CANDIDATE: STEFANO VITA

STRONG COMPETITION SYSTEMS
RULED BY ANOMALOUS DIFFUSIONS

DOCTORAL DISSERTATION
PH.D. IN PURE AND APPLIED MATHEMATICS
UNIVERSITA DEGLI STUDI DI TORINO, POLITECNICO DI TORINO

XXX CYCLE

ADVISOR:

PROF. SUSANNA TERRACINI

AcaDpEMIC YEAR 2017-2018






“Il sapere é notte”

Prof. Dott. Abdul Noctambulotti



ii



Contents

Introduction

I Nonlocal strong competiton systems

1 Asymptotic growth of blow-up solutions
1.1 Introduction and main results . . . .
1.2 Bound on the growth rate of positive solutions . . . . .. ... .. .. ...
1.3 Prescribed growth solutions . . . . .
1.4 Multidimensional entire solutions . .

2 On s-harmonic functions on cones
2.1 Introduction and main results . . . .
2.2 Homogenous s-harmonic functions on cones . . . . . . . .. ... ... ...
2.3 Characteristic exponent: properties and asymptotics . . . . . . . .. .. ..

2.4 The limit for s 71

2.5 Uniform in s estimates in C%® on annuli . . . . . . . . . . . .. .. .....

IT Degenerate strong competition systems

3 Local regularity for degenerate equations
3.1 Introduction and main results . . . .

3.2 Functional setting
3.3 Liouville theorems

3.4 Local uniform bounds in Hélder spaces . . . . . . . ... .. ... ... ...
3.5 Local uniform bounds in C1* spaces
3.6 Further regularity for L,-harmonic functions . . . ... .. ... ... ...

Bibliography

iii

11
34

41
41
48
o6
76
83

89

91
91
95
117
123
138
145

157



iv

CONTENTS



Introduction

The main focus of the thesis is the study of qualitative properties of solutions to systems
of elliptic semilinear equations which contain competition features and where the diffusion
law has an anomalous behaviour. As a common feature, when the prevailing phenomenon
is competition, then coexistence between the stakeholders is not allowed, and the conse-
quence is space segregation. The thesis is divided into two parts where different diffusion
laws are examined.

In Part I the diffusion model considered is given by the fractional Laplacian, a nonlocal
operator which allows to experience long jumps called also Lévy flights. In this context,
we will focus first on some properties of growth at infinity for positive entire solutions of
some blow-up systems. This classification problem is very important in order to have a
full picture of all the possible behaviours of competing densities while the segregation phe-
nomenon is occurring. Then, in order to study regularity of segregated profiles, one has to
deal with some related optimal partition problems, and consequently with the homogene-
ity degrees of s-harmonic functions on cones. Therefore, we will treat the classification
of these functions with a particular attention to the problem of their convergence as s — 1.

In Part II, a degenerate or singular operator has been studied: in this case the diffu-
sion is affected near the place of degeneracy, which is an hyperplane. As a first step in
order to start the analysis of competition diffusion systems ruled by this particular kind
of diffusion, one has to point out some local qualitative properties of solutions to a single
degenerate or singular equation. We will concentrate our investigation on local regularity
aspects, using a regularization approach on the operator.

In order to enter in the details of the contents of this thesis, we briefly introduce the
topic of strong competition systems in the classic context; that is, when the diffusion pro-
cess is ruled by the standard Laplacian.

We can imagine the following situation from population dynamics: there is a certain
number of populations which spread in space. From one side, the individuals in the same



vi CONTENTS

population interact with each other, and on the other, each population competes aggres-
sively with the others. As the competition is getting stronger and stronger, in order to
reach an equilibrium in this dynamic which is convenient for every population, we can
imagine that they will try to segregate themselves into some regions of the space divided
by an interface, in order to survive.

We can consider also the following physical phenomenon: in a binary fluid like a mix-
ture of oil and water (binary mixture of Bose-Einstein condensates in two different hyper-
fine states), the two components of the fluid may spontaneously separate and form two
segregated domains divided by an interface. Such a phenomenon is called phase separation.

For both these examples we can consider a general model. We imagine to deal with
k € N populations or densities, and we assume that they diffuse in a domain €2 of R"™ with
the standard Laplacian; that is, the infinitesimal generator of the brownian motion. We
are looking for solutions to the following elliptic system

{—Aui = fip(@, i) — Bui )24 aijug inQ, Vi=1,..k,

(1) Uj GHl(Q),

where n € N and § > 0 is a large parameter of competition. Among the others, the
following two cases are very well known:

e fi(s) = gis(1 — s/K;) and p = 1; that is the logistic internal dynamics with Lotka-
Volterra competition.

o fi(s) = w;is® — \is and p = 2; that is, focusing-defocusing (respectively w; > 0 and
w; < 0) Gross-Pitaevskii system with competitive interactions.

Prescribing boundary conditions, and considering suitable classes of reaction terms, it is
possible to provide existence of solutions for any fixed § > 0. The major interest in the
study of this problem relies in the analysis of the singular limit as § — 400, when the
phenomenon of segregation does occur. This problem has been already object of a deep
analysis by many authors. In both the symmetric case p = 1 and the variational case p = 2,
it has been undertaken the analysis of qualitative properties of the solutions whenever the
parameter 3, accounting for the competitive interactions, diverges to infinity. At the limit,
we have a vector of functions with mutually disjoint supports: the segregated states which
satisfy

—Au; = fioo(x,u;) in QN {u; #0}, Vi=1,..,k,
(2) _ .
u; - u; =0 in Q.

The mutually disjoint supports of the limiting profiles are separated by an interface. At
this point, the main interesting features of the limiting free boundary problem are:
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e qualitative properties of limiting profiles;
e geometry and regularity of the free boundary;
e asymptotic behaviour of the competing densities near the appearing interface.

In order to have a full picture of the situation, we refer to a very extensive literature; among
the others, the following are some fundamental contributions in this field [18, 19, 26, 27,
28, 29, 49, 50, 63]. From now on we concentrate the attention on the case of the cubic
interaction; that is, when p = 2. In [49], it has proved that uniform boundedness in L ()
of a family of solutions with respect to 8 implies also uniform bounds in Holder spaces,
and that this feature is sufficient to give sense to the singular limit as § — +oc. Local but
also boundary optimal regularity of limiting profiles were provided. The limiting profiles
share the same properties as the nodal set of the eigenfunctions of Schrédinger operators:
they are regular up to a low dimensional singular set. Moreover it was proved the validity
of a reflection law for the gradients of the components at the interface, which represents
the equilibrium condition. In [8, 9], the authors showed how it is possible to investigate
the asymptotic behaviour of 8-solutions near a point xg where the free boundary is going
to appear. This can be done by suitable blow-ups in points which are converging to xg.
In this way we end up with entire solutions to the following system

(3) Au; :uZZU? inR", Vi=1,..,m,
J#i
where the indices ¢+ = 1, ..., m indicate the densities which are present in the limit near the

free boundary point. The classification of such entire solutions is very important in order
to understand the local behaviour of competing densities.

Very important tools for the analysis of free boundary problems are some monotonicity
formulas which allow to do scales near the interface that better point out the qualitative
behaviour of segregated profiles. Blow-up and blow-down analysis, combined with Liou-
ville type results are very useful also for regularity issues and classification of the possible
situations that may occur. Eventually, the segregation phenomenon implies pattern for-
mations and so it is strictly related to optimal partition problems.

In Part I, we want to deal with strong competition systems regulated by a nonlocal
diffusion operator, the fractional Laplacian. For functions in the Schwarz space u € S(R"),
the fractional Laplacian is defined by the principal value of an integral operator

: u(z) — u(n)
—A)’u(z) = C(n, s) lim ———=dnp,
Ay uw) =) tim | SO
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where s € (0,1) and C(n,s) > 0 is a normalization constant. Such operator is the in-
finitesimal generator of the s-stable Levy process ([5]) and it allows to experience long
jumps with a probability having a polynomial tale.

The main object of our study is the following system

(4) (—A)Sui = fiﬁ(az,ui) — BuZ ijéi aiju? \V/Z = 1, ceny k?,
u; € H5(R™).

As it happened for the local case, the main tools for the analysis of this competition
system are some monotonicity formulas. Unfortunately, due to the nonlocal nature of the
the fractional Laplacian, such formulas are not known in R™. For this reason, in a very
famous work in 2007 [21], the authors introduced an extension technique for the fractional
Laplacian. The idea is the following: for a function v : R® — R, one can consider the
extension function v : R := R™ x (0, +00) — R that satisfies the degenerate or singular
equation

. a : n+1
(5) Lov =div(y*Vv) =0 in R}
for a =1—2s € (—1,1), with conditions
v(x,0) = u(x),
Oyv :=limy_,o+ y*Oyv = —c(=A)*u in {y = 0}.

This method allows the study of a new problem in one more dimension which is local, while
the nonlocal nature of the original problem becomes a boundary condition. From now on,
we will use the variable z = (z,y) € R7*! with 2 € R” and y € (0, +0c). Moreover, taking
a ball B, C R""! with radius r > 0, we will denote by

Bf =B.n{y>0}, BF=B.Nn{y=0}, 9B =0B.N{y>0}.

Exploiting the local realization of the fractional Laplacian as a Dirichlet-to-Neumann
map, we deal with the degenerate or singular system

©) Lqv; =0, in B,
—8;1}7; = fi’g(vi) — 51)1' Zj#i aijv?, iIl 8OBf“

Competition-diffusion nonlinear systems with k-components involving the fractional Lapla-
cian have been the object of a recent literature, both in the case of nonlocal Gross-
Pitaevskii systems with [65, 66] and of nonlocal Lotka-Volterra systems [69]. Concerning
the first case, in [65, 66] some uniform estimates in Holder spaces for solutions to (6) were
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provided when n > 2, a;; = aj; > 0 and the competition parameter 3 — +o00. These
estimates give sense to the singular limit for § — +o00: the g-solutions segregate and the
supports of the limiting components, restricted to the hyperplane {y = 0}, are disjoint
and separated by a free boundary.

A natural question that arises when one try to study the segregation phenomenon is
the following: how is the asymptotic behaviour of the sequence of S-solutions as § — +oo
near a point (zg,0) where they are going to segregate?

One way to answer to this question is the following: if we deal with nonnegative solu-
tions to the Gross-Pitaevskii system (6), doing the right scales near a sequence of points
which are converging to the chosen point (zg,0) of the free boundary, passing to the limit
we obtain an entire solution (ug, ..., ux) to

Lou; =0, in R

(7) u; > 0, in R
. 1
Oyu; = u; Zj# u?, in EﬂRC‘f .

The classification of these entire solutions gives properties on the decay and the geometry
near the free boundary of the S-solutions. Some relevant qualitative properties of posi-
tive solutions to system (7) have been recently investigated by Wang and Wei in [71]. In
particular, they proved uniqueness for the one-dimensional solutions when s > 1/4, up
to translation and scaling. One important point to investigate is the growth at infinity
of these blow-up solutions. In the local case the growth rate could be polynomial of any
order (as showed in [9]) or also exponential (see [58]). Instead, in the nonlocal case in [71]
it was proved that the growth at infinity has a universal polynomial bound.

In Chapter 1, we go deeper into this matter, showing the exact value of this polyno-
mial bound. When s € (0,1) and n > 2, a positive entire solution (u,...,u) to (7) has
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maximal asymptotic growth rate 2s; that is, there exists a constant ¢ > 0 such that
w (z,y) + o+ up(z,y) <c(T+ |z +47)°.

Moreover we prove that the bound found is optimal. In fact, we are able to construct in
dimension n = 2 and the case of two components, solutions with prescribed growth rate
arbitrarily close to 2s; that is, for n = 2, k = 2 and s € (0,1) there exists a sequence of
positive entire solutions (ug, vg) to system (7) with algebraic growth (k) € [s,2s), where
v(k) converges monotonically to 2s.

Eventually, we are interested in constructing blow-up entire solutions to (7) which are
genuinely n-dimensional, in the sense that they can not be obtained by adding coordi-
nates in a constant way starting from a 2-dimensional solution. The results in Chapter 1
are contained in [67] and obtained in collaboration with S. Terracini.

Another interesting question that arises in the study of nonlocal strong competition sys-
tems is the following: what can we say about the geometry and the regularity of the free
boundary? Which is the optimal regularity of the limiting profiles?

Only some partial results in this direction were obtained in the Phd thesis of G. Tor-
tone [68] in the case of dimension n = 2. One of the more delicate obstruction to remove
in order to study this problem in the most general context is related to the lack of an
optimal regularity result; that is, the optimal exponent in the result of uniform Hélder
bounds for solutions to (6) in [66] is not known. The lack of an optimal regularity re-
sult is due to the lack of an exact fractional Alt-Caffarelli-Friedman monotonicity formula
(ACF) [65, 66]. As for the local case, the usefulness of the ACF monotonicity formula in
free boundary problems comes from the fact that it gives a control of the local behaviour
of the solutions from both sides of the free boundary [4, 20].

In order to solve this issue, one has to deeply understand the relationship between this
kind of monotonicity formulas and an optimal partition problem on the upper hemisphere
S% = S"N{y > 0}. The aim is to determine the exact value of the exponent v/¢F
which appears in the formula, which is a number 0 < vA“F < s and obtained by the
minimization of the average of the homogeneity degrees of two s-harmonic functions on
complementary circular cones in R™. In the local case the situation is very well understood
and the right exponent v4F =1 is attained when the two cones are complementary half
spaces. This information ensures Lipschitz continuity near the free boundary for the seg-
regated profiles. So one can expect that in the nonlocal case vX“F = s and attained when
the two cones are complementary half spaces, obtaining C?*-continuity near the interface

for any general segregated configuration.



CONTENTS xi

The problem to solve is essentially the following: give more information about the homo-
geneity degree vs(w) of the unique nonnegative solution (up to multiplicative constants)
to

—A s s = i wH
(8) (=A)%u 0 ?n C of the form wu4(x) = ]x!%(w)us (:1:) )
us =0 in R"\C,, 2]

where C,, = {rw : r > 0} is an open cone in R” with vertex in the origin and spanned
by an open subset w C St = §" N {y = 0}.

The classification of homogeneous harmonic functions on cones is very well understood
and is essentially the study of spherical harmonics. As a consequence, the homogeneity
degrees 7y(w) of such harmonic functions are known. In Chapter 2, we try to give more
information about problem (8) at least for s — 1. This is motivated by the fact that the
fractional Laplacian converges to the Laplacian when s — 1 and we deal with smooth
functions, and so we may expect that s-harmonic functions on cones do converge to har-
monic ones. The result we obtained is quite surprising: the asymptotic behaviour in the
limit s — 1 depends on the solid angle w of the cone.

In the case of wide cones, when v(w) < 2 (that is, 6 € (7w/4, ) for right circular cones
of colatitude @), our solutions do converge to the harmonic homogeneous function of the
cone; instead, in the case of narrow cones, when y(w) > 2 (that is, 6 € (0,7/4] for right
circular cones), then the limit of the homogeneity degrees will be always 2 and the limit-
ing profile will be something different, though related, of course, through a correction term.

An important byproduct of our main result is the following fact: in any space dimen-
sion,

nyF —1 as s — 1.
The results in Chapter 2 are contained in [64] and obtained in collaboration with S. Ter-
racini and G. Tortone.

In Part II, we would like to start the study of strong competition systems regulated
by an anomalous diffusion operator modeling the influence played by a geometric object
in the space: an hyperplane which behaves as an attractor or a repeller. For functions
defined locally in z = (z,y) € R**! = R® x R we consider the family of operators in
divergence form

—div(p2Vu)(2),
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where a € R, ¢ > 0 and

o) = (e2 + y2)“/2 min{e~% 1} if a >0,
Pe\Y) = (62+y2)a/2 max{gfa,l} if a <0.

Such operator is the Laplacian when a = 0 and for any a # 0 it is an interpolation between
the Laplacian when € — 400 and the operator

—Lou = —div(|y|*Vu),

when ¢ = 0, which is degenerate or singular on ¥ = {y = 0} respectively when a > 0
and a < 0. Our intention is to study nonlinear competition-diffusion systems of k& compo-
nents where the rules for the diffusion are influenced by the presence of the characteristic
manifold X,

(9) —div(peVu;) = fip(z,wi) — Bui 324 aijug in Q C R**!
u; € HY(, p2(y)dz) Vi=1,..,k,

where n € N, a € R, a;; = aj; > 0, ¢ > 0 and 8 > 0 is a large competition parameter.
We can immagine that the characteristic manifold ¥ is playing a role in the diffusion
phenomenon of our populations. In fact, we can expect that the diffusion is penalized
near ¥ if a < 0 and encouraged if ¢ > 0. In particular, we want to understand the
interplay between the two parameters S and € as the first is diverging and the second is
going to zero. In order to procede in this direction, the first step would be to provide
local estimates in Holder spaces which are uniform with respect to 8 — +oo and € — 0
for families of solutions ug. which share a uniform bound in L*°(€). This would be
enough to prove that the populations segregate in disjoint regions of the space, and the
limiting profiles are separated one from the other by an interface. As in the case of the
standard diffusion, limiting profiles will satisfy a reflection law and so the free boundary
may be locally described as the nodal set of a solution to a single L,-harmonic function.
This motivates in Chapter 3 the study of local qualitative properties of solutions to the
degenerate or singular problem

(10) —div(|y|*Vu) = [y|*f  in By,
as a first step in order to analyze the competition model.

Degenerate and singular equations in divergence form were studied in some papers in
the 80’s by E. Fabes, C. Kenig, D. Jerison and R. Serapioni [34, 35, 36, 44]. In [44],
the authors studied harmonic functions in non tangentially accessible domains applying
conformal maps. This way they obtained a new problem in a more regular domain (the
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unit ball) for a class of degenerate or singular operator in divergence form. In these papers
they studied the classical Dirichlet problem and the behavior of nonnegative solutions of
equations involving operators of the form

div(A(x)V-),
where A is symmetric and satisfies
Mw(2)[€F < A(2) - € < Aw(z) €],

and w may either vanish, or be infinite, or both. Such equations are called degenerate or
singular elliptic. In particular they focused the attention on the case of weights belonging
to the As-Muckenhoupt class; that is, satisfying the condition

(i ) (g o) < oo

The L,-operator belongs to this class when a € (—1,1). In the last years these opera-
tors have been intensely studied since they represent the local realization of the fractional
Laplacian through the extension technique as we have already remarked in (5).

In Chapter 3 we investigate the local regularity of energy solutions to problem (10) trying
to deal with any possible power of the weight a € R. Our approach is the following: we
apply a regularization of the degenerate problem; that is, for € > 0 we consider

(11) —div(plVu) = pl f in B;.

Our intent is to provide some local regularity estimates for solutions of the approximating
problems which are uniform with respect to the parameter ¢ > 0. With this idea, one
can ensure the same regularity for solutions of the limiting degenerate equation which
are the target of the approximation by sequences of solutions of the regularized problems.
Liouville type theorems are the main key for the proof of these uniform estimates. Due
to the influence played by the characteristic manifold > in the diffusion process, it is
very useful to consider separately, for a solution u, its even and odd parts in the variable
y. In fact, the properties enjoyed separately by the two parts are deeply different and
help to understand better the full picture. Hence we can ensure C%® local bounds for
odd solutions to (11) when a € (—oco,1) and C1® local bounds for even solutions when
a € (—1,+00). These bounds are uniform in € > 0. Eventually, for L,-harmonic functions
we can provide further regularity. For a € (—1,400), Ls-harmonic even functions are
locally C*°. Moreover, when a € (—1,1), we are able to split any L,-harmonic function
on Bj in the following way
u(2) = ue(2) + uop(2)
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where u, is even and locally C* and u, is odd and given by

Uo(2) = te(2) |yl ™y,
where 1. is even, locally C*° and Ls_,-harmonic in Bj.
The results contained in Chapter 3 are some of the goals of a wider research project

started in collaboration with Y. Sire, S. Terracini and G. Tortone. Moreover, for a de-
tailed analysis of the nodal set of L,-harmonic functions we refer to [68].
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Nonlocal strong competiton
systems






Chapter 1

Asymptotic growth of blow-up
solutions

For a competition-diffusion system involving the fractional Laplacian of the form
—(=A*u =uw? —(=A)v=wvu?, u,v>0inR",

whith s € (0, 1), we prove that the maximal asymptotic growth rate for its entire solutions
is 2s. Moreover, since we are able to construct symmetric solutions to the problem,
when n = 2 with prescribed growth arbitrarily close to the critical one, we can conclude
that the asymptotic bound found is optimal. Finally, we prove existence of genuinely
higher dimensional solutions, when n > 3. Such problems arise, for example, as blow-ups
of fractional reaction-diffusion systems when the interspecific competition rate tends to
infinity.

1.1 Introduction and main results

This chapter deals with the existence and classification of positive entire solutions to
polynomial systems involving the fractional Laplacian of the following form:

—(-APu=wuw? —(=A)v=wvu?, u,v>0inR"

Such systems arise, for example, as blow-ups of fractional reaction-diffusion systems when
the interspecific competition rate tends to infinity. In this framework, the existence and
classification of entire solutions plays a key role in the asymptotic analysis (see, for in-
stance, [59, 61]). The case of standard diffusion (s = 1) has been intensively treated in
the recent literature, also in connection with a De Giorgi-like conjecture about monotone
solutions being one dimensional. In particular, a complete classification of solutions hav-
ing linear (the lowest possible growth rate) has been given in [8, 9, 37, 38, 60, 70]. On

3
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the other hand, when s = 1, positive solutions having arbitrarily large polynomial growth
were discovered in [9] and with exponential growth in [58].

Competition-diffusion nonlinear systems with k-components involving the fractional
Laplacian have been the object of a recent literature, starting with [65, 66], where the
authors provided asymptotic estimates for solutions to systems of the form

(1.1) {(—A)S“i = fip(w) = Bui 54 aiui, i=1,..k,

u; € H3(R™),

where n > 2, a;j; = aj; > 0, when § > 0 (the competition parameter) goes to +oo. More-
over we consider f; g as continuous functions which are uniformly bounded on bounded
sets with respect to B (see [65, 66] for details). The fractional Laplacian is defined for
every s € (0,1) as

(=A)°u(x) = c(n,s) PV - W dy

In order to state our results, we adopt the approach of Caffarelli-Silvestre [21], and we
see the fractional Laplacian as a Dirichlet-to-Neumann operator; that is, we consider the
extension problem for (1.1). In other words, we study an auxiliary problem in the upper
half space in one more dimension!; that is, letting a := 1 — 2s, for any i = 1, ...,k the
localized version of (1.1),

12) Lou; =0, in B ¢ R,
—0yu; = fip(wi) — Bui 3 _2; 4 a,-jujz-, in "B C BRCLFH =R" x {0},

where the degenerate/singular elliptic operator L, is defined as
Lyu = div(y*Vu),

and the linear operator 9 is defined as

The new problem (1.2) is equivalent to the original when we deal with solutions in the
energy space associated with the two operators. In fact a solution U to the extension

!Throughout this chapter we assume the following notations: z = (z,y) denotes a point in Ri“,
with = € aRi‘H = R™ and y € R;y. Moreover, B/ (20) := By(20) N ]RT_‘L_'H is the half ball, and its
boundary is divided in the hemisphere 9% B;} (20) := 0B/ (20) N RT’I and in the flat part 8°B; (z) :=
OB, (20) \ 0" B;' (20). When the center of balls and spheres is omitted , then zy = 0.
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problem is the extension of the correspondent solution u of the original nonlocal problem in
the sense that U(z,0) = u(z). Let us remark that if s = £, then a = 0 and hence Ly- = A-
and the boundary operator 82‘ becomes the usual normal derivative d,-. Moreover we
remark that the extension problem has a variational nature in some weighted Sobolev
spaces related to the Muckenhoupt As-weights (see for instance [51]). Hence, given Q C
]RTFI, we can introduce the Hilbert spaces

HY(Q) = {u Q=R /Qy“(|u|2 + |Vul?) < —l—oo} ,

and

loc

HL (R = {u (R SR ;e 0,ulg € Hl’“(Bj)},

where the functions v = wu(z) are functions of the variables z = (x,y) € R’}fl. In the
quoted papers [65, 66], the authors make use of Almgren’s and Alt-Caffarelli-Friedman’s
type monotonicity formulee in order to obtain uniform Holder bounds with small exponent
a = a(n, s) for bounded energy solutions of the Gross-Pitaevskii system. Passing to the
limit as the competition parameter 8 — +00 and using suitably rescaled dependent and
independent variables in (1.2), a main step consists in classifying the entire solutions to the
limiting system solved by blow-up solutions. In particular, we are interested in studying
some qualitative properties related to the asymptotic growth for positive entire solutions
of this elliptic system in case of two components. In our setting, the resulting system is
the following

Lou= Lav=0, in R’rrl,
(1.3) u,v > 0, in RZL_—H,
— a2 2 +1
Oju = uwv®, Oyv =wvu”, in IR},
which is equivalent to
(1.4) — (=A)u=w? —(=A)Pv=wvu? wu,v>0inR™

We focus our attention on positive solutions since this condition follows requiring that the
original Gross-Pitaevskii solutions do not change sign in R”. Some relevant qualitative
properties of positive solutions to system (1.4) have been recently investigated by Wang
and Wei in [71]. In particular, they proved uniqueness for the one-dimensional solutions
when s > 1/4, up to translation and scaling. Moreover, they highlighted a universal poly-
nomial bound at infinity for positive subsolutions. Their result shows a striking contrast
between the cases of the fractional and the local diffusion; indeed, in the latter case, there
are solutions having arbitrarily large polynomial and even exponential growth [9, 58]. As
the polynomial bound in [71] is restricted to positive solutions and there are sign-changing
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solutions to the equation L,u = 0 having arbitrarily large growth rate, we suggest that
the picture may change also considering sign-changing solutions to the Gross-Pitaevskii
system.

Following [56], we give the following definition.

Definition 1.1. Let (u,v) be a solution to (1.3). We say that (u,v) has algebraic growth
if there exist two constants ¢, d > 0 such that

(L5) u(e,y) +o(ey) <c(L+laf+92)" Wy) e RE

Moreover we say that (u,v) has growth rate d > 0 if

(1.6) A 0 ifd>d

. fa+Br+ y*(u? + v?) {+oo if d <d
m pu—

It can be shown that the threshold exponent d appearing in (1.6) is exactly the extremal
one for which (1.5) holds (see Proposition 1.4).

The aim of our work is to find the maximal asymptotic growth for positive solutions
to (1.4); to this aim, we shall construct a family of solutions possessing some natural
symmetry, this extending the results of [9] to the case of fractional diffusions.

In what follows, we will study an eigenvalue problem for the spherical part of the
operator L,. We can think to such a operator as a Laplace-Beltrami-type operator on
the superior hemisphere S” of the unit sphere 5™ C R™*1. Our aim is to deal with some
Gp-equivariant optimal partitions, in the case n = 2, where the symmetry group Gy acts
cyclically with order k. In particular, we will construct a sequence of optimal partition
first-eigenvalues {A{(k)}; 2 and related nonnegative eigenfunctions {uy}}>;, where k is

the order of the symmetry group imposed on the boundary condition region.

Hence we will prove the following asymptotic bound.

Theorem 1.2. Let s € (0,1) and n > 2. Let (u,v) be a positive solution to (1.3). Then,
there exists a constant ¢ > 0 such that

(1.7) u(z,y) +o(z,y) <c(l+ |z +y7)°.

Hence, we will use the sequence of eigenfunctions previously seen, in order to con-
struct a sequence of positive solutions to (1.3) possessing some symmetries and having an
asymptotic growth rate arbitrarily close to to the critical one; that is, we will prove

Theorem 1.3. When n = 2 and s € (0,1) there exists a sequence of positive solutions
(ug,vg) to the system (1.3) having growth rate d(k) € [s,2s), where d(k) converges mono-
tonically to 2s.
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These prescribed growth solutions for (1.3) in space dimension n = 2 are also solutions
with the same properties for the same problem in any higher dimension.

Eventually, in the last section, we will show the existence of entire solutions to (1.3)
which are truly m-dimensional, in the sense that they can not be obtained by adding
coordinates in a constant way starting from a 2-dimensional solution.

1.2 Bound on the growth rate of positive solutions

Our first general purpose is to study the asymptotic behavior of entire nonnegative solu-
tions to the cubic system
—(=Au=w? —(=A)v =wvu?, u,v>0in R™

In particular we prove that solutions can not grow faster than 2s at infinity. Furthermore,
as we will are able to construct solutions to this problem with prescribed growth rate
arbitrarily close to the critical one, we can conclude that this asymptotic bound is optimal.
As said in the introduction, we will deal with the equivalent Caffarelli-Silvestre extension
problem defined in (1.3).

First we will introduce the Almgren frequency function and its monotonicity formula
which are the main instruments that we need to prove Theorem 1.2 and Theorem 1.3.

1.2.1 Almgren monotonicity formula

Now, we are going to summarize some results proved in [65, 66, 71], involving the Almgren
monotonicity formula for solutions to (1.3). First, solutions of (1.3) satisfy a Pohozaev
identity; that is, for any g € R™ and r > 0,

(n—l—i—a)/ Yo (IVul? + |Vol?) :r/ Y (IVul? + [Vol?)
B; (20,0) Ot Bif (20,0)

_ Zr/ (102 + [0,0]2)
a+ B (x0,0)

(1.8) + 7“/ u?v? —n/ u?v?,
S7H(0,0) 89 B;f (0,0)

Moreover, let us recall the following definitions

1
(1.9) E(r,zo;u,v) i= ——— / Y (|Vul> + Vo) + / u?o? |,
1\ U B (20.0) OB (0,0)

and
1

2, .2
y*(u® 4 v%).
rhta /(9+B,T(a:0,0)

(1.10) H(r,xo;u,v) ==
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E(r,zo;u,v)

H(r,zo;u,v)’
formula holds; that is, the frequency N (r, zo;u,v) is non decreasing in r > 0. Moreover,
if (u,v) is a solution to (1.3) and N(R) > d then for r > R it holds that H(r)/r?? is non
decreasing in r. Hence, if we consider (u,v) a solution of (1.3) on a bounded half ball BE
and if N(R) < d, then for every 0 < r; <ry < R it holds that

Hence, defining the frequency as N(r,zo;u,v) := the Almgren monotonicity

(1.11)

1.2.2 Eigenvalue problem for a Laplace-Beltrami-type operator with
mixed boundary conditions

As the authors of [65, 66, 71] have pointed out, the regularity and the asymptotic growth
of solutions to competition problems are related to an optimal partition problem on the
upper hemisphere S C RT‘I. Likewise the case of the Laplacian, we wish to express
the extension operator L, in spherical coordinates, in order to write it as the sum of a
radial part and a Laplace-Beltrami-type operator defined on the superior hemisphere (see
[52]). Let us consider in Rﬁ“ the spherical coordinates (r, 0, ¢) such that y = rsin 6, with
6 €[0,7/2] and ¢ = (¢1, ..., ¢n_1) parametrizing the position over S"~! C R”. Hence,

1 n
(1.12) Lyu=V -y*Vu = (sin G)ar—n@r(r”+a&nu) +ro7 205"y,
where the Laplace-Beltrami-type operator is defined as
. "= n - (sin nll = n - n
(1.13) L Vgn - (sinf)*Vg Vign - y*Vgnu,

and Vgn is the tangential gradient on S”. For every open w C Sl = 0S8, we define
the first s-eigenvalue associated to w as

fsz ?/a’VS"UP

[ cu € HH(ST)\ {0}, u=0in S"_l\w}.
St

(1.14) Al (w) = inf{

So, such a minimization problem has a natural variational structure on the weighted

Sobolev space Hb*(S%) := {u (ST SR [on Y Venul? + [gn yu? < +oo}; which is
+ +

an Hilbert space. In fact, defining Hulja(Si) = {u € HY(S7): u=0inS"1\ w} for

every fixed w C S™ !, we get in this space the existence of a nontrivial and nonnegative
minimizer of the Rayleigh quotient

Roq i YVl
T a,,2 )
fsz; yru
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which is also an eigenfunction related to Aj(w) since it is a weak solution to the following
mixed Dirichlet-to-Neumann boundary eigenvalue problem for the spherical part of the
L, operator

—L3"u=y*\(w)u in ST,
(1.15) u=0 in S" 1\ w,
Oyu =20 in wcSL
Moreover, for every w C S™~! it holds that
Hy“(S%) C HY"(ST) € HY(S}).

Hence by definition, for any w C S™ 1,

(1.16) AF(S™TH) < M (w) < A(0).
Let us now define the characteristic exponent

n—2s\? n—2s
(1.17) ~s(t) := 5 +t— 5

The characteristic exponent is defined in such a way that « is a nonnegative eigenfunction
of \j(w) if and only if its 75(\;(w))-homogeneous extension to R’/! is L,-harmonic.

Let us define by w® = S"~ !\ @, with w € S"! open. Obviously w N w® = () and
wWUw = 8" 1. From now on, we suppose that v = WNwC is a (n — 2)-dimensional smooth
submanifold. Analogously with the case of the Laplacian in [25], one can consider two
nonnegative eigenfunctions wuy,ug of (1.15) with eigenvalues \j(wi) and Aj(w2). In our
setting, if there exists o € (0,1) such that uy,up € CO*(ST), H" H(w1) > H" ! (w2) and
wo C w1, then it holds that

(1.18) Al (w1) < Af(wa).
In fact, integrating by parts with respect to both the eigenfunctions the quantity
/ Y*Vgnu1 Vgnus,
Sy

we find

(1.19) /\‘{(wl)/ yau1u2—/ (Oyu2)u,
S w§Nw1

yuiug —/ (Oyur)uz = Aj (wg)/
w§Nwse S

and since wy C wy, then w§Nwy = () and w§Nwy; = w3 open. Hence, (1.18) holds using the
Hopf lemma in [16]

(1.20) (A (w) — 2 (w2)) /

S

n n
+ +

y*uiug = —/ (Oyu2)ur < 0.
w3

n
+
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1.2.3 Blow-down analysis and the maximal growth rate

Now, after performing a scaling (blow-down) analysis over general positive solutions to
(1.3), we will prove the upper bound on the growth at infinity; that is, Theorem 1.2. First,
we summarize the steps done by Wang and Wei. Theorem 2.3 in [71] proves that, taking
a positive solution (u,v) to (1.3), then there exist two constants d,c > 0 such that

2, 2\d/2
(1.21) u(@,y) + oz, y) <c(l+ [z +y7)" "
Moreover, in Proposition 3.5, they proved that condition (1.21) is equivalent to the fol-
lowing upper bound over the frequency

(1.22) N(R)<d, VR>0.

We can consider d > 0 which is the infimum such that condition (1.21) holds. For such a
number, if there exists the limit limp_, 1+~ V(R), then of course it is exactly equal to d.
In other words, we have:

Proposition 1.4. The growth rate of a positive solution (u,v) to (1.3) is d if and only if

lim N(R)=4d,
R—+o00

Proof of Theorem 1.2

Let (u,v) be a positive solution to (1.3). Note that (1.22) combined with the Almgren
monotonicity formula also implies that limpg_, o N(R) = d. Let us define for R — +o00

the blow-down sequence
up(z) == L(R)*u(Rz), wgr(z):= L(R) 'v(Rz),
with L(R) taken so that H((ugr,vr),1) = 1. So, the sequence satisfies

Loug = Lauvgr =0 in R?fl,
Oyup = KRURU%, OyvR = mRvRu% in 8Rf_+1,

where kg = L(R)?R'=%. By the Liouville theorem (see Proposition 3.9 in [66]), for some
a > 0 small there exists a constant C, such that L(R) > C,R" so that kg — +00 as
R — +400. Hence, thanks to (1.11) we get the following integral uniform upper bound;
that is, H((ug,vr),r) < r?? for every r > 1. Since (ug,vg) satisfy the requirements of
Lemma A.2 in [71], for every r > 1 we get that

sup(ug + vg) < Cre,
B
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Then, thanks to the uniform Holder estimates proved in [66], for some small « > 0, the

sequence {(ug,vg)} is uniformly bounded in C&?(Rﬁ“). Hence, letting R — 400,
up to consider a subsequence, we get weakly convergence in Hﬁ)’g(RTﬂ) and uniform

convergence in C%S(R’}fl) of the sequence {(ur,vg)} to a couple of functions (o, Voo)
which are segregated in OR™! in the sense that usvs = 0 in OR™ L. Proceeding as in
[71], using the fact that N((ueo,Ve0),r) = d for any r > 0, we can conclude that such
functions are homogeneous of degree d and segregated in 8R’fr+1; that is, they solve the
following problem

Lauoo = La'Uoo =0 in R7_11_+1,
(1.23) Uoo Oy oo = VooOyUoo = 0 in 6RT’1,
UosoUoo = 0 in GRTA.

Moreover, such solutions have the form
Uoo (1, 0) = r9g(0),  vso(r,0) = reh(h),

where g, h are defined on the upper hemisphere S = 0T Bf". Since we have constructed
the blow-down sequence so that H((ugr,vg),1) =1, then

(1.24) / y(g® +h%) =1,
St

and hence can not happen that both g and A vanish identically in S, but at most only
one component is identically zero. In any case, by the homogeneity of the blow-down limit
and the fact that (ueo, Vo) are Lo-harmonic, any nontrivial component is an eigenfunction
for the spherical part of L, in the sense seen in (1.15) on S”. Moreover, for a certain open
w C S" 1 such eigenfunction must own eigenvalue Aj(w) = A which has the following
relation with the characteristic exponent v,(\] (w)) = d,

(1.25) A=dd+n—1+a).

But we have seen with (1.16) that such eigenvalue can not be larger than \j()), achieved
by u(x,y) = y* which has vs(A\;(0)) = 2s. Moreover, by (1.17), the map t — ~4(t) is
strictly increasing and hence d < v5(\;(0)). By (1.21), Theorem 1.2 is proved.

1.3 Prescribed growth solutions

From now on in this section we consider the case n = 2 and we study the optimal bound-
ary condition minimizing the first eigenvalue of (1.15) under some requirements over the
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measure and the symmetries of w C S'. Doing this, we will be able to construct positive
solutions to (1.3) with prescribed growth and depending in some way on the 2-dimensional
eigenvalue problem.

In the next section, we are going to introduce a suitable type of Schwarz symmetriza-
tion, that will be the main tool that we need to study this optimal boundary condition
problem.

1.3.1 Polarization and foliated Schwarz symmetrization

From now on we follow some ideas contained in [14, 55]. We can state the results in this
section in any space dimension n > 2. Let us define by H the set of all half spaces in
R"™*! determined by the set of all the affine hyperplanes with orientation, and by Hg the
subset of H determined by the euclidean hyperplanes with orientation. Let H € H be a
half space, we denote by oy the reflection with respect to the hyperplane 0H.

Definition 1.5. Let H € H be a half space. The polarization of a measurable nonnegative
function u with respect to H is the function defined by

Jmax{u(z),u(on(2))} if z € H,
un(2) min{u(z),u(oy(2))} if z € R" 1\ H.

In the same way we can define the polarization A of a set A C R™*! with respect to
H € H in the sense that x4, = (xa)m. It is well known that the polarization mapping
A — Ap is a rearrangement of R"*! for the Lebesgue measure for any H € #; that
is, it satisfies both the monotonicity property (A € B = Ay C Bp) and the measure
conservation property (L"T1(Ay) = L"1(A)) (see [55]).

Let us consider 31 = {z; = 0} as a fixed hyperplane (3, = 0H; with H; = {z; > 0}),
and denote by o := oy, the reflection with respect to ;. Let us now consider the point
zé € @ which maximizes the distance from the hyperplane ¥; (actually, there are two
points with this property zé, zg, we choose the one in Hy). This point lies on S"~1 = oS7y.
Let us define Hy := {H € Ho : 2} € H and axis y lies on 9H}. Since the measure given
by dp := y*dS,(z) is mapped into itself by the reflection oy for any H € H;, with the
same arguments in [55], we can see that polarization is also a rearrangement of S for
the measure p for any H € H;. Moreover, we can obtain the invariance of the norm
in weighted spaces under polarization for H € H;; that is, when u € LP(S%;du) with
1 <p < +o0, we have uy € LP(S};dp) with

(1.26) /S

y*ug|PdS, = / Y [ulPdS,,,
S"L

mn
+ +
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and if uw € W1P(S%;du) with 1 < p < 400, hence uy € WP(S%;dp) with

(1.27) /S

Now we want to define the foliated Schwarz symmetrization on the hemisphere. Consider
for y € [0,1) the (n — 1)-sphere defined by

ya\VSnuH|pdS :/ ya\VSnu\pdSn.
s

n
+

Sy~ =STN {y =7

Let us define on every (n—1)-sphere S;_l the point z; so that it has the same parametrizing
angle ¢ of the point zé. The symmetrization A* of a set A C S”~! with respect to z; is
defined as the closed geodesic ball centered in z; such that £"~1(A*) = £""1(A). The
symmetric decreasing rearrangement f* of a nonnegative measurable function f defined on
S;]_l is such that {f > t}* = {f* > t} for every t > 0. We remark that this symmetrization
is a rearrangement of the sphere S;“l for the measure £, for every fixed y € [0, 1).

Definition 1.6. Let u € H"*(S%) be a nonnegative function. The foliated Schwarz
symmetrization u* of u is defined on the hemisphere S% by the symmetric decreasing
rearrangement of the restriction of u on every Sy~'; that is, u*| sp-1 = (ul S;’l)* for every

y €[0,1).

One can check that also the foliated Schwarz symmetrization is a rearrangement of
S% for p, since it satisfies both the monotonicity property (A C B = A* C B*) and the
measure conservation property (u(A*) = wp(A)), where the symmetrization A* of a set
A C SV is defined as the only set in S such that A* N Sg_l = (AN S;L_l)* for every
y € [0,1), in the sense of symmetrization of a set in S’;*1 given previously (the idea is that
this symmetrization map works only on the z-variable and so du is mapped into itself).
Moreover, it is easy to see that for every nonnegative u € H 17&(51) and for every H € H;
it holds that

(1.28) (W) =u* = (ug)*

Hence it holds the following result from [55]. For completeness we adapt to our hemi-
spherical case the proof of Smets and Willem.

Lemma 1.7. Let u € C(S%}) be a nonnegative function. If u # u*, then there exists
H € Hq such that

(1.29) lur — u*llL2(smidp) < llw—u™llr2(smdp)-



14 CHAPTER 1. ASYMPTOTIC GROWTH OF BLOW-UP SOLUTIONS

Proof. First of all, we remark that always the non strict inequality in (1.29) holds (rear-
rangement for a suitable measure p is a contraction in LP(du) for any 1 < p < +o00). If
u # u*, there exists y € [0,1) and ¢ > 0 such that {u >t} N.SP~! # {u* >t} N S;~! and
since the foliated Schwarz symmetrization is a rearrangement, then £ ({u > t}NS;~1) =
L1 ({u* >t} N Sp71); so, by the continuity of u, there exist w,z € Sy~ satisfying

u(w) >t >u(w) and u(z) >t >u*(2).

1

Let H € Ho with w € H and z = og(w). Since u*(w) > u*(z), hence w is closer to z,

than z; that is, H € H;. For all x € H N S}, using (1.28), we have

2 2

+ |um(on(x)) —u*(on(z))]
< Ju(z) = u* (@) + u(on(z)) — u*(on(2)),

|up () — u”(2)]

and hence also

ylum(e) —w'(@)* + ylun(on(z)) - u*(om(2))”
< yule) - u* (@) +yfu(on(z) — u(om (@)

By continuity, the inequality is strict in a neighbourhood of w. Integrating over H N S,
(1.29) follows. O

For v € C(S%), the mapping H + wug is continuous from H; ~ SO(n)/Zy to

L%(S7;du); that is, the polarization depends continuously on its defining half space. A
way to see this fact is the following result from [14].

Lemma 1.8. Let u € C(S%) and {Hy} be a sequence of half spaces in Hi. If H € Hy and

(1.30) lim p((HxAH)NSYT) =0,

k—+o00
then up, — up in L*(S7;dp).

Proof. By (1.30) we have limy_, 1 0, (2) = og(z) uniformly on compact subsets of S .
Hence the result follows. O]

By compactness of SO(n)/Zs, if v € C(S7}), the minimization problem
Cc:= ng?f{l fum — U*HLQ(Si;d,u)

is achieved by some H := H (u).
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Lemma 1.9. Let u € C*°(S}) be a nonnegative function. Then the sequence {uy} defined
by up = u, ug+1 = (uk) g, and

uk+1 — ™l L2(smidp) = ain () — [l L2(sm;ap)

converges to u* in L*(S7;du).

Proof. Since u € C°°(S%) then u € Wh4(S%; dp) for every 1 < ¢ < +o0 and so for every
k € N it holds that ||[Vsnug||ra(srap = [[VsnullLa(srap; that is, the sequence {uy} is
bounded in W14(S%;du). Hence, for ¢ > 2, by the Rellich theorem (compact embedding
in Holder spaces), we can assume, up to a subsequence, that uy — v uniformly. Since
(ug)* = u* and the fact that foliated Schwarz symmetrization is a contraction in LP(du)-
spaces, it follows that v* = u*. Moreover, for every H € H; we have

(131) H’LLk+1 - u*HLZ(Si;du) < H(uk)H - u*HLZ(Si;du) < Huk - u*HLZ(Si;du)?

where the first inequality follows from our hypothesis and the second one always holds since
polarization is a contraction in LP(du)-spaces. Taking the limit along the subsequence in
(1.31), we get

v = | L2smsap) < llor — u™lr2espiap) < v —u"llrzsm -

But v* = u* and H € H; is arbitrary. So by Lemma 1.7 there are two possibilities: either
there exists H € H; such that the second inequality is strict or v = v*. But the first case
can’t happen and hence the result is proved. O

As a consequence, we remark that since for every k € N the sequence of Lemma 1.9
satisfies HukHLZ’(Si;du) = HuHLz(Si;d#), it holds that
(132) HU*HL2(5’1;du) - HUHLQ(Sﬁ;du)'

Now we can prove the Pdlya-Szeg6 inequality for the foliated Schwarz symmetrization on
the hemisphere.

Proposition 1.10. If u € H*(5%) and nonnegative, then u* € HY*(S%), nonnegative,
and

(1.33) /S

Proof. Assume first that v € C°°(S7). The sequence {uy} associated to u as in Lemma
1.9 is such that u;, — w* in L?(S%;du) and for every k € N

ya|v5nu*|2 S /

Y| Vnul.
S”’L

n
+ +

wkllz2(smiany = llullzespan  and  [[Venugl|r2(span = [[Vsrullpzisnap-
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Hence, u* € H%(S7) and by the weak lower simicontinuity of the norm in an Hilbert
space, ||Vgnu™|[rz(sm;a) < |[Visnullrz(snap-

If u € H"*(S%), then by density there exists a sequence {un,} in C*°(S?) converging
tow in H(S%). Since any rearrangement is a contraction in L?*(du), then u}, — u* in
L%(S7;du) and hence

HVS"U*HLQ(Si;d,u) < }}Lrg_li_rég Hvsnu;anLQ(S";du)
< liminf ||Vsnum||z2(sp,a = [[Vsrullz(syian-
This completes the proof. O

1.3.2 Optimal geometry for boundary conditions imposing one symme-
try

Let n = 2 and let us consider ¥ previously defined as a plane containing the axis y with
relative reflection oy := o5, (we remember that we choose the one containing points with
angle ¢ = 0). Let us now define the following class of symmetric regions

Al ={wc St HY (w) = H (ST \w) and (2,0) € w <= o1(2,0) € ST\ w}.
Hence, we wish to study the problem

1.34 inf A\ (w);

(1.3) inf M)
that is, we see the optimal geometry of the boundary condition region w € A; as the one
which gives the lowest eigenvalue. As we have previously said, for a fixed w € Aj, the
minimization of the Rayleigh quotient is standard and we get the existence of a nontrivial
and nonnegative minimizer for the energy

/52 Y%V s2ul?

+

constrained to X, = {u € H " (8%): Joo yu? = 1}. Moreover, the constrained mini-
+

mizer u,, found is also a minimizer of the Rayleigh quotient in the whole Hulj’a(Si). By a
simple Frechét differentiation of the Rayleigh quotient, turns out to be true that such a
minimizer is a weak solution of problem (1.15) in the sense that

(1.35) [ 9T =X |

yiu,p, Vo € C'SO(SE Uw).
2 s2

+

Thanks to the results obtained for the foliated Schwarz symmetrization, we are able to
show the following result.
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Proposition 1.11. For every fized w € Ay let us consider the minimizer u,, € Hulja(Si)
of the Rayleigh quotient. Then there exists a function u}, € H}J’l“(Si) such that

R (ug) < R*(uw) = Af(w),

where wy == ST N {0 < ¢ <7} € Ay is half of SL.

Proof. First we recall that we can choose u,, nonnegative and it is nontrivial. Then, let us
define the function w}, as in Definition 1.6; that is, the foliated Schwarz symmetrization
of u,, so that, on any level S;, the decreasing rearrangement is centered in the points z;
which has coordinate ¢ = 7/2. Hence, thanks to Proposition 1.10, it holds that

(1.36) / YV a2 < / YV g2,
S2 S2

T T

and we know also that

(1.37) / Y |2 = / Y
S2 S2

+ ¥

that is, the Rayleigh quotient decreases. Moreover, considering the restriction of u} to S*,
we know that the set {uf|g1 > 0} is the closed geodesic ball centered in z} with measure
given by

£ (uzls > 0) = £ ({uals > 0)) = £1(w) = 2£1(")

Proposition 2.20 obviously implies that

(1.38) inf A3 (w) = AS(wr) =: A3(1),
weA;

and it is attained by a nontrivial and nonnegative minimizer u; € Hfj’la(S_%) which is a
weak solution of
—L5u=y*\(1u  in 52,

Oyu =0 in w c St

in the sense of (1.35).
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1.3.3 Optimal geometry for boundary conditions imposing more sym-
metries

In this section we wish to show the optimal geometry of the boundary condition region in
case of more symmetries; that is, we will consider for an arbitrary ¥ € N, the boundary
condition set w € A, where

Ay ={wc ST H (w) = HY(S' \w) and (2,0) € w <= 0y(x,0) € S*\w Vi=1,...,k},

with o; := oy, reflections with respect to 3; planes containing the axis y and hence

orthogonal to the plane {y = 0}, for every i = 1,...,k. Considering T = 27 /k as the

period, then the plane ¥;; is obtained by rotating ¥; with respect to ¢ of an angle T} /2.
We are interested in finding solutions u to (1.15) with w € Ay and such that

(1.39) u(z) = u(oi(o;(2)))

for every i,5 = 1,..., k, for almost every z € Si with respect to the measure given by
du = y*dS(z) and also for almost every z € S! with respect to the 1-dimensional Lebesgue
measure. So, we study the following problem

(1.40) inf A\ (w),
wEA
where
(1.41) M(w) :=inf {R% : uw e HY(S3)\ {0} and (1.39) holds} .

We remark that the definition of the first eigenvalue with respect to w given previously
for the case of only one symmetry is in accord with this new definition because (1.39)
obviously holds in that case.

Let w € Ag. Then there exists a nontrivial and nonnegative minimizer for the func-
tional fSi y*|Vu|? constrained to X, = {u € Hia(Si) : fsi y*u? = 1 and (1.39) holds}.

First of all, we remark that the set of functions X, is not empty. In fact, let us define the
fundamental subdomain of 5’3_

(1.42) Si(k)={z€85% : ¢€(0,Tp)}.

Let us now split this domain in other two subdomains 5% (k,1) = {z € S% : ¢ € (0,7}/2)}
and 52 (k,2) = {z € S% : ¢ € (Ix/2,T})}. Since both these domains have positive Lq-
capacity, we can find two nontrivial nonnegative functions u; € Hé (82 (k,i)) for i =1,2.
Then we can merge them in a unique function defined over the fundamental domain and
then we can extend it to the whole of Si in a periodic way. After a normalization in
L?(S%;dp), we get an element of X.,,.
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The other thing to remark is that property (1.39), satisfied by the generic minimizing
sequence {u,}2 C X, is also satisfied by its weak limit wu, € HL}}’“(S_ZF), but this fact
is trivial using Sobolev embedding in L?(5%;du), trace theory in L*(S'), and pointwise
convergence. Hence, we wish to show that this critical point u, founded minimizing the
energy on X, is also a critical point of the same functional over X,, = {u € Hia(Si)
fsi y®u? = 1}. Let G be the group of rotation with respect to ¢ of a fixed angle Tj. Let

us consider the action of this group

Gx X, — X,
(1.43) [g,u] —> uog.

Since for every g € G, g(w) = w and [ y*|Vs2uo g|? = [o2 y*|Vg2ul?, then the energy
+ +

is invariant with respect to G and the action in (1.43) is isometric (we remark that the

rotation of the group does not change the value in y). Hence, by the principle of symmetric

criticality of Palais, a critical point of the energy over the set

Fiz(G)={ue X, : uog=uVg e G} =X,

is also a critical point of the same functional over X,,. Then, it follows easily that wuy,
is also a critical point of the Rayleigh quotient over the whole Hi’a(Si); that is, it is a
solution to (1.15) with w € Ay and such that property (1.39) holds.

Hence, by the symmetry condition (1.39), if we know w, in 52 (k), then u, is con-
sequently determined in the whole hemisphere Si. To simplify the notation let us call
U := uy. Let us define over the whole hemisphere the function

(1.44) v(0,¢) :=u(l,9/k).

Obviously v € H%G(Si) with @ € A; and it is nonnegative. Following the same steps
done before, we wish to rearrange the function v, in order to lower the L?(du)-norm of its
tangential gradient, by the foliated Schwarz hemispherical symmetrization. Actually we
will consider a gradient-type operator such that

k k?
(1.45) VB2 = (95v)? + ?(aw)?.
The following Pdlya-Szegd type inequality holds.

Proposition 1.12. Let us consider v* as the foliated Schwarz symmetrization of the
function v € H%Q(Si) defined in (1.44). Then v* € HY*(5%) and

a k) « a k
| v @< [ o

¥ ¥
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Proof. Following the same steps seen in Lemma 1.9 for the case k = 1, if v € C‘X’(Si), then
we construct the sequence {v,} of polarized functions such that v,, — v* in L?(S%;dp),
where v* is defined as in the proof of Proposition 2.20. In [14] it is proved that for every
p € (1,400) and for every suitable half space, one has

1Dl o (s2) = [ Divellpo(s2 ),
for every first order derivative; that is,
(1.46) 10pvl[r2(s2) = [10pvrL2(s2)  and  ||0pvllp2(s2) = [10svm]l2(s2)-

From (1.46), it follows that also

(1.47) /S

since it holds that for every point z € S2, the point oz (2) has the same coordinate y.
Then, by (1.46) and (1.47) it follows that

ajo (k) 2 _ a—(k) |2
[, 19 &n ‘/ﬁy V&P

+

v = [ O
d 5

Moreover, it is easy to see that the quantity fsz ya\VgCQ)UP is an equivalent norm on
=

HL*(S2); that is,

k
Vsl < [ vIVEeP < [ ios
5 52 s

T T

Hence, using the weak lower semicontinuity of the norm on an Hilbert space, we can
replicate the proof of Proposition 1.10 using the new gradient-type norm. Working first
with v € C°°(S5?) and then in H%Q(Si) by a density argument, the result is easily proved.

O

Since

Y@, )P = <aa[u<e,¢/k>1>2+’;<a¢[u<e,¢/k>]>2

2 2
(un(0,0/0) + 55 (Guat6.0/0))

= |VS2’LL(9,¢/]{3)|27
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hence it holds that
[ Vst @0 < [ 19su(e. /0
S% st
and changing variables we get that
/ ky?|V g2u*|? §/ ky®|V g2ul?.
5% (k) 5% (k)

Obviously u* defines a unique function, thanks to condition (1.39), over S_% and it is easy
to check that

/ y“\VszuP:/ ky®|Vgeul? and / yalvszu*Qz/ ky® |V g2u* |2,
2 S2 (k) 2 S2 (k)

Moreover, this fact says us that u* € H}J;Ca(Sf_) where

k
wp = S"N{p € | J((i = DTk, (i — 1/2)Th)} € A

=1

is the particular boundary condition set that is the most connected one, according with
the conditions given. Finally it follows easily that R%(u*) < R*(uy) = Aj(w); that is,

(1.48) inf A](w) = Af(wi) =: A{(k),
wEAL

in the sense of (1.41). Moreover, the minimization problem in (1.48) admits a nontrivial
and nonnegative minimizer uy € HolJ;f(S_Z‘_), which is also a weak solution of

—L5u=y" M (k)u in S2,
u=20 in ST\ wg,
Oyu =0 in wp C S,

in the sense of (1.35) and such that condition (1.39) is satisfied.

1.3.4 Ordering eigenvalues with respect to the number of symmetries

The aim of this section is to show that the sequence of eigenvalues {Aj(k)}; 2], obtained
for every k € N optimizing the energy under the best boundary condition, is such that

(1.49) A (S < A1) <o S A(R) S Ak +1) < ..o < XS(D).
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First, we remark that by (1.16), then for every k& € N it holds that
AS(S) < Aj(k) < A5(0).

Let k € N fixed and w € Ay. Let us define u = u,, the minimizer for the problem (1.41)
and v as in (1.44). Then, we have proved that

/ Y = / YOIV 2 (8, 6/k) 2 = / |V o] = / YV ol
52 52 S2 (k) 52

T T + =

Hence, the eigenvalue \j (k) can be also expressed as

A(k) = inf (inf{/ vV - ue BLY(S?) with/ y“u2:1}>,
weA 52 Si

+

and this quantity is obviously non decreasing in k € N. This implies (1.49).
From now on, let us consider the sequence {u;}2; € H>*(5%) of nonnegative first
eigenfunctions associated to the sequence {\j(k)}{ > and such that

(150) /32 y“|Vszuk|2 = )\i(k}) and /2 yaui = 1/2

T S¥
1.3.5 Holder regularity of eigenfunctions

We remark that the minimization problem under k symmetries seen in (1.48) can be
extended in a natural way, in the case of two components which are segregated on S* and
satisfy some symmetry and measure conditions. Let us define the set of 2-partitions of S*
satisfying a condition over the measure and one over the symmetry

P2 = {(wi,ws2): w; C S open, w; Nwy =0,
(1.51) w1l Uwg = Sl, Hl(wl) = Hl(wg), ZEw & Uz(z) Ewy Vi=1, ,k}

Fixing a couple (w1, w2) € P2, let us also define the set of functions

Bi(wi,w2) = {(u1,u2): u; € H"(S), / yu? =1, u; =0 in ST\ w;,

5
with (w1,ws) € P,%, ui(2) = ui(oj(01(2))) and ui(2z) = uz2(0j(2)) in SJQF,
(1.52) Vi=1,2, j,l=1,.. k.

First of all, we remark that also in this case it is easy to check that, for any fixed couple
(w1,ws) € PZ, the set By (wr,ws) is not empty. In fact, proceeding as in section 3.3, we first
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construct the first component u; on the fundamental domain S% (k) and then we extend
it in a periodic way over Si and we normalize it in LQ(Si; du). Hence, we can define the
second component ug such that ug(z) = uy(0;(2)) for any i =1, ..., k.

So, as it happened in (1.48) for the case of one component, we consider the minimization
problem

1.53 inf inf I(uy,us),
( ) (w1,w2)€P? (u1,u2)EBL (W1,w2) (w1, u2)
where
1
(1.54) I =5 [0 (Tsoul +[Tsouf).
S

+

Hence, the problem in (1.53) is equivalent to

(1.55) f A1) FATws)
(wl,LUQ)GIP]% 2

Working with the foliated Schwarz symmetrization on both the components, with respect
to both the opposite poles zé and zg, it happens that the infimum is achieved by the
couple (ug,vr) where uy is the minimizer of Aj(wy) found for the problem (1.48), wy =
Stn{p e U ((i — )Tk, (i — 1/2)Tk)} € Ag, and vy, is such that vy (2) = ug(oj(2)) in S2
for every j = 1, ..., k; that is, vj, achieves Aj(wf). Moreover, the infimum in (1.53) is given
by the number

Af(wi) +Af(w2) _ Af(wr) + Af(wp)

1.56 inf = =\ (k).
(1.56) o 5 5 1(k)

Let us define

X = {(ur,u2): w € H"(S?), / yul =1, up =0 in S*\ wy,
5
(1.57) ug = 0 in S\ wg, with (wg,w§) € P2},

and also the group G of all the reflections o;, with ¢ = 1, ..., k endowed with the composition
between reflections. Let us define the action

XxG—X
(1.58) [(u1,uz), g] — (uz 0 g,u1 0g).

That is, for g = oy, it holds

[(u1,u2), 0] = (ug 0 0, u1 0 0),
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and for g = o; 0 0}, it holds
[(u1,u2), 0400 = [[(u1,u2),04],05] = [(ug © 04, u1 0 03), 0] = (u1 005 00, u2 0 ; © 7).

It is easy to check that this action is isometric and that the functional I(uj, u2) is invariant
with respect to this action. Since By (wg,wf) = Fiz(G), by the principle of symmetric
criticality of Palais, the minimizer (ug,vg) is also a nonnegative critical point for I over
the whole X and hence a weak solution to the problem

— L5 up = g0 (K)ug, —LE vp = N5 (k)vp in 82,
(1.59) ukaguk = 0, Ukagvk =0 in Sl,
ULV = 0, in Sl.

We wish to prove the CO’O‘(E)—regularity for (ug,vy) via the convergence of solutions
of -problems over Si to our eigenfunctions. Let us now consider the following set of
functions

G = (i) s e M), [yl =1, () = wloy(@r(2)
+
(1.60) and u1(z) = uz(0j(2)) in S%, Vi=1,2, j,l =1,....k}.

This space is trivially not empty since (1(52)7", u(S%)~1) € Cg.
Hence, for any 8 > 0, we consider the following minimizization problem

1.61 inf  Jg(ui,us),
(1.61) s 5(u1, ug)
with
(1.62)
1
Jg(u1,uz) = 3 /52 Yy (|V52u1|2 + ]stqu\ / Bu1u2 = I(u1,u2) / Bu1u2
+

For every B > 0 fix, the functional Jg is Gateaux derivable in any direction, coercive
and weakly lower semicontinuous in Cy, and hence there exists a nonnegative minimizer
(ug,vg) € Cr. Moreover by the previous argument, defining

(1.63) Y = {(U17U2) D u; € HY(S?), / you? = 1} ’
52

since Jg is invariant with respect to the action Y x G — Y with G as in (1.58), we get
that this minimizer is also a critical point over Y and hence a weak solution to

{—LEQUg = y*Agug, —szvg =y®\gug in S%,

(1'64) Ha _ 2 9o _ 2 : Sl
Lug = Bu5v5, b = nguﬁ in ,
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where \g = fsi Y Vseugl® + [q Bujvg = fsi y*|Vsevsl® + [gu Bujvi. Moreover, since
the couple (uy,vr) € Bp(wk,wf) C Ck, it holds that for any 5 > 0, we get the uniform
bound

(1.65) 0 < Ag < 2J3(ug,vg) < 2Jg(ug, v) = 27 (k).

This uniform bound gives the weak convergence in H*(5%) of the S-sequence to a function

(Uso, Vo). Moreover, since solutions to (1.64) are bounded in C%*(S%) uniformly in 3 > 0
for @« > 0 small, as it is proved in [66], we obtain, up to consider a subsequence as
B8 — 400, that the convergence is uniform on compact sets and so that the limit satisfies
the symmetry conditions. Moreover it holds that

1 1
(1.66) 0 < Ag = Jg(ug, vg) + 3 /31 Bujvg < Aj (k) + 3 /51 Buvg,

and since 3 g 5“%”% — 0 (see Lemma 4.6 in [66] and Lemma 5.6 in [65] for the details
in the case s = 1/2), the limit should have the two components segregated on S'; that is,
(Uoos Voo) € Br(wk,wy) (by the symmetries), and by the minimality of (u,vy) and (1.66),
we obtain that (usc,veo) owns the same norm of (ug,vx) in H%(S%), and hence we can
choose as a minimizer (Uso, Vo) Which inherits the Holder regularity up to the boundary.

1.3.6 The limit for &£k — +c0

Hence, we have found for any k£ € N fix, a couple (ug,vy) of nonnegative eigenfunctions
related to Aj (k) with the desired symmetry properties. Moreover, for these eigenfunctions
we have the regularity C’O’O‘(Si). Then, we will study the convergence of the sequence of
normalized eigenfunctions associated to {A{(k)};S.

By (1.49) and (1.50), the sequence {uy,};> is uniformly bounded in H'%(S%) and hence
we get, up to consider a subsequence, weak convergence to a function v in H 1’“(5’_%), strong
convergence in L?*(S?;du) with |, 2 yu? = 1/2 (we can always renormalize {uy};°] so
that | 52 yui = 1/2), and pointwise convergence in S? almost everywhere with respect

to p. Moreover, by trace theory we have L?(S!)-strong convergence on the boundary S!
and also pointwise convergence almost everywhere in S with respect to the 1-dimensional
Lebesgue measure. For every ¢ > 0 it holds that |u(x)| < ¢ for almost every z € S* with
respect to the 1-dimensional Lebesgue measure; that is, u = 0 in S'. In fact, fixed € > 0
and = € S!, there exists a k € N big enough such that

u(z) —ug(z)| <e
by the pointwise convergence in S!, and such that

(1.67) M|z — o7(x)|* <,
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where M > 0 is a constant, « is the Holder continuity exponent and o3(z) € S is the
reflection of the point « with respect to the closest symmetrizing plane ¥;. Obviously (1.67)
holds because for a k € N big enough we can make the distance |z — o;(x)| arbitrarily
small. Moreover u(o;(x)) = 0. Hence,

u(@)] = |u(@) —up(z) + u(z) — ur(oz(2))]
< ul@) — un(@)| + Ju(z) — ur(oz(2))|
< ul@) —up(z)| + Mz — o5(x)*
< 2e.

Now, we wish to prove that the limit u is a first nonnegative and nontrivial eigenfunction
related to Aj(0)). First, by the weak convergence of uj to u in H*(S%) and the fact
that the limit is such that u = 0 in S', we get that u € H&’G(Si). Moreover, since
C2°(5%) C C2°(S% Uwy,) for every k € N and fixing k € N it holds that

/52 Y'VgrurVgzd = A (k) /2 yrupp, Vo € CSO(S_%_ Uwg),

T S¥

obviously for every k € N we obtain that

(1.68) / YV g2up Vg2 = Af(k)/ Y upg, Vo € C°(S7).
5% st
Since the sequence {\(k)}}>S is non decreasing and bounded from above by A (0) > 0,

then

(1.69) lim Aj(k) = A < A{(D).

The weak convergence in H'*(52) means that
(1.70)

/ Yy ugd +/ y‘lvszukvsm%/ yiud +/ y'VeuVg2d quGHl’a(Si).
2 2 52 2

+

Since, up to a subsequence, ur — u in LQ(S_QF;du), then it holds also that uy — u in
L2(Si; dp); that is,

(1.71) /SQ Y upd — /52 Y up Vo € L*(S2;dp).

+

Since C°(S%) C Hb4(S%) C L%(S2;dpu), then obviously (1.70) and (1.71) hold for every
¢ € C°(S%). Finally, passing to the limit for k that goes to infinity in (1.68) and putting
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together (1.69), (1.70) and (1.71), it happens that u € H&’G(Si) satisfies

/ YV g2uV g2¢) = X/ ylup, Vo€ CP(ST);
S% s
that is, u is an eigenfunction of the problem (1.15) with boundary condition w = ). Hence
A is an eigenvalue of this problem with A > X§(0) since A5(0) is by definition the smallest
one with this boundary condition. Then, by (1.69), we get that A = \j(0).

1.3.7 Existence of solutions on the unit half ball

Our aim is to construct some positive solutions to (1.3) in case n = 2 related with the sym-
metries imposed for the hemispherical problem (1.15). Such solutions will have asymptotic
growth rate at infinity which is arbitrarily close to the critical one; that is, 2s.

Since we have gained Hoélder regularity, by (1.18), we remark that the first and the
last inequalities in the chain (1.49) are strict. In fact, for any k¥ € N it holds ) C wy C S*
and H(SY) > H(wy) > H(D) = 0, and hence

(1.72) A(SY) < A1) < < X(B) S Aj(k+1) < ..o < X(0).

Let us define for every fixed number of symmetries &k € N the characteristic exponent

2
(1.73) (k) == s (A (k) = \/<”_28> sy - %

2 2

where the sequence of first eigenvalues {\j(k)} is defined in section 3.2 and 3.3. Obviously
by (1.49) it follows that the degree d(k) is non decreasing in k and in [66] it is proved that
d(1) = 75(S71) = 5. Hence,

(1.74) s=75(STH) =d(1) <. <d(k) <d(k+1) < ... <v(\(0)) = 2s.

Therefore, by the previous section, we know that d(k) — 2s as k — +o00.

From now on, we will follow some ideas and constructions contained in [9, 60] for the
local case. Now, for every fixed k € N and 5 > 1, we wish to construct over Bf - Ri
nonnegative solutions to

Lou=Lav=0 in By,
(1.75) Oyu = Bun?, Oyv = Bvu? in 9B,
U= gg, v=hy in otB],

where (gi, h) € By are nonnegative nontrivial eigenfunctions related to Aj (k) satisfying
(1.59) and hence such that it holds

(1.76) 9k(2) = hi(0i(2))



28 CHAPTER 1. ASYMPTOTIC GROWTH OF BLOW-UP SOLUTIONS

for every i = 1,..., k. Moreover we choose eigenfunctions as in (1.50) and hence with the
property

(1.77) / y* (g + hi) = 1.
a+Bf

For simplicity of notations, from now on let us redefine A = A{(k), d = d(k), g = gx,
h = hjy, and as before o; = oy, the reflection with respect to plane ¥; for every ¢ =1, ..., k.

Lemma 1.13. There exists a pair of nonnegative solutions (ug,vg) to problem (1.75)
satisfying

1. for everyi,j=1,....k
(1.78) vg(z) =

2. letting

1 1
(1.79) Ho) =y [ (VaP o |VoP) 45 [ e
2 JBf 2 Joop;

1

the uniform estimate 21(ug,vg) < d holds.

Proof. First of all, let us consider in Bf the functions

(1.80) e =1 (o (5) 0 ()

which are the d-homogeneous extension of (g,h). Since g,h € H"%(S%), then it follows
by simple calculations that G, H € H%*(B;"). A weak solution to (1.75) has to satisfy the
following weak formulation

/ y*VuVeo + / Buv?p = 0,
B B

(1.81) :
y*VoVe + / Boulep = 0,

/B+ 0B

1

for every ¢ € H;fo (Bf) :=={ue€ H"(B{") : w=0in 07 B{"}. Hence, a weak solution
to (1.75) is also a critical point of the functional defined in (1.79) over the reflexive Banach
space

(1.82) X = (G +H (Bf)) X <H +HL (Bf)) .

B B
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In order to get condition 1, we wish to minimize I over a closed subspace of X; that is,
U C X the set of pairs of nonnegative functions (u,v) satisfying condition 1. Proceeding
as in section 3.5 it is easy to see that U is not empty. Obviously also U is a reflexive
Banach space and hence, by the direct method of the Calculus of Variations, we have

only to show that [ is Gateaux differentiable in any direction ¢ € H;fo (B such that

(¢p+G, ¢+ H) € U, coercive and weakly lower semicontinuous, in order to find a minimizer.
The differentiability is a standard calculation that gives us the desired condition

{gﬁ(u, V)[0] = [ y*VuVe + [p0ps uv’e

1.83
) 9L (u,v)[¢] = Jor v*VOV + [oo gt Boue,

for every direction ¢ € Hgf3+(B1+) such that (¢ + G, ¢+ H) € U.
1

Let us recall that U, as a closed subspace, inherits the topology from X; that is, the
convergence of a pair is characterized by the convergence of its components. Hence, the
weak convergence (un,vn) — (u,v) in U implies the weak convergence of its components
in H%%(B{"). We know that for y%|Vu|? is weakly lower semicontinuous in H%(Bj")
since it is the sum of the norm of the Hilbert space, which is weakly lower semicontinuous
and of the L?(y®dz)-norm, which is weakly continuous by Sobolev compact embeddings.
Then, |, Q0BT Buv? is weakly lower semicontinuous by the Fatou lemma; in fact, up to
a subsequence, by the trace theorem, the weak convergence implies that u, — u and
v, — v in L2(0B; ;du) where du = y®dS(z) over 07 B} and du = dx over 8°Bj, and
hence that BuZ(2)v2(z) — Bu?(2)v?(z) for almost every z € "B with respect to the
2-dimensional Lebesgue measure. So, we get the weak lower semicontinuity of I as the
sum of weakly lower semicontinuous pieces.

To show that I is coercive, we want that

1
(1.84) I(u,v) > 3 /+ y“(\Vu]Q + ]Vv]z) — +00, as  ||(u,v)|| — +o0,
B

1
where || (u,v)||? = fo Y (|Vul>+|Vv|2+u?+v?). Recalling that (u,v) = (G+ug, H+vp) €

U where (ug,vg) € H;fB . (Bf") x H;fB + (B;") and that Poincaré inequality holds for such

functions, then (1.84) is a simple computation.

Hence, we have a nontrivial minimizer (u,v) of I over U. Obviously also (|ul, |v])
is a minimizer and hence we can assume that such a minimizer is nonnegative. Let us
define the group G of all the reflections o;, with ¢ = 1, ..., k endowed with the composition
between reflections. Let us define the action

XxG—X
(1.85) [(u,v),g] — (vog,uog).
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That is, for g = oy, it holds
[(u,v),04] = (voo;,uoa;),
and for g = 0; 0 0}, it holds
[(u,v),04 005 = [[(v,v),0],05] = [(voos,uoca;),05] = (woo;o0j,vo0;00;).

It is easy to check that this action is isometric and that the functional I is invariant with
respect to this action. Since U = Fixz(G), by the principle of symmetric criticality of
Palais, the minimizer (u,v) is also a nonnegative critical point for I over the whole X and
hence a weak solution to (1.75) with the desired property 1.

Finally, using the fact that (u,v) is a minimizer of I in U and also that (G, H) € U,
we get the condition 2; that is,

1

(1.86) I(u,v) < I(G. H) = 3

d
a 2 2y _ %
[ (VGE £ 9HP) = 5

1

since G and H are segregated in 6OBT and are homogeneous of degree d. In (1.86) we
have used (1.77) and the Euler formula for homogeneous functions. O

1.3.8 Blow-up and uniform bounds on compact sets

Let us consider the sequence of solutions (ug,vg) constructed in Lemma 1.13. Thanks to
the uniform bound given by condition 2, and the fact that the functional I is coercive, we
obtain uniform boundedness in H>%(B;") for both components of such a sequence. Hence,
letting f — +o00, there exists a weak limit (U, V).

We remark that solutions (ug,vg) of (1.75) are strictly positive in the open B; by
maximum principles in [16], and for the same reason they are strictly positive also in (’JVFBfr
since it holds a maximum principle for (g, ) over S?. Moreover, they are strictly positive
also in 9°B;. By contradiction ug(zg) = 0 for a point 2o € 8B that is a minimum for ug.
By the Hopf lemma 0us(z0) > 0 (Proposition 4.11 in [16]) but the boundary condition
imposed over the flat part of the boundary says that 0 us(20) = ug(zo)vg(zo) = 0. Hence,
they are able to assume value zero only on S! = 85’3.

Moreover (ug,vg) must attain their supremum in T B;". Let us consider for example
the component ug. Its supremum must be attained by a point z¢ € an' for the maximum
principle but this point can not be on (90Bfr by the Hopf lemma. In fact, we would obtain
that dyug(z0) < 0 but

(1.87) Oyug = Pugvg > 0 in 0'Bf,

by boundary conditions and since (ug,vg) are nonnegative.
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So, all the functions ug are nonnegative, L,-harmonic and such that

(1.88) supug = sup ug = sup g =: A < 4o0.
Bf o+Bf a+Bf

Moreover, thanks to (1.77), A > 0 since

2
(1.89) 1= / y*(g® +h?) <2u(0"Bf) | sup g| =cA%
o+B;f o+ B

The same holds for the functions vg. Now, by this uniform boundedness obtained in

L>=(B{"), we can apply Theorem 1.1 in [66], obtaining for our sequence of solutions uniform

boundedness in C’loo’g(Bl+ ). This implies that the convergence of (ug,vg) to (U, V) is also

uniform on every compact set in Bj". Moreover, since A > 0, we get that the limit
functions (U, V') are not trivial and also nonnegative.

Likewise Soave and Zilio have done in [60] for the local case, we use a blow-up argument.
For a radius 73 € (0,1) to be determined, we define

(1.90) (up,05)(2) = B2 (up, v5)(rp2).

It is easy to check that such a blow-up sequence satisfies for every fixed 5 > 1 the problem

Lou=L,v=0 in Bf/rﬁ,
(1.91) 0% = wv?, 0% =vu? in O°B7
Yy ’ Yo 1/7"5'

As in [60], the choice of 75 € (0,1) is suggested by the following result.

Lemma 1.14. For any fized 3 > 1 there exists a unique rg € (0,1) such that
(1.92) / Y (u% + %) = 1.
o+ By 7 o

Moreover rg — 0 as 3 — +00.

Proof. In order to prove (1.92), we have to find for any fixed § > 1, a radius rg € (0, 1)
such that IBT%SH((UB,UQ),TQ) = 1. The strict increasing monotonicity of r — H(r) (see
e.g. [65, 71]) implies that also the function r — Br?H((ug,vs),r) is strictly increasing
and regular. Hence, for 8 > 1 fixed,

(1.93)

}% Br2H((ug,vg),r) = lim pr¥s—2-¢ /a+B;r y*(uj + v3) = B(u3(0) + v3(0)) lim r** = 0.

r—0 r—0
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Moreover, by (1.77), BH((ug,vg),1) = 8 > 1. Obviously, existence and uniqueness of 73
follow. If, seeking a contradiction, it would exist 7 > 0 such that for any 8 > 1 it holds
rg > T, then by the monotonicity recalled above and using (1.11) and (1.77), we get

(1.94) 1= Br5*H((ug,vp),r5) > BT*°H((ug, vs),T) > cBT* > H((ug, vp),1) = cB.

So, we get a contradiction for choices of 5 > 1/c. O

Proof of Theorem 1.3

In order to prove Theorem 1.3, we want to prove the existence of positive functions (U, V)
which solve (1.3) and such that (ug,vg) — (U, V) uniformly on compact sets of R3 with
N((U,V),r) < d for any r > 0. Hence, according to [71], we would obtain in the case
n = 2 a solution of (1.3) which grows asymptotically no more than

(1.95) Ul,y) + Via,y) < e (1+ ]2 +42) ",

with d = d(k) € [s,2s). Moreover, we will prove that the growth rate of this solution is
exactly equal to d.

Thanks to the monotonicity of the frequency and conditions (1.77) and (1.86), we get
for any 5> 1 and r € (0,1/rg),

(1.96) N (@5 79).7) < N(@.95).1/75) = e <

Moreover, for any § > 1 large, for any 1 < r < %, using (1.11), we obtain the following
upper bound which does not depend on £,

d d

(1.97) H((ug,vg),7) < H((ug,v), )eTor*" = eT-ar®.

Since for every 3 > 0 the functions (g, 73) have Oyug > 0, 9yvz > 0, then their extensions
to By, (through even reflections with respect to {y = 0}) satisfy the requirements of
Lemma A.2 in [71]. Then it holds that both the components ug and T satisfy

1/2
1

1. < —_ @92 .

(1.98) ifu_c<ﬁﬁaé+yu>

2r
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Hence, using (1.96), (1.97) and (1.98), we get the upper bound

2
_ _ c _ —
(sup(uﬁ + v5)> < e /B+ ya(u% + v%)

B:F 2r

c 2r ) )
< w2 +72) ) d
< T3+a/0 </8+BS+ y*(ujs +”6>> s

c 2r )
= 3T /0 S +aH((ﬁg,Uﬁ),S)dS

2r
(1.99) < 3C+a / sTat2dqs < ¢,
r 0

that is both components of the sequence (ug,Tg) are uniformly bounded in L*°(B;"),

independently from f large enough. This gives us uniform boundedness in Cloo’g (Fﬁ) (see
[65]) and so, up to consider a subsequence, this ensures the convergence to a nontrivial

nonnegative function on compact subsets of B;. By the arbitrariness of the choice of r > 1
done, we obtain such a convergence on every compact set in Ri. Since for § — 400
we have 1/rg — o0, then the limit (U,V) is a nonnegative solution to (1.3) with
N((U,V),r) < d for any r > 0 using the uniform convergence and (1.96). Hence (1.95)
follows.

Now, we have to verify that (U, V) are strictly positive in R3. Obviously, by con-

struction they are nonnegative in Ri and strictly positive in Ri by maximum principles.
Moreover, it is impossible that one component has a zero in 8R§r. By contradiction let
zo € OR3. be such that U(zp) = 0. By the Hopf lemma it would be 99U (20) > 0 since this
point is a minimum. But, by the boundary condition we get the contradiction

(1.100) 80T (20) = U(20)V" (z0) = 0.

Hence, we want to show that the asymptotic growth rate is exactly equal to d = d(k).
Seeking a contradiction, let N((U,V),r) < d(k) — ¢ for any 7 > 0. By the Almgren mono-
tonicity formula, there exists the limit lim, 1o N((U,V),r) := d < d(k)—e. We replicate
the blow-down construction performed in section 2.3 on the solution (U, V'), obtaining the
convergence in Cﬁj’g(Ri) of the blow-down sequence to a couple of d-homogeneous func-
tions segregated in 8]1%:_1. The spherical parts of this functions are eigenfunctions with
same eigenvalue A of the Laplace-Beltrami-type operator on S_% which inherit their sym-
metries from the functions (ug,vg) (see (1.78)). In fact such symmetries hold also for the
blow-up sequence (Tg, vg) constructed in (1.90) and hence also for (U, V), thanks to the
uniform convergence on compact sets. By the condition d < d(k)—e over the characteristic
exponent, hence we have A\ < \j(k) using (1.25), but by the minimality of \;(k) we would
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have A > \j(k) since its eigenfunction is a competitor for the problem defined in (1.40),
and hence we get the contradiction.

Eventually, let us say that these prescribed growth solutions for (1.3) in space dimen-
sion n = 2 are also solutions with the same properties for the same problem in any higher
dimension. This concludes the proof of Theorem 1.3.

1.4 Multidimensional entire solutions

In this section we will show the existence of n-dimensional entire solutions to (1.3) which
can not be obtained by adding coordinates in a constant way starting from a 2-dimensional
solution. Actually, we will establish a more general result for system (1.3) in case of k-
component; that is, considering solutions u := (uy, ..., ug) to

L,u; =0, in R’}fl,
(1.101) u; > 0, in R,
Oyui = u; Z#i u?, in O]R’}r“,

for any i = 1,...,k. In what follows, we adapt the results for the local case in [60] to the
fractional setting.

First of all, we remark that also in the case of k-components Theorem 1.2 holds; that
is, solutions to (1.101) have a universal bound on the growth rate at infinity given by

(1.102) ur(z,y) + .+ up(z,y) < e(l+ [z + %)%

In fact, also in this setting a Pohozaev inequality holds (see [66]); that is, for any zy € R™
and 7 > 0,

<n—1+a/ y \Vu|2=r/ S IVl — 250 S |02
. Z i ST Z i Z i

7

(1.103) - / u / uu?.
S H(0,0) Z 8B (zo O)Z a

7,]<z 1,j<1

Moreover, let us recall the following definitions

1
(1.104) E(r,zo;u) i= ——— / y | V) / uu? |,
| e Z ) g 2

and

1
(1.105) H(r,zo;u) :== / eyl
rnta 8+Bﬂ'(m0,0) Zz; i
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E(r,zo;u)
H(r,zo;u)’
mula holds; that is, the frequency N (7, zo;u) is non decreasing in r > 0 (the proof is as in
[71]). Since the bound (1.21) found in [71] also holds in the case of solutions to (1.101),
one can apply the procedure seen in the proof of Theorem 1.2 obtaining eventually (1.102).

Let us denote by O(n) the orthogonal group of R™ and by & the symmetric group of
permutations of {1,...,k}. We assume the existence of a homomorphism h: G < O(n) —
B, with G a nontrivial subgroup. Hence, let us define the equivariant action of G on
HY(RTHRF) so that

Hence, defining the frequency as N(r,zo;u) := the Almgren monotonicity for-

Hl’a(Ri—H,Rk) X G — Hl’a(Ri—H,Rk)
(1.106) [, 9] — (U(n(g))-1(1) © Gs -5 U((g)) -1 (k) © 9)

where o denotes the usual composition of functions. Let us define the space of the (G, h)-
equivariant functions as

(1.107) Hgpy = Fiz(G) = {ue H"RI™ RF) : uog=uVgeG}.
As in [60], we give the following definition.

Definition 1.15. Let £ € N, G < O(n) be a nontrivial subgroup and h : G — & a
homomorphism. We say that the triplet (k,G,h) is admissible if there exists u € H(g )
such that

(i) u; > 0 and u; # 0 in ]Rffl for any i = 1,..., k,
(i1) uju; =0 in R™ for any 4,5 = 1, ...,k with ¢ # j,
(7i7) there exist go, ..., gr € G such that u; = uj o g; for any i = 2, ..., k.

We remark that if the triplet (k,G,h) is admissible, then all the (G, h)-equivariant
functions satisfy (iii) of the definition with the same elements g¢o, ..., gx. Moreover it holds
(h(g;))~'(i) = 1 for any i = 1, ..., k, and hence equivariant functions satisfy

(1.108) Ui = U(h(g;))~1(i) © i = U1 © Gi;

that is, if the triplet is admissible, then any equivariant function u is determined by its
first component u; and by knowing the elements gs, ..., gi.

1.4.1 Optimal k-partition problem

Let us define the set of k-partitions of S"~! as

k
PF = {(wi, ..., wp) : w; € 8™ open, wi Nwj =0, Uwﬁz snt Wi Nwj is a

(1.109) (n — 2) — dimensional smooth submanifold, Vi,j = 1,....,k, j # i}.



36 CHAPTER 1. ASYMPTOTIC GROWTH OF BLOW-UP SOLUTIONS

Let (k,G, h) be an admissible triplet. We denote by
Agp ={uc H(S7,R*) : u is the restriction to ST of a (G, h) — equivariant function

(1.110) fulfilling (7), (¢), (4¢7) in Definition 1.15, with / yul =1Vi=1,..,k}.
St

Obviously, assuming that the triplet is admissible, up to consider a normalization of the

components in L?(S7;dp), it follows that A(g,n) is not empty. Moreover, by conditions (i)

and (77) one has that for any element u € A(g y) there exists a k-partition (w, ...,wy) € Pk

such that u; = 0in S"~!\w; for any i = 1, ..., k. Let us consider the following minimization

problem

1.111 inf  I(u),
(1.111) St 1)
where

k
1
(1.112) I(u):2/ v [ Vgnual.
St=1

One can easily check that problem (1.111) produces a nontrivial nonnegative minimizer
u in A(gp), and since the functional [ is invariant with respect to the action in (1.106),
applying the principle of criticality of Palais, we obtain that such a minimizer is also a

solution to an eigenvalue problem; that is, its components satisfy for any ¢,7 = 1,..., k,
J#i
—L5"u; =y, in ST,
(1.113) uu; =0, in §71,
ulﬁgu@ =0, in Sn_l,
where A = [g, y%|Vgru1]|® = ... = [gn y*|Vsnug|?, by condition (iii) and the invariance of
¥ ¥

I with respect to the group action. Moreover there exists a k-partition (wy, ...,w;) € P*
such that for any i = 1, ...,k it holds u; = 0 in S"~!\ w;. We want to prove the C%*(S™)-
regularity for the components of u via the convergence of solutions of S-problems over S*
to our eigenfunctions. Let us now consider the following set of functions

L ={ue H“(S7,R¥) : u is the restriction to ST of a (G, h) — equivariant function

(1.114) fulfilling (4), (¢i7) in Definition 1.15, with / youl =1Vi=1,..,k}.
St

This space is trivially not empty since Ag ny € (g n)-
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Hence, for any 8 > 0, we consider the following minimization problem

1.115 inf  Jg(u),
(1.115) LB ()
with
1
(1.116) Js(u) / Z\vsnuly / B> uiul =I(u) +/ By uiul
Sn—1 Z<] Sn—1 Z<]

It is easy to check that, for every 8 > 0 fix, there exists a nonnegative minimizer ug €
['(g,n)- Moreover, since Jg is invariant with respect to the action in (1.106), we get that
this minimizer is also a weak solution to the system

(1.117) {—Lf"um =y*Agiugi,  in SY,

Oyugi = Pug, Z#i U%J, in s 1

for any i = 1,..., k, where \g; = fsi Y| Vsnug|* + fS"71 5“?&,1 E#i u%] Moreover, since
the minimizer u € A(g ) C I'(g,n), it holds that for any 8 > 0, we get the uniform bound

k
(1.118) lz < 2J5(up) < 2J5(u) = kA.

[\

This uniform bound gives the weak convergence in H 1’“(Sﬁ_;]Rk) of the B-sequence to a
function us, (any component has the same norm | gn Y| Vsnleoi| = Aoo). Moreover, since
solutions to (1.117) are bounded in C%*(S%) uniformly in 8 > 0 for & > 0 small, as it is
proved in [66], we obtain, up to consider a subsequence as 5 — +00, that the convergence is
uniform on compact sets and so that the limit satisfies the symmetry conditions. Moreover
it holds that fsn 1 Buﬁl 5; > Oforanyi,j=1, .,k with j # i (see Lemma 4.6 in [66]
and Lemma 5.6 in [65] for the details in the case s = 1/2). So, the limit should have the
components segregated on S™~!; that is, us € A(g,n)- Moreover, we have

k
1 1 cky 1l
(1.119) 0§§§ Agi = Jg(ug +/ BE u? <3 +/Sn15§ utu?,
=1 ]

and since for any i = 1,...,k one has A\g; = A, by (1.119) it follows that Ao < A. But
by the minimality of u in A(g ) we have also A < Ay, and hence we obtain that us and
u own the same norm in H*(S"; R*¥), and hence we can choose as a minimizer us, which
inherits the Holder regularity up to the boundary.
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1.4.2 (G, h)-equivariant solutions

In order to construct (G, h)-equivariant entire solutions to (1.101), one can follow the
construction given in section 3.7 and 3.8. Let us summarize the main steps: first, we
construct (G, h)-equivariant B-solutions ug on the unit half ball B;; that is, solutions
inheriting the symmetries given by the triplet (k, G, h) and so that the boundary value on
('9“‘Bfr is the minimizer u previously found (the proof follows from Lemma 1.13). Since
any component u; of u has the same energy |, sn y*|Vsnu;|?> = A\, we can define the d-

homogeneous extension of u to R, where d = ~4(\); that is, U = |z|du(ﬁ). This
function gives a bound over the energy of our S-solutions; that is,

k
(1.120) 2F3(u ):/ Yy |V gl* + ,8/ u? gu? 5, < d.
B B B;r ; 0,0 8OB+Z 1,8%5,8

1<y

Hence, after rescaling (the right choice is given by an analogous of Lemma 1.14), by the
blow-up argument, we get convergence to a positive (G, h)-equivariant entire solution U
to (1.101) as B — 400 on compact subsets of ]R’frl. Moreover, for any r > 0, we get a
bound over the Almgren frequency given by

(1.121) N(r;U) < d.

1.4.3 An admissible triplet (2, G, h)

To conclude this section, we want to provide the existence, for simplicity in the case of two
components, of multidimensional entire solutions to (1.3) in R”™ with n > 3 and such
that they can not be obtained by adding coordinates in a constant way starting from a 2-
dimensional solution. Let £k = 2 and G < O(n) be the nontrivial subgroup of symmetries
generated by the reflections o; with respect to the hyperplanes ¥; = {z; = 0} for any
i=1,...,n. Let also h : G — &5 be defined on the generators of G by h(o;) = (1 2) for
every i = 1,...,n (the expression (1 2) denotes the cycle mapping 1 in 2 and 2 in 1). Let us
consider the fundamental domain defined as the set D(2,G, h) = S?N{z = (v,y) € R :
xg > 0,23 > 0,...,z, > 0}. Obviously there exists a couple of nontrivial and nonnegative
functions (f1, f2) such that fi € Hy“(D(2,G,h) N {z1 > 0}) and fo € Hy“(D(2,G,h) N
{z1 < 0}). Let us merge them in a unique function v; over the fundamental domain, and
extend it to the whole of the hemisphere S? following the condition v1(z) = v1(0s(0;(2)))
for any ¢,j = 1,...,n (the values of uy over the fundamental domain are enough to define
it on the hemisphere). In the same way, we can define the function vy so that vy(z) =
v1(0i(z)) for every i = 1,...,n. Let us normalize the two functions in L?(S7;du). Let
us also define the number v = fsi Yy Vgnvy |2 = fSﬁ y*|Vgnva|?. The d(v)-homogeneous

extension of v = (v1,v2) to R%™ (the characteristic exponent is defined in (1.17)) is an
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element of H g p) satisfying conditions (i), (i7) and (i7i), and hence, as a consequence, the
triplet (2, G, h) turns out to be admissible.

Hence, it is possible to apply the construction seen in the first part of this section, in
order to construct a (G, h)-equivariant solution to (1.3) depending on the minimizer of the
problem (1.111). We want to show that it holds
(1.122) inf  I(u)=X<\(0).

uEA(Gﬁh)

Let us define the set of 2-partitions

772 = {(wi,w2): w; C S" L open, wi Nwy =0, wr Uz =S, o1 Nwg is a
(n — 2) — dimensional smooth submanifold, H" (w;) = H" ! (ws),
(1.123) z€w & 0i(z) Ewp Vi=1,...,n}.

Let us also introduce, for any element (wq,ws) € P2 the space
(1.124) A(G7h)(w1,w2) = {u S A(th) DU = 0 in Sn_l \wi, Vi = 1,2}.

We remark that for any 2-partition, this space is not empty since the function v previously
constructed is contained. The minimization problem in (1.111) can be expressed as

(1.125) inf I(u)= inf inf  I(u).

ueA (G,n) (w1,w2)€PZ UEA G by (wW1,w2)

Let us consider the particular 2-partition (w},w%) € P2 so that w? D S* 1 N {z; >
0,...,2, > 0}. Obviously one has

(1.126) A< inf I(u) = \,.

uEA(Gﬁ)(w?,wg)
Therefore, by considerations over the symmetries and (1.18), it is easy to see that

X)) T X))

(1.127) A ! — Xi(wh) < (0,
since H" 1 (w]') > 0. Hence, (1.122) holds.
Now we want to show that the equivariant entire solution U = (Uj,Us) obtained

depends on any x;-variable for any ¢ = 1,...,n. Thanks to the bound in (1.121) and the
condition (1.122), we get that

(1.128) N(r;U) < d < v5(Aj(0)) = 2s.

Let us suppose by contradiction that U does not depend on the variable x; (we can choose

it without loss of generality). Then, considering the reflection o1, one has for any z € ]RZLFH

(1.129) Ul(z) = Ul(Ul(Z)) = UQ(Z).
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Let us proceed now by a blow-down construction as in section 2.3 for the proof of Theorem
1.2. The limit of the blow-down sequence is a couple (uq, Vo) of functions solving

Lo = Laveo =0 in R,
(1.130) Uoo Oy oo = VooOyUoo = 0 in 6IR{1+1,
UosoVso = 0 in 6R7fr+1.

By the uniform convergence, condition (1.129) says that us = v in ]R’_T_H, and by the
segregation condition also that us = vee = 0 in 8R1+1. Moreover, such solutions have
the form

Uoo (1, 0) = Voo (1, 0) = 10g(),

where ¢ is defined on the upper hemisphere S7 = (9*’BfL . Since we have constructed the
blow-down sequence so that H(1; Ug) = 1, then

(1.131) / yig® =1/2.

St

Since d < 2s, we can apply a Liouville type result (see Proposition 3.1 in [66]) in order
to conclude that us, and vy should be trivial everywhere, in contradiction with condition
(1.131).



Chapter 2

On s-harmonic functions on cones

We deal with non negative functions satisfying

(—A)°us =0 in C,
us =0 in R"\C,

where s € (0,1) and C is a given cone on R™ with vertex at zero. We consider the
case when s approaches 1, wondering whether solutions of the problem do converge to
harmonic functions in the same cone or not. Surprisingly, the answer will depend on the
opening of the cone through an auxiliary eigenvalue problem on the upper half sphere.
These conic functions are involved in the study of the nodal regions in the case of optimal
partitions and other free boundary problems and play a crucial role in the extension of
the Alt-Caffarelli-Friedman monotonicity formula to the case of fractional diffusions.

2.1 Introduction and main results

Let n > 2 and let C' be an open cone in R™ with vertex in 0; for a given s € (0,1),
we consider the problem of the classification of nontrivial functions which are s-harmonic
inside the cone and vanish identically outside, that is:

(—=A)*us =0 in C,
(2.1) ug >0 in R"

us =0 in R"\C.

Here we define (see §2.2 for the details)

(—A)*u(x) = C(n, 5) P.V. / ulw) = ulm) -

R [a — "

41
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where u is a sufficiently smooth function and

2%55I(2 + 5)

(2.2) C(n,s) = AT = 3)

> 0,

where

F(:L‘):/ t*Le~tde.
0

The principal value is taken at n = x: hence, though u needs not to decay at infinity, it
has to keep an algebraic growth with a power strictly smaller than 2s in order to make
the above expression meaningful. By Theorem 3.2 in [6], it is known that there exists a
homogeneous, nonnegative and nontrivial solution to (2.1) of the form

us(2) = lol"uy (,;) |

where 5 := 75(C) is a definite homogeneity degree (characteristic exponent), which de-
pends on the cone. Moreover, such a solution is continuous in R™ and unique, up to
multiplicative constants. We can normalize it in such a way that [|us|je(gn-1y = 1. We
consider the case when s approaches 1, wondering whether solutions of the problem do
converge to a harmonic function in the same cone and, in case, which are the suitable
spaces for convergence.

Such conic s-harmonic functions appear as limiting blow-up profiles and play a major
role in many free boundary problems with fractional diffusions and in the study of the
geometry of nodal sets, also in the case of partition problems (see, e.g. [1, 7, 17, 32, 40]).
Moreover, as we shall see later, they are strongly involved with the possible extensions
of the Alt-Caffarelli-Friedman monotonicity formula to the case of fractional diffusion.
The study of their properties and, ultimately, their classification is therefore a major
achievement in this setting. The problem of homogeneous s-harmonic functions on cones
has been deeply studied in [6, 10, 12, 46]. The present chapter mainly focuses on the
limiting behaviour as s 7 1.

Our problem (2.1) can be linked to a specific spectral problem of local nature in the
upper half sphere; indeed let us look at the extension technique popularized by the authors
in [21], characterizing the fractional Laplacian in R™ as the Dirichlet-to-Neumann map for
a variable v depending on one more space dimension and satisfying for a = 1—2s € (=1, 1):
2:3) Lqv = div(y*Vv) =0 in R,
' v(z,0) = u(zx) on R™.
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Such an extension exists unique for a suitable class of functions u (see (2.9)) and it is given
by the formula:

dn .

2s
y=Su(n) 1 / 1
v(@.y) =1lms) /]R” (o — P + 2y ere 7(n, 5) n (Inf? + 1)n/2Ee

Then, the nonlocal original operator translates into a boundary derivative operator of
Neumann type:

C(n,s) . oy S
v(n, s) ig%yl oyu(w,y) = (—A) u(z).

Now, let us consider an open region w C S"~1 = ST, with ST = S™N{y > 0}, and define
the eigenvalue
Y| Vsnul*do
STL
A} (w) = inf + rue H'(ST;y%o) \ {0} and u=01in S" '\ w

/ y*u?do
S

n
+

Next, define the characteristic exponent of the cone C,, spanned by w (see Definition 2.7)
as

(2.4) ’Ys(cw) = ’Ys(Ai(w)) )

where the function 74(t) is defined by

() = n—2s 2+t—n_28
vs(t) == 5 5 .

Remark 2.1. There is a remarkable link between the nonnegative Aj(w)-eigenfunctions
and the v5(A](w))-homogeneous L,-harmonic functions: let consider the spherical coordi-
nates (r,0) with » > 0 and 6 € S™. Let @5 be the first nonnegative eigenfunction to Aj(w)
and let v, be its 75(\](w))-homogeneous extension to R’ i.e.

vs(r, 0) = Tws(/\f(w))(ps(g)’

which is well defined as soon as v5(Aj(w)) < 2s (as we shall see, this fact is always granted).
By [52], the operator L, can be decomposed as
1

Lqu = sin'™2%(,) —

1 n
Tnar (Tn+1+2$aTu) + Las u

rl+2s
where y = rsin(6,,) and the Laplace-Beltrami type operator is defined as

L2 u = divgn (sin!=2%(6,,) V.gnu)
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with Vgn the tangential gradient on S™. Then, we easily get that v is Le-harmonic in the
upper half-space; moreover its trace us(z) = vs(x,0) is s-harmonic in the cone C,, spanned
by w, vanishing identically outside: in other words us is a solution of our problem (2.1).

In a symmetric way, for the standard Laplacian, we consider the problem of v-homogeneous
functions which are harmonic inside the cone spanned by w and vanish outside:

—Au; =0 in C,,
(2.5) up >0 in R”
w=0  in R"\C,.

Is is well known that the associated eigenvalue problem on the sphere is that of the
Laplace-Beltrami operator with Dirichlet boundary conditions:

/ |V gn-1ul*do
A (w) = inf { 52—

u’do
Snfl

and the characteristic exponent of the cone C,, is

cue H(S" )\ {0} and u=01in S" ' \wp,

(2.6 1(C) = ¢ ("37) + )= "5 = (ne)).

In the classical case, the characteristic exponent enjoys a number of nice properties: it is
minimal on spherical caps among sets having a given measure. Moreover for the spherical
caps, the eigenvalues enjoy a fundamental convexity property with respect to the colatitude
0, see [4, 39]. The convexity plays a major role in the proof of the Alt-Caffarelli-Friedman
monotonicity formula, a key tool in the Free Boundary Theory [20].

Since the standard Laplacian can be viewed as the limiting operator of the family
(—A)® as s ' 1, some questions naturally arise:

Problem 2.2. Is it true that
(a) lim, 4 ’73(0) = 7(0)?
(b) lims_1 us = uy uniformly on compact sets, or better, in Holder local norms?

(c) for spherical caps of opening 6 is there any convexity of the map 6 — A;(6) at least,
for s near 17
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We therefore addressed the problem of the asymptotic behavior of the solutions of
problem (2.1) for s 7 1, obtaining a rather unexpected result: our analysis shows high
sensitivity to the opening solid angle w of the cone C,,, as evaluated by the value of ~(C).
In the case of wide cones, when v(C) < 2 (that is, § € (n/4,7) for spherical caps of
colatitude #), our solutions do converge to the harmonic homogeneous function of the
cone; instead, in the case of narrow cones, when v(C) > 2 (that is, § € (0,7/4] for
spherical caps), then limit of the homogeneity degree will be always two and the limiting
profile will be something different, though related, of course, through a correction term.
Similar transition phenomena have been detected in other contexts for some types of free
boundary problems on cones ([2, 53]). As a consequence of our main result, we will see a
lack of convexity of the eigenvalue as a function of the colatitude. Our main result is the
following Theorem.

Theorem 2.3. Let C be an open cone with vertex at the origin. There exist finite the
following limits:

7(C) = lim 7(C) = min{7(C), 2}
and

C(n,s) {O if v(C)

MO = B 5300 T \mol©) it 2(C)

where C'(n, s) is defined in (2.2) and

<2
>2

Y

Von-1u 2 2nu2da
S
Sn—1

(/S \u|da>2

Let us consider the family (us) of nonnegative solutions to (2.1) such that ||us||pec(gn-1) =
1. Then, as s /1, up to a subsequence, we have

(R™) to some w € HL _(R™) N L>®(S"1).

1o(C) = inf cue HY(S"H\ {0} and u=0in S 1\ C

— T2
1. us — win Li,.

2. The convergence is uniform on compact subsets of C , u is nontrivial with

|[a]| oo (gn-1y = 1
and is 7(C')-homogeneous.

3. The limit u solves

2.7)
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0 /4 /2 3 /4 @
Figure 2.1: Characteristic exponents of spherical caps of aperture 20 for s < 1 and s = 1.

Remark 2.4. Uniqueness of the limit w and therefore existence of the limit of us as s /1
holds in the case of connected cones and, in any case, whenever v(C) > 2. We will see
in Remark 2.24 that under symmetry assumptions on the cone C, the limit function w is
unique and hence it does not depend on the choice of the subsequence.

A nontrivial improvement of the main Theorem concerns uniform bounds in Hoélder
spaces holding uniformly for s — 1.

Theorem 2.5. Assume the cone is C't. Let a € (0,1), s € (max{1/2,a},1) and A an
annulus centered at zero. Then the family of solutions us to (2.1) is uniformly bounded in
CY(A) for any s € [sg,1).

2.1.1 On the fractional Alt-Caffarelli-Friedman monotonicity formula

In the case of reaction-diffusion systems with strong competition between a number of
densities which spread in space, one can observe a segregation phenomenon: as the inter-
specific competition rate grows, the populations tend to separate their supports in nodal
sets, separated by a free boundary. For the case of standard diffusion, both the asymptotic
analysis and the properties of the segregated limiting profiles are fairly well understood,
we refer to [18, 27, 29, 49, 62] and references therein. Instead, when the diffusion is non-
local and modeled by the fractional Laplacian, the only known results are contained in
[65, 66, 67, 7T1]. As shown in [65, 66], estimates in Holder spaces can be obtained by the
use of fractional versions of the Alt-Caffarelli-Friedman (ACF) and Almgren monotonicity
formulee. For the statement, proof and applications of the original ACF monotonicity
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formula we refer to the book by Caffarelli and Salsa [20] on free boundary problems. Let
us state here the fractional version of the spectral problem beyond the ACF formula used
in [65, 66]: consider the set of 2-partitions of S"~! as

P? = {(wi,ws) s w; C S"L open, wy Nwy =0, Wi U@ = S”_l}

and define the optimal partition value as:

1
(2.8) vACE .= 2 inf Z'ys

w1 w2)€772
It is easy to see, by a Schwarz symmetrization argument, that VACF is achieved by a pair
of complementary spherical caps (wg,wr_g) € P? with aperture 20 and 6 € (0, ) (for a
detailed proof of this kind of symmetrization we refer to [67]), that is:

V;flCF: min I'*(#) = min Y5(0) + sl _0).
0€l0,7] 0€[0,x] 2

This gives a further motivation to our study of (2.1) for spherical caps. A classical result
by Friedland and Hayman, [39], yields v4¢F = 1 (case s = 1), and the minimal value
is achieved for two half spheres; this equality is the core of the proof of the classical
Alt-Caffarelli-Friedman monotonicity formula.

It was proved in [66] that vACF is linked to the threshold for uniform bounds in Hélder
norms for competition-diffusion systems, as the interspecific competition rate diverges to
infinity, as well as the exponent of the optimal Hélder regularity for their limiting profiles.
It was also conjectured that v2“F = s for every s € (0,1). Unfortunately, the exact value
of vACF is still unknown, and we only know that 0 < vACF < s (see [65, 66]). Actually
one can easily give a better lower bound given by vA°F > max{s/2,s — 1/4} when n = 2
and VACF > s/2 otherwise, which however it is not satisfactory. As already remarked
in [1], this lack of information implies also the lack of an exact Alt-Caffarelli-Friedman
monotonicity formula for the case of fractional Laplacians. Our contribution to this open
problem is a byproduct of the main Theorem 2.3.

Corollary 2.6. In any space dimension we have

lim VACF =1.

s—1

The chapter is organized as follows. In Section 2 we introduce our setting and we
state the relevant known properties of homogeneous s-harmonic functions on cones. After
this, we will obtain local C%®-estimates in compact subsets of C' and local H*-estimates
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0 /4 /2 3 /4 @
Figure 2.2: Possible values of I'*(6) = I'*(wp, wr—p) for s <1 and s =1 and n = 2.

in compact subsets of R™ for solutions us of (2.1). We will see that an important quantity
which appears in this estimates and plays a fundamental role is

C(n,s)
25 — '73(0) ’

where C(n, s) > 0 is the normalization constant given in (2.2). It will be therefore very
important to bound this quantity uniformly in s. In Section 3 we analyze the asymptotic
behaviour of v5(C') as s converges to 1, in order to understand the quantities 7(C') and
1(C). To do this, we will establish a distributional semigroup property for the fractional
Laplacian for functions which grow at infinity. In Section 4 we prove Theorem 2.3 and
Corollary 2.6. Eventually, in Section 5, we prove Theorem 2.5.

2.2 Homogenous s-harmonic functions on cones

In this section, we focus our attention on the local properties of homogeneous s-harmonic
functions on regular cones. Since in the next section we will study the behaviour of the
characteristic exponent as s approaches 1, in this section we recall some known results
related to the boundary behaviour of the solution of (2.1) restricted to the unitary sphere
S™~! and some estimates of the Holder and H® seminorm.

Definition 2.7. Let w C S™ ! be an open set, that may be disconnected. We call
unbounded cone with vertex in 0, spanned by w the open set

Co={rz : r>0, z €w}.
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Moreover we say that C = C,, is narrow if v(C) > 2 and wide if v(C) < 2. We call C,,
regular cone if w is connected and of class C™!. Let 6 € (0,7) and wp C S"~! be an open
spherical cap of colatitude . Then we denote by Cy = C,, the right circular cone of
aperture 26.

Hence, let C' be a fixed unbounded open cone in R™ with vertex in 0 and consider

(=A)us =0 in C,
us =0 in R"\C.

with the condition [[us|e(gn-1) = 1. By Theorem 3.2 in [6] there exists, up to a multi-
plicative constant, a unique nonnegative function ug smooth in C' and ~5(C')-homogenous,

ie.
x
wte) = e (1)
||
where v5(C) € (0,2s). As it is well know (see for example [10, 54]), the fractional
Laplacian (—A)® is a nonlocal operator well defined in the class of integrability £} :=
L' (dz/(1 + |z])™"?%), namely the normed space of all Borel functions u satisfying

|u(z)]
2. = d .
(2.9) ||“H£§ /]R" A5 2 T < 400

Hence, for every u € L1, > 0 and € R” we define

(—A)su(z) = C(n, s) /R - Wdy,

where

C(n,s) = m c (0,4F (g + 1)] .

and we can consider the fractional Laplacian as the limit

s = lim(=A)Su(z) = n.s u(x)—u(y)
(~8)"u(x) = p(-A)tute) = Clon,s) PV [ H0ay

We remark that v € £} is such that u € E; s for any § > 0, which will be an important tool
in this section, in order to compute high order fractional Laplacians. Another definition
of the fractional Laplacian, which can be constructed by a double change of variables as
in [33], is

C(n,s)

(-ayu) = 5 [

2u(z) —u(zx +y) —u(z —y)
Jy["

dy
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which emphasize that given u € C?(D) N L}, we obtain that z — (—A)u(x) is a continu-
ous and bounded function on D, for some bounded D C R"”.

By [46, Lemma 3.3], if we consider a regular unbounded cone C' symmetric with respect
to a fixed axis, there exists two positive constant ¢; = ¢1(n, s, C) and ¢y = c2(n, s, C) such
that

(2.10) ez dist(x, 0C)° < ug(z) < eolx|" ™ *dist(x, 9C)?®

for every x € C'. We remark that this result can be easily generalized to regular unbounded
cones C,, with w C 8"~ ! which is a finite union of connected C*! domain w;, such that
w; Uw; = 0 for i # j, since the reasonings in [46] rely on a Boundary Harnack principle
and on sharp estimates for the Green function for bounded C!'! domain non necessary
connected (for more details [24]).

Through the chapter we will call the coefficient of homogeneity v, as ” characteristic ex-
ponent”, since it is strictly related to an eigenvalue partition problem.

As we already mentioned, our solutions are smooth in the interior of the cone and locally
C%* near the boundary dC \ {0} (see for example [46]), but we need some quantitative
estimates in order to better understand the dependence of the Holder seminorm on the
parameter s € (0, 1).

Before showing the main result of Hélder regularity, we need the following estimates about
the fractional Laplacian of smooth compactly supported functions: this result can be found
in [10, Lemma 3.5] and [30, Lemma 5.1}, but here we compute the formula with a deep
attention on the dependence of the constant with respect to s € (0, 1).

Proposition 2.8. Let s € (0,1) and ¢ € C2(R™). Then

(2.11) IFM%@NSH:EWE?

where the constant ¢ > 0 depends only on n and the choice of .

Vr € R",

Proof. Let K C R™ be the compact support of ¢ and k = max,cx |¢(x)|. There exists
R > 1 such that K C Bg/,(0).

Let |z| > R.
p(z) = (y) " / () ’
“AYo(z)| = Cms/‘d —lCm,s) [ —PY__4
arel = |owms [ DAy <o [ L0
n+2s
C(n,s)k/ 1 dy < C(n,s)k2" 5| K|
‘x|n+2s K (1 _ |%|)n+25 ’x‘n+2s
C(n, s)k22+29) | K| c

<

— (1 + ‘$|)n+25 (1 + ‘x|)n+28’
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where ¢ > 0 depends only on n and the choice of .

Let now |z| < R. We use the fact that any derivative of ¢ of first and second order
is uniformly continuous in the compact set K and the fact that in Bgr(0) the function
(1 + |z|)"*2% has maximum given by (1 + R)"25. Hence there exist 0 < § < 1 and a
constant M > 0, both depending only on n and the choice of ¢ such that

lo(x + 2) + (x — 2) — 2p(z)| < M|z|? Vz € Bs(0).

Hence
s p(r) — e(y) p(r) — o(y)
(Care@) = |cms) [ BT Eay ) [ P
Re\By(z) [T — y["T2e By(z) |2 — y["T2s
1
< 2kC(n,s / ——dy
() Re\Bs(z) |7 — Y[
) -2
(L) [ el vete ) 220,
2 B5(0) |z
—+o00 M )
< 2kC(n, s)wn_l/ r 17254y 4 C(n,s);unl/ ri=2sdr
é 0
_ kC(n,s)wp—1 . C(n, $)wp—1 M5>~2
B 5028 4(1 — s)
1 n+2s 1 n+2
< %+C:C(+|x\) 2 SC( + R) - c .
0 (L fz)rt2s = (L [z)rr2s (14 [])nt2e
where ¢ > 0 depends only on n and the choice of ¢. This concludes the proof. O

By the previous calculations we have also the following result.

Remark 2.9. Let s € (0,1) and ¢ € C2(R"). Then there exists a constant ¢ = c(n,¢) > 0
and a radius R = R(p) > 0 such that

C(n,s)

(2.12) [(=A)%p(x)] < A F e

Vz € R"\ Bg(0).

The following result provides interior estimates for the Holder norm of our solutions.

Proposition 2.10. Let C be a cone and K C C be a compact set and sg € (0,1). Then
there exist a constant ¢ > 0 and @ € (0, 1), both dependent only on sg, K,n,C, such that

C(n,s) ) |

o < _
H/U’SHCO7 (K) = c <1 + %25 _’73(0)

for any a € (0,@] and any s € [sp, 1).
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By a standard covering argument, there exists a finite number of balls such that K C
U?zl B, (xj), for a given radius 7 > 0 such that U?:l By, (zj) C C. Thus, it is enough to
prove

Proposition 2.11. Let B, (Z) C C be a closed ball and so € (0,1). Then there exist a
constant ¢ > 0 and @ € (0,1), both dependent only on sg,r,T,n,C, such that

[uslleo g < ¢\ 1+ 552 7(C))”
for any o € (0,@] and any s € [sp, 1).

In order to achieve the desired result, we need to estimate locally the value of the
fractional Laplacian of us in a ball compactly contained in the cone C.

Lemma 2.12. Let n € C°(Ba(T)) be a cut-off function such that 0 <n <1 withn=1
in B.(Z). Under the same assumptions of Proposition 2.11,

s C(n,s
(=) an)l (5o < Co (1 n ())

2s —v5(C)

for any s € [sg, 1), where Cy > 0 depends on sg,n,z,r,C, and the choice of the function
7.

Proof. Let R > 1 such that Ba.(T) C Bp/2(0). Hence, let fix a point x € By, (T). We can
express the fractional Laplacian of ugn in the following way

(=A) (usn)(z) = n(w)(—A)Sus(wHC(n,s)/ uy(y) 1= 1) 4,

n |z — y[rt2e

— COln.s () 18) = 1(y)
= ¢ )/BR(m Wy

n(z) —n(y)
+C(n,s / us(y) ————=dy.
( ) R”\ Bg(0) ) |z —y’n+25

We recall that us(x) = |2[7*(©ug(z/|z|) and that for any s € (0,1) the functions u, are
normalized such that [|us||pec(gn-1) = 1. Moreover we remark that n(x) —n(y) = n(z) >0
in By, () x (R™\ Br(0)). Hence, using Proposition 2.8 and the fact that v,(C) < 2s, we
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obtain
n(z) —n(y)
—A)(usn)(x)] < C(n,s / us(y)————=dy
[(=A)%(usn)(z)| (n,s) B0 ( )|$_y|n+2s
n(z) —n(y)
+C(n,s / us(y) T——— 5 dy
1
< R%(C’) —An(z)| + C n, s 2n+2s/ ——_dy
A+ Coa2 s [
< R + C(n,s)2" 2w /+OO P12+ C) gy
= (U [ ’ "R
_ cR? cC(n,s)

A+ )2 R0 (25— 7,(C)

IN

O]

Proof of Proposition 2.11. Let as before n € CZ°(Bs,(Z)) be a cut-off function such that
0 <n<1withn=1in B.(Z). First, we remark that there exists a constant ¢y > 0 such
that for any s € (0,1), it holds

(2.13) |[usn]] oo mny < co,

where ¢y depends only on n,Z, 7. In fact, let R > 0 be such that Bs,.(Z) C Br(0). Then,
for any x € R"™, we have 0 < ugn(z) < R+(©) < R2?. Using the bound (2.13) and the
previous Lemma, we can apply [?, Theorem 12.1] obtaining the existence of @ € (0, 1) and
C > 0, both depending only on n, sp and the choice of B, (Z) such that

||us77||00a B (@) < C(HuanLW(Rn F1(=A)%(usn)|| oo B27‘(~73)))

§C<00+CO <1 25(%()0))>

for any s € [sg, 1) and any a € (0,@]. Since n =1 in B,(Z) we obtain the result. O

Similarly, now we need to construct some estimate related to the H® seminorm of the
solution ug, Since the functions do not belong to H*(R™), we need to truncate the solution
with some cut off function in order to avoid the problems related to the growth at infinity.
In such a way, we can use

2

2 _ - s/2 _ o s
(2.14) [0+ &) H( A) U‘Lg(w) /nv( A)*vdz.
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which holds for every v € H*(R"). So, let n € C2°(B3) be a radial cut off function such

T—xg

that n =1 in By and 0 <7 < 1 in Bo, and consider ng(x) = n(*5*) the rescaled cut off

function defined in Bag(xg), for some R > 0 and zy € R"™.

Proposition 2.13. Let sgp € (0,1) and nr € C°(Bar(xo)) previously defined. Then
C(n,s) )

2s — 75(C)

for any s € [sg, 1), where ¢ > 0 is a constant that depends on xqy, R,C, sy and 7.

Proof. Let n € C°(Bs) be a radial cut off function such that n=11in By and 0 <7 <1
in By, and consider the collection of (nr)r with R > 0 defined by ng(z) = n(*5*) with
some zg € R™. By (2.14), for every R > 0 we obtain

— [ wne(-2)* (wang)da.

2

[’U«snRﬁ{S(R") = H(_A)S/Q(USHR)‘ L2(R™)

By definition of the fractional Laplacian we have

[ monnt= uangis = o) [ o) D) g

= / néus(—A)Susdac

vt [ I )

C(n,s T) — 2
- (2 )/]R R ’nRIEc) yIZigg)‘ el ) dyds
nX n —_

where the last equation is obtained by the symmetrization of the previous integral with
respect to the variable (z,y) € R™ x R™. Before splitting the domain of integration into
different subset, it is easy to see that

nr(x) —nr(y) =0 in Br(zo) x Br(wo) U (R \ Bar(zo)) X (R \ Bar(zo))
Inr(x) —nr(y)| =1 in Br(zo) x (R™\ Bar(zo)) U (R™\ Bar(zo)) x Br(zo).
where all the previous balls are centered at the point xy. Hence, given the sets ; =

BgR(l'o) X BgR(a}o) and QQ = BQR(l'O) X (Rn \ BgR(l'o)) U (Rn \ BgR(x())) X BQR(xQ) we

have

nr(z) — nr(y)? Inr(z) — nr(y)|?
n+2s us(w)us(y)dydr < n+2s us(7)us(y)dydz+
RexRr |z — Y| o |z—yl

_ 2
+/ﬂ |77Ri;x)_ y|Zigi/)’ s ()5 (y)dyde.
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In particular

[nr(z) — UR(y)\Qus(x)us(y)dydm

Q1 |3j - y|n+28
VTIR 200 n
< sup ug/ ”H%dydx
B3sr(xo) Bsr(20)xBsr(zo) |7 — ¥

1

2

< ||Vngr||je sup u?/ da:/ sy
Bsn(zo) ~ JBsp(0)  JBsr(x) [T — Y

2 2—2s
< ||V77|2’L°° sup ung ’Sn 1’ GR)
R B3 g (o) —s)
n—2s
2 27s s
< OVl 5y masdloo™ BR sl o s

where in the second inequality we use the changes of variables x — xg and y — z¢ and the
fact that Bsr(0) x Bsg(0) C B3r(0) x Bgr(z) for every = € Bsgr(0). Similarly we have

nr(x) — nr(y)’
T us(x)us(y)dyde
Qo |I‘ - y‘

< 2/ us(x) / %dy dx
Bag (o) R\ Bsg(zo) [T — Y|

us(y + o)

§2/ us(z + o) / oAy | d
By (0) R™\B; (0 |y|n+2s( %)

Vs
Bag(0) R™\Bsp(0) |yl

< C sup us|Bog||S" 127 G(z0, R)

Bar(zo
with
22 (3R i Jao] 2 3R _en
— W) = ¥s
G(zo, R) (3R)75_25 < 23—75 max{|zo|,3R}7*.

if <
Cy—— if |xo| < 3R

Finally, we obtain the desired bound for the seminorm [usng]%., (rm) Summing the two
terms and recalling that HusHLoo(sn—1) =1. 0
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2.3 Characteristic exponent: properties and asymptotics

In this section we start the analysis of the asymptotic behaviour of the homogeneity degree
vs(C) as s converges to 1. The main results are two: first we get a monotonicity result for
the map s — 75(C), for a fixed regular cone C, which ensures the existence of the limit
and, using some comparison result, a bound on the possible value of the limit exponent.
Secondly we study the asymptotic behaviour of the quotient %

In order to prove the first result and compare different order of s-harmonic functions
for different power of (—A)®, we need to introduce some results which give a natural ex-
tension of the classic semigroup property of the fractional Laplacian, for function defined
on cones which grow at infinity.

2.3.1 Distributional semigroup property

It is well known that if we deal with smooth functions with compact support, or more
generally with functions in the Schwartz space S(R™), a semigroup property holds for
the fractional Laplacian, i.e. (—A)% o (—=A)%2 = (—=A)%1*52 where s1,s2 € (0,1) with
51 + s3 < 1. Since we have to deal with functions in £! that grow at infinity, we have
to construct a distributional counterpart of the semigroup property, in order to compute
high order fractional Laplacians for solutions of the problem given in (2.1).

First of all, we remark that a solution u, to (2.1) for a fixed cone C belongs to L. since
0 < us(z) < |2]7(©) in R” with v,(C) € (0,2s). Moreover, by the homogeneity one can
rewrite the norm (2.9) in the following way

us(z) / /00 P 1H7:(C)
s = 7(1 = Sd d
losley = |y e = [, v [ G e

F(n + '75(0 )F(QS B VS(C))
T(n + 2s) /Sn_l usdo.

In the recent paper [31] the authors introduced a new notion of fractional Laplacian ap-
plying to a wider class of functions which grow more than linearly at infinity. This is
achieved by defining an equivalence class of functions modulo polynomials of a fixed or-
der. However, it can be hardly exploited to the solutions of (2.1) as they annihilate on a
set of nonempty interior.

As shown in [10, Definition 3.6], if we consider a smooth function with compact support
¢ € C°(R™)(or ¢ € C2(R™)), we can define the distribution k¢ by the formula

(=A)*p(0) = (k*, ).
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By this definition, it follows that (—A)%p(x) = k2 * p(x).

Definition 2.14. [10, Definition 3.7] For u € L} we define the distributional fractional
Laplacian (—A)*u by the formula

(=A)*u, ) = (u, (=A)%p), Vp € CZ(R").

In particular, since given an open subset D C R" and u € C%(D) N L., the fractional
Laplacian exists as a continuous function of z € D and (—A)*u = (—A)*u as a distribution
in D [10, Lemma 3.8], through the chapter we will always use (—A)® both for the classic
and the distributional fractional Laplacian. The following is a useful tool to compute the
distributional fractional Laplacian.

Lemma 2.15. [10, Lemma 3.3] Assume that

(2.15) // ‘ |y w‘n+)2’8d xdy < +o00  and / |f(x)g(z)|dz < +o0,
y x|>€ - n

then ((—=A)f,g) = (f,(=A)3g). Moreover if f € L and g € C.(R") the assumptions
(2.15) are satisfied for every e > 0.

Before proving the semigroup property, we prove the following lemma which ensures
the existence of the J-Laplacian of the s-Laplacian, for 0 < § < 1.

Lemma 2.16. Let us be solution of (2.1) with C' a regular cone. Then we have (—A)’ug €

E% for any 6 >0, i.e.
[(=A)*us(z)|
fo (e < 4o

Proof. Since the function ug is s-harmonic in C, namely (—A)%ugs(x) = 0 for all z € C,
we can restrict the domain of integration to R™ \ C'.

By homogeneity and the results in [10], we have that the function (—A)%us is (75 — 2s)-
homogeneous and in particular  — (—A)%ug(x) is a continuous negative function, for
every x € D CC R™\ C. In order to compute the previous integral, we focus our attention
on the restriction of the fractional Laplacian to the sphere S™~!, in particular, we prove
that there exists £ > 0 and C' > 0 such that

¢
dist(z,0C)*®
where N (9C) = {z € R"\ C : dist(z, dC) < e} is the tubular neighborhood of 9C' .

Hence, fixed R > 0 small enough, consider initially ¢ < R and x € S"~1 N N.(9C): since

us(y) < |y|”* in R™ and by (2.10) there exists a constant C' > 0 such that for every y € C
we have

(2.16) [(=A)%us(z)] < Va € N:(9C) N s™ 1,

us(y) < Cly|™° dist(y, 0C)°,
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it follows, defining 0(z) := dist(x,9C) > 0, that

us(y) us(y)
\GM%MNZQmﬁ/ @+cm@/ ) g,
CNB(z) |z —y|" T2 C\Br(a) | —y|" >

C [y dist(y, DC)* ”
< C(n, 8)/ 2l lsn—(O—y25 Lay+ e, S)/ ansdy-
CNBa(x) |z — g C\Bg(z) |T — Y|

Since C'N Br(z) C Br(x) \ Bj(y) (), we have

ly[>7° (lz —y| + 1)
|(—A)*us(x)| < C ———dy + = —dy
’ R>la—y|>5(z) |2 — y|"** eyl>r |z —y["T

1)

<C / LI / = dt
=~ . aAY T Wp—1 119
R>Ja—y|>8(x) |7 — y[" gt

R

1
5(z) "

1

<C———+ M.
- Cdist(x,@C’)S *

Moreover, again since s € (0, 1), up to consider a smaller neighborhood N, (9C), we obtain
that there exists a constant £ > 0 small enough and C' > 0 such that

C

[(=A)%us(z)| < dist(z, 0C)°

for every x € N-(0C) N S™ 1,

Now, fixed 6 > 0 and considered & > 0 of (2.16), we have

s—2s s x
[ lcarua, o b aru ()|
O AP | A S (P

00 Ys—2S |(__ s
= / / r |( A7L)+Z;S(z)|rn—ldo_(z)dr
0 Jsr-1n®m\0) (1+7)

JAna—— (A us(2)]d
= ———dr —A)*ug(2)| do.
o (L4720 Jonin@m e
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Since v;5 € (0,2s) and s € (0,1), it follows
[(=A)us(z)]
—— —dr < C |(=A)°us(2)|do
/R”\C’ (1 + ||)nt20 Sn=1ANL(5C) |

" C/ [(=A)*us(2)|do
((R™\C)\N=(aC))nSn—1

1
<C —~——— . do+ M
S7P—1NN:(8C) dlSt(Z, 80)5

< 400

where in the second inequality we used that z — (—A)%us(z) is continuous in every
A cc 8" 'N(R™\ C) and in the last one that dist(z,0C)~* € LY(S" ' NNz(0C),do). O

Proposition 2.17 (Distributional semigroup property). Let us be a solution of (2.1) with
C a regular cone and consider 6 € (0,1 —s). Then

(=A)us = (=A)[(=A)°us) in D'(C)
or equivalently
(=8)" us, ) = (A)’[(-A)us], 9), Vo € CZ(C).
Proof. Since |us(z)| < |z|*, with 75 € (0,2s), it is easy to see that us € LN C%(C).

Moreover, as we have already remarked, if us € L. then u, € E; 4 for every 6 > 0.

In particular, (—A)s+5u5 does exist and it is a continuous function of z € C, for every

0 € (0,1 — s). By definition of the distributional fractional Laplacian, we obtain

(=2)us, ) = (us, (=2)"*p),

and since for ¢ € C°(C) C S(R™) in the Schwarz space, the classic semigroup property
holds, we obtain that

(=) us, ) = (us, (=A)°[(=A)’¢]).
On the other hand, since by Lemma 2.16 we have (—A)us € L}, it follows
(2.17) (—2)20(=A)us), ) = ((—A)°us, (~2)2¢)

for every e > 0. Since (—A)*us € L£§ and ¢ € CX(R"), the d-Laplacian of (—A)%u
does exists in a distributional sense and hence the left hand side in (2.17) does converge
to ((—=A)°[(=A)*uy], ) as € — 0. Moreover the right hand side in (2.17) does converge
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to ((—A)%us, (—A)°¢p) by the dominated convergence theorem, using Proposition 2.8 and
Lemma 2.16 which give

/n(—A)Sus(g;)(—A)gcp(a:)dx < /R" de < +00.

By the previous remarks,

(=AP1(=A)us), ) = (—A)°us, (~A)°¢).

In order to conclude the proof of the distributional semigroup property, we need to show
that

(2.18) (us, (AP [(=A)°¢]) = (—A)°us, (=A)°p),

which is not a trivial equality, since (—A)%p € C*(R™) is no more compactly supported.

Let n € C°(B2(0)) be a radial cutoff function such that n =1 in B;(0) and 0 < n < 1
in By(0), and define nr(x) = n(x/R), for R > 0. Obviously, since usnrg € C.(R") and
(-=A)’p € L], by Lemma 2.15 we have

(2.19) (ustir, (—A)Z[(=A)°¢]) = ((=A)2(usnr), (~A)°p)

for every e, R > 0. First, for R > 0 fixed, we want to pass to the limit for ¢ — 0. For the
left hand side in (2.19), we get the convergence to (usng, (—A)*[(—A)%¢]) since we can
apply the dominated convergence theorem. In fact

| w0y < e [ (=8) < oc,

where K denotes the support of usng. For the right hand side in (2.19) we observe that,
for any = € R”

(=) (usnr)(x) = nr(z)(=A)2us () + us(2)(=A)enr(2) — L(us, 1R)(2),

where
L (u, 1) () = C(n, 5) /R . (us () = ufx(y_)) ;ﬁi(i) —r) g,

Obviously the first term ((—A)3us, nr(—A)2p) = ((—A)%us, nr(—A)%) by definition of
the distributional s-Laplacian, since us € £} and nr(—A)%p € C(R™). The second term
(us(—A)2nR, (=A)°0) = (us(—A)*ng, (—A)°p) by dominated convergence, since

/n us(—A)nr(—A)pdx < C/R” mdw.
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Finally, the last term (I.(us,ng), (—A)%p) — (I(us,ng), (—A)%¢) by dominated conver-
gence, since

/ L (s, n) (— A odz < C

(—A)¢| da,

R

which is integrable by Proposition 2.8. Finally, passing to the limit for ¢ — 0, from (2.19)
we get

(2.20) (ustir, (—A)°[(=A)°¢]) = ((=A)*(usnr), (=A)°9),

for every R > 0.

Now we want to prove (2.18), concluding this proof, by passing to the limit in (2.20)
for R — 4o00. Since we know, by dominated convergence, that the left hand side con-
verges to (us, (—A)*(—A)p) for R — oo, we focus our attention on the other one. At this
point, we need to prove that for any ¢ € C°(C),

(2.21) | carman-are — [ (=aru-ary.

as R — +oo. First of all, we remark that (—A)*(usnr) — (—A)%us in LL (R™). In fact,
let K C R™ be a compact set. There exists 7 > 0 such that K C Br. Then, considering
any radius R > 7, nr(x) = 1 for any x € K. Hence, for any R > 7, using the fact that
us(x) = |z|Yus(x/|z|), we obtain

/ (A (ugr) (@) — (~A)uy()|de
K

2/ dx

K

=C(n,s) /K dz (P.V /C - us(|zg/c)[_1 y—|n77+5;£y)] dy)
Vs

< C’(n,s)/Kda: (P.V/C\BR (,y||_y|7,)n+25dy>

Vs
gcn,s/dx P.V/ vl d
( ) e ( C\Bg |y‘n+23(1 _ %)n+2s Y

= lim ———dr
R-T p—too Jp r25TYsHL

R n—+2s 1
:C<R—r> =

C(n,s)P.V / us(2)1R(w) - “léy_)njg?ﬁ + us(y) — us(z) dy

n
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as R — +o0o. Hence we obtain also pointwise convergence almost everywhere. Moreover,
we can give the following expression

222) (A () () = (o) (~A) () + Cln PV [ a(y) By,

n

We remark that ng(z)(—A)%us(x) = (—A)*us(z) and [, us(y)%dy — 0 point-
wisely. Moreover we can dominate the first term in the following way

Nr(2)(—A) us(z) < (—A) us(@),
and

[ 87 u@ 8 pwe < oo

since (—A)*u, € £} and using Proposition 2.8 over ¢ € C2°(C). In order to prove (2.21),
we want to apply the dominated convergence theorem, and hence we need the following
condition for any R > 0

[ carete) (V. [ im0, ) as

Therefore, we will obtain a stronger condition; that is, the existence of a value k > 0 such
that for any R > 1

I:= <ec.

c
I< T
We split the region of integration R™ x R” into five different parts; that is,
Qp := (R"\ Bag) x R", Qg := Bog X Bag, 3 := (B2r \ Br) X (Bsr \ B2r),
Q4 = (B2r \ Br) x (R"\ B3p), Q5 := Br x (R"\ Bap).
First of all, we remark that (—A)*ng(z) = R=2*(—=A)*n(x/R) and also that
1(=A)" || oo ®ny < 4o00.

For the first term, using the fact that nr(z) —ngr(y) = 0if (z,y) € (R™\ Bar) X (R™\ Bar)

— AV o(a (o) TRE) =R o |
no= [ earew| [ ww a)a

|z — y[rt2s
nr(x) — nr(y)
< [l [, w " a
/ (~A)Yp(z)| (supus) (—A) () |de
R™\Bagr Bar

@ — gy
< L de < —<
— il':iZs—'y5 n (1 + ’x‘)n+2(5 L= RQS—'YS'

~A) ()|

IN
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For the second term, using the fact that nr(x) — nr(y) > 0 if (z,y) € Bag X (R™\ Bag),
we obtain as before

L = /B (~A) ()]

/ us(y)mz(w)—na(y) dy| dz
Bar

|z —y["+e

IN

Bagr

/B (=2) p(z)] <Supus> [(=A)*nr(x)|dz

< c 1 do < c
- R2s—7s n (1 + ‘x’>n+25 T = R2s—s .
For the third part

I ::/ ~AYo(x / ey nr(z) —UR(y)dy
3 BQR\BR!( ) ()] S () T

we consider the following change of variables { = /R € By \ By and ( = y/R € B3\ Bs.
Hence, using the v5-homogeneity of us and the definition of our cut-off functions, we obtain

R n(€) = n(¢)
I _ ~AY (R s déd
0 | /<Bz\31>x<33\32>‘( o (RE) s () i e

We use the fact that us € C%*(B3\ By) (see (2.10) proved in [46]) and the cut off function
n € Lip(Bs \ By); that is, there exists a constant ¢ > 0 such that

(2.23) us(§) —us(Q)) < el = ¢°  and  [n(&) —n(Q)] < cl¢ (],
for every &,( € Bs \ By. Hence,

R 5 |us(€) — us(§)[ [n(€) — n(Q)]
I BT R déd
3 = R"+28 s //(32\31 )x(B3\B2) (=8 (RO |§ — ¢|nt2s <

A [7(8) = n(Q)
+ s | [ oo [ st R

= J1+ Jo.

dz,

y (2.23), we obtain

no< e B /[ (AP e(re) = deac
b= TRedEs (Ba\B1)x (Bs\Bs) £ — (| t2s

PR / / 1 L gedc
= R [ g By x(Bs\By) (14 RIEN)MT20|E — (|t

c 1 c
< 13 [ —
R2s+25—s [/(BQ\Bl)X(Bg\BQ) ’g _ C|n+s—1 R2s+26—7s



64 CHAPTER 2. ON S-HARMONIC FUNCTIONS ON CONES

Moreover, using other two changes of variable (§,() — (£, + h) and (&,¢) — (§,€ — h),
we obtain

R2n n(§) —n(¢)
vt — A p(RE)|ug ded
R”+25—% //32\31 )x (Bs\Ba) (=2 ol us(€ )ff ¢|ntas sde

1 n(&) —n(Q)
—_— Uy 7d d
e // o\ ey (14 R 2 (8 g ey A4
c n(§) —n(Q)
_ 7(1 d
R25+20—7s //(BQ\BI)X(Bg\Bg) |€ — (| t2s ¢
c 2n(&) —n(§ +h) —n(§ = h)
R23+25 s //(BZ\Bl « By |h’n+23 dgdh

< Vn(&)h, h >
__c dedh
R23+25 s ( //32\31 X B |h|rt2s

c 1 c
—_ ——dédh | < ——rr—.
R25+20—s <C+//(BQ\Bl)xB€ |25 2 £ ) = R2s126—,

For the fourth part

__ AYuls () 1) = e (y)
li= /BzR\BR( A) ‘P( )’ /]R"\B?)R S(y) |m_y‘n+2s W

we consider, as before, the following change of variables { = /R € B\ By and ( = y/R €
R™\ Bs. Hence,

Jo

IN

IN

IN

IN

IN

dz,

o< e BN // (—AP(Re)|—Laeqc
T R [ B\ By x (R Bs) ¢ — &[n+2s

R 1 I¢]e
S Chuie, // 26 2C gd¢
Rrt25=%s ] Jgy\By)x (Rr\By) (1 + RIE[)" T2 ¢ — m|"+28

c 955
P S // dgde
R24207% [ o\ By e\ By) 1725 (1 — )t 2
c 1
< . dedc< -
R2s+20=7s //(32\31)x (Rm\By) [C[" 2577 R23+25 e

Eventually, we consider the last term

jap /B (~AY ()]

nr(r) — nr(Y)
ug(y) —————=—dy| dzx.
/]R"\BQR (y) ’x - y|n+2s Y
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Hence we obtain

ly|™
Is < C/ A ) o(z)] S ] L Y
Br R"\BQR |y — $|n+25
s
< o 187w A
Br R"\BQR |y — ‘n+25
ly|™
< c/ z)| 4 do
Br ( R"\BzR |y‘n+28(1 — ‘};|)n+25
: C/ ——s——dy | dz
Br ( Rn\BQR |y‘n+23 s )
1
R
1 ‘ p 1
- </R <1+I$I>”*25dx> (pil??oo /23 SR dr)
c
S o
Since I < Z?:l I;, we obtain the desired result. o

At this point, fixed s € (0,1), by the distributional semigroup property we can compute
easily high order fractional Laplacians (—A)*T? viewing it as the d-Laplacian of the s-
Laplacian.

Corollary 2.18. Let C be a regular cone. For every § € (0,1 — s), the solution us of
(2.1) is (s + d)-superharmonic in C in the sense of distribution, i.e.

(—A)* us,) > 0

for every test function p € C°(C) nonnegative in C.
Moreover, ug is also superharmonic in C' in the sense of distribution, i.e.

(*Ausa ()0) 2 0
for every test function ¢ € C°(C) nonnegative in C.

Proof. As said before, the facts that us € L’;M and us € C?(A) for every A CC C ensure
the existence of the (—A)*Tu, and the continuity of the map z +— (—A)*Tu,(z) for every
x € A CC C. Hence at this point, the only part we need to prove is the positivity of
the (s + ¢)-Laplacian in the sense of the distribution, which is a direct consequence of the
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previous result. Indeed, since ug is a solution of the problem (2.1), by Proposition 2.17 we
know that for every ¢ € C°(C') we have

(=2)" us, ) = (A)°[(—A)°us], )

o (A u(e) ~ (A usy)
—/Cgp( ) P.V. - |x—y|"+25 dydz.

where (—A)%[(=A)%uy] is well defined since that (—A)%u, = 0 € C%(A) for every A cC C
and, by Lemma 2.16, (—A)*u, € L} for every § € (0,1 — s).

Consider now nonnegative test function ¢ > 0 in C, since (—A)*us(x) = 0 for every z € C,
we have for every x € R" \ C

(Ao == [ mfﬁﬁ%dy <0,

Similarly,

S
(8718 ulp) = [ oo [ ZE D ayas >
c n |$ N y|n+26
since the support of ¢ is compact in the cone C, and so there exists € > 0 such that
|x —y| > € in the above integral. We have obtained that for any § € (0,1 — s) and any
nonnegative p € C°(C)
(~A)+u, ) > 0,

then, passing to the limit for § — 1 — s, the function ug is superharmonic in the distribu-
tional sense

0< lim ((A)"ug, ) = lim (us, (=A)"9) = (us, —Ap) = (~Aus, ).

d—1—s d—1—s

2.3.2 Monotonicity of s +— ~5(C)

The following proposition is a consequence of Corollary 2.18 and it follows essentially the
proof of Lemma 2 in [12].

Proposition 2.19. For any fized reqular cone C with vertex in 0, the map s — vs(C) is
monotone non decreasing in (0,1).

Proof. Fixed the cone C, let us denote with v and 7,45 respectively the homogeneities of
us and ugys. Let us suppose by contradiction that v5 > vs45 for a 6 € (0,1 — s), and let
us consider the function

h(z) = usis(x) —us(x) in R,
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where us is the homogeneous solution of (2.1) and usys is the unique, up to multiplicative
constants, nonnegative nontrivial homogeneous and continuous in R™ solution for

(=A)*u =0, in C,
u = 07 in R" \ C,

of the form

x
usys(z) = 2" usys <\x!> .

The function A is continuous in R and h(x) = 0 in R™\ C. We want to prove that h(xz) < 0
in R™\ (C'N By). Since h = 0 outside the cone, we can consider only what happens in
C'\ B;. As we already quoted, we have

(2.24) c1(s)|x|**dist(z, 0C)* < ug(x) < ca(s)|z|* *dist(x, 0C)°,
for any = € C'\ {0}, and there exist two constants ¢1(s + §), ca2(s + ) > 0 such that
c1(s + )|z Y+~ T dist(z, HC)* T < ugys(z) < eals + 0)|a| s+~ dist(x, DC)*+.

We can choose us and usis so that ¢ := ¢i(s) = ca(s + ) since they are defined up to a
multiplicative constant. Then, for any z € C'\ By, since |z|7s+5 < |z|7*, we have

dist(z, 0C)°

(2.25) h(z) < c|z|"*dist(z,0C)* [ 2P
x

—1]§0.

In fact, if we take z such that dist(z,0C) < 1, then (2.25) follows by

dist 0
1S$£C)—1g&m@ﬁcﬁ—1g0
x
Instead, if we consider 2 so that dist(z, dC) > 1, then dist(x, dC)° < |z|° and hence (2.25)
follows.

Now we want to show that there exists a point zy € C'N By such that h(zg) > 0. Let us
take a point 7 € S" 1 N C and let a := uy,5(Z) > 0 and B := us(T) > 0. Hence, there
exists a small r > 0 so that ar?s+é > Sr7% and so, taking xg with |z9| = r and so that
f;—?)' =T, we obtain h(xg) > 0.

If we consider the restriction of A to C'N By, which is continuous on a compact set, for
the considerations done before and for the Weierstrass Theorem, there exists a maximum
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point 1 € C'N Bj for the function A which is global in R™ and is strict at least in a set of
positive measure. Hence,

h(z1) — h(y)
_A)STI —
(=A)*"h(x1) = C(n,s) P.V. /R" P e dy >0,

and since (—A)S+5h is a continuous function in the open cone, there exists an open set
U(z1) with U(zq) C C such that

(=AY Ph(z) >0 Yo eU(x).

But thanks to Corollary 2.18 we obtain a contradiction since for any nonnegative ¢ €
C(U(x1))

(=2)Fh,0) = (=A) P usis, ) = (—A) us, ) = —((=2)Fus, ) < 0.
O

With the same argument of the previous proof we can show also the following useful
upper bound.

Proposition 2.20. For any fized regular cone C with vertex in 0 and any s € (0,1),
75(C) <~(0).

Proof. Seeking a contradiction, we suppose that there exists s € (0,1) such that v5 > 7.
Hence we define the function

h(z) = u(x) —us(z) in R",

where ug and u are respectively solutions to (2.1) and

“Au = ;
(2.26) { u=0, in C,

u =0, in R"\C.

We recall that these solutions are unique, up to multiplicative constants, nonnegative
nontrivial homogeneous and continuous in R™ of the form

o) = e (). uato) = lapu ().

for some v5 € (0,2s) and v € (0, +00). The function A is continuous in R™ and h(z) = 0 in
R™\ C. We want to prove that h(x) < 0in R™\ (CNBy). Since h = 0 outside the cone, we
can consider only what happens in C'\ B;. So, there exist two constants c;(s), ca(s) > 0
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such that, for any x € C'\ {0}, it holds (2.24). Moreover there exist two constants ¢y, c2 > 0
such that,

c1lz| " Ldist(z, 0C) < u(z) < eolz|’~dist(x, OC).

We can choose us and u so that ¢ := ¢1(s) = cg since they are defined up to a multiplicative
constant. Then, for any x € C'\ By, since |z|? < |z|”*, we have

; 1-s
s [dist(z,0C) 1| <o,

h(z) < c|lz|"dist(x,0C) B -l =

with the same arguments of the previous proof.

Now we want to show that there exists a point xg € C' N B; such that h(zg) > 0. Let us
take a point T € S" 1 N C and let o := u(T) > 0 and B := us(T) > 0. Hence, there exists
a small r > 0 so that ar” > fr?s, and so, taking z¢ with |xg| = r and so that “;—8‘ =T, we
obtain h(xg) > 0.

If we consider the restriction of A to C'N By, which is continuous on a compact set, for
the considerations done before and for the Weierstrass Theorem, there exists at least a
maximum point in C' N B; for the function h which is global in R™. Moreover, since h
cannot be constant on C N By and it is of class C? inside the cone, there exists a global
maximum y € C' N By such that, up to a rotation, agixih(y) <0 forany i =1,...,n and
cﬁﬂjh(y) < 0 for at least a coordinate direction. Hence

=1

By the continuity of Ah in the open cone, there exists an open set U(y) with U(y) C C
such that

Ah(z) <0 VxeU(y).
Since, by Corollary 2.18 for any nonnegative ¢ € C°(U(y))
(_Ausv QO) Z 07

hence
(Ahv 90) = (Auv 90) - (Au57 90) = (_Au& gp) >0,

and this is a contradiction. O



70 CHAPTER 2. ON S-HARMONIC FUNCTIONS ON CONES

C(n,s)

2.3.3 Asymptotic behavior of 5572 (0)

Let us define for any regular cone C' the limit

() = tim %)

_ 0 .
B e (o) By

Obviously, thanks to the monotonicity of s — ~,(C) in (0,1), this limit does exist, but
we want to show that p(C') can not be infinite. At this point, this situation can happen
since 2s — v5(C') can converge to zero and we do not have enough information about this
convergence. The study of this limit depends on the cone C itself and so we will consider
separately the case of wide cones and narrow cones, which are respectively when v(C) < 2
and when v(C) > 2. In this section, we prove this result just for regular cones, while in
Section 2.4 we will extend the existence of a finite limit ©(C) to any unbounded cone,
without the monotonicity result of Proposition 2.19.

Wide cones: 7(C) < 2

We remark that, fixed a wide cone C' C R, then there exists ¢ > 0 and sp € (0, 1), both
depending on C, such that for any s € [sq, 1)

25 —v5(C) > e > 0.

In fact we know that s — 7,(C) is monotone non decreasing in (0,1) and 0 < 7,5(C) <
~v(C) < 2. Hence, defining 7(C') = lims_,1 75(C) € (0,2) we can choose

7(C)

S0 ::T_2+1€(1/2,1) and szzm

0
2 >

obtaining
25 —75(C) > 250 —7(C) = ¢ > 0.

As a consequence we obtain p(C') = 0 for any wide cone.

Narrow cones: v(C) > 2

Before addressing the asymptotic analysis for any regular cone, we focus our attention on
the spherical caps ones with ”small” aperture. Hence, let us fix 6y € (0,7/4) and for any
RS (0,90], let

n— V n— 2d
MO) = M) = min st [Vsruldo
weHY (S 10Cy)  [gno1 utdo
u#0
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We have that A\;(6) > 2n, and hence the following problem is well defined

fsn—l |V5n_1u\2 — 2nu?do

n— 2
uGHé(qiéOlﬂO@) (Jsn-r luldo)

(2.27) po(0) ==

This number po(6) is strictly positive and achieved by a nonnegative ¢ € H (S 1N Cy)\
{0} which is strictly positive on S"~!1 N Cy and is obviously solution to

—Agn-10 =2np + uo(ﬂ)/ edo in SN Cy,
Sn—1
=0 in S"1\ Cy,

(2.28)

where —Agn-1 is the Laplace-Beltrami operator on the unitary sphere S"1.
Let now v be the 0-homogeneous extension of ¢ to the whole of R” and r(z) := |z|. Such
a function will be solution to

(2.20) —Av =2 4 “3(20) /Snlvdo in  Cp,

v=20 in R™\ Cp.

Since the spherical cap CyN.S™~! is an analytic submanifold of S™~! and the data (0Cy N
S"=1.0,0,¢) are not characteristic, by the classic theorem of Cauchy-Kovalevskaya we can
extend the solution ¢ of (2.28) to a function ¢, which is defined in a enlarged cone and it
satisfies

~Aguip =25 + ) [

Sn—

o= in Sn_lﬂCQ,

edo in SN Cyye,
1

for some € > 0. As in (2.29), we can define ¢ as the 0-homogenous extension of ¢. Finally,
we introduce the following function

vs(z) = () Oy (z),

where the choice of the homogeneity exponent v*(0) € (0,2s) will be suggested by the
following important result.

Theorem 2.21. Let 0 € (0, 6], then there exists so = so(6) € (0,1) such that
(—A)°vs(z) <0 in Cy,

for any s € [sp, 1).
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Proof. By the ~}(6)-homogeneity of v, it is sufficient to prove that (—A)*vs < 0 on
Con S"~L, since x — (—A)%vg is (7(#) — 2s)-homogenous. In order to ease the notations,
through the following computations we will simply use v instead of v(#) and o(1) for the
terms which converge to zero as s goes to 1. Hence, for z € S"~1 N Cy, we have

(=A) (@) = [2]" (~A) v(@) + v(@)(~A) (2)
~Cns) | (07(@) = 7)) — o)

‘l’ _ y’n+28

First for R > 0,

2" = lyl”

2" —[y[”
n+2s

vawwm=cm@/) H%@+cm$/
Br(z) |z — Y| R™\Bg(z) [T — Y|

LGl [ 2l b el
BRr(0)

? o]
1 — [y|?
+ C(n, s)/ 7’3{1‘%(@
R"\Br(x) |7 — Y|
C(n,s) [T p?pn! )
T2 /0 Pazs 01/’/Sn1 (V2 |2]7 2, 2)do + o(1)+
+C(n,s)\sn1|/°° o= Clns) [ g,
R P R™\Bg(z) |2 — Y|

C(n,s) R*% 21 1y
— d
5 5 2 /Sn_1 (V2 |z|" 2z, z)do+
o) [0 [ 2] dot@iap ot
—C(n,s - — o p+o(l).
R P Jenr|p

Since for every symmetric matrix A we have
trA
/ (Az,z)do = —wp_1
Sn—1 n

where w,,_1 is the Lebesgue measure of the (n — 1)-sphere S"~!, we can simplify the first
gl
term since trV? |z|” = A(|z|”) and checking that i 19’ =1+ 1, 2) +o(p!) as
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p — oo it follows

(=AY (z) = — C(?;, 5) fi‘z A(m:z)wn_l — C(n, $)wn_1 /: p:;::dp +o(1)
= - Gty g g a2 2 - SO o)
- CMV(” —2+7)R¥® — Mwn1R7_2s + o(1)
T (MV(” —2+7) - mwn1 +o(1),

where in the last equality we choose 7 = vX(#) such that v(f) —2s — 0 as s goes to 1.
Similarly, if © is the 0-homogenous extension of v in an enlarged cone, which is such that
v>vand v=10von CypN S”_l, it follows

C(n,s 2u(z) —v(x+2) —v(x—z
ayo) Sl [ Bt ez,
v(z) —v(y)
—|—C(TL,S) /x—y>1 ‘x_y‘n—i—Zs dy
C(n,s) 20(x) — 9(x + 2) — 0(z — 2)
=72 /|z<1 B &

oo n—1
p
— dod
-l—C'(n,s)/l pE=r /Snlv(m) v(y)dodp

__Clns) [Tt -
=T /0 P25 /Snl (V=0(z)z, z)dodp + o(1)
C(n7 S)Wn—l

:m(—A)@(ﬂv) + o(1),

where we can use that ¢ solves
—AvU =2nv + uo/ vdo
Snfl
in the enlarged cap S" ! N Cy .. Finally,

(=" = lyI") (v(z) — v(y)) (1= Jy[")(v(z) —v(y))
C(n,s dy =C(n, s d
(n.s) [ y=C(n,s) [ . y

o — [ | — [

(1= Jy")(v(z) — v(y))
+/|y>1 W

o — gy
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where the first term is o(1) since

gy [ 2
/0(1 pl)p /S a5 dodp

|z = pyl

1
:/ (1—pv)pn—1/ (v(z) —v(y))(1 + o(p))dadp
0 Snfl
R
_ n—1 () — v n < . 5 .
+[Ca=met [ @ = v+ 25)pla)dods

Hence, we obtain

o) [ Lol =DI0) vt

|x_y|n+28
— |y (v(x) — v
e [ W@ =),
=) ~Clns) [ Wy o)
o)) [ [ D)
- (1) C( ) )/1 pfyp /Snl ‘x_py|n+2sd dp

—o(1) = Clns) [ [ (0(e) = w1+ ol dodpr

~Clns) [0 [ (ol) = o)+ 25) ) dordp

C(n, s)wn—1 C(n,s)
Tos o v(x) + P P— /Snl v(y)do.

Hence, recalling that v = v*(6), for z € "1 N Cy we have

(—A)ov () < <M0(9)C4(Z(’18 )iu’;;l - 280 _(nf;j()g)) /SH vsdo

C(n, s)wn—1
dn(l —s)

< (100~ 205 ) [ oot

where o(1) is uniform with respect to () as s — 1. In order to obtain a negative right
hand side, it is sufficient to choose 7} (f) < 2s in such a way to make the denominator

2s — v%(0) small enough and the quotient 25_(:;8()9) still bounded. O

—o(1) -

(n +75(0))(2 = 75 (0))vs
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The previous result suggestes the following choice of the homogeneity exponent

C(n,s)
po(0) -

We can finally prove the main result of this section.

va(0) =25 —s

Corollary 2.22. For any regular cone C, u(C) < +oo.

Proof. We will show that u(f) < +oo for any 6 € (0,6p]. Then, fixed an unbounded
regular cone C|, there exists a spherical cone Cy such that 6 € (0,6y] and Cyp C C. Since
by inclusion v5(C) < 75(0), we obtain

u(C) < p(f) < +oo.

We want to show that fixed 6 € (0,6p], vs(6) < ~2(0) for any s € [s9(#), 1), where the
choice of so(f) € (0,1) is given in Theorem 2.21. The proof of this fact is based on
considerations done in Proposition 2.19. By contradiction, vs(6) > v2(6). Let

h(z) = vs(z) — us(x).

The function h is continuous in R™ and h(zx) = 0 in R™ \ Cp. We want to prove that
h(z) < 0in R™\ (Cp N By). Since h = 0 outside the cone, we can consider only what
happens in Cy \ By. By (2.24), there exist two constants c¢;(s),ca(s) > 0 such that, for
any z € Cp \ {0},

c1(s) |z dist(z, 0Cy)® < us(z) < ca(s)|x|?* *dist(z, 0Cy)°®,
and there exist two constants ¢y, cy > 0 such that
e |z ~dist(z, 8Cy) < vy(x) < eolz|’= ~Ldist(x, DCh).

We can choose v, so that ¢ := ¢;(s) = c2 since it is defined up to a multiplicative constant.
Then, for any = € Cy \ By, since |z|" < |z|, we have

dist(x, 9Cp)1~*

h(z) < c|z|*dist(x, 0Cy)* =

— 1] <0.

Now we want to show that there exists a point zg € Cy N By such that h(xzg) > 0. Let us
consider for example the point € S"~! N Cy determined by the angle ¥ = 6/2, and let
o 1= vs(T) > 0 and B := us(T) > 0. Hence, there exists a small 7 > 0 so that ar’s > Brs,
and so, taking z¢ with angle ¥ = 0/2 and |xo| = r, we obtain h(zg) > 0.

If we consider the restriction of h to Cy N By, which is continuous on a compact set,
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for the considerations done before and for the Weierstrass Theorem, there exists a maxi-
mum point 1 € Cy N By for the function A which is global in R™ and is strict at least in
a set of positive measure. Hence,

(=A)°h(z1) = C(n,s) P.V./ hia) = hly) dy >0,

gn |z1 —y|"t2s

and since (—A)®h is a continuous function in the open cone, there exists an open set U(z1)
with U(z1) C Cp such that

(=A)°h(x) >0 Vo e U(x).

But thanks to Theorem 2.21 we obtain a contradiction since for any nonnegative ¢ €

C(U(z1))
((=A)°h, ) = ((=A)%vs, ) = ((=A)us, p) = (—A) vs, ) <0,
where the last inequality holds for any s € [so(6),1). Hence, for any 6 € (0, 6]

. C(n,s) ) C(n,s)
. = — < —_— = .
(2:30) ul) = Tim o () = S gy~ Hol0) < oo

2.4 The limit for s 71

In this section we prove the main result, Theorem 2.3, emphasizing the difference between
wide and narrow cones. Then we improve the asymptotic analysis proving uniqueness of
the limit under assumptions on the geometry and the regularity of C.

Let C' C R™ be an open cone and consider the minimization problem
(2.31)

/ ‘VSnflu’2d0-
A (C) = inf 5”] - cue HY(S" )\ {0} and u = 0in "1\ C },
u“do
Snfl

which is strictly related to the homogeneity of the solution of (2.26) by

M (C) =7(C)(v(C) +n —2).
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Moreover, if v(C') > 2, equivalently if A\;(C') > 2n, the problem
(2.32)

/ |V gn-1u)? — 2nuldo
Sn—1

( | |u|da>2

is well defined and the number po(C) is strictly positive.

to(C) := inf cuwe HY(S" )\ {0} and u=0in S"1\ C

By a standard argument due to the variational characterization of the previous quantities,
we already know the existence of a nonnegative eigenfunction ¢ € HE(S""1n )\ {0}
associated to the minimization problem (2.31) and a nonnegative function ¢ € Hg(S" 1N
C) \ {0} that achieves the minimum (2.32), since the numerator in (2.32) is a coercive
quadratic form equivalent to the one in (2.31).

Since the cone C' may be disconnected, it is well known that ¢ is not necessarily unique.
Instead, the function v is unique up to a multiplicative constant, since it solves

- - = i n—1
(2.33) Agis = 2p +40(C) [ wdo i S"INC,

=0 in Sl C.

In fact, due to the integral term in the equation, the solution 1 must be strictly positive
in every connected component of C' and localizing the equation in a generic component
we can easily get uniqueness by maximum principle.

The next result highlights the functional space in which the limit of the s-harmonic func-
tions on cones for s — 1 will be defined.

Proposition 2.23. [13, Corollary 7] Let @ C R™ be a bounded domain. For 1 < p < oo,
let fs € WSP(Q), and assume that

[fslwsr ) < Co.

Then, up to a subsequence, (fs) converges in LP(Q) as s — 1(and, in fact, in W'P(Q), for
allt < 1) to some f € WLP(Q).

In [13] the authors used a different notation since for us the normalization constant
C(n, s) is incorporate in the seminorm [-]gs, in order to obtain a continuity of the norm
||| s for s € (0,1].
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2.4.1 Proof of Theorem 2.3

Let C be an open cone and Cg be a regular cone with section on S™~! of class C1'! such

that Cr C C and 9Cr N OC = {0}.

By monotonicity of the homogeneity degree 7,(-) with respect to the inclusion, we di-
rectly obtain v5(C') < vs(Cr) and consequently, up to consider a subsequence, we obtain
the existence of the following finite limits

(2.34) () = lim~s(C),  p(C) = lim m

Since 75(C) < 2s, then 7(C) < 2 and similarly u(C) € [0, +00).

Let K C R™ be a compact set and consider g € K and R > 0 such that K C Bpg(xo).
Given n € C°(Bs), a radial cut off function such that n =1 in By and 0 <7 < 1 in By,
consider the rescaled function ng () = n(*57*) which satisfies nx =1 on K.

By Proposition 2.13, we have

C(n,s) n C(n, s)] ,

2 2
[UsTIK]Hs(B2R(xO)) < [UsﬁK]HS(R”) < M(n, K) [2(1 —5) 25 —7s

and similarly

s ozs By (ao)y < Ntsnic | F2(gny + [tsnic s emy
C(n,s)  C(n,s)
+
2(1—5s) 2s—7s

20 L en(C) + 1] .

< M) | +1]

< M(n, K) {

Wn—1
By applying Proposition 2.23 with Q = Byr(zg), we obtain that, up to a subsequence,
usnix — Uk in L*(Bag(xo)) and

— 2

[Nk 51 (Byp(ze)) < M (0, K)

up to relabeling the constant M (n, K).
By construction, since nx = 1 on K and ng € [0, 1], we obtain that us — u in L?(K) and
similarly

1@l g1y < mscll iy < 0k g (yp(20)) < 005

which gives us the local integrability in H!(R™).

By Proposition 2.10 and Corollary 2.22 we obtain, up to pass to a subsequence, uniform
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in s bound in C’IOO’S(C) for (us). Then, since we obtain uniform convergence on compact
subsets of C, the limit must be necessary nontrivial with [[t]|(gn-1) = 1, nonnegative
and 7(C)-homogeneous.

Let ¢ € C2°(C) be a positive smooth function compactly supported such that supp ¢ C
B, for some p > 0. By definition of the distributional fractional Laplacian

O:/ @(—A)Susdx:/ us(—A)Sgodx:/ us(—A)Sgodx—l—/ us(—A) pde.
n n Rn\Bp B/J

Since

1 1 Tl ~ Tl
@ — gt = PR — (n+2s) \$|/ t n+2s+2dt ’

by definition of the fractional Laplacian for regular functlons, it follows

[ ueayei = [ uw [ gy
Rn\BP Rn\Bp Supp ¢ ’Z/ - x’

ug(x
) [ B payaes
R™\B, |Z| supp ¢

+C(n,s)(n+2$)/R %w( )dz,

m\B, |z|

for some 1) € L>°. Moreover, since us is vs(C)-homogeneous with v5(C) < 2s, we have

us(z) C(n,s) (O)—2
Cn,s/ dx = 75(C) 8/ ug(0)do
R P A P (e L s o®)

and similarly

L., o

C(n,s)
"\B, |z|

Cn, ) 9]l oo ~2s—
< ) vs(C)—2s 1/ — o(1).
= 28—/}/8(0)+1p Sn 1“’8(0)d0 0( )

Hence, for each s € (0,1)

/B (=) e = [ u-aye

R™\B,

= C(n,s)/ us(m)/ %dydm
R™\B, supp ¢ |7 — |
C(n,s) / /
=—"r_ p(x)dx usdo + o(1
25 —75(C) supp ¢ (@) Sn—1 o
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and passing through the limit, up to a subsequence, we obtain

J

(= A)pda = p(C) /S o /S oy P

_ /B p <M(0) /S nluda) o(z)dz,

which implies, integrating by parts, that

P

—Au = ,u(C’)/ udo in D'(C).
Sn—1

Since the function 7 is 7(C)-homogenous, we get
(2.35) — Agn1 = Mu + p(0) / adoe on S"INC,
Sn—1
where A\ = 7(C)(7(C)+n—2) is the eigenvalue associated to the critical exponent 5(C) < 2.

Consider now a nonnegative p € H}(S"" 1N C)\ {0}, strictly positive on S"~! N C which
achieves (2.31). Then

(2.36) — Agn1p = M\ (C)p, in H (S 1nQ).

By testing this equation with @ and integrating by parts, we obtain

(2.37) (M(C) —N) /

updo = ,u(C')/ uda/ wdo >0
Sn—1 Sn—1 gn—1

which implies that in general v(C) > 7(C) and v(C) = 7(C) if and only if u(C) = 0.

Wide cones: 7(C) < 2

By the previous remark we have 7(C') < 2 and by definition of u(C), it follows u(C) = 0.
Since ¢ is the trace on S™ ! of an homogenous harmonic function on C, we obtain that
J(C) = v(C) and u is an homogeneous nonnegative harmonic function on C such that

[l oo g1y = 1.

Narrow cones: v(C) > 2

If %(C) < 2 we have u(C) = 0 and consequently \;(C) = X, which is a contradiction
since 7(C) > 2 > 7(C). Hence, if C is a narrow cone we get 7(C) = 2. Since y(C) = 2
is trivial and it follows directly from the previous computations, consider now po(C') as
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the minimum defined in (2.32), which is well defined and strictly positive since we are
focusing on the remaining case y(C') > 2. We already remarked that it is achieved by a
nonnegative ¢ € Hi(S""1NC)\ {0} which is strictly positive on S"~'NC and solution of

—Agn-11p = 20 + po(C) Ydo in H1(S"1n Q).
Snfl

As we already did in the previous cases, by testing this equation with @ we obtain u(C) =
1o(C).

By uniqueness of the limits 7(C') and u(C), the result in (2.34) holds for s — 1 and not
just up to a subsequence. O

Remark 2.24. The possible obstruction to the existence of the limit of us as s converge
s to one lies in the possible lack of uniqueness of nonnegative solutions to (2.7) such that
|zl peo(gn—1y = 1. This is the reason why we need to extract subsequences in the asymptotic
analysis of Theorem 2.3. More precisely, uniqueness of (2.31) implies uniqueness of the
limit @ in the case v(C) < 2 and uniqueness of (2.32) in the case v(C) > 2. When C is
connected (2.31) is attained by a unique normalized nonnegative solution via a standard
argument based upon the maximum priciple. On the other hand, as we already remarked,
when v(C) > 2, problem (2.32) always admits a unique solution. Ultimately, the main
obstacle in this analysis is the disconnection of the cone C' when ~(C) < 2: in this case
we cannot always ensure the uniqueness of the solution of the limit problem and even the
positivity of the limit function @ on every connected components of C.

The following example shows uniqueness of the limit function @ due to the nonlocal
nature of the fractional Laplacian under a symmetry assumption on the cone C.

Proposition 2.25. Let C = C1 U --- U C)y, be a union of disconnected cones such that
C is connected and there are orthogonal maps ®o, ..., &, € O(n) (e.g. reflections about
hyperplanes) such that C; = ®;(Cy) and and ®;(C) = (C) fori =2,...,m. Let (us) be
the family of nonnegative solutions to (2.1) such that HusHLoo(an) = 1. Then there exists
the limit of us as s /1 in LIQOC(R”) and uniformly on compact subsets of C.

Proof. We remark that, for any element of the orthogonal group ®: R" — R,

(=A)* (uo®)(z) =C(n,s) P.V. - Wdy = (—A)°u (P(x)) .

By the uniqueness result [6, Theorem 3.2 | of s-harmonic functions on cones, we infer
that us = ug 0 ®;, for every ¢ = 2,...,m. Therefore, there holds convergence to uw, where
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satisfies ||| o0 (gn-1) =1, and it is a solution of

—Au = u(C)/ udo in C,
Sn—1

(2.38) 7> 0 in C,

u=20 in R"\ C',
such that w = wo ®; for every ¢ = 2,..., m. Finally, connectedness of C; yields uniqueness
of such solution also for narrow cones. O

2.4.2 Proof of Corollary 2.6

0 /4 /2 3 /4 &

Figure 2.3: Values of the limit T'(6) = lims_,; I'*(6) and T'(6), for n = 2.

Corollary 2.6 is an easy application of our main Theorem 2.3, since it is a consequence
of the Dini’s Theorem for a monotone sequence of continuous functions which converges
pointwisely to a continuous function on a compact set. In fact, fixed s € (0, 1), the function
0 — ~5(0) is continuous in [0, 7) with v5(0) = 2s and vs(7) = 0. Moreover this function is
also monotone decreasing in [0, 7] and since there exists the limit

2

lim 0) =
(6) vs(m) =0 otherwise,

O—m—

{23_1 ifn:2ands>%,

we can extend 6 — 74(0) to a continuous function in [0, 7] (see [46]). Nevertheless, the
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limit 5(0) = lims_1 5(0) = min{v(0), 2} is continuous on [0, 7] with

() = {; it n =2,

0 otherwise.

Eventually, for any fixed 6 € [0, 7], the function s — 74(#) is monotone nondecreasing in
(0,1). By the Dini’s Theorem the convergence is uniform on [0, 7]. This fact obviously
implies the uniform convergence

s 1) +ys(r—0) = 7(0) +75(7 - 0)
F - F =
) 120 T !
in [0, 7], and hence
vACE — min () — min T'(9) = 4.
9€[0,] 0€[0,]

2.5 Uniform in s estimates in C%® on annuli

We have already remarked in Section 2 that, if you take a cone C = C,, with w € S" ! a
finite union of connected C! domain w;, such that w; Uw; = () for i # j, by [46, Lemma
3.3] we have (2.10).

Hence solutions us to (2.1) are C%*(S™~1) and for any fixed a € (0,1), any solution u
with s € (a, 1) is C%¥(S"~1); that is, there exists Lg > 0 such that

sup ‘Us(x) — us(y)| — Ls-

z,yeSn—1 |.’E - y|a

Let us consider an annulus A = A,, ,, = By, \ By, with 0 < r1 < 72 < +00. We have the
following result.

Lemma 2.26. Let a € (0,1), sp € (max{1/2,a},1) and A an annulus centered at zero.
Then there exists a constant ¢ > 0 such that any solution us to (2.1) with s € [sp,1)
satisfies

sup < cLs.
z,y€A ‘37 - y‘a °
Proof. First of all we remark that
(2.39) sup w < cLs,
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for any r € (r1,r2). In fact, by the y,-homogeneity of our solutions, we have

|us(2) — us(y)]

|z —yl|* = Ly,

sup
zyesy!

and since (2s9 — 1)/2 < ~5(C) < 2 for any s € [sp,1) by the inclusion C' C R™\
{half — line from 0}, we obtain (2.39).

Now we can show what happens considering x,y € A which are not on the same sphere.
We can suppose without loss of generality that x € 5’17_%71, ye St withr <r < R <rs.
Hence let us take the point z obtained by the intersection between S”~! and the half-line
connecting 0 and x (z may be y itself). Hence

|us(2) — us(2)] + [us(2) — us(y)|
us(a/ |z |z|™ —[2"| + cLslz — y|*
cLg|lx —y|*.

‘Us(w) - us(y)|

VARRVANNVAN

In fact we remark that ||us||e(gn-1) = 1. Moreover, since the angle 8 = zzy € (7/2, 7],
obviously |z — y|* < |z — y|* Moreover by the a-Hélder continuity of ¢ +— 7 in (r1,72)
and the bounds (2sp — 1)/2 < ~v5(C') < 2, one can find a universal constant ¢ > 0 such
that

2™ = [2[] < dl|z] = [2]|* < clw — 2" < o —y[%,
where the last inequality holds since z is the point on S”~! which minimizes the distance

dist(z, SP1). O

2.5.1 Proof of Theorem 2.5.

Seeking a contradiction,

2.40 max — =L, = Lj — +00, as s, — 1.
(2.40) zyesn—l |z — y|* o ‘

We can consider the sequence of points zi,y; € S™ ' which realizes L; at any step.
It is easy to see that this couple belongs to C' N S™ !. Moreover we can always think
7k, as the one closer to the boundary OC N S"~!. Therefore, to have (2.40), we have
rr = |z — yx| — 0. Hence, without loss of generality, we can assume that xp,yx; belong
defenetively to the same connected component of C' and

‘usk (yk) — Usy, (xk)|

(0%
Tk

Yk — Tk
Tk

— e1.
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Let us define

usk($k+rix)_usk(xk)7 ceq, =97
Tk Lk TL

uf(z) =
We remark that «*(0) = 0 and u*((y — x1)/r:) = 1.

Moreover we can have two different situations.

Case 1: If -
dist(zs, 00)
then the limit of € is R™.
Case 2: If
Tk
— 1 € (0, +o0],

dist(zy, 0C)
then the limit of Qj is an half-space R" N {x1 > 0}.

In any case let us define Q2 this limit set. Let us consider the annulus A* := Bs/y \ By 3.
By Lemma 2.26 and the definition of u*, we obtain, for any k,

|uF(z) — u* ()|

(2.41) sup <cg,
x YA} |I - y‘a
where A} := % — R™ and the constant ¢ > 0 depends only on « and A*. Let us

consider a compact subset K of . Since for k large enough K C A7, functions uF are

C%(K) uniformly in k. This is due also to the fact that they are uniformly in L>(K),
since |uf(z) — u*(0)| < ¢|z|* on K. Hence u* — % uniformly on compact subsets of Q.
Moreover @ is globally a-Holder continuous and it is not constant, since u(e;) —u(0) = 1.
To conclude, we will show that w is harmonic in the limit domain {2..; that is, for any
b€ C2 ()

/ d(—A)udz = 0,
Qoo

and this fact will be a contradiction with the global Holder continuity. In fact we can apply
Corollary 2.3 in [49], if Q. = R"™ directly on the function @ and if Q. = R" N {x; > 0},
since @ = 0 in 0€), We can use the same result over its odd reflection. Hence we want to
prove

/ o(—A)adz :/ U(—A)pdr = lim uP(—A)**pdr = 0,
Qoo Qoo

k—4o00 BR

where Bpr contains the support of ¢ and the second equality holds by the uniform conver-

gences u* — T and (—A)**¢ — (—A)¢ on compact subsets of Q, since ¢ is a smooth
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function compactly supported. Moreover, since u* is si-harmonic on €y, and for k large

enough the support of ¢ is contained in this domain, we have
/ uF(=A)*pda = Pp(—A)**uFdz = 0.
n Rn
In order to conclude we want

lim uP(—=A)*pdz = 0.
k—+o0 R\ B

Hence, defining n = xx + rpx and using Remark 2.9, we obtain

C _ _
/ uk(—A)sk ¢d$ < (27 3k> rzsk « / ’uSk (77) :Tiik”
R"\Bg k [n—x|>Rr ‘77 - .%'k‘

For k large enough, we notice that we can choose € > 0 such that the set {n € R” : Rrj <
|n — xk| < €} is contained in A*. So, we can split the integral obtaining

/ "UJSIC (n) — Qisj;fk)‘dn < / ‘USk (n) — leif2(jk)’dn
|n—zk|>Rr ’77 - l‘k‘ k Rrip<|n—z|<e |77 - $k’ k

o
[n—z|>e ’77—51%\ 4§

where we have

€

C(n, sp)r2se—< - _
( k) k / ’usk (77) Qﬁf;fk”dﬁ < C(TL, Sk)TZSk acwnl/ t—l+o¢—2skdt
Ly, Rri<|n—zi|<e ’77 - xk| k

Rry,
28—«

:C(n, Sk)Cwn—1 Ro-2si _ un
25 — « 28—

and similarly

Om%%wﬂ/ wum—wwwd<0w%%”%%*/wﬁwwk
|n—zk|>e

Lk |77 _ xk’n—l—st = Lk: 1425
_ C(n, sk)r,is"'_acwn,l <1 N £V 28k )
Lk 2Sk = Vs '

Finally, recalling that r, — 0, C'(n,s;) — 0, Ly — oo and 2s; — a > 0 taking so > 1/2,

we obtain
C(n, sk) r25ka>
k s ) n
u¥(—=A)*kpdx| < <C’ n,si) + M
/]R”\BR ( ) (s 1) 28k — s, L
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which converges to zero as we claimed, since

C(n, sk)
28, — Vs (C)

in any regular cone C' C R".

— u(C) €0, +00)
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Part 11

Degenerate strong competition
systems
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Chapter 3

Local regularity for degenerate
equations

3.1 Introduction and main results

Let 2 = (z,y) € R"™! with x € R and y € R, n > 1, a € R. We want to study some
qualitative properties of solutions to a certain class of problems involving the operator in

divergence form given by
Lou = div(|y|*Vu).
We denote by ¥ := {y = 0} the characteristic manifold. This class of operators is called

degenerate elliptic, in the sense that the coefficients of the differential operator may vanish
or be infinite over Y, and this happens respectively when a > 0 and a < 0.

Degenerate and singular equations in divergence form were studied in some papers in
the 80’s by E. Fabes, C. Kenig, D. Jerison and R. Serapioni [36, 34, 35, 44]. In [44],
the authors studied harmonic functions in non tangentially accessible domains applying
conformal maps. This way they obtained a new problem in a more regular domain (the
unit ball) for a class of degenerate or singular operator in divergence form. In these papers
they studied the classical Dirichlet problem and the behavior of nonnegative solutions of
equations involving operators of the form

div(A(z)V:),
where A is symmetric and satisfies
Mw(2)[g]* < A(2) - € < Aw(z)[¢],
and w may either vanish, or be infinite, or both (w(z) = |f'(z)|*=%/(**1) is the right power

of the determinant of the Jacobian matrix of the conformal map f : D — Bj). Such
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equations are called degenerate or singular elliptic. The L,-operator belongs to this class.

Another motivation to the study of this kind of operator relies in the extension tech-
nique for the fractional Laplacian popularized by L. Caffarelli and L. Silvestre in the very
famous work [21] in 2007. The fractional Laplacian of a function u : R™ — R describes an
anomalous diffusion that allows long jumps, and it is expressed by the formula

) u(z) — u(n)
3.1 —A)’u(z) = C(n,s) lim ———dnp,
(3.1) (—A)*u(z) = C( )E'JRABA@!x—WW+% U

where s € (0,1) and C(n,s) > 0 is a normalization constant. The expression in (3.1) has

sense as long as
|u(z)|
/n 0+ o) dz < +o0.

The idea of the extension technique is the following: for a function w : R™ — R, we can
consider the extension function v : R%™ := R" x [0, +00) — R that satisfies the equation
Low=0  inRPH,

for a =1—2s € (—1,1), with conditions

{v(az,O) = u(z),

Oyv = limy_,o+ y*Oyv = —c(—A)%u.

This method allows the study of a new problem in one more dimension which is local,
while the nonlocal nature of the original problem becomes a boundary condition. One of
the most important consequences of this fact is the validity of some monotonicity formulse
for the extension problem: these formulse are not known for the fractional Laplacian and
they are very useful to do scales that better point out the local behaviour of solutions, by
blowing up near a certain point, or the asymptotic behaviour by blowing down at infinity.

Local properties of energy solutions to degenerate equations of the form
(3.2) — Lou=yl*f in By,

have been studied in [36, 34, 35, 44]. In particular, in [36] the authors deal with energy
solutions to
—L,u = divF in By.

Concerning regularity issues, they proved for a € (—1,400) local Holder continuity for
solutions with a coefficient @ € (0,1) which is not explicit.
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Prompted by these works, we are interested in analyzing qualitative properties of solutions
to (3.2), trying to consider whenever possible every admissible value of the power a € R.
As for the local regularity, we would like to make it explicit and try to improve the known
results. Our approach is different from the one in [36]. We want to study some regularized
problems; that is, equations which involve the family of uniformly elliptic operators in
divergence form

le(ng),

where a € R, € > 0 and

a(y) = (e2 + y?)e/? min{e~% 1} ifa >0,
Pl = (e2 4+ 42)¥? max{e~*, 1} if a <O0.
Such operator is the Laplacian when a = 0 and for any a # 0 it is an interpolation between
the Laplacian when € — 400 and the operator L, when € = 0.

Our intent is to provide some local regularity estimates for solutions of the approximating
problems which are uniform with respect to the parameter ¢ > 0. With this idea, one
can ensure the same regularity for solutions of the limiting degenerate equation which are
the target of the approximation by sequences of solutions of the regularized problems. A
very important tool for regularity is the validity of some Liouville type theorems for entire
solutions of homogeneous regularized problems.

Due to the influence played by the characteristic manifold ¥ in the diffusion process,
it is very useful to consider separately, for a solution u, its even and odd parts in the
variable y. In fact, the properties enjoyed separately by the two parts are deeply different
and help to better understand the full picture.

3.1.1 Degenerate strong competition systems

We would like to start the study of strong competition systems regulated by an anomalous
diffusion operator modeling the influence played by a geometric object in the space: an
hyperplane which behaves as an attractor or a repeller. Our intention is to study nonlin-
ear competition-diffusion systems of k£ components where the rules for the diffusion are
influenced by the presence of the characteristic manifold X,

(3.3) {_div(f’?v“i) = fip(e, ) — Bu; ¥, azud  in Q C R

u; € HY(Q, p2(y)dz) Vi=1,..,k,

where n > 1, a € R, a;; = aj; > 0, € > 0 and § > 0 is a large competition parameter.
We can immagine that in our problem the characteristic manifold X is playing a role in
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the diffusion phenomenon of our populations. In fact, we can expect that the diffusion is
penalized near Y if ¢ < 0 and encouraged if a > 0.

In particular, we want to understand the interplay between the two parameters S and
€ as the first is diverging and the second is going to zero. In order to procede in this direc-
tion, the first step would be to prove local estimates in Holder spaces which are uniform
with respect to § — 400 and € — 0 for families of solutions {ug .} which share a uniform
bound in L*>°(Q).

This is an essential ingredient in order to study the segregation phenomena between the
populations. In the case of the standard diffusion, it is well known that the study of the
geometry and the regularity of the appearing free boundary is strictly related to the study
of the nodal set of a harmonic function (given by the difference of the limiting compo-
nents by a reflection principle). This motivate the study of local qualitative properties of
solutions to the degenerate or singular problem (3.2) as a first step in order to analyze the
competition model.

3.1.2 Outline of the Chapter

This Chapter is organized as follows:
In Section 2 we set the problems

—div(pfVu) = plf in By, e>0

and
—div(p2Vu) = divF in By, >0

in the right functional context, discussing about weighted Sobolev spaces, Sobolev embed-
dings, and energy solutions. By a Moser iteration, we establish the conditions that the
forcing term has to satisfies in order to ensure boundedness of energy solutions. Moreover,
we prove some Hardy type inequalities which are the key for the validity of some Liouville
type theorems contained in Section 3.

In Section 4 and 5, we provide Holder and C'® local bounds for solutions of the reg-
ularized problems. These bounds are uniform in £ > 0.

Eventually, in Section 6 we obtain further regularity for L,-harmonic functions: when
a € (—1,400), even L,-harmonic functions are locally C*°. Therefore, when a € (—1,1),
we are able to split any L,-harmonic function on Bj in the following way

u(2) = ue(2) + uop(2)
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where u, is even and locally C* and u, is odd and given by

uo(2) = e (2)|y| ™"y,

where 1. is even, locally C*° and locally Lo_,-harmonic in Bj.

3.2 Functional setting

In order to introduce the natural functional setting for this kind of problems, we have
to deal with weighted Sobolev spaces. Let @ C R™*! be non empty, open and bounded.
Following the definition in [47], we denote by C*°(Q) the set of real functions u defined on
Q such that the derivatives D®u can be continuously extended to Q for all multiindices .
Hence, for any a € R we define the weighted Sobolev space HY%(Q) = H(Q, |y|%dz) as

the closure of C'*°(£2) with respect to the norm

1/2
lallzrogq = ( [+ | |y\a|w2) .
9] Q

One can see that when a < —1, the functions in this space have zero trace on X, while as
a > 1, the traces on ¥ have no sense in general. Moreover, we can say more.

Remark 3.1. When a < —1, the space C°(2\ ¥) is dense in H1%(€2). In fact, let us fix

u € C°(Q) such that |[ul|g1.eq) < +00. Obviously u = 0 in X. Now, let us consider a
monotone nondecreasing function n € C*°(R) such that n(¢) = 0 for |¢| < 1 and n(t) = ¢
for |t| > 2. Hence, for any € > 0, we can define

ue = en(u/e).
It holds that u. = 0in {|u| < e} and u. = uw in {|u| > 2¢}. Nevertheless, Vu. = n'(u/e)Vu,
with Vu, =0 in {|u| < e} and Vu, = Vu in {|u| > 2¢}. Hence,

/ ][ Vaie — Vaf? = / ] (ufe) — 12|Vl < e / 9] Val? > 0.
Q Q Qn{ju|<2e}

Moreover,

[t —w? = [ itCatue -0t <e [l o
. o o {lul<2<}
In the same way, we define Hé:a(Q) — H(9, |y|*dz) as the closure of C2°(S) with

respect to the norm
1/2
2
lull ey = ([ bl192)

When a € (—1,1), the class of weights given by w(z) = |y|* is called Muckenhoupt A,
class and it enjoys a number of nice properties (see [36]).
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3.2.1 Regularized operators for approximation

In order to better understand the regularity of solutions to degenerate and singular prob-
lems involving the operator L,, but also the local behaviour near their nodal set and the
geometric structure of the nodal set itself, we introduce a family of regularized operators.

For a € R fixed, let us consider the family in ¢ > 0 of functions p¢(y) : @ — Ry de-
fined by

(3.4) ply) = {(52+92>“/2min{e—“,1} if a >0,
. “(y) =

(2 + y*)*? max{e=%,1} if a <0,

and of operators
Ljou = div (p2(y)Vu) .

The family {p?}. satisfies the following conditions:

1 (y) — |y|* as € — 0T almost everywhere in Q,

) P2y

2) p2(y) = p2(—y),
)
)

3) for any € > 0, the operator —L,a is uniformly elliptic,
4) fix a € R, then for any € > 0
(3.5) HY(Q, p2(y)dz) € HY™e0(Q),
with a constant of immersion ¢ = ¢(a) > 0 which does not depend on ¢.
Condition 4) is due to the fact that on Q, if a > 0, for 0 < g1 < g3 < 400
lyl* < o2, (y) < P2, (y) < (1 + diamQ)*/2,
and if a <0, for 0 < g1 < g9 < +00
(1 + diam®)™? < p, (y) < o2, (y) < ly|*-
Lemma 3.2. Leta € R, € > 0 and let w be solution to
—div (pVw) = p2 f in Bj.

Then v = pdyw solves
—div (p;“VU) =0yf in Bj.
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Proof. Let recall p = p2. The function w satisfies
—div (pVw) = —pAw — Vp - Vw = pf.

Hence,
—Aw — p_lp'(?yw = f.

By deriving this equation in the variable y we get
—Adyw — p~tp" dyw — p~tp Dy + p~2(p) 20w = 9y f.
So,

div (p_1V(p0yw)) = p 'A(poyw) + Vp L - V(poyw)

= p! (Z Opyz; (POyw) + ﬁyy(p%w))

i=1
—p 20 (0 Oyw + pdyyw)
n
= ) Oua,Oyw + p 9y (0 Oyw + pOyyw)
i=1
—p_2(p/)23yw _ p—lp/ayyw
= Adyw+p " 0w + p POy — p2(p)20yw = —0, f.

Lemma 3.3. Let a € R, € > 0 and let u,v be solutions to
—div (pfVu) = p2f,  —div(p¢Vv) =pdg  in B,
with v > 0. Then the function w = u/v is solution to
—div (p?vQVw) = plvf — piug in By.

Proof. Let recall p = p?. Then

—div (pv2Vw) = —div (,01)2 <Vu — qu))

v v2
= —div (pvVu — puVo)
= —wvdiv (pVu) — pVu - Vo + udiv (pVv) + pVu - Vo = pvf — pug.

O]
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3.2.2 Sobolev embeddings

Sobolev inequalities for weighted Sobolev spaces have been deeply studied in many con-
texts and by many authors (see for example [15, 36, 41, 48]).

If a > —1, the authors in [36] proved that, taking Q C R™"*! then there exist d(a) > 0
and ¢(2) > 0 such that for any C°(Q)

1/k
(3.6) ( / |ya|ur%) <c [ blvP
9] Q

where k = "TH+5.

Indeed, what we really need is a class of weighted Sobolev inequalities not necessarily
with the best constant but with the best exponent for the approximating weight p¢ with
constants which are uniform as ¢ — 0.

In [41], the author has found the conditions which allows to show the best constant
explicitly. In our context, let us define the measure du = p?(y)dz. Hence, if a > —1,
then a bounded domain 2 C R™*! has u(Q) < +oo for any € > 0. Moreover, ( is said
to be d-regular with respect to p if there exists b > 0 such that for any z € 2, for any
r < diam§?,

w(B,(2)) > brd.

In our context, let us consider, up to rescaling the domain, that diam < 1. If a > —1,
then any bounded €2 is d-regular with respect to p with

d=n+ 1+ max{a,0}.

We remark that the constant b > 0 can be taken independent from € > 0. Moreover, since
we are interested in Sobolev inqualities with p = 2, we obtain that for functions C}(f2)
there exists a constant which does not depend on & > 0 such that

N2
(3.7) ([t @) " et [ vt
Q Q

where

2(n + 1+ max{a,0})
n + max{a,0} — 1

(3.8) 2*(a) =

)

since it holds p = 2 < n + 1 + max{a, 0} for any n > 2.
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Moreover, for a < 1 we are able to prove (see Remark 3.12) that there exists a posi-
tive constant which does not depend on € > 0 such that for any function u € C°(Q2\ X)

(3.9) ([orr >/ < c(na) [ 2Vl

where
2(n+1)
n—1 "

2" =

Moreover, taking diam{) < 1, we can find a constant such that

2/2*
(3.10) ( / pzruP*) <c(na) [ 17l
Q Q

Hence, for any ¢ > 0 and any a € R, we have an embedding theorems for the space
HY(Q, p%(y)dz) into the space L¥(¥(Q, p&(y)dz) with 2*(a) defined in (3.8). In fact, for
a > —1 we extend the inequality (3.7) by density of C°(Q2), while when a < —1, we
extend (3.10) by desity of C°(Q2\ X).

3.2.3 Energy solutions

Now we are able to give for any a € R a notion of energy solution to the following equation
(3.11) — Lou=y|*f in Bjy.
Let f € LP(By, |y|*dz) with p > (2*(a))’ the conjugate exponent of 2*(a); that is,

2(n 4+ 1+ max{a,0})
n + max{a,0} + 3

(2°(a))" =
We say that v € H%(B) is an energy solution to (3.11) if
(3.12) [ wlvuve= [ wlse,  voe s
B1 Bl

Moreover we can give for any a € R a notion of energy solutions to
(3.13) — Lou = divF in Bj.

Let F' = (f1,..., fu+1) be defined on By such that |F|/|y|* € L>%(By), then u € H“%(By)
is an energy solution to (3.13) if

(3.14) —/B ly|*Vu -V = ; F-Vo, Yo € HY(By).
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We remark that the condition in (3.12) and (3.14) can be equivalently expressed testing
with any ¢ € C2°(B;) when a > —1, and with any ¢ € C>°(B; \ ¥) when a < —1.

Let us fix w € HY%(By). Then, there exists a unique energy solution u € HY%(B;) to
(3.11) or to (3.13) such that u —u € Hé’a(Bl). This condition means that there exists a
sequence {¢r} in C°(By) if a > —1 and in C°(B; \ X) if a < —1 such that

||(u _ﬂ) - d)kHHév“(Bl) — 0.

Definition 3.4. Let a € R. We say that a function v € H'%(B;) which is an energy
solution to (3.11) or to (3.13) in Bj is even in y if u(z,y) = u(x, —y) for almost every
z € By. We say that a function v € HY%(B;) which is an energy solution to (3.11) or to
(3.13) in B is odd in y if u(x,y) = —u(z, —y) for almost every z € B.

The authors in [36] proved for a € (—1,400) local Holder regularity for solutions to
(3.13) with coefficient « € (0,1) which is not explicit.

Another important issue is boundedness of energy solutions to (3.11) and to (3.13). Using
a Moser iteration argument, one can prove the following result

Proposition 3.5. Let a € R and ¢ > 0. Let u € HY(By, pt(y)dz) be an energy solution
to

(3.15) —div(plVu) = p2 f in By,
with f € LP(By, p2(y)dz) and

n+ 1+ max{a,0}
5 .

Then, for any 0 < T < 1 there exists a positive constant independent from e such that

[ull oo (Br) < cllullL2(By,pe(y)dz)-

Proof. We want to apply the Moser iterative method. Let us fix 0 < 7 < 1. We take a
sequence of radii {ry} such that

ro = 1
S
Tht1 = 55—
1-7
Tk = Tk+1 = ok+1

Let x = 2*(a)/2. We take also a sequence of exponents {3} such that

Bo = 2
Br = Box".
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Moreover, let us consider a sequence of radial non increasing cut off functions {7} such
that
m. € O (Bry)
0<mn <1
n,=1in B

Tk+1

-

— Tk Tk+1’

for the general pass k of the iteration we will indicate briefly these objects as rp = R,
Tk+1 =7, B = B and 7 = n. Moreover for simplicity we will recall p = p¢

Let us test the equation (3.15) with n?u®~!. After some calculations, one can arrive
to the following inequality.

2/ p|V (nuP/?)|? < 2/ puB!V?ﬂQJr/ pfrPu’.
Bpr Br Br

We remark that this gives us that if u € L?(By, p2(y)dz) and it is L pa-harmonic in B,
then u € H. (Bi,p%(y)dz). Moreover fixed 0 < r < 1, there exists a positive constant

loc

¢ > 0 which does not depend on the kernel € > 0 such that

(3.16) / P2 Vul* < c/ plu’.
B, By

Applying our Sobolev embedding results in the left hand side of the inequality, and an
Holder inequality on the second term in the right hand side, we obtain, for some constant
which are uniform in ¢,

sz c 8 o)
@ S + z / > )
(/BRp(nu ) ) &) /BR pu’” + (| fll e (B, )( . p(nu”’?)

where t = 2%]9’ . Hence we apply an interpolation inequality with exponents

, with 6 =1 —
*(a) 2p 20/ (8 —1)

1 6 1-6 n—|—1+max{a,0}+n+1+max{a,0}
2

\V)

We remark that as 5 — 400, d = 1 — n+1+r§72x{a,0} > 0. So

2 (B=1) (1-6)

1/p %5 @) B
</ p(nuﬁ/Z)t> §</ pn2u5> </ p(nuB/Q)Q*(“)>
Br Br Br
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Hence, using the Young inequality, we have

1/p' B
Sl ([ o) < E A T [ o?
BR BR

-1 5/2 2*(«1))2/2*(‘1)
2 5)</BRP(W ) .

Putting together these computations, we find a positive constant ¢ > 0, which is uniform
with respect to  — +oo and which depends on the LP(Bj, pdz)-norm of f, such that

srmze@) e\ 8

U a < / u?;

(L)< (75) [0

1/B8x z 2/8 1/B

(L) < (@=) (L)
- R—T Br

Hence, applying an iteration we obtain

that is,

k _ 2/B8; k
2c
317 el o < 11 (R_T) ) CCIRGIT—
j =0

<

Il
=)

.

Since the series

k _ E oo
2 2c 27
Zlog< >, Z—logQ
il R—r purll
are convergent, passing to the limit we obtain

HUHLOo (Br,padz) < cllul| 2 (B1,padz)-

Eventually, defining du = p?(y)dz, since u is absolutely continuous with respect to the
Lebesgue measure £"!, we obtain the result. We remark that the constant in the result
does depend on the Lp(Bl, p2dz)-norm of f. O

Since the constant is not depending on €, having a family of solutions u. to (3.15) with
a uniform bound in € > 0

luellzamrpeyasy <6 IfellrBrpeaz) < ¢

then they are uniformly bounded in LS (B).
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Proposition 3.6. Let a € R and ¢ > 0. Let u € H*(By, p2(y)dz) be an energy solution
to

(3.18) —div(piVu) = divF in By,
with F/p? € LP(B1, p(y)dz) and
p > n+ 1+ max{a,0}.
Then, for any 0 <7 < 1 there exists a positive constant independent from € such that
ul| Lo (Br) < cllullLe(By o (y)dz)-

Proof. The proof follows the same construction of the previous result. O

3.2.4 Hardy type inequalities

In this part we want to show the validity of a Hardy inequality of the half space with
the sharp constant, and a boundary Hardy inequality. These results will be the reason of
the validity of some Liouville type theorems contained in the next section. Let RTFI =
R N {y >0}, Bf =B N{y>0}and S = S"N{y > 0}.

Remark 3.7. One can define the space HJ(B;") as the closure of C®(Bf") = {v €
C>®(B{") : supp(v) CC {y > 0}} with respect to the norm

| w1,

1

which however is equivalent to the L?-norm of the gradient by the Poincaré inequality

c/ v2§/ |Vv|2.
Bf Bf

Eventually, we remark that the following trace Poincaré inequality holds

c/ v2§/ |Vol?.
v

Lemma 3.8 (Hardy inequality). Let v € H}(By). Then

1 v?
(3.19) / g/ |Vol?.
4 )pry* ~ gy
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Proof. Let first v € C2(R}) and F = (0, ...,0, ). Then

2
/ U—Q = / (—div(vQF) + 2vVo - F)
R Y R+
= 2/ EVv - €n
R Y

2 1/2 1/2
2 /n 1 72 /n 1 ’vv,Q ’
RN Y R

IN

and hence

1 U2 2
(3.20) - v« Vo2,
4 R1+1 y2 Ri+1

If we consider v € CN'SO (Bf"), we want to extend this function to the whole of ]RTFI by
the Kelvin transform. We define the inversion ¢ : R:‘_‘H — R1+1 defined by ¢(z) = %,

n—1

z
and the function y(2) = [detJg(2)[2+D = | 2|~ (1), This inversion is such that #(Bf) =
R’f‘l \ By and ¢(S7) = S%. Hence, for any z € R1+1 \ B, the Kelvin transform is defined
by

Hence we extend v by

3(2) = {v(z) in B
Kv(z) = oiiv(i%5) in R\ By

|Z|n71

E

This function belongs to ]SI&(R:LLH). Hence the inequality (3.20) holds by density for ¢ in
the half space. Hence one can show that

K 2 2
/ (;’):/ Y and / |vm|2=/ Vol?,
RYN\BF Y BF Y RYTI\BF Bf

1

where the first equality follows easily considering the change of variables w = ¢(z) = ﬁ

with dw = |Z|2(+H)dz and wpy1 = dpt1(2) = ﬁ Now we want to show the second
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equality, and hence using the same change of variables we compute

VK| / V (u(v o 6)?)
/£3+1\3f| | R¢%1\33| (1(vop)?) |
2 2 2 2
= pwV(voo —|—/ Vul*(vo o
jgﬁ“\Bj [V (vog)l RI“\BT‘ *(vo )

[ o9 Voo
R\ B

2 2
= pV(voge
/ o PV 20)

= / |Vol?.
B

In fact we remark that p is harmonic in RT‘l, and in particular

—Ap=0 in R \Bii"

Testing this equation with the function (v o ¢)%u, we get that

[ IVuP@odP+ [ - 2u(we)Va-V(ves) =0,
RYHI\B

RYT\BY
and hence we get the result. O

Lemma 3.9. Letv € lEI&(Bf) Then there exists co > 0 such that

U2
(3.21) %/g/ |Vol?.
vy JBf

Proof. Let us consider the harmonic replacement of v on Bf ; that is,

A =0 in B}
(3.22) { v=0 in B]

- . an
D=0 in S

/ﬂ|vw:>/ﬁ|va.
Bf Bf

Now we consider the following inversion (stereographic projection) ® : Bf” ¢ R**! — R+l
such that

Hence

O:z= (xvy) = (xla "'axnvy) =z = (l',y) = (i'l) "'ai'nvg)v
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with
z + 61 61 —1/~ 2 + 671
Pz)= LA d ol(5) = "2 ¢
C=fLiap 2 ™ B =rigp @
This map is conformal and such that ®(B;") = {#1 > 0} N {§ > 0} and ®(S7) = {71 =
0} N {g > 0}. Hence, the Kelvin transform

ro(@(2)

(3.23) w(3) = Ko(3) := Frap

is harmonic in {#; > 0} N {g > 0} and such that

/ \wy?dZZ/ |Vwl|?dZ.
B {Z1>0}n{§>0}

Using a fractional Hardy inequality (see [11]) on the n-dimensional half space {Z; =
0} N {gy > 0}, we have

NPT
/ Vw[?dz > c// [w(6) Nw(gﬁ)’ dGdé
{#1>0}N{7>0} {F=0}n{g>0p2  [C1 — G|

2 ~

3.24 > ¢ w gz,

(3.24)

{#1=0}n{g>0} Y

Eventually

2 ~2
/ v(z)da(z) = / U(Z)da(z)
st Y st Y
B / w2(£) ‘2 e 2(n—1)+2
(#1=0}n{§>0} Y 2
1 (Z) AR (B A AR (E) A DS (2)]dE
2 ~
(3.25) < / W) gz,
{z:1=0}n{g>0} ¥

3.2.5 Quadratic forms

In this part, we prove some preliminary results of convergence and equivalence of quadratic
forms which will be a key point in the proof of Lioville type theorems.
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Lemma 3.10. Let {Qp}ren be a family of quadratic forms Qi = H{(Bf) — [0,+00)
defined by

(3.26) Qi (v) = / Vol? + / Ve + [ Wik,
B By S
Assume that the family {Qr} satisfies the following conditions:
i) [Wg| <con ST and |Vi| < y% in By uniformly on k € N;
i1) there exists a constant ¢ > 0 which does not depend on k € N such that for any
v e HYBY)
1 2 2 )
el ey < Qu(o) < cllollBy e

i) Vi, =V in Bf and Wi — W on S pointwisely as k — +oo, where

Q(v):/ ]Vv]2+/ Vu? + W2,
B

Bf sn
with Q : HY(By") — [0, +00) satisfying |W| < c on ST, [V| < Sz i B and

1 2 2
Zlwl |2 <Q) < 2 .
CH,UHH&(BT) —= (’U) —= CH,UHH&(BIF)

Let

A, = min Qk(vg, A= min Q(U)2.
vel3(BH\(0} Jgn v ve (BN} Jgp v

Then, A\ — .

Proof. Let {v,} € HY(B;)\ {0} be a sequence of minimizers for Ay; that is, such that

A = Qrlvg) = / |V |? +/ Vivi + Wi,
B B

1 St
and fsi v? = 1. Since by compact embedding H} (B]") < L?(S7) the minimum

]| [lull

2 2
. HY(B} HY(B}
mln 0( 1) 0( 1)

= =v>0
vely (B0} Jon v? Jn w?

is achieved by u € H}(B)\ {0} and it is strictly positive by the trace Poincaré inequality,
then by i) there exists a positive constant ¢ independent from k such that

v
— <A <ecv.
c
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Moreover, we have that

1 2

oIloelliy sy < A < v

and so there exists 7 € H}(B;) such that v, — 7 in H}(B]") and, up to pass to a sub-

sequence, vy, — U in L?(S). Moreover, the limit is non trivial by the condition [, 7% = 1.
+

We want to prove that the convergence is strong in ﬁ&(Bf’ ). Testing the eigenvalue
equation solved by v with vy — v, we have

Vvk~V(vk—v)+/+Vkvk(vk—v)+

; Wivg(vp —v) = )\k/ vk (v — ).
1

Bf sn s

Using the fact that |[Wy|, [\x| < ¢ uniformly in &, the strong convergence and the normal-
ization in LQ(Sﬁ), by the Holder inequality the terms over the half sphere S go to 0 in
the limit. So

(3.27) Vo - V(’Uk - @) + / Vkvk(vk — 5) — 0.
Bf Bf

Hence,

Qr(vx —7) = /B+ |V(Uk_v)|2+/+vk(vk_v)2+ Wi (v, — 0)?

1 By St
= Vo - V(v —0) + / Vivg (v, — 0) — Vv - V(v —7)
Bf Bf Bf
(3.28) —/ Vo(v, —0) + / (V —Vi)o(vx, —0) + Wi (v, — @)2 — 0.
Bf Bf sn

In fact, the sum of the first two terms goes to 0 by (3.27), the sum of the second two by
weak convergence in HE(Bj). The third term is such that

1/2 1/2
(/BT(V - Vk)vz) (/BT(V = Vi) (v — U)2>
1/2
c (/ (V — Vk)&) — 0.
Bf

We used that V3, — V, the fact that |V} — V| < y% and the Hardy inequality to ensure
the dominated convergence theorem. Eventually the last term in (3.28) goes to 0 by the

strong convergence in LQ(SFF). Hence we get the strong convergence by ii).

IN

/ (V = Vi)v(vg — )
Bf

IN
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It is easy to see that Qp(vr) — Q(v). This is enough to conclude because if we consider
v the normalized in Lz(S’i) minimizer of A, since it is competitor for the minimization of
any i, then

Ak = Qr(vk) < Qr(9),

and since Qg (vg) — Q(v) and Qx(0) — Q(v), then by Q(v) < Q(9), and by the minimality
of ¥, we finally obtain that 7 = © with A\ — A. O

The case a € (—00, 1)

Let a € (—00,1), € > 0 and v € H}(B]"). Let us define the quadratic form

(3.29) Qpe (v) :/+ \Vv]2+/+VngQ+/ ngv2,
B; B; sn
where )
Vu(y) = (nd)" ((P?)') _ a(a— 2)y? + 27
e 2p2 2p¢ A(e? +y2)?
and (2 )
Pe)y ay
W a = — = — .
A= T T )
Let
(3.30) Qu(v) = / Vo2 + / Vo + [ W,
B Bt sn

with V,(y) = a(zy_f) = Vya(y) and Wy (y) = —§ = Wya(y). Eventually consider a sequence

e — 0 as k — +o0 and define pr = pZ, . Let us recall Q; = Qp, and Q = Qq.

Lemma 3.11. Under the previous hypothesis, the family {Qr} and its limit Q satisfy the
conditions 1), i), 1) in Lemma 3.10.

Proof. Condition ) is trivially satisfied. Moreover, combining i), the trace Poincaré and
the Hardy inequalities, we easily get the upper bound in i) for any k£ € N with a constant
independent on &;; that is,

2
Qu(v) < elloliZy
Let us consider Q@ = @, and let us define u = y~%?v € CX(By).

Cl2 a U2 a
Qa(v :/ Vv2+<—>/ —/ v?
v

n
+

2 2 2
ga = [ e (5-5) [ G5 av(Sa) = [ wiwep
B 4 2))pry* 2 )pr y B

1
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First of all we notice that if a < 0 the lower bound wanted follows trivially. So we can
a

suppose that a € (0,1). Since for a # 1 then (‘2—2 —9) > —i, hence by the Hardy inequality

in (3.19), the quantity
2 2
_ T v
Ga(v)_/Bf'|vv|+<4 2>/;1~_y2

defines an equivalent norm in H}(B;"). Hence by the compact embedding H}(B;") —
L%(S7) we have that the minimum in

(a) = min Ga(v;
ve (BN} Jon v

is achieved. In fact, taking a minimizing sequence, we can take it such that |, gn v]% =1and
+

also such that v, € C°(B;"). So it is uniformly bounded in Hg(B;") and v, — @ € H}(B;)

with Gq(vg) — &(a). Moreover the convergence is strong in L?(S") by compact embedding.

Since |, gn U,% = 1, we get also convergence of the H}-norms of the vy, to the one of the limit,
+

<

and so we get also strong convergence in ﬁé(Bf ). In fact, by the lower semicontinuity of
Ga (Uk’)

the norm
)
< lim inf = &(a).
62 - k—+00 fsn U]% g( )
+

€(a) <

G
Is

Obviously by the condition [ gn 72 = 1 the limit ¥ is not trivial. This proves that 7 achieves
+

n
+

the minimum. Moreover, defining

(3.32) AMa)= _ min Qa(vg = ¢(a) - 2
ve b (BH\(0} Jgn v

we want to prove that actually A(a) > 0. First of all, such a minimum is nonnegative
since the minimizing sequence can be taken in C2°(B;") and so the equalities in (3.31)
give this condition. By contradiction let A(a) = 0. Hence the minimizing sequence is
such that Qq(vg) — 0. Defining uy = y~%?vy, one has fBl+ y*|Vug|?> — 0. Moreover,

the strong convergence in f[é(Bf ) gives the almost everywhere convergence of Vo — Vo
which of course implies that Vu, — V(y*“/ 29) almost everywhere in Bfr . Hence, since
V(y~*?v) = 0 almost everywhere, T = cy®?, but V7 does not belong to L?(B;"). This is
a contradiction. So A(a) > 0. So we have the inequality

QW =@ [

n

+
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which says that

Qa(v)ZQf%(/BrVv|2+<(f—;>/31+22>,

and by the equivalence of the norms we get the result for a constant which depends on a
and A(a). Eventually, we have proved that also @, is an equivalent norm on H{ (By).

In order to prove the lower bound for () which is uniform in k, it is enough to remark
that if @ > 0, then Qr > Q.. If a < 0, then one can check that
a 2

9 v
Qr(v) 2/131+‘VU’ _/B1+ m?7

with ﬁ < i and hence by the Hardy inequality in (3.19) we have also in this case an
equivalent norm. O

Remark 3.12. Let a € (—00,1), € > 0 and u € C°(B]). Then the following inequalities
hold true

(3.33) of o< [ v
By Bf
(3.34) o[ s [ piva,
sn Bf
a
(3.35) c/ p;u2</ P2 Vul?,
BfY By
a
(3.36) c/ p€u2§/ P2 Vul?,
T Y By

2/2*
(3.37) (/ (p?)T/QIuIQ*) Sc/ peIVul?,
B B

1

which are respectively the Poincaré inequality, the trace Poincaré inequality, the Hardy
inequality, the trace Hardy inequality and a Sobolev type inequality. Since by Lemma
3.11 there exists a positive constant uniform in e such that

(3.35) | AV = Q) Py e [ (9 )
B B

1
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then all the inequalities are obtained by the validity of them in HJ(B;").

Fixing a € (—00,1) and € > 0, one can define the space H) (B, pt(y)dz) as the clo-
sure of C°(B{") = {u € C*(B{") : supp(u) CC {y > 0}} with respect to the quadratic

form
/ p? (u + |Vul?) .
Bf

We remark that when ¢ > 0 actually H} (B, p2(y)dz) = HY(B;"), while in the case € = 0

rrl,a

we call this space Hy"(B]") := HJ(B;,y%dz). In order to simplify the notation let us
define y

_JH{(B) ife>o0,

o {ﬁg’“(Bf) if e = 0.

We remark that (3.33), (3.34), (3.35), (3.36) and (3.37) can be extended to all functions
in H by density of the space C2°(B;") with respect to the norm in H.

First of all, let us prove the Poincaré inequality (3.33). We know that the result holds in
C>(By"). So, fixed u € H, by density we take a sequence of functions uy, € C°(B;") such
that

/+ P2 ((ug — u)? + |V(up —u)|?) =0 as k — +oo.

1

In particular, since (3.33) holds for every k, this implies that

c/ pu® = ¢ lim plui < lim pg|Vuk|2:/ P2 | Vul?.
Bf 'y B

k——+o00 Bi‘r k—+oc0 J B

So, once we have the Poincaré inequality we can take as a norm in H only the piece

a 2
/B1+ peIVul”.

To prove the trace Poincaré inequality in (3.34) we remark that, if ux, — u strongly in H,
then by trace compact embedding in L*(S%, p?(y)do(z)) we have also strong convergence
of the traces in this space, and hence

c 2 =¢ lim “u? < lim 4\ Vu|? = ¢\ Vul|?
/Si gt =e i [ o<l [ vl = [ vl
To prove the other inequalities we remark that the strong convergence u; — u in H gives
the pointwise convergence of up — w and of Vuy — Vu almost everywhere in Bfr with
respect to the (n + 1)-dimensional Lebesgue mesure, and of up — u almost everywhere
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in S with respect to the n-dimensional Lebesgue mesure by compact trace embedding.
Hence, by the Fatou Lemma, we have

o [ V@ PR = [ () ) + () vl
B B

1

= ¢ / lim eV ((62)Y2) + (o) 2V
B

1+ k——+o0

. / lim V(%) )2
B

ka—H-oo
: : 1/2 2
< climinf [ ) )
<

i av 2
i, A1

_ a 2
- /prsww .

In the same way we get the Hardy inequality (3.35)

a a a
c p—;uQ =c lim p—;u% < climinf p—;ui < lim P Vug|* = P2 Vul?,
Bf k—+o00 Y k—+o00 Bf Y k—4o00 B; By

and the trace Hardy inequality in (3.36)

a a a
c Pe2=¢ lim p—suz < climinf p—su% < lim P2 Vuy|* = / P2 Vul?.
sn Yy sm k—+o00 Y k—+o0 sm Yy k—+o00 B;r BIL

Moreover for the Sobolev type inequality in (3.37),

2/2% 2/2%
a\2* /2|, 2% _ : a\2* /2, |2*
(/ijs) Ju ) (/B1+ G (pg)™ lu )

1
2/2*
lim inf li a\2*/2 2%

li a v 2
k—1>I-|r—lOO B Pe ‘ Uk‘

_ av 2‘
/Brper u

Eventually, we remark that fixed a € (—o00,1) and & > 0, then the map T : H — H}(B;")
such that T%(u) = (p?)'/?u is an isomorphism.

IN

IN
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The case a € (—1,+00)

Let a € (—1,400), € >0 and v € H}(B;). Let us define the quadratic form

(3.39) ng(v):/ \Wy2+/ Vpgu2+/ Wpav?,
B B sn
where ) ) ) ) )
a\// a\/ _ 2 _ 2
Vpa(y):(pe) _<(pg)> ol 622:a[(a+2)y 226]
: 2p¢ 2p¢ (e + %) Ae* +y?)
and oy )
_(2)y { a} _ ay { a}
Woely) = ——— 0, ¢ =— 53¢ 0,-¢.
pz () 20 + max 10, 5 22 1 ) + max 4 0, 5
Let
(3.40) Qa(v) = / Vol + / Vv’ + [ W2,
B B sn
with V,(y) = % = Ve(y) and W,(y) = —% + max {0,5} = Wye(y). Eventually

consider a sequence €, — 0 as k — +oo and define py = pg, . Let us recall Qr = @, and
Q = Qa‘

Lemma 3.13. Under the previous hypothesis, the family {Qy} and its limit Q satisfy the
conditions 1),1i), 1) in Lemma 3.10.

Proof. Condition 1) is trivially satisfied. Moreover, combining i), the trace Poincaré and
the Hardy inequalities, we easily get the upper bound in i) for any k& € N with a constant
independent on eg; that is,

Let us consider Q = Q, and let us define u := y~%2y € C~’§°(B1+) Moreover,

a a? a v2 a
RTINS (4 R G e
(v) 27 . Br\ | 172) 2

n n
+ +

2 2 2
- / Vo)? + <a + a’> / L a/ div (”@)
B 4 2) gty 2B Y

(3.41) = / y“|Vu|2—|—a/ TR T
B B

1 1

We are able to provide that Qq(-) — max {0, %} fSi(-)2 is an equivalent norm in H}(B;")

which however implies that also @, is an equivalent norm. Since for a # —1 then (%4—%) >
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—i, hence by the Hardy inequality in (3.19), the quantity

CL2 a 1)2
Ga(v):/B+ ]Vv|2—|— <4+2> /B+y2
1 1

defines an equivalent norm in H}(B;"). Hence, we notice that if a € (—1, 0] the result
is trivial. So we can suppose that a > 0. Hence by the compact embedding H&(Bf ) —
L%(S™) we have that the minimum in

. Ga(v)
v(a)=  min 5
ve (BN} Jgn v

is achieved. In fact, taking a minimizing sequence, we can take it such that |, gn v,% =1
- - +
and also such that vy € C>®(B;). So it is uniformly bounded in H}(B;") and vy, — v €
HY(B) with Go(vg) — v(a). Moreover the convergence is strong in L?(S%) by compact
embedding. Since | gn vZ = 1, we get also convergence of the Hj-norms of the vy to the
+

one of the limit, and so we get also strong convergence in ﬁé(Bf’ ). In fact, by the lower
semicontinuity of the norm

v(a) < S0 < piming G2 ()
fsi v —+00 fsn vy,

Obviously by the condition | gn o2 = 1 the limit ¥ is not trivial. This proves that ¥ achieves
+

the minimum. Moreover, defining

(3.42) pla) = min Qa(v)

>0,
vef (B0} Jgn ©°

a a
- max{(), 5} =v(a) — B
we want to prove that actually p(a) > 0. First of all, such a minimum is nonnegative
since the minimizing sequence can be taken in C2°(B{") and so the equalities in (3.41)
give this condition. By contradiction let u(a) = 0. Hence the minimizing sequence is
such that Qg (vk) — rnax{O, %} — 0. Defining uj, = y~%%vy, one has fBT Y| Vug|? = 0

and obviously that | B y*2u? — 0. Moreover, the strong convergence in fI&(Bfr ) gives
the almost everywhere convergence of Vv, — V@ which of course implies that Vu, —
V(y~%?%) and up — y~*?% almost everywhere in B;. Hence, since V(y~%?7) = 0 and
also y~%27 = 0 almost everywhere, T = cy®? and ¢ = 0, but 7 is not identically zero.
This is a contradiction. So p(a) > 0. So we have the inequality

Quw) =max {0.5} [ = n(o) [ 2

n
+
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which says that

Qa(v)—max{o,;}/s v22%</31+|w)|2+<°f+3> /szz>

n
and by the equivalence of the norms we get the result for a constant which depends on a
and p(a). So, we have proved that both Qq(-) —max {0, 5} [q. (-)? and Q, are equivalent
+

norms on H}(By).

In order to prove the lower bound for QJr which is uniform in &, it is enough to remark
that if @ < 0, then Qr > G,. If a > 0, then one can check that

a ’1)2

2
Uz [V | e

with m < % and hence by the Hardy inequality in (3.19) we have also in this case an

equivalent norm. O

Remark 3.14. Let a € (—1,+00), € > 0 and u € C°(B;"). Then the following inequali-
ties hold true

2 2

— ¢ a

3.43 c au2 </ aVu2_|_a/ ayifu?_’_ma 07/ au2 7

( ) \/Bf Pe — Bl+ ps‘ | Bl+ Pe (52+y2)2 X B 1,05
2 2

—e a
3.44 c q2 </ aVu2+a/ “y7u2+max 0;/ TR
(3.44) /Snps < ijsl | prs(guyg)g 2 o P

+

(3.45) c/ pé;uzg/ p?\Vu|2+a/ p?%zﬁ—i—ma}( 0;a/ JORTa
Bt Y Bf B (e +y?) 2 Jgn

e 2 2 y -t a 2
(3.46) c/ —~u g/ pe|Vu +a/ P55z u” + max O;/ plu® 3
sny B+ Bt (24 y?)? 2 Jgn :

m

which are respectively the Poincaré inequality, the trace Poincaré inequality, the Hardy
inequality and the trace Hardy inequality. Since by Lemma 3.13 there exists a positive
constant uniform in e such that

2 v’ -, a 2
alyy a 0; — a
/pra\ ul +a/]31+,05(82+y2)2u + max 2/51/)510

(3.47) > e[ v R

Qe ((p2)!?u)

then all the inequalities are obtained by the validity of them in HJ(B;).
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3.3 Liouville theorems

In this section we present two important results which will be the main tool in order to
prove regularity local estimates which are uniform with respect to ¢ > 0 and which are
contained in the main body of this Chapter. As we have previously remarked, it will be
very useful to consider separately odd in y functions with a € (—o0,1) and even in y
functions with a € (—1,+00). In fact, the two parts are deeply different and their analysis
help to figure the full picture.

Theorem 3.15. Let a € (—00,1), € > 0 and w be a solution to

(3.48) —div(p2(y)Vw) =0 in Ry
w(z,0) =0,
and let us suppose that for some v € [0,1 —a), C > 0 it holds
lw(z)| < C(1+ |2|")

for every z. Then w is identically zero.

Proof. 1t is enough to prove the result only for ¢ = 0,1. In fact for any other value of
€ > 0 we can normalize the problem falling in the case ¢ = 1.

Casel: ¢=0.
Let us consider w € HY%

loe (R’}F’Ll) satisfying the conditions of the statement, that is, solution
in the following sense

a i — oo mpn+1
/R:‘_“va Vo=0 VéeCPRM),

Let us define

. 1 a 2 o 1 a,, 2
B0 = ey [ Vel HO = g [t

Hence,

and since defining w"(x) = w(rx) one has

o) = [ 9P and HE) = [

1 +
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we are looking for the best constant in the following trace Poincaré inequality
a 2 a, 2
/ Y|Vl ZA(G)/ yu®.
Bf St

Actually we are able to provide the best constant A(a) in (3.3), since u(z,y) = y' = is the
unique function in Hy*(B;) which solves

—L,u=0 in Bf

>0 in B}

(3.49) “ g
u(xz,0) =0

Vu-v=>XAa)u in ST,
with A(a) = 1 — a. However A\(a) is the same of (3.32). Hence H'(r) > 2’\T(G)H(r)7 and
integrating the above expression, since it holds

H{(r)
r2(1—a)

> H(1),

we get that if w is not trivial, its growth at infinity is at least ' ~¢; that is, there exists a
positive constant C' > 0 such that

1—a

w(z)| > C(1+[2*) =

Case2: ¢ =1.
Let us define

E(r) = W% /B;F(l + y2)“/2|Vw]2, H(r) = rn1+a /8+B:r(1 4 y2)a/2w2‘
Hence,
(3.:50) H0) = TB0) ot [ 0
r r o+ BF

Moreover, defining w"(x) = w(rx) one has

1 ) a/2 ) 1 ) a/2 )
E(r)= /+ (7”2 +y > [Vw'| and H(r) :/ <r2 +y ) (w")=.
Bj Sy

By Lemma 3.11 and Remark 3.12, one can find for any radius » > 0 the best constant
Ar(a) such that

1 (1/2 1 (l/2
(3.51) / (2 + y2) |Vul? > )\r(a)/ <2 + y2) u?.
B \T s \T
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a/2
Defining pi(y) = (%2 + y2> with r, — +00 as k — +00, one can see
k

AMa) = min Qa(vg
vey (B0} Jon v

and Ak(a) = min @ (1)2)
vely (B0} Jon v

By Lemma 3.11, Ap(a) = AMa) =1 —a as k — +oo.

Now we want to prove that the correction term in (3.50) is of lower order as r — +oc. By
(3.36), we have that in C°(B;")

/ pr|Vul? > co/ Pro2,
B oBf Y

1

Hence

a ona/2—1 9
Tn—&—a—i—l /8+B;" (1 +y ) w

IN
.
fr_
o | &
+
=
@\
+
oy
T
—
—_
+
[\&)
N—
o
~~
[\&)
—
~
Do
(V)

VAN
= ‘E
e

n
1 a/2
< |a‘2/ (2+y2> Va2
cor? Jp+ \r
|al
= —E(r).
pve (r)
Hence for r large enough
2,
(3.52) H'(r) > r(a)H(r),

and since A\;(a) = A(a) =1 — a, by integrating the above expression it holds

H(r) > H(1),

(3.53) S 2

which says that if w is not trivial, its growth at infinity is at least r'=%; that is, there
exists a positive constant C' > 0 such that

1—a

w(z)] > C(1+ =) 7.
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Theorem 3.16. Let a € (—1,400), € > 0 and w be a solution to

(3.54) {—div(pg(y)Vw) + apg(y)%w =0 in R}
w(z,0) =0,
and let us suppose that for some v € [0,1), C' > 0 it holds
jw(z)| < C(1 + [2]7)
for every z. Then w is identically zero.
Proof. 1t is enough to prove the result only for ¢ = 0,1. In fact for any other value of

€ > 0 we can normalize the problem falling in the case € = 1.

Casel: ¢=0.
Let us consider w € Hﬁ)g
in the following sense

(R™1) satisfying the conditions of the statement, that is, solution

/ ¢Vw-v¢+a/ Yy Pwp=0 Ve CXRYM).
Ri+ 1 Ri+ 1
Let us define

1 _ 1
BO) =y [ OFVP oy et) HO) = /8 et

T

Hence,

and since defining w”(x) = w(rx) one has
E(r) = / WV +y*2(w")?)  and  H(r) = / Y (w")?,
B t
we are looking for the best constant in the following inequality
(3.55) / ya|Vu|2—|—a/ Y% Zu(a)/ Yo’
B Bf sn

Actually we are able to provide the best constant p(a) in (3.55), since u(x,y) = y solves

—Lou+ay*2u=0 in Bf
u>0 in B
u(z,0) =0

Vu-v=p(a)u in ST,

(3.56)
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with p(a) = 1. Actually y” solves the equation in (3.56) for v = 1 or v = —a but the
second function is not in the right space (the quadratic form blows up). However u(a) is
the same of (3.42). Hence H'(r) > 2“T(G)H(r), and integrating the above expression, since

it holds
H(r)

2

r

we get that if w is not trivial, its growth at infinity is at least r; that is, there exists a
positive constant C' > 0 such that

> H(1),

[w(z)] = C(1 +[2]).

Case2: ¢ =1.
Let us define

1 “ e
E(r) = 7erOL1/B+ ((1 —|—y2) /2‘vw’2 +(I(y2 - 1)(1 +y2) /2 2’[1)2) ’
and 1
H = 1 2\a/2 2.
(r) 7'"+a/a+Bi( + vy )Y w
Hence,
(3.57) H'(T)ZQE(T)_G/ (14 2) 2 1.
r rntatl o+ BF

Moreover, defining w"(x) = w(rx) one has

1 2a/2 ) ) 1 1 2a/2—2 )
E _ . r - - r
) /Br<r2+y) Vwr+a/B+( )(+y) (w2,

1

By Lemma 3.13 and Remark 3.14, one can find for any radius » > 0 the best constant
tr(a) such that

1 a/2 1 1 a/2—2
/ <2+y2> |Vul> + a/ <2—2> <2+y2) u?
Bi— r Bi‘- T T
a/2
+ max 0;a/ i—kyz u?
2 Sn 7“2
+
a 1 ) a/2 )
(ur(a)+max{0,§}) /Si (ﬂ—i—y> u”.

and

Y

(3.58)
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a/2
Defining pi(y) = (%2 + y2> with r, — 400 as k — +00, one can see
k

. Qa(v) a
p(a) = min — max{0, =}
vely (BN} Jon v 2
and
pi(a) = min @p(v) _ max{0, g}

vely (B0} Jgp v?
By Lemma 3.13, since p(a) + max{0, §} — p(a) + max{0, §}, then pup(a) = p(a) =1 as
k — +o0.

Now we want to prove that the correction term in (3.80) is of lower order as 7 — +oc. By
(3.46), we have that in C>°(B;")

+
1 1
Hence
a 2\a/2—1 o |al 2\a/2-1/2 o
e [, (040) < e [, 040)
al 1 , a/2—1/2
= 22Ty (W)
|(I| 1 a/2
S Tiz . ﬁ+y2 y l(w'r)Q
+
|al 2 v’ — & 2
< pave) prIVW"|* +a P TQQ(UJT)
1 (7‘2+ )

Hence for r large enough

(3.59) H'(r) >



3.4. LOCAL UNIFORM BOUNDS IN HOLDER SPACES 123

and since u,(a) — u(a) = 1, by integrating the above expression it holds

H(r)
2

(3.60) p

> H(1),

which says that if w is not trivial, its growth at infinity is at least r; that is, there exists
a positive constant C' > 0 such that

jw(z)] = C(1 + [2]).

3.4 Local uniform bounds in Holder spaces

In this section, for solutions to the regularized problems, we finally prove local bounds in
Holder spaces which are uniform with respect to the parameter of regularization € > 0.
We prove separately the results for odd and even in y solutions respectively in the ranges
(—o0,1) and (—1,400) of a, and eventually we show that we can ensure the same result
for general solutions without symmetries in the intersection (—1,1).

Theorem 3.17. There hold the following results:

1) Let a € (—o0,1) and as € — 0 let {uz} be a family of solutions to

{—div (p2Vu.) = pof. in B}

3.61
( ) us =0 in 80Bf,

such that there exists a positive constant uniform in € — 0 such that

HUEHLQ(BI’,pg(y)dZ) <c ||f€’|LP(BIﬂp?(y)dz) =0

with
n+ 1+ max{a,0}
> 5 .

Then, for any 0 < r < 1 and any o € (0,min{1,1 — a,2 — MHHTM}), there
exists a positive constant uniform in € — 0 such that

HUEHCO,Q(E) <c

2) Let a € (—o0,1) and as € — 0 let {uz} be a family of solutions to

(3.62) {—div (p2Vue) = divF, in By

Us = 0 in OOBT,
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such that there exists a positive constant uniform in € — 0 such that

HUer(Blﬂpg(y)dz) <c HFE/P?HLP(Bj,pg(y)dz) sc

with
p >n+ 1+ max{a,0}.

1 0
n+ +mpax{a }})7

Then, for any 0 <r <1 and any « € (0,min{1 —a,1 — there exists

a positive constant uniform in € — 0 such that

HUeHCo,a(E) <c

Proof. The proof follows some ideas contained in [?, 65, 66]. We give a unique proof
of the two points. We argue by contradiction; that is, there exist 0 < r < 1, a €
(0,min{1,1 — a,2 — “HH@O) 4y cage 1) or o € (0, min{l — a, 1 — EEEmaO}y) 4
case 2) and a sequence of solutions {u} := {uc, } as e, — 0 to (3.61) or (3.62) such that

max Inug(z) — 775k(€)|
z,CeBY Ealq
.

= L — 400,

where the function 7 is defined in the following way: n € C2°(By) is a radial decreasing
cut off function such that n =1 in B, 0 < n < 1 in B; and supp(n) = Bit-. Moreover
2

) such that n(z) < fdist(z, 8B%).

we can take n € Lip(Bi+

T
2

We can assume that L is attained by a sequence zj,(x € BT = Biw N{y > 0} and
2

we call ri, := |z — (|- One can easily show that
Z) T — 0,
: +pt : +pt
i) dlst(z;%? B )—>+oo and dlSt(ijnka B )—>—i—oo.

This is due to the uniform bound

|[ug||Loo(B+) < €

obtained applying Proposition 3.5 in case 1) and Proposition 3.6 in case 2). In fact, r, — 0
since

Inug () — nui(Ge)l ke s+)
2% — Ca|® < o (n(zk) +n(Ck)) < o

+OO<—Lk: i
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Moreover, using the Lipchitz continuity of the cut off function 7

oo e < Il ) < L aist(,07 BY) + dist (6,07 BY)).
T k k

This obviously implies that at least one of the two pieces in the sum is diverging. This
condition implies i), since

; +p+ ; +p+
dist(z, 0" B )S1+dlst(ck,8 B )
Tk Tk

400 +—

Moreover let 2, = (Zx,9x) € BT to be announced and

n(Zk)urk (2, + 162) — nui (k)
Lkrg ’

nuk( 2k + rE2) — nuk (2
ey = T+ r2) — ()

Lkzrg ) ’wk(Z) =

with
z€ Bt(k) = —=

We have that

sceBt) 12— (] Tk Tk
2#C
and for any 2z € B*(k), in case 1) functions wy, solve
(3.64)
. R a/2 2 o R a/2 R
- le<(5i + (Jx + Tky)z) Vwk) (2) = n(L:)Ti (5i + (Jx + Tky)2> fer G + 11:2),
while in case 2) they solve
. 2 N 2\ /2 _ N(Zk) 1-a . N
(3.65) —div (Ek + (U + 1Y) ) Vuwg | (2) = I r div (Fey (2 + 710)) (2)-

We remark that since we have taken Z; € BT, then 0 € BT (k) for any k. One can easily
see that for any compact K C R"+!

3.66 - 0,
(3.66) e [uz) - wi(e)
and since vg(0) = wy(0) = 0 there exists a positive constant ¢, only depending on K so
that for any z € K
vk (2)] + Jwr(2)] < c.
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Up to pass to subsequences, let B* := lim B* (k). One can show that (2, (x) accumulates
towards ¥ = {y = 0}; that is, there exists a constant ¢ > 0 such that for k large enough

dist(zx, X) + dist({, X) <e

Tk
It is easy to prove this fact arguing by contradiction, that is

dist(zk, X) + dist({x, %)
Tk

— +00,

which implies that both the pieces in the sum diverge. Let us choose 2, = z;. With this
choice we know that B> = R""! and 7 /9, — 0. Hence, fixing a compact set K in R
it is contained in BT (k) for k large enough. Moreover the functions of the sequence {vy}
have the same C*“seminorm and they are uniformly bounded on K since v (0) = 0.
Then, by the Ascoli-Arzeld theorem, vy — w uniformly with w € C(K). By a countable
compact exaustion of R*™! we get uniform convergence vy — w on compact sets with
w € C%*(R"*1) and for the sequence {wy} we have the same convergence to the same
function by (3.66).

Now we can consider the equations (3.64) satisfied by the sequence {wy} in Bt (k) in
case 1). Let us show that the limit w is harmonic in R"*!; that is, for any ¢ € CS°(R™ 1),

Vw- V¢ =0.

Rn+l

Since 71, /9x — 0 and using the fact that for k big enough supp(¢) C Br C B*(k), hence,
denoting by o(1) something vanishing pointwisely as k — o0,

= [ (o) vn) (et

Z o IN—a R 2\ a/2 R
aon) = [ TNt (4 n)?) " Sl ns)o(e)d,

Using integration by parts, the left hand side in (3.67) is
(3.68)

- /BR div((l +o(1))*/? Vwk) (2)p(2)dz = — /BR div((l +o(1))"/2 v¢) (2)wp(2)dz.

Hence, as k — +o0, it converges to

Br
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Moreover, taking k large enough

of
[ @+ @+ n))" s o

1/p
—ntl a/2
< 1 " 0llLe R (/ (2 +¢2,0)" !fak(C)pdC>
By r(2k)
2 2 2\a/2 v
([ (e as)
Br
_ntl . 1/p
<o T ([ aow)ta)
Br

n+1

< e T (IR

and the right hand side in (3.67) converges to zero since a < 2 — Wﬂ, the fact
that r;/gr — 0 and having

1

n(ék) 2ia7n+l+mpax{a,0} rznax{a,o} /p

L. 'k (&2 + 2)%/2 » 0.
k ey, + Ui.)

This obviously implies that the limit is harmonic and moreover w € HL (R"™!). In fact
the sequence wy, is uniformly bounded in L (Bg), and hence in L?(Bg, (1 + o(1))*?dz).
Following the idea of Lemma 3.5, taking a radial cut off function n € C2°(Bpr) which is
n=1in Bg and 0 < n < 1, testing the equation against n*wy, and using the fact
that the right hand side goes to zero, we get easily that {wy} is uniformly bounded in
H'(Bgjs) C H'(Bgy2, (14 0(1))%/2dz).

Moreover, w is not constant. In fact C’“T;kz’“ — Z € S™ since any point of the sequence
belongs to S™. Hence, by uniform convergence and equicontinuity |w(Z)| = 1 since by

(3.63) for any k
() e (5= (55)
Vg —vp | — || = | — |-
Tk Tk Tk

Hence we have proved that the limit w € H! (R"*1) is not constant and globally harmonic
in R, Moreover it is globally C%%(R"*!) with a < 1 which however is a contradiction
by the Liouville theorem in Corollary 2.3 in [?].

1=

Moreover, w(0) = 0.
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With the very same reasonings, we get the same contradiction for case 2), considering
the limit in the equations (3.65). The integral in the right hand side can be estimated as

i div(F, (2, + 7°)) (2)0(2)dz

P 1/p
_ntl a/2 F,
<y 7 IVl o ( [ @ dc)
R 2 2 a/2
B, r(2) (Ek + Cn—l—l)
2 2 2\a/2 e
: </ (i + Wi +71y)°) dZ)
Br
_n+l N 1/p'
< e ke ([ o) ta)
Br

< erp P o(e

and the right hand side itself converges to zero since o < 1 — 7H—1++W’ the fact that
rk/9x — 0 and having

1

77(2?]{;) 1—a— n+1+n;ax{a,0] rznax{a’o} /p

i3 Tk ( 2 n2\a/2 — 0.
k e, +Ui)

So, since zi, (x accumulate towards X, we can choose 2, = (zg,0) € ¥ where 2z, = (zg, yk)-

Moreover in this setting B> = R’ and the equations satisfied in B¥ (k) by the functions
wy, become in case 1)

. a/2 Z —a a/2 ~
(3.69) — le((e’:‘% + T,%yz) / Vwk> (2) = n(L:)ri (5% + r,%yQ) / Jer Gk + 112),

and in case 2)

(3.70)  —div((F +rEy?) " V) (2) = n(;?)ri_adiv(Fek (2 + 7)) (2)-

Obviously both sequences {v;} and {wy} are uniformly bounded on compact sets since
vp(0) = wg(0) = 0. Hence by Ascoli-Arzeld theorem, there exists a function w €

CO(RY) which is uniform limit of both vy, and wy, on compact subsets of R:!. Such
a function is non constant since

~ % (0,d(z, T _z . _z
2= 2k _ (0,d(zx, %)) % =(0,5) and Ck — 2k _ Gk — 2k s S,
Tk Tk Tk Tk Tk
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with Z1,%2 € ]R’}fl N Bg for a certain R > 0, since for any k points C’“r;kz’“ belong to S™.
Hence, by uniform convergence, equicontinuity and (3.63), it holds

jw(z1) —w(z2)| = 1.
Let us define &, = g1 /7.

Case 1: &, — +oo.

In case 1)

(3.71) = div((1+0(1)"> Vuy) = "f:) rememog e (2 4 riy?) Y L (B + i),
while in case 2)

(3.72) —div((1+ 0(1))*/* Yy ) = @r;aagkadiv(pek (Z + 1) (2).

L (R and it is globally har-
monic in R?fl since the operators in the left hand side in (3.71) is converging to —A- and

So, using some analogous reasoning done before, w € H}!

the right hand sides are going to zero; that is, testing the equation with ¢ € CZ° (R’}fl)
with suppe¢ C Bﬁ, we can estimate the right hand side as follows

a/2 A
‘ [ @) o+ o)
BR

(k)

1/p
(2 +20) ", <<>|pdc>

B’r‘kR

1/p’
(z—:z + rin)a/z dz)

- -
< cr, "l g /
B+

R

1/p’
(1+ o(1))%/? dz>

n+1 a a

T T -7
< cr, P rfEr,

and the right hand side converges to zero since o < 2 — %j‘x{a’o}, the fact that &, — 0

and having
1/p
2 2 _n+1+max{a,0} Tmax{a,O}
n(2g) 2-a-mrpaent [y 0.

r =
Ly * riEs
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Analogous computations work to obtain the same convergence in case 2).

At this point we need to remark that our blow up points belong to . Thanks to this
fact, any element of the sequences {v;} and {wy} is zero on ¥ and hence by uniform con-
vergence this condition is inherited by the limit; that is, w = 0 in ¥. Hence w is solution
to

—Aw=0 inR7,

w=0 in {y =0}.
Hence, if we reflect w in an odd way through ¥, we end up with a globally harmonic

function in R"*! with the same properties. Since o < 1, then by the Liouville theorem in
[?] we get a contradiction.

Case 2: &, —>c> 0.

We scale as in (3.71) and in (3.72). The right hand sides go to zero but this time the oper-
ators in the left hand sides do converge to —div((142)%2V.). Hence, we get convergence
to a solution to

—div (1447 Vo) =0 in R,
w=0 in {y = 0}.

Such a solution is w € H} (R%™), globally C%*(R”) and not constant. These conditions

give us the following bound on the growth at infinity
jw(z)] < C(1+ |2[).
Since a < 1 — a we get a contradiction by Theorem 3.15.

Case 3: &, — 0.

In case 1)

(3.73) - div((o(l) +y2)"? Vwk> - 7’(3)7«,3—&—“ (2 + 252" fu G + 102),
while in case 2)

(3.74) - div((o(l) +y2)"? Vwk> = "f:)r;—a—adiv(ﬂk(zk e ))(2).

Now, if a > —1, we test against ¢ € C°(R'}T!) observing that supp(¢) C Bijz' C BT (k)
for k large enough. If a < —1 instead, we test against ¢ € C’é’o(Rﬁlfl) observing that
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supp(¢) C Bi. If a > —1, |y|* € L*(B};) and hence in case 1)

‘/ Ek +r? y a/2 fer G + ri2)0(2)d2

< En &]] ;00 (BE) (/B+

rkR,(ék

1/p’
. (/+ (5z+rky )a/de)
BR

1/p
(3 + 1) | fee <c>\pdc>

_ntl a 1/p'
< e, r,f/ / (o(1) + yz)a/2 dz
By
—ntl a
< er, "y,
and the right hand side converges to zero since a < 2 — %ﬁx{a’o}, and having
1/p
2 2_ _n+1+max{a,0} ,rmax{avo}
(3.75) n( k)rk AR 4 — —0.
Lk Tk

If a < —1, |y|* does not belong to L'(B}), but |y|* € L'(B}; Nsuppe) and then

/B+ (2 +175%)""? for (3 + i) B(2)d2

R

_ntl /2 1/p
O N Y- R TAGIRY
B:—R(ék)
k

<
1/p'
- ( | (k) |¢><z>\p’dz)
Bf

_ntl a /9 1/p'

S (/ (o1 +7)"" (2 )V’dz>
BRNsuppé

—ntl g

< oo, Porg,

and the right hand side behaves as the previous case having (3.75). In case 2), we do
analogous considerations. This time the operators in the left hand sides in (3.73) and
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(3.74) do converge to —L,-. Hence, we get convergence to a solution to

—Lyw=0 inR}™,
w=0 in {y = 0},

in the sense that
Y'Vw-Vé=0 Ve ORI

n+1
R+

Such a solution is w € Hﬂ)’?(RT‘l), globally CO’Q(RTFI) and not constant. These condi-

tions give us the following bound on the growth at infinity
jw(z)] < C(1 + |2[).
Since a < 1 — a we get a contradiction by Theorem 3.15. O

Theorem 3.18. There hold the following results:

1) Let a € (—1,400) and as € — 0 let {uc} be a family of solutions to

—div (p¢Vu.) = p2f- in By
(376) V(pa 5) p£f€ . 01 N
pLoyus =0 in 0BT,
such that there exists a positive constant uniform in ¢ — 0 such that

HUer(Blﬁpg(y)dz) <c HfEHLp(Bj,pg(y)dz) <6

with

n+ 1+ max{a, 0}
5 :

n+1+max{a,0} }
p

Then, for any 0 < r <1 and any o € (0, min{1,2 — ), there exists a

positive constant uniform in € — 0 such that

<e.

HUEHCO,Q(E) —

2) Let a € (—1,400) and as ¢ — 0 let {u:} be a family of solutions to

(3.77) —div (pVue) = divFe - in Bof )
peOyus =0 in 9°B;,

such that there exists a positive constant uniform in € — 0 such that

HUEHLQ(Bf,pg(y)dz) <c HFE/pg’|LP(Bf7pg(y)dz) <¢
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with
p >n+ 1+ max{a,0}.

Then, for any 0 < r < 1 and any o € (0,1 —
constant uniform in e — 0 such that

1 . iy
%W), there exists a positive

HuéHco,a(E) <c

Proof. The first part of the proof is the same as in Theorem 3.17. This time we extend
any element of the blow up sequence thorough an even reflection across 3. After the blow
up procedure we have the following three possibilities.

Case 1: &, — +oo.
In this case we get convergence to an even function w which is solution to

—Aw =0 in R*+L.

Such a solution is w € H} (R™"*1), globally C%*(R"!) and not constant. Since o < 1,
then by the Liouville theorem in [?] we get a contradiction.

Case 2: &, —c>0.
In this case we get convergence to an even function w which is solution to

~div (1493 ?Tw) =0 iR

L (R globally C%*(R™"!) and not constant. Since w €
CY(R™*1) with a < 1, then it has a bound on the growth at infinity given by

Such a solution is w € H}

(3.78) lw(z)] < C(1+ |2]%)

for every z € R™1. Let us deal with v = d,w which however is not trivial. In fact,
w would be globally harmonic, and hence we would get a contradiction by the Liouville
theorem in [?] since o < 1. Hence, if v is not constant, it is odd and hence solution to

—div ((1 +y*)¥2Vv) +a(y? = 1)1 +y)¥?>" 2 =0 in R}
v=0 in {y = 0}.

By Theorem 3.16, we have that

(3.79) lv(z)| > C(1+|z|) and H(r) = 1+ / (14 y>)%? > er?.
T Jo+ Bt
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Moreover, defining

— 1 2\a/2 2 _ 1 2\a/2, 2
B = s [ 20l H0) = o [ gt

T

Hence,
(3.80) H ) = 2B — —% (14 y2)3/7 12
’ r rntatl o+B;F '
By (3.79),
1 1
B0) = ey [ DVl 2 o [ gl b
c " 2\a,/2 2
= — 1 e/ dt
r,an—l—a—lx/0 »/(9+B;r( +Z/ ) ’ yw’
c T -
= et /0 t" T H (t)dt
c T
Z n+a1/ tn+a+2dt = C’f‘4
r 0
If a <0, then it says that
H'(r) > er?,

and integrating the above inequality we get that
H(r) > crt,
which implies a contradiction with (3.81) since
w(z)| = C(1 + |4[?).

If a > 0, then we can estimate the extra term in (3.80), using (3.81) and the fact that
a/2—-1> -1,

a / 2\a/2-1, 2 ar"t2e 2 -2 /2—1
(gt < S [ e
> +1
rnta+l o+ B rnta+l S:ﬁ
Tn+20¢+a—2 903 3
— a—o __
~ CW =Cr = O(T )

Hence, as before we get
H'(r) > er?,
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and integrating the above inequality we get that
H(r)> er?,
which implies a contradiction with (3.81) since
()] = C(1+ |2,

Case 3: ¢, — 0.
In this case we get convergence to an even function w which is solution to

—Low =0 in R+,

Such a solution is w € H%(R™1), globally C%*(R"*!) and not constant. Since w €
CY(R™*1) with @ < 1, then it has a bound on the growth at infinity given by

(3.81) lw(z)] < C(1+ |2]%)

for every z € R™1. Let us deal with v = Oyw which however is not trivial. In fact,
w would be globally harmonic, and hence we would get a contradiction by the Liouville
theorem in [?] since o < 1. Hence, if v is not constant, it is odd and hence solution to

—Lov4ay® v =0 in RTFI
v=20 in {y =0},

in the sense that

/ . y*Vou -V + a/ Yy g =0 Vo e CX(RTH.
RY

n+1
R+

By Theorem 3.16, we have that

~ 1
(3.82) lv(z)| > C(1+|z]) and  H(r)= / y? > er’,
o+ B;"

Moreover, defining

1 1
BO) = s [ 1Vl HO) = [ g

Hence,

(3.83) H(r) = 2E(r).
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By (3.82),

V

1 2 1 2
BU) = sy [ IVl > s [ o

C T a 2
= — Oyw dt
rn—l—a—l /0 </3+Bj Yy ’ Yy | >

c " ~
= et / £ H (8)dt
r 0

c T
Z n—’—a_l/ tn+a+2dt — C,r,4
r 0
It says that
H'(r) > cr?,

and integrating the above inequality we get that
H(r) > ert,
which implies a contradiction with (3.81) since

w(z)| > C(1+ 2.

Corollary 3.19. There hold the following results:
1) Let a € (—1,1) and as ¢ — 0 let {u:.} be a family of solutions to
(3.84) —div(piVue) = pfe  in By
such that there exists a positive constant uniform in € — 0 such that
Nuellz2 By peyaz) S € I felliesy pemyaz) < 6
with

n+ 1+ max{a,0}
5 :

Then, for any 0 < r < 1 and any o € (0,min{1,1 — a,2 — W—mefx{a’()}}), there
exists a positive constant uniform in € — 0 such that

||U5H00,a(§) <ec
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2) Let a € (—1,1) and as € — 0 let {uz} be a family of solutions to
(3.85) —div (p2Vu.) = divF; in By
such that there exists a positive constant uniform in € — 0 such that

HUEHLZ(Bl,pg(y)dz) <c HFﬁ/ngLp(Bhpg(y)dz) <cg,

with
p >n+ 1+ max{a,0}.

Then, for any 0 <r <1 and any o € (0,min{1 — a,1 — ”+1++f”‘{“70}}

a positive constant uniform in € — 0 such that

), there exists

Hu&‘HCO,a(BiT) <ec

Proof. Any element in the sequence {u.} can be seen as the sum of an even and an odd
part

ue(2) +us(—2)  us(z) —us(—2)
+ .
2 2
In the same way in both cases 1) and 2), we can split also any element of the sequence
{fe} and {F.}; that is,

ue(2) = ug(z) +ul(z) =

fe(2) + fe(=2) i fe(2) — fe(=2)

fo(2) = fo(2) + £2(2) = S22 e

and
Fe(z) = FZ(2) + F2(2) = Fe(z) +2F€(_Z) n Fe(2) _2F€(_Z).

In such a way, it is easy to see that the sequences {ul}, { f2} and {F?} satisfy the conditions
in Theorem 3.17, since in case 1)

—div (pVug) = e in Bf
ug =0 in 8031",

and in case 2)

—div (pVu?) = divF? in Bf

u2 =0 in 0°B;".
The sequences {ut}, {f¢} and {F*} satisfy the conditions in Theorem 3.18, since in case
1)

—div (p¢Vug) = p2fs in Bf

pLoyus =0 in 9°B],
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and in case 2)
—div (p¢Vus) = divF¢ in Bf
pLoyut =0 in 0°By .

3.5 Local uniform bounds in C''® spaces

In this section we show that for even in y functions, we can ensure local uniform bounds
also in C1®-spaces.

Theorem 3.20. Let a € (—1,+00) and as € — 0 let {uc} be a family of solutions to

(3.56) {—div (p2Vue) = plf- in Bf

pLoyu. =0 in 0"Bi",
such that there exists a positive constant uniform in € — 0 such that

||Ue||L2(B;r7pg(y)dz) <c er||Lp(Bf,pg(y)dz) =¢

with
p >n+ 1+ max{a,0}.

Then, for any 0 < r <1 and any o € (0,1 — n+1++fx{a’0}), there exists a positive constant
uniform in € — 0 such that

<e.

Hu8||01,a(37;r) =

Proof. The proof of the following result follows some ideas contained in [57]. Let us assume

by contradiction that there exist 0 < r < 1, a € (0,1 — W#M)
solutions {u;} = {u., } as ey — 0, such that

195 (nu) () = 0;(nur) ()]

and a sequence of

- max sup = Ly — o0,
Jj=1,...,n+1 Z,CEE |z — C’a
A
where 0; = 0, for any j = 1,..,n and 9,41 = 0y, and the function n is a radial

and decreasing cut off function such that n € C°(B;) with 0 < n < 1, n = 1 in
B, and supp(n) = Bizr. Moreover we take n € Lip(B%) with 9;n € Lip(BpQrJ)
for any j = 1,...,n + 1, with the same constant ¢, that is n(z) < Ed(z,aB%) and
0in(z) < ld(z, (‘9B%).
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Up to relabelling, there exists ¢ € {1,...,n + 1}, and two sequences of points z, (; in
Bt = Biir N{y > 0} such that
2

10: () () = iCrur)(G)| _
|2k — Ckl® .

We define 11, = |z — (x| € [0, diam(B;)]. Hence, up to pass to subsequences, r, — 7 € [0, 2].
Now we want to define two blow up sequences: let 2, € BT to be announced and

(3.87)

2. 4+ 11z ) R 2 . .
v(2) = LHQ) (up (G +112) —up(Z)),  wp(z) = n( 1’1)& (we (B + r52) — up(Z)) s
Lk""k Lka

For z € BT (k) := %;2’“. Let us define, up to pass to a subsequence, B> = limy_, , o, BT (k).

There are two possibilities:

d(zkvz)

Case 1: = 2= — +fo0.
In this case, since the sequence {z;} is taken in a bounded set, one has r, — 0. Moreover,
it is easy to check that also d(%’m — +o00. In fact,

d((g, 2 d(zk, 2

@D L e |
Tk Tk

We fix 25, = 2. Hence, B® = R"*1,
Case 2: d(%’z) < ¢ uniformly in k.
In this case of course also d(%’z) < ¢ and we choose 2, = (z,0) where z; = (zg, Y )-

first of all, we do some considerations holding in both cases. Since 2, € BT, then the
point 0 € B¥ (k) for any k. Moreover, fixing K a compact subset of B, then K C BT (k)
definitely. Hence, for any z,( € K,

1 ) )
|0ivk(2) — Ok (Q)] < m\&(nuk)(zk + rrz) — Oi(nur) (Zr + 7€)
k
+W\3ﬂ7(2k + 72) — 0m(Zk + ()|
k
u(2 o
< oo LBy, g

using the Lipchitz condition on the partial derivative of n. Since o < 1, rp, — T € [0, 2],
Ly — 400 and |[ug||pe(p+) < c uniformly in k, then we can make

|uk(zk)|r,1c_a£ sup |z — (' < 1.
Ly, 2,CEK
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Hence, fixing K C B™ a compact set, there exists k such that for any k > k,

(3.88) sup [Oivi(2) — ag)k(g)‘ < 2.

2CeK |z — (| -
A

Obviously, condition (3.88) holds true for any partial derivative of vg. Moreover, as k —
+00,

Divge (Z’“ — Z’“) — Oivg (C’“ — Z’“)’ - ‘Ll — (03 (nug) Bk + 712) — B(nug) (21, + 14C))
Tk Tk e
+ us(2 ];) (Oin(Zk + Q) — Oim(Zk + T2))

Tk
_ 1+0<‘“’“2’“ pl-e >

= A Go— A"

(3.89) = 7 -

+o(1).

Hence, fixing a compact subset of B>, by (3.88) and (3.89) we have the following bound
from above and below for the Holder seminorms

1 < [Ovi]coa(ry < 2.
In Case 1, let us now define for any z € BT (k)
Uk(z) = vg(2) — Vo (0) - 2, Wi (2) = w(z) — Vwg(0) - 2
In Case 2, let us now define for any z = (z,y) € BT (k)
Ui(z) = vgp(z) — Vour(0) - z, Wi (2) = wi(z) — Vywg(0) - .

We can see that in both cases v;(0) = wW,(0) = 0 since v(0) = wy(0) = 0. Moreover
[VE|(0) = [Vwg[(0) =

in Case 1 this is due to the fact that for any j € {1,...,n 4+ 1} we have
(3.90) @ﬁk(z) = 8jvk(z) — 8jvk(0) and 8J@k(z) = ajwk(z) — 8jwk(0).

In Case 2, (3.90) holds for any j € {1,...,n}, while 0,7} = 0yv and 0,wy = Oywy,. Using
the fact that Oyux(2) = 0 since 2 = (zy,0) € 0°B;", then d,v5(0) = dywy(0) = 0.

Obviously, we have also that [0;Tx]co.a(k) = [djvr]coa(k) for any compact K C Bt
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and any j = 1,...,n + 1. By the Ascoli-Arzela theorem and compact embeddings, vy — v
in C’llo’Z(BOO) for any v € (0,a). Nevertheless, the limit ¥ belongs to C%(B*>) with
[00]co.a (i) < 2 in any compact subset of B (passing to the limit in (3.88)).

Eventually, we work on the sequences of points

2k — 2k Cr — 2k € B+ (k)
re T '

In Case 1, they are respectively the constant sequence 0 and the sequence C’“T;

ka of points
lying on the sphere S™. Hence, up to subsequences, they converge to the couple of points
z1 = 0 and z9 € S™.

(z1,%))

In Case 2, the first sequence is in fact (©.d o which lies on a bounded segment R =

{(0,) : y € [0, R]}. The second sequence can be seen as

Gk — 2 _ Gk — 2k N (0,d(z, X))
Tk T Tk

)

that is, the sum of a sequence on the sphere S™ and one on the segment R. Hence, up to
pass to subsequences, they converges respectively to a couple of points z; and zs.

In both cases there exists a compact subset K of B* such that z1,20 € K. By local
C* convergence, passing to the limit in (3.89), we get the condition [0;0(z1) — 9;0(22)| = 1
which means that ¥ has non constant gradient.

Now we want to show that also in Case 2 the sequence 1, — 0. Seeking a contradic-
tion let us suppose that rp, — 7 > 0. Hence,

2 0o willr o
sup |uk(2)] < [0l oo () [kl oo (5+) c

< - =0,
2B+ (k) Tllg—HXLk Tl-i-osz

which means that vy — 0 uniformly on compact subsets of B®°. This fact implies also
that pointwisely in B>

|

(z) = lim V,u(0) - z.

k—+o0

Since 0 € BT (k) for any k, it is easy to see that B> contains a set of the type BE =
Br(0) N {y > 0}, for a small enough radius R > 0. If the sequence {0;vy(0)} were
unbounded at least for j = 1,...,n, then

S(Re — R i o
[v(Re;)| Rkirilw|Vvk(0) e;| = +oo,
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which is in contradiction with the fact that v € C1*(B}) and hence bounded. Hence,
{Vzvr(0)} is a bounded sequence, and up to consider a subsequence, it converges to a
vector v € R™ and ©(z) = v - x, which is in contradiction with the fact that ¥ has non
constant gradient.

Hence, we end up with
B — R"*!  in Case 1
R’ in Case 2.
Now we want to show that the sequences {Uy}, {w} have the same asymptotic behaviour

on compact subsets of B>; that is, fixing a compact subset K C B, definitively it is
contained in BT (k) and, since Vug(0) = Z(:fa) Vug(2;) = Vwg(0), then
k

[wr(2) —k(2)| = |wi(2) — vi(2)]
1 . . . .
= —7a MGk +1kz) —n(Ze)| - uk(Zr + r2) — uk(Ze)]
L]J"k
c(K)
< — . 2| < -0
S L rilel - rlel® < = ,

using Theorem 3.18; that is, local uniform bounds in C%%(B¥) for the sequence of solu-
tions {ug}. It is possible to apply Theorem 3.18 over the sequence {uy} since the family
of forcing functions which are admissible for the present result is admissible also for that
result. This means that also the sequence wy — v uniformly on compact subsets of B°.
Now we work with the sequence wj which solves a sequence of equations.

Case 1:
In this case 2, = 2, = (2, yx) With 7, /yr — 0 and B> = R"*!. Hence w}, solve in BT (k)
2 a/2 ( ) /2
r z @
—div <€z + 2 <1 + yky> > Vuwg | (2) = 77Lk: r,i_o‘ (Ei + (o~ + rky)Q) fer (21 + 112)
k k

2 a/2
+0y (5% + i (1 + Zy) ) Oywy(0).

Hence, denoting o(1) a sequence converging pointwisely to 0 as k — 400, one obtain
. . ’f] Zk _ _ a/2
—aiv((+ o) Vi) () = Bty (4 ) )

Fe(1+0(1)2 oy (0).
k
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Following the same reasonings in the proof of Theorem 3.17, one can easily show that the
limit ¥ is harmonic in R"*!. In order to make vanishing the second term in the right hand
side, we remark that dywi(0) = 9yvk(0) and Jyvk((0, —yx/rx)) = 0, and we use (3.88)
which holds true for any partial derivative of vy; that is,
ya

|0yv(0)] = 9yvi(0) — Ok ((0, —yi/T))| < 27];-
k
Hence, testing with smooth functions, by the conditions o < 1 and ri/yx — 0, the term
vanishes. In order to make vanishing the first term in the right hand side in the equation,

we need the condition @ < 1 — n+1++1x{a,o}' This implies that the limit is harmonic

and moreover ¥ € H (R""1). Hence we have proved that the limit v € HL _(R"*1) is
globally harmonic in R"*!. Moreover its partial derivative 9;7 is non constant and globally
CY(R™1) with a < 1, and it is also globally harmonic which however is a contradiction
by the Liouville theorem in Corollary 2.3 in [?], since its growth would be given by

(3.91) 0;iv(z) < c(1+12]%).

Case 2:
In this case Z; = (2, 0) with B® = Ri“. Hence w;, solve

. a/2 —__ Z —a a/2 o .
—le((é‘% +77y%) / Vwk) = n(L:)r,ﬁ (e7 +179%) / fer Gk + 112) in BT (k).

Thanks to the condition a < 1 — 2Hitmax{a.0}

one of the following limit problems:

, one can easily show that the limit T solves

Case 2.1:
7 1s a solution to

~Av=0 inR},
9,5 =0 in {y=0}.

L (R, globally Clbe(RTH), with 9,5 € CO*(R") for any
j €{1,...,n+1} and 9;v is non constant. If any of the partial derivarives 9;v is non constant

Such a solution is 7 € H}

fora j € {1,...,n}, then & = ;¥ solves the same equation of ¥ and it is globally C%(R"™1)
with a < 1. Hence, arguing as in Case 1 of Theorem 3.18 we reach a contradiction. Hence
we can suppose that any partial derivative 9;v = ¢; for any j € {1,...,n} and that the non
constant one is given by ¢ = n 4+ 1. So, we introduce the function

u(z) =0(2) = V40(0) -,  for any z = (z,y) € R},

where V,0(0) - x =37, ¢jz;. Obviously 0, = dyu.
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It is easy to see that u depends only on the variable y and solves the same equation
of . Hence, it is solution to the ODE

U”(y) =0 in (07 +OO),
u'(0) = 0.

Since u has to be constant, we get a contradiction.

Case 2.2 :
7 is a solution to

~div (1447 Vo) =0 in RYH,
Oyv =0 in {y = 0}.

Such a solution is 7 € HL_(R%), globally CL(R:H), with 9;5 € CO*(R") for any

j €{1,...,n+1} and 9;v is non constant. If any of the partial derivarives ;v is non constant
fora j € {1,...,n}, then & = 9; solves the same equation of ¥ and it is globally C%*(R"™1)
with a < 1. Hence, arguing as in Case 2 of Theorem 3.18 we reach a contradiction. Hence
we can suppose that any partial derivative 9;v = ¢; for any j € {1,...,n} and that the non
constant one is given by ¢ = n 4+ 1. So, we introduce the function

u(z) =9(z) = V,0(0) - @, for any 2 = (x,y) € R},

where V,0(0) -z =>"

j=1¢jz;. Obviously 0yU = Oyu.

It is easy to see that u depends only on the variable y and solves the same equation
of . Hence, it is solution to the ODE

u(y) + %1+1y W' (y) =0 in (0,400),
u'(0) = 0.

Since u has to be constant, we get a contradiction.

Case 2.3 :
7 is a solution to

—Lo=0 in R,
lim, 0 y*0,v =0 in {y = 0}.

Such a solution is 7 € Hl’a(R’}fl), globally CH(R"), with 0,5 € CO*(R"™™) for any

loc
j € {1,...,n+ 1} and 0;v is non constant. If any of the partial derivarives 0;U is non

constant for a j € {1,...,n}, then © = 0,7 solves the same equation of T and it is globally
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C’O’O‘(RiH) with o < 1. Hence, arguing as in Case 3 of Theorem 3.18 we reach a contra-
diction. Hence we can suppose that any partial derivative 0;7 = ¢; for any j € {1,...,n}
and that the non constant one is given by ¢ = n 4+ 1. So, as in the previous case, we
introduce the function w. Obviously 0,7 = dyu.

It is easy to see that u depends only on the variable y and solves the same equation
of . Hence, it is solution to the ODE

{u”(y) + a%u’(

lim, 0+ y0/(

)

=0 in (0,400),
) =0.

Yy
Yy
Since u has to be constant in order to satisfy the boundary condition, we get a contradic-
tion. O

3.6 Further regularity for L,-harmonic functions

In this section we show how to prove some high order regularity for L,-harmonic functions;
that is, solutions to

(3.92) —Lyu=0 in By.

Let a € R. By energy L,-harmonic function in B; we mean a function u € H%%(B;) such
that for any ¢ € Hy“(B),

(3.93) /B "V Ve = 0.

We remark that the condition in (3.93) can be equivalently expressed testing with any
¢ € C°(B1) when a > —1, and with any ¢ € C°(B; \ ¥) when a < —1.

Lemma 3.21. Let a € R and let {u.} for e — 0 be a family of solutions to
—div (p2Vue) =0 in By

such that uz — u in Hﬁ)c

(B1\ X) with a uniform in € — 0 constant ¢ > 0 such that
||u€||H1(Bl,pgdz) <c
Then, the limit u is an energy solution to (3.92) on Bj.

Proof. Thanks to the H. (B; \ ¥) convergence u. — u, we have

plu? — |y|*u? and  p%|Vu.|* — |y|*|Vul|?, a.e. in B.
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By the Fatou Lemma we can say that u € H'%(B1) since
/ ly|* (u2 + |Vu|2) < liminf/ p2 (ug + |Vu5|2) <ec.
B e—0 B
Let a > —1. Then, for any ¢ € C°(B1) we have
peVu. - Vo — |y|*Vu - V¢, a.e. in By and / peVu. - Vo = 0.
By

Moreover the family of functions h. := pZVu. - V¢ is uniformly integrable, in the sense
that for any n > 0 there exists J,€ > 0 such that

/|h5|<n V0 < e <€ and VE C By with |E| <.
E

In fact, since |y|* € L'(B)

1/2 1/2
[ovuevo < ([ovap) ([ omvor)
E E E
1/2
(/)
E
1/2
cmax{w/% (/ |y|“) }
E

Let now a < —1. Then, we apply the same reasoning with ¢ € C>°(B; \ X), and we use
the fact that |y|* € L*(B; Nsuppe); that is,

IN

IN

1/2 1/2
[ v o < ( / psWuer?) < / p‘;|V¢|2>
E E ENsupp¢
1/2
< c</ p?)
ENsupp¢
1/2
< c(/ Iy\a> :
ENnsupp¢

Hence we can apply in both cases the Vitali’s convergence Theorem over the family {h.}
getting

/ ly|*Vu -V = lim/ peNue - Vo = 0.
B: e—0 B:
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Lemma 3.22. Let a € R and let u be an energy solution to (3.92) on By. Then for any
0 <r <1, there exists a family {uz} for e — 0 of solutions to

—div (pgVue) =0 in B,

such that us — u almost everywhere in By with a uniform in € — 0 constant ¢ > 0 such
that

|[uell (B, pedz) < €

Proof. By definition since u is an energy solution in Bi, then v € H%%(B;) and for any
1,a
¢ € Hy"(B1)

/ ly|*Vu - V¢ = 0.
By

Let w € HY%(By) N C*®°(Bsyr) such that u —u € Hé’“(Bl) if a > —1. Instead, let

2
e H"(By) N C®(Bswr \ ) such that u —u € Hy®*(By) if a < —1. Then,

T
2

Y= {we H"(B)):w—ue Hy(B)} = {we H"(B)) : w —u € Hy“(B1)}.

Moreover, defining

(3.94) cp = inf {/ ly|*| Vw|* : w € Y“} ,
B1

then ¢y = fBl ly|*|Vul?. Let 0 < r < 1 and 7, € C°(Bisr) be a radial cut-off function
2
such that 0 <7, <1in Bi+r, . =1 in B,. Let us define for 0 <e <1
2

(3.95) o= ((en)? +2)" i By

Then we set the problems

(3.96) Cer = Inf {/ pgr\Vw]Q TwE Yaar} ,
B1

where
Ve, ={w € H (B, pl,dz) : w—7u € Hj(By, p?,dz)}.

Moreover let w, , be the minimizer; that is, such that c., = fBl pg’T\wa 2,

Case a > 0.
Fixed 0 < r <1, taking 0 < &1 < e2 <1, by the inclusion Yy", C Y7  C Y7 C Y one
easily get

o < Ceyr S Conpr S Clpe
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Hence the sequence {c: ,}o<c<1 is monotone non decreasing and there exists the limit
Cer \(Cr € [co,c1,] ase—0.

One has that
/ |y|a|vws,r|2 < / pg7r|vw€,r‘2 =Cer S Clp-
B1 B

Hence, the set {w.,} is uniformly bounded in HY*(B;), and hence in the same space
we, — w. Moreover, the sequence is contained in Y, which is a closed and convex
subspace, that is, is weakly closed, and hence the weak limit w € Y*. Let us consider any
¢ € C2°(B1). Then, by the weak convergence in H%(By),

e—0

/ VT Ve = lm [ |9V, Vo
Bl Bl

= lim (ly|* = pe,)Vwe - Vo + lim pe Nwe, -V
=0/, ' =0 /B, 7

= lim (Iyl* = p2,)Vwe, - Vo = 0.

e—0 B

In fact, since |y|* < pg,,

1/2
\ / <|y|“—p§,r>ww-v¢'s2<cg,r>1/2 (/ r|y|“—p‘;,¢\|v¢12) 5.
Bl Bl

Hence, w is an energy solution to L,w = 0 in By with condition w —u € Hé’a(Bl), and
by uniqueness of solutions to the Dirichlet problem, we obtain w = u. Obviously the se-
quence {we , } satisfies the desired conditions on B, and w,, — u almost everywhere in Bj.

Case a < 0.
Fixed 0 <r <1, taking 0 < &1 < ez <1, by the inclusion Y* C Y  C V7  C Y/, one
easily get

Cly < Cegpr < Cey i < Cp.

Hence the sequence {c., }o<c<1 is monotone non increasing and there exists the limit
Cerr /G € [C1,00] ase— 0.

First of all, we remark that

/ p(f,r|vws,r|2 < / p§7T|Vw€,T|2 = cer < Cp.
By B1
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Hence, the set {w,} is uniformly bounded in H'(By, p{,(y)dz), and hence in the same
space we, — wW. Therefore, outside ¥, functions w, , are solutions of uniformly elliptic
problems with ellipticity constants bounded from above and below uniformly in 0 < € < 1.
So, in subsets w compactly contained in Bj \ ¥ one must have convergence w, — W in
W?2P(w). This is enough to have the pointwise convergence |Vwe,|? — |Vw|? almost
everywhere in Bi. Hence, by Fatou’s Lemma

/ ly|*| V| < liminf/ P2, |Vwe |? = liminf e < co.
B: e—0 B ) e—0

Hence w € Y, for all ¢ > 0, since definitely the sequence {we,} is contained in any of
them which are convex and closed and so weakly closed.

We remark that for any ¢ € [0, 1], the weight p¢,.(y) = |y|* in Bitr. Hence, by weak
’ 2
convergence in Y2, we get, for any C>°(B; \ Bur) N HY%(B; \ B
’ 2

1«57' )

/ ly|*Vw - V¢ = lim ly|*Vwe, - Vo =0
Bl\B% e—0 BI\B#

since any we , is solution to
—div(|y|an€7T) =0 in Bl \ BM
2

Hence, also @ is solution on the annulus. Let us consider n € C°(B;) cut off radial

decreasing with n = 1 in B%r, 0<p<landte (%, 1). So, testing the equation of the

difference with (1 —7)?(w, — W) we obtain

/ mmwu—mw@~mm9:/ IV (1 = ) P(wey — @) 5 0,
Bl\B# B1\B12i

by the compact embedding in L*%(B; \ Biir). So we obtain
2

/ IV ((wey — )2 5 0
Bl\Bt

Hence, in order to prove that w € Y?, it remains to prove the existence for any § > 0 of a
function vs € C2°(B;) such that

l|w —u— U5||Hé’a(Bl) <.

This can be done considering € small enough such that

/ 11V (e — W) < 6.
Bl\Bt
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Hence, since we, € Y?,, we consider ¢5 € C2°(B1) such that

g,r?

/ IOV (e — T — d))I2 < 6.
Bi\B14r

2

Moreover, using the fact that w —u € HY%(B1), we can choose 15 € C°°(B1) such that
[ @ —a— s <o
1

Hence, considering the radial cut-off function f, € C2°(Bs+r) such that 0 < f, < 1 in
4
B3y and f, =1 in By. Hence the function vs := (1 — f,.)¢s + fr1), is the desired function.
4

Hence, w € Y® and so it is a competitor for the problem in (3.94). By the minimal-
ity of u, we obtain @w = u. Moreover the family {w, ,} satisfies the desired conditions in
B, and w,, — u almost everywhere in Bj. ]

Definition 3.23. Let a € R. We say that a function u € H%(B;) which is energy L,-
harmonic in By is even in y if u(x,y) = u(x, —y) for almost every z € B;. We say that a
function u € H'%(B;) which is energy L,-harmonic in By is odd in y if u(z, y) = —u(x, —y)
for almost every z € Bj.

Proposition 3.24. There hold the following two points.

1) Let a € (—o0,1) and u € HY(By) be an odd in y energy Lq-harmonic function on
By. Then, u € C’loo’g‘(Bl) for any o € (0, min{1,1 —a}).

2) Let a € (—1,4+o0) and u € HY*(By) be an even in y energy Lo-harmonic function
on By. Then, u € Cllo’ca(Bl) for any o € (0,1).

Proof. 1) Let a € (—00,1), 0 < r < 1 and w an odd in y energy L,-harmonic function
on By. If we apply Lemma 3.22 on the odd function u, defining p2, as in (3.95) with
0 <r <r <1, we can construct a family of functions {u.} which are solutions to

—div (p?,,Vu:) =0  in By,
converging almost everywhere in B to u with

luelle By pe,, (n)az) < €

Moreover, by uniqueness of solutions fixing a boundary condition, and by the principle of
symmetric criticality of Palais, we have that the sequence of regularized functions {u.} is
made of odd in y functions. For this reasons, they are solutions to

—div (p¢Vu,) =0 in B;}
u. =0 in 0B

717

(3.97)
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and there exists a positive constant uniform in € — 0 such that

el (B7, payaz) < €

Using also Proposition 3.5, the sequence {u.} satisfies the requirements in Theorem 3.17,

and hence u. — u in C%¥(B;") with o € (0, min{1,1—a}). Applying an odd in y reflection
of any u. across ¥, obviously we get the validity of 1).

2) Let a € (—1,400), 0 < r < 1 and u an even in y energy L,-harmonic function on
By. If we apply Lemma 3.22 on the even function u, defining p¢, as in (3.95) with
0 <r <7 <1, we can construct a family of functions {u.} which are solutions to

—div (p?,,Vu:) =0  in By,
converging almost everywhere in B to u with

HuaHHl(Bhpg,Tl (y)dz) < C-

Moreover, by uniqueness of solutions fixing a boundary condition, and by the principle of
symmetric criticality of Palais, we have that the sequence of regularized functions {u.} is
made of even in y functions. For this reasons, they are solutions to

(3.98) {—div (p2Vue) =0 in B

pLOyu: =0 in "B},

and there exists a positive constant uniform in € — 0 such that

el (57, pagyyaz) < ©

Using also Proposition 3.5, the sequence {u.} satisfies the requirements in Theorem 3.20,

and hence u. — u in CY7(B;7) with v € (0,1). Applying an even in y reflection of any w.
across X, obviously we get the validity of 2). O

3.6.1 (C* regularity for even solutions
Easy calculations show that for an energy L,-harmonic function u in By, it holds
(3.99) L_a(|y|*0Oyu) =0, Loya(y to,u) =0, Ly o(ly|%y *u) =0, a.e.in By.

Moreover we can Say more.

Lemma 3.25. There hold the following two points.
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1) Let a € (—1,+00). Let u € H"*(By) be an energy even Lq-harmonic function on
By. Then, fizing any 0 < r < 1, the function v = |y|*0yu belongs to H»~*(B,) and
is an odd energy L_,-harmonic function on B,. Moreover, v € C%*(B,) for any
a € (0,min{1,1+ a}).

2) Let a € (—o00,1). Let u € HY%(By) be an energy odd Lo-harmonic function on Bj.
Then, fizing any 0 < r < 1, the function v = |y|*dyu belongs to H“~*(B,) and
is an even energy L_q-harmonic function on B.. Moreover, v € CY%(B,) for any

€(0,1).

Proof. 1) Let a € (—1,+00). By Proposition 3.24, fixing r < r; < 1, there exists a family
{ue} made of even solutions to

—div (pfVue) =0 in By,

which in particular are solutions to

3.100
( ) pLoyue = in 80B+

717

{ —div (p2 Vue) =0 in B}

and there exists a positive constant uniform in € — 0 such that

lell i (B2, pa(yyaz) < €
and hence u. — w in CLV(Biﬂ;) with 0 < r < ry < 7y and v € (0,1). This obviously
implies also that dyu. — dyu in C%V(By;) for the same 7.

Let us define v. = p20yu.. By Lemma 3.2, these functions are L, a)-1 — harmonic in
B,,. Moreover we remark that (p?)~! = p-®. Since

/ pro? = / P (0,ue)? < / PV 2,
B B, By

1 1 1
that is, by the uniform bound for {u.} in H'(B,,,p%(y)dz) we get the uniform bound
with respect to ¢ for {v.} in L2(B,,, pz%(y)dz). Then by (3.16) this sequence is uniformly
bounded in H'(B,,, p-*(y)dz). It follows that the sequence {v.} satisfies

3.101
( ) ve =0 in 80BJr

T2

{—div (pz*Vve) =0 in B}

with uniform bound

Vel i (2, e az) < ©
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Hence, since —a € (—o00,1), by Theorem 3.17, the sequence is uniformly bounded in
C%(B;;) with @ € (0,min{1,1 +a}) and 0 < 7 < r3 < 72. This gives also convergence
ve = |y|*0yu in C%*(B;;). Applying an odd reflection across ¥ for any function v, we
have the conditions to apply Lemma 3.21, obtaining that v = |y|*d,u € HV~%(B,) is an
energy L_,-harmonic in B,. We remark that v is also odd in the variable y.

2) Let a € (—o0,1). By Proposition 3.24, fixing r < r; < 1, there exists a family {u.}
made of odd solutions to
—div (piVue) =0 in B,

which in particular are solutions to

3.102
( ) ue =0 in O°Bf

717

{—div (p2Vue) =0 in B

and there exists a positive constant uniform in € — 0 such that

el i (7, payyaz) < ©

and hence u. — u in Co’a(ﬁ) with 0 <7 <ry <r; and o € (0,min{1,1—a}). Since the
family of solutions {u.} satisfies uniformly elliptic problems and the ellipticity constants
are uniformly bounded from above and below with respect to € in any set w compactly

contained in By, \ ¥, then u. — u in some space W2?(B,, \ ¥). This is enough to say
that dyu. — Oyu almost everywhere on B,,.

Let us define v = pgdyu.. By Lemma 3.2, these functions are L a)-1 — harmonic in
B,,. Moreover we remark that (p?)~! = p-®. Since

/ Pt = / P (0,ue)? < / oV .
B B, By

1 1 1

that is, by the uniform bound for {u.} in HY(B,,, p%(y)dz) we get the uniform bound
with respect to ¢ for {v.} in L2(B,,, pz%(y)dz). Then by (3.16) this sequence is uniformly
bounded in H(B,,, p-*(y)dz). It follows that the sequence {v.} satisfies

(3.103) {—div (pz*Vv:) =0 in B}

Pz Oyv: =0 in 9°B,f

27

with uniform bound

1oell i (84, e )y < €
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Hence, since —a € (—1,400), by Theorem 3.20, the sequence is uniformly bounded in
Ch(BY,) with a € (0,1) and 0 < 7 < r3 < r2. This gives also convergence v. — |y|?0yu

in CY*(BJ). Applying an even reflection across ¥ for any function v., we have the
conditions to apply Lemma 3.21, obtaining that v = |y|*0yu € HV~%(B,) is an energy
L_,-harmonic in B,. We remark that v is also even in the variable y. O

Lemma 3.26. Let a € (—00,1) and let u € HY%(By) be an odd in y energy Lq-harmonic
function in By. Then v = |y|*y 'u € HY2~%(By) is an even in y energy La_,-harmonic
function in Bi.

Proof. Given v(z,y) = |y|®y tu(x,y), let us first prove that v € HY27%(B;), where
2 —a € (1,400). Obviously v is even in y. By direct computations we get

/Iy!2_“v2=/ ly|®u?,
Bl Bl

2

_ u

/ g2~ |V = / ] [Vl + (a — 1) / e
B B B Yy

<c / 1yl [Vul?,
By

where in the last inequality we used (3.35). For almost every z € By we have
(3.104) Lo_qv = div(Jy[* * Vv) = yAu + adyu = y [y| ™ Lau.

For every ¢ € C°(B1) and 0 < § < 1 let n5 € C°°(By) be a family of functions such that
0<ns<1and
0 on{(z,y) € By: |y| <4},
ns(x,y) = {=,9) | )
1 on {(:an) € Bl: |y| > 25}a

with |Vns| < 1/4. Thus, by testing (3.104) with ¢ns we get for every 6 € (0,1)

/ W2 Vo - Vinsg) = — / ns@ Lt
Bl Bl

= —/ (y|y]~* nsp) Lou = 0,

By

where in the last equality we used that y |y|™“ ns¢ € C°(B1). Moreover

(3.105) /B 141272 Vo - Vi(ngp) = /

> *nsVu - Vo + / ly[>~* Vv - Vs,
B

B
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where by the dominated convergence theorem we get that

lim IyQ“%Vv‘sz/ y[> Vo - Ve
6—0t B B

and by Holder inequality

2 2 2 1/2 2 2 1/2
[ WP 60 s < el (/ vl -arw) (/ vl -“\w)
B B1 B
1 25 ) 1/2
LHIN Y
)

3—a __ 1/2 a
§C<2 1) 57",
3—a

which imply, passing through § — 0 in (3.105), that
/ ly> Vo Vo =0 for o € C®(By),
By

since we are dealing with a < 1. O

Lemma 3.27. Let a € (—1,+00) and let u € HY*(By1) be an even in y energy Lq-
harmonic function in By. Then, for any 0 <r <1, v =y 19,u € H"**%(B,) is an even
iny energy Loi.-harmonic function in B,.

Proof. We can express v(z,y) = y L 0yu(z,y) =y~ y|~® (ly|*0yu). Hence, applying 1) of
Lemma 3.25, for any 0 < r < 1, w = |y|*dyu € H"~%(B,) is odd energy L_,-harmonic in
B,. Hence, applying Lemma 3.26 on w, since —a € (—o0, 1), then we get the result. [

Now we are able to prove the main result of this section.

Theorem 3.28. Let a € (—1,400) and let u be a energy Lg-harmonic function in B
which is even iny. Then u € CX.(B1).

Proof. Let us fix 0 < r < 1. We want to show that u € C*°(B,). We already know that
u € CI{)’?(Bl) by Proposition 3.24. We remark that obviously v € C2°(B,); that is, with
respect to any partial derivative in any direction x1, ..., x,. In fact, since the operator L,
commutes with any partial derivative 0,,- for i = 1,...,n, then 0,,u is also an even energy

L,-harmonic function.
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Now we want to prove that u € Cp°(B;); that is, with respect to any partial deriva-
tive in direction y. We observe that the second partial derivarive azyu can be formally
expressed as

(3.106) 8§yu = |y| 7Oy (|y|*Oyu) — ay_lf'?yu.

Up to consider r < r < 1, applying point 1) in Lemma 3.25 over v = |y|*0,u and then
point 2) over |y|~*dyv, then we get that |y|~*0,(|y|*0yu) € CI{)’CO‘(BH) for any o € (0,1)
and it is an even energy L,-harmonic function on B, .

By Lemma 3.27, the second term y~'d,u € C’llo’?(Brl) for any a € (0,1) and it is an
even energy Lo ,-harmonic function on B,,.

Since the second derivative 8§yu is expressed by the sum of two C® functions, then
u belongs at least to CS(BH)' Now we apply an iteration since the two terms in the right
hand side of (3.106) are even energy L,-harmonic and Lo ,-harmonic respectively on B,,
with a,2 + a > —1. Hence both these terms belong to CS(BTZ), for r < ro < r1. Hence,
using another time (3.106), u belongs to CJ(B,,).

Considering a sequence of radii r; such that r < rp < rp_1, we can iterate the proce-
dure obtaining eventually u € C;°(B;).

Eventually we remark that if we deal with a mixed derivative in the variables z; for
some ¢ = 1,...,n and y, by the Schwarz theorem on the derivatives, we can always think
such a partial derivative as

AT O u).

YooY \ T Tig s Tig e T

The function w = 8’;31 Tig i, U remains an even energy L,-harmonic function, and hence
) ye g
C’Ifdg‘(Bl). Hence, we can apply our iteration on this function obtaining regularity for
1
Oy yW- =

Corollary 3.29. Let a € (—1,1) and let u be an energy Lq-harmonic function in Bj.
Then, u admits a decomposition in even and odd part as

(3.107) u=ud+ul, with u? = |y|%yu’™?,

where u¢ and u2~? belongs to C°.(B1) and are even.

Proof. The result holds by Theorem 3.28 since u% is L,-harmonic in By and even and u2~¢

is Ly_g-harmonic in B; and even with both a,2 —a € (—1,400). O
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