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Abstract

An important result of Bilu deals with the equidistribution of the
Galois orbits of a sequence (), in Q". Here, we prove a quantitative
equidistribution theorem for a sequence of finite subsets in Q" which
are not necessarily stable by Galois action. We follow a method of
Mignotte.

AMS Classification: 11J68, 11G50

1 Introduction

Let X be a metric space. For a finite subset T" C X, the discrete probability
measure on X associated to it is given by

1
HT X = TT‘ Z 5a,X7
a€eT

where |T'| denotes the cardinality of T' and d, x the Dirac measure on X
supported at a. In the special case X = C*, we put ur = purc+.

We say that a sequence (i, )y of probability measures on X converges in
distribution to p if for every bounded continuous function f : X — C, we

have
li dpy, = du.
n—1>I—iI-100/Xfu /Xfﬂ

An important example of such a sequence was given by Bilu, see Theorem
below. If the limit above holds for all compactly supported continuous
functions, we say that u, weakly converges to pu.



Throughout this text, we define h : Q — R to be the (logarithmic,
absolute) Weil height and A to be the Haar probability measure on the
complex unit circle. We also denote by jis the set of roots of unity in Q.

Theorem 1.1 (Bilu, [9]). Let K be a number field, and let (an)n be a
sequence of Q such that h(cy,) — 0 and [K(oy,) : K] = +o0o. Then pg,
converges in distribution to A, where Sy, is the Galois orbit of oy, over K.

This theorem (which was originally formulated with K = Q) was inspired
by a previous work of Szpiro, Ullmo and Zhang who studied the equidistri-
bution of points of small Néron-Tate height on abelian varieties [27]. These
two well-known results have been largely generalized to other heights and
places, see for instance [30] 25, 5l [7, 23, 17, 8, 12, 28, 19, 13, 1T}, 14, [6].
Roughly speaking, each one of these results contains an equidistribution
theorem a la Bilu, that is, a statement of the form “Let K be a number
field, and let S,, be a Gal(K /K )-invariant subset of X such that the average
of height of «, with a € Sy, goes to 0 and |S,,| = +00. Then pug, x weakly
converges to some Haar measure”.

Here we prove an equidistribution theorem for a sequence of finite subsets
in Q" which are not necessarily stable by Galois action. After posting this
paper on ArXiv, Fili informed us that the qualitative version (but not the
quantitative one) of our result partially follows from a recent preprint [15],
of which we were unaware.

The first avatar of equidistribution theorems is a result of Langevin [20]:
Given an open set A C C intersecting the unit circle, the algebraic integers
whose Galois conjugates all lie outside A cannot have a Weil height arbi-
trarily small. The idea of Langevin’s proof is to show that the transfinite
diameter of the complement of A in the unit disk has transfinite diameter
less than 1. He then concludes by applying a theorem of Fekete [18] which
asserts that there are only a finite number of algebraic integers whose Galois
conjugates all belong to a set of transfinite diameter < 1.

Soon after, Mignotte [22] gives an entirely different proof of Langevin’s
result, see [21, Chapter 15] for an excellent expository text. Equidistribution
theorems, stated in the modern language of weak convergence of probability
measures, follow from radial and angular distribution of Galois conjugates
of algebraic numbers with small height. Here, radial distribution means that
“most of” these conjugates have absolute value close to 1. It is easily estab-
lished from the definition of the Weil height. The angular distribution deals
with the distribution in [0, 27] of arguments of these conjugates modulo 2.
It is the hardest part of Mignotte’s proof. The first idea is to apply a result
of Erdés and Turan [16] (see Theorem in Section which asserts that
the arguments of roots of a polynomial Q(X) = Zio ¢; X" with complex
coefficients are well distributed in [0, 2] if the ratio

£(Q)
v |apqol
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is “not too large”. Here, L(Q) = Zio |gi| denotes the length of ). Unfor-
tunately, the coefficients of the minimal polynomial of an algebraic number
« can be very large, even if the height of « is small. This is when the second
ingredient of the proof comes in. A classical result in diophantine approxi-
mation, the Siegel Lemma, shows that there exists a polynomial @ € Z[X]
of “small” degree vanishing at « such that gopgp is non-zero and its coeffi-
cients are “not too large” if the height of « is small. The quantity in (|1.1]
is therefore “not too large” since |qogp| > 1.

In the nineties, Mignotte pointed out to the first author that to obtain
the angular distribution, we do not need to have an auxiliary polynomial
with integer coefficients, but only with |gogp| not too small. This innocent
remark was one of the starting points of our investigation.

In this article, we apply Mignotte’s method to deal with the radial and
angular distribution of sets S with large cardinality and made of algebraic
numbers with small height. The novelty is that our sets are no more as-
sumed to be stable by Galois action. This prevents us from using the stan-
dard Siegel Lemma, which makes the study of the angular distribution more
complicated. Fortunately, there is an absolute version of this lemma, which
follows from deep results of Zhang [29, Theorem 1.10]. This absolute Siegel
Lemma can be applied to our situation, but it provides us an auxiliary poly-
nomial @ € Q[X] whose coefficients (which can be assumed to be algebraic
integers) cannot be controlled. In particular, |gogp| can be as small as possi-
ble, but its absolute norm has to be a positive integer. This naturally leads
us to consider the arithmetic mean of the radial and angular discrepancy of
the conjugate sets of S. We prove that both of them are small.

Let r > 1 be a real. We write A, for the closed annulus centred at the
origin with inner radius 1/r and outer radius 7. We also denote by h(S) the
(arithmetic) mean of h(«) with o € S, that is,

M®=@szw
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Theorem 1.2. Let S C Q be a finite subset.
(1) For any r > 1, we have

1 o(S\A,| _ 2R(S)
Qe a2 s S er

We finally set

o: Q(S)—C

(2) For any sector A of angle 6 € [0,27] based at the origin, we have

1 2(S)NAl_ 0| g
@wr@m%im EE




When S is Galois invariant, we recover Mignotte’s results [22]. The
following example is a good illustration of what happens when we drop the
assumption of Galois invariance on S. Let p be a prime number, and let
(p = exp(2im/p). We choose S = S, as the set of p-roots of unity ¢¥ with
1 <k <[/p], where [z] denotes as usual the integer part of x € R. Thus

/
R'(S,) = 24 <ng2\/[],;]@]))1 ’ -0

as p — oo. We fix a sector A of angle § € [0,27] based at the origin with
1 & A. Then S, NA is empty when p is sufficiently large; whence

SpnAl o) _ 6
|Sp 2r| 27’
However, by Theorem [1.2)2) (and as it can be directly verified),

Pl dghoc! 1] o
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as p — oo. This means that there are a ”small” number of Q-embeddings
o : Q(¢p) — C for which the ratio |o(Sp) N A|/[Sp]| is "far” from 6/(2).

Theorem allows us to prove new results on points of small Weil
height. Following Bombieri and Zannier [10], we say that a set S of algebraic
numbers has the Bogomolov property, or short property (B), if there exists
a positive constant ¢ such that the Weil height of an element in S is either 0
or bounded from below by c. Property (B) was established for the maximal
totally real extension Q" of Q by Schinzel, see [26]. Note that it is also
an immediate consequence of Theorem The following corollary can be
viewed as a generalization of this result.

Corollary 1.3. Let L be an algebraic field. Then for any « in the group
product L*(Q™)* such that h(a) < 5-107%, we have [L(a) : L] < 4 - 106.

Proof. Assume by contradiction that there exists a € L*(Q%)* such that
h(a) <5-107% and d = [L(«) : L] > 4-10°. We write a = yz with y € L*
and z € (Q')*. Define S as the Galois orbit of o over L. Thus, for any
Q-embedding o: Q(S) — C, we have o(5) C o(y)R. Hence, for any sector
A based at the origin,

lo(S)NA] |1 ifo(y) € A;
E

0 otherwise.

Thus, choosing for A any sector of angle 7, the value of the left-hand side in
Theorem 2) is 1/2. On the other hand, |S| = d and log(2d)/d < 4-10~¢
since d > 4 - 10% by assumption. Moreover, h(S) = h(a) < 5-1076. In
conclusion, h'(S) = 24(h(S) + log(2|S])/|S|)*/® < 1/2, a contradiction. [



The maximal abelian extension Q*® of Q also satisfies property (B),
as it has been conjectured by Zannier and proved in [2]. However, the
compositum of Q% and Q*" does not satisfy property (B) since its subfield
Q"(4) does not satisfy (B), see [I, Theorem 5.3]. Nevertheless,

Corollary 1.4. The group product G = (Q*)*(Q™)* satisfies property (B).

Proof. Assume by contradiction that there exists a sequence (o, ), belonging
to G'\ ftoo such that h(ay,) — 0. By [, Theorem 1.1], [Q*(av,) : Q*] — +o0.
We then apply Corollary with L = Q?b. O

Theorem [1.2] can be formulated in terms of convergence in distribution,
as it was expected in [21] (see the paragraph therein around equation (15.9)).
Let » > 1, and let f : C* — C be a function that is Lipschitz on A,. We
define Lip,.(f) to be the Lipschitz constant of f on A,. The infinite norm of
f onaset T C C* is denoted with || f||co,r. Finally, given a subset S C @,

we define 5°°' as the smallest Gal(Q/Q)-invariant set containing S.

Theorem 1.5. Let S C Q" be a finite set, let > 1 be a real number, and
let N > 2 be an integer.

(1) For all functions f : C* — C that are Lipschitz on A,, we have

1
d dA
Qs o: Q(S )C / Fhor = /C* / ‘
4rmL 2h(S .
< LD (111 g, 2ot 242N et FCS):

(2) Let € € (0,1), and let L be a number field. Then there exists a set
A = A(S,r,N,e,L) of L-embeddings L(S) — C with cardinality at
least (1 —¢)[L(S) : L] such that

B 4rrLip, (f)
‘/C* Jdug(s) /C* fd)\' S

4L : QJh(S) +4[L : Q]N?
elogr

H (A1l goa 4, F2HFlloo.a,) 1£ 1104, 2 (S)

for all 0 € A and all functions f : C* — C that are Lipschitz on A,.

Theorem [L.5]implies a quantitative version of Bilu’s equidistribution the-
orem. Such versions already exist in the literature, see [23] 17, 13}, 6]. In
all these articles, the estimations are stronger than ours, but they can only
hold for much more restrictive functions. For instance, in the first three ref-
erences, f must be at least bounded and differentiable on C* and in the last
one, f has to be Lipschitz on A,, continuous on C* and satisfy | f(z)| < log |z|



when |z| > r as well as |f(z)| < log|z|™! when 0 < |z| < 1/r. Regarding
the test functions of Theorem they must be Lipschitz on A,, but can
be unbounded and totally discontinuous outside.

Theorem has the following qualitative consequence:

Corollary 1.6. Let (Sn)n be a sequence of finite subsets of Q" such that
|Sp| = 400 and h(S,) — 0. Let V.C C* be a neighbourhood of the unit
circle. We consider the class of test functions f : C* — C satisfying

f is continuous on' V. and E(Sn)HfHOO7SnGa1\V —0, asn—o00. (1.2)
Then
(1) We have

1
—_— fdiiges,) — fd)\’—>0
[@(Sm-@]m(@%)% /c (50) /c

for all functions f : C* — C satisfying (1.2).

2) Lete € (0,1), and let e a number field. en for all integers n > 1

(2) L (0,1), and let L b ber field. Then for all integ ,
there is a set A, of L-embeddings L(Sy) — C with cardinality at least
(1 —€)[L(Sy) : L] such that for all (op)n € 1, An, we have

L ! €2i7rt
DD f(ﬁ)—>/0 Fle2m )t

" BETRSh
for all functions f : C* — C satisfying (1.2)).

Note that every bounded continuous function f: C* — C satisfies (|1.2]).
Thus, the second assertion of this theorem implies:

Corollary 1.7. Let (S,), be a sequence of finite subsets of Q" such that
|Sp| = +oo and h(S,) — 0. Let L be a number field. Then for all integers
n > 1, there is a set Ay, of L-embeddings L(Sy,) — C with cardinality at least
(1 —¢)[L(Sy) : L] such that for all (op)n € [1,, An, the sequence of discrete
probability measures p,, s, converges in distribution to .

Corollary partially follows from [I5, Theorem 3.17]. More precisely,
under the same assumptions on .S,, (which corresponds to a very special case
of [I5, Theorem 3.17]), Doyle, Fili and Tobin obtained the same conclusion
than ours, but for the weak convergence. Their proof is based on potential
theory, which is the other classical approach to deal with equidistribution.

Theorem does not hold anymore if we relax the assumption “K is a
number field” to “K is an algebraic field”. Indeed, put a,, = (1—em/7")1/n,
Let S,, be the Galois orbit of a,, over Q(u). Clearly, h(ay,) < (log2)/n
and oy, ¢ L for all integers n > 1. Hence, h(ay,) — 0 and |S,| — +oc.



Moreover, each element of S, has absolute value |a,|. The series expansion
of the exponential implies o, — 0, and so the sequence pug, cannot converge
in distribution to A. This elementary example shows that the conclusion of
the next corollary is somehow optimal.

Corollary 1.8. Let K be an algebraic field, and let (o), be a sequence of
Q" such that h(ay) — 0 and [K(ay,) : K] = 400. Let L be a number field.
Then there is a set A,, of L-embeddings L(S,,) — C with cardinality at least
(1 —¢)[L(Syn) : L] such that for all (op)n € [, An, the sequence of discrete
probability measures s, s, converges in distribution to A, where Sy is the
Galois orbit of oy, over K.

Proof. Take for S,, the set of conjugates of «,, over K in Corollary O

Plan of the article

The plan of the article is as follows. In Section [2] we implement our gener-
alisation of Mignotte’s method to treat the radial and angular distributions,
then we prove Theorem In Section [3| we deduce Theorem from

Theorem [I.2] and Corollary [1.6] from Theorem
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2 Radial and angular distribution

The proof of Theorem is based on arguments due to Mignotte, which are
well highlighted in [2I, Chapter 15]. We will follow the exposition of this
book. Throughout this section r denotes a real number greater than 1 and
S c Q" a finite set.

2.1 Radial distribution

The goal of this subsection is to establish that the mean of the number
of elements belonging to (S)\A,, where o ranges over all Q-embeddings
Q(S) = C, cannot be “too large” if h(S) is small. Recall that d, is the
Dirac measure on C* supported at x. Let us start by the following lemma.

Lemma 2.1 (]21], Theorem 15.1). For all o« € Q, we have

> ) 2 0@ (1- i)

7:Q(a)—C logr



We can now prove the “radial part” of Theorem

Proof of Theorem[1.9(1). Since |o(S) N Ay|+ |o(S)\A,| = |S], the inequal-
ity in Theorem [L.2[1) is equivalent to

1 2h(S)
o, & Oz (- 550),

o: Q(S)—=C

which we now prove. The set o(S5) N A, has cardinality ) g doa(Ar) for
all o: Q(S5) — C. Thus,

Z ’ mA ‘ - Z Z 60&(-/47’)'

o: Q(S)—C acSo: Q(S)—C

Then, each Q-embedding 7 : Q(a) — C can be extended in [Q(S) : Q(«a)]
different ways to a Q-embedding from Q(S) to C, which leads to

Z lo(S)NA| = Z[Q(S) Qo] Z ral(Ar).
o: Q(S)—C a€csS 7:Q(a)—C

By Lemma [2.1], the right-hand side is at least [Q(S) : Q] > cg (1 _ 2h(a))_

Theorem [1.2(1) now arises from a small calculation. O

2.2 Angular distribution

This subsection aims to show that the elements of o(S) are, in average,
angularly well distributed when E*(S ) is small. Concretely, if A is a sector
of angle 6 based at the origin, then the mean of number of elements belonging
to o(S)NA, where o runs over all Q-embeddings Q(S) — C, is approximately
0]S|/(27) when R’(S) is small.

Remark 2.2. The left-hand side in Theorem |1.2 -(2) s obviously bounded
from above by 1. Hence, the theorem is trivial unless h (S) < 1. Moreover,
if B'(S) < 1, then the definition of h'(S) implies 24(log(2|S])/|S|)Y/? < 1,
and so |S| > 3. To summarize, we can reduce the proof of Theorem (1 -(2)
to the case that h'(S) <1 and |S| > 3, what we now assume.

The proof of Theorem [1.2f2) is mainly based on two ingredients. The
first one is a result due to Erdés and Turdn [16], see also [3] for a more
modern proof of something slightly sharper.

For any region A C C and any polynomial @) € C[X], we denote by Za ¢
the number of zeroes of @ (with multiplicity) lying in A.



Theorem 2.3 (Erdés-Turdn). Let A be a sector of angle 6 € [0,27] based
at the origin, and let Q(X) = Zi’io ¢ X' € C[X] be a polynomial with

qpqo # 0. Then
2
< 256D log (L:(Q)> ,

V]apaol

where £(Q) = S22 |g;| denotes the length of Q.

Write Ps € Q(S)[X] for the polynomial [ ], g(X —a). Thus [0(S) NA| =
ZAopg- The natural idea to get Theorem (2) would be to apply Theo-
rem to @ = 0 Pg with o running over all Q-embeddings Q(S) — C. But
the mean of log(£(0Ps)) might be too large, spoiling our chances of getting
what we wish. This is when the second ingredient comes in: the absolute
Siegel’s lemma.

Let F(X) = ZiL:O fi X" € Q[X] be a polynomial. The height of F,
denoted with h(F'), is the Weil height of coefficients of F', that is,

1
h(F) =
Nz
where F is any number field containing fo, ..., fr and where v ranges over

all places of E. It is well-known that this definition does not depend on the
choice of such a field E.

0

Z[E’v : QU] logmax{|f0|v, RN |fL|v})

v

Theorem 2.4 (Absolute Siegel’s Lemma). Let L be a positive integer with
L > |S|. Then there exists a non-zero polynomial F', with algebraic integer
coefficients and degree < L, vanishing at S such that:

5

< log(L + 1)
“L+1-|5|

h(F) (‘; log(L +1) + (L + 1)h(S)> y 5T

2

This statement improves the main result of Roy and Thunder, see [24]
Theorem 2.2]. It is an easy consequence of [29, Theorem 5.2], see [4, Propo-
sition 4.2] for detailsﬂ

Define L as the round up to (1 + %(S)/6)|S|. By Remark we have
L <2|S|—1. By Theorem [2.4] and using the inequalities

E*
<1+és)> S| < L+1<2[8),

we find a non-zero polynomial F(X) = Zizo f;X?, with algebraic integer
coefficients and degree < L, divisible by Pg such that
6 log(2|S])

3 _
h(F) < o) <2log(2|5|) + 25[h(S)> + (2.1)

'In op.cit. the relevant height is ho(F), with the Lo-metric at archimedean places, but
obviously h(F) < ha(F).




Dividing F' by a power of X if needed, we can assume that fpfy # 0. We
now choose a number field E containing Q(S) and all coefficients of F.

To prove Theorem via this approach (see [2I, Chapter 15]), S is
the set of all Galois conjugates of some o € Q. Thus, Pg is the minimal
polynomial of a over Q and the classical Siegel’s lemma asserts that we can
take F' with integer coefficients, which implies |fpfo| > 1. Unfortunately,
in our situation, we can have |fpfo| # 0 as small as possible. Nonetheless,
fpfo is an algebraic integer and therefore its norm [[, . po ¢ |o(fpfo)| over
Q is a positive integer.

Lemma 2.5. Let A be a sector of angle 6 € [0, 27| based at the origin. Then

1 2 (sEs)
7, 2 N S( 3 )

o: E—C
Proof. Let 0: E — C be a Q-embedding. Then,

0

ZA,JF - %

D

L(oF) =Y |ofi| < (D+1)max{|ofol,...,|ofpl}.

=0

By (2.1), we get

[ET@] > log(L(oF)) < log(D + 1) + h(F)
o: E—~C
3 6 (3 _
< g losS) + = (210g(25!) + 2|S\h(5)>
12 _
< ) (os@SD +ISIR(S)

because D < L < 2|S|—1 and h'(S) < 1. By definition of 7(S), we conclude

- 3 % 2
1 1219 (1°9)\"  |SR(S)
Trg L e < o (24> =S

Finally, Theorem [2.3] applied to Q = o F gives

2

4 9
Z ZaoF — %D <27[S| Z log(L(aF"))
o: E—=C o: E=C
since ) _log|o(fpfo)| > 0 by the foregoing. The lemma follows. O

Proof of Theorem[1.9(2). Note that the left-hand side in Theorem [1.2|2)
remains unchanged if we replace Q(S) with a finite extension. So, it is

10



enough to prove Theorem [1.2)2) by replacing Q(S) with E. Let o: E < C
be a Q-embedding. The triangle inequality gives

0|S 6D 0D 0|S
ZAoPs — il < |Znops = Zaor| + ‘ZA,UF — |tz - oI5|

2 27 2 27

Recall that Pg divides F'. Thus, Za o —ZA 0Py = ZAo(F/Pg)- In particular,
it is bounded from above by the degree of F'/Pg, namely D — |S|, and so by
L—1—|S|<|Sn'(S)/6. Thus,

1 9 1S|R(S) 1 6
. Z ZA,O’PS _|S|‘ S + . Z ZA,O-F—iD
[E ) Q] o: E—=C 2m 3 [E ’ Q] o: E—=C 2m
From Lemma [2.5] we have
1 0 1 0 |?
LS Zar - D' <l S e 2o
[E ’ Q] o: E—C 2m [E ’ Q] o: E—C 2m
_ 2SIE(S)
- 3
and the second assertion of Theorem [[.2] follows. O

3 Convergence in distribution

Let S and r be as in Theorem [I.5] By Theorem [I.2] we obtain that in av-
erage, the cardinality of o(S)NANA,, with o: Q(S) — C a Q-embedding,
is approximately 6|S|/(2r) when h(S) and h'(S) are small enough. This as-
sertion is stronger when 6 is small. For this reason, it makes sense to cut A,
into a large number of small annulus sectors, apply Theorem to deduce
that in average, there are around 6|S|/(27) elements of o(S5) in each of these
annulus sectors, and put it all the information together to conclude that in
average, the set o(.9) is equidistributed around the unit circle. Formalizing
this process leads to the proof of Theorem [L.5[(1). A slight modification of
these arguments shows the second part.

We start with an easy lemma. Given r > 1 and tg,t; € [0, 1] with ¢y < ¢1,
we consider the compact region
Vitotr = {p€2i7rt ‘ p e [1/7'7 7"], te [tOvtl]}'

Lemma 3.1. Let f : C* — R be a real function that is Lipschitz on A, for
some r > 1, and let T be o finite set of non-zero complex numbers. Choose
to,t1 € [0,1] with tg < t1 and put V- =V, 44,. If 0 =t1 —to € (0,1/2], then

t1 .
|11w > SB) = [ HE ] < 20787Lip, (1) + 1 et

BeTNV 0

11



Proof. Let fT, resp. f~, be the supremum, resp. infimum, of f(z), where z
ranges over all elements of V. Then

fmrnv i f+ Trnv _
,BeTmV
We write
fETrnv| TNV

e i( 9) £ _ £F)0.
= o= s (B = 0) + (rt - )

Combining the last two displayed equations, then using the triangle inequal-
ity, we get

1 )
7| Z f ( 27,7rt)dt
BeTNV
TNV
T

< (= )0+ 1 flloo,a,

—9‘. (3.1)

The fact that V is compact implies that f* = f(z) and f~ = f(y) for
some z,y € V. Each point z € V expresses as r,e'* with r, € [1/r,r] and
€ [2nto, 2mt1]. Hence,

f*=f" = 1f@) = f@)] < Lip,(f)lroc'® —ryc|
= Lip,.(f) \/7"925 + 12 — 2ryry cos(ay — ag).

As 0 € (0,1/2], the cosine is decreasing on [0,276]. Thus cos(ay, — o) >
cos(276), and so

= £71 < Lin, (£)v/2r°(1 — cos(2r0)) (3:2)
since 1,y < r. The lemma follows by combining (3.1]) and (3.2), then using
the inequality 1 — cos(x) < x2/2, which is true for all z € R. O

Fix from now a finite subset S € Q" as well as an integer N > 2. For
z € Rand j € {0,...,N — 1}, we denote by Aj(x) the sector based at
the origin containing 0 and all non-zero complex numbers whose argument
belongs to [x+2mj /N, z+2mw(j+1)/N] up to 2kw. It is a sector of angle 27 /N
The Galois closure §Ga1 of S being finite, we can then find x € R satisfying
the following property: for all « € gGal, there is (a unique) j € {0,..., N—1}
such that « lies in the interior of Aj(z). We fix from now such an z and in
order to ease notation, we put Aj; = Aj(z).

12



Let o: Q(S) — C be a Q-embedding, and let f : C* — C be a function
that is Lipschitz on A,.. We have

1
Flpiags) — / fdA’ S / ELD
Cx C |S !
A, 1 i
R o~ [ sl 33
Beo (S mAr

As each element of o(S) lies in A; for a unique j € {0,..., N — 1}, we get

1 o ! 62i7rt
ERDINNG /0 F(e2m)dt

Bea(S)NA,
N-1 ;
1 (G+1/N ,
= E E f(B) - / f(e2mt)dt .
j Beo( i/N

7=0 S)ﬁAjﬂ.Ar

The real and imaginary parts of f are two real-valued functions which
are Lipschitz on A, since f is. Moreover, their Lipschitz coefficients and sup-
premums on A, are bounded from above by those of f. Applying Lemma
twice to the real part (for the first time), then the imaginary part (for the
second one) and with tg = j/N, t; = (j+1)/N and T' = ¢(.5) in both cases,
we conclude thanks to the triangle inequality that

1 (4+1)/N )
W Z f(ﬁ) o / (eQMrt)dt
Bea(S)NA,;N A, i/N
4rmLip,.(f) lo(S) N AN A, 1
< ) ——.
We now infer that
i / f 2z7rt
‘ ’ ﬁEU(S ﬂ.Ar
N—-1
4rmLip,(f) lo(S)NA;NA| 1
< "2 19 s - —. 4

Since |0(S) N A; N A = |o(S) NAj|—|o(S) N A\ A, [, the triangle inequal-
ity gives

o(S)NANA|[ 1 <

|5 N|T

0(5) N A 1’ |0(5) N A\A,|

sl N B

13



Since C is the union of all Ag,...,Ay_1 and each element of o(S) lies in
the interior of A; for a unique j € {0,..., N — 1}, we get

N-1
7(8) N AN = lo(S)\ A, .
=0
Thus,
N-1 N-1
()N ANA] 1| _ oS\ o901
2= T Bl e A

By , and , we get:

irLip, (f) 2(5)\ A
[ ganegs - [ 13| < TP o 420 ) TERA

N S
N-1
o(S)NA; 1
ol Y [FOES L 30
j=0

Proof of Theorem ( 1). It now arises from Theorem (applied to the
sector A = A; of angle 27 /N) and from (3.6]) that

[ s = | fdA‘

2R (S)

+(1Fll 500 4, +2||f||ooAT)ﬁ+2NHfHooAr 9),

1
[Qs): Q. Qs)%

< 4rrLip,.(f )
- N

which is the first inequality of the theorem. O

Proof of Theorem (2) We now prove the second assertion. Note that in
the arithmetic means of Theorem we may replace Q(S) with any of its
finite field extensions. Thus, the first assertion of Theorem easily implies
that the set of Q-embeddings o: L(S) — C satisfying

o (VA _ 4L : QIA(S)
|S| ~—  celogr

(3.7)

has cardinality at least (1 — m)[L(S) : Q). Let j € {0,...,N — 1}
Similarly, the second assertion of Theorem (with A = Aj) provides at
least (1 — M)[L(S’) : Q] field embeddings o: L(S) < C for which

lo(S)NA;l 1 2N[L : Q]

S| N =

IN

1(S). (3.8)
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Thus, there exists a set Y =Y (S,r, N, ¢, L) of Q-embeddings o: L(S) — C
with cardinality

12 (1- 50 ) 1) Q) = [£(5) s Q] —e[2(5):

such that any o in this set satisfies (3.7]) and (3.8)) for all j € {0,..., N —1}.
We can moreover find a set A C Y of L-embeddings with cardinality at least
(1 —¢e)[L(S) : L]. Otherwise, the cardinality of Y would be less than

(1 =e)[L(S) - L]+ ([L - Q = D[L(S) : L] = [L(S) : Q] — e[L(S) : L],

a contradiction. We choose such a subset A and we fix o € A.

Theorem |1.5(2) follows since by (3.6)), (3.7) and (3.8)), we get

B 4rmLip,.(f)
u;w%@ Ajwk;

N
4[L : QJh(S)  4]L : QN2 —x
(1 oo, + 2 ona) T + B e, T CS)
for all functions f : C* — C that are Lipschitz on A,. O

Proof of Corollary[1.6. We only prove the second assertion, the proof of
the first one following similar lines. Given an integer n, a Q-embedding
o: Q(S,) — C and a function f: C* — C, we let for short

un,a(f) =

ﬂ%&/fﬁw
Cc* Cc*

Let f : C* — C be a function satisfying . Obviously, there exists
r > 1 such that f is continuous on A,.. Since f is not necessarily Lipschitz on
A, we use a standard density argument. Thanks to the Stone-Weierstrass
theorem, we know that f restricted to A, is the uniform limit of a sequence
of polynomial functions ( fy,)m. We extend f, to a function on C* by setting
fm = fon C*\A,. Thus f,, is Lipschitz on A, for all m and ( f,;, ), uniformly
converges to f on C*.

From our assumptions, we have E*(Sn) — 0. The second assertion of
Theorem with S = S, and N = [E*(Sn)fl/ﬂ proves that there is a set
A, of L-embeddings o: L(S,) < C, depending only on S,,r,¢ and L, but
not on the test function f, such that |A,| > (1 —¢)[L(S,) : L] and

_4rrLip,(fm) A[L : Q1 (Sy)
un,U(fm) < Umm = W‘f‘(”fm||OO7SSaI\AT+2||meOO,Ar)W
AL : QI[RT(S,) 2 .
G U Q D By RS (39)

3
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for all m. For each n, we choose one of these L-embeddings, say o,. We
want to show that uy, 4, (f) — 0, which would show the corollary.
Let m be an index. As f = f,, outside A,, we deduce by assumption
that E(Sn)HmeOO7SS,aI\AT — 0, and so leads to Uy, m — 0 as n — +00.
Let n be an index. Using the reverse triangle inequality, then the triangle
inequality, we get

o (fon) — tim . ()] < / o — Fldpio, s, + / o — fldA

* C*

for all m. As f,, uniformly converges to f on C*, we deduce that w, 4, (fm)
uniformly converges to uy, 4, (f) as m — +o00. The Moore-Osgood theorem
for interchanging limits leads to w4, (f) — 0 as n — 4o0. O

References

[1] F. Amoroso, S. David and U. Zannier, On fields with the property (B),
Proc. Amer. Math. Soc. 142 (2014), p. 893-1910.

[2] F. Amoroso and R. Dvornicich, A Lower Bound for the Height in
Abelian Extensions, J. Number Theory 80 (2000), p. 260-272.

[3] F. Amoroso and M. Mignotte, On the distribution of the roots of
polynomials, Ann. Inst. Fourier (Grenoble) 46 (1996), p. 1275-1291.

[4] F. Amoroso and U. Zannier, A relative Dobrowolski lower bound over
abelian extensions, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 29 (2000),
p. 711-727.

[5] M. Baker and L. Hsia, Canonical heights, transfinite diameters, and
polynomial dynamics, J. Reine Angew. Math. 585 (2005), p. 61-92.

[6] M. Baker and D. Masser, Galois distribution on tori- A refinement,
examples, and applications, Int. Math. Res. Not. 2022 (2022),
https://doi.org/10.1093 /imrn /rnac197

[7] M. Baker and C. Petsche, Global discrepancy and small points on
elliptic curves, Int. Math. Res. Not. 2005 (2005), p. 3791-3834.

[8] M. Baker and R. Rumely, Equidistribution of small points, rational
dynamics, and potential theory, Ann. Inst. Fourier 56 (2006), p. 625
688.

[9] Y. Bilu, Limit distribution of small points on algebraic tori, Duke
Math. J. 89 (1997), p. 465-476.

[10] E. Bombieri and U. Zannier, A note on heights in certain infinite
extensions of Q, Rend. Mat. Acc. Lincei (9) 12 (2001), p. 5-14.

16



[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

22]

23]

[24]

G. Burgos, J. Ignacio, P. Philippon, J. Rivera-Letellier and M. Som-
bra, The distribution of Galois orbits of points of small height in toric
varieties, Amer. J. Math. 141 (2019), p. 309-381.

A. Chambert-Loir, Mesures et équidistribution sur les espaces de
Berkovich, J. Reine Angew. Math. 595 (2006), p. 215-235.

C. D’andrea, M. Narvdez-Clauss and M. Sombra, Quantitative
equidistribution of Galois orbits of small points in the N-dimensional
torus, Algebra Number Theory 11 (2017), p. 1627-1655.

L. DeMarco and N.M. Mavraki, Variation of canonical height and
equidistribution, Amer. J. Math. 142 (2020), p. 443-473.

J. Doyle, P. Fili and B. Tobin, Stochastic
Equidistribution and Generalized Adelic Measures, preprint,

https://arxiv.org/abs/2111.08905

P. Erd6s and P. Turan, On the Distribution of Roots of Polynomials,
Ann. of Math. (2) 51 (1950), p. 105-119.

C. Favre, J. Rivera-Letelier, Equidistribution quantitative des points

de petite hauteur sur la droite projective, Math. Ann. 335 (2006), p.
311-361.

M. Fekete, Uber die Verteilung der Wurzeln bei gewissen algebraischen

Gleichungen mit ganzzahligen Koeffizienten, Math. Z. 17 (1923), p.
228-249.

W. Gubler, The Bogomolov conjecture for totally degenerate abelian

varieties, Invent. Math. 169 (2007), p. 377-400.

M. Langevin, Minorations de la maison et de la mesure de Mahler de

certains entiers algébriques, C. R. Acad. Sci. Paris Sér. I Math. 303
(1986), p. 523-526

D. Masser, ” Auxiliary polynomials in number theory”, Cambridge Uni-
versity Press, Cambridge, 2016.

M. Mignotte, Sur un théoreme de M. Langevin, Acta Arith. 54 (1989),
p- 81-86.

C. Petsche, A quantitative version of Bilu’s equidistribution theorem,
Int. J. Number Theory 1 (2005), p. 281-291.

D. Roy and J. Thunder, An absolute Siegel’s lemma, J. Reine Angew.
Math. 476 (1996), p. 1-26.

17



[25] R. Rumely, On Bilu’s equidistribution theorem, Contemp. Math. 237
(1999), p. 159-166.

[26] A. Schinzel, On the product of the conjugates outside the unit circle of
an algebraic number. Acta Arith. 24 (1973), p. 385-399.

[27] L. Szpiro, E. Ullmo and S. Zhang, Equirépartition des petits points,
Invent. Math. 127 (1997), p. 337-347.

[28] X. Yuan, Big line bundles over arithmetic varieties, Invent. Math. 173
(2008), p. 603-649.

[29] S. Zhang, Small points and adelic metrics, J. Algebraic Geom. 4 (1995),
p. 281300,

[30] S. Zhang, Equidistribution of small points on abelian varieties, Ann.
of Math. (2) 147 (1998), p. 159-165.

18



	1 Introduction
	2 Radial and angular distribution
	2.1 Radial distribution
	2.2 Angular distribution

	3 Convergence in distribution

