1
pin(3,0) = {q lqI” =1} (1.12.29)
~ 3
Using ¢ (eq. (1.11.28)) we have that
Spin(3,0) = {g € H, |¢g|* = 1
pin(3,0) = {q lq” =1} (1.12.30)

~{XecC?: XX =1}
That is

Spin(3,0) ~ SU(2) (1.12.31)
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To compute the action on a vector v € R? we need to evaluate qleiq; fori=1,2,3and ¢1,q2 = 1,4, 5, k.

. I S
Notice that (¢1€;q3) = qe€iq]

qlelqg\l\i\j\k Q1ezq;‘1‘i‘j‘k
l|le | e e; | —ey l|ey| —e3| —e| e
) e; | e es 1 —ey | €1 e
J —€e1 e J €s es
k —e; k —eq
(1.12.32)
Q1esqg‘ 1 ‘ ¢ ‘ J ‘ k
lies| es | —e; | —e
(3 —e3 —e (3]
J —€3 | €2
k €3

The lower-left parts of the three tables are the transpose of the corresponding upper-right parts so
that when we compute SvS' = (SvS!)" the only surving terms are those in e;. The covering map
then is

a? +v? —c? — d? 2(ad + be) 2(—ac + bd)
lg=a+bi+cj+dk)= 2(—ad + be) a? — b2 +c? — d? 2(ab + cd) (1.12.33)
2(ac + bd) 2(—ab + cd) a? —b? - + d?

We can rewrite the matrix by using |q|2 =a? +b> 4+ % + d? =1 so that finally we have

‘. Spin(3,0) —»  SO(3,0)
1—-2(c?+d?)  2(ad + bc) 2(—ac+ bd)
g=a+bi+cj+dk — 2(—ad +bc) 1-2(b%+d?)  2(ab+ cd)
2(ac + bd) 2(—ab+cd) 1-2(b%+c?)

(1.12.34)

Since ¢ — —q corresponds to {a, b, ¢,d} — {—a, —b, —c¢, —d} we can explicitly verify that the covering
map is two-to-one.

One could also proceed in another way, which does not work in a generic dimension: any basis vector
e; can be expressed as the product of an element e;; of Cl17(3,0) and the volume element e = eja3, in
particular

€eje = es3 €] = —eg3e
ee —e3] < (e = —eze (1.12.35)
€ze = ej2 €3 = —ejze

We stress that this applies only to the 3-dimensional case precisely because 3 = 1 + 2. Essentially, we
have given a linear map

—Re: R — CI7(3,0)
)

v=1le;, > —Re(v)=—ve (1.12.36)

If we identify C11(3,0) ~ H then image is actually the vector subspace (i, j, k) and in particular the
map is

—Re(zer + yes + ze3) = xi +yj + zk (1.12.37)
The inverse map is R since

(—ve)(e) = —ve’ =v (1.12.38)
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Notice also how

Q) =v'v
— (“Re(v)(€)(~Re(v))(e)’ (1.12.39)
= (_Re(v))ee(_Re(V)t

= Q((—Re(v)))

so that — R, is an isometry. When computing the adjoint action then we get

Svst = S(—Re(V))(te>5t (1.12.40)
= [S(Re(v))S'] e

By using the homomorphism ¢ given in |eq. (1.11.28)[ we can then define the corresponding Weyl
isomorphism W as W = ¢ o (—Re). The image of W consists of skew-hermitian 2 x 2 complex

. 2,2 . .
matrices C“, i.e. the spann of the 7; matrices

w: RS — C%°
v = ze; + yes + ze5 < —zi —(y + xz)) (1.12.41)
Yy — i )
Using this description we have that
W (U(S) () = @(S)W (v)e(S) (1.12.42)

To be more specific, for S = a + bi 4+ ¢j + dk and v = xe; + yes + zes we have

W (€(S)(v)) = <a—di —(c—i—bi)) ( —zi —(yJ_r;m')) <a+di c+bi> (1.12.43)

c—bi a+ di Yy — xi zi —c+bi a—di

The Lie algebra spin(3,0) is

spin(3,0) = (—e23, —€31, —€12)
~ (71,72, T3) (1.12.44)
~ su(2)
Recall that the structure constants are
[7i, 7] = 2€i" T (1.12.45)

Te get rid of numerical factors it is customary to use the normalized generators

1
Li=3m (1.12.46)

so that
[Li, Lj] = ei" Ly (1.12.47)

This directly proves that spin(3) ~ su(2) ~ s0(3). In fact the 3-dimensional orthogonal algebra so(3) is
generated by L, L,, L, the infinitesimal generators of (counterclockwise) rotations around the z,y, z
axes, which satisfy

[Lo,L,] = L. (1.12.48)
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Notice that the Ly are related to the J,;, generators by

1
Lk = 5 Tk
1/1 .,
-3 (26%%) (1.12.49)
1 ..
= §€”k Jl'j
that is
1 ..
Ly = ieuk Jij = Ji = Q‘jkLk (1.12.50)

1.12.7 Spin(4,0)

Start from
CI™(4,0) = CI(3,0) ® C1* (3,0
(4,0) (3,0) (3,0)e (1.12.51)
~H®H
For a generic S = ¢, + ¢goe in C17(4,0) we have
StS = (qf + eq) + qqe
(@1 +eaz)(a1 + gae) (1.12.52)

2 2
=|q|” + |g2|” + (QIQQ + qgfh)e

where we used eq; = a(g;)e = ¢;e. We can rewrite this by parametrizing C17 (4, 0) differently, define

_ 9+ t+aq-
T
=g g = "0 (1.12.53)
q2 = 9
Notice that for the identity 1 = 1 + Oe we have g+ = 1. Then
tg _ Loty ot Lov ot
§°8 = e +a)(ar +a-) + 7 (ah —al)(g+ —a-) +
1
+ Mgk +aD ) — a2) + (ah — aD)(ar +a-)e (1.12.54)
1 2 1 2 1 2 2
=5 lael"+ 5 la- 1"+ 5 (g " = la-[")e
The condition S$%S = 1 then translates to
2 2
+lg-|"=2
{Q+|2 lq |2 (1.12.55)
lg+]" = lg-[" =0
Which implies |¢4|* = |¢—|> = 1. For two elements
S = + goe = s 4—
q1 T q2 (q+59-) (1.12.56)

S'=d +aqe=(d,qd)
the product

S8 = qiqy + ¢205 + (0193 + @201)e (1.12.57)
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Therefore if S5’ = Q1 + Q2e = (Q4,Q—) we have

Q1= q1d) + @245
, = Qr=(n @) e) =q9:ds (1.12.58)
Q2 = q195 + q2q;

This last identity implies that using the ¢+ parametrization we have

Spin(4, 0) ~ Spin(3,0) x Spin(3,0)

1.12.59
~ SU(2) x SU(2) ( )
The action on a vector v € R* is
SvSt = + ge)v(ql + eq)
(1 TQ2 ) (qu ) T T (1.12.60)
= q1Vq] + q1Vga€ — qaVvg;e — ga2Vvqy
By substituting the definitions for g4+ we get
1
svs' = (@ +avial +a) = (s —a-)vlal —ab) +
+ (a+ +a-)vla} — abe = (ar —a-)vial +al)e] (1.12.61)
:quT-I- vqh — vg —q_vql )e
B +Vq_ Tq-vqy q+Vvq_ —q-vqi
First, notice that
o 1’ (1.12.62)
q-vq., q+vq_ 12,
Second, we decompose
v =%,
=v'e; + viey (1.12.63)
=7+ v4e4
and noting that
€40+ = g+€4 (1.12.64)
we get
a+vq =g ()" + qrq’ v'ey (1.12.65)

We can compute ¢4 ()q| just like we did for the covering map of Spin(3). For ¢4 = a + bi + ¢j + dk
and qg_ =d' +V'i+ 5+ d'k, we have

. aa’ +bb' —cd —dd ad +d'd+bcd +bec —ad —a'c+bd +bv'd vl
q+(0)g" = (e1 ex e3) | —ad —dd+bd +Vc ad —bV +cd —dd  ab +a'b+cd +d v? | +
ac +a'c+bd +bd —abl —ad'b+cd +cd  aa’ —bY —cc +dd v3

U1

+ eq93 (ab’ —adb+cd —cd —acd +a'c+bd —b'd —ad +a'd—bc + b'c) V2

v3

(1.12.66)
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As for the second term, write each quaternion ¢ = a + bi + ¢j + dk as ¢ = a + d. Then

-

4rq = (ad' +a@-@)+ (—ad@ +a'd—ax @) (1.12.67)
so that

T4

q+q" vieyg =0t (ele ere eze e4) ( (1.12.68)

—ad +da—axa
aad' +a-a

t t
Therefore ¢, (v%eq)q + [q+ (v“ea)qi} will have only terms in e,, while ¢, (v%e4)q — [qu (v“ea)qi}

will have only terms in e. Adding everything up we finally have the covering map

¢: Spin(4,0) — SO(4,0)

1.12.69
(q-‘m(I—) — E(Q-I—aq—) ( )
with

aa’ +bb — cc — dd’ ad +ad'd+bc +bec —acd —adc+bd +bd —ab +a'b—cd +c'd
o )= —ad +ad'd+bd +bc  ad —bV +cc’ —dd  ab +a'b+cd +d  —ad +d'c+bd —bd
T 9-)= | 4 v a'c+bd +¥d —ab —a'bdcd +cd  ad —bb —cc +dd —ad +a'd—bd + Ve
abl —ad'b+cd —cd —ad +a'c+bd —bd —ad +a'd—bc +bc aa’ +bb +cc +dd

(1.12.70)

Since for S = (g4,q—) we have —S = (—¢4,—¢q_) we can easily verify that the covering map is
two-to-one.

The Lie algebra spin(4,0) is

spin(4,0) = (—e23, —e31, —€12) B (—e23, —€31, —€12) €

1.12.71
~ <L1,L2,L3>®<L1,L2,L3>e ( )

We expect that spin(4,0) ~ su(2) ® su(2), but to show this we need to choose a suitable basis. Recall
that S in Spin(4, 0) such that S = ¢; + go€ can be reparametrized as

_ 4+ tg-
q1 = 5
S=(¢r.q-) with gz =q+q < o —q (1.12.72)
="

Then for any curve g+ (s) in the first/second copy of SU(2) there is a corresponding curve in Spin(4,0)
which is

1 s) = 342(5) % s (s)e
. (1.12.73)

= Ses)(1+e)

We can then compute the infinitesimal generators 44 (0) for the curves

q+(s) = /= (2+5)s + (1 + 5)(—eij)
— 1(5) = 3 [VTEF 95 + (14 5)(~ei)] (1 £ ) (1.12.74)
— 42(0) = y(~ei)(1 %)

Therefore we get

spin(4,0) = (Li(1 £ e), Lo(1 £ e), Ls(1 + e)) (1.12.75)
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The commutators are

[Li(1+e),L;(1+e)] = (1£e)*[L;, L]

_ Eijk (L1 +0) (1.12.76)
and
[Li(1+e), L;j(1—e)]=(1+e)(l—e)L; L]
= (1-e*)e;" Ly (1.12.77)
=0
Therefore
spin(4,0) = su(2) @ su(2) (1.12.78)
=(L1(1+e),La(l +e),L3(1+e))® (L (1l —e),La(l—e),Ls(1—e)) o
1.12.8 Spin(3, 1)
Start from
+ _ ot +
Cl™(3,1) =Cl7(3,0) ® C1I"(3,0)e (112.79)
=H®RrC
A generic element S € C17(3,1) is
S = [a -+ b(fegg) -+ C(fegl) + d(felg)] -+ [CL/ -+ b,(fegg) —+ Cl(fegl) —+ d'(felg)]e (11280)

=[a+d'e]+ [b+be](—ess)+ [c+ e](—es1) + [d+ d'e](—ei2)

Since the image of Cl+(3,0) ~ H through ¢ is spanned by 15,7, 72,73, we can consider the cor-
responding morphism of complexified spaces. Denote the complexified morphism ¢ ® C by ®, it is
completely described by ¢ and by

d(e) = il, (1.12.81)

Notice that the image of @ is all of C%2, hence it is an isomorphism and we can safely denote e simply
by 4. A generic element S in C17(3,1) then is

S =la+adi]+b+bi(—exw)+ [c+ i](—esz1) + [d+ di](—e12)

1.12.82
= A+B(—823) +C(—631) +D(—612) ( )
where A, B,C, D € C = Rle]. Then
o ClI*(3,1) — (C*?)g

A-Di —(C+ Bi 1.12.83
S:A+B(—e23)+C’(—e31)—|—D(—e12) — (C—BZ E4+D’L )> ( )

The subscript R in (C?2?)r denotes the fact that ® is a isomorphism of real algebras.

The transpose operation translates to
@(St) = Alg — BT1 — OTQ — DT3

A+Di C+DBi (1.12.84)

- <—C+Bi A—Dz’)



54 CHAPTER 1. CLIFFORD ALGEBRAS, SPIN GROUPS, AND SPIN ALGEBRAS

which is not the hermitian conjugation (A, B, C, D are not conjugated!). Since

S'S = (A — Bi— Cj — Dk)(A+ Bi+ Cj + Dk)

1.12.85
= A?+B*+C?+ D? ( )
and
n _(A+Di C+Bi\[(A-Di —(C+ Bi)
®(5)2(5) = (—C—I—Bi A-Di)\C—-Bi A+Di
(A2 + B2+ 0?4+ D? 0 (1.12.86)
N 0 A2+ B?+C?+ D?
= det (5) 1,
we have that ® o ) = det. The condition for S to be in Spin(3,1) then is
det(®(S)) = A*+ B*+C*+D?* =1 (1.12.87)
Therefore
Spin(3,1) ~ SL(2,C) (1.12.88)

Notice that this is consistent with the fact that Spin(3,1) = Spin(3)c and the analoguous statement
for the classical Lie groups, which is SL(2,C) = SU(2)c.

Just as in the case for Spin(3,0) we have a linear map between R* and C17(3,1), which is

Repe: RY* — CI7(3,1)

vV 3 RejeV = vepe (1.12.89)
Explicitly we have
Reye(teg + zer + yes + zes) = —te + xi + yj + zk (1.12.90)
The inverse map is Ree, since
(vepe)(eeg) = ve?(eg)? = v (1.12.91)
Notice also how
Q) =v'v
=vv'
= (Rege(v)(€€0))(Rege(v)(e€n))’ (1.12.92)
= (Reye(v) eepepe(Rege (V)"
= Q((Repe(V))

so that Re,e is an isometry. When computing the adjoint action then we get
SvSt = S(Reye(V))(e€q)S?
= (A+ Bi+ Cj+ Dk)(Reye(v))(eep)(A — Bi — Cj — Dk)
= (A+ Bi+ Cj + Dk)(Reye(v)) e (A" — Bfi — CTj — Dik)ey (1.12.93)
= (A+ Bi+ Cj + Dk)(Reye(v))(A + Bi+ Cj + Dk)" eeg
[S eoe ST] eeg
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By using the homomorphism & given before we can then define the corresponding Weyl isomorphism
Was W =>&o Reoe

W: R* — (22
v = tey + ze; +yes + ze3 — <_;t_+;)l :((3; i‘ :)ZZ) (1.12.94)
Using this description we have that
W (U(S)(v)) = D(S)W (v)B(S) (1.12.95)

To be more specific, for S = A+ Bi+ Cj + Dk and v = teg + ze; + yes + ze3 we have

A—Di — N [(—(t+2)i — xi Af ti  CT+ Bfy
o = (375 ) (U2 ey (An G B s

We can now write the covering map explicitly by computing the images of the basis elements e,.
Notice that

15| = sts
= (A" - B — C'j — D'k)(A + Bi + Cj + Dk) (1.12.97)
= A +|BI> +[C|* + |D|?

A—Di —(C+Bi)\ [(—i 0 At + Dty  Ct4 Bfi
C—-Bi A+ Di 0 —i)\-CT+ B Al - DT

-D Ci— At + D Ct+ Bty

-B —Az—i—D ~Ct+ Bti AT — Dt

2S(AD + BCY)i — |5 2S(ABT + CD")i + 23(ACT — BDY)
2$(AB' 4+ CD1)i — 23(ACT — BD) —23(AD' + BC)i — ||

A-Di —(C+Bi)\ [0 —i\ [ At+Df COf+Bt
C-Bi A+ Di —i —Cct+ Bt At — D%
Ci— B —Ai— At + Dt Ct+ BYi
Ai+D —Ci-— —Cct 4+ Bt At — D

C — Bi A+ Di 1 —Ct4+ Bt At —

o=
(£
(oncs.
o=
( (C + Bi) (A—Di)>(AT+DM’ cMg@
(
)=
(o
(

A—Di O+Bz)) (o —1>(AT+DH CT+BM)

A+ Di (C —Bi)) \-CT"+ BTi Al -

23(ACT + BDT)Z —2R(ABt +CDV)i  |S]P —2(|A] + |C*) + 2R(AD' — BCY)

1S)” + 2(|A]* 4 |C°) + 2R(ADT — BCT)i  2S(ACt + BD)i + 2R(ABT + CD1)i
Di —(C+Bi)\ (—i 0\ /[ AT+ Dt CT+Bfi
Bi A+Dz 0 i)\-Ct+Bfi Af—DTi

-D —Cz+B)<AT+DTz’ CT+BM‘)

A-—
C -

Ci—B Ai —Cct+ Bt At —

293(AD — BCY)i +|S|%i — 2(|A)* + |D|*)i  2R(AB' — CD') — 2R(ACT + BD1)i
—2R(ABT — CD) — 2R(ACT + BDY)i  2S(AD' — BCY)i — |Si + 2(|A|* + | D|*)i

(1.12.98)

23(ABT — CDT)'+ WR(ACT — BD)i  —2R(AD' + BCH) +|S|*i — 2(|A]> + |B[*)i
WR(ADT + BCT) +|S)%i — 2(|AP” + |B[*)i  23(AB' — CD1)i — 2R(ACT — BD1)i

)
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Therefore we have

({8 )

|A? +|B* +|C)* + |D? —23(ABT — CDY) —23(ACT + BDY) —23(AD' — BCT)
—23(AB + CDT) |A]* + |B> = |C|? - |D|? —2R(ADT — BCT) 2R(ACT + BDY)
—23(ACT — BDY) —2R(AD' + BCT) |A]> = |B” +|C|)* - |D)? —2R(AB' — CDY)
—23(AD' + BCY) —2R(ACt — BDY) 2R(ABT + CDY) |A> = |B]* - |C)* + |D?
(1.12.99)

From the expression above we can easily verify that the covering map is two-to-one.

The Lie algebra spin(3,1) is

spin(3,1) = (—eq3, —€31, —€12) P (—€e93, —€31, —€13) €
pin( ) (—eqs 31 12> (—eos 31 12) (1.12.100)
= (—ea3, —€31, —€12) B (€01, €02, €03)
Through the ® isomorphism we have that ®(e;;e) = ®(e;;)i so that
spin(3,1) =~ ((—ez3), P(—e31), P(—e12)) ® (P(—ez3), P(—e31), P(—e12)) i
: b b) @ b) b) Z.
(71, 72,7) & (71,72, 73) (1.12.101)
— <Tl7T27T37017027(73>
ZS[Q(C)

Notice that there are two possible Lie algebra isomorphisms, depending on the choice o), — +eqg.
We chose the isomorphism with the minus sign

{_eij et e _%eij’“e” (1.12.102)
ok T =Tk e
The commutators are
[1i,75]) = 26ijk Tk
[T, 05] = 2€i;" o (1.12.103)
[0, 0,] = —2€;," 74
As with spin(3,0) it is useful to define normalized generators
Ly = %Tk
1 (1.12.104)
K, = §Uk
so that the Lie algebra isomorphism is
Lo — i o
{_e“ — 265" L ’ 4n (1.12.105)
—egr — 2K}, Ky —s —%e%

and the commutators become
[Li, Lj] = e;;" Ly,
[L;, K;] = eijk Ky, (1.12.106)
[Ki, Kj] = —ei" Ly,
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Notice that the L, K} are related to the J,;, generators by

1 ..
L, = — * 7 ij — "
k= 5€ k Jij — {Jlj €ij- L (1.12.107)
Ky = Jox Jor = Ky
or
I
— €, T, Jij = € Tk
Tk =Ry 2 (1.12.108)
O = 2J0k JOk — 10’]@

2

which motivates our choice of the isomorphism with o — —eq.

1.12.9 Spin(m —1,1)
As for the Clifford algebra Cl(m — 1,1), we are not interested in classifying all lorentzian spin groups
Spin(m — 1,1) but only in describing its relation with the euclidean spin group Spin(m — 1,0) which

is a proper subgroup. Denote by {eq}q=0,...,m—1 the n-orthonormal basis in R™~ 11 denote by

V= RWL_L1 = <€0, ey em_1>

W= R™ = (er,. . em1) (1.12.109)
Then by definition we have
Spin(m — 1,1) = {vy...ve : v; € V,Q(v;) = £1} (1.12.110)
while Spin(m — 1,0), seen as subgroup of Spin(m — 1, 1), is
Spin(m — 1,0) = {vy...va 1 v; € W,Q(v;) =1} (1.12.111)
Notice that on W the metric n restricts to a positive definite metric.
As for the Lie algebras we have
i —1,1) = (eqep :
EEIZEZ — 1: 0; = ZeZeZ :Zjé?and a,b #0) (1.12.112)
What is important to note is that for any v € W we have
vey = —egv (1.12.113)
so that for any S € Spin(m — 1,0) we get
Sep =¢pS (1.12.114)

In particular, the vector subspace Reg C spin(m —1,1) is stabilized by the adjoint action Adspin(m—1,1)
of Spin(m — 1,1) when we restrict it to Spin(m — 1,0), that is for any S € Spin(m — 1,0) we have
AdSpin(mfl,l)(S)eO = SeOS_1
=SS! (1.12.115)
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Chapter 2

Principal Bundles and Associated
Bundles

One of the triumphs of twentieth-century mathematical physics has been the realization that all classi-
cal physics and classical field theory can be unified under the common theory and language of principal
bundles. Even parts of quantum mechanics and quantum field theory gain in clarity using principal
bundles, since some properties of the theory depend of the corresponding properties of the classical
model that is quantized.

The reason for this success lies in the fact that the very definition of principal bundle encodes the
principle of gauge covariance (which includes general covariance): physical fields are identified with
(local) sections of the bundle and different (local) observers give different coordinate descriptions of
the same section, which are related by a gauge transformation. The structure of gauge transformations
uniquely determines the transition functions, which are in turn a reflection of the global structure of the
principal bundle. In this sense the global structure of the principal bundle encodes gauge covariance.

It is sometimes argued that all bundles in physics are trivial, or that physical theories are written
on trivializations only. Even if we managed to prove (or discover) that all principal bundles needed
for physical applications are actually trivial, different global observers would still give different global
descriptions which must be linked by a gauge transformation, which is still encoded in a principal
(albeit trivial) bundle. In short, what physics needs from bundle theory is only the control over gauge
covariance and not over questions of triviality.

Under this premises, in this chapter we give a brief account of principal bundles, principal connections,
the associated bundle construction, and the definition of Lie and covariant derivatives. The coverage
of said material is far from exhausting, but we present only what is needed for the rest of the work.

99
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Summary and References

In we recall the definition(s) of principal bundle and principal bundle morphisms. [Section 2.2
presents the concept of fundamental vector fields and their very basic properties. defines

principal bundle connections as a special case of fibered connections, this requires a characterization
of vertical vectors that comes from the previous section. is devoted to the construction of
associated bundles from a principal bundle. We stress in particular the relation between geometrical
objects on the associated bundle and the principal bundle. In we define generalized Lie
derivatives and covariant derivatives in the context of a generic fiber bundle and we specialize to the
case of associated bundles and associated vector bundles in The last Eection 2.7 defines
vector-valued differential forms on a principal bundle and the exterior covariant differential. The
special case of a spin reduction will be studied and expanded in where we will define a
calculus which will streamline the variational analysis of the Holst lagrangian of

Practically all the material presented in this chapter is, at the time of writing, common knowledge
both in differential geometry and mathematical physics. As such the sources are plenty: a more
geometrical presentation can be found in the books by Kobayashi and Nomizu [KN63| [KN96|, while
for the point of view of mathematical physics we cite the two books by Choquet-Bruhat and De
Witt-Morette [CBDMDBT78, [CBDM89]|, and the book by Fatibene and Francaviglia [FF03].

2.1 Principal G-Bundles

A principal G-bundle on M is given by:

e a fiber bundle on M with standard fiber diffeomorphic to a Lie group G, that is a quadruple
P = (P,m,M,G) where m: P — M 1is a surjective map of maximal rank. The manifolds P
and M are respectively called total space and base space of the bundle P while the map 7 is the
projection;

e a right action of G on P

R: PxG — P

(p,9) — R(p,g)=Ry(p)=p-g (2.1.1)

which is
(i) free, meaning that Ipe P:p-g=p < g=c¢;
(ii) vertical, meaning that 7(p - g) = 7(p), Vg € G;

(iii) transitive on fibers, meaning that for any two p,p’ in the fiber P, over x € M there is a
g € G such that p’ = p- g, we write

o
g:E<:>p':p.g (2.1.2)

It is customary to denote the principal G-bundle simply by the projection map w: P — G or even
by its total space P, when the base space M, projection 7, and group G are understood.

Remark 10. The conditions on the right action R imply that the base space M is diffeomorphic to the
quotient P /G» which is the set of all equivalence classes of points p € P via the right action R.

Since a principal bundle is, in particular, a fiber bundle, we have that there exists an open cover
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{Uns}aca on M that trivializes P, meaning that there exist diffeomorphisms {14 }aca
VYo: Py =71"YUy) — Uy x G (2.1.3)

such that p; o ¢, = 7. The 1, are called (local) trivializations and whenever ¥, (p) = (z,g) we write
p = [z, gloa. We can assume that

Yo o Ry = (dy, XRp) 0 Ya
i) (2.1.4)
p=[,hla = p-g=[2,hgla
In fact the trivializations are completely determined by the preimages of U, x {e}. The data {(Ua, o) }aca

is called a trivializing atlas for P.

Denote by Uap = U, N Up the pairwise intersections, if p € 71 (U,p) then we have

[‘rvg]a =p= [xag/]ﬁ (215)
Since G is a group there is a unique element ¢g, () = ¢'g which by definition satisfies ¢’ = ¢pa(z) - g.
The functions

¢a32 Uaﬂ — G (2.1.6)

form a G-valued cocycle on U, that is
® (oa = idy,;
® $ap © Ppa =idy,;
® oy O Pyp 0P =idy, .
Using the G-valued cocycle we define the transition functions {®ap}(a,p)caxa as

(I)agl Uang — G

(2,9) — ®up(z,9) = dap(z) g (2.1.7)

Therefore, as in any fiber bundle, we have
Vpa(,9) = (Vg o3t )(x,9)

= (l‘,‘b@a(l‘,g)) (2.1.8)
= (2, 9palz) - 9)

Remark 11. Considering P as a fiber bundle, its transition functions are ®,5: Usg — Aut(G). How-
ever, since the action of ®,4 is dictated by ¢qs, it is common to refer to the G-cocycle {¢q5} also
by the term transition functions.

As with any fiber bundle, we can also define a principal G-bundle on M by giving its transition
functions:

(i) consider an open cover {Uy}aca on M and a G-valued cocycle

dap: Uap — G (2.1.9)

(ii) define the transition functions {®ap}(a,p)caxa as

(I)agl UaﬁxG — G

(z,9) — ®up(x,9) = dup(x)-g (2.1.10)
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(iii) define the disjoint union
P=|]|UsxG (2.1.11)

and equip P with an equivalence relation this way

=z
(e (Gutal) = {g' = D3a(r.9) = d3al0) 9 2112
Then the total space P is the quotient

P:]S/Nq) (2.1.13)

A point p € P will be an equivalence class p = [(«, z, g)] = [z, g]o and the projection map = is
i Po— M (2.1.14)

p=lr,9]la — =z
When defined this way we have that
P, =1 YUy,) = [Ua,Gla (2.1.15)
By defining the local trivializations {¢n }aca as

Yo Po — UaxG (2.1.16)

p=[r,9la — (2,9)

we get that {(Uy, ¥a)} is a trivializing atlas for P. By construction the local trivializations are related
by

P =Ppo 0 e = Ppo =tpgotp,’ (2.1.17)

With a little abuse of notation we write this relation as

[,9'p = [, dpa(2) - gla (2.1.18)

Using these we can define the global right action R as

Ru(p = [z, 9]a) = [z,9 - hla (2.1.19)

and one can verify that it does not depend on the trivialization.

Principal bundles have the unique property that local trivializations correspond to local sections and
viceversa, as we now prove.

Property 2.1.1 (Local Trivializations and Local Sections in Principal Bundles)
Consider a principal G-bundle P = (P,7, M,G) and an open cover U = {Uq}aca on M. There is
a one-to-one correspondence between families of local trivializations {}aca on U and families of
local sections {oa}aca onU.

Proof. We first define the family of local sections {0, } out of the local trivializations {t, }, specifically

0o: U,

— Ta (2.1.20)
T — 04

(x) = 95! (z,€) =[x, €|a
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On pairwise intersections Uy we have

op(x) =g (x,e)
= (q)ﬁa © wa)_l(% e)
=, (2, dap(@)) (2.1.21)
=5 (2,€) - dap(x)
= 0a(2) - Pap(z)

Therefore by the cocycle functions are uniquely determined by

dap(z) = ) = 03(z) = 0a(x) - Pap(x) (2.1.22)

Going in reverse, for any family of local sections {o,} we define the corresponding family of trivi-
alizations as {¢,} as

P P, — U,x@G
2.1.23
p=oa(z)-g — (z,9) ( )
and the corresponding cocycle functions will be given by
op(x)
= 2.1.24
¢,301 (l‘) O (CE) ( )
O

The property just proven has an extremely important corollary

Corollary 4
A principal G-bundle P = (P, 7, M, G) is trivial if and only if it admits a global section o: M — P.

2.1.1 Principal Bundle Morphisms and Infinitesimal Generators

A principal bundle morphism between principal bundles P = (P, 7, M,G) and P’ = (P, «', M',G") is
a triple (©,6,9) were

e ¥: G — @ is a group homomorphism;

e the pair (0, 6) is a fiber bundle morphism between P and P’, that is a commutative diagram

p_—©.,p
lﬂ l”' (2.1.25)

M 4 M
If we denote by R and R’ the right actions of P and P’ respectively, then © satisfies

Oo Rg = Rg(g) 00, Vged (2126)
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We will denote the principal bundle morphism (0, 6,9) by two superimposed diagrams

YT (2.1.27)

G2,

If P =P’ and ¢ = idg we get the monoid of principal endomorphisms of P, denoted by End(P) or
End(P), with identity element (idp,idas,idg). If we restrict to invertible principal endomorphisms,
we get the group of principal automorphisms of P, denoted by Aut(P) or Aut(P). Finally, principal
endo/automorphisms for which 6 = idj; are called vertical, they form a submonoid/subgroup and are
denoted by Endy (P) and Auty (P).

Principal bundle morphisms can also be induced by vector fields. Any vector field Z € X(P) defines
a flow ®=, that is a smooth map

¢ RxP (2.1.28)

The flow ®F satisfies

L@ )| =5, veC(P) (2.1.20)
s=0

Remark 12. The Cauchy Theorem for ODEs guarantees that, for any p € P, there is exists an open set
(—¢,€) C R such that ®= is well-defined. If (—¢,&) = R then = is a complete vector field. Since the
value of ¢ depends on the intial point p, we usually write ®=: R x P — P, even though for select
pairs (s,p) € R x P the flow may be undefined. In the rest of this subsection we assume that = is
complete, since the case of non complete fields and flows can be treated by considering local vector
fields Z: U — Py with U an open subset of P.

With the remark above in mind, fixing p € P in ®% we gives a parametrized curve in P which is
based in p, denote it by y=(—;p)

P

—>
— z(sip) =@ (2:1.30)

(1]

vx(=:p): R
s (s,p)

On the other hand, if we fix s € R in ®= we get a 1-parameter subgroup of diffeomorphism of P,
which is usually written in exponential notation

(1

S .

P — P
p +— e*=p=>=(s,p)

‘ (2.1.31)
The group law is e*= o e5'E — o(sts)E .

The diffeomorphism e*Z does not define a principal bundle endomorphism, in general. If that were
the case we would get a smooth map on M by projection

m(e®=): M — M (2.1.32)
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/

Using the group law for e*= we get an analoguous group structure for the projections 7(e*=)on(e® =) =

7(e5T)=) 50 that we can define a vector field £ on M via

&) = L Tr(e=)n)| Ve ce() (213

s=0

By definition the vector field £ € X(M) is the pushforward of Z, that is & = m,E. Vector fields
on P which have a well-defined pushforward are called projectable vector fields on P, they form a
subalgebra X,,.;(P) of al vector fields X(P). If = is a projectable vector field with m,= = £ we write
(Evf) € xproj(P)-

The principal bundle endomorphism (e*=, e%¢) induced by a projectable vector field (Z,€) € Xp0;(P)
is always invertible due to the group law, therefore it is a principal bundle automorphism. If 7,= = 0,
that is if = is a vertical vector field, the corresponding automorphism is (%=, e*0) = (e*=,idys) and

thus it is a vertical automorphism.
To summarize we have
(2:8) € Zprog(P) = (%, %, idg) € Aut(P) a0
(E,0) € Xproj (P)N Xy (P) = (e°=,idp,1d¢) € Auty (P)

2.2  Fundamental Vector Fields

Using the global right action R: P x G — P we can define particular vector fields on P using the
following classical result (see, for instance, [KN63| p. 42).

Property 2.2.1 (Fundamental Vector Fields)
Consider a manifold N, a Lie group G, and a right action
p: NxG — N
(,9) — ple.g)=pg(x)=2-g
For any vector X in the Lie algebra g of G we define the fundamental vector field Ax on N induced
by X, for any smooth function f: N — R it acts as

(2.2.1)

d
Ax(z)f = d—f (z - exp(sX)) (2.2.2)
s s=0
where exp is the exponential map exp: g — G. Denote the set of all such fields as X(N).
The map
A g — X(N)C
X s Ay (2.2.3)
has the following properties
(i) (linearity) VX, Y € g and Va, 8 € R we have
Aax+8Y = 0Ax + BAy (2.2.4)

(i1) (G-equivariance) Vg € G and VX € g we have

(Pg)eAx = Axg, x
T (2.2.5)
T,Ry(Ax(p)) = /\EQX(P “9)

where Ad: G — Aut(g) is the adjoint map and Ad, = (Ad,) ™! = Ad,-1 = Adg.
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(#ii) (Lie brackets) VX,Y € g we have

Ax, Ay = Ax v (2.2.6)

(iv) if the right action p is effective/faithful, meaning that
VreN xz-g=z=—g=c¢ (2.2.7)
then \: g — X(N) is an isomorphism.
(v) if the right action p is free, meaning that
JreN:z-g=z=g=c¢ (2.2.8)

then for any X # 0 the fundamental vector field A\x mever vanishes.

The result is valid for any left action A\: G x N — N as well since we can define a right action via
p(z,9) = A9, z) (2.2.9)

In this case, however, the fundamental vector field induced by X € g is denoted by px and is

d fexp(sX) -z
ds 5

px(z)f = (2.2.10)

s=0

Remark 13. The notations A\x and px are due to the fact that when the manifold N coincides with
Lie group G, we have both a right and left action given by the group multiplications

pg(h) =h-g

M) = g- b (2.2.11)

The corresponding fundamental fields, Ax and px, will then be the left-invariant and right-invariant
vector fields on G. Notice that the fundamental fields for the right action are left-invariant while the
fundamental fields for the left action are right-invariant.

If we now apply the property above for the manifold N = P and the right action R: P x G — P
we get that
Mg — X(P)¢ (2.2.12)

is an isomorphism and each vector field Ax never vanishes on P. We also have that each of the
fundamental vector fields Ax is vertical since for any smooth f: M — R we have

[Tor(Ax ()] f = Ax (p)(f o)

= %(fow) (p-exp(sX))

p s=0 (2.2.13)
= 2. (fom)(p)

=0

s=0

And since dim V,P = dim G = dim g = dim X(P)“ we have that vertical vector fields on P coincide
with fundamental vector fields, that is

X(P)Y = Xy(P) (2.2.14)
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The morphism A can also be seen as a map

X Pxg — VP

».X) — Ax(D) (22.15)

which shows that the vertical bundle VP = (VP,7p, P,g) is trivial with VP ~ P x g. Using

we have a right action of G on VP ~ P x g which is
(p. X) 9g=Ax(p) g
=T Ry(Ax(p))
re (2.2.16)
= Xag,x (P~ 9)
= (p-9,AdyX)
Notice that the global right action R: P x G — P also defines a family of maps
L, G — P
2.2.17
g — Ly(9)=Re(p) =p-yg ( )
Using this map we have that
Ax(p) = ToLy(X) (2.2.18)

2.3 Principal Connections

As with any fiber bundle, a connection w on a principal G-bundle P = (P, w, M, G) is a Frobenius
distribution H: P — TP, where denote H(p) by H,P, that is horizontal, meaning that for any p € P

H,PNV,P =0

(2.3.1)
H,P&V,P =T,P

The subspace H, P is called horizontal (tangent) subspace at p. Any vector =, € T,,P can then be split
into its horizontal and vertical parts

=, = hZ, ® vE, € HyP ® V,P (2.3.2)

The same is true for vector fields: denote by X5 (P) and Xy (P) the sections of HP and V P respectively,
then for any = € X(P) we have a unique decomposition

= h2®vE € Xp(P) ® Xy (P) (2.3.3)

From the previous section we know that T,Ry(V,P) C V,.4P, requiring the same of horizontal sub-
spaces makes w a principal connection. In particular, using [property 2.2.1| we have that the vertical
projector satisfies

vol, R, = A7dg ow (2.3.4)
and the requirement for w to be a principal connection then is

hoT,R,=Ad,oh (2.3.5)
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Using the differential forms description, consider a vertical-valued 1-form w on P, that is a commu-
tative diagram

TP —“5 vp
lﬂ, l”’ (2.3.6)
P P

Then by defining H, P = ker w, we get
(i) the distribution H: p — H, = H,P is horizontal;
(il) @|yp =idyp.
so that @ encodes all the information of a fibered connection on P. We can use the triviality of

VP ~ P x g to describe any connection on P with a g-valued 1-form w: TP — g. The connection
form w is completely described this way: given a vector field = € X(P) with w(E) = Ax, then

w(E) =X (2.3.7)
In particular we have that

2y € kerw, = =, € kerw,

- - (2.3.8)
Zp=2x(p) = w(E) =X
Using we have that
[(Rg)*wp.g] (Ax (p)) = Gpg()‘ﬁgx(p -9))
— Xga, x(P-9) (2.3.9)
= [mg‘z’p] ()\X (p))
Meaning that on vertical vectors we have that w satisfies equivariance:
[(Ry)*w] lvp = [Adgw] |vp (2.3.10)

The g-valued 1-form w describes a principal connection if it satisfies equivariance on any vector, that
is

(Ry)*w = Ad,w (2.3.11)

To summarize, a principal connection is given by a g-valued 1-form w such that
(i) Ep € HyP <= w(Ep) =0;

(ii) w(Ax(p)) =X for all X € g;

(iii) (Ry)*w = Ad,w.

The property in item (ii¢) is expressed by saying that w is a 1-form on P of type (Ad, g) (or simply of
Ad-type), the set of all forms of this type is denoted by Q! (P, g)*d.

For any point p € P we have T,m(V,P) = 0. If n(p) = « then, by the rank + nullity theorem, we
have that

dim H, P = dim T, M (2.3.12)
For a given &, € T, M the unique horizontal vector Z, € H,P such that

T,7(S,) = & (2.3.13)
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is called horizontal lift of &, to p and is denoted by (5;)17, that is &, = (f;)p. The same is true for
vector fields: for any field & € X(M) there exists a unique horizontal lift £ € X5 (P) which is

ép = (5;)17 (2-3-14)

Remark 14. In some sources, the hat operator on a vector field £ € X(M) denotes its natural lift to the
tangent bundle, that is & € X(T'M). In this thesis we will use the hat to denote the horizontal lift
exclusively.

2.4 Generalized Lie and Covariant Derivatives

In any fiber bundle B = (B, 7, M, F) one can define the (generalized) Lie derivatives of sections along
a projectable vector field. Recall that a vector field = € X(B) is projectable iff its pushforward £ = 7,2
is well-defined vector field on M. In this case we write (E,§) € Xpr0;(B).

Definition 2.4.1 (Generalized Lie Derivative of a Section)
Consider a fiber bundle B = (B, w, M, F), a section ¢ € I'(B), and a projectable vector field (Z,&) €
Xproj(B). The Lie derivative of o is along Z is a map

£=0: M — VB (2.4.1)

If we denote by e*= and e*¢ the l-parameter subgroups generated by Z and &, then £=zo acts on
smooth functions f € C*(B) as

(£20)@)f = & fle~Zo(c*a)) (2.4.2)
s=0

Property 2.4.1 (Closed Formula for Generalized Lie Derivatives)
In the situation of the preceeding definition we have

(£EU)(x) = (TIU)(EI) - Ea(r) (243)

Proof. For any f € C*°(B) we have

(2.4.4)

= 750’(w) (f) + gac(f © U)
- [(Tma)(§$) - Eo(x)] f
which is precisely the thesis.
O

If we fix a bundle connection w on B then we have a canonical way of selecting a projectable vector
field = € X(B) for any given vector field £ € X(M): the horizontal lift £ of £. The Lie derivative of o
with respect to the projectable vector field (&, €) is the called the covariant derivative of o with respect
to .
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Definition 2.4.2 (Covariant Derivative of a Section)
Counsider a fiber bundle B = (B, 7, M, F'), a section ¢ € I'(B), and a bundle connection w on B. For

any vector field & € X(M) denote by £ € X7(B) its horizontal lift. Then (£, €) is a projectable vector
field and

¢
Vo = £:0 (2.4.5)

is called the covariant derivative of o with respect to &.

Corollary 5
In the situation of the preceeding definitions, consider a projectable vector field (2,€) € Xproj(B), @
section o: M — B, and a bundle connection w on B. Then since

E=h

(1]
(1]

— w(E) (2.4.6)

one has the following relation between covariant and Lie derivatives

Veo = £20 + w(E) o0 (2.4.7)

2.5 Associated Bundles

Using principal G-bundles we can construct many fiber G-bundles, that is, fiber bundles B = (B, w, M, F)
in which the transition functions are valued in a subgroup of Diff (F') which is homeomorphic to G.
The construction is as follows:

(i) consider a principal G-bundle P = (P, 7, M, &), a manifold F, and a left action

A GxF — F

2.5.1
(9:9) — Mg,y)=XNW) =9y 25.1)
(ii) define the following equivalence relation on P x F
P=pyg
(P,y) ~a (0Y) = Fg €@ {y/ —gy (2:5.2)

As before, the bar denotes the inverse element: g = g—!. We will denote the equivalence class of
(p:y) by [p,ylx or [p,ylc-
Notice that, since the right action Ry: P — P is free and transitive on fibers, we have that

.y =[p.y]ec = ¥y =y (2.5.3)

That is, for any fixed p € P, and any p = [p/,y']¢ € P, there is one and only one y € F such
that [p,y]¢ = D. We denote this element by y,(P) and an explicit formula for it is

() = up([P, ' ]c) =

=

y=Ly (2.5.4)
p

In fact for [p,y,(P)le¢ = [P, ¥']¢ we must have

[ . = /.
ngG:{p_pg :}{p P

. — g="= (2.5.5)
Y =9 yp(D)
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Notice that by definition

Yp-g(I0'¥']c) =

bS]

Il
Qf

g
o, (2.5.6)
P

“Up([p: yla)

Il
Q|

(iii) the total space P> of the new bundle is the quotient
pr—PxE, (2.5.7)

with the projection

A A

T P — M

2.5.8

sl — 7o) 258

(iv) any trivializing atlas {(Ua, 1)} of P induces a trivializing atlas {U,,%2)} of P*. Consider the
local sections {04 }aeca corresponding to the local trivializations {14 }aeca, then any point p in
the fiber P} over x € M has a unique representative of the form

P = [0a(2), ¥a(P)lc = [0a(2), Yoo () (P)lc (2.5.9)

In particular, for any other representative p = [p,y]x with p € P, with p = [2,g9]a < p =
o) - g we have that

Ya(P) =7y (2.5.10)

Then the trivializations of P* are on the open sets P} = (7*)~!

v Ua ><Pllg _ éUa) (7(P), ya (P)) (2.5.11)

The fiber bundle P* = (P*,7*, M, F) thus obtained is called fiber bundle associated to P (via \),
alternative notations are P xy F' and P X F, when the action of G on F is understood. By item (iv)
in the previous list, the associated bundle can be built starting from any trivializing atlas {(Uy, ¥)}
of P with transition functions {¢.s} and defining the transition functions of the bundle P* as

y: UagxF — F

(,y) > M¢ap(®),y) = dap(z) -y (2.5.12)

2.5.1 Bundle Morphism of P* induced by P

Any principal bundle endomorphism (0, 6, idg) of P induces an automorphism (6%, ) of the associated
bundle P*, specifically

ONp = [p.yl) = [B(), ¥l (2.5.13)

And (0, 6,idg) is an automorphism iff (©*,6) is an automorphism. Then for any projectable vector
field (Z,€) € Xpr0j(P) we have that the principal automorphism (e°=,e%¢,idg) induces the automor-
phism ((e*%)*,e3¢) of P

(€@ =[p.yl\) = [€Fp,y] 4 (2.5.14)
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The induced automorphisms are still a 1-parameter subgroup, therefore we have that its infinitesimal
generator (2*,¢) is a well-defined projectable vector field on P*. Even though not all projectable
fields in Xp,o; (P*) are obtained this way, the fields that are induced from P are called projectable

vector fields on P> induced from P and are denoted by (Xpmj(P)))‘. These are extremely important
in mathematical physics since the principal bundle P is the mathematical object that describes the
gauge invariance of a physical system. All other gauge invariant objects must then be obtained from
P using the associated bundle construction, therefore one usually only cares about geometrical objects
in P» which can be directly induced from P.

2.5.2 Tangent Bundle of P* and Induced Connections

If we denote by ¢ the projection q: P x F — P>, then on tangent manifolds we have
Tq: TP x TF —» TP (2.5.15)
and one can prove that T'q is the quotient map with respect to the following equivalence relation
®.y) =@ 9.9 y)
(Zpsvy) ~ (Epsvy) <= 39, X)eG xg: 2, =TpRy(Zp) + Ax(p-9) (2.5.16)
vy =TyAg(vy) = px(7-y)

Since the equivalence relation reflects the semidirect group structure of TG = G x 57 g, we will denote
equivalence classes by [Z,,vy]r¢. In particular we have that vertical vectors are

VP =Tq(VP x TF) (2.5.17)

and since any vector in V, P is of the form Ax(p) for some X € g, vertical vectors in VP> have a
canonical representative of the form

Ax(p), vy]re = [0y, px (y) +vyl7G (2.5.18)

For any horizontal distribution H: p — H,, on P which is G-equivariant, that is
T,R,(H,P) C Hy.,P (2.5.19)
one can prove that the distribution
H: P — TP?
p=[pyl — Tq(H,P x{0})
is a well-defined horizontal distribution on P*. Therefore any principal connection w on P induces a
connection w® on P*. The corresponding vertical-valued 1-form is
W TP — VP
[Ep,vylre > [W(Ep),vylre = [0p, pu(z,)(y) + vylra

(2.5.20)

(2.5.21)

2.5.3 Sections of an Associated Bundle

Consider a principal G-bundle P = (P, 7, M, G), a left action A\: G — Diff (F') of G on a manifold F,
and the relative associated bundle P* = (P*, 7, M, F'). Since the total space is the set of equivalence
classes in P x F' under the relation

pP=p-yg

o (2.5.22)
Yy =7y

(pyy) ~(,y) &= JgeG: {

We can characterize smooth functions on P» and smooth sections o: M — P? in a precise way.
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Property 2.5.1 (Smooth Functions on an Associated Bundle)
Consider a principal G-bundle P = (P,m,M,G), a left action \: G — Diff (F') of G on a manifold
F, and the relative associated bundle P» = (P*, 7>, M, F). Letq: PxF — P* be the quotient map
i

induced by the equivalence relation|eq. (2.5.22)} Denote by C>=(P x F)% the subalgebra of C>(P x F)
of G-equivariant functions, that is functions f: P x F — R such that

(f-9)py)=f-9.9-y) = f(p,y) (2.5.23)

Then the algebra of these equivariant smooth functions and the algebra C>°(P?) of the associated
bundle are algebra isomorphic via the pullback through q

¢ C®(PY) — C®(Px F)¢

P foq (2.5.24)

Proof. The fact that a smooth function f € C* (P x F)% determines a smooth function on P> is
pretty straightforward. In fact f is smooth and we can define f € C>(P?) as

f(p.yle) = f(p,y) (2.5.25)
If [p,yle = [P, ¥']c then there is an element g € G such that
P=pyg
- (2.5.26)
y=g9-Y

And

9-9) (2.5.27)

Similarly, for any function f € C* the pullback f: q*f = foqeC>®(P x Q) is G-equivariant by
definition.

O

Property 2.5.2 (Sections of an Associated Bundle)
Consider a principal G-bundle P = (P, 7, M,G), a left action \: G — Diff (F) of G on a manifold
F, and the relative associated bundle P* = (P*,n*, M, F). Denote by Q°(P,F)* the space of F-
valued C*°-maps on P which are \-equivariant, that is maps s: P — F such that

s(p-g) = Mg, s(p)) =7 s(p) (2.5.28)

Then the set of these equivariant maps and the set of global sections I'(P*) of the associated bundle
are isomorphic

(P ~ Q%P F)* (2.5.29)
The correspondence is

o(m(p)) = [p, s(p)]c (2.5.30)
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Proof. Recall that for any p = [p/, y']¢ and p € P such that 7n(p) = 7(p’), there exists only one y € F
such that

p.yle =p=["v]c (2.5.31)
and we denote it by y,(p). Now we start with a section o: M — P> and define the map

s: P — F

p o s) = u(o(n) (25.82)
that is
o(n(p)) = [p, s(p)lc (2.5.33)
The map s is in Q°(P, F)* since for any g € G
5(p-9) =Ypglo(n(p-g)))
= Ypg(o(m(p)))
=3 y(o(x(p)) (25.54)
=7-s(p)

By going in reverse one has that for any A-equivariant map s € Q°(P, F)* there is a section
o: M — P> defined as

o(xz) =o(r(p)) = [p,s(p)lc; YpEP: (2.5.35)

O

2.6 Generalized Lie Derivatives in Associated Bundles

Consider a principal G-bundle P = (P, 7, M, G), a left action A\: G — Diff (F') of G on a manifold F,
and the relative associated bundle P* = (P*, m*, M, F). We now use the characterization of TP*, of
the smooth functions on P*, and of the sections o: M — P to give a characterization of generalized
Lie derivatives in P?*.

From fsubsection 2.5.2 we have that a vector field 2 € X(P?) is of the form

E:p=[pyle — [EW),v(y)lrc (2.6.1)

l

for vector fields = € X(P) and v € X(F') which satisfy

—

P y)=(®-9,9-v)
Vg€ G,3X € g: K E'(p') = T,Ry(E(p)) + Ax(p- g) (2.6.2)
V'(y') = Tyhg(v(y) — px (G- y)

Since Tjp 167 ([Ep, vylre) = Tpm(Z,) we have that the vector field [2,v]re € X(P?) is projectable if
and only if 2 € X(P) is projectable, that is

Xproj(PY) = {[E,v]7G : E € Xproj(P),v € X(F)} (2.6.3)
Recall also that we have a subalgebra of projectable vector fields induced from P

(Xpros (P))* = {[E.0lrG : E € Xpro; (P)} (2.6.4)



2.6. GENERALIZED LIE DERIVATIVES IN ASSOCIATED BUNDLES 75

Consider now a smooth function f € C®(P) and a section o: M — P?, then by fsubsection 2.5.3

there are unique f € C*°(P x F)% and s € Q°(P, F)* such that
f(lp.vle) = f(p,y) (2.6.5)

and
o(m(p)) = [p,s(p)lc (2.6.6)

For any projectable (Z,¢) € Xproj(P?) we compute the Lie derivative

(£20)(@)] = - (e~ o(ea) (267)
5=0
Since 7(e*=p) = e*¢n(p) we get
(£20)()] = - Fle e, s(eZp)lo)
s=0
d ~ —sE _s& —sv s=
= eS| 0s)

(e (Do)

= [TPS(EI)) - Us(p)]f

s=0

then we have proved that

Property 2.6.1 (Generalized Lie Derivatives in an Associated Bundle)
Consider a principal G-bundle P = (P,7m, M,G), a left action \: G — Diff (F) of G on a manifold
F, and the relative associated bundle P* = (P, 7, M, F). Consider a section o: M — P* and
denote by s € QU(P, F)* its corresponding equivariant map. Then for any projectable vector field
Z=[2v]rq € Xproj (P), with (Z,€) € Xproj(P) and v € X(F) we have

(£20)(x) = [0,Tp5(8) = (vos)(p)lra, Vpe P (2.6.9)
This can be written briefly as
£o=1[0,Ts—vos|ra (2.6.10)
If== (E*,€) for some projectable (Z,€) € Xpro;(P) then the formula simplifies to
£o=[0,Ts]rq (2.6.11)

Now fix a principal connection w on P and denote by (AJJA the induced connection on P*. For any
& € X(M) the horizontal lift to P is & € Xy (P) and (&,&) is a projectable vector field. Then the
horizontal lift to P* is [¢,0]r¢. Therefore the covariant derivative of o with respect to & is

Vo = [0, Ts(Olrc (26.12)

If Z = [, v]r¢ is projectable with (7}),Z = ¢ then £ coincides with the horizontal part hZ of Z, which
is
(2.6.13)

so that
(2.6.14)
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2.6.1 Associated Vector Bundles

A specific, but extremely common, situation is that of associated bundles with F' = V a vector space
and A\: G — GL(V) a representation, so that the associated bundle E = P* is a vector bundle. In
this case we can strengthen the result on sections, in which the spaces Q°(P,V) and I'(E) become
isomorphic as C*°(M)-modules.

Property 2.6.2 (Sections of an Associated Vector Bundle)
Consider a principal G-bundle P = (P,m, M,G), a representation \: G — GL(V') of G on a vector
space V, and the relative associated vector bundle bundle P* = & = (E,7*,M,V). Denote by
QO(P, V)N the C=(M)-module of V-valued C®-maps on P which are \-equivariant, that is maps
s: P —V such that

s(p-g) = Ag,s(p) =79-s(p) (2.6.15)

Then the module of these equivariant maps and the C*°(M)-module of global sections T'(E) of the
associated vector bundle are isomorphic as C*°(M)-modules

[(E) ~coe(ary Q0(P, F)? (2.6.16)
The correspondence is
o(m(p)) = [p,s(p)]e (2.6.17)
In fact for any f € C>(M) we have
(f-o)(x(p)) = f(x(p)) - o(x(p)) (2.6.18)
and
(f-s)p) = f(m(p)) - s(p) (2.6.19)
which results in
(f-o)(@(p)) = [p, (f - )P (2.6.20)

Recall that for any Lie group representation \: G — GL(V') of G on a vector space V there is an
induced representation TA: g — gl(V') of the Lie algebra g of G. These are related by the exponential
mapping

d
TAx(U) = %Aexp(sX)(v) 70, VX eg,YveV (2621)
For any principal connection w on P, denote the induced linear connection on E = P* as w*. Then
for any section o: M — E with corresponding equivariant map s: P — V we have

w}\
Veo = [0,TS(E) + pu) 0 slra, Y(E, &) € Xproj(P) (2.6.22)

Since V' is a vector space we can give a simpler description both of T's and of p,,=). For px with X € g
we have

d

(pX © 3)(]7) = %Aexp(tX) (S(p))

= %)\(exp(tX)7S)(p)

= TA(X,5)(p)

(2.6.23)

t=0
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Therefore the covariant derivative in an associated vector bundle has the simpler form

Veo = [0,75(2) + Thuzy(s)lres  Y(E€) € Xpros(P) (2.6.24)

As for T's, given a curve 7: (—¢,&) — P with v(0), denote by =, its corresponding tangent vector in
T, P, then for any f € C*(F)

1]

Ts(Zp)(f) = %f(S(v(t))) e Yo ———— (2.6.25)
= ds(Ep)(f)

That is, for a vector valued function s: P — V, the tangent maps T's coincides with the exterior
differential ds: TP — V. Since by equivariance

(Re)'5)(p) = (30 B)(0) = 5(p- 6) = A(7. 5(p) (26.26)
we get
A5(TyRy(Z,)) = 5(1(1) 9)
t=0
_ -%s(v(t)) . (2.6.27)
=7-ds(S)

That is, ds is again equivariant and we denote the vector space of these forms by Q' (P, V).

2.7 Vector-Valued Differential Forms and Exterior Covariant
Differential

Motivated by we extend the calculus of differential forms to V-valued k-form on P.

Definition 2.7.1 (V-Valued k-forms on P)
Consider a principal G-bundle P = (P, 7, M, G) and a vector space V. The vector space of maps

a: AFTP — v (2.7.1)

is denoted by Q¥ (P, V) and is the set of V-valued k-forms on P. Since V is a finite dimensional vector
space, any a € QF(P, V) can be written as a finite linear combination of decomposable elements

a=pRv, ecQ¥P)vecV (2.7.2)

Define the contraction of a € QF(P, V) and Z € TP as the V-valued (k — 1)-form

(1]

(Oé_lE)(El,...,Ek_l) :Oé(E, 1,...,Ek_1), V=, € TP (273)

The exterior derivative d can be extended to vector-valued forms, on decomposable elements p ® v €
QF(P,V) we have

d: QFPV) — QMLPY)

Sor s dpou (2.7.4)



78 CHAPTER 2. PRINCIPAL BUNDLES AND ASSOCIATED BUNDLES

The general formula is analoguous to that of the exterior differential

k
dOé(uo, 7:k): Z(—l)l (Oé_l_‘l)(\_.o, ..,Ei...,EJ)—f—
=0 (2.7.5)
+Z( 1)1+]a([H17:‘j]7H07 7517 75]7 7Ek)
1<j

where the hats denote omission, as is usual.

If \: G — GL(V) is a representation of G on V we define the V-valued k-forms on P of type X (or
k-forms on P of type (\,V)) as the a € Q¥(P, V) such that

(Rg)*a(p-g) = A(g) -a(p), Vpe PVgeG (2.7.6)

and denote the vector space of such forms as Q¥ (P, V)*. A V-valued k-form of type A which vanishes
on vertical vectors is called tensorial, the vector space of such forms is denoted by Q’I“_I(P, V)M

The reason behind the term “tensorial” lies in the following proposition:

Property 2.7.1 (Tensorial Forms on P)
Consider a principal G-bundle P = (P,w, M,G), a representation A\: G — GL(V') of G on a vector
space V', and the relative associated vector bundle bundle P* = & = (E,n*,M,V). Denote by
OF (M, E) the C>*(M)-module of E-valued k-forms on M, that is skew-symmetric multilinear maps

a: A*\TM — E (2.7.7)
Then there is an isomorphism of C*° (M )-modules

Q8 (P,V)* ~eoe(ary (M, E) (2.7.8)

Proof. See, for instance, [KN63| p. 76.

O
Examples
o if @ is a G-reduction of L(M)
Q —— L(M)
P ” (2.7.9)
M—=M
with solder form 6g, we have that
0g: TM — Eg (2.7.10)

where Eg is the vector bundle associated to @) via the standard action A of G, seen as a closed
subgroup of GL(m), on R™. Then by the proposition above we have that the solder form can
be alternatively described as a tensorial 1-form on () of type A, we still denote it by 6g. To
describe its action recall that

Eq={lg,vlc :q € Q,veR™} (2.7.11)
As before, for any v, € (Eg), and any ¢ € Q there is a unique y,(v;) € R™ such that

Ve = [¢, Yq(va)c (2.7.12)
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Then

. m

bo: re — R - (2.7.13)

(,Zq) > Y0 (Typ(Ey)))

e a principal connection w on a principal G-bundle is, by definition, a pseudotensorial 1-form of

type (Ad, g). Connection forms are the “least tensorial” of all forms since their kernel defines
horizontal vectors.

If a € QF(P, V) is of type A (i.e. pseudotensorial), then one can prove that also da is of type A\. The
exterior derivative of a tensorial form, however, is not a tensorial form in general. By fixing a principal
connection w on P we can define the exterior covariant differential as a differential which preserves the
space of tensorial forms.

Definition 2.7.2 (Exterior Covariant Differential)
Consider a principal G-bundle P = (P, 7, M, G), a representation \: G — GL(V') of G on a vector
space V, and the relative associated vector bundle bundle P* = £ = (E,7*, M,V). For a fixed
principal connection w on P denote by h: TP — HP the horizontal projector. The exterior
covariant differential of a V-valued k-form « on P is defined as

(Da) (B, . ..,2) = da(hZ, ..., hEy), Z; TP (2.7.14)
As such it is a linear map

D: QMPV) — QYR

w (2.7.15)
a — D«

that satisfies D(Q(P, V))) € QFL(P, V) and D(Q% (P, V)}) € Q51 (P, V).

Property 2.7.2
Consider a principal G-bundle P = (P,m, M,G), a representation \: G — GL(V) of G on a vector
space V, and the relative associated vector bundle bundle P = & = (E,n*,M,V). For a fired

principal connection w on P we have the following formulas for the exterior covariant derivative D

(i) for B € QF(P) ~ Q¥(P,R) and a € Q"(P,V) define the wedge product

(6 A O‘)(Elﬁ SERE) Eka Ek?-‘rh Ek+h)

(k+ R)! = = = - 2.7.16
T TR Z sgno B(Eo(1)s- -+ Za(k) - UEo(kt1)s - - - U(Ek+n)) ( )

T 0€GLL

Then

D(BAa)=DBAa+ (~1)*8 A Da (2.7.17)

(ii) for o € Q% (P,V)* we have
Da = da + TAw) AN (2.7.18)

where TA: g — GL(V) is the Lie algebra representation induced by A and TA(w) A a €
QFHL(P, V) s defined as

(TAW) A )(Bo,-. -, Er) = 5 Y s8u0 TA (W(Eo0), a(Eoys-- - Zow))  (2.7.19)

: ASICEY
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In particular, given a solder form 0¢g we define the torsion form ©,, of w as the exterior covariant
differential

0. = Db = dfo + TA(w) Ao (2.7.20)
(#ii) for V=g and A = Ad we compute the curvature form R, of w as

w 1
R, = Dw =dw + §TAd(w) Aw

. (2.7.21)
=dw+ §ad(w) A w
Since for any X,Y € g we have ad(X)Y = [X,Y] this is also written as
1
R, =dw+ i[w A w] (2.7.22)
(iv) for V=g and A = Ad we have the Bianchi identity
DR, = D*w=0 (2.7.23)
For a solder form 0 € QL (P,V)* the Bianchi identity has the form
DO, = D%y = TA(R.) A o (2.7.24)
Proof. See, for instance, [KNG63| p. 77.
O

In a later chapter, we will expand on the calculus of V-valued k-forms on P and related operations.



Chapter 3

Structure Group Reduction and
(G-Structures

This chapter treats the structure group reduction problem in a principal bundle. The contents of this
chapter depend heavily on the definitions and results about principal bundles of the previous chapter.
However, we decided to separate the material into two parts. This choice is both functional, hav-
ing chapters as small and contained as possible facilitates reading, and thematical, group reductions
and G-structures gravitate more towards topological aspects, while deals mainly with geo-
metrical questions. Moreover, the contents of are background knowledge for physicist and
mathematical physicists working in the context of gauge theories, while the results of this chapter have
predominantly been domain of differential geometers: separating the two, then, tries to help both.

In contrast to the preceeding chapter, the material presented here is almost completely adapted to
the special case of G = GL(m): even though it is a particular example, it is still common and general
enough that not much is lost. As for all prerequisite chapters, the material presented here is tailored
to the needs of the following sections, especially and [f] in which we will combine the results
from Clifford algebras, principal bundles, and structure group reduction.

81



82 CHAPTER 3. STRUCTURE GROUP REDUCTION AND G-STRUCTURES
Summary and References

[Section 3.1|defines the structure group reduction and lists different criteria we can be used to determine
the existence of said reductions. In we tackle the problem of inducing connections on the
reduced bundle starting from a generic principal connection on the principal bundle. The concept
of reductive pair of Lie groups is defined and employed as a standard method of defining reduced
connections, this will be refered to very often in the following sections and chapters. Finally in
to[3.5) we treat the special case of the frame bundle L(}M) of a manifold M, this is not only
an example but also a fundamental tool for the following chapters. The subsection
discusses the definition of invariant tensors on M from a reduction of L(M) and the chapter is then
concluded by [subsections 3.5.2| and [3.5.3] which characterize the reductions of L(M) to the subgroups
GL4(m) and SL(m) of GL(m).

As with the material in this chapter is widely known and used, see for example the first
book by Kobayashi and Nomizu [KN63].

3.1 Structure Group Reduction

Given a principal G-bundle P = (P, m, M, G) and a closed subgroup H of G, we say that the structure
group of P can be reduced to H, or that P is H-reducible, if there exists a principal H-bundle
= (Q,7', M, H) on M and a principal bundle embedding (¢,id s, 7)

—tsp
le ]5 (3.1.1)
H—'% G

where ¢: H — (G is the embedding of closed Lie subgroups. Since ¢: Q — P is an embedding we
can identify @ with the subbundle ¢(Q) of P.

Remark 15. In certain sources one finds a definition of reduction similar to the one given above, but
which only assumes that i: H — G is a group homomorphism and ¢: ) — P not necessarily an
embedding. This is especially useful when H is not a subgroup of G, e.g. when dealing with spin
structures for which H = Spiny(r, s) and G = SOy(r, s). In this thesis we will adhere to the definition
above, treating spin structures (chapter 4) separately. This is motivated by the fact that the many
of the properties below work only when H is a subgroup of G, or need some adjustments to work in
the case of a generic group homomorphism i: H — G. Since we will be dealing with spin structures
later, this choice does not cause any problems, but in context when one is interested in more generic
pairs of H and G the alternative definition may be more suitable.

We have the following important characterization of reduction in terms of transition functions:

Property 3.1.1
A principal G-bundle P = (P, 7, M,G) can be reduced to a closed subgroup H of G iff it admits a
trivializing atlas {(Uy, o)} with transition functions {¢ap}(a,gycaxa which are valued in H.

Proof. We prove the two implications:
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= If P is H-reducible then we have a principal H-bundle Q = (Q,n’, M, H) and a principal

bundle morphism (¢,id s, 7)

—t,p
Ag }; o
H—'5 @

Consider a trivializing atlas {(Uy,¥})} for Q and denote by {o),: Uy — Qa}aca its corre-
sponding local sections and by {¢/,5} its transition functions. The functions

0a: Uy — Po=11U,)

/

r — o (2)) (3.1.3)

are local sections of P, denote by {1} the corresponding trivializations and by {¢ag} the
corresponding transition functions. We have

Yap(z,9) = (2, Pap(z) - 9) (3.1.4)
by construction
op(x) = 0a(z)) - Pap(x)
U0 (2) - Pap(@)) = 0a(T) - dap(x)
0a(z) - i(Pns(r)) 0a(T) - Pap(z)

where we used the fact that ¢.: Q@ — P is a principal bundle morphism. Since the right action
R on P is free then we must have

(3.1.5)

T

Pap(r) = i(¢s(2)) (3.1.6)

meaning that P admits transition functions which are valued in H.

<= If P admits a trivializing atlas {(U,, %)} with transition functions {¢,3} which are valued

only in the subgroup H of G, then we can define the total space Q of Q@ = (Q, 7', M, H) as the
points in P which are the preimages of H via the trivialization, specifically

Qe =p '(z) = w;l(:c, H) (3.1.7)

The total space will be

e=1]ae (3.1.8)

zeM

The map ¢ in the principal morphism (¢,ids, %) is simply the inclusion of @ in P.
O

By the previous property and the equivalence between trivialization and local sections, we have that
P is H-reducible iff there exists an open cover U = {U,} of M, local sections {04}, and functions
¢ap: Uag —+ H such that

op(x) = 0a(x) - Pap(z), Yo e U.g (3.1.9)
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In a certain sense, the local sections are in the same “(left) coset space” with respect to H. We make
this notion precise using associated bundles. Recall that the set of left cosets of H in G is

Gy =C/y=1{gH:geGC} (3.1.10)
The group G acts on the left on left cosets via

A GXGH — GH
(9,9H) ~— (99')H

So that we can define the left coset bundle Py = (P, 7, M,G ). Notice that any equivalence class
D = [p, h]a has a canonical representative

[p.hlx = [p-h.]h- bl
=[p-h, el

(3.1.11)

(3.1.12)

meaning that

Py ={pH :pe P} (3.1.13)
The criterion we want to prove is

Property 3.1.2
Given a principal G-bundle P = (P,m, M,G) and a closed subgroup H of G, the bundle P is H-
reducible iff the left coset bundle Py admits a global section.

Proof. We prove the two implications

= Using[property 3.1.1|we have that P has a trivializing atlas {(Uy, 1))} such that the transition

functions {¢ns} are valued in H. Consider now the local sections {o,} which correspond to
the trivializations {1}, they satisfy

03(x) = 04(x) - Ppap(x), Ve e Uyg (3.1.14)
Therefore for any = € U,s we have
oo(x)H = 0g(x)H (3.1.15)

meaning that the {o,} glue to a global section in Pg.

<= Denote by 0: M — Pp the global section of Py. For any z € M define
Qz ={p€ P, :pH = o(2)} (3.1.16)

Since o is a global section, @, is non empty for every z € M. Given p € Q, and p' = p- g we
have that

peEQ, — g€ H (3.1.17)

Therefore Q = U@, is the total space of the H-reduction of P.
O

We conclude this section by quoting, without proof, two lemmas from algebraic topology which are
often useful when we need to determine whether or not Py admits a global section.
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Lemma 4 (see, [KN63|, p. 58)
Consider a fiber bundle B = (B, m, M, F). If the standard fiber F is homotopy equivalent to R*, for
some k € N, then the bundle admits a global cross section. Special cases are

e F is diffeomorphic to R¥;

e R* is a deformation retract of F.

Lemma 5 (see [Ste99], p. 30)
Consider a smooth manifold M, a connected Lie group G, and a transitive Lie group action A: G X
M — M, fiz a point xtg € M. Let H C G be the stabilizer subgroup of xg, that is the closed Lie
subgroup.

H=G; ={9€G:g-x0=20} (3.1.18)
If the map
Aaog: G M:g—g-x (3.1.19)
s an open map, then
Crar~M (3.1.20)

is a diffeomorphism.

3.2 Reductive Pairs and Connections on Reduced Bundles

Consider a principal G-bundle P = (P, 7, M, G) and an H-reduction Q

s

Q —+— P
Y, Y, (3.2.1)

9

H— G

Given a principal connection @ € Q(Q,h)*? on Q it always possible to define an extension to P, that
is, a principal connection w € Q!(P, h)A4 such that w|g = . This is done in the following way: for
any point p € P, and any point ¢ € ), there exists a unique g € G such that

p=1(q)-g (3.2.2)

and p € ¢(Q) if and only if g € i(H). Then we define w(p): T,P — g
w(p) = Ad(g) - i(@(q)) (3.2.3)

We now look at the situation in reverse: given a principal connection w € Q*(P, g)*4 on P we ask if
it is possible to define a connection @ on @ out of w in a canonical way. Identifying @ with «(Q) C P
and b with i(h) C g, the simplest possible situation would be when w|q is valued in h. In this case we
say that w is reducible to @) by defining @ = w|g.

In general, we can always find a vector subspace m C g such that

g=hom (3.2.4)
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and split the connection w into its h-part A and its m-part K. For A|g to be a proper principal
H-connection on ) we need

Adg(h)Alg(g) Ch, Yhe H (3.2.5)

where Adg denoted the adjoint action of G on its Lie algebra g. This condition is satisfied only when
the splitting g = h & m is Adg-invariant, therefore we give the following definition:

Definition 3.2.1
A pair of Lie groups (G, H), with Lie algebras g and b respectively, is a reductive pair if:

(i) H C G is a closed Lie subgroup, so that b is a subalgebra of g;

(ii) there exists a reductive splitting, that is

g=hdm and Adg(H)mCm (3.2.6)
where Adg(H) is the adjoint representation of G restricted to H.

Remark 16. Notice that the vector subspace m C g in the previous definition need mot be a Lie
subalgebra.

The definition and properties of reductive pairs clarify when we can reduce a principal connection to
a reduced bundle.

Theorem 3.2.1
Let (G, H) be a reductive pair with Lie algebras g,4 respectively and reductive splitting g = b @ m.
Consider a principal G-bundle P = (P, 7, M,G) with an H-reduction Q = (Q, ', M, H)

Q —— P
M M (3.2.7)
H '3 @q

Given a principal connection w on P, call A its h-component and k its m-component. Then the h-part
A€ QY P,h)A is a connection on P which is reducible to Q.

Proof. By construction we have that, for any p € P, the principal connection w € Q' (P, g)*9 splits
as

w(p) = A(p) & k(p) Eh&m (3.2.8)
Since the reductive splitting is a direct sum we necessarily have
A(p)E, = k(p)E, =0, VE, € H,P (3.2.9)
For any X € h we then have

Ap)(Ax (p) @ £(P)(Ax (p)) = w(Ax (p))

_Xeb (3.2.10)
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meaning that
vX eh (3.2.11)

Finally, for any h € H we have
(Rp)"(A(p-h) @ k(p-h))(Ra)*A(p-h) & (Rn)"k(p - h)
= (Rp)"w(p - h)
= Adyw(p) (3.2.12)
= Ady,(A(p) @ £(p))
= AdyA(p) ® Adyk(p)

which, by the properties of a reductive splitting, implies

Ry)*A(p-h) = Adj, A
( h)* (p-h) 7h () . VheH (3.2.13)
(Rp)*k(p- h) = Adpk(p)

Then, by restricting A to @, we get the result. O

As a by-product of the proof above we get that the m-part x of the connection w, when restricted to
Q, is a m-valued 1-form on @ of type (Adg(H), m) which is constantly zero on vertical vectors in V@,
that is it is a tensorial form.

3.3 The Frame Bundle L(M) of a Manifold M

Given a smooth m-dimensional manifold M, for any x € M define L, M to be the set of m-frames at
x (or simply frames at x), that is the set of all ordered bases of T, M

L. M ={e; =(eq)e = ((e1)zy---,(em)z) : (€q)s is a basis of T, M } (3.3.1)

The set of frames at € M is in one-to-one correspondence with the set L™ (R™, T, M) of all invertible
linear maps from R™ to T, M

L*(R™,T,M) ={ey: R™ — T, M : e is linear and invertible} (3.3.2)
Denote by (T,) the standard ordered basis of R™, then the correspondence is

L*(R™ T,M) —s L,M

o (ea)s = (ea(T)) (3.3.3)

That is: any frame (e;), at z € M is the image, through a unique invertible linear map e, : R™ —
T, M, of the standard ordered basis (T},) of R™.

Given two frames ey, e}, at © € M there exists a unique invertible matrix P = (P{) € GL(m) such
that

¢ (3.3.4)
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Therefore we have a right action of GL(m) on L, M which is both free and transitive. The total space
L(M) of the m-frame bundle of M (or simply frame bundle of M) then is

L(M)= | | LM (3.3.5)
reM
By defining the projection as

m: LM) — M

S (3.3.6)

we have the principal GL(m)-bundle L(M) = (L(M),w, M, GL(m)).

Remark 17. One could replicate the construction above with any vector bundle £ = (E, 7w, M, V) of
rank F = dim V' = k and obtain the frame bundle L(E) of E. Instead of m-frames on a point z, in
this case, we have k-frames so that

L,E ={e; = (€a)s = ((€1)zs---,(er)z) : (€a)s is a basis of E,}

3.3.7
- LX(RME) (331
and the total space of L(F) is
L(E)= || L.E (3.3.8)
zeM
Again, the projection is
m: LE) — E (3.3.9)

€ —> &

and, by identifying V with R¥, we have the principal bundle £(E) = (L(E),n, M, GL(k)).

Recall that an atlas on M is a collection {(Us, ¢q)}aca where the open sets U, form an open cover
of M and the maps

Yo: Uy — V, CR™ (3.3.10)

are homeomorphisms such that the compositions og = @q © @El are diffeomorphisms.
For any atlas {(Ua, @)} on M we can define trivializations on L(M) this way:

e the trivializing open sets are precisely the U,;

o for x € U, and a linear map e,: R — T,M denote by el the composition T, © ey,

which is a linear map e{™: R™ —» R™ and is the local expression of e,. The vectors (eg,»a))a =

((eﬁf‘))l, e (e;"‘))m) are a frame in R™;
e since GL(m) ~ End(R™) = L*(R™,R™) we then define the trivialization maps as

Yo: 7 HU,) — U, x GL(m)
ey — (x () (3.3.11)

o if x € U,p then for any e, € LM we have

egca) = (Twpa)(ez)
= (Typp(2)Pap © Tupp)(ex) (3.3.12)
= Jap(x) el
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where Jog(x) is the jacobian of ¢, at the point pg(z). Therefore the transition functions for
L(M) are ¢pop = Jags-

Choosing local coordinates (z*) on the open set V,, we get local coordinates on U,, which we denote

by (xé‘a)) = (2" 0 ¢4 ). The coordinate expression of p,g gives the coordinates xt‘a) as functions of the

coordinates xz’ﬁ), so that the local exrpession of the the jacobian J,g is

m
L (“)x(a)

(Jap)h = (3.3.13)
9z (5

For any x € U,, a choice of a basis {T4} in R™ defines a corresponding basis {Tlga)|x} in T, M
{75710} = {(Tagpa) ™1 (T)) (3.314)
If 2 € Uyg the two bases {T%|,} and {T{"|,} are related by

Tl = (Tapa) ™ (Ta)
= (Tu(wp 0 95" ©pa)) " (Ta) (3.3.15)
= |(Tepp) ' o J;ﬂ (Ta)

Denote J(;Bl by Jas and its components with respect to the basis {Ta} as (Jas)a, then we get

T, = (Tops) " (Tap) 5 Tn)

_ (3.3.16)
=T, (Tap)d

that is, a right multiplication by Ja5. If {Ta} = {2#} then we have the natural basis of partial
derivatives {8,80‘)\,;} and

a;ga)lw = algﬁ)h (jaﬁ(x))u

(3.3.17)
Whenever z € U,, any frame e, can be trivialized by v, (e;) = (:c,eﬁf*)), using the natural basis
{8;(La)|x} we can expand

el = (el i1, ) (3.3.18)
The matrix (eia))g is the coordinate expression of the linear map e,(f‘> with respect to the bases {T,}
in the domain and {@(f‘)b} in the codomain.

Notations in Local Coordinates

The notation introduced for local coordinates is rather cumbersome, we simplify it in the following
way: since we only need to track what happens in two open sets U, and Ug and their intersection
Uagp for an arbitrary pair (o, 8). Therefore we will denote the local expressions of an object in U,
and Ug with the same letter, once unprimed and one primed. As an example
Ty T() ¥ @2
00,0z~ Oulz, O,

The jacobian J,g will be denoted simply by J and we swap the coordinate indices and function
argument to make it more readable, so

(Jag(2))y, ~ (J(2));, ~ T} (x)
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To discuss principal connections on L(M) we first need to discuss the Lie group structure on GL(m)
and the corresponding Lie algebra structure on gl(m). Recall that gl(m) ~ End(R™) and GL(m) ~
Aut(R™), therefore the canonical basis {T;, } of R™ and its dual basis {7} induce global chart on gl(m
in this way: for any endomorphism X : R™ — R™ we can expand it as

X=X!T,®7° (3.3.19)
So that the homeomorphism

p: gllm) — R™’

Y o (xe (3.3.20)

is a global chart for gl(m) and the functions X} are global coordinates. The Lie group GL(m) is
GL(m) = {P € gl(m) : det P # 0} (3.3.21)

Since the determinant is a smooth function we get that GL(m) is an open submanifold in gl(m) of
dimension m? (codimension 0), therefore the map ¢ restricted to GL(m) is global chart also for the
Lie group.

A principal connection w on L(M) is also called an affine connection on M, this is due to how the
induced connection on T'M behaves, and from the general theory we can describe it through a 1-form
on L(M) of type (Ad, gl(m))

w=wle (T, 1%, wdeQ (L(M)) (3.3.22)

3.4 Bundles Associated to L(M): the Tensor Bundles

The tensor bundles TPM for a given m-dimensional manifold M are of fundamental importance in
differential geometry, we now prove that the frame bundle L(M) of M already encodes all the infor-
mation needed for all tensor bundles. Denote by A the defining representation of GL(m) on R™, that
is

A: GL(m)xR™ — R™

(g.0) — AP.a)=g-a (341
As is standard A* denotes the dual representation on (R™)*
A*: GL(m) x (R™)* — R™
(Pa) — X(g,a)=a-g~" (3.42)
Finally, by Al we denote the p-contravariant and g-covariant tensor representation
Db — * *
)\q AR ... QAN ®...® A (3.4.3)

p times q times

which acts component-wise on the p-contravariant and g-covariant tensors on R™, that is rank (p, q)
tensors on R™, which we denote by TPR™.

The bundle of rank (p, g)-tensors on M is TPM = (TPM, 7P, M, TPR™), it is a vector bundle and
special cases include the tangent bundle TM = Tg M, the cotangent bundle 7*M = TP M, and the

bundle of bilinear forms T9 M. As for R™ we have

quM:TM®M...®M TMRyT*MQp... 0 TM

p times q times

(3.4.4)
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All tensor bundles can be built as associated bundles to L(M) as
TYM = L(M) x\» T/R™ (3.4.5)

By the general theory, any principal bundle automorphism of L(M) induce a vector bundle automor-
phism on all of the TP M. Any principal connection w on L(M) induces an affine connection on all of
the TP M, in particular the induced connections on the tangent bundle 7'M are called affine connections
and are the usual connections encountered in differential geometry.

Similarly we can define the symmetric and skew-symmetric tensor bundles, by restricting the action
A to symmetric or skew-symmetric tensors only. In particular we can get the bundle of k-differential
forms on M by considering

AN = A AL AN
N—_——

(3.4.6)
k times
and
AFT*M = L(M) x yey- (R™)* (3.4.7)
Notice that if dim M = m, both A™R™ and A™(R™)* have dimension 1 and therefore
Aut(AFR™) =~ R* =~ Aut(A*(R™)*) (3.4.8)

Let {T,} denote the canonical basis of R™ and {7} its dual, then to characterize A™\* it suffices to
study the action, for a generic g € GL(m)

A" X () (T A AT = (T g AL A (T g (3.4.9)

1

By decomposing g = ¢~ ! in its components we have g = g¢ T, ® 7°, so that

AN (@) (TP A AT™) = (8GR TP AL A (ST gE TP

3.4.10
:gil...gznTal/\.../\Tam ( )
Therefore the map A™A*: GL(m) — R* we get is
(i) equal to 1 for the identity matrix gi = J¢;
(ii) multilinear on the rows gl,...,g™ of the matrix g;
(iii) alternating on the rows g.,...,g™ of the matrix g, that is, if two rows are proportional one to
the other the result is zero.
The only application which satisfies these properties is the determinant, therefore
mY* _— Jaf - X
AmAT =det:  GL(m) — R - (3.4.11)
g — detg=detg
If we define the determinant and inverse determinant bundles of M as
det M = L(M) xgt R and  detM = L(M) x 35 R (3.4.12)
we have the isomorphism of vector bundles
A"T*M  —  detM (3.4.13)

[ex, TVA ... A ™ anm) > [ez; anm)
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3.5 Reductions of L(M): the Solder Form

Closed subgroups G of GL(m) are usually called matriz groups or classic groups and are of utmost
importance in differential geometry. Being that L(M) can be described explicitly in terms of frames
on M, we can also describe its structure group reductions in the same terms. Consider a G-reduction
of L(M), i.e.

Q —— L(M)
L
M=——M (3.5.1)

G —— GL(m)

To simplify writing we will understand the Lie group embedding ¢ from formulas. Denote by A both
the defining representation of GL(m) on R™ and its restriction to G, we have an isomorphism of vector
bundles between Eqg = Q xg R™ and TM = L(M) Xgr,(m) R™ which is given explicitly by

g, alc — [(9), dlaL(m) (3.5.2)

However, the vector bundle Eg is not the tangent bundle since it carries extra structure, namely a
different structure group (G instead of GL(m)). In this respect it is not a natural bundle but a gauge
natural one, hence we will keep them distinct.

For each point ¢ € Q, its image ¢(q) is a frame at x € M, define the linear map 6, in the following
way

0, T.M — R™

ve s ug) " (vs) (8:5.3)

That is, 6, assigns to each vector v, € T, M its components with respect to the frame ¢(¢). For any
g € G and ¢’ = q - g we have, by equivariance

(3.5.4)

Using equivariance we can define an Eg-valued 1-form on M called the solder form (relative to the
reduction (t,idps, 1)) and denoted by fg

9@ : ™ — EQ

ve > [g,04(va)]e, g €pT(2) (3.5.5)

Notice how the solder form is essentially the inverse of the isomorphism Fg — T'M outlined above.

3.5.1 Invariant Tensors on M

If T'€ TPR™ is a tensor on R™ which is invariant under the action of G, using the solder form we can
define a corresponding invariant tensor on M. First we define the invariant tensor on Eq, then TP E,
is

TPEq = Q X \r(cy TPR™ (3.5.6)
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and the invariant tensor 7' on Eg corresponding to 7' is simply the section

T: M — TPEqg

3.5.7
v — [¢.T)e, q€p'(x) (35.7)
This is well defined since for any other ¢’ = ¢ - g in the fiber over x we have
ld . Tlc=1[q-9,T]c
=[¢, X5 (9)(D)]c (3.5.8)

= ¢, T)c

where the last identity is due to the invariance of 7. Then by pullback under the solder form 6o we
get the invariant tensor on M. The invariant tensors have the property of being covariantly conserved
for principal connections on L(M) induced from Q:

Property 3.5.1 (Covariant Conservation of Invariant Tensors)
Consider a G-reduction of L(M)

Q —— L(M)

3
3

M——M (3.5.9)

G —— GL(m)

denote by Oq: TM — Eq the solder form of this reduction. Let T': R™ — TFR™ be a tensor on

R™ which is invariant under the action of G and denote by T = (HQ)*TV: M — TP M the invariant
tensor on M corresponding to T. For any principal connection W on @, denote the induced affine
connection on L(M) by w, then we have

VT =0 (3.5.10)

Proof. By definition we have that T is

T: M Ty
x

— K,

3.5.11
— [QaT]Gv Vg € Qq ( )
Then, since T = (HQ)*T we have

T: M — TPM

r — (), TlaLm), Yq€ Qq (3.5.12)

By definition, the connection w is a 1-form on L(M) which is valued in g, the Lie algebra of G,
therefore from we have
VET = [07 dT(E) + T)‘Z(M(E)v T)]GL(m)a V(Ev 5) € xproj (L(M)) (3513)

The term dT is zero since T is constant. The action of T)vg on T is

TN(X,T) = dii/\f;(exp(sX),T) =0, VXeg (3.5.14)
s=0

since exp(sX) € G and T is G-invariant. Therefore we have

VT =0 (3.5.15)
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which is the thesis.
O

We conclude this section by discussing two reductions of L(M), first to the positive general linear
subgroup GL (m) then to the special linear subgroup SL(m).

3.5.2 GL4(m)-reductions of L(M)
Recall that the positive general linear subgroup GL (m) is defined as
GLy(m) = {g € GL(m) : det g > 0} (3.5.16)

If L(M) is GL (m)-reducible then we have

Q——— (M)
lr [
Me— M (3.5.17)
GL, (m) —— GL(m)
For any ¢ € Q, and e, € L, M we have that
ex €ime <= e; =1(q) 9, g€ GLi(m) (3.5.18)

meaning that frames in ¢(Q) share the same orientation, we therefore say that frames in ¢(Q) are
positively oriented (with respect to the given reduction).

From differential geometry we know that a global choice of positively oriented frames is equivalent to
an orientation on M, that is an atlas {(Uy, )} on M such that

det Jos >0, Vao,p (3.5.19)

In fact choose a trivializing atlas {(Uy, 1¥,)} for @, it is not restrictive to suppose that there is an atlas
{(Uq, 9a)} of M with the same open cover. Choose any frame T4 of R™, then for any « there are two
possibilities:

e the induced frame in x € U,, which is T/E‘a)|z = (Toa) Y(Ta), is positively oriented. Define the
chart

¢ = pa (3.5.20)

e the induced frame in = € U,, which is Tlga)|m = (Tpa) 1 (Ta), is negatively oriented. Then if
we define a new chart

go,(lQ): U, Vo, CR™

_>
r —  (—pL(x), 02 (2),..., 07 (2)) (3.5.21)

we get that (ngo((lQ))*l(TA) is positively oriented.
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The new atlas {(U,, @&Q))} is the orientation on M induced by Q.

Conversely if we have an oriented atlas U = {(U,, va)} on M we can define a GL4 (m)-reduction of
L(M) this way: if x € U, then

Ly (M,U), = 0|, - GL(m) (3.5.22)

that is, L4 (M,U), contains all the frames on x which are in the GL, (m)-orbit of the natural frame
for ¢,. This does not depend on the chart ¢, since whenever x € Uag

08z = 0| - (Tap)l, (3.5.23)

Since the atlas is oriented the jacobians have positive determinants and all the natural bases are
positively oriented. The total space L4 (M,U) of the reduced bundle then is defined by disjoint union

Ly(Mu) = | | Ly(M,U), (3.5.24)
xeM

We have proven

Property 3.5.2 (GL, (m)-reductions and Orientability)
The frame bundle L(M) is GLy (m)-reducible iff M is orientable.

Remark 18. Notice that the correspondence between oriented atlases and GL. (m)-reductions is not
one-to-one: there may be different atlases which give the same reduction. For this reasons one usually
only writes L4 (M) in place of L (M,U).

3.5.3 SL(m)-reductions of L(M)

Recall that the special linear subgroup SL(m) is defined as
SL(m) = {g € GL(m) : detg = 1} (3.5.25)
In particular we have SL(m) C GL(m) therefore an SL(m)-reduction

Q ——— L(M)

lr Iy

Me—— (3.5.26)

SL(m) —— GL(m)

is automatically a GL4(m)-reduction, meaning that frames in ¢(Q) share the same orientation, we
therefore say that frames in ¢(Q) are positively oriented (with respect to the given reduction).

However more is true: denote by {7,} the canonical basis of R™ and by {7%} its dual basis, from
[section 3.4l we have that the volume form in R™

v=1'AATT (3.5.27)

is SL(m)-invariant. If Eg = @ Xgp,(m) R™ then by |subsection 3.5.1| we have an invariant m-form on

Eq

7: A"Eg — R (3.5.28)
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Invariance implies that im 7 = C for some constant C' € R, by normalization we can always choose v
and v such that C = 1. By pullback along the solder form 0g: TM — Eqg we get the volume form
vg on M (induced by the SL(m)-reduction Q. We can apply the volume form to frames in L(M) via

voles) =vo((e1)s,- s (em)z), Vey € L(M) (3.5.29)

If e, = ¢(q) then, by invariance

vg(es) = vqQ(ug)) =1 (3.5.30)
Therefore frames in ¢(Q) are unit-volume, positively oriented frames (with respect to the given reduc-
tion).

Conversely if we have a volume form v on M we can define an SL(m)-reduction of L(M) this way:
the fiber over any x € M will be

SLy(M,v) ={es € Ly M :v(e;) =1} (3.5.31)

that is, SL,(M,v) contains all the frames on 2 which are unit-volume (and automatically positively
oriented). The total space SL(FE,v) of the reduced bundle then is defined by disjoint union

SL(M,v) = | | SL,(M,v) (3.5.32)
rzeM

with the projection 7 inherited from L(M) we get the reduced bundle SL(M,v) = (SL(M,v),n, M,SL(m)),
where we highlighed the dependence on the chosen volume form.

What we have proven is

Property 3.5.3 (SL(m)-reductions and Volume Forms)
There is a one-to-one correspondence between SL(m)-reductions @ of the frame bundle L(M) and
volume forms v on M. The correspondence is

Ql—>I/Q

SLM.) 1 (3.5.33)



Chapter 4

Indefinite Metrics on a Manifold and
Spin Structures

The main objective of this chapter, which marks the transition between the prerequisites and original
content, is that of defining spin frames. There are at least two theoretical problems which are solved
by the introduction of spin frames. On one hand is the problem of coupling General Relativity with
the Dirac equation since, in order to define spinors on the spacetime manifold M, one needs a spin
structure which, however, can be defined only after one fixes a metric ¢ on M. However in General
Relativity the metric tensor g is a solution to Einstein Field Equations, using spin structures is in
direct contrast with the request for background freedom, since the metric g would not be variational.
Spin frames solve this problem since they encode for a metric and a spin structure simultaneously,
which can be naturally coupled to spinors in a way that all fields involved are variational.

The versatility of spin frames does not stop here, since they also allow to recast General Relativity
as a gauge natural theory. As shown by Ashtekar [Ash86], Barbero [Bar94], Immirzi [Imm97|, and
Holst [Hol96|, the quantization of General Relativity when considered as a gauge theory for the spin
frame field is much more manageable that the standard metric theory: this is the starting point for
quantization as is done in Loop Quantum Gravity.

With this goal in mind, we first discuss the important problem of existence of metric tensors of a
generic signature (r,s) on a manifold M, then we present the standard, geometric defintion of spin
structure on M compatible with a given metric g on M and finally define spin frames as a generalization
of spin structures which do not need to fix a metric tensor a priori. We do this in a generic signature
(r,s) to show that there are a couple of obstructions which are easily solved but not present in the
euclidean case. The chapter terminates by discussing spin connections and their classification. These
are the natural connections to be considered one working with spin structures/spin frames and the
torsion tensor, which is defined in terms of the solder form/spin frame, is the main object needed in
their classification.

If one tries to read this chapter, it is soon realized that its results require the knowledge of the contents
of the previous three chapters: the existence problem for a metric g of signature (r,s) is stated and
solved using the language and tools of principal bundles and structure group reductions
and 7 while spin structures and spin frames also require familiarity with spin groups, spin algebras,

and their relation with the orthogonal groups (chapter 1).

Thus we also reached the point in the thesis which motivates the inclusion of prerequisite chapters.

97



98 CHAPTER 4. INDEFINITE METRICS ON A MANIFOLD AND SPIN STRUCTURES
Summary and References

Inwe discuss the general problem of existence of metric tensors of signature (r, s) on a generic
manifold M. Tt is shown that this problem is directly related to the existence of O(r, s)-reductions
of the frame bundle L(M) and in we also discuss the geometric implications of reducing
the structure group further, first SO(r, s) and the to the identity component SOg(r, s). [Section 4.3
defines spin structures as twofold coverings of SOq(r, s)-reductions, describes the obstruction to their
existence, and finally defines spin frames, which generalize spin structures and do not require the choice
of a metric on M a priori. In the last two sections and we describe the relation between spin
connections, SOg(r, s)-connections, and affine connections and give a classification of spin connections
based on their torsion and contorsion.

The existence of metrics and its relation with reductions of L(M) can be found in the book by
Kobayashi and Nomizu [KN63| which, however, deals mainly with the case of euclidean signature.
Spin structures and the obstruction to their existence is discussed both in the book by Lawson and
Michelson [LM89| and in the paper by Flagga and Antonsen [FA02]. For a detailed treatment of spin
frames and their applications to relativistic theories see the book by Fatibene and Francaviglia [FF03].

4.1 Existence of Metrics on a Manifold

A central object in differential geometry and its applications in mathematical physics is the metric
tensor g on an m-dimensional manifold M. A metric tensor on M is a section of T9YM which is
symmetric and non degenerate, that is a linear map

9g:TM @y TM — R (4.1.1)
such that for any pair (vg,w,) € TM &y TM we have

9(Vz, wy) = g(Wa, vy) (4.1.2)
and such that g,, that is g restricted to T, M ® T, M, is non degenerate for all x € M. At any point

x € M we can use Sylvester’s Theorem to find the signature (r,s) of g, that is by a change of basis
g, can be written in matrix form as

-1 0 0 0
0 -1 0 0
n= : '.. : (4.13)
0 0 1 0
0 0o ... 01

with r pluses and s minuses and r+s = m = dim M. By continuity of g the signature must necessarily
be the same at all points of M, therefore it is well defined the signature of g as the pair (r,s). A pair
(M, g), where M is a manifold and g is a metric tensor on M, is called a Riemannian manifold. The
special case where g has signature (m,0) (or (0,m)) is sometimes called Fuclidean manifold, while for
g with signature (m — 1,1) (or (1, m — 1)) we have Lorentzian manifolds.

Remark 19. In geometry and differential geometry the term Riemannian is reserved for the euclidean
signature only, using pseudo-Riemannian for the case of indefinite signatures. We will adhere to
the mathematical physics nomenclature and use Riemannian for any signature, treating all cases on
equal footing.



4.1. EXISTENCE OF METRICS ON A MANIFOLD 99

A slight generalization of this is the concept of metric on a vector bundle: given a vector bundle
£ = (E,m,M,V) on M of rank E = dimV = k, a metric g on E is a section of T9E which is
symmetric and non degenerate, that is a linear map

g: E®Qy E—R (4.1.4)

such that for any pair (v, w,) € E @y E we have
9(Vz wz) = (W, V) (4.1.5)
and such that g,, that is g restricted to E, ® F,, is non degenerate for all x € M. Similarly to the case
of metric on a manifold, any metric g on E has a well-defined signature (r, s) with r +s = rank £ = k.

We will discuss only the case of metrics on a manifold M, but under the substitution M ~» E and
L(M) ~» L(FE) one gets identical results for the case of vector bundles.

It is not apparent whether or not metrics of a prescribed signature (r, s) exist on any given mainfold
M, in fact we now prove that their existence is constrained to reductions of L(M).

Property 4.1.1 (Existence of Metrics and Structure Group Reduction)
A manifold M admits a metric g of signature (r,s) iff its frame bundle L(M) admits a structure
group reduction from GL(m) to O(r, s).

Proof. We prove the two implications:

= consider a frame e; = ((€1)g, .-, (em)z) in L(M), we say that such a frame is g-orthonormal
if

-1 ifl1<a=b<s
g((ea)a:;(eb)z) = Tab = 0 lfa#b (416)
1 ifs+1<a=b<s+r

That is, a frame is g-orthonormal if it diagonalizes g with the correct order of pluses and
minuses. From linear algebra we have that for any other frame e/, = e, - A then

e!. is g-orthonormal <= A € O(r, s) (4.1.7)

Therefore we can define
Qu ={eyz € L,E : e, is g-orthonormal} (4.1.8)
so that with the total space
Q=[] (4.1.9)
and the projection 7 inherited from L(M), we have that Q = (Q,w, M, O(r,s)) is an O(r, s)-

reduction of L(E).

<= start from an O(r, s)-reduction

Y (4.1.10)

O(r, s) —— GL(m)
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Since 7 is an invariant symmetric bilinear form for O(r, s) we can define invariant symmetric
bilinear forms 7 on E' = Q X () R™ and gg on M via the procedure described in @L
in particular if 8g: TM — E denotes the solder form of ) we have that for any v, w, € T'M
the metric gq is

90 (vz, we) = 1(0¢(v2), 0o (ws)) (4.1.11)

This is the same as saying that for any ¢ € @, the frame e(q) = (e(q)4) is n-orthonormal, that
is

9Q(e(@)a; €(q)b) = Tab (4.1.12)

O

The property just proven is very important: any metric g on M with signature (r, s) determines an
O(r, s)-reduction of L(M), which is called the bundle of g-orthonormal frames of M and is denoted
by

O(M, g) = (O(M, g),m, M,O(r, s)) (4.1.13)

to emphasize its dependence from both M and g. On the other hand, any O(r, s)-reduction @ of L(M)
induces a metric gg on M such that

Q@ =0(M,gq) (4.1.14)

In particular we have proven the corollary

Property 4.1.2 (O(r, s)-reductions and Metrics of Signature (r, s))
There is a one-to-one correspondence between O(r, s)-reductions @ of the frame bundle L(M) and
metrics g of signature (r,s) on M. In the notation of the previous property we have that the corre-
spondence s

Qn—)gQ

O(M.g) g (4.1.15)

4.1.1 Existence of Euclidean Metrics

We now show that any manifold M admits a euclidean metric, this relies on the following lemma.

Lemma 6
For any m € N we have

m(m+1)
2

GL(m N

( )/O(m) ~R (4.1.16)
Proof. The proof relies on two decompositions: the polar decomposition of invertible matrices and
the Cholesky decomposition of symmetric positive-definite matrices. The polar decomposition for any
invertible matrix A € GL(m) states that there exists unique P € GL(m) symmetric, non-degenerate,
positive-definite and O € O(m) strictly orthogonal such that

A=PO (4.1.17)
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In fact, AA? is symmetric and so by the spectral theorem it is real-diagonalizable. It is also positive-

definite since for any = # 0 € R¥

2'(AAY T = (A'z) (Alz
( ) ( ) (2 ) (4.1.18)
= ’(Atac)‘ >0

Being positive-definite it has a unique square root P = v/ AA* which is also symmetric and positive-
definite. Then we define O = P~!A which is orthogonal since

0'0 = AY(P~1)'P1A

=A'PIPTA
=AY (P?)tA (4.1.19)
= Al(A)' A4
=1
Using the polar decomposition we have that
GL(m)/O(m) ~ {P € GL(m) : P is symmetric positive-definite} (4.1.20)

The Cholesky decomposition states that any symmetric positive-definite matrix P can be written as
P = L'L where L is upper-triangular with strictly positive elements on the diagonal, this can be
proven by induction:

o if P € GL(1) then P = (p11) with p11 > 0 and the desired decomposition can be obtained with
L= /pi;

e for P € GL(m) write

P= (ﬁt v ) (4.1.21)

x Pmm

where P € GL(m — 1) is again symmetric and positive-definite and € R™~!. By induction
we have the Cholesky decomposition P = L'L, define the upper-triangular matrix

Ly = (E ?) (4.1.22)

then
Py = (L7 PLT?
_((@IH o\ (P =z \[(L*' 0
n 0 1)\t pmm 0 1
_((@HP (It (L7 0
B I (LH='z
\@'L o
- (4 an)
y' Pmm
where we defined y = (L')~'z. We now climinate y by defining another upper-triangular matrix

_ (1 (I -y
L2_<0 1) — L; _<0 1> (4.1.24)
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Then

P = (LY PiLy?
(G DG )6 )
S\ ) \Y pam/ \O 1
(1 y I —y (4.1.25)
_<0 pmm|y2> <0 1>

B <I 0 )
0 pmm — |y‘2

The matrix P, is a positive-definite matrix, since it is congruent to P, therefore there is A > 0

such that
Pmm — [y* = A2 (4.1.26)
By defining
Ly — (é g) (4.1.27)
and we finally have P = L'L with
L=1I1LoLs = (E (ztilx> (4.1.28)
From this we see that
GL(m)/O ()~ ) (4.1.29)
O

Property 4.1.3
Any manifold M admits an euclidean metric.

Proof. By [property 4.1.1]it suffices to ask whether or not L(M) admits an O(m)-reduction. By the
criteria given in [section 3.1l we need to verify if the coset bundle L(M)q () admits a global section,
using |lemma 4] and the lemma above we have that the answer is always positive.

O

Remark 20. There is also another way of proving that any manifold M admits a euclidean metric
g. Consider an atlas {(Ua, pa)taca on M with ¢,: U, — V,, C R™ and the standard euclidean
metric 6 on R™, then one can consider the pullbacks g, = (¢n)*d and, using a partition of unity
{fa: Uy — [0, 1]} subordinate to the cover {U,} one can define

9 =Y fa(®) - (9a)x (4.1.30)

acA

The resulting g can be shown to be a well-defined euclidean metric.

We chose the proof via bundle reductions because it fit better with the theme of the rest of the
thesis and also because it is adaptable to any signature (r, s), while the partition of unity argument
fails for non euclidean signatures.



4.1. EXISTENCE OF METRICS ON A MANIFOLD 103

4.1.2 The Vector Subbundle Criteria for Indefinite Signatures

We now prove that, in general, existence of metrics of indefinite signatures on M puts a constraint on
the tangent bundle 7'M

Property 4.1.4 (Existence of Metrics of Signature (r, s))
A manifold M admits a metric g of signature (r,s) iff there exist two vector subbundles E,,Es of E
with rank E, = r and rank E, = s such that TM = E, & E,.

Proof. We prove the two implications:

= for any point © € M we can put g, in diagonal form, name e, = ((€1)4, ..., (€,),) the r-frame
of eigenvectors with eigenvalue +1 and similarly name f, = ((f1)z,...,(fs)z) the s-frame of
eigenvectors with eigenvalue —1. Define
E.), = (e
( T)x < $> (4.1'31)
(Es)w = <fw>

and since g is smooth the two spaces

(4.1.32)

xeEM

are the total spaces ot two smooth subbundles of E. By definition of diagonal form of g, we
also have (E,.), ® (Es), = T, M for any x € M so that E, &y Es = TM.

<= using [property 4.1.3] we choose euclidean metrics gy and g_ on E, and F; respectively. Any
vector v, € E can be uniquely decomposed as

vy = v} ®v, € E, ® Es (4.1.33)
Using this decomposition we define the following metric on TM = E,. & E;

9=(9+) ®um (—9-) (4.1.34)
This acts in the following way: for any pair (v,,w,) € TM ®p; TM we have

9(vasws) = g1 (0 wd) — g (v, w3) (4.1.35)

The g thus defined is a metric on M with signature (r, s).
O

Remark 21. In the decomposition TM = E,. ® E; induced by a metric g of signature (r, s), the two
subbundles E, and E; are automatically orthogonal.

The vector subbundles E; and E,. are called timelike and spacelike tangent subbundles (with respect to
g). Suppose we have an O(r, s)-reduction @ with induced metric g on M and the relative g-orthogonal
splitting TM = E, & E,, denote by g_ the metric restricted to Es; and by g4 the metric restricted to
E,. Recall that a frame e, € L(M) is g-orthornormal if

g((€a)zs (en)x) = Nan (4.1.36)
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This means that the first s vectors t, = ((€1)4, ..., (€s)z) are g_-orthonormal in F, therefore they form
a frame ¢, in O(F,,g—). Similarly the last r vectors s; = ((€s41)z,---,(€m)s) are gy-orthonormal
in E,are linearly independent, therefore they form a frame ¢, in O(E,, g4 ). Conversely, under the
embedding

L(Es) xpm L(E,) — L(M)
(teysz) = ex = ((t1)z,-- (ts)z, (51)ar -, (5r)a)

we have that all frames in O(Es, g—) xa O(E,., g+) are automatically g-orthonormal. We have thus
proved the corollary

(4.1.37)

Corollary 6
Consider an O(r, s)-reduction Q of L(M), with induced metric g on M and the relative g-orthogonal

splitting TM = Es ® E,., as per|property 4.1.4. Denote by g_ the restricted metric to Es and by g+
the resticted metric to E,.. Then, if we denote by e: Q — L(M) the embedding, we have

e(Q) = O(Es,9-) xm O(Er, g1) (4.1.38)

Remark 22. The order of factors in the corollary is important. In fact, choose frames t, € O(E;s, g-)
and sy € O(Ey, g4+), then the product (sg,t;) is not g-orthonormal since the order of timelike and
spacelike vectors is wrong.

4.2 Reductions of O(M,g)

Suppose we have already reduced L(M) to the subgroup O(r, s), so that the resulting bundle is O(M, g)
for some metric g of signature (r, s). From We know that there are two important subgroups
of O(r, s), namely the special orthogonal group SO(r, s) and the connected component of the identity
SOq(r, s). We now investigate the geometrical significance of the reduction from O(r,s) to SO(r, s)
and then to SOg(r, s).

4.2.1 SO(r, s)-reductions of L(M)

For SO(r, s) the situation is readily solved by noticing that
SO(r,s) = O(r,s) N SL(m) (4.2.1)

Since an SO(r, s)-reduction @ is both an O(r, s)-reduction and an SL(m)-reduction we have, using

the characterization of SL(m)-reductions in [subsection 3.5.3] that the frames in e¢(Q) C L(M) are

unit-volume, positively defined, gg-orthonormal frames with respect to the metric gg and volume form
vg induced by Q.

Conversely, any metric g on an oriented M induces a unique Riemannian volume form v, which is
uniquely determined by

vg(ez) =1, Ve, positively oriented and g-orthonormal (4.2.2)
Since volume forms are differential m-form which never vanish, any other volume form v is necessarly
v=Ff-y, (4.2.3)

for some smooth function f € C*°(M) which never vanishes (i.e. it is either always positive or always
negative). Therefore we can always normalize a volume form to obtain the Riemannian volume form
of g.
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We have thus proved

Property 4.2.1 (SO(r, s)-reductions of L(M))
There is a one-to-one correspondence between SL(m)-reductions @ of the frame bundle L(M) and
pairs (g,v,) where g is a metric on M and vy its Riemannian volume form. The correspondence is

Q+— (90,q)

SO(M,g,v) +—i(g,v) (4.2.4)

In particular we have that for any SO(r, s)-reduction Q the induced volume form vg is the Riemannian
volume form of the induced metric gq

vQ = Vg (4.2.5)

4.2.2  SOy(r, s)-reductions of L(M)

In [section 1.10| we identified SOg(r, s) as the time and space preserving transformations in O(r, s):
decompose R™ as R®* @ R", that is

R — R°®R"

(%, 2™) —  (2h,...,2%) @ (2F1, ... 2™) (4.2.6)
then
SOq(r,s) = {A € SO(r, s) : det A|rs = det A|gr = 1} (4.2.7)
Consider then an SOq(r, s)-reduction
Q —=——— L(M)
P l,r
M=—M (4.2.8)

SO(r,s) —— GL(m)

Since SOg(r, s) C SO(r, s) we have that @ is, in particular, an SO(r, s)-reduction: denote by (gg,vq)
the metric and volume form on M induced by @ and by and its corollary we have the
splitting TM = E, @ E, and

e(Q) € O(Es, 9-) xm O(Er, 94) (4.2.9)

where g+ denote the metric restricted to Es and E, respectively. Consider now ¢ € @ with e(q) =
(ts, sz), for any other (¢ ,el) = (tz, Sz) - A we have

(t,,s") €e(Q) < AeSO(rs)
<= det A|L(Es) = det A|L(ET) =1

A|L(E5) S SL(S)
A|L(E,~) S SL(T)

(4.2.10)

Therefore, using the results on SL(m)-reductions in [subsection 3.5.3] we have that both E; and E,. are
orientable and we denote by v+ the Riemannian volume forms of g+ respectively which satisfy

vg =v_ Nvy (4.2.11)
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Since for any ¢ € @ we have e(q) = (ts,s5) is g-orthonormal with v_(t,) = v4(s,) = 1 we say that
frames in e(Q) are unit-volume, time- and space-oriented, gq-orthonormal frames.

In a Riemannian manifold (M, g), with g-orthogonal splitting TM = E, @ E,., we say that M is time-
orientable whenever E is an orientable vector bundle and similarly we say that M is space-orientable
whenever E, is an orientable vector bundle. The volume forms v+ on F,; and E, are called time
and space orientations, we have thus shown that an SOg(r, s)-reduction @ of L(M) induces a triple

(9Q7 v—, V+).

Conversely for any metric g of signature (r, s) on M and relative g-orthogonal splitting TM = E;®E,.,
denote by g+ the metric restricted to F, and E, respectively. If both Es and F, are orientable we can
define the orientations/volume forms

Vg = Vg (4.2.12)

which automatically satisfy v_ Avy = v,. Then we can define an SOg(r, s)-reduction in the usual way,
for any x € M define

SO+ (M, g,v_,vi)e = {(ts,82) € O(Es,g-) Xas O(Er,94) : v—(t) = v4(82) = 1} (4.2.13)
The total space of the reduction will be

SO+(M,g,I/,,I/+) S |_| SO+(M7g,V7,V+)m (4214)
reM

and with the projection 7 inherited from L(M) we get the reduction

SO (M,g,v_,vy) =(SO+(M,g,v_,vy),m M,S0¢(r, s))

We have thus proved

Property 4.2.2 (SOq(r, s)-reductions of L(M))
There is a one-to-one correspondence between SOg(r, s)-reductions @ of the frame bundle L(M) and
triples (g,v_,vy) where g is a metric on M of signature (r,s). In the g-orthogonal splitting TM =
E, ® E, denote by g+ the metric restricted to E, and E, respectively, and by v+ the Riemannian
volume forms of g+. The correspondence is

Q+— (9g, V(QQ)—?’/(QQH)

(4.2.15)
SO+(M397V—7V+) A (Q,V_,V+)

In particular we have that for any SO¢(r, s)-reduction Q the induced volume form vg is the Rieman-
nian volume form of the induced metric gg

vQ = Vgo (4.2.16)
and also

vg =v_Nvy (4.2.17)
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4.3 Spin Structures and Spin Frames

In this section we assume that M admits an SOq(r, s)-reduction, one can go further and ask whether
or not there is an ulterior “reduction” (technically it is a lift)

Q ¢ Q ——s L(M)
]\l; ]\gp }; (4.3.1)

Sping (7, s) —— SOq(r,s) —— GL(m)

where Sping(r, s) is the non trivial, twofold universal cover of SOq(r, s) (for (r,s) = (m,0) and (r,s) =
(m—1,1) it is also the universal cover) and £: Spin(r, s) — SOq(r, s) is the two-to-one covering map.
The pair (Q,?) is called a spin structure in differential geometry.

Definition 4.3.1 (Spin Structure)
Denote by £: Sping(r,s) — SOq(r, s) the twofold covering of the orthogonal group by the relative

spin group. A pair (Q, ¢) which fits in a commutative diagram

O —L— S0y(M,g)
Agp J\l; (4.3.2)

Sping(r, s) N SOq(r, s)

is called a spin structure for the riemannian manifold (M, g).

Spin structures on M exists if and only if the second Stiefel-Whitney class of M is trivial (see
[LMR9, [FA02]). Different spin structures over the same @ form an affine space modeled on H' (M, Z5)
(see [LM89]). We can give an outline of the proof of the construction: one takes an atlas i = {U, }aca
of M which is trivializing for @), with transition functions ¢ap: Usg —> SOg(r, s). It is not restrictive
(see [BT13], p. 42) to assume that U is a good open cover for M, meaning that all the finite intersections
of the U, are contractible.

Then for any z € U,z we know that ¢os(z) has two preimages ¢os(z), dg’aﬁ(x) in Spiny(r, s), which
satisfy

g () = —duap(2) (4.3.3)

One then tries to define transition functions for Q by choosing either q{)ag or (gg’aﬁ for any ordered
pair («, ) and checking whether or not the choices glue globally (i.e. they form a cocycle). For a
given trivializing atlas, a spin structure may or may not exist, therefore one would like to repeat the
construction for all possible atlases and record whether or not it succeedes in at least some cases. Since
any open cover can be refined to a good open cover, using good open covers gives a definitive answer.
In implementing the cocycle conditions one finds that procedure of chosing one of the two lifts results
in a collection of maps

We By - Uaﬁ.y — Zg (434)
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for each unordered triple of indices v, §,v: this means that wag, is a Cech 2-cochain and it is fairly
stralghtforward to show that wag, is actually a Cech 2- cocycle so that it determines an equivalence class

w?(M) € H?*(M;Zy). Tt can be then shown that w?(M) coincides with the second Stiefel-Whitney
class and that the M admits a spin structure iff w,g. is a 2-coboundary, that is w?(M) = 0.

There is also a more general and somehow more geometric framework for spin structures, based on the
universal covering of the frame bundle. We review it and also to compare to it in the next subsection,
for a more in depth treatment see [DP86].

4.3.1 Spin Structures from GL_(m)

Whenever the manifold M is orientable we can reduce the structure group of L(M) to GL4(m), as we
showed in to get the bundle of positively oriented frames L (M). The double cover
of Ly (M) is denoted by L, (M) and is a principal bundle with structure group GL, (m), the double
cover of GL, (m), in commutative diagrams

Ly (M) —— L (M)
Me—— (4.3.5)
GLy (m) — GL4(m)

A spin structure ¥, in this more general framework, is then defined to be a Sping(r, s)-reduction of
L, (M). In commutative diagrams

Yy — 5 L (M) —— L (M)
M M M (4.3.6)

Sping(r, s) — GL, (m) — GL, (m)

Notice that the pair (3,7 0 go) is a spin structure in the sense of [definition 4.3.1

If M is both time and space orientable, any metric g of signature (r,s) defines SOy(M,g), the
subbundle of L (m) of unit-volume, time- and space-oriented, g-orthonormal frames. Consider the
embedding ¢: SOg(M,g) — Ly (M) and define the principal Spiny(r, s)-bundle £, := ¢*SOy(M, g).
We have the commutative diagram

Sy ——— Ly (M)

| l” (4.3.7)

SOQ ) —t L+(M)

so that ¥, is a lift of SOy(M, g).

In this more general framework, one does not need to fix a metric a priori. On the contrary we can
consider one spin structure for each metric g, all at once. In particular one can lift a diffeomorphism of
M to L(M) by using its natural bundle structure, and to Ly (M) by using the covering properties. As
a result, in this framework one can systematically define isomorphisms of spin structures, possibly with
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different underlying metrics, and define natural-like properties. However, different spin structures end
up in the same framework, even those with non-isomorphic Sping(r, s)-bundles. This generalization
is not necessary whenever we have a fixed metric g, while it is needed when discussing properties
of all spin structures at once (e.g. in the setting of variational calculus). The possibility of having
different spin structures which cover the same bundle SOq(M, g) depends on the fact that there may
be more than one possible double cover for L, (M), then to truly consider all spin structures we need
to take into account all possible double covers L (M) of Ly (M) with all their possible reductions to
Sping(r, s).

According to this standard setting, we give the definition spin manifold.
Definition 4.3.2 (Spin Manifold)

A real, smooth manifold M which allows global metrics of signature (r,s) and is time- and space-
orientable is called a spin manifold if it admits a spin structure (Q, ¢)

QO —L— S0y(M,g)
Ag ]\l; (4.3.8)

Sping(r, s) N SOg(r, s)
for some metric g on M.

Remark 23. It is important to remark that even for a given metric g on M there may be multiple
different, non-isomorphic spin structures which cover SOq(M, g). The space of spin structures over
SOo (M, g) has the structure of affine space modelled on H'(M;Z,) and correspond to reductions of
different, non-isomorphic double covers of L (M).

4.3.2 Spin Frames

Although the setting above suffices to discuss properties on a fixed riemannian structure (M, g), it is
considerably less suited to study the gravitational theory in which the metric structure is unknown
until one solves the Einstein equations (possibly coupled to other equations). In other words, one needs
an equivalent formulation of spin structures, though in the category of spin manifolds rather than in
the category of riemannian manifolds. We therefore give the following definition

Definition 4.3.3 (Spin Frame)
Denote by £: Sping(r,s) — SOq(r, s) the twofold covering of the orthogonal group by the relative
spin group and by i: SOg(r,s) — GL(m) the canonical embedding of the orthogonal group into
the general linear group. A spin frame on M is a pair (Q, é) where Qisa Spin(r, s)-bundle on M
and é: Q — L(M) is a principal bundle map, that is a commutative diagram

Q ——— L(M)
]\l; J\l; (4.3.9)

Sping(r, s) —2% GL(m)
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Just as in the SOg(r, s) case we have that for any point ¢ € Q, the image é(q) is a unit-volume, time-
and space-oriented, gQ—orthonormal frame, where 96 is the metric on M induced by @, that is

(gQ)w(é(Q)aa é(@)b) = Mab, V4 € Qa: (4.3.10)

Since the reduction is described not only by Q but by the spinframe €, we will also denote 96 by ge.

From this one gets the commutative diagram

O —L 5 SO(M, gs) —=— L(M)
AJ; }; ]5 (4.3.11)

Sping (r, s) —— SOg(r, s) —— GL(m)

so that any spin structure is always the lift of an SOq(r, s)-structure on M.

Remark 24. One could ask whether or not it is possible to lift the structure group from SO(r,s) to
Spin(r, s) or even from O(r,s) to Pin(r,s). This is particularly important when we know that M
admits metrics of signature (r, s) but does not allow a reduction to SOg(r, ) or even to SO(r, s). In
[properties 1.4.2] and [1.9.1] we showed that the four connected components of the orthogonal and pin
groups are diffeomorphic through the time reversal 7 and parity P operators. That is

O(r,s) = SOq(r,s) UT SOq(r,s) U P SOg(r,s) UPT SOy(r, s) (4.3.12)
Pin(r, s) = Sping(r, s) U T Spiny(r, s) U P Sping(r, s) LU PT Sping(r, s) o

If L(M) can be reduced to an O(r, s)-bundle @ then there is a trivializing atlas U = {Us }aea of M
and a cocycle of transition functions

Gap: Uap —> O(r,5) (4.3.13)

Again, we assume that U/ is a good open cover, in this case the double intersections U, are connected
and since the transition functions are smooth, each of the ¢,3 must be valued in one and only one
of the four components of O(r, s). Accordingly, the two possible lifts g{)aﬂ and giA)’aB of ¢op are valued
in the connected component of Pin(r, s) which covers ¢og(Ung).

Since the choice of a lift translates again only to the choice of a sign for each triple intersection
Uagy, we get that the obstruction is still encoded in the second Stiefel-Whitney class w?(M).

4.3.3 Spin Frames as Bundle Sections

Metric tensors g of signature (r,s) on M are sections of the bundle Met, s(M) on M, which is a
subbundle of T*M ©T*M. Using spin frames we can describe both metric tensors and spin structures
on M, therefore we would like to view spin frames as section of some suitable bundle. This is useful
for many purposes, variational calculus being an example.
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A spin frame é is a principal bundle morphism

Q ——— L(M)
5 Jgr (4.3.14)

Sping(r, s) —£ 5 GL(m)

Choose an open cover {U, } on M that is trivializing both for Q and L(M), with trivializations {ta}
and {ta} and corresponding local sections o, : Uy — Qn and E,: Uy, — L(M),. For ¢ = [z,5], €
Qo we have

é(q) = é(oa(z) - 9)

A 4.3.15
= é(oa(x)) - £(5) | )
So that it suffices to describe é o o,. There is unique L € GL(m) such that
é(oa(z)) = Eq(z) - P (4.3.16)
On the intersection U,z we have
op(x) = oa(z) (lgaﬁ(l‘ (4.3.17)
Ep(2) = Eo(z) - Jap(x)
Therefore if
é(og(x)) = Eg(z) - P’ (4.3.18)
then we have
(05 (x)) = Es() - P
— 8(00(2)) - Ubas(x)) = Eo() - Jup(x) - P’ (4.3.19)
= &(0a()) = Ea(2) - Jap(z) - P' - €(¢5(2))
or
P'= Jﬁa<x) P e(éﬁa(m))_l (4.3.20)

Thus, the bundle of spin frames is a fiber bundle with standard fiber F' = GL(m) and structure group
GL(m) x Sping(r, s). As such consider the action

A (GL(m) x Spiny(r,s)) x GL(m) — GL(m)

((L,S”),T) — L-T-0(8)1 (4.3.21)

The associated bundle
SF(Q) = (L(M) x 3 Q) xx GL(m) (4.3.22)

is the bundle which has spin frames é: Q — L(M) as global sections.
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In terms of local coordinates, on a trivializing atlas {(Uy, va)} of M we have (see [section 3.3))

SF(Q)a — Uy x GL(m)

e (zen) (4.3.23)
and the trivialization change is
e = Jreri(ph)g (4.3.24)
The solder form 6 of Q acts, by definition , as
0(vz) = [4,04(v2)]sping (rs)» Vi € Qu (4.3.25)
where
Og(ve) = e(q) ™" (vz) (4.3.26)

In this sense the solder form is essentially an “inverse” of the spin frarpe. This can be made precise for
local expressions: using the notations above for the trivializations of @ and L(M), denote by (Ey(z))q
the vectors of the local frame E, (), then

0((Ea(@))a) = [0a(@), é(0a(2)) " (Ba(2))a)]sping(rs) (4.3.27)

If é(oa(z)) = [z, Plspin, (r,s) then denote by P the inverse matrix/isomorphism of P, we have

&(0a(2)) " ((Ea(@))a) = P(Ea(2))a (4.3.28)

So that, locally, the solder form 6 is described by the inverse matrices of the local expressions of the
spin frame é. In fact, since 6 € Q4 (Q,R™) (see [property 2.7.1) it can be locally expressed as

0 =0,(4) To @ dz"|4 (4.3.29)

a H _ Sa a v _
and we have 0 e, = d; and 0je; = dL.

4.4 Spin Connections

Consider a spin manifold M with SOg(r, s)-reduction @ and a lift Q to Sping(r, s), we have the
commutative diagram

é

i

€

Q L(M)
Js Jr I
M M M

(4.4.1)

Sping (7, s) —£ % S0 (r,s) —— GL(m)

We want to investigate the relationship between affine connections I" on L(M), SOq(r, s)-connections
w on @, and Sping(r, s)-connnections @ on (. The first result in this sense is:
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Property 4.4.1 (SOg(r, s)- and Sping(r, s)-connections)
In the situation of|eq. (4.4.1)| we have a one-to-one correspondence between SOq(r, s)-connections w
on @ and Sping(r, s)-connections @ on Q, namely

o="rw (4.4.2)

Proof. If we start with a Sping(r, s)-connection & on Q we can define an SOy (r, s)-connection w on
Q@ this way: for any ¢ € Q, its preimage in () has exactly two elements

0q) ={q.4'} (4.4.3)

and since é(cj) = é((j’ ) we must necessarily have ¢ = ¢ - (—1). By the homotopy lifting property
for covering spaces, any curve v: (—¢,e) — @ with (0) = ¢ has only two possible lifts: a curve
4 (—e,e) — @ with 4(0) = ¢ and a curve 4’ : (—¢,¢) — @ with 4'(0) = ¢’. Since

’y:éoﬁ/ and ’y:goﬁ/ (4.4.4)

we have that the tangent maps qu and Tq:@ are isomorphisms. For any vector Z, € T,Q) we denote
the two unique vectors in T3Q and Ty Q) by =4 and E;/.

We then necessarily have that
T,R-1(&) = 2 (4.4.5)
which also implies

&(4)(E;) = w(d)(Ey) (4.4.6)

w(9)(Zq) = @(9)(Zq) = &(¢)(Zf) (4.4.7)
That is
o= 0w (4.4.8)

We now verify Ad-equivariance. For any S € SOq(r, s) there are exactly two preimages in Sping(r, s)

H(S) ={5,5" (4.4.9)
and since £(S) = £(S") we must necessarily have §’ = —§. Also, for any X € spin(r, s) we have
Adg, (X) = Adg(X) = Adg(X) (4.4.10)
From the commutativity of we get
Téé(TQRS(éé)) =TyRs(Zy) (4.4.11)

Therefore

1(Z4) (4.4.12)
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If we start with an SOg(r, s)-connection w on Q) we can follow the same steps in reverse and define
a Spiny(r, s)-connection @ on Q) by

G(9)(Z4) = w(q)(Eq) = @(d)(Z}) (4.4.13)

O

We now want to show that starting from any affine connection I" on L(M) we can always define
an SOg(r, s)-connection wr from I' by antisymmetrization. First recall the result of [section 1.10| that
s0(r, s) is Lie algebra isomorphic to A?2R™ via

®: so(r,s) — A?R™

X s ((®id)(X) (4.4.14)

As is standard, f denotes the musical isomorphism f: (R™)* — R™ induced by 7. By functoriality it
also denotes the isomorphism induced an all tensor spaces fi: Tng — TOR™.

Having determined this we can state and prove the following property:

Property 4.4.2 (SOq(r, s)-connections from Affine Connections)
In the situation of given any affine connection T' on L(M) we can define an SOg(r, s)-
connection wr on Q this way: for any decomposable X = a®v € gl(m) define the skew-symmetrization
A, (L) as the skew-symmetric rank (2,0) tensor

A (X) =07’ Nv)=a@v—vP@ad (4.4.15)

that is, the skew-symmetric part of (®1id)(L). We can the extend A, to all gl(m) by linearity. Then
for any q € Q and =2, € T,Q the connection wr s

(wr)(9)(Zq) = Ay(T(e(0)(T4e(Z,))) (4.4.16)
Proof. We then only need to verify that the connection wr is of type Ad. This is a consequence of
for any X = a®wv € gl(m) and any S € SOg(r, s) we have
A, (Ads X) = Ads A, (X) (4.4.17)
Then

(4.4.18)

O

Remark 25. Since so(r, s) ~ spin(r, s) one can usually use the term “spin connection” both for SOg(, s)-
connections on @) and for Spiny(r, s)-connections on Q. This abuse of terminology is justified even
more by the fact that SOg(r, s)-connections and Spin(r, s)-connections are in a one-to-one corre-
spondence. It is to be kept in mind, however, that the structure groups of the two bundles are
different (being SOg(r, s) and Sping(r, s) respectively), a fact that comes into play whenever one uses
the Ad-equivariance of principal connections. If the underlying bundle is understood or specified at
the beginning, however, there should be no cause for confusion.
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Remark 26. What we have actually shown is: define the sym(r, s) as the following vector subspace of
gl(m)

sym(r,s) = {L € gl(m) : n(v, Lw) — n(Lv,w) =0, VYv,w € R™} (4.4.19)
Then the pair (GL(m), SOq(r, s)) is a reductive pair (see [section 3.2|) with reductive splitting
gl(m) = so(r, s) ® sym(r, s) (4.4.20)

Using some results from classical invariant theory one can show that the reductive splitting above is
unique. For any affine connection I' we denote by A, (I') and S,(I") its components relative to the
splitting above, that is

=A,T)&S,(I) € so(r,s) ®sym(r, s) (4.4.21)
In the situation of diagram any reductive splitting gl(m) = so(r, s) @ m induces a Kosmann
decomposition for TP, that is an isomorphism
e*TL(M)=TQ & m(Q) (4.4.22)
where m(Q) is the subbundle of e*V P such that
m(Q)g = (Ax(q) : X €m) (4.4.23)

Since we necessarily have m = sym(r, s), the Kosmann decomposition in this case is unique. The
Kosmann decomposition is used mainly when discussing the naturality of Lie derivatives for spinor
fields. In we will carry out the variational analysis of the Holst lagrangian without coupling
to spinors. A possible extension of the results presented in that chapter would include spinor fields,
making the Kosmann decomposition a fundamental tool.

4.4.1 Coordinate Expression of Connections

Both results are particularly clear using local expressions. Denote by {7, } the standard n-orthonormal
basis of R™ and by {7%} its dual basis. A generic affine connection I' on L(M) can be written as

e e, TbeQl(L(M) (4.4.24)
Then as in the remark to we define
1 = paer? (4.4.25)

We then split the pair of upper indices ab into symmetric (ab) and skew-symmetric [ab] pairs

I e
2
) ) (4.4.26)
play _ 0 =T
2

As always we have (@) 4 T[eb] — e Then we get
I=r’e (o)
=T ® (1° @ T)
=T ® (ae7 ® T)
= (0CY 4 11) @ (o7 © Th)

(4.4.27)
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We have that 7,7 is precisely T, since

NaeT(Th) = NacOp
= Nab (4.4.28)
= n(Tav Tb)

Therefore

1

5Ta© Ty + Tu A T) (4.4.29)
1

) o (T, o T) + 51“[‘“’] @ (Ty ATp)

The SOq(r, s)-connection wr then satisfies

®(wr) = e* A4, (T)
— 1 *1|a
— ¢! <2(e rle®h & (1, /\Tb)> (4.4.30)

1
= 5(e*r[ab]) QO (T, ATy)

If we choose the generators Jy,; for spin(r, s) as in [subsection 1.10.3] since Jop = (T, A Tp), we get
that the lift of the connection wr is

~ 1 -
Gr = wp = 5(z*r[abl) @ Jap (4.4.31)

To summarize we have

Ir=T¢® (T, ®7")

1

wr = S0 @O L AT, W =e Tl (4.4.32)
1 ~

wr = 50" ® Jap, W% =Lw™ = e*rlatl

4.5 Torsion, Contorsion, and the Classification of Spin Connec-
tions

For a spin manifold M consider a spin frame é: Q — L(M), that is

Q —— L(M)
Alj }; (4.5.1)

Sping(r, s) —— GL(m)

Denote by E = Q x ¢ R™ the vector bundle associated to Q which is isomorphic to T M via the solder
form §: TM — E. Furthermore, denote by g = gs the metric on M induced by the spin frame é,
that is

g(vg, wy) = N(0(vy), 0(wy)), Vg, w, € Ty M (4.5.2)
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where 77 is the metric on E induced by the standard metric 7 on R™. From [property 3.5.1] we know
that for any spin connection w on (), the induced affine connection I',, on L(M) satisfies

Ly
Vg=0 (4.5.3)

Given two spin connections w,w’ on () we introduce the contorsion of w’ relative to w, denote it by
Cw/ w

Corw=w —w (4.5.4)

By definition, the contorsion C,, ., is a tensorial 1-form of type (Ad,spin(r,s)) on Q. Through the
contorsion we can relate the torsion forms ©,. and O, of the two connections since

0. = Db
:d0+T£(w’)/\0 (4.5.5)
— df + TUw) NG+ TUC.p ) N0
= O, + TUCur ) A O

The simplest possible case would be that of a connection w with zero torsion 0, = 0, which one could
use as the origin in the affine space of spin connections. We now prove that a torsionless connection
always exists and is unique: it is the Levi—Civita Connection of the spin frame é.

Theorem 4.5.1 (Levi-Civita Connection of ¢é)
For a fized spin frame é: Q — L(M) there exists a unique spin connection {é} that is torsionless,
it is called Levi—Civita connection of é. All other spin connections w are obtained via

w={e}+C, (4.5.6)

where C,, is a tensorial 1-form of type (Ad,spin(r,s)) on Q know as the contorsion tensor of w and
1s unique. The torsion O, of w is given by

0. = DO = TUC,) A6 (4.5.7)

Proof. If the Levi-Civita (L-C) connection exists, then both its torsion and contorsion are zero.
Therefore it suffices to prove that, starting from any spin connection w, one can build {é}. Let us
first prove (as always) that such a connection, if it exists, is unique. Suppose there is a C such that
w={é} + C then for X,Y,Z € TL(M) we have

0,(X,)Y)=C(X)-0(Y)-C(Y) - 6(X) (4.5.8)
where the dot indicates the action T¢: spin(r,s) — gl(R™). Then

n(é(Z),0,(X,Y))
U(é(X)7 @w(Y7 7))
n(e(Y),0.(2, X))

(€(2), C(X) - e(Y)) = n(
(e(X),C(Y) - é(2)) —n(
(e(Y), C(Z) - e(X)) —n(

~—
>

X
Y)) (4.5.9)
Z

< <N

Qa9

< N T
;‘Q

n
n
n

Using that C is valued in spin(r, s) we can compute the combination

C(X.Y, 2) = (é(2),0u(X,Y)) = n(e(X), 0, (Y. 2)) + n(e(Y), 0, (Z, X)) (4.5.10)
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and we get that for all X|Y,Z € TL(M)
CX,Y, 2) = 20(e(2), C(X) - (Y)) (4511)

Since é(Y) and é(Z) take all values in R™ as Y, Z vary and 7 is non degenerate, we get that C(X)
is uniquely determined for all X.

Existence is then guaranteed by building C' from w and then C from C as above. By definition C is
horizontal, meaning that also C' is horizontal. As for equivariance, for any S € Spin,(r, s) we have

((Rs)"C) (XY, Z) = C(TRsX,TRsY,TRsZ)
= n(é(TRsZ),0,(TRs X, TRsY)) —n(é(T'RsX),0,(TRsY, TRsZ))

+ n(é(TRsY),0,(TRsZ, TRsX)) +
= n(f(s)é(z)ﬂé(g)@w()(? Y)) - n(£<§)é(X)7£(§)®w(Yu 2)) +
+ n((S)e(Y), £(S)0.(Z, X))
=n(é(2),0u(X,Y)) —n(e(X),0u(Y, 2)) +n(e(Y),0u(Z, X))
=C(X,Y,2)
(4.5.12)
Therefore
((Rs)*C)(X,Y, Z) = 2n(é(TRsZ),C(TRsX) - (TRsY'))
C(X.Y,2) = 2(((S)é(2). C(TRsX) - (5)e(TRsY)) w513
C(X,Y,Z) =21 (&(2),L(5)[(C(TRsX)S) - &(TRsY)))
C(X,Y,Z) =2n(é(Z),(Ads C(TRsX)) - ¢(TRsY)))

and since by uniqueness it must be Adg C(TRsX ) = C(X), we have that C is of type (Ad, spin(r, s))
and the proof is complete.

O

Remark 27. The connection {é} is called Levi-Civita connection since the relative connection induced
on T'M is precisely the Levi-Civita connection of the metric g induced by é. In fact under the
correspondence

0% (Q,R™) ~ Q*(M, E) ~ Q*(M,TM) (4.5.14)

The torsion form O, is sent to the torsion T« of the affine connection I'y, induced by w.

As stated before, given a spin frame é: Q — L(M) one can always define the Levi-Civita connection
{é} and write any other spin connnection w on @) as

w={e}+C, (4.5.15)

where C,, is the contorsion of w.

Corollary 7
The correspondence between spin connections and torsion/contorsion forms is one-to-one, that is

w=w <= 0,=0, = C,=C, (4.5.16)



Chapter 5

Spacetime Barbero—Immirzi
Connections

The Barbero-Immirzi connection is used in Loop Quantum Gravity (LQG) to deal with the quantiza-
tion of gravity in lorentzian signature (3, 1).

The original definition given by Barbero [Bar94] and Immirzi [Imm97] comes from the canonical
analysis of General Relativity (as in [MRC20] and [MERC20]), we recall the result briefly. Fix
a 4-dimensional orientable lorentzian manifold M with an Einstein metric ¢ and an embedded 3-
dimensional submanifold S that is spacelike, so that the pull-back metric A = t*¢ along the embedding
map t: S — M is positive definite. Choose local coordinates {SA}A:1,2,3 on S and a basis {Lk}k:m’3
for su(2). An su(2)-valued Barbero-Immirzi (BI) connection is a 1-form on S with local coefficients

Ak (B) = %eijk I +B8k%, BeR (5.0.1)
where eijk is the totally antisymmetric Levi-Civita symbol, FiAj are the Christoffel symbols of h, and
k¥ are related to the coefficients of the Weingarten operator of S (see [KN96|, p. 14). The real
number 3 is the Immirzi parameter and for each choice of 8 one defines a different BI connection
A(B) = AK(B) ds? @ Li. In LQG the BI parameter has to be fixed by experimental data, so that one
can speak of the BI connection A.

There are several issues with the construction above. First, we want to use the BI connection to
reformulate General Relativity, therefore we want to define A without fixing an Einstein metric g a
priori. Second, the definition of the BI connection A in terms of I' and « looks arbitrary and there is no
apparent explanation for the BI parameter 3. Third, the construction is carried out on a submanifold
S of M. As Samuel pointed out in [Sam00] one would like to relate the BI connection A to a connection
defined globally on M, i.e. to a spacetime connection and not a spatial one.

Ultimately, one is interested in reformulating Einstein’s General Relativity as a variational theory for
the BI connection A instead of the metric g, which is a form more suitable for quantization and the
starting point of Loop Quantum Gravity (see [Rov04]). This is one of the main motivations behind
the material contained in this chapter.

In this chapter we present a geometrically well-defined method for building BI connections which solves
all the issues outlined above. We will work in the general case of an (n + 1)-dimensional lorentzian
manifold M and discuss the special case of interest n = 3. Although the chapter itself is relatively
short, it is content-dense in that the results which it contains draw from various areas of mathematics:
principal bundle theory and structure group reductions, algebraic topology and obstruction theory,
Clifford algebras and spin groups, and representation theory.
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In particular, the existence problem for spacetime BI connection is shown to be equivalent to the
existence of a certain bundle reduction (which is treated in [chapter 3|), while the classification of all
possible BI connections requires a good amount of knowledge and dexterity with spin groups and spin

algebras (which is the content of [chapter 1J).

This gives another, a posteriori motivation for treating all the material contained in the prerequisite
chapters and also shows how interesting problems in theoretical physics may require an integrated
approach from a mathematical standpoint.

The generalization proposed here is, to our best knowledge, the unique framework in which the BI
connection is a well-defined global object on the spacetime manifold M, thus ensuring covariance from
the start. Another, non covariant, generalization which relates more to string theories and supergravity

has been proposed in [BTT13].

aggiungi cite a “FFR - On a Covariant Formulation of the Barbero-Immirzi Connection”
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Summary and References

In we tackle the problem of reducing a principal Spiny(n,1)-bundle over M to a Spin(n)-
bundle. The main idea is to define a Spin(n)-connection A out of a Sping(n,1)-connection w. In
we showed that reducing a principal G-bundle over M to a closed Lie subgroup H C G is
subject to topological obstructions. In the case of interest we prove that there are no obstructions, so
that a reduction always exists.

In we use the concept of reductive pair (see [section 3.2)) to explicitly define the BI con-

nection A on the Spin(n)-bundle out of a connection w on the Spiny(n,1)-bundle. We prove that
(Sping(n, 1), Spin(n)) is a reductive pair for n > 3 and that the existence of the BI parameter j is
related to unique properties of the case n = 3. The remarkable result is that there is a unique way of
defining the coefficients of A, which is precisely the one given inleq. (5.0.1)

A case-by-case approach can be found in [FEG12], in which the reduction problem for all signatures
(r,s) and manifold dimension 3 < m < 20 is studied with the aid of Maple’s Tensor package. This
chapter can be considered the spiritual continuation of that line of investigation.

The original results contained in this chapter have been published in the peer-reviewed article [OF21].

5.1 Reduction of Spiny(n,1)-bundles to Spin(n)

From this section onwards we will fix dim M = m = n + 1 and restrict to lorentzian signature, i.e.
(r,s) = (n,1). In the case of interest n = 3 we want to define an SU(2)-connection out of a Spin, (3, 1)-
connection. This suggests that we should investigate the SU(2)-reductions of a Sping(3,1)-bundle

Q.
Since SU(2) ~ Spin(3), the generalization to arbitrary dimensions is to study Spin(n)-reductions of

a principal Sping(n,1)-bundle Q). We will also restrict to the case n > 3 since for n = 1,2 the spin
groups are not the universal coverings of the respective special orthogonal groups, see [section 1.12

The main result of this section is that for lorenztian spin manifolds the reduction from Spin(n, 1) to
Spin(n) is always possible, the proof relies on and the following lemma:

Lemma 7
The right coset Spinﬂ("’l)/spin(n) is diffeomorphic to the euclidean space R™.

Proof. We prove this fact using [lemma 5| Consider the submanifold of R™t!
X ={(tx)eR"™: 4+ x°=-1,t>0} (5.1.1)
with the subspace topology. The action of Sping(n, 1) is given by
S-x=4(S)x, VS € Spiny(n,1) (5.1.2)

where ¢: Sping(n,1) — SO(n,1) is the two-to-one covering map and SO(n, 1) acts through its fun-
damental representation.

By definition, an element S € Spin(n) C Sping(n, 1) acts only on the x part of a vector v = (¢,x),

see |section 1.11] Therefore Spin(n) fixes the point z¢ = (1,0). Since Spiny(n, 1) is a path-connected
Lie group and since

X = Sping(n, 1) - zo (5.1.3)

any open neighborhood U of the identity 1 € Spiny(n,1) is mapped into an open neighborhood of
zo € X. The hypotheses of are all verified and we have

Sping (n, 1)/Spm(n) ~ X ~R" (5.1.4)
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O

Theorem 5.1.1
For any lorentzian spin manifold M and any principal Sping(n, 1)-bundle Q, there always exists a
Spin(n)-reduction, that is, a principal Spin(n)-bundle *Q = (TQ,Tp, M, Spin(n)) which fits in a
commutative diagram

Q—"——0Q
[ J»
M=——M (5.1.5)

Spin(n) —— Spiny(n,1)

Proof. By |property 3.1.2| we only need to prove that the coset bundle Qgpin(n) admits a global
section. Since the standard fiber of Qgpin(n) is the coset space Spino("71)/spm(n) we can use M
in conjunction with and we have the thesis.

O

By the inclusion ¢: TQ «— @ we get that any spin frame e: Q — L(M) defines an analoguous map
eor: TQ — L(M). The solder form # for @ can be pulled back to a solder form *0 for *Q, and
any SU(2)-connection on T @ automatically induces a spin connection on @ as discussed in
This will be used extensively in

5.2 Barbero—Immirzi Connections through Reductive Pairs

The main result of the previous section implies that for any Sping(n,1)-bundle @ over a lorentzian
spin manifold M there exists a reduction to a Spin(n)-bundle TQ. The commutative diagram is

Q——0Q

& Ir

Me—M (5.2.1)

Spin(n) —— Spiny(n, 1)

In this section we define the geometric framework for building BI connections on all M: given a
principal connection w on a Sping(n,1)-bundle @ on M and a Spin(n)-reduction TQ, we define a
unique principal connection A on TQ out of w. The main result relies on the general framework of
reductive pairs and reduced connections, which we discussed in therefore we now prove
that (Sping(n, 1), Spin(n)) is a reductive pair.

Theorem 5.2.1
If n > 3, (Spiny(n, 1), Spin(n)) has a unique reductive splitting
spin(n, 1) = spin(n) @ my, (5.2.2)
If n = 3, we have a 1-parameter family of reductive splittings

spin(3,1) = spin(3) @ mg (5.2.3)
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The parameter 3 is called the Immirzi parameter of the splitting.

Proof. Denote by {eq}q=0,...,n the n-orthonrmal basis of R™*1 that is

-1 ifa=b=0
n(eases) =mnap =0 ifaz#b (5.2.4)
1 ifa=b>0

As is customary, we will use latin letters from the beginning of the alphabeth (e.g. a,b,c) to denote

indices from 0 to n, and latin letters from the middle of the alphabeth (e.g. i, j, k) to denote indices
from 1 to n only. To shorten writing define

V = {eq) = (eg,...,€n)

W = (e;) =(e1,...,en) (5.2.5)

Notice that the bilinear form 7 is positive-definite on W.

Then using the definitions and conventions of we have that the spin groups are defined
as

Spin(n, 1) = {v1...var 1 v; € V,Q(v;) = £1}

Spin(n) = {vy...vor : v; € W, Q(v;) = 1} (5.2.6)

With Sping(n, 1) being the identity connected component of Spin(n,1). The spin algebras then are

spin(n,1) = (eqep : a # b)

spin(n) = (e;e; : 1 # j) = (eqeq : @ # b and a,b # 0) (5:2.7)
Let U = 5‘“"(”’1)/5,31“(“). There is a short exact sequence
0 —— spin(n) —— spin(n,1) —» U —— 0 (5.2.8)
The equivalence classes in U are linear combinations of the basis
[eper] = epey, + spin(n) (5.2.9)
and we can identifying U with W via the isomorphism
[eoekU] _ ZZ (5.2.10)
A splitting of corresponds to a linear injection ¢: W < spin(n, 1) such that
o(W) & spin(n) = spin(n, 1) (5.2.11)
The most general choice of ¢ is
d(ex) = eoer + P(ex) (5.2.12)

for some linear map ¢: W — spin(n). Setting m := ¢(W), we obtain the splitting

spin(n, 1) = spin(n) & m. (5.2.13)



124 CHAPTER 5. SPACETIME BARBERO-IMMIRZI CONNECTIONS

We now determine under which conditions the vector space m is Adgpin(n,1)(Spin(n))-invariant. The
space m is spanned by vectors of the form epey + 1(ex). For any S € Spin(n) compute

Ad(S)(eoer + P(ex)) = SeeS™" SepS™1 + (Ad(S) o ¥)(ex)

=ep Ad(S)(ex) + (Ad(S) o 9)(ex) (5.2.14)

The result is still in m if and only if
(Ad(S) o ¥)(ex) = (¥ 0 Ad(S))(ex). (5.2.15)

Since Ad(S)(er) = £(S)(ex), where £: Spin(n) — SO(n) is the twofold covering map, the splitting
is reductive if and only if

Ad(S) o) = 1p 0 £(S) (5.2.16)

that is if ¢ is an intertwiner between the Ad(S) € End(spin(n)) and ¢(S) € End(WW) representations
of Spin(n).

If n # 4 the group SO(n) acts irreducibly on W ~ R™. The adjoint representation of spin(n) on
itself is irreducible since so(n) = spin(n) is a simple Lie algebra, hence the adjoint representation of
Spin(n) on spin(n) is also irreducible. Given that both Ad and ¢ are irreducible representations of
Spin(n), by Schur’s Lemma 1) is either the null map or an isomorphism. In the latter case we must
have n = dim W = dim(spin(n)) = n(n — 1)/2 which is possible only if n =0 or n = 3.

For n = 3 we identify W ~ R3 with spin(3) ~ su(2) via the map

R — su(2)

(5.2.17)
e +—— Tk

where 7, = —%e’j x €;ej. Then 1 becomes an equivariant map with respect to the adjoint represen-
tation of Spin(3) on spin(3). Since any endomorphism of an odd dimensional real vector space has a
real eigenvalue, it follows by Schur’s lemma that ) is a constant multiple of the identity, i.e.

Y(ex) =B, BER (5.2.18)

For n = 4 we use the fact that Spin(4) ~ SU(2) x SU(2) and spin(4) =~ su(2) @ su(2). Each of the
two copies of su(2) is a 3-dimensional invariant subspace for the adjoint action of Spin(4) on spin(4).
On the other hand, as shown in [LMS89|, the fundamental representation ¢: SO(4) — GL(4) has
two invariant subspaces which are both 2-dimensional.

Since ker is an invariant subspace for ¢, its dimension must be 0,2 or 4. By the rank-nullity
theorem dim W = dim(ker ¢) + dim(im 1)), so that dim(im ) is 4,2 or 0 respectively. However im ¢
is an invariant subspace for Ad, so that its dimension is 0,3 or 6. The only possibiity therefore is
dim(ker ¢)) = 4 which implies that ¢ = 0.

The proof is thus complete.

Corollary 8
For n > 3 we have the unique reductive splitting spin(n, 1) = spin(n) & my with

mg = (eper : k=1,...,n) (5.2.19)
For n = 3 we have a one-parameter family of reductive splittings spin(3,1) = su(2) & mg with

_ /B
me = <£" >k:1,2,37 FeR (5.2.20)
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where 5,(6’8) = oy — BTk

Proof. We only need to prove the part for n = 3. From the theorem above we have

mg = (eper +Y(ex) 1 k=1,2,3)

= (eper, + B1) : k =1,2,3) (5.2.21)
From [section 1.12] we have
€€y = —Ok (5.2.22)
so that we get
mg = (o — Bry,) 1 b =1,2,3) (5.2.23)
which is the thesis.
O

5.3 Local Expressions for n = 3

We close this section by recovering the expression for the coefficient of a BI connection A in the case
n = 3. Consider a Spin,(3,1)-bundle @ on M with an SU(2)-reduction *Q.

Q——0Q

L+ £

M=————M (5.3.1)

SU(2) —— Spin,(3,1)

Let us also fix a BI parameter 5 € R so that we have a unique reductive splitting spin(3,1) = su(2)®mg.

From [subsection 4.4.1) we know that principal connection on @ is a spin(3, 1)-valued 1-form
1
W= iwab @ Jap, with w® € Q1(Q) (5.3.2)
From Isection 1.12 we have that
1

y k
=Y, J:: Jij = Z€ij Tk
RN PN 2 (5.3.3)
o = 2Jog T — 1
0k = 50k
so that we write
1
w=w ® Jor + 5(«0” X Jij
1 1 1 (5.3.4)
=w* Q@ —op + -w? @ [ =€;:* 7%
2 2 2"

Following [corollary 8 the vectors {{,(f ) — Ok — BTk k=123 form a basis for the space mg so that we

can split w into its su(2)-component A and its mg-component x

1 1 - 1
w = ka ® 5 (Uk :I:ﬁ’]’k) =+ <26ijkww> ® 57’]@

: oo 1 (5.3.5)
— W g igl(f) + <2eijk w" + 5w0k) ® QTk
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Recall that Ly = %7767 then by defining a new basis for mg
® _ Lo
Hyw =58
= Ky — BLg
we can finally write

1 3
w = WOk ®H’EI3) + <26ijszj Jrﬁwok) ® Ly

Since

spin(3) ~ su(2) = <Lk>k:1,2,3
mg = <H,£B)>

we finally get that the coefficients of A and x with BI parameter 3 are

k=1,2,3

1 .
Ak — ieijkwu +5w0k

ok — Ok

(5.3.6)

(5.3.7)

(5.3.8)

(5.3.9)

The A connection is the Barbero—Immirzi Connection of w with Immirzi parameter B, while k is the

extrinsic spacetime field with Immirzi parameter (.

We can now compute the commutators in the basis {Ly, H ,55 )}k:17273 and verify directly that mg is

never a subalgebra. First we have
[Li, H”| = [Li, K; — BL]
= ¢;;" Kj, — Bei;* L
B
= Eijk H]g )
which is a direct consequence of the fact that mg is Ad(SU(2))-invariant. Then
(. ] = [K; = BLi, K; — BLj)
= —ei;" L — 2Bei;" Ki + Bei” Li
= " [(=1+ 82) Ly — 28(H(” + 5Ly |
= —Eijk [(1 =+ BQ)LIC + 25H]55)}

Since 1+ 3% # 0 for any 8 € R we have that mg is never a subalgebra. We summarize

1 1,
Lk: 5 k:*ijkeij
1 1 ..
H/EB) =Ky — BLi = *590k+516”k €;j

and
[Li, Lj] = ;" Ly,
L, HO] = e HY)
1 B = et [(1 + %)Ly + Zﬂngﬁ)}

(5.3.10)

(5.3.11)

(5.3.12)

(5.3.13)

We thus find that the construction above generalizes the definition of BI connections to a generic
(n+ 1)-dimensional lorentzian manifold M, for n > 3. The BI parameter 8 comes out naturally in the

case n = 3 whereas for n > 3 it is absent.



Chapter 6

The Calculus of Vector-Valued Forms
on a Sping(r, s)-Bundle

The contents of this chapter concour to build a toolkit which we will use in where we
will carry out the variational analysis of the Holst and Holst—-Barbero-Immirzi lagrangians. These
lagrangians are built from geometrical objects defined through a Spiny(r, s)-bundle  on M or one of
its SU(2)-reductions *@, in particular the calculations involve solder forms 6, spin connection forms w,
contorsion forms C,,, torsion forms O, and curvature forms R,. Some of these are R™-valued, while
others are spin(r, s)-valued. From [chapter 1] we know there is an isomorphism ¥: spin(r, s) — A2R™,
thereofore all the differential forms above are in Q%(Q, A"R™), for some k,h € N. through ¥ we also
have ¥ o Adg = A%4(S) o ¥ so that all of the forms above are pseudotensorial of type (A"¢, A"R™).

The possibility of having a unifying formalism for the spin-related forms and the creation of a calculus
that streamlines the variational analysis of the last chapter, is the motivation behind the material
presented here. The very definition of these vector-valued forms requires knowledge of principal bundles
(chapter 2), and spin frames and spin connections (chapter 4). Therefore there is a direct or indirect
dependence on all first four chapters. Even though the definition and properties of spacetime Barbero—
Immirzi connections is not used in this chapter, the results we prove are clearly applicable to them,
and this will be indeed done in the following chapter.
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Summary and References

contains the basic definitions and results regarding vector-valued forms on a Sping(r, s)-
bundle Q. treats the special case of tensorial forms, which properties allow the definition
of a suitable extension of Hodge operations. The local coordinate expressions are also the subject of a
small subsection, this will be needed in the following chapter to translate the coordinate form of the
Holst Lagrangian into its intrinsic expression. Finally, introduces the operation of trace
for tensorial forms and studies some of its properties: this directly generalizes the trace operation
for endomorphisms/curvature tensors. The trace of the Riemann tensor is usually expressed in local
coordinate form or by choosing a suitable orthonormal basis, both of these procedures are not fully
intrinsic. Therefore we start from the coordinate definition of trace and work backwards to find a
completely intrinsic definition which, (not so) surprisingly, involves the Hodge operators defined in the
previous section. To our knowledge this is the first time such a definition appears and is fully used.

The results of this chapter are mostly original. Some concepts where already present in a similar
form in the book by Besse [BBBBHS&I], albeit for the special case of the tangent manifold TM. We
have tried to keep the same nomenclature for continuity and to make the generalization more explicit.

6.1 Calculus for AR™-valued forms on ()

Throughout this chapter we fix a spin frame e: Q — L(M), where @ is a spin bundle Q =
(Q,p, M, Sping(r, s)) on M. Consider the group morphisms

Sping(r, s) ——» SO(r, s) —— GL(m) (6.1.1)

where ¢: Sping(r,s) —» SOq(r, s) is the twofold covering map of the spin group (this is the universal
covering for (r,s) = (m,0) or (r,s) = (m—1,1)), and i: SOg(r, s) — GL(m) is the standard inclusion
of matrix groups. Then the spin group Spin,(r, s) acts on R™ via

Sping(r,s) x R™ — R™
($0) — ((ioD(8))x
where we denoted the action of GL(m) on R™ simply by juxtaposition. With some abuse of notation,

we denote this representation simply by £: Spin,(r,s) ~ R™ and define the associated vector bundle
& =Q"'= (E,p*, M,R™) which is isomorphic as vector bundles to TM via the solder form @ of Q.

(6.1.2)

Definition 6.1.1 (AR™-Valued Forms on a Sping(r, s)-Bundle)
Consider a spin bundle @ = (Q, p, M, Spiny(r, s)) on M and the standard representation £: Spiny(r, s)
SOg(r, s) on R™. We define the vector space of A"R™-valued k-forms on Q as

OFh(Q,R™) = QF(Q) ® A"R™ = {&: AFTQ —» A"R™} (6.1.3)

Differential forms ® € Q%"(Q,R™) are homogeneous forms of bidegree deg ® = (k, h). We define the
direct sums
dim Q

Q.hQ,Rm @QkhQRm

QF*(Q,R™) @Q’“ hQ,R™) (6.1.4)

dim Q

Q,Rm @ Qko Q Rm égo,h(Q,Rnl)

h=1
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Due to the fact that A*R™ is a finite-dimensional vector space, a generic ® € Q*"(Q,R™) is a finite
linear combination of decomposable elements, that is forms of the type

d=9p®uv, withpcQ¥Q),vc A"R™ (6.1.5)

If we consider the actions A"¢: Spiny(r, s) ~ A"R™ induced by functoriality, we can define k-forms
on Q of type (A", A"R™) and we denote them by

QR (Q, 0) = QF(Q, APR™)N (6.1.6)
The equivariance condition is
(Rs)*® = (A"0(S))(®), V& € Q""(Q,¥),VS € Spingy(r,s) (6.1.7)
On a decomposable element & = ¢ ® v we have
(A"0(5)) () = p ® (A"(S))(v) (6.1.8)

As before, forms of type (A"¢, A"R™) are also called pseudotensorial. Forms ® € Q%"(Q,¢) which
vanish on vertical vectors are denoted by Q];jh(Q7 ¢) and are called tensorial.

The spaces Q*"(Q, £),2%*(Q,¢) and Q(Q, {) are defined as above.

Examples
As stated in the summary, the definition of Q%"(Q,R™) lets us describe many important objects
using the same formalism.

solder form 6 € Q;}l(Q, ?)

spin connection w € Q1?(Q, /)

contorsion form C,, € Q3;%(Q, ) (6.1.9)

. 2,1
torsion form ©,, € Q3 (Q, )
2,2
curvature form R, € Q37 (Q, )

We can extend various operations defined on Q(Q) and AR™ to Q%" (Q,R™), starting with the wedge
product:

Definition 6.1.2 (Kulkarni-Nomizu Product)
The space Q(Q,R™) is a bigraded algebra. The Kulkarni—-Nomizu (KN) product @® is defined on
decomposable elements as

®: Qlf,h(Q7 Rm) ~ Qk’,h'(Q’ Rm) N Qk+k',h+h’ (Q; Rm)

(‘I):@@U,\I/:l/)@w) — (<P/\¢)®(v/\w) (6110)

and extended by linearity to all elements. The KN product is a bigraded derivation, for ¢ €
QFM(Q,R™) and ¥ € Q¥ (Q,R™) we have

SOV =(—)*(—)"vpad (6.1.11)

which descends from the analogous relation for wedge products in Q(Q) and AR™. Notice that the
subspaces of pseudotensorial forms Q(Q), ¢) and of tensorial forms Qg (Q, ¢) are subalgebras with the
induced KN product ®.
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Definition 6.1.3 (Exterior Differential on (Q,R™))
The exterior differential d: QF(Q) — QF+1(Q) extends to Q%" (Q,R™). On decomposable elements
we have

d:  QFMQ,R™) — QFFLR(Q R™)

P=pv — d®=(dp)®@v (6.1.12)
The Leibniz formula in this case has the form, for ® € Q%"(Q,R™) and ¥ € le’h/(Q, R™)
A@OTV)=dd OV + (~1)"® @ dv (6.1.13)

The exterior differential d restricts to a derivation on the subalgebra of pseudotensorial forms Q(Q, ¢)
but not on the subalgebra of tensorial forms Qg (Q, ).

The definition of torsion ©,, and curvature R, suggest the following. For any representation p: g —
gl(m) of a Lie algebra g we have, by functoriality, the induced actions A"p on A?R™ therefore we can
extend p to Q(Q,R™). As before the action is completely determined by its effect on decomposable
elements, for X € g, ¢ € Q%(Q) and v € A"R™ we then have

P(X)(p @) =@ (A"p(X)(v)) (6.1.14)

Using this fact we can define the action of any g-valued g-form in Q9(Q, g) on Q¥"(Q,R™), it suffices to
describe this action on decomposable elements: consider a € Q(Q), X € g, p € Q¥(Q), and v € A"R™

Arp: Q1(Q,g) x QER(Q,R™)  —  QFFah(Q R™)
A (6.1.15)
(a®X,p@v) — (aA@)@A"p(X)(v)
If the action p is valued in so(r,s) C gl(m) then we have that all actions A"p can be restricted to
pseudotensorial forms Q(Q, £) but not to tensorial forms Qg (Q,¥).

Remark 28. We also write this action as A"p(a ® X) A (¢ ® v). In general if o € Q9(Q,g) and
® € OB (Q,R™) we have that

(A"p(a) N®)(Z1, .., By gty - Eqik) =

(q+F)!

= 7(]! %l Z sgnUAhp (a(Eg(l), ce ,Ea(q))) (‘I’(EJ(qul), . 7Ea(q+k)))

(6.1.16)

U€6q+k

The case of most interest for us is when g = spin(r, s) and p is the standard representation of spin(r, s)
on R™ induced by the action of Spin,(r, s), that is p = T. In this situation we simplify by introducing
the dot notation: for any X € spin(r,s) and ® € Q%" (Q,R™) we have

X A®=ATUX)(D) (6.1.17)

Using dot notation we can treat exterior covariant derivatives on forms of different bidegree in a

unified way. We adapt and the property that follows to this case.

Definition 6.1.4 (Exterior Covariant Differential on Q*"(Q, ¢))
Consider a spin bundle Q = (@, p, M, Spin,(r, s)) on M and the standard representation £: Sping(r,s) —
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SOg(r, s) on R™. For a fixed spin connection w on @ denote by h: TQ — HQ the horizontal pro-
jector. The exterior covariant differential of a AR™-valued k-form ® on @ is defined as

(D®)(Zo,...,2x) = dO(hZ0, ..., hE:), Z; € TQ (6.1.18)

As such it is a linear map

D: QFMQR™) — QFH(Q.R™)

w (6.1.19)
® — D

w
Exterior covariant differentiation preserves pseudotensoriality, that is D (Q%"(Q,¢)) C Ql;;l’h(Q, ).

The properties satisfied by lw) are
(i) for @ € Q’;_I’h(Q7 R™) we have

D® = dd+w A (6.1.20)
(ii) the curvature form R, of w is
w 1 .
Rw:Dw:dw+§wAw
(6.1.21)

1
:dw+§[w/\w]

where [wAw] = ad(w) Aw, with ad: spin(r, s) ~ spin(r, s) the adjoint representation of the Lie
algebra on itself;

(iii) the Bianchi identity is
DR, = D=0 (6.1.22)
For the solder form 6 € Q}}l (Q,R™) of @ the Bianchi identity has the form
DO, = D0 =R, A0 (6.1.23)

Remark 29. Notice that for A2TY¢ = ad: spin(r,s) ~ spin(r,s) will still use the commutator notation
[+ A -], mostly because it is a very common in literature.

w
We end this section by characterizing the interaction between D, ®, and A .

Property 6.1.1
We have:

(i) for ® € QFM(Q,R™) and ¥ € QF M (Q,R™) then

w

D@ W) = DO OV + (—1)*' & o DY (6.1.24)
(ii) given a Lie algebra representation p: g — gl(m), © € Q4(Q, g), and ® € Q%"(Q,R™) then

D(p(©) A ®) = p <1w)(@)> A® + (—1)7p(©) A DD (6.1.25)
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(iii) given a Lie algebra representation p: g — gl(m), © € Q4(Q, g), and forms ® € Q& (Q,R™)
and ¥ € QF 7 (Q,R™) then

(POYAR) DY = p(O) A (@O T)+ (—1)*D O (p(©) A D) (6.1.26)

Proof. By linearity, it suffices to prove the formulas for decomposable ® = a ® X, ® = p ® v, and
VU =1 ® w. Then

(i)
D@ @ W) = D((p@v) 0 (@ w))
= D((p A ) @ (v A w))
= (Dp A+ (1) A Dyp) @ (v A w)
= DO DU+ (—1)*' & ¢ DU

(6.1.27)

((a A g)) ® (p(X)v) (6.1.28)

(iii)

)) (
=((aMDA¢) ((p(X)v) A ))
= ((a Ap A @ ((p(X) (v Aw) — v A (p(X)w))) (6.1.29)
=pO)A(@DOT) — (—1)(pAa )@ (—vA (p(X)w))
=p(O)A (2O T) + (-1)7 ® (p(©) A T)
O

6.2 Tensorial Forms Qy(Q,¢) and Hodge Operators

Recall that tensorial forms Q]Eh(Q,E) are module-isomorphic to the subspace of T'(A"E) @ QF(M)
. We will always assume the isomorphism so that for a decomposable element ¢ ® v,
¢ can denote both the form in Q% (Q) and its corresponding form in Q¥(M), analogously v denotes
both the element in A"R™ and the section in T'(A"E).

Recall that via the spin frame e: Q — L(M) (or, which is analogous, the solder form 6 € Q};,l(Q, ?))
we can define a metric h = 1 on E and the corresponding metric tensor ¢ = 0*h on M. The metric
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g defines two musical isomorphisms, the flat isomorphism b and the sharp isomorphism #, which are
inverses. The flat isomorphis b is

b: TM — T*M

ve (vm)b — g(ve,—) (6.2.1)
This is an isomorphism since g is non degenerate. Its inverse is the sharp isomorphism §
0 T*M — TM (62.2)
a, +— ()t =v, <= g(vs,ws) = ap(wy), Yw, € TyM
Then the metric on T*M is again denoted by g and is defined by
9o: TIMOT;M — R (6.2.3)

(amaﬂa:) — gw(a17ﬁ$) :g<(aw)u’(6$)ﬁ)

One can also induce a metric on the spaces A*T* M, this is done by prescribing the metric on homoge-
neous elements. For (a1)g, ..., (@k)zs (B1)a,- -5 (Bk)e € Ti M we again denote the scalar product by
g and define it as

9o ((a1)a Ao A(ak)z, (B1)z Ao A (Br)a) =
g((@1)z, (B1)z) -+ g((a1)s, (Br))

= = det g ((@%)z, (B))a)
g((k)e, (B1)z) - g((k)as (Br)e)

(6.2.4)

In a similar manner one can extend the metric & on E to a metric on A*E, which we will still denote
by h.

Using we have that h on A?FE is the invariant tensor induced by 1 on A2R™ which
is, through the isomorphism W: spin(r,s) — A?R™, the Killing form on spin(r, s). If we denote by
[—, —] the commutator induced on A?E by the commutator /adjoint representation on spin(r, s), then
we have again that for any x € M

B ([tgy V) e ) = hy (g, [Vz, we]), Vg, vy, w, € A2E (6.2.5)

The manifold M is orientable since we have a Spin,(r, s)-bundle on it, then also E is orientable since
it is isomorphic to T'M. We can then define the two metric volume forms v, and v, on TM and E
which are related by

vg =01, (6.2.6)
Denote by ny the section of A" FE dual to vy, meaning that it satisfies

vp(np) =1 (6.2.7)
Notice that nj is the section np: M — T'(A™FE) which corresponds, via the definition of invariant

tensors in to the m-vector n,, induced by 1 on R™, that is the vector

1
np=—e" 0Ty Ao ATy, (6.2.8)
m! '

where {T;, }a=1,....m is the standard n-orthonormal basis of R™.

,,,,,
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Then we have two families of Hodge star operators

s QF(M) — QR

*xp: T(A"E) — T(A™"E)
Vo xpU
which are uniquely defined by
A * = , V),
@ Nxeth = g, ¥)vg (6.2.10)
v A xpw = h(v, w)ny
Notice that since g has signature (r, s) we have that % is a signed isometry, that is
9, #xt) = (=1)°g(p, ¥) (6.2.11)

The factor (—1)* (i.e. the product of all minuses in the diagonal form of g) is often called the sign of
g. As a consequence of this fact we have the identities

ok (k1) = (—1)(—=1)Fm=R) id (6.2.12)
so that

(#) 71 = ()P (=) R,y (6.2.13)
Another difference with respect to the Euclidean case is that

*y = g(vg,vg) = (—1)° (6.2.14)

Identical considerations apply to %, by susbstituting v, for n,. See [CBDMDBTS|, p. 294, for an
exhaustive treatment on the subject.

The x operator and the representations A"T'¢ of spin(r, s) on A”R™ have an interesting interaction

Property 6.2.1
On A"R™ we have that x is an equivariant map for the representation A"TC: spin(r,s) ~ APR™.

Proof. First consider S € Sping(r, s) and v € A"R™. We use the shorthand notation
S -v=A"S)(v) (6.2.15)
Then * (S - v) is the element such that for any w € A™~"R™

wA*(S-v) =q(w,S-v)n,

=q(S7' - w, v)ny

(S wy s (6.2.16)
=St (wAxw) —wA (ST Hw)
wA [x(S-v)+ 57" x] =571 (w A ) (6.2.17)

Notice that

S (w A ) = q(w,v) S™! - n, (6.2.18)



6.2. TENSORIAL FORMS Qy(Q,¢) AND HODGE OPERATORS 135

Since n,, is the volume form induced by n we have
S~ n, = det(¢(S1))n, =n, (6.2.19)
And we have

wA [x(S-v)+ 57" x] = q(w,v)n, (6.2.20)

We now consider the curve I': R — Sping(r, s) with I'(0) = 1 and I'(0) = X € spin(r, s). Since

X v=A"T¢{X)(v) = %F(s) - (v) |s=0 (6.2.21)
we get
WA KX -v)—X %] =0 (6.2.22)
= wA*(X -v) =wA (X - *v)
Since we assumed an arbitrary w € A"R™ we have the thesis
X -v)=X-%v (6.2.23)
O

Using all of the above we now define a composite Hodge star operator on Qg (Q,¥)

Definition 6.2.1 (Composite Hodge Star)
Consider a decomposable element ® = p® v € Q’E’L(Q, £), then the composite Hodge star operator
*k,n acts as

Fon: UMQ0 — QpTPTmTMNQ,0

6.2.24
P=p®Vv — gk,hq):*k@@*hv ( )

We can alternatively first define a metric (-|-) on all of the Q]Eh(Q, ¢) by prescribing it on decomposable
elements as

(p@vl @w) = g(p,P)h(v,w) (6.2.25)

and then we would have that the composite Hodge star operator satisfies
DO F ¥ = (DT, @ ny, = (DT, (6.2.26)

where we defined the composite volume form v, = vy ® ny,. Notice how we can also define the action
of the “partial” Hodge operators % and x on Qlfq’h(Q, ¢), on decomposable elements these act as

*6(p ® V) = (k) @V

(6.2.27)
*n(p @) =@ (xpv)
They also satisfy ¥j ;, = *5, 0 % = *j, 0 *p.

We finally state the properties of the composite Hodge star, which descend from the properties of *
and *.
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Property 6.2.2 (Composite Hodge Star)
Let us consider &,V € Q]If{’h(Q,f), then the composite Hodge star operator %y p, satisfies

(i) B * ¥ =%, DO V;

(ii) & O xp ¥ = %,® O U;

(iii) @ O % p ¥ =%, P O V;

(i) Gip)™ "t = (DR (Mm%, s
(v) (:|-) is non degenerate;

(vi) (Fien®@[Fp,n V) = (@|¥);

(vii) for any spin connection w on Q then D(x®) = x(DP).

Proof. For items (i) — (vi) it suffices to consider decomposable forms ® = ¢ ® v and ¥ = ¢) ® w and
use the corresponding properties of x5 and x,,. For the last item (vii), consider again a decomposable
® = p®v. Then we have

D(x®) = D(p @ )
=d(p@*v) +w A (p®*v) (6.2.28)

=dp@*v+ @ (w A *v)

Using on the second term we get

w

D(x®) =dp @*v + ¢ @ *(w A v)
=*(dp®@v+ ¢ (wAv)) (6.2.29)

= *(BCI))

Of particular interest is the action of * on the k-powers of the solder form 6

k _ gOk _
0" =0°"=00p...00 (6.2.30)
k times
We begin by studying their norms.
Lemma 8 (Square-norm of %)
We have
m! k!
(0"16%) = ] (6.2.31)

Proof. Denote by {T,} the n-orthonormal basis of R™, then we can decompose the solder form
0: TQ — R™ as § = §* ® T, with 6% € QL (Q). By definition of h on Q3 (Q, £) we then have

g(6%,6%) = n® (6.2.32)
Then we can compute (9%|6%):

(OF10%) = (0 A ..o ANO) R (Tay Ao AT )0 Ao ANO) @ (Ty, Ao ATy,)) (6.2.33)
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for fixed indices {a;} and {b;} the scalar product above is
det n®% . det Naib, (6.2.34)

In the n-orthonormal basis {7, }, the matrix entries 14, and 7*° are numerically equal. Therefore
the product above is just (detnq,s,)?, which is the square of a minor of 7. All minors of 7 are +1
or 0, hence we only need to count the non null ones. Given that 7 is diagonal, the non null minors
are those for which the corresponding submatrix is still diagonal, that is for which the sets {a;} and
{b;} coincide. Given we are summing with repetition we have that for any fixed k-uple of {a;} there
are k! terms, and since the possible {a;} are (7:)/4' we finally get

(0%16%) = (k)k!k!
m! k!
- (m —k)!

(6.2.35)

O

Notice that the composite volume form v, is a generator of Q7™ (Q,¢), and so is the m-th power of
the solder form 6™. Therefore we have that v, oc #™ and one can actually prove the following:

Property 6.2.3
The composite volume form v, is expressible in terms of the solder form 6 as

Ve = igm (6.2.36)
m!

Proof. By definition we have
Ve = Vg ®@ Ny, (6.2.37)

We have the norms

(Velve) = g(vg, vg)h(nn, np)
= (-1)°(-1)° (6.2.38)
=1

And, by the previous lemma, (0™[0™) = (m!)%. Since Q7" (Q,¥) is 1-dimensional we must have
0™ = +m! v, but since §: TM — E is an isomorphism of oriented vector bundles, for any positive
oriented, g-orthonormal frame e(q), ¢ € Q,, we have

0™ (e(q)) = 6(e(q)1) A ... A8(e(q)m) is a positively oriented frame in F (6.2.39)
On the other hand
ve(e(q)) = vy(e(q)) ® nn = ny (6.2.40)

Since the volume m-vector ny is positively oriented by definition, we have to choose the plus sign
and get 0" = m!v,.

O

We can use the characterization ™ = m! v, to compute the Hodge duals of the various powers 6*
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Property 6.2.4 (Composite Hodge Dual of 6%)
We have that

k!
%0k = mem—k (6.2.41)
Proof. Using that
m!k!
(0%16") = B (6.2.42)

we can then compute the Hodge duals, since
oF © %(0%) = (0%|6%) v,
(k1

— L gm
(m — k)l (6.2.43)
k!
— ok emfk
(m —k)! ©
This implies, by the fact that Hodge duality is an isomorphism, that
k!
#0") = ——= 0" " 2.
*(6%) =Rl (6.2.44)

Corollary 9
If m = 2n is even, the power 0™ is selfdual with respect to *. It also satisfies x0™ = (—1)%(—1)" *0™.

Proof. For the first part we just need to write ¥0* for m = 2n and k = n. For the second part, we
have that %, , = %, 0 *, so that

" = 0" = *,0" =+, (™) (6.2.45)
The last identity can be simplified by expanding (x,)~! which is
s, = (—1)%(=1)"Mm=m)gn
= (—=1)* (=)™ 0"
‘Which is the thesis. O

(6.2.46)

Remark 30. In the case of interest for Loop Quantum Gravity we have m = 4 (so that n = 2) and
(r,s) = (3,1) gives the sign of g as (—1)® = —1. Therefore we are left with

#0% = —xf? (6.2.47)

6.2.1 Local Expressions for Hodge Duals

To rewrite the Holst Lagrangian in intrinsic form we will need to work in reverse from its usual local
expression. To this end we recall the local expressions involved in Hodge duals, starting from the
volume forms

\/“?e,“,,_um dz"* A ... Ndztm
m! (6.2.48)

1
np =—€e1 0T N NT,,,
m!

I/g:
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As is usual, /g is a shorthand notation for y/|detg| and €***%m are the coeflicients of the totally
contravariant Levi—Civita tensor density on R™.

A k-form ¢ on M and an h-vector v in A"E are expressed locally as

1
p= H‘Pmmuk dz"t AL N dxtE
1 (6.2.49)
v = Hu‘“'"“h Toy Ao NTy,
The action of the star operator *j is
VY iy
(*SD),U'IH—L“HWL = ﬂ6w~ -Mk,uk+1~~~#m Pri...pn (6'2'50)
where dots denote greek indices raised /lowered through the metric g, i.e.
ey1z~».ltkﬂk+lmum _ gmal B -g”’“o‘kﬁal...awkﬂ---um, (6.2.51)
Therefore
1
*gﬁ = m(*w)ﬂki»l“-Um dl‘ﬂk+l Ao A dl‘#m (62.52)
Similarly, for x;,, we have
1
(*,U)ah+1-~~am — Ee.al:--.ah,ah*—l'”aqn p@1--Gh (6253)
where dots denote latin indices raised/lowered through the metric 7, therefore
1 a a
*V = m(*v) Y N ANANY (6.2.54)
. k.h
6.3 The Trace of a Form in Q};'(Q,Y)
Consider ® € Q];I’h(Q, ¢) with local coordinates &1, that is
1 "
d = m@ﬁ?ji’; (dz" A da?®) @ (Tyy N ... Ty,) (6.3.1)

We define the trace of ® as the form tr & which is 0 whenever £k = 0 or h = 0 and otherwise it is the
form in Q’;;l’hfl(Q, ¢) with coordinates

(tr@)yrih=t = Qryt-—th1 el (6.3.2)

This can be formulated in intrinsic language using ® and *. We can, however, abstract the situation
slightly: for any element f € X(M) ® I'(E*) we can define the interior product — J f:

Definition 6.3.1 (Interior Product by f)
Define Q]Bh(Q,K) = 0 whenever k < 0 or h < 0. For any f € X(M) ® I'(E*) we have the interior
product

—Jf: QRMNQ ) — QFLETLQ )

$ s B.f (6.3.3)

which is defined on decomposable ® = ¢y @ v and f =& ® a as

Oif=(pi)®@MWaa) (6.3.4)
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Now, the spaces Q3" (Q,¢) and X(M) ® T(E*) are dual to each other, therefore the scalar product
(—|—) induces, as usual, the sharp isomorphism £

g0 95N(Q.0) — X(M)®T(EY)

O s B = (D) (6:3.5)
and also the flat isomorphism b = #~!. Notice that if ® = ¢ ® v then
f = pfs @ r (6.3.6)

where the g subscript denotes the f and b isomorphisms in Q% (Q) induced by g. Similarly for the
subscript h.

We can now state and prove the following property, which shows the interplay between the interior
product, the musical isomorphisms, and the composite Hodge dual.

Property 6.3.1 (Intrinsic Definition of Interior Product)
We have that

dLf=F"FO0 ) (6.3.7)

Proof. As usual, it suffices to consider decomposable elements ® = p ® v and f = £ ® a. We will use
the following property of Hodge duals: consider ¢ € Q¥(M) and 8 € Q'(M), then we have

(o A B) = xp 1 Bt (6.3.8)
Similarly consider v € A"E and € A'E = E, we have

*x(vAx) =*va2’ (6.3.9)
which, by definition, gives

¥[(p@v)0 (Bor)] =% pev)(Be) (6.3.10)

If K =0 or h = 0 then there is nothing to prove, otherwise

Puf=(pa8)@(vaa)
= (=DM () 1) @ (=DM (x(x0) 1 )
= (=D Fi(xp A gP0) @ (1) Px(wv A ) (6.3.11)
= (DM ) IF [ @ x0) 0 (€7 @ 0t
=5 1FD O )
which is the thesis.
O
Corollary 10
The intrinsic definition of the trace is
tré =00 =%1xd 00 (6.3.12)

One immediate question is the following: is 8 ® tr ® proportional to ®7 That is, is € ® — proportional
to an inverse of the trace? The answer in general is negative, as we now prove.
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Lemma 9 (Trace Lemma)
For any ® € Q’Ic{’h (Q,£) we have the following identity

tr(@0OP)=0ptr®+ (m—k—h)d (6.3.13)

Proof. The rather lenghty proof can be found in

O
Property 6.3.2 (Injectivity of 0 ® —)
For k+h <m the map
oo Q]Eh(Q7£) — QZH,hH(Q’ Y (6.3.14)
d — 0P
18 1njective.
Proof. We first compute iterated traces by induction
tr' ) =00tr" e+ (r+1)(m—k—h+r)tr" ® (6.3.15)

The base case r = 0 is the previous lemma, then
tr' (O ® @) = tr(tr" T (0 © D))
=tr(@Otr" d+ (r)(m —k—h+7r—1)tr" 1 ®)
=0t e+ (m—(k—r)—(h—r)tr" @+ (r)(m—k—h+r—1)tr"® (6.3.16)
=00t e+ (r+D)m—k—h)tr"®+ 2r +7r° —r)tr" @
=0t e+ (r+1)(m—k—h+r)tr" ®
and the induction is complete.

Now suppose 6 ® ® = 0, the identities above reduce to
(r+)(m—k—h+rtr"®=—-0ptr"' (6.3.17)

Recall that for r > min{k, h} the traces are, by definition, all zero. Denote by p = m — k — h and by
q = min{k, h}, then we have the tower of identities

p®=—-0ptrd

2p+1)trd = -0 O tr? ®
(6.3.18)

(@+Dp+qtr?® =0
If p+ g = 0 then either k¥ = m or h = m, in this case § ® ® is always zero and there is nothing to
prove. Otherwise p 4+ ¢ > 0 (we are using that k + h < m <= p > 0) and we can solve the system
of equation backwards

trid=tr" ' o= . =tr& =3 =0 (6.3.19)

which is the thesis.
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Remark 31. We actually proved a stronger result, that is: for ® € Qgh(Q,E) with £k + h < m and
q = min{k, h} we have that

0pP=0=tr'® =0, Vi=0,...,q (6.3.20)

Also, in the case k + h =m <= p =0 we have the partial result

PP =0=tr'®=0, Vi=1,...,q (6.3.21)

Similarly one can prove

Property 6.3.3 (Injectivity of the Trace)
For k+ h > m the map

tr: QEMQ, 0 — QMR 0

FO A (6.3.22)
is injective. In particular, for ¢ = min{m — k,m — h} we have
tré=0=0'0d=0, Vi=0,...,q (6.3.23)
while for k+h=m <= p=m —k—h =0 we have
tré=0=0"0d=0, Vi=1,...,q (6.3.24)
Proof. We compute the iterated powers of 8" ® ® by induction:
O otrd=—(r+1)(m—k—h—7)0" 00 +tr(0" o) (6.3.25)
The base case r = 0 is the Trace Lemma, then
T d=00(0"0 )
=00 (—r(m—k—h—r+1)0"'0®) +00tr(0” ® D)
= rm—k—h—r+1)0 0 +tr(0 P~ (m—(k+r)—(h+7)0" O (6.3.26)

=—[(r+1)(m—k—h)—r(r—1)—=2r0" ®® +tr(6" ® P)
=—[(r+1)(m—k—h)—r(r+1)]0" >+ tr(6" ® D)
=—(r+1)(m—-k—h-—7)0"0O+1tr(0" ® D)

which concludes the induction.

Iftr® =0, —m+ k+ h =p and ¢ = min{m — k, m — h} then the identities above reduce to
—(r+Dp+r)0" o ® =tr(0" D) (6.3.27)

which gives
—p® =tr(6 ® D)
—2(p+1)0 @ =tr(6? O P)
: (6.3.28)
—qlp+qg—1)0T D d =tr(0? ® D)
—(g+Dp+q)0? o2 =0
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If p+ g = 0 then either k¥ = 0 or h = 0, which implies that k¥ > m or h > m (since k + h > m)
therefore 6 ® ® is always zero and there is nothing to prove. Otherwise p + ¢ > 0 (we are using that
k+h>m <= p>0) and we can solve the system of equation backwards

P=0pd=-=0T0D=0 (6.3.29)

which is the thesis.
Notice that for kK + h = m we get the partial result

tré=0=00d=0 (6.3.30)
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Chapter 7

Variational Analysis of the Holst
Lagrangian

This chapter is completely dedicated to the classical variational analysis of the Holst Lagrangian. The
Holst Lagrangian with Holst parameter v # 0 is a modification of the Hilbert—Einstein Lagrangian
which is classically equivalent to it for any choice of v. As it often happens, however, for the purposes of
quantization as in done in Loop Quantum Gravity (LQG) the two are not equivalent: by carrying out
the canonical analysis of the Holst Lagrangian one ends with the (spatial) Barbero-Immirzi connection
coefficients (with parameter 7) as the variables which are then to be quantized. The presence of a
non zero ~y parameter has potentially measurable physical effects since it appears, for example, in the
spectrum of area and volume operators.

Although effective the canonical analysis breaks general covariance, since the procedure is carried out
by fixing a spacelike submanifold S in the spacetime manifold M and by considering geometric objects
on S derived from covariant objects on M. A theory which is both quantum and general relativistic
should then be built directly from covariant objects on M, without choosing a spacelike submanifold S
that breaks general covariance. This motivated the developements of in which we described
a general method for building Barbero—-Immirzi (BI) connections on spacetime, which are the covariant
counterparts of spacial Barbero—Immirzi connections. This required the choice of a real scalar 3, the
Immirzi parameter, but is otherwise a kinematical construction: it does not depend on the choice of a
particular dynamics (i.e. a Lagrangian) for the physical system.

We are then in this situation: the canonical quantization of General Relativity proposed in LQG
requires the choice of a dynamical parameter v # 0, while the covariant treatment of the Holst
Lagrangian calls for an arbitrary real parameter 3, which is kinematical. The kinematical parameter
B and the dynamical parameter v seem, from this point of view, completely unrelated and different
possibilites arise. The first is that the relation between § and v may be dictated by the form of
the Euler-Lagrange (E-L) equations of the Holst Lagrangian, that is, the equations may select one
particular reductive splitting spin(3,1) = su(2) @ mg by constraining the dependency of 8 on . The
second possibility is that both 8 and « carry a physical significance, in coupling different degrees of
freedom in the vacuum theory or as coupling constants when the Holst Lagrangian is combined with
matter lagrangians.

An answer to these questions can be found by carrying out the variational analysis of the Barbero—
Immirzi-Holst (BIH) Lagrangian, which is a recasting of the Holst Lagrangian in which the fundamen-
tal fields are not pairs (6, w) of a solder form and a spin connection, but triples (0, A, k) of a solder
form, a spacetime Barbero—Immirzi connection, and a spacetime extrinsic field.

We clearly expect the BIH Lagrangian to be equivalent to the Holst Lagrangian, since a pair (A4, k)

145
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can be used to reconstruct a unique spin connection w = A + k. Also, we expect equivalence to the
Hilbert—Einstein Lagrangian, by transitivity. This was in part already verified in a work by Fatibene,
Francaviglia, and Rovelli in [FFR07]. This is done by splitting the pair of skew-symmetric spin indices
ab (a,b = 0,...,3) into their su(2) indices ij (4,5 = 1,2,3) and their mg indices 0k (k = 1,2,3),
the resulting E-L equations can be shown to be equivalent to the Einstein field equations, but their
geometrical significance is far from clear.

The main scope of this chapter is to tackle the variational analysis of the BIH Lagrangian using the
calculus of AR™-valued forms and its geometrical clarity. We succeed in proving that, in the vacuum
theory, the resulting E-L equations pose no constraint on the values of § and 7, on the other hand
two of the three sets of equations give strong constraints on the relation between the BI connection A
and the extrinsic spacetime field x. The variational analysis is also very straightforward and it very
adaptable to the case of matter coupling, especially spinors.

This chapter concludes the thesis but the problems we deal with and solve were, chronologically
speaking, among the first we considered at the beginning of my doctoral program. Even a superficial
reading of this chapter is enough to show that the prerequisites of to [3] constitute the basic
language in which all the result are written and understood. As already mentioned at the beginning of
this introduction, the problem of building spacetime Barbero-Immirzi connections in a mathematically
sound way has been one major obstacle in this direction. This highlights the importance of [chapters 4]
and [5] even though the results we obtained also had in mind the questions raised by Barbero-Immirzi
connections in their own right, without reference to the Holst Lagrangian or LQG. Finally
grew out of this last chapter as soon as we realized that it gained its own importance, both as a toolkit
and as a bridge between mathematical physics and geometry.
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Summary and References

The results presented in this chapter are original and form the content of the preprint [Ori22].

7.1 Recasting the Holst Lagrangian

Throughout this chapter we fix a spin frame e: Q@ — L(M), where Q = (Q,p, M, Spin,(3,1)) is a
Sping(3, 1)-bundle on a connected, orientable, 4-dimensional lorentzian manifold M. We denote by
6 the solder form associated to the spin frame e, if £ = Q° = (E,p’, M,R*) is the vector bundle
associated to @ via the action ¢: Spiny(3,1) — GL(4) then §: TM — E or 6 is a section of the
bundle T*M ®g E over M.

Let us start from the usual expression in local coordinates and work out its intrinsic equivalent. The
Holst Lagrangian with Holst parameter v # 0 is (see [FER07])

1 2
L£,(0,5'w) = yre €abca R N O° A OF + ;R“b NN (7.1.1)

where
e G includes all physical constants and is truly meaningful only when coupling with matter;
® €upeq is the 4-dimensional Levi-Civita symbol in R*;
e 0% are the coefficients of the solder form 0 = §* ® T,;

e R are the coefficients of the curvature of a spin connection w = %w“b ® Jgp on Q. In particular

1w
R=Dw= §Dw“b ® Jub

1 1
=3 (dw“b + 2w'c[“w0b]> ® Jap

(7.1.2)

The Holst Lagrangian then is of first-order in the spin connection w and of order zero in the spin frame.
Nomenclature for the parameters § and vy

The non zero parameter v in the Holst Lagrangian is usually called Immirzi parameter or Barbero—
Immirzi parameter in the Loop Quantum Gravity literature, see [Rov04, [RV14]. When performing
the canonical analysis of the Holst Lagrangian one then gets the (spatial) Barbero—Immirzi connec-
tion with parameter ~.

A important result of this thesis is the realization that, when dealing with Barbero—Immirzi con-
nections on spacetime, there are two parameters: the real 8 parameter involved in the definition of
Barbero-Immirzi connections, and the non zero, real v parameter in the Holst Lagrangian.

We have thus chosen the following nomenclature:

e the parameter § € R, which was introduced by Immirzi in [Imm97] and is related to the
definition of Barbero—Immirzi connections, is referred to as the Immirzi parameter;

e the parameter v € R\ {0}, which is part of the definition of the Holst Lagrangian, is referred
to as the Holst parameter.

The nomenclature reflects the origin and mathematical role of the two parameters. Moreover, there
is no risk of “backward” confusion, since in the literature up to this point the two parameters where
always set equal, i.e. 8 = 1.
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Working a little bit we have

1 2
L, == {eabcdR“b A A0+ ZRW® A 1ef° A nbded]
4G Y
X ) : (7.1.3)
_ ab ~ef 2\cd ~(p2\ef
Iie {QR NaeMbf N (26.. ca(07)°" + 7(9 ) )]
Using the complete skew-symmetry of the Levi—Civita symbol € and the property
el =—detnel, (7.1.4)
we then get
L, = L -2R“b17 A ((*92)ef + 1(92)#)}
Y 4G i ela’lb] f ~
10 L _ o
—ﬂw%mmuA<@WVf+@W)0}
4G | v
U . (7.1.5)
= — [2Rn,, A % —926f+*026f>}
5 |2y o (007 + L)
1

1
e — Rab, - 92 ef - *62 ef) ela
4G9< (67) +7( ) ) Vg @ Nelaie)

where ¢ is the metric induced on Q(Q) by the metric g on M induced by the solder form 6. Recall
that

2Ne[aMb]f = NaeNbf — NafMbe

_ Nae  Taf
Tlbe  Tibf (716)
=T ATy, Te NTY)
= 7Q(Jab;<]ef)*nh
Therefore, we can write
1 a e 1 e
L, = _Eg (R b,—(ﬂz) . ;(*92) f) Vg @ N(Jap, Jep) *np
1 1
z*fmy*w—*WZdﬂ 7.1.7
o (50 - e (7.17)
1 1
=% |—=R0 (0% — =(—x6> Ef)}
[46‘ ( 7( )
and finally
ﬂ-—l*F@G,lgw} (7.1.8)

We will denote the operator 1 — %* by *., which can be defined for any dimension m = dim M and
any signature.

However, since *: Q’Eh(Q,ﬁ) — QFm=h(Q, f), we have that in general
Koyt UM(Q,0) — QEMQ, 0 @ QM (Q, 0) (7.1.9)

For m = 4 and h = 2 the operator %, is an endomorphism of Ql;f(Q, ¢) and we can show that in the
lorentzian case (r,s) = (3,1) it is an isomorphism for any ~ # 0.
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Property 7.1.1 (%, Operator)
Form =4 and (r,s) = (3,1) the operator

i QPR — Q.0 (7.110)
& o w0=(1-14)0 -
¥
s an isomorphism.
Proof. If ¥ = %, ® then
1 2
*U = (*— —(=1*(-1)" ) )
Y
1 1 2
= (1-1-2%)®— Z(-1)(-1)" @ (7.1.11)
Y Y
1
= T 44D + (—1)HH" g
v
Thus
1
(’y + (—1)1“*”27) = (y+x)VU (7.1.12)
By specializing to s = 1,n = 2, the inverse to x is
144
= 7.1.13
()7 = 2 (71.13)
O

7.2 Holst Lagrangian in terms of BI Connections: The Barbero—
Immirzi—Holst (BIH) Lagrangian

As of now the Holst Lagrangian depends on the solder form 6 to order 0, and on the spin connection w
to order 1. The main scope of this chapter is to recast the Holst Lagrangian into new fields by splitting
the spin connection w into a pair (A, k) where A is the BI connection and « is the extrinsic spacetime
field. Complete characterization of this splitting was given in we recall it briefly.

As in if we fix an Immirzi parameter 3 € R we can decompose the spin connection

1

w= Qw“b ® Jgp into its su(2)-part A and its mg-part x, which in components are
1 »
A= ALy AR = Z¢;F Wi+ BuOF
6 = 2 b (7.2.1)
k= k" H, ok — Ok

where the generators satisfy the following commutation relations
[Li, Lj] = €i* Ly
[Li, HJ(B)] = e 1 (7.2.2)
1 B = —e* [0+ 82 Ly + 281 |

In we proved that a Spin(3,1)p-bundle @ on M always admits a reduction to a SU(2)-
bundle TQ on M. By restriction, A is an SU(2)-connection on T@Q and « is a tensorial 1-form of



150 CHAPTER 7. VARIATIONAL ANALYSIS OF THE HOLST LAGRANGIAN

type (Adgpin(3,1)(SU(2)), mg), the adjoint action of Spin(3, 1) restricted to SU(2) on mg. We denote by
+EP the vector bundle TQ x aqmg associated to ¥ via the representation Ad: Spin(3,1) — GL(mg)
restricted to SU(2).

Since w = A + k, when we restrict the Holst Lagrangian to TQ it can recast as

I 1
1= S _(dw—&— 2[w/\w]) @*VQQ]
:%* (dA-i—dH—i-;[(A—f—H)/\(A—i-Ii)])@*792:| (7.2.3)
—L*: dA+1[AA}+d +}[A/\ }+1[ /\A]+1[ AK]) O 62
e _ 514 K 5 K 25 2/{ K y

A
Denoting by F' = DA the field-strength/curvature of the BI connection and noticing that [k A A] =
[A A K] we get

A 1
R:F+D/€+§[/<;/\/<;] (7.2.4)

so that we get the Barbero-Immirzi-Holst (BIH) Lagrangian, which is the Holst Lagrangian in the
fields (6, A, k):

1 A 1
L0, A, j'k) = E* KF + Dk + 5[/{ A H}) @) *792} (7.2.5)

7.3 Variational Analysis of the Barbero—Immirzi—-Holst Lagrangian

As prescribed by the principle of general relativity, we have to vary with respect to all the fields,
namely the solder form 6, the BI connection A, and the extrinsic spacetime field k. The solder form
is a section of T*M ®j; E, or equivalently, an element of Q}q‘l (Q,%). The BI connection A is a section
of Congy(2)(TQ), the bundle of principal connections on the principal SU(2)-bundle *@Q), it is an affine
bundle on M (see [FF03], p. 94). The extrinsic spacetime field & is a section of T* M ®, TEP.

The configuration bundle of the BIH Lagrangian £, then will be the product bundle
C= (T*M Rm E) XM (CODSU(Q)(+Q)) XM (T*M Rnm +Eﬁ) (731)

A variation then is a section X : M — VC of the bundle of vertical vectors over C, which is supported
on a compact region D C M and is zero on the boundary dD. Since C is a product bundle we have

VC=V(T*"M @ E) ®n V(Congyeay(TQ)) ®ar V(T*M @ TEP) (7.3.2)
That is, any variation is the direct sum of three “basic” variations. We can prove that the variations

of the three bundles are tensorial 1-forms of the appropriate type.

Lemma 10
Consider an affine bundle B = (B,7,M,A) on M which is modelled on a vector bundle £ =
(E, 7", M, V), that is for each B, we have a map

B, xE, — B,

(Ag,vz) > g+, (7.3.3)

Then the vertical bundle VB on B is isomorphic to B X E.
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Proof. Using the affine structure of B we can build a number of vertical curves v,.: (—¢,e) — B,
based in a, = v, (0) this way: for any v, € E, define

v(az,vg): R — B,

5 V(Qxa 'Ux)(S) = dyx + s - Vg (734)

Then for every smooth function f: B — R the vector [y(az,vs)]s, tangent to a, corresponding to
the class of y(a,,v,) acts as

d
M@z, ve)la, f = = flaz + s - vz) (7.3.5)
$ s=0
The resulting tangent vector is zero iff
Dt ts-v)| =0=Lia +5-0 (7.3.6)
dS T x o - - dS T o ..
So that the correspondence between B, x E, and V,_ B given by
(az,vz) = [Y(az,Vz)]a, (7.3.7)

is one-to-one. By rank considerations, since dim A = dim V', we have that it is also onto. Then we
have the thesis by passing to bundles.

O

Corollary 11
In the notations of the lemma above, any map X: M — V B has one and only one corresponding
map Y : M — E with

X(az) = (a2, Y (2))la, (7.3.8)

Therefore, since vector bundles are also affine, we have
V(T*"M @y E) ~ (T"M @p E) X1 (T*M @ E)
V(CODSU(Q)(+Q)) = (COHSU(2)(+Q)) Xar (T M @ (FQ xaa 5u(2))) (7.3.9)
V(T*M @y TEP)) ~ (T*M @3 TEP)) xpp (T*M @y T EP))

Denote by e*X : C — C the 1-parameter family of diffeomorphisms induced by the variation X, then
for any first-order Lagrangian £: J'C — A™M we define the variation of £ along X as 6x L

d
oxL = —(Lojle™™) (7.3.10)
ds <=0

where jlesX: JIC — JIC is the (first) jet prolongation of the bundle map e*X: C — C. Since we
will be considering ¢ x £ for any possible variation X, we will simply omit X and write JL.

We now use the following fact

Lemma 11
Consider ® € Q]Eh(Q,E), then we have

5(x®) = *(6D) (7.3.11)
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Proof. Recall that for

1
o = m@“l---ah QT Ao ATy, @ € QF(Q) (7.3.12)
we have
1
() = e, S (7.3.13)
and
1
D = e (B O T, AL AT, (7.3.14)
Since the Levi-Civita symbol is constant it satisfies d€q, . 4,, = 0. Then
S(x®) = m&(*@)“’l“'"“m QTapy N NTy,
- la (€, o, Ot tm @O0 ) @ T AL AT,
(m — h)l hl” \Vran ke o (7.3.15)
1 1 . - a 2 ay...a
77mm€al.__ah h+1 m5(<I) E h)®Tak+1/\.../\Tam
= x(6P)
O
We now compute the variation of the BIH Lagrangian, start with
1 2 A 2
0L, = E* OF © %0 + 0(DK) O %0 +
(7.3.16)

+ %6[5 ANE] ®*,0% + RO *7502}

A
To expand the formula above, we express the variations 6 F,(Dk), 5[k A k] and 66 in terms of the
basic variations §6,5A, and dx. Using that § commutes with d

§F =6 (dA—i— ;[A/\A])
(7.3.17)

d(5A) + %[614 A A+ %[A AGA]
= d(5A) + [A A 64]

As shown inleq. (7.3.9)] the variation §A is a tensorial 1-form of type (Ad,su(2)) so that we have

5F = D(5A) (7.3.18)

Similarly

5(1‘%) =6 (dK + [ANK]) (7.3.19)
= d(0k) + [0A N K] + [A A 6K]
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Again from |eq. (7.3.9) the variation dx is a tensorial 1-form of type (Adgpin(s,1)(SU(2)), mg) so that
we get

5(?)5) - é(&/{) +[0ANA K] (7.3.20)
Then
d[r A K] = 2[0Kk A K] (7.3.21)
Finally
8% =30 ®0) (7.3.22)
=200 56

By plugging the basic variations into the Lagrangian we arrive at

[/ A A A
6L = %* (D(M) + D(6K) + [6A A K] + [0k A n]) ® %40 + 2(F + Dk) ® %, (0 ® 59)}
1 /A A
== (D((SA) + D(6K) + [6(A+ k) A n]) D *0% + 2%, RO O O 66]
oo
= —%
4G
+ [6(A + &) A K] ©*, 02 +

(7.3.23)

[ A A
SA® D (%,0%) + 65 ® D(x,6%) + 2%, R® 0 ® 60 +

A
+ D (0AD® 0>+ 5k ® *WGQ)]
A A A
Since D# = xD and and *, = (1 — %*), we get that also D and %, commute. The last line in the
expression above can be rewritten using

Lemma 12
Consider ©,® € Q2(Q, ) and ¥ € Q*2(Q,¥), then we have

[OAD] B+xT =0 O +[P AT (7.3.24)

Proof. Let us assume, without loss of generality, that all elements are decomposable

O=9®u
P=pRv (7.3.25)
U=9yuw
then
OAR]O*T = (VA @A) ([u,v] A*w) (7.3.26)
On I'(A%E) we have that h is the Killing form for [—, —] and x> = —id so that

[u, v] A xw = h([u, v], w)n,
= h(u, [v, w])ny, (7.3.27)

= u A x[v, w]
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Therefore we get

OAD]O+T = (VA AY) R (uA*v,w])

7.3.28
=0 O [P A Y] ( )
which is the thesis.
O
We can finally write
1 A
0Ly =+ |(0A +0k) O xy (DO + [k A 0?]) + 25, RO 0 ® 60 +
K
(7.3.29)

A
+ D (6A ® *,0% + 5k ® x,6%)

7.3.1 E-L Equations for /A and dx

We now use the Hamilton principle to get the Euler-Lagrange equations

Definition 7.3.1 (Hamilton Principle (see [FF03|, p. 154))
Consider a configuration bundle C — M on M, a first-order Lagrangian £: J'C — A™M, and a
variation X : M — VC, that is a section of the bundle of vertical vectors over C which is supported
on a compact region D C M and is zero on the boundary 0D. For any section o: M — C, the
action Ay,(D) of L on D is the integral

A, (D) = /D Lojlo (7.3.30)

where jlo: M — J'C is the (first) jet prolongation of the section . The variation of A, (D) along
X is

Sx A (D) = / 5x (Loj'o) (7.3.31)
D
The Hamilton principle states that o: M — C is a critical section (or classical solution) if
dxAs(D)=0 (7.3.32)
for any compact region D C M and any variation X: D — VC supported on D. The equations

satisfied by a critical section are called Euler—Lagrange equations for L.

The variation of the BIH Lagrangian is zero whenever the following system is satisfied:

A
SAD*y (DO + [k NO?]) =0

ok ® *7(502 +[kAO) =0 (7.3.33)
2%, RO O D0 =0
or
A
— (8 A[%xy (DO + [k A 0?]) =0
(7.3.34)

—(§k[Fx, (D2 + [ A 62]) = 0
—(#(26,R® 0)[66) = 0
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Let us now focus on the first two equations. From the Hamilton principle we need to consider
an arbitrary variation 6A, that is an arbitrary tensorial 1-form valued valued in su(2) C spin(3,1).
Similarly we need to consider an arbitrary variation §x, which is an arbitrary tensorial 1-form valued
in mg C spin(3,1). These facts imply that the form

1*7(592 + [k A 6?]) (7.3.35)

is valued in su(2)* N (mg)*+ C spin(3,1), where the orthogonal complements are with respect to the
metric ¢ in spin(3,1).

Since ¢ is definite both on su(2) and mg and given that su(2) Nmg = 0 and su(2) & mg = spin(3,1),
we must have

su(2)t N (mg)t =0 (7.3.36)
Which implies
A
%%, (DO* + [k A 6%]) =0 (7.3.37)
Using that * and x, are isomorphisms, we are left with

A
DO? +[kAB*] =0 (7.3.38)

The two terms can be expanded further since

A
DO®O)=dI®O—0pdI+ [AN (0D )
=dIBO+dIDO+(AAO)DO+00(AAG)

=2d0OO+2(AA0) DO (7.3.39)
A
=2D0p 0
and
NP =[kA(OBO
SRR AAC (7.3.40)

=2(kAO) DO

A
Since both D@ and x A 0 are in Qi}l (@, 1), we have that k+h = 3 < m = 4 so that from [property 6.3.2
the map — @ @ is injective. Therefore the equation reduces to

A
DO* +[kN6O? =0

A
:>2<D0+;~M9>@0:0 (7.3.41)

A
= DO+rAO=0

A
Now, from the definition of torsion and contorsion, we have Df = © 4 = C4 A 0 and we finally write
CaAO=—-KkAH (7.3.42)

Using [theorem 4.5.1] and its corollary, we have that k = —C4, minus the contorsion tensor of A, which
means that

w=A+r=A-Cy={e} (7.3.43)
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That is, the E-L equations for 0 A and dx together imply that the spin connection w which is solution
of the equations is the Levi-Civita connection {e} of the spinframe e, which is yet to be determined
by the remaining E-L equation.

Notice how this is true for any value of the parameters 8 and v: whatever pair (3,7) is choosen, the
E-L equations for § A and dx will always by solved by k = —Clj.

7.3.2 E-L Equations for 46
Starting from
—(*(2%,R® 0)]66) =0 (7.3.44)

We use the Hamilton principle and consider an arbitrary variation §6, that is an arbitrary tensorial
1-form valued in R*, therefore the equations are equivalent to

—¥2x,R®0) =0

= y*(R®0) =*%(*xR D) (7.:3.45)
Recall that for v € A2E, and w € E, we have
*(v A w) = v W™ (7.3.46)
But since v € A2E,, the contraction coincides with
*0 W = *v - w (7.3.47)

where the dot denotes the action of A2E, on E, derived from that of A2R™ ~ spin(r, s) on R™.
We then have, using the Bianchi identity ]S@w =RA0
(xR0 =+RA0=—RA6O=—-DO, (7.3.48)
The equation can be then rewritten as
YHR® 0) = +7(DO,,) (7.3.49)
Using the E-L equations for § A, 6k we know that ©, = 0, therefore since v # 0 we are left with
*(RpO)=0 (7.3.50)
Using the formula for the traces we have that this equation is equivalent to
tr(¥R) = 0 (7.3.51)

Since both R and *R are in Q?f (Q, ¢) we have that k+h =242 = m = 4, so that from |property 6.3.3

we have
tr(kR) =0 < 0O*R=0 < trR=0 (7.3.52)

The trace of the Riemann tensor R is, by definition, the Ricci tensor Ric. Therefore we finally have
the (vacuum) Einstein Field Equations

Ric=0 (7.3.53)
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as we expected.

We have thus shown that the BIH Lagrangian in a vacuum gives that, for any value of the Immirzi
parameter 3, the extrinsic spacetime field £ must coincide with minus the contorsion C'4 of the Barbero—
Immirzi connection A. This in turn implies that the spin connection w = A 4+ k constructed from the
pair (4, k) has to be equal to the Levi-Civita connection {e} of the spin frame e: Q@ — L(M). The
remaining equations then are equivalent to the Einstein Field Equations, as expected.

The geometrical clarity of the results is the consequence of having rewritten the BIH Lagrangian
using the language of AR™-valued forms and their calculus. This framework is evidently well-suited to
treat the case of the BIH Lagrangian coupled with boson or fermion (spinor) fields, from which we can
already predict that the relation between x and C'4 will be modified by the presence of spinor terms
and will depend from S and -« in a non trivial way.
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This thesis finally comes to its conclusion and it is important to recollect the original results contained
in the main text, their relevance, and the possible lines of investigation which could be treaded in the
future.

8.1 History and Summary

As all techical documents, this thesis has been written after disentagling the inevitable mess that
arises from three years of research: there were many ideas in the beginning, some were investigated
and some have been (momentarily) abandoned. The road from problems to solutions was much more
intricated and the apparent order and logic have sometimes been achieved only at the end, by looking
back while already grasping the knew knowledge. As such I think it is important to give some insight
into the historical and chronological aspects of this thesis, which is also bound to clarify why I decided
to investigate certain problems, how I did it, and the way I translated this work into this document.

Coming from a general relativistic background I was intrigued by the quantization “a la Loop” of
Einstein’s theory: the conviction that whatever path to quantization one took, it should preserve the
most profound, geometric ideas of the classical theory as much as possible. One such concept is that
of general covariance: the mathematical form of any physical law describing our universe should not
depend on the observer, it is a statement on the geometric nature of the physical world.

The first objects to capture my attention were the (spacial) Barbero—Immirzi connections, a one-
parameter family of connections which come into play in the canonical analysis of the Holst Lagrangian
and which are fundamental in LQG. Many questions regarding Barbero—Immirzi connections have been
raised in the literature during the years: regarding their relation with the parent spin connection, their
holonomy, the possible generalization to manifold dimensions greater that four, and also whether or not
they could be actually defined starting from truly covariant, global spacetime connections. Although
all of those questions are important in their own right, the possibility of building spacetime Barbero—
Immirzi connections is also a fundamental requirement for the fully covariant variational analysis of
the Holst Lagrangian.

Thus I decided, together with my advisor, to start investigating whether or not one could build
Barbero-Immirzi connections on spacetime. Since the Barbero—Immirzi connection coefficients had a
particular form which seemed to be peculiar of manifold dimension four, I decided to try and formulate
the problem for a lorentzian manifold of a generic dimension m = n + 1. The general version of the
problem, then, was to define a spin(n)-connection out of a given spin(n, 1)-connection, I had fortunately
just been exposed to group reductions in principal bundles, which looked like the right tool for this
type of problem.

The main obstacles were proving the existence of Spin(n)-reductions for lorentzian spin manifolds
and verifying whether or not the pairs (spin(n, 1), spin(n)) were reductive. The first question, which
I had already tackled in my master thesis, required a bit of obstruction theory. The second question
turned out to be solvable my means of representation theory. The main result obtained was that
in manifold dimension m # 4 there is only one possible way of reducing a spin(n, 1)-connection to a
spin(n)-connection, while in dimension m = 4 there is a one-parameter family of different constructions,
which give exactly the prescribed form for the one-parameter family of Barbero—Immirzi connections.
This real parameter § is called Immirzi parameter and is kinematical in nature, meaning that it
only depends on the geometric character of these connections and not on the choice of a particular
dynamics/Lagrangian. This global construction for spacetime Barbero—Immirzi connections is, to our
present knowledge, the unique to be manifestly covariant. All of this constitutes the core material of

The required material needed to get to these results comes from different areas of mathematics: the
characterization of orthogonal and spin groups via Clifford algebras, the reformulation of the problem
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in terms of principal bundle and group reductions, the existence of the needed structures given via
obstruction and representation theory. As such I decided to add the prerequisite to
Their content is hardly original and so the scope it to provide a unified presentation, both in terms of
notations and intententions, of the concepts and results needed for the rest of the work.

As stated before, the construction of spacetime Barbero—Immirzi connections requires the choice of a
kinematical real parameter 5, which naturally raised questions regarding the relationship with the real,
non zero, dynamical Holst parameter v which is part of the definition of the Holst Lagrangian. One
way to investigate the possible connection between the two parameters 8 and <y is that of carrying out
the detailed variational analysis of the Holst Lagrangian, with spacetime Barbero—Immirzi connections
replacing spin connections as fundamental fields. Such a calculation had already been performed by
Fatibene, Francaviglia, and Rovelli ([FFRQT])albeit in the very special case where 8 = v is enforced
from the start. Therefore I decided to try and expand their results with the added knowledge given
by the classification of spacetime Barbero—Immirzi connections in dimension m = 4.

The, rather straightforward, outline of this work was: determine and discuss the Euler-Lagrange
equations of the Holst Lagrangian with Holst parameter v with the triple (0, A, k) as fundamental
fields, where 0 is the solder form, A is the Barbero—Immirzi connection, and « is the extrinsic spacetime
field. The equivalence between pairs (A4, x) and spin connections w being uniquely determined by fixing
the kinematical Immirzi parameter 3. Working with local expressions one gets to the equations which,
however, assume a rather complicated form and make it difficult both to discuss the relation between
B and 7 and to extract information regarding the solutions.

Thus I decided to start again and lean more towards an intrinsic description of the physical fields
and the Lagrangian. I was also bent on keeping the intrinsic description throughout the variational
calculus, with the hope that the resulting intrinsic equations would have a more tractable form. This
was the beginning of both [chapter 6] and [chapter 7] which originally were part of a single chapter. I
proceeded by translating every step of the variational process into a more intrinsic form, and eventually
studying the relevant properties of the newly defined objects. Although the preliminary results of this
procedure where promising I realized only at the end, when discussing the Euler-Lagrange equations,
that many of the interesting properties and conclusions derived from the isomorphism spin(3,1) ~ A2R*
and the possibility of treating all objects under the unifying language of AR™-valued differential forms.
Virtually all of the theorems which I was using could be proven by suitably extending the operators
on ordinary differential forms and then studying the relationships between them.

All these considerations validated the idea of splitting the material in two chapters: a toolbox chapter
on AR™-valued differential forms, their operations, and their properties, and one chapter which focused
exclusively on the variational problem for the Holst Lagrangian and its resulting Euler-Lagrange
equations.

The former chapter is in which we define AR™-valued differential forms on a spin bundle
and the operation acting on them. Of utmost importance for the rest of the work are the definitions
of composite Hodge duals, Kulkarni-Nomizu products, traces, and the interplay between them. Later
on, when I was investigating the relation between the newly defined trace operator and the irreducible
components under the action of spin groups, I discovered that I had unknowingly extended some
concepts introduced in a book by Besse ([BBBBHRSI]), so I changed some notations and symbols in
order to make the link more apparent.

The latter chapter is in which we carry out the variation of the Barbero-Immirzi-Holst La-
grangian. Even though variational calculus is anything but new, one wishes to perform the calculations
in the most straightforward manner possible and to gain insight from the resulting Euler-Lagrange
equations, even in the very common situation where no explicit solution to the equations is available.
The fields to be varied are the triple (0, A, k) of solder form 6, Barbero-Immirzi connection A, and
extrinsic spacetime field k, recasting the Holst Lagrangian as dependent on this triple requires the
global costruction of Barbero—Immirzi connections. The variational itself is a direct application of the
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calculus of vector-valued forms, and the simplicity of the resulting equations is in itself a demonstration
of the power of this tool. The main result we prove is that there are two sets Euler—Lagrange equations.
The first set relates the extrinsic spacetime field x to minus the contorsion C4 of the Barbero-Immirzi
connection, so that the spin connection w = A + k is always the Levi—-Civita connection induced by
the spin frame e/solder form 6, what is surprising is that this result is independent on the kinematical
Immirzi parameter 8 and Holst parameter v in the Holst Lagrangian. The second set of equations is
show to be equivalent to Einstein field equations, a fact which is expected but nonetheless important.

In summary, this thesis sheds some necessary light on the geometric nature of Barbero-Immirzi
connections and their dynamics in the classical regime. More control of the classical aspects of a field
theory is certain to be useful whenever one embarks on the journey of quantization, and the relevance
of Barbero-Immirzi connections in the context of Loop Quantum Gravity was the principal reason we
naturally gravitated towards these concepts.

8.2 Future Perspectives

Starting from the results obtained in this thesis, there are quite a few lines of possible investigation
that open up and that we are interested in pursuing in the immediate future.

The construction and classification of spacetime Barbero—Immirzi connections given in[chapter 5|leads
naturally in two different but related directions: the ADM decomposition and the study of holonomies.
In the ADM decomposition, we consider a family of spacelike hypersurfaces S; of (M, g), together with
their one-parameter family of embeddings t: S; —— M: this gives a time + space splitting of the
spacetime manifold M. One can then choose an Immirzi parameter 3, perform the relative splitting
of a spin connection w into its Barbero-Immirzi connection A and extrinsic spacetime field k, and
restrict all of the geometrical objects to the spacelike hypersurfaces S;. Since the pullbacked tensors
h, = t*g are euclidean metrics on the relative hypersurface S;, one also has the connections {g}
and {h;}, which are the Levi-Civita connection of g on M and the Levi-Civita connection of h;
on S; respectively. A thorough investigation of the relations between the hypersurfaces fields Alg,,
kls,, {h+} and the spacetime fields w and {g} is the first step needed for the canonical analysis of
any Lagrangian and, when applied to the Holst Lagrangian, it constitutes the beginning of the spin
network quantization in Loop Quantum Gravity. The spin network framework in Loop Quantum
Gravity is pretty much well-understood, therefore by carrying out the canonical analysis there is hope
that one can better characterize the relation between the kinematical Immirzi parameter 8 and the
dynamical Holst parameter v present in the Holst Lagrangian. Regarding the study of holonomies, as
Samuel pointed out in [Sam00] the spin connection w and its Barbero-Immirzi part A do not have,
in general, the same holonomy. The precise relation between the holonomy of w and the holonomy
of A is still to be determined, as is the role of the extrinsic spacetime field x in this process. The
interest for the holonomy of A lies in the fact that the basic loop states in the spin network framework
descend from the holonomy of the Barbero—Immirzi connection. Therefore any result in this direction
is of immediate relevance in the quantization & la Loop Quantum Gravity. Moreover the irreducible
holonomies of lorentzian manifold have been completely classified by Leistner in [LT07|, so that one
also should compare any result with this geometrical classification.

The variational analysis of the Barbero-Immirzi-Holst Lagrangian, carried out in can be
expanded in various directions as well. First, one can use the power and simplicity of the vector-valued
forms formalism to find and study suitable analogues of the Holst Lagrangian in lorentzian manifolds
of generic dimension m > 4. The main reason for this is two understand better if and why the case
of dimension m = 4 is special, which is the only dimension in which one can have a non zero Immirzi
parameter 8. Second, it is of great interest to study the Holst Lagrangian coupled with matter,
especially the Klein-Gordon Lagrangian for bosons and the Dirac Lagrangian for fermions/spinors.
As we already pointed out, the § and v parameters have no classical effect on the Euler-Lagrange
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equations in the vacuum case (i.e. no coupling with matter), but it is expected that they play some
role in matter couplings, particularly for spinors. This constitutes the direct continuation of the last
chapter, and one can also combine it with the first point and study matter couplings in a generic
dimension m.

Finally, one can use the results of the classical variational analysis as the starting point for quantiza-
tion, this is what is done in Loop Quantum Gravity and is one of the principal reason we decided to
investigate the Barbero—Immirzi connections and Holst Lagrangian in greater detail. Quantization can
be performed either starting from the canonical analysis, which is related to the ADM decomposition
mentioned above, or directly from fields on spacetime. The former approach leads to the spin network
framework, while the latter leads to the spinfoam framework. In either case the quantization of a rel-
ativistic theory aims at defining suitable “discrete” analogues for geometric structures like manifolds,
connections, and differential equations. Even though the discretization may seem an approximation,
when one starts from smooth structures, the physical viewpoint is that it is the differentiable objects
that have to be obtained as suitable limiting cases of the more fundamental, quantum, discrete objects.
The correct, or rather most functional, definition of discrete geometry has not been worked out in full
detail, and neither has the relationship between the discrete objects and their smooth counterparts.
For this purpose, the work in this thesis constitutes one first, small step towards the understanding of
discrete geometric structure or, in physics parlance, quatum gravity.
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A1l Polar Decomposition of Invertible Matrices

The polar decomposition of any invertible compler matrix A € GL(m,C) is matrix analogue of the
polar decomposition of an invertible complex number z € C*.
For an invertible complex number z = x + iy € C* we have that
T _ . .
Z'z=(x—wy)(xr+1
(@ = in)(a+ ) e

where 2" denotes complex conjugation. Therefore zfz € R, if we choose the positive square root, that
is

|2] = Vztz (A1.2)
then the normalized complex number 2

z2=— (A1.3)

has unit norm and can thus be written as e for some 6 € [0,27). Ultimately we have
z= ez (Al.4)

If we regard C* as the transformation group on C which acts by left multiplication, the polar decom-

position tells us that any element in z € C* acts first by a rescaling |z| and then by a counter-clockwise
rotation e®.

We will now show the equivalent for invertible complex matrices

Theorem A1.1 (Polar Decomposition in GL(m, C))
Any complex matriz A € GL(m,C) can be decomposed as

A=UP (A1.5)

where U € U(m) is a unitary complex matriz and P € GL(m,C) is a positive-definite matriz. If
A € GL(m) is real, then U € O(m) is real-orthogonal and P € GL(m) is positive-definite and real.

Proof. We mimic the construction for complex numbers. Denote by Af the conjugate transpose

operation, then the matrix A'A is hermitian and positive-definite since for any x € C™ we have
2 (A'A)z = (Az)' (Ax
(A = () (4) o)
= |Az|" >0

Notice that for a generic A we would only get positive semi-definiteness. By the spectral theorem
then ATA can be diagonalized to

Moo 0
D=S"1ATA)S = , A\ E€Ry (A1.7)
0 ... Am

where S € GL(m,C). We can define the positive-definite square root of D by

M| ... 0
VD = (A1.8)
0 o [An]
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and the positive-definite square root P of AT A by similarity
P=SVDS™
In fact
P?=SVDS™'SVDS™!

= SVDvVDS™?
=SDS™!
= ATA
We write this as P = VAt A.
The unitary matrix U is now obtained by
U=ApP™!

We just need to verify that it is unitary, in fact

Uty = (AP~ ap-!

(A1.9)

(A1.10)

(A1.11)

(A1.12)

If A€ GL(m) is real then ATA = A'A is symmetric (i.e. hermitian and real) and U = AP~! then

is orthogonal (i.e. unitary and real).

O



A2, TOPOLOGY OF THE EUCLIDEAN ORTHOGONAL GROUP O(N) 169
A2 Topology of the Euclidean Orthogonal Group O(n)

A2.1 The Euclidean Cartan—Dieudonné Theorem

Lemma 13
For any orthogonal transformation L € O(n) there is an invariant subspace V- € R™ which is either
one-dimensional or two-dimensional. On V the transformation L acts either as a rotation or a
reflection.

Proof. Consider the complexified transformation L€ € U(n), by the Fundamental Theorem of Alge-
bra det(L® — A1) = 0 has at least one complex solution A = y + iv € C. The complex eigvenvector
which corresponds to \ is z = x + iy € C" and since L is unitary we must have

A= +12=1 (A2.1)
Since L = L + iL we get

Lz +iLy= L%z
= Az
= (n+iv)(z +iy)
= (px —vy) +i(ve + py)

(A2.2)

Therefore we get

(A2.3)

Lz = pz — vy
Ly =vx + py

So that the real space V = (x,y) is invariant for L. We have two possibilities:

(i) we have y = ax for some real o # 0. Then dimV =1 and
Lz =(p—av)x
aLy = (v+ ap)x
= a(p—av) =v+ap (A2.4)
— (a®*+1)v=0
= v=0
Since L is orthogonal we must have A = p = £1 by unitarity. To summarize

dimV =1 <= yxz < A==l (A2.5)

The restricted transformation L|y in the case A = 1 is the trivial rotation (i.e. the identity
map), while in the case A = —1 is the reflection through the origin.

(ii) we have that = and y are linearly independent and by unitarity of LE we get

cos —sind
Liv = (sin9 cos 0 ) = k() (A2.6)

which is the rotation of angle 6 in V.
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Remark 32. Any rotation in two dimensions can be written as the composition of two reflections. Recall
that for a unit vector v = (cos «, sin @) the reflection with respect to v is

o) = sle) = (e %) (2.7

sin2a  — cos 2«

Then by matrix multiplication one can prove

pla)p(B) = R(2(a — B)) (A2.8)

Then any rotation R(#) can be decomposed into a reflection p(8) followed by a reflection p (g + 6).

Theorem A2.1 (Block-Diagonal Form for O(n))
Consider the group O(n) of orthogonal transformations in R™ with respect to the euclidean metric 6.
Any orthogonal transformation L € O(n) can be put in block diagonal form

cosf; —sinby
sinf; cosf;

P (A2.9)

cosfl, —sinf,
sinf, cosf,
1

for some invertible P € GL(n), and angles 61,...,0,.

Proof. Using we have that there is a non trivial vector subspace V' C R™ which is invariant
for L. We can then decompose

RE=VaVt (A2.10)

Since L is orthogonal we have LV+ C V+ and L| . is again orthogonal. Since dim V+ < dim R™ we
can proceed by induction since, at some point, we will get V- = 0 and terminate the process. Again

by at the end we will have
e vector subspaces {U;}i=1,..a» {Vj}j=1,....b, and {Wy}r=1,. . such that
(i) dimU; = 2,dimV; = dim W}, = 1
(ii)
(iii) R* =P;_, U, ® @3’.:1 V; ® @j_, Wi, hence 2a +b+c=mnand a < %;
)

(iv) the transformation L acts on the U; as a rotation, on the V; as the identity, and on the
W), as the reflection through the origin.

e by there is an invertible matrix P € GL(n) and angles 61, ...,0, (with ¢ < h) such
that L can be reduced to block diagonal form

the U;, V;, Wy, are all mutually orthogonal;

cosf; —sinb;
sinf; cosf;

cosfl, —sinf, P (A2.11)
sinf, cosé,
1,

—1.
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e the basis of R™ which block diagonalizes L is of the form

L1yY1y- s TasYa, V1y- -y Vb, Wiy .., We

where
Ui:<xiayi>7i:17"'7a
‘/j:<’l}j>,j:1,...,b
Wk:<wk>,k:17...,c
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(A2.12)

(A2.13)

O

Remark 33. By the remark to we can factor a pair of reflections into a rotation. Since the

wy, are mutually orthogonal we get that

L|Wk®Wk+1 = R(Tl') (A214)
Therefore if we define
c
X, =Wy 1 @Wal=1,.... bJ (A2.15)
We get that L can be block-diagonalized as
R(61)
R(0a)
_ p-1 1
L=P R(7) P (A2.16)
R(r)
_1c mod 2
From which we also get det L = (—1)¢ ™m°d 2,
Theorem A2.2 (Cartan—Dieudonné, Euclidean Case)
For any euclidean orthogonal transformation L € O(n) there are unit vectors vy, ...,v, withp < n
such that
L="{(v1)...4vp) (A2.17)

Proof. Consider the block-diagonal form of L as per [theorem A2.1] the basis which block-diaognalizes

Lis
T1, Y1y TasYasV1y- -, UVp, W1,y . .., We

The matrix form of L|y, in the basis {x;, y;} is

Ly, = (cosé)i —sin€i>

sinf; cosb;

Denote by Z; the vector

#; = cos — x; + sin iy
i a i - Y
2 2

(A2.18)

(A2.19)

(A2.20)



172
Then we have

R(0;) = 0(2:)0(x;) (A2.21)

Using this and the fact that the spaces U;, V;, W are mutually orthogonal we can finally write
L=20(&1)l(x1).. L(2a)l(xa)l(wr) ... L(w,) (A2.22)
Since 2a + b+ ¢ = n the total number p of unit vectors in the decomposition above is

p=2a+c=n-0>

“n (A2.23)

as desired.

O

Remark 34. The proof of the theorem gives one possible decomposition, but there is no guarantee that
it is unique, neither in the order nor in the number of unit vectors. What is unique, however, is the
parity of the unit vectors, that is, whether their number is even or odd. This is due to the fact that
when

L=0(vy) - (v,) (A2.24)

then det L = (—1)P.

A2.2 Connected Components in O(n)
Property A2.1

The special orthogonal group SO(n) is the connected component of the identity of the orthogonal
group O(n).

Proof. Suppose we have a continuous curve ~: [0,1] — O(n) such that v(0) = 1,,, since the deter-
minant is a continuous function we must have

dety(s) =1, Vsel0,1] (A2.25)

Therefore the identity component Og(n) is a subgroup of SO(n), we now prove the reverse inclusion
SO(n) C Og(n): for any special orthogonal transformation L the block-diagonal form is necessarily

R(6h)

L=p! 1, P (A2.26)
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since det L = 1, therefore we can define the curve v : [0,1] — SO(n) given by
R(Sgl)
R(s0,)

v(s) = P71 1, P (A2.27)
R(sm)

R(sm)

which is continuous and v(0) = 1. O

Remark 35. The euclidean orthogonal group O(n) then has two connected components

SO(n) = Og(n) = 04(n) ={L € O(n) : det L =1}

O_(n)={Le€O(n):detlL = -1} (A2.28)

By repeating the proof above one can show that any L € O_(n) can be connected, via a continuous
curve 7: [0,1] — O_(n) to the matrix
1,1 O
(b 0 220

Since this matrix is the image of 1 under the isomorphism of R" called parity operator P

P: R — R"
1

(xl,...,2") — (ab,... 2" —an) (A2.30)

we get that SO(n) ~ O_(n) as smooth manifolds.
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A3 Trace Lemma
We now prove the following lemma, which was stated in

Lemma 14 (Trace Lemma)
For any ® € Q]Eh(Q,E) we have the following identity

tr(0®)=00tr®+ (m—k—h)® (A3.1)

Proof. We prove this for ® totally decomposable, that is
<I>:(<p1/\.../\gpk)®(vl/\.../\vh) (A32)

with ¢; € Q1(M) and v; € T'(E). Since tr ® = ® 5 6% we first consider {7} }, the n-orthonormal basis
of R™, and its dual basis {7*}. Then we can decompose

0=0"2T, 6°cQ (M)

(A3.3)
0 =e, @7 e € X(M)
Therefore
tr®=® .60 = (e, @7 [(P1 A Apr) @ (V1 A ... Awp)]
=lea (1 Ao ApR)] @ [7% J(v1 Ao Aop)]
k
Z )T easpi) LA AGIA LA PR © (A3.4)
o
®Z YHTSv)vr A A AL Ay,
j=1
The form 0 ® @ is
ODD = (" No1 Ao App) @ (Ty Avp A ... Aog) (A3.5)
Denote by g = #° and vy = Tp, then
k .
OO ®) =Y (=1 (caapi) oA .. AGiA... Aok ®
i=0
N (A3.6)
®Z T_I’UJ Vo N ANV AV
7=0
The term with ¢ = 5 =0 is
[(ea 16°) ] @ [(7% 1 Ty) 0]
= (0.60)D (A3.7)

=md

where we used 0 160% = (0|0) =m
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There are h terms with ¢ =0 and j # 0

, which are

(da 9) @ [(=1)7(r

=pQ® [(*1)j(7aJUj)Ta/\Ul AL

J’Uj)Tb/\Ul/\.../\f}j/\..

=@ [(=1)v; Avi A AT AL Aoy
=@ (—vi... AU A...Avp)

=-o

so that they sum to —h®.

There are k terms with i # 0 and j = 0, which are

[(—1) (eaapi) 0° A1 A ...

so that they sum to —k®.
Finally there are all the terms with ¢ # 0

[Gb/\z ea_ncpZ OCLA AN N NPk

® Tb/\z (TOL2v) v AL AT AL

ebAZ )i

® (=1) |Tp A Z(—

=0ptrd

L APE)®u

7J

Yeaapi) o1 Ao c A@s A A gy,

I(Taij)Ul/\...

By adding all the terms, we get the thesis.

AN@Gi A ... Nk
(1) (ea10:) 0° Npr A A A
=[(~D'0i A1 A . AP AL A ] @
(—p1 A A A

®

N vp,

/\’lv)j/\...

./\vh]
./\T)j/\.../\vh]

® (05 v)
AR ®v

&

N\ Up,
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(A3.8)

(A3.9)

(A3.10)
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