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In the process of toxic accumulation of Amyloid-beta (Af) peptides in plaques, problems may arise in the ex-
change of nutrients across the blood-brain barrier (BBB) level and impaired brain clearance. These plaques are
associated with the progression of Alzheimer’s disease (AD). A four-compartmental model to describe the
alteration of AP transport across BBB level and its accumulation in the brain is presented here. Furthermore,
potential target mechanisms of therapy, to counteract the disease progression, are investigated using an’in silico’

approach. A sensitivity analysis is presented to show the most important parameters on which to act in order to
potentially bring pathological conditions back to non-pathological ones.

Introduction
Background

Alzheimer’s disease (AD) is a progressive and age-related neurode-
generative disorder, considered the major cause of dementia [1]. It is
characterized by the loss of synapses and neurons and the two main
hallmarks are the presence of extracellular plaques and intracellular
neurofibrillary tangles, as underlined in a biomarkers’ model [2].
Amyloid-beta (Af) peptide is the main protein composing the extracel-
lular plaques, produced through the proteolytic processing of a trans-
membrane protein, amyloid precursor protein (APP), by p- and
y-secretases, and the main final Ap forms are the 40-amino-acid (A$40)
and the 42-amino-acid (Af$42) [3]. The conversion of Af monomers into
fibrillary aggregates is associated with the development of AD. Protein
aggregation from soluble to insoluble structures has been considered a
factor that may induce several neurological diseases and at times even to
be toxic. Amyloid plaques predominating brain parenchyma mostly
contain Ap42, whereas cerebrovascular amyloid deposits primarily
Ap40 [4]. Furthermore, Ap42 is considered more toxic than Ap40 [5],
and Ap40 levels are not systematically assessed in many clinical labo-
ratories alleging that this marker alone has no diagnostic value [6]. The

* Corresponding author.

cytotoxic effect of the Ap42 peptide is believed to be linked to its ability
to self-assemble to form oligomers and amyloid fibrils [7].

Two forms of AD have been characterized: familial and sporadic. The
familial form is characterized by the alteration of specific genes.
Missense mutations in presenilin 1 or 2 are the most common cause of
early-onset AD, and presenilin is the catalytic subunit of y-secretase. The
mutations result in relative increases in the production of Ap42/43
peptides. These hydrophobic species self-aggregate, leading to profound
Ap deposition in mid-life [8].

The main risk factor for sporadic AD is considered to be age, but
other risk factors have been identified, such as the female sex, traumatic
brain injury, depression, environmental pollution, physical inactivity,
social isolation, low academic level, metabolic syndrome, and genetic
susceptibility [9]. The €4 allele of the apolipoprotein E (ApoE4) carriers
was included in typical late-onset AD. This allele was found to markedly
increase AD risk and decrease brain clearance of Ap, leading to excess Af
aggregation and typical downstream AD neuropathology [8].

Despite continuing debate about the Ap hypothesis, new evidence
worldwide supports the concept that an imbalance between the pro-
duction and clearance of AB42 and related Ap peptides is a very early,
often triggering factor in AD.

Impaired brain clearance from the central nervous system (CNS) and
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the overproduction of Af in the brain are believed to be responsible for
plaque formation [10]. On the other hand, cerebrospinal fluid (CSF)
levels of Ap42 are used for the diagnosis of AD. It is important to note
that AD patients present decreased values of A#42 in the CSF concerning
non-AD, and consequently, low Ap42 is considered to be a positive
biomarker for AD [11]. Aggregation of Ap42 appears the most likely
cause for the decreased Ap42 concentration in CSF in AD: the aggregated
state inhibits Af42 from being transported from the interstitial fluid
(ISF) of the brain to the CSF [11]. Moreover, the presence of Af plaques
is associated with a decrease in the ISF and CSF concentrations of A$42,
a decrease in the blood-brain barrier (BBB)/proteolysis fluxes of Ap42,
and an increase in deposition flux of Ap42 [12]. Plaques formation can
be caused by deficient transport efflux mechanisms at the BBB level: a
faulty brain degradation or an increased influx of circulating Ag across
the BBB. The BBB is a dynamic physiological interface between the
plasma and the brain, mediating Af transport between these two com-
partments. The BBB is crucial in maintaining the normal metabolism of
Ap, and its dysfunction aggravates Ap deposition [13,14]. Specialized
receptors at the BBB shuttle Aj across the brain endothelium from the
CNS into the bloodstream or from the blood into the CNS. The receptor
for advanced end glycation products (RAGE) and low-density lipopro-
tein receptor-related protein 1 (LRP) remain the primary targets, as
shown by their ability to rapidly transport free circulating Ap into the
CNS and brain-derived Ap into the blood [15,16].

Due to the involvement of Af in the pathogenesis of AD, there is a
growing interest in the investigation of the temporal dynamics of Ag and
the factors associated with its conversion/aggregation mechanisms in
the brain [17].

Mathematical models of the Aj kinetics provide a good mechanistic
understanding of the A accumulation in the brain, helping to predict
potential effects on health. Several mathematical models investigate Af
trafficking and accumulation at the BBB endothelium [18], the aggre-
gation of A monomers into oligomers [19], and also how sleep may
affect A fibrillation [20]. However, these mathematical models usually
refer to a very short time scale (one day) to describe each exchange
between compartments accurately. Indeed, they cannot be used to study
phenomena that require long periods of formation (years), such as
accumulation of A plaques, and corresponding long observation times.

The hypothesis

In view of the above-mentioned studies proving that Ag is a domi-
nant factor of AD pathogenesis, the hypothesis proposed in this work is
that the involvement of AS in AD is due to the interplay between
impaired A transport across brain barriers and the process of plaques
aggregation in the brain.

This fits with the literature evidence in which many different
mechanisms have been postulated as significant factors in AD patho-
genesis, especially plaques accumulation and impaired Ap brain clear-
ance. A better understanding of the temporal dynamics of these
processes (by in silico approaches) is critical for guiding experiments
aimed at the development of more effective therapeutic agents that
target the underlying disease mechanisms.

Hence, this work aims to build a mathematical model of the Ap
transport across BBB and the plaques formation process in the brain. To
do this, a compartmental model is created, composed of four compart-
ments describing the exchange between blood and brain environment,
setting the parameters based on biological mechanisms from literature
and on our previous data [21,22]. Finally, numerical simulations are
performed to reproduce physiological and pathological conditions, to
assess what processes mainly affect Aj concentrations for the AD con-
dition, and to identify potential target mechanisms of therapy.
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Fig. 1. Schematic representation of the four compartmental models describing
the passage of Aj between blood and brain and the potential toxic accumulation
of Ap plaques in the brain environment.

Materials and methods
Model description

The present model is an extension of our previous models on iron
transport across the BBB [21,22], adding a specific compartment for the
formation of Ap plaques. Therefore, four compartments are modeled:
blood B, the cerebrospinal fluid CSF, the interstitial fluid ISF, and the Ap
plaques P.
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The first equation B(t) represents the Ag in the systemic blood; the
second and the third equations represent the Af concentrations in CSF
and ISF respectively, i.e., two fluids present in the brain; the last one
represents the Ap plaques in ISF, where Ap is heavily deposited in
pathological cases (see Fig. 1).

Note that there are links among all these compartments, so that the
Ap peptides may migrate from one to the other. The compartment of the
plaques P is part of the ISF in the brain and it communicates directly only
with the ISF. Because the plaques are three-dimensional conglomerates,
they can increase in size as new particles are added, coming into contact
with them. To model this hypothesized feature, the growth of the
conglomerate must be proportional to its surface. Because the plaque is a
three-dimensional object, an exponent of 2/3 is used to account for the
growth rate as explained below.

The use of a fractional exponent represents indeed the main novelty
of our model. As mentioned, it indicates the interaction of soluble Ag in
ISF with the surface of the associated plaques in the space of three di-
mensions. The soluble A attaching to the surface of the plaques makes
them grow in size. The arrows in the diagram are directed, indicating the
allowed direction of the flow (see Fig. 1).

All the coefficients are assumed to be positive and constant. The
parameters A, dss4, d43, d21, A32, d13, a3, and k are assumed to be
different between the two conditions of AD and non-AD patients. The
coefficients a1, i = 1, 2, 3 describe the flow of Ag between compart-
mentsiand i+ 1, namely B, CSF, and ISF, while as4 and a43 denote the in
and outflow between ISF and the plaques. Indeed, the A peptides are
endogenously produced by the brain and a continuous inflow into ISF at
rate A is assumed. In particular, as4 indicates the formation of the
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Table 1
Table of parameters used for the simulations.

Neurological control condition AD condition

Parameters Initial conditions Parameters Initial conditions
a;p = 0.01 B=15.5 a;p = 0.01 B=13.3
az = 0.05 CSF = 600 az = 0.03 CSF = 600
azz = 0.02 ISF = 600 a3 = 0.02 ISF = 600
as, = 0.08 P=0 a3, = 0.05 P=0

as4 = 0.00005 az4 = 0.005

a43 = 0.0001 a3 = 0.0001

a;3=0.3 a;3 =0.5

az; = 0.01 az; = 0.005

k=2 k=04

A =69.0 A =90.0

plaques, while a43 the dissolution of the Af plaques and their return to
the soluble state in the brain. In AD patients, as4 is larger than in non-AD
ones, while ay3 is very small in all the patients because there is a low
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receptors on the BBB, such as the activity of LRP and RAGE, which could
be altered in the AD process [16]. The parameters for numerical simu-
lations were set based on biological processes and values reported in the
literature [15,18,23-25] and our previous data in Af42 CSF of patients
affected by dementia and neurological controls [26].

All the simulations were performed using our own developed codes
in Matlab © 1994-2022 The MathWorks, Inc.

Equilibria

The system stationary points are found by the equilibrium equations.
The only two possible cases are analyzed below. As far as the equilib-
rium in the absence of plaques is concerned, the point is

E _ (é é alz(dgz + 031) +a32(k+ 1113) (l13A + (kA + 02356\2) 0)
Kk anayn +azian +azan az + as ’

while in the presence of plaques, it becomes

)
k' k (an1az + as1ay) + as ax3)

probability of plaque dissolution. The constant k describes clearance,
which consists of the protein destruction by excretory mechanisms in the
systemic blood.

The parameters ap; and asy can be related to the turnover and
clearance of Af within the brain, especially the complex flow and ex-
change of CSF and ISF, known as “glymphatic” fluxes, (i.e., flow within
the perivascular space and brain interstitium resulting in mixing of CSF
and ISF) [12]. These parameters are lower in AD conditions due to the
decline of Ap clearance from the brain.

The parameters a;3 and as; reflect the exchange mechanisms be-
tween the blood and brain compartments. They could be related to the
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Because all the parameters are positive, the above components of the
two equilibria are non-negative, thereby ensuring their unconditional
feasibility. Further details on the equilibria derivation can be found in
Appendix A. The other possible system equilibria are unconditionally
infeasible. These points are therefore excluded from further analysis.
Further details on the equilibria local stability analysis can be found in
Appendix B. As a general result, the plaque-free point cannot be
attained, because it is unconditionally unstable. When locally asymp-
totically stable, it follows that the coexistence equilibrium is also glob-
ally asymptotically stable.
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Fig. 2. Simulations for the four compartments using parameters shown in Table 1 for neurological control (black line) and AD (red line) conditions.
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Fig. 3. Simulations changing the parameter az4 in the range 0.00005 < ag4 < 0.09 for AD condition. Simulation for control condition in each compartment is shown
(black line).

Sensitivity analysis many simulations were performed, varying the value of one or two pa-
rameters simultaneously.

Sensitivity analysis aims to focus on the parameters that, alone or in Sensitivity analysis was performed as follows: for each parameter, a
combination with other ones, can dramatically change the equilibrium possible range of values was considered, referring to literature. Fixing all
of the model. In other words, the range of the parameters that possibly the other parameters at the level prescribed by the AD condition (see
lead to a regression of the pathological situation to a normal one is Table 1), a simulation was performed with different values of the first
investigated. The basic idea is to understand which biological mecha- parameter, ranging in the chosen interval. Moreover, simultaneous
nism should be corrected with a hypothetical drug to invert a patho- variations of the combination of two parameters were considered, to
logical situation. evaluate potential correlated effects. All the parameters of the model

To understand the weight of each single parameter in the model, were analyzed. Only the most significant impacts are depicted in the
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Fig. 4. Simulations changing the parameter as, in the range 0.02 < as, < 0.08 for AD condition. Simulation for control condition in each compartment is shown
(black line).
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Fig. 6. Simulations changing the parameter k in the range 0.1 < k < 2 for AD condition. Simulation for control condition in each compartment is shown (black line).

Results section.
Results
Simulations of pathological and control conditions

The values used for the parameters are listed in Table 1. Due to the
strict contact between CSF and ISF, the same initial conditions are set in
the two compartments (see Table 1). Initial values of Af in the blood are
obtained from literature [23].

Fig. 2 shows the results of the simulations. The various frames
contain the Af concentrations in the four compartments in the case of
AD (red lines) and non-AD (black lines) conditions. On the horizontal

axis, the patient age is shown (in the range of 50-100 years), while the
vertical one contains the A concentrations in the liquids for the first
three compartments and the amount of Aj plaques (in pg/ml) in the last

frame.

As hypothesized, Af concentration decreases in the blood compart-
ment in the AD condition, while it has a slight increase in the control
one. The same trend is shown also in the CSF and ISF compartments,
while in the fourth one, an opposite behavior is present. Indeed, Ap is
transformed into plaques in the AD condition, while no conglomerates
are created in the control one.

The values of equilibrium points are not attained during the simu-
lation time (Econror = (34.5,1357.2,1183.3,2.0 ¢ 10%), non-AD patients;
Eap = (225,5856.4,5811.4,2.4 ¢ 10'9), for AD).
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Fig. 8. Simulations changing the parameters as, and as4. Simulation for control condition in each compartment is shown (black line).

In-silico investigation of possible therapies

In this section, we perform simulations assuming that drugs can be
developed to potentially impair the fluxes between compartments. In
such situations, it would be important to know how changing such fluxes
could affect the system behavior, with the ultimate goal of restoring the
AD condition to the normal neurological situation, if at all possible.
Therefore, the numerical experiments aim to assess how each flux,

starting from the pathological conditions, modifies them in a favorable
direction. We concentrate on two cases, the influence of each single flux
as well as suitably chosen pairs of parameters. To evaluate which pa-
rameters mainly affect A concentrations for the AD condition, at first
simulations varying one parameter at a time are performed. The pa-
rameters range used is based on Table 1 for both neurological control
and AD conditions. In all the figures, the initial value for the parameter is
chosen to roughly agree with the pathological conditions, as explained



E. Ficiara et al.

—=—=A=69; a32 =0.08
Blood A =69; a32 =0.065
351 — = A=69;a32=0.05
— === A =80; a32 =0.08
A =80; a32 =0.065
— = A=80;a32=0.05
—=—=A=90; 232 =0.08
A =90; a32 =0.065
— — A=00;a32=0.05
; a32 =0.08

b
e
5 . . . . )
50 60 70 80 90 100
ISF
1200
;a32=0.08 M=
1000 , a32 =0.065
; a32 =0.05
800 ; a32 =0.08
; a32 =0.065
600 , a32 =0.05
; a32 =0.08
; a32 =0.065
290 , a32 =0.05
; a32 =0.08
200
0 L . . . )
50 60 70 80 90 100

Medical Hypotheses 181 (2023) 111194

CSF == == A =69; 232 =0.08
A =69; a32 =0.065
- = A=69;a32=0.05
=== A =80; 232 =0.08
A =80; a32 =0.065
= = A =80;a32=0.05
=== A =90; 232 =0.08
A =90; a32 =0.065
= = A=90;a32 =0.05
a32 =0.08

1200

1000

800

600

400
=
-
=
200 . i =
” % 7 50 90 100
====A=69; a32 = Ag plaques

3000 A =69; a32 =0.08 0 plaq

A =69; a32 =0.065
2500 = == A =69;a32=0.05

= === A =80; a32 =0.08
A =80; a32 =0.065
2000 [j= = A =80;a32=0.05
=== A =90; 232 =0.08
A =90; a32 =0.065
= = A=90;a32=0.05
A =69; a32 =0.08
2

1500

1000

500

0 -
50 60 70 80 90 100

Fig. 9. Simulations changing the parameters a3, and A. Simulation for control condition in each compartment is shown (black line).

in Section Sensitivity Analysis.

Figs. 3-6 show the concentration of Af in the four compartments for
different values of ass, ass, A, and k respectively. Figures related to
parameters a;s, asy, and ay; are shown in Appendix C.

The parameter as4 heavily affects the Af concentration in all com-
partments (Fig. 3). Changing the value of this parameter, the patho-
logical condition could be modulated. In particular, lowering its value,
the concentration of Af plaques approaches the curve of the control
condition (Fig. 3). Just varying the parameter asy instead does not give a
good result; the Af concentration in CSF can be modulated (Fig. 4), but
ultimately they remain far from the non-pathological conditions.

A similar result is obtained by acting on the parameter A alone. This
parameter affects the formation of Af plaques in a pathological condi-
tion, especially in the initial part of the progression of the disease
(Fig. 5), in which the formation of plaques could be modified to
approach the non-AD condition.

The parameter k seems to impact mainly on the A concentration of
the blood (Fig. 6). Based on the simulations, it appears that a therapy
acting on the parameter as4, and in a minor way on asy and A, may have
a role to counteract the formation of Ap plaques.

Simultaneous variations of a combination of these parameters are
then considered, to evaluate potential correlated effects.

Fig. 7 shows the strong influence of the higher values of the
parameter as4 concerning those of A. The latter negatively affects the
concentration of Af in a significant way when as4 has lesser values.
These results support those obtained in Fig. 3 and show that high values
of a34 are not significantly altered by high values of A. Fig. 8 combines
the changes of as4 and asy. The undesired behavior occurs in three
specific cases, in which as4 has the highest value 0.005, independently of
the values attained by asp. Therefore, the bad behavior inherited by ass
= 0.005 alone in Fig. 3 cannot be altered by operating on the parameter
asz. Conversely, using as4 as a control, the bad behavior observed for all
the values in the range for asy in Fig. 4 can be corrected using low values
of asg.

Finally, the pair a3y and A is shown in Fig. 9. The simultaneous
variations of asy and A, do not significantly change the bad behavior due
to the parameter ags observed in Fig. 4. The concentration of as, affects

the compartments of blood B, CSF, and ISF, while parameter A seems to
impact the Ap plaques concentration, with low values attaining smaller
concentrations. However, the latter remains far too high, especially for
the most aged individuals.

Discussion

In this work, a model to potentially describe the Aj transport across
the BBB level and the accumulation of Af plaques in the brain envi-
ronment in AD and non-AD conditions is proposed and analyzed.

In the first simulations, Af concentration in blood (Fig. 2, top left)
has very few variations in both cases (AD and neurological control
condition), remaining in a range of 10-40 pg/ml. This can be compa-
rable to values reported in the literature for plasma levels of Aj [27]. An
increment of Af values in CSF (top right) and ISF (bottom left) for non-
AD patients and a decrement for AD ones are shown, coherently with
literature data [11,23,26]. It is widely accepted that the negative cor-
relation between amyloid plaque density and CSF-Ap42 occurs because
senile plaques create a sink for extracellular soluble A42 [28] and the
difference in CSF-AB42 between AD patients and subjects with normal
cognition is in the range of 500 pg/ml [29]. The threshold of 500 pg/ml
is considered as the limit for the classification of AD patients in several
methods of clinical analysis. The results reveal that this condition in CSF
is reached in the age range of 60-70, i.e., when the AD condition is more
frequently diagnosed.

Ap plaques concentration grows rapidly in AD simulations, while
they do not develop in neurological controls.

As far as the equilibrium points are concerned, they are not attained
during the simulation time. The time it takes to reach these equilibrium
values is far greater than human life. This is plausible from a physio-
logical point of view. Indeed, this delicate mechanism we have tried to
describe is based on small dynamical adjustments over the years and
does not attain equilibrium. In fact, it is established that Ap deposition is
slow and protracted, likely to extend for more than two decades, with a
time frame of Af accumulation of 19.2 years from threshold to onset of
dementia [30].

Several works compared the total amount of A in AD and control
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Fig. 1a. Simulations changing the parameter a;3 in the range 0.3 < a;3 < 0.7 for AD condition. Simulation for control condition in each compartment is shown

(black line).
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Fig. 2a. Simulations changing the parameter as; in the range 0.0005 < ag; < 0.01 for AD condition. Simulation for control condition in each compartment is shown

(black line).

brains. Roberts and colleagues showed that in AD brain there was an
average total of 6.5 + 5.0 mg A compared to control brain 1.7 + 2.3
mg, estimating also the rates of accumulation of Ap in a subject set to
develop AD [31]. Hampel et al. thoroughly reviewed Ap biochemical
properties from monomers through higher aggregation states, including
plaques, typically viewed as an AD neuropathological hallmark [32].
Therefore, the model introduced here conforms to known physio-
logical evidence and could be useful in understanding the mechanisms
behind the formation of the Ap plaques. In addition, our in-silico sim-
ulations (see section In-silico investigation of possible therapies) may

indicate the possible targets of new therapies, aimed at suitably modi-
fying the compartmental flow rates to reduce or hopefully stop the
progression of the disease.

Sensitivity analysis suggests that the parameter as4 (reflecting the
process of plaques formation) strongly affects the formation of Ag pla-
ques (Fig. 3). Modulating this parameter could impact the progression of
the disease. Also, the parameter as, (corresponding to the efflux of Ap
from the brain to the CSF) seems to modulate the A concentration in
CSF, supporting the hypothesis of reduced clearance from the brain in
AD condition, but this occurs to a much lesser extent. In particular, this
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Fig. 3a. Simulations changing the parameter ay; in the range 0.05 < ay; < 0.1 for AD condition. Simulation for control condition in each compartment is shown

(black line).

parameter can be related to CSF-based Af clearance, which could
change during the aging process [12,33].

Our model results suggest that it should be crucial to investigate the
role of transporters involved in the Ap transport at the brain’s barriers
and relative alteration, i.e., using in vitro experiments, to develop
effective transporter-targeting for therapy. For example, the family of
ABC transporters is considered for potential treatment of AD [34].

Furthermore, the parameter k tunes the Ap blood levels, as under-
lined by sensitivity analysis. It seems not to be relevant for the formation
of the plaques. However, recent evidence highlights that understanding
the clearance mechanism of Ap in the periphery of blood circulation
turns out to be important for the development of effective therapies for
AD [35]. Probably, a relevant effect for changes of this parameter in the
brain environment needs to be supported by variations of other pa-
rameters. In addition, the simulations obtained varying two parameters
simultaneously suggest potential correlations between parameters and
their effect, especially for as4 and A. In fact, in our model, these latter
indicate two important processes for the accumulation of the plaques:
the formation (reflected in as4) and the production of Ag in the brain
environment (indicated from A). Tuning these two parameters could
have an impact on the formation of the plaques, suggesting potential
targets for therapy acting on these processes to counteract AD progres-
sion. It could be of interest for the prediction of the disease to estimate
these parameters from the clinical analysis point of view.

Mathematical models in the literature focus on different processes
affecting the accumulation of Aj in the brain. Wang and colleagues
investigated the accumulation kinetics of Af in the BBB endothelium,
such as brain-to-plasma efflux kinetics, highlighting the importance of
BBB trafficking in regulating plasma and Af42/40 ratios, disrupted in
dementia [18]. Furthermore, a discrete-time mathematical model for
the aggregation of A monomers into oligomers using concepts from
chemical kinetics and population dynamics is proposed [19], presenting
a formula for the reduction of the aggregation of monomers to the toxic
oligomers. This is in agreement with our results about the strong impact
of the variations of az4 (the parameter related to A aggregation) in the
process of plaque formation and consequently on the disease
progression.

A limitation of this work is the impossibility of validating the model

with real longitudinal clinical data, even if literature information is used
and compared with simulations. Moreover, there is not yet clinical ev-
idence for the estimation of parameters, which makes it difficult to use
the model in the context of personalized medicine. However, this type of
validation and usage is beyond the scope of this paper.

Methods to assess the viability of our suggested hypothesis could be
performed both in vitro and in vivo. For example, testing how alterations
of transporters located at brain-barrier levels can affect the formation of
the plaques in in vitro models. On the other hand, in vivo models (i.e.,
animal models) could better capture the complexity of the mechanisms
measuring the Af concentrations in blood and CSF during the progres-
sion of the disease, allowing also parameter estimates of the model. This
measure could validate the temporal dynamics of our models.

Conclusions

In this paper, a macroscopic model is presented, hypothesizing the
behavior of Ap in the brain, gathering potential BBB dysfunctions and a
possible explanation of the plaques formation mechanism in non-AD and
AD conditions.

Using an in silico approach, it also proposes an analysis of the major
impacting parameters, which could be translated into biological
knowledge. The model especially reveals the importance of Ap aggre-
gation into plaques in the brain and the impaired clearance mechanism
from the brain, two of the factors causing the toxicity leading to
neurodegeneration.

This analysis could ultimately serve as a roadmap to formulate new
experiments on potential therapies against AD progression.
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Appendix A. The coexistence equilibrium

For the coexistence point E* = (x1%, x*3, x*3, x*4) summing the third and the fourth equilibrium equations, we obtain

apxy +azx, — (apn +az3)x3+A =0

To this equation we add the first equilibrium equation and subtract the second one, obtaining, after simplification:

the same value obtained for equilibrium E. Substituting this value into the first two equilibrium equations, and solving them for x*3 we find

A 1 A
2y = A (st ket any) — s | = 1 E AR and
K as) as ank

which allows determining the value of x*5,

o Alkas, + apaxn + anas + anan)
=
k(anaxn + axaz + anas)

and back substitution gives immediately the value of x*3

A(kayy + kays + apnazs + azaiz + azays)
k(az1az, + azas; + axas;)

X3 =

Putting this value into the last equilibrium equation finally gives

3
o= (Aa34(k021 + kays + apax + axais + anaiz)
= .
kays(az1az; + aziaz; + azazy)

Appendix B. Local stability analysis

The Jacobian of system of equations (1),(2),(3),(4) is

Ju sy a0
ap  —(ay +ax) ap 0
7= a3 ax Jiz Ja
0 0 asxy Ju
with
Jn = —(an+k+as)
2
Ji = —(as +az) —ax;
- I
Jyy = 70343533@11 +ay;

2 -1
— 3
Jug = 3A3XaXy — da3

There is a singularity in it when x4 = 0, so this case, corresponding to the point E, must be analyzed starting from the original system. The fourth
equation of the system can be rewritten as

dxy 2 2, 2 n
— 3 — - 3 3 > 3
I = A34X3Xy — d43X4 = A34 (X3 - x;)x4 +X; |a34X3 — aszxy

so that for x3 near the equilibrium, the first term is negligible, and for
a5\’
X4 < ( 34 3)
g3

10
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The dominant term is the last one, and it is positive, indicating that E is unstable. For coexistence, J(E*) is almost a full matrix. We could write down
the Routh-Hurwitz conditions for stability, but they would be too much involved to shed any light on the problem. Rather, simulations demonstrate
that this point can be stably attained.

Appendix C. Simulations of parameters variation

Figures of the simulations changing parameters a;3, as;, and as;.
See Fig. 1a-3a
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