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Abstract. Magnetic fields play a crucial role in shaping the dynamics of accreting compact
objects. Whether we consider the formation of a proto-neutron star during the gravitational
collapse of a massive star or the accretion disk around a black hole after a compact binary
merger, a key process that remains challenging to include in large-scale simulations is the
amplification and dissipation of magnetic fields driven by turbulent fluid motions. Despite
the enormous increase in computational power currently available, the large separation between
all the relevant spatial and temporal scales still poses severe limits to what can be achieved with
ideal fluid simulations. One way to tackle such issue is to rely on sub-grid models, which however
need to be appropriately tuned in light of models probing the small-scale dynamics. In this work
we present the current state-of-the-art of dynamo models in proto-neutron stars, which aim at
describing the amplification of magnetar-like magnetic fields during the gravitational collapse
of a massive star. We also review some of the works from the past few years that included
turbulent dynamos in accretion disks around a black holes, relying on a mean-field formalism.
Finally, we will present a recent study on polar jets with explicit turbulent resistivity which
showcases the importance of employing highly accurate numerical schemes.

1. Introduction

Accretion onto compact objects is one of the most efficient mechanisms in the Universe to convert
gravitational energy into other forms of energy (either kinetic, magnetic or thermal), energetic
particles, and gravitational waves. The efficiency for converting accretion power to luminous
output can be as high as ~ 42% in the case of a maximally rotating black hole (as opposed
to the ~ 0.7% efficiency of mass to energy conversion during hydrogen fusion in stellar cores)
which motivates the central role of accreting black holes and neutron stars in the modeling of
astrophysical high-energy sources such as X-ray binaries, active galactic nuclei, and gamma-ray
bursts. Observational evidences for non-thermal spectral components and significant degrees
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of polarization are found in virtually all high-energy sources, and are usually interpreted as
smoking guns for particle acceleration processes and large-scale magnetic fields, respectively.
The role of magnetic fields is particularly crucial for accreting compact objects. They enable
the accretion of matter via magnetohydrodynamic (MHD) turbulence produced by the onset of
the Magneto-Rotational Instability (MRI, [1]) and when distributed over large-scales they can
launch relativistic outflows. Moreover, magnetic fields can directly energize the outflow through
reconnection events, where particles are accelerated at the expenses of magnetic energy due to
the change in magnetic field topology [2].

The numerical modeling of accretion and ejection flows around compact objects remains a
challenging endeavour to this day, given the large scale separation (both in space and time) that
divides the local plasma dynamics, the central engine, and the emission sites of these sources
A self-consistent description of the non-collisional nature of astrophysical plasmas (such as in
PIC simulations) allows to capture fundamental kinetic and dissipative effects. However, the
elevated computational costs that come with it limits this approach to relatively short temporal
and spatial scales compared to those of typical astrophysical compact objects. At the same
time, fluid approximations such as MHD can probe the accretion flow dynamics and the launch
of relativistic jets, but they generally ignore the microphysics behind the dissipative and kinetic
properties of the plasma.

There are several approaches that can be adopted to face these challenges and try to bridge
the gaps that separate all the relevant scales of the problem. One might attempt to focus
on different parts of the accreting systems, resolving smaller and larger scales with dedicated
numerical simulations. The connection between the different scales can then be established
either with suitable boundary or initial conditions (such as in the case of jet launching models
not including the central engine ([3], [4]) or with a well-calibrated sub-grid model (e.g. to include
unresolved turbulent dynamics of the plasma [5] (7]). Hybrid MHD-PIC methods are another
useful tool to describe the acceleration of non-thermal particles embedded in a thermal fluid (such
as in the case of cosmic rays [8] or electrons accelerated at collisionless shocks [9]). Finally, the
advent of GPU-accelerated astrophysical codes [10]-[12] has paved the way to numerical studies
with unprecedented resolutions [13] [15] that probed dynamical regimes so far unattainable.

Whether we consider a still forming proto-neutron star (PNS) during the onset of a core-
collapse supernova (CCSN) or the accretion disk around a supermassive black hole, the
fundamental ingredients describing the amplification and dissipation of magnetic fields and
their dynamical impact on the accretion/ejection dynamics are remarkably similar. In this
work we review some of the most recent developments in the numerical modeling of magnetized
accreting compact objects, which involve some of the aforementioned strategies to tackle the
scale-separation problem. In §2 we will present results from studies focusing on PNS dynamo
studies and CCSN large-scale simulations, i.e. the early stages of the formation of stellar compact
objects. We will then show in §3 current state-of-the-art simulations of accreting black holes
and relativistic jets that include non-ideal effects to model dynamo and diffusive processes in
the plasma. Finally, in §4 we will present a new 4™"-order accurate finite volume method for
classical and relativistic MHD that can be implemented to boost the effective resolution of
numerical models and increase their efliciency.

2. Core-collapse supernovae

CCSN are the result of the gravitational collapse of massive stars at the end of their life, and
represent one the main channels for the formation of stellar compact objects. Once nuclear
densities are reached at the core of the star, the equation of state (EoS) suddenly stiffens
and a shock wave starts propagating from a central newly formed PNS. Due to the ram
pressure of the infalling stellar material and the loss of energy via photo-dissociation of Fe-
group elements [16], the shock stalls and cannot further propagate unless some other process
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Figure 1. Left panel: 3D rendering of the magnetic field produced by the convective dynamo
in the strong regime [22]. Blue (red) isosurfaces represent the radial velocity, i.e. downflows
(outflows) of the order of 10% cm/s. Right panel: magnetic field lines within the MRI unstable
zone of the PNS from a numerical simulation in the incompressible MHD regime [23]. Blue and
red lines indicate, respectively, low and high intensity magnetic fields.

provides a suitable amount of energy. In the vast majority of CCSN events the shock is revived
by the so-called neutrino-heating mechanism: a small fraction of the flux of neutrinos emitted
from the PNS surface (which overall amount to ~ 99% of the total gravitational binding energy
lost by the explosion) can be absorbed behind the shock, stirring convection and aiding the
outward propagation of the shock wave [16]. However, outstanding stellar explosions such as
superluminous supernovae [17] and Type Ic-BL [18] cannot be explained by neutrinos alone,
and need to consider an additional source of energy. A common suggestion is that stellar
progenitor with fast rotation can produce, in presence of strong large-scale magnetic fields, a
magneto-rotational explosion: the rotational energy within the stellar core is extracted either
via magnetic braking (for a proto-neutron star) or a Blandord-Znajek mechanism (for a black
hole with and accretion disk), launching energetic bipolar outflows [19]-[21].

2.1. PNS dynamos

The exact origin of the magnetic fields required to obtain magneto-rotational CCSN remains
unclear, as they could be produced within the stellar progenitor in the pre-collapse phase ([24],
[25]), amplified during stellar mergers [26] or directly in-situ within the PNS during the explosion
via dynamo processes [27]-[29]. In a series of recent studies we explored the latter scenario using
the pseudo-spectral code MagIC ([30], [31]) to focus on specific layers of the PNS where magnetic
field amplification can occur through the action of mainly two physical processes. The first one
is the convection triggered in the inner regions of the PNS (10 < r < 25 km) predominantly by
negative lepton gradients due to persistent losses of electron neutrinos v, [32] about ~ 50 ms after
shock formation. When rotation in the PNS is sufficiently fast, the Coriolis and Lorentz forces
balance each other, thus producing a magnetostrophic balance that leads to the saturation of a
dynamo magnetic field close to magnetar-like values (up to ~ 10'® G) [22]. The resulting field is
dominated by the axisymmetric toroidal component (left panel of Fig. 1) and non-axisymmetric
structures, and can lead to a significant emission of GW over the spans of several seconds [33].
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Dynamo action can also take place in the stably stratified layers of the PNS that surround its
convective region (25 < r < 50 km) in presence of differential rotation, as the MRI can develop
and further amplify the magnetic fields [34]. Starting from small-scale magnetic seeds (but with
intensity sufficiently high so as to properly resolve the MRI) the onset of the instability leads
to the amplification of large-scale magnetic fields [35], which are also dominated by the toroidal
component (right panel of Fig. 1). Moreover, the low multipolar (i.e. large-scale) components
of the field are generally misaligned with respect to the PNS rotational axis. When the density
stratification of the PNS is taken into account, the amplification process assumes characteristics
typical of an af)-dynamo, with magnetic field reversals and periodic patterns that give rise to
butterfly-diagrams [23].

2.2. Magneto-rotational explosions and multi-messenger signals
Regardless of the specific process at the core of PNS dynamos, the large-scale magnetic fields that
they amplify tend to be dominated by non-axisymmetric structures and multipolar components
beyond a simple magnetic dipole. To self-consistently evaluate the impact of such magnetic fields
on the explosion mechanism and the ejecta launch would require to cover a range of spatial and
temporal scales spanning at least 5 orders of magnitude (from a few tens of meters to thousands
of km). A more approximated (but also affordable) approach is to perform CCSN simulations
with initial magnetic fields having a topology more complex than a standard aligned dipolar
field (as usually assumed in magneto-rotational explosion models) to qualitatively capture the
possible effects of PNS dynamos on the explosion mechanism [37]. We considered the stellar
progenitor 350C [38] with its original fast rotation rate and superimposed different magnetic field
configurations: aligned dipole (model L1-0), aligned quadrupole (L2-0A and L2-0B), equatorial
dipole (L1-90), and without any magnetic field (H). The strength of the magnetic field in the iron
core is set to ~ 10'? G, which is a typical value employed in magneto-rotational explosion models
[21], [39]. We performed our 3D relativistic MHD simulations with the AENUS-ALCAR code [40],
which includes nuclear EoS and a multi-dimensional M1-neutrino transport scheme to include all
the relevant interactions between matter and neutrinos. The two-moment closure approximation
we use to describe the neutrino dynamics is adopted by several other research groups [41]-[43], as
it allows to capture the multidimensional effects of neutrino-matter interactions at a significantly
lower computational cost w.r.t. the full-Boltzmann approach. However, it should be noted that
this approximation can become inaccurate when transitioning between the optically thick and
thin regimes if the structure of the flow is spatially complex (as in the PSN and the post-shock
region; [44], [45]) and lead to quantitatively different results [46], [47]. We include gravity via a
simple Newtonian treatment with general relativistic corrections to the gravitational potential
[48] (which captures the main impact that general relativity has on the compression of the PNS)
and compute GW strains by means of the quadrupole formula described in [49]. As shown in
Fig. 2, configurations with higher multipoles (L2-0) or inclined magnetic axis (L1-90) produce
less energetic explosions and less collimated outflows. Moreover, magnetic fields play a crucial
role in quenching the onset of the low-T'/|W| instability, i.e. a hydrodynamic co-rotational
instability that can affect a PNS with very fast rotation [50]. While in the hydrodynamic case
we see around 200 ms post-bounce the emergence of large-scale spiral structures that protrude
from the inner regions of the PNS through its surface (left panel of Fig. 3), in none of the
magnetized models we observe such dynamics (right panel). This is a direct consequence of
the magnetic transport of angular momentum, which is quite efficient at flattening the rotation
profile within the PNS, thus stabilizing the PNS against the onset of the low-17'/|W| instability.
This qualitative deviation between magnetized and unmagnetized models reflects also on the
properties of the GW and neutrino emission during the explosion [51]. The onset of the low-
T/|W| instability corresponds to a burst of GW that lasts for several hundreds of seconds, which
has a distinctive spectral signature in the frequency domain that appears around ~ 200 ms p.b.
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Figure 2. Volume rendering of the specific entropy for CCSN models with different initial
magnetic field configurations: no magnetic field (top left panel), aligned dipole (top right),
equatorial dipole (lower left panel), and aligned quadrupole (lower right panel) at ¢ = 410 ms
p.b. [36]

and increases frequency with time due to the compression of the PNS (left column of Fig. 4). On
the other hand, no such strong emission is observed in the magnetized models, which produce a
GW signal with a rather broad spectrum that goes beyond the rotational frequencies within the
PNS (white curves), as they have been narrowed by the outer transport of angular momentum.
The neutrino emission is also deeply affected by the action of magnetic fields. All magnetized
models have neutrino lightcurves along the equatorial plane which are systematically lower than
the hydrodynamic case. This is due to the more oblate shape of the PNS, which is induced once
again by the Maxwell stresses acting in the PNS and leads to the emission along the equatorial
plane of neutrinos with a lower mean energy (since they decouple from the matter at larger
distances). Moreover, the time-frequency diagrams of such lightcurves show features that, in
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Figure 3. Equatorial non-axisymmetric density distributions from a hydrodynamic model (left)
and a magnetized (right) CCSN model with fast rotation [51]. The black curves are isocontours
of density 10!, 102, and 10'* g/cm?.
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Figure 4. Top row: Gravitational wave strains (+ and x polarizations) for the hydrodynamic
CCSN model (left) and the one with an aligned quadrupolar magnetic field (right) [51]. Bottom
row: time-frequency spectrograms of the characteristic strain Ay relative to the the strains
above. The white lines track twice the rotational frequency of the PNS surface and center [51].

the hydrodynamic case, correlate quite well with the onset of the low-7"/|W| instability and the
its associated GW emission (see Fig. 12 of [51]), showcasing the important synergy between GW
and neutrino detectors.

3. Accretion disks and jets
We now move to a later stage in the activity of compact objects, namely the case of a
black hole surrounded by an accretion disk. Since at least two decades general relativistic
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