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Introduction

The classical Calderén—Zygmund theory and the standard theory of Hardy and BMO
spaces [9, 18, 54] were introduced in (R"”,d,A), where d is the Euclidean metric
and A denotes the Lebesgue measure. More generally, this theory was extended on
spaces of homogeneous type, namely metric measure spaces (X,d, 1) where the
doubling condition is satisfied, i.e., there exists a constant C such that

1 (Ba(x)) < Cp(Br(x)) VxeX, VYr>0, (1)

where B,(x) denotes the ball centred at x of radius r. Such theory has been applied
to study boundedness properties of singular integral operators.

It is worth noticing that, in the setting of (possibly weighted) graphs with the
doubling property, new Hardy and BM O spaces associated with a discrete Lapla-
cian were introduced in [4, 5, 19]; various characterizations of such spaces and
applications to singular integrals were obtained.

Extensions of the theory of singular integrals and Hardy and BM O spaces have
been considered also on metric measure spaces not satisfying the doubling condition
(1) but fulfilling either some other measure growth assumption (see, e.g., [6, 42, 37,
44, 56-58, 60]) or a geometric condition (see [41]). In particular, many efforts have
been made in order to study nondoubling (both continuous and discrete) settings
on which various characterizations of the atomic Hardy space fail. See for example
[51, 52, 39, 37, 38, 58, 27, 40] for a contribution on a Lie group of exponential
growth and on locally doubling manifolds and [7] for some results in the context of
a distinguished graph and the combinatorial Laplacian.

In this thesis, we work on two different nondoubling settings:
1) a tree, i.e., a connected graph without cycles, endowed with a locally doubling

flow measure;
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2) a tree endowed with the counting measure.

Given a tree T" with the usual discrete distance, denoted by d, we choose a root in its
boundary {, and consider the horocyclic foliation it induces on 7'. For each vertex
x € T, we define its predecessor p(x) as the unique neighbor vertex of x which is
closest (in a suitable sense) to the root {,, while s(x) denotes the set of the remaining
neighbors of x, called successors of x.

A flow on T 1is a positive function m satisfying the flow condition

m(x) = Z m(y), xeT. ()

yes(x)

We underline that the counting measure is never a flow measure unless 7 = Z.

The canonical flow measure on 7 is the unique (up to normalization) flow measure
u such that u(x) = |s(x)|u(y) for every x € T and y € s(x), where |s(x)| denotes the
cardinality of s(x).

Flows, which are common objects in Operation Research and Computer Science, turn
out to have interesting properties also from a Harmonic Analysis point of view. For
a more wide-ranging account of the importance of flows in Probability and Analysis
on trees, we refer the reader to [34]. It is important to point out that the metric
measure space (T,d,m) is an adverse setting to study this kind of problem. Indeed,
we prove that flow measures fail to satisfy the Cheeger isoperimetric property, and,
in most of the cases, do not satisfy the doubling condition, because they have at least
exponential growth.

Surprisingly, we show that flow measures satisfy a global version of L”-Poincaré
inequality on trees, hence proving to be better behaved than the counting measure in
this context. To the best of our knowledge, there are no other examples in the litera-
ture of global Poincaré inequalities on metric measure spaces of exponential growth.
Our result might pave the way to the study of global LP-Poincaré inequalities on
nondoubling metric spaces: as far as we know, weighted global Poincaré inequalities
have been considered on some nondoubling settings of polynomial growth (see, for
example, [21]).

In [27], [2] and [1] the authors developed a Calderén—Zygmund theory, and in-
troduced Hardy and BM O spaces on homogeneous trees endowed with the canonical
flow measure. In this thesis, we generalize their results in various directions. First of
all, we consider nonhomogeneous trees. Moreover, we consider all locally doubling



Contents 3

flows. This assumption implies that the tree is of bounded degree. The definition
of the family of admissible sets, which is a key ingredient to develop all the theory
contained in the first part of the present work, is strongly inspired by the one given in
[27], but it is more general, even in their setting. Indeed, the shape of our sets is less
rigid and this allows us to obtain suitable decomposition and expansion algorithms
that were not available in the setting of [27]. The admissible sets are the support of
the atoms in terms of which the atomic Hardy space H),(m) is defined. We identify
the dual of such space with a space of bounded mean oscillating functions BMO and

we prove some interpolation results, involving H/, (m) and BMO(m).

We recall that, in [6], the authors defined an atomic Hardy space adapted to
any metric measure space which satisfies some geometric assumption, namely the
local doubling property, the isoperimetric property, and the approximate midpoint
property. As we mentioned, their theory does not apply to the spaces we consider
because of the lack of the isoperimetric property.

Subsequently, we focus on a model case, i.e., a homogeneous tree T, of order
q + 1, namely, a tree in which every vertex has exactly g + 1 neighbours, endowed
with the canonical flow measure U.
A systematic analysis on (T,41,d, i) was initiated in [27], where the authors devel-
oped an ad hoc Calderén—Zygmund theory and studied the boundedness properties
of spectral multipliers and the Riesz transform associated with a suitable Laplacian
£, which we shall call the flow Laplacian, defined by

L =1—A, 3)

1 1(y) /2
where A is the stochastic matrix given by Af(x) = NG Z W f(y). It turns
yed(xy)=1 H¥

out that . is self-adjoint on L?(u) and

1
L= bu‘l/z(A—bl),ul/z, )
where A is the combinatorial Laplacian on Ty and b = (,/g —1)?/(g+1). Itis
well known (see for instance [13]) that b is the bottom of the spectrum of A on [?
endowed with the counting measure, from which it immediately follows that .’ has

no spectral gap on L?(u).
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Let us denote by (.74);~¢ the heat semigroup and by (Z);~¢ the Poisson semi-
group associated with ., given respectively by 74 = e < and &, = ¢! VZ and
introduce the Riesz transform &% formally defined by V. —1/2 where V is the Sflow
gradient, defined on a function f : T — C by

Vi) =flpx)=flx),  xeT.

We prove that the Hardy spaces defined in terms of the heat semigroup, the Poisson
semigroup and the Riesz transform, which we denote by H!, (1), H., (1) and H),(11)
respectively, are not equivalent to the atomic Hardy space H;, (1t). More precisely, we
show that H;, () is continuously included in the maximal and the Riesz Hardy spaces
but there exists a function which belongs to H ', (1) NHL, () NHL (1) \ Hy (1)
We also complete the study of the boundedness properties of the Riesz transform
% on (Tyy1,1). By [27, Theorem 2.3], Z is of weak type (1,1), bounded on
LP(u) for p € (1,2], and bounded from H), (1) to L'(it). The problem of the L?
boundedness of Z for p € (2,00) was left open in [27]. Because of the lack of
positive spectral gap, the abstract theory developed in [8] does not apply to this
context, so the problem of the L” boundedness of % is particularly interesting. We
shall prove that % is bounded on L? () for every p € (2,0) and we show that it is
unbounded from L=(u) to BMO(u). The study of the first-order Riesz transform %
associated with the flow Laplacian .2 on the homogeneous tree T, can be thought
of as a discrete counterpart of the analysis of first-order Riesz transforms associated
with a distinguished Laplacian % on the so-called ax + b-groups G, developed in
[24,27, 36, 50, 51]. In the latter context the natural gradient Vg is vector-valued, and
the operator Zg = Vg .Z; /2 can be thought of as the vector of Riesz transforms,
whose components are the (first-order, scalar-valued) Riesz transforms on G; more
specifically, corresponding to whether the component under consideration is in the
direction of a or b in the ax + b-group, one speaks either of a vertical or a horizontal
Riesz transform on G. We point out that the discrete Riesz transform % = V. —1/2
on T, studied in Chapter 4, despite being scalar-valued, should be thought of as
an analogue of the vector of Riesz transforms % in the continuous setting, as the
flow gradient V is comparable (at least, as far as weak or strong type bounds are
concerned) with the “modulus of the (full) gradient” on T .

In the aforementioned works on ax + b-groups, the LP-boundedness for p € (1,2]
of the full vector of Riesz transforms Z; was established, together with weak type
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(1,1)and H L endpoints, see [27, 50]. However, as far as we know, for p > 2 the
only currently available boundedness result concerns the horizontal Riesz transform
on the smallest ax + b-group, for which Gaudry and Sjogren in [24] proved the
LP-boundedness for all p € (2,00), as well as the weak type (1, 1) boundedness of
the adjoint operator. In contrast, no analogous results for the vertical Riesz transform
appear to be available, and, a fortiori, the L”-boundedness for p € (2, 0) of the vector
of Riesz transforms % appears to be so far an open problem.

Motivated by the lack of endpoint result for the adjoint Riesz transform %#* on Ty, 1,
and by the study of an analogue of the horizontal Riesz transforms in the continuous
setting of ax + b-groups (see [24], [23]), we also consider different Riesz transforms,
which we shall call horizontal Riesz transforms and denote by Z¢. They are defined
by means of a different notion of gradient, which we call horizontal gradient Vg,

namely

Vef(x) =Y, e0f(y),  x€Tgu,

yes(x)

where € € L™ has the cancellation property

Y e0)=0, xe€Tg.
yes(x)

We shall show that the LP-boundedness properties of the horizontal Riesz transform
for p € (1,0) can be deduced from the ones for %, but for the adjoint operator Z;
we are able to prove the weak type (1,1) boundedness.

In the second part of this thesis, we focus on trees endowed with the counting
measure and we investigate boundedness properties of Hardy-Littlewood maximal

operators.

We mention that some results on homogeneous trees endowed with the counting
measure, which is not a flow measure, have been obtained in the literature. More
precisely, Cowling, Meda, and Setti [14] and, independently, Naor and Tao [43]
studied the boundedness of the Hardy-Littlewood maximal function with respect to
the family of balls. More specifically, they proved that the centred Hardy—Littlewood
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maximal operator .# defined by

1
M f(x) =sup ——— fO)l, xeT
) =8 5,1, &, O "

is of weak type (1,1) and bounded on L? with respect to the counting measure for
every p € (1,0]. Here B,(x) is the ball centered at x € T, and |B,(x)| denotes its
cardinality. We study the modified centred Hardy-Littlewood maximal operator, i.e.,
for every y € (0, 1] the operator .Z" defined by

1

MY f(x) =sup —-— O, xe€T,y.
( ) rGIET) ‘Bl’(xﬂyyeBZr’(x)l ( )| s

In [59], the author proves that .Z 1/2 {5 of restricted weak type (2,2) on Ty ;.
Using complex interpolation, we study the range of exponents (p,s) such that .Z"
is either of strong or of weak type (p,s) on T, 1. By showing counterexamples,
we also prove that the result in [59] is optimal in an appropriate sense. Then, we
focus on trees with (a,b)-bounded geometry, i.e., trees such that every vertex has
at least a+ 1 and at most b+ 1 neighbors, where 2 < a < b are integers. By using
the fact that a tree T with (a,b)-bounded geometry can be naturally embedded into
a homogeneous tree Tj, 1, we transfer part of our results for .#? on T. Finally,
we introduce the notion of quasi-isometry. Specifically, two graphs G and G’ are
quasi-isometric (in the sense of Kanai), if there exist a mapping ¢ : G — G’ and
constants 0 < K, B < oo, 1 < o < oo such that

I) SUpy e d/((P(G>7x/) =K,

1) Ld(x,y)—B <d(ex),e(y) <adxy)+B,  xy€eG.

We discuss the robustness of our results by showing that if G and G’ are quasi-
isometric, we can deduce either strong or weak boundedness properties of the
Hardy-Littlewood maximal operator on G’ from either strong or weak boundedness

properties of the correspondent maximal operator on G.

The thesis is organized as follows. In Chapter 1 we focus on trees with root

at infinity 7, we prove a number of geometric properties of locally doubling flow
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measures on 7" and we discuss a global L”-Poincaré inequality for such measures.
Chapter 2 is devoted to the construction of a Calderén—Zygmund theory on a tree
with root at infinity endowed with a locally doubling flow measure. We prove some
classical results such as a Calderon—Zygmund decomposition of integrable functions,
the weak type (1,1) boundedness of a Hardy—Littlewood maximal functions, and
good interpolation properties of suitable Hardy and BM O spaces.

In Chapter 3 and 4 we focus on a model case: a homogeneous tree endowed with the
canonical flow measure. We show that various characterizations of the atomic Hardy
space fail and we prove the L” boundedness of the Riesz transform for p € (2,00).
In the last chapter, several positive and negative boundedness results for the Hardy—
Littlewood maximal operators on trees 7 endowed with the counting measure are
discussed.

Along the thesis, C denotes a positive constant which may vary from line to
line. However, when the exact values are unimportant for us, we use the standard
notation fi(x) < f>(x) to indicate that there exists a positive constant C, independent
from the variable x but possibly depending on some involved parameters, such that
f1(x) < Cfa(x) for every x. When both fi(x) < fo(x) and fo(x) < fi(x) are valid,
we will write fj(x) = f>(x).



Chapter 1
Trees and flow measures

In this chapter, we present some results obtained in collaboration with Levi, Tabacco
and Vallarino in [30] and [33]. We focus on trees with root at infinity 7" and
investigate a class of measures on 7', namely, flow measures, which are a natural
family of nondoubling measures of at least exponential growth (see (1.4) for a precise
definition). We characterize the properties of being locally doubling, doubling, and
of exponential growth and we discuss the isoperimetric inequality in this setting.
Subsequently, we show that flow measures on trees satisfy a global version of the
LP-Poincaré inequality.

1.1 Preliminaries and notation

An unoriented graph X is a vertex set V endowed with a symmetric relation ~. If
x ~y we say there is an edge connecting x to y, which we identify with the one
connecting y to x. The set of (unoriented) edges is denoted by E. From now on, we
identify the graph X with its set of vertices V. Since X is a discrete set, every positive
function on X defines a measure. With some abuse of notation, given a function
v :X — R™ we also denote by V the associated measure, given by

v(A)=) v(x), ACX.

Obviously, the counting measure is associated to the constant function equal to 1.
For any subset A C X we denote by |A| the cardinality of A. We define the degree
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function as deg(x) = [{y € X : y ~ x}| for every x € X, and we set g(x) = deg(x) — 1
for convenience of notation. We say that the graph is of bounded degree b+ 1 if
there exists a positive constant b such that sup, .y deg(x) = b+ 1.
Consider a sequence of vertices {x;} such that x; ~ x;;i. A path of length n € N
connecting two vertices x and y is a sequence {xg,x1,...,X,} C X, with no repeated
vertices, such that xo = x, x, =y, and x; ~ x;51 for every i =0,...,n—1. The
distance d(x,y) is defined as the minimum of the lengths of the paths connecting
x and y. If the path ¥ = {x;}"_, is finite, xo and x, are called the endpoints of .
The geodesic distance d(x,y) counts the minimum number of edges one has to cross
while moving from x to y along a path. Any path realizing such a distance for every
couple of vertices belonging to it is called a geodesic. We denote by I" the family of
geodesics.
A graph is connected if every couple of vertices belongs to a path. A subset C of a
graph X is connected if C is connected as subgraph of X.
For every subset C of X, the diameter of C is diam(C) = sup{d(x,y) : x,y € C}. Let
Sr(x0) ={x€X: d(x,xp) =r} and B,(xg) = {x € X : d(x,x0) < r} be, respectively,
the sphere and the ball of radius r € N centered at xo € X with respect to the geodesic
distance metric.
We say that v is a locally doubling measure if, for every r > 0, there exists a constant
C, such that

V(Bar(x0)) < Crv(Br(x0)), xo€X. (1.1)

If there exists a universal constant C > 1 such that for every r > 0, the inequality
(1.1) holds with C, = C, then the measure V is said (globally) doubling.

We denote by CX the space of all complex-valued functions on X. For any 1 <
p < oo, we denote by LP (X, v) the space of f € CX such that the norm £l zrx,vy =

1/p
Yoex [ f(x)|P v(x)) is finite, and by L*(X, V) the space of function such that
[f 12 (x,v) = Supsex ()] < oo

For every function f € CX we define the modulus of the gradient of f as the
function d f : X — R defined by

df() =} Ifx)—fO)l,  xeX.

yo~x

We say that (X, v) satisfies a local LP-Poincaré inequality, p € [1,00], if for any
R > 0 there exists a positive constant P,(R) such that for every function f & CX and
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every connected set C of diameter 0 < 2r < R it holds
If = fellr ey S Po(R)Plldf || o (c.v)s (1.2)

where fc = ﬁ Yoec f(X)V(x).

If the constant P,(R) may be made independent of R, then we say that (X, V)
satisfies a global LP-Poincaré inequality. More precisely, (X, V) satisfies a global
LP-Poincaré inequality, p € [1,00], if there exists a positive constant P, such that for
any function f € CX and any connected set C of diameter 2r it holds

1f = fellrcvy < Porlldfllzec,v)- (1.3)

Notice that when E is a ball, (1.2) and (1.3) are the standard local and global
LP-Poincaré inequalities studied in the literature [10, 16, 48, 11, 47].

Connected graphs having no paths with repeated vertices are called trees. In
particular the relation ~ is never transitive on a tree. Also, it is clear that trees are
uniquely geodesic spaces: for every couple of vertices x,y in a tree, there exists a
unique path (which is necessarily a geodesic) having x and y as endpoints. Hence,
without risk of confusion, we denote by [x,y] such a geodesic.

1.2 Trees with root at infinity

Let T = (V,E) be a tree. We fix a distinguished point 0 € T which we call the
origin of the tree. We write I’y for the family of half infinite geodesics having an
endpoint in the origin, I'y = {y = {x;}7_ € I',xo = 0}. The boundary of the tree

dT is classically identified with the set of labels corresponding to elements of Ty,

AT = {&,: yeTo}.

A point z € V =V UJT can be chosen to play the role of root of the tree. The role of
such a point is to induce a partial order relation on V, or more intuitively, to act as a
base point for a radial foliation of the tree. We say that x > y if and only if x € [z,y].
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We define the projection of x on the geodesic [o,7] as

I1;(x) = arg min d(x,y),
yG[O,Z]
and the level of x as
f(x> = d<07HZ(x)) - d(nz<x)7x>-

Notice that x > y if and only if ¢(x) — ¢(y) = d(x,y). Observe that if x < o, then
£(x) = —d(x,0). In particular, if one chooses the root to coincide with the origin,
then the level of a point is just (minus) its distance from the origin, i.e., its radial
coordinate, and the tree can be interpreted as a model for the unit disc . In
this chapter, however, we decide to fix the root as a point {, € dT, g being a
distinguished half infinite geodesic starting at the origin. With this choice, the
geometric interpretation of a level set in the unit disc is not so neat anymore. Instead,
it is helpful to switch to a half-plane model point of view; in analogy to the conformal
transformation of the unit disc onto the upper-half plane, mapping dD\ {{'} to R and
¢ to the point at infinity, we can interpret the tree rooted at {, as a conformal copy
of the one rooted at the origin, and its boundary as a representation of the Riemann
sphere. Following this point of view, hereinafter we will write Q for {{y € I'o\ {{,}}
and interpret {, as a separate special point (the point at infinity). It is easily seen
that, with the upper-half plane model in mind, a level set plays the role of a line
parallel to the real axis, which in the disc model would be an horocycle tangent to
the boundary point {,, and the level of a point plays the role of the y—coordinate in
the parametrization of the tree.

We define some further notation that will be useful. Given a vertex x, the
predecessor of x is the unique vertex p(x) such that x ~ p(x) and ¢(p(x)) = £(x) + 1,
while y is a successor of x if it belongs to the set s(x) = {y ~x: ¢(y) =/{(x) — 1}.
Observe that |s(x)| = g(x). We define the confluent of x,y € V to be the point

xAy=argmax{l(u): u € [x,y|} = argmin{l(u) : u>x,u>y}.

Observe that the level function can be written as £(x) = d(xAo,0) —d(x N o,x). The
tent rooted in x is the set V., = {y € T : y < x} and we denote by Q, its boundary,
Q,={0ecQ: {<x}={cQ: {Ax=x}. The family {Q,} c7 can be used as a
base for the topology on . Borel measures on the boundary can then be considered,

accordingly.
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Finally, we introduce the following convenient notation which will be widely
used throughout the chapter: whenever we fix a vertex xg, we denote by x; its k—th
predecessor, namely x; = pX(xo) for any integer k > 1. Clearly x; = x;(xo) depends
on xg, but since the basis point xy will always be clear from the context we will
simply write xy.

1.2.1 Flow measures

From now on, 7' will always denote a tree rooted at {, € d7', endowed with the level
structure described above, and V the set of its vertices. We say that m is a flow if, for
every x € T, it holds

m(x) = Z m(y). (1.4)

Flow measures on 7T are special in the fact that they are in a 1-1 relation with Borel
measures on the boundary of the tree. More precisely, any flow measure m can be
extended to a measure on €2 through the correspondence

m(Qy) = m(x), (1.5)

and conversely, if m is a non-negative Borel measure on €, then the function m :
T — R defined by (1.5) is a flow (by the additivity property of measures). We are
interested in the relation between flow measures and the doubling property.

Next technical lemma provides explicit expressions for the mass of spheres and
balls for a general flow measure and useful upper and lower bounds for the ratio
between measures of balls.

Lemma 1.2.1. Let m be a flow measure. Fix xo € T and, for k > 0, let x;, = p*(xp).
For every r € N, the following hold:

(i) m(Sy(x0)) = m(x,—1) +m(x,);

r—1
(ii) m(B,(x0)) =2 Xbm(xj) +m(x,);
=
m(xa;) m(Bar(x0)) _ (4r+1)m(xz,)
Crt Umlx) = mBx) = mx)

(iii)



1.2 Trees with root at infinity 13

Proof. Define the [—level slice of the sphere S, (xp) as S(xg) = S,(xo) N {x € T :
¢(x) =1}, and set I(k) = £(xg) — r + 2k. Then

S, (x0) = | i (xo).

k=0

It is easily seen that

S{O () = fx €T 1 x < x0,£(x) = 1(0)},
S (xo) ={xeT: x<xp, l(x) =1k)}\{xeT: x<x_1}.

Observe that m(S-”) (x0)) = m(xo), S\ (x0) = x, and, for 1 <k < r—1, St¥ (x0) #£ 0
if and only if g(x;) > 2. If m is a flow measure, then

m(SI (x0)) = m(s(x)) —m(s(xe_1)) = m(a) —m(xe—1), 1<k<r—1,

which equals zero if g(x;) = 1, as expected. The flow measure of the sphere, for

r > 1, is then given by

m(S/(x0)) = kiomw’r“‘) (x0)) = m(so) +m(xr) + X, [m(xe) —m(sc-)]
=m(x,—1) +m(x,). (1.6)

We can now compute the flow measure of the ball B,(x() using its foliation by means

of spheres:
r r r—1
B,(x9)) = gom(Sj(xo Z (xj—1)+m(xj)] =2 ;)m(xj) +m(x,).
" . " (1.7)
Clearly m(B,(x0)) > ¥ _om(x;). Moreover,
2r ) 2r—1
m(x; 2y m(x;)+m(xz)
miey) A (b)) 5 2
2r+1)m(x,) — r=1 — m(B,(x - i
(@r - Dm{x) 2 Zm(xj)—l—m(xr) (B:(x0)) Zm(x]')
j=0 Jj=0

< (4r+1)m(xy;,)
- m(x;)

Y
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as required by (iii). O

Next proposition gives a property which is equivalent to the locally doubling

condition.

Proposition 1.2.2. Let m be a flow measure. The following are equivalent.

(i) The measure m is locally doubling.

(ii) There exists a constant ¢ > 1 such that

m(x) < cm(y), xeT,yes(x), (1.8)
¢ m(y), x€T withgqg(x)>2,y€ s(x). (1.9)

>
mix) 2 c—1
Proof. Assume that (1.8) holds. Then for any xo € 7 and r > 0, from Lemma 1.2.1

we have
m(Ba,(xo))

m(Br(xo))
Conversely, let m be a locally doubling flow. Then, for every x € T, y € s(x) and

< (4r+1)c" =C,.

z € s(y), again from (1.1) and Lemma 1.2.1,

C >

(1.10)

If (1.8) did not hold, we could find two sequences of vertices {x;} and {y;}, with
yj € s(x;), such that limsup;m(x;)/m(y;) = +oo, contradicting (1.10). Moreover,
such an inequality implies that g(x) < ¢ for all x € T. Indeed,

= ¥ ome) =1 ¥ my) = 10
yes(x) yes(x)
Then, for x € T with g(x) > 2 we have
@ =me)+ L @)= m)+ 1 ),
zes(0)\{y}

from which it follows that
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This completes the proof. [

In the previous proof it was shown a fact which is itself important and we prefer
to state here as a corollary to enlighten it.

Corollary 1.2.3. If T admits a locally doubling flow measure, then

with the same constant c as in (1.8).

Observe that the opposite is not true, i.e., not every flow on a tree of bounded
degree is locally doubling. In fact, it is clear that any measure m with a super
exponential growth along the geodesic g, so not satisfying (1.8), can be defined

outside g in such a way to be a flow.

Remark 1.2.4. Note that unless 7 = Z, namely the trivial tree where each vertex
has exactly two neighborhoods (a predecessor and a successor), in fact the constant
c in (1.8) must be greater or equal than 2, as a consequence of Corollary 1.2.3.

Remarkably, it turns out that trees with root at infinity do not admit doubling flow
measures, unless almost all of their vertices have only one successor. Letn: I" — N
be the function counting the number of vertices having at least two successors along

each geodesic,
n(y)={yevr: qbv) =2}

Proposition 1.2.5. A locally doubling flow measure on T is doubling if and only if T
has bounded degree and
supn(y) =M < oo, (1.11)
yel'
Proof. Let (1.11) hold, m be a locally doubling flow and ¢ be the constant in (1.8).
Then for every xo € T,r > 2, it holds

m(By(x0)) _ (4r+ Vm(xy) _ (GrD)etm(xpp)) o
n(B,x0) ~ (r—Dmxr, ) = OmGe)

If r =1, we easily get the uniform boundedness of Zgg?gg;; by the definition of

locally doubling measure. Hence, m is doubling.
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Conversely, let m be a doubling flow, C the doubling constant and x,z € T with
z > x. Choose xp < x such that r = d(xp,x) = 2d(x,z). Then,

m(Bar(x0)) _ 2L oaram(x) rm(z)
m(B,(x0)) = (2r—Dm(x) = @r—1)m@x)’

C>

Hence, m(z) < 3Cm(x). On the other hand, m is locally doubling, so by (1.9)
m(z) > kK"PEO) A m(x). Then, n([p(x),z]) < log,(3C). By the generality of x and z
the result follows. []

Observe that it is enough to take the supremum in (1.11) over doubly infinite
geodesics having one of the endpoints in {,: in fact, if §,n € 9T \ {{,}, then clearly
n([¢.n]) <n([&,&]) +n([n, ). We have the following characterization.

Theorem 1.2.6. A tree T rooted at infinity admits a doubling flow measure if and
only if it has bounded degree and (1.11) holds.

Proof. Clearly if T admits a doubling measure then it must have bounded degree by
Corollary 1.2.3 and satisfies (1.11) by Proposition 1.2.5. Conversely, let T be a tree
satisfying (1.11) and suppose that g(x) < c¢ for every x € T. Then any measure m
satisfying m(p(x)) = g(p(x))m(x) at every vertex x is a locally doubling flow since
m(p(x)) < em(x). We conclude by Proposition 1.2.5. O

Definition 1.2.7. We say that m has at least exponential growth if, for one (and
therefore all) xg € T, there exist ro = ro(xp) €N, B = B(xp) > 0and o = o (xp) >0
such that m(B,(xp)) > Be®" for all r > ry.

Proposition 1.2.8. Let m be a locally doubling flow. Then m has at least exponential
growth if and only if for one (and therefore all) xo € T there exist ro = ro(xp) € N
and o = a(xg) > 0 such that n([xy,x,]) > ar for all r > r.

Proof. For the sufficient condition, by (1.9) we have that for any xo € T and r > ry
m(By(x0)) = m(x,) > m(xo)k" P15 > m(x0)k® > Be®”.

Conversely, assume that m has at least exponential growth. Then for some «, 3,
and all r > ry we have

Be® < m(B,(x)) < (2r+ 1) 1D (x),
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where c is the constant in (1.8). Then we get

n([xl,xr])/r> @ —B Lr « oo
c e ((2r+1)m(x0)> — e >1 asr— oo,

The assumption that there exists an xo € T such that liminfn([x,x,])/r = 0 would
F—o0
then lead to a contradiction. ]

Definition 1.2.9. We say that a measure m satisfies the isoperimetric inequality on 7
if there exists a constant Cj5, > 0 such that for every bounded A C T

m(dA) > Cisom(A),
where the boundary of A is defined as dJA = {x € A : Iy € A° such that y ~ x}.

We observe that the isoperimetric inequality does not hold for flow measures on
T.

Proposition 1.2.10. A flow measure does not satisfy the isoperimetric inequality.

Proof. Let m be a flow measure. Given a ball B = B,(xp), r > 0 and xo € T, set
B~ =BN{xeT: x<xp}. Itis clear that
m(dB™) 2m(xp) 2

mB) U+ Dmx)  r+1

0, asr— +oo.

1.2.2 Poincaré inequality for flow measures on trees

Let T be a tree with root at infinity such that deg(x) > 2 for every x € T. We denote
by § the family of flow measures on 7. We define the flow gradient acting on
functions f € CT as

Vf(x)=f(p(x) - f(x), xe€T.

Observe that forany f € CT andx € T, |[Vf(x)| < df(x).

We now prove a global LP-Poincaré inequality on connected sets for trees en-

dowed with flow measures. What is remarkable here, is that the tree is not required
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to have bounded degree. As far as we know, there are no examples in literature of
global Poincaré inequalities in the setting of a metric measure space of exponential

growth.

Theorem 1.2.11. Let C C T be a connected set with diam(C) =2r, p € [1,| and f
any function on T. Then, for every m € §, (T, m) satisfies the LP-Poincaré inequality
(1.3) with P, = 4, i.e.,

1f = fellrcm) < 4rlldf | o cm)-
Proof. Let C C T be a finite connected set with diam(C) = 2r. It is easy to see that

sup|{z€ C:z>x}| <2r (1.12)
xeC

Denote by x¢ the vertex with maximum level in C. Then, we have that

ro-rel< ¥ (el ¥ wrl)as

yeC \xc>z>x xXc>z>y

<2[|Vfllz=cmysup{z € C:z > x}
xeC

< 4|V £l = (com)-
Passing to the supremum and using the fact that |Vf| < df, we get the desired

inequality when p = co.
Assume now p € [1,). By applying Jensen’s inequality, we get that

m p
X170 felPm) = ¥ | ¥ (760 - £00) 2%
xeC xeClyeC
<X X0 - 0P
xeCyeC
"m(y)
\% \Y —m(x).
ST X Ve L mrel) e
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Then, since (a+b)? < 2P~ (aP + bP) for any a,b > 0, by Holder’s inequality, (1.12)
and Fubini’s Theorem we obtain

ZZ( Y IVF@I+ Y |Vf(z)|)p%m(x)

xeCyeC \xc>z>x Xc>z7>y

<2r2r)??' Y Y [V f(z)[Pm(x)

xe€C xc>7>x

=222n)PP Y (VP Y m(x)

zeC C>x<z

<2P2r)P/PHLY [V F(2)|Pm(z).

zeC

In the last line we have used that, for a flow measure, } c5,<,m(x) < m(z)diam(C).
Since |V f| < df, the above inequalities imply the desired result. ]



Chapter 2

Calderon-Zygmund theory for flow
measures on trees

In this chapter, we collect the main results of [30], where we develop a Calder6n—
Zygmund theory on the setting of a tree rooted at infinity endowed with locally
doubling flow measures. The classical Calderon—Zygmund theory heavily relies
on the fact that metric balls enjoy the doubling property with respect to the given
measure. As shown in the previous chapter, flow measures on the tree tested on balls
are typically nondoubling. For this reason, inspired by the seminal work [27], we
substitute balls with a different family of sets which turn out to be doubling in an
appropriate sense, and can be used as base sets for building up a Calderén—Zygmund
theory in this context. In particular, we obtain a Calderén—Zygmund decomposition
for integrable function and we define BMO and Hardy spaces, proving a number
of desired results extending the corresponding theory as known in more classical
settings. Finally, we show that such spaces satisfy good interpolation properties,
both with respect to the real and the complex interpolation methods, so that they can

be used for endpoint boundedness results for integral operators.

2.1 Calderéon-Zygmund theory

Assumptions. In this chapter, we will assume that 7 is a tree rooted at {, € T,V is

its set of vertices, and
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(1) m: T — R is a locally doubling flow measure;

(2) c is the constant in (1.8) and in particular g(x) < ¢ foreveryx € T.

By Corollary 1.2.3 (2) is a consequence of (1), but we explicitly state it here to recall
once and for all the notation of the constant c.

2.1.1 Admissible trapezoids

As proved in Theorem 1.2.6, flow measures are in general nondoubling. Inspired
by [27], we introduce a family of sets that we call admissible trapezoids. For
' > n € N\ {0}, we define the trapezoid rooted at xo € T of parameters &', h” as

R=RI(xo) ={xeT: x<xo, l(xo) —h' < l(x)<l(xo)—h}.
Observe that if m is a flow measure, then
m(R) = m(xo)(h" —1).

For such reason, we call the quantity h(R) = h" — h' the height of the trapezoid.

Singletons are also considered to be trapezoids. Given a number > 12, we say
that a trapezoid R is admissible (with respect to f3) if either R = {xo} or R = RZ:/ (x0),
with 2 < K’ /i < B, for some xo € T. We fix  once for all and we denote by
F = % (PB) the corresponding family of admissible trapezoids. This specific lower
bound on f is needed to guarantee enough room to perform the expansion algorithm

described below.

2.1.2 Decomposition and expansion algorithms

We now describe procedures to define decompositions and expansions of admissi-
ble trapezoids. Let R = RZ:/ (x0) € %, and set Yy =h" /K. We have the following
decomposition algorithm:

» if R={xp}, we are done;
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e if ¥ =1 and A’ = 2, cut R in the disjoint union of its vertices: they are at most
¢, sons of x;

o if ¥ =1and " =3 or y > 4, cut R horizontally producing
Ru=R¥ (x0), Rq=Rly(x);
* else, cut R vertically producing
Ry = RZ::I (y), ye€s(xp)-

It is easy to see that in any case the sub-trapezoids produced as above are admissible.
Let % (R, 1) be the output of the algorithm, which is a family of at most ¢ trapezoids
forming a partition of R, and for k > 1 let % (R,k + 1) be the family of trapezoids
produced by applying the decomposition algorithm to each element of .7 (R, k).
Observe that the algorithm can be iterated until one reaches the trivial partition of
the given trapezoid R, which is the one constituted of singletons only.

Conversely, if we want to produce the “father” of the given admissible trapezoid
R, we proceed via the following expansion algorithm:

if R = {xo}, we expand it to R = s(p(x0));

if ¥ =1and " =2, we expand R to R’ = R3(p(x0));

if y > 3, we expand R horizontally to R’ = RZ,:II (p(x0));

* else, we can decide whether to expand R down vertically to R’ = Ri,h” (xg) or
up vertically to R = R}[Z, 12 (%0)-

Observe that no vertical expansion is performed as far as /' = 1, so that also the
up-vertical expansion is always properly defined. It is easy to check that any of the
above expansion steps produces a new admissible trapezoid R’ which contains R.
The following property can be considered as a substitute for the doubling property in
the proposed contest.

Proposition 2.1.1. Ler R € .7, R’ be its expansion and Q € .F (R, 1). Then,

1 / ~
ZN’m(R ) <m(R) < Cm(Q),
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where C = max{2c,f —1,3}.

Proof. Let R = R (x) be an admissible trapezoid, Q € .Z

sion of R. The following estimates hold:

% (R,1) and R’ the expan-

if R" is down vertical expansion of R

m(Q)7 if R = {xo}
—1 if Q =R,
)< 4 (B=1m(0) ir0
3m(Q)/2, if Q =Ry
L cm(Q), otherwise,
(em(R), ifR={xp}ory>3
, 2cm(R), ifh =1,n"=2
m(R') <X
3m(R),
| 5m(R)/2 if R is up vertical expansion of R.

2.1.3 Hardy-Littlewood maximal function

In this section we prove the L” boundedness for p € (1,0| and the weak type (1,1)
boundedness of the Hardy-Littlewood maximal function associated to the family .7
Given a function f € CT, its maximal function M f at a vertex x is defined by

Mf(x) = sup- Zlf

Rox M yeR

where the supremum is taken over all R € .% such that x € R.

Given R = RZ:/ (x) € .7 we define its envelope as

(ﬁh’ﬂ
=Ry )

Then, given a R € .% with root x € T, we have that

i) = (18311~ g1 o).
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and if /' < B then
h/
[Br"] - (31 <BH'+1-1=Bn".

If /' > f then,
"o h_/ % _E/
[Bh"] (ﬁwﬁﬁh +1 5

Summing up and using that m(R) = m(x)(h"" — k') > m(x)h" /2, because R is admis-

S Bh//.

sible, we have that
m(R) <2Bm(R), 2.1)

We point out that (2.1) replaces the usual doubling condition for metric balls. In
order to prove the boundedness of the Hardy-Littlewood maximal function we need
the following technical lemma.

Lemma 2.1.2. Let R|,R) € .% with roots x1,x, respectively, such that Ry "Ry # 0
and m(x1) > m(x;). Then

RQCI?I.

Proof. If Ry and R; are singletons, then they coincide. If Ry = {x, }, then Ry N R, # 0
implies x; € Ry C Ry. If Ry = {x1}, then R; N R, # 0 implies x; € R,, but, since
m(x1) > m(xy), it follows x; = x3.

Consider now the case when R| = RZ:{ (x1),Ry = Rzg (x2) are both not singletons.
Define ¢; = ¢(x;). Since Ry N R, # 0, there exists X € Ry N Ry; hence £(x;) > ¢(x). It
is easy to see that the existence of X implies that x; lies below x| and in particular
ly < 4. Moreover, {; —h! +1 < {(x) <{; —h}, with i, j = 1,2. Thus

by — 1y zhll—hlzl—l—l,
0=l <K' —Hy—1.

(2.2)

Let x be a vertex in Ry. By definition we have h) < {5 —{(x) <h — 1. By (2.2)

1

h
0y —Ll(x) =41 —lr+ 0y —l(x) <B(h’1'—F2—|—1)—|—h'2’—1 < Bh < [BhY].
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Again, by (2.2),

1 n
01 —L(x) = by — o+ Ly — £(x) > E(h’l — BRy+1)+Hs > Fl

hence, we deduce ¢; — ¢(x) > (%/11 . In conclusion, x € R;. O
We remark that
IMfllr=m)y < Nflle=gmys — fEL”(m). (2.3)
We can now state the main result of this section.

Theorem 2.1.3. The following hold.

(i) Forall f € L'(m) and A >0
2B
m({x €T : Mf(x)>A}) < == £ty

1/p
(ii) forevery p € (1,00), M is bounded on L” (m) with constant at most 2 <2[3 %) .

Proof. Property (ii) follows by (i) and (2.3) by the Marcinkiewicz interpolation
Theorem. For proving (i), by means of Lemma 2.1.2, we can follow closely the
proof of [27, Th. 3.1].

Let A >0, f € L!(m) and set

Q) ={xeT : Mf(x)>1}, So

Il
—
]
Mm
Y
g
=
=
3
=
V
N

.

For all R € Sy, letting xg be the root of R, we have

1
m(xr) < m(R) < [l fllLiim:

So 1s countable hence we can introduce an order on it. We say that R > Q if
m(xg) > m(xp). Let Ry be the maximal trapezoid in Sy with respect to > (it exists
because of the previous estimate) which appears first in the order. Define S} = {R €
So : RNR; =0}.
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Let R, be the maximal admissible trapezoid in S; which appears first in the ordering.
So we can define inductively the sequences

Siv1 = {RES RﬂRj:QjSi},

and R;;1 € S;4+1 is the maximal trapezoid with respect to > which appears first in
the ordering. We claim that

VR € So dR; : RNR; # 0, m(le.) > m(xR). 2.4)

By Lemma 2.1.2, (2.4) in particular implies that R C R;. Now we prove the claim: it
suffices to show that there exists j € N such that R € §;\ ;1. By contradiction, if
such a j does not exist, then 3 k such that Sy contains infinite admissible trapezoids
{T;}; such that T;NT; = 0 if i # j, m(x7,) = max{m(xg) : R € S}, [TNR = 0. Now

we set

Re=T,...;Ryi = Tit1,. .-,

then
+oo +oo | f m
Y i) < Yom(R) < ¥+ ¥ 1£0) miy) < L1
i=k i=k i=k ”" yER;

and the left hand side is infinite. Thus the claim is proved Define E = U;R; and
notice that E¢ C Q9. Indeed if x € E° and R € % contains x then R ¢ Sp. We
conclude that for x € E€

M) = sip —— Y |0 my) <A,

Rox.ReS, M(R) Sk

hence x ¢ Q, . In conclusion

m(Q;) <m(E) <) m(R <2ﬁ2m <2ﬁ—||f||L1

i

as required. ]
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2.14 Calderéon-Zygmund decomposition

The aim of this subsection is to introduce a Calderén—Zygmund decomposition in our
setting. We first prove the existence of a partition of T consisting of big admissible
trapezoids, in the sense that, if we fix any o > 0, each set of such a partition has
measure larger than ©.

Lemma 2.1.4. For all 6 > 0 there exists a partition & C ¥ of T, such that
m(R) > o, Re Z.

Proof. For all n € Z let x,, denote the vertex in g such that ¢(x,) = n. We consider
two cases, either {m(x,)},cz diverges as n — +oo or {m(xy)},cz is bounded. If
m(x,) — oo, then there exists 7z € N such that m(x,) > oc for all n > 7 where c is
asin (1.8). For any y € T set Rf = R%j,l (y) for all I € N. We define & as

P ={R]: 1eN, y e {xz1}U(s(x) \ &), n > 7} U{s(x;) : j > 7}

This concludes the proof when {m(x,)},cz diverges.

Now assume that {m(x,)},cz is bounded. By (1.9), there are finitely many
indices n € N such that g(x,) > 2. Let x; denote the vertex in g with maximum level
such that g(x;) > 2. By the definition of flow we have that m(x,) = m(x;) if n > [.
First, notice that there exists p € N such that 2”~!'m(x;) > o, thus we can cover
the upper part of the tree with trapezoids Uy = R%ﬁ_ |
m(Uy) = 2P~ 'm(x;) > o for all k. Subsequently, we cover the lower part of the tree
§+1<Xl+2p—l) with j > p. Observe that m(L;) = 2/m(x;) >
2Pm(x;) > o. We conclude by defining

(X 42p-1;) Where k > 1 and

with trapezoids L; = R%

P = {Uhis1 | {Lj}j=p- -

Next lemma provides a quite general procedure to determine a family of stopping
sets for a given testing condition on the size of the L' mean of a function. Several
results in the thesis will rely on such a scheme as a basic step.

Lemma 2.1.5. Let f € CT, o0 > 0 and R € .7 be such that ﬁ Yyer ) m(y) <a.
Then, there exists a family & of disjoint admissible trapezoids contained in R such
that for each E € 9 the following hold:
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1
(i) @yélf(y)lm(y) > a;

| ~
(i) B Y If»)Im(y) < Ca;

yeE

(iii) if x € R\Ugeg E, then | f(x)| < .

Proof. We apply the decomposition algorithm to R: if Q € .# (R, 1) is such that
@Zyeg |f(»)| m(y) > o then we stop and declare Q € ¢, otherwise, if Q is
divisible (i.e., it is not a singleton) we split it up applying again the decomposition
algorithm. We iterate the above reasoning until R is partitioned in some stopping
sets E such that @ZyeE |f(»)| m(y) > a (some of which may be singletons)
and some singletons x at which |f(x)| = %Zye{x} lf)| m(y) <o . Let 4 be
the family of the stopping sets. Then (i) and (iii) hold by construction. To prove
(ii): for each E € 4 there exists k > 1 such that E € % (R,k). Let E’ be the
unique set in .Z (R, k — 1) such that E € .Z(E’,1). Then E C E', m(E') < Cm(E),
where C is the constant in Proposition 2.1.1, and, since E’ is not a stopping set,
i) Ly [f ()| m(y) < o Hence

1 C ~

Now we state the main result of this section, namely the Calderén—Zygmund
decomposition of integrable functions.

Theorem 2.1.6 (Calderén—Zygmund decomposition). For every f € L'(m) and
a > 0, there exist a family {E;} of disjoint admissible trapezoids and functions g, b’
such that f = g+ Y, b’ and
(i) |g| <Ca;
(ii) b' =0 on (E;);
(iti) 6l|1 ) < 2Cotm(Ey) and L, b'(y) m(y) = 0;

- £l (m)
o

(iv) Zm(E,)
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Proof. Let & C .7 be a partition of T such that for all R € & we have m(R) >

HfHLl . Then, for every R € 2, it holds —= ZyeR |f(»)| m(y) < o, and we can

apply Lemma 2.1.5. Let 4(R) be the famlly of stopping sets generated by R and let
{E;} be a listing of the sets belonging to ¥ (R) for some R € .%. We define now

m(y) ifxeU;E;,
g(x) = )V,
f(x) else,
) = (10~ g I F0) ) ) 20
) yeE;

By Lemma 2.1.5, |g(x)| < Cat. Every b' is supported in E; and Yyer b'(y) m(y) =0.
Moreover,

1611y <2 Y 1FO)] m(y) < 2Caum(E;),
yeE;
" 11
1 LY (m)
m(E;) < — [f )] m(y) < )
; o ;yEEi o
as required. ]

2.2 BMO and Hardy spaces

This section is devoted to the definition and the study of properties of BMO and
Hardy spaces in our setting.

2.2.1 BMO spaces

We introduce the space of bounded mean oscillation functions. In the following, for
every f € CT and R € .7, we denote by f the integral average of f on R, i.e.,

Zf

yeR
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Definition 2.2.1. Given g € [1,0) we define BMO,(m) as the space of all functions
f € CT such that

1/q
||f||BMoq=sup( Y I0) fR|"m(y)> <o,
ReF yGR

quotiented over constant functions. It can be easily shown that (BMO,(m), || - | smo,)

is a Banach space.

As an immediate consequence of Holder’s inequality we have that for every
q € [1,%)

I fllBmo, < |IfllBao,; (2.5)

thus BMO,(m) C BMO;(m). To prove the reverse inclusion we shall first show that
the following John-Nirenberg inequality holds in our setting.

Theorem 2.2.2 (John-Nirenberg inequality). There exist constants n,A > 0 such
that, for all f € BMO;(m):

) s iy T o ()l ) ) <
9 290 s L0 g 101 1) mo) <4
(if) m({x €R : |f(x) _fR| > tHfHBMO] }) SAeimm(R)’ t>0andRec F

Proof. Suppose that f € CT is not constant, otherwise the result is trivial. Let
Roe Z.If Ry = {X()}, then fRo = f(xo) and

Z €xXp (H][HB |f(y) _fR0|> m(y) =1,

yGRo

thus it is sufficient to choose A > 1.
If Ry # {x0}, we have

Z f(¥) = frol m(y) <2]|f|Bmoy -

yERo

Applying Lemma 2.1.5 to the function f — fg, with & = 2| f||pmo,. We get a
family ¢ of disjoint stopping sets contained in Ry satisfying properties (i), (ii) and
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(iii) in the lemma. In particular by (i) it follows that

m( U E) = Z m(E) 2||f||BM0] Z Z £ (¥) = frol m(y)

EcY EcY Ec9 yeE

m(Ro) 20
< .
~ 2||f||BM01 yGZRO |f fRo| m(y> = 2
For each stopping set E € ¢ we have
\fE— frol < !fE — ferl+ e — frol
Lf () = fer| m(y ~ 2 ) = frol m(y)
ygz : m(E yeZE/ ° @)

— fer| m(y) +2C| fllamo, < 3C||f|lamo,-

yGE’

Now, we first suppose that f € L*(m), and for r > 0 we define

1 t
0= 20 i 0 (7 1)) 70

Then |f — fg| <2 f||z=(m)» from which it follows that

F(t) <exp (M) < +oo, Vi>0.
[fllaweo,
Thus
1 ¢t 1
m(Ro) yEZR«OeXP (||f|—|BMO1 /) _fR0|> m(y) < m(RO)yGRgQMeXP (2) m(y)
1 t
o) Ay (T 100l 0 =l )

(2.8)
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Using (2.7) we dominate the last expression in (2.8) with

1 ~ 4
)y & Lo () e (m'f 0=l
<exp(2t) +exp (3&) (;0 qm
) e
<exp(2t) +exp <3Ct) (t)

where the last inequality is verified by (2.6). We conclude that, for sufficiently small
2t

2

t,F(t) < %, hence there exist ,A > 0 such that F(n) < A. This concludes
2—e

the proof when f is a bounded function.

For the general case, let f € BMO{(m) and for all k € N and x € T define

f(x) f(x)] <k,
flx) =4 flx)

/()]

It is readily seen that f; € L™(m), fi — f pointwise on T and (f;)g — fr. Moreover,
there exists a positive constant ¢’ such that || f¢||smo, < ¢||fllBmo,. Since BMO; (m)

is a vector space, in order to prove the last assertion it suffices to consider real-valued
functions. Then, the desired result follows by noticing that

fie = min(max(f, —k),k),  keN.

and by the fact that the functions 4 := min(f, g),, := max(f, g) belong to BMO(m)
for every f,g € BMO\(m), see [25, Theorem 7.1.2. (vii)].
Next, we have that

i Xe p(,HfH !ﬂ@%%ﬁhom@)

yGR
Ze <||fk||BMO |fi(y) — (fk)R|> m(y) <C.

yGR
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Passing to the limit, we deduce (i) by the dominated convergence theorem. In order
to prove (ii), notice that

m({x€R : |f(x)— fr] >t||fllamo, })

=t Riexp (11 fl) > )
1/ | Bmo,
<e MY exp (Llf(y) - le> m(y) <Ae "m(R),
ek 1f1lBs0,
where the last inequality follows by (i). O

A remarkable consequence of Theorem 2.2.2 is the equivalence of the BMO,(m)
spaces, g € [1,).

Corollary 2.2.3. For all g € (1,) there exists a constant B, depending only on q
such that

| fllsmo, < Bgllfllamo,,  f € BMO:i(m).

i L0l ) = [ ot (xR 1~ fil (1) > a}) e

< q/oo a1 Ae~ %/ fBmoy gq
0

< gA ( Hfo'M01 )ql—‘(q).

We conclude by choosing B, = (¢AT'(¢))"/4/n. O

As a consequence of Corollary 2.2.3 and (2.5), BMO,(m) = BMO{(m) for every
q € (1,e0). Henceforward, let BMO(m) denote the space BMO|(m).

2.2.2 Hardy spaces

In this subsection we introduce atomic Hardy spaces.

Definition 2.2.4. A function a is a (1, p)-atom for p € (1,00] if the following hold
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(i) ais supportedinasetR € .7,
(i) llallrmy <m@®R)YP7Y,

(iii) Yyera(y) m(y) =0.

Definition 2.2.5. Given p € (1,], the Hardy space H!”(m) is the space of all
the function g € L' (m) such that g = ¥ ;A;a; where a; are (1,p) atoms and A; are
complex numbers such that }°; |A;] < +co. We denote by ||g||;;1.» the infimum of
Y.j|4;| over all the possible decompositions g =} ; A;ja; with a; (1, p)-atoms.

We also introduce the subspace

N
Hfir’lp(m): {gGHl,p(m) T g= Z)vaj, NGN}
j=1

The next result yields the equivalence of the H'”(m) spaces when p € (1,00]. It
is readily seen that H'**(m) C H'”(m). For the converse, we use a variant of the
Calderén—Zygmund decomposition, as follows.

Proposition 2.2.6. For any p € (1,0) there exists A, > 0 such that the following

estimate holds
£l S Aplfllros  fEH P (m).

Hence H'"P(m) = H'"**(m) and the norms || - || 1. and || - || 1. are equivalent.

Proof. Ttsuffices to prove that there exists a constant A, depending only on p € (1,0)
such that, for every (1, p)-atom a, one has

lallgie < Ap. (2.9)

Let a be a (1, p)-atom. We have that supp(a) C Q € Z, ||a||p(m) < m(Q)'/P=1,
Yyepa(y) m(y) = 0. We define b = m(Q)a; we claim that Vn € N, we can write

b= Z&l/paH—l Z m(le)aj1+ Z fjn’

=0 jieNt Jn€N"
where o > 0 is a constant to be chosen later, C is as in Proposition 2.1.1 and

(i) aj, is a (1,00)-atom supported in R j,,
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(ii) supp fj, C Rj,s Lyer,, Fin(v) m(y) =0,

| 1/p _
(it (m Tyer,, [fil? m<y>) <28 rar,
(iv) Zjn Hfjnuip(m) < 2P”Hb||€,,(m)

(v) If5, )] < b(x)+C/Pom2nl,

(vi) L, m(R;,) <27 Da?||b|], .

Assume the claim holds. Then

'Y Filloom < Xm®Ri) Y71 il < 2L mR;)Y P m(R;,)/PCYPar

Jn€N"
<2 a2tV |7, . < 2C1 P2 (a2 ) im(Q),

P . .
the last quantity tends to zero as n — 4o if @ > 27-1. The previous computation

shows that

b= ch/pal—i-l Z m(Rj)a;,

[GNI

where the series converges in L' (m). By properties (vi) we have

ch/pal—i-l Z m ]l < ch/pal+12p(l 1) lpm(Q):Apm(Q),
=0 jieN!

if o > 27/(P=1) and we conclude that ||a|| ;1. < Ap.

We now prove the claim by induction. Fix n = 1 and notice that
Z| Z|a )W m(y) <1< ar.
yEQ Q yeQ

Apply Lemma 2.1.5 to the function |b|” with the constant a?, call {R;}; the family
of stopping sets and set E = U;R;. Define

1
- m(R,) ygqlb(y) m(y) AR;-

b=g+Y fi fi=
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By definition of R;, |g| < o on E¢, and by Holder’s inequality and Lemma 2.1.5, we
have
1 ~
b(y) m(y)‘ <C'ra, (2.10)
‘ m(R;) y;e,.
which yields

1/p
HfiHLl’( (Zlb )P m(y ) +C1/pocm( )1/”<2C1/1’05m( )1/17

YER;

Moreover, by (2.10)
|g(x)|§51/poc if x €R;,

thus ag = (CY/Pam(Q)) 'gisa (1,e0)-atom. We can write b = g+Y; f; = C'/Paum(Q)ag +

Y.; fi» obviously suppf; C Ri, YXyer fi(y)m(y) = 0 and || fil|zr () < 2CYPam(R;)'/?.
By definition of stopping set and f; we have

18175
YomR) < =2 | fillip < 20y,

hence
S 1Ay < 2711
i
and the claim is verified.

We now assume that the claim holds for n € N. Then, for all j,, € N",

! _
Z 15, ()P m(y) <2PCa? < o\ 1P,

if we choose ot > 2C!/P. We apply Lemma 2.1.5 to each R, producing stopping sets
Rjni’ i € N, such that

(n+1)p . p oy (t1)p
o < ; m(y) <Ca .

! yGRjn,‘
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‘We define

1
fini = lfjn -—— Y £ m(y)] AR &in = Sin— Y finic

( jni) yERjni ieN

Then, arguing as above, a;, = (C'/?a")Pm(R; ))~'g;, is a (1,00)-atom, fj,; is

supported in R,; and has zero integral,

1 /p N
£ )P m(y)) < Ergrtl < oM p gt
<m(Rjni) yeZR;ni ’

and

£ < 1@ +CPamt < |b(x)|+CVPam2" ! 4 C Pt
< |b(x)|+CPor 12,

‘We deduce that

Y MFiil 7oy < X2 MFiall oy < 21’(”+1>||b||{p(m),
Jnl Jn

1 1 )
jzn;m(Rjni) < WZZ Y 1.0 m(y) < m%‘,”fjnum(m)

Jn 1 YERj,;
1
pr|p||P
and this concludes the proof. [

In the sequel we write H!(m) in place of H'*(m) and H.} (m) in place of
1,00
Hg' = (m).

Remark 2.2.7. We now show that the Hardy space H'(m) does not depend on the
choice of .

Fix 12 < B < B’ and set 7 = F(B), F' = F(B'). We denote by Hp(m) and
Hé,(m) the corresponding Hardy spaces with atoms supported in sets in .% and
F' respectively. It is clear that Hé (m) C H} (m). For the reverse inclusion, we
prove that any (1,o0)-atom in H ng, (m) can be decomposed as the sum of multiples of
(1,00)-atoms in H é (m) in such a way that the norm is uniformly bounded.

First assume 3’ < 2f3. Consider a (1,0)-atom a € H},(m) supported in a set R =
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Rl (x) € '\ 7.

By applying the decomposition algorithm to R we obtain R| = Rﬁfl/ (x) and Ry =
Rl (x). Now we call Ty = R\ (x), Ty = R (x), T> = R,. Obviously Ry, Ry, 1o, T €
7. We define

0= axr, - (ﬁ Y (), () m<y>)xro, i=1,2.

yeT

We have that Y7 ¢;(y) m(y) = 0 for i = 1,2 and @; + ¢ = a as consequence of
the vanishing integral of a. Moreover,

2
m(T;)’

2
1@ill 2=y < 2l l| 1= (m) < (®) <

for i = 1,2. Observe that ¢; is supported in R; U Ty = T; because 4h' < h”. Thus ¢;/2

is a (1,00)-atom supported in 7; € . and H},(m) C Hé (m).

Suppose now that 2"~ < B’ < 2"B for some n > 1. We observe that Hé,(m) =

Hy, 1p(m) = Hp, sa(m) - = Hp, Jon(m). Thus Hp,(m) = Hg(m).

2.2.3 Duality between H!(m) and BMO(m)

We now establish the duality between H'(m) and BMO(m). We first need a lemma
which provides a covering of T made by an increasing family of admissible trape-

zoids.

Lemma 2.2.8. There exists a family {R;}; C % such that Rj C Rj11 and U;R; =T.

Proof. Let Ry = {xo}, and define R; to be the output of the expansion algorithm
applied to R; | for j > 1. For vertical expansions, choose at random whether to
expand up or down for the first occurring one (which is the one producing R4 out of
R3) and then always alternate them (for example, if we decide to extend R3 down, the
next vertical expansion will be up). Observe that a vertical expansion always needs
to be followed by a vertical one. The opposite is not true, but still horizontal and
vertical expansions will definitely alternate since, for any given RZ:/ (x0) € Z, itholds

’;Z/,/j_,f < 3 for k large enough. It is then clear that R; C R and Uj>oR; =T. []
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Theorem 2.2.9. (i) Suppose f € BMO(m). Then the linear functional ¢ given by

(g) =Y f(egy) m(y), g€ Hz,(m),

yeT

has a unique bounded extension to H' (m) and there exists C > 0 such that

1l gy < Cllf llsmo-

(ii) Conversely, every continuous linear functional ¢ on H'(m) can be realized as
above, with f € BMO(m), and there exists C > 0 such that

||f||BMO < CHEH(HI)’

Proof. For the proof of (i) we can closely follow [18, 25] for the Euclidean setting.

We prove (ii). For every R € .% we denote by L the space of all square summable
functions supported in R with norm L? and by L%?,O its closed subspace of function
with integral zero. Note that g € le?,O implies that g is a multiple of a (1,2)-atom
and that ||g|| ;1 < Aam(R)'/?|g||;2. Thus, if £ is a given functional on H' (m) then
¢ extends to a linear functional on L12{,70 with norm at most Axm(R)"/?||¢ [ (#1y by
Proposition 2.2.6.

Since the dual of L%e o 18 the quotient of lee modulo constant functions, by the
Riesz theorem, there exists a unique F¥ in L2 module constant functions such that

Ug) =Y FR(»)ey) m(y), g€ Lo, and [[F|2z) <A2m(R)"Z(|£]l sy
YER

Observe that if R C R then FR — FR is constant on R. Let R ; as in Lemma 2.2.8 for
j=0,1,2,.... Define f € CT by setting

1

— FRi(y) =

Y FRi(y) m(y)

YER,

whenever x € R;. It is easy to verify that the definition of f in unambiguous and
f € BMO(m). O
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2.3 Interpolation and integral operators

We will prove here some interpolation results involving Hardy and BM O spaces. The
real interpolation results will be essentially a consequence of the Calderon—Zygmund
decomposition that we constructed in Section 2.1.4. To obtain complex interpolation
results we will need to study the sharp maximal function associated with admissible

trapezoids.

2.3.1 Real interpolation

In this subsection we study the real interpolation of H'(m), BMO(m) and the L? (m)
spaces. We refer the reader to [29] for an overview of the real interpolation results
which hold in the classical setting. Our aim is to prove similar results in our context.
Note that a maximal characterization for H!(m) is not available, so that we cannot
follow the classical proofs but we shall only exploit the atomic definition of H' (m).

We also notice that the proofs of the our results follow closely those of [58, Section
51

We first recall some notation of the real interpolation of normed spaces, focusing
on the K-method. For the details see [3].

Given two compatible normed spaces Ap and Aj, for any ¢ > 0 and for any
a € Ayp+A; we define

K(t,a;A0,A1) =inf{||ao||a, +tllai1]la, : a=ao+ai,a; €A;}.

Take g € [1,00] and 6 € (0, 1). The real interpolation space [Ag,A1], , is defined as
the set of the elements a € Ay + A; such that

o[-0 gar\'
(fo (179K (t,a;A0,A1)] —) ifl1 <g<oo,

lalle.g = t

179 K(t,a;A0,A1) ||~ if g = oo,
is finite.

We shall first estimate the K functional of L”-functions with respect to the couple
of spaces (H'(m),LP!(m)), 1 < p1 < oo.
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Lemma 2.3.1. Suppose that 1 < p < p; <o and let 0 € (0,1) be such that % =
1-6+ p%‘ Let f be in L (m). The following hold:

(i) there exist positive constants D1, D, such that, for every A > 0, there exists a
decomposition f = g* +b* in LP'(m) + H" (m) such that

(i1) |8* | z=(m) < CYP A and, if py < =, w SDIAPPf]T,

(i2) 0% 1 < DAY (£,
(ii) there exists a constant K, > 0 such that
(iil) foranyt >0, K(t, f;H'(m),LP'(m)) < Kpte £ 127 (m)

(ii2) f € [H'(m),LP'(m)]p,c < Kp [ f1lzrm)

Proof. Let f be in LP(m). We first prove (i). Given a positive A, let {R;}; C .Z
be the collection of admissible trapezoids associated with the Calderén—Zygmund
decomposition of | f|? corresponding to the value A”. We write

f=g bt =+ Y bt =+ Y~ fr)ar

‘We then have

- 1 -
Ig* [l < CV/P 2, Y £ 0)Pmy) <CAP  and  |fx| <CV/PA
m(Ri) YER;

If p; < oo, then

1412 < X oIrme)+ Y 10 m)
ye(UR:)© i YER;

< Y UfOINPTPIfG)Pm(y) +CPYPAPYY m(R;) < DIAPP| fI7,

yE(URi)C Rl

Thus (i1) holds. Concerning (i2), for any i, b/ is supported in R;, has vanishing
integral and
“bl{lHU(M) Sm(R)YPA < Am(R)ym(R;) /P
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This shows that b} € H'"P(m) and ||b?||;n < Am(R;). Since b* = ¥,; b, b* is in
H'(m) and
1ANZp

CAPEIS VIOELRES

as required.

We now prove (ii). Fix ¢ > 0. For any positive A, let f = g* 4+ b* be the
decomposition of f in LP!(m) + H'(m) given by (i). Thus

K(t, f:H' (m),L" (m)) < Inf (IIMIIH1 +tllg* 1))

< inf (AU 1A PP

Arguing as in [58, p. 292] it follows that there exists a positive constant K}, such that

K(taf;Hl(m)7Lpl (m)) < KP ||f||Lp(m)t67

proving (iil). This implies that

le=O K (e, f:H" (m), L7 (m) oo < Kp ||£]] o)

so that f € [H' (m), L1 (m)]g . and || f]|6,c0 < Kp||f|1o(m)» as required in (ii2).

We deduce from Lemma 2.3.1 the following result.

Theorem 2.3.2. The following hold:

(i) Let 1 < p < p Sooandee(0,1)besuchthat%=1—0+l%. Then
1 —
[H (m),LP! (m)} op= LP(m).

(ii) Let1<q1<q<°oand1—q— with 0 € (0,1). Then

(L7 (m),BMO(m)] 6 =LI(m).

(iii) Let 1 < g < oo and }1 =1-0, with 0 € (0,1). Then

[H'(m),BMO(m)],, =L%(m).

0,9
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Proof. As mentioned, we follow the proofs contained in [58]. Since H' (m) C L' (m),
we get that
[ (m), L7 (m)]p,p < (L' (m), L7 (m)]e,, = L” (m),

(see [3, Th. 5.2.1]). To prove the converse inclusion, pick r,s, 6y, 0; such that
1 <r<p<s<p1,%:1—9()+% and%: 1—61+§—‘1.ByLemma2.3.1,

L' (m) C [H' (m),LP" (m)] gy, L*(m) C [H' (m), L (m)] g, o

. 1 1—
Pick n € (0,1) such that ;; = =1+ 1. By [3, Th. 5.2.1]
LP(m) = [L"(m),L*(m)]n p C [H' (m),LP" (m)] 6y 00, [H' (m), L7 ()], co].p-
It is readily seen that 8 = (1 —1)6y + 16y, so that by [3, Th. 3.5.3.]

[[H" (m),LP" (m)) 6y c0, [H' (1), LP' (1)) g, caJ,p = [H" (m), L7 (m)] .,

and (i) is now proved.

Suppose now that 1 < g; < g < e« and cl] = 161—_19, with 6 € (0,1). We denote by p;

and p the conjugate exponents of ¢; and g respectively. By (i)
[H' (m),L" (m)]1-¢,p = L" (m).

Since for any p; € (1,%0), H'(m) NLP'(m) is dense in H'(m) and in LP'(m), we
invoke the duality theorem [3, Th. 3.7.1.] and conclude that

L(m) = L (m) = [H' (m), L7 ()]} _g , = [(H" (m))', (L7 (m))']; ¢
= [BMO,qu (m)]1,974,

and by [3, Th. 3.4.1.] it follows (if).
We now claim that for any 1 < g < o and 611 =1 — y with y € (0,1), the following
holds

IL' (m),BMO(m))y.4 = L(m).
Indeed, choose r € (1,¢). By [3, Th. 5.2.1.] and (if)

[Ll (m)vLLI(m)](I),r = Lr(m)a [Lr(m)’BMO(m)]&q = Lq(m)a
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1 ¢ 1_1-6 g; 1
where ; =1—¢+ 7 and ; = == Since L NBMO(m) C L"(m)NL1(m), we can
apply [62, Th. 1] to conclude that

[L! (m),BMO(m)]y 4 = L(m),

with v = %. It is easily seen that % = 1 — y and this proves our claim. Next,
observe that since H' (m) C L!(m), we have that

[H' (m), L™ (m)]yq C [L' (m), BMO(m)]yq = L(m),
where y, g are chosen as above. On the other hand, since L™ (m) C BMO(m),
L4(m) = [H' (m), L7 (m)]y.q C [H' (m), BMO(m)]y 4,

and this concludes the proof. [

2.3.2 Sharp maximal function

The sharp maximal function of a function f € C” is defined by

M*f(x) ) =sup—— Z|f — felm(y),  x€T,

Rox yGR

where the supremum is taken over all R € .% such that x € R. The sharp maximal
function is a useful tool to capture the local behaviour of the mean oscillation of a
function. Obviously, we have ||M*f|| =(m) = || fllBmo, and M* f < 2M f pointwise.
By the boundedness of the Hardy-Littlewood maximal function, we easily conclude
that, for all p € (1,00],

HM#fHLl’(m) < MPHfHU’(m)v f € Lp(m)7 (211)

for some M), depending only on p.

Now we prove the existence of a dyadic family of partitions of the set of vertices
of the tree consisting of admissible trapezoids, by which we will obtain the converse
inequality to (2.11). We remark that, in a certain sense, such a family is the analogue
of the classical family of Euclidean dyadic cubes. Indeed, we shall prove that they
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share similar properties of set inclusion and of measure comparability. The strategy
to obtain the dyadic sets is based on the decomposition and expansion algorithms.

Theorem 2.3.3. There exists a family {9;} jcz. of partitions of T consisting of

admissible trapezoids such that

(i) RC R or RNR =0 whenever R € Z;,R' € D, k > .

(ii) For any j € Z and R € 9}, there exists a unique R' € ;1 such that R C R’
J J+
and m(R') < Cm(R).

(iii) For every j € Z, R € 9; can be written as the disjoint union of at most ¢

elements of 21, where c is the constant in (1.8).

(iv) For all x € T there exists k = k(x) € Z such that x € 9, for all j <k.

Proof. Let {R;} be the family of trapezoids described in Lemma 2.2.8. For each
j >0, Rj can be used as a base set to produce a partition of T. Let /'(j),h"(j) be
the parameters defining R;. Given a trapezoid R, we write Z(R) for the brothers
of R, the family of trapezoids of parameters 4’(j), " (j) and root at the same level
as x;, the root of R;. A partition of the strip of vertices {x € T': ¢(x;) —h"(j) <
0(x) < {l(x;)—H(j)} is naturally given by Z(R;). Let .Z be the set of indices such
that Ry is obtained by vertical expansion of Ry_; when ¢ € £ . It is easily seen that
Ry \ Ry_ is still an admissible trapezoid, and, consequently, so are all its brothers.
For j € N we set Z; to be the collection of all trapezoids R belonging to %(R;)
or to A(R;\ Ry—_) for some ¢ > j. Then it is clear that &; defines a partition of
T. For j <0, we define Z; to be the family of trapezoids obtained by applying
one step of the decomposition algorithm to each trapezoid R € Z;_1. Then the
family of partitions {Z,} jcz, satisfies all the desired properties: (i) and (ii) follow
from the rules defining the expansion algorithm, (iii) and (iv) from the ones of the
decomposition algorithm and Corollary 1.2.3. ]

We set 7 = U<z %; and we define the maximal dyadic function of f € CT as

1
Mg f(x) = sup

Rox M(R) Z [F )] m(y), xeT,

YER
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where the supremum is taken over all R € & such that x € R. We remark that
Mg f < Mf pointwise on T, thus M4 is of weak-type (1,1). In this section we shall
prove that the functions M f, M* f, M f and f are comparable in the L” norm.

In the proof of next theorem we follow a standard argument, see for example [25,
Th. 7.4.4.] for the correspondent result in the Euclidean setting.

Theorem 2.3.4. Forall y >0, A > 0and f € CT, it holds
m({x €T : Mgy f(x) >2A,M*f(x) <yA}) <Cym({x €T : Mg f(x) > 1}),
where C' =2JC.

Proof. We can assume that Q3 = {x € T : My f(x) > A} has finite measure. Hence
for all x € Q, there exists R, € & that is maximal with respect to set inclusion, such
that x € R, and

yGR

for otherwise 2; would have infinite measure.
Notice that if y € Ry, then R, = Ry, because maximal trapezoids are disjoint. Hence
it is sufficient to show that for a given R,

m({y € Ry : Mg f(y) > 24, M f(y) < yA}) < C'ym(R,). (2.12)

Fix x and y € R, such that M4 f(y) > 2A, then the supremum

sup 2y L 1/ 0)

Ry M yeR

is taken over all the dyadic trapezoids R which contain R, or are contained in R,. If

Q strictly contains R, then by the maximality of R, we get

(o) & /0)

yGQ

Thus

Mg f(x) = Mo(fxr,)(%)-
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Let R’ be the dyadic set of minimal scale such that R, C R’.. It follows

M (7~ i tn) ) 09 > Mo (0 )0) = Ui > 20~ A = 1.
We conclude that

m({y € Re: My f(y) > 20)) < m({y € Ry : Moy ((f—fRQxRx)) () > A}).
(2.13)

We know that Mg is of weak type (1,1), thus we control the last expression in (2.13)
with

2 L U0) el () < PR T 170~ gl
YERy X/ yeR!
< 2P ot 1), @19

where &, € R,. We can assume that for some &, € Ry it holds

M*f(&E) < 7A,

otherwise there is nothing to prove. This, together with (2.12), (2.13) and (2.14)
conclude the proof. ]

Now we prove an inequality involving the L” norm of a function, the dyadic and
the sharp maximal functions.

Theorem 2.3.5. Let 1 < pg < +oo. Then, for all p such that po < p < +oo, there
exists a constant N, such that, for all f with Mg f € LP°(m), we have

(i) IMaf || Lom) < NpllM* £| 1o (m):
(i) [f o omy < NpllM* £l 1o ().

Proof. To prove (i) it is possible to repeat step by step [25, Th. 7.4.5.], so we omit the
details. Inequality (i) follows from (i) and the pointwise estimate |f| < Mg f. [
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2.3.3 Complex interpolation

We study the complex interpolation of H!(m), BMO(m) and the L”(m) spaces,
1 < p<oo.

Given two compatible normed spaces Ay and Ay, for any 6 € (0,1) we denote
by (AO,A 1) 0] the complex interpolation space obtained via Calderén’s complex
interpolation method (see [3] for the details). More precisely, we denote by X the strip
{z€ C:Rze€ (0,1)} and denote by X its closure. We consider the class §(Ag, A1)
of all functions F : £ — A+ A1 such that the map z +— (F(z), /) is continuous and
bounded in X and analytic in X for every ¢ in the dual of Ay + A1, F(it) is bounded
on Ag and F(1+it) is bounded on A; for every r € R. We endow §(Ag,A) with the
norm

||l = sup{max(|[F (i) |, | F(1 +i)lla,) : ¢ € R}

The space (Ao,Al)M consists of all f € Ag+A; such that f = F(6) for some

F € §(Ap,A1) endowed with the norm

£ 1ljg) = inf{[[Fll5 - F € §(Ao, A1), F(8) = f}.

Theorem 2.3.6. Suppose that 6 € (0,1), 1 <g; <g<eoo, 1 <p < pj <eoo, é =10

q1
and % =1—-0+ p%. Then the following hold:

(i) (L9 (m),BMO(m)) =L (m);

(6]

(ii) (H'(m),LP'(m)) 4 = LP (m).

Proof. We first prove (i). The inclusion LI (m) C (L9 (m), BMO(m)) 1g) follows from
the fact that L™ (m) is continuously included in BMO(m) and LY (m) = (LY (m),L™(m))
To prove the reverse inclusion we consider any function ¢ : T — .% which associates

61

to every vertex x € T an admissible trapezoid R which contains x and any function
N :T xT — C such that |n(x,y)| = 1 for every (x,y) € T x T. Define the linear
operator S which on every function f € C” is defined as follows

SO f(x) =

1
m(d,(x))ye%(,x)[f()’)—f¢(x)]77(xay)m()’), xeT.

Clearly,

|S¢7"f] SMﬁﬁ and Sup\S‘P’nﬂ :Mﬁf,
o.n
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Given f € (L% (m),BMO(m))[G] there exists F € §(L?' (m),BMO(m)) such that
F(0) = f. Forevery t € R we have

ISOMF (it) | o1 gy < MF(F () |t (my S IMF )| ot gy S 1VF ) o)

where M is the Hardy-Littlewood maximal function associated with .% which is
bounded on L9 (m). We also have that for every t € R

ISPMF (14 i) | mmy < IMF(F (14 it)) | =y < NIF (1 + i) |3yt -
It follows that S*F € F(L9' (m),BMO(m)) and ||S*"F||3 < ||F||z. Hence

ISOF (0) | 1a(my S (O (291 (m) Brt0(m)) o) = I 1l (291 () Br1OGm) 5

By taking the supremum over all ¢ and 1 and applying Theorem 2.3.5 we get

171 2oy S IMEFllzamy S 1Nl (m),BMO(m) )5,

This proves the inclusion (L% (m),BMO(m)) ) € LP (m) and concludes the proof
of (i). The proof of (ii) follows by the duality between H'(m) and BMO(m) and [3,
Cor. 4.5.2]. ]

Theorem 2.3.7. Suppose that 6 € (0,1), — = 1 — 0. Then the following hold:

1
q

(i) (L'(m),BMO(m)),y = LI (m);

[6]
(ii) (H'(m),L™(m))q = LI(m);

(iii) (Hl(m),BMO(m))[e] = Li(m).
Proof. Taker € (1,g) and ¢ € (0,1) suchthat L = 1—¢ +2. Then (L' (m),L9(m)) o=
L"(m). Moreover, by Theorem 2.3.6,

(L"(m),BMO(m)), , = LI (m)

v
el 11—y . 1 .

if ;=" Since L (m) N BMO(m) contains the space of compactly supported
functions, it is dense in L"(m) and L?(m). Then, by the reiteration theorem [62, Th.

2], we deduce that (L' (m),BMO(m)) o) = L7(m).
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Take r € (1,¢) and ¢ € (0,1) such that % =1—-¢0+ % Then by Theorem 2.3.6,
(Hl(m),Lq(m))[(P] = L’ (m). Moreover, (Lr(m),L‘”(m))m = L9(m). The space of
compactly supported functions with vanishing integral is contained in H' (m) N L>(m)
and is dense in L"(m) and LY(m). Then by the reiteration theorem [62, Th. 2], we
deduce that (H'(m),L”(m)) 0] = L%(m). Property (iii) follows from (i) and (ii) and
the fact that H'(m) C L' (m) and L= (m) C BMO(m). O

2.3.4 Integral operators

We show that integral operators bounded on Lz(m) whose kernels satisfy a suitable
Hoérmander’s condition involving admissible trapezoids have good boundedness
properties on L (m) and satisfy endpoint estimates.

Theorem 2.3.8. Let % be a linear operator on CT which is bounded on L*(m) and

admits an integral kernel K.
(i) Assume that K satisfies the condition

sup sup Y. |K(x,y) — K(x,2)| m(x) < oo, (2.15)
ReZ y7z€Rx€(R*)c

where, for any R = RZ/ (x) € #, we define R* ={x €T :d(x,R) <h}. Then
A extends to a bounded operator from H'(m) to L'(m) and on LP(m), for
I <p<2.

(ii) If K satisfies the condition

sup sup Y |K(y,x) — K(z,x)| m(x) < oo, (2.16)
RenyZeRxE(R*)C

where R* is defined as in (i), then J extends to a bounded operator from
L*(m) to BMO(m) and on L(m), for 2 < q < o.

Proof. We first observe that given R = RZ;/ (x) € #, we have m(R*) = (W' +h —
1)m(x) < 3m(R). Thus we can follow verbatim [1, Th. 3] and conclude that, if K
satisfies (2.15), then % is bounded from H'(m) to L'(m). By Theorem 2.3.2, it
follows that /" is bounded on L”(m), for 1 < p < 2. Suppose that K satisfies (2.16).
Then the kernel K* of the adjoint operator JZ ™ satisfies (2.15). By (i), £ extends
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to a bounded operator from H' (m) to L' (m) and on L?(m), for 1 < p < 2. By duality
it follows that .#" extends to a bounded operator from L*(m) to BMO(m) and on
Li(m), for 2 < g < +oo. O

Remark 2.3.9. Theorem 2.3.8 applies to suitable spectral multipliers and to the first
order Riesz transform associated with a distinguished Laplacian on the homogeneous
tree endowed with the canonical flow (see [27, Th. 2.3] and [1]).



Chapter 3

Various characterizations of the
Hardy space on the homogeneous tree
with the canonical flow

In this chapter we collect results from [49]. We consider a model case, namely, a
homogeneous tree endowed with its canonical flow measure t and the associated
probabilistic Laplacian .#” which is self-adjoint with respect to (. We prove that
the maximal characterization in terms of the heat and the Poisson semigroup of .
and the Riesz transform characterization of the atomic Hardy space introduced in
Chapter 2 fail.

3.1 The homogeneous tree endowed with the canoni-

cal flow

Let T =T, be a homogeneous tree such that g(x) = ¢ for every x € T with root at
infinity {, € dT. We endow T with the measure u defined by

u(A) =Yy ¢,

XEA
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where A C T. We recall that u is a flow measure in the sense that

px)=q"=g¢""= Y pup), xeT.
yes(x)

The measure p was studied by Hebisch and Steger in [27] and it represents the
canonical flow measure on 7, since it equally distributes the mass of a vertex among
its sons.

We shall introduce a Laplacian .# self-adjoint on L?(u) that can be thought of as the
natural Laplacian in this setting. Let A denote the combinatorial Laplacian, namely

the operator defined on every f € CT by

1

Af(x):m
y~x

(fx)=f), xeT. 3.1
Observe that A = I — P, where P is defined by

Pf(x)=Y P(x,y)f(y) =

yo~x

Y r», rech. (3.2)

yox

1
g+1
The Laplacian A is bounded on L? with respect to the counting measure for any

12
p € [1,0]. Moreover, the L? spectrum of A is [b,2 — b], where b = (a-1) (see [13]).

q+1
We refer to [20] for more information about A and the spherical analysis on 7.

Consider the operator A : CT — CT defined on f € CT by

a0 =3 (1 L f04s). xer 63)

yes(x)

Observe that we can associate to A a probabilistic transition matrix, in the sense that

Af(x)= Y A(x,y)f(y) and ) A(x,y)=1, x€T, (3.4)
yeT yeT
o7 y € s(x),
where A(x,y) = { 1 y=p(x),
0 otherwise.

One should compare the definition of A with (3.2).
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We define the operator
< =1-A. (3.5)

By (3.4), it is clear that . is a Laplacian from the probabilistic viewpoint (for more
information about random walks and Laplacians on graphs we refer to [61]). It is
also easy to see that . is self-adjoint on L? (). Indeed, it suffices to show that A is
self-adjoint on L*(u). Given f € L*(u), we have that Af(x) = ¥ er A(x,y) f(y) =
ZyeTA(x,y)q_e(Y)f(y)u( ). Now A(x,y) := A(x,y)g 0 is symmetric. Indeed, if
y=p(x),A(x,p(x)) =L ( " and A(p(x),x) = %Z:C). Thus the integral kernel of A
with respect the measure ,LL is symmetric and it follows that A is self-adjoint.

It is worth noticing that

R S Y 1/2
3_—1—17“ (A—obD)u'/>. (3.6)

Indeed, for every f € CT, one has

1/2 -1/2
e y H(x) 1/2
Thus,
—-1/2 -1/2 -1/2
P YT VR LR B Vi 1/2 u /
=1 1—bP“ 1_b<u I(1-Db)—Pu ) 1—b(A bl)u
as desired.

Using the fact that the pointwise multiplication by ,ul/ 2 is a surjective isometry
between L? with respect to the counting measure and L? () and the pointwise multi-

~1/2;

plication by u is its inverse, the previous identity implies that Lz( IL)-spectrum

of .Z is [0,2].

We define the heat semigroup (4% );~¢ and the Poisson semigroup (%)~
associated with .#, given respectively by & = ¢ "< and &, = ¢~ VZ Ttis natural
to investigate whether the Hardy spaces defined in terms of the heat semigroup and
the Poisson semigroup are equivalent to the atomic Hardy space H), (1) defined in
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Chapter 2 or the equivalent Hardy space defined in [1].
In order to avoid ambiguity, throughout this chapter we shall denote by H], (1) the
atomic H'-space introduced in Chapter 2. We will exploit several times the following

result proved in the previous chapter (see Theorem 2.2.9), namely,

), f(x)a(x)u(x)

xeT

S I flsmollallg 3.7)

for every f € BMO(u), a € H) (u).
We define the heat maximal operator and the Poisson maximal operator as

M f = sup|Aif], (3.3)
t>0

Mpf =sup| P f], (3.9
t>0

respectively. The aim of the first part of this chapter is to establish that the spaces

Hyp(w) ={f € L'(w) inf € L'WY, ANy, = 1710y + 1f N1 .
Hiy(w) ={f € L'(u)  pf € L")} I fllgs, = 1A 0Ly + o N o ),

do not coincide with the atomic Hardy spaces H/, (1).

3.1.1 Heat kernel of .¥

We denote by H;(-,-) the integral kernel of 7% with respect to u, i.e., for f € CT

Hif(x) =Y H(xy)fuy), xeT.

yeT

By (3.6) we can explicitly write H; in terms of the heat kernel associated to A on
T, which we shall denote by 4;. By the Spectral Theorem

H(x,y) = elbfthq(*f(y)*g(x))/zh#(x,y), t>0,x,yeT. (3.10)

1-b
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Notice that, since A, which is defined in (3.3), is a transition matrix

Y H(xyu@py) =1, teR" xeT; (3.11)
yeT

moreover, since i (x,y) = h(y,x) we deduce that

H;(X,y) :Ht(yax)v > O,X,y < T.

In the following, we denote by h,Z the heat kernel associated to the combinatorial
Laplacian on Z and, with a slight abuse of notation, we denote by 1”(j) the function
1 (j,0).

In the next proposition, we collect some results proved by Cowling, Meda, and Setti
(see [13, Lemma 2.4., Prop. 2.5]) which provide an explicit expression and a sharp
approximation of 4, that will be useful in the sequel.

Proposition 3.1.1 ([13]). The following hold for allt >0,x € T and j € N :

2e”
i) hy(x,y) = (1_ xy/zzq d(x,y) +2k+ )iy, (d(x,y) +2k+1),
. %\/m j
ll) ht <]) ( +]2+12 1/4 (]+ / 2—|—t2>

: . 2(j+1 '
i) )~ +2) = 2 ),
Using i) and (3.10), we easily get

Hy(x,y) = g ‘02020000, (x,y) = Q(x,y) i (x,y),

where
0(x,y) = gl~tW/2=t0)—dx))/2 (3.12)
and
2 (o]
h(xy) =2 Y a7 (d(xy) + 2K+ DA (d(x.y) +1). (3.13)

k=0
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Then, by means of i), we obtain the following estimate for H;

Hie) ~ 25 ) 1 ) 1), (3.14)

We now introduce some notation. For every n € N we define the function
sp:RT — Rby

n+1
e~ teV (nt1)2 42 t
n144/ (n+1)2 412

t(1+ (n+1)2+12)1/4

su(t) = (n+1) . t>0.  (3.15)

Observe that by (3.14) and Proposition 3.1.1 ii)
Hy(x,y) ~ Q(x>y)sd(x,y) (2). (3.16)
Let @ : RT — R be the function defined by

o(t) = —t+V1+12+logt —log(1+V1+12), t>0. (3.17)

We have that

L+ 1)0(1)
(14 (n+1)2+2(n+1)2)1/4

salt(n+1)) =

It is easy to verify that ¢ is negative, increasing and

1 1
o(t) < — —log <1—|——), t>0. (3.18)
2t t
Moreover, . . . . .
—_———— ——— 4+ —., Vt>0. 3.19
2t 212 83 <o)< 2t * 212’ = (3.19)

We now state a technical lemma involving the function s, defined in (3.15).
Lemma 3.1.2. The following hold:

i) sup;osa(t) S (,Hll)r

.. 1
ii) sup,~qFsu(t) S Sk
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Proof. We distinguish three different cases, namely, we estimate the supremum of
the above functions whent > (n+1)%, n4+1<t< (n+1)>and0 <t <n+1.
Case 1. Observe that

0 (1) SR
sup su(f) = sup sy(t(n+ = sup .
PRI S 1 114+ (n 4+ 1)2(1422)]1/4
Since @ is negative on R it follows
1 n 1
sup  sp(r) < and  sup —s,(f) < .
1>(n+1)?2 ! (n+1)2 >(nt1)2 ! (n+1)3

Case 2. Whent € [n+1,(n+1)?) we can write t = (n+ 1)a with & € [1,n+1) and

. St 1)p(@)
sup  sp(t) = sup .
n+1<t<(n+1)2 1<a<n+l1 a[l+(n+1)2(1—|—062)]1/4

By using (3.18) and the fact that (1 +1/)* > 2 for all o > 1, we get

2 (n+1)/o 2 (n+1)/a
e(nt1)o(a) (I+1/a)® 2

< < .
oc[1+(n+1)2(1+oc2)]1/4 - 063/2(n+1)1/2 - 063/2(n+1)1/2

_|_
2 (n+1)/ o - @ _
Next, we use that | - SR to obtain

ertho(a) _ a3/? 1
su su <
<acnst @[T+ (nt DX+ 0213~ gy (i 1772 (a+ 1)

and

n entl)o(a) al/z 1
Sup 2 d S Sup 777 S 3
1<a<n+1 (n—i—l)OCOC[l—I—(n—i—l) (14 a?)] / l<a<nt1 (n+1) / (n+1)
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Case 3. In this last case t € (0,n+ 1) thus we can write r = (n+ 1)o with o € (0, 1).
By using the fact that ¢ is increasing and negative, we get

| e(ntho(a) < np(a) ()
< (1) < 1
~ ~ (n+1)%’

(@)
a

where we have used that < 1when a € (0,1). If n =0, then ii) follows trivially.

Assume n > 1 and by repeating the same argument

2¢(a) 1

n e

- < p(n=1o(a) <

This concludes the proof. 0

Combining the above lemma with (3.16), we obtain that

O(x,y)

supH(x,y) S ——F—, xyeT, (3.20)
P H) S () + 1P
and
d(x,y) O(x,y)
sup Hi(x,y) S —————, x,yeT. (3.21)
b ) S Gy 11

In the next results we obtain some pointwise and integral estimates concerning the
gradient of the heat kernel.

Lemma 3.1.3. Assume y £ x where x,y € T. Then,

d(x,y)H(x,p(y)) Hi(x,y) }

i) |Hi(x,y) = H(p(x),y)] < maX{ : "d(x,y)+1

) O(x,y)
1) sup|H;(x,y) —H (p(x), )| S 753
) t>0| t( ) t( ( ) )| (d(x,y)+1)3
Proof. Fixt > 0and x,y € T such that y £ x and set j = d(x,y), so that d(p(x),y) =
j—1. Observe that Q(x,y) = Q(p(x),y), and

(e}

Ji (¥}~ (p(x),y) = % )3 q_"((j+2k+ DA (j + 2k + 1)—(j+2k)h,Z(j+2k)>-
k=0
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Exploiting the fact that htZ() is decreasing in N and using ii) in Proposition 3.1.1,
for each integer j we have

RE(G+2k41) > (j+ 2k 4 DAE(j+2k+ 1) — (j+ 2k)hZ(j + 2k)

2(j+2k)?

> (j+20) (B +2k+ 1) = B (j+ 2k — 1)) = = HE(j +2k).

Hence, by the the above calculation and (3.14), on the one hand we get

Hy(x,3) = Hi(p(x).9) Z ~Q(x,) 3 (J) = — T Hy(p(x).5).

and on the other hand

2 . H;(x,y
Hi(x) ~ Hi(p().y) 5 200y + 1) B0
J+1
This completes the proof of 7).
Combining i) with (3.21), we obtain ii). O

In the next lemma we prove two important estimates that we shall apply in the

next subsections.

Lemma 3.1.4. The following estimates hold:

l) /wtl/Z (dHt(xay) dt < Q(xay) x,yeT,
1

(y)+1) "~ (dlxy) + 1)
0(x,y)

e ET A

mAilﬁm@w—E@@MNmﬁ

Proof. Fix x,y € T and let j = d(x,y). By the approximate identity (3.14), Proposi-
tion 3.1.1 iii) and the change of variable r = (j+ 1)s, we get

/ twamwmg/_wamﬂg/ —ds=——,
(+1)2 418 jH1S J+1
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where we have used that @ < 0. For the remaining part of the integral, we have

(j+1)? 12 J+1 plt+De(s
/ Ji(x,y) dt </ ds
1 1

/(j+1) 52
ViFT lit1)e(s) J+1 li+1)o(s)
= —zds+/ s
Ui+ S N
T |
§e<j+1><p(¢j+1)/ " lzds—k/JH ¢ 2 as,
(1) S VT s

where in the last line we have used (3.19). Another application of (3.19) and a direct

computation show

: . i+l
e<j+1><pwm>/”“ ldH/Hl ¢ 2 as

1/(+1) 8% VAT 8
- e 1/2 —e’@ 1
e VITI2(j41)+2 <

J+1 ~j+l

Gluing all together we have

> 1
-1/2
T (xy) dt S
and multiplying both members by Q) e obtain ).

d(x, )+l
Next, fix x,y € T such that y £ x and set again j = d(x,y), so that d(p(x),y) = j— 1.

By Lemma 3.1.3 i), it suffices to show that the desired bound holds for both the

integrals

> 1 _ip /°°j 12
7 V2H (x, y)dt, Le=12H (p(x), y)dt.
/1 s 1 (x,) 7 (p(x),y)

The estimate concerning the first integral follows by i). Since j/t < 1/j exactly
when 7 > j2, it is then enough to prove the bound for the integral

I= / L1, (p dt—l—/ L2, ().t = 141

Again by Lemma i), we conclude that

, O(x,y)
~ (d(x,y)+1)%
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Now, if y = p(x), then j =1 and I} = 0, and we are done. Suppose hereinafter that
J > 2. By (3.14) and iii) in Proposition 3.1.1, we have

ot/ 22 J
_ je t
20 (p(x),y) ~ : ( >

t3/2(1—|—]2+t2)1/4 i+ /j2+t2
< t%exp(—t—k Vj2+12+ jlogt — jlog(j+ \/j2+t2)>
— _Lzeﬂp(s)j

s

where s =1/ j and ¢ is the function defined in (3.17). By the above calculation and
the change of variables r = js, we get

7 j
I S,Q()@y)/1 L oiots )dt:Q(x,y)/ leﬂp( ) ds.

152 1/j 83

By the monotonicity of ¢, (3.19), and the fact that lim; . e Vil2j4 — 0, we obtain

: 3
/ VL is) gg < pi00/) / VL s eiotd = o vipp L
1/ 8° B 1/ 8° 2j 7

To complete the proof we observe that for s > /j, we have @(s) < —1/(2s) +
1/(2sy/j) < —1/2s+ 1/, from which follows

jleﬂp ds</ e I/ qg = 6e” /2 —2e VI(\/j+2) <1 O
fS JS .]2 .]2

We conclude this subsection with a technical lemma that provides an algorithm
that we need to integrate a certain class of functions.

Lemma 3.1.5. Let fy , be the function in CT defined by

g~ )+ ()2
(d(x,y)+n)?’

fen(y) = yeT,

for some fixed x € T and n € N\ {0}. Then, for any m € N\ {0}

Y D2 f0) =m<2+( —1) ql)

yESm( )
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Proof. We introduce the family of sets {E,L F,, defined by

J=D

Sm(x) N {y = L(y) = £(x) +2j—m}
Su()N{y < p/x),y £ p ')}, j=1,.m
Sm(x) N {y = £(y) = £(x) —=m} = Sp(x)N{y : y <x}.

Clearly {{E,]n [y
Jj<m,|E" =1and |F,| =¢". Thus,

Fn } is a partition of S,,(x). Moreover, |E,{1| = (g—1)g™ I~ 1if

Z /zfxn Z Z q X)+2j— m/2 y)+ Z g )/2fx’n(y)

YESm(x) J yeEJ YEFm

(2" )

O

Remark 3.1.6. The above proof illustrates the algorithm on which the computation
of most of the sums throughout this chapter relies. Unfortunately, although the
functions we will integrate are usually of the form f, ,, the domain of integration
might not coincide with the whole sphere S,,(x). Thus, in each specific case, we will
adapt the above idea to the particular geometry of the domain.

3.2 The spaces H',(u),H, (1) and H), (1)

The following theorem states that, although the inclusions H ), (1) C H', (1), Hy (1) C
Héz,( ) are valid, the maximal characterizations of the atomic Hardy space fail in
our setting.

Theorem 3.2.1. i) There exists a positive constant C such that

|l fllry < Clfllys  f € Ham):

ii) there exists a positive constant C such that

lpflly <ClIfllgy  f € Ha():
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iii) there exists a function g € H',, (1) N H, () which does not belong to H\,(u).

In order to prove Theorem 3.2.1 i), we shall prove that the L'-norm of the action
of the heat maximal operator .7}, on atoms is uniformly bounded and deduce that
HL(u) c Hlﬂﬂ( u). By using the well-known subordination formula for the Poisson
semigroup, a standard argument shows that H} (1) C H.,(ut). Thus, Theorem 3.2.1
ii) will follow immediately by Theorem 3.2.1 i).

We preliminarily need to show that ., is of weak type (1,1). It is worth recalling
that the weak type (1,1) boundedness of the heat maximal operator associated to the
combinatorial Laplacian A is a well-known fact proved by Pagliacci and Picardello
in [45].

Before establishing the abovementioned properties, we define the local maximal heat
operator by

Mo f(x) = sup |Hif(x)], fe CTax eT.

O<r<1

Proposition 3.2.2. The operator .#o. is bounded on L' ().

Proof. Let f € CT. By (3.16)

| ioe fll ey < X 1FOIN Y. sup Hy(x,y)u(x)u(y)

yeT xeT 0<t<1
< Z |f Z sup Q(x y)sd xy)( )u(x)
yeT xeT0<t<

It is easy to see that the term inside the second sum can be dominated as follows

d(xy)
—d(x,y)—L(y)+L(x) et
< - -
(%, y)Sa(xy) () (x) S g 2 ( Gy 1)

o )01 e d(xy) 0ot
= d(x,y)+1 ’ '

Recalling that £(x) — £(y) < d(x,y), it suffices to notice that

d(x,y) o d
qe
¥ 0t s sy S T (5or) =L () <+

xeT O<r<1 xeT d=0

O
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Proposition 3.2.3. The operator ), is of weak type (1,1) and bounded on LP (1)
forall p € (1,].

Proof. 1t suffices to prove the weak type (1,1) boundedness of .}, and then use
interpolation.

Pick f € L'(u) and assume without loss of generality f > 0. Then, for every ¢ > 0
we have

1 1
5 )y S dzz5 | %”f 2er H (x,) dzu(y)

yeT
2t

>~ Z FO) [ Ox,y)s4(z) dzu(y),

(d+1)p(z/(d+1)) ] ‘
[1+(d+122+ e where @ is defined in

where d = d(x,y). Recall that 54(z) = (d + 1)
(3.17), and

RT 5z @ DOE/(@+D) i increasing,
1

RT3z
1+ (d+1)2+2]1/4

is decreasing,

thus

1

x (d+1)eld+D0/(@+D)
5 | A a2 L 006 5 i k)

2 Y FOVH (x,y)u(y) = A f(x), (3.22)

yeT

where in the last line we have used (3.16). Observe that, by (3.11), (), is a strongly
measurable semigroup which satisfies the contraction property, namely, if f € L' (u)

1 f Iy < Y Y FO)H ey nu) = Y 1F0)1 Y. Hi(x,y) u(x) p(y)

x€T yeT yeT xeT

= [IFllr )

Thus, by the Hopf-Dunford-Schwartz Theorem (see [17]), the ergodic operator
associated to the heat semigroup is of weak type (1,1). We conclude passing to the
supremum in (3.22). ]
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Proposition 3.2.4. There exists a positive constant C > 0 such that || .#pa| 1,y < C

for any (1,0)-atom a.

Proof. Letabea (1,o0)-atom. If # S R= RZ:/ (yr) is the support of a, then we define
its enlargement R* = {x € T : d(x,R) < h'}. By the Cauchy-Schwarz inequality
and the L*(u)-boundedness of .2,

) R 1/2
Il < 1l (B2 < Clttily o () ) <€

where we have used the fact that u(R*) ~ u(R), see Chapter 2.
We now split (R*)€ in two regions, namely,

I ={xe(R) : x<yg},
I =R)\I = {x: x L yr}

We start with

) Mpa(x)u(x) S Y sup Yy O )sa(ey) (Dla) L ()p(x).

x€l} xel'y 1>0yeR

By exploiting (3.20) and the size condition of the atom, we get

—b(x)/2+6(y)/2—-d(xy)/2
q
Apa(x)u(x) S
L AW S L Y T e am

If x €I'q, then

1 g X)/2H0)/2—d(xy)/2
1(R) yER (d(xa)7)+1)2
lyg)—H' 1 qu(x) J24+0(y)/2—d(x,y) /2

- ¥ 5 X

I=C(yg)—h"+1 H(R) yERN{L(y)=1} (d(x,y)+1)?

We briefly explain how to compute the above sum. Fix x € I'; and an integer
1 € [l(yg) —h"+1,£(yg) — I']. Then, there exist

e one vertex y; > x in R at level £(y;) = [. In this case d(x,y;) = ¢(y;) — £(x);

e g — 1 vertices which lie at the same level as y; which belong to Uy 1 = {y : {(y) =

£(y1),y < p(y1),y # y1)}. In this case, for any y € Uy 1, d(y,x) = d(y;,x) +2;
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e (¢ —1)q vertices which lie at the same level as y; which belong to U; » = {y : {(y) =
1),y < P*(y0),y £ p(v1)}. In this case, for any y € Uy, d(y,x) = d(y;,x) +4;

o (q— l)qd(yhyR)*l vertices which lie at the same level as y; which belong to

ULd(vyr) = {y L) =20,y <yr,y <& pd(yl’YR)_l(yl)}. In this case, for any
Y € Upay,yp)» d0,%) = d(yi,x) +2d(y1,Yr)-
We can rewrite the previous sum as

5 g~ 0/2+0)/2-d(xy) /2
yERN{L(y)=1} (dfry)+1)°

N 1 d(yi.yr) ] . q(d(w’x)—d(w»x)—zj)/z
= + * .
PIERESTER YL @) 127717
1 (yl>YR 1
- s+
(d(x,y) +1)? Z (d(x,yz)+2j+1)2
h”ﬁ—h/

™ (d(x,yr) —H')>

since d(x,y;) = d(x,yr) —d(y;,yg) > d(x,yg) —h”. Summing up over the "' — I
level which intersects R, we get
1 q—f(X)/2+€(y)/2—d(x,y)/2 - Y W
LR & @iy +1)2 Y gloR (i — 1) (d(x,yr) —h")?
h/
< )
™~ g"OR) (d(x,yg) — I")?

We conclude that

Z 1 4 ) gtOr)—d(x.yr) W
X)) =
= q'Or) (d(x,yR) _h//)zuu = ¢08) (d(x,yg) — ")

<Z—<1

J>W
Now we shall integrate on I',. In this case we need to use the cancellation
condition of the atom.

It is worth noticing that the function R > y — H,(x,y) with x € I'; fixed, is

radial (namely, it depends only on d(x,y) or equivalently, in this particular case,
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it depends only on £(y)). Let y* denote a vertex of maximum level in R. We
have d(x,y*) = d(x,yg) +H for any x € I';. Given a vertex y € R, let y denote the
predecessor of y of maximum level in R. An easy application of Lemma 3.1.3 and the
fact that £(p/(y)) +d(x, p/(y)) = €(yr) +d(x,yr) forevery 1 < j < d(y,5), x € I
and y € R, yield

d(y,y) , .
sup [Hy (x,y) — Hy (x,y")| < Y. sup|H,(x,p’ () — Hi(x,p’ " ()]
>0 j=0 >0

d(y.y) g L)+ (P! () +d(x.p/ () /2
S A w0+ 1)
<d(2 g~ L+ ) +d(xp (1)))/2
S L A+
(" — ) g~ 0+ ) s /2
(d(x,yr) +1')? ’

<

(3.23)

where in the second line we have used Lemma 3.1.3 ii) and p°(y) = y. By the
cancellation and the size condition of the atom and (3.23)

%(Ht(x,y) —Ht(x,yL))a(y)u(y)‘

w(y) _ (W —n)g @)+or)+d(xyr))/2
<Y sup|H(x H, (x,y" <
ygfet>g| t )’) z( y )lli(R) (d(x,yR)+h’)3

sup| Y H, (x,y)a(y)u(y)‘ ~ sup
>0 [ yeR >0

It follows that

|y = Y ¢ sup ZHt(x,y)a(y)u(y)‘
xely >0 | yeR
~ Y ¢ sup| Y (Ht(x,w —Ht<x,yL>)a<y>u<y>\
xely >0 | yeR

<Y gon-tondwnp W)
x€F2 (d(xvyR) + h/)3
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We can integrate over the intersection of the spheres S,,(yg) and I'; for m > 1.

Arguing as in Lemma 3.1.5 we get

Y s

xerﬁSm(yR) >0

—¢ 2-m/2 m—1

- (" _;z/)q }(l)/);e;/ / l(q_ 1 Z <qm—(j+1)q(f(yR)+2j—m)/2> _}_q(m+€(yR))/2]
~ m—+

< (hll _ h/)m (h// _h/)

ZHt(x,y)a(y)u(y)‘
YER

=1

<

Summing up over m > 1, we obtain

> < (p_ W
YY" Eataou0)| < L
m=lxe0onSu(e) 170 [)ER et (m+1')

This concludes the proof. ]

Using the weak type (1,1) boundedness of .7, it is easy to prove that the
uniform boundedness of ||.#xal1(,,) where a ranges over (1,e0)-atoms, implies the
boundedness of ., from H), (i) to L' (). Indeed, the following can be proved by

a standard argument.

Lemma 3.2.5. Let # : H\, (1) — L' () be a positive sublinear operator, i.e., # f >
0, #(af)=|a|X f and

H(f+8)(x) <A f(x)+Hg(x), x€T,
where x € C, f,g € HU},( W). Suppose that there exists a positive constant C such that
[ allp ) <C,
for all (1,00)-atoms a. If # is of weak type (1,1), then

1 Fllrey S WAllgss  f € Ha()-

Theorem 3.2.1 i) now follows combining Proposition 3.2.4 with Lemma 3.2.5.
We now prove Theorem 3.2.1 ii). The kernel P;(-,) of the Poisson semigroup (%),
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is given by the following well-known subordination formula

* d
AC) =t [ ) e ) E

0 Z
We recall that the Poisson maximal operator .#p is defined by (3.9). By a change
of variables and an application of Fubini-Tonelli’s Theorem, it is easily seen that
Mpf < Myf for any f € CT, thus H', (1) C H,(1) and Theorem 3.2.1 ii) is

proved.

Next, we focus on Theorem 3.2.1 iii). We introduce a sequence of functions
{gn}n and we provide estimates of their norms in H), () and H!,(u). In particular,
we shall obtain that || - || i, and [| - [| ;1 are not equivalent norms. By means of the
abovementioned estimates, we construct a function g which belongs to H %( W) but
which does not belong to H},(1t). Exploiting the inclusion Hl, (1) C HL, (1), we
will obtain also that g € HL, ().

We introduce an enumeration on the set of vertices of level 0 as follows. For all
n>2if £(x) =0, x < p"(0) and x £ p"~'(0) we assign to x a unique label x; with
iclg"',q"—1]. If x < p(0), then we define xo = o0 and the remaining g — 1 vertices
xiwithi=1,...,q—1.

Define

gn(x) = 6, (x) — 8, (x), n>2. (3.24)

Since g, is supported in {x, } U {0} and has zero average for every n > 2, it follows
that g, € H'.(1). In order to estimate |/g|| p), from below, we shall construct a
function f € BMO(u) and apply (3.7). Consider the function f € CT defined as
follows

nlogg ifx < p"(o), x £ p"~ (o), andn > 2,
flx) = , . (3.25)
logg ifx<p'(o).

Proposition 3.2.6. The function f defined by (3.25) belongs to BMO(LL).

Proof. It is easy to see that f is constant on every admissible trapezoid with root not
in [p*(0), {g). Hence, to prove that f € BMO(u) we have to control the average of
f on an admissible trapezoid R with root in [p?(0), §,). We claim that it suffices to



3.2 The spaces H',(u),H., (1) and H}, (1) 71

prove the uniform boundedness of
1
— 2 () — Crlp (),

where Cp is a suitable constant depending only on R. Indeed, for any y € R

LY () — Crl 1),

_ < —C Cp — < —C,
£0) = fol < 1£0) =Cel +ICe = el S0V =Crl+ s &

and it follows

|f(y) — Cr|u(y),

and the last inequality proves the claim.
Next, we distinguish two cases.
Case I. Let R = R, (p'")(0)) with n > 1. We shall estimate from above

ﬁ ¥ 17(5) - nlogglu(x).

Using the definition of f, it is convenient to compute the above sum on each level.
Indeed, fix a positive integer [ € [n—h" +1,n—K']. Then,

— x)—nlo X
0(R) XERQZE(,X)_[!J‘( ) gqlu(x)

n
:—K(Cl—l) Z q’_l_l|j10gq—nlogq|>—|—1-|llogq—n10gq|
J=l+1

3
|

—_

~

IN

(R)qj”(n—j)logq

=

\
—_— e~

j—n (I’l — ])
(/’l" _h/)

q logg

.
I
~

m
m—h”—h’ logg.

VAN
DM
Q\

3
I
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We get an estimate independent of /. Summing over the A’ — &’ levels which intersect

R, we conclude that

n—n 1
LR & —nlogQIu(X)= Y o ) |f()—nlogglu(x)
xER =n—h'+ uu( )xeRﬂf( )=l

< (W' - Zl h” )logq

<1.

Case 2. Let R = Rl (p"(0)) with 2 < n < h". We can follow the previous argument
except for the levels [ < 0. Thus, if 0 > € [n—h" +1,n— K] is a fixed level,

— |f —nlogq|u(x)
‘LL(R) xER(%(’x):l

1 n
q . B
Z—K(CI—I)ZCI’ 1 l|110gq—n10gq|>+q‘ 'llogq —nlogq|
=2

¢’ !(n— j)logg,

and we conclude as above.

This proves that f € BMO(u). O

Remark 3.2.7. If we take n such that qm_l <n<g"—1form> 2, then it is easily
seen that d(x,,0) = |x,| =2m < 2% +2 < logn, while f(x,) =mlogg > logn.
We also underline that x, Ao = pPl/2(0) = pll/2(x,) for all n > 2.

Since g, is a multiple of a (1,00)—atom, by (3.7) we get

I llzsollgnllyy, 2 | Y F0)ga()1(x)| = 1 (xa) — f(0)] Z logn,

xeT

which implies that

logn < [|gnll g1 - (3.26)
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Moreover, it is clear that ||g,]|; (u) & 1. Combining the previous inequalities with

the following proposition we conclude that the norms on H,, () and HJ, (1) are not

equivalent.

Proposition 3.2.8. Let {g,}, be the sequence defined in (3.24). Then, the following

holds:
|- #ngnl| 1 (u) < loglogn, — n>2.

Proof. We split the proof into three steps.
Step 1.
Define B = B(o, |x,|). Our goal is to show that

Z M0y ) <loglogn

xeB
for j=0and j =n.
Notice that for all x € T', by (3.20)

O (ox,x;) p(x
6_)(' - H b j S./ *
M p0x;(x) p(x) H(X)fgg (%,x)) (d(x,x;)+ 1)
By (3.27)
—|xl/2
Mp6p(x L B
);B h ;B" (W + D)2

We write B=U Z’;' oSm(0) and apply Lemma 3.1.5 to obtain

x|

Z///h Z +1 < log |x,| < loglogn,

xXEB

where we refer to Remark 3.2.7 for the last estimate.

(3.27)

(3.28)

It remains to prove the same inequality which involves .#},0x,. Again by (3.27)

O (x, 2% L (x)
My, (x) sup [Hy (x,x,)| < ——.
xngg h x;.u t>g| t | ,ég(d(x xn)+1)2
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Denote by B* the ball B(x,,2|x,|). Clearly, B C B*. Hence

0(x)/2 ,—d(x,xy)/2
q q
MpOy, (X)(x) S .
erB h ( ),LL( ) x;,* (d(x,xn)+1)2

Exactly as in (3.28) we get
2| x|

1
Y 4,6, (Dux) <Y, o <log2|x,| < loglogn. (3.29)
m=0

xXEB

This is the desired conclusion.

Step 2.

We divide the complement of B(o,|x,|) in two regions.

[y = {x € Bo,|x|)* : x<pl™l(0)},
Iy ={x€B(o,|x,|)¢ :x&T1}.

‘We claim that

Y, ,8,(x)u(x) S 1. (3.30)

xely
The claim follows by a direct computation. Indeed, we estimate the above sum
on S,,(0) NI for every m > |x,| as follows

£(x)/2—d(x,0)/2

Y #souws Y 2

XESy (0)NI} XESy(0)NT (d(x7 0) + 1)2
_m/2 |x”| ' . .
o l(q_ DY (qm‘““)q(zf"")/ 2) +q"/ 2} < |m—2| (331)
=1

where we have compute the above sum adapting Lemma 3.1.5. We conclude by
observing that

[es] (e}

Y 4sux =Y Y ¢, <

xely m=|xp|+1x€Sy(0)Ny m=|x,|+1 m

|xn|
2

S
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and (3.30) is proved.
We now claim that

Y 44,8, (x)u(x) < loglogn. (3.32)

xely

To establish this, in order to exploit the symmetries of .#},9,,, it is convenient to
integrate on a larger set than I'j. Define Iy ={y €T : y £ pPnl/2(0)} and observe
that if x € Ty NI then d(x,,,x) = d(0,x), (because x, Ao = pPl/2(x,) = pll/2(o)),
thus .2,8,, (x) = #,8,(x). Obviously I’y N(T})¢ C (T)° = {y € : y < pl/2(0)}.
It suffices to check that

Z My, (x)u(x) < loglogn.
xe(I7)e

It is convenient to think of the above sum as the sum over the disjoint sets {S,(x,) N
(I'7)¢ }m>0. Fix m > 0 and by applying (3.20) we obtain

q—d(x,xn)/Z

Z M0y, () (x) S Z qg(x)/zm-

xeS,n(xn)ﬁ(F’{)C xeSm(xn)ﬂ(FT)C

Assume m > |x,|/2. In the same fashion as we computed in Lemma 3.1.5, we obtain

Y, S, (u(x)

XESm (x,)N(TT )¢
)2 6]/2 o

5 q 5 [(q_ 1) <qm—(1+l)q(2]—m)/2> _{_qm/Z]
m =

/2

~ m2

If m < |x,|/2, the same computation still works with a slight modification,

Y, S, (ulx)

XESm (x)N(CF )¢

—m/2 m—1
SJ q’n_z/ qm/2+(q_ 1) Z (qm—(j-i-l)q(Zj—m)/Z) +qm/21 5
=1

1
m’
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where the first term inside the square brackets is the contribution due to p™(x,) €

(I'7)¢. Summing up over the positive integers, we conclude

oo \xn|/2—11 o 0l/2
Y Y 4s0uws Y -+ Y ‘mlz/
m=1xE8, (x,) ()" = P

<log(xa]) + 1 < loglogn,

which proves (3.32).

Step 3.
Notice that, if x Z x, Ao = pPl/2(0), then d(x,,x) = d(x,0). This is true because,

for such a vertex x
d(x,0) =d(x,x, No) +d(x, No,0) =d(x,xy N0) +d(xn No,x,) = d(x,xp).
Observe that this together with (3.10) imply

Y (8, — &) (x)u(x)

xel’
1 x — —L(x, —Llo
=17 Y "2 sup et =0 g~ 2y (xx) — g2y 1 (x,0))|
- xely >0
(3.33)
= ()7
since ¢/ = ¢"©) = 1 and hy (1 _p) (x,) = by (1) (d(x,)).
In conclusion, (3.28), (3.29), (3.30), (3.32) and (3.33) yield
|- #ngnllp1 () S loglogn.
[]

It follows that

[ gnll g1
im "

n=e [|gully,

Y
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-l 41, are not equivalent.
We are now ready to prove Theorem 3.2.1 iii).

Proof of Theorem 3.2.1 iii). Define the function g on the set of vertices at level 0

as g(0) = cp, g(x) = 0if x < p'(0) \ {0} and g(x,) = n(log]w for every n > q.
Then we extend g by setting g = 0 outside the level zero. Choose cp such that

Y et 8(x)u(x) = 0. Clearly,

gl 2t ) = leol + Z < oo,

logn n(logn)3/2

We now show that ||.#g||11(,) is finite. Indeed, we observe that

8= Z Ck8k»
k=q

where {g;}« is defined in (3.24) and ¢ is the value of g at x;. Then, by using
Proposition 3.2.8

loglogk

< < 5 5"
|28l 11 ) ZCkloglogk Z Kllogh)

k=q

This implies that g € Hl,(11).
We now prove that g ¢ H] (u). Indeed, suppose the contrary by contradiction. Then
it would be

Y slx ) < oo, (3.34)
xeT
where f is the BMO function defined in (3.25). But using the estimate f(x,) > logn
(see Remark 3.2.7), (3.34) would imply

(o)

L

- logn n(logn)'/2 st

which is clearly false. Then g & H) (1). O
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3.3 The spaces H, (i) and H), (1)

We introduce the Riesz Hardy space HJ,(11) defined by

Hy(w)={feL'(n) : Zf L' (W)}, (3.35)

which we endow with the natural norm HfHH;”: 1Az ) + N2 f Ny

We define the discrete Riesz transform Z = V.~ 1/2, which corresponds to the
integral operator with integral kernel with respect to u

Rexy) = [ 172 (H(p(x).3) ~ Hily)) dr.

The following theorem establishes that the Riesz characterization of the atomic
Hardy space fails.

Theorem 3.3.1. i) There exists a positive constant C such that
1 .
121 |y <CIf gy f € Ha(1);
ii) there exists a function g € HJ, (1) which does not belong to H, ().

We point out that the function g in the above statement coincides with the function
which appears in the statement of Theorem 3.2.1 iif).

Before we prove Theorem 3.3.1, we remark that it is a well-known fact that #
maps H! (i) to L' (u), indeed, it is an easy consequence of the discrete version of
Hormander’s condition for singular operators (see [1, Th. 3] or [27]). Thus, the
inclusion H}, (1) C HL (1) is trivial.

We shall show that such inequality is strict; to do so, we need the following result.

Proposition 3.3.2. The following holds
H'%gn”Ll ) 5 IOgIOgI’l, n> 27

where {gn}n is the sequence defined in (3.24).
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Proof. We write
Ry = [ ()~ Hp0.0) dics [T )~ B (p(), ) di
= RO (x,y) +R")(x,y)

and consequently Z = %) + %) 1t follows from Proposition 3.2.2 that Z©) is
bounded on L' (1), hence || 2V g, ||, (u) < 1. We now consider |2 gn||L1 . We
recall that

12 gull 1 ) =

=)

xeT

Y| L [ )~ o)) a0 o)

T 1yeT

X *ﬂMxm>mwm+mmwm—mwwmmmuw.

Arguing as in Step 3 of Proposition 3.2.8, we get that, if x £ x,, A o, the first difference
inside the integral in the last line vanishes. The same happens for the second
difference if p(x) £ x, A o. Since

{xeT :xLxyNoy C{xeT : p(x) Lxn No},

we can estimate the previous sum as follows

Hi(x,x,) — Hy (p(x),x
8 gl < F [ P8 g
xek,

Ly [ BPO N g o,

xekE, tl/z

where E, = {x €T : x <x,No}.Observe that E, =" UI';, = X UX,, where

={x€E, :x, £x},
Ih={x€E, : x, <x},

={x€E, :0<Lx},
Y, ={x€E, :0<x}.
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We start studying /7. Exploiting the symmetry of the problem, the same computations
are valid for . It can be useful to split the sum which defines /; as

I = ZZ/ Al tl/z(p(x)’x”mdtu(x):lllﬂf.

i=1xel;

By Lemma 3.1.4 ii),

hs ) eng )

Since x, Ao = phnl/2 (xn), we can think of the sum on I'} as the sum on the sequence
of disjoint sets {I"} }™|/%, where I} is defined by

{x <x,} if j=0,

I/ = , .
Vo< ptn) andx £ p ()} i1 <5< /2

with p®(x,) = x,,. Observe that, for any j = 1, ..., |x,| /2, x € F{ implies that
d(x,x,) =2j—£(x),

where we have used that £(p/(x,)) = j. Then, for any 1 < j < |x,|/2

(x)/2—d(x,xp)/2 2

J
q I—j 1 j—1—1
2 < E ) (g —1)¢’ < -,
rf d(x,x,) + 1) :_mq (2J—1)2(q )4 J

where (g — 1)g/~'~! corresponds to the cardinality of vertices in F{ at the level /.

The sum over I (1) contributes to the sum as a constant independent of n. Summing up

|xa] /2
I < Z - <loglogn.
=17

It remains to estimate /7. By Lemma 3.1.4 i) and the fact that if x € I, then
£(x) = d(x,x,) and

0(x,%,) = qO(p(x),xs) = g~ 4,
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we get

Y [ P max{Hixn) H(p(o).3)} i a(x)

)CEFZ
q—d(x,xn) xn|/2
< _— SJ loglogn.
x;z d(x,xn)+1 z::

Similar computations can be repeated to estimate I, if we replace I'; by X;. In

conclusion
|2 8nllL1 () S loglogn,
as required. O
We conclude the proof of Theorem 3.3.1.

Proof of Theorem 3.3.1 ii). Let g be the function constructed in the proof of Theo-
rem 3.2.1 iii). Then,

[e)

- loglogk
Z < 4

Hence g € H), (1) but g & H}, (). O



Chapter 4

Riesz transform on the homogeneous
tree with the canonical flow measure

This chapter is based on a joint work with Levi, Martini, Tabacco and Vallarino
[31]. We prove the LP-boundedness, for p € (1,00), of the first order Riesz transform
associated to the flow Laplacian on a homogeneous tree with the canonical flow
measure. This result was previously proved to hold for p € (1,2] by Hebisch and
Steger [27], but their strategy does not extend to p > 2 as we make clear by proving

a negative endpoint result for p = oo for such operator.

We also consider a class of “horizontal Riesz transforms” corresponding to
differentiation along horocycles, which inherit all the boundedness properties of the
Riesz transform associated to the flow Laplacian, but for which we are also able to
prove a weak type (1, 1) bound for the adjoint operators, in the spirit of a work by
Gaudry and Sjogren in the continuous setting [24].

4.1 Preliminaries

In this section we collect all the notation and the preliminary results that will
be used to study the boundedness of Riesz transforms on the homogeneous tree
T = Ty41 endowed with the canonical flow measure t. We denote by A and .’ the
combinatorial and the flow laplacian, respectively. See (3.1), (3.5) for their precise
definitions.
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Notice that we can write £ =1 — %(Z +X*), where ,X* : CT — CT are defined
by

f(x) = f(p(x)) xeT, and Zf(x) == Y f(y) xeT.

yes(x)

S

It is easy to see that X* is the adjoint of ¥. Such operators will often appear in the

sequel and we shall summarize some of their properties in the following proposition.

Proposition 4.1.1. The following hold:

(i) 2’2 =1

(ii) For every p € [1,o0| the operator ¥ is an isometric embedding of L” (1) into
itself.

(iii) For every p € [1,0| the operator ¥* is bounded on L” (l) with norm 1 and it

is bounded on L' (u) with norm at most q.

Proof. Given f € CT and x € T, we have that
. 1 1
TIf() == ) If(y)=-
yesty 7 yest)
which proves (i).
When p = o the boundedness of £ on L”(u) follows immediately. Consider

now p € [1,0) and f € CT. Then

112 = X 17 (p =Y If(r PO = |17

xeT xeT

proving (if). The first part of (iii) follows by (ii) and duality.

Given A > 0 and f in CT we have that

{xET:|Z*f(x)|>7L}:{x€T:

y f<y>'>qx}c{xeT max | F()| > A)

yes(x) ves(x)

:U x))| > A},
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where sj(x), j =1,..,q, is a enumeration of s(x). It follows that

q e
LU fI>A)) < Z,u{|fos]~| > A} <qu{|fl >} < qH HLA (M)7
j=1

because

p{|fosi|>21 =Y ¢'© %{\fs,<>>\>x}—qzq D15 150)-

xeT

Hence X* is bounded on L!**(u) with norm at most g.

4.1.1 Transference from Q x7Z to T

Let Q = dT \ {{,} where , is the root at infinity that was fixed once and for all
at the beginning. We endow Q with the measure v such that, for every finitely

supported function f

/ Y flo)dv(o 4.1)

xeT nEZ

where @, is the only vertex in (®, {,) such that £(@,) =n. Set Q, ={w € Q : x €
(@,&,)}. Ttis readily seen that v(Q,) = u(x) = ¢‘™ (see [59, Formula (3.5)] and
[14, Formula (3.1)]).

We denote by # the counting measure. We define
®:CT - C¥E, of(w,n) =flw,) weQnel. (4.2)
Proposition 4.1.2. The following hold:

(i) For every finitely supported f in CT

Y fut) = [ e

xeT

(ii) ® is an isometric embedding from LP(W) to LP (v x #) for every p € [1,e0).
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(iii) The map ®* is given by

o' g(x) = V(Qx)/gng(a),ﬂ(x))dv(a)), xeT,

and maps LP(v x #) to LP(W) with norm equal to 1 for every p € [1,oo].
Moreover ®*® = I.

(iv) The map ®P* is not bounded on L' (v x #).

Proof. Property (i) follows by (4.1). Property (ii) holds because |®f|P = ®|f|” for
every p € [1,%). For every f in CT and g in C®**%

[, @ndvx#) = [ ¥ @)z do
=Y X f(x)/ g(w,x) dv(w)

ne€Zx:4(x)=n L
= ! V4 d
= L0 A £(0.£(9) av(o)u().

Since ®* is the adjoint of an isometry, it has norm one. The fact that ®*® =
I follows by using that ® is an isometry on L?(u). To prove (iv), let us define
F(0,n) = Xq,x{0}(@,n) F,(®), where Q, = {0 € Q: 0 € (0,8)} and F, is the
function defined on Q, by

FO = Z qinxgwn\ganil Y
n<0

where @ is a fixed element in Q, and @, is the vertex in (@, {,) of level n. It is easy
to see that

Elliwy =Y, a7"V(Qa,\Qa, )~ Y. ¢7"q" = +oo,

n<0 n<0

and for every A > 0

{(@,n):[F(0,n)| > A} ={0:|F(0)] > A} x{0} CUycoq,(1/2) (a5, \ 2s,,) ¥ {0},

so that
vx#({(w,n): |F(o,n)|>21}) S

Y

> =
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and F € L (v x #). Now it is easy to see that for every @ € Q,

1

DDF(0,0) = "F(0) = /Q Fydv — +oo,
o 0

which implies that ®®*F does not belong to L*(v x #). This proves (iv).

We now define

6:C¥Z  C¥2 gg(w,n)=g(w,n+1) weEQnez,

and for every n € Z we set

o _ )T if n >0,
()™ ifn<0.

The maps ®, o and X are related as the following diagram shows

CQXZ o CQXZ

of 9

cr —:— ¢
and satisfy the following properties.
Proposition 4.1.3. The following hold:
(i) 0P =D and ¥ =D cd;
(i) ¥ = D*c* P = P o1 P;
(iii) £" = ®*c"d, neZ.

Proof. Clearly

4.3)

4.4)

o®@f(0,n) = @f(@,n+1) = f(@n1) = f(p(@n)) = Zf (o) = PLSf(@,n),
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forall f € CT, ® € Qand n € Z. Since ®*® = and 6* = ¢!, this proves part (i)
and (ii). Iteration of this identity also gives

c"d =Py

for all n € N. Applying ®* to both sides of this identity and using again the fact
that ®*® = [ one has

P 6" P =",

which proves part (iii) in the case n € N. To complete the proof of part (iii), it is
enough to take adjoints in the latter identity, and use the fact that (¢")* = o™", as
o" is a unitary automorphism of L?(Vv x #). O

We denote by Cv,(Z) the space of all LP-convolutors of Z, i.e., the convolution
kernels of the ¢7(7Z)-bounded translation-invariant operators.

Proposition 4.1.4. Given a function h defined on 7Z consider the operator defined on
every g in C¥*Z py

Tig(w.n)= Y, h(j)g(w,n—j)=g*zh,
JEZ\{0}

where g®(n) := g(@,n), i.e., Tj, = idq ® (- *z h), and let S = &*T;,® on CT. If

¢ — @ xz h is of weak type (1,1) (or bounded on (P (#) for some p € [1,0)), then T,
is of weak type (1,1) (or bounded on LP () x #)).

If ¢ = @z h is bounded on (P (#) for some p € (1,0) with norm ||h|cyp(z), then
S maps LP (W) to itself for every p € (1,00) with norm at most ||h|c,»(z,).

Proof. 1If we assume ¢ — @ *7 h is weak type (1, 1) then

18 Ml o1 s

#{|g? xzh > A} < =

, Vo € Q,
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and we get that

(vx#){(@.n) : (g2 m)(mw)] > A} = [ #]g”s2h| > 2} av(o)
<5 [ 16%llos) dv(@)
= gl vy

i.e., Tj, is weak type (1, 1) on Q x Z endowed with the measure v x #. In a similar way,
as Ty, = idq ® (- ¥z h), we have that || T, | .r (v x#) < ||hllcvr(z)- Thus, by composition,
we can certainly deduce that .77 maps L () to itself for every p € (1,00) with norm
at most ||| cyr(z)- O

Remark 4.1.5. Notice that in the above transference result we are not able to prove
that if the convolution operator with % is of weak type (1, 1) on Z, then the operator
A is of weak type (1,1) on T. Indeed, 7 is bounded from L' (i) to L' (u) if
and only if ®®*7;,®d* is bounded from L! (v x #) to L'**(v x #). By Proposition
4.1.4 we know that 7, is of weak type (1, 1) and we know that ®d* is bounded on
L' (v x #), hence T,®®* is bounded from L' (v x #) to L'(v x #). Unfortunately,
the operator ®®* is not bounded on L1*(v x #) (see Proposition 4.1.2 (iv)).

4.1.2 The Riesz transform

The definition of Riesz transform depends on a notion of gradient on graphs, which
is not unambiguous in the literature. Many authors, including Hebisch and Steger in
[27], define the modulus of the gradient of a function f as the vertex function

df(x) =Y If(x) = fO)l,

y~x

and consequently the Riesz transform as the operator d.Z -1/2,

We recall that the flow gradient is defined by

Vi) = (E-Df) = f(p) - f(x),  x€T.
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Note that, by Proposition 4.1.1 (ii),
V'V =(-S)-%) =2,

thus the flow gradient V is naturally associated with the flow Laplacian £ since
it allows one to write the latter in “divergence form”. We then define the Riesz
transform on (7', i) as the operator

Rf(x)=VLPfx) =2 Pf(p(x) -2 Pf(x),  x€T,

where the fractional power of the Laplacian is defined by means of the Spectral
Theorem as usual. We claim that, for every p > 1,

£ 7p 0y = IV AL
and
14 fll ey = NIVl

It follows from the claim that the boundedness properties of % are equivalent to
those of the operator d.Z ~1/2 gtudied in [27].

To prove the claim for the L” norms, recall that p(x) = gu(y) if y € s(x), so that

IV 1y < 1412 ZTZ ) — FO) PR ()
xel y~x
.y <|f PP +g Y |f(X)—f(y)|”u(y)>
xeT yES()C)

_ p
= (g+ DIV

Finally, on the one hand it is clear that ||V f{| 1= () < |df]|11(,)- On the other hand,
for any A > 0,

{x:|df(X)|>l}§{x1IVf(X)|>q)L?}U{x:3yGS(X), @)~ F)] > }

q+1

from which it follows that

Au({x: ldf(x)] > 2}) < (g+ DVl
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which proves the claim.

In the next proposition we collect some well-known results concerning %.

Proposition 4.1.6. The following hold:

i) X is bounded from H), (1) to L' (1);
ii) % is bounded from L' (1) to L' (u);

iii) % is bounded on LP () for every p € (1,2].

Proof. In[1] is proved that Z satisfies the Hormander integral condition in Theorem
2.3.8, while ii) is proved in [27] and iii) easily follows by interpolation. ]

4.1.3 Preliminaries on Z and heat kernel

Let Az denote the standard Laplacian on Z, namely,

Fn+1)+F(n—1)

AzF(n) =F(n)— 5

nez,

for every F in C%. Observe that Az = I — %), where T F (n) = F(n—k) is

the translation by k € Z. We introduce the standard (step-1) gradient V;, =1 —7_
and the associated Riesz transform on Z, formally defined as VZAi 1/ 2, which is the
operator with convolution kernel k% = \/LE Iy 12V h? dt, where h” denotes the
convolution kernel of e "% (see Chapter 3). It is well known that h,Z is radial and
decreasing in j € N.

Observe that since V7, = I — 1; and AZ/ 2 commutes with translations we have
that

(Voa, Py = A 21— 1) = (- 1)A, P = —q vz, (45)

It follows that the self-adjoint operator

VoA, P 4 A PV =2
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is a bounded operator on ¢?(7Z) for every p € [1,e0|, while the anti-self-adjoint

operator

1/2 1/2 1/2

Ry = VzAi —A VZ = (”L'l — T—I)Ai R

is of weak type (1,1) and bounded on ¢”(Z) for every p € (1,o0). Indeed, let
VZ = 71 — 71 denote the symmetric step-2 gradient. It follows that Ry = VZA 1/2

is the operator with convolution kernel

) = < [ = 1) =Bt D] 7 = K01 1) = K0 =),

where in the last equality we have used (4.5). Notice that k% is an odd function.
From, e.g., [26, pp. 695-696], we know that k” satisfies Calderén—Zygmund type
estimates

M) S A+~ (Va2 () S (1 |nl) 72, (4.6)
which implies in turn same kind of estimates for kZ
K= S (4 [n) ™" [V2RH ()] S (14 |n)) 2. (4.7)

Together with the ¢?(Z) boundedness, this implies (see [26, Th. 8.1.]) that VZA;/ 2,
A’1/2V2 and VZA;/Z A, I/ZV* are of weak type (1,1) and bounded on ¢”(Z) for
every p € (1,%0) and on the Hardy space H'(Z).

Let iy = ¢ " and H, = ¢~'< be the heat semigroups of the combinatorial Lapla-
cian A and of the flow Laplacian .Z on T, respectively. We shall use the same
symbols to denote the associated heat kernels on the respective measure spaces on

which the generators are self-adjoint and bounded, i.e.,

o f (x Z h(x,9)f(y), Hif(x)= Z Hy (x,9) () (y)-

yerT yeT

Observe that, when g = 1, H; = h; =: h,Z. We shall always assume g > 2, but we
will make an extensive instrumental use of the heat kernel on Z.

By means of identity Proposition 3.1.1 i), ii) and (3.10), we can express the heat
kernel as
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H(x,y) = ¢ "0, (d(x,y))g "2, (4.8)
where N
Un) = Y. ¢ 202V 0l (n+ 2k + 1).
k=0
We recall that
Hy(x,y) ~ g~ "W/~ 27 02 (g (x, y) + 1)RE(d (x,y) +1)). (4.9)

Since £ /2 = L [*o~1ZLdl e obtain that, the integral kernel of £~ 1/2 §g
VmJ0 (12
K$*1/2 (X,y) = q—ﬁ(x)/2G(d(x,y))q—é(y)/27 where

G(n) \/_/ ,1/2 Y g TR (- 2k + 1), (4.10)

4.2 Boundedness results for &

4.2.1 LP-boundedness of the Riesz transform &%

Let % be an integral operator on T with kernel K (x,y) = ¢~ ‘®/2G(d(x,y))q~*™)/2,
where G is a real valued function. Let . denote the composition V.#". Then, since
s self-adjoint, the skew-symmetric part of . is equal to

S =S =K -V =X — L.
More explicitly, for every function f on T,

£ f(x) =Y 4O PORGA(p(x),3))F ()

yeT

=Y g OIZ2GA(p(x),3)) f (),

yeT
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and
HEf(x) =Y O PG (x,y) Y f()
Y, 2 e 0
—gq“(”“’“”/z 2G(d(x, p())) £ (),
thus
(& =) f () =Y g NERIG(A(p(x),y) = Gd(x, p(0)IF ()

yeT

and clearly G(d(p(x),y) — G(d(x,p(y))) vanishes if x £ y or y £ x. So, again, we
can restrict the sum to the set {y € T : y <x or x < y}. For every n € N, we set

s"(x) ={y <x :d(x,y) =n}. We get

(& =) f0) =Y ¢" VPGn—1) =G+ 1] f(p"(x))

n>0

+Zq‘("+”/2[ (n+1)—G(n—1)] Z 1)
n>0 yes (x)

=Y ¢" VPG —1) = Gln+ D" — (Z)")f (v),
n>0

namely,
L. an 1/2 (n+2)](zn+l _(Z*)n—l-l) —. Z h(n)in,
n=0 neZ\{0}

“4.11)

where h(n) = sgn(n)g"=/2[G(|n| — 1) — G(|n| + 1)] and £" is defined in (4.4).

We are now ready to prove our main result.

Theorem 4.2.1. The Riesz transform % is bounded on LP (1) for p € (1,00).

Proof. By Proposition 4.1.6, % is bounded on L”(u) for p € (1,2]. Applying

~1)2

the above argument to %" = . , we have that its integral kernel is K(x,y) =
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—W/2G(d(x,y))q')/2, with G as in (4.10). Arguing as above, we deduce that

%_%*:Vg—]/2 1/2v*_ZkZ

nez

By Proposition 4.1.3 (iii), we can write Z — %#* as ®*T;,® with h = —k” (we are
using the fact that k% is odd). Since by (4.7) kZ is in CvP(Z) for every p € (1,0), by
Proposition 4.1.4, we deduce that % — %* is bounded on LP () for every p € (1,00).
Hence #* is bounded on L?(u) for p € (1,2], which implies that % is bounded on
LP(p) also for p € (2,00), as required. O

Remark 4.2.2. Notice that we are not able to prove a weak type (1, 1) result for the
operator &#*, which remains an open problem. Proposition 4.1.4 can be thought of as
a transference result for L? bounds from the group Z to the weighted tree (T, u). It
is not clear to us whether an analogous transference result holds for weak type (1, 1)
bounds: due to the obstruction discussed in Remark 4.1.5, the proof given above for
strong type bounds does not appear to extend to the weak type case too.

4.2.2 Endpoint negative result for %7

In this subsection we show that % does not map L=(i) in BMO(u).

Proposition 4.2.3. The Riesz transform % does not map L™ () to BMO(u).

Proof. By Theorem (2.2.9), it is enough to exhibit a function f € L*(u) and a (1,0)-
atom a such that the dual pairing (Zf,a) is not bounded. Consider the admissible
trapezoid R3(0) = s(0), with (s(0)) = 1. Pick x1,x, € R such that x; # x, and
define the (1,00)—atom a = &y, — Oy, Let f = X(x<y1- Then,

(Zf.a) =Zf(x1)p(x1) — Zf(x2) p(x2)
=Y — HO) / Y2 (Hy(x1,y) — Hy(x2,y))dt,

y<x)

where we used that t(x;) = p(xp) = 1/¢ and the cancellation induced from the
fact that p(x;) = p(x2). Next, observe that whenever y < x1, d(y,x1) = [y| — 1,
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d(y,x2) = |y|+ 1 and £(y) = —[y|. Then, for any y < x,

H,(x1,y) — Hy(x2,y) = ¢"[Us(|y| = 1) = Us(|y| 4+ 1)]g~*0)/2

= gU O (F b2 g (y) 4 20) = X gDV y] 4 26 +-2)
k=0 k=0

2
=g [ylIhE(1y) = Hi(x1,y),
where we used Proposition 3.1.1 ii) and (4.9). By Proposition 3.1.1 iii),

-1/2 |Y|
/Ht(xh)’) t3/2(1+|y|2+t2)1/4 \ylﬁo(t/\yl)7

where

s)=—s+V1+s2+logs—log(l+V1+s?2) Vs > 0.

By the change of variables ¢/|y| = s, since ¢ is increasing we get

 _1p _ < /°° b ot/ b)
t H,(x1, H,(xp,y))dt ~ dt
/0 ( 1 (x1,y) 1 (x2 y)) 0 13/2(1+ |y|2+t2)1/4e
> / Bl e/ 4 /“leyvp(s) gs> PV 1
W2 12 | 82 vl Iyl

where we used the fact that for [y| > 1, [y|@(|y|) > —1/2—1/2]y| — 1/8|y|*> > —9/8.

It follows that

#fa)z Y5

l Z L = too, ]
y<x; |y ’ 9 =0 k+1
Remark 4.2.4. By Proposition 4.2.3, we deduce that the kernel R does not satisfy the
dual Hormander’s condition (2.16). Indeed, otherwise, Theorem 2.3.8 would imply
the L (1) — BMO(u) boundedness of Z. Notice that this phenomenon is in sharp
contrast with the well known endpoint results for the Euclidean Riesz transform of
the first order, and it shows why it was not possible to use condition (2.16) to study
the boundedness of Z for p € (2,00).

By Proposition 4.2.3 we deduce that %* is not bounded from H'(u) to L' (u).
This, together with Remark 4.2.2, shows that no endpoint for p = 1 and Z* is
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available. This partially motivate the introduction in the following section of another
natural Riesz transform associated with the flow Laplacian on (7, i) for which we
are able to study the L”-boundedness, but also endpoint results both for the operator
and its adjoint.

4.3 Horizontal Riesz transforms

Let € € CT be such that X*¢ = 0. For every function f in CT we define the &-
horizontal gradient V¢ f as

Vef(x) =X (&f)(x) =

We summarize some properties of the £-horizontal gradient in the following proposi-
tion.

Proposition 4.3.1. The following hold:
(i) Vef = €Xf;
(ii) Ve = =V V;
(iii) [|[Vellpr()—row) = I€llL=
(iv) Im(V}) L Im(X);
(v) forevery f,g € CT
(ZIVEF,EVEG) = 8um(VES, VEG),  nmymeN. (4.12)

Proof. (i) is a direct computation. For any function f in C7, since *¢ = 0,

Vef(x) = }1 ¥ G0 ~/) = ~Ve91)

1 fOHOWS frorn the fact that V * < |le|l;=|X OintWiSC. For ever function
8l > L gl P y
onT,

VeIf =T (ELf) =0,
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hence (iv) follows.

The orthogonality relation (v) is a consequence of (iv) and the fact that ¥ is an
isometric embedding on L2(u).

]

From the above proposition, we obtain a L?>-boundedness result for a class of
operators.

Proposition 4.3.2. Let & be the linear operator on L*>(11) defined by
Pf=Y Fn)Z'Vif (4.13)
n=0
for every f € L*>(u). Assume F € (>(N) and € € L*(u). Then, & is bounded on
L2 ().
Proof. Let f be a function on L?(u1). By (4.12),

12520 = X FM PRIV = IFIRIVEIZ2

n>0

hence

12 Fll2 ) < NF N2l €l gl f 12 )

Theorem 4.3.3. Let & be as in (4.13) with F € £'(N). Then,

Indiram

HAUZS > A}) S [F gy (120l () =

(4.14)

Proof. Let A > 0and f € L'(u). Decompose f = f, + f, where f, = FXYF ) f15A}-

’ o) u({[gromei] )

Y IF(n)|Z"Vef

n>0

({1211 > A}) <u({

Y F(n)E"Vifn
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Now, {f, #0} = {|F(n)f| > A} and

{Z'Vefu # 0} = p"{Vefu # 0} = p"{€Xf, # 0}
Cp " fu# 0y =pHIF(n)f| > A},

whence

Y F(mX'Vify

n>0

(1

>0} ) < X w(E Vs, £0)

n>0

< Y u({|F(n)f] > A}, (4.15)

n>0

where in the last inequality we have used that, since u is a flow measure,

H(p™M(E)) = n(E)
for any £ C T and k € N. Hence, by Fubini’s Theorem,

Fllie
L{[F(n)fl>Ay =Y u@){n : [F(n)f ()|>7L}|SH”§L—NZH(X)IJ‘(X)I

xeT xeT

_IF ||e
O fll g

For the remaining part, Chebyshev’s inequality and (4.12) imply

*x 7 1 nyrx r
u({| L rovis| > 4}) < I POV,
n>0
AZZF F(m)(Z"Vefu, 2"V fm) = AzZ!F ) IVeallzz

‘We observe that

Vefn = €Xfu = €L X F(m)ss<ats
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hence [V ful < [|€ll=(u)|Ef 1Xg1F(mzf1<2}- Thus,

IVerllz2g = X m@)IV

xeT

<l Y,  HEOZFEP2rmsrw<a)
x :Xf(x)#£0

which implies

YIFMPIVifal 2 S Nl Y, BEZAE)P Y |F(n)[?
(w)
n x :Zf (x)#0 {n:|F(m)Zf(x)|<A}

<2|Fllp=myllel=qyA ) h)ZF ()]

xeT
= 2[|F[[ g1yl €l () AIZS M 1 o)

where the last inequality follows by

Y IF)Pogrmy<ay = / {n: |F () Pxgipmy<a) > 0} dax
n>0
2

2 1/2 A ~1/2
< [ Hnsp o) > @Y da < [ Flliegy [ o da
=2A[F |1

as desired. In conclusion,
10

u({ >3} ) < 2Pl el 4,

and the proof of (4.14) is completed. ]

Y F(n)Z"Vefa

n>0

We define the e-horizontal Riesz transform by %, = V. ~1/2. By Proposition
43.1 (ii) Ve 212 = -V V.2~1/2 and, since V, is bounded on L”(u) for every
p € [1,00] with norm |[|€[|;=(,), any LP-boundedness property for V.& ~1/2 transfers
to V.2~ '/2. In particular, this implies that %, is bounded on LP(u) for every
pe(1,0).

Thus, since Z is of weak type (1, 1), by Proposition 4.1.1 (ii) %k is also of weak
type (1,1).
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Following the same proof and similar computation of Proposition 4.2.3 one can
show that % is not bounded from L to BMO(L).

It follows that the adjoint operator Z; is bounded on L? () for every p € (1,0)
and it is not bounded from H'(u) to L' (1t). We shall now obtain a weak type (1,1)
result for Z;, which can be considered as the discrete counterpart of a result of
Gaudry and Sjogren, see [24, Th. 3].

Let J# be an integral operator on 7" with kernel with respect to u of the form
K(x,y) = ¢ "@2G(d(x,y))g0)/2. Now,

AVif () =Y q " PG(d(x,y)q" e(y) f(p(y)

yeT

= Y ¢ 2G6(d(x,y)q" e () £ (p()

yip(y)>x
+ Y ' 6A0)g O () Fp(). (4.16)

yip(y)Ax

The second sum in (4.16) is equal to zero because X*¢ = 0 and d(x,y) = d(x,z)
whenever p(y) = p(z) # x.
It follows that

HAVifx)=Y Z Ximad "G (d(x,y))q" ) e (y) f(p(v))

YeT z:p(2)=p(y)

-y q—“x)/z[ Y G| d @ p)
zz>x y:p(y)=p(z)

WG [s<z>c<d<x7z>>—G(d(x,z>+2> Y e0)|d ()
27>X ves(p(2)).y#z

= Z> g "W2[G(d(x,2)) — G(d(x,2) +2)]¢"e(2) f(p(2))

_ zq"/2 Gln+ 2)V2r (5" (x)).

In other words, # Vi =Y, ¢"/*[G(n) — G(n+2)]Z"V}. In the case when .# =
£~1/2 we have that G is given by formula (4.10), so that

%y =2""?vi=Y K (n+ 1)V (4.17)

n>0
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Corollary 4.3.4. The operator Z; is of weak type (1,1).

Proof. It follows by formula (4.17) and Theorem 4.3.3, using the fact that by (4.7),
k” belongs to /1= (N). O



Chapter 5

Hardy-Littlewood maximal operators
on trees with the counting measure

This chapter is based on a joint work with Levi, Meda and Vallarino [32]. We
study the range of exponents (p,q) for which the centred Hardy-Littlewood maximal
function and its modified version are bounded either of strong or of weak type on
homogeneous trees endowed with the counting measure. As a by-product, we deduce
boundedness results for the centred Hardy-Littlewood maximal functions and its
modifed versions on infinite trees which satisfy suitable geometric conditions and we
discuss the optimality of our results. Finally, we study the robustness of boundedness
results for the centred Hardy-Littlewood maximal function on graphs with respect to

quasi-isometries.

5.1 Notation

Let T be a locally finite tree. We endow T with the counting measure and for every
subset E of T we denote by |E| its cardinality. For every p € [1,00) we denote by
LP(T) the space of functions f € C” such that ||f||€p(T) =Y e7 |f(%)]? < o and by
L>(T) the space of functions f € C such that | fllz=(ry = supyer | f(x)| < 0. Given
p €[1,0) and s € [1,00), we recall that the Lorentz spaces LP*(T) and L”**(T) are
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defined by

Foo sdA /s
LP,S(T):{fE(CT; ||f||Lp,s(T):<p/O )LS|{x€T:|f(x)|>/'L}|P7) <oo},
and

L=(T) = {f €€ |fllmir) = sup A € T2 ()] > A} < oo}
>

For every positive ¥ the centred modified maximal function .#¥ with parameter
y applied to a function f € CT is defined by
1

M (x) = sup ——— , T.
f(x) = sup |JBM)VKBZV(X)If(y)| x€

When y= 1, this reduces to the standard centred Hardy-Littlewood maximal operator,
which we simply denote by .Z .
We recall a useful result which we shall exploit several times throughout this chapter.

Lemma 5.1.1. Let . be an operator of restricted weak type (p,q) for some p,q €
[1,00). Then, .7 is of strong type (t,s) for every 1 <t < pand q < s < oo.

Proof. Tt suffices to recall that for any #1,#, € [1,e0) and s € [1, 0], the continuous
inclusion L''*(T) < L”*(T) holds if t; < f,. By interpolation we get the desired
result. ]

5.2 Boundedness of H-L maximal operators on the

homogeneous tree

Let T4 1 denote the homogeneous tree, i.e., the tree such that g(x) = ¢ for every x
in T, and assume g > 2. Observe that |B.(x)| ~ ¢" for any x € Ty4; and r € N.
We fix a reference point o € T, | which we call origin. We state some boundedness
properties of the modified maximal operators .7 in this particular case.

Proposition 5.2.1. Let v € (0,1]. The maximal operator .4 is bounded from
1 1
L7 (Tg11) to LY (Tyyy) if and only if y > 3.
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Proof. The case when ¥ = 1 was proved in [14, 43]. The case when y=1/2 is
proved in [59, Theorem 5.1]. We now study the case when ¥ is any number in
(1/2,1). For every r € N let @, denote the function |B,(0)| ™" xp,(,). For every
nonnegative function f on Ty, every r € Nand x in T,

1 1 a
Bor 2 " B L, s Y
—Y o) Y f0) = [ @),
n=0 d(x,y)=n

where the convolution is defined in [12, Formula (2.5)]. Hence,
M) S FrR),  xETgn,

where ®(x) = ¢g~". Tt is easy to check that ® € L!/%*(T,. ). Indeed, for every
A > 0, the condition ®(x) > A is equivalent to |x| < log, ﬁ, thus

Hre Ty @ [O)] > A} < g7~ —
By [12, Theorem 1] we deduce that
MY < d <
A i S 0l S

Fix y € (0, %) and let f, be the radial function defined by

fe(x) = q—c\x|7 x € Tyq,
where ¢ > 0. It is known that (see for example [46] or [12, Lemma A3])

fo € LVPN(T,yy) ifandonly if Y ¢ "q" < +oo,
neN

namely if and only if ¥ < c. We choose ¢ := Y+ € for some positive € such that
y<i-e
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Observe that

1 - — _
M (y) =~ sup —— Z q l(r+e) > q Iyly Z q [x|(y+€)
R2097 xeBy(y) x€Sy () + Ixl=2ly]

— qflyl}’qulq*ZIyl(YJrs) — q\yl(1*37’*2€)’

by choosing R = |y|. We now prove that .Z7 f, ¢ LI/V""’(TqH). Indeed, if 1 —3y—
2€ > 0, then there is nothing to prove. Otherwise,

37— 1/(1-3y—2¢)
1= <t<
ey sup tl/Y+1/(l_3y_28) — —|—00,
0<r<1

since y < 3 —€ and 1 —3y—2¢e < Oimpy 1/y+1/(1—-3y—2¢) <0.
Hence .Z7f. ¢ Ll/%“’(TqH). O

The previous proposition provides a complete picture about the restricted weak
type (71,, jl,) boundedness of .#" on T, .
The next result will be useful in order to describe the region on which the modified
maximal operator is strongly bounded.

Lemma 5.2.2. Fix y € (0,1]. Then, .#7 is bounded from LP (T 1) to L*(Ty11)
ifand only if p < ﬁ Moreover, A" is unbounded from L' (T41) to L(Ty11) if
s<i

-7

Remark 5.2.3. It will be clear later on that .#? : L' (T,1) — L*(T,1) if and only
if s > %, This will follow by Corollary 5.2.5 and Theorem 5.2.7.

Proof. The proof relies on a straightforward computation. Indeed, set p = ﬁ,

and pick f € LP(T,41). Observe that for every x € T, and r € N, by Holder’s

inequality with exponents p = ﬁ and p’ = 71,, we obtain

1

Bwr L SO lom,y ¥ Ty

YEB,(x)

Passing to the supremum, we get that .27 f(x) < || f{|»(r,,,) for every x € Tg 1,
hence .# is bounded from LP(T,41) to L*(T,+1). By invoking the inclusions on
the LP (T 1) spaces, it follows that .#? is bounded from L*(T1) to L™(T 1) for
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every s < p.
Fix now s > p = ﬁ, and consider the sequence of functions defined by fr = X, (o),
R € N. Itis easy to see that || fg||s(T,,,) = |Br(0)|'/5. Moreover,

1

AT fr(0) =sup sy}, 1= Brlo)"T.
reN |Br(0) |7 yEB,(0)NBg(0)
Thus
Y Frllre
|27 frl| L (Tg+1) > |BR(0)‘1/P—1/5_>007 as R — oo, (5.1)
1 fRllzs (T, )

Hence .77 is unbounded from L*(T 1) to L=(Ty41).
Next, fix s < %, It is clear that

1
MV8p(x) = o7y ¥ €Ty,
’ By (x)]7 T
which implies that
1 o)
[PACH -~ AV U e

o) TZ B L,

This concludes the proof. 0

We are now interested in the L' (Ty1) — L*(T,+1) boundedness of the modified
maximal operator when (¢,s) € [1,e0] X [1,e0]. In order to perform this analysis, it is
convenient to distinguish four cases, namely, y=1, y€ (1/2,1), y€ (0,1/2) and
y=1/2.

5.21 Casey=1

If y= 1, then, the weak type (1, 1) and strong type (co,o0) boundedness imply strong
type (z,s) boundedness for every (1,1) # (t,s) € [1,00] X [1,00] such that s > ¢ by
using interpolation and Lemma 5.1.1. Conversely, if t > s, .# is unbounded from
L'(Ty41) to L*(T441) since the identity is not bounded on the same spaces and
|f| < A f pointwise.
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1/2 |

1/2 1

Figure 5.1 Points (1/7,1/s) lying in the colored region (except for the point (1,1)) are those
for which .# maps continuously L' (Ty1) to L*(Ty41)

522 Caseye (1/2,1)

Now assume ¥ € (%, 1). We prove a boundedness result based on complex interpola-
tion.

Theorem 5.2.4. Let v € (1/2,1) and set p = ﬁ, Then, A" is bounded from

LPE(Ty41) to LP(Tyy1).

Proof. Fix two functions ¢ : Ty;1 — (0,00) and ¥ : Ty — {z€ C : |z| = 1}. For
y € C, consider the operator .# g - defined on f € cT by

1
e///(;/,\pf(x) =B Y f)¥o), x €Ty
’ ¢(X)| yqu)(x) (x)
It is easy to see that
Sp A f () = AN, X €Ty, (52)

where the supremum is taken over all functions ¢ : Ty4; — (0,00) and ¥ : Tyyy —
{z€C: |zl =1}. By [59, Th. 5.1.], .#'/? : L2} (T4 1) — L>*(T441), whence so
does //gq, for Rey = % Trivially, #' = A4 : L*(Ty41) — L*(T441), whence so
does '///g,lp forRey=1.SetAg = L*!(Ty41), A1 = L™(Ty11), By = L*>*(T,11) and
By =L*(T44). Observe that A := AgNA; =Ag. We also set B = Ll(’]I‘qH). We
aim to apply Cwikel and Janson’s result [15, Th. 2.] to the family of linear operators
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{//(;/q, : % < Rey < 1}. To do so, define

T, = ///qgf;l)/z, €S,

where S ={w € C : 0 <Rew < 1}. We must look at

bt (x
<b+7TzCl> = Z H% Z a(y)¥(y), bt € BT ,VacA.

XGTq_H y€B¢(X) (x)
The function z — (b", T;a) is bounded on S. Indeed,

(b7, Ta)| < Y, 16T ()] a(x)

x€T g4
< |l 2| 2 T, ) =2=(Te) 18 21z, lall e,
<l 2agr, 2o 10T o, lallzi g, @ €A
and the last inequality follows by recalling that L! (T4 1) < L>!(T,1).

Furthermore, z — (b™, T,a) is holomorphic in S, as a straightforward application of
Morera’s Theorem shows. Moreover,

lim (b", Ty ya) = (b, Tya), tER

s—0T

and

lim <b+, Y}Jr,-,a) = <b+, T1+,~,a>, teR.

s—1-

Thus, z+ (b*, Ta) belongs to H*(S) := {f € L™(S) : f € H(S),lim,_, f(s+it) =
f(j+it), a.e.t € R, j=0,1}. Observe also that

1/2 2
| Tiallsy < 14" 2all 2o, ) < 1 lg2acn, stz r,, lall 2 reR.

(Tq+1)’

Similarly,

1 Tivialls, < || Aallp=(1,,,) < lalli=(T,,,), tER.
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Therefore, for every 6 € (0,1),

To : (L7 (Tys1), L™ (Tgi1)lo = (L2 (Tqr1), L7 (Ty1))°

By [3, Th. 4.2.1.(a)] [L271(Tq+1),L°°(’IFq+1)] [ 1), 271(']1“6,“)]1,9 which

*(Tq+
in turn is equal to L0 (T, 1), where —- Pe = 2 ® and ri =1-0, see [35, Eq. (),

p.3]. Notice that ro = £2. Next, by [35, Remark 2]

[L27M(Tq+l)aLw(Tq+l>]6 = [Lw(Tq+1)aL27oo(Tq+l)]]_9
2 oo
=LT0"(Tyy)
:Lpe’w(Tq+1).

We conclude that for every 6 € (0,1)
T : L% (Tyi1) = L (Tgpa), (5.3)

and the boundedness constant of 7y does not depend on ¢ and ¥. Recall that
0+1

To= A ¢7T.{,. We may rephrase (5.3) in terms of the parameter y. We have that
I 1o
My L7720 (T 1) = L7 (T ). (5.4)

Now set p = 1~ and take f € LPs (T441). For every € > 0, by (5.2), we may find
¢ and ¥ such that | \PfHLp Tyur) = 27 fllLre(t,, ) — € By (5.4), there exists
a constant C, which does not depend on ¢ and P, such that

Y
-9 whllrorye) SCUAN g, )

By letting € — 0T, we get

1227 fllr=(r,.1) < CIIS] (5.5)

v Lpz Tyt1)

This is the desired result. O]

The combination of the above result with Proposition 5.2.1 yields by interpolation
the following corollary.

Corollary 5.2.5. Forevery Y€ (,1) and p € (%,, ﬁ) MY LP(Typ1) = LP(Typr).
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1/s

1/2 |

-7+

| 1/t
l—y 12 7 1

Figure 5.2 Points (1/¢,1/s) lying in the colored region (excepted the dashed segments)
are such that .#? maps continuously L'(T,4) to L*(T441), under the assumption that
Y € (1/2,1). Outside the colored region no strong (¢,s) boundedness is possible because of
Proposition 5.2.2, Lemma 5.1.1 and the fact that the identity is not bounded on points above
the diagonal.

Gluing the above results all together and recalling that .#” f is pointwise bounded
from below by |f| for any f € CT, we obtain that
e ./ is bounded from L' (Ty41) — L*(Ty41) when 1 —y < % <yand 0 < % <tor
y<l<lando<l<y
e /7 is unbounded on the segment 7 € [I, l], s = 71, by Lemma 5.2.2;
e /7 is bounded from wales(TqH) to L**(Ty41) when % =1—vand0< % <1l-7

1

y] by using the inclusions

o /7 is of restricted weak type (,1/y) for every ¢ € [1,
of Lorenz spaces on T, .

As the previous results suggest, the points (¢,s) which lie on the diagonal such

that % = % =1—vyor % =1 — y represent very special cases in the study of the

L=
boundedness of .Z7. One may ask whether a strong type (ﬁ,, ﬁ,

result holds for .#Z¥. The next result shows that the answer is negative.

) boundedness

Proposition 5.2.6. Fix y € (%, 1) and p = ﬁ Then, .#" is unbounded from
LPT(Tyy1) to LPS(Tyy1) for every r € [1,00] and s € [1,00).

Proof. Forevery R € N set Bg = Bg(0) and fg = X, It is clear that

HfR|’LP=’(Tq+1) ~ qR/p’ re [1700]
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For any x € Bg,

1
%YfR(x) Z M Z 1 z fR(x)q(R_|x|)(1_7)

YEB(g_|x))(x)NBr

= fr(x)g&RD/P,

Fix s € [1,00) and, since x — fz(x)g®P/? is radial, by a result of Pytlik (see
[46, 12])
12" frllpscr,, ) = g ® P s, )
oo 1/s
~ (L satmae-riegr )
n=0
~ Rl/qu/p7
so that
MY s(T
27 fRllers(Tger) o o
/& llrr(Tgr1)
This concludes the proof. [

523 Caseyc (0,1/2)

It remains to investigate the behaviour of the modified maximal operator with
parameter ¥ € (0,1/2). In that case, by Lemma 5.2.2 we deduce that .Z" is never
bounded from LP(Ty4 1) to itself. Indeed, by the aforementioned lemma, .Z7 is
unbounded from L”(T,41) to L*(T441) for every p < 117}, and from L!(T,1) to
L*(Ty+1) for every s > 71/ Because of the LP-inclusions in the discrete setting, if .#7
were of strong type (p, p) it would imply either a strong (p, o) and a strong (1, p)
boundedness. Since in this case ¥ < 1 — 7, at least one of the latter is false.

In order to obtain a positive result in this setting, we shall adapt Theorem 5.2.4 using
now the endpoint y = 0 in the complex interpolation argument.

Theorem 5.2.7. Let y € (0,1/2) and set p = ﬁ and p' = }l, Then, A" is bounded
from LPN(Ty11) to L= (T4 ).
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Proof. Let ¢,¥ and ,///(;:\P be as in Theorem 5.2.4. Set Ag = Ll(']I‘qH), Al =
L*Y(Ty41), Bo=L*(Ty41) and By = L>*(T,11). Observe that A := AgNA; = Ag.
We also set Bt = L! (T4+1). We apply again Cwikel and Janson’s result [15] to the
family of linear operators {.# q{ g:0<Rey< %} Let

T.:= .My,  z€S,

where S = {w e C :0<Re w< 1}. Itis easy to see that ||//0f||L°°(Tq+1) <
If|lzi(r, ) for every f € L'(T4y1). This and Veca’s result [59] imply that
1L (T, ) L=(Tyen) < 15 Rez =0,
1/2
1Tl 20, r2e(m, ) S NP N 20n,sr2en, ), Rez=1.

We have again that for every b € BT and a € A, the mapping z — (b™, T,a) belongs
to H*(S) :=={f € L=(S) : f € H(S),lime, f(s+it) = f(j+it), ae. t €R,j=
0,1}. We conclude that for every 6 € (0,1)

Ty : [Ll (Tq+l)7L2’l(Tq+l)]9 - [Lw(TqH)aLz’w(TqH)]e = [Lz’w(Tqul)va(TqH)]lfea

where [L'(T,41),L>! (Tﬁel)]g = LPo!(Ty1) with - = 1 - 0+ 9 and
[L2(Tyi1), L2 (Tyi1)] =0 = L70(T 1), with -] T2 Summing up,

To : LP*(Tgp1) — Lo (Tyy1),

with a constant which does not depend on ¢ and ¥. Now we rephrase the result in
terms of y € (0,1/2), and we get that Toy : L1 (Ty41) — L' (Ty+1) where p = ﬁ,
Arguing as in Theorem 5.2.4 we conclude that

1

1 1
MY LT (TqH) —>LV’1(Tq+1),
as desired. O]

Now, by combining the previous result with Lemma 5.1.1, it immediately follows
that for any y € (0,1/2) the following hold:
o /7 is of strong type (t,s) if 1 —y < % <land0< % <Y,
e /" is unbounded from L' (T, 1) to L%(TQH) for any r > 1 by Lemma 5.2.2 and
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. 1y ; 1 .
AV of restricted weak type (¢, 7—/) if1<:<1—y

e /7 is bounded from L'(T,y1) to L5(Tyyq) if 1 =1—7% 0< 1 < ) and

1711
i =it

See Figure 5.3 for a complete picture.

1/s
1 .
=7
1/2 | i
Y o G----- 9)
1/t

Y 1/21¥y 1

Figure 5.3 Points (1/7,1/s) lying in colored region (excepted the dashed segments) are such
that .#" maps continuously L' (T, 1) to L*(T,+1), under the assumption that y € (0,1/2).
Outside the colored region no strong boundedness is possible because of Lemma 5.2.2 and
Lemma 5.1.1.

524 Casey=1/2

The restricted weak type (2,2) boundedness of .# 1/2 was studied by Veca in [59].
Observe that if y = % and thus Yy = 1 — v, the teal region the diagram in Figure 5.2
degenerates in a rectangle with vertices (1/2,1/2),(1,1/2), (1/2,0) and (1,0).

We conclude this section by showing that Veca’s result [59] is optimal. This rep-
resents a discrete counterpart of a Ionescu’s [28] result obtained in the setting of
non-compact symmetric spaces.

Theorem 5.2.8. For every s > 1, .#'/? is unbounded from L*5(Ty41) to L2*(Tyy1).

Proof. Fix s > 1 and % < B < 1. Define g € CTa+1 by

gh2

S B T,sr.
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1/s
Since g is radial, |[g]| 25T, ) & (Z?:o ﬁ) , thus g belongs to L?*(Ty41).
Observe that for any x € Ty

R - Y i
M2 (= (14 2(Jx = )P

1 1
gk ,Za (L+2(Jx] = )P

~ g M2 (14 1) P = k(x).

Since k is radial and f8 < 1,

1Kl 22, ) 2 IKC) G om ) = oo
Hence .#/'/? does not map L>*(T1) in L>*(Ty41). O

More in general, one may ask whether a similar strategy can be exploited in
order to prove that boundedness results for .#? discussed in Theorem 5.2.4 and
Theorem 5.2.7 are optimal. In the next proposition we show that radial functions
cannot provide counterexamples.

Proposition 5.2.9. Fix y € (0,1) and set p = ﬁ, Let LP3(T411)* denote the space
of radial functions in LP*(T ). The following hold:

i) if y> 3, then A" is bounded from LP*(T 1) to LP(Ty41) for every s €
[1,%0];

i) if y< %, then M7 is bounded from LP*(Ty41)* to Lp/’”(']I‘qH) for every
s € [1,00).
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Proof. Let f be a nonnegative radial function. The proof is based on the following
formula which can be obtained by a straightforward computation

1
— ), [~
q erSRU?
g IR o (Xl +R—=2j)g" if R < |x;

, . 5.6
g RIp (Zf_of(|X|+R—2j>qRf+f(R—IXI)qRx') otherwise.

Assume now f € LP*¥(Ty41 )# for some s > 1. It follows that n — g(n) := f(n)g"/?
belongs to L(N) and ||g|| s = | fllzrs(T, . ,)- Now we rewrite (5.6) in terms of g

% Y fO)=

q y€ESR(x)
q—\x\/pz\fz\og(|x|+R_2j)qj(2/19—1) if R < |x|;

' . (5.7)
g~ /P Z‘f:‘ogﬂﬂ +R—2j)g/@P=V) 4 g(R—|x|)g /P otherwise.

Ify> % i.e., p > 2, then, by applying Holder’s inequality in (5.7), we get

qRY Y o) Sa Mgl
YESR(¥)
which in turn implies .27 £ (x) < g~/ |g 1s()- Then, |47 fl1o=(r, ) S gl

HfHLps ), thatis 7).
Ify< 2, then by applying Holder’s inequality in (5.7), we get

Z FO) Sa PP lgll )

yGSR X)

Arguing exactly as above, we conclude that |27 f|ppe(r,, ) S 1|0 (T,,,) and i)
q
is proved. [

~
~
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5.3 Boundedness of H-L maximal operators on non-

homogeneous trees

In this section we study the boundedness of the Hardy—Litllewood maximal operator

on a nonhomogeneous tree 7.

We start this section by an example of a tree on which the Hardy-Littlewood

maximal operator .# is unbounded on L”(T') for every p € [1,e0) and is not of weak
type (1,1).

Example 5.3.1. Let 7 be a tree with origin o and root at infinity {, € dT. Let
x; denote the vertex of the tree at level j on the ray {, and assume ¢(x;) = j for
J > 1, and that g(x) = 2 for any other node in the tree (see Figure 1). By testing the
maximal function on Dirac deltas centered at the vertices x, we obtain that for every
j=1

1

Ao ) =sup Y &)=

—_—, xeT.
reN ’Br<x)| yEB,(x) |Bd(x7xj)(x)|

In particular, if j > 2 and x # x;_ is a successor of x;, then .# 5x.,- (x) = 1/4. Then,
for every p € [1,0)

- |
l28,2> Y |8, =L e, as e

x€s(xj)xF£xj_ 4r

‘We also notice that

Hx:.///ij(x) > %H > |{xes(xj),x#xj_1}|=j—1—00, asj— oo

This shows that .# is not of weak type (1,1) and unbounded on L”(T) for every
p € [1,00).
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Ce

level 4

Figure 5.4 The pattern continues at infinity: blue nodes have two successors and each yellow
node a number of successors which equals its level.

Notice that in the previous example the number of neighbors of a vertex is not

uniformly bounded.

5.3.1 Boundedness results

Example 5.3.1 suggests that we will need to require some condition on the geometry
of the tree, in particular some control on the number ¢(x), in order to get some

boundedness result for the Hardy-Littlewood maximal operator.

Definition 5.3.2. Given two integers such that 2 < a < b, we say that a tree T has
(a,b)-bounded geometry if a < g(x) < b for every xin 7.

Let T be a tree with (a,b)-bounded geometry. Then, there exists an injective
map #p,: T — Tpy such that whenever x ~ y in 7', Jy(x) ~ Jp,(y) in Tpy ;.
The following lemma shows how to embed a tree with (a,b)-bounded geometry in a

homogeneous tree T}, ; and associate to functions in C” functions in CTo+1

Lemma 5.3.3. If f € L"(T) for some p > 1, then the function f,, defined by

(27 0) ifxe 7y(T),

0 otherwise,

fo(x) = (5.8)
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is such that Hfb||Lb,1(Tq+l) = fllzr1(r)-

Proof. By definition

ollenrcr = [ Hx € Torr = Up(l > A} d
—p | Hxe A(T) : ()] > Y7 aa

=p/0 [xeT 2 [f@)]>AH"P dA = ||y,

as required. [

We can state a positive result for the restricted weak type boundedness of the

maximal operator on a tree with (a,b)-bounded geometry.

Theorem 5.3.4. Let T be a tree with (a,b)-bounded geometry with2 < a < b < a°.

Then # is bounded from Lé71(T) to Lé7°°(T) and on LP(T) for every p € (é,oo],

where oo =loga/logb.

Proof. Let f be a nonnegative function in La! (T) and define the function f;, as in

Lemma 5.3.3. Since [|fI| 3, . = /o]l 1. and |Br(x)| > a" = [B2(_7p(x))|*
Lo (T) Lo (Tpy)

where B2(_#,(x)) denotes the ball in T}, | with center _#,(x) and radius r, we have

that

MRS

S B Y, 10 S A fo( b)), xeT,

yEBY(x)
where ./ is the modified maximal operator with parameter ¢ on T ;. By Propo-
sition 5.2.1 we deduce that

< o
oy S Ve,

S,

=11 gy

as required. The boundedness of .# on LP(T) for p € (é, oo| follows by interpolation
between the estimate above and the obvious boundedness of .# on L*(T). ]

Theorem 5.3.5. Let T be a tree with (a,b)-bounded geometry with 2 < a < b and
1 1
o =loga/logh. If y € (5=, L], then .47 is bounded from Lo (T) to L#v™(T) and

200 o

from L= 20=an (T') to LT=7""(T').
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Proof. Let #, : T — Tpy1 be the map introduced above. Given a nonnegative
1

function f in Lo (T), we define f on Ty as in (5.8). Since |B,(x)|" > 'V =~

|BY(x)|*7 we have that

VIO ﬁ Y 1O S AT ). xeT,

yEBL(x)

where ///bay is the modified maximal operator with parameter oty on Tp ;. By
Proposition 5.2.1 we deduce that

MY S |2
I f||La¢y,m I fb”mwm

S ol

Lo (Tp1)

=11,

as required. Similarly, by Theorem 5.2.4 we deduce that

A, e ST

L%V (Tp1)

S Il

LT A (Tp+1)

= I/ ,

L1-av ay 2(1— ocy) (T)

which concludes the proof. ]

From the restricted weak-type boundedness of .#Z" we can deduce some off-
diagonal strong-type estimates. Before, we provide a generalization of Lemma 5.2.2

on a general tree with bounded geometry.

Lemma 5.3.6. Let T be a tree with (a,b)-bounded geometry with 2 < a < b. Fix
y€ (0,1) and set o =loga/logh. Then, 4" is bounded from L’ (T) to L°°(T) if

and only if p < 1 5 Moreover, M is unbounded from L' (T) to L’(T) if s < - ay

Proof. The first assertion can be proved as in Lemma 5.2.2. Next, fix s < - Then

1 1
Y >
MV5,(x) > e
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Since b—SY > p=I@ = 4= it is clear that x — b7 does not belong to L*(T).
Hence, .#" does not map L' (T) in L*(T). O

We now focus on the case oy > 1/2.

Corollary 5.3.7. Let T be a tree of (a,b)-bounded geometry, o =loga/logh, and
vy > 1/2a. Then, A" is bounded from L' (T) to L*(T) for (1/t,1/s) in the interior
of the convex hull of the points (1 —17,0),(1 —ay,1 —ay),(ay,ay) and (1,ay),
and it is not bounded from L' (T) to L*(T) for 1/t < 1 —v, for 1/s > y/a and for
1/s > 1/t (see Figure 5.5).

Proof. The positive results follow by Theorem 5.3.5, Lemma 5.3.6 and by interpola-
tion. The negative results directly follow by Lemma 5.3.6 combined with Lemma
5.1.1, the fact that .Z7 f > | f| pointwise on LP(T') and by the fact that the identity is
not of strong type (¢,s) if % < % O

I prmmssssssss s >
VO fomm e P
O Fmmmm e e A "o)

1/2 |

l—-ay+---------

-,

1/t

Y 1/2 oy 1

1—

Figure 5.5 Points (1/z,1/s) lying in teal region are those for which .#? maps continuously
L'(T) to L*(T), and points lying in the magenta region are those it does not, under the
assumption that T has (a,b)-bounded geometry and oy > 1/2. Observe that for o = 1 there
is no white space, and for Y = 1 and any o the bottom left white space dissapears.

In the last result of this section we study the case yo < %
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Theorem 5.3.8. Let T be a tree with (a,b)-bounded geometry with 2 < a < b and
1 1
o =loga/logh. If y < ﬁ then A" is bounded from L= (T) to Lov™(T).

Proof. By repeating the argument contained in the proof of Theorem 5.3.5, we get

M) S A fo( Fp(r),  x€ET,

where ¢, and f}, are as in Theorem 5.3.5. By invoking Theorem 5.2.7, we obtain
the desired conclusion. O]

Consequently, if y < ﬁ, by interpolation with Lemma 5.3.6 and a direct applica-
tion of Lemma 5.1.1, we get that .#7 is of strong type (¢,s) for every (%, %) in the
interior of the convex hull of (1 —7), (1 —ay,ay), (1,ay) and (1,1), see Figure
5.6.

1/s
I fmmmmmmm e -
y/o | : -
l—oay |
l—y | R
ay | P U
: 1/t
oy 1—-y 1l—ay 1

Figure 5.6 Points (1/7,1/s) lying in teal region are those for which .#¥ maps continuously
L'(T) to L*(T), and points lying in the magenta region are those it does not, under the
assumption that 7" has (a,b)-bounded geometry and ay < 1/2. In this picture, y = 0.5 and
a = 0.65. Observe that for @ = 1 there is no white space.
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5.3.2 Optimality

We now show that, on trees of (a,b)-bounded geometry with b < a?, the range
of exponents which describes the boundedness of the maximal operator .Z7 in
Theorems 5.3.4 and 5.3.5 is optimal. This will be clear from the following example,
which is the discrete counterpart of [55].

Example 5.3.9. Let 2 < b < a® and T be a tree with (a,b)-bounded geometry and
root {, at infinity defined as follows. For n € Z define b, as {x € T : {(x) = n} (see
Subsection 1.2 for the definition of the level of a vertex) and suppose that

a ifxebh,, n<O,
b ifxebh,,n>1,

see Figure 5.7 for a picture of T'.

Figure 5.7 Blue and orange nodes have, respectively, 2 and 3 successors each. All the nodes
with nonpositive level are blue, and all the remaining ones are orange.

The maximal operator .77 is unbounded from LP'!(T) to LP>(T) for every
pE|l, aLy) Indeed, assume by contradiction that .#" is bounded from L*!(T)
to LP>(T) for some p < aiy. Let R be a positive integer and choose a vertex y in
hr. Since b < a2, it is easy to verify that that for any y € Bg(¥) Nho, |Br(y)| < a¥.
Moreover, |Br(¥) Nho| = bRX. We also notice that for any y € Br(¥) N b, we have
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that .#78;(y) = . Thus for every positive even integer R

1Br(y)[""

b® = |Br(¥) Nho| <

{xET D M 5(x) > m}‘

R R
S ”6?”{;;,1(”2[7“ Pr<atry,

Since py < é , this is a contradiction.

5.4 Weak type (1,1) boundedness of .7

In this section we prove that, under an additional assumption on the growth of the
measure of balls on a tree T with (a,b)-bounded geometry and b < a2, the maximal
operator ./ is bounded from L' (T) to L' (T). More precisely, we will prove the

following result.

Theorem 5.4.1. Let T be a tree of (a,b)-bounded geometry with2 < a < b < a* and
such that
|B(x)| = |B/(y)|, foreveryx,ye T,reN. (5.9

Then, A is of weak type (1,1) on T.

In order to prove the above theorem some intermediate steps are required. We
start with a preliminary lemma which is a well known fact (see for example [22, Ch.

2.].

Lemma 5.4.2. Let f : N — R be a positive quasimorphism, i.e., f > 0 and there
exists c1,cy > 0 such that

cif(m)f(n) < f(m+n) <caf(m)f(n),  nmeN. (5.10)
Then, f(n) ~ e*" for some real number .
Proof. Define h = log f. We have that

logcy < h(m+n) —h(m) —h(n) <logcy, n,meN,
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namely, h(m +n) — h(m) — h(n) = O(1). In particular, h(kn) — kh(n) = O(k) for
every k,n € N. Thus

———=0(1/n), kneN. (.11

Moreover, {h(n)/n}, is a Cauchy sequence. Indeed,

|l o(1) (3.1,

n m mn n m m n

Thus, there exists ¢ € R such that
— =, as n — oo,

In particular, taking the limit as k — oo in (5.11), we obtain h(n)/n = a+ O(1/n),

i.e., h(n) = O(1) + an. By composition with the exponential function we obtain that

f(n) =e*0(1),
as required. ]

The next lemma is a quite straightforward generalization of [43, Lemma 5.1].

We provide a detailed proof for the reader’s convenience.

Lemma 5.4.3. Let T be a tree with (a,b)-bounded geometry with2 < a < b. Assume

that there exist three positive constants c,cy,cp such that, for every x € T,r € N,
cic” <8, (x)] < exc’. (5.12)
Then, for any A,B C T such that |A|,|B| < +eo,

Y JANS(x)] < 2¢0]A|V2|B|2C/2,
xeB

Proof. Define Aj :=ANS;(0),B; =BNSj(0). Assume |x| = j and |y| = i. Then,
if r =d(x,y), it follows that r = i — j 4+ 2m with m = d(y,x Ay) < j < r, where
xAy:=argmax{|z| : z € [0,x]N]o,y]}. We can easily prove that if [x| = j

{y €8:(x) = I =i} < [Sr-m(xAY)| < cac”™™,
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and if |y| =i
HxeSy,r) : x| =} <[Sm(xAy)| < cac™.

It follows that

Y lAns: ()< X Y, min{|Bjlc" " |Ailc"}.

xeB m=01i,jeEN,i=j+r—2m

We define d; : Loej = |f—jf| for all j > 0. We have

min{|B;|c" ™, |A;|c™} = min{c" e, ™ d;} = T 2 min{d;, e}
and we obtain

Z IANS,(x)| < ? Z it/ >min{e;,d;}.
xX€B i,j=0

We conclude following [43, pag. 759-760)]. ]

Proof of Theorem 5.4.1. Condition (5.9) is equivalent to the existence of a function
f N — R such that |B,(x)| =~ f(n), for every x € T,r € N. Observe that

f(m+n)§|Bm+n |< Z |< Z f f(m) (5-13)

x€Sy(0) xSy (0)

Now we fix a point 0 € T and, for x € T,r € N, we define the triangle 7,(x) as the
set of points of y € B,(x) such that x € [0,y]. We also denote by p/(x) the point in
[0,x] at distance j from x where j < |x]|.

Assume without loss of generality n > m. If x € S,(0) we have,
B ()| S Y T (P’ ()] < Z!Tr+J (®))a™¥,  ren,
j=0

where we are using the fact that |7,_;(p’ (x))|a* < |T+;(p’(x))[; this follows by
the isoperimetric property (see [7, Cor. 2.4.]) and the fact that g(x) > a for every
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x € T. Moreover,

fmfms ¥ fms ¥ |Bm<x>|,sf0a—2f Y [T )]
L

x€S8,(0) x€8,(0) xeS(o,n)

sfoa—” Y 1z @) =T )
2

yeS(on—j)

m
SYa¥ Y VT 0)
m

< |Busm(0)] Z a bl < f(n+m). (5.14)
j=0

Hence, by (5.13) and (5.14), f(m+n) ~ f(m) f(n). It follows from Lemma 5.4.2
that f(n) ~ ¢*" for some nonnegative real number ¢. In particular, Lemma 5.4.3

applies and gives

2
b= sp <Z!Amsr(x)!> <L (5.15)
apcr AlBI\ S IS:(x)] ¢’
Al |Bl<eo

By (5.15) and by [53, Theorem 4.1.], we obtain that

1/2
|2 v (ry— 0= (1) S sup 2"/ Z (5"T(r)c2/ o2
neN r€N7cr22n71/02
< sup2"/? y o2
neN I‘EN7CV22’171/62

1 J—

< sup2"/? = 1.

neN 2n/2

5.5 Quasi-isometries

Let G,G’ be two simple (i.e., undirected graphs without self-loops and multi-edges)
connected graphs. Given a map W from G to G’ and a set A C G, we shall denote by
y(A) the image under y of A.
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Definition 5.5.1. We say that the map ¢ : G — G’ is a quasi-isometry if there exist
0<K,B <+4oand 1 < o < +oo such that

1) supycqd (9(G).¥) =K,

) td(x,y)—B <d(o(x),0() <adxy)+B  xyeG.

Without loss of generality we will assume 8 € N in the sequel.
We denote by ¢ and ¢’ the functions which assign to a vertex its degree minus one on
G and G’ and by .# and .#' the Hardy-Littlewood maximal operators on G and G/,
defined by

1
M = , CC, G,
f(x) sup |Br(x”yeBZr(x)|f(y)| feCl xe

1

M f(x) = sup
reN

[B;.(x")] Y £, rec? ¥ ed.

r\ X1 yepr ()

Throughout this section we shall assume the following:
e 0 : G — G is a quasi-isometry for some 0 < K, < coand 1 < @ < oo;
e there exist two positive constants 2 < Q’, Q < oo such that

/

i) sup,cq g (x) = Q"
ii) SUPycG q(x) = Q

For any x € G and X' € G/, we shall denote by B,(x),S,(x) and B..(x'),S.(x’) the balls
and the spheres with radius r € N and center x and x’ respectively. We now show
that /) and ii) imply some useful bounds concerning the measure of a ball.

Lemma 5.5.2. For every x € G,x' € G',r € N the following hold
1B, (x)] <30Q", |B.(x)] <3(Q)". (5.16)
Moreover, for everyn € N

Bron()] <20"[Bi(x)], [BLy ()] <200 IBLX)). (5.17)
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Proof. We prove the results concerning B, (x); the estimates involving B..(x) follow
by using the same argument. Observe that,

Q+1

o 1@ -1<30.

91 = LS < @) L 0! =

since Q > 2. This prove the first assertion in (5.16). For every n € N

r+n r+n
|Brsn(x |—Z|S A+ Y 1S()]
j=r+l1
< |Br(x)| +|S-(x |ZQJ<|B 1+ZQ’
< 1B, (0|20~ 01 <20 [B.(x)].

0—1

which proves the first assertion in (5.17). [

Finally, we provide a useful lemma that we shall invoke several times.

Lemma 5.5.3. Let v be any map from G to G'. Then, for every A C G and every
nonnegative f € c?

Y v O nAlf) =Y flwl (5.18)

yey(A) xeA

Proof. Fix A C G. For every y € y(A) set Ay, = w1 ({y}) NA. It is clear that
{Ay}yey(a) is a partition of A. Thus,

) f(w(x) Z Y fly) =), Al

X€EA YEY(A)XEAy YEY(A)

as required. ]

We point out that (5.18) is of particular interest when A = G.
We now focus on quasi-isometries and on boundedness properties of the Hardy—
Littlewood maximal function on quasi-isometric graphs. We shall distinguish two
different cases, namely, ¢ = 1 and o > 1.
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551 Casel: =1

In this subsection we fix two graphs satisfying i) and ii) and assume @ : G — G’
to be a quasi-isometry with @ = 1. Observe that a quasi-isometry is not in general

injective. In the following lemma we estimate the cardinality of the preimage of a

point in ¢(G).

Lemma 5.5.4. The following hold:

o~ ({p(x)})] <30P, xeG, (5.19)
p(A)| > %, ACG. (5.20)

Proof. Fix x € G and assume ¢(x) = ¢@(y) for some y € G. Then, d(x,y) — B <
d'(¢(x),¢(y)) =0, implies y € Bg(x). By Lemma 5.5.2, this yields (5.19). Now, by
Lemma 5.5.3 and (5.19), we easily get that

1 1 A
o(4) :y€§(A)1 N 2 o T({e@h)NAl = 307 aéf N %’
as required. [
By applying I1) the following inclusions hold for all x € G
¢~ (B1(9(x))) CB,p(x) C 9~ (B 55(0(x))),
and
B (¢(x))NQ(G) C ¢(B,p(x)) C B, p5(0(x)) N (G). (5.21)

Definition 5.5.5. Fix R > 0 and define for every f € CC and ¥ € G

M) =sip—— YO

r>R |B.(x')]| YEBL(x)

Tef()=Y 1O

Y €BR(x")
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Clearly, #yf < .#'f. Moreover, for every R € N, 7y is bounded on L”(G") for
every p > 1. Indeed, by Holder’s inequality, there exists a constant Cg ;, such that

Y TN < Crall Fl2ncr

x'eG’

We also remark that

1 / / / G /
sup fON < TRf(x), feC”, xed,
R B, &, 1S )
which in turn implies
ME) < Mf()+ TRf(), K ed. (5.22)

Definition 5.5.6. For any x' € G’ we define the set

M) = Y eo(@)  d'W.Y) =mingeyd'(¥,7)} if ¥ & 9(G),
{x'} if ¥’ € ¢(G).

By Lemma 5.5.2, [TI(x)| < 3(Q")X for all ¥’ € G’. Conversely, observe that a vertex

y € G’ belongs to at most 3(Q')X sets T1(7') for some 7 € G'. We define a function

¥ : G’ — ¢(G) which assigns to a vertex x’ € G’ a vertex ¥ (x’) € I1(x’). Then, for

every y' € ¢(G),
PHODI= I €@ [ PE) =y} <X e G |y e} <3(Q)". (5.23)
Given a nonnegative function g € L”(G'), we can construct a new function g €

LP(G') which is supported on ¢(G) and whose L”(G')-norm is related to |g||1r(c)-
We explain this procedure in the next technical lemma.

Lemma 5.5.7. Given a nonnegative function g € LP(G'), define the function § on G’
by

Yyes()80") ifx € 9(G).

Then, |1&llzrcry S NI8llzr(cr)-
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Proof. By Holder’s inequality

HAEED Y )( Z( ,)g(y’))p

x'e@(G) \yeB,
< Z |B Y ey
xeo(G y'eBi(x)

< 319/19 Kp/p Z Z

X'e@(G)y' eBy(x")
< 317/17/(Q/)Kp/p/ Z g(y')?|B,
yelq
< 31+p/P'(Q/)K(1+P/P') Hg”ip(c/y (5.25)

as required. [

The next theorem is the main result of this subsection.

Theorem 5.5.8. Let p € [1,00). The following hold:
1) if A is bounded on LP(G), then .#" is bounded on LP(G');
2) if M is of weak type (p,p), then A is of weak type (p, p).
Proof. Pick a nonnegative function f € LP(G’). By (5.22),
A fONP < Cp| A f(P+|TRf)IP), ¥ ed.

Recalling that 9[3' is bounded on LP(G'), to prove 1) it suffices to show that .#, ﬁ, is

bounded on L”(G’). We claim that, for every X' € G/, the following holds

Mpf(x') = up ‘B,( Z 1@ Y @), (5206

Z EB/ x/) r>[3 |B;(x )‘ ZIGBIr+K(x/)m(p(G)

where f is defined in Lemma 5.5.7. Indeed, since every 7 € B.(x') is such that
7 € B(¥(<)) and W(Z') € B, ¢ (x') N ¢(G), we have that

U Bkb) S BI).

Y'E€Brik (xX)NY(G)
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It follows that

Y f@) )» Y S0

ZeB(x) Z€Br 1k (x)NQ(G) Y €B(Z)

that implies (5.26).
Next, by Lemma 5.5.2 and the fact that B,(¥(x")) C B,., x(x') C Bri2x (P(X')),

1 . 2(0)* Ao
sup f(Z) <sup )3 /(@)
r>p [B(x')] z/eB;+K§>m<p(G> =g 1Bk ()N ey Fno)
/
< sup 200" Y f(@),

r>pB |B;,(\P(X )) n (P( )| Z€B., (P(¥)Ne(G)
and by invoking (5.21) and Lemma 5.5.4, for any x € ¢~ ({¥(x')})

NK
2(Q ) Z J’;(Z/)

sup

>p B (P (X)) Ne(G)| Z€B i (P(¥)N9(G)

Z(Q/)K =,
< _A\=®)
N f;g [@(B,_p(x))| z’ego(Bsz:mﬁ (X))f(Z )
6 NK B ~
< sup M Z fop(z)

r>p |Br-p(x)] 2€By ok 48 (%)

6(Q")* QP (B, 2k (%) ! Y foe()

= sup
r>p |Br—ﬁ (x)| |Br—|—2K+B (x)|

<120 Q* TP st (Fo ) (x),

2€B, o4 p(x)

and in the last estimate we have used Lemma 5.5.2. Summing up, we have proved
that, for every X' € G/

M) S A (Fop)x),  xeo  ({¥(H)}). (5.27)

Let 11 : G’ — G be a function such that n(x') € @~ ({¥(x)}). By (5.27), it follows
that

| fllrry S |4 (Fo@)onlla)-
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Suppose that .# is bounded on L”(G). By Lemma 5.5.3

1 (Fo@)onlfmgy= X [#(fo)n())”

x'eG’

<sup|n ' ({x})| Y [ 4 (Fop)(x

xeG x€G
5sugm‘l({x})lufo<pHZp(G)- (5.28)
xe

Now, given any g € LP(G’), another application of Lemma 5.5.3 yields

lgo @l = X lgce@? <30% Y 1g0)I” <30° gl (529
xeG y'ep(G)

Moreover, for any x € G

') =X eG ) =x} < |{¥ €G : o(x) =P()}]
=¥ (o) S 1. (5.30)

Combining (5.28) with (5.29) and (5.30) we get 1).

Now assume that . is of weak type (p, p). To prove 2), observe that by

Y X)) S Y Xa(fop)(n())>er}

x'eG x'eG
<sup [~ (D) Y Xpa(rop)ert- (5.31)
xeG xeG

Thus, by (5.30) and (5.29) again, since .# is of weak type (p, p), (5.31) implies that

Hx’ : ///éf(x’)>k}‘§ Hx : ,///(fogo)(x)>c;t}‘ 5“”5#.

This is the desired conclusion. O]

552 Case2: o >1

In this subsection we fix two graphs satisfying i) and ii) and assume ¢ : G — G’ to
be a quasi-isometry with 1 < o¢ < 4-o. In addition, we assume that there exists a
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number S > 1 such that
|B(x)| >S5, xeG,reN. (5.32)

Observe that (5.32) is always verified when G is a tree with (a,b)-bounded geometry
with § = a.

By applying I1) the following inclusions hold for all x € G
9 (B, (9(x)) CByaap(x) €0 By (g211)5(900)),
and it follows that

B

QI

(9(x))9(G) C @(By1ap (%)) C By (oo 11)p(9(X)) NO(G).  (5.33)
We have the following generalization of Lemma 5.5.4.

Lemma 5.5.9. The following hold:

o~ ({o(x)})| < 30P, x€G, (5.34)

QB
3

lp(A)] > A, ACG. (5.35)

Proof. The proof follows verbatim the one contained in Lemma 5.5.4, so we omit
the details. ]

For any 8 > 0, we define .# 'S as the operator acting on f € c? by

/ 1
MOf(K) = ——s O, Aed.
|B;'(x,) |5 y/GBZ/r(x/)
The aim of this subsection is to obtain a counterpart of Theorem 5.5.8 for o > 1. As

the next lemma suggests, we shall involve modified maximal operators.

Lemma 5.5.10. For any § > (lel(:) i,g, we have that

Barap) @) SIBs P,  xeGreN.

Y
o
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Proof. The proof is based on a straightforward computation. Indeed, by Lemma
5.5.2 and (5.32), foranyx € Gandr € N

Baprep ()| _ 0B (0% N
|Bﬂ(x)|8 NSS(’"*[;)/O‘N S5/a ~ L

using that § > a’log Q/logS. O

The following is the main theorem of this subsection.

Theorem 5.5.11. Let p € [1,%0) and § > oa* 2% The following hold:

1) if M is bounded on LP(G), then .#'® is bounded on LP(G');

2) if M is of weak type (p,p), then M is of weak type (p, p).

Proof. The proof is a straightforward generalization of Theorem 5.5.8. Fix a non-
negative f € LP(G’). As in the proof of Theorem 5.5.8, it suffices to study

/ 1
ML f(X) = sup 1£(Z). (5.36)
p =5 |BL()|° Z()

Next, by repeating the same argument contained in Theorem 5.5.8 and using
(5.33) instead of (5.21), for any x € ¢~ '({¥(¥')})

M f(x) < sup 200" 5 ) 7@,
r>p |‘P(Bé(r7ﬁ)(x))| Z€Q(By(r2k+p) ()
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where f is defined in Lemma 5.5.7. An application of Lemma 5.5.9 yields

2(0)F o
sup Z f(@)
r>pB |§D(Bé(r—ﬁ)(x))|6 Z€Q(By(ry2k+p) (X))

Z(Q/)K36Q6a[3
b Br g 0P g,

Y  Foo(x)

rr2Kk+p) (%)

Ba(r+2x+8)(%)] 1 F
foolz
2 1B1 g (0° Bagrrokp) ()| cp L “

(rr2k 1) (%)

By(r -
Ssup LD (70 )
r>B |Bé(r_[3)(x)|

S A (foe) ),

where in the last inequality we have used Lemma 5.5.10.
Summing up, we have proved that, for any ' € G’ and x € ¢~ ({¥(¥')})

ML F) S M (Fo)). (5.37)
Now, given any g € L”(G’), an application of Lemma 5.5.3 yields

lgo @l = X 180 @)’ < 30%F Y Js0)P < 3Q°‘ﬁ||gllfﬁ(g/)- (5.38)
x€G YEQ(G)

Thus, assuming that .# is bounded on L”(G), we can repeat verbatim the argument
contained in Theorem 5.5.8 to conclude that

12 Flleoicry S N4 (Fo @) o) S I fliren:

as desired.

Next, we assume that .# is of weak type (p,p). By (5.37) and a straightforward
adaption of (5.31), there exists a constant ¢ > 0 such that

Hx’ : ///,;5f(x’)>/1}(5){x : ,//(fo(p)(x)>c7t}‘ 5”10”5#.

This yields the required conclusion. ]
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