Ph.D. program in "Pure and Applied Mathematics"

JOINT BETWEEN DIPARTIMENTO DI MATEMATICA
"GIUSEPPE PEANO" (UNITO) DIPARTIMENTO DI
MATEMATICA "GIUSEPPE LUIGI LAGRANGE" (POLITO)

cycle: XXX

Doctoral Thesis

VARIATIONAL PROBLEMS WITH GRADIENT
CONSTRAINTS

Candidate: Advisor:
Marco Zoboli Prof. Valeria Chiado Piat

Ph.D. Coordinator:
Prof. Riccardo Adami

SSD: MAT/05

ANNO ACCADEMICO 2017-2018






Contents

Introduction 1

1 Preliminaries 15

1.1 LPspaces . . . . . o o i 15

1.1.1 Strong and weak convergence . . . . . .. .. ... ... ... 15

1.1.2  LPspaces . . . . . . . i 16

1.2 Sobolev spaces . . . . . . ... 18

1.2.1 Rapidly oscillating periodic functions . . . . . . . ... .. .. 21

1.2.2 Compensated compactness . . . . . . . . . .. .. ... .... 22

1.3 Two-scale convergence . . . . . . . . .. ..o 22

1.4 Monotone operators . . . . . . . ... 26

1.4.1 Minty’'slemma . . . . ... ... 27

1.5 Abstract existence theorems . . . . . . . .. .. ... ... ... ... 27

1.5.1 Lax-Milgram Lemma . . . . . . . . ... ... ... ...... 27

1.5.2 Hartmann-Stampacchia’s theorem . . . . . . . ... ... ... 27

1.6 T'-convergence . . . . . . . . . . . . ... 28

2 Homogenization of variational inequalities 31

2.1 Statement of the problem and preliminary results . . . . .. ... .. 32

2.2 Limit convex set . . . . . . . . .. 35

2.3 Thecell problem . . ... .. ... . 35

2.4 The two-scale homogenized variational inequality . . . . . .. .. .. 41
2.4.1 The two scale homogenized inequality for piecewise affine test

functions in HJ(2) . . . . . ... 41

2.4.2  The homogenized inequality for test functions vy in Hi(Q2) . . 51

2.5 The macroscopic homogenized variational inequality . . . . . . . . .. 23

2.6 The macroscopic homogenized variational inequality: a special case . 55

2.7 Remarks . . . . . . .. 58

3 Homogenization of nonlinear elliptic equations 61

3.1 Statement of the problem . . . . . .. ... ... 61

3.2 Thecell problem . . . . ... ..o 64

3.3 Mainresult . . . . . . ... 68

3.3.1 Extension lemma . . . . . ... ... ... ... ... ... 68

3.3.2 Application to homogenization . . . . . . . ... .. ... ... 72



3.4 Homogenization . . . . . . . .. .. Lo

4 Minimum problems

4.1 Statement of the problem . . . . . . .. .. ... ... ... .....
4.2 Results. . . . . .
Bibliography

i



Acknowledgements - Ringraziamenti

Firstly, I want to thank my family for having given me full support during these
years of PhD. Furthermore, I wish to thank the students and professors who have
fruitfully collaborated with me, giving me the opportunity to expand my experience
and to grow as person. Last but not least, I would like to express my gratitude
to Valeria Chiado Piat for having encouraged me to give the maximum during our
entire collaboration.

Vorrei innnanzitutto ringraziare la mia famiglia per avermi dato pieno supporto
durante questi anni di dottorato. Vorrei inoltre ringraziare gli studenti e i professori
che hanno collaborato con me, dandomi 'opportunita di ampliare la mia esperienza e
di crescere come persona. Ultimo ma non meno importante, ringrazio Valeria Chiado
Piat per avermi incoraggiato a dare il massimo durante tutta la nostra collaborazione.

11



v



Introduction

Homogenization theory is a relatively recent theory. Its mathematical literature is
very wide and includes a large number of problems in different settings.

Although its recent development, the origins of homogenization theory go back to
Poisson, Mossotti, Maxwell, Clausius, Rayleigh (see [41], [38], [37], [23], [42] respec-
tively). Nevertheless, the development of homogenization methods was stimulated
by the studies on the physics of composite materials with highly heterogeneous mi-
crostructure. The first mathematical papers on homogenization were published by
Sanchez-Palencia (see [44], [45]), where the author studied the behaviour of the so-
lutions of linear elliptic equations with periodic highly oscillating coefficients as the
size of the period vanishes. De Giorgi and Spagnolo (see [26]) gave the first proof of
the convergence, based on the G-convergence theory of partial differential equations,
that deals with sequences of differential operators, including the case with non peri-
odic coefficients. Thereafter several treatises on the homogenization were published.
The main references are the monographs by Bensoussan et al., Sanchez-Palencia,
Lions, Bakhvalov and Panasenko and Oleinik et al. (see [4], [46], [35], [3] and [40]

respectively).

The thesis is divided into three chapters, each one devoted to a different variational
problem. In Chapter 1 we recall the definitions and main results used throughout the
thesis. In Chapters 2 and 3 we treat homogenization of inequalities and equations
respectively, related to monotone operators, whereas in the last chapter we consider
a penalization problem for an integral functional in the framework of I'-convergence.
The common feature of these problems is the presence of highly oscillating periodic
coefficients and point-wise constraints on the gradient of the unknown. In Chapter 2
we consider a family of variational inequalities with convex oscillating constraints on
the gradient of the unknown, whereas in Chapter 3 we consider a family non linear
elliptic equations with linear constraints on the gradient of the unknown. Then, in
Chapter 4 we study the asymptotic behaviour of related minimum problems associ-
ated to integral functionals in the T'-convergence setting. (see, for example [14] and
[21]).

The literature on the topics discussed in this thesis is quite wide: the main references
for homogenization of functionals with constraints on the gradient are [10], [11], [12],
[13], [17] and [25], while for homogenization problems in perforated domains with
various boundary conditions in the linear case we refer to [19], [20],[21] and [22].
There exists also a large number of papers and monographs on homogenization of
variational inequalities. We refer to [34], [5], [6] and [24] just to mention a few of

1



them. On the contrary, there exist rather few articles on variational inequalities and
equations, with constraints on the gradient (see, for example [17]).

In general, variational inequalities arise as necessary conditions for the existence of
solutions of constrained minimization problems. Indeed, in the most general case, if
F: X — R is a convex and Gateaux-differentiable function on a normed space X,
if w € X is a solution of the minimum problem F'(u) = inf {F(¢):t € X}, then u
satisfies also the Euler equation F'(u) = 0. If the infimum is computed on a closed
and convex subset K C X, then the minimality of u € K implies that u satisfies the
variational inequality

(1) (dF(u),v —u) =0

for every v € K, where dF'(u) represents the Gateaux differential of F' (for details see
for example, [28]). Variational inequalities of more general type can be considered
by replacing dF'(u) with an operator A : H — H’. This type of inequalities arises
in elastoplastic torsion problems (see, for example, [43]). A simple model for the
elastoplastic torsion of a homogeneous cylindrical bar of cross-section Q C R? is
given by the variational inequality (1), where dF'(u) involves the Laplace operator,
H = H}(Q) and K consists of functions whose gradients have modulus which are
almost everywhere bounded by a constant (see, for instance, [27]).

The elastoplastic torsion problem can be modelled, from a physical point of view,
considering an isotropic and homogeneous elastic cylinder with a simply connected
cross section 2 C R%  Here the term isotropic means that the properties of the
material are independent of the direction in space. It is assumed that such a cylinder
is subjected to a torsion stress applied at both ends and with the lateral boundary
stress-free (see Fig. 1). The solution to this problem in the pure elastic deformation
was given by Saint-Venant, in 1855. Specifically, he made the assumption that the
deformations of the bar consist in

(i) a rotation of cross sections given as function of the z; and xs components of
the displacement p = (p1,p2,p3) by p1 = —0x3xe, py = Oxzxy, where Ox;
represents the angle of rotation (with # > 0), of the cross section at a distance
x3 from the origin, taken at an end of the cross section;

11 the diStOI‘tiOHS Of the cross sections gi\/en by a function independent Of T3
n
(2) D3 67}(11,3}'2)-

Hence, the strain tensor (in index notation) g;; = %(pi,j + p;i), where p; ; = Op;/0z;
1,7 = 1,2,3, has all components zero exept

1 Op1  Ops _9 1 Op2  Ops _9
(3) e13= 2 <8:c3 + 83:1) = 2(77:;:1 Ty) and g3 = 5 (8953 + D1y ) 2(77932"‘-751)

Then, using the Hooke’s law for isotropic materials (i.e. the stress-strain relation
in linear elasticity for isotropic materials) in index tensor notation o;; = Aegidi; +



Figure 1: Elastoplastic torsion problem

2uei;, 1,5 = 1,2,3, where §;; is the delta of Kronecker and A, u the Lamé constants,
it turns out that the tensor o;; has all components zero exept

(4) 013 = 2ue13 = ul(ny, — x2) and 93 = 2uerz = b (N, + x1).

Here, the Lamé second parameter p > 0 represents a property of the constitutive
material of the bar, the modulus of rigidity or shear modulus.
Under these conditions, the equilibrium equation V - ¢ = 0 reduces to the scalar
equation

0131 + 0232 = 0

which means that we can express o3 and 093 as
(5) 013 = Uy, 023 = Uy,

where u = u(xy,x9) is called stress function. Then, by (4) and (5) we deduce that
the stress function must verify the Poisson equation

(6) AU = Uy, gy + Ugyz, = —200.

The stress-free condition o;;n; = 0 on the lateral boundary of the cylinder, from (5),
becomes du/ds = 0, where s denotes the curvilinear abscissa and n; the components
of the outward unit vector normal to the lateral surface of the cylinder. This implies
that the stress function must be constant along 02, and since €2 is a simply connected
section and (5) defines u up to a constant, we can take

(7) uw=0 on 9.



If the plasticity of the material is taken into account the stresses cannot be arbitrary.
Assuming here the Von Mises criterion for an elastic perfectly plastic material, in this
case it reduces to the condition that the quantity /(c13)% + (023)? = |Vu| cannot
be greater than a certain given constant v > 0, the threshold of plasticity. Then, the
cross section (2 is divided into two regions:

(8) P = {|Vu|= v} = plastic zone,
(9) E = {|Vu|< ~} = elastic zone.

Here, the equation (6) is satisfied in the elastic zone (9).

Now, in order to write the mathematical formulation for the elasto-plastic problem,
it is necessary to use the principle of minimum complementary work, which states
that the complementary work of the elastoplastic bar, considered as a functional of
an arbitrary stress system satisfying the equilibrium conditions and the Von Mises
criterion, takes a minimum value for the stress system actually realized in the elasto-
plastic bar.

Using (4) and (5), the amount of strain energy stored in a bar of length [ is given by

)
R = —/ 0ij€i; dxy dry = _/(0_%3 + 02,) dwy dxy
2 Qx]0,1] 21 Jo

l
= —/\Vu\zdxl dxo
21 Jo

where ¢;; denotes the components of the strain tensor €;; = %(pm + pj.i). Since on
the lateral surface of the bar the given forces are zero, the work on it vanishes. At
the bottom (z3 = 0) and at the top of the bar (z3 = [) the work turns out to be

(10) W = 2(9[/ udzy dxs,
Q
thus, the complementary energy is, by definition, J = R — W, i.e.

(11) J(u) = QL/|VU|2dx1 dx2—29l/ud$1 dxs.
K Ja Q

Hence the principle of minimum complementary energy leads to the variational prob-
lem

(12) we M, :J(u) <Jw), Ve,
where J is given by (11) and the convex set of admissible stress functions is given by
(13) M,={veV:|Vu<yinQ, u=0on0dN},

here we also have V' = H'(Q) for the vector space of functions with finite comple-
mentary energy. Note that (6) is the Euler equation for (12) in the case of a pure
elastic torsion without the gradient constraint (i.e. for v = +00).



The constrained minimization problem (12), by the previous arguments, is equivalent
to the variational inequality with gradient constraint (13)

(14)  we M, : / Vu- (Vo —Vu)dr, dey > 2@(9/(1) —u) dxy dze, Vv € M,
Q 0

The model and the corresponding bibliography can be found in [43, Chapter 1,
Section 6] or [27, Chapter V, Section 6].

Starting from the consideration that in [16] the authors studied the constrained
minimization problem (12), related to a functional similar to (11), associated to a
constraint defined as (15), in Chapters 2 and 3 we consider a generalization of problem
(14) (which is equivalent to (12)). Indeed, in Chapter 2 we consider inequality (16)
(that is a generalization of (14)) whereas in Chapter 3 we take into account the
constraint (32). In this case the inequality (16) turns out to be the equation (33).
Thus, in Chapter 2 we consider a general constraint defined by

(15) K = {v € Hy(Q) : Vu(z) e C <§> a.e. in Q}
where £ > 0, 2 is a bounded open set of R", Y = [0, 1]" denotes the unit cube and
C :R" — Conv(R")
y = Cly)
represents a multifunction with values in the closed convex sets of R™ such that
1. C(+) is Y-periodic on R"
2. 0 C(y)
3. for every g € R", the function
o, : R® = R"
y = 1(y)q

is Lebesgue measurable with respect to y, where II(-) denotes the projection
operator I : R" — C(y).

4. C(y) =R"if y ¢ B, where B is a given Y-periodic set in R" which is disperse
in the sense that BNY CCY

If C(y) = {0} asy € B, the set K¢ contains admissible stress functions v, modelling a
bar containing stiff, periodically distributed fibers. If C(y) = B,(y) as y € B, where
B, (y) denotes a ball in R™ of constant radius +, the set K still contains admissible
stress functions v, modelling a bar containing elastoplastic periodically distributed
fibers.

Then, we consider inequalities related to monotone operators with periodic rapidly
oscillating coefficients, where the period of the coefficients is given by the small



positive parameter . Specifically, we consider the following problem, with unknown
us. € K¢

(16) / a (E, Vu€> (Vo —Vu,)dx > /g(v —u.)dr, YveK*®

Q € Q
where g € L?(Q) and a = a(y,§) : R" x R® — R" is a function strictly monotone
and Lipschitz continuous with respect to £, measurable on Y and Y-periodic on R"”
for every £ € R™.

o|lo|loe|o|o ’of{ o|lo|o|o|lo|o|oT™oNQ |©|0|0|0]|0O
rd
o (@] o o o o o o o o o o o o o \O o (@] (@]
(@] (@] (@] o o o (@] o o o o o o o o (@] O“ (@] o
[ Ne] /'O o o o o o o o o o o o o o (@] (@] O‘\D o
o 4 (@] o o o o o o o o o o o o o (@] (@] (@] (@]
(] q 0o|0o0|j]0o|lO0O|O0O|O0O|O|]O|O|OC|O|O|O|]O|O|O|O o
O|0yo|O0O|O0O|O0O|]O|]O|O|O|O|O|]O|O|O|]O|O|O|O|Of)O
o | O oO|lO0O|0|O0O|O|O|O|]O|O|O|O|O (f) OoO|0O0 | O i o
o | O O‘\ oO|0|]0|lO0O|O0O|O|]O|]O|O|O|O|O|O]|O 9’0 o
O|O0|0O0| O \O oO|0|O0|O0O|O0O|O|]O|]O]|]O|0O]|O ,O o
.y
olo|e|o|o]|e ﬁ& o|o|o|o|o|o|o o oo o)
olo/lololololololololol]olololololololololo

Figure 2: The periodic domain

This problem is based on some ideas that come from two different sources: with
regard to the constraint and the type of problem we took some cues from [16]. In-
deed, in this article the authors consider homogenization problems for quadratic
Lagrangians with rapidly oscillating periodic constraints on the gradients of admissi-
ble functions. These gradients have to belong to a given convex set not intersecting
the boundaries of the inclusions. Here they approach the problem using two-scale
convergence and I'-convergence methods. Then they use these methods for study-
ing the asymptotic behaviour of the solutions of the minimum problem over K¢ (as
¢ — 0) for the integral functional

(17) 1) = [ (VaP=2gu) o,

with Q C R™ open and bounded and g € L*(€2). Then they establish the homogenized
problem, satisfied by the limit of the solutions to ming- I(u), as € — 0. Since the
minimum of (17) is computed on the convex set K¢, then for fixed ¢ > 0 if u. € K¢
satisfies ming- I(u), then it has also to satisfy (1) with dF(u) = dI(u) = Au—g, i.e.

(18) (—Au. —g,v—u.) 20, YveK*
We observe that (18) is equivalent to

(19) / Vu(Vv — Vu.) de > /g(v —u.)dr, YveK°.
Q Q



As a generalization of this problem, we considered inequality (16). With regard to
the assumptions on the function a = a(y, §) : R" x R" — R™ we took some cues from
[17].

Y
® o/o

@) @) @)

N

B

Figure 3: The cell of periodicity

Then, we study the asymptotic behaviour of the solutions of inequality (16) as e — 0
and we deduce the two-scale homogenized inequality satisfied by the limit of the
solutions of (16). The two-scale homogenized inequality is obtained through several
steps. First, for fixed €, we establish an existence and uniqueness result for the
solution wu. of the inequality (16) along with an a priori estimate for it. Moreover,
by means of the so called Minty’s lemma (see Lemma 1.4.4) we deduce an equivalent
formulation of such problem. Then we define a local problem, also called cell problem,
related to the cell of periodicity Y, with unknown W (¢) € K¢

(20) K}meM%MWM@—%W@m»ovM@e&

where

(1) Kg:{M@e@ﬁ(ﬁ2

R &+ V,M(E) € Cy) ae. in Y},forgeR"

with C'(y) = R" if y ¢ B and we establish an existence and uniqueness result for the
solution W (&) of the inequality (20) along with an a priori estimate for it. Also for
this problem we deduce its equivalent formulation given by Minty’s lemma.

As a first convergence result, we establish the two-scale homogenized inequality,
satisfied by the limit of the sequence of the solutions {u.} to (16) and the limit of
the sequence of the gradients {Vu.}, for piecewise affine test functions in H}((Q).
Then, using several properties of the solution to the cell problem (see Proposition
2.3.2 and Corollary 2.3.2) we establish the main result of this chapter (see Proposition
2.4.2), that is the two-scale homogenized inequality

/ / a(y, Vuo(z) + V,W(y, Vu)) (Ve (z) + V, W (y, Vg )+
(22) aly

—Vuy(z) — Vyui(z,y)) de dy > / g(vo — up) dx, Vv € Hy(Q)
Q
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where v is the (weak) limit of {u.}, Vuo(x) + Vyui(z,y) is the (two-scale) limit
of {Vu.} and W (y,¢&) is the unique solution of the variational inequality (20), for
£ e R

Furthermore, under some assumptions, we deduce the form of the macroscopic ho-
mogenized variational inequality and we infer it in terms of a doubly non linear
operator, so-called homogenized operator Apey,. Throughout this section (Section
2.5) we assume that the following (two scale) inequality

/Q/ a(y, Vuo(z) + Vi (x,y)) (Ve (x) + Vyui(z,y) — Vug(x)+
(23) v
—Vyui(z,y)) de dy > /Qg(vo —ug)dz, V(vo,v1) € K.

is established, where

Ky ={(vo,v1) € Hy(Q) x L*(Q; HL(Y)/R) :

p

24
(24 Vg + Vyui(z,y) € Cly)for ae.z € Qye Y},

with C(y) = R" if y ¢ B and where ug is the (weak) limit of (the sequence of
solutions to (16)) {u.} and Vug(x) + V,ui(x,y) is the (two-scale) limit of {Vu.}.
Under this assumption we establish the following equivalent formulation of (23) (i.e.
the Minty’s lemma for (23))

/Q/ a(y, Vuo(z) + Vyui (z,9)) (Vg (x) + Vo (x,y) — Vue(z)+
(25) v

Vi (x,y)) do dy > / glvo — uo) dz, ¥ (v, 1) € .
Q

Furthermore, using the strict monotonicity of a(y, £) we deduce that
(26) Vyui(z,y) = V,W(y, Vug(x)).

In view of (26) and taking v; = W (y, Vuy(z)) in (25) we obtain

/ / a(y, Vuo + V,W(y, Vug))(Vvg + V, W (y, Vug)+

(27) QJY

— Vuy — V,W(y, Vuy)) dy dz > / g(vo — up) dz, Yvy € HE(S).
Q

Finally, from (27) we derive the (macroscopic) variational inequality
(28) /(Ahom(Vuo, Vo) = Anom(Vug, Vug)) dz > / g(vg — up) dz,
Q Q

for every vy € Hg(§2), where the twice-nonlinear operator Apoy : R® X R™ — R is
defined as

(20) Apomn(€,1) = / 0y, €+ VW (,€)) - (1 + VW (y.m) dy,

Y



where W (y, &) denotes the solution of (20).
Further, in the Section 2.6, we make an attempt to determine the inequality (23) in
the special case

Ky = K3 ={(vo,v1) € Hy() x L*(; H).(Y)/R) :

Vg + Vyui(z,y) € Cs(y) forae zeQyeY}.

where

(30 cs<y>={§;(0> P

and where B;(0) = {& € R™ : |£|< 1}. Nonetheless, so far inequality (23) is valid
for every (vo,v1) in K35 N{CF(Q) x C5°(%; Coe.(Y))} and the density result in K3 is
still an open problem.

The last section of this chapter regards some remarks on the two-scale homogenized
inequality (22). Indeed, this inequality is reduced to an equation, provided the map

R" — R"

is Gateaux-differentiable. Nevertheless, this map may not be Gateaux-differentiable.

The results of Chapter 2 are achieved by means of multiple scale expansions, two-
scale convergence and related properties. The notion of two-scale convergence arises
from an article by G. Nguetseng (see [39]) which has been afterwards developed by G.
Allaire in 1992 (see [2]). This method is particularly useful for the homogenization
of partial differential equations with periodically oscillating coefficients.

The topic regarding Chapter 3 is about non linear elliptic equations. This type of
equations arise in the mechanics of strongly non-homogeneous media. In such prob-
lems the domain may contain small cavities distributed periodically with period e¢.
In mechanics, domains of this type are referred as perforated. The main problem
consists in constructing an effective medium, i.e. in defining the so-called homoge-
nized system and finding its solutions which approximate the solutions of the given
system describing a strongly non-homogeneous medium.

For instance, let () be a cylindrical bar with /N identical cylindrical cavities having
generators parallel to those of @) (see Figure 4). Let Q be the cross-section of the
bar, (2. the cross-section of the domain occupied by the material (i.e. the perforated
domain). Denoting by B! the single hole of size €, corresponding to the cross section
of a single cavity, we have Q. = Q\ Ufil B!. The study of the elastic torsion of this
bar leads to the following problem

—Au, = 2u0 in .
u. = const on OB’

u: =0 on 0f)
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X

Figure 4: The perforated cylinder

where p represents the shear modulus of the material, § the angle of twist and u. the
stress function. Typically, the number of holes are distributed periodically. The aim
of this problem is to establish if u. has a limit uy as ¢ — 0, and if it satisfies a limit
equation, so-called homogenized equation. In other words the heterogeneous bar )
is replaced by a homogeneous (or virtual) one, the response of which under torsion
approximates as closely as possible that of Q.

In Chapter 3 we deal with a homogenization problem involving elliptic equations
related to the same monotone operators considered in Chapter 2. Here the constraint
is defined by the set of functions

(32) K® = {U € Hy(Q) : Vu(z) € Cy (g) a.e. in Q}
with

~J{0} if yeB
CO(y)_{Rn it y¢ B

where B and Y are defined as in Chapter 2. Due to the nature of Cy(y), the cos-
traint K¢ is a closed subspace of H}(Q). This kind of equations are also derived
from inequalities of Chapter 2 which, due to the constraint, reduce to equations.
Specifically, we consider the following problem with unknown u. € K¢

(33) / a (f, vug) Vodr = / gpdr, Vo€ K
Q € Q

where g € L*(Q) and a(y, £) defined as in Chapter 2. Then we study the asymptotic
behavior of the solutions of such equation as ¢ — 0 and we deduce the form of the
homogenized variational equation satisfied by the limit of the solutions of (33). The
homogenized equation is obtained through several steps. First, for fixed e, we estab-
lish an existence and uniqueness result for the solution u. of the equation (33) along
with an a priori estimate for it and for the term a (f, Vus). Then, after determining
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the Euler-Lagrange equation related to the minimum problem corresponding to (33),
we define a local problem (also called cell problem) related to the cell of periodicity
Y. This problem is formulated in terms of the following equation, with unknown
we € Kg

(34) /Ya(y,f + Vuwg) - Vody =0, Vo€ Hp

where

(35) RKe={ve H{Y): €+ Vo(y) € Co(y) a.e. mR"}, €€R",
and

(36) HB:{QDEHQ(Y):Vgo:OoveTB}.

For this problem we establish existence and uniqueness for its solution. The main
result of this chapter (see Theorem 3.3.3), states that the sequence of solutions {u.}
of problem (33) converges to the solution u, as € — 0, of the homogenized variational
equation

(37) /ahom(Vu)'dexz/gsod:v Ve Hy(Q)
Q Q

where the function ape, : R™ — R” is defined as
3 anl© -0 [ L E TR (14 Vu)dy, Ve R
Y\B

where wg € l?g and w, € I?n are solutions of the cell problem (34).

In the proof we follow the approach adopted by Cioranescu and Saint Jean Paulin
(see [21]) in the case of linear equations, i.e. we prove the homogenization result using
extension operators and a compensated compactness argument. More precisely, using
well known extension lemmas (see |21, Lemma 2| if n = 2, [30, Chapter 3, Section
3.2| if n > 2) we establish an extension lemma for z € L?(Y \ B)" such that

(39) ~divza=g inD'(Y\B)

(40) / Z-dey:/g¢dy VoeC(Y): Vo|g=0,
Y\B Y

with ¢ € L?(Q). This lemma states that there exists an extension z € L*(Y)" of
z € L*(Y'\ B)" such that

(41) —divi=g¢g onY and in D'(Y),
(42) Z=z onY\B,

(43) /rzwzdy <o (/ |g|2dy+/ \z|2dy) |
B Y Y\B
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where ¢ is a constant independent of z and g. Then, applying this result in the
homogenization setting with z(z) = b.(z) = a(%, Vu.) we determine the extension
b. € LA(Q)" of b.(z) € L*(Q.)" with ' cC Q along with a priori estimate for
it. Here Q. = Q\ B, where B. represents the set homothetic of B with ratio e.
Furthermore, setting 3(y) = a (y, & + Vwe(y)) we deduce an extension § € L*(Y)"
(of B(y) € L*(Y \ B)") along with a priori estimate for it.

Using these extension lemmas it is possible to pass to the limit in (33), by means of
a compensated compactness argument as ¢ — 0 obtaining

(44) /QCLO(VU)~chdx: /Qggodx Ve Hy(Q)

= /yﬁ(y,f) dy

As a last step we show that a® = a0, and we conclude that the result is independent
of the subsequence and of the extension operator.

where

The results of Chapter 3 are obtained using different techniques than in Chapter 2.
Indeed, we used some results of compensated compactness (see [47]) which permit
to compute the limit of the product of two weak convergent sequences.

The last section, Chapter 4, is concerned with the asymptotic behaviour of related
minimum problems associated to integral functionals in the I'-convergence setting.
(see, for example [14]). Specifically, we consider the functional

(45) poawy = || e utm) e, it e mio)
+o0, if ¢ Hy()

where

(46) fenlw,€) = (14 hvs (2)) lef= {!5\2%;11) g Fe s

and where B is a given 1-periodic set in R™ such that BNY CC Y, with Y = [0, 1].

The aim of this chapter is to compute and compare the following (iterated) I'-limits

(47) I, = I-lim (r lim F. h)
e—0 h—o0

and

(48) Pz = 1= lm (F' I F. €’h> ‘

It turns out that the two I'-limits (47) and (48) coincide. Specifically,

/fhom (Vu)dz, ifue HQ)

else

(49) [, =T, =
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where
(50) forg) =it [ VuPds, €eR
wEfIu Y

E+Vyw(y)eCo(y)

with
{0} if yeB

51 C =
51 () {Rn N

Thus, the main results of this chapter are Proposition 4.2.6 and Proposition 4.2.7.
The achievements of this chapter are obtained using well known results of the I'-
convergence theory and of the two-scale convergence. Further, in Proposition 4.2.6
we used a particular method from [16] (see [16, §4]).

Perspectives

The perspectives are based upon several considerations on the research developed in
this thesis.

Since in this thesis there are still a couple of open problems, it is natural to attempt
to solve them in the future. The problems to be solved are

1. Determine if the two scale inequality (23) holds, at least for a particular choice
of the multifunction C(y).

2. Establish, under proper conditions, if the map (31) is Gateaux-differentiable.

We can also consider some generalizations of the problems regarding Chapters 2,
3 and 4. For instance we may consider the variational inequality (16) with the
constraint

(52) Ke=K°= {v € Hy(Q) : [Vo(z)|< ¢ (g) a.e. in Q} :

where 2 C R"™ is open, bounded and connected and ¢ denotes a periodic function,
where € > 0 takes its values in a sequence which tends to zero. Such functions are
also called rapidly oscillating periodic functions (see section 1.2.1).

The aim of this problem is to study the asymptotic behaviour of the sequence u, as
goes to zero and to prove that the limit of the sequence satisfies, in a suitable sense,
a (limit) variational problem, so-called homogenized problem.

Furthermore, we may consider to study the problem of Chapter 4 following a dif-
ferent approach. Since we have computed the two iterated I'-limits (47) and (48)
considering the parameters € and h independent, we may, however, consider some
dependence between € and h. With this approach it could be possible to obtain the
two I'-limits (47) and (48) "in one shot" instead of calculating the respective first
level I'-limits.
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Another possible generalization regards the functional setting considered in this the-
sis. Since we achieved all the results in the setting of the Sobolev space H'() =
W12(Q), with © C R" open, bounded and connected, we may consider to study
every problem in the setting of the Sobolev spaces W'P(), with 1 < p < oo.



Chapter 1

Preliminaries

We recall here only the definitions and the main results that we used throughout
the thesis. The majority of the theorems are standard and their proofs, as well as a
more detailed analysis, can be found in several textbooks on Functional Analysis.

1.1 L? spaces

In this section, we recall the abstract definition of the notion of weak convergence
and the definition of the notions of strong and weak convergence in Hilbert spaces.
Then, we detail these notions to L” spaces. Moreover, we remind the definition of the
notions of LP space for scalar and vector-valued functions, along with some related
results.

1.1.1 Strong and weak convergence

We start with the definition of weak convergence

Definition 1.1.1 Let X be a real Banach space, X* its dual and (-,-) the product
duality over X* x X.

1. A sequence {x.} in X is said to converge weakly to x € X and we denote
r. —x inX
if (x*,xc) = (x*,x) as e — 0, for every x* € X*.
2. A sequence {z%} in X* is said to converge weakly™ to z* € X* and we denote
x k¥ * *
.= 2" mX
if (xf,z) = (x*,2) as e — 0, for every x € X.

We recall here the definitions of strong and weak convergence, that are valid in any
Hilbert space (for more details on it we refer to, for example |9]).

15



Definition 1.1.2 Let H be a Hilbert space, equipped with scalar product (-,-) and
norm ||v]|= +/ (v, v).

1. A sequence {x.} in H is said to converge strongly to x in H, and we denote
r. = if

(1.1) |ze —x||— 0 as € — 0.

2. A sequence {x.} in H is said to converge weakly to x in H, and we denote
r.—x, if for ally € H

(1.2) (xe,y) = (z,y) as € = 0.

Proposition 1.1.3 (Properties of the weak convergence) Let H be a Hilbert
space equipped with scalar product (-,-) and norm ||z|| = /(z,x) and let {x.} be a
sequence in H. Then

1. If x. — x strongly then x.—x weakly as € — 0.
2. If x.— x weakly then there exists a constant ¢ > 0 such that ||z.||< c.

3. If z.— x weakly then ||z.|| is bounded and ||z||< liminf. | z.||, i-e. the norm
15 lower-semicontinuous with respect to the weak convergence.

4. If |z:||< ¢ then, up to a subsequence, . — = weakly as e — 0.

5. If v.—x weakly and h. — h strongly in H then (h.,z.) — (h,z) as e — 0.

1.1.2 LP? spaces
Definition 1.1.4 Let  be an open subset of R™.

1. Let p e R with 1 < p < +o0. We define
(1.3)  LP(Q) = {f :Q — R fis measurable and /|f(x)\pdx < —i—oo} :
Q
with

(1.4) 1fllzr () = (/Q\f(fv)lpdfc>;-

It can be shown that ||-||tr) is a norm.
2. If p = +o0, a measurable function f:Q — R is said to be in L>(Q) if
(1.5) | fllLe) = inf {C: [f| <C a.e. in Q} < 4o0.

It is proved that ||| () defines a norm.
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Theorem 1.1.5 For every 1 < p < 400 , LP(2) is a Banach space. It is separable
if 1 < p < +oo and reflexive if 1 < p < 4+o00. Moreover, L*(Q)) turns out to be a
Hilbert space for the scalar product

(f, 9) 2@ I/Qf(x)g(x) dx.

Definition 1.1.6 Let 1 < p < +00, we denote by p' its conjugate exponent, i.e.
1 1
= =1
p P
with the convention that if p = +oo then p' = 1 and reciprocally.

Proposition 1.1.7 (Holder’s inequality) Assume f € LP(Q)) and g € LP(Q)
with 1 < p < +oo. Then fg € LY(Q) and

(1.6) /Q|f(l“)g($)|dﬂf < oy 191l 2 0

If p = 2 this inequality is called Cauchy-Schwarz inequality.

Remark 1.1.8 The notion of weak convergence in LP(S)) becomes as follows:
let 1 < p<+oo and p' its conjugate, then f. — f weakly in LP(2) if

(1.7) /Qfagodx%/gfgpdx,

as e — 0, for every ¢ € L¥' ().
If p=+4o0, fo — f weakly™ in L>®(Q) if

(1.8) /Q fpdz — /Q fodz,

as e — 0, for every ¢ € LY(2). Since L'(Q) is not reflezive, weak convergence and
weakly* convergence in L>(Q)) are not equivalent.

We now recall the definition of LP space for vector-valued functions.
Definition 1.1.9 Let Q be an open subset of R™ and X a Banach space.
1. Let p € R with 1 < p < 400, then u € LP(Q; X) if and only if

e u : Q — X is measurable (that implies that the function Q > t —
|lu(t)|[5 € R is measurable),

o [ o)t <+
Q

17



with

1
- ( / Hu(t)H&dt) -

It can be shown that ||-||Lr(o;x) s a norm.

2. Let p = +oo, then u € L>®(Q; X) if and only if

o u: Q — X is measurable (which means that the function Q > t —
|u(t)|[% € R is measurable),

o ||ul[re@x)=1inf {a: |Ju(z)||x< a a.e inQ} < +oo.

It is proved that ||-|| L (o;x) defines a norm.

1.2 Sobolev spaces

In this section, we recall some important results on Sobolev spaces that we use in
this thesis. We first recall the notions of the space of test functions D and of space
of distributions D’

Let us introduce the multi-index notation for derivatives. Let o = (aq, ag, ..., ay)
be a multi-index, i.e. a n-tuple of non negative integers o;; with j = 1,...,n. The
notation
e olel
01022 ... Qo

indicates the generic derivative of order |a|= a; + as + -+ + .
Definition 1.2.1 Let f: Q2 — R be a continuous function with £ C R™. The set
supp(f) = {z : f(z) # 0}

15 called support of the function f. It may equivalently be defined as the smallest
closed set of 2 outside which f vanishes identically.

Definition 1.2.2 A smooth function ¢ : Q@ — R is said to have compact support
if there exists a compact subset K of Q such that ¢p(x) = 0 for all z € Q\ K. We
denote by C§°(R2) the set of infinitely differentiable functions ¢ : Q@ — R with compact
support. C§°(2) has the structure of vector space.

Definition 1.2.3 Let {¢r} C C3°(Q) and ¢ € C§°(Y). The sequence {@x} is said
to converge to ¢ in C(Q) if

1. there exists a compact set K of €} that contains the supports of every ¢y,
2. D%y, — D%p uniformly in Q, for every a = (aq,...,ap).

We indicate with D(€2) the space C3°(€2) endowed with the notion of convergence of
Definition 1.2.3. The space D((2) is usually referred as the space of test functions.

18



Definition 1.2.4 A map T': D(2) — R is called a distribution on Q with values in
R if and only if

1. T is linear, i.e.
T(crp1 + c22) = a1T (1) + 2T (i02),

VCl,CQ S Ra Y1, P2 € D(Q)

2. T 1s continuous, i.e.
k—o0

T(pr) — T(p),
for every sequence oy, koo, ¢ in D(Q).

We denote by D'(§2) the space of distributions on Q). D'(2) has the structure of vector
space.

Let us recall the definition of Sobolev space.

Definition 1.2.5 Let 2 be an open subset of R™ and 1 < p < +o0. The Sobolev
space WHP(Q) is defined by

WP(Q) = {u € I7(Q) : Vu e IP(Q)),
8_731’ Oz " ? Oy

tributional derivative of the function u.
On WP(Q) we define the norm

where Vu = (Vyu, Vau, -+, Vyu) = (8“ du a—“) denotes the first order dis-

o

P

19w = (Il I Vulee) . i 1<p <+,
(1.10) |w|lw.0e () = max|| V|| Lo (q)n, if p= oo.

Definition 1.2.6 Let 1 < p < 400, WyP(Q) denotes the closure of C°(Q) in
WhP(Q). W=14(Q) with 1/p + 1/q = 1 indicates the dual space of W, ().

Remark 1.2.7 If p = 2, H'(Q) stands for W'2(Q) whereas H} () stands for
Wy (Q). Similarly H-*() denotes W—52(Q). The spaces H'(Q) and HL(Q) are
naturally endowed with the scalar product (u,v) g1 ) = (U, v) r2@)+> i1 (Vit, Vi0) 12(q)
which induces the norm ||ul| g1 (q).

Let us state some important results on Sobolev spaces.

Theorem 1.2.8 For every 1 < p < +oo , WHP(Q) is a Banach space. It is separable
if 1 < p < 400 and reflezive if 1 < p < +00. Moreover, the space W,?(Q) endowed
with the norm induced by W1P(Q) is a separable Banach space if 1 < p < +oo and
it’s reflexive if 1 < p < 400.

The spaces H'(Q) and H}(Q) are separable Hilbert spaces.
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Definition 1.2.9 Let Q be a bounded open set of R™ and f a function in L'().
The mean value of [ over § is the real number M(f) given by

(1.11) Mg (u) = ﬁ/ﬂu(m) dr.

Theorem 1.2.10 Let Q2 be a bounded open set of R™ then

(i) (Poincaré inequality) Let 1 < p < +oo. Then there exists a constant C' > 0
such that

(1.12) [l Loy < ClIVull e gy,
for every u € Wy P(Q).

(ii) (Poincaré-Wirtinger inequality) If Q is connected with Lipschitz boundary and
1 < p < +o0, then there exists a constant C(€2) > 0 such that

(1.13) lu = Ma(u)]|r@)< C(Q)[VullLrrn),
for every u € WHP(Q), where Mg is defined by (1.11).

Remark 1.2.11 As a consequence of the previous theorem it follows that || Vul| rrq;rn)
defines a norm on Wy *(Q), denoted by ||Vu||W§,p(Q) which is equivalent to the norm

[ Vullwir)-

Theorem 1.2.12 (Rellich’s theorem) Let Q be a bounded open set of R™ with
smooth boundary. If ||u;||g )< k for all j then, up to a subsequence, u; — u weakly
in H'(Q) and strongly in L*(2).

Theorem 1.2.13 Let €2 be a bounded open set in R™ such that 0S) is Lipschitz
continuous. Then, there exists a unique linear continuous map

(1.14) v HY Q) — L*(09)

such that for any u € H'(Q) N C°(Q) it follows that v(u) = ulsq. The function v(u)
is called the trace of u on 0S).

For a proof of this theorem we refer to [1].

Definition 1.2.14 Suppose that 02 is Lipschitz continuous. We define the set
H2(09) as the range of the map (1.14), i.e. H2(9Q) = ~(H(R2)).

Definition 1.2.15 Suppose that O is Lipschitz continuous. We denote by H 2 (9)
the space defined by

!/

H3(09) = (H%(ag)>
Proposition 1.2.16 The space H_%@Q) has the following properties:
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1. Suppose that OS) is Lipschitz continuous. Then, it holds the inclusion L?(9€)) C
H~2(09) with compact injection.

2. Suppose that 052 is Lipschitz continuous, v s the exterior unit normal vector
and introduce the space

H(Q, div) = {U € L*()" : divU € L*(Q)} .
Then U - v € H™2(0) and the map
U e H(Q,div)— U-veH 2(0Q)

18 linear and continuous.
Moreover, if U € H(S, div) and w € H* () then

(1.15) —/de'vU-wdx—/QU-dex + -} o0 (U-V,w>H%(m).

For a proof of this theorem we refer to [36].

1.2.1 Rapidly oscillating periodic functions

Let us start with some properties of rapidly oscillating periodic functions, also called
in short periodic functions (see [18, Chapter 2|).
Let Y be the subset of R™ defined by

(1.16) Y =]0,{1[x -+ x]0, 1]
where [y, ..., 1, are given positive real numbers. The set Y is also called the reference
period.

Definition 1.2.17 Let Y be defined as (1.16) and f a function defined almost ev-
erywhere on R™. The function f is called Y -periodic if and only if

(1.17) flx+ klie;) = f(x) ae. on R", YkeZ, VYie{l,...,n}
where {e1,...,e,} is the canonical basis of R™.

Theorem 1.2.18 Let us consider a Y -periodic function f in LP(Y'). Set

felx)=f <£> a.e. inR™.

€
Then, if 1 < p < 400

1 .
(118) o= M) = 57 [y weakty in 17(0),
Y
for any bounded open subset w of R™, as ¢ — 0.
If p = +o0,
1 N oo n
(1.19) fe=M(f) = m/yf(y) dy weakly* in L= (R"),
as e — 0.
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Definition 1.2.19 Suppose that 2 C R™ is open and connected. The quotient space

_H(9)

(1.20) W(Q) =

1s defined as the space of classes of equivalence with respect to the relation
u~v <= u—v is a constant, Vu,v € H' ().
We denote by u the class of equivalence represented by w.

Proposition 1.2.20 Suppose that 2 C R™ is open and connected. The following
quantity:

defines a norm on W(2) for which W (2) is a Banach space.
Moreover, W(2) is a Hilbert space for the scalar product

" Ov Ow

(1.22) (u, w)w () = Z (8_x a_xi) R Y ou,w € W(Q).
=1 (9)

1.2.2 Compensated compactness

The following proposition, that it is used in Chapter 3, permits to calculate (under
suitable hypothesis) the limit of the product of two weakly convergent sequences.

Proposition 1.2.21 Let 2 be a bounded open subset of R™ and 1 < p < +00. Let
{u.} be a sequence converging to u weakly in WHP(Q), and let {g.} be a sequence in
L1(Q2, R™) converging weakly to g in LI(Q2,R™) with 1/p+1/q = 1. Moreover assume
that {—divg.} converges to —divg strongly in W~1P(Q2). Then

(1.23) /(gg,Vu€>g0dx =0, /(g,Vu><pdx,
Q Q

for every ¢ € C§°(Q).

1.3 Two-scale convergence

The concept of two-scale convergence was introduced by Nguetseng (see [39]). Nonethe-
less, Allaire (see [2]) has been the first who studied it deeply. We collect here a few
definitions and properties of the two-scale convergence, useful in the sequel (for de-
tails, see [2]).

Throughout this section €2 denotes an open set of R and Y = [0, 1]™ the closed unit
cube. From now on we will consider the following functional spaces:

o (Lo (Y), the subspace of C'(R") of Y-periodic functions.
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C> (Y), the subspace of C*°(R") of Y-periodic functions.

per

LP (Y), the subspace of LP(Y') of Y-periodic functions in the sense of Definition

per

1.2.17. It is also defined as the completion of C22 (Y') for the norm of LP(Y').

per

ngr(Y), the space given by the closure of C55.(Y') for the norm of H LY).

e, (Y)
R

u~ v <= u—visa constant, V u,v € H! (V).

per

, the (quotient) space of equivalence classes with respect to the relation

Hj the subspace of H).(Y) of the functions with zero mean value.

L2.(Y,C(9Q)), the space of measurable functions on ¥ x R" such that u(y, ) €

C(Q) for any y € Y and [Ju(y, )|l € Lpe(Y) (see Definition 1.1.9 with

Q=Y,X=C(Q) and p = 2).

LP(Q, Cper(Y)), the space of measurable functions u : © € Q — u(x,-) €
Cper(Y') such that |[u(z, y)llq,. vy € LP(€2), with p = 1,2 (see Definition 1.1.9
with X = Cper(Y) and p = 1,2).

L2 xY) = L*; L*(Y)), the space of measurable functions u : z € Q —
u(z,-) € L*(Y) such that [|u(z,y)ll 2y € L*() (see Definition 1.1.9 with
X =L*(Y) and p = 2).

D(§; O3, (Y)) the space of measurable functions u : x € Q — u(w,-) € C5g.(Y)

such that the map z € Q +— u(x,-) € Cp,(Y) is indefinitely differentiable with
compact support in €.

C(Q, Cper(Y)) the space of measurable functions u : z € Q= u(r,-) € Cper(Y)
such that the map z € Q — u(x,-) € Cpe(Y) is continuous.

Definition 1.3.1 A function ¢ € L*(Q x Y), Y-periodic in y (in the sense of Defi-
nition 1.2.17), is called an "admissible" test function if and only if

gg%/g\w(m,f)\ daszfg/yw,y)ldxdy.

Lemma 1.3.2 Let v € L'(Q; Cpoer(Y)). Then, for any positive value of €, 1 (.CE, E)
€

15 a measurable function on €2 such that

<@l @y = [ supla.)ldo < +o0
Y

o (=2)

LY(Q)

and v is an "admissible” test function, i.e. satisfies (1.24).

Remark 1.3.3 ¢(z,y) is an "admissible” test function also if satisfies

23



(1.26) lim Qw<x,§) dxz/g/yw(x,y)dxdy.

e—0

Corollary 1.3.4 Assume that ) is a bounded open set (its closure Q) is thus com-

pact). Let (y,x) € Lll)er(Y; C(Q)), i.e. measurable, summable and Y -periodic in v,
with values in the Banach space of continuous functions in Q. Then, for any positive

value of €, 1 (f, x) is a measurable function on €1 such that

(1.27) [ (o)., < C@ @Dl ey o

L)

and Y(y,x) is an "admissible” test function, i.e.

(1.28) lii%/ﬁw <§x>‘ dx—/ﬂ/y|¢(y,x)|dxdy.

Definition 1.3.5 A sequence {v.(z)} in L*(?) is two-scale convergent to a limit
vo(x,y) belonging to L*(Q x Y), and we will write v, 2 vy, if

(1.29) lim Qvg(m)w (x, g) da::/gz/}/vo(x,y)w(w,y) dy dzx,

e—0

for every ¢ € D(Q; C2.(Y)).

per

Remark 1.3.6 In the definition above we considered test functions in D(€Q; C22 (Y)).

per
Other choices of space of test functions are actually possible. For example, in the

case where  is bounded, we could have replaced D(Q; C32.(Y)) by L*(€; Cper(Y)),

O(@2: Cer(Y) 01 L2, (Y1 C(@).

In the following, we list some results of the two-scale convergence useful in the sequel

Proposition 1.3.7 (compactness) FEvery uniformly bounded sequence {v.} in L*(Q)
15 relatively compact with respect to two-scale convergence. This means that if there
exists ¢ > 0 such that ||ve|[;2q) < ¢ then there exists (at least) a subsequence, that

we will name {ve} again, such that v, 2 v, with vg € L*(Q x Y).

For the proof of this proposition we refer to [2, Theorem 1.2].

Proposition 1.3.8 (lower semicontinuity) Let v. be a sequence of functions in
L%(QY), which two-scale converges to a limit vo(x,y) € L* (2 xY). Then

(1.30) ve = v(z) = / vo(z,y) dy  weakly in L*(12).
Y
Furthermore we have

(131) lim inf [eell 20 = leoll ey = 10120y
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For the proof of this proposition we refer to [2, Proposition 1.6].

Proposition 1.3.9 Ifv.(z) N vo(z,y) and a € LS (Y) then

per

T

(1.32) a (%) v@) 2 alyyola,y)
For the proof of this proposition we refer to [48, §2].

Proposition 1.3.10 (two-scale convergence of the sequence of gradients) Let
{u.} be a bounded sequence in H'(Q) that converges weakly to a limit u in H(S2).

Then ue = u(z) and there exists ui(z,y) € L2(Q; HL (Y)/R) such that, up to a

per

subsequence, Vu, — Vu(z) + Vyui(z,y).
For the proof of this proposition we refer to |2, Proposition 1.14].

Remark 1.3.11 (set of smooth test functions) In order to get u. N ug it 1s

enough that (1.29) is satisfied for all test functions ¢ in a dense subset of L2,.(Y, C(2)).
In particular it is enough to choose p(z,y) = w1(x)p2(y) with 1 € C§°(2) and

P2 € Cpe(Y).

An important property of two-scale convergence is that it preserves convex con-

straints, namely, the following result holds for a Y-periodic family of closed convex

sets C(y) of R™ statisfying the measurabilty condition 3 of Section 2.1 (see [16,

Lemma 2|).

Lemma 1.3.12 Let {v.} be a bounded sequence in L*(Q)" such that v. € C (£) a.e.
in Q and v.(z) EN v(z,y). Then

(1.33) v(z,y) € Cly) ae.in QXY

Proof: For a fixed y, let IT = II(y) : R™ — R™ be the projector of R" to the closed
convex C' = C(y), i.e.

|la —Ila|| = min|ja — z||, VaeR",
zeC
where [|-|| denotes the usual norm in R™. We know that (see, for instance [28, Ch.
I1, §3])
(1.34) velC <= (a—1la) - (v—1Ila) <0, VaeR"

Therefore, for a € R", p € C§°(2), ¢ = 0, w € C2(R"™), w > 0, we have

per

[ (2) (-1 (2)e) (o (2)) o
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Hence, using the assumption II(y)a € L2 (Y) (see Section 2.1), the definition of

per
two-scale convergence and (1.32), we get

| | e@ra—nwa) - (o) - g drdy <.
Since ¢ and w are arbitrary, it follows that
(a —TI(y)a) - (v(z,y) —(y)a) <0 ae. inQxY.
This, together with (1.34), implies (1.33). O

Example 1.3.13 (Strong L? convergence implies two-scale convergence)

(1.35) if [Jue(@) = u(@)|| oy =3 0 = uc(z) = u(x).

We start considering that, for fixed ¢ € D(2; C22.(Y))

per

(1.36) /ng(x)@/) (x, g) dx = /Q(ug(x) —u(x))Y (x, g) dx + /Qu(x)v,b (a:, g) dzx.

Then, by the Cauchy-Schwarz inequality and Lemma 1.3.2 it follows that

/Q(ua(x) —u(z))y (z, g) dx

as € — 0. On the other hand by Remark 1.3.3 and Remark 1.3.6

(1.38) /u(m)w <x,£) dx%//u(x)w(x,y) dx dy,
Q € QJy
as € — 0. Then, by (1.36), (1.37) and (1.38) statement (1.35) follows.

(1.37)

< lue = ull 2o 191 1,000 vy) = 05

1.4 Monotone operators

Let X be a reflexive Banach space, X’ its dual and (-,-) the canonical pairing over
X’ x X. Let us give the following definitions.

Definition 1.4.1 An operator A : X — X' is said to be monotone if and only if for
all u,v € X
(Au — Av,u —v) > 0.

Definition 1.4.2 An operator A : X — X' is said to be hemicontinuous if and only
if the function
R>t— (A(u+ tv), w)

1s continuous for all u,v,w, € X.

Definition 1.4.3 An operator A : X — X' is said to be coercive if and only if
Jxg € D(A) such that

A _
(1.39) lm ABE=T0)
]| —o0 |||
rxe€D(A
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1.4.1 Minty’s lemma

Lemma 1.4.4 Let K be a closed convex set of X and let A : K — X' be monotone
and continuous on finite dimensional subspaces. Then u satisfies

uwe kK : (Au,v —u) 20, forall vek
if and only if satisfies

ueK: (Av,uv—u) =20, forall veK.

For a proof of this theorem we refer to [31, Lemma 1.5, Chapter 111, §1].

1.5 Abstract existence theorems

1.5.1 Lax-Milgram Lemma

Let V' be a normed space. A bilinear form a on V' is called continuous if there exists
a positive constant M such that

(1.40) la(u, v)|< M||ullv||v||lv, for every u,v eV,
and coercive if there exists a positive constant a such that

(1.41) a(u,v) = allull},, for every u € V.

Lemma 1.5.1 Let H be a Hilbert space, a(-,-) : H x H — R a continuous and
coercive bilinear form, F(-): H — R a bounded linear functional. Then there exists
a unique solution to the problem

findu € H: a(u,v) = F(v), YvéeEH.

Moreover, the solution satisfies the a priori estimates

[1E1]a

[lulla< :
(07

For a proof of this very classical result we refer, for example, to [9].

1.5.2 Hartmann-Stampacchia’s theorem

Theorem 1.5.2 Let X be a reflevive Banach space. If A: X — X' is a monotone,
hemicontinuous and coercive operator with D(A) = X then A is surjective.

For a proof of this theorem we refer to [33, Théoréme 2.1, Ch. 2, §2].

27



1.6 I' - convergence

We recall here some preliminary notions of ['-convergence that will be necessary in
the sequel (for details see, for example, |7]).

Let X be a metric space equipped with the distance d.

Definition 1.6.1 Let F; : X — R for every j € N. The sequence of functions {F;}

15 said to I'-converge in X to F'*° : X — R with respect to the topology generated by
the metric d, denoting
I'(d)- lim Fj; = F*

Jj—0o0

if, for every x € X we have

1) (I'-liminf inequality) for every sequence {x;} converging to x with respect to
J
the d-topology

(1.42) F*(z) < liminf Fj(x;),

j—+oo

(2) (I'-limsup inequality) there exists a sequence {x;} converging to x, with respect
to the d-topology, such that

(1.43) F*(x) > limsup Fj(x;),

j—+oo
or, equivalently by (1.42),

(1.44) F>*(z) = lim Fj(x;).

j—00

The function F> is called the I'-limit of {F}}.

The definition above can also be given at a fixed point x € X: we say that {F}}
[-converges at x to the value F*°(x) if (1), (2) above hold; in this case we write
F>*(x) = I'-lim;_,o F;(z). In this notation, F; I'-converges to F*° if and only if
Fo(z) =T-lim;_, Fj(z) at all z € X.

Definition 1.6.2 Let f: X — R be a function. Its lower-semicontinuous envelope
f is the greatest lower-semicontinuos function not greater than f, that is

(1.45) f=sup{g(z): gls.c. g < f}, for every x € X.

Remark 1.6.3 From the definition of I'-convergence we immediately obtain the
following properties
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(a) We have

(1.46) f=T- h]m f(z) = liminf f(y).

Yy—T
(b) If F; < Fj44 for all j € N, then

(1.47) [- lim F; =sup F; = lim F},

Jj—0o0 jeN j—00
in particular if F} is l.s.c. for every j € N, then

(1.48) I- lim F; = lim Fj.

Jj—00 Jj—00
The fundamental theorem of I'-convergence
We recall here a fundamental convergence result which will be useful in the sequel.
Definition 1.6.4 A sequence {f;} is equi-mildly coercive if there exists a non-empty
compact set (independent of j) K C X such that
(1.49) inf{f;(z) : x € X} =inf{f;(x) : x € K},
for all j.

Theorem 1.6.5 Let {f;} be a sequence of equi-mildly coercive functions on X and
let foo = I-lim; f;(x), then

(1.50) min{fo(z) : v € X} = lijm (inf{f;(z) : x € X}).

Moreover we have also convergence of minimizers: if x, — x and lim f;(x;) = lim (ig}f fj(a:)> ,
j j

then x is a minimizer for fuo.

For a proof of this theorem we refer to |7, Chapter 1, Section 1.5].
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Chapter 2

Homogenization of variational
inequalities

This chapter is devoted to the homogenization of variational inequalities mentioned
in the introduction.

In section 2.1 we give the statement of the problem and we establish, for fixed € > 0,
existence and uniqueness of the solution u., along with an a priori estimate for it.
Then, we give an equivalent formulation of such a problem, given by Minty’s lemma.
In section 2.2 we determine the limit convex set by means of some properties of
two-scale convergence. In section 2.3 we formulate the cell problem, we establish
existence and uniqueness and an a priori estimate for its solution together with an
equivalent formulation of such a problem, given by Minty’s lemma. Furthermore,
we determine some regularity results for the solution of the cell problem. In section
2.4 we establish the two-scale limit inequality, so-called homogenized variational in-
equality. We do it throughout two different steps: first, we establish the two-scale
homogenized inequality for piecewise affine test functions in H}(Q) then, using a
density argument and the regularity properties of the solution to the cell problem,
for every test function in H}(f2). Thus, the main result of this chapter is Proposition
2.4.2.

Nevertheless, in section 2.5 assuming that we established the macroscopic homoge-
nized inequality (2.96), we derive the macroscopic homogenized inequality in terms
of a doubly non linear operator. Thus, the main result of this section is Theorem
2.5.5. Furthermore in section 2.6 we make an attempt to determine the macroscopic
homogenized inequality in a special case. Nonetheless, we established just a partial
result.

The chapter ends with some remarks related to the macroscopic homogenized in-
equality.
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2.1 Statement of the problem and preliminary re-
sults

Let B be a given Y-periodic set in R” which is disperse in the sense that BNY CC Y.
Let C(y) C R™ be a family of nonempty closed convex sets of arbritary structure,
defined by the map

C:R" — Conv(R")
y = Cly)

where Conv(R™) denotes the family of all closed convex subsets of R™. Let Y = [0, 1]"
denote the cell of periodicity. The properties of C(y) are:

1. C(+) is Y-periodic on R",
2. 0€ C(y),
3. for every g € R", the function
Mg, : R® = R"
y = M(y)q

is Lebesgue measurable with respect to y, where II(-) denotes the projection
operator IT : R" — C(y) and I(y)q € L2, (Y) for every q € R,

per

4. C(y)=R"ify ¢ B.

Let €2 be a bounded open connected set in R™ with Lipschitz boundary 0f2. Let us
define the set of functions

(2.1) ke = {v € HY(S) : Vo(z) € C (g) ae. in Q}

Under the above assumptions, K¢ is a nonempty closed convex set in HZ(§2) and
0e K°.
We consider a variational inequality, with small positive parameter €, in the unknown

u, € K¢:

(2.2) / a (g, Vug) (Vo —Vu,)dx > /g(v —u.)dr, YveK*®
Q

Q

where g € L*(Q2) and a(y, &) : R® x R® — R" is a function whose properties are:
(I) a(+,€) is measurable on Y and Y-periodic on R" for every £ € R" |
(II) a(y,0) =0, forae. y € R™,
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(III) (strictly monotone with uniform bound) JF« > 0 such that

Oé|£1 - 52’2< (a(yvél) - a’(y7£2>) ’ (fl - 52)7 for a.e. Y€ Rn7v€17§2 € Rna

(IV) (Lipschitz continuous uniformly in y) 3C > 0 such that

|a(y7€1) - a(ya€2)‘< 0‘61 - 52’7 for a.e. Yy e anvfla 62 e R"

As a preliminary result we prove an existence and uniqueness proposition for the
solution of the variational inequality (2.2) together with a priori estimate for such a
solution and an equivalent formulation for inequality (2.2)

Proposition 2.1.1 For fized € > 0 and g € L*(Q) there exists the unique solution
us € K° of inequality (2.2). Such solution satisfies the following a priori estimate

(2.3) ||Ua||H3(Q) Sc

where ¢ = ¢ (L,|g]|,2) is independent of e. Moreover, inequality (2.2) is equivalent
to the following variational inequality for u. € K*

(2.4) / a (g, VU) (Vo —Vu,)dx > / gv—u.)dr Yve K*°

Q

Remark 2.1.2 The equivalence between inequalities (2.2) and (2.4) has the follow-
ing sense (for fixed €): u. € K*° is a solution of (2.2) if and only if u. € K* is a
solution of (2.4).

Proof: The existence and uniqueness of the solution of (2.2) are known results (see,
for instance, [31] or [33]). Regarding the a priori estimate, by assumptions (II)
and (III) we have

/Q (a (g, VUE) —a <§, O)) Vu, dr > Oz/Q|Vu€\2dx =« HUGHiIé(Q)

on the other hand, by the Cauchy-Schwarz and Poincaré inequality

x
/Qa (;VUs) Vu de < /qus dz < |9l 2 lluell r2) < K9l 20y 1VUell 2y
< Cluell g0

whence
2
alucllz @) < Clluell o
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C
setting ¢ = —, estimate (2.3) follows.

Regarding the last statement, let us define the operator
A H(Q) — H Q)

(2:5) v Av = —div <a (g, Vv)) ,

defined by the pairing

-1 (Acv, w) = / a <£, Vv) Vwdz,
0 Q £
and the operator

A HYQ) —» H Q)

oo oo Ao A== =i o (£:90)) .

defined by the pairing

-1 <;Lv,w>Hé = /Qa (g,Vv) Vwdr — /ng dx.

By the so-called Minty’s lemma (see Lemma 1.4.4), if A, is monotone and hemicon-
tinuous, the following equivalence holds:

-1 <g€us,v — u5> >0 -1 <Z€v,v — u€> >0
H = Hy
Vv e K* Vv e K*

(2.7)

Step 1 Observing that

(2.8) -1 <g€v — Aw, v — w>H§ =p-1 (Acv — Acw, v — w)Hé
by assumption (III) it follows that

-1 (A — Aqw, v — w>Hé = /

) (a <§,V1}) —a (g, Vw)) (Vv — Vw) dz

>a/|VU—Vw|2dx>O
Q

then, by Definition 1.4.1 A, is monotone.
Step 2 Let us consider the function

(29) Rt g <121“5(u—|—tv),w>H1 = / a (g,V(u—i-tv)) Vwdr — / gw dz.
0 Q Q
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For fixed t1,t2 € R, by (2.8), using the Cauchy-Schwarz inequality and assump-
tion (IV) it follows that

H-1 <E£(u + t1v), w>H1 —H-1 <Za(u +12v), w>H1

0 0

= ﬁ(u7 v, w, tla t2)

B(U’v v, w, tla t2) =

/Q [a (; V(u+ tw)) —a (g, V(u+ tw))] Y d
< ( ; ‘a (E,Vu—irthv) —a (;VU‘HQVU)‘Z dx) 1/2 </ﬂ|vw|2dx) 1/2

1/2 1/2
<c (/](tl _ tg)VUIQd:L) (/]Vw\zdx)
Q Q

then the function (2.9) is continuous. Therefore, by Definition 1.4.2 A, is hemicon-
tinuous.

In view of Step 1 and Step 2 Minty’s lemma is fulfilled, then equivalence (2.7) holds,
which means that (2.2) is equivalent to (2.4). O

Our purpouse is to study the asymptotic behavior of the sequence {u.} as e goes to
zero and to prove that the limit of the sequence satisfies, in a suitable sense, a (limit)
variational problem, so-called homogenized problem.

2.2 Limit convex set

Lemma 2.2.1 Let {u.} be a sequence of solutions to variational inequality (2.2),
1 2
then (up to a subsequence) wu. i Uy, Us L Uy, Us N uo(z), Vue N Vug(x) +

Vyui(x,y) with uy(z,y) € L*(Q; HL..(Y)/R) and

per

Vuo(z) + Vyur(z,y) € C(y) a.e.in Q2 x Y

Proof: Since u. € K¢ for every e, Vu, € C(f) a.e. in . Further by (2.3) the

sequence {u.} is bounded in HJ () then, by Rellich’s theorem (see Theorem 1.2.12),
H! L2

up to a subsequence u. — wug, u. — ug. Furthermore, by the two-scale convergence

of the sequence of gradients (see Proposition 1.3.10) u, N up(z) and there exists

uy(z,y) € L*(Q; Hy,.(Y)/R) such that, up to a subsequence, Vu. 2 Vuo(z) +

Vyui(z,y). Therefore, by Lemma 1.3.12 Vugy(z) + Vyuy(z,y) € C(y) a.e. in @ x Y.
O

2.3 The cell problem

In this section we introduce the following variational inequality in the unknown
W(§) =W(.¢§) € Ke

(2.10) /Y Ay, €+ V,W(E)(V,M(€) - V,W(€) dy >0 VM) € K,
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where

(2.11) K¢ = {M(g) € Hfl"}é{(m

&+ V,M(E) € Cy) ae. in Y} for £ e R”

and for simplicity, we set M(-,&) = M(§). Inequality (2.10) will be called the cell
problem.

We just remark that, again by Minty’s lemma, W () € K¢ is a solution of (2.10) if
and only if it solves

212) [ alpn €+ VMUV, - VW) dy >0 VME) € Ke.

This means that (2.10) and (2.12) are equivalent.

Proposition 2.3.1 For fized £ € R™ there exists a unique solution W(§) € K¢ of
the variational inequality (2.10) and this inequality is equivalent to (2.12). Moreover,
the solution W (&) satisfies the a priori estimates

(2.13) 1€+ VW ()l oy < V€L,
and
(2.14) IV, W ()2 < (v + D€L

V& eR”, where v > 0.

Proof: For fixed { € R", K¢ is a closed and convex set. Furthermore, the existence
and uniqueness of the solution of (2.10) and the equivalence between (2.10) and (2.12)
are known results (see, for example [31] or [33]). Therefore, we need to prove only
the a priori estimate.

We observe that in K¢ we can define the following test function

—£-y if yeB
(2.15)  wely) = § — (1 D) ¢y DD, i 0 < dist(y, B) < 6
o dist(y, B) > ¢

where

1
n= o [(€wdy. 5= die(B.0Y).
1Bl /5
For such a function we have we(y) € W*°(Y') and

€lvn
S

Using (2.15) as test function for (2.10), we obtain the following cell problem in the
unknown W (§) € K¢

(2.16) |Vywe (y)|<

(2.17) [ a6+ VWU T yw) = VW) dy >0,

36



Vwe € K¢, that is equivalent to

€= [ aly.& + 9, W)+ VW) dy
(2.18) Y

< /Y a(y, € + T, W(€))(€ + Vywe(y)) dy = D:

by the Cauchy-Schwarz inequality, assumptions (II), (IV) and by (2.16) we have

D ([laty s+vw<>|2dy> (f1e+ vt dy)l

<o [ier v de) ([1ePas+ |19, \dy)

o([1e+vme )Qdy)l (1+ (%) >|€|2]
—c([1e+vamera) e

On the other hand, by assumptions (II) and (III) it follows that

(2.19)

(2.20) o [ le+ v w@ray<c

then from (2.18), (2.19) and (2.20) we obtain

(221) (fre+ vywwdyf < clel

Finally, squaring both members of (2.20) and indicating v = ¢? we obtain the state-
ment. In view of (2.13) the a priori estimate (2.14) follows straightforwardly. O

Proposition 2.3.2 The function

R" — L2(Y;R")

(2.22) £ VW (-0)

satisfies the estimate
(2.23)

/|§1 + V,We, — & — V,We, [P dy < c(|&1]+]|&]) 6 — &l +clé — &I, V&L, & e R
Y
where ¢ > 0.
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Proof: Let &1,& € R™ be fixed, we choose two test functions M; and Ms, belonging
to K¢, and K¢, respectively defined as

(2.24) My, = (1= W, + AW,
and
(2.25) My = (1= X)W, + AW,
where 6 1o & 1-x
771=X— \ &2, 7}2=X— \ & and 0< A<,

We observe that M; € H!

per

(Y), let us check that & + VA, € C(y). We have

fl + VMl = 51 + (1 - )‘>VyW£2 + )\Vme
=1 =N+ VyW§2) + A(m + vme) € Cy),

then M; € Kgl. Likewise, M € K&.
Substituting (2.24) and (2.25) into (2.10) we obtain the following two inequalities

(2.26) [ alw &+ VW (VM = VW) dy >,
Y

and

2.27) [ alw. &+ VWV~ VW) dy >
Y

Then, substituting VM; = (1 — ANV, W, + AV, W, and VM, = (1 — \)V, W, +
AV, W,, into (2.26) and (2.27) respectively we obtain

(2'28> / a(y,& + VyW51)[(1 - )\)VyW& + )\Vme - vyWﬁl)] dy = 07
Y

and

229) [ alyne+ VWa)(1- NV, W + AT, W, - VW) dy > 0.
Y

Adding up (2.28) and (2.29) we obtain

/Y[a(ya &+ VyWe) —aly, & + V,We ))(V, We, = V, We) dy
(2.30) + A /Y a(y,& + VyWe ) [V, Wy, — V,We, ] dy

Y /Y 0(y,6a + YV, We) [V, Wi, — VyWe dy > 0,
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that is equivalent to

/Y[a(% §+ VyWe) —a(y, & + V,We,)|(& — &) dy

(2.31)

+ )‘/ a(yv &1+ Vyw&)[vywm - Vywﬁz] dy
Y

+ /\/ a(ya S+ vyW&)[vme - VyW&] dy
Y

> /Y[a(y’ fl + VyW&) - a(y> 52 + vywéz)](fl + Vnyl - 62 - vyW&) dy'

We observe that we can estimate the following terms

(2.32)

(2.33)

A= >‘/ (1(% &+ Vywél)(vywm - VngQ) dy,
Y

B = )‘/ a(y, 52 + vyw&)(Vyan - vyWEl) dy,
Y

(2'34) D = /Y[a<y’ 61 + vyW&) - a(:‘/a 62 + VyWEQ)Kgl + vyW& - 62 - vyWiz) dy’

and

(2.35)

E = /Y a6+ Y Wer) — aly, & + ¥, We)l (6 — &) dy.

Indeed, by the Cauchy-Schwarz inequality, assumptions (II) and (IV) and Proposition
2.3.1 we obtain

(2.36)

similarly
(2.37)
then

(2.38)

A <A (/ ]a(y, 61 + VyW&)P dy) </ ‘vyWnl - vyWE2’2 dy)
Y Y

: :
< Ac (/ |§1 + vyVVE1|2 dy) (/ |vyWn1 - vyW£2|2 dy)
Y Y
A&V W iy + IV Wes o) < Acléal(im +1Ea)

cl&]|ér — &l +Acléu]|€2l,

VANV/A

B < c|&]|6 — Lo+l [€al,

A+ B < c([6i]+6])[& — Eal+Acléu]] ol
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On the other hand, by assumption (III)

(2.39) D> c/y|§1 + V,We, — & — V,We, [ dy,

then from (2.31), (2.38) and (2.39) it follows that

(2.40) C/y’ﬁl + V,We, — & — V,We,|* dy < E + c(|&1|+]&]) 1€ — &l+Aclér ]| &l

Moreover, by assumption (IV) and by the Cauchy-Schwarz inequality we have

E < (/Yla(y,fl +V,We,) —aly, &+ vyW§2)|2 dy) 2 6 -6l

& — &
5

(2.41) S L&+ VW, — & = VyWe)ll 12y 0

52

L 16+, We, — &= VyWe)ll T2 La—ap

252

Then, from (2.40), taking into account (2.41) we have

(2.42)
62
(c — L;) 1614+ V,We, — & — VngQ)Hiz(y S 552 !51 Sl +c(|G]+HED]E — &)
+ Acl&i[&al-

Finally, choosing § > 0 such that ¢ — L% > 0 and passing to the limit as A — 0 in
(2.42) the statement follows. O

Corollary 2.3.3 The function (2.22) is Holder continuous, i.e. there exists ¢ > 0
such that

(2.43) /YIVyW@ — V,We, [ dy < c(|&]+]&)[€1 — &ol+c|é& — &,

V1, & € R
Proof: Observing that

/|v W§1 \Y W£2| dy —/‘51 +V W£1 62 \% W£2 51 +§2‘ dy
(2.44) 7Y

/|§1 +V W§1 §2 \% W§2|2dy+2|£1 +§2|

using (2.23) it follows statement (2.43). O
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2.4 The two-scale homogenized variational inequal-
ity

In this section we begin by stating and proving a convergence result for the variational

inequality (2.2), i.e. we determine the two scale homogenized variational inequality

for piecewise affine test functions in H}(2). Then, we state and prove the main result
of this chapter, Proposition 2.4.2.

2.4.1 The two scale homogenized inequality for piecewise affine
test functions in HZ(Q)

Now, we establish a first homogenization result of variational inequality (2.2).

Proposition 2.4.1 Let u. be the solution of variational inequality (2.2), then (up
to a subsequence)

u, — ug weakly in Hy (), Vu, N Vug+V,ui(z,y) with uy(z,y) € L*(Q; H;er(Y)/R)
as € — 0 and ug, uy satisfy the following variational inequality

(2.45)
/Q/Ya(y, Vog(z) + V,W(y, Vg (x))) (Vo (z) + V,W (y, Vog(x))+

— V() — Vyur(z,y)) de dy > / g(vo(z) —up(x)) dov Vg piecewise affine in Hy (Q)
Q

where W (y, §) is the unique solution of the inequality (2.10), for & € R™.

Proof: This proof is based on the technique used in [16] for the proof of the homog-
enization theorem.

By means of H' weak and two-scale convergences we pass to the limit in (2.4) (up
to a subsequence as € — 0) choosing v = v. such that

(2.46) ve € K¢, v, — vy weakly in H'(Q) and v, — v strongly in L*(€2).

To this end, as a first attempt, we consider a test function constructed in the form
of the first approximation

v(x) = ve(x) = vo(x) + W (g, V'Uo(:c))

where vy € C3°(2) and W (y,§) is the (unique) solution of the cell problem (2.10).
For such v. we have

Ve (z) = Voo(z) + V,W <§, Vvo(x)> +eVeW <§7 Vvo(m)> V2uo(z)

here Vuy(z) + V,W (£, Vue(z)) € C(£) but Vv, may violate this condition. Let us
build v, of a more complex structure, making use of the fact that the set B on which
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C(y) may be different from R™ is disperse. Let us consider a partition of R™ into
simplexes and let vg(x) be a continuous function which is affine on each simplex and
identically vanishes in a neighborhood of 0f2. Thus,

N
vo(z) = ZXQj(x)(fj x4 ¢j), withe; € R
j=1

and
Vg = §; = const. on each Q;, forj=1,...,N

where {Q); }jvzl are the simplexes such that Q; N§2 # (). It is assumed that vo = 0 on
the other simplexes.
Let us define, on each @;, the function

Vel) = vo(a) + W (£, Vuo(a)) = vo(a) + W (£,¢)

clearly V. is of class H'(Q;) for j = 1,...,N. Since VV.(z) € C(%) on each Q;, we
have V.(x) € K¢. However V.(z), as a function over R”, may be discontinuous across
the faces of the simplexes );. Let us change the values of V.(x) near the faces of @;
so as to obtain a regular function everywhere.

For a fixed j, denote Q5 the union of all sets e(Y + z) C Q;, where z € Z". Since B
is a disperse set, we can assume, without loss of generality, that

dist(B%, 9Q°) > Z, where BS = B, QF = Q5 U...U Q5
therefore, we can construct a function ¢, € C*°(R") such that

4o (2) 1 for x € R dist(x, B®\ Q°) >
e\T) =
0 for x € R" dist(z, B\ Q°) <

Colm WM

c
thus, ¢.(x) = 1 on Q¢ and ¥.(x) = 0 near the components of B outside Q°.
Let us change the function vg(x) so that it becomes constant near the set B\ Q¢

that consists of the components of B® outside all ()5. Let YFE=e(Y+25), k=1,2,...
be the cubes of the homothetic lattice eZ" with z* € Z" and let

v5(z) = {wa(m)vo@ + (1= ()T (z) ifzeYF CRY\Q*
’ vo(2) itz € QF
where

0" (@) = ]6 vo(t)dt, if w € Y2 CR™\ @

Here f, f(t)dt = ﬁ [, f(t)dt, where |A] denotes the measure of A C R".
In order to regularize the function V.(z) so as to obtain a continuous function every-
where, we need also to consider a function ¢. € C*°(R") such that
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Figure 2.1: the simplexes and the multirectangles

1 if »eQF, dist(r,00Q%) > £
p=(z) = . n\ e
0 if zeR"\Q
0<

C
Pe < ]-7 |VQO€|< g

Let us prove that the functions
. x
(2.47) ve(x) = vg(z) + epe ()W <g, Vvo(x)>

form the desired test function, i.e. satisfy (2.46). Clearly v. € K¢, since in a
neighborhood of B* N Q°, we have . = 1, v; = vy, and therefore Vo, € C (f)
On the other hand, in a neighborhood of B®\ Q¢ we have ¢. = 0 and v§=const.,
therefore Vo, = Vu§ = 0 € C (%) in that neighborhood. Thus, Vv € C (%) in a
neighborhood of B?, and therefore in the whole of R", since C' (f) = R"” outside B°.
Then, it is enough to prove that v, — vy weakly in H'(Q) and v. — vy strongly in
L?(2). To this end, we split the proof in the following steps A — E:

Step A. v§ — vy strongly in L*(Q).

Let us define the set

L(Q)={keZ":Y)CR"\Q}
Since

T

(2.48) ve(x) = vo(x) + (vg(x) — vo(2)) + e ()W (E, Vvo(a:)>
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then

(2.49)
/ 05 () — vo(x)[* dz =) / (1= )" (@) + (e — Vvg()? de
Q kel Y YFnQn{y#1}
<23 :/ (55 @) +Hoo() ) dz =0
kel Yskﬂﬂﬂ{¢57£1}

as € — 0, where the last two integrals converge to zero because |Q2N{v.(x) # 1} |—= 0,
as € — 0.

Step B. The term

(2.50) e ()W (g, Vvo(:v)>

converges to zero strongly in L?(Q2) and weakly in H* ().
We notice that since W(-,¢;) € H} (Y), where §; € Q;, then

L?(m:g(/g 1
:5<i/‘ 2dx>2
<a<il/%‘w(g,§j> Xo, de>%
:5(/Q‘W<§,Vvo(:r)>‘2dx)%—>0

as € — 0, i.e. (2.50) converges to zero strongly in L*().
Since
(2.52)

\% <€QOE<I)W <§, va(x))> = eV ()W (g, Vvo(x)) + () V,W (g, Vvo(x)>

1
2 2
dx)

Hegpa(:v)W <§, Vvo(x)>

()W (g, Vvo(x)>

pe(T)W (gaﬁj) XQ,

(2.51)

we have that the first term on the right hand side of (2.52) converges to zero strongly
in L2(Q), i.e.

2
dr — 0

(2.53) /Q ‘EV%(:E)W (g, Vvo(a:)>

as € — 0. Indeed, defining the set
R. — {x € Q° : d(x, Q) < Z}
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obviously R. C (), where ) = Q] U ... U Q%. Then we have

2
/ ‘swg(x) Vvo S — / ‘5Vg0a va($)>‘ dz
Q
2
C/Rg ‘W E,Vvo(:c)> dx.
Since R, = Uj\[:l(R€ N Q5) and there exists ¢ > 0 such that
0Q5 |-
(2.54) s{Y Y NR. #£0} < Cl%# = ¢|0Q5 1" "
we have
& Yy raly d
LW&MWMfZELW&@>m@x
N
— Z 5])
= FAR-NQS
(2.55)

Y,
- i;ﬁwma@w@

< ecloQ. 1/|W v, &) 2y — 0

j=1

as € — 0, where
J.={keZ" YN R. #0}

and |8Q§|n_1—0> |0Q7|,,—1. Thus (2.53) is proved.
e—
We observe that, for fixed §; € ); we have

/ngg(a:)vyw (g wo(a:)> U(z) dz = ﬁ:/ v, (g,gj) Yo, (2)¥(z) da+

+ i/ V(Spa(x) -V, W (g, fg) Xq, (7)¥(zr) dx
a8

since W(-,¢&;) € Hﬁl(Y) by Theorem 1.2.18
- x
A= ; /Qj v,W (g,&) xq, (x)¥(z) dx
N
— ;/J (/Y VyW(Z/,fj) dy> XQ; (:IZ‘)\I/(;E) dz =0,
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as ¢ — 0.
On the other hand
B /(%(x) ~ )9, (2 V) W) do
Q 19
(2.57) N
-/ (pele) ~ OV, W (£, V00) W(a) dr,
ON{pe(2)#1} =

but
QN {2 p(x) # 1} |~ ™ 10O, — 0

as € — 0. By the Cauchy-Schwarz inequality we have
/ (¢(z) — 1)V, W (f, vvo) U(z) do
ON{pe(2)#1} €

< (/ﬂ ‘vyw (g,wo) de); </Q\w(a:)\2dx) QN {p. #1} =0,

as € — 0. Then
x
(2.59) / e (2)V, W <g, Vvo(:c)) U(x)dr -0 as e—0,
Q

(2.58)

for all ¥ € C§°(€2).
We observe that there exists ¢ > 0 such that

(2.60) le-@v,w (2, V(@)

<ec.
L*(Q)

Indeed, since 0 < ¢. < 1 and V,W (y, Vug(z)) € L2..(Y;C()) then, by Corollary
1.3.4 it follows (2 60).

Since C§°(Q) is dense in L*(Q) and ¢.(z)V,W (£, Vug(x)) is bounded in L*(Q) by
(2.60) we have

(2.61) / 0. (z)V,W (E, Vvo(x)> U(z)dr —0 as e—0,
O 5

for all U € L?*(Q), i.e. by definition of weak convergence (see §2.3.2) the second term
on the right hand side of (2.52) converges to zero weakly in L?(Q2). Finally, in view
of (2.52), (2.53), (2.61) and we have that (2.50) converges to zero weakly in H'().
Step C. v. — vy strongly in L*(Q).

By (2.48), (2.49) and (2.51)
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as € = 0, then |[v. — vol| o) = 0 as € = 0.

Step D. Vvs — Vg strongly in L*(Q).
Let us consider the gradients of v§ — vg(z). For x € Y*\ Q° we have

(2.63) Vg (x) = Veo(a) = V() (vo(2) — 55" (2)) + Vo () (¢(x) — 1)

we observe that, by the Poincaré-Wirtinger inequality, since the Poincaré constant
is proportional to (diam Y*)? = /ne? we have

(2.64)
/ V45 () (0 (2) — 5 @) dr = 3 / Va6 () (v () — 507 (2)[2 d
o = Jysnantu.1y
c ~e.k 2
< — volx) — o7 (x)|° dx

< ZC/ Voo(2)|? da

kel. Yskam{d’a?ﬂ}

<C |Vvo(x)|* dz — 0
QN{y:#1}

as € — 0, where the last term tends to zero because |2N{¢.(z) # 1} |— 0 and € — 0.
On the other hand

(2.65) / (Vo (2) (Y- (x) — 1)|? dz < / |Vuo(x)|*dz — 0 as & —0
N{ye#1} on{ye#1}

then, by (2.64) and (2.65) we have
/ Vei(e) — Voo(a)P do = / Ve () (vo() — T (2)) + Veo(a) (bu(a) — 1) de
9] Q
— [ [Fua)onla) - T @) + Tun(o) () P da
QN{ye#1}
<2 / V() (vol) — T () da
QN{y#1}

+ 2/ Voo () (e(z) — D)2 dz — 0
an{ve£1)

as € — 0, then we proved [|Vu§(z) — Vuo(2)|| 12y — 0 as e — 0.

Step E. v. — vy weakly in H'(Q).

Since

V. (z) = Vug(z) + Vug(x) — Vg (x) + eV ()W (g, Vvo(x))
(2.66)

+ () V,W (g, Vvo(:v)> ,
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by Step B and Step D we have Vv, — Vv, weakly in L?(£2), then v, — vy weakly in
HY(Q).

Setting v = v, defined by (2.47) in (2.4), we want to pass to the limit, up to a
subsequence as € — 0 in

(2.67) / a (E,V%) (V. — Vu.)dx > / g(v.: —u.)dr Yu. € K°.
Q € Q

At this stage we can consider passing to the limit in the following two terms:

(2.68) /Qa (g, Vva> - Vo, dz,
and
(2.69) /Qa (g, va> - Vu, dx.

To this end it is useful to decompose Vu.(z) as

Vue(x) = Vuo(z) + Vug(z) — Vug + eV [gpg(x)W <§’ Vvo(ﬂf))]

(2.70) -
= Z.(z) + Vui(x) — Voo + eW (g, Vvo(x)> V. (z)

where

(2.71) Z.(x) = Vuo(z) + o (2)V, W (f Vvo(x)) .

By (2.53) and Step D it can be easily verified that
(2.72) (Vv — Z.) — 0 strongly in L*(Q)

as € — 0.
We observe that, thanks to (2.72), the terms (2.68) and (2.69) can be replaced by

(2.73) /Qa (g,zs(x)> Vv, do
and
(2.74) /Qa (g,za(m V. dz,

respectively. Indeed (2.68) can be expressed as

/Qa<§,VUE> -Vvadx:/gza(g,ZE(xD -vad:l:—{—/ga<§,VU€> - Vo, dx
—/a(%,ZJx)) - V. dz
Q
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then, by assumption (IV) and by the Cauchy-Schwarz inequality we have

/Q [CL (g,Vw) —a <§7Z€>] -V dx| < ( ) a (g,V%) 4 <§,Z€) 2 dx)é
' (/\VUEIQ dq:>2 st </\V1}5 N Z€|2dx) (/‘V'UEF dl’>2 — 0
Q Q o

as ¢ — 0. Using the same argument we obtain

/Q [a (g,VUE> —a <§,Z&):| -Vu.dz| < L (/leva B Z,5|2dx)% (/le%Pdm)é iy

as € — 0, where the boundedness of Vu, is given by (2.3).
However, the terms (2.73) and (2.74) can be further reduced. To this end we decom-
pose (2.73) as

N[

z r : 1
(2.75) /Qa <€ . Vuo(z) + V,W <€ : Vvo(:v)>> V. dx + 7,
where
1_ z _a(® z .
(2.76) r. = /Q [a <€7Za($)> a <8,Vv0(x) +V,W (E,Vvo(x))ﬂ Vou.(z) dx
We observe that by the Cauchy-Schwarz inequality and assumption (IV) we have
/‘g&e vw(  Vo(x )(Wug )| dz

(2.77) 1

€x 2 2

L ([ Jteetor = 09w (29| ) 1900l
Q g

furthermore

[ et =19, (@) dr =
(2.78) “

=3 [ Jetm) - vwaw (£)]

J]=

dx

with & = Vug(x). Therefore, for any fixed j, over the set where ¢. # 1, since

Cl0Q2n-12
g?’L

YR YECONQ N {pae) £ 1)) < = Cl0Q2|, 16"
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and |0Q7|,_1— |0Q7],_1 we have
e—0

f o v ()]

(p=(x) — 1)V, W (f,gj) o

dr =

/ﬂﬂQgﬂ{%( J#1)
<
(2.79) /Yk

ngQJm{SOs(x )#1}

— > /|va§] )|?-e™ dy

YngﬁQ]ﬂ{ng )#1}

v (2.6)| da

< ClOQU 2 [ 19, W(0.6)F dy — 0
Y

as € — 0. Thus, in view of (2.77), (2.78) and (2.79) we can state that
(2.80) 11 —0 ase—0

Similarly, the term (2.74) can be decomposed as

(2.81) /Qa <§, Vuo(z) + V,W (g, Vvo(x)>) - Vg do + 12
where
(2.82) 1= /Q [a (g, Zg(ac)> —a <§, Vuo(z) + V,W (g, Vvo(:v)>>] -Vue(x)dx

Accordingly, by the Cauchy-Schwarz inequality and assumption (IV), (2.3), (2.78)
and (2.79) we have

L/Q () = )9, (£, 9u(@) |19 2)]

L (/Q ((%(x) ~ 1)V, W (g,wo(x)) )2 dw)é IVue (z) 20

Thus, in view of (2.3), (2.78) and (2.79) we can state that

(2.83)

(2.84) 20 ase—0

Hence, in view of (2.68), (2.69), (2.73), (2.74), (2.75), (2.80), (2.81) and (2.84) we
can replace Vv, with Vug(z) + V,W (£, Vug(z)) in (2.75) and pass to the limit in
the following two terms

(2.85) /Q a(g,wo(x)+vyw (g,wo@))) - (Vvo(x)+VyW <§,Vvo(x)>> dx
and
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x x
(2.86) /Q a <E,Vvo(x) + VW <E,VU0(m)>> V() de,
respectively. Regarding (2.85), we can apply Corollary 1.3.4 with
x x x x
v <g, x) =a <g, Vuo(z) + V,W (g, Vvo(x)>> : (Vvo(x) +V,W <E’ Vvo(:c))> ,
where we notice that since ¥(y,z) € Lé(Y, C(Q;)),Vj=1,...,N, then, ¥(y,z) is

an admissible test function in the two-scale convergence setting. Accordingly, (2.85)
converges, as € — 0, to

(2.87) /Q/Ya (y, Vuo(z) + V,W (y, Vue(z))) - (Vug(x) + V, W (y, Vug(z))) de dy

On the other hand, (2.86) can be splitted as follows

/Qa (z, Vuo(z) + V,W (g, Vvo(a:)>> - Vu(z)dx

i/ﬂm@ ( , Vuo(z) +V, W (gvvo(x})) -V (z) dx

We notice that ¥(y, z) = a (y, Vug(x) + V,W (y, Vue(x))) is a function in L2(Y, C(Q;))",
Vj=1,..., N, hence, by Corollary 1.3.4 again, it is an admissible test function in the

(2.88)

two-scale convergence setting. Since Vu, EN Vug + Vyuy, by definition of two-scale
convergence we have that (2.88) converges, as € — 0, to

a(y, Vuo(z) + V,W(y, Vug(2))) - (Vuo + Vyur(z, y)) dz dy
(2.89) ; /Q“Qj /

- /Q /Ya(y’ V() + VyW(y, Vuy(z))) - (Vug + Vylh(l“, y)) dx dy

Finally, considering the limits (2.87) and (2.89), we can state that (2.45) is proved.
O

2.4.2 The homogenized inequality for test functions vy in H} ()

In view of Proposition 2.4.1 and of the regularity properties of the solution W (¢)
to the local problem (2.10) (see section 2.3), we now establish the homogenized
variational inequality for test functions vy € Hj(12).

Proposition 2.4.2 Let u. be the solution of variational inequality (2.2), then (up
to a subsequence)

u. — ug weakly in Hy (), Vu. 2 Vug+Vui(z,y) with uy(z,y) € L*(Q, H., . (Y)/R)

per
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as ¢ — 0 and ug, uy satisfy the following variational inequality

[ [ s Ten(o) + 9,19 (0, Vo)) (Ve(a) + V, W, Vo) +
(2.90) @y
—Vuy(z) — Vyui(z,y)) de dy > /Qg(vo —ug)dz VYvg € Hy ()

where W (y, ) is the unique solution of the inequality (2.10), for & € R™.
Proof: We observe that, given uy € HJ(£2), we can consider a sequence {vg}, with

v} piecewise affine in H(Q) for all j € N, such that v} — v, strongly in H}(Q) as
j — +oo. Then, substituting in (2.45) we get

/ /Y aly, Vol () + ¥, W (y, Vi) (Veh(z) + V, W (y, Ved)+

(2.91) |
—Vuy(x) — Vyur(x,y)) dedy > / (v} — wp) dz,
Q

whence

Al 4 / /(a(y, Vo(z) + V, W (y, Vo)) (Vb (x) + V, W (y, Vi) +
(2.92) @Y |

—Vuy(z) — Vyui(z,y)) dedy > /g(vé — ug) d,
Q

where
(2.93)

Al = / / [a(y, Vi (x) + V, W (y, Vi) — aly, Vve(z) + V,W (y, V)| (Vv +
aly
+V, W (y, Vvi) — Vug — Vyuy (2, y)) de dy.

Since a(y, -) is Lipschitz-continuous, by Proposition 2.3.2 and the Cauchy-Schwarz
inequality we have

N

|A7| < C/Q </Y Vi) + YV, W (y, Voj) — Vug(z) — V,W(y, vvo)f dy)

N[

(2.94) ( / Vo () + VW (y, Vo) — Vg — Vyus (2,3)| dy) dr

CCHVUO ) + VyW(y, Vi) — Vug — Vyus (2, y HL2(Y

o=

: </(\Vvo(x)]+|va(x)|)|V’uo(x) — Vvl (z) |4 | Vo (z) — Vvé(x)\2dx) —0
Q
as j — oo. Then, passing to the limit in (2.93), as j — oo, (2.90) follows easily. O
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2.5 The macroscopic homogenized variational inequal-
ity

Consider the set

Ky ={(vo,v1) € Hy(Q) x L*(Q; H),(Y)/R) :

per

(2.95)
Vg + Vyui(z,y) € Cy) for ae.xc € Qye Y},

the pair (ug, u1) determined in Proposition 2.4.1 satisfies

/ / a(y, Vug(z) + Vo (x,y)) (Voe(x) + Vyui(z,y) — Vue(x)+
(2.96) @y

~9 ) dady > [ glon ~ wa)d.
Q

In this section we assume that
(2.97) (2.96) is satisfied V (vg,v1) € Ks.

Remark 2.5.1 We observe that (2.96) reduces to (2.90) if the pair (vg, v;) is of the
special type with vy (z,y) = W(y, Vug(x)).

Lemma 2.5.2 Variational inequality (2.96) is equivalent to

/Q/ a(y, Vuo(z) + Vyui (z,9)) (Vg (x) + Vo1 (x,y) — Vue(z)
(2.98) Y
—Vyu(z,y))dedy > /Qg(vg —up)dx ¥ (vg,v1) € Ky

Proof: For any pair (zg, z1) € Kj, and every real number ¢, 0 < ¢ < 1, we may choose
(vo,v1) = (ug+t(z0 — ug), us +t(z1 —uy)) as an admissible pair for (2.96). With this
choice in (2.96) we get

/ / a(y, V(ug +t(z0 —uo)) + Vy(ur +t(z1 — 1)) - (V(20 — wp))+
(2.99) @y

+V,((z21 —w))) drdy > /Qg(zo —ug) dx

where we have also divided by the common factor ¢. Since a(y,-) is Lipschitz-
continuous we can pass to the limit in (2.99) as ¢ — 0 obtaining

/Q/ a(y, Vuo(x) + Vyur(z,y)) - (Vzo + Vyzi(z, y) — Vug(x)+
(2.100) Y

—Vyu(z,y))dedy > / g(z0 — up) dx
Q

which is (2.98) with the test pair (zo, 21). O
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Lemma 2.5.3 Variational inequality (2.98) implies
(2.101) Vyui(z,y) = V,W(y, Vug(x))

Proof: By the strict monotonicity of a(y, ), we have

a//|Vyu1—VyW(y, Vu0)|2dxdy:oz//|Vu0+vyu1—Vuo+
oty aly

— V,W(y, Vuy)|* do dy < / / (a(y, Vug + Vyuy) — a(y, Vug+
oly
£, W (5, Vo) (Tt — V, Wy, Vo)) do dy —

= / / a(y, Vug + Vyur) (Vyuy — V,W(y, Vue) dz dy+
oly

- / / a(y, Vuo + V,W(y, Vug)) (Vyus — V,W(y, Vup) dx dy
aly

Note that both terms above are non positive, the first one by (2.98) with vy = ug and
vy = W(y, Vug), the second one by the cell problem (2.10) with £ = Vug and test
function w;(z,-). It follows that V,u; — V, W (y, Vug) = 0 for a.e. (z,y) € Q2 xY,
which is (2.101). O

In order to obtain the mascroscopic homogenized inequality for problem (2.2), we
give the following definition.

Definition 2.5.4 The nonlinear operator Aynom : R” X R™ — R is defined as

(2.102) Anom(E) = / a(y.€ + T, W(w,€)) - (1+ VW (y.m) dy

Y

where W (y, &) denotes the solution of variational inequality (2.10).

Considering Lemma 2.5.2 and 2.5.3 we can state the following convergence result,
which is the main one of this section.

Theorem 2.5.5 Given any g € L*(Q), let u. be the solution of variational inequality
(2.2). Then

u, — ug  weakly in H)(Q) and Vu, EN Vug + V,W(y,Vuy) ase — 0,
where uy € Hy () is the unique solution of the following homogenized variational

mequality

(2.103) /(Ahom(VUO, Vug) = Anom(Vug, Vug)) dz > / g(vy — ug) dz,
Q Q

Y vy € HY(Q), where the (twice-nonlinear) operator Anom(&,n) is given by Definition
2.5.4.
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Proof: In view of Lemma 2.5.3 we rewrite (2.98) as

/ / aly, V() + ¥, W (y, Vo)) (Voo (@) + Vyon (@, ) — V()
(2.104) @y

-V, W(y, Vuy)) dz dy > / g(vg —ug)dx ¥ (vg,v1) € Ky
Q

At this point, we can take v; = W(y, V). In fact v; satisfies the constraints
(2.105) Vo + Vyui(x,y) € Cly) ae. inQ x Y for vy € Hy ()

since W (§) € K¢ for £ € R". Hence, we obtain that

/Q /Ya(y, Vg + V,W(y, Vug))(Vug + V,W(y, Vug)+
(2.106)

— Vuy — V,W(y, Vuy)) dy dz > / g(vo —wo)dz, Vv € Hy(Q)
Q

where W (y, £) is the solution of the cell problem (2.10) for £ € R”. Finally, integrat-
ing with respect to y in (24) and considering the homogenized operator (2.102) we
deduce the (macroscopic) inequality (2.103), which is the statement. O

2.6 The macroscopic homogenized variational inequal-
ity: a special case

In this section we want to show that assumption (2.97) of section 2.5 is satisfied as
least for a particular choice of C'. Actually we obtain only a partial result.

Let us consider the following set

K5 ={(vo,n1) € Hy(Q) x L*(Q; H}, . (Y)/R) :

per

Vg + Vyui(z,y) € Cs(y) forae zeQyeY}.

where

(2.107) Cs(y) = {gi@) E ZZ §

and where By(0) = {¢ e R" : [¢|< 1}.
We would like to establish inequality (2.96) for every (vg,v1) € Ky = K.

Proposition 2.6.1 Let (ug, u1) be defined by Proposition 2.4.1 with K¢ replaced by

S

(2.108) K: = {v € Hy(Q) : Vo(z) € C, (g) a.e. in Q}

with Cs(y) as in (2.107). Then, (ug,u1) satisfies inequality (2.96) for every (vo,v1) €
K3 N {CE () x G5 (2 Cpe(Y) -

per
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Proof: Let us consider the test function

vy + evy (, %)

2.1 e - )
2109) w0

where M = ||VxU1(957y)HL°°(QxY)'

The test function (2.109) has the following properties:

1. w, € K;

Since (v, v1) € K5 we have

(2.110) Vuw.(x) = 7 +15M (Vvo(a:) +V,u (x, g) + eV, (a:, g))

then

V(o) = 17 (|9 + Ty (5, 5) + Vo (2, 2))])

‘V’Uo —|-V U1< )‘ eM <
S 14+eM 14+eM =

for a.e. (:B, f) € 1 x B, which implies w, € K:.

2
2. we = vy

Since w. — vy strongly in L*(Q)), indeed

e = volfaey = |
Q

as € — 0. Then, by Example 1.3.13, w, EN V.

evy (z,%) — eMug(z) ?
1+eM

dr — 0

3. Vuw. > Vg + V,u,
We observe that

||Vwe($)||L2(Q) =7 +15M (/Q ‘Vvo(l’) + V0 (x, g) + eV, (a:, g)

with ¢ independent of . Furthermore, we have

1+5M/ N )—i—Vvl( >—|—€Vv1< x)) xp( >dm

—>// (Vuo(z) + Vi (z,y)) - U(z,y) dx dy

2\ 2
de | <c,

for every ¢(z,y) in D(Q C>2.(Y)), as € — 0 hence, by definition of two-scale

per

convergence, Vw. 2 Vg + V.
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Then, in order to obtain the statement we have to consider variational inequality
(2.2) for the test function (2.109), which turns out to be

(2.111) / a <£7 Vwa) (Vw, — Vu.)dx > / g(w. — u.) dx,
o ¢ Q

and passing to the limit as ¢ — 0. The left hand side of (2.111) can be written as
/Qa (g ng) (Vw. — Vu.) dz =
(2.112) = / a <§, Vuo(z) + Vyuy (:L‘, g)) (Vw, — Vu,)dx +
Q

+ /Q [a (g, Vw€> —a (g, Vug(x) + Vo (x, g))] (Vwe — Vu) dx

then, since a (f, Vuo(z) + Vyu; (:13, f)) has the properties for being a test function
for the two-scale convergence, by Definition 1.3.5 and property 3 we have

(2.113) /Qa (g, Vuo(z) + Vyuy (x, g)) (Vw, — Vu,)dx

i>/9/Ya(y,Vvo(iv)+vyvl(x,y))(vvo($)+vyvl(as,y)—VuO(;p)_vyul(m’y))dyda;’

as ¢ — 0.
Regarding the second term of the right hand side of (2.112) we have

/Q [a (g, Vw5> —a (g, Vug(z) + Vyur (x, g)ﬂ (Vw. — Vu,)dx

2 \2 >
dx> (/ \Vw, — Vus|2dm>
Q

<C </ﬂ ‘sz — Vug(z) — V0 (3:, g)

(2.114) z
= C'||Vw: — Vuo(z) — Vyuy (% g) L) [Vwe = Vue| 2,
1 T T
=cC H 11 eM (Vzl)l <37, g) — MV’UO(I') — ny’l}l (ZL‘, g)) )
[ Vwe = Vaue|[ 2y = 0 ase =0
Since

(2.115) /Qg(wg —u.)dx — /Qg(vo — ug) dz

as € — 0, by (2.113) and(2.114), inequality (2.111) converges as ¢ — 0 to the
inequality

/Q/ a(y, Vug(z) + Vo (z,y)) (Voe(x) + Vyui(z,y) — Vug(x)+
(2.116) Y

—Vyu(z,y))dyde > / g(vo — up) dx
Q

for every (vg,v1) € K5 N{C(Q) x C°(2; C5.(Y) } O

per
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2.7 Remarks

We observe that the macroscopic homogenized inequality (2.103) could reduce to an
equation. Indeed, this could be possible by replacing vo(x) = ug(z) + tzo(x) with
2o € Hi(x) and ¢ > 0 in (2.103) and computing the Gateaux derivative of the map
& — V,W(y,§). Nevertheless, such a derivative may not exists. If it exists the result
would be

(2.117)
[ [ ot V) + V0 0 Vo)) - (90(0) + T,V 0 V(o)) - V(o) oy

:/g(x)zo(x) dr, Yz € Hj(Q)
which can be expressed as thsz: homogenized equation
(2.118) /Q&hom(Vuo(x)) -Vzo(x)de = /Qg(x)zo(x) dr, Yz € Hj(Q)
where

(2119) o (€) -7 = / a(y. & TV W(.€)) - (n+ V2, W (y.€) - n)dy, VEn R

Y

More precisely, let us assume that the map { — V, W (y, §) is Gateaux differentiable,
in the sense that the difference quotient Gi(z,y) defined by

_ V, Wy, Vug(z) +tVz(x)) — V,W(y, Vug(z))

(2.120) Gi(z,y) .

satisfies

Gi(x,y) — Glx,y) = Vi, W(y, Vue(z)) - Vzo(x)

with respect to [||| 2(yys, i.€. in the sense that
(2.121) |Ge(z,) = G(@, )| f2yyn = 0 for ae. z €€

as t — 0. Now, If we replace vg(z) = ug(z) + t2o(x) with 29 € Hj(z) and ¢ > 0 in
(2.103) and we divide by ¢, we have

(2.122) /Q/}/a(y, Vug(z) + V,W(y, Vue(2)))Gi(z,y) dedy > /Qg(a:)zo(a:) dx

on the other hand, if ¢ < 0, inequality (2.122) is replaced by

(2.123) /gz/ya(y, Vug(x) + V,W(y, Vue(2)))Gi(z,y) dedy < /Qg(:r;)zo(x) dr.

At this point we should pass to the limit in both of them, as ¢ — 0 using all
assumptions on G;. Then, using (2.43) we would have also

(2.124) 1Ge(z, )| 2y < ClV20(x)]  for ae. z € Q
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then, by the Lebesgue’s dominated convergence theorem we would conclude that
(2.125) 1Ge(z,) = G(@, )| p2(yyn = 0 forae z € L*(Q)

which permits passing to the limit in (2.122) and in (2.123) proving

(2.126) /g)/ya(y, Vug(z) + V,W(y, Vue(z)))G(z,y) dxdy—/gg(x)zo(x) dz,

which is (2.117).
A partial condition for (2.121) is the following: from [32] the map

R" — L*(Y;R")
(2.127) -
§1— VW (.8 =F() € L°(Y)

being Holder continuous by Corollary 2.3.3 and defined on a finite dimensional space,
is Gateaux differentiable if and only if is Fréchet differentiable. Moreover, from [32,
Theorem 1.1 the map (2.127) is Fréchet differentiable for a.e. £ € R™, i.e. it is Fréchet
differentiable for every £ € R™\ N, where N denotes a suitable set with |/NV|= 0. This
means that (2.121) holds true for all x such that £ = Vug(z) € R" \ N. However,
the function v is not known a priori and it may also happen that £ = Vug(z) € N
for x in a set of positive measure. O

99



60



Chapter 3

Homogenization of nonlinear elliptic
equations

In this chapter we will consider inequality (2.2) of Chapter 2 associated to a linear
constraint that we will call K. In this setting, K¢ is actually a subspace of Hj(Q).
Consequently, inequality (2.2) reduces to an equation.

In section 3.1 we give the statement of the problem, furthermore we establish ex-
istence and uniqueness of its solution and two a priori estimates, for the solution
u. and for the term a (f, Vug) respectively. In section 3.2 we determine the cell
problem together with existence and uniqueness for its solution. In section 3.3.1 we
establish the main result of this chapter, that is theorem 3.3.3. First, we establish
a general extension lemma (lemma 3.3.4), then in section 3.3.2 we apply it to our
specific problem. Finally, in section 3.4 we determine some preliminary results, then
we give the proof of theorem 3.3.3.

3.1 Statement of the problem

Let €2 be a bounded open connected set in R™ with Lipschitz boundary 0f2. Let us
define the set of functions

(3.1) K® = {v € Hy(Q) : Vu(z) € Cy (g) a.e. in Q}
with

_J{0} if yeB
32 Coly) = {Rn e

where B is the closure of a given 1-periodic open set in R™ which is disperse in the
sense that BNY CC Y and is such that 0BNY is Lipshitz regular. Here Y = [0, 1]"
denotes the cell of periodicity. Clearly K¢ is a closed subspace of H}(Q). Then,
inequality (2.2) reduces to the following equation, with small positive parameter ¢,
in the unknown u, € Ke:

(3.3) / a <£, Vus) Veodr = / gpdr, Ve e K*
Q € Q
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where g € L*(Q) and a(y, £) is defined as in Chapter 2, Section 1.1.

Our goal is to study the asymptotic behavior of the sequence {u.} as € goes to zero
and to prove that the limit of the sequence satisfies, in a suitable sense, a (limit)
variational problem, so-called homogenized problem.

As a preliminary result we establish existence and uniqueness for the solution u. of

variational equation (3.3) together with an a priori estimate for such a solution and
for a(%, Vu,). Consider the set B. homothetic of B with ratio ¢, i.e.

£

)
®)
®)
®)
®)
®)
®)
®)

Q Q.

Figure 3.1: The (simple) domain and the perforated domain

(3.4) BE:{xEangeB}.

Proposition 3.1.1 For fized ¢ > 0 and g € L*(QQ) there exists the unique solu-

tion u. € K* of the variational equation (3.3). Such solution satisfies the a priori
estimates

(3.5) ||U6||H5(Q) <

and

(3.6) Ha <£, Vu5> <ec.
€ L2 (Q)n

1
where ¢ = ¢ <—, HgHLQ(Q)> is independent of ¢,
o

Remark 3.1.2 By (3.5), (3.6) and by Rellich’s theorem we have, up to a subse-
quence, u. — u in HY(Q), uc — u in L*(Q) and a (f, Vu€> —a in L*(Q)".
€

It is interesting to notice that if g is replaced by

g
3.7 e = ————YRn
( ) g |Y\B|XR \Be
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where xrn\p. Tepresents the characteristic function of the set R™\ B,, the asymptotic
problem does not change. More precisely, let us replace g by g. = hxrm\p. with h €
L*(2), and compare the behaviour of u. and v., the solutions of (3.3) corresponding
to g and g. respectively. We observe that by the strict monotonicity of a(y,-) (see
assumption (II1) of § 2.1) it follows that

cv/Q\Vu‘E — Vou.|? dz < /Q [a (g,VME) —a <§’ V”UE>] - (Vue — Vo, ) dx

- / (9 — hxams,)(us — v2) da
(9]

then
/(g — hxem g, ) (ue —v.) do <=2 /(g — WY\ B|)(u — v) dz.
Q
If h = this yields uw = v, which means that the asymptotic behaviour of u. is

\Y\B\
the same as the one of v..

Proof of Proposition 3.1.1
Let us consider the operator

A K — (KeY

(3.8) wes L= —div(a(,74)),

defined by the pairing

ﬁau,v =/ a E,Vu Voudzx.
(Awv) = [ (S

Then, using the same arguments as in Proposition 2.1.1 Step 1, we can conclude that
A, is monotone. On the other hand, considering the function

(3.9) R>t— <A\€(u + tv),w> = / a (g,VU + th) Vuwdz.
0

for fixed u,v,w € K and using the same arguments as in Proposition 2.1.1 Step 2,
we can conclude that A, is hemicontinuous.

Furthermore, by the strict monotonicity of a(y, -) (see assumption (III) of § 2.1) and
assumption (II) of § 2.1 we have

<A\€u,u> B /Q(L(E,Vu Vudx /\Vu\zda:

(3.10) -
ul| g2 ) [ Vul|z2 () “IVall2

= a|[u|[ gy )= +o0

as ||ul| g1 (@)= +oo. Then, by Definition 1.4.3 we can conclude that A, is coercive.

In view of the previous steps, by theorem 1.5.2, we can state that 121\5 is surjective,
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then 3! u. € K¢ solution of (3.3). Further, since a(y, -) is strictly monotone, by the
Cauchy-Schwarz inequality and assumption (II) of § 2.1 we have

a1Vl = [ [Vucfda
A
</a<—,vu5) Vo, dx
Q 19
z/gVuad:)s
Q

< N9l 2@ Vel 2y -

whence
gl L2(Q)
(3.11) Hu€HHé(Q) = HVUEHL2(Q)7L < a
9
Setting ¢ = | ||L2(Q), estimate (3.5) follows immediately.

Finally, since a(y, -) is Lipschitz-continuous, by the Cauchy-Schwarz inequality and
assumption (II) of § 2.1 it follows that
< L/‘VUEP dx,
Q

(3.12) / ’ Vus

then, by (3.11) we have (3.6). O

3.2 The cell problem

In this section, in order to determine the cell problem, we first take into account
the homogenization of minimum problems related to equation (3.3) in case a(y, &) =
V,f(y,&) with & — f(y,€) in C*(R™) (see for example [14]). We establish the
corresponding Euler-Lagrange equation, from which we get a "good candidate" for
the cell problem in our case. Then we prove existence and uniqueness for its solution.

Let us consider the following functional space
(3.13) IAQ ={veH/(Y): {+Vu(y) € Co(y) ae. inR"}, EeR™

Theorem 3.2.1 Let f be a function belonging to C1(Y x R™) such that f = f(y,&)
satisfies

(3.14) Vel (5, E)I< B+ Iel),  for every (y,€) € Y x R,
with > (E where Vef = (fe, -y fe), fe, = ag ,i=1,...,n.
Let we € K¢ be a solution of
(P) min Fe(w),
’LUGKE
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where
(3.15) Fe(w) = / .+ Vuly)) dy.

Then, we satisfies the weak form of the Euler-Lagrange equation
(3.16) [ Vert&+ Vi) - Vody =0, voeRy
Y

Proof: The proof is divided into three steps.

Step 1 (preliminary computation). From the observation that

BN SO =Jw0)+ [ Lfesds V@ eY xR

and from (3.14), we find that there exists 7; > 0 so that

(3.18) [fy OIS A +1EP), V(€ €Y xR™.

In particular we deduce that
|Fe(u)|< 00, Vue K.

Step 2 (Derivative of F¢) We now prove that for every we € IAQ, Y E IA(O and every
t € R we have

F, to) — F,
(3.19) fimg Fe(We +19) = Fe(we) _ / Vef(y,& + Vwe) - Vi dy.
t—0 t v
We let
so that

F (e + 1) = / g(y.) dy.

Y

Since f € C! we consider

1
/ gi(y, st)ds
0

Ge(y, st) = Vef(y,& + Vwe + stVp) - Vo

The hypothesis (3.14) implies that we can find 75 > 0 so that, for every t €
[—1,1], s € [0,1]

Y

‘g(y,t) - g(y,O)‘ _
t

where

19:(y, st)|< G(y) := 7 (1 + [£[+|Vwe|+| V] ) [V,
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consequently

(3.20)

/Olgty,st /Igty,stlds / G(y)ds = G(y).

We observe that since we, ¢ € H{(Y) we have G € L'(Y). Furthermore, since
we, p € H/(Y), we have from (3.18) that the functions y — g(y,0) and y — g(y, 1)
are both in L'(Y'). Summing up the results we have that

9(y,t) — 9(y,0)

t

- g(y7 0) ’

t

9(y,t) — 9(y,0)
t

c LY(Y),

< G(y) with G € LY(Y),

‘g(yﬂf)

— gt(y,0) a.e. in Q.

Applying the Lebesgue’s dominated convergence theorem we deduce that (3.19)
holds.

Step 3 (Derivation of (3.16)) The conclusion of the theorem follows from the preced-
ing step. Let us consider the following function

6:RSR
Y o(t) = Fe(we + tp)

Since we is a solution of (P), we have
(3.21) Fe(we) < Fe(we +t@), VteR, Vo e Ky,
which, by definition of ¢, implies

#(0) < o(t) VteR,

we therefore deduce that

d
—Fe(we + tp)]i=0= 0

(3.22) 9'(0) =5

|

In view of Theorem 3.2.1 it is reasonable to replace V¢f(y,§) with a(y,§) and to
formulate the following (cell) problem in weak form

/a(y,§+Vw§)~Vg0dy:0, Vo € K,
Y

(3.23) i}
We € Kg.

Remark 3.2.2 We just remark that the cell problem (2.10) of Chapter 2, § 2.1
reduces to (3.23) when C(y) is replaced by Cy(y).
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Proposition 3.2.3 For fized § € R" there exists a unique solution we € I?g of
equation (3.23).

Proof: In order to prove the result we seek an equivalent formulation of (3.23). To
this aim, given £ € R™ we introduce the new unknown z¢ = we + ¢¢, where ¢¢ € K —¢-
Clearly z¢ € Ko. Then, we can reformulate the problem (3.23) in terms of the new
unknown z¢ as follows

/a(y,f—qu)g—f—Vzg)-Vgody:O, Yo € K,
%

(3.24)

Let us consider the operator
Agi [?0 — (f?o),
u— Agu = —div (a (y,§ — Ve + Vu)),
with fixed ¢¢ € K_¢, defined by the pairing
(Agu,v) = / a(y,& — Ve + Vu) Vo dy.
Y

We observe that, by assumption (III) of § 2.1

(Agu — Agv,u —v) = /Y[a(y,§ — Ve + Vu) —a(y, & — Ve + Vo)

(3.25)

(3.26)
- (Vu—Vou)dy > a/|Vu—Vv|2dy >0,
Y

then, by Definition 1.4.1, A, is monotone.
On the other hand, considering the function

(3.27) R3t— (Ac(u+tv),w) = / a(y, & — Vo + Vu+tVo) Vu dy,
Y

for fixed u,v,w € I/(\'o and using the same arguments as in Proposition 2.1.1 we can
conclude that A¢ is hemicontinuous.
Furthemore, by assumption (II) and (III) of § 2.1

(Acu, u + &y — ¢¢) /Ya(y,g — Ve + Vu)(§ — Voe + Vu) dy

Hu||H;(Y) [Vul[r2yyn
€ = Voe + VaullZay
IVul|z2ryn
9l 2y = 116 = Vel
[Vul[ L2y
=a HVUHB(Y)n —2a [|€ - V¢£”L2(Y)n +

1€ = Vel 72y yn
||vu||L2(Y)"

/a

(3.28)

Z

—r +00,
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as HuHHul(y): ||[Vul|2(yyn— +00. Then, by Definition 1.4.3, A¢ is coercive.

In view of the previous steps, by theorem 1.5.2, we can state that A, is surjective,
then 3!z € Ko solution of (3.24). Then, since ze = we + ¢¢, With ¢ € K_¢ it
follows that 3! ue € K solution of (3.23). O

3.3 Main result

In this section we formulate the main result of this chapter, in connection with the
homogenization of equation (3.3). To this end we define the homogenized operator

Ghom-

Definition 3.3.1 We will call homogenized operator the operator ayom : R™ — R”
defined as

(3.29) anhom (&) -1 = /Y\B a(y,& + Vwg) - (n+ Vw,)dy, VEneR",

where we € JAQ and w, € }?n are solutions of the cell problem (3.23).
Such operator has some properties summed up in the next proposition.
Proposition 3.3.2 The function

Ahom: R — R"

5 = ahom(f)
15 strictly monotone, coercive and Lipschitz continuous.
At this stage we can state the main result.

Theorem 3.3.3 Let u. be the unique solution of equation (3.3), then u. — u weakly
in HY(Q), u. — u strongly in L*(Q) as ¢ — 0, where u is the unique solution of
homogenized equation

(3.30) /ahom(VU)'Vsodx—/gsodfv, Vo € Hy(Q).
Q Q

The proof of this theorem is included in § 3.4. This proof is carried out using suitable
extensions of the functions a (£, Vu.) and a(y, £ + Vwe(y)), where we is the solution
of the cell problem (3.23). Such extensions are described in § 3.3.2.

3.3.1 Extension lemma

Using well known extension lemmas (see |21, Lemma 2| if n = 2, [30, Chapter 3,
Section 3.2] if n > 2) we state extension results for our homogenization problem.
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Lemma 3.3.4 Let z € L*(Y \ B)" and g € L*(Y') such that
(3.31) —divz = g, in D'(Y'\ B),

(3.32) / z-Veody = / gedy, VeelF(Y): Ve|p=0,
Y\B y

then there exists Z € L*(Y)" such that

(3.33) —dwz=g, onY and in D'(Y),
(3.34) Z=2z onY\B,

(3.35) / Fdy < c ( / g2 dy + / |z|2dy) |
BNy Y Y\B

where ¢ is a constant independent of z and g.

Remark 3.3.5 The result is invariant up to translations of the domain Y in R™.
Moreover, if g =0 the lemma defines a linear and continuous extension operator

T:L*Y\B) — L*(Y)"
22— Tz=72

such operator will be considered on Y =Y + i, with i € R™.

Proof: Let us assume first that BNY is connected. Given z € L*(Y \ B)", we want
to build an extension z € L*(Y)". Then, we look for Z of the form z = Vu, with
u € HY(BNY), imposing the condition —divZ = g in D'(Y’), which means

(3.36) (2, Vo) = (g9,9), Ve DY)

Since we are looking for Z € L?(Y)", this is equivalent to solving

(3.37) / z-Vody = / gpdy Yee DY),

Y %
but , since Z is an extension of z, we have Z = z over Y \ B, hence we want
(3.38) / z-Vgody+/ E-Vgpdy:/ggody Voe DY),

Y\B BnY Y

with Z = Vu. Finally, we look for u € H'(BNY) such that

Vu-Vedy = /gsody —/ z-Vedy,
(3.39) /Bmf % Y\B

Ve Hi(Y).

Let us consider an arbitrary linear and continuous extension operator
P:H (BNY)— Hy(Y)

with the following properties
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1. Pu=u in BNY,
2. ||PU||L2(Y) < C||U||L2(Bmy),
3. IV(Pu)llr2vy < el Vull 2sayy,

with ¢ > 0, for all u € HY(BNY).
If we replace ¢ with Py in (3.39), we can reformulate the problem as

findu € H'(B NY)such that
(3.40) / Vu-Vody = /gP(gp) dy —/ z-VP(p)dy, Yo € H(BNY).
BNY Y Y\B

We observe that the right-hand side in (3.40) defines the following linear and con-
tinuous functional

L:HY (BNY)—=R

o Lip) = /Y 9P () dy — /Y L VP@

Hence, problem (3.40) can also be written as

findu € H'(B NY)such that
Vu-Veody = L(p), Voe H(BNY).

BNY

(3.41)

This is a classical Neumann problem which has a unique solution, up to additive
constants, provided the compatibility condition L(1) = 0 is satisfied. But

(3.42) L(1) = / gP(1)dy — / z-VP(l)dy =0,
Y Y\B
is equivalent to
(3.43) / z-VP(1)dy = / gP(1) dy,
Y\B Y

which is satisfied, thanks to assumption (3.32), if ¢ = P(1) € C§°(Y') and for more
general ¢ € H}(Y) with Vo = 0 over BNY in view of the density of C§°(Y) in
HNY).

We observe that L is linear and continuous. Let us consider the space W(BNY) =
HY(BNY)/R equipped with the scalar product

W(BNY)xW(BNY)—=R
(u,v) — Vu-Voudy.

BNY

In view of the Proposition 1.2.20, W(B NY') is a Hilbert space.
Since the compatibility condition L(1) = 0 is satisfied, by Lax-Milgram’s Lemma,
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problem (3.41) is well-posed and has a unique solution « € H*(BNY’) that we can
identify, for example, with the one having zero integral mean value over BNY.
Now we set

. Vu, in BNY,
z =
2, inY \ B.

It’s straightforward to check that —divZ = ¢ in D'(Y). It remains to prove the
assertion (3.35). From (3.41) we have

(3.44) /Bmy|2|2dy = /Bw|vu|2dy = L(u) = /YgP(u) dy — /Y\Bz - VP(u)dy.

On the other hand, by the Cauchy-Schwarz and Poincaré inequalities we obtain

/B Y|5|2dy < H9HL2(Y) HPUHL2(Y) + HZ||L2(Y\B) HV(PU)HLZ(Y\B)
N

< ep |9l 2y IV(P) | 12vy + 121 2oy IV (P 2 ) -

(3.45)

Then, using the properties of the operator P we have
(3.46) ||V(PU)||L2(Y\B) < ||V(PU)||L2(Y) < C||VU||L2(BmY) = C||5||L2(BmY)v

finally, from (3.45) and (3.46) we obtain

(3.47) 122wy < € (19l 2ry + 12 )

from which (3.35) follows.

If, more generally, BNY has a finite number of connected components By, ..., By, the
argument is repeated defining the arbitrary linear and continuous extension operators

Pj: H'(B;) = Hy((Y \ B) U B)),

for j=1,...,N. Then, u; € H*(B;) is the solution of

(3.48) /Vu-VgodyZ/ ng(so)dy—/ 2-VPi(p)dy, Yeec H(B).
B, (Y\B)UB; Y\B

Finally, setting

~ VU]‘, in Bj
z =
z, inY\ B,
the statement follows straightforwardly. |
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3.3.2 Application to homogenization

In this section we prepare the tools that we will use in § 3.4 to pass to the limit in
the equation (3.3) by compensated compactness. To this end, we need to modify the
flux

(3.49) be(z) = a (g Vue(x))

over the sets B..

Note that by removing the subset 2 N B. from the set {2 we obtain a "perforated
domain" Q. = Q\ B.. Generally, the domain €). is not connected and has a fine-
grained boundary.

If we take in particular ¢ € C§°(£2.) such that ¢(x) = 0 for every x € B, in (3.3) we
obtain

(3.50) / b-(z)Vypdr = / gpdr Yy e Cgo(8).
which means

(3.51) —divb.(z) = g in D'(Q.).

Since g € L*(2) we have also

(3.52) —divb.(z) = g in L*(Q.).

On the other hand, let Y\ B. be any perforated periodicity cell contained in 2. and
let Y\ B be the corresponding homothetic one. Over Y. \ B. we have

(3.53) / be(x)Vpdr = / gpdr, Vo€ CP(Y)):Vyp=0in B..
Y2\Be

}/s’i,
If y e Y'\ B then ey € Y\ B, choosing x = ey we can consider z.(y) = b.(gy).

Proposition 3.3.6 Let z.(y) = b.(cy), then there exists an extension z. € L*(Y*)"
of z= € L*(Y*\ B)", fori € I.(Q) such that

(3.54) —divZ.(y) = eg(ey) in Y,
(3.55) Z =z in Y'\ B,

(3.56) / [Py < c ( / gl dy + / |z€|2dy> ,
B yi Yi\B

with c independent of eg and z. and where I.(Q) = {k € Z" : Y¥ N Q C Q}.
Proof: We observe that, z. € L*(Y"\ B)", eg € L*(Y") and
(3.57) —div z(y) = —divy b-(ey) = (=div, b )(ey)e = eg(ey),
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in Y*\ B and in D'(Y"\ B). Moreover, by the change of variable z = ey in (3.53)
we obtain

(3.58) / 2 (y)Veody = / egody, Yo € Cr(Y"):Vyp=0in B,
Yi\B

Yi

then, by Lemma 3.3.4 there exists z. € L*(Y*)" satisfying (3.54), (3.55) and (3.56).
O
In order to pass to the limit in (3.3) it is necessary to obtain equations and estimates

in 2, or at least in any relatively compact open subset ' of €2, using the notation
Q' cC Q. Let us fix ' CC 2 and set

J(Y)={kez" Y NQ #¢}.

Then, there exists g9 = £¢(€2) > 0 such that Ve < ¢ if k € J.(€') then Y* C Q. For
e < g the function Z. defined by Proposition 3.3.6 makes sense Vi € J.(£2). More
precisely

Proposition 3.3.7 Let Q' CC Q, ¢ < &o(?') and b.(x) defined by (3.49). Then for
all i € J.(Y) there exists an extension b € L*(YI)" of b. € L*(Y! \ B.) such that

(3.59) —divy b (x) = g(x) in Y!

(3.60) b'=b. in Y\ B.

(3.61) 08 (z)? dx < ¢ ( leg(x)|? dz + / b ()2 dm)
B. vz Yi\B:

with ¢ independent of eg and b,.

Proof: Since b, € L*(Y! \ B.)", g € L*(Y) it is enough to set z.(y) = b.(ey), to
define Z(y) by Proposition 3.3.6 and then to set b. = Z.(%). Then, from Lemma
3.3.4 there exists bl € L2(Y/)" satisfying (3.59), (3.60) and (3.61). ]

Corollary 3.3.8 For any @ CC Q, € < (%), there exists an extension b. €
L*(Q)" of b|q. such that
(3.62) —div, b.(z) = g(x) in Q in D'(Q),

(3.63) ho—b.  in\B,
(3.64) |be(2)]? do < ¢ (/ leg(x)|? dx +/ |b5(x)|2dac) :
oY o /\B.

Proof: Let i
be(w) = ) xvala)bi(x)

i€J ()

statements (3.62) and (3.63) are immediate whereas estimate (3.64) follows from the
additivity of the integral. |
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3.4 Homogenization

Proposition 3.4.1 Let {2} be a sequence of open subsets of Q0 such that € 1 €.
Then the sequence {I;E} defined by Corollary 3.3.8 has the following properties

(3.65) b. — b weakly in Ly (),
(3.66) —div, b-(z) = g(z) = —div, b in D'(Q)) fore < eo(€)),
(3.67) —div, b. — —div, b strongly in H_I(Q;), V7.

Proof: Let us consider a sequence {{2} such that 2 1 Q and for every j we choose

a subsequence of {Ba}, that we will still denote {l;a}, such that

(3.68) b. — b weakly in L*(9)),

as € — 0.Then we proceed from €2 to Q2 , considering a subsequence of the sub-

sequence {I;E} such that its limit b remains the same over 2. Then, the limit b is

extended in €2;,,. Next, using a diagonal argument we obtain a subsequence such
that

(3.69) b. —~ b weakly in L2 (),

loc

as € — 0.We observe that if ¢ < &0(€2}) then —div, b. = g in every 2, then we have

also —div, b = g in every ) which means —div,b. = —div,b = g in D'(€2}) in every
Q) CC Q. Hence

(3.70) —div, b. — —div, b strongly in H1(), V.

|

Now we consider wg, the solution of the cell problem (3.23). We define its periodic
extension to R™ constructed as

x x x
(3.71) ve(z) =€ [’UJ& (E) +¢- E] = we (E) +&- .
Then, in virtue of (3.71) we have
(3.72) v, — -1 strongly in L (R"),
and
(3.73) Vv, = Vywe + & — ¢ weakly in L*(Y) and in L7 .(R"),
as € — 0.

We are now in the position to introduce an auxiliary operator a® : R™ — R™ (see
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below (3.84)) that will be the essential tool to have our homogenization theorem. To
this end, we define the periodic extension of a (y, £ + Vwe(y)) by

(3.74) B(y, &) = a(y,& + Vwe(y)) € [LE(R™)]™

The function 8 has the following properties

(3.75) —divB(y,§) =0 in D'(Y \ B).

and

(3.76) \ B(y,€) Vedy=0, YoeD(Y\DB): Ve[p=0,
Y\B

then, by Lemma 3.3.4 (with g = 0) there exists an extension 5 € L2(Y))" such that

(3.77) —divA(y,£) =0 inY, in D'(Y),
(3.78) f=8 mY\B,
and
212 2
(3.79) JEREYS attas

with ¢ independent of /3. )
Let us define SB.(z) = (%) The function (. has the following properties

(3.80) —divf. = 0 in R,
(3.81) Bz—:(x) =p <§) in R"\ B,
and for any € C R", and € < gy(§Y)
. 2
(3.82) / P < 5] a
User. o) Bt Uier (o) Yé\Be €

where I.(Q) = {k € Z": Y N # ¢}. Therefore, by (3.82) and performing the

change of variables
x

3 (—) )2 dy = " Yilﬂ(y)IQ dy,

3

we have

. _ N |2
L N A N 1 ]
v User. o) Bt Uicre (o) Yo\Be €

T\ |2 2
<(1+0) B )] @ <ial ] 18Py
User. o) Yé\Be € Y

Since the function f. is periodic, we have

(3.83)

(3.84) b~ |71| /Y Bly.€) dy = a®(€) weakly in L2 (R")
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Lemma 3.4.2 Let G € [L2, (Y)]". If

per

(3.85) /YG Veody=0, Ve H)(Y),

then

(3.86) / G-Veody=0, VoeH (V).
Y

Proof: We split the proof into two steps.
Step 1 Let G € C*(R") and ¢ € C°(Y).
Integrating by parts we have

/G'dey:—/divG~gody:0,
Y Y

then

(3.87) divG =0 inD'(Y).

If p € H!.(Y) then, by (3.87) and the periodicity of G we have

per

(3.88) /G-Vgody:—/(divG)gody+/ G -npdo = 0.
Y Y oy

Step 2 Let G € [L2,.(Y)]™.

We observe that G, = G % py, is Y-periodic, where p, € C°(R™), pp, = 0, spt (pn) C
B.1(0) and [ p, =1.

Iniileed, since

(G % pn) () = / G(y)on(z — ) dy,

B (0)

Ph

and

(3.80) (G pr)(z +e5) = /B |, CWla+ei )y

Ph

by the periodicity of G and performing the change of variable y = z 4 ¢; in (3.89)
we have

/ Gly)on(x + e — y) dy = / Gz + &) pulz — 2) dy
B (0)

(3.90) o A
_ / ) G(2) prlz — 2) dy = (G + pi) ().

Ph
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Then, taking into account (3.89) and (3.90) by Definition 1.2.17, G*pj, is Y-periodic.
It is well known that Gj, = G x p,, € C®(R") and G}, — G strongly in L2 _(R™).
Furthermore

(3.91) / Gn-Veody=0, Vee CFY).
Y

In fact, let ¢ € C§°(Y), by Fubini’s Theorem and (3.85) it follows that

/YGh -Vody = L(G * pn)(y) V(y) dy

:/Y /BI(O)G(I—?J)Ph(m)dI V(y) dy

Ph

-/ » ( | 6= 9oty dy) oulr) di =0,

Ph

indeed, since the modulus of x is bounded, for A sufficiently big we have
/ G(z —y)Ve(y) dy = 0.
Y

Finally, since by Step 1 we have [, Gj, - Vody = 0 for all ¢ € H}..(Y), then as

per

h — oo we obtain (3.86). O

Proposition 3.4.3 The function
a’: R" - R"
£ a’(€)
15 strictly monotone, coercive and Lipschitz continuous.

Proof: let £,n € R™ be fixed. We define

d(y> 6 + vwf) dy7

S~

(3.92) ) = [ Aw.e)dy
%
(3.93) a’(n) = / Bly,m)dy = | aly,n+ Vw,)dy.
1%
Considering the identity
(a’(&) —a’(n), 6 —n) =
~ [ a0 + Fug) = aly.n + T (€ + Fug == V) dy
(3:94) + / a(y, & + Vwe)(Vw, — Vwe) dy
%
+ / a(y,n+ Vw,)(Vwe — Vw,) dy
Y
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we show that
(3.95) / a(y, & + Vwg)(Vw, — Vwe) dy = / a(y,n + Vw,)(Vwe — Vw,) dy = 0.
Y Y

In fact, since
y = a(y,§ + Vwe(y)) € (Lo (V)"
from (3.77) it follows that

/ a(y, €+ Vwe) Ve =0, YepeDY).
Y

Then, in view of Lemma 3.4.2 it follows that

/Yd(y,§+ Vwe)Vw, = /Yé(yjé + Vwg) Ve =
(3.96)

= /Yé(y, n + Vuw,)Vw, = /Yd(y,n + Vw,)Vw, = 0.
From (3.94), (3.96) and by assumption (III) of § 2.1 we have
(a’(§) —a"(n), € —m) =
sor = [+ Vi) =+ Va6 + Ve =1 = V) dy
}a/}/\f—l—ng—n—ande}O,

then, by Definition 1.4.1 a°(£) is monotone.
We observe that

(3.98) a’(0) = 0.

Let £ = 0, we look for the solutions of the problem

/d(y, Vuwg) - Vedy =0, Vo€ [?07
Y

(3.99) .
Wy € Ko.

Since a(y,0) = 0 (see assumption (II) of § 2.1) then wy=const. is solution of the
problem (3.99). Recalling the definition (3.92) we have

o< [0 =| [ atnoar| = | [ a0/

(3.100) < (/Bwy’O”Qdy)% (/B dy)2

1
< ( / |a<y,o>\2dy) Blb=0
Y\B
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from which (3.98).

Taking into account (3.97) with n = 0, (3.98), assumptions (II) and (III) of § 2.1
and the Cauchy-Schwartz inequality we have

2

wiene e+ Tuld ol [ Tugd
(3100 R R —

Then, by Definition 1.4.3 it follows that a°(¢) is coercive.
Let us show that a®(¢) is Lipschitz continuous. We split the proof into 3 steps.

Step 1 Let &,& € R™ be fixed, then
(3.102) 1€ + Vweg, — & —V — Vwﬁz”ﬂ(y) <o 6 =&+ Vw&l—ﬁgHLz(y)
We choose two test functions M; and Ms defined as

= afg].

(3.103) My = we, + we—g, — Wy,
(3'1O4> My = Wey, — Wy gy — Wey-
Clearly M, M, € Ky, then substituting (3.103) and (3.104) into (3.23) we obtain
3105) [ al&+ Vug) - (Vg + Vg ¢, ~ Vug) dy =0
Y
(3.106) / a(y, &2 + Vwg,) - (Vwe, — Vwg, ¢, — Vg, ) dy = 0.
Y

Adding up (3.105) and (3.106) we obtain

/ la(y, &1+ Vg, ) — a(y, & + Vg, )] - (Vwe, + Vwe, ¢, — Vg, ) dy = 0,
Y

that is equivalent to

A / v, 61 + Viwe,) — a(y, & + Viwg,)] - (&4 + Ve, — & — Vag,) dy
3 107

- /Y[ (y 51 + vw&) (ya€2 + vw&ﬂ : (fl - 52 + vw£1—§2) dy =B.

Since a(y, -) is strictly monotone we have
(3'108> A = O‘/}/Kl + vwﬁl - 52 - V’LU&’Q dy =« Hfl + VU)& - 52 - vw&“iﬁ()f)

On the other hand, by the Cauchy-Schwarz inequality and since a(y, -) is Lipschitz
continuous we get

(3.109)
B < (/ la(y, & + Vwe,) — a(y, & + Vwg,)[” dy) (/ &1 — & + Vg, ¢, | dy)
Y
L (/ |§1 + ng1 - 52 - wazlz dy) (/ |€1 - 62 + V’LU§1—€2|2 dy)
Y Y
= L|[&1 4+ Vwg, = & = Vwg [l 124 161 = &2 + Vg el 12y -
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Finally, from (3.107), (3.108) and (3.109) we obtain (3.102) where ¢; = —

Step 2
(3.110) 1€ + ngHLQ(Y) < elé], VEeR™

Let £ € R™ be fixed. We consider the test function (2.15) and we denote it by zg.
We observe that z{ € [?5. Since [VZ{|< [£](1+ ) we have

1
(3.111) ||Vz§||L2(Y)n < J¢| (1 + 5) :

Then, since a(y, -) is strictly monotone and Lipschitz continuous and by the Cauchy-
Schwarz inequality, assumption (II) of § 2.1 and taking into account (3.23) with
© = we — zg we have

o / €+ Va2 dy < / a(y,€ + Vue) (€ + Vue) dy
Y Y

(3.112) _ / (a(y,€ + Vu))(€ + V=0 dy
Y
<LJE+ vwf)“LQ(Y) Hf + VZgHLQ(Y)

Taking into account (3.111) we have
2
e+ 92, = [ €+ 90 ay
(3.113) < 2[¢] +/|Vz

<(1+5+5)

Finally, from (3.112) and (3.113) we obtain

2L 4 2\2
(3.114) / e+ vuelay) <X (44240 2) g,
; 58
L 4 2\°?

Step 3 a is Lipschitz continuous, that is
(3.115) |a°(&1) — a®(&)|< es3]é1 — &
Recalling the definitions (3.92) and (3.93) with £ = & and n = & respectively,
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using the Cauchy-Schwarz inequality, property (3.102) and property (3.110) with
& =& — & we have

|a’(&1) — a’(&2)] =

/Y[d(y, 51 + VUJ&) - d(y7 62 + Vw&)] dy'

< ( [ ity + V) — ity + vw@n?dy)g
Y

(3.116) S L&+ Vwg, — & — Vg o4
1
L3 4 2\2
< ? <4 + S + 5—2> H§1 — &+ ngl,&”Lg(Y)
? 4 2\?
<= (4+<-+ 5 — &,
052( +5+52) |£2 €2|
that s (3.115) with s = 2 (41024 2Y 0
at is (3.115) wi 3= +S+5_2 .

In the following proposition we show that the operator a° introduced in (3.84) does
not depend on the extension operators nor on the particular subsequence and actually
coincides with the operator apen, defined by (3.29).

Proposition 3.4.4 Let a° and apom be defined by (3.84) and (3.29) respectively.
Then a® = apom, i.e.

(3:117) (&) n = /y\B 0y, € + Vug) - (n+ Vw,)dy, VEq R

Proof: Here, for simplicity of notation, we assume all functions regular enough to
perform standards integrations by parts (see Remark 3.4.5). We split the proof into
three steps.

Step 1 Let us show that

f@%n=/d@£+vw%n@

(3.118) "

:/ a(yag—{_vw{)ndy_/ a(?J,fﬂvaf)‘V%St(n'y)de
Y\B oB

for every &, € R™, where v§" denotes the outward unit normal to 0B.
We observe that

(3.119) /Ya(yaf-i-vwg)-ndy:/y

furthermore, integrating by parts the second integral of the right hand side and
setting n = V(n - y) we have

/Bd(y,§~|— Vwe) -ndy = / a(y, &+ Vwe) - vt (n - y) do+

0B

a(y, &+ V) - ndy+/ a(y, &+ Vwe) - ndy,

\B B

(3.120)
_ /Bd(y,ﬁ—i-Vu)g)(Try) dy.
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On the other hand, by Lemma 3.3.4, setting 2(y) = a(y,& + Vwe) € L*(Y \ B) and
g = 0 there exists Z € L*(Y') such that

/ a(y,§ + Vwe)(n-y)dy =0,
B
then

(3.121) /Bd(y,€+ Vuwe) -ndy = —/ a(y, &+ Vwe) - v5t(n - y) do.

oB

Then, by (3.119), (3.120) and (3.121) statement (3.118) follows.
Step 2 Let us show that

31220 [ algr Ve Vuydy = [ a(y6+ Voo vy w,do
Y\B 9B

for every £, n € R", where 145 denotes the outward unit normal to 9(Y"\ B).
In view of (3.23)

(3.123) —diva(y,§ + Vwe) =0 inY \ B,
with we € [A(g we have
(3.124) / [diva(y, & + Vwe)|w, dy = 0,
Y\B
with w, € IA(n. Then, integrating by parts (3.124) we obtain
(3.125) / a(y, & + Vwg) - Vw, dy — / a(y, & + Vwe) - 3 g w, do = 0.
Y\B a(Y\B)
On the other hand, since w, € H;(Y") we have
(3.126) —/ a(y, & + V) - A g w, do = / a(y, & + V) - 33 g w, do.
a(Y\B) OB

Then, by (3.124), (3.125) and (3.126) statement (3.122) follows.
Step 3 By Step 1 we have

(3127) a®(€) -5 = /Y el € ) mdy ¢ / afy. €+ ) vy () don

On the other hand
(3.128)

/a a(y, € + Vawg) - 8y (- ) do = /a 0y, & + Vug) - 188 (0 -y + wy) dot
B B

- / a(y, &+ Vwe) - A g wy, do.
OB
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But, since —n+ Vw, = 0 over B we have —n-y+w, = const over B, then by (3.127)
and Step 2 it follows that

a0(§)~n—/ a(y,& + V) -ndy+/ a(y, & + Vwg) - Vw, dy
(3.129) YAB YAB

- / a(y,€ + Vg) - (0 + Vi) dy = anom
Y\B

whence the statement (3.117). O

Remark 3.4.5 In the previous proof, in the general case, taking (1.15) into account,

all boundary integrals can be understood in the sense of the duality between HY? and
H~12,

Corollary 3.4.6 ay,,, has the same properties of a°.

Proof of Theorem 3.3.3
Since a(y, &) is monotone, it follows that

(a (g, Vue(x)> —a <§, Vvs(a:)>) - (Vue(z) = Vu(z)) 20 forae x€Q

where u. is the solution of (3.3) and v, is defined by (3.71). Then, for fixed p € D(f2),
with ¢ > 0 we have

(3.130) /Q (a (g, Vue(x)> —a <§, va(x)>) - (Vue(z) — Vo (x))p(x) de > 0.

Moreover, we observe that Vu, — Vv, = —(§4+Vuwe(y)) = 0 over B, then considering
the periodic extensions of b.(x) and 8(%) in €2’ such that spt ¢ C Q' CC Q inequality
(3.130) can be cast as

(3.131) / / (i)a(x) - Bg(x)> (Ve (@) — Voo (z))p(z) de > 0.
Since
U —v. —u—¢&-x weakly in H'(Q)
b. — B. — b(x) — anom(€) weakly in L2(Q)"
—divb. — divf. = g — g strongly in H™1(Q)

we can pass to the limit using compensated compactness and we get

/, (65(@ N Bﬁ(x)) - (Vue(x) — Vu(2))p(z) do

= | (0() = anom(§)) - (Vu(x) — §)p(x) dx

Ql
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as € = 0. Then
(3.132) / (b(x) — tnomn(©)) - (V) — E)p(x) dz > 0 Vo € CE(), > 0.

which implies

(3.133) (b(x) — anom(§)) - (Vu(z) =€) >0 VE€ Q" Vo e Q\ Ng, with [N¢|= 0.
Now, denoting N = [J.cgn Ne it follows that

(3.134)  (b(z) —anom(§)) - (Vu(z) =€) 20 VE€ Q" Ve Q\ N, with |[N|=0
which means

(3.135) (b(x) — anom(&)) - (Vu(z) =€) =20, ae. in, Ve Q"

Then, by Proposition 3.3.2 we have

(3.136) (b(z) — apom (&), Vu(z) =€) 20, ae. in, V€€ R"

Choosing £ = Vu(x) +tn, t > 0, Vn € R, we replace £ into (3.136). Then, dividing
by t we get

(3.137) (b(z) — anom(Vu(z) +tn), —n) > 0.
In view of Proposition 3.3.2 inequality (3.137) tends to
(3138) (b(l‘) - ahom(vu(x))a _7]> > 07

ast — 07,
On the other hand, choosing £ = Vu(z) +tn, t <0, ¥n € R we get

(3'139) (b(.ﬁlﬁ) - ahom(vu(a:) + “7)» _77) <0.
which tends to
(3.140) (b(x) — anom(Vu(x)), —n) <0,

ast — 0.
Then, by (3.138) and (3.140) it follows that

(3.141) (b(x) — anom(Vu(x)), —n) = 0.
Finally, by (3.141) and the arbitrariness of n € R™ we obtain that
(3.142) b(x) = apom(Vu(z)).

In view of the strict monotonicity of anem (see Proposition 3.3.2 and 3.4.4) we con-
clude that the whole sequence u. tends to the unique solution u of the homogenized
equation (3.30). O
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Chapter 4

Minimum problems

4.1 Statement of the problem

Let Q be a bounded open connected set in R" with Lipschitz boundary 092. We
consider the following functional, for fixed h € N, ¢ > 0, £ € R"”

(4.1) F.p(u) = /Qfs,h(ai, Vu(z))dr, if we H}(Q)
+00, if wé¢ HHQ)
where
T\ ep [IEP(1+R) if Z€B
42 a9 = (e (D)= {257

and where B is a given l-periodic set in R™ which is disperse in the sense that
BNY cC Y. Here Y = [0, 1]" denotes the cell of periodicity. The function f ,(x,&)
is a Borel function such that

(4.3) fen(-,€) is 1-periodic for all £ € R".

The aim of our study is to compute and compare the following (iterated) I'-limits

(4.4) I- lim (r_ lim F&h) ,
e—0 h—oc0

and

(4.5) I- lim (r- lim Fa,h) .
h—o00 e—0

Definition 4.1.1 We say that a function v(z, &) : R"xR™ — R satisfies the standard
growth condition of order p if there esists 0 < a < [ such that

(4.6) alg]P< vz, §) < B(1+[E7),

for all z,& € R™.
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4.2 Results

Lemma 4.2.1 The function (4.2) satisfies the standard growth condition (4.6) with
p=2, a=1and 5(h)=1+h, i.e.

(4.7) €< fen(z, &) < (L+R)(L+[E),
for all z,& € R™.

Proof: For fixed h € N and € > 0 we observe that

fen@,€) = (14+hxa (2) ) 16P< (1 + WIS (1+R) (L + ¢
Since f.p(x, &) = [€]?, condition (4.7) follows easily. O
The propositions below give the explicit expression of (4.4) and (4.5) respectively.
Proposition 4.2.2 For fived € > 0 the functional (4.1) does I'-converge to

(4.8) F>X(u) = /Q|Vu|2 dz, ifue Hy(Q) and Vu =0 over B
+OO) 8[86
as h — +o00.

Proof: We observe that F. j,(u) is (sequentially) lower semicontinuous with respect
to u, i.e. by definition, Vu € L?(2)

(4.9) F. p(u) < liminf F, p,(u;).

j—00
Y, = u,withu; € Hj(Q). Since, if liminf; . F.p(u;) = +oo then (4.9) is
trivially satisfied, then we consider liminf; ,. F, »(u;) < +o00. Consequently, up to

a subsequence, lim;_, F. ,(u;) exists bounded. Then, there exists 0 < ¢ < 400 such
that F. ,(u;) < ¢, Vj € N. On the other hand, for fixed j

/|Vu]]2 dx < / (1 + hxs (g)) |Vu;|?dr = F.p(uj) <c, YVhEN
Q
then ||u;|| @) S 6 Accordingly, up to a subsequence,

Hy L2 .
wj = u, uj <> u, with u € Hy ()

Since the functional F., is increasing with respect to h and l.s.c. we can compute
the I'-limit using (1.48), then we obtain

F*(u) = lim F.p(u) = lim [ |Vu|*dz = /yvu|2dx Yu € H3(Q) s.t. Vu=0on eB

and (4.8) follows easily. O

In order to give the explicit expression to I'—lim._, F7 , we use the following theorems
adapted to our setting (for details see [8, Chapter 14]).
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Theorem 4.2.3 Let f : R" x R" — [0,400) be a Borel function satisfying the
periodicity assumption (4.3) and the standard growth condition (4.6) of order p > 1.
If Q) is a bounded open set of R™ and we set for all ¢ > 0

T
(4.10) F.(u) = /Q f (g, Vu(x)) dz
for all v € WIP(Q;R"), then we have

(4.11) I- hmF /fhom (Vu(zx

for allu € WIP(Q; R™), where from : R" — [0,00) is a quasiconvez function satisfying
the asymptotic homogenization formula

(4.12)  from(§) = hfrn tlnlnf{ flz, 6+ Vu(z))dr :u € Wol’p((O,t)";R”)}
ok

for all € € R".

Theorem 4.2.4 Let f : R" x R" — [0,400) be a Borel function satisfying the
periodicity assumption (4.3) and the standard growth condition (4.6) of order p >
1, and in addition let f(z,-) be convex for all x € R™. Then the conclusions of
Theorem 4.2.3 hold with fhom : R™ — [0,00) given by the cell-problem formula

413) (@ =t { [ Vul)dy e W01 R )

for all € € R™.
Proposition 4.2.5 For fized h € N the functional (4.1) does T'-converge to
hom : 1
(414) F}}Llom / f dl’, qu € HO (Q)
else

as € — 0, where

(4.15) pom(€) = inf /|§+Vw 2(14 hx(y)) dy.

eH1

Proof: Since f. p(x,-) is convex for all z € R", satisfies (4.7) and condition (4.3), we
can apply Theorem 4.2.4 (and consequently Theorem 4.2.3) in the particular case
with p = 2. Thus, by (4.11) we get the statement. O

Let us introduce the following set of functions:

(4.16) K® = {v € Hy(Q) : Vu(z) € Oy (g) a.e. in Q}
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where

(4.17) Co(y) = {I{é} i z; g

Clearly, K< is a closed subspace of H}(Q).

Proposition 4.2.6 The functional F>° does I'-converge to

(4.18) Fe(u) = /thom(Vu) dr, ifu € H}(Q)
+00,

else

as € — 0, where

(4.19) fere) =it [lervul)ldy cer

weHﬁ1
§+Vyw(y)eCo(y)

Proof: In order to prove the statement we have to check the I'-convergence definition,
i.e. we have to prove condition (1) and (2) of Definition 1.6.1 respectively. Regarding
condition (1) we have to prove that

(4.20) Vue€ L), Yu, — win L*(Q)  F°(u) < liminf F>°(u,)

e—0

We observe that, up to a subsequence, liminf, o F°(u.) = lim._,o F2°(u.). Then,
without loss of generality, we compute lim._,o F°(u.) instead of liminf. ,o F>°(u,).
Since if lim. o F>°(u.) = 400 condition (4.20) is trivially satisfied, we assume
lim. 0 F>°(u.) < +oo. Therefore, there exists ¢ > 0 such that F>*°(u.) < ¢ for
every €. Thus,

(4.21) F>(u.) = /|Vu€|2 dr <ec, ifu. e K®.
0

By (4.21), there exists ¢ > 0 such that HugHHé(Q) < ¢. Then, by Rellich’s theorem,
up to a subsequence, u. — u weakly in H'(Q) and u. — u strongly in L*(2). On the

other hand, by example 1.3.13, u. Zue H}(Q2) and by the two-scale convergence of
the sequence of gradients (see §1.2.1) there exists uy(z,y) € L*(Q; H!, (Y)/R) such

per
that, up to a subsequence, Vu, — Vu(z) + Vyui(z,y). Moreover, by Lemma 1.3.12

(4.22) Vu. = Vu(z) + Vyui(z,y) € Co(y) ae. in Q2 x Y.

Furthermore, by Proposition 1.3.8 it follows that

e—0

(4.23) lim/|Vu€\2dx 2//\Vu(:c)—l—vyul(a:,y)|2dxdy.
Q aly
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We observe that by (4.19)

a21) PO [IE+TuPdy Vo HY) st + Vi) € Coly)
Then, choosing ¢ = Vu(z) and w(y) = ui(z,y) we get

(4.25) P ute)) < [ 190 Vyule) Py

Integrating (4.25) with respect to x € Q and using (4.23) we obtain

/fhom(Vu(x))dazg//\Vu—{—Vyul(a:,y))\zdyda:glim/]Vu€|2da:
Q oJy e=0Ja
= lim F.(u.)

e—0

(4.26)

then (4.20) follows easily.
It remains to prove condition (2), i.e. we have to prove that

(4.27) Vu € L*(Q), Ju. — uin L*(Q) such that F°(u) > limsup F.(u.).

e—0

By (4.20), condition (4.27) is equivalent to

(4.28) Vu € L*(Q), Ju. — uin L*(Q) such that F{°(u) = lir% F.(u.).
e—

If uw ¢ H}(Q), Ff°(u) = oo then condition (4.27) is trivially satisfied. Therefore,
we assume u = uy € Hj ().

In order to prove (4.27) it is possible to follow the method used in [16, §4|. Then, it is
possible to construct a I-realizing sequence for ug(z) that means, given uy € Hj(Q),
to find a sequence u. € H}(2) such that

(4.29)
u. — ug strongly in L*(Q?), Vu. € G (f) , lir% F>(u.) = / fhom (V) da.
& E— Q
whence the statement. O

Proposition 4.2.7 The functional F°™ does T'-converge to F§°.

Proof: Since F°™(u) is increasing with respect to h and lower semicontinuous for
every h € N, by property (1.48) we have

(4.30) I- lim FPo(u) = lim FP™(u)

h—+o00 h—+o00

then, we now prove that for every u € H{(2) we have

lim F°™(u) = lim inf /\Vu(x) + Vw(y) 2 (1 + hxp(y)) dy dz
Y

(4 31) h—+oo h—+o0 Q ngﬁl
:/ lim inf Gp(w) dzz/ inf Goo(w)dx
Q h—+oo wEHﬁ1 Q wEH’j1
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where

Gty | 1700+ Vol by, it we B

400, else

and

w) = /Y|Vu(x) + Vw(y)|*dy, ifwe H{(Y) and Vu(z) + Vw(y) =0,y € B

Goof
400, else
Let us prove that
(4.32) lim inf Gp(w) = inf Gy (w) a.e. in Q.
h—o0 WEHﬁl wEHﬁ1

Since the sequence {G} is increasing and lower semicontinuous Vh € N, by prop-
erty (1.48) we have

(4.33) - lim Gp(w) = lim Gi(w) = Ge(w)

h—+o00 h—+o00

Moreover, since {G},} is a sequence of equi-mildly coercive functions, applying theo-
rem 1.6.5, we get (4.32). We observe that inf e p Gi(w) € LY(Q). Further, by (4.7)

(4.34) | inf Gp(w)

wGH’i1

< (1+h) inf /Y(1+|Vu(x)+Vw(y)|2)dy = C(x,h) € L),

wGH’j1
Summarizing the results, we have that

inf Gh(w) S Ll(Q)

weH]
inf Gy(w)| < C(z, h) with C € L'(Q)
weHﬁ1
inf Gp(w) = inf Goo(w) a.e. in Q.
weH] weH]

Applying the Lebesgue’s dominated convergence theorem we deduce that (4.31)
holds, whence the statement. O
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