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A relative Dobrowolski lower bound over abelian extensions
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Abstract.

Let a be a non-zero algebraic number, not a root of unity. A well-known theorem
by E. Dobrowolski provides a lower bound for the Weil height h(a) which, in simplified
form, reads h(a) > D~17¢ where D = [Q(c) : Q]. On the other hand, F. Amoroso and
R. Dvornicich have recently found that if « lies in an abelian extension of the rationals,
then h(«) is bounded below by a positive number independent of D. In the present paper
we combine these results by showing that, in the above inequality, D may be taken to be
the degree of v over any abelian extension of a fixed number field. As an application, we
also derive a new lower bound for the Mahler measure of a polynomial in several variables,
with integral coefficients.

Mathematics Subject Classification: 11G50 (Primary), 11Jxx (Secondary).

§1 Introduction.

Let a be a non zero algebraic number which is not a root of unity. Then, by a theorem
of Kronecker, the absolute logarithmic Weil height h(«a) is > 0. More precisely, let K be
any number field containing a. By using Northcott’s theorem (see [No]), it is easy to see
that h(a) > C(K), where C(K) > 0 is a constant depending only on K. In other words, 0
is not an accumulation point for the height in K.

In a remarkable paper, Lehmer [Le] asked whether there exists a positive absolute
constant Cy such that



This problem is still open, the best unconditional lower bound in this direction being a
theorem of Dobrowolski [Do|, who proved:

h(a) > Gy ( log(3D)

-3
> O (o) - p=le:a

for some absolute constant C; > 0. However, in some special cases not only the inequality
conjectured by Lehmer is true, but it can also be sharpened. Assume for instance that
Q(«) is an abelian extension of the rational field. Then the first author and R. Dvornicich
proved in [Am-Dv] the inequality:

]
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(notice that such a result was obtained long time ago as a special case of a more general
result, by Schinzel (apply [Sch], Corollary 1’, p. 386, to the linear polynomial P(z) = z—a),
but with the extra assumption |a| # 1).

The aim of this paper is to generalise both a result of this type and Dobrowolski’s
result, to obtain:

Theorem 1.1.
Let K be any number field and let I be any abelian extension of K. Then for any
nonzero algebraic number o which is not a root of unity, we have

h(a) > C2(K) ( log(2D) ))—13,

D log log(5D

where D = [L(«) : L] and C3(K) is a positive constant depending only on K.
This result implies that heights in abelian extensions behave somewhat specially. In

this respect, it may not be out of place to recall the following result recently obtained
jointly by E. Bombieri and the second author.

Let K be a number field and consider the compositum IL of all abelian extensions of
K of degree < D. Then Northcott’s theorem (see [No|) holds in 1L, that is, for given T, the
number of elements of . with height bounded by T is finite.

The main ingredients for the proof of Theorem 1.1 (given in §5) are a generalisation of
Dobrowolski’s key inequality (§3, Proposition 3.4), which follows as an extension of some
ideas from [Am-Dv], and a consequence of the absolute Siegel Lemma of Roy—Thunder—
Zhang—Philippon-David (§4, Proposition 4.2).

Let F € Z[x1,...,x,] be an irreducible polynomial. Define its Mahler measure as

2w 27
M(F):exp{@;:)n/o /0 log‘F(6i917--~,6i9n)|d91"'den}_
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Then it is known (see [Bo|, [Law] and [Sm]) that M (F) = 1 if and only if F is an extended
cyclotomic polynomial, i.e. if and only if

F(x1,...,2,) = 23" - aino(aht o xhn)

for some (A1,...,A\n), (U1, ., 1n) € Z™ and for some cyclotomic polynomial ¢ € Z[x].
If n =1 and « is a root of F, then log M(F) = deg(F) - h(«); hence, if F is not a
cyclotomic polynomial,

log(3D)

-3
—_ D = deg(F
log log(3D) ) ’ es(F),

log M(F) = C4 (
by the quoted result of Dobrowolski. Recently the first author and S. David ([Am-Da2])
extended this result in several variables. Assume that F' is not an extended cyclotomic
polynomial. Then, as a special case of Corollaire 1.8 of [Am-Da2],

1 log((n+1)D) -
log M(F) = Ca(n + 1)1+4/np2 (1035 ((n+1)log((n + 1)D))> |

where C'5 is a positive absolute constant and D = deg(F).
Using Theorem 1.1 and a density result from [Am-Da2], we can now prove (see §6):

Corollary 1.2.
Let F € Z[x1,...,xy) be an irreducible polynomial. Assume that F' is not an extended
cyclotomic polynomial and that d = ._nlnn deg, (F) > 1. Then

geeey

log(2d) ))‘13.

log M(F) > C5(Q) (bg e

This estimate is stronger than the quoted result of [Am-Da2] if at least one of the
partial degrees of F' is small. We also notice that the constant in Corollary 1.2 does not
depend on the dimension n.

§2 Notation and Reductions.

Throughout this paper, we denote by (,, (m > 3) a primitive m-th root of unity and
by p the set of all roots of unity. We also fix a number field K and we denote by P the set
of rational primes p > 3 which split completely in K. For p € P we choose once and for all
a prime ideal m, of Ok lying above p and we identify 7, with the corresponding valuation
of K.

Let L be any abelian extension of K. For a given p € P, we define e,(L) as the
ramification index of m, in L. Let v be any valuation of L extending 7,. Since L/K is
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normal, the completion L, of L at v depends only on p. Since p splits completely in K
we also have K, = Q,. Then L, is an abelian extension of @, and so L, is contained in
a cyclotomic extension of Q, (see e.g. [Wa|, p. 320, Theorem 14.2), which we denote by
Qp(Gm). We take m = m,(IL) to be minimal with this property and we define e, (L) as the
maximal power of p dividing m. We remark that e; (L) = 1 for all but finitely many p € P
(if m, does not ramify in I, then L, C Q,((,,) for some integer m with p { m: see [Wa], p.
321, Lemma 14.4 (a)). We also define

e'(L) =) (ep(L)—1).

peP

We note that if L’ C L are abelian extensions of K, then €’(L") < ¢€/(LL).

From now on we let C5(K) be a positive real number sufficiently small to justify the
subsequent arguments.

Let I be an abelian extension of K and let @ ¢ p be a nonzero algebraic number
which contradicts theorem 1.1:

Ca(K) ( log(2D) 7
ha) < D <loglog(5D)) ’ 21)

where D = [L(«) : L]. We may assume that D is minimal with this property, i.e. that for
any 8 ¢ p of degree D’ < D over an abelian extension of K, we have:

oK) (log(2D) \
D’ (loglog(5D’)) ' (2:2)

h(B) >

Notice that t — ¢- (log(2t)/ log log(5t))13 is an increasing function on [1, +00) and that the
Weil height is invariant by multiplication by roots of unity. Hence (2.1) and (2.2) imply
that:

[L'(¢Ca) : L] > D for any ¢ € p and for any abelian extension L'/K. (2.3)

Let A be the set of abelian extensions L /K such that [LL(C«) : L] < D for some ¢ € .

We define
":=mine'(L). 24
e = mine (L) (2.4)

Replacing if necessary a by Ca for some ¢ € p and L by L N K(«), we may assume that
there exists an abelian extension L /K contained in K(«) satisfying the following properties:

[L(e) : L] = D,

(L) =¢,

for any ¢ € p such that K(Ca) € K(a) we have K(Ca) = K(«).
Since K C L C K(«), we also have

K(a) = L(a). (2.8)



From now on we fix once and for all an algebraic number o and an abelian extension
L/K contained in K(«) which satisfy (2.1), (2.2), (2.3), (2.5), (2.6), (2.7), and (2.8). We
also put e, = e, (L) for p € P.

The following lemma will be used several times in the next section.
Lemma 2.1.

i) For any integer n we have L(a™) = L(«).
ii) For any integer n such that ged(n, [K(«) : K(a™)]) =1 we also have K(a™) = K(«).

Proof.
We shall use an argument from Rausch (see [Ra], Lemma 3). Assume first

r:=[L(a): L(a")] > 1

for some n € N. The minimal polynomial of o over L(«a™) is a divisor of 2" — o™. Hence
its constant term, say 8 € L(a™), can be written as (a”, where ( is a n-th root of unity.
Moreover,

D' = [L(§) : L] < [L(a") : L] < D,

and § ¢ p. Hence, by (2.2),

h(B) > Co(K) ( log(2D’) )—13.

D’ loglog(5D")

Since rD’ < D and t — log(2t)/loglog(5t) increases, we deduce that

h(c) _1 Ca(K) < log(2D) >—13,

rh(ﬁ) = D log log(5D)

which contradicts (2.1).

Assume now 7 := [K(«a) : K(a™)] > 1 and ged(n,r) = 1. Arguing as before, we find a
n-th root ¢ such that (a” € K(a™). By Bézout’s identity, there exist A\, 4 € Z such that
An + pr = 1. Hence

(Fa=aM- (Ca")" e K(a™) S K(a).

This contradicts (2.7).

§3 Congruences.

The following two lemmas generalise Lemma 2 of [Am-Dv]. We first prove a result
which shall be applied to tamely ramified primes.

Lemma 3.1.



Let p € P. Then there exists ®, € Gal(L/K) such that
7 = @pyle <pH

for any integer v € L and for any valuation v of Q extending Tp.

Proof.

Let p be a prime of L above m, and let G’ C Gal(L/K) (resp. I C Gal(L/K)) be
the decomposition (resp. inertia) group of o | m,. Since G'/I is isomorphic to the Galois
group of the residue field extension (O /p)/(Ox/mp), there exists ®,, € G’ such that

Y =oyy (mod p),

for all integers v € L. Let o € Gal(L/K). Putting o~y in place of 7 in this congruence
and applying o we get
P =o®yo0ty  (mod op).

On the other hand Gal(IL/K) is abelian, and therefore the first displayed congruence holds
modulo each prime of L lying over m,. Lemma 3.1 follows.

O

We now consider primes having a large ramification index.



Lemma 3.2.
Let p € P. Then there exists a subgroup H,, of Gal(L/K) of order

o(H,) > min{e,, p}

such that

VP —oP], < p_l

for any integer vy € L, for any o € H), and for any valuation v of L. extending 7.
Moreover, for any extension T € Gal(Q/K) of o € H,\{Id}, we have TaP # oF.

Proof.

Let v be any valuation of L extending 7, let L,, be the completion of L at v (we recall
that L, depends only on p) and let m = m,(L) be the smallest positive integer such that
L, € Qu(Cn). We decompose m as m = g - n where ¢ = e,(LL) is the maximal power of p
dividing m.

If 7, does not ramify in L the lemma is trivial (we have e, = 1 and we take H, = {Id}).
Therefore we assume that 7, ramifies in L, whence a fortiori in Q,((,,). This implies that
plg. Let ¥, be the Galois group of Q,(¢rm)/Qp(¢m/p). Then X, is cyclic of order p or p—1
depending on whether p?|q or not. By the minimality property of m we have that %, does
not fix L, and hence induces by restriction a nontrivial subgroup H; of Gal(L,/K, ).
Note that if p* { ¢, the order of H; is at least e, (since Qp((pm/p)/Qp is unramified), while
if p? | q, necessarily H has order p.

We define H, to be the (isomorphic) image of H, in Gal(L/K). If v is another
valuation of L extending m,, we have v’ = v for some 7 € Gal(L/K) and the embedding
of L in L, is obtained by composing 7 with the embedding of L in LL,,. We thus see that
L, = L,, and so the group H; does not depend on v. The same argument shows that
H, = 7~ 'H,r. Therefore, since L/K is abelian, we have H, = H,,. Hence this group
depends only on p, and we denote it by H,. By the previous arguments we have:

o(Hp) > ep and o(Hy) | o(5,) =p—1, ifp*tg;
(3.1)
o(Hp) = o(3,) = p, if p? | q.
Let O be the ring of integers of Q,(¢,,). To prove that |y? — 0P|, < p~! for any
integer v € L, it suffices to verify the congruence
Y =09” (mod m,0)

for every v € O and o € ¥,. In fact, if this is true we have in particular that, for all
integers 7 € L and for all 0 € H,, the integer v — o+? € L has order > ¢, at v, whence
the assertion.

To prove the last displayed congruence, recall the well-known equality O = Zp[(n].
Put then v = f((m), where f € Z,[X]. Let o0 € Hp; since o fixes Qp((m/p) We have
o(P = (P . Combining these facts with Fermat’s little theorem we find

07’ = o f(Cm)” = 0 f(Ch) = f(C) =17 (mod pO),

7



as required.

We now prove the last statement of the lemma. Let 0 € H,, 0 # Id and let 7 €
Gal(Q/K) be any extension of o. Assume T7a” = of and denote by E the subfield of L
fixed by 0. We notice that the minimal polynomial of af over L has coefficients in [E.
Moreover L(a?) = L(a) by lemma 2.1 i). Hence

[E(a?) : E] = [L(a?) : L] = [L(a) : L] = D. (3.2)

We quote the following sublemma:

Sublemma.

o(¥,) = p.

Proof.
Since E G IL, we have [L(«a) : E] > [L(«) : L]. Therefore, by (3.2),

[L(a) : E(a?)] > 1. (3.3)

Remark that K(a) = L(«) (see (2.8)) and K C E(a?) C L(«). Hence [L(«) : E(aP)] divides
[K(a) : K(a?)]. If we had K(a) = K(a?), then 7 would fix K(«) = L(«), hence a fortiori
L. Therefore K(a) # K(aP?), and, by lemma 2.1 ii), [K(«) : K(aP)] = p. We infer that

[L(a) : E(a®)] | p

and, by (3.3), [L(«) : E(a?)] = p. Since the field extension E C LL is Galois, [L(«) : E(a?)]
divides [L : E] which is < p. Therefore

o(Hy) =[L:E]=p

and, by (3.1), |X,| = p, as claimed.

O

Let now fix the (primitive) ¢-th root of unity ¢, = (. Since L,({;) € Qp((n), the

Galois group ¥, induces by restriction a nontrivial subgroup of Gal(L({,)/K), which is

necessarily cyclic of order p by the sublemma. Let F C LL((,) be its fixed field and let p be
a generator of Gal(IL((,)/F). Then

FDOE (3.4)

and

PCq = CpCq (3.5)

for some primitive p-th root of unity ¢, (recall that p{n).
(aP). We may assume

We claim that there exists an integer u such that ("« € F
) S L(Cq, ). Moreover, by

a ¢ F(aP), otherwise our claim is trivial; hence a fortiori F(a®

8



Galois theory, [L((,, a?) : F(aP)] divides [L((,) : F] = p and L({,, o) = L({,, @) by lemma
2.11). Hence [L((,, @) : F(a®)] = p and, again by Galois theory, the restriction

r: Gal(IL((g, @) /F(a”)) = Gal(L(¢g) /)
is a group isomorphism. Let p be a generator of Gal(L({;, «)/F(a?)). Then, by (3.5),

pCq = Cplq and  pa = C;)LO‘

for some u € N. Hence (, “« is left fixed by p and so belongs to F(a?), as claimed.
By (3.2) and (3.4) we have

[F(¢, ") : F] < [F(aP) : F] < [E(a?) : E] = D.
Since F, € Qp(Gryp) and F C L((,), we also have

ep(F) < q/p < q=e,(L);
e;(F) <e)(L) for 1€ P, l#p.

Therefore
[F(¢, “a):F] <D and €(F)<e(L)=¢,

which contradicts the definition (2.4) of €’.
O

We shall deduce from the two previous lemmas two propositions which generalise the
key argument of [Do]. They will be used to extrapolate in the proof of Theorem 1.1. To
do this, we need the following further lemma, which is an easy consequence of the Strong
Approximation Theorem.

Lemma 3.3.

Let E be any number field and let v be a non-archimedean place of E. Then, for any
Yis---,Yn € E there exists § € Og such that [3v; is an algebraic integer for j = 1,...,n
and

|Blo = max{1, |[y1|v, ..., Wn‘v}_l-

Proof.
See [Am-Dal], lemma 3.2.

Proposition 3.4.

Let L and Ty be two positive integers. Assume that there exists a polynomial F' of
degree < L, with algebraic integer coefficients, vanishing at all the conjugates oy, ...,ap
of a over L with multiplicity > T,. Let also p € P and let v be any valuation of Q
extending m,. Then

F7(a?)], < p~T/% max{1, |al, }"-",

for any T € Gal(Q/K) extending ®,,.



Proof.

Let 7 € Gal(Q/K) extend ®,. We extend v to the field Q(z) in the canonical way
(i.e., by setting |z|, = 1). Let a(x) = ag + a1z + -+ + ap_12P~! + 2P be the minimal
polynomial of o over L. By lemma 3.3, there exists 8 € Or, such that

(fo,---, fp) == (Bao,...,Bap_1,B) € OP+*
and max;{|7f;|,} = 1. Therefore
f(@)=fo+ fixz+ -+ fpaP € Op[x]
and |f7|, = 1. Using Fermat’s little theorem and lemma 3.1 we find that
()P = fT(aP)] < p~Her.

Again by lemma 3.3, there exists an algebraic integer 5’ € K(«) such that f'« is also
integer and |3’|, = max{1,|al,}~!. We have

BPP [T (P)], = 18P f(@)? — BPP [T (aP)], < p= e,

Hence
1f7(@®)]o < p~/ max{1, ||, }*P.

Since F' has algebraic integer coefficients and since |f7|, = 1, by Gauss’ lemma we have
the factorisation F' = ¢ - f1* with |¢"|, < 1. Hence

[FT(a?)]y < p~ "/ max{1, |al,}P*

as claimed.
U
Proposition 3.5.
Let p, v and «4,...,ap be as in proposition 3.3. Let Lo and Tb be two positive
integers. Assume that there exists a polynomial F of degree < Lo with algebraic integer

coefficients vanishing at of, ..., o!, with multiplicity > T». Then
[ET(a)]y < p~ 7 max{1, |af, }P*2,

for any 7 € Gal(Q/K) such that 7, € H,,.

Proof.
Let 7 € Gal(Q/K) be such that 7. € Hp. As in the proof of proposition 3.4, we
extend v to the field Q(z) in the canonical way and we select a multiple

f(@) = fo+ fix+ -+ fpa®

10



of the minimal polynomial of a over LL, such that f € Op and |f7|, = 1. Let g(x) =
go + g1z + - - -+ gpx? be the polynomial obtained by multiplying the minimal polynomial
of o over L by fF. Then again g € Op[z] and |¢7|, = 1. Moreover, g is irreducible by
Lemma 2.1 i). Using Fermat’s little theorem we find that

g — fPle <p~' and |rg; —7fF], <p7,

for j =0,...,D. Moreover, by lemma 3.2,

el <yl j=0...D.

Therefore
lg(x) — g7 (z)]y <p~".

As in the proof of proposition 3.4, we deduce that
l97(a?)]o < p~ ! max{L, |af,}”

and
|F7(a”)|y < p~ "2 max{1, |a], }*2,

as claimed.

§4 The Absolute Siegel Lemma.

Let S C @n be a vector subspace of dimension d. Following Schmidt [Schm], Ch. 1,
§8, we define the height ho(S) as

hQ(S) = Z %log ||£L'1 VANRIERIVA wd||v.

In this formula x1, ..., x, denotes any basis of V' over the ground field, F is a number field
containing the coordinates of the vectors x;, and || - ||, is the sup norm if v is finite and the
euclidean norm if v is archimedean (we endow AYQ" with the standard coordinates and
the induced euclidean metric). Let o € Q" and let S be the one-dimensional subspace
generated by it. By abuse of notation, we put ha(ca) = ha(S).

The following result improves the main result of D. Roy and J. Thunder (see [Ro-Th],
theorem 2.2). It is a consequence of theorem 5.2 of [Zh] and is proved in [Da-Ph] (see
lemma 4.7 and the remark which follows it).

11



Lemma 4.1.
For any € > 0 there exists a nonzero vector © € S such that

ha(S) | logd

ho() <
2(T) < = 2

+e.

As an immediate consequence, we find:

Proposition 4.2.

Let By,...,0Bx be distinct algebraic numbers and L, T two positive integers with
L > kT. Then there exists a nonzero polynomial F' with algebraic integer coefficients, of
degree < L, vanishing at (1,...,[3r with multiplicity > T, such that:

k

L
F) < T+1/2)log L+ — lL
Ia(F) < g | T+ V2D IoB L+ T3 hE) o+ 5l

Proof. Let us consider the vectors:

A L—1 .
’yj,,\=<0,...,0,1,( +1)5j’__'7( \ )53-L_1_’\)EQL

L-1
(j=1,...,k; A=0,...,T —1). Using the inequality > ( ) < L?T+1 we easily obtain
n=A
ma{1, |81} if v f oo

1Y Al <
LTHY2max{1, |8, }F, if v | co.

Hence ha(y; ) < (T'+1/2)log L + Lh(f3;). The vector subspace
S={weQ" |y, @=0, for j=1,....k and A=0,...,T—1}

has dimension d = L — kT and the vectors ¥y, » are a basis of its orthogonal complement
S+. From [Schm], Ch. 1, §8 we have

k
ha(S) = ha(S) < " h(y;n) < ET(T +1/2)log L+ T Y h(B;).
A j=1

We now apply Proposition 4.2, taking ¢ = % log ﬁ

12



§5 Proof of the Main Result.

In the sequel we denote by ci,ca,...,c16 positive constants depending only on the
ground field K. We also denote by C' a positive, sufficiently large constant, chosen so that
the inequalities below will be satisfied. We fix two parameters:

B (log(2D))6 B log(2D) \?
N = gy W E=C (loglog<5D>)

Let A be the set of rational primes p € P such that ¢y N < p < N. If ¢ is sufficiently
small we have, by the Chebotarev Theorem,

a2 N
logC' loglog(5D)

Let A; be the subset of primes p € A such that e, < E and let Ay be its complement in
A, i.e. the subset of primes p € A such that e, > E. We distinguish two cases.

| > Co ) N
~ 2logC' loglog(5D)

We introduce two other parameters:

log(2D) \° log(2D) \°

Ly=|C®D | ——— d Ih=|C* | —=—<—) |.

! [ (log log(5D) ) o ! loglog(5D)

Using the absolute Siegel lemma (proposition 4.2) we find a nonzero polynomial F with

algebraic integer coefficients, of degree < Li, vanishing at a,...,ap with multiplicity
> Ty, such that:

o First Case: |A4

DTy

ho(F) < ——2
)< T

{(Th +1/2)log(L1 + 1) + L1h(o) } + %log Ly

< ¢c3log C -log(2D) 4 ¢4,C*D _log(2D) 3h(cu)
= 3I08h 108 4 log log(5D) '

Using the upper bound (2.1) for h(a) we obtain

loglog(5D)\ "
20OV} < eslog O - log(2D 1

ha(F) < cglog C -log(2D) + c4C*Co(K) (
if Co(K) < C~*logC.
Suppose that there exist a prime p € A; and 7 € Gal(Q/K) extending ®,, such that
F7(aP) # 0. Let F be a field containing the coefficients of F'™ and «. Using the product
formula, proposition 3.4 and the inequality e, < E, we obtain:

1 ceT’ 1
0= m;bglﬁw(a})”v < - 6E1 log p + pLih(a) + ho(F) + §logL1.

13



Therefore, inserting the upper bounds (5.1) for ho(F) and (2.1) for h(a),

L7 D(10g(2D))12

(loglog(bD))'t

loglog(2D)
log(5D)

0 < —c;Clog(2D) + ¢ h(a) + cglog C - log(2D)

< —clOC’log(2D) + 0801702(K)

Hence, if Co(K) < cg'eioC™1% we have F(ra?) = 0 for all primes p € A; and for all
7 € Gal(Q/K) extending ®,*.

Let p € Ay. By lemma 2.1 1), [L(a?) : L] = D. Hence there are exactly D homomor-
phisms 7:L(a?) — Q extending <I>;1. Moreover, if p # q and if 71, 72 € Gal(Q/K), then
T1aP # 1a? by a lemma of Dobrowolski (see [Do] Lemma 2 i). From these remarks we

obtain:
Co DN

2logC loglog(5D)’

Ly > degF > D|Aq| >
which contradicts our choice of parameters. Theorem 1.1 is proved in the first case.

Co N
2logC' loglog(5D)’

e Second Case: |Ag| >

We introduce two new parameters:

Let aq,...,ap be the conjugates of « over .. We apply proposition 4.2 (the absolute
Siegel lemma) to the set of algebraic numbers

{af suchthat j=1,...,D and p€ As}.

We find a nonzero polynomial F' with algebraic integer coefficients, of degree < Ls, van-
ishing at o, ..., o/ with multiplicity > T5 for all p € Ay, such that:

DTy|As)| 1
ho(F) < ——————————{(T% + 1) log(L 1/2) + LaNh —log L
2( )—LQ—DT2|A2|{(2+ Jlog(Lz +1/2) + LyNh(a)} + 5 log Lo

(log(2D))"*

< c111og C - log(2D ¥D
< cnlog O+ log(2D) + e12C (loglog(5D))?

h(c).

From the upper bound (2.1) for h(«) we obtain:
ho(F) < c111log C - log(2D) + ¢12C*Co(K) loglog(5D) < ¢131og C - log(2D),
if Co(K) < C~191og C.
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Suppose that there exist a prime p € Ay and 7 € Gal(Q/K) such that 75, € H, and
F7(a?) # 0. As before, let F be a field containing the coefficients of '™ and «. Using the
product formula, proposition 3.5 and the upper bounds for h(«) and hy(F'), we obtain:

2
< —¢15C log(2D) + ¢16C*°Co(K) log log(5D).

1 1
0= QO > log|FT(aP)|, < —c14Tslogp + pLah(a) + ha(F) + 5 log Ly

Hence, if Co(K) < c;5c16C7° we have F(ra?) = 0 for all primes p € Ay and for all
T € Gal(Q/K) such that 7, € H,.

Let p € Ay and let 0 € H,,. By lemma 2.11i), [L(a®) : L] = D. Hence there are exactly
D homomorphisms 7:L(a?) — Q extending . Let & € H,\{o} and let 7, 7 € Gal(Q/K)
extend o and & respectively. Then, by the last statement of Lemma 3.2, 7a? # 7aP.
Moreover, if p # ¢ and if 7, 7» € Gal(Q/K), then 7,a? # a4 by the quoted lemma of
Dobrowolski ([Do] Lemma 2 i). From these remarks and from the inequalities e, > E and
p>ciN > E (p € P) we obtain:

‘ Co DNE
Ly > deg ' > D|H,| > D > |A2|DE > :
2 = deg _p%; | p’—p%\: min{ep, p} > |Az| ~ 2logC loglog(5D)
2 2

which contradicts again our choice of parameters. The proof of Theorem 1.1 is now com-
plete.

§6 Proof of Corollary 1.1.
We may assume d = deg, (F) > 1. Let € > 0. Then, by Proposition 2.7 of [Am-Da2],
the set of algebraic points (w1, ...,w,—1,@) such that w,...,w,—1 € @, a # 0,

log M (F)
h(a) < —d

and F'(w1,...,wp—1,a) = 0, is Zariski-dense in the hypersurface V- = {F = 0} C G}},. Since

+ €

F' is not an extended cyclotomic polynomial, V' is not a union of translates of subgroups
by torsion points. Hence, by a result of M. Laurent (see [Lau]), g NV is not Zariski-dense
in V. This implies that there exist wy,...,w,—1 € g and a € @*\u such that

h(a)ﬁ%qu

and
Q(w1, - ywn—1,@) : Qwi,...,w,—1)] < d.
Applying Theorem 1.1 with K= Q and L = Q(w1,...,w,_1), we obtain:

log M (F) 05(Q) (loglog(sd) \ "
— g ez (1og<2d>) |

Corollary 1.1 easily follows.

15



REFERENCES

[Am-Dal] F. Amoroso and S. David — “Le probléme de Lehmer en dimension supérieure”,
J. reine angew. Math. 513 (1999), 145-179.

[Am-Da2] F. Amoroso and S. David — “Minoration de la hauteur normalisée des hypersurfaces”,
Acta Arith. 92 (2000), no. 4, 340-366.

[Am-Dv] F. Amoroso and R. Dvornicich — “A Lower Bound for the Height in Abelian Exten-
sions”, J. Number Theory 80 (2000), no. 2, 260-272.

[Bo] D. Boyd — “Kronecker’s theorem and Lehmer’s problem for polynomials in several vari-
ables”, J. Number Theory 13 (1980), 116-121.

[Da-Ph] P. Philippon and S. David — “Minorations des hauteurs normalisées des sous-variétés
des tores”, Ann. Scuola Norm. Sup. Pisa 28 (1999), 489-543.

[Do] E. Dobrowolski — “On a question of Lehmer and the number of irreducible factors of a
polynomial”, Acta Arith. 34 (1979), 391-401.

[Lau] M. Laurent — “Equations diophantiennes exponentielles”, Invent. Math. 78 (1984),
299-327.

[Law| W. Lawton — “A generalization of a theorem of Kronecker”, J. of the Science Faculty of
Chiangmai University (Thailand) 4 (1977), 15-23.

[Le] D. H. Lehmer — “Factorization of certain cyclotomic functions”, Ann. of Math. 34 (1933),
461-479.

[Na] W. Narkiewicz — Elementary and analytic theory of algebraic numbers. Second edition.
Springer-Verlag, Berlin; PWN—-Polish Scientific Publishers, Warsaw, 1990. xiv+746 pp.

[No] N. Northcott — “An inequality in the theory of arithmetic on algebraic varieties”, Proc.
Camb. Philos. Soc. 45 (1949), 502-509.

[Ra] U. Rausch — “On a theorem of Dobrowolski about the product of conjugate numbers”,
Colloq. Math. 50 (1985), no. 1, 137-142.

[Ro-Th] D. Roy and J. Thunder — “An absolute Siegel’s lemma”, J. reine angew. Math. 476
(1996), 1-12.

[Schi] A. Schinzel — “On the product of the conjugates outside the unit circle of an algebraic
number”, Acta Arith. 24 (1973), 385-399. Addendum, ibid. 26 (1973), 329-361.

[Schm| W. M. Schmidt — Diophantine approximations and Diophantine equations. Lecture
Notes in Mathematics 1467. Springer-Verlag, Berlin, 1991. viii4+-217 pp.

[Sm] C. J. Smyth — “A Kronecker-type theorem for complex polynomials in several variables”,
Canad. Math. Bull. 24 (1981), 447-452. Errata, ibid. 25 (1982), 504.

[Wa] L. C. Washington — Introduction to Cyclotomic Fields. Springer-Verlag, New York, 1982.

[Zh] S. Zhang — “Positive line bundles on arithmetic surfaces”, Ann. of Math. 136 (1992),
569-5H87.

16



