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Università degli Studi di Torino

Scuola di Do�orato

Tesi di Do�orato di Ricerca in Scienza ed Alta Tecnologia

Indirizzo di Fisica ed Astro�sica

University of Chinese Academy of Sciences

Institute of High Energy Physics

Particle Physics and Nuclear Physics

Author: Xiu-hui Tan
Supervisors: Prof. Regis Marco

Prof. Fornengo Nicolao
Prof. Bi Xiao-jun





I would like to dedicate this thesis to my whole family, my husband, mother, father and

brother, who have always believed in and supported me wholeheartedly; to my teachers

and supervisors, who have led me into this splendid and marvelous physical �eld; and to

my closed friends, who have spent joyous and wonderful time with me in youth.



Acknowledgements

�e whole story began in September of 2017, when I �rst arrived in Turin,

Italy. �at was also my �rst time to go abroad, facing with a completely

unfamiliar city and di�erent culture, life was a li�le di�cult and challeng-

ing for me surely. Fortunately, the people I met and acquainted with within

Turin gradually made me feel at home. I am still a beginner to Italian, how-

ever, whenever I am back to Turin from another place, I can always feel the

geniality and relaxation that the city brings to me.

First of all, I would like to make my greatest thanks to my thesis supervisors

Marco Regis and Nicolao Fornengo for their huge help on countless prob-

lems that I could not solve only by myself during the calculation, derivation,

and examination. Marco Regis is one of the most patient and kindest people

I have ever seen and leads me to the right road �nally with his hints and

enlightenment. He is the second nominal supervisor of mine but actually

is the �rst hand to instruct me. His profound comprehension of the theory,

rigorousness to the scienti�c researches, and enthusiasm for the truth have

bene�ted me a lot. Moreover, he also gives me large assistance for the life in

Turin. At the same time, I give my sincere gratitude to my supervisor pro-

fessor Nicolao Fornengo, who is knowledgeable, venerable, sagacious, and



a�able, for all of the guidance and encouragement to me. Not only they in-

spired me directly but also o�ered me many extra opportunities to study in

other ways. �e international meetings, interesting colloquiums, and valu-

able summer schools were wonderful experiences for me and I have learned

so many things and go�en acquainted with many peers.

Furthermore, great thanks to all of the professors, colleagues and friends in

UniTO, they are including Stefano Camera, Paolo Gambino, Marco Taoso,

Alessandro Cuoco, Manuel Colavincenzo, Simone Ammazzalorso, Kansi-

tatinos Tanidis, Chiara Signorile, Michael Korsmeier, Valentina Cesare, An-

drea Simonelli, Riccardo Conti, Silvia Manconi, Giovanni Pelliccioli, Ric-

cardo Finotello, Francesco Galvagno, Elena Pine�i, Mario Mo�a, Gunnar

Riemenschneider, …… Without your assistance, I can not achieve these eas-

ily. Although there is not enough sunshine in the underground o�ce, their

amicable and wise hearts shine like gold. I will always remember the joyful

and beautiful time of the travels and parties with them, even the peaceful

and ordinary daily life in the o�ce.

Moreover, I want to thank the China Scholarship Council, professor Jun-

qing Xia and Xiao-jun Bi for providing me such a wonderful opportunity

to study in Turin. �e process of signing the agreement between the Uni-

versity of Turin and the University of Chinese Academic of Sciences was

complex, I can not manage to do those without the help from them. I appre-

ciate the valuable comments and guidance from professor Enzo Branchini

iii



and professor David Parkinson, which are really helpful and meaningful to

me.

Last but not the least, I am immensely grateful to my family, my mother,

father, and brother. In particular, the unforge�able signi�cance of Turin to

me is not only I spend my Ph.D. life there, but also, that is the place where

I met my husband, Yu-dong Wang.

I would search for the marvelous and mysterious truth continuously with

the best people I have met, for the rest of my life.

iv



Abstract

Over the past decades, an overwhelming amount of accurate scienti�c ob-

servational data, brought by ground-based detectors and space telescopes,

have enhanced the possibilities to deepen our understanding about the pro-

cess of formation of large-scale structures (LSS) in the Universe, and have

given the opportunity to search for potential signals of dark ma�er particles.

Dark ma�er is one of the principal components of the Universe, but it is still

in a bewildering condition for us. On top of the gravitational a�raction, the

dark ma�er can be subject to other (more intense) interactions, in particular,

if it is in the form of a new particle beyond the standard model. Looking for

signals of such interactions might bring the �nal proof about the dark ma�er

existence. It is generally believed that the dark ma�er in halos can decay

or annihilate, injecting a number of particles that can in turn induce γ-ray

emissions. Fortunately, in the recent years, the γ-ray sky has been scanned

in great details by the Fermi-LAT telescope, and the study of the unresolved

γ-ray background (UGRB) (i.e., the residual emission a�er subtracting the

galactic plane and resolved sources) has allowed us to put strong constraints

on particle dark ma�er.

In this thesis, We measured the angular cross-correlation between the UGRB

from Fermi-LAT data and four galaxy clusters catalogs, �nding a positive

signal. On one hand, we discussed this measurement in terms of compact

γ-ray emission from active galactic nuclei and di�use emission from the

intra-cluster medium. On the other hand, we used it to put relevant bounds



on weakly interacting massive particles (WIMP), which are one of the most

competitive candidates for dark ma�er. �e analyses were performed with

a detailed estimation of the covariance matrix, which is built with mock

realizations of maps of γ-rays and galaxy clusters.

Furthermore, we also calculated the cross-correlation power spectrum be-

tween the UGRB maps and the cosmic microwave background (CMB) tem-

perature anisotropy distribution from the Planck satellite, to study the cor-

relation with the integrated Sachs-Wolfe (ISW) e�ect. �e ISW e�ect can

theoretically feedback the consequence from the expansion of the Universe

driven by dark energy, and it is expected to correlate with tracers of the

LSS in the Universe, as, in this case, the sources of the UGRB. �e signal we

found, a�er a variety of robustness and null hypothesis tests, can be consid-

ered as an independent test of the ΛCDM model.
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Chapter 1

Preface

�e establishment of modern cosmology is usually considered to start with the foun-

dation of the theory of gravitation in the form of General Relativity [1], which was dis-

covered by Albert Einstein in the early 20th century. At that time, physicists were also

deepening their understanding of the micro world, with several fundamental theories

and mathematical models being proposed. A�er more than a century, we are now deal-

ing with two theories which describe in an astonishingly good way (despite a few big

open problems) the Universe and the microscopic world: the so-called standard model

of cosmology and standard model of particle physics. However, the judgment of a theory

can only come through observational data.

From the very beginning, people observed the starry sky and physical phenom-

ena around them directly with naked eyes. During the last centuries, the continuous

progress of science and rapid development of technology allowed us to start to explore

the Universe with the help of various tools, and telescopes and detectors have become

1



1. Preface

the more preeminent eyes to assist human beings. Astronomical observations extend

now from the visible band down to the infrared and radio bands and up to the X and γ-

ray bands, which are invisible to the naked eye. Furthermore, cosmic messengers other

than photons, such as neutrinos and highly energetic cosmic-rays, have been detected

and investigated. Nowadays astronomers commonly use large survey telescopes on the

ground, underground and underwater detectors with capability of shielding the back-

ground noise, satellites orbiting the Earth and in the outer space, and even spacecra�s

sailing outside the solar system. Detection methods of grand scales and breadths have

o�ered an increasing large number of scienti�c data.

Figure 1.1: �e �gure shows the redshi� distribution of all galaxies under the polar pro-
jection scanned by the CfA redshi� survey at 12, 000 km s−1 (the relationship between
the cosmic distance and this velocity is abbreviated as DH = v/H0). �e �gure is taken
from Ref. [2].

In the decades a�er the discovery of general relativity, physicists gradually accu-

2



mulated observational evidences and experimental data through di�erent kinds of tele-

scopes and detectors, establishing the thermal Big Bang �eory (BBT) as the standard

model for the evolution of the Universe [3].

�e BBT model is now widely accepted and accurately supported by several cosmo-

logical observations. �e key concept of this theory is that our Universe evolves from a

primordial plasma with extremely high density and temperature. As the Universe cools

down and expands, perturbations in the ma�er component grow, leading to the cosmo-

logical LSS visible to us today.

Back to 1920s, the American astronomer Edwin Hubble discovered that the receding

speed of galaxies in the Universe was proportional to their distance from us, which

became the �rst clue that the Universe is expanding. �is was called Hubble’s law later

[4]. Moreover, BBT predicted a “residual radiation from the Big Bang” in the sky today,

with a temperature of about 3 K. In 1965, American astronomersArno Penzias ans Robert

Wilson detected this blackbody emission from all directions of the sky [5], i.e., the CMB.

With the data collected by the cosmic background explorer (COBE) satellite, which was

launched in 1989, the cosmological researches stepped from more theoretically-oriented

discussions into the era of precision cosmology. Our understanding of the Universe has

since then undergoing a fundamental change and update.

Besides, the BBT was supported by other evidences, �rst among others the abun-

dance of light elements. Predictions of the nucleosynthesis that can be produced in the

early stages of the Universe history has been corroborated by di�erent observational

data [6–8].

�e Universe we can observe is limited. Because of the �nite speed of light, the

3



1. Preface

size of propagation of light in the time scale of the �nite age of the Universe forms a

sphere-like space centered on the observer, which is the Hubble Volume. �eoretically,

the radius of it is much farther than the oldest celestial body ever found, with a diameter

of about 93 billion light-years [9, page 27].

How does such observable Universe appear to us?

Figure 1.2: �e cosmic scan image obtained by SDSS. Each point is a galaxy, with the
color showing its g-r color. In the upper half of the �gure, there is distinct giant wall-like
structure, called Sloan Great Wall, at a redshi� of about 0.06. �e �gure is taken from
Ref. [10].

First evidence of the cosmological principle (i.e., homogeneity and isotropy on large

scales) can still be traced back to Hubble. He measured the apparent magnitude and

position of 400 extragalactic nebulae [11], and the results showed that their density in

space was roughly uniform. Later, based on a richer catalog of galaxies called Shapley-

Ames catalog, he found that the galaxy count exceeded the random Poisson distribution

4

https://skyserver.sdss.org/dr1/en/proj/advanced/color/definition.asp


at an angle of about 10◦, but agreed with the Gaussian distribution on larger scales

[12]. �is shows that the Universe may be clustered and clumpy on small scales, yet

homogeneous on larger scale.

In 1982, the Center for Astrophysics Redshi� Survey (CfA) completed data collection

of about 2,400 galaxies observing all galaxies brighter than magnitude 14.5, in a total of

2.7 sr solid angle, at the north and south poles of the Milky way. �e survey mission

produced the �rst map with large area and medium depths, scanning three dimensional

properties. From the data, one can recognize galaxy clusters and voids, the “Great Wall”

and Filament structures. Fig. 1.1 shows one of the outcomes from CfA surveys. In the

decade a�er 1985, CfA conducted a second survey of the sky, investigating the spectrum

of 5,800 galaxies [13]. �e shape of the “Great Wall” was be�er characterized and it

revealed that the voids are common, with a density of about 20%. �erea�er, redshi�

surveys of multi-object spectrometers have been developed rapidly. �ey allow to ob-

serve hundreds of galaxies at the same time, while larger telescopes provide a profound

understanding of low-luminosity or farther galaxies. �e largest low redshi� galaxy sur-

vey conducted so far is the Sloan Digital Sky Survey (SDSS) [14], which recorded data

on nearly two million celestial bodies and scanned 8,000 square degrees of sky.

�e Sloan Great Wall, discovered by SDSS in 2003, is the most giant gravitational

bound system ever known, shaped like a wall, and has 1.38 billion light-years length. It

is shown in the upper part of Fig. 1.2.

Surveys like SDSS have been o�ering an excellent mapping of the Universe and its

LSS, revealing their unique features, and providing an enormous number of accurate

observations for cosmologists to study the Universe formation and evolution.
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1. Preface

�rough the scanning observation of the large survey telescopes, leading to the pro-

duction of numerous and large catalogs (for more survey data, see, e.g., galaxy redshi�

survey list1), it has been found that the observed (baryonic) ma�er such as galaxies and

clusters, presents a bo�om-up hierarchical structure. �e �rst formed objects are small

proto-galaxies and then in a hierarchical assembly one arrives a�er a few Gyr up to giant

voids and super-clusters, vaster than 100 Mpc.

Hubble expansion, CMB, Big Bang Nucleosynthesis (BBN) and the LSS characteris-

tics observed by various surveys and multi-band electromagnetic radiation telescopes in

recent years have become the four observational pillars of the BBT.

However, in spite of these achievements, there are still many open issues in the BBT.

�ey include the problems of event horizon, �atness, baryon asymmetry, dark ma�er

and dark energy. Among them, the last two share a great challenge in today’s physics

and astronomy. In another perspective, the widely accepted particle physics standard

model, which constitutes the fundamental theory of nature, has to be extended, to intro-

duce new particles or �elds that can account for such phenomena. In its own, the model

has di�erent open questions, including in particular the gauge hierarchy problem, strong

CP problem, neutrino masses.

Physicists hope that the solution of the microscopic and cosmological issues might

be related. According to the latest cosmological results [15], the age of the Universe is

13.787± 0.020 billion years, dark energy accounts for (68.47± 0.73)% of total energy

content of the Universe, the rest of ma�er takes its (31.53± 0.73)%, where dark ma�er

accounts for its (26.45± 0.27)%. �us, most of the energy in the Universe has an origin
1h�ps://www.astro.ljmu.ac.uk/ ikb/research/galaxy-redshi�-surveys.html
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which is mysterious to us.

In my thesis, I will describe how to collect and analyze the data from the Fermi

Gamma-ray Space Telescope (Fermi), from CMB maps observed by the Planck spacecra�

(Planck) and from galaxy of cluster catalogs obtained by large-scale surveys, in order to

shed some light on the mystery of dark ma�er.

In chapter 2, I introduce the basic theoretical description of the formation of LSS

on which this thesis is based, including the standard cosmological model, the thermal

history of the Universe, statistics and evolution of density �uctuations. Chapter 3 is

about some basic information and properties of dark ma�er. Chapter 4 describes the

instruments and data acquisition for the observational data employed in this thesis. �e

next chapter 5 details the statistical methods which have been used and developed. �ey

mainly involve Markov Chain Monte Carlo algorithms and the derivation of the two-

point angular cross-correlation between two �elds. In chapters 6 and 7, I will use the

models, methodologies, and processed data discussed in the previous chapters, to con-

strain the γ-ray emission from galaxy clusters and WIMP dark ma�er, and the integrated

Sachs-Wolfe e�ect. Chapter 8 summarizes the works, and describes how to proceed for-

ward to the future researches with more accurate astronomical data, more e�ective anal-

ysis methods, and more re�ned theoretical models, to tackle the dark ma�er and dark

energy problems. �e last part of the thesis is occupied by the appendix, where some

technical aspects are collected.
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Chapter 2

�e Formation of Large-Scale Structure

2.1 ΛCDM Model

�e previous chapter 1 already mentioned that the modern cosmology is based on

the theory of general relativity, proposed by Einstein in 1917. In general relativity, we

use Einstein �eld equations to relate the geometry of the space-time of the Universe

with the ma�er and energy content. �ey are generally expressed in terms of the stress-

energy tensor Tµν , the Ricci tensor Rµν (with R being the associated scalar), and the

metric gµν as follows:

Rµν −
1

2
Rgµν =

8πG

c4
Tµν , (2.1)

where c is the speed of light and G is the Newton’s constant.

�e foundations of modern cosmology are given by the above equations and the

cosmological principle, i.e.:

�e Universe is isotropic (preserves SO(3) symmetry) and is homogeneous on the largest
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2.1. ΛCDM Model

scales.

�e isotropy refers to the rotational symmetry in any direction of the sky, and ho-

mogeneity is indicating the translational symmetry in space.

Based on the above two pillars, the Friedmann-Lemaı̂tre-Robertson-Walker (FLRW)

metric de�nes the features of the Universe. It is given by

ds2 = gµνdx
µxν

= c2dt2 − a(t)2

[
dr2

1− κr2
+ r2(dθ2 + sin2 θdφ2)

]
,

(2.2)

where t is time, a(t) is the scale factor, representing the expansion of the Universe over

time, and (r, θ, φ) are the comoving spherical coordinates.

Curvature κ can take on three possible values: κ < 0 de�nes a hyperbolic space, the

Universe will be open; κ = 0 means Euclidean space, indicating a �at Universe; κ > 0

corresponds to an elliptical space and closed Universe.

Substituting the FLRW metric into the Einstein �eld equations, one can obtain the

Friedmann equations [16], which describe the evolution of the Universe (c is set to be 1

here).

Time-time component gives

(
ȧ

a
)2 +

k

a2
=

8πG

3
ρ+

Λ

3
; (2.3)

and space-space component leads to

2
ä

a
+ (

ȧ

a
)2 +

k

a2
= −8πGp+

Λ

3
, (2.4)

where ρ and p are density and pressure of the ma�er-energy constant of the Universe,

respectively. Λ is the cosmological constant.
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2. The Formation of Large-Scale Structure

�e above two formulas can be combined to obtain:

ä

a
= −4πG

3
(ρ+ 3p). (2.5)

To solve those evolution equations, we need information about the stress-energy ten-

sor. Generally, we assume the Universe to be composed by perfect �uids which means:

p = ωρ. (2.6)

�e Friedmann equations and the equations of state for all the cosmological constituents

provide a complete system of equations to describe cosmological dynamics.

�e value of ω depends on the nature of the constituent. ω = 1/3 corresponds to

radiation, while ω = 0 is the case of ma�er (both baryonic ma�er and DM).

�e destiny of the Universe is determined by what it is made of, and the relative

density of each component can be wri�en as

Ωi =
ρi
ρc
, (2.7)

ρi is the energy density of the component i, ρc = 3H2/8πG characterizes the critical

density, which means the critical value between the expansion or contraction of the

Universe.

If the Universe is �at, the sum of the relative densities of all substances is Ωtot =∑
i Ωi = ΩΛ + Ωr + Ωm + Ωκ = 1. H(t) is the Hubble rate and it is de�ned through the

scale factor:

H(t) ≡ ȧ(t)

a(t)
. (2.8)

Its value today is H0 = 100 h km s−1 Mpc−1 where h is a dimensionless constant.
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2.1. ΛCDM Model

�e ma�er component consists of the sum of baryonic ma�er, cold DM, neutrinos,

i.e., Ωm = Ωb + ΩCDM + Ων . �e density of the cosmological components are inferred

from the Friedmann equation and are expressed through the critical density and Hubble

rate displayed above:

H2

H2
0

= ΩΛ + Ωκ(
a0

a
)2 + Ωm(

a0

a
)3 + Ωr(

a0

a
)4, (2.9)

Ωm =
ρm0

ρc
,Ωr =

ρr0
ρc
,ΩΛ =

Λ

3H2
,Ωκ = − κ

a2H2
. (2.10)

Due to the expansion of the Universe, photons undergo a redshi� in frequency as

the distance from the observer increases over time,

1 + z =
λobv

λe

=
aobv

ae

, (2.11)

where aobv = a0 = a(t = 0), usually normalized to 1. λobv and λe are the photon

wavelengths for the observation and emission, respectively.

From the redshi� and Hubble constant de�nitions, we can integrate over time to get

the age of our universe:

t0 =

∫
dt =

∫ ∞
0

dz

(1 + z)H(z)
. (2.12)

�e physical distance between two points changes over time because of expansion.

One can also de�ne the so-called comoving distance as:

Dc =

∫ r

0

dr√
1− κr2

=

∫ z

0

dz

H(z)
. (2.13)
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2. The Formation of Large-Scale Structure

2.2 A Brief History of the Universe

Our universe started from a extreme hot and dense plasma at Planck time t ∼ 10−43

seconds, with temperature of 1032 K, earlier phases of the Universe are not known, since

we would need a theory combining together quantum and gravity descriptions.

When it comes to 10−36 seconds, and the temperature is around 1027 K to 1028 K,

an in�ationary phase occurred [17, 18]. In�ation increased the linear size of the Uni-

verse by more than 60 “e-folds”, or its volume increased by a factor of at least 10781.�e

proposal of in�ation gives solution to many problems, such as horizon, �atness, homo-

geneity, isotropy and primordial monopole problem [19–25]. �e latest result of Planck

collaboration [15] points towards a �at Universe, with Ωκ = 0.001±0.002 today, where

Ωtot = 1−Ωκ. If the total energy density is close to 1, then, going back in time, it should

have been even closer to 1, according to equation 2.10. �is is a �ne-tuning problem,

and it seems very unnatural outside the context of in�ation. �is problem is solved by

the exponential expansion, such that any curvature was diluted and the space became

�a�er.

�e horizon problem arises from the observation of the homogeneity between sky re-

gions that are not causally connected. In order to solve this observational phenomenon,

there must had been a causal relationship in the past between those regions. �e in�a-

tion mechanism stretches the spatial scale in a very short time through a huge expansion

rate. Due to that, regions that were causally connected before in�ation become discon-

nected.

1e-folds number N(t) is de�ned by a(t) ∼ exp(
∫
dtH) = e−N(t)
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2.2. A Brief History of the Universe

A�er in�ation, the Universe cooled down with the expansion in a less dramatic way,

and particles formerly in the plasma gradually go out of equilibrium. �e perfect symme-

tries of the beginning of the Universe started to break. e.g., the weak and electromagnetic

interactions decoupled from each other when the temperature drops to 1015 K.

A relevant stage in the history of the Universe is the BBN. As the photon energy

diminishes, it cannot break the nuclear bounds of the light nuclei any longer, and the

�rst element, Deuterium 2H, is created. �en it is followed by helium 3He, 4He, 7Li and

some unstable elements such as tritium 3H, 7Be. �e calculation of helium abundance is

one of the most important proof of the Big Bang theory [15]. �e thermonuclear reaction

ends when the kinetic energy of all the particles is insu�cient to overcome the Coulomb

barrier between the nuclei.

About a few tens of thousands of years a�er BBN, the Universe went from radiation-

dominated to the ma�er-dominated era, and photons become less dense and energetic.

�e recombination period is when essentially all the free electrons and photons are com-

bined into the neutral atoms. At a temperature of about 3, 000 K, the last sca�ering be-

tween free electrons and photons occurred, when about 380,000 years passed a�er the

Big Bang. Once radiation decoupled from ma�er, photons could travel almost freely and

survive to today to be eventually detected by us. �e redshi� of the last sca�ering sphere

(which is actually not a surface but has a certain thickness since the decoupling is not

instantaneous) is around z ∼ 1100. �e black-body CMB radiation has been detected

very precisely with the today temperature being 2.726 K [26].

A�er CMB decoupling, there is a Dark Age at 10 < z < 1000 where no luminous

celestial body can be seen in the Universe, until the �rst stars lit up at about z = 20 ∼
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2. The Formation of Large-Scale Structure

30. Galaxies are created very early in the Universe by tiny density perturbations that

cause primordial seeds to collapse as gravity condenses the mass of the surrounding

ma�er. �e subsequent growth of nonlinear structures arises from the �rst generation

of gravitational bound bodies, allowing the Universe to shine full of galaxies, clusters,

and inter galactic medium. We describe the evolution of perturbations in the following.

2.3 Linear Perturbation �eory

Although homogeneity is valid on large scales based on the cosmological principle,

there are structures such as galaxies, clusters, and super-clusters on relative smaller

scales. It is thought that very small quantum perturbations produced in the earliest

stages of the Universe led to �uctuations in the density of primordial ma�er, which then

grew due to the action of gravity. From linear evolution to the nonlinear phase, the

Universe gradually formed structures on di�erent scales.

�e Newton’s linear perturbation theory approach allows to describe the gravitational

collapse in several relevant cosmological cases, in particular at large scales. At small

scales, for large overdensities, perturbations enter the non-linear regime. Opposite limit

is when the perturbation scale is larger than the horizon, and Newton’s Perturbation

theory is no longer applicable, requiring perturbation theory under general relativity.

A perturbation to the background FLRW metric (introduced in section 2.1) can be

described by the metric:

gµν = ḡµν + δgµν , (2.14)

where ḡµν is the unperturbed FLRW metric, and δgµν represents the perturbation term.
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2.3. Linear Perturbation �eory

�e background metric depends only on time, while the disturbance can change both in

time and space. Since it is symmetric under spatial rotation, the metric disturbance has

10 degrees of freedom. Four of them are scalars, another four are vectors and the last two

are tensorial. �is classi�cation follows from the transformation properties in a three

dimensional space. Scalar perturbations govern the process of LSS formation, vector

terms a�enuate with the expansion of the Universe, and tensors lead to gravitational

waves. Although perturbations can be decomposed, their form is very complex (see Ref.

[27, chapter 5] for more details). �eir evolutions are generally solved by numerical

methods or linearized gravity.

From the tiny perturbations to the conspicuous structures, there are two kinds of

competing interactions acting: on the one hand, due to the gravitational e�ect, small

�uctuations in the primary density can a�ract and enhance the amplitude; on the other

hand, it is weakened by radiation or gas pressure, high speed free collisions of relativistic

particles and the stretching of the expansion of the Universe. �e CMB anisotropies are

a sign that small inhomogeneities existed in the early universe and they can be the seeds

for structure formation.

For LSS formation, i.e., on the scales of galaxies and clusters, studied in this the-

sis, the essence of the process can be nicely explained by using Newton’s perturbation

theory. To derive relevant equations, one can add disturbance (small) terms to the ve-

locity, stress tensor, pressure, density, Newtonian gravitational potential �eld, entropy

and other physical quantities. We de�ne δ = δρ/ρ0, and below we will expand at �rst

order in δ since δ � 1, so higher orders are negligible.

�e beginning of this theory is based on an assumption of �uid who has density and
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2. The Formation of Large-Scale Structure

velocity continuity equation:

ρ̇+∇ · (ρv) = 0, (2.15)

and Euler equation in �uid dynamics

v̇ + (v · ∇)v +
1

ρ
∇ρ+∇φ = 0. (2.16)

Fluctuations in the gravitational potential φ satisfy the Poisson equation:

∇2φ = 4πGρ. (2.17)

�e entropy conservation equation is

ṡ+ (v · ∇)s = 0. (2.18)

When plugging such disturbance terms into the above equations 2.15, 2.16, 2.17 and

2.18, at the �rst-order we have

δ̇ +
1

a
∇ · [(1 + δ)v] = 0, (2.19)

whereas the evolution of the density at zero-th order re�ects the background evolution

of ma�er ρ0 ≈ a−3.

In the adiabatic case, also known as isentropic case, there is σ
ρ0
∇δs = 0, and the

second-order derivative in time of the disturbance is given by

δ̈ =
v2
s

a2
∆δ − 2Hδ̇ + 4πGρ0δ. (2.20)

�e three terms on the right-hand side in equation 2.20 represent three di�erent e�ects.

�ey are, respectively, the propagation of vibrations in the form of sound waves created
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2.3. Linear Perturbation �eory

by the baryon pressure, the damping caused by the expansion of the Universe and the

gravitational term. �e sound velocity is given by v2
s ≡ (∂p/∂ρ)s, and its e�ect can be

physically “imaged” by observing the Baryon Acoustic Oscillations (BAO).

Performing a Fourier transformation, by introducing the wavenumber k and physical

wavenumber k′ ≡ k/a, and ignoring the expansion damping term in equation 2.20, we

have

δ̈ + (v2
sk
′2 − 4πGρ̄)δ = 0. (2.21)

�e above equation has solution

δ = δk exp

[√
4πGρ̄(1− λ2

J

λ2
)t

]
, (2.22)

and it also satis�es the dispersion relation ω2 = k2v2
s − 4πGρ0.

In equation 2.22, the critical wavelength λJ is called Jeans wavelength, and it is de-

�ned as

λJ = vs
√
π/Gρ0. (2.23)

For wavelength λ > λJ , the density increases exponentially with time until the col-

lapse. For small wavelength of λ < λJ , the ma�er density oscillates due to sound wave

propagation. On the contrary, the e�ect of sound waves slows down the growth of the

disturbance. �e above section is slightly changed when the damping factor−2Hδ̇ (due

to the expansion of the Universe), but the essence of the behavior is the one just outlined.

In the previous discussions, we have learned that in the very early universe, about

z > 10, all perturbations can be considered on stages of linear evolution. To describe the
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2. The Formation of Large-Scale Structure

evolution in shape of the disturbance spectrum, we can use the linear transfer function:

T (k) ≡ δ(k, t)

δ(k, ti)G(k, ti)
, (2.24)

δ(k, t) = δ0
G(t)

G(0)
= δ0G, (2.25)

where G is the linear Growth factor (normalized to one at t = 0), and the su�x i in

ti means the initial time. T (k) gives the ratio of the late-time amplitude of a mode to

its initial value. Fig. 2.1 shows the linear transfer functions for di�erent cosmological

scenarios where the Universe is ma�er dominated, since it is the situation from last

sca�ering to recent times. �e isocurvature perturbation are divided into the cold DM

(iso CDM) and baryonic (iso baryons) terms. In the adiabatic case, from le� to right are

baryons, hot DM (HDM), mixed DM (MDM, 30% hot+70% cold) and cold DM (CDM),

respectively, all starting at T (k) = 1. �ey all decrease at large k, which is indicating

that the disturbance decays rapidly at small scales. �e oscillations in the baryonic case

re�ect the acoustic wave oscillation. �e cuto� scale is related to the minimum mass

of the �rst generation of structures, with the smallest being for the CDM case and the

largest for the baryonic case. �erefore, for a CDM universe, structures start to cluster

at small scales, then the e�ect of gravity makes ma�er gradually to merge into larger

objects, leading to a hierarchical clustering model.
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2.3. Linear Perturbation �eory

Figure 2.1: Linear transfer functions of various types, the adiabatic disturbance, from
le� to right are baryons, hot DM (HDM), mixed DM (MDM, 30% hot+70% cold) and cold
DM (CDM), respectively. �e �gure is taken from Ref. [28].

If we describe the initial disturbance as random noise, then the phases of the di�erent

Fourier modes δk are uncorrelated and random. According to the Central Limit �eo-

rem, the sum of a large number of independent random variables can be described by a

Gaussian Probability Distribution Function (PDF) and the PDF of density �uctuations is

given by

f(δ) =
1√
2π
G(z)σM exp [− δ2

2G2(z)σ2
M

]. (2.26)

To have a quantitative estimate of the magnitude of density �uctuations, one can com-

pute the variance of the initial density �uctuation �eld in a sphere of radiusR, randomly

selected in the whole space.

Let us �rst introduce the so-called Power Spectrum P (k) = 〈|δk|2〉 which is the
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2. The Formation of Large-Scale Structure

Fourier transform of the two-point correlation function. �e variance of the mass �uc-

tuations σM can be obtained with

σ2
M(R) =

V

2π2

∫ ∞
0

P (k)W 2(kR)k3d log k, (2.27)

where V = 4πR3/3 and W (kR) denotes the Fourier transform of the �ltering window

function on the mass scale of a sphere with radius R. Here, we adopt a top-hat �lter (in

physical space) which in Fourier space reads:

W (kR) =
3

(kR)3
[sin kR− kR cos(kR)]. (2.28)

�e relationship between power spectrum at the end of the linear evolution stage and

the initial power spectrum is

P (k, tf ) = T 2(k)P (k, ti)G
2(ti, tf ), (2.29)

where the tf indicates the �nal time in calculation.

�e road towards understanding the formation of LSS in the linear regime narrows

down to the determination of the form of power spectrum for primordial disturbances.

It is generally believed that the original density disturbance is produced from the vac-

uum quantum �uctuations produced by in�ation. �is predicts the �eld to be a uniform

isotropic Gaussian random �eld (as already assumed above), implying a (nearly) scale

invariant power spectrum, which reads:

P (k) = Akn, (2.30)

whereA is the amplitude of normalization spectrum, n is its index, and scale-invariance

means n ' 1. �is corresponds to adiabatic perturbations and n = 1 is the Harrison-

Zel’dovich spectrum [29, 30].
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2.4 Non-Linear Perturbation Evolution

�e density perturbation at the last sca�ering is approximately δ = δρ/ρ ∼ 10−5

and in a ma�er dominated Universe grows as δ ≈ t2/3. �is is valid until δ � 1. Let

us now brie�y describe the collapse in the non-linear regime, under the assumption of

spherical accretion. �e spherically symmetric model is clearly an ideal picture because

most perturbations are actually asymmetric, but it is instructive.

�e local scale factor of the collapse model is

(
ȧ

a(t)
)2 = H2(t)

[
Ωp(t)

a(t)

a
+ 1− Ωp(t)

]
, (2.31)

where the relative density is Ωp(t) = ρ(t)/ρc(t)(1 + δ(t)) and the curvature is positive.

ρc(t) expresses the critical density changing over time.

For such a model with a spherically symmetric perturbation region in the back-

ground of an expanding universe and a zero cosmological constant, the standard solution

of Friedmann equations can be obtained through the parametrization

a(θ) = A(1− cos(θ)), (2.32)

t(θ) = B(θ − sin(θ)), (2.33)

where A and B are the constant that can be expressed as A = a(t)Ωp(t)/[2(Ωp(t)− 1)]

and B = Ωp(t)/[2H(t)(Ωp(t)− 1)].

�e physical meaning can be summarized as follows.

• Expansion: When θ < π, the sphere expands due to the expansion of the small

perturbation regime;
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2. The Formation of Large-Scale Structure

• Turnover: When θ = π, the sphere reaches the maximum radius and start collaps-

ing inward, i.e., in a direction opposite to the expansion of the Universe;

• Virialization: When θ = 3π/2 then δ = 1 and this is the linear to nonlinear

turning point;

• Collapse: θ = 2π is a mathematical singularity (in�nite density) while physically

it corresponds to virialization (at a �nite density). In other words, one can see

that the kinetic energy and potential energy in the sphere reach the equilibrium

condition, |U | = 2K . At virialization point, the overdensity of the object respect

to the background density turns out to be ∆vir ' 178 and the initial overdensity

required to an object to collapse is δc = 1.686. �is is the critical value for virial-

ization. When considering density �eld of δ(~x, t) = δ0(~x)G(t), the structure must

satisfy δ0(~x) > δc/G(t) ≡ δc(t), in order to form a DM halo.

Introducing a smooth density disturbance �eld (to consider that what you can mea-

sure is a density perturbation smoothed over some volume, not a perturbation at a point)

δs(~x; k) ≡
∫
δ0(~x′)W (~x+ ~x′;R)d3~x′ (2.34)

whereW (~x+~x′;R) is also the �ltering window function, and assuming Gaussian density

�elds, then the probability of δs > δc(t), i.e., for the perturbation to be part of a collapsed

object of mass > M , is

P (δs > δc(t)) =
1√

2πσ(M)

∫ ∞
δc(t)

exp

[
− δ2

s

2σ2(M)

]
dδs

=
1

2

[
1− erf(

δc(t)√
2σ(M)

)

]
,

(2.35)
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2.4. Non-Linear Perturbation Evolution

where σ(M) can be transfer from equation 2.27.

Now we want to derive how many halos are formed as a function of the mass. Let

us choose a volume of V and a number density distribution N(V )dM , so that the mass

in a unit of volume is

N(M)M(M)| ∂F
∂M
|dM = ρ̄| ∂F

∂M
|dM, (2.36)

with F being the fraction of the Universe collapsed into objects with mass > M that

can be obtained from equation 2.35.

Considering equation 2.30 for the power spectrum of the density disturbance, the

Press-Schechter (PS) mass function turns out to be:

N(M) =
2αρ̄√
πM∗

(
M

M∗
)(α−2) exp

[
−(

M

M∗
)2α

]
. (2.37)

It is also o�en expressed in terms of the multiplicity function that, de�ning ν = δc/σM ,

is

νf(ν) = 2(
ν2

2π
)1/2 exp (−ν

2

2
). (2.38)

�e Press-Schechter formalism is in qualitative agreement with galaxy and cluster

surveys for the number of collapsed objects and their mass distribution and time evolu-

tion. �is con�rms the hierarchical/bo�om-up structure formation.

�e spherical model is a simple description, but not compatible with precision cos-

mology data. A more realistic picture is provided by the ellipsoidal collapse model [31],

where the multiplicity function is given by

νf(ν) = 2A

[
1 +

1

(aν2)q

]
(
aν2

2π
)1/2 exp (−aν

2

2
). (2.39)
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2. The Formation of Large-Scale Structure

Both models depend on the underlying cosmological model. For example, the α

parameter in the Press-Schechter model comes from the power-law index of the distur-

bance mass spectrum and is a result of the linear evolution stage, including the shape of

the original spectrum and the transfer function. Typically such parameters are derived

from numerical simulation results, and the halo mass function is a sort of �t with analyt-

ical function to the numerical simulation results. In my works, we used the ellipsoidal

model (Sheth-Tormen). Fig. 2.2 and Fig. 2.3 represent the above two mass functions and

the simulation results from the collaboration SDSSDR14 (called Comparat2017 model,

beacuse released in 2017) [32], respectively. In these two �gures, the solid lines rep-

resent the Press-Schechter model; the do�ed lines are from the Sheth-Tormen model;

Comparat2017 model can be seen from dashed lines. Di�erent colors represent di�erent

masses or redshi�s as illustrated in the legend.

Figure 2.2: �e dependence of the three mass functions on the halo mass for Press-
Schechter (PS), Sheth-Tormen (ST) and Comparat2017 (C2017) models.
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2.5. Dark Ma�er Halo Density Pro�le

Figure 2.3: �e dependence of the three mass functions on redshi� for Press-Schechter
(PS), Sheth-Tormen (ST) and Comparat2017 (C2017) models.

2.5 Dark Matter Halo Density Pro�le

�e spatial pro�le of a single DM halo depends on the initial density distribution

and can be derived from describing the collapse in spherically symmetry. �e la�er is a

good approximation, even though numerical simulations tends to �nd slightly oblate or

prolate pro�les. �e halo density pro�le that is most commonly adopted in the literature

is the one from Ref. [33], that can be wri�en as

ρ(r|m) =
ρs

( r
rs

)α(1 + r
rs

)β
. (2.40)

�e parameters rs and ρs represent the scale radius and normalization of the density,

respectively. �is formula have been extensively applied to describe DM in galaxies. �e
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2. The Formation of Large-Scale Structure

values of α and β can be determined by simulation. When α = 1 and β = 2, then it

corresponds to the well-known Navarro-Frenk-White (NFW) pro�le.

At the time of writing, the precise description of the halo pro�le at small scales (e.g.

the inner part of a galaxy) is still widely debated. Fig. 2.4 shows the three examples

of common halo pro�les: the green line is the NFW pro�le; blue is from Einasto model

[34]; and red is taken from Diemer2014 model [35]. It can be seen that at intermediate

scale, the three models are identical and overlap with each other. Only when the radius

is extremely large or small, they show clear di�erences.

Figure 2.4: �e dark halo density pro�le functions on radius r for NFW, Einasto and
Diemer2014 models.

In simulations, the halo mass is o�en de�ned as the mass inside the radius of viral-

ization

m ≡
∫ rvir

0

dr4πr2ρ(r|m). (2.41)
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2.5. Dark Ma�er Halo Density Pro�le

For the NFW model, there are

m = 4πρsr
3
s

[
ln(1 + c)− c

1 + c

]
, (2.42)

where c ≡ rvir/rs is the concentration parameter.

In the following calculations, we will use the Fourier transform of the halo pro�le:

u(k|m) =

∫
d3xρ(x|m)e−ik·x∫

d3xρ(x|m)
. (2.43)

Due to the spherical symmetry and considering the truncation at viralization radius,

it reduces to:

u(k|m) =

∫ rvir

0

dr4πr2 sin kr

kr

ρ(r|m)

m
. (2.44)

�ere is an analytic solution for the NFW pro�le [36]:

u(k|m) =
4πρsr

3
s

m
{sin(krs) [Si([1 + c]krs)− Si(krs)]

+ cos (krs) [Ci([1 + c]krs)− Ci(krs)]−
sin(ckrs)

(1 + c)krs
},

(2.45)

where

Ci(x) = −
∫ ∞
x

cos t

t
dt, (2.46)

and

Si(x) = −
∫ ∞
x

sin t

t
dt. (2.47)

�e halo pro�le and its Fourier transform can be also wri�en in terms of the dark

halo concentration and mass, by using the above relations and a model for the concentra-

tion. In chapter 6, we will need the Fourier transform of the square of the NFW density

pro�le, whose analytic form is in the appendix C. Fig. 2.5 shows the Fourier transform
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2. The Formation of Large-Scale Structure

of NFW density pro�le, with the dark halo mass decreasing from le� to right, and with

the maximum value of u(k|m) in the wavenumber space normalized to 1 (as clear from

equation 2.43).

Figure 2.5: �e Fourier transform function of the NFW density pro�le for di�erent halo
masses.

2.6 Dark Matter Halo Bias

�roughout the thesis we will adopt the halo model and compute signals from DM

halos. If DM halos exactly follows �uctuations of the background density and are formed

only under the action of the gravitational �eld, then their number density would be an
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2.6. Dark Ma�er Halo Bias

unbiased tracer of the �uctuation of the DM density,

(
δn

n
) = (

δρ

ρ
). (2.48)

In the spherical collapse model, the probability of forming a halo is related to the

initial density �eld [37]. �e perturbation term can be divided into peak and background

value, then according to the collapse of the basic threshold to determine whether add a

bias factor or not. �erefore, the bias factor b(M) of the halo can be expressed as:

δnM
nM

= [1 + b(M)] δ. (2.49)

�e bias factor depends on the mass function model. In the PS model, we have

bh(M) = 1 +
ν2 − 1

δc
, (2.50)

while for the Sheth-Tormen mass function adopted in this thesis

bh(M) = 1 +
aν2 − 1

δc
+

2p

δc [1 + (aν2)p]
, (2.51)

where a = 0.75 and p = 0.3 are ��ing parameters, derived from numerical simulations.

�e Fig. 2.6 shows three models of halo bias factor: blue is from Ref. [38] (sheth01),

orange line comes from Ref. [39] (thinker10) and green is taken from Ref. [32] (com-

parat17).

Equivalently, also galaxies and clusters also have deviations from density distur-

bances, know as galaxy/cluster bias bg = δg/δ, in the linear, local cases. It leans on the

size, luminosity, shape, color and redshi� of the galaxy or cluster, and the form used will

be speci�ed later on when describing the analysis.
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2. The Formation of Large-Scale Structure

Figure 2.6: �e dark ma�er halo bias factor function on mass for sheth01, thinker10 and
comparat17 models.

2.7 Halo Occupation Distribution

�e Halo Occupation Distribution (HOD) is a model relating the spatial distribution

of galaxies to the distribution of DM halos, in order to understand how the former ones

occupy the la�er ones. HOD modeling can provide a deeper understanding of the rela-

tion between galaxy light and DM halo mass. �e HOD is determined by the e�ciency

of galaxy formation and by the way galaxies �ll the halos [40]. �us the HOD depends

on the process of galaxy formation, and it can change with the luminosity, shape and

color of galaxies and clusters. �ese properties can be used as information to shape the

HOD.

An HOD model is de�ned by three quantities:
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2.7. Halo Occupation Distribution

1. �e conditional probability P (N |M) of a certain number N of galaxies in Halo

viralized mass M ;

2. �e relative distribution of dark halos and galaxies in space;

3. �e relative distribution of dark halos and galaxies in velocity.

Generally, the theoretical methods to sketch HOD are: semi-analytical model of galaxy

formation, high resolution N-body simulation and hydrodynamical simulation. Here we

introduce the �rst one.

�is kind of model separates the central galaxy from the satellite region that contains

multiple galaxies. Concerning the central galaxy, one parameterization consists to have

a sharp transition between 0 and 1, when the halo mass is above a minimum threshold

Mmin. A smoother transition can be set with the function exp(−Mmin/M) to test the

sensitivity of the results to the sharpness of the central galaxy threshold. �e HOD is

parametrized as the contributions from two parts: central and satellite galaxies to the

total number of galaxies in a halo: N = Ncen +Nsat. �e central galaxies is

〈Ncen〉M =
1

2

[
1 + erf(

logM − log(Mcut)

σlogM

)

]
, (2.52)

where σlogM is the width to set the transition from 0 to 1 for the central galaxy. �e

HOD of satellite galaxies in a halo mass M can be described by:

〈Nsat〉M =

 exp(− Mcut

M−Mmin
)( M
M1

), M ≥Mmin

0, M < Mmin

(2.53)

whereMcut in equation 2.52 and 2.53 is a mass cuto� of the power law relation of satellite

galaxies, which governs the transition to the no-satellite galaxies case. �e number of
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2. The Formation of Large-Scale Structure

satellite galaxies is determined by a power-law with index α and normalization mass

M1.

For a given population of galaxies the HOD can be determined by ��ing the above

model to the correlation data from the sky survey [41], see Fig. 2.7.

Figure 2.7: Projected correlation function for the absolute magnitude Mr < −21 sam-
ples, together with that for the best ��ing HOD model for the SDSS survey. �e do�ed
curves represent the contributions from 1 halo and 2 halo terms of the HOD model, and
the dashed curve shows the projected correlation function for the ma�er computed from
the nonlinear power spectrum of Ref. [42]. �e deviation of the HOD model from data
is shown in the bo�om panel. �e �gure is taken from Ref. [41].
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Chapter 3

Dark Ma�er Evidences and Candidates

�e name “Dark Ma�er” was �rst proposed by the Swiss-American astronomer Fritz

Zwicky, who in 1933 investigated the velocity of galaxies in the Coma cluster. Using

the virial theorem he found a mass-to-light ratio around 400 times larger than that of

ordinary spiral galaxies [43], suggesting the presence of an invisible mass component.

Although the observations performed at that time resulted then to be inaccurate, and

the mass that can be determined today is lower than such older estimates, the concept

of DM introduced by Zwicky corresponds to the one that nowadays is thought to be one

of the greatest mysteries in physics. Other more reliable evidences of the existence of

DM have been accumulated over the past decades and are brie�y outlined in the next

section.
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3. Dark Matter Evidences and Candidates

3.1 Evidences for Dark Matter

So far, no direct evidence of the existence of DM has been derived, but there is a large

amount of indirect astronomical evidences. �e �rst solid observational proofs for this

conundrum occurred more than forty years ago. Herea�er I list a few major ones.

3.1.1 Galaxy Rotation Curve

As mentioned in the introduction, the motion of stars in galaxies is non-relativistic

and can be described by Newtonian dynamics. Let us call R the radius of a sphere

where visible ma�er is concentrated inside a galaxy. Inside such sphere along the disk

of the galaxy, the velocity of ma�er rotating around the center increases linearly with

the distance. When the distance becomes larger than R, the gravitational force should

decrease with the distance from its center, according to Newton’s law. �e velocity of

stars revolving around the center of a galaxy should therefore decrease as r−1/2 when

their distance r is larger than R. On the other hand, observationally it has been found

to �a�en instead of decreasing.

�e American astronomer Vera Rubin discovered this phenomenon by measuring

the rotation curve of Andromeda Galaxy M31 [44]. Although no light has been observed

from the periphery of the galaxy, some additional mass providing the gravitational force

needed to explain the rotational energy seemed to be necessary. �is showed that the

total amount of ma�er we have observed through light is not consistent with the actual

mass responsible for gravitational a�raction. Fig. 3.1 is a typical example, and it indi-

cates that only a�er adding the contribution of a DM halo, one can match the observed
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3.1. Evidences for Dark Ma�er

Figure 3.1: Rotation curve of NGC 6503 galaxy, the points with error bars are the ob-
served data. �e two curves of ‘halo’ and ‘disk’ are marked below is from the contribu-
tions of halo and galactic disk, respectively. Only by addition of the two terms can well
�t the observed curves. �e �gure is taken from Ref. [45].

rotation curve [45]. A di�erent point of view is to suggest that such observations may

be the e�ect of the fact that Newtonian gravity is no longer applicable on such large

scales. �ere are several models of modi�ed gravity built to explain the rotation curve

of galaxies, with the most popular being Modi�ed Newtonian Dynamics (MOND) [46].

Such models typically face non-trivial issues on cosmological scales, and in general they

struggle to explain the gravitational anomalies at di�erent scales simultaneously. In this

thesis, we will only consider the DM hypothesis.
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3. Dark Matter Evidences and Candidates

Figure 3.2: �is is the gravitational distortion of galaxy cluster CL 0024+17 observed
by Hubble space telescope in November 2004. Although DM is invisible, its existence
is inferred by drawing the distorted shape of background galaxies. �e �gure is taken
from Ref. [47].

3.1.2 Gravitational Lensing

According to general relativity, when light encounters a massive object, the propaga-

tion path along the geodesic would show a ‘bending’, and this is known as gravitational

lensing. �eoretically, any object with mass can bend light, but in order to produce a

detectable e�ect a mass of the order of astrophysical structures is required. �e mass

determination through gravitational lensing occurs in a direct way from astronomical

images and do not lean on speci�c assumptions in the description of the dynamics or of

the visible component.

In Fig. 3.2, we show an example, the Hubble image of galaxy cluster CL 0024+17 [48].

Distortions of galaxy shapes are present, due to the lensing e�ect produced by the DM
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mass. �is allows to reconstruct the DM distribution (blue pa�ern).

3.1.3 Bullet Cluster

Bullet cluster is a system made up of two galaxy clusters that collided and are now

separating from each other a�er the collision. �e ma�er component in form of galaxies

of two clusters pass through each other without hindrance, but the gas medium is slowed

down due to viscosity resistance. Since the intergalactic medium gas is the dominant

mass component of the visible ma�er in a cluster, the gravitational lensing should follow

from its distribution.

On the contrary, the mass distribution reconstructed by the lensing e�ect is very

di�erent from the one derived by X-ray observations of the gas [49]. Fig. 3.3 shows

the observations of the Bullet cluster. It is clear that the lensing mass and baryonic

ma�er are separated, which implies the presence of DM (that has to be collisionless). �e

mass distribution of the Bullet cluster (and other similar colliding clusters) is di�cult to

explain with modi�ed gravity.

3.2 Properties and Candidates of Dark Matter

We list below the main typical properties that a DM candidate should satisfy:

1. Zero electric and color charge: �is indicates that DM does not interact directly

with photons and does not lead to exotic isotopes;

2. Long life time: It should be at least as long as the age of the Universe, in order

37



3. Dark Matter Evidences and Candidates

Figure 3.3: �e image of the Bullet cluster. �e green lines in the two images are contours
of weak gravitational lensing, superimposed to observations in the optical band on the
le� and in X-rays on the right. �e blue cross indicates the center of mass of the plasma
gas, which signi�cantly deviates from the center of mass determined through the weak
gravitational lensing. �e �gure is taken from Ref. [49].

to be present today;

3. Correct relic abundance: It can be produced by thermal or non-thermal pro-

cesses in the early universe, in all cases those processes need to determine the DM

abundance observed today;

4. Massive: It constitutes the dominant mass component of the Universe.

5. Cold or warm: To be consistent with observations of LSS and N-body numerical

simulation.

Because of above stringent characteristics, it is not possible to �nd a suitable DM can-

didate in the standard model of particle physics. Neutrinos looked to be good candidates,

but they are not cold, i.e., they are relativistic at the beginning of structure formation.

�is implies a long free streaming path, that would lead to a structure growth incon-
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sistent with observations described in section 2.3. N-body simulations has been crucial

in understanding that hot DM candidates are not able to form the structures observed

today [50].

�erefore, suitable DM candidates generally require new physics beyond the stan-

dard model [51, 52]. �ere are many possibilities proposed, including Weakly Interactive

Massive Particle (WIMP), Axions, sterile neutrinos and others. We mainly focus on the

WIMP model in this thesis. Here we sketch a few other types of candidates.

Sterile Neutrino: they are right-handed neutrinos added to the standard model to

help explain the (small) mass of neutrinos. �is component almost does not partici-

pate in electroweak interactions, and the mass is about keV providing warm DM. Sterile

neutrinos may be generated by neutrino oscillations or by the decay of heavier particles

[53]. It can decay due to mixing with ordinary neutrinos and releasing ordinary neutri-

nos plus photons through one-loop e�ects. �e �nal state photons are monochromatic

with energy corresponding to half mass of the sterile neutrinos [54]. �e parameter

space for mass and mixing angle can be constrained by searching for X-rays (i.e., keV

photons) from galaxies and clusters [55–57].

Axion: �e CP violation in strong interactions would lead to the existence of an

electric dipole moment of neutrons, which is not found in high-precision measurement

experiments. A way to solve the strong CP problem is to introduce a new dynamical

particle, the axion. Two typical models are the DFSZ and KSVZ models [58].

�ey foresee an interaction between axion and two photons, and this makes the

axion to possibly play an important role in star evolution and other astrophysical

processes. �e Primakov e�ect [59] can lead to a resonant production of photons
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from axion decay in regions with strong magnetic �eld. �ere are many experiments

searching axions, including the CERN Axion Solar Telescope (CAST) [60], Cosmic

Axion Research with Rydberg Atoms in resonant Cavities in Kyoto (CARRACK) [61],

the Axion DM eXperiment (ADMX) [62], Polarisation of Vacuum with LAser (PVLAS)

[63] and so on.

Besides the solution in terms of particles, there are some massive but compact astro-

nomical objects, made of baryons, that can also be considered as candidates of DM.

MACHO: Massive Compact Halo Objects (MACHO) [64] is small size but massive

baryonic ma�er, including very dark stars, or brown dwarfs. �ey do not emit electro-

magnetic waves, so they are hard to be detected, but can be searched for using gravi-

tational lensing. However, limits from the BBN on the amount of baryons in the early

Universe makes it unlikely that they can be a viable candidate for DM.

BH and PBH: Stellar black holes (BH) as candidates for DM have been already

excluded from gravitational lensing data, and in general BH are constrained by the

same BBN bounds mentioned for MACHOs. �e way to avoid BBN constraints is to

form BH before BBN. Such primordial black holes (PBH) would be a microscopic black

hole formed by quantum �uctuations in the early universe and may be a candidate for

DM [65, 66].

WIMP: Let us now focus on the candidate considered in this thesis, the WIMP.

Among many candidates proposed in the literature, the WIMP is the most popular one

[67]. Let us represent the DM and its antiparticle by χ and χ̄ (we will not discuss speci�c
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realizations of WIMP, like supersymmetric candidates, see more information in Refs. [68,

page 709-764][69, 70]). If they are Majorana particles, the two of them are the same. �e

abundance of DM can be inferred from its thermal history during the evolution of the

Universe. In the particle plasma of the early universe, DM particles and ordinary ma�er

were in thermal equilibrium through e�cient annihilation and production processes.

According to Boltzmann equation, the evolution of the number density can be described

by:

ṅχ = −3H nχ − 〈σannv〉
[
n2
χ − (neqχ )2

]
. (3.1)

where σann is the annihilation cross section. It is clear that 〈σannv〉 becomes a ma-

jor parameter in describing DM properties. For energies below the DM mass, the

DM particles cannot be e�ciently produced by the bath and the density decreases as

neqχ = g(mχT
2π

)3/2e−mχ/T , if DM is in thermal equilibrium.

To describe the decoupling we rewrite the Boltzmann equation in terms of

dY

dt
= −〈σannv〉s(Y 2 − Y 2

eq), (3.2)

where Y ≡ nχ/s and s is the entropy density. Hot DM refers to the case where DM

particles decouple from the bath when they are still relativistic. In this case, we have

nχ(T ) = gχ∗
ζ(3)

π2
T 3, (3.3)

s(T ) = gs∗
2π2

45
T 3, (3.4)

where ζ(3) shows the Riemann ζ function, ζ(3) = 1.20206.

For Boson, there is gχ∗ = gχ and Fermion gχ∗ = 3gχ/4. gχ is spin degree of freedom

of particle χ and gs is the entropy degree of freedom when temperature is T . A�er
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decoupling, the comoving density is frozen, and today number density can be expressed

as

nχ0 = s0Y∞ = s0Yeq(xf ) = s0
45ζ(3)

2π4

gχ∗
gs ∗ (Tf )

, (3.5)

where index f is the time of freeze-out, here xf ≡ mχ/T and xf . 2 [71].

Non-relativistic DM decoupling means that DM cools down before freezing out. �e

decoupling roughly occurs when the annihilation rate becomes comparable to the ex-

pansion of the Universe. �e solution to the Boltzmann equation leads to the relic abun-

dance:

Ωχh
2 = mχnχ0

h2

ρc
=
mχs0Yχ(x→∞)

ρc√
4π3

45

g
1/2
∗

MP

xf
〈σannv〉

T 3
0 h

2

ρc
(
a1T1

a0T0

)3

= 0.847(
xf
10

)(
g∗

100
)1/2 10−27cm3s−1

〈σannv〉
.

(3.6)

Considering CMB observations that implies Ωχh
2 = 0.1200± 0.0012, one �nds

〈σannv〉 ' 3× 10−26cm3s−1. (3.7)

�e value of the cross section just derived coincides to expectations for particles annihi-

lating through weak interactions. Since the solution of problems in the standard model

of particle physics typically requires an extension at the electro-weak scale, WIMP can-

didates “naturally” arise. �is coincidence is sometime called the “WIMP miracle”. Sev-

eral realizations have been proposed in the literature, as, for example, neutralino and

neutrino in Supersymmetric models [72] and Kaluza-Klein particles in Extra-Dimension

theories [73].
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Figure 3.4: A schematic diagram of the three methods (Collider, Direct and indirect) and
their relationship for DM detection.

3.3 Detection of DM

Particle DM detection can follow three routes: collider, direct and indirect detection.

�e three probes are complementary to each other. Fig. 3.4 is a schematic diagram of

such three ways to detect DM: at colliders one looks for missing energy in the �nal state

from the collision of standard model particles (since DM produced in those collisions

would escape detectors); the direct detection aims at capturing the signal of DM bump-

ing to targets of standard model particles; indirect detection look for standard model

particles produced via DM annihilation or decay in astrophysical environments.
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3.3.1 Collider Detection

If DM was produced in the high-temperature environment of the early universe,

it should also be produced by particle collisions at the Large Hadron Collider (LHC),

unless its mass is well above the TeV scale or it only interacts with leptons. �e minimal

condition to produce a pair of DM particles is that the energy of the colliding particles

exceeds twice the DM mass. Signatures of such events are related to the standard model

particles produced along with DM particles or in the missing energy associated to DM

particles escaping the detector.

�e DM detection is however not straightforward due to the presence of several

background components. For example, also neutrinos carry energy out from the detec-

tor. No signal of WIMP has been found at LHC at the time of writing. For more details,

see e.g., Ref. [74].

3.3.2 Direct Detection

Direct detection refers to the search for nuclear (or electron) recoil [75] due to DM

sca�ering in experiments based on underground detectors. In simple words, the idea is

to set up a detection target of ordinary particles, then if there are enough DM particles

passing through the Earth, they will hit the targets, sca�ering with its particles, and

possibly give a trigger signal. However, the interaction is so weak that one needs very

massive targets and extremely good background shielding. Direct detection experiments

are arranged as deep as possible under the ground to eliminate background pollution,

and they use sophisticated techniques to �lter out other backgrounds such as the signal
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caused by radioactive elements in underground rocks.

Nuclear recoils occur at a measurable energy (typically keV) if the WIMP is in the

range of mass GeV to TeV. For more details, see e.g., Refs. [76–85]

3.3.3 Indirect Detection

If we assume that DM particles have the possibility to annihilate, as in the case of

WIMP, or decay, then they can inject standard model particles. �e detection of the

la�er ones in astrophysical structures might be used to indirectly infer the presence of

DM. �e relevant DM properties for this process to occur are the annihilation rate (or

decay lifetime), DM mass and �nal states of annihilation (decay). Possible DM signatures

are searched in �uxes of neutrinos, photons, electrons and positrons, antiprotons, and

antideuterium.

In this thesis, we will focus on signatures coming from γ-rays. �e production of

γ-rays from WIMP can follow di�erent mechanisms [86]. �e so-called prompt emission

is typically the result of the decay of π0 (produced as a consequence of hadronization of

particles injected by the annihilation) producing a continuum spectrum, direct produc-

tion from second order processes giving rise to a spectral line (whose detection would

provide a smoking-gun for WIMP), or �nal state radiation, typically resulting in a contin-

uum spectrum but with speci�c spectral features. Radiative γ-ray emission comes from

the Bremsstrahlung or the Inverse Compton mechanism (IC) of the electron and positrons

produced by DM annihilation. IC occurs when an electron/positron sca�ers with a CMB

or interstellar photon, transferring momentum to it which reaches γ-ray energies.
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3. Dark Matter Evidences and Candidates

At present, many experiments are implementing indirect DM searches through γ

rays. �ey include Fermi-LAT, High Energy Stereoscopic System (HESS) [87], Very En-

ergetic Radiation Imaging Telescope Array System (VERITAS) [88], Major Atmospheric

Gamma Imaging Cherenkov telescope (MAGIC) [89], ARGO-YBJ [90, 91], Large High

Altitude Air Shower Observatory (LHAASO) [92], eta. For more details on indirect de-

tection experiments, see Refs. [93, 94]

In the rest of the thesis we will focus on the Fermi-LAT telescope, which is exten-

sively described in chapter 4.
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Chapter 4

Acquisition and Processing of

Astronomical Data

�is chapter describes the data I used in the thesis. �e �rst and second sections con-

cern the Fermi large-area telescope (LAT). �ey introduce its design and main properties,

the instrument response functions, the data processing, and the catalogs of resolved

astrophysical sources derived by the Fermi-LAT collaboration. �e following sections

describe the acquisition and processing of astronomical observations from other tele-

scopes.

4.1 Overview of the Fermi-LAT Telescope

Among the various bands of the electromagnetic spectrum, the radiation with the

highest energy is provided by γ rays. �is thesis will be based on observational results
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coming from such a band. �e Fermi γ-ray space telescope represents the state-of-the-

art in terms of collecting area, angular resolution and �eld of view, for what concerns

γ-ray detectors below TeV energies. Launched on June 11, 2008, into low Earth orbit,

Fermi Telescope began its full-sky γ-ray monitoring on August 4, 2008. �e energy

range of detected photons is between 8 keV to 1 TeV, receiving an intensity thousands

to hundreds billion times higher than the naked eye can accept. It takes 96 minutes to

orbit the Earth, has a �eld of view of about 20% of the sky, taking only three hours to

complete the image of the whole sky [95, 96]. It consists of two detection systems, one

is the Fermi Large Area Telescope (Fermi-LAT); the other is the Fermi Gamma-ray Burst

Monitor (Fermi-GBM) [97].

We do not focus on transient but rather on stationary γ-ray emission and consider

only data from the Fermi-LAT detector. �e instrument tracks electron pairs which are

converted from γ-ray photons. �e major parts of the instrument include 16 accurate

trackers (TKR) and Calorimeters (CAL). �ey combine together with data acquisition

modules to become 16 towers, assembled in a 4×4 mechanical support structure, with an

anti-coincidence detector (ACD) which is wrapped in a micrometeoroid shield. Events

trigger electronics channel readout under each tower and anticoincidence [98]. �e lat-

ter is very important for e�cient rejection of the charged particle background, which is

thousands of times more intense than the celestial gamma-ray radiation. �e Fermi-LAT

has been calibrating all aspects of the data analysis on-orbit results [99].

�anks to this technology, the Fermi-LAT can measure with good precision the di-

rection and energy of photons, so that we can trace back the �ux and location of γ ray

sources.
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4.1. Overview of the Fermi-LAT Telescope

Figure 4.1: Fermi-LAT schematic diagram, the photons pass through instruments, the
track detectors trace the direction of the propagation path, then the Calorimeters obtain
energy, and the information is brought to the bo�om structure. Telescope size is 1.8 m×
1.8 m× 0.72 m, weights 2,789 kg. �e �gure is taken from Ref. [98].

�e Fermi-LAT performance depends on the instrument hardware design, but also

on the algorithm of event reconstruction, background rejection and the quality of event

selection.

For the estimates of telescope capabilities, the LAT collaboration has been using

Monte Carlo simulations of the interaction between γ-rays and the instruments. �ese

simulations have been re�ned over the years thanks to observations and be�er calibra-

tions. �e level of reconstruction is indicated by a number a�er the name “Pass”, and we

will use Pass81 data in this thesis. �ere are a certain level of background contamina-

tion and a particular set of the Instrument Response Functions (IRFs) are corresponding

to each data release. �e IRFs are factored into e�ciency of the e�ective area of detec-
1h�ps://fermi.gsfc.nasa.gov/ssc/data/analysis/documentation/Pass8 usage.html
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tor, resolution as given by the point-spread function (PSF), and energy dispersion. �e

analysis of Pass8 uses the most recent algorithm for event reconstruction, improving the

performance of the instrument and reducing the stacking e�ect.

Figure 4.2: 68% containment angle of the Fermi-LAT as a function of energy. �e black
line is the average for all data. From PSF0 to PSF3 one can see how the quality goes from
poor to high. �e �gure is taken from Ref. [100].

Events can be classi�ed as TRANSIENT, SOURCE, CLEAN, ULTRACLEAN and UL-

TRACLEANVETO, depending on the level of background rejection. �e �rst class is

chosen for γ-ray burst analysis and has a poor “quality” since the rejection is performed

using temporal features. �e data quality of the la�er four options is higher. SOURCE is

the one with the largest e�ective area but still with non-negligible contamination; UL-

TRACLEANVETO loses a signi�cant fraction of e�ective area in order to guarantee high

quality of the reconstructed signal and to exclude pollution from cosmic rays; CLEAN

and ULTRACLEAN are cases in between. �e works described in this thesis adopt UL-
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TRACLEANVETO Pass8.

In the process of analyzing γ-ray sources, we need also to carefully consider the

angular resolution of the telescope. In this respect, events are divided into four cate-

gories [101], depending on the quality of the reconstruction of the direction. PSF3 is the

selection with the highest angular resolution, while PSF0 is the one with the poorest.

In Fig. 4.2, we show the angular resolution, which improves as the energy increases.

At 100 MeV, the containment angle is equal to 5◦, while it is 0.2◦ at 10 GeV.

�e Fermi-LAT collaboration with the Fermi Science Support Center (FSSC) devel-

oped a set of scienti�c analyses tools (ScienceTools), in order to support the commu-

nity in the astronomical analyses [102]. �ey will be employed in all the analysis shown

later on.

Recently, the Fermi-LAT collaboration has released the Fourth Fermi Large Area Tele-

scope catalog, (4FGL) [103], which is based on the �rst eight years of scienti�c data. It

contains 5,064 sources, detected at 4σ con�dence, in the 50 MeV to 1 TeV energy range.

More than 3,130 of them are identi�ed as Blazar-like AGN, 239 are Pulsars, see Fig. 4.3.

Furthermore, recently the Fermi-LAT collaboration has also released the �ird Cata-

log of High-Energy Fermi-LAT Sources (3FHL) [104], which contains 1,556 astrophysical

objects in the energy range 10 GeV ∼ 2 TeV. �e vast majority of those sources are BL

Lacs. �e di�erence between this catalog and the 4GFL one is that the 3FHL focuses

on the detection of sources in the high energy bins. Both the 4FGL and 3FHL improves

over previous catalogs built by the Fermi-LAT collaboration with fewer years of data

collection and less e�cient data selection. In the analyses presented in this thesis, the

sources of 4FGL and 3FHL catalogs are considered as foreground, and masked from the
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4. Acqisition and Processing of Astronomical Data

Figure 4.3: �e astrophysical sources distribution of 4FGL in the galactic ordinate 4FGL.
�e �gure is taken from Ref. [103].

γ-ray intensity maps.

4.2 Acquisition of Fermi-LAT maps

In the following, we report a brief description of how the γ ray counts and �ux maps

have been obtained from the released data.

Download Data: Download of weekly photon �les provided by the Fermi-LAT col-

laboration at Fermi o�cial website2. As mentioned before, since the researches in this

thesis concern the correlation of γ-ray signals with LSS, namely, they deal with the unre-

solved/di�use γ-ray emission, we choose ULTRACLEANVETO events. �e description

of the weekly photon �le can be found in the Extended �les and the spacecra� parame-

ters in the Spacecra� �les.

Combine Data: Once a complete set of weekly data and long mission spacecra�

2h�ps://heasarc.gsfc.nasa.gov/FTP/fermi/data/lat/
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4.2. Acquisition of Fermi-LAT maps

�les is collected, the next step is to integrate all the weekly �les into one data �le. �is

is done using the command gtselect which reads all the relevant parameters involved

and ensures consistency.

Remove photons: Filtering the data to retain the appropriate photon events and to

remove the Earth Limb contamination is necessary. �e la�er is addressed by limiting

the zenith angle to less than 90◦. In the rest of the thesis, we will use PSF1+2+3 above

1 GeV, and PSF3 at lower energies, where the statistics are high but the PSF becomes

poorer. �e exposure has to be adjusted in agreement with the �ltered events. �e tool

gtmktime is adopted to derive the Good Time Intervals (GTI).

Binning Data: Data are binned in energy, applying the tool gtbin. At this stage, we

de�ne very small bins. �is is because, later on, to compute �uxes, we need to perform

integrals in energy and they can be thus approximated as a simple sum given the small

size of the bins.

Exposure map: �e cumulative exposure (area×time) of any given point in the sky

is based on the Fermi-LAT IRFs3, determined through Monte Carlo simulations by the

Fermi-LAT collaboration, as mentioned above. �e calculation of exposure sky map is

performed through the command gtcube.

Flux map: Once count and exposure sky maps are obtained, the photon �ux map

is derived by dividing the count maps by the exposure maps and the pixel area Ωpix =

4π/Npix .

Subtract contamination: Download the latest o�cial foreground model provided

by the Fermi-LAT collaboration in the Healpix format, and interpolate it to obtain the
3h�ps://fermi.gsfc.nasa.gov/ssc/data/analysis/documentation/Cicerone/Cicerone LAT IRFs/index.html
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corresponding maps in the same energy bins of the photon �ux maps. �en subtract the

foreground sky map from the photon �ux map. We also further mask latitudes below

30◦ to avoid residuals from the Galactic plane.

�e outlined procedure is conducted using the Fermi-LAT ScienceTools, with the

current version being v10r0p54, and taking the events P8R2 ULTRACLEANVETO V6.

We considered 108 months of data, from week 9 to week 476, a Healpix pixelation

with the resolution parameter Nside = 1024 which corresponds to a total number of

pixels Npix = 12, 582, 912 and a mean spacing of ∼ 0.06◦, similar to the best angular

resolution of the γ-ray data. Fig. 4.4 illustrates the γ-ray �ux sky map above 1 GeV.

Figure 4.4: �e Fermi γ-ray �ux sky map for photon energies above 1 GeV in Mollview
projection. �e �gure is taken from Ref. [105].

We �rst determined the �ux sky maps in 100 micro-bins of energy from 100 MeV to

1 TeV, evenly spaced in logarithmic scale. �en we re-binned them into 9 larger energy

bins, from 631 MeV to 1 TeV, as reported in Tab. 4.1.
4h�ps://fermi.gsfc.nasa.gov/ssc/data/analysis/so�ware/
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Table 4.1: �e energy bins used in our works. For each bin we list upper and lower
energy limits Emin and Emax, the minimum `min and and maximum `max multipoles in
calculation of power spectrum, see section 5, and, in the last column θcont, the size of the
68% containment angle.

Bin Emin [GeV] Emax [GeV] `min `max θcont(deg)
1 0.631 1.202 40 251 0.50
2 1.202 2.290 40 316 0.58
3 2.290 4.786 40 501 0.36
4 4.786 9.120 40 794 0.22
5 9.120 17.38 40 1000 0.15
6 17.38 36.31 40 1000 0.12
7 36.31 69.18 40 1000 0.11
8 69.18 131.8 40 1000 0.10
9 131.8 1000 40 1000 0.10

�e Fermi-LAT data used in our works involve the Unresolved γ-ray Background

(UGRB), i.e., we mask bright astrophysical sources (listed in the Fermi-LAT catalogs): as

mentioned before, we masked the |b| < 30◦ galactic plane (but in chapter 7 we also dis-

cuss the in�uence of di�erent possibilities), we excluded resolved astrophysical sources

in the 4FGL and 3HFL catalogs, and subtract the foreground maps. Note that in chapter

6, we adopted a preliminary version of the 4FGL, called FL8Y catalog5, since 4FGL was

not released at the time of that computation (we then tested that di�erences in the �nal

results obtained masking with the FL8Y or 4FGL catalog are negligible).

�e mask of each source is constructed according to the angular resolution of the

speci�c energy bin and the brightness of the source. For point sources, the masking

5h�ps://fermi.gsfc.nasa.gov/ssc/data/access/lat/�8y/
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radius around each source is de�ned as

F γ
∆E exp (− R2

2θ2
∆E

) >
F γ

∆E,faintest

5
, (4.1)

whereF γ
∆E is the integral photon �ux of the source in the energy bin ∆E, andF γ

∆E,faintest

is the �ux of the weakest source in the same energy bin. θ∆E is the 68% containment

angle, already mentioned.

�e resulting energy-dependent masks aim at properly covering resolved sources

and avoiding artefacts due to source �ux leakage outside the mask, but at the same time

maintaining a good sky coverage, accounting also for the energy dependence of the PSF.

Fig. 4.5 shows the sky maps of the γ-ray �ux before and a�er subtracting the fore-

ground mask. �e foreground is removed using the model gll iem v06.fits6.

4.3 Other Astronomical Data

�is section describes the other astronomical datasets used in our works, and explain

how to obtain the speci�c maps used for our computation.

4.3.1 Planck maps

�e CMB map we adopted for the computations in chapter 7 comes from Planck

2018 full-mission data release (“PR3”), that is accessible on the website Planck Legacy

Archive7. �ere are four algorithms to do the component separation in maps: COMAN-
6h�ps://fermi.gsfc.nasa.gov/ssc/data/access/lat/BackgroundModels.html
7h�p://pla.esac.esa.int/pla
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Figure 4.5: Masked γ-ray �ux sky map with a latitude cut of 30◦ around the galactic plane
and circles for resolved point sources mask, in the energy bin 1.202 GeV ∼ 2.290 GeV:
the upper is before foreground subtraction, and the bo�om is a�er subtraction, both of
them are in Mollview projection.

DER, SEVEM, SMICA and NILC. We use SMICA synthesized CMB map, which stems

from spectral matching technology [106]. We only need the Healpix maps with rela-

tively low resolution, such as Nside = 64 or 128, since the main contribution of the ISW

signal comes from large-scales. We eventually upgraded the CMB map to Nside = 1024

just to use the same resolution as in the Fermi-LAT maps and to avoid possible systematic

errors. In Fig. 4.6, we have CMB isotropic sky map on the upper panel and underside we

show the mask map of the Planck team de�ned to exclude foreground and astrophysical

sources, and leaving coverage of 83.8% of the sky.
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Figure 4.6: �e Planck CMB temperature anisotropy map with unit µK and its mask map
in Mollview projection.

4.3.2 Catalogs of galaxy Clusters

�e analysis of chapter 6 is based on four galaxy cluster catalogs that were obtained

in di�erent frequency bands: one in the optical (SDSSDR9), one in the infrared (WHY18)

and two in the X-ray band (MCXCsub and HIFLUGCS). �e main feature is that they

contain a large number of galaxy clusters with low redshi�s and large masses, namely,

suitable to produce a relevant cross-correlation signal according to theoretical expecta-
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Figure 4.7: �e redshi� distribution to the number of four galaxy cluster catalogs:
WHY18, SDSSDR9, MCXCsub AND HIFLUGCS in our works.

tions.

�e properties of the galaxy cluster catalogs are listed below:

1. WHY18 is taken from the combination of photometric galaxies from 2MASS, the

Wide-�eld Infrared Survey Explorer (WISE) [107] and the SuperCOSMOS Sky Sur-

vey [108]. �e selection applied to the sources is such to include clusters with

M500 > 3 × 1014M� and redshi� between 0.025 and 0.3. �e �nal number of

selected clusters is 47,500 [109];

2. SDSSDR9 is part of the full SDSS catalog, acquired using an Adoptive Matched

Filter (AMF) [110] technique, which is built using the cluster density radial pro�le,

the galaxy luminosity function and the redshi�. Applying this �lter, there are
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49,479 clusters with redshi� between 0.046 and 0.691 [111] that are retained;

3. MCXC is an X-ray catalog [112], containing 1,743 clusters from two types of X-

ray observations: contiguous area survey ROSAT [113] and deeper pointer X-ray

observations. MCXCsub is built from MCXC selecting M500 > 1013M�, angular

diameter larger than 0.2◦, latitude larger than 20◦ and positions in the sky such to

avoid contamination from bright γ-ray point-sources [114];

4. �ere are 63 clusters in the HIFLUGCS catalog with latitude larger than 20◦. �ey

have a �ux between 0.1 to 2.4 keV larger than 2× 10−11ergs s−1 cm−2 [115].

Because the goal is to study the di�use γ-ray emission of galaxy clusters, and there-

fore they have to be larger than Fermi-LAT PSF (in order to be distinguished from point-

sources), we only considered clusters with M500 > 1013M� mass and redshi� less than

0.2. �is will be be�er discussed in the following chapters. In addition, in order to make

the identi�cation of a galaxy cluster robust, we restricted the WHY18 catalog by keep-

ing only clusters with the richness greater than 5. Tab. 4.2 lists the number of selected

galaxy clusters in each catalog. Not all the catalogs provided the mass in terms of M500,

and we performed the appropriate conversions using the formalism reported in the Ap-

pendix of Ref. [116]. Fig. 4.7 shows the redshi� distribution of the �nal catalogs we

used.

�e catalog sky maps were also masked in the correlations analysis, to prevent con-

tamination from galactic plane or other sources, and systematic errors. For the WHY18

infrared catalog, we use the mask from Ref. [117]; it simply coincides with the area that

was not covered by the SDSS survey for the optical catalog SDSSDR9; and we de�ne the
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Figure 4.8: �e mask maps of the four galaxy cluster catalogs used in our work. From top
to bo�om are HIFLUGCS (same with MCXCsub), WHY18 and SDSSDR9, respectively.
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Table 4.2: �e list of galaxy cluster catalogs used in this thesis. For each catalog, we give
the total number obtained a�er the selection discussed in the text.

Catalogue Type Reference Total number
WHY18 infrared [109] 8,999

SDSSDR9 optical [111] 2,582
MCXCsub X-ray [114] 109
HIFLUGCS X-ray [115] 105

same mask for X-ray catalog MCXCsub and HIFLUGCS by removing the galactic plane

for |b| > 20◦ and the Virgo cluster [118].

For all catalogs, we assume uniform coverage, at least on the angular scales (that is,

at relatively small angles) that are explored in our analysis of cross-correlation. Fig. 4.8

shows the mask maps of the cluster catalogs.
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Chapter 5

Cosmological Statistical Analysis Methods

In order to dig out the information buried in the huge quantity and high quality of

cosmological data, that we have at disposal in the era of precision cosmology, appropri-

ate statistical tools are needed. Bayesian Analysis is one of the most extensively adopted

statistical methods for cosmological studies. �e following section describes the basics

of Bayesian theory, the likelihood function, and Markov chain Monte Carlo methods

used in our cross-correlation studies.

5.1 Bayesian Analysis

We make use of the parameter inference based on the Bayesian theory [119]. In this

section I brie�y review the basics of the theory, starting from the Bayes theorem.

First of all, the expression of the theorem can be derived from probabilistic axioms,

not relying on Bayes interpretation. In particular, the theorem comes from the de�nition
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of the joint probability as the product of conditional and marginal probability, i.e.:

P (A ∩B) = P (A|B)P (B). (5.1)

�is means that the probability of events A and B to happen simultaneously is equal to

the probability of eventA under the condition ofB already happened times the marginal

probability of B. Following a similar logic, we can derive P (B ∩ A) and using obvious

commutative law P (A ∩B) = P (B ∩ A) derive:

P (B ∩ A) = P (B|A)P (A) = P (A|B)P (B) , (5.2)

which means

P (A|B) =
P (B|A)P (A)

P (B)
, (5.3)

that is called the Bayes theorem.

�is equation encapsulates the technical core of many statistical analyses in cosmol-

ogy. �e Bayesian approach is o�en preferred to the frequentist one since we cannot

repeat experiments, there is only one universe and we observe it from a single position.

In the context of parameter inference, the Bayesian theorem reads:

P (~θ|D) =
P (D|~θ)P (~θ)

P (D)
, (5.4)

where ~θ is a series of parameters of a model, and the observed data points is represented

by D.

• P (~θ|D) is the posterior probability of the series of parameters of the model, and ex-

presses our updated belief a�er performing observations. It can be used to derive

expected values and credible intervals for the parameters.
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• P (D|~θ) is known as the likelihood function (used for parameter inference in the

frequentist approach) and expresses how likely are the parameters given the data.

• P (~θ) is the prior probability of the parameters of the model. It refers to our �rst

prediction or our original knowledge about the parameters, such as, e.g., some

negative or positive bounds on some parameters. Prior distribution sometimes

is considered to involve subjective assertions, but nevertheless, it is adjusted by

the observational outcomes in the computation of the posterior. When a priori

information is unknown, a uniform distribution is o�en adopted and typically

would not a�ect the �nal results.

• P (D) shows the Bayesian evidence, which is a normalization constant in param-

eter inference, whilst becomes crucial in case of model comparison.

�e prior and posterior distributions are functions that are exclusive of the Bayesian

analysis, in a process of using data to update and correct prior distribution information

to get the posterior. Statistical inference concerns funding the cosmological parameters

which are most consistent with the observed data. In order to do that, one has to de�ne

the likelihood function.

5.2 Likelihood Function in Cosmology

As mentioned above, the likelihood is the function that evaluates how likely are the

model parameters once observational data are taken. It is generally expressed by

L(~θ) = P (D|~θ). (5.5)
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If a data set is following the Gaussian distribution, then the Likelihood is

L =
1

(2π)n/2| det Γ|1/2 exp

[
−1

2

∑
ij

(D− T)iΓ
−1
ij (D− T)j

]
, (5.6)

where Γij is covariance matrix, and T = f(~θ) denotes the theory model. It is not di�cult

to see that the Gaussian likelihood function is intimately related to the statistical χ2

through L ≈ exp
[
−1

2
χ2
]
, and the minimum of the χ2 corresponds to the maximum of

the likelihood.

�ere are several possibilities for the form of the likelihood: in most of the thesis we

will consider a Gaussian likelihood (as suggested by LSS), with Poisson distribution in

the cases involving photons counts.

In order to obtain a posterior distribution, which is the key function in Bayesian

inference we need to multiply the likelihood by the prior. For the la�er, in our works,

we use �at or Gaussian priors. �e posterior is computed using Markov Chain Monte

Carlo (MCMC) algorithms.

5.3 Markov Chain Monte Carlo algorithm

To get the posterior distribution, we need to evaluate the likelihood by exploring the

parameter space. �is can be computationally intensive and the MCMC approach is the

method that is widely used in Bayesian analyses to face this issue. It consists of sam-

pling the posterior distribution such that the density of points becomes proportional to

the distribution itself. �anks to this algorithm, even very high-dimensional parameter

spaces with non-trivial likelihoods can be analyzed.
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A Markov chain is a sequence of random variables and describes a random process

of transition from one state to another. �e probability of a certain state only depends

on its previous step, and, assuming to be in a stationary case, we have the so-called

homogeneous chains identi�ed by the transition probabilityK(x, y) between two states

x and y.

K(x, y) = P (Xn+1 = y|Xn = x). (5.7)

A probability distribution is said to be invariant with respect to the Markov chain if

it ful�lls the condition

π(y) =

∫
dxπ(x)K(x, y). (5.8)

If a chain is reversible, i.e., satis�es the condition of detailed balance:

π(x)K(x, y) = π(y)K(y, x), (5.9)

it has an invariant distribution.

Now we introduced a simple algorithm to build a Markov chain such to have the

posterior as invariant distribution. �e name “Monte Carlo” stays for the fact that one

generates random sampling.

Let us choose a (in principle arbitrary) transition probability and de�ne the accep-

tance probability as

α(x, y) = min

{
π(y)K(y, x)

π(x)K(x, y)
, 1

}
. (5.10)

In other words, when the chain is at point x, K(x, y) is used to propose the point

y, with a probability of accepting this transition given by α(x, y). One can show that
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the above acceptance makes the full transition probability to be α(x, y)K(x, y) and to

satisfy the detailed balance. �us the chain can be used to reconstruct π, than in the

Bayesian context is the posterior distribution. �is algorithm is famously known as

Metropolis–Hastings algorithm [120].

In the literature, numerous di�erent MCMC implementations have been proposed,

on top of the Metropolis Hastings introduced above, including Gibbs sampling, indepen-

dent sampling, random walk sampling and so on.

�ese methods have become crucial in astronomy and cosmology to confront theory

with observations and to estimate cosmological parameters. Various sophisticated so�-

ware packages or toolkits are available, like CosmoMC [121], CosmoHammer [122], emcee

[123], PMC [124], PyMC3 [125], MontePython [126], CosmoSIS [127].

In our works, I have used CosmoMC, emcee and MontePython. For a detailed intro-

duction to these MCMC implementation see Refs. [121], [123] and [126].

5.4 Correlation Function Analysis

�e n-points correlation functions are a widespread used tool for quantifying and

ascertaining the relation among events or objects. In this section, �rst I derive the for-

malism of correlation functions, then introduce its application to LSS, in particular con-

sidering the Fourier power spectrum, which is the main object used in the following

chapters.
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5.4.1 General Description

Let us imagine an in�nite grid in space, �lled by particles, and consider one in�nitely

small cube with di�erential volume dV . ρ0dV would represent the average number of

particles, where ρ0 is the average density. In this space, two objects (with the subscript

of 1 and 2) with distance r12 gang together as a pair. �e probability of �nding a pair in

which dV1 is occupied by an object 1 and dV2 by an object 2 is

dP12 = ρ1 ρ2dV1dV2(1 + ξ(r12)), (5.11)

where ξ(r12) is the so-called two-point cross correlation function (2P CCF) between these

two objects,

ξ(r12) =
dP12

ρ1 ρ2 dV1dV2

− 1 = 〈δ1(r1)δ2(r2)〉 , (5.12)

see Fig. 5.1 for an illustrative sketch.

If the objects are randomly distributed in space, then the joint probability is equal to

the product of the two probabilities, thus the correlation is 0. However, if the distribu-

tions of two points cannot be regarded as independent distributions, then ξ is non-zero.

�e concept of 2P CCF is o�en used to judge whether two classes of objects have physical

causal relationship. It is the most widely used tool to quantify the degree of clustering

in a galaxy sample [128, 129]. Generally, it can be de�ned to determine the correlations

between overdensities or underdensities, like already shown in equation 5.12. �e over-

density δ is introduced in section 2.3 as δ(r) = ρ(r)/ρ0 − 1 with ρ0 is the background

average density.
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Figure 5.1: �e cartoon diagram for description of two-point correlation function space.

Generalizing to the n-point correlation function:

〈δ(x1)...δ(xn)〉 ≡ ξn(x1, ...,xn). (5.13)

Density �eld disturbance in real space is related to the one in Fourier space by

δ(x) =

∫
d3k

(2π)3
δ(k) exp(ik · x) . (5.14)

�e correlation functions in Fourier space can be wri�en as

〈δ(k1)δ(k2)〉 = (2π)3δD(k12)P (k1,k2),

〈δ(k1)δ(k2)δ(k3)〉 = (2π)3δD(k123)B(k1,k2,k3),

〈δ(k1)...δ(k4)〉 = (2π)3δD(k1234)T (k1,k2,k3,k4),

(5.15)

where ki...j = ki + ... + kj . Above P , B, T express the Power Spectrum, Bispectrum

and Trispectrum, respectively. In the following, we focus on the 2P CCF.
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5.4. Correlation Function Analysis

�e correlation function at a distance of r (where we need only the modulus of the

vector, because of statistical homogeneity and isotropy of the Universe) is expressed by

ξ(r) ≡ 〈δ(~x)(δ(~x+ r))〉, (5.16)

where brackets indicate volume average (that assuming ergodicity corresponds to en-

semble average).

�e power spectrum is the Fourier transform of the correlation function:

P (k) =

∫
d3rξ(r)e−ik·r. (5.17)

5.4.2 Angular Correlation Function

In the analysis of large-scale correlations, it is o�en natural, to perform calculations

based on the angular distance rather than on the physical distance. Here we introduce

the Angular correlation function (ACF).

In the equation 5.11, the distance between two objects is r12(θ), and, if measured

from a third point, can be computed as

r12(θ) = |r1 − r2| = (r1(z1)2 + r2(z2)2 − 2r1(z1)r2(z2) cos θ)1/2 , (5.18)

where the meaning of θ can be seen from Fig. 5.1.

Let us now derive the joint probability of �nding numbers N̄ of a pair in which the

solid angle Ω1 and Ω2 are occupied by two galaxies with index 1 and 2:

dP = N̄1 N̄2Ω1Ω2(1 + ω12(θ)) (5.19)
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Similar to the 3D case with spatial correlation function ξ12, the ACF ω12 as a function

of the separation angle θ can be derived from above equation.

�e ACF is then obtained as a simple projection of

ω(θ) ≡
〈
δ1(n̂)δ2(n̂ + θ̂)

〉
=

∫
dz1φ(z1)

∫
dz2φ(z2)ξ [r1(z1), r2(z2), θ] ,

(5.20)

where θ here (also in Fig. 5.1) is the angle between directions n̂ and n̂+ θ̂. φ is the radial

selection function and we assume that it can be modeled as a product of an angular mask

and a radial selection here

δ(n̂) =

∫
dφ(z)δ(n̂, z), (5.21)

and e.g., for galaxy count, φ(z) can be expressed as

φ(z) =
dN

dz
W (z), (5.22)

where W (z) is Window Function for weighting the density �eld along the redshi� but is

direction-independent.

5.4.3 Spherical Harmonic Space

Since we project over the celestial sphere, it is useful to adopt a 2D expansion in

Spherical Harmonics.

(θ, φ) expresses one direction on the unit spherical surface, and any square-

integrable function f(θ, φ) representing the intensity sky map can be expanded through

the linear combination:

f(θ, φ) =
∞∑
`=0

∑̀
m=−`

a`mY`m(θ, φ), (5.23)
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where a`m are the coe�cients of the expansion.

�e spherical harmonic functions are given by

Y`m(θ, φ) =

√
(2`+ 1)

4π

(`−m)!

(`+m)!
P`m(cos θ)eimφ, (5.24)

where P`m represents the Legendre polynomial and ` is called multipole.

Spherical harmonic functions constitute a complete set of orthogonal functions∫ π

0

∫ 2π

0

Y`m(θ, φ)Y`′m′(θ, φ) sin(θ)dφdθ = δ``′δmm′ , (5.25)

where δij is the Kronecker δ function.

�e angular power spectrum of cross-correlation between two observed intensity

sky maps can be de�ned as

C` =
1

2`+ 1

∑̀
m=−`

a
(1)
`ma

(2)∗
`m . (5.26)

�e CCF statistics provides a complementary information to Cross APS (herea�er is

CAPS), they are connected by

CCF(θ) =
∑
`

2`+ 1

4π
C`P` [cos(θ)] , (5.27)

where P` are the Legendre polynomials.

�ese equations will be used in the sections 6 and 7, and the study of C`’s provides

the same information about clustering and anisotropy in LSS as the 2P CCF.

We now plug real physical quantities as the intensity Ig(n̂) of γ-ray astrophysical

sources along a certain LOS direction n̂ into equation 5.23.
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�e disturbance is δIg(n̂) ≡ Ig(n̂)− 〈Ig〉, and using the spherical harmonic expan-

sion δIg(n̂) = 〈Ig〉
∑

`m a`mY`m(n̂), with coe�cient a`m given by:

a`m =
1

〈Ig〉

∫
dn̂ δIg(n̂)Y ∗`m(n̂)

=
1

〈Ig〉

∫
dn̂

∫
dDc fg(Dc, r)W (Dc)Y

∗
`m(n̂).

(5.28)

fg ≡ g(Dc, n̂)/〈g(Dc, n̂)〉 − 1, g(Dc, n̂) indicates the density �eld of sources, Dc is the

radial comoving distance, and here the window function W (Dc) is related to the total

intensity by,

〈Ig〉 =

∫
dDcW (Dc). (5.29)

�e Rayleigh Expansion of plane wave, Spherical Bessel functions j` and the spatial

Fourier transform of fg can be used in equation 5.28 to obtain:

a`m =
1

〈Ig〉

∫
dn̂

∫
dDc

dk

(2π)3
f̂g(Dc,k)eik·rW (Dc)Y

∗
`m(n̂)

=
1

〈Ig〉

∫ ∫
dn̂ dDc

dk

2π2
f̂g(Dc,k)

×
[∑
`′m′

i`
′
j`′(kDc)Y

∗
`′m′(k̂)Y`′m′(n̂)

]
W (Dc)Y

∗
`m(n̂)

=
i`

〈Ig〉

∫
dDc W (Dc)

∫
dk

2π2
f̂g(Dc,k)j`(kDc)Y

∗
`m(k̂) .

(5.30)
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Combining equation 5.26 and 5.30, we get

C
(ij)
` =

1

〈Ii〉〈Ij〉

∫
dDc Wi(Dc)

∫
dD′c Wj(D

′
c)

×
∫

dk

2π2

∫
dk′

2π2
〈f̂gi(Dc,k)f̂ ∗gj(D

′
c,k
′)〉j`(kr)j`′(k′r′)Y`m(k̂)Y ∗`′m′(k̂

′)

=
2

π〈Ii〉〈Ij〉

∫
dDc Wi(Dc)

∫
dD′c Wj(D

′
c)

×
∫

dk Pij(k,Dc, D
′
c)j`(kr)j`′(kr

′)Y`m(k̂)Y ∗`′m′(k̂)

=
2

π〈Ii〉〈Ij〉

∫
dDc Wi(Dc)

∫
dD′c dk k2 Wj(D

′
c)Pij(k,Dc, D

′
c)j`(kr)j`(kr

′)

=
1

〈Ii〉〈Ij〉

∫
dDc

D2
c

Wi(Dc)Wj(Dc)Pij(k = `/Dc, Dc).

(5.31)

In the last step of the above equation we introduced the Limber approximation [130].

Pij is the power spectrum de�ned in equation 5.15, related to the the density �elds of

this section by

〈f̂gi(Dc,k)f̂ ∗gj(D
′
c,k
′)〉 = (2π)3δ3(k − k′)Pij(k,Dc, D

′
c). (5.32)

�is is important for the transformation. �e 2P CCF can be expressed as

ξij(x,y) ≡ 〈fgi(x)fgj(y)〉

=

∫
dm1 dm2 d3x1 d3x2

× 〈
∑
a

δ3
D(x1 − xa)δD(m1 −ma)

∑
b

δ3
D(x2 − xb)δD(m2 −mb)〉

× f1(m1,x− x1) f2(m2,y − x2)

=

∫
dm d3x1

dn

dm
f1(x− x1,m)f2(y − x1,m)

+

∫
dm1 dm2 d3x1 d3x2

dn

dm1

dn

dm2

f1(x− x1,m1)

× f2(y − x2,m2)ξhh(m1,m2,x1,x2).

(5.33)
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To derive the above expression we considered the density �eld as the sum of inde-

pendent perturbation seeds, such as a discrete mass region for a gravitational tracer.

�e mass is indicated bym, and the density is dn/dm = 〈∑a δ
3
D(x−xa)δD(m−ma)〉,

where the brackets indicate the ensemble average of all perturbation distributions. One

can check that:

〈
∑
a

δ3
D(x1 − xa)δD(m1 −ma)

∑
b

δ3
D(x2 − xb)δD(m2 −mb)〉 =

dn

dm1

dn

dm2

[
1 + ξhh(m1,m2,x1 − x2)

]
+

dn

dm1

δ3
D(x1 − x2)δD(m1 −m2).

(5.34)

�e integrals over x1 and x2 would yield ξhh(m1,m2,x− y), with x1 −x2 = (x−

y) + (y − x2)− (x− x1).

On large scales, the bias determines ξhh(m1,m2,x − y) ≈ b(m1)b(m2)ξ(x − y).

�e ξ(x − y) can be taken outside of the integrals over m1 and m2, it makes the two

integrals separately. Fig. 5.2 shows a cartoon illustrating the 1 halo (1h) and 2 halo (2h)

terms. �e last item ξhh is the two-point correlation between two halos. �erefore, when

considering large typical halo, ξ2h(x − y) ≈ ξhh(x − y) ≈ ξlin(x − y), in general the

2h term is roughly equal to the linear correlation function.

�us, we can separate the ξ by

ξ(x− y) = ξ1h(x− y) + ξ2h(x− y). (5.35)

When ma�er is distributed in multiple halos, we can write the ma�er density in a

point x as

ρ(x) =
∑
i

fi(x− xi) =
∑
i

ρ(x− xi|mi) =
∑
i

miu(x− xi|mi)

=
∑
i

∫
dmd3yδ(m−mi)δ

3(y − xi)m u(x− y|m),

(5.36)
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Figure 5.2: �e cartoon diagram depicting 1 halo and 2 halo terms.

where fi is the i-th halo density pro�le, the second equation is based on the assumption

that the density around the halo only depends on its mass, and the last one introduces

a normalization function
∫

d3y u(x− y|m) = 1. �e number density of DM halo is

<
∑
i

δ(m−mi)δ
3(y − xi) >≡ n(m), (5.37)

and average density is

ρ̄ =< ρ(x) >=<
∑
i

mi u(x− xi|mi) >

=

∫
dmn(m)m

∫
d3yu(x− y|m)

=

∫
dmn(m)m.

(5.38)

Detailing the last two items, we have

ξ1h(x− y) =

∫
dm

m2n(m)

ρ̄2

∫
d3ru(r|m)u(r + x− y|m), (5.39)

ξ2h(x− y) =

∫
dm1

m2
1n(m1)

ρ̄

∫
dm2

m2
2n(m2)

ρ̄

×
∫

d3x1u(x− x1|m1)

∫
d3x2u(x− x2|m2)

× ξhh(x1 − x2|m1,m2).

(5.40)
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In an homogeneous universe, the density perturbation spectrum has no preferred

direction, so in a 3D space, the correlation function is

ξ(r) =
V

(2π)3

∫
P (k)

sin kr

kr
4πk2dk. (5.41)

Clearly, the power spectrum is the Fourier transform of ξ. It can be also expressed

in a dimensionless form:

∆2(k) ≡ V

(2π)3
4πk3P (k) =

2

π
k3

∫ ∞
0

ξ(r)
sin kr

kr
r2dr. (5.42)

Its physical meaning can be understood by noting that ∆2(k) = 1 represents the order

unit density �uctuation around the wavenumber k.

Analogously, in Fourier space, the power spectrum can be split into 1h and 2h terms,

given by:

P (k) = P 1h(k) + P 2h(k), (5.43)

P 1h(k) =

∫
dmn(m)(

m

ρ̄
)2u(k|m)2, (5.44)

and
P 2h(k) =

∫
dm1n(m1)(

m1

ρ̄
)u(k|m1)

×
∫

dm2n(m2)(
m2

ρ̄
)u(k|m2)P hh(k|m1,m2),

(5.45)

where u(k|m) is the Fourier transform of the halo density pro�le under consideration,

e.g, here we adopted the formation of equation 2.43 (also see the Fig. 2.5), then we can

obtain

P hh(k|m1,m2) ≈ b(m1) b(m2)P lin(k). (5.46)
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Chapter 6

Constraining the WIMP dark ma�er

In chapter 2, I have introduced the theoretical foundations and observational evi-

dences for the evolution of our Universe. DM as the key factor related to the formation

of large scale structures, contributes about 27% [15] to the total energy density of the

universe, and it is one of the most essential components.

As I already mentioned in section 3, plenty of DM theoretical models have been pro-

posed in the literature. Among them, WIMP DM is one of the most promising candidates.

�ey have non-negligible interactions with ordinary substances, and are expected to be

able to annihilate or decay producing high energy γ-ray photons.

�e indirect detection method consists in looking for products of the annihilation or

decay of DM particles such as γ-ray photons.

�e study of the CAPS between gravitational tracers of DM and electromagnetic

signals (the UGRB full-sky maps in the case of γ-rays) can be a powerful tool to con-

strain DM microscopic properties. Previous a�empts to search for DM already brought a
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large amount of results, using di�erent DM tracers like galaxies [105, 131–139], galaxies

clusters [111, 140], CMB lensing [141, 142], weak lensing cosmic shear [143–149].

Chapter 4 has outlined the sources contributing to the UGRB, which include various

astrophysical sources [150–153]. �e cross-correlation between the UGRB and other

observations can improve the characterization of the UGRB components.

In our research, we use the galaxy cluster catalogs to trace the location of DM. We �t

the CAPS measurements with a physical model including astrophysical γ-ray emi�ers

and WIMP DM, in order to obtain bounds on the WIMP properties. Data and methods

were introduced in chapter 5 and chapter 4.

6.1 �eoretical Background

6.1.1 Dark Matter

In this chapter, I consider γ-rays generated from WIMP DM and correlate them with

the gravitational DM tracer, given by galaxy cluster catalogs. �e window function of

the cosmological signal originated from DM annihilations can be wri�en as

Wδ2(Dc) =
(ΩDMρc)

2

4π

〈σannv〉
2m2

DM

[1 + z]3∆2(Dc)∫
Eγ>Emin

dEγ
dNδ2

dEγ
[Eγ(Dc)]e

−τ [Dc,Eγ(Dc)],

(6.1)

wheremDM is the mass of DM and 〈σannv〉 is the velocity-averaged annihilation cross

section of the DM. dNδ2/dEγ expresses the γ-ray energy spectrum from �nal states of its

annihilation or decay. Here we use simulation table PPPC4DMID [154] to do calculation
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of �nal products energy spectrum, and it was veri�ed with the events from Pythia

and Herwig1. We considered four channels of DM annihilation separately: τ+τ−, bb̄,

W+W− and µ+µ−, with 100% branching ratio in each case. �e factor τ [Dc, Eγ(Dc)] is

the a�enuation function of γ-rays caused by the absorption due to pair production with

extragalactic background light [155].

Photons from both prompt emission and inverse Compton processes are considered

here. Prompt γ-ray emission traces the spatial morphology along LOS of the DM density,

for which, as we mentioned in chapter 2, a NFW pro�le is chosen.

Inverse Compton radiation is computed under the assumption of no spatial di�usion

of electrons and positrons produced by the DM annihilation, taking only the CMB as tar-

get photons and disregarding synchrotron losses. �e �rst supposition is driven by the

fact that the average size of a cluster is typically much longer than the di�usion length

of GeV/TeV electrons. �e la�er two (no spatial di�usion and no synchrotron loss) are

educated guesses: such model-independent description was adopted in former works

like Ref. [156] and can avoid including an uncertain characterization of the interstellar

radiation �eld and magnetic �eld in all halos.

�e Clumping factor ∆2(Dc(z)) in the equation 6.1 is de�ned as

∆2(Dc(z)) ≡ 〈ρ
2
DM〉
ρ̄2

DM

=

∫ Mmax

Mmin

dM
dn

dM
(M, z)

× [1 + bsub(M, z)]

∫
d3x

ρ2
h(x|M, z)

ρ̄2
DM

.

(6.2)

�is quantity depicts the situation of emission “boosted” by the DM clumpiness with

respect to the case of a smooth density. �e DM substructures contribution is accounted
1h�p://home.thep.lu.se/Pythia/ for Pythia, h�ps://herwig.hepforge.org/ for Herwig.
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for by bsub. We considered three models: One is used in the main analysis of this work

[157], and with the other two we try to bracket the uncertainty, considering a lower con-

centration [158] and a higher concentration [159]. �ey lead to lower or higher expected

γ-ray �ux from DM and, since the question is open (i.e., current N-body simulations are

not able to resolve the small scales of DM substructures), this leaves uncertainties in the

�nal results. So we will present all three models. We can notice that the equation of the

window function 6.1 relies on the mass and annihilation rate of DM particles. In our

CAPS analysis, we �x other parameters and derive upper limits as a function of the DM

mass and annihilation rate.

�e 3D power spectrum of cross-correlation between cluster catalogs and γ-rays

from annihilataing DM is given by

P 1h
Cj ,δ2(k, z) =

∫ Mmax

Mmin

dM
dn

dM

〈NCj〉
n̄Cj

u2(k|M)

∆2
, (6.3)

and

P 2h
Cj ,δ2(k, z) =

[∫ Mmax

Mmin

dM
dn

dM
bh(M)

〈NCj〉
n̄Cj

]
×
[∫ Mmax

Mmin

dM
dn

dM
bh(M)

u2(k|M)

∆2

]
P lin(k) ,

(6.4)

where u2(k|M) is the Fourier transform of square of the DM spatial pro�le (Here we

adopted NFW pro�le, the analytical solution is shown in appendix C), and bh is the

halo bias. n̄Cj(z) =
∫
dM〈NCj〉 dn/dM refers to the average number density of galaxy

clusters at the redshi� z.
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6.1.2 Astrophysical Sources

Among the contributions of the UGRB one has certainly to include those from astro-

physical sources. For the γ-ray sources of SFG, BLZ and mAGN, the window functions

can be expressed in terms of their γ-ray luminosity function Φ:

WS(Dc) =D2
c (z)

∫ Lmax

Lmin

dLΦS(L, z)

×dNS

dE
(L, z)× e−τ [E(1+z),z],

(6.5)

where L is the γ-ray rest-frame luminosity in energy interval 0.1 to 100 GeV, S rep-

resents a generic population. dNS/dE is the correspondent energy spectrum. �e up-

per limit of integration is Lmax (Fsens, z) given by the sensitivity of detection Fsens =

5× 10−10 photons cm−2s−1 (here we refer to the Fermi-LAT):

Lmax (Fsens, z) = 4πD2
L(z)Fsens(1 + z)−2+ΓS , (6.6)

where DL is the luminosity distance2. and ΓS is the power-law index of the energy

spectrum.

Blazars �ere are actually many kinds of Blarzars (BLZ), which are generally di-

vided into two types: BLLac and FSRQ. �e γ-ray luminosity function is adopted from

Ref. [160, 161]. Luminosity Dependent Density Evolution (LDDE) of blazars can be

described by

Φ (Lγ, z = 0,Γ) =
A

ln(10)Lγ

[(
Lγ
L∗

)γ1

+

(
Lγ
L∗

)γ2
]−1

× e−
(Γ−µ(Lγ))2

2σ2 . (6.7)

2�e luminosity distance DL ≡
√
L/(4πF ), where L is the luminosity of the object and F is the

measured �ux from the object.
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6. Constraining the WIMP dark matter

A smoothly-joined double power-law function in parentheses expresses the luminosity

function of local blazars. �e exponential term means that the intrinsic distribution of

photon spectral indexes at a given redshi� and luminosity is taken to follow a Gaussian.

�e average spectral index is expressed as

µ (Lγ) = µ∗ + β × (log10 (Lγ)− 46) . (6.8)

�e luminosity function dependent on the redshi� is

Φ (Lγ, z,Γ) = Φ (Lγ, z = 0,Γ)× e (z, Lγ) , (6.9)

where

e (z, Lγ) =

[(
1 + z

1 + zc (Lγ)

)−p1(Lγ)

+

(
1 + z

1 + zc (Lγ)

)−p2
]−1

. (6.10)

�e two parameters are de�ned as

p1 (Lγ) = p∗1 + τ × (log10 (Lγ)− 46) , (6.11)

and

zc (Lγ) = z∗c ·
(
Lγ/1048

)α
. (6.12)

In this work, we uni�ed the BLLac and FSRQ, the parameters for their LDDE is

adopted from Ref. [160, 161]. �e bias of the sources here can be given by the redshi�-

dependent AGN bias proposed by Ref. [162], the same for both BLLac and FSRQ.

Star Forming Galaxy SFG luminosity function is derived from the best �t of in-

frared photometric one [163], and assuming that γ-rays are related to infrared luminos-

ity. �e infrared luminosity function is composed of three di�erent contributions. �ey
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are normal spiral galaxies (SP), starburst (SB) and galaxies hosting an AGN but with

infrared emission still mostly provided by by star-forming activity (SF-AGN).

�e �nal γ-ray luminosity function is obtained from the combination of these three

components. �e spectral index is taken to be ΓSFG = −2.7 for a single power law.

Misaligned Active Galactic Nucleus Similar to SFG, the misaligned Active

Galactic Nucleus (mAGN) also needs the observational results from other energy bands

to determine the γ-ray luminosity function. Here we used the relationship between the

radio band and the γ-ray band from Ref. [153] and the radio luminosity function from

Ref. [164]. �e redshi� distribution is similar to the one of SFGs, so there will be some

degeneracy between these two components. �e index of power-law for the energy

spectrum is ΓmAGN = −2.37.

For the astrophysical sources, the one-halo contribution to the cross-correlation

power spectrum with cluster catalogs is given by

P 1h
Cj ,Sn

(k, z) =

∫ Lmax,i(z)

Lmin,i(z)

dLΦn(L, z) L
〈fSn〉

〈NCj(L) 〉
n̄Cj

, (6.13)

and the two-halo part is

P 2h
Cj ,Sn

(k, z) =

[∫ Lmax,i(z)

Lmin,i(z)

dLΦn(L, z) bSn(L)
L
〈fSn〉

]

×
[∫ Mmax

Mmin

dM
dn

dM
bh(M)

〈NCj 〉
n̄Cj

]
P lin(k) .

(6.14)

where bSn(L) is the bias of the γ-ray astrophysical sources with respect to the ma�er

for type n, and here we adopt bSn(L) = bh(M(L)). �e modeling of M(L) is derived

from Ref. [143], and is in agreement with autocorrelation studies in the Refs. [165–170].
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6. Constraining the WIMP dark matter

6.1.3 Galaxy Clusters Catalog

�e window function of the galaxy cluster catalogs is obtained from the observa-

tional data and can be expressed as

WCj(z) =
4πDc(z)2

NCj

∫
dM

d2nCj
dM dV

, (6.15)

�e number of objects contained in a catalog is

NCj =

∫
dM dV

d2nCj
dM dV

. (6.16)

We take redshi� and mass estimates provided by the di�erent galaxy cluster catalogs,

and recast them according to our conventions (essentially, converting virial mass or

M200 into M500) where necessary.

6.2 Phenomenological Model of CAPS Signals

In addition to above theoretical sources, we also describe how to model the expected

CAPS between the γ-ray sky and galaxy clusters in a way that is independent from the

details of the physical models introduced above. �ere are two expected contributions

to the CAPS provided by di�erent γ-ray emissions in the cluster: one can arise from

compact sources located inside the cluster like AGNs and the other is a di�use emission

from the Intra-Cluster Medium (ICM). If the correlation between the γ-ray emission and

clusters is at zero angular separation or, more concretely, if it is at scales smaller than the

Fermi-LAT PSF, then the APS has a �at behavior in multipoles (besides the correction

due to the Fermi-LAT beam window function). �is contribution can be called FLAT
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(shot-noise) term and can be computed as:

C
Cjγi
`,FLAT =

 1

NCj

NCj∑
n=0

F γ
∆Ei,j

W∆Ei
` , (6.17)

whereNCj is the number of objects in the cluster catalog j, F γ
∆Ei,n

is the γ-ray �ux com-

ing from the center of the cluster j in the energy bin ∆Ei. �e beam window function

W∆E
` reports the �nite angular resolution of the Fermi-LAT instrument that suppresses

high multipoles. It is given by W`(E) = 2π
∫ 1

−1
d cos θ P`(cos θ) PSF(θ, E) and averag-

ing over the energy bin by using an energy spectrum of index −2.3 [171].

Since actually we do not know the γ-ray �ux coming from clusters and since γ-ray

sources typically have energy spectra that can be well approximated by a power-law,

we modify the equation 6.17 as

C
Cjγi
`,FLAT = Cj

p Ē
−α1,j

i ∆Ei W
∆Ei
` , (6.18)

where Ēi =
√
EiEi+1 represents the geometric mean of the lower and upper bounds

of each energy bin, ∆Ei = Ei+1 − Ei is the size of bins, Cj
p is the normalization of the

power-law relation and spectral index shows as α1,j (that will be obtained from the �t).

�e index j refers to the catalog of galaxy clusters we used in CAPS.

On top of the shot-noise, we expect also multipole-dependent contributions. As in-

troduced in section 5.4, the 1h refers to the correlation between two points remaining

in the same halo and 2h is for two points belonging to di�erent physical halos. Gener-

ally speaking, for the cross-correlation that can appear on angular scales larger than the

Fermi-LAT PSF, a 1h term would likely be the contribution from the extended ICM, while

a 2h term is most probably associated to AGNs in di�erent structures. For de�niteness,
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6. Constraining the WIMP dark matter

since the prediction of γ-ray emission from ICM su�ers of large uncertainties [172], we

limit our modeling of the 2h term to the case of the more robust AGN emission.

All the ingredients in subsection 6.1.2 allow us to model a large-scale correlation,

i.e., a non-�at dependence on the multipole angular scale. A certain level of �exibility is

allowed to intercept possible large-scale deviations from the speci�c AGN emission. �e

second contribution is thus de�ned by a free power-law index for the energy dependence

and a free overall normalization parameter:

C
Cjγi
`,AGN = C

Cjγi
`,FLAT(Cj

p , α1,j) + Aj(
Ēi
Ē0

)−α2,j ∆Ei C
∆E0
` W∆Ei

` . (6.19)

It contains the expected small-scale shot-noise term and adds an AGN-like model,

with the fudging free parameters α2 and A. �e energy range of ∆E0 is chosen to be

(1, 2) GeV, Ēi, selected from Tab. 4.1. Index j labels the galaxy catalog, for the sake of

brevity we will omit it in the following section. �ere are two free parameters in the

FLAT model, including the spectral index α1 and the normalization factor Cp; while the

AGN-like model is endowed with 2 additional free parameters, the spectral index α2 and

another normalizationA, which is used to characterize the behavior of the non-�at part.

6.3 Statistical Analysis

�is section includes the discussion on how to detect the cross-correlation signal

between the low-redshi� cluster catalogs introduced in chapter 4.3.2 and γ-rays from

the Fermi-LAT maps, and also how to distinguish between the detection of a �at and a

multipole-dependent signal.
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To quantify the presence of a signal against a null hypothesis we de�ne a signal to

noise (SNR) ratio [173] for the null hypothesis:

SNR =
C`,DATA Γ−1

``′ C`′,MODEL√
C`,MODEL Γ−1

``′ C`′,MODEL

, (6.20)

where C`,DATA is for the measured CAPS, C`,MODEL is the model prediction that grabs

the physical features and Γ−1
`,`′ is the inverse of the CAPS covariance matrix. �eoretical

models are described in the previous section, and the estimation of the covariance matrix

is in appendix A. �e model employed to assess the signi�cance of the presence of a

signal is C`,MODEL = C`,FLAT.

�e calculation of SNR is performed using best-��ing parameters. As a second anal-

ysis we investigate whether a more re�ned and complete model for the cross APS is

preferred over the simpler FLAT case. �e statistical preference is determined by means

of the χ2 function

χ2 =

Nbin∑
i=1

`max∑
`=`min

`max∑
`′=`min

[(C`,DATA)i − (C`,MODEL)i](Γ−1
``′ )

i[(C`′,DATA)i − (C`′,MODEL)i],

(6.21)

where i denotes the energy bins.

�e best-��ing FLAT and AGN models are determined by maximizing the Gaussian

likelihood L de�ned as:

− 2 lnL = χ2. (6.22)

�en, the value of ∆χ2 = χ2
FLAT − χ2

AGN determine the preference between the two

models.
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6. Constraining the WIMP dark matter

We also involve the Akaike Information Criterion (AIC) [174] de�ned by

AIC = 2m− 2 ln L , (6.23)

wherem is the number of parameters of the model. �is criterion can be used to estimate

the information lost by a given model to further understand and compare the relative

quality of models: the smaller is the information loss, the be�er the model can reproduce

the data.

In principle, we do not expect the covariance matrix of a given energy bin to be

Gaussian and in order to test it we look at the o�-diagonal terms and compare them to

diagonal ones by means of the coe�cient:

r =
Γγi``′√

ΓCγi`` ΓCγi`′`′

. (6.24)

One can verify that the size of o�-diagonal terms of the mocks covariance matrix with

respect to the diagonal ones. Concerning the covariance between di�erent energy bins,

we again �nd that the cross APS between galaxy catalogs and γ-rays is quite diagonal,

especially for energy bins of the size of those adopted in our analysis. �is can be seen

by evaluating the Gaussian estimator for the covariance in energy (at �xed multipole):

Γ
Cγiγj
`` ≡ cov

[
CCγi
` , C

Cγj
`

]
=
CCC
` C

γjγi
` + CCγi

` C
Cγj
`

(2`+ 1)fsky

. (6.25)

�e corresponding correlation coe�cient is:

rE =
Γ
Cγiγj
``√

ΓCγiγi`` Γ
Cγjγj
``

. (6.26)

Fig. 6.1 shows rE for some selected angular scales from MCXCsub. For most of the

angular scales, the o�-diagonal elements of the covariance matrix are well below a 5%
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Figure 6.1: Cross-correlation coe�cient 6.26 de�ned as the equation. It shows the size
of the o�-diagonal terms of the covariance matrix under energy bins. �ese four panels
are selected arbitrarily from all energy bins, which behave pre�y general. Each line
identi�ed by a di�erent color to indicate a di�erent multipole `. While the horizontal
axis stands for all other energy bins. �e peaks appear when the two energy bins are the
same, sit on the diagonal, its value is 1 according to the de�nition. �e �gure is taken
from Ref. [175].

deviation from the diagonal elements. Only for smaller angular scales the e�ect reaches

deviations of the order of 10%. Results are similar at di�erent angular scales and for the

other cluster catalogues.
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6. Constraining the WIMP dark matter

6.4 Analysis of Results

6.4.1 Phenomenological Model Results

Fig. 6.2 shows the measured cross-correlation APS for four di�erent cluster catalogs

a�er binning in multipoles and taklng the third energy bin as an example. �e error bars

are the diagonal entries of the covariance matrix obtained from the mock analysis.

Fig. 6.3 is the average CAPS related to energy bin i, where CCγi
` is averaged over `:

PEi =
1

∆`

`max∑
`min

CCγi
` , (6.27)

the error bars of PE are obtained from

σ2
PEi

=
1

∆`
(

1

∆`

`max∑
`min

σ2

C
Cγi
`

), (6.28)

where σ2

C
Cγi
`

= ΓCγi`` . To easy the visualization, the vertical coordinate of Fig. 6.3 has

been multiplied by E2.2∆E−1.

We use MCMC techniques described above in order to determine the presence of a

positive cross-correlation signal. Tab. 6.1 gives the SNR results obtained with the best

�t of the featureless FLAT model.

According to Tab. 6.1, WHY18 and SDSSDR9 catalogs show weak positive corre-

lation signals, while MCXCsub and HIGLUGCS have a more pronounced evidence of

the existence of a correlation between cluster catalogs and γ-ray sources, since the SNR

exceeds 3.

In order to discriminate between the two models introduced above, we further cal-

culated ∆χ2 = χ2
FLAT − χ2

AGN. Tab. 6.1 reveals that only MCXCsub shows a preference
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Figure 6.2: �e APS of γ-rays and galaxy clusters. �e error bars are obtained from the
binned angular-power-spectrum covariance matrix estimated from 2,000 mocks. �e
�gure is taken from Ref. [175].

Table 6.1: For each cluster catalog, we give the SNR and the di�erence between the
best-�t χ2 of the FLAT model and the AGN-like model.

Catalogue Type SNR ∆χ2
FLAT−AGN

WHY18 infrared 2.1 0.6
SDSSDR9 optical 2.3 0.2
MCXCsub X-ray 3.5 4.5
HIFLUGCS X-ray 3.2 0.6
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Figure 6.3: Energy spectrum PE of the cross-correlation APS for each of the four cluster
catalogs. �e plot has rede�ned E2.2/∆E with ∆E, error bars are provided by the
estimation from 2,000 mocks. �e �gure is taken from Ref. [175].

for a large scale correlation.

We would expect HIFLUGCS and MCXCsub samples to provide similar results, since

the clusters in the two catalogs share similar mass function and �ux distributions. On

the other hand, a statistical di�erence of less than 2σ between two di�erent samples

of (possibly) the same population is nevertheless plausible. �e AIC test con�rms the

preference for a large-scale contribution in MCXCsub: in particular AICFLAT = 152.05

against AICAGN = 151.35 is the indication that the AGN model allows for a smaller loss

of information, even though with a somewhat smaller evidence than in the χ2 analysis.

�e AIC results of the other three cluster catalogs are in the opposite direction.

Fig. 6.4 shows the allowed regions obtained for the AGN model parameters in the

MCXCsub case. �e contours refer to the 68% (dark blue) and 95% (light blue) con�dence

levels. �e constraints are not very strong, but consistent with an AGN-like model,
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Figure 6.4: Triangular plot for the bounds on the AGN model with MCXCsub catalog.
�e dark blue and light blue refer to 68% and 95% con�dence levels, respectively. �e
�gure is taken from Ref. [175].

and with a spectrum close to the average one found for the γ-ray emission of BLZ in

Ref. [176]. A spectral index lower than 2 is however indicative of a hardening of the

unresolved population of BLZ. A result that agrees with �ndings of Ref. [177]. �e model

used in our analysis is normalized so that the integral of the window function over the

redshi� provides (approximately) the observed UGRB intensity if A ' 1. A = 71.5+19.9
−29.9

is the value we found from MCMC, and we checked it is independent from the speci�c

model of AGN or BLZ used in equation 6.19.
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For any cosmological population, the 2h term is directly related to the total γ ray

emission, since both essentially depend on the se�ing of the window function, while

other ingredients (e.g., the bias) can only vary the 2h size in a limited way, due to cos-

mological constraints. �erefore, if the detected signal is due to the 2h term, the large

value of the normalization factor would make the AGN contribution greatly exceeding

the intensity of UGRB.

For what concerns the 1h term, there is instead an additional ingredient, that is

poorly constrained, and can signi�cantly change the strength of the correlation without

a�ecting the window function (and thus the intensity), which is the relation between

γ-ray luminosity and mass for clusters. Making this function steeply increasing with

the cluster mass can boost the 1h term. �e result we found might thus indicate that

the model we implemented is able to e�ectively capture a large-scale contribution, but

such correlation is not due to a 2h term involving γ-rays from AGNs (or other galactic

sources) in two di�erent halos at large physical distances. On the contrary, it might be

regarded as a potential indication in favor of a di�use emission from the ICM. Indeed, a

relevant 1h term providing correlation on scales above Fermi-LAT PSF (i.e., around 0.5-1

degree) associated to γ-rays from the ICM can be obtained [111, 114], with no obvious

violation of other existing bounds.

To clarify this conjecture, we divided the MCXCsub catalog into two subsets. We

calculated the angular diameter θ500 = r500/DA(z)3 for each galaxy cluster, and then

compared with the average θ̄500 that we found to be θ̄500 = 0.267. �ere are 37 (72)

clusters that larger (smaller) than this angle. If the measured signal is provided by the
3�e diameter distance can be derived by luminosity distance: DA(z) = DL(z)/(1 + z)2.
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Figure 6.5: �e same as in Fig. 6.4 but the clusters selected from θ500 > θ̄500. �e �gure
is taken from Ref. [175].

ICM term, we would expect the sample including big clusters to provide the largest

evidence in favor of a large scale emission. Let us note that, in most energy bins, the

size of the clusters from the MCXCsub catalog is larger than the Fermi-LAT PSF. We

perform the same MCMC ��ing as above but on the sample with clusters larger than

the average angle. Results in Fig. 6.5 shows ∆χ2
AGN−FLAT = 2.1, equivalent to 0.96σ.

Contrary to the expectations for an ICM signal, the statistical signi�cance does not

increase when only the largest clusters are considered: instead, it rather decreases as

compared to the full MCXCsub sample. �is signi�cantly weakens a possible ICM in-
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terpretation, and leaves other alternatives open. �e best-�t normalization of this case

is similar to the one of the full MCXCsub, A = 65.0+24.8
−35.7.

6.4.2 WIMP DM Results

In this Section, we use above results to constrain WIMP DM. We can write the phys-

ical CAPS model in the energy bin i as

C
(Cγi)
`,MODEL−DM = NSN E

−αSN
i ∆Ei

+NBLZ C
∆Ei
`,BLZ +NmAGN C

∆Ei
`,mAGN

+NSFG C∆Ei
`,SFG +NDM C∆Ei

`,DM(MDM).

(6.29)

We add E−αSN
i ∆Ei as the “shot-noise” (since it is not easy to precisely estimate it

from the modeling). �e contribution of DM in equation 6.29 is normalized with NDM,

which is de�ned as 〈σannv〉/〈σannv0〉, and 〈σannv0〉 = 3 × 10−26cm3s−1 is the cross-

section mentioned in chapter 2.

In Fig. 6.6, we illustrate an example of the CAPS model, in the case of SDSSDR9

and energy bin 0.6 − 1.2 GeV and considering DM mass of 200 GeV. Colorful solid

lines are for di�erent annihilation channels of DM, black lines refer to the astrophysical

terms, and do�ed lines are the shot-noise contributions. �e obtained measurements are

showed with brown points and error bars. As expected the shot-noise is important at

very small angular scale (large `) and it is dominated by astrophysical 2h contributions

at large scales.

We also produce the angular 2P CCF in Fig. 6.7, which is the Legendre transformation

of the CAPS. �e color coding is the same as in Fig. 6.6.
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Figure 6.6: CAPS for the case of SDSSDR9 and energy bin from 0.6 to 1.2 GeV. For the
DM model, we considered a mass of 200 GeV. Lines represent the di�erent contributions
to the model of equation 6.29. �e solid lines are from the DM terms, with di�erent
annihilation channels showed with di�erent colors. �e corresponding colored do�ed
lines show the shot-noise terms, while astrophysical contributions are reported in black.
�e observed data are also shown in the plot together with their error bars. �e �gure
is taken from Ref. [178].

Similarly to what we did in the previous Section, in order to compare the CAPS model

with data, we de�ne the χ2 as:

χ2 =

NEbin∑
i=1

∑
`,`′

(CCγi
` − CCγi

`,MODEL−DM) (ΓCγi``′ )−1 (CCγi
`′ − CCγi

`′,MODEL−DM) , (6.30)

where NEbin
denotes the number of energy bins, ` and `′ show the minimum and max-

imum multipoles in Tab. 4.1, CCγi
` is the measured CAPS in the a energy bin, and

CCγi
`,MODEL−DM is from theoretical prediction.
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6. Constraining the WIMP dark matter

Figure 6.7: Angular 2P CCF for the case of SDSSDR9 and energy bin from 0.6 to 1.2 GeV.
�e DM and astrophysical models, and the color and style of lines is the same as in Fig.
6.6. �e �gure is taken from Ref. [178].

We use the MCMC algorithm to �nd the allowed regions on the 7 parameters

(NSN, αSN, NBLZ, NmAGN, NSFG, NDM,MDM) of the model. As an example of the data

analysis, we show in Fig. 6.8 the triangle plot of the normalization parameters of DM and

astrophysical sources for the case of the WHY18 catalog. �e probability distributions

shown are for a DM model annihilating intoW+W− �nal state. Dark blue regions iden-

tify the 95% C.L. and light blue is for 68% C.L.. �e do�ed vertical lines in the marginal

1D distributions show the 68% C.L. upper limits.

From this �gure we notice that all the posterior distributions tend to peak below one

and slightly above zero. �is is due to the degeneracy between the di�erent astrophysical

populations. A motivation for such behavior can be found by looking at the angular
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6.4. Analysis of Results

Figure 6.8: Triangle plot reporting the posterior distribution for the astrophysical DM
normalized parameters of the cross-section in the case of theW+W− annihilation chan-
nel and from the WHY18 cluster catalog. �e dark blue region and light blue region
represent 95% and 68% C.L., respectively. �e �gure is taken from Ref. [178].

power spectrum shown in Fig. 6.6: it is clear that the 1h and 2h terms of the astrophysical

components have similar shapes.

In Tab. 6.2 we report 68% C.L. upper limits for the normalization parameters of the

astrophysical components in the various cases considered in the analysis.

Tab. 6.3 shows the χ2 values of the best-�t models for the various catalogs and

annihilation channels.
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6. Constraining the WIMP dark matter

Table 6.2: Strongest upper limits on the normalization of the astrophysical components.
First line reports the case of SFG, second line BLZ, and third line mAGN. In the �rst
column, we indicate the catalog providing the most constraining bound. Using di�erent
DM channels does not make a sizable di�erence but nevertheless we report the most
constraining case in brackets.

catalog 68% C.L. upper bounds
WHY18(bb̄) NSFG 1.6
WHY18(bb̄) NBLZ 2.7

HIFLUGCS(τ+τ−) NmAGN 1.0

Table 6.3: χ2 of the best-�t model for all catalogs and annihilation channels considered
in this analysis. �e number of degrees of freedom is 110 for all samples.

χ2(τ+τ−) χ2(bb̄) χ2(W+W−) χ2(µ+µ−)
WHY18 91.01 91.76 91.03 91.39

SDSSDR9 109.5 110.5 109.5 109.7
MCXCsub 137 137.1 139.2 137.8
HIFLUGCS 91.46 91.16 91.58 90.84

Finally, from the MCMC analysis, we build the 2D posterior distribution involving

two DM parameters, by marginalizing the 7D distribution over the �ve astrophysical

parameters. In Fig. 6.9, we show the 95% C.L. upper limits on the DM cross-section as a

function of the DM mass for the four annihilation channels.

As mentioned before, we discuss also the impact of di�erent substructure models.

We show how the bounds on the DM cross-section change with the substructure model

for the channel bb̄ and in the case SDSSDR9 in Fig. 6.10: the red line represents the ref-

erence model [157], blue and green color represent lower [158] and higher [159] boost

factors, respectively. As expected the constraints become more stringent when we con-

sider highly concentrated substructures while they become less stringent in the opposite
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6.4. Analysis of Results

scenario.

Figure 6.9: Upper bounds of 95% C.L. on the DM annihilation rate ratio NDM =
〈σv〉/〈σv〉0 as a function of the DM mass. Here we show in logarithm in order to be
more intuitive. From le� to right, and upper to bo�om is τ+τ−, bb̄, W+W− and µ+µ−,
separately. �e �gure is taken from Ref. [178].
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6. Constraining the WIMP dark matter

Figure 6.10: Upper bounds of 95% C.L. on the DM annihilation rate ratio NDM =
〈σv〉/〈σv〉0 in logarithm. Here we show three substructure models for conservative,
higher and lower concentration of halo substructure models, they are from SDSSDR9
catalog and in bb̄ channel. �e �gure is taken from Ref. [178].

6.5 Summary

In the work presented in this chapter, we have obtained the CAPS of the WIMP DM

model and γ-ray astrophysical sources to interpret the correlation between the Fermi-

LAT UGRB and the catalog of four galaxy clusters. Our main results and conclusions are

summarized as following:

1. Astrophysical sources

Due to the small volume z < 0.2 and the relative low number of objects in the

catalogs considered in our analysis, only upper bounds can be derived for the con-

tributions from γ-ray astrophysical sources, as appear to be clear from Fig. 6.8. As

we have already stressed, there is a degeneracy between the di�erent astrophys-
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6.5. Summary

Figure 6.11: 95% upper bounds on the DM annihilation rate ratio NDM = 〈σv〉/〈σv〉0
in logarithm as a function of the DM mass compared with other works. �e dashed and
do�ed lines: green is taken from Ref. [133], red is from Ref. [179] and blue is given by
Ref. [180]. Our work show in the black solid line, and it is the best constraints obtained
from 100% branching ratio into bb̄ annihilation channel. �e line font is to discriminate
the types of source: do�ed lines refer to dSphs while dashed and solid lines are from
galaxy cluster catalogs. �e �gure is taken from Ref. [178].

ical contributions. One possible way to reduce such degeneracy with future data

is to having a more precise measurement of the energy dependence of the signal

or to aim at deriving an accurate luminosity-mass relation to have a precise de-

termination of the 1h term, which would allow us to set the relative amplitude of

the 1h and 2h terms for a given population.

We found that BLZ are only weakly constrained (NBLZ ≤ 2.7 at 68% C.L.) since

their unresolved component is predominantly located at redshi� higher than the

ones considered here. More stringent bounds can be obtained for SFG (NSFG ≤ 1.6

at 68% C.L.) and, in particular, for mAGN (NmAGN ≤ 1.0 at 68% C.L.), which are
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6. Constraining the WIMP dark matter

believed to be the main contribution of the UGRB in the Local Universe [105].

2. DM - substructures

�e details of the adopted DM halo substructure scenario have a signi�cant e�ect

on the constraints of DM microscopic properties. With respect to our reference

scenario, we found that the bounds can improve by about one order of magnitude

a model with higher concentration, whilst to a relaxation of the bound by about

one order of magnitude in the case of lower concentration, see Fig, 6.10.

3. DM - comparison among di�erent catalogs

From Fig. 6.9 one can notice that the most constraining catalogs for DM proper-

ties are WHY18 and SDSSDR9. �is behavior can be explained considering that

these catalogs have a larger number of objects (and thus statistics) than the X-ray

catalogs, whilst, the la�er one has a weaker signal (for more details see Ref. [175]).

4. DM - comparison among di�erent channels

At low DM masses, the dominant mechanisms of γ-ray production is through

prompt emission occurring mostly via π0-decay for the cases of bb̄, τ+τ− and

W+W−, while through the �nal state radiation for µ+µ−. �e la�er case is the

one that is less constrained below 100 GeV.

At high energies, the inverse Compton of CMB photon with electrons and

positrons generated by DM annihilation can provide a sizeable γ-ray contribu-

tion. �e injection of electrons and positrons is enhanced in leptonic channels

with respect to bb̄ and W+W− channels and, for this reason, µ+µ− is the most

106



6.5. Summary

constraining �nal state at TeV energies (followed by the other leptonic channel,

τ+τ−).

5. DM - comparison with previous works

In this work, we obtain DM bounds comparable with those obtained with similar

techniques (namely, through the study of the cross-correlation of γ-rays with LSS

tracers) from Refs. [105, 132, 133]. Moreover, we employed a new approach to

estimate the cross-correlation covariance matrix, i.e., using mocks for both the γ-

ray and LSS contributions, which assures to have robust constraints. In Fig. 6.11,

we show the comparison of the bounds on the DM cross-section, in the bb̄ channel,

with the work of Ref. [133]. We also include the constraints reported in Refs. [179,

180]: the bounds coming from dwarf spheroidal galaxies are o�en considered to be

the most constraining and robust ones on WIMP annihilation arising from γ-rays.

�e constraints obtained in this work are about one order of magnitude weaker

(for the conservative substructure scenario), but are derived from a completely

independent technique.
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Chapter 7

Constraining the Integrated Sachs-Wolfe

E�ect

Various kinds of cosmological observations, including type-Ia supernovae (SNIa)

(e.g., observed by the Hubble Space Telescope [181–183]), BAO peak (e.g., in the dis-

tribution of SDSS luminous red galaxies [184, 185]), and study of weak gravitational

lensing [186, 187] have indicated that the expansion of the Universe is accelerating.

�e most common solution to this phenomenon is given by the introduction of a dark

energy component, namely, by adding a component with a negative pressure term to

the ma�er �eld in the Einstein �eld equation. �e cosmological constant Λ in equations

2.3 and 2.4 has been introduced as the simplest physical term to provide a dark energy

component. From current observational data, dark energy accounts for about (68.47±

0.73)% [15] of the energy content of the Universe, i.e., dominates the composition of the

Universe.
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�e CMB description can be considered as a milestone in the con�rmation of the

theoretical model of cosmology. On the other hand, many questions on the CMB are

still open. �ey include CMB lensing e�ects and Sunyaev-Zel’dovich e�ects (SZ e�ects)

[188], where both of them have the possibility to produce anisotropies in CMB pho-

ton temperature. �e CMB anisotropy on large cosmological scales can be estimated

by cross-correlating the ISW temperature �uctuation and the density of astrophysical

objects. �e �rst ISW detection was achieved by combining the measurement of High

Energy Astronomy Observatory (HEAO) X-ray data and CMB anisotropies from Cosmic

Background Explorer (COBE) [189, 190]. A�erwards, several similar analyses have been

carried out using CMB data from the Wilkinson Microwave Anisotropy Probe (WMAP)

satellite with a set of LSS data, which included the NRAO VLA Sky Survey (NVSS) radio

galaxies [191], Micron All-Sky Survey galaxy (2MASS) [192–194], SDSS [195–197], the

Wide-�eld Infrared Survey Explorer (WISE) [198, 199] and also X-ray background HEAO

[200, 201]. Furthermore, some works [202–204] detected the ISW e�ect with very high

signi�cance by combining all these measurements together. Based on the Planck CMB

data [205], di�erent methods gave a signi�cance of detection ranging from 2 to ∼ 4σ

[206, 207].

�is chapter discusses the analysis of the secondary CMB anisotropies related to ISW

by cross-correlating Fermi-LAT data and Planck data.

109



7. Constraining the Integrated Sachs-Wolfe Effect

7.1 Cross Correlation Signal of ISW E�ect

�e ISW e�ect is a secondary anisotropic e�ect in the CMB, which is caused by

the change of the gravitational potential well between the local observer and the last

sca�ering surface due to the expansion of the Universe, dominated by dark energy.

Photons move along geodesic, and the CMB radiation, propagating in the Universe

from the last sca�ering surface to the observer, climb potential wells, in a way as dic-

tated by general relativity. �e energy of photons remains the same if the gravitational

potential well is independent on time, e.g., in the ma�er domination era. �is is because

the energy gain for photons entering the well is compensated by the energy loss when

they climb out the well. However, when dark energy or curvature plays a leading role,

the energy losses and gains due to the gravitational potential well are di�erent. �is

e�ect of gravitational redshi� alters the frequency of photons. Fig. 7.1 shows such a

process. If λi = λf1, the red-shi� and blue shi� cancel out with each other; but if the

potential well changes over time, it leads the frequency of photons to become λi > λf2,

and this is the ISW e�ect. An additional CMB anisotropy is generated in this case.

�erefore, the observation of late ISW can be a powerful way to detect dark energy

and its evolution, and it can also be used to determine the equation of state of dark

energy.

However, unfortunately, the most signi�cant ISW signal is related to large-scale

anisotropies and thus it is heavily a�ected by Cosmic variance [208], so it is challenging

to extract ISW information directly from CMB observations. �is problem can be solved

using the cross correlation between the temperature �uctuations induced by ISW and
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7.1. Cross Correlation Signal of ISW E�ect

Figure 7.1: �e schematic diagram of the ISW e�ect: photons go through gravitational
wells from le� to right and then are captured by the observer. If dark energy or curvature
plays a leading role, the potential well changes and the photon wavelength goes from
λi = λf1 to λi > λf2, which causes the ISW e�ect.

the density �uctuations of astrophysical sources such as galaxies [209].

�e temperature perturbation of ISW caused by CMB photons along the LOS due to

gravitational potential is

(
∆T

T
)ISW = −2

∫ η0

η′
Φ′((η0 − η)n̂, η)dη, (7.1)

where T is the average temperature of today CMB photons, and η is time in comoving

coordinate. η′ and η0 are representing the time at last sca�ering and today, respectively.

n̂ indicates the direction of LOS. Φ expresses a gravitational potential well, Φ′ ≡ dΦ/dη.

�e signal of ISW in real space is given by

Ψ(n̂) = −2

∫
dΦ(n̂Dc)

dDc

dDc. (7.2)
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7. Constraining the Integrated Sachs-Wolfe Effect

Here we ignore the optical depth factor e−τ , for the reason that correction is very

tiny compared to the typical accuracy of the ISW e�ect itself and this will not a�ect our

results. Within the event horizon, the gravitational potential is associated with the mass

density disturbance in Fourier space δ = δρ/ρ0, using the Poisson equation:

Φ(k, z) = − 3

2c2

Ωm(1 + z)

a(z)

H2
0

k2
δ(k, z). (7.3)

As mentioned earlier, Ωm is the ma�er density today, δ(k, z) is the Fourier transform of

ma�er disturbance �eld, and the window function of CMB temperature �eld is

W T
` (k) =

3Ωm

c2

H2
0

k2
TCMB

∫
d

dz

[
G(z)

az

]
j`(kDc(z))dz. (7.4)

We consider the astrophysical sources which contribute to the Fermi-LAT data not to be

very local and we set the maximum multipole to be 512. �is implies that the linear the-

ory can be adopted. �e number density perturbation of unresolved sources nγ(D̂c, z)

is related to the local disturbances of γ-ray luminosity density ργ(n̂Dc, z), as follows:

ργ(n̂Dc, z)− ργ(z)

ργ(z)
=
nγ(n̂Dc, z)− nγ(z)

nγ(z)
. (7.5)

We de�ne the local linear bias between number density and mass density bγ(z) as

δnγ (n̂Dc, z) ≡ bγ(z)δm(n̂Dc, z) = bγ(z)
ρm(n̂Dc, z)− ρm(z)

ρm(z)
. (7.6)

Expressing the bias factor of γ rays as a function of redshi�, we can write the window

function of UGRB sources as

W γ
` (k) =

∫
ργ(z)bγ(z)G(z)j`(kDc(z))dz , (7.7)
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7.1. Cross Correlation Signal of ISW E�ect

where ργ(z) is the (normalized) luminosity density. In the analysis of this chapter, we

assume the astrophysical γ-ray emission from SFG to account for the UGRB. Since the

statistical signi�cance of the ISW e�ect in this work is almost independent from the

selected theoretical model, we choose to use the bias parameters and normalized pho-

tometric density provided in Ref. [134].

As described in the previous section 5.4, the angular power spectrum between γ sky

map and the CMB temperature anisotropy map can be wri�en as:

CγT
` =

2

π

∫
k2P (k) [W γ

` (k)]
[
W T
` (k)

]
dk, (7.8)

the superscript γ and T represent γ-ray and CMB temperature, respectively. We adopt

the three-dimensional power spectrum described in the previous chapters, relying on

the �at ΛCDM framework; for alternatives with non-zero curvature or gravitational

modi�cation, please refer to studies in Refs. [210, 211].

We adopt the Limber approximation, since we will consider relatively small scales

` > 10. Finally, we can write the angular power spectrum by

CγT
` =

3ΩmH2
0TCMB

c3 (`+ 0.5)2

∫
dzργbγ(z)H(z)G(z)

× d

dz

(
G(z)

a(z)

)
P

(
k =

`+ 0.5

Dc(z)

)
B(`).

(7.9)

Here we include the correction of a Gaussian beam B(`) with the beam size being

ΘFWHM = 5′. �e observed power spectrum can have a di�erent amplitude from the

standard ΛCDM one. In order to quantify such di�erence, we de�ne a free amplitude

parameter Aamp

ĈγT
` = AampC

γT
` , (7.10)
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where Ĉ` and C` are the measured and theoretical cross correlation power spectrum,

respectively.

7.2 Analysis of Results

We have calculated the power spectrum between two maps and used it to determine

the signal intensity of the ISW e�ect, and the latest Planck data [15] are adopted here.

PolSpice o�ers the results and covariance matrix on measurement. Fig. 7.2 and Fig.

7.3 show the measured cross-correlation power spectra between Planck and Fermi maps

in each energy bin. Besides these gray observed data points, provided by the Polspice,

we also show the binned measurements with blue points for illustrated purpose. �e

error bars are taken from the diagonal term of the covariance matrix corresponding to

each multipole. We have corrected the angular power spectrum by the beam window

functions which are associated with PSF e�ects we mentioned in chapter 4. It is com-

puted from Fermi tools gtpsf and varies with energy and speci�c IRFs, as the same

consideration with [105]. However, since we only discuss the scales ` < 512 and the

main ISW information comes from even smaller `, we found these e�ects are negligible.

First of all, calculation of the Gaussian likelihood function for the observed data

theoretical cross-correlation power spectrum is

L = (2π)−N/2 [det(Γij)]
−1/2 exp

[
−χ2/2

]
, (7.11)

where Γij is covariance matrix, the index i of each χ2 is

χ2(Ai) =
[
Ĉ`,i − AiC`

]T
Γ−1
ij

[
Ĉ`,i − AiC`

]
, (7.12)
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Figure 7.2: �e cross-correlation results for the �rst six energy bins. �e gray points in
the �gure are the original measured power spectrum, the one with the error bar is a�er
rebinning, and the green one is the best ��ing model in each energy bin. �e �gure is
taken from Ref. [212].
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Figure 7.3: �e cross-correlation results for the last three energy bins with the same
legend as Fig. 7.2. �e �gure is taken from Ref. [212].

the Ai in the above equation is the amplitude parameter in the energy bin of index i

mentioned earlier.

�e range of multipole ` of CAPS is ` = 11 ∼ 512, here enumerates three reasons:

• the reason why ` starts with 11 is because the ISW e�ect mainly comes from large-

scale regions, but it can be a�ected by the foreground of Fermi data according to

chapter 4;

• When calculating the cross power spectrum, the adoption of Limber approxima-

tion will also lead to 10% level of uncertainty at small `;

• Although there will not be any additional improvement to our analysis at the large
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`, we also choose to abandon them because of the in�uence of PSF correction.

Especially when the beam window function starts deviating signi�cantly. So the

upper limit on ` is de�ned by the condition that the beam window function does

not drop below a threshold corresponding approximately to the 68% containment

of the PSF in the speci�c energy bin.

Finally, to quantify the signi�cance of the measurement, we also use another statistic

of test quantity

TS = χ2
0 − χ2

min, (7.13)

where χ2
min is the minimum χ2 calculated in equation (7.12), and χ2

0 is the χ2 with no

ISW e�ect hypothesis, i.e. of the case Ai = 0. Under the null hypothesis, TS has a

predominance that it can examine the χ2 distribution with a number of degrees of free-

dom. We can derive the signi�cance level of measurement based on the measured TS. In

this case, we have only one free parameter here, the signi�cance in σ is given by
√

TS.

In Tab. 7.1, we list the
√

TS results from di�erent data combinations, another column

with the results of SNR, which is S/N = A/σA. From the value of every single bins, we

can perceive that they are consistent with each other. We will use the values of SNR to

represent the signi�cance level in the following.

Among these nine energy bins, we found that only the second and sixth bins provide

a signi�cance level of around 1.8σ and 1.9σ signi�cance of the ISW e�ect detection.

While in the other seven energy bins, the measured cross-correlation power spectra

show no signal comparing with null detection. If we look closer, in the second panel of

Fig. 7.2, the data points in 30 < ` < 40 seems the main contribution to the 1.8σ ISW
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7. Constraining the Integrated Sachs-Wolfe Effect

Table 7.1: Results of the signi�cance of the ISW e�ect for di�erent data combinations.
χ2

0 and χ2
min are the χ2 for no ISW e�ect hypothesis and the minimum for equation

(7.12). Amplitude is the constraint result of A and σA, and
√

TS gives the signi�cant for
di�erent bins.

Data Amplitude SNR/σ χ2
0 χ2

min

√
TS/σ

bin1 0.28± 1.49 0.2 210.184 210.180 0.1
bin2 1.99± 1.09 1.8 182.88 180.04 1.8
bin3 0.74± 1.10 0.7 263.76 263.30 0.7
bin4 1.01± 1.22 0.9 293.01 292.32 0.9
bin5 0.72± 1.44 0.5 272.57 272.11 0.7
bin6 2.36± 1.22 1.9 269.11 265.76 1.8
bin7 0.49± 1.71 0.3 276.08 275.97 0.3
bin8 0.78± 1.84 0.4 300.48 300.15 0.6
bin9 1.34± 1.59 0.8 330.01 328.79 1.1

all (binning) 0.95± 0.53 1.8 2398.07 2395.16 1.7
all (unbinning) 0.64± 1.83 0.4 202.42 202.24 0.4

detection. Moreover, even if we neglect the low multipole information (` < 21 and ` <

31), there are still 1.7σ and 1.4σ signi�cance of the ISW e�ect appearing, respectively.

However, the situation will be di�erent in the sixth energy bin. When we also discard

the data from large scales, the signi�cance of the ISW e�ect will quickly drop down

to 1.2σ and 0.4σ, respectively, which indicates the main signal comes from the larger

scales.

Since we compute the cross-correlation signal in nine energy bins for this work, for

the relationship between them, we can use a single power-law model, which includes

an explicit energy dependence, to normalize the amplitudes:

C̄i
` = Ci

`

(Ei
minE

i
max)−α0

∆Ei
, (7.14)

where Ei
min and Ei

max are the minimal and maximal energy in each bin which are listed
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in Tab. 4.1, ∆E = Emax − Emin is the width of the energy bin considered in the cross-

correlation analysis, and α is the slope. Ref. [177] used the angular correlation power

spectrum of Fermi-LAT UGRB map to constrain the slope of the single power law model

and obtained the tight limit α = 0.13 ± 0.03 (68% C.L.), and corresponds to α0 in

equation 7.14: α0 = α + 1.

Here, we use the same Fermi-LAT UGRB data with slightly di�erent energy separa-

tion, which should not signi�cantly change the constraint. We also try to use our ISW

measurements in nine energy bins to constrain this slope, due to the strong degeneracy

between the slope and the amplitude, the limited accuracy of data points, we can not ob-

tain any reasonable constraint from the current ISW measurements. �erefore, here we

directly �x the slope to be the best �t value α0 = 1.13 and only focus on the constraint

of the amplitude.

By combining ISW measurements of the nine energy bins, we can constrain the am-

plitude parameter:

Aamp = 0.95± 0.53 (68% C.L.) . (7.15)

When analyzing separately, the signi�cances from single second or sixth energy bin

are slightly larger than 1.8σ. We �nd the reason comes from the single power-law model

a�er some careful checks. In this model, we normalize all the amplitudes of energy

bins to one single parameter. So the normalized amplitude parameter was suppressed

by other components with a non-detection result, which causes underestimation of the

theoretical predictions in the second and sixth energy bin. In the meanwhile, the error

bars of data points in these two bins still remain the same value. �e �nal signi�cance
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7. Constraining the Integrated Sachs-Wolfe Effect

of ISW detection has dropped down to
√

TS ∼ 1.3σ. If only take data points from the

second and sixth bins to measure the amplitude parameter, it would be improved to 2.7σ

detection of the ISW e�ect to get Aamp = 2.59± 0.95 at 68% con�dence level.

Furthermore, we combine all the UGRB information into one single energy bin,

which is basically one map of the full energy band, to measure the cross-correlation

power spectrum between Planck and Fermi-LAT UGRB maps. Di�erent from the bin-

ning results above, using one energy bin will signi�cantly lose all of the LSS information

and only give very weak signi�cance, about 0.3σ con�dence level.

7.3 Hypothesis Testing

For the sake of validation by summing energy bins together when estimate all bins

χ2 in Tab. 7.1, we implement a correlation coe�cient to describe the covariance between

di�erent energy bins. �is Gaussian estimator is determined by equation A.7 and 6.26

in section 6.3, �e quantity fsky in equation A.7 is the coverage percentage of CMB map

over full sky map.

With �xed multipole, the rE illustrates the o�-diagonal elements of the covariance be-

tween γ-ray maps and CMB map.

�ere are four arbitrary energy slices among 9 bins of cross-correlation coe�cient

rE in Fig. 7.4. For instance, the le�-top one gives the result of the �rst bin with the other

9 bins. �ose peaks are from the diagonal of covariance which equals 1 by de�nition.

�e results of other points illustrate by o�-diagonal terms. �ey show the o�-diagonal

elements of the covariance matrix in high multipole are mainly below 10% deviation,
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7.3. Hypothesis Testing

Figure 7.4: Four energy slices of the cross-correlation coe�cient as de�ned by equation
6.26. �e title of Ei refers to index i or j energy bin of ri,jE , the other one represents on
the horizontal scale of each panel. Each colored line stands di�erent multipole in our
analysis range. �e peaks are diagonal covariance that namely, ri,iE , which equals to 1 by
de�nition. �erefore other points are o�-diagonal terms of the covariance matrix. �e
�gure is taken from Ref. [212].

which means the independence between them. Despite the correlation are a li�le higher

at low ` than other places, which means the di�erent energy bin maps contribute to the

ISW signal in a similar way. it allows us to sum them up for analysis because of most of

the values are under 10% deviation.

To check the robustness of the results, we performed further tests using mock cat-

alogs with no cross-correlation with the CMB temperature �uctuations, verifying that
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7. Constraining the Integrated Sachs-Wolfe Effect

the computed cross-correlation power spectra are compatible with a null signal.

In each energy bin, we create a Monte Carlo catalog that redistributed the galaxies

of the catalog randomly over the sky area and remains the same total �ux with the

original map. In this case, the new catalog should not contain any intrinsic clustering.

Following the procedures above, we use these random mock catalog to cross-correlate

with the Planck map and measure the normalized amplitude parameter. As we expected,

the obtained signi�cance is very close to zero, S/N < 0.1σ. �e clustering feature

disappears when using the random mock catalog.

Furthermore, we vary the galactic cut from 20◦ to 40◦ in order to ascertain the ro-

bustness from the range of galactic mask. We computed the residuals of real Fermi

maps using di�erent galactic cut on the mask in all energy bins and measured the cross-

correlation power spectra with the Planck map to estimate the signi�cance of ISW de-

tection.

In Tab. 7.2, we list the obtained signi�cances using di�erent galactic cuts on the

mask. As we expected, the highest signi�cance comes from the Fermi map with the

galactic cut |b| < 30◦, which is consistent with our previous result [203]. When we

increase the galactic cut area, the UGRB information will be substantially lost, e.g., the

area size of the Fermi map with the |b| < 40◦ cut is only half of that of the map with |b| <

20◦ cut. �erefore, the obtained error bar of the normalized amplitude parameter turns to

larger than before. Consequently, the values of SNR go in the opposite direction, become

lower. On the contrary, when decreasing the galactic cut area, the galactic contamination

will be strong and the systematic errors could a�ect the signi�cance.
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7.4. Summary

Table 7.2: Results of the signi�cance of ISW detection using di�erent galactic cuts.

Samples Amplitude SNR
√

TS

|b| < 20◦ 0.49± 0.51 1.0 1.0
|b| < 25◦ 0.81± 0.49 1.7 1.6
|b| < 30◦ 0.95± 0.53 1.8 1.8
|b| < 35◦ 0.63± 0.65 1.0 0.9
|b| < 40◦ 0.34± 0.79 0.4 0.4

7.4 Summary

In this chapter, we used the UGRB data in the energy range [0.631, 1000] GeV from

the latest Fermi-LAT γ-ray observations to estimate the cross-correlation power spectra

with the Planck CMB map, in order to investigate its capability for detecting the well-

known ISW e�ect. Following the procedure of foreground cleaning as in Ref. [134, 136,

177], for the �rst time, we obtained positive evidence at about 1.8σ signi�cance for the

ISW detection.

Here we summarize the main conclusions in more details:

1. We reported the positive evidence at about 1.8σ con�dence level from the cross-

correlation power spectra of Fermi γ-ray maps and Planck CMB map in the energy

range [1.202, 2.290] GeV and [17.38, 36.31] GeV. When combining these two

energy bins together, there is a 2.7σ evidence of the ISW e�ect for Aamp = 2.59±

0.95 (68% C.L.).

2. We use the single power-law model to normalize the amplitude in each energy

bin and estimate the normalized amplitude parameter from all nine energy bins
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7. Constraining the Integrated Sachs-Wolfe Effect

together. �e signi�cance of the ISW e�ect is at about 1.8σ con�dence level, with

Aamp = 0.95± 0.53. When comparing with the result of Ref. [203], we found the

main improvement comes from the updated Fermi-LAT data.

3. Furthermore, we implemented a null hypothesis to test the cross-correlation be-

tween CMB and the UGRB by randomizing the Fermi maps of the nine energy

bins. �ese randomized mock maps contain no intrinsic clustering. We found a

signi�cance compatible with zero. �is null test con�rms real nature of the above

signal.

4. Finally, we generated several mask maps with di�erent galactic cuts to check the

in�uence of these galactic cuts on the obtained signi�cance of the ISW e�ect. Sim-

ilar to our previous work, we found the galactic cut at |b| < 30◦ gives the highest

SNR.
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Chapter 8

Conclusions and Outlook

�anks to the accurate observational data provided in recent years by the Fermi-

LAT telescope, researches on cosmology at γ-ray frequencies can be conducted success-

fully. �is has been the subject of the present thesis. On one side, we have processed

Fermi-LAT γ-ray data, generated photon count and exposure sky maps and masks, and

obtained images of the unresolved extragalactic γ-ray background. �is required also

to carry out the energy binning and resolution calibration. In addition, we collected

multiple-band information on galaxy cluster catalogs, computed the mass M500 for ev-

ery clusters, determined the overlap among catalogs, implemented sample screening,

and then selected the low-redshi� and massive clusters which are the most promising

LSS tracers to detect the γ-ray emission from clusters. As for the case of γ-rays we cre-

ated the sky maps and masks for the cluster catalogs. Similarly we processed the Planck

CMB temperature anisotropy to use the ISW as LSS tracers.

�en, we derived and computed the correlation function both for what concerns the
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8. Conclusions and Outlook

theoretical modeling and the observational measurements. Besides, we improved the

treatment of the covariance matrix for this analysis and applied di�erent robustness

checks for our works.

�e major outcomes are summarized in the following:

• For all the four cluster catalogs considered, we con�rmed that the unresolved γ-

ray emission observed by Fermi-LAT is correlated with LSS. We found that the

largest signi�cance for the correlation signal between catalog and Fermi-LAT data

occurs for the galaxy clusters identi�ed in the X-ray band, i.e. MCXCsub and HI-

FLUGCS, for which the SNR is 3.5 and 3.2, respectively. Concerning the scale of

the correlation, we found that the MCXCsub catalog exhibits a preference for a

large scale contribution (whilst no clear indication can be derived for the other

catalogs). �e determination of its origin requires further investigation since both

a 1h term given by large-scale emission from the intra-cluster medium and a 2h

term from the AGN distribution cannot explain the signal in a completely satis-

factory way. Our analysis is in agreement with the hint found in [213].

• We tested di�erent procedures to derive the multi-dimensional covariance ma-

trix, which is a key factor in the study of cross-correlation signals. We started

from mock maps and, later, we developed a semi-analytical framework that al-

lows the two covariance matrices (one for the catalog and one for the γ-ray data)

to be properly combined without overestimating the error. A rigorous prescrip-

tion is clearly important for estimating the existence of signals and inferring the

signi�cance of model parameters. �e techniques we developed can be used also
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in other similar statistical analysis of correlation between LSS and γ-rays.

• �rough the analysis of the CAPS involving galaxy clusters at low-redshi� 0 <

z < 0.2 and with large mass M500 > 1013M�, we have ruled out the thermal

cross-section for WIMP DM at masses below 20 GeV for channel τ+τ− and 15

GeV for channel bb̄.

• �e correlation function between the UGRB and CMB temperature anisotropic

map shows a positive signal at 1.8σ con�dence in the energy bin of [1.202, 2.290]

GeV and [17.38, 36.31] GeV; it raises to 2.7σ when joining these two energy bins.

We used a single power law model to normalize the amplitude of the signal in each

energy bins and estimated the normalization parameters from all energy bins. For

the �rst time a correlation with ISW is obtained with amplitudeAamp = 0.95±0.53

and 1.8σ con�dence of detection (combining all energy bins) . Our results are

compatible with a previous analysis of the Fermi-LAT data and ISW [131], and

update it adding hints of detection.

�ese studies were inspired by the goal of obtaining a clear comprehension of the

constituents of the UGRB through correlation analyses. At present, there is still a sig-

ni�cant degeneracy between the signals from di�erent astrophysical sources and DM.

�e characterization of the observed γ-ray sky is an important open issue in today’s as-

trophysics that future researches have to tackle. Clearly, be�er results crucially depend

also on the possibility of obtaining high-quality and precise data. A more profound

understanding of the speci�c UGRB-related issues discussed in this thesis might help
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to describe more accurately and vividly big open problems in cosmology and particle

physics.
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Appendix A

Covariance from Mocks

In order to determine the existence and con�dence of signals, we need an accurate

way to calculate the covariance matrix to create a robust likelihood function for model

constraint. �erefore, we compared and evaluated the di�erent solutions to select the

best one. A�er extensive and detailed studies on the measurement of the CAPS between

the galaxy clusters catalogs and the UGRB, we found that the Gaussian approximation,

which means to reduce the matrix to its diagonal elements both in energy and multi-

pole, works fairly well. �is is particularly true a�er binning data. Nevertheless, in the

analysis we have retained the full covariance, for what concerns the multipole dimen-

sion. Although we have retained the covariance with the entire multipole range in the

analysis, the error estimate of this type of CAPS can be approximated by Gaussian esti-

mation. At the same time, we derive a general method that I describe in the following.

�e method we started with to obtain the CAPS covariance matrix is based on Polspice,

which on the other hand, adopts a non-minimum variance algorithm.
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A. Covariance from Mocks

�erefore, we investigated methods based on the production of mock realizations

of two kinds of maps, from which we derived the estimation of the CAPS covariances.

Our design starts from the real map, and generates mocks from it, in a very versatile

way. Since there are two observables in the CAPS, we have to generate N maps for

each observable. It means there are N ×N crossing cases, and it makes the calculation

of covariance very demanding because N should be very large to make all the process

reliable. �us we designed, tested and veri�ed a method that allows computing resources

to increase linearly with N rather than quadratically.

Here we list �ve scenarios for generating mock maps:

A.1 Bootstrap

A map in Healpix format is an array of pixels where each element represents the

intensity of the speci�c pixel. To make one bootstrap realization we follow these steps:

• We divided the full array in Nsub sub-arrays, so that each of them has Npix/Nsub

pixels;

• We label each of the sub-array;

• We randomly pick Nsub sub-arrays with replacements and form a new resampled

Healpix map.

Reiterating these three steps would produceNr bootstrap realizations. �e new Healpix

map originated in this way is characterized by the same number of pixels of the original
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A.2. Jackknife

data set, but each of the sub-array can be selected more than one times or not selected

at all; for this reason we have to weight each sub-array by the number of times it is

selected. �is procedures is called bootstrap with replacements [214].

In this case the estimator of the APS covariance matrix is given by:

Γ̂B =
1

Nr − 1

Nr∑
k=1

(xki − x̄i)(xkj − x̄j) , (A.1)

where xi is the i-th bootstrap realization and Nr is the number of realizations and,

x̄i =
1

Nr

Nr∑
k=1

xki . (A.2)

A.2 Jackknife

As for the bootstrap technique, also for the jackknife method the map is divided in

Nsub sub-arrays with the same number of pixels. Each of the sub-arrays is labeled, but

in this case a realization is obtained by systematically omi�ing one of the sub-array in

each realization. �e resampling of the data-set consists of Nsub − 1 remaining sub-

arrays with volume (Nsub − 1)/Nsub times the volume of the original data-set [214]. By

de�nition there are only Nr = Nsub di�erent copies of the data set that are created in

this way. In this case the APS covariance matrix estimator reads:

Γ̂J =
Nr − 1

Nr

Nr∑
k=1

(xki − x̄i)(xkj − x̄j) , (A.3)

where x̄i is given by equation A.2. �e factor (Nr− 1) accounts for the lack of indepen-

dence between the Nr copies of the data set.
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A.3 Phase Randomization

�e implementation of this procedure is described in [215]. It based on the fact

that it is always possible to write an intensity map as a linear combination of spherical

harmonics:

f(θ, φ) =
∞∑
`=0

∑̀
m=−`

a`m Y`m(θ, φ) . (A.4)

from which the angular power spectrum is obtained:

C` =
1

2`+ 1

∑̀
m=−1

|a`m|2 . (A.5)

It is clear that equation A.5 is invariant under a phase rotation on the harmonic ampli-

tudes a`m:

a`m −→ a`me
iϕ`m ϕ`m ∈ R ; (A.6)

Taking advantage of this symmetry, we can build independent realizations of the initial

intensity map, each sharing the same APS. Since we determine the true-map APS from

a masked sky, we need to correct for it, in order to produce a mock map that contains

the correct statistical properties of the original map. �e procedure we adopt is:

• Measure the auto APS (Cγγ
` or CCC

` for γ rays or galaxies/clusters) from the

masked data maps;

• Transform: a`m −→ ã`m = a`me
iϕ`m ;

• Construct a full-sky mock map: f̃(θ, φ) =
∑∞

`=0

∑`
m=−` ã`m Y`m(θ, φ);

• Correct the mock map for incomplete sky: f̃(θ, φ) −→ f̃(θ, φ) ×W (θ, φ) ×f−1/2
sky .
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�e (fsky)−1/2 accounts for the fact that the original map was masked and therefore the

obtained harmonic amplitudes has reduced power as compared to the true one. W (θ, φ)

restores the mask on the mock map. Let us notice that this method looses information on

the shot-noise, and therefore it can produce underestimate of the covariance in situations

where the shot-noise is large.

�e evaluation of the APS covariance matrix is �nally done with equation A.3.

A.4 Gaussian Realizations (Synfast)

Synfast1 is a Healpix routine that allows to generate realizations of a Gaussian

random �elds on a sphere, starting from an input APS. �e procedure We therefore

start from the APS describing the statistical distribution of the data sample we want to

replicate:

• Measure the auto APS (Cγγ
` or CCC

` for γ rays or galaxies/clusters) from the

masked data maps;

• �e obtained APS is fed to Synfast, which outputs a full-sky mock map: f̃(θ, φ);

• Mask the mock map: f̃(θ, φ) −→ f̃(θ, φ) ×W (θ, φ).

�e evaluation of the APS covariance matrix is �nally done with equation A.3.

1h�ps://healpix.jpl.nasa.gov/html/facilitiesnode14.htm
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A. Covariance from Mocks

A.5 Log-normal Realizations (FLASK)

Flask2 is a C++ code, parallelized with OpenMP, based on the work of [216] and cre-

ated to generate mock realizations of galaxy distributions starting from their 3D power

spectrum. Like Synfast, it generates multiple correlated �elds on spherical shells, a�er

providing the power spectrum describing the distribution to be replicated. Di�erently

from Synfast, the generated maps are obtained from a log-normal distribution. �e

tomographic approach used by Flask slices the three dimensional space into spherical

shells (redshi� slices), each one discretized in Healpixmaps. A�er generating the �elds,

Flask can apply selection functions and noise to them. �e output can be in the form of

a source catalog and/or Healpix maps, among others.

We use Flask to generate Nr independent realizations. �e evaluation of the APS

covariance matrix is �nally done with equation A.3. Although the code is thought to

work for galaxy distributions in di�erent redshi� bins, we tried to use it also for γ ray

maps, by using the APS instead of the 3D power spectrum.

A.6 Covariance Estimators’ Relations

As we have shown in the previous sections, we can set a di�erent APS covariance

matrix estimator for each of the methods we use to produce mocks. It can be useful to

have a look to the relation between the di�erent estimators.

Given a data vector X = {x1, x2, ..., xNr} we can write the generic expression for

2h�p://www.astro.iag.usp.br/ �ask
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the covariance matrix of X as:

cov[X] =
1

Nr

Nr∑
k=1

(xki − x̄i)(xkj − x̄j) , (A.7)

with x̄i is given by equation A.2. Equation A.7 can also be rewri�en as:

cov[X] =
1

Nr

Nr∑
k=1

xki x
k
j −

1

N2
r

Nr∑
k=1

xki

Nr∑
k=1

xkj . (A.8)

�e unbiased de�nition of the sample covariance when the mean is derived from the

sample itself is:

Γ̂U ≡
Nr

Nr − 1
× cov[X]

=
1

Nr − 1

Nr∑
k=1

xki x
k
j −

1

Nr

1

Nr − 1

Nr∑
k=1

xki

Nr∑
k=1

xkj .

(A.9)

We can relate the estimator of equation A.9 to the ones obtained with the jackknife

A.3 and bootstrap A.1 techniques as:

Jackknife: Γ̂J =
(Nr − 1)2

Nr

× Γ̂U;

Bootstrap: Γ̂J = Γ̂U.

(A.10)
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Appendix B

Semi-analytic Prediction of the

Cross-Correlation Covariance

�e derivation of the covariance matrix of the CAPS requires a combinations of in-

formation from many di�erent sky maps. As mentioned in appendix A, in order to obtain

stable results, we need a large number of realizations and moreover we have to consider

several energy bins and redshi� bins. So here we show a faithful estimate of the complete

covariance matrix by a simpler combination, which involves (1) the real measurement

γ-ray sky maps and catalogs mocks; (2) the real measurement catalogs and γ-ray sky

maps mocks. �is can reduce the number of calculations from (Nr)
2 × (nE × nz) to

2(Nr × nE × nz), where Nr represents the number of mock maps for each of the nE

energy bins and nz redshi� bins), so the speed isNr/2 times faster than before. We show

that this approach is correct in the limit of a large number of realizations, by following

a theoretical derivation based on the Gaussian prediction for the APS covariance ma-
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trix. We have veri�ed it numerically and the results shown here are also valid in a more

general case when Gaussianity is not necessarily present. �e derivation assumes the

cross-correlation term is small when compared to the product of the autocorrelations

for galaxies and γ-rays.

We start with the Gaussian prediction of the APS covariance matrix [217]:

ΓCγi`` ≡ cov[CCγi
` , CCγi

` ] =
CCC
` Cγiγi

` + (CCγi
` )2

(2`+ 1)∆` fsky

δD
``′ , (B.1)

where ∆` is multipole interval size, fsky is the fraction of sky surveyed. Here the mea-

sured quantity of the real sky map is represented by the Ĉ` andC` is obtained from mock

realization.

�e following equation is for the case of real cluster catalogs and mock, from equa-

tion B.1 and considering that we construct the covariance by averaging over Nr realiza-

tions,

ΓĈγi``′ ≡ cov[CĈγi
` , CĈγi

`′ ] ∝ ĈCC
`

1

Nr

Nr∑
n=1

Cγiγi,n
` +

1

Nr

Nr∑
n=1

(CĈγi,n
` )2, (B.2)

and on the contrary,

ΓCγ̂i``′ ∝ Ĉγiγi
`

1

Nr

Nr∑
n=1

CCC,n
` +

1

Nr

Nr∑
n=1

(CCγ̂i,n
` )2, (B.3)

is for the real γ-ray maps and catalogs mocks. When we only take the realization mocks

into account, equation B.1 become

ΓCγi``′ ∝
(

1

Nr

Nr∑
n=1

CCC,n
`

)(
1

Nr

Nr∑
n=1

Cγiγi,n
`

)
+

1

N2
r

N2
r∑

n=1

(CCγi,n
` )2 . (B.4)
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�en the average of the expressions B.2 and B.3 is given by

(ΓCγi``′ )ave =
1

2
(ΓĈγi``′ + ΓCγ̂i``′ )

∝ Ĉγiγi
`

1

Nr

Nr∑
n=1

CCC,n
` + ĈCC

`

1

Nr

Nr∑
n=1

Cγiγi,n
` +

1

Nr

Nr∑
n=1

(CCγi,n
` )2 . (B.5)

�e measured APS (ĈCC
` and Ĉγγ

` ) of real sky maps can be well reproduced by mocks

ĈCC
` ' 1

Nr

Nr∑
n=1

CCC,n
` ,

Ĉγiγi
` ' 1

Nr

Nr∑
n=1

Cγiγi,n
` ,

(B.6)

and we can get

(ΓCγi``′ )ave ∝
(

1

Nr

Nr∑
n=1

CCC,n
`

)(
1

Nr

Nr∑
n=1

Cγiγi,n
`

)
+

1

N2
r

N2
r∑

n=1

(CCγi,n
` )2 . (B.7)

�en, in the limit of large Nr it is

1

N2
r

N2
r∑

n=1

(CCγi,n
` )2 ' 1

Nr

Nr∑
n=1

(CCγi,n
` )2 . (B.8)

In this situation, equation B.4 and B.7 have the same results. �erefore, we can obtain

a reliable estimate of the covariance by simply averaging over the sum of the two “half”

contributions

ΓCγi``′ =
1

2
(ΓĈγi``′ + ΓCγ̂i``′ ) . (B.9)

Fig. B.1 shows the comparison between the covariance matrix generated from the

above description and Polspise. We verify that the la�er is not a minimum variance
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estimator. It can be seen that the covariance obtained by our realization mocks is very

closed to the Gaussian estimate. On large scale region, the residuals from WHY18 and

SDSSDR9 catalogs are around 10%, while MCXCsub and HIFLUGCS catalogs are always

less than 10%. For small scales, the case of the SDSSDR9 catalog have di�erences while

smaller than all the other cluster catalogs; all catalogs have very small residuals in the

middle part.
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Figure B.1: �e covariance of CAPS from mocks (blue), PolSpice (magenta) and Gaus-
sian estimator (black), from the 3rd energy bins in Tab. 4.1. �e upper panels are WYH18
and SDSSDR9 and bo�om illustrates MCXCsub and HIGLUCS catalogs, respectively. �e
small panels are the ratio of mocks and Gaussian prediction, dark gray for 5% and light
gray for 10%. �e �gure is taken from Ref. [175].
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Appendix C

Fourier Transform of NFW Pro�le Square

Let us de�ne some abbreviations for several special functions:

Si1 = Si(k · rs);

Ci1 = Ci(k · rs);

Si2 = Si(k · (rs + rvir));

Ci2 = Ci(k · (rs + rvir));

Si3 = Si(k · rvir);

Ci3 = Ci(k · rvir),

(C.1)

where γ is Euler’s constant, functions Ci and Si are taken from equation 2.47 and 2.46, re-

spectively. �en the analytical solution for the Fourier transform of NFW pro�le square
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C. Fourier Transform of NFW Profile Sqare

is given by

u2(k|M) =(r2
s(−4kr4
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2
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3
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where c is the same as in equation 2.42.
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