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Doch im Erstarren such’ ich nicht mein Heil,
Das Schaudern ist der Menschheit bestes Theil;

Wie auch die Welt ihm das Gefühl vertheure,
Ergriffen, fühlt er tief das Ungeheure.

[And yet in torpor there’s no gain for me;
The thrill of awe is man’s best quality.

Although the world may stifle every sense,
Enthralled, man deeply senses the Immense.]

Faust to Mephistopheles
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Abstract

Conformal field theories (CFTs) are essential tools in quantum field
theory and statistical physics, providing a framework for understanding
critical phenomena and renormalisation group flows, with further ap-
plications to other formal areas of theoretical physics. In recent years,
extended excitations within these theories–such as conformal defects–
have gained prominence as powerful probes of quantum field theories,
offering insights into dualities and symmetries. Moreover, conformal
defects are widely employed in statistical physics, where they model
the critical behaviour of systems with impurities, finite-size effects, or
interfaces.

This thesis explores various aspects of the role that conformal defects
play in CFTs. It begins by reviewing the fundamental concepts of
CFTs, conformal defects, defect renormalisation group flows, and boot-
strap methods. The focus then shifts to the study of specific conformal
defects in CFTs with O(N) internal symmetry, though the techniques
employed are readily applicable to more general contexts. The localised
magnetic field and the magnetic impurity in the critical O(N) model
are introduced and analysed extensively using the analytic bootstrap.
Next, the concept of transdimensional defects is explored through con-
crete examples in free O(N) field theory and the critical O(N) model.
Finally, several constructions of conformal defects in generalised free
field theories and long-range O(N) models are examined.
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Chapter 1

Introduction

1.1 General introduction

Quantum field theories (QFTs) constitute the main paradigm through
which modern physics has provided accurate descriptions of a wide
range of physical phenomena. They were initially introduced to de-
scribe the interactions of particles at a fundamental quantum level,
in accordance with the symmetries imposed by special relativity. The
search for a consistent quantum theory of interactions between photons
and electrons led to the development of the first QFT: quantum elec-
trodynamics (QED). Following a series of outstanding breakthroughs,
other particles and interactions were incorporated into this framework
over the years, culminating in the development of the Standard Model
of fundamental interactions. In parallel, shortly after the development
of QED, it was realised that QFTs are also well-suited to describe the
interactions of low-energy excitations in condensed matter systems in
the continuum limit.

A crucial role in understanding the structure of QFTs is played by the
renormalisation group (RG). Initially, renormalisation was introduced
as a formal procedure to “cure” the infinities that arise in loop calcu-
lations in QFTs. This led to the celebrated theoretical prediction of
the anomalous magnetic moment of the electron, one of the most ac-
curate predictions ever made in theoretical physics. Later, a deeper
understanding of the physical meaning of renormalisation came from
its application in statistical field theory, once again demonstrating how
rich and fruitful the exchange of ideas between high-energy theory and
statistical physics can be. In the modern perspective, renormalisation
is essentially a connection between descriptions of the same physical
system at different length (or energy) scales. This connection provides
a flow, known as the renormalisation group flow, which can be used
to probe the space of QFTs. Within this framework, it is natural to
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consider the limits of very large or very small energy scales. In some
cases, these limits may be trivial, while in others, they may lead to a
non-trivial, scale-invariant theory. In the context of statistical physics,
it was recognised that these theories can be used to model second-order
phase transitions in the continuum limit, where the correlation length
of typical fluctuations diverges and scale invariance emerges. This ap-
plies both to statistical systems at finite temperature and to quantum
many-body systems at zero temperature. A particularly interesting
property of these scale-invariant theories is universality : second-order
phase transitions in entirely different systems may be described by the
same theory. Moreover, in most physically relevant cases, these scale-
invariant theories turn out to be invariant under a larger spacetime
symmetry group: the conformal group. Theories that are invariant
under this group are known as conformal field theories (CFTs). In-
vestigating the properties of CFTs provides deep insights into various
aspects of statistical physics and condensed matter theory. Moreover,
from a purely field-theoretical perspective, it has become clear that
understanding CFTs is also essential to understanding QFTs, as most
interesting QFTs are either conformal or correspond to points in the RG
flow between CFTs. CFTs also have independent relevance in other for-
mal aspects of theoretical physics, including the worldsheet description
of string theory, the AdS/CFT correspondence, the study of dualities
in QFTs, and more. For these reasons, the classification and charac-
terisation of CFTs has become a long-term endeavour and remains one
of the most active areas of research in modern theoretical physics.

One of the most notable approaches to the classification of CFTs is the
conformal bootstrap programme. In brief, the aim of this programme is
to study CFTs using very general principles, rather than focusing on
specific models. The requirement that a CFT obeys conformal sym-
metry, together with other general assumptions–such as unitarity and
locality–has proven to be so constraining that it allows for the deriva-
tion of a significant amount of information. The conformal bootstrap
was initially applied to solve a particular family of CFTs in two dimen-
sions: the minimal models, exploiting the fact that in two dimensions,
the conformal group is infinite-dimensional [1]. More recently, thanks
to the clever numerical implementations and the growth of computa-
tional power, and to the development of powerful new analytic tech-
niques, the conformal bootstrap has also achieved remarkable results
for CFTs in d ⩾ 3 dimensions [2–6]. The most celebrated of these re-
sults is the accurate numerical prediction of the critical exponents of
the Ising and O(N) models [7–9], which describe the critical behaviour
of physically relevant statistical systems.
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This thesis focuses on specific aspects of the broader endeavour to
classify CFTs, using a variety of methods and techniques within the
paradigm of the conformal bootstrap. More specifically, it investigates
the behaviour of certain CFTs in the presence of extended excitations,
known as defects. In fact, in recent years it has been recognised that
QFTs should not be studied solely through the behaviour of their lo-
calised excitations, as it was initially believed, but that extended ex-
citations must also be considered. The study of defects provides novel
insights that contribute to the classification of QFTs. Defects are in-
deed powerful tools for exploring dualities and (generalised) symme-
tries, they give rise to novel observables, such as entropy-like quantities
and order parameters for confining phases, and they also have direct
phenomenological applications, as they describe impurities and bound-
aries in statistical systems [10–13]. Even more recently, the study of
defects has merged with the conformal bootstrap philosophy, and inves-
tigating conformal defects (defects that are left invariant by a certain
amount of conformal symmetry) within CFTs through symmetry con-
straints has become an independent, fertile, and rapidly developing line
of research. For a partial list of reference see [14–27].

An important class of conformal defects, on which this thesis focuses,
consists of those that can be realised in CFTs with internal O(N) sym-
metry. The main example of the latter is the critical O(N) model,
although other examples, such as the free O(N) field theory and the
long-range O(N) model, are also considered. The reason for this is
twofold.
First, such theories are of great interest in statistical physics, as for
different values of N , they describe the critical behaviour of a vari-
ety of physically relevant statistical systems. Examples include the
liquid-vapour transition of water near the critical point and the phase
transition of uniaxial magnets for N = 1, the helium superfluid tran-
sition for N = 2, and the ferromagnetic phase transition in isotropic
magnets for N = 3. For this reason, much information about these
CFTs is already available, providing a solid foundation for the analy-
sis of conformal defects that these theories admit and their associated
properties. Moreover, some defects in these models have already been
considered in condensed matter theory [28–30].
Some of these defects may also have direct interpretations in terms of
experimentally realisable systems. For example, the magnetic impurity
discussed in Section 3.3 serves as a simple model for a two-dimensional
doped quantum anti-ferromagnet. These systems are experimentally
significant as they represent certain classes of high-temperature super-
conductors and spin-gap insulators [29]. The localised magnetic field
defect introduced in Section 3.2 could also be realised experimentally
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for N = 1 by immersing an elongated cylindrical colloidal particle in
a critical classical binary mixture of liquids [31]. Other defects con-
sidered in this thesis, such as transdimensional defects and those in
the long-range O(N) model, although lacking direct experimental re-
alisation at present, remain of considerable interest. On the one hand,
they may find experimental interpretations in the future, and on the
other hand, they provide new models in which general techniques for
studying defects can be developed.

Second, the O(N) model and its defects admit a simple Lagrangian
description in terms of N scalar fields, which allows for the computa-
tion of observables using techniques such as the ε-expansion and the
large-N expansion [32, 33]. These expansions play a crucial role in
the application of analytic bootstrap techniques, which become par-
ticularly powerful when combined with them. Moreover, the ability
to compute observables using Lagrangian techniques also provides a
series of useful consistency checks for the results of the bootstrap anal-
ysis. Nevertheless, despite the simple Lagrangian formulation, defects
in O(N) and similar models exhibit a wide variety of consistent defects
with particularly rich dynamics. This allows for the investigation of
important questions such as the consequences of symmetry breaking
of internal symmetries, the non-perturbative existence of non-trivial
defects in certain regimes, the relationship between bulk and defect
operators, and many others.

1.2 Main results and structure of the thesis

The primary goal of this thesis is to introduce and discuss selected top-
ics on conformal defects in CFTs with O(N) internal symmetry. As-
suming only basic knowledge of QFTs, the main concepts of CFTs, the
conformal bootstrap, and conformal defects are introduced. Moreover,
some of the techniques widely used in current research are developed
and applied, with an overview of the relevant literature provided along
the way. The ideas and tools introduced will then be employed to
discuss the content of the following original research works:

• [34] L. Bianchi, D. Bonomi and E. de Sabbata, “Analytic boot-
strap for the localized magnetic field,” JHEP 04 (2023), 069

• [35] L. Bianchi, D. Bonomi, E. de Sabbata and A. Gimenez-Grau,
“Analytic bootstrap for magnetic impurities,” JHEP 05 (2024),
080

• [36] E. de Sabbata, N. Drukker and A. Stergiou, “Transdimen-
sional Defects,” arXiv:2411.17809 [hep-th]
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• [37] L. Bianchi, L. S. Cardinale and E. de Sabbata, “Defects in
the long-range O(N) model,” arXiv:2412.08697 [hep-th]

Summary of the results

It is worth emphasising the original results achieved in each of the
works mentioned above. Articles [34] and [35] aims at advancing the
current understanding of known conformal defects in CFTs through
the efficient computation of new observables, using a powerful tech-
nique called analytic bootstrap. The practical application to specific
models also serves as a demonstration of the validity and generality of
these methods.

Article [34] focuses on a specific defect: the the localised magnetic field
in the O(N) model. The bulk two-point function of two fundamental
fields in the ε-expansion is considered as the main observable. First,
this two-point function is computed at one-loop using bootstrap tech-
niques, with the only input being the anomalous dimension of a single
bulk operator. The result is then employed to extract anomalous di-
mensions of defect operators and bulk-to-defect OPE coefficients, as
presented in (4.34) and (4.49). The same observable is also used to
compute the one-point function coefficients of bulk operators, as pre-
sented in (4.54). Some technical issues related to low-spin ambiguities
are discussed, and several perturbative computations are performed to
check the bootstrap results.

Article [35] follows a similar strategy for another defect in the O(3)
model: the magnetic impurity. The case in which the bulk is the free
theory of N scalars is also considered. In this latter case, the beta-
function is computed to three loops in the ε-expansion using pertur-
bation theory, with the result presented in (3.45). Next, the lowest
twist spectrum of the defect theory is carefully analysed in both the
free and interacting bulk cases. A list of these operators, along with
their quantum numbers and scaling dimensions, is provided in Tables
3.1 and 3.2. Subsequently, a bootstrap analysis of the bulk two-point
function of two fundamental fields is performed. In the free bulk case,
the correlator is determined at all orders in ε from this analysis. The
result is given in (4.67) and (4.68), and is used to argue that in three
dimensions (or at ε = 1), there is no fixed-point defect CFT. Finally,
a bootstrap analysis of the interacting bulk case is also carried out,
yielding the results at order ε2 for the correlator and the related defect
data, as presented in (4.102) and (4.103)–(4.108), respectively. Once
again, several perturbative computations are performed to check the
validity of the bootstrap results.
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On the other hand, Articles [36] and [37] aim to construct new and
interesting examples of conformal defects by generalising known con-
structions and introducing novel ones. These works focus on defects
for specific bulk theories, such as the standard O(N) model and its
long-range version. However, the constructions can be generalised to
other bulk theories and primarily serve as a proof of principle.

Article [36] introduces the concept of transdimensional defects. These
are conformal defects with continuously adjustable dimensions. The
idea is illustrated using the prototypical example of a symmetry pre-
serving defect with dimension p = 2+δ in the O(N) model in d = 4−ε
dimensions. By working to all orders in δ, it is possible to extrapolate
to the cases p = 3− ε and p = 3. The former represents a new symme-
try preserving interface with low-lying spectrum presented in (5.28).
In the latter case, by focusing solely on defect operators, a non-local
three-dimensional CFT is obtained, with the conformal dimensions of
the lightest operators given in (5.29) and (5.30). At ε = 0, the non-
local three-dimensional CFT is described by generalised free fields with
dimension ∆̂ϕ̂ = 2, and for ε ̸= 0, a new interacting deformation of gen-
eralised free fields arises.
As another example, the O(N) model in the range 4 ⩽ d ⩽ 6 is con-
sidered in the large-N limit. It is known that there exists an O(N)-
breaking line defect near d = 4 and an O(N)-breaking surface defect
near d = 6. In Section 5.2 it is demonstrated that transdimensional
defects can be used to interpolate between these two cases, and that
the dimensions and bulk one-point function coefficients obtained an-
alytically at large N in d match the expected results when expanded
around d = 4 and d = 6.

Article [37] investigates the defects that can be realised in the long-
range O(N) model. Three different constructions are considered.
The first, presented in Section 6.2.1, involves the introduction of non-
local defect degrees of freedom coupled to the bulk. One important
consequence of this approach is that it enables the construction of non-
trivial defects in generalised free field theory.
The second, discussed in Section 6.2.2, treats the non-locality of the
model as a perturbation of the four-dimensional local theory. Several
observables are computed using perturbation theory.
The third, presented in Section 6.2.3, is based on a semiclassical anal-
ysis that identifies new saddle-point solutions describing line defects.
The implementation of perturbation theory around these saddles is also
discussed.
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Structure of the thesis

The thesis is structured as follows.

In Chapter 2, fundamental aspects of conformal field theories, confor-
mal defects, and renormalisation group flows are reviewed. The review
covers the main concepts and provides the essential references neces-
sary for understanding the core results of the thesis. All the results in
Chapter 2 are well-known in the literature.
In particular, Section 2.1 discusses the basics of conformal invariance
and the conformal group, the consequences of these symmetries on
correlators, the powerful product operator expansions, and the funda-
mental idea behind the conformal bootstrap.
Section 2.2 introduces conformal defects, and, in analogy with the pre-
vious section, discusses symmetries, their consequences on correlators,
operator product expansions, and the defect version of the bootstrap.
In Section 2.3, basics aspects of renormalisation group flows, defect
renormalisation group flows, and their fixed points are covered.

In Chapter 3, the critical O(N) model and its conformal defects are
examined. In Section 3.1, after a brief general introduction, the field
theory construction of the O(N) model is reviewed, with particular
emphasis on the ε-expansion.
In Section 3.2, the localised magnetic field is considered, the computa-
tion of some basic observables is reviewed, and the first consequences
of conformal invariance are analysed, laying the groundwork for a more
refined bootstrap analysis.
Similarly, in Section 3.3, the magnetic impurity is discussed. Once
again, the basic knowledge required for the bootstrap analysis is estab-
lished. Moreover, a detailed analysis of the low-lying defect spectrum
is carried out, following the presentation in [35].
For completeness, Section 3.4 describes other defects in the critical
O(N) model that are not analysed later using bootstrap methods.
Some new perturbative results concerning a surface defect are pre-
sented, following the discussion in [36].

Chapter 4 is devoted to the introduction and application of analytic
bootstrap techniques in the context of conformal defects.
In Section 4.1, the main tools, such as the Lorentzian inversion formu-
lae and the dispersion relation, are briefly reviewed.
In Section 4.2, the analytic bootstrap is applied to the localised mag-
netic field, as presented in [34].
In Section 3.3, similar methods are employed for the magnetic impu-
rity, following [35].
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In Chapter 5, the construction of transdimensional defects is explored
through two prototypical examples in the O(N) model, following [36].
In particular, Section 5.1 examines the construction of a symmetry-
preserving defect in the ε-expansion, while Section 5.2 focuses on a
symmetry-breaking transdimensional defect in the large-N limit.

In Chapter 6, conformal defects in the long-range O(N) model are in-
vestigated.
Section 6.1 provides a brief review of the long-range O(N) model.
Section 6.2 discusses possible constructions of conformal defects in this
long-range CFT, considering several possibilities, as presented in [37].

Finally, Chapter 7 briefly outlines potential directions for future re-
search, stemming from both natural generalisations and direct appli-
cations of the techniques and concepts discussed in this thesis.



Chapter 2

Conformal field theory and
defects

2.1 Conformal field theory

The study of Conformal Field Theories (CFTs) is a major line of re-
search in modern theoretical physics. A deep understanding of CFTs
is an essential tool to investigate quantum field theories beyond the
perturbative regime and to understand properties of renormalisation
group (RG) flows. Moreover, CFTs also have a wide-range of applica-
tions to other areas of high energy physics, most notably they provide
a framework to study aspects of quantum gravity trough holography.
Finally, they also provides deep insights into statistical physics and
condensed matter theory, as universality classes of critical phenomena
such as second-order phase transitions are typically described by CFTs.

A CFT is usually defined in physical terms as a QFT whose spacetime
symmetries are described by the conformal group, an extension of the
Poincaré group that includes transformations preserving angles (though
not necessarily distances), which will be defined more precisely shortly.
However, what is the exact definition of QFT itself is still a problem
that has not yet received a conclusive answer. Several attempts have
been made to provide axiomatic definitions, although none of them is
unanimously thought to perfectly characterise the meaning of the word
“QFT” as it is used in practice by physicists. In fact, as it will be better
explained later, it seems more likely that a precise axiomatic definition
of a CFT could be achieved by other means, for example through the
bootstrap equations, without having to invoke a wide and still mathe-
matically vague concept such as QFTs.

Nevertheless, as it is often the case in physics, starting with a raw
list of abstract axioms is not the most insightful way to introduce an

9
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idea. Consequently, in this review section, CFTs are presented as it is
commonly done in the literature: by assuming that the reader already
knows what a QFT is in a heuristic way. No attempt is made at math-
ematical rigour, nor at giving an original or exhaustive presentation of
the concepts. The main purpose of this section is to fix notation and
conventions, and to make the topics of this thesis more self-contained as
possible. Several reviews and references to topics that are not covered
are given throughout the section.

2.1.1 The conformal group

Given a (pseudo-)Riemannian manifold M with metric g,1 the con-
formal group over M is defined as the set of conformal transforma-
tions from M to itself, where the group product is obviously given by
composition. A conformal transformation is a diffeomorphism under
which the metric transforms by collecting a space-dependent scale fac-
tor. Using coordinates such that g(x) ≡ gµν(x)dx

µdxν , for a conformal
transformation x 7→ x′ one has

g′µν(x
′) =

∂x′µ

∂xρ
∂x′ν

∂xσ
gρσ(x) = Ω2(x)gµν(x) . (2.1)

In practice, the effect of Ω2(x) is to “stretch” distances at any point with
different rates, but the transformation does not change angles between
intersecting lines. It is often useful to introduce the infinitesimal version
of conformal transformations: x 7→ x′ = x+ε(x). Neglecting non-linear
corrections, (2.1) becomes the conformal Killing equation

∇µεν +∇νεµ =
2

d
∇ρε

ρgµν , (2.2)

where ∇ is the covariant derivative associated to the Levi-Civita con-
nection.
For the purposes of studying CFTs, one can focus on the specific case
M = Rd (or Md) with the Euclidean (or Minkowskian) metric.2 More-
over, the theories considered in this thesis are “higher dimensional”
CFTs, that is to say, d > 2. Several reviews are available in the liter-
ature [38–44] . Of course two-dimensional CFTs are also of profound
interest in theoretical physics, on the one hand because of their appli-
cation to string theory, on the other hand because the conformal group
becomes infinite-dimensional, allowing for extremely powerful methods
that cannot be generalised to the higher-dimensional case. For modern

1More precisely, one should talk about an equivalence class [g] of metrics, where two
metrics are equivalent if and only if one is the product of the other with a positive smooth
function (usually called conformal factor).

2Or any pair (M, g) that is conformally equivalent to these.
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reviews of this topic see [45, 46] and references therein.

Setting M = Rd with d > 2, equipped with the flat metric g =
δµνdx

µdxν , it is possible to show that the most general solution to
the conformal Killing equation (2.2) is

εµ(x) = aµ + ωµνxν + λxµ + bµx2 − 2xµ(b · x) . (2.3)

The real constants aµ, ωµν=−ωνµ, λ, and bµ correspond to translations,
rotations, dilatations, and special conformal transformations, respec-
tively. It is also possible to show that the most general infinitesimal
conformal transformation (2.3) can be extended to a finite transforma-
tion that is globally defined.3 For example, the finite version of special
conformal transformation is

x′µ =
xµ − bµx2

1− 2b · x+ b2x2
. (2.4)

In (2.3), there are 1
2
(d + 2)(d + 2) free real parameters. Indeed, it

turns out that this group is isomorphic to SO(d+ 1, 1) (or SO(d, 2) in
the Minkowskian case). This will become evident in the next section,
by looking at the algebra generated by infinitesimal transformations.
There is yet another interesting global conformal transformation that
does not belong to the component connected to the identity of the
conformal group: the inversion. This discrete transformation is

x′µ =
xµ

x2
, (2.5)

and it squares to the identity. Together with inversion, the conformal
group becomes O(d + 1, 1) (or O(d, 2) in the Minkowskian case). Not
all CFTs are necessarily invariant under inversion.4 On the other hand,
any scale-invariant theory that is also invariant under inversion must be
fully conformally invariant, since it can be shown that special conformal
transformations are translations conjugated by inversion.

2.1.2 The conformal algebra

The conformal Killing vector fields (2.3) with the Lie brackets form a
Lie algebra: the conformal algebra. A standard basis of this Lie algebra
is given by the following generators

Pµ = −i∂µ , Mµν = i(xµ∂ν − xν∂µ) ,

D = −ixµ∂µ , Kµ = −i(2xµxν∂ν − x2∂µ) .
(2.6)

3Strictly speaking, finite conformal transformation are well defined on the conformal
compactification of Rd (or Md), see [47] for more details.

4In fact, inversion can be obtained from parity by conjugation with SO(d+1, 1) trans-
formations. Therefore, any parity-violating CFT also breaks inversion.
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These generators obey the following commutation relations

[Pµ,Mνρ] = iδµνPρ − iδµρPν ,

[Mµν ,Mρσ] = iδµρMνσ − iδνρMµσ + iδνσMµρ − iδµσMνρ ,

[D,Pµ] = iPµ , [D,Kµ] = −iKµ ,

[Kµ,Mνρ] = iδµνKρ − iδµρKν ,

[Pµ, Kν ] = −2i(δµνD +Mµν) ,

(2.7)

and all the other commutators are vanishing. The first two lines are the
commutation relation of the Poincaré algebra. Hence, the conformal
algebra is an extension of the Poincaré algebra. An interesting observa-
tion is that Pµ, Kµν and D form a closed subalgebra. Therefore, it is in
principle possible for a theory to be invariant only under this subalge-
bra generated by Poincaré generators and dilatations, breaking special
conformal transformations. Understanding the conditions under which
a theory can be scale invariant but not fully conformally invariant is
a problem that has been extensively studied. For relevant works on
this topic, including recent developments, see [48–51]. To see that the
algebra (2.7) is isomorphic to so(d+ 1, 1), one can define

Lµ,ν =Mµν , L−1,µ =
Pµ −Kµ

2
,

L0,µ =
Pµ +Kµ

2
, L−1,0 = D ,

(2.8)

with LAB = −LBA, and check that these generators indeed satisfy the
desired commutation relations.

2.1.3 Representation theory

In a QFT that is invariant under conformal symmetry, it is natural to
expect that the algebra (2.7) is realised as an operator algebra acting
on the Hilbert space of the theory. This raises the problem of determin-
ing the possible infinite-dimensional representations of the conformal
algebra (which must also be unitary in Minkowskian theories). One ap-
proach is to exploit the fact that the conformal algebra is so(d + 1, 1)
by considering its action on an “extended” space Md+2 rather than
the physical space Rd. In this higher-dimensional setting, conformal
transformations act linearly, leading to the embedding space formal-
ism [52–54].

Alternatively, it is possible to tackle this problem directly. For a con-
formal transformation g ∈ SO(d + 1, 1) that acts as x g7→ x′(x), one
expects that there is an operator Ug that implements this transfor-
mation at the level of the Hilbert space. The operator Ug also acts
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naturally on the local operators of the theory Oa(x) by conjugation.
Assuming that there is an invariant vacuum |0⟩, one expects that 5

UgOa(x)U−1
g = T abg (x′)Ob(x′) . (2.9)

The above equation essentially means that, since a conformal transfor-
mation relates the points x and x′, a state created by acting with Oa(x)
on the vacuum |0⟩ should equivalently be expressible as a linear com-
bination of states created by acting with Ob(x′) on |0⟩. Moreover, at
the level of correlators, Ward identities impose the following symmetry
condition [55]

⟨Oa1
1 (x1) . . .Oan

n (xn)⟩ =
= T a1b1g (x′1) . . . T

anbn
g (x′n) ⟨O

b1
1 (x′1) . . .Obn

n (x′n)⟩ ,
(2.10)

for distinct points x1, . . . , xn.
To find out what are the possible matrices T abg (x) in (2.9), it is con-
venient to look at the little group of conformal transformations that
preserves the origin x = 0. The method is analogous to the one com-
monly used to construct representations of the Poincaré group (see for
example [56]). At the level of the algebra, such transformations are
Mµν , D, and Kµ. The action of conformal transformation on operators
inserted at an arbitrary point x can then be recovered using the fact
that translations act as

eix
µPµOa(0)e−ix

µPµ = Oa(x) , (2.11)

together with the commutation relations (2.7). It is natural to pick a
basis of local operators Oa(0) that diagonalise the dilatation operator

[D,Oa(0)] = i∆OOa(0) , (2.12)

where ∆O is some real number called conformal dimension. The eigen-
value needs to be imaginary to ensure the correct action of the dilata-
tion operator, as it will become clear at the end of the construction
(for example, in (2.16)).
By using the commutation relations (2.7), it is easy to see that the
operator KµOa(0) has conformal dimension ∆O − 1. Therefore, by re-
peatedly acting with Kµ1 , . . . , Kµn , one could obtain an operator with
arbitrarily low conformal dimension. Since in physically relevant theo-
ries conformal dimensions are always bounded from below, this process

5Clearly, for a Lorentzian theory, the operator Ug must also be unitary to ensure a
consistent probabilistic interpretation. However, this requirement does not apply in the
Euclidean case. In fact, in the statistical physics interpretation of Euclidean field theory,
there is no intrinsic notion of an inner product. See also the discussion in Section 2.1.5.
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must terminate at some point. Hence, there must exist operators such
that

[Kµ,Oa(0)] = 0 . (2.13)

Such operators are called primary operators.6 From a primary oper-
ator, one can define a tower of descendant operators with increasing
conformal dimensions by acting with momentum generators. For ex-
ample, for a primary O(0) of dimension ∆O, the descendant operator
Pµ1 . . . PµnO(0) has dimension ∆O + n.
Without loss of generality, one can also assume that primary operators
Oa(0) transform in an irreducible representation of the Lorentz group
generated by Mµν . That is to say

[Mµν ,Oa(0)] = (Sµν)
abOb(0) . (2.14)

Once the conformal dimension and the representation with respect to
the Lorentz group of a primary operator Oa(0) inserted at the origin is
known, (2.11) can be used to determine the action of the full conformal
algebra on Oa(x). The result is

[Pµ,Oa(x)] = −i∂µOa(x) ,

[Mµν ,Oa(x)] =
(
i(−xµ∂ν + xν∂µ)δ

ab + (Sµν)
ab
)
Ob(x) , (2.15)

[D,Oa(x)] = i(xµ∂µ +∆O)Oa(x) ,

[Kµ,Oa(x)]=−
(
i(2xµ∆O+2xµx

ν∂ν−x2∂µ)δab+2xν(Sνµ)
ab
)
Ob(x) .

Finally, by exponentiating the action of the infinitesimal transforma-
tions, one finds that of finite conformal transformations. This is a
tedious but in principle straightforward computation. For example, in
the case of a scalar primary operator O(x), one finds

UgO(x)U−1
g =

∣∣∣∣∂x′∂x

∣∣∣∣
∆O
d

O(x′) , (2.16)

where |∂x′/∂x| is the determinant of the Jacobian of the conformal
transformation x 7→ x′. Similarly, it is possible to derive transformation
laws for tensors or spinors, and for descendant operators as well.

2.1.4 Correlators and Ward identities

Once transformation rules of primary operators such as (2.16) are
known, they can be used to impose constraints on the correlators of
the theory trough Ward identities (2.10). For example, Ward identities
coming from translational and scale invariance can be used to show that

6In two-dimensional CFTs these operators are called quasi-primaries.
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one-point functions of primary operators are always vanishing, unless
the operator has conformal dimension ∆ = 0. In general, in a CFT the
only operator with vanishing dimension is the identity operator.

For two-point functions of scalar primary operators, Poincaré and scale
invariance impose that the correlator must take the form

⟨O1(x1)O2(x2)⟩ =
NO1O2

|x1 − x2|∆1+∆2
, (2.17)

where ∆1 and ∆2 are the conformal dimensions of the operators. Fur-
thermore, the Ward identity for special conformal transformations im-
pose that either ∆1 = ∆2 or the correlator is vanishing. By choosing a
suitable basis of primary operators and normalising them, it is possible
to conclude that

⟨O1(x1)O2(x2)⟩ =
δO1O2

|x1 − x2|2∆1
. (2.18)

It is worth noting that the vanishing of two-point functions of primaries
with different dimensions can serve as an indication of full conformal
invariance in scale-invariant theories [57].

In the case of three-point functions of three scalar primaries, exploiting
all the Ward identities still yields a completely fixed kinematics

⟨O1(x1)O2(x2)O3(x3)⟩ =
λO1O2O3

x∆1+∆2−∆3
12 x∆1+∆3−∆2

13 x∆2+∆3−∆1
23

, (2.19)

where xij = |xi−xj|. The coefficient λO1O2O3 is physical, since the free-
dom in the normalisation of operators has already been used in (2.18).

Starting from four-point functions, Ward identities do not completely
fix the kinematics of the correlator. The main reason is that with
four points x1, x2, x3, and x4, it is possible to construct the conformal
cross-ratios

u =
x212 x

2
34

x213 x
2
24

, v =
x214 x

2
23

x213 x
2
24

. (2.20)

These cross-ratios are invariant under the action of the full conformal
group. In the case of four scalar primaries, the most general form of
the four-point function is

⟨O1(x1)O2(x2)O3(x3)O4(x4)⟩ =
F (u, v)∏

i<j x
∆i+∆j−Σk∆k/3
ij

, (2.21)

where F (u, v) is an arbitrary function.
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Similar statements apply to correlators of primaries that belong to
other representations of the Lorentz group. Again, two-point func-
tions are completely fixed, three-point functions are fixed up to a fi-
nite number of physical coefficients, and four-point functions depend
non-trivially on conformal cross ratios. For more details see [52]. For
example, for normalised identical spin-one operators one has

⟨Oµ(x1)Oν(x2)⟩ =
Iµν (x1 − x2)

x∆O
12

, (2.22)

where Iµν (x1 − x2) = δµν − 2xµxν/x
2. An interesting point is that in

CFTs conserved operators typically have protected conformal dimen-
sions. For example, for a conserved current ∂µJµ(x) = 0, (2.22) can
be used to show that ∆J = d − 1. Similarly, for the conserved stress-
energy tensor ∂µT µν(x) = 0, one finds that ∆T = d. Note that this
is also expected from dimensional analysis, since T 00 has the physi-
cal interpretation of an energy density. A final remark is that, while
conformal invariance uniquely determines the two-point function of the
stress-energy tensor, the correlator still carries physical information in
the form of a real constant. This is because the stress-energy tensor is
a physical quantity, leaving no freedom in its normalisation.

2.1.5 Radial quantisation

So far, the discussion has focused on operators without specifying
the relevant Hilbert space on which they act. In the quantisation of
Poincaré-invariant theories defined on Md, the standard approach is to
assign a Poincaré-invariant vacuum state |0⟩ and construct an Hilbert
space by acting on it with local operators.7 Moreover, invariance un-
der time translations gives rise to a one-parameter family of unitary
time evolution operators U(t) = eiHt which can be used to evolve local
operators according to

O(t, x) = U(t− t′)O(t′, x)U−1(t− t′) . (2.23)

A key assumption is that states created by acting on the vacuum with
the algebra of local operators at any fixed time t can be used to span
the entire Hilbert space of the theory.8 To specify the inner prod-
uct, it is sufficient to declare all the local operators to be Hermitian

7More generally, one can also consider states created by the action of non-local opera-
tors. This is precisely what occurs in the case of defects, which will be explored in Section
2.2.

8Strictly speaking, this picture is somewhat naive. To construct well-defined states,
quantum operators need to be smeared. However, in interacting theories, smearing only
across space rather than spacetime may not be sufficient [58]. Nonetheless, this viewpoint
provides a useful operational intuition for the present discussion.
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O(t, x) = O†(t, x), and the vacuum to be unit-normalised ⟨0|0⟩ = 1.
The correlators of the theory are defined as time-ordered vacuum ex-
pectation values of local operators. For example, a two-point function
is defined as

⟨O(t, x)O′(t′, x′)⟩ =
= θ(t− t′)⟨0|O(t, x)O′(t′, x′)|0⟩+

(
(t, x) ↔ (t′, x′)

)
.

(2.24)

Note that this construction relies on choosing a foliation of Md into
fixed-time slices along a preferred time direction.

The framework of interest in this thesis is Euclidean CFTs. In this
setting, it is natural to choose a different foliation, as there is no pre-
ferred time direction. One possible choice is to use a radial coordinate
centred at the origin to foliate Rd into spheres Sd−1

r of increasing radii
labelled by r ∈ R+, although this is not the only option. Note that
the choice of the origin is somewhat arbitrary, just as the choice of a
time direction in Minkowski space is arbitrary due to invariance under
Lorentz boosts. The dilatation operator D provides a one-parameter
family of operators such that

eiλDO(x)e−iλD = O(eλx) . (2.25)

As before, it is assumed that states created by operators O(x) at any
fixed radius |x| = r acting on the vacuum span the entire Hilbert
space. Correlators of the theory are defined as radially-ordered vacuum
expectation values. The example of the two-point function is

⟨O(x)O′(x′)⟩ = θ(|x| − |x′|)⟨0|O(x)O′(x′)|0⟩+ (x↔ x′) . (2.26)

Once again, specifying an inner product requires a notion of adjoint-
ness. This step is not essential in Euclidean CFTs, as it is not needed
in their statistical physics interpretation. However, in some cases, such
a product can still be defined, leading to interesting consequences.
Assuming the existence of an inner product, one naturally expects that
D† = −D, since its spectrum is purely imaginary.9 Then, by taking
the adjoint of (2.25) while sending λ→ −λ, it follows that

eiλDO†(x)e−iλD = O†(e−λx) . (2.27)
9Although this choice may seem forced, there are some subtleties. In Lorentzian CFTs,

the dilatation operator is Hermitian D = D†, even if its spectrum is imaginary. This
phenomenon is related to the fact that the states O(0)|0⟩ are not normalisable [59]. A more
careful analysis of this issue requires a precise definition of “spectrum” and the distinction
between (essentially) self-adjoint operators and more general symmetric operators (see
also [60]).
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Therefore, the condition O†(x) = O(x) cannot hold for any x. Instead,
one can consistently take O†(x) = O(I(x)), where I(x) = x/|x|2 de-
notes the inversion.10 This also suggests that P †

µ = Kµ, since transla-
tions and special conformal transformations are conjugates under in-
version. By requiring compatibility of the adjoint operation with the
conformal algebra (2.7), one finds

D = −D† , P †
µ = Kµ , M †

µν =Mµν . (2.28)

Theories for which an inner product satisfying (2.28) exists are said to
be reflection positive.11

A key consequence of reflection positivity is the existence of unitarity
bounds. These bounds constrain the possible values of the conformal
dimensions of primary operators in different representations of the con-
formal group. They are derived by requiring the positivity of the norm
of states of the form

|ψ⟩ = (αPµ + βµνPµPν + . . . )Oa(0)|0⟩ . (2.29)

For scalar operators, the unitarity bounds are

∆O = 0 iff O = 1 ,

∆O ⩾
d− 2

2
.

(2.30)

For spin-ℓ tensors, the bound is

∆Oℓ ⩾ d+ ℓ− 2 . (2.31)

Additionally, unitarity bounds impose constraints on three-point func-
tion coefficients. For example, one can show that the three-point func-
tion coefficient λO1O2Oℓ between two scalar primaries O1, O2, and a
spin-ℓ tensor Oℓ, must be real [61].

2.1.6 The operator product expansion

As mentioned in Section 2.1.5, a natural basis for the Hilbert space of
states in the CFT is given by

{O1(x1) . . .On(xn)|0⟩} , (2.32)
10More generally, one can choose O†(x) = O(αI(x)) for any nonzero constant α. This

choice, however, can be undone by a dilatation.
11The choice of the name “reflection positivity” becomes more clear by doing a conformal

transformation to cylindrical coordinates via r = eτ . The inversion r → 1/r becomes a
reflection τ → −τ . In this case, the statement of reflection positivity becomes exactly the
Wick rotated version of unitarity for Lorentzian theories.
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where Ok are either primary operators or their descendants, and with
|x1| = · · · = |xn| = r for any positive r. It is interesting to consider
the limit r → 0, as the sphere Sd−1

r collapses to a single point. Since
products of local operators at coincident points are generally ill-defined,
it is reasonable to assume that the Hilbert space is fully spanned by
the states

{O(0)|0⟩} . (2.33)

In other words, by acting with the dilatation operator, products of op-
erators as in (2.32) can be reduced to products of operators supported
on an arbitrarily small sphere centered at the origin. As the radius of
this sphere shrinks to zero, the resulting product is expected to define
a local operator at x = 0. Then a natural assumption is that the alge-
bra of local operators at the origin is complete, allowing it to generate
all possible local operators constructed in this way. This establishes
a connection between local operators inserted at the origin and states
in the Hilbert space. This relationship is known as the state-operator
correspondence. More precisely, it defines a one-to-one correspondence
between primary operators O and states |∆⟩ that are annihilated by
the generator Kµ (referred to as primary states):

[Kµ,O(x)] = 0 ↔ Kµ|∆O⟩ = 0 ,

|∆O⟩ = O(0)|0⟩ , D|∆O⟩ = i∆O|∆O⟩ .
(2.34)

This correspondence extends naturally to descendant operators and
their associated “descendant states”.

The most important consequence of the state-operator correspondence
is that it allows to prove the existence of a convergent operator product
expansion (OPE). In a generic QFT, the product of two operators,
in the limit where they approach each other, can be approximated
by an (infinite) linear combination of local operators inserted at their
midpoint. In a CFT, this idea can be formalised by reinterpreting it
in terms of states. Consider two scalar operators, O1 and O2. A state
can be defined by acting with these operators on the vacuum

|ψx⟩ = O1(x)O2(0)|0⟩ . (2.35)

The state |ψx⟩ can be expressed as sum over the basis given in (2.33)

|ψx⟩ =
∑

O primaries

CO(x, ∂y)O(y)
∣∣
y=0

|0⟩ , (2.36)

where CO(x, ∂y) is a polynomial in ∂y that accounts for descendant
states. The sum in (2.36) is convergent with respect to the usual ℓ2
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norm of Hilbert spaces. The expansion can be reformulated as a state-
ment about operators

O1(x)O2(0) =
∑

O primaries

CO(x, ∂y)O(y)
∣∣
y=0

. (2.37)

The OPE in (2.37) is convergent when inserted into any correlation
function, provided that no other operators are inserted at points xk
with |xk| < |x|. The operators O appearing in the sum in (2.37) are
said to be exchanged in the OPE between O1 and O2. An analogous
OPE can be derived by expanding around a different point, with con-
vergence inside correlation functions guaranteed, as long as no other
operator insertions are closer to the expansion point than the two pri-
maries. For more details about OPE convergence, see [62,63]. The co-
efficients CO(x, ∂y) are fully determined by requiring consistency with
the conformal algebra in (2.7). For instance, in the case under consid-
eration, it can be shown that for an exchanged scalar primary O′, the
coefficient CO′(x, ∂y) is given by

CO′(x, ∂y) =
λO1O2O′

|x|∆O1
+∆O2

−∆O′

(
1 +

∆O1
−∆O2

+∆O′

2∆O′
xµ∂µ + . . .

)
, (2.38)

where the coefficient in the numerator matches the one in the three-
point function in (2.19).

In general, the complete information required to reconstruct all the
OPE coefficients between two primaries is encoded in the set of ex-
changed operators (along with the labels of their conformal represen-
tations) and the three-point function coefficients between the two pri-
maries and the exchanged operators. For this reason, three-point func-
tion coefficients are often referred to as OPE coefficients. The key point
is that, by repeatedly applying OPEs, it is possible to reduce any cor-
relator of a CFT to infinite sums over two- and three-point functions.
Once the conformal dimension (and spin) of each primary operator in a
CFT is known, along with all the three-point function coefficients, the
coefficients and terms of these sums are fully determined, at least in
principle. Therefore, the complete information needed to reconstruct
all correlators of local operators in a CFT is

{(O,∆O, ℓ) , λO1O2O3} . (2.39)

This set is called CFT data.

2.1.7 The conformal bootstrap

The CFT data in (2.39) is not arbitrary. On the contrary, it must
satisfy an infinite set of complicated constraints. For instance, OPEs
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must be associative. In other words, given an n-point function, there
are multiple ways to apply the OPE between pairs of operators to
reduce it to sums of known terms. Clearly, the results of all such
computations must agree. Other constraints, in addition to the asso-
ciativity of the OPE, include the existence of special operators with
protected dimensions (such as the stress-energy tensor in local theories
and conserved currents for internal symmetries) and unitarity bounds
for reflection-positive theories. In particular, in the case of d = 2, the
enhanced infinite-dimensional conformal symmetry, together with uni-
tarity, was successfully used to solve and classify a specific family of
two-dimensional CFTs: the minimal models [1]. Although the situation
is very different in CFTs with d ⩾ 3, one can still hope that constraints
imposed by symmetry and consistency can be leveraged to extract use-
ful information using methods that are similar in spirit. This idea leads
to the conformal bootstrap, a programme designed to exploit these con-
straints to classify and compute the possible sets of consistent CFT
data. A fundamental feature of this approach is that it does not rely
on a Lagrangian formulation and is inherently non-perturbative.

To illustrate the central idea of the conformal bootstrap, consider the
example of the four-point function of four identical scalar primaries O.
This correlator is given by (2.21), and since all the operators have the
same conformal dimension it can be rewritten as

⟨O(x1)O(x2)O(x3)O(x4)⟩ =
G(u, v)

x2∆O
12 x2∆O

34

. (2.40)

Using the OPE (2.37) between the operators O(x1) and O(x2), and
between O(x3) and O(x4), one obtains

G(u, v) =
∑
∆′, ℓ′

λ 2
OOO′ G∆′,ℓ′(u, v) , (2.41)

where the sum runs over the exchanged primary operators O′, which
are labeled by their conformal dimension ∆′ and spin ℓ′. The functions
G∆′,ℓ′(u, v) are called conformal blocks and are given by

G∆′,ℓ′(u, v) = x2∆O
12 x2∆O

34 C∆′,ℓ′(x12, ∂2)C∆′,ℓ′(x34, ∂4)⟨O′(x2)O′(x4)⟩ .
(2.42)

These blocks are entirely determined by conformal symmetry and are
independent of the specific theory. They can be computed directly
by exploiting the fact that they are eigenfunctions of the quadratic
Casimir operator of the conformal algebra [2,64,65]. For d = 1 or even
d, they are known in closed form. Otherwise, they can be expressed as
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infinite sums whose coefficients satisfy a recursion relation [66].

An important observation is that in (2.40), one can exchange O(x1) and
O(x3) since operators inside correlation functions are radially ordered
and therefore always commute. In practice, this corresponds to swap-
ping x1 and x3, which, at the level of the cross-ratios (2.20), amounts
to exchanging u and v. As a result, the function G(u, v) must satisfy
the crossing symmetry condition

v∆OG(u, v) = u∆OG(v, u) . (2.43)

By combining crossing symmetry (2.43) with the conformal block de-
composition (2.41), one obtains the bootstrap equations∑

∆′, ℓ′

λ 2
OOO′

(
v∆O G∆′,ℓ′(u, v)− u∆O G∆′,ℓ′(v, u)

)
= 0 . (2.44)

A crucial property is that the expansion coefficients λ 2
OOO′ are always

positive in reflection-positive CFTs. This plays a key role in the appli-
cation of numerical techniques to analyse solutions to these equations.
The bootstrap equations are often represented pictorially as follows

O(x1) O(x2)

O(x4) O(x3)

O′
=

O(x1) O(x2)

O(x3) O(x4)

O′ , (2.45)

where merging lines indicate that an OPE has been applied, and sum-
mation over the exchanged operators O′ is implied. These equations
constitute an infinite-dimensional nonlinear system that the CFT data
must satisfy. Similar equations can be derived by considering non-
identical operators as well as operators transforming under different
representations of the conformal group. Moreover, one can extend this
approach to correlators with n ⩾ 4 operator insertions.

The primary goal of the conformal bootstrap is to leverage the con-
straints imposed by the bootstrap equations (2.44) and their analogues
to extract information about the CFT data. A major breakthrough in
this direction came from the realisation that numerical techniques could
be applied to the bootstrap equations to derive strong bounds on the
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conformal dimensions of the lightest operators of the theory, without
requiring an exact analytic solution [3]. This is the essence of the nu-
merical bootstrap, which has led to remarkable non-perturbative results
for strongly-coupled CFTs, with the prototypical example being the 3d
Ising CFT [7–9]. For a detailed review of this topic, see [61]. Another
important line of research has emerged from studying the analytic con-
tinuation of the bootstrap equations to Lorentzian signature. This has
led to the development of powerful analytic techniques for extracting
information about the CFT data. These techniques include taking spe-
cific kinematic limits [4,5] or employing more refined methods such as
inversion formulae or dispersion relations [6,67,68]. Collectively, these
methods are referred to as analytic bootstrap. For a comprehensive re-
view of these techniques, see [69].

As a final remark, it is important to note that, while the focus of this
section has been on the study of correlators of local operators, these
are not the only interesting observables in CFTs. For instance, corre-
lators involving extended objects, such as line and surface operators,
boundaries, and interfaces, are also of primary importance for a com-
plete understanding of CFTs. This will be the main topic of Section
2.2.

2.2 Conformal defects

Extended operators, commonly referred to as defects, are essential ob-
jects in the study of QFTs, with a wide range of applications in both
theoretical and phenomenological contexts. In statistical physics, they
are used to describe inhomogeneous systems by modelling impurities,
boundaries, and interfaces. From a more fundamental perspective,
defects serve as probes of QFTs, offering new ways to analyse their
structure. In particular, they give rise to novel observables, such as
defect correlation functions and entropy-like quantities, which can help
towards the characterisation and classification of these theories. A pro-
totypical example of a defect is the Wilson line in gauge theories, whose
expectation value serves as an order parameter for detecting confine-
ment, a phase that is not easily characterised by conventional local
observables [10]. More generally, defects are powerful tools for explor-
ing dualities, renormalisation group flows, and (generalised) symme-
tries of QFTs. A notable case is the distinction between SU(N) and
SU(N)/ZN pure Yang-Mills theories. The former possesses a global
electric ZN one-form symmetry, which is absent in the latter [13]. How-
ever, this difference cannot be detected by correlators of local operators
alone; to distinguish between these theories, one must consider Wilson
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lines.

This thesis focuses on conformal defects. In a CFT, defects can be un-
derstood as extended operators embedded within the theory, explicitly
breaking conformal symmetry. A defect is called conformal if a “large”
(in a sense that will be clarified shortly) subgroup of the conformal
group leaves it invariant. This residual symmetry subgroup must also
stabilise the submanifold on which the defect is supported. In CFTs
on flat space, such submanifolds are typically either linear or spherical.
Conformal defects are of great interest for several reasons. On the one
hand, they can be studied using a theoretical framework analogous to
that of CFTs, as introduced in Section 2.1. On the other hand, they
have applications across various areas of physics. Many such applica-
tions arise in statistical physics: line defects describe point-like impu-
rities in quantum statistical systems at criticality, boundaries capture
finite-size effects, and interfaces model domain walls. Other exam-
ples can be found in high-energy theory: generalisations of straight or
circular Wilson loops in superconformal gauge theories (both super-
symmetric and non-supersymmetric) are conformal line defects. CFTs
with boundaries provide an exact world-sheet description of D-branes
in open string theory. CFTs with boundaries also admits an interest-
ing holographic description [70]. Finally, CFTs with boundaries have
also applications in the context of entanglement entropy, where they
provide useful insights [71].

In this section, conformal defects are introduced according to the stan-
dard treatment in the literature. The aim is both to establish notation
and to ensure self-containment. References to key articles and reviews
are provided throughout.

2.2.1 Defect conformal symmetry

A conformal defect is an extended object that breaks the conformal
group down to a non-trivial subgroup. A typical example is a CFT
on a d-dimensional flat space, with a defect supported on a linear p-
dimensional subspace. It is natural to choose coordinates such that
x = (x∥, x⊥) ∈ Rd, where x∥ = (x1, . . . , xp) and x⊥ = (xp+1, . . . , xd),
with the defect D supported on {x : x⊥ = 0}. It is also useful to define
the defect co-dimension q = d − p. First, any conformal transforma-
tion that does not preserve the defect’s support is necessarily broken.
Translations along the orthogonal directions Pp+1, . . . , Pd, are clearly
broken, and the same applies to the orthogonal special conformal trans-
formations Kp+1, . . . , Kd, as can be easily verified from (2.4). Rotations
that mix orthogonal and parallel directions are also broken. The re-



Chapter 2 – Conformal field theory and defects 25

maining translations, special conformal transformations, rotations, and
the dilatation preserve the linear subspace defined by x⊥ = 0. It can
be shown that the subgroup formed by these transformations is

SO(p+ 1, 1)× SO(q) ⊂ SO(d+ 1, 1) (2.46)

This group is the direct product of the conformal transformations on
the p-dimensional defect and rotations around the defect, and it is usu-
ally referred to as the defect conformal group . One can verify that a
spherical defect leads to the same pattern of symmetry breaking. The
inversion in (6.31) also preserves the defect’s support.12

A conformal defect is an extended operator that is invariant under the
full defect conformal group, as given in (2.46). More precisely, if TD

a are
the operators that generate the representation of the defect conformal
algebra so(p + 1, 1) ⊕ so(q) in the CFT’s Hilbert space, a defect D is
conformal provided that

[TD
a ,D] = 0 , ∀a . (2.47)

The insertion of a conformal defect D modifies correlators of local oper-
ators, defining what is known as a defect CFT (dCFT). More generally,
a dCFT is any theory whose correlation functions respect the space-
time symmetries of the defect conformal group. These correlators can
be studied using techniques similar to those employed for an ordinary
CFT (sometimes referred to as a homogeneous CFT) introduced in
Section 2.1. The main concepts will be summarised in the following
sections. Key references include the seminal articles [17, 72]; for a re-
view of the main topics, see also [73].

As a side note, the term “conformal defect” is sometimes also used for
extended operators that preserve a smaller subgroup than the one in
(2.46). For example, by fusing two conformal defects, one can construct
a new defect that breaks part of the transverse SO(q) symmetry [74].
Nevertheless, such defects still share many properties with their “maxi-
mally symmetric” counterparts. Another example where the transverse
SO(q) symmetry is broken is provided by several superconformal line
defects in superconformal field theories [75].

2.2.2 Correlators in the defect theory

In a dCFT, the defect conformal group imposes strong constraints on
the correlators of local operators through Ward identities, much like in

12As mentioned earlier, the symmetries of a CFT may or may not include inversion.
Even if they do, inversion may still be broken by the defect.
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homogeneous CFTs. Before exploring these constraints, it is important
to clarify what constitutes a local operator in a dCFT. Local operators
fall into two categories: bulk operators and defect operators.

Bulk operators are those inserted at points a finite, non-zero distance
from the defect (the term “bulk” refers to the region defined by x⊥ ̸= 0).
For instance, when dCFT correlators are defined as expectation values
of the CFT in the presence of an extended operator, bulk operators cor-
respond to the usual local operators of the CFT. Such operators are not
defined at points lying on the defect due to short-distance singularities
that typically arise in QFT when operators approach one another. In
this case, bulk operators are organised into representations of the full
conformal group SO(d + 1, 1), and they are labelled by the conformal
dimension ∆ and spin ℓ. The situation differs slightly for monodromy
defects, which will not be examined in this thesis.13

Defect operators, on the other hand, can only be inserted on the defect
itself. They should be viewed as local modifications of the defect. They
can also be constructed by renormalising the singularities that arise
when a bulk operator approaches the defect. However, the resulting de-
fect operator is not unique, as different renormalisation procedures may
lead to different operators. Defect operators are classified according to
representations of the defect conformal group SO(p + 1, 1) × SO(q).
They are divided into defect primaries and defect descendants, and the
former are characterised by the defect conformal dimension ∆̂ and par-
allel spin ℓ̂, which specify their representation under the p-dimensional
conformal group, as well as the transverse spin s, which specifies their
representation under SO(q).14

Throughout this thesis, symbols with a hat are used exclusively to de-
note defect objects (such as observables, operators, quantum numbers,
etc), while unhatted symbols refer to bulk objects. In terms of bulk,
parallel, and transverse coordinates, x = (x∥, x⊥) and x = (τ, x⊥) are
used interchangeably. Moreover, Greek indices run over all coordinates,
i.e. µ = 1, . . . , d, while Latin indices are restricted to the orthogonal
coordinates, i.e. i = p+1, . . . , d. For example, O(x) is a bulk operator,
whereas Ô(x∥) or Ô(τ) are defect operators.

13For completeness, a monodromy defect can be understood as the conformal boundary
of a topological domain wall in a theory with a non-trivial internal symmetry group [76].
Each time a bulk operator crosses the topological domain wall, it transforms under a non-
trivial element of the internal symmetry group. Thus, from an intuitive perspective, bulk
operators are not necessarily ordinary local operators of the CFT but can also include
local operators attached to a topological line ending on the domain wall.

14Note that for p = 1 there is no parallel spin ℓ̂, whereas for q = 1 there is no transverse
spin s.



Chapter 2 – Conformal field theory and defects 27

When the conformal defect is implemented by an extended operator
D, correlators are defined as normalised CFT expectation values

⟨O1(x1) . . . Ôn(τn)⟩D =
⟨O1(x1) . . . Ôn(τn)D⟩

⟨D⟩
, (2.48)

where the defect operators Ôk are either defined through a specific
renormalisation procedure or are interpreted as local modifications of
the defect D. Correlators in (2.48) are normalised such that the iden-
tity operator has a unit expectation value, i.e. ⟨1⟩D = 1. Since both
the CFT vacuum and the defect D are invariant under the action of
the defect conformal group, the defect correlator must satisfy Ward
identities similar to those introduced in Section 2.1.3, but only for the
unbroken symmetries. More generally, correlators in a dCFT are re-
quired to satisfy these Ward identities. Another property of defect
correlators is that if only bulk operators are inserted, and they are
sufficiently far from the defect, the correlator approaches that of the
homogeneous CFT

lim
|(xk)⊥|→∞

⟨O(x1) . . .O(xn)⟩D → ⟨O(x1) . . .O(xn)⟩ . (2.49)

This can be interpreted as a defect analogue of the cluster decomposi-
tion principle.

One can follow the same approach as in Section 2.1.4 and use Ward
identities to constrain correlators. First, correlators involving only de-
fect operators are identical to those of a p-dimensional CFT, due to the
SO(p + 1, 1) conformal symmetry. From the perspective of defect op-
erators, the SO(q) symmetry acts as an internal symmetry. Therefore,
once defect operators are properly normalised,15 their two-, three-, and
four-point functions take the same form as those in (2.18), (2.19), and
(2.21), respectively, with dimensions and three-point function coeffi-
cients replaced by their hatted counterparts, ∆̂Ô and λ̂Ô1Ô2Ô3

.

The first difference from the case of homogeneous CFTs is that one-
point functions of bulk operators are not necessarily zero. In fact, for
a scalar operator Ward identities are satisfied as long as

⟨O(x)⟩D =
aO

|x⊥|∆O
, (2.50)

15Some operators, such as the Displacement and Tilt operators introduced later in
Section 2.2.3, cannot be freely normalised. In fact, as will be shown, their normalisation
is already fixed by the bulk.
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Since the operators are already normalised such that their two-point
function approaches the one in (2.18) when they are far from the de-
fect, the constant aO contains physical information about the theory.

Operators with non-zero spin can also have a non-vanishing one-point
function. For example, for a spin-two bulk operator, one has

⟨Oµν(x)⟩D =
aO

|x⊥|∆O

(
Jµν(x)−

q − 1

d
δµν

)
, (2.51)

where
Jij(x) = δij −

xixj
|x⊥|2

, (2.52)

and Jµν = 0 if any of the indices are parallel. For a co-dimension-
one defect, i.e. q = 1, it is clear that the correlator vanishes identi-
cally. Moreover, (2.51) is consistent with the conservation condition
∂µ⟨Oµν(x)⟩D = 0 when ∆O = d, which holds for a conserved spin-
two current. Therefore, the stress-energy tensor for a dCFT with co-
dimension q ⩾ 2 can have a non-zero one-point function.

Another interesting correlator is that between a bulk operator and
a defect operator. For simplicity, consider the correlator between a
bulk scalar O and a defect operator Ôs, where the defect operator has
transverse spin s and no parallel spin. Ward identities constrain this
correlator to take the following form

⟨O(x)Ôs(0)⟩D =
bOÔ x̂s⊥

|x⊥|∆O−∆̂Ô |x|2∆̂Ô
, (2.53)

where x̂s⊥ represents the only allowed traceless symmetric SO(q) tensor
structure: xi1 . . . xis

|x⊥|s
− (traces). (2.54)

Since the normalisation of both defect and bulk operators has already
been fixed, the coefficient bOÔ is physically relevant.

As in the case of homogeneous CFTs discussed in Section 2.1.4, when
more operator insertions are considered, the kinematics of correlators
is no longer fixed, as it becomes possible to construct invariant cross-
ratios. In a dCFT, this occurs in the case of the two-point function of
two bulk operators. In fact, with two bulk points x ans y, it is possible
to construct the defect cross-ratios z and z̄ defined by

(1− z)(1− z̄)√
zz̄

=
(x− y)2

|x⊥||y⊥|
,

z + z̄

2
√
zz̄

=
x⊥ · y⊥
|x⊥||y⊥|

. (2.55)
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These cross-ratios are invariant under the action of the defect conformal
group. There is also a geometric interpretation of these cross-ratios:
one can use conformal transformations that preserve the defect to place
the two bulk points on a plane orthogonal to the defect and then move
one of them to (1, 0) on this plane. In Euclidean signature, z and z̄
are the complex coordinates for the second point on this plane. It is
also useful to introduce radial coordinates r and w on the orthogonal
plane, given by

z = rw, z̄ =
r

w
. (2.56)

In Euclidean signature, z and z̄ are clearly complex conjugates of each
other. Lorentzian signature can be accessed by allowing z and z̄ to be
independent real coordinates. In the special case of a boundary, it is
straightforward to see from the second equation in (2.55) that there is
only one independent cross-ratio, as z = z̄ = r.

The two-point function of two bulk scalars can be written in terms of
an arbitrary function of the two defect cross-ratios

⟨O1(x)O2(y)⟩D =
F (z, z̄)

|x⊥|∆O1 |y⊥|∆O2
. (2.57)

Further details on the kinematics of correlators in a dCFT can be found
in [17,72,21,23].

2.2.3 Displacement and Tilt operators

In a dCFT, there is a canonical operator associated with the explicit
breaking of translational symmetries in the directions orthogonal to
the defect: the displacement operator D̂i [16]. This operator measures
the non-conservation of the currents associated with the orthogonal
translational symmetries, i.e. the orthogonal components of the stress-
energy tensor

∂µTµi(0, x⊥) = −D̂i(0)δ
d−1(x⊥) . (2.58)

The displacement operator is a primary operator and transforms as a
vector under the SO(q) symmetry, as can be seen in (3.87) (for q = 1,
it is a scalar). Since the stress-energy tensor has conformal dimension
∆T = d, it follows from (3.87) that the displacement operator has pro-
tected dimension ∆̂D̂ = p+1. Importantly, this operator always exists
in non-trivial dCFTs. Furthermore, the Ward identity in (3.87) fixes
the normalisation of D̂i, which implies that the two-point function coef-
ficient of the displacement operator contains physical information. The
displacement operator also has a geometric interpretation: it measures
the response of the partition function to an infinitesimal deformation
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of the location of the defect. Additionally, there are interesting Ward
identities that relate correlators with displacement insertions to those
without. For more details see [17,25].

A similar situation arises for internal symmetries of the homogeneous
CFT that are broken by the presence of the defect. If the internal sym-
metry is broken to a subgroup H ⊂ G, there must be (dimG−dimH)
spin-one currents among the bulk operators, each corresponding to a
broken generator. The conservation of these currents is spoiled by the
defect

∂µJaµ(0, x⊥) = κ T̂ a(0)δd−1(x⊥) , (2.59)

where κ is a dimensionless constant that sets the normalisation of T̂ a.
The operators T̂ a are primary operators and are referred to as tilt
operators [77,32].16 According to (2.59), they have protected dimension
∆̂T̂ = p. Interestingly, these operators are exactly marginal on the
defect, hence they generate deformations of the dCFT that form a
defect conformal manifold, which is isomorphic to the coset manifold
G/H [78].

2.2.4 The defect OPE

In a dCFT, bulk operators can be brought close together and expanded
using the same OPE as the one of the homogeneous theory (2.37). This
OPE is usually referred to as the bulk-to-bulk OPE. Convergence is
guaranteed in any disk that contains the two operators, provided it is
not intersected by any other operator or by the defect. A similar OPE,
called defect-to-defect OPE, also holds for any two defect operators,
since defect operators form a p-dimensional CFT.

However, in a dCFT, a novel expansion is possible: a bulk operator
can be brought close to the defect and expanded as a sum of defect
operators. For a scalar bulk operator, this expansion, known as the
bulk-to-defect OPE, takes the following form

O(x) =
∑

Ô primaries

bOÔ
x̂s⊥

|x⊥|∆O−∆̂Ô

(
Ôs(x∥) + descendants

)
, (2.60)

where one can check that the coefficients match those of the bulk-to-
defect two-point function (2.53) through an analysis similar to that in
Section 2.1.6. The structure of the descendant terms, which are omit-
ted in (2.60) for convenience, is entirely determined by defect conformal

16If the bulk current is conserved up to a descendant defect operator (which can be
interpreted as a total derivative), it can be shown that the symmetry is not broken. In
this case, symmetry charges can be exchanged between the bulk and the defect.
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symmetry and is independent of the specific theory.

The three OPEs described in this section are all that is needed, in
principle, to compute any correlator in the dCFT, as correlators with
a large number of insertions can be expressed as infinite sums over
correlators whose kinematics are completely determined. The complete
information required to reconstruct all correlators in the dCFT consists
of all bulk data (2.39), together with the following set

{aO , bOÔ , (Ô, ∆̂Ô, ℓ̂, s), λ̂Ô1Ô2Ô3
} . (2.61)

This set is known as the defect data and describes how the homogeneous
CFT “interacts” with the conformal defect.

2.2.5 The defect conformal bootstrap

The defect data also needs to satisfy stringent constraints, much like
the homogeneous CFT data. The main constraint once again arises
from OPE associativity, as the same correlators can be expanded in
different ways. This can be illustrated with the example of the bulk
two-point function of two identical scalar primaries in the presence of
a defect. From (2.53), it reads

⟨O(x)O(y)⟩D =
F (z, z̄)

|x⊥|∆O |y⊥|∆O
. (2.62)

The first way to expand this correlator is to take the OPE between the
two bulk operators, and the result is a weighted sum over one-point
function coefficients

F (z, z̄) =

( √
zz̄

(1− z)(1− z̄)

)∆O ∑
∆′, ℓ′

λOOO′ aO′f∆′, ℓ′(z, z̄), (2.63)

where the sum runs over exchanged primaries O′, and the functions
f∆,ℓ(z, z̄), which encode the contributions from all descendants, are
known as bulk conformal blocks. These functions are not generally
known in closed form, but they are fully determined by defect confor-
mal symmetry and they can be expressed as double infinite sums over
hypergeometric functions [79]. These expansions are provided in Ap-
pendix A.

Alternatively, one can expand both bulk operators using the defect
OPE and then take the expectation value. This leads to the following
expansion

F (z, z̄) =
∑
∆̂,s

b 2
∆̂,s

f̂∆̂,s(z, z̄) , (2.64)
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where the sum runs over defect primaries Ô, characterised by their
dimension ∆̂ and transverse spin s. In the expansion (2.64), only oper-
ators with zero longitudinal spin contribute, as the two-point function
of a bulk scalar and a defect operator with nonzero longitudinal spin
(ℓ̂ ̸= 0) always vanishes. The functions f̂∆̂,s(z, z̄) are known as de-
fect conformal blocks. They can be explicitly computed by solving a
Casimir eigenvalue equation [17] and they are given in Appendix A.

As in the homogeneous case discussed in Section 2.1.7, the two expan-
sions (2.63) and (2.64) must be consistent with each other. This leads
to the defect bootstrap equations, which can be pictorially represented
as

O(x) O(y)

O′ =

O(x) O(y)

Ô
, (2.65)

where the blue line represents the defect D. Similar equations can
be derived for different bulk operators or for the three-point function
involving two bulk operators and a defect operator. The constraints
imposed by the defect bootstrap equations in (2.65), along with anal-
ogous equations, can be used to extract information about the dCFT
data (2.61).

This leads to the formulation of the defect bootstrap programme, which
aims to determine the set of all possible defect data (2.61) that consis-
tently describe a defect embedded in a bulk theory characterised by a
given set of CFT data (2.39). In general, this is an extremely challeng-
ing problem. The idea was first explored in the context of boundary
CFTs, where the situation is somewhat simplified by the fact that there
is only one independent defect cross-ratio. Both numerical and analyt-
ical approaches are possible.

On the numerical side, a straightforward generalisation of the conven-
tional approach to the numerical bootstrap for CFTs (see the references
in Section 2.1.7) is not feasible, as the coefficients in (2.63) are not
generally positive, even for reflection-positive theories. Instead, an al-
ternative method, originally developed for homogeneous CFTs [80,81],
can also be applied to the study of boundary CFTs [15,82].

The analytic approach was similarly first developed for boundary CFTs
[14,19,20]. In this case, the analytical techniques initially used to study
homogeneous CFTs have been successfully generalised to dCFTs with
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defects in arbitrary dimensions, leading to the development of both
Lorentzian inversion formulae [18, 22] and dispersion relations [26, 27].
These methods are reviewed in Section 4.1 before being applied to
specific instances of line defects in the O(N) model.

2.3 RG flows and conformal fixed points

CFTs were introduced in Section 2.1 as QFTs whose spacetime sym-
metries are governed by the conformal group, and a formalism was
presented to explore the consequences of such a powerful symmetry.
However, it is natural to ask which QFTs can exhibit conformal sym-
metry and what physical situations these theories describe.

First of all, a CFT must be a scale-invariant theory, thus it cannot
contain any dimensionful constants. Naively, as a first attempt, one
could try to construct a scale-invariant QFT by introducing an action
that involves only interactions with dimensionless couplings. However,
this is not sufficient, as scales can often be dynamically generated in
QFTs due to dimensional transmutation. This phenomenon is captured
by the beta function

ga → ga(µ) , βga(gb) = µ
dga
dµ

, (2.66)

where µ is a mass scale that must be introduced to define the quantum
theory, and ga are the coupling constants of the theory, which acquire
a non-trivial dependence on this scale. If any beta function is not iden-
tically zero, scale invariance is broken at the quantum level. This is
the case for Yang-Mills theories, which are classically scale-invariant,
but they break this symmetry through quantum corrections. A notable
exception is N = 4 Super Yang-Mills (SYM), where the large amount
of supersymmetry ensures the vanishing of the beta function [83].

When the coupling constants of a QFT (2.66) exhibit a non-trivial de-
pendence on the scale µ, the theory is said to undergo a renormalisation
group flow (RG flow). In practice, all observables of the theory, such
as correlation functions of local operators, also depend on the scale µ.
It is interesting to consider the behaviour of the coupling constants
(2.66) in the limit µ → 0, also known as the infrared (IR) limit. In
the simple case of a single coupling constant, it can be shown that in
the IR limit, either g(µ) → ±∞ or the coupling approaches a constant
value, g(µ) → g∗, satisfying βg(g∗) = 0 [84]. A similar statement holds
in the ultraviolet (UV) limit, µ → ∞. More generally, this behaviour
is also expected in the presence of multiple couplings: in the IR or
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UV limits, the couplings either converge to a finite value that is a zero
of the beta function, or they flow to infinity. When in the IR (UV)
limit all couplings flow to finite values where all the beta functions
vanish, the theory is said to flow to an IR (UV) fixed point. Indeed,
the beta functions (2.66) define an autonomous system in the “time”
t = log µ, whose fixed points correspond precisely to their zeros. At
these fixed points, correlators are ensured to be scale-invariant by the
Callan-Symanzik equation, which governs the RG flow. For a review
of these topics see [84, 85]. An equivalent perspective is to consider
correlators in the limit where the operators are inserted at large sepa-
rations. These correlators exactly match those of the IR fixed point of
the theory, as a dilation of the insertion points can be reformulated in
terms of an inverse dilation of the energy scale.

Remarkably, correlators at the fixed points of RG flows in unitary,
Poincaré-invariant theories are usually not only scale-invariant but they
also exhibit an enhancement of spacetime symmetries to the full con-
formal group. This has been proven for two-dimensional QFTs [86,48],
and it has been argued to hold in d = 4 dimensions as well [50]. Fixed
points where this occurs are said to be conformal. This fact provides
an extremely useful tool for constructing examples of CFTs: it is often
sufficient to construct an RG flow and look at its fixed points when
they exist. In practice, one can begin with a free theory that does not
have any dimensionful constants, which admits a description in terms
of a classical action. This free theory is considered as a UV fixed point.
To this action, Sfree, one can add a local interaction in the following
way 17

Sfree + µd−∆Og

∫
ddxO(x) , (2.67)

where O(x) is a composite operator with classical dimension ∆O con-
structed from fields of the free theory, and µ is a mass scale that must
be introduced for dimensional reasons. If ∆O < d, the operator O is
said to be relevant, and it defines an RG flow with the free theory as its
UV fixed point. Indeed, for small values of g, one has βg ∼ (d−∆O)g,
which implies that

g(µ) ∼ g0

(
µ

µ0

)∆O−d

, (2.68)

leading to g(µ) → 0 in the UV limit as µ → ∞. One then needs
to search for real solutions to βg(g∗) = 0 other than g = 0. Such
solutions indicate the presence of a non-trivial IR fixed point. The
logic can also be reversed: starting from an IR free theory, one can

17More generally, one can add several interactions, each one with its own coupling
constant.
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add an interaction defined by an irrelevant operator with ∆O > d, and
search for non-trivial UV fixed points.

2.3.1 Defect RG flows

A similar strategy can be employed to construct dCFTs. Suppose one
has successfully identified an IR conformal fixed point along an RG
flow, triggered by the bulk action Sbulk given in (2.67). In addition to
that, one can introduce another relevant interaction localised on a linear
subspace of dimension p, which explicitly breaks Poincaré symmetry.
However, this breaking occurs in a way that is, in principle, compatible
with defect conformal symmetry

Sbulk + µp−∆̂Ôh

∫
D
dpτ Ô(τ) , (2.69)

where D is the p-dimensional support of the defect, and Ô(τ) is a com-
posite operator with classical dimension ∆̂Ô. In this case, as indicated
by the exponent in (2.69), the operator is relevant if ∆̂Ô < p. As with
usual RG flows, the two couplings g and h will run with the scale µ,
and both will become very small in the UV limit. This allows the use
of standard perturbation theory to study this flow, known as defect RG
flow, at least in the vicinity of the UV fixed point. First, correlators
of operators that are far from the defect will not be affected by the
new defect interaction. Consequently, the renormalisation of the bulk
coupling g is independent of the defect coupling h. As a result, the
beta function βg will remain the same as it would without the defect
interaction, and it will still have the same zero, g∗, as discussed in Sec-
tion 2.3. On the other hand, the renormalisation of the defect coupling
will depend on the bulk physics, hence the defect beta function will
depend non-trivially on both bulk and defect couplings: βh = βh(g, h).
To have an IR fixed point in the defect RG flow, there must exist a
real value h∗ such that βh(g∗, h∗) = 0. If an enhancement of spacetime
symmetry similar to that discussed in Section 2.3 also occurs here, the
correlators evaluated at this fixed point will correspond to those of a
dCFT.

Defects obtained in this way are often called order defects. It is also
possible to construct conformal defects by imposing boundary condi-
tions in the path integral that are compatible with defect conformal
symmetry. Such defects are known as disorder defects. Notable exam-
ples of disorder conformal defects include ’t Hooft lines (when they are
conformal) and monodromy defects. These defects will not be exam-
ined in this thesis.
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A slightly more general way to obtain a defect RG flow is to couple a
d-dimensional theory with a p-dimensional theory that lives on a linear
subspace and allows them to interact. The theories do not need to
be free, and the analysis is similar to that carried out in the previous
case. In this scenario, standard perturbation theory cannot be applied
to study the defect RG flow; however, conformal perturbation theory
can be used instead.

Finally, it is important to note that many properties of standard RG
flows also hold for defect RG flows. A particularly notable one is the
irreversibility property: this essentially states that it is not possible to
start from a CFT (or dCFT) and, through a series of (defect) RG flows,
end up in the same CFT (or dCFT) one initially started with. From
an intuitive perspective, each time a flow is followed from a UV theory
to an IR theory, information about the short-distance behaviour of the
theory is lost. This loss of information should be characterised by a
quantity that monotonically decreases along the flow. This property
has been proven for unitary homogeneous CFTs in various dimensions
by identifying such a monotonic observable [86–88]. In the case of
dCFTs, similar proofs have been established for line and surface defect
RG flows.

For a line defect, the monotonically decreasing quantity is known as the
defect entropy [24]. To define it, one must first introduce the g-function

log g(µR) = log
ZDR
Z0

, (2.70)

where Z0 and ZDR are the partition functions of the QFT and of the
QFT with a circular defect DR of radius R inserted, respectively. The
function g(µR) is essentially the expectation value of the defect DR in
the QFT, which depends non-trivially on the radius R. The g-function
turns out to be scheme dependent due to possible cosmological constant
counterterms of the form µ

∫
DR
dτ , which are linear in R. In d > 2, this

is the only possible source of scheme dependence.18 One can therefore
define the scheme-independent defect entropy as

s(µR) =

(
1−R

∂

∂R

)
log g(µR) . (2.71)

Finally, it can be shown that d
dµ
s(µR) < 0 for reflection-positive theo-

ries, leading to the result

sUV > sIR . (2.72)
18The result still holds for d = 2, modulo some additional technical details [24].
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It is important to note that, for the computation of defect entropy, the
defect must be defined on a circle rather than a straight line. Although
the two configurations are conformally equivalent in a CFT, their ex-
pectation values differ due to the presence of a conformal anomaly [89].

For a surface defect, one can define the defect free energy

F(µR) = log
ZDR
Z0

, (2.73)

where in this case ZDR is the partition function of the QFT with a
spherical defect of radius R. It can be shown that at conformal fixed
points, the defect free energy takes the form

F(µR)
∣∣
dCFT = a1 + a2(µR)

2 − b

3
log (µR) , (2.74)

where the coefficients a1 and a2 are scheme dependent, whereas b is
universal. The coefficient b is related to the Weyl anomaly coefficient.
Specifically, for a two-dimensional defect, the Weyl anomaly takes the
form

T µµ

∣∣∣
defect

= − 1

24π

(
bRΣ + d1K

µ
abK

ab
µ − d2Wab

ab
)
, (2.75)

where RΣ is the 2d Euler density, Kµ
ab is the traceless extrinsic curva-

ture, and Wab
ab is the trace of the induced Weyl tensor on the surface

Σ. The coefficient b decreases when flowing from a UV dCFT to an IR
dCFT through a defect RG flow [16]

bUV > bIR . (2.76)

Note that b is only defined at conformal fixed points, as (2.74) does not
hold away from them. However, it is possible to define a function along
the entire defect RG flow that coincides with b at fixed points and can
be argued to decrease along the flow, although no non-perturbative
proof has been found [90].
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Chapter 3

The critical O(N) model and
its defects

3.1 The critical O(N) model

A representative example of a CFT in d > 2 dimensions is the critical
O(N) model. One way to realise the critical O(N) model as a CFT
is to use the procedure outlined in Section 2.3: one can deform the
four-dimensional free theory of N massless scalar fields by a quartic
O(N)-invariant interaction and then follow the RG flow to the IR fixed
point, as it will be explained in detail in Section 3.1.1. The most sig-
nificant physical applications of these CFTs are in condensed matter
physics, where they describe the universality classes of second-order
phase transitions in various statistical systems. Notable examples in-
clude the Ising model for N = 1, the XY model and the helium super-
fluid transition for N = 2, and Heisenberg model and isotropic magnets
for N = 3.

To illustrate this point, consider the Ising model, which is defined by
the Hamiltonian

HIsing = −J
∑
⟨ij⟩

σiσj − h
∑
i

σi , (3.1)

where the variables σi live on a lattice Zd and take values ±1. The first
sum runs over nearest neighbours, and J > 0 is a positive constant.
Given the Hamiltonian (3.1), the partition function can be defined as
a function of the inverse temperature β = 1/T

Z(β) =
∑
[σ]

e−βH[σ] , (3.2)

where the sum runs over all possible configurations of σi. Observables
are given by functionals over the configuration space O[σ], and their

39
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expectation value is defined by the normalised weighted sum

⟨O⟩β =
1

Z(β)

∑
[σ]

O[σ]e−βH[σ] . (3.3)

For d = 1, the Ising model does not exhibit any phase transition. For
d > 1, the situation is more interesting, as the system develops a non-
trivial phase diagram. In the plane of thermodynamic variables (β, h),
there is a line of first-order phase transitions at h = 0 for β > βc . This
line terminates at the critical point (β, h) = (βc , 0), where a second-
order phase transition occurs. In fact, one can show that the connected
two-point function

Gβ(n) = ⟨σ0σnê⟩β − ⟨σ0⟩β⟨σnê⟩β , (3.4)

decays exponentially fast for h = 0 and β < βc , where ê ∈ Zd is a unit
vector. However, the correlation length, defined as

ξ(β) = − lim
n→∞

n

logGβ(n)
, (3.5)

diverges in the limit β → βc . A divergent correlation length is the hall-
mark of a second-order phase transition. At the critical temperature
βc , two-point functions at large distances decay as power laws, and
correlators exhibit scale invariance due to the absence of a finite corre-
lation length ξ. In the case of the Ising model (3.1), correlators at the
critical temperature βc and at large distances coincide with those of an
Euclidean CFT known as the Ising CFT. In d = 2, the Ising model is
exactly solvable [91], and the corresponding critical CFT belongs to the
class of unitary minimal models [1]. For d > 4, the Ising CFT has long
been known to be Gaussian [92,93]. A rigorous proof of Gaussianity for
the Ising CFT in d = 4 was established more recently [94]. In d = 3, the
Ising CFT is non-trivial, and its critical exponents (which are directly
related to the conformal dimensions) are not known in closed analytic
form. Various estimates of these exponents have been obtained through
Monte Carlo simulations, the conformal bootstrap, and extrapolation
from perturbation theory, see [95] for a comprehensive collection of re-
sults. Similar statements hold for the O(N)-symmetric generalisation
of the Ising model.

The Lorentzian version of the d = 3 Ising CFT also has interesting
applications. It describes phase transitions in quantum statistical sys-
tems in 2 + 1 dimensions, and, in the large N limit, it has also been
conjectured to be the holographic dual of a higher-spin Vasiliev gravity
theory on AdS4 [96].
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3.1.1 The field theory description

The O(N) model also admits a continuum description in terms of N
scalar fields ϕa, with a = 1, . . . , N . This is formulated through the
Ginzburg-Landau action

S =

∫
ddx

(
1

2
(∂µϕa)

2 +
m2

0

2
ϕaϕa +

λ0
4!

(ϕaϕa)
2

)
, (3.6)

which is manifestly O(N) symmetric. For N = 1, it can be shown
that the action (3.6) captures the long-range behaviour of the Ising
model (3.1) near the critical temperature, provided that m2

0 ∝ (β−βc)
(see [97] for a review).

To study the O(N) model at criticality, the physical mass must be
tuned to zero: m2

phys = 0. As mentioned in Section 3.1, the most phys-
ically relevant dimension is d = 3. However, in this case, the quartic
interaction term (ϕaϕa)

2 is strongly relevant, making the study of the
IR behaviour of the theory particularly challenging, as the theory be-
comes strongly coupled.

A possible solution to this problem is to use perturbation theory to
obtain an asymptotic series for certain observables, followed by resum-
mation techniques to extrapolate the results to strong coupling. For a
fixed finite value of N , this can be done in two ways. One approach
is to work directly in d = 3 (for example, using cutoff regularisation),
while keeping a general mass term in (3.6), and only later tuning to
the critical point [98]. Alternatively, one can work in d = 4− ε dimen-
sions, treating ε as a small positive parameter and using dimensional
regularisation. In this approach, the mass term can be omitted from
the beginning, and the theory remains weakly-coupled, as the quartic
interaction is only weakly relevant [99]. This allows observables to be
computed as series expansions around ε = 0, which must then be ex-
trapolated to ε = 1. The latter method, known as the ε-expansion,
is the most widely used and will be employed extensively throughout
this thesis. For a review of methods and results see [100]. Another im-
portant possibility is to work at fixed value of the dimension d, but in
the limit N → ∞. In this case, it is possible to develop a perturbative
expansion in powers of 1/N . The main advantage of this approach is
that it allows to gain some analytical control over the dimension d, with
the information extracted from this expansion being complementary to
that obtained from the ε-expansion. For a review of the large-N limit,
see [101]. Finally, it has recently been shown that it is also possible
to use a “long-range” perturbation theory, in which both d and N can
take arbitrary values. Instead, the expansion is taken in a new pa-
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rameter that continuously connects the critical O(N) CFT to a theory
of non-local generalised free fields (GFF) [102]. This provides a third
expansion, complementary to both the ε- and the large-N expansions.
Some aspects of this long-range expansion are discussed in Chapter 6.

As it was anticipated, the focus of this thesis is mostly on the ε-
expansion. Returning to the action (3.6), one can set d = 4 − ε.
Since d < 4, the interaction becomes relevant and it triggers a renor-
malisation group flow. This flow can be studied perturbatively in λ0.
To renormalise the theory, dimensional regularisation and the mini-
mal subtraction (MS) scheme will be used. The beta function of the
renormalised coupling constant λ at two loops is given by

β(λ) = µ
dλ

dµ
= −ελ+

N + 8

48π2
λ2 − 3N + 14

768π4
λ3 + O(λ4) , (3.7)

where µ is the mass scale introduced in the renormalisation process.
This flow admits the well known IR Wilson-Fisher fixed point [99],
which describes a conformal field theory. This fixed point corresponds
to the non-trivial zero of the beta function (3.7)

λ∗ =
48π2

N + 8
ε+

144π2

(N + 8)3
(3N + 14)ε2 + O(ε3) . (3.8)

In the perturbative setup, the operators of this CFT are simply the
renormalised versions of the local operators constructed using the bare
fields. For example, the renormalised field ϕa(x) is given by

ϕa(x) = Zϕ · (ϕ0)a(x) , (3.9)

where (ϕ0)a is the bare field and, in this case, the wavefunction renor-
malisation factor Zϕ is just a constant, as there is no operator mixing.
The wavefunction renormalisation can be computed by imposing the
finiteness of the correlators. In particular, at one loop, it is readily
found that

Zϕ(λ) = 1 + O(λ2) . (3.10)

From the wavefunction renormalisation, the anomalous dimension of
the field ϕa can be extracted as follows

γϕ(λ) = −µd logZϕ
dµ

= −β(λ)d logZϕ
dλ

= 0 + O(λ2) . (3.11)

The conformal dimension ∆ϕ of the operator ϕa is [95]

∆ϕ =
d− 2

2
+ γϕ(λ∗) = 1− ε

2
+ O(ε2) . (3.12)
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Note that, at this order, the conformal dimension exactly coincides
with the engineering dimension of the bare field, as the anomalous
dimension vanishes. The two-point function of the fundamental fields
at the IR fixed point is given by

⟨ϕa(x1)ϕb(x2)⟩ =
N 2
ϕ δab

|x1 − x2|2∆ϕ
, (3.13)

where the normalisation constant is

N 2
ϕ =

Γ
(
1− ε

2

)
4π2− ε

2

+ O(ε2) . (3.14)

An important family of primary operators in this CFT, which will play
a crucial role in the following sections, are the twist-two operators. The
twist of a local operator O∆,µ1...µℓ(x) with dimension ∆ and spin ℓ is
defined as τ = ∆− ℓ. Twist-two operators are those with τ = 2+O(ε),
and in the perturbative setup, they correspond to operators constructed
from two fundamental fields ϕa. For ℓ ⩾ 1, they can be interpreted as
the renormalised versions of weakly broken higher-spin currents that
are conserved in the UV free theory. Their explicit form, derived in
[103], is given by

Jαµ1...µℓ(x) = NR
ℓ P

α
ab

ℓ∑
n=0

cℓ n ∂{µ1 . . . ∂µℓ−nϕa ∂µℓ−n+1
. . . ∂µℓ}ϕb(x) ,

cℓ n =
(−1)n

n! (ℓ− n)! Γ(n+ d
2
− 1)Γ(ℓ− n+ d

2
− 1)

, (3.15)

where the brackets {·} denote traceless symmetrisation, and P α
ab is a

projector onto an irreducible representation R of O(N), labelled by the
index α = 1, . . . , dimR. Since it involves only two indices, R can be
either the singlet S, the symmetric traceless representation T , or the
antisymmetric representation A. Moreover, from the structure of the
coefficients cℓ n, one can easily verify that for even (odd) ℓ, the sum in
(3.15) is (anti-)symmetric in the indices a and b, implying that it is
non-vanishing only for the representations S and T (A).
The factor NR

ℓ ensures that the two-point function of Jαµ1...µℓ(x) is cor-
rectly normalised. The linear combination in (3.15) guarantees that
these operators form a diagonal basis with respect to the dilatation
operator, making them primary operators of the CFT.
In the spin ℓ = 0 case, there are two such operators

ϕ2(x) = N S
0 ϕaϕa(x), Tab(x) =

1
2
N T

0

(
ϕaϕb − δab

N
ϕcϕc

)
(x) . (3.16)

Their anomalous dimensions appear at first order in ε and are given by

γS,0 =
N + 2

N + 8
ε+ O(ε2) , γT,0 =

2

N + 8
ε+ O(ε2) . (3.17)
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On the other hand, for spin ℓ ⩾ 1, it can be shown (see e.g. [103]) that
all anomalous dimensions vanish at first order in ε, and only appear at
second order

γR,ℓ = 0 + O(ε2), ∀ ℓ ⩾ 1. (3.18)

This fact will be crucial in Section 4.2, as bulk anomalous dimensions
serve as the key input data required for the defect analytic bootstrap.

3.2 The localised magnetic field

A natural extension of this theory is obtained by turning on a magnetic
field along a line, thus breaking the O(N) symmetry down to O(N−1)
along the defect. This line defect, known as the localised magnetic field,
can be effectively realised on a lattice and has been studied through
Monte Carlo simulations in [28, 104]. Experimental applications are
also conceivable, either in quantum simulators [105] or in a mixture of
two liquids with a colloidal impurity [106,107,104]. Therefore, it is im-
portant to make predictions for the defect data of this critical system.
Field-theoretical studies of certain observables, either in the large-N
limit or via the ε-expansion, are available in [108, 109, 32]. In particu-
lar, [32] provides new results for certain observables in the ε-expansion,
as well as a well-defined strategy for investigating the large-N regime,
yielding consistent results across both expansions. In another study,
this defect with N = 3 was examined using numerical bootstrap tech-
niques to analyse the four-point function of defect operators [110]. Sec-
tion 4.2 will show how the defect analytic bootstrap can be applied to
this model to extract new results, following [26].

The localised magnetic field can be realised in the ε-expansion trough
a perturbative defect RG flow by adding a weakly relevant defect in-
teraction to the action (3.6)

SD = h0

∫
dτ |ẋ(τ)|ϕ1(x(τ)) , (3.19)

where x(τ) describes a line defect D as the real parameter τ varies, and
h0 is the defect coupling constant. In particular, the case where D is a
straight line (or equivalently, a circle) will be considered. This pertur-
bation explicitly breaks the O(N) global symmetry of the model down
to O(N − 1). For the free theory in four dimensions, this perturbation
provides a simple example of a conformal defect, as the operator ϕ has
dimension exactly one, and h0 is a defect marginal parameter [111]. As
the system moves away from four dimensions, the bulk theory flows
to the Wilson-Fisher fixed point, and the operator ϕ induces a weakly
relevant defect deformation (the bulk dimension is 4−ε, but the defect
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dimension remains fixed at one). Therefore, this perturbation, along
with the quartic interaction, triggers a renormalisation group flow in
the two coupling constants. This joint flow can be studied using stan-
dard diagrammatic techniques without the need for a perturbative ex-
pansion in h0, since any diagram contributing to a correlator at a fixed
order in λ will involve an insertion of h0 only up to a finite power.
Thus, h0 is not considered a small coupling constant.

To renormalise the theory, one possible approach is to define a renor-
malised defect coupling by h0 = µ

ε
2Zhh, and require that the coun-

terterms introduced by Zh =
∑

i,j,k ci,j,kh
iλj/εk precisely cancel all the

divergences in the one-point function of the renormalised bulk field
⟨ϕ1(x)⟩D. The relevant diagrams for this computation are

ϕ1 ϕ1
ϕ1

ϕ1 ϕ1

,

(3.20)

where the blue line represents the defect D, the black lines represent
free propagators, and the dots indicate defect and bulk interactions.
Once Zh has been determined, the beta function is obtained by requir-
ing that the bare coupling is independent of the renormalisation scale,
i.e. d

dµ
h0 = 0. The result is [109,32]

βh = −εh
2
+
λh3

96π2
+

λ2

(4π)4

(
N + 2

36
h−N + 8

36
h3− h5

12

)
+O(λ3) . (3.21)

From (3.21) it follows that this flow admits an IR fixed point at λ = λ∗
and at the following value of the renormalised defect coupling constant
[109,32] 1

h∗ =
√
N + 8 +

4N2 + 45N + 170

4(N + 8)
3
2

ε+ O(ε2) . (3.22)

The defect perturbation explicitly breaks the conformal symmetry group
SO(d + 1, 1) of the system at the fixed point. Since the defect D is

1As noted in [32], to calculate the value of h∗ to first order in ε, perturbations up to
two loops must be considered. However, for the purpose of computing observables of the
dCFT, the parameter of expansion is ε, and therefore results are not truncated at one or
two loops, but rather at order one in ε.



Chapter 3 – The critical O(N) model and its defects 46

chosen to be a straight line, the system remains invariant under the
defect symmetry group SO(2, 1) × SO(d − 1), which is generated by
conformal transformations on the line and rotations around the defect
D. This implies that the fixed point under consideration can be de-
scribed by a (line) dCFT.

One of the simplest observables in this dCFT is the coefficient of the
one-point function of the fundamental field ϕa(x), which was used to
renormalise the theory

⟨ϕa(x)⟩D = δa1
Nϕ aϕ
|x⊥|∆ϕ

, (3.23)

with

a 2
ϕ =

N + 8

4
+

(N2 − 3N + (N + 8)2 log(4)− 22)

8(N + 8)
ε+ O(ε2) . (3.24)

An interesting fact is that the first non-trivial term in (3.24) can be
computed through a semiclassical analysis by using the equation of
motion (EOM) of the bulk fields and assuming a symmetry-breaking
pattern O(N) → O(N − 1), without the need to compute any Feyn-
man diagrams or even formulate a defect action [37]. This is shown in
Section 3.4.2.

As explained in Section 2.2.3, there are protected defect operators asso-
ciated with the breaking of the O(N) internal symmetry by the defect.
The bulk currents associated with the broken generators are

Jµ1â(x) = ϕ1∂
µϕâ(x)− ϕâ∂

µϕ1(x) , (3.25)

where â = 2, . . . , N is an O(N−1) index. The corrected Ward identity
for these currents is

∂µJ
µ
1â(0, x⊥) = h0 ϕ̂â(0)δ

d−1(x⊥) . (3.26)

The N − 1 tilt operators ϕ̂â have protected dimension ∆̂ϕ̂â
= 1 [32].

These tilt operators provide exactly marginal deformations on the de-
fect, which can be used to navigate the defect conformal manifold
O(N)/O(N − 1) ∼= SN [78].

Similarly, there is a displacement operator arising from the non-conservation
of the stress-energy tensor in the directions perpendicular to the defect

D̂i(τ) ∼ ∂iϕ̂1(τ) , (3.27)

with protected dimension ∆̂D̂ = 2.
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3.2.1 The bulk two-point function

A particularly interesting correlator in the localised magnetic field is
the bulk two-point function of two fundamental fields, as it contains sig-
nificant dynamical information about the dCFT. Conformal and global
symmetries constrain this correlator to take the following form

⟨ϕa(x)ϕb(y)⟩D =
F1(z, z̄)δab + F2(z, z̄)δa1δb1

|x⊥|∆ϕ |y⊥|∆ϕ
, (3.28)

where the defect cross-ratios z and z̄ have already been defined in
(2.55). To obtain the block decompositions of the functions F1(z, z̄)
and F2(z, z̄), it is convenient to first refine the OPE expansions in or-
der to explicitly account for the structure of the internal symmetry of
the theory.

For the bulk channel, the OPE of two operators transforming under
the representations R1 and R2 of the internal symmetry group must
contain exchanged operators in an irreducible representation that ap-
pears in the Clebsch-Gordan decomposition of R1 ⊗R2. In the case of
the present model, for two fundamental scalar fields, the OPE can be
written symbolically as

ϕa(x)ϕb(y) =
∑
∆,ℓ,R

λabαϕϕO |x− y|∆−2∆ϕ
(
O α

∆,ℓ(y) + descendants
)
, (3.29)

where ∆ϕ is the conformal dimension of the field ϕ. The conformal
dimension and spin of the exchanged primary operator O α

∆,ℓ are la-
belled by ∆ and ℓ, respectively, and R denotes the O(N) irreducible
representations contained in the tensor product V ⊗ V of two vector
representations V , i.e. the singlet S, the symmetric traceless T , and
the antisymmetric A. The index α runs over α = 1, . . . , dimR. In
(3.29), spacetime indices have been suppressed. Since this is an OPE
between scalar operators, only operators in even spin-ℓ traceless sym-
metric representations of SO(d) can appear in the decomposition. The
tensor structure of the three-point function coefficients λabϕϕOR can be
easily written down for R = S, T,A as

λabϕϕOS = λϕϕOSδ
ab , λ

ab (cd)
ϕϕOT = λϕϕOT

(
δa(cδ

b
d) − 1

N
δabδcd

)
,

λ
ab [cd]
ϕϕOA = λϕϕOAδ

a
[cδ

b
d] , (3.30)

where the (anti-)symmetrization is taken with weight 1/2.

On the other hand, the operators appearing in the defect OPE will be
organised into O(N − 1) representations, since the O(N) symmetry is
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explicitly broken by the defect. In general, if the symmetry group G
is broken down to a subgroup H by the defect, and if a bulk operator
belongs to the representation R of G, the operators exchanged in the
defect OPE must transform in irreducible representations contained
within the branching rule of the restricted representation R(G) → R(H).
Therefore, the OPE can be written as

ϕa(x) =
∑
∆̂,s,R

b aα
ϕÔ |x⊥|

∆̂−∆ϕ
(
Ô α

∆̂,s
(x∥) + descendants

)
, (3.31)

where ∆̂ and s are the conformal dimension and the transverse spin of
the defect operator Ô α

∆̂,s
, respectively. Since ϕa(x) is a scalar, the oper-

ators exchanged in this OPE do not carry longitudinal spin. From the
branching rule V O(N) → SO(N−1) ⊕ V O(N−1), it is immediately evident
that the only allowed representations R are the singlet S and the vector
V of O(N − 1). For these two representations, the tensor structures of
the bulk-defect two-point function coefficients b aα

ϕÔ are

b a
ϕÔS

= bS,∆̂,sδ
a1 , b a b̂

ϕÔV
= bV,∆̂,sδ

ab̂ , (3.32)

where b̂ = 2, . . . , N , and δa1 and δab̂ are projectors from the represen-
tation space of V O(N) to those of SO(N−1) and V O(N−1), respectively.

These two different OPE decompositions lead to two distinct conformal
block expansions. The first is the bulk block expansion. To analyse
this, it is convenient to rewrite the bulk two-point function as

⟨ϕa(x)ϕb(y)⟩D =
FS(z, z̄)δab + FT (z, z̄)

(
δa1δb1 − 1

N
δab
)

|x⊥|∆ϕ|y⊥|∆ϕ
, (3.33)

where FS(z, z̄) and FT (z, z̄) are linear combinations of the functions
F1(z, z̄) and F2(z, z̄) introduced in (3.28) (see (A.7)). This bulk channel
decomposition is given by

FS(z,z̄)δab + FT (z, z̄)
(
δa1δb1 − 1

N
δab
)
=

=

( √
zz̄

(1− z)(1− z̄)

)∆ϕ ∑
∆,ℓ

R=S,T

λabαϕϕO a
α
O f∆,ℓ(z, z̄) ,

(3.34)

where the explicit form of the bulk conformal blocks f∆,ℓ(z, z̄) was de-
rived in [79] and is provided in Appendix A. It is important to note that
the only bulk operators that can have a non-vanishing one-point func-
tion are those for which the identity operator appears as an exchanged
operator in their defect OPE. Therefore, the allowed tensor structures
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for the coefficients aαO are obtained by projecting O(N) representations
onto the singlet SO(N−1). It immediately follows that operators in an-
tisymmetric representations have a zero one-point function. For this
reason, the sum in (3.34) is taken only over the singlet S and the sym-
metric traceless T representations of O(N). The tensor structures of
the one-point functions for R = T, S are

aOS , a
(ab)
OT = aOT

(
δa1δb1 − 1

N
δab
)
. (3.35)

Inserting (3.30) and (3.35) into (3.34) yields the following block decom-
positions

FS(z, z̄) =

( √
zz̄

(1− z)(1− z̄)

)∆ϕ∑
∆,ℓ

λϕϕOSaOSf∆,ℓ(z, z̄) ,

FT (z, z̄) =

( √
zz̄

(1− z)(1− z̄)

)∆ϕ∑
∆,ℓ

λϕϕOT aOT f∆,ℓ(z, z̄) .

(3.36)

In a similar manner, for the defect channel, it is useful to rewrite the
bulk two-point function as follows

⟨ϕa(x)ϕb(y)⟩D =
F̂S(z, z̄)δa1δb1 + F̂V (z, z̄) (δab − δa1δb1)

|x⊥|∆ϕ |y⊥|∆ϕ
, (3.37)

where, once again, F̂S(z, z̄) and F̂V (z, z̄) are linear combinations of
F1(z, z̄) and F2(z, z̄) as given in (A.7). The defect channel decomposi-
tion is

F̂S(z, z̄)δa1δb1 + F̂V (z, z̄) (δab − δa1δb1) =
∑
∆̂,s

R=S,V

b aα
ϕÔ b

b α
ϕÔ f̂∆̂,s(z, z̄) ,

(3.38)
where the explicit form of the defect conformal blocks f̂∆̂,s(z, z̄) is given
in Appendix A. Using (3.32) one gets

F̂S(z, z̄) =
∑
∆̂,s

b2
S,∆̂,s

f̂∆̂,s ,

F̂V (z, z̄) =
∑
∆̂,s

b2
V,∆̂,s

f̂∆̂,s .
(3.39)

Everything stated so far applies at the non-perturbative level. However,
further insights can be gained by examining the interplay between the
block expansions (3.36) and (3.39) and the perturbative series. For
example, consider the three-point function coefficients λϕϕO. If the
operator O is composed of an even number 2(k + 1) of fundamental
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fields, a straightforward diagrammatic argument immediately implies
that this coefficient is at least of order k in ε.2 In particular, at the first
order in ε, only operators with k = 0 or k = 1 will contribute to the
bulk block expansion of the functions FS(z, z̄) and FT (z, z̄). Moreover,
only the anomalous dimensions of operators with k = 0 are relevant
at this order, as only the classical dimensions of operators with k = 1
will contribute to the expansions. These kind of arguments will play a
central role in Section 4.2, where the two block decompositions (3.36)
and (3.39) will be used to extract defect data in the ε-expansion in an
extremely efficient way through the defect analytic bootstrap.

3.3 The magnetic impurity

Another interesting line defect is the magnetic impurity, which can
be constructed in the critical O(3) model. Magnetic impurities were
originally introduced in [29, 30] with the aim of modelling a doped
two-dimensional anti-ferromagnet at the quantum critical point. More
recently, there has been a renewed interest for these defects. In [112],
they were analysed at large N with the long-term goal of understand-
ing the interplay between symmetry protected topological phases and
quantum criticality, whereas [33] found a semiclassical description for
this defect in the limit of large spin. In [113], it was also noted how
these defects emerge in a specific scaling limit of superconformal Wil-
son lines in N = 4 SYM theory. In Section 4.3, the defect analytic
bootstrap will be applied to investigate this model, as presented in [35].

Following [33], the line defect is represented by an extended operator,
given by the trace of the following path-ordered exponential

Dj(u, v) = Pexp

(
ζ0√
κ

∫ v

u

dτ ϕa(τ)Ta

)
, (3.40)

where the factor

κ =
Γ
(
d
2

)
2πd/2(d− 2)

, (3.41)

is introduced for future convenience.
For compactness, ϕa(τ) ≡ ϕa(τ, 0, . . . , 0) is used. The focus will primar-
ily be on the infinite defect Dj ≡ Dj(−∞,∞), although occasionally it
will be useful to consider the finite version given by (3.40). The matri-
ces T a form a spin-j representation of su(2), or equivalently, they are

2In the case of an odd 2k + 1 number, the coefficient simply vanishes due to represen-
tation theory reasons.
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(2j + 1) × (2j + 1) matrices.3 The matrices are normalised such that
the commutation relations and Casimir operator satisfy

[T a, T b] = iϵabcT c , TaTa = j(j + 1) . (3.42)

The defect TrDj manifestly preserves the connected component of the
O(3) global symmetry, and consequently, it can be realised on the lat-
tice by inserting a spin-j impurity that interacts with other lattice sites
through SU(2)-preserving interactions.4 The coupling ζ0 is marginally
irrelevant in four dimensions, but it becomes relevant for d < 4, causing
the system to flow to a non-trivial interacting dCFT in IR. Interest-
ingly, this dCFT remains perturbatively non-trivial even when the bulk
is tuned to the free-theory point λ0 = 0. However, it will be shown
in Section 4.3 using non-perturbative arguments that such a dCFT for
the free bulk theory does not exist at the value ε = 1, or equivalently,
d = 3.

3.3.1 Defect β-function for free and interacting bulks

For the magnetic impurities of interest, the β-function has been com-
puted up to two loops in [114,115]. The procedure, as usual, is to select
a specific observable and renormalise the coupling ζ0 so that the result
is UV-finite. Since the focus is on the UV behaviour of the theory
for the purposes of renormalisation, a finite line defect τ ∈ [u, v] can
be considered. The UV-finiteness condition is imposed on the vertex
operator

V(x) =
Tr
〈
ϕa(x)T

aDj(u, v)
〉

Tr
〈
Dj(u, v)

〉 , (3.43)

where ϕa(x)T a is inserted in the trace, but it is placed in a point x in
the bulk.

Free bulk

Consider the case of a free bulk, where the bulk operator ϕa(x) does
not renormalise. In this scenario, all the divergences in (3.43) can be

3Note that the Lie algebra isomorphism su(2) ∼= so(3) is what allows the construction of
this defect. A straightforward generalisation of this defect for the O(N) vector model is not
possible; however, an analogous defect can be constructed for bulk scalars in the adjoint
representation of O(N). The defect action (3.40) also admits different representations
which can lead to interesting generalisations, as it is explained in Appendix A of [37].

4Strictly speaking, in the definition of the defect, the trace is taken over the represen-
tations of SU(2) rather than O(3), in order to allow for half-integer values of j. At the
level of the algebra, this distinction makes no difference. This subtlety will be ignored in
the following, as it does not affect the results.
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attributed to the renormalisation of the coupling ζ0. The details of the
computation are provided in Appendix B.2. Only the final result is
presented here, which has been computed for the first time up to order
ζ7 in [35]. In the MS scheme, the relationship between the bare and
renormalised coupling is given by

ζ0 =µ
ε/2ζ

(
1 +

ζ2

ε
− ζ4

2ε
+

3ζ4

2ε2
+
ζ6

3ε

(
2− π2

(
j(j + 1)− 1

3

))
− 11ζ6

6ε2
+

5ζ6

2ε3
+ O(ζ8)

)
.

(3.44)

From the usual condition that the bare coupling does not depend on
the renormalisation scale µ, namely dζ0/dµ = 0, one extracts the beta
function

βζ = −ε
2
ζ + ζ3 − ζ5 +

(
2− π2

(
j(j + 1)− 1

3

))
ζ7 + . . . (3.45)

An interesting observation is that, starting at O(ζ7), the β-function
depends on the spin j. This presents an obstacle towards the resum-
mation of the perturbative series, even for the case of a free bulk.
However, for large spin j, a double-scaling limit can be taken in which
ζ → 0, j → ∞, and ζ2j is kept fixed. The β-function in this limit was
computed in [33], and the result of [35] presented in this section is in
perfect agreement for large j. The fixed point equation β(ζ) = 0 can
be solved perturbatively in ε, leading to a defect fixed point for

ζ2∗ =
ε

2
+
ε2

4
+

(
j(j + 1)− 1

3

)
π2ε3

8
+ O(ε4) . (3.46)

For ε > 0, a non-trivial fixed point exists, even though the bulk is free.
The existence of this fixed point in three dimensions, i.e. for ε → 1,
was questioned in [33] based on a large spin analysis. In Section 4.3, it
will be demonstrated that this fixed point is, in fact, trivial.

Interacting bulk

For an interacting bulk, pushing the calculation to higher orders in
perturbation theory is more challenging due to the presence of diagrams
with quartic bulk interactions. In the case of the interacting bulk, it is
found (see appendix B.2.6) that

ζ0= µε/2ζ

(
1 +

ζ2

ε
− ζ4

2ε
+

3ζ4

2ε2
+

5λ2

72(4π)4ε
+

(
j(j + 1)− 1

3

)
ζ2λ

48ε
+ . . .

)
.

(3.47)
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From this it is possible to extract the β-function [29,30,116]

βζ = −ε
2
ζ + ζ3 − ζ5 +

5

36

ζλ2

(4π)4
+

(
j(j + 1)− 1

3

)
ζ3λ

24
+ . . . (3.48)

After setting the bulk coupling to the fixed-point value λ∗, one can
solve perturbatively the equation βζ(ζ∗, λ∗) = 0, finding

ζ2∗ =
ε

2
+ ε2

(
29

121
− π2

11

(
j(j + 1)− 1

3

))
+ O(ε3) . (3.49)

Notice that in the interacting theory, the dependence on j appears al-
ready at order ε2. Moreover, it is also noteworthy that, both in the
free and interacting bulk cases, the defect coupling constants at the
fixed point, as given in (3.46) and (3.49), are perturbatively small. In
contrast, in the case of the localised magnetic field discussed in Section
3.2, this was not the case, as can be seen in (3.22).

When the bulk and defect couplings are tuned to their fixed-point val-
ues, an interacting dCFT is obtained. While the bulk spectrum remains
clearly unaffected by the presence of the defect, it is of interest to ex-
plore in greater detail how to characterise the defect operators. This is
addressed in Section 3.3.3.

3.3.2 Correlators and discrete symmetries

In equation (3.40), the line defect is introduced through the path-
ordering operation. Explicitly, this corresponds to the definition

Dj(u, v) =
∞∑
n=0

ζn0
κ
n
2

∫
u<τ1<···<τn<v
dτ1 . . . dτn ϕa1(τ1) . . . ϕan(τn)T

a1 . . . T an . (3.50)

In particular, (3.50) allows to map correlators of the defect theory to
those of the homogeneous theory. The simplest correlation functions
in the presence of Dj involve insertions of bulk operators as follows

⟨O1(x1) . . .On(xn)⟩Dj =
⟨O1(x1) . . .On(xn) TrDj⟩

⟨TrDj⟩
, (3.51)

where recall that Dj = Dj(−∞,∞) is the infinite length defect.

However, this is not the most general possibility. In fact, one can
define operators Ô(τ) that live on top of the defect. As will become
evident in Section 3.3.3, defect operators in this model can, in principle,
be matrix-valued (with matrices having the same dimension as the
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generators T a). Therefore, for the most general correlators of defect
operators, the path-ordering must be sliced as follows

⟨Ô1(τ1) . . . Ôn(τn)⟩Dj =

=
⟨Tr
[
Dj(−∞, τ1)Ô(τ1)Dj(τ1, τ2)Ô(τ2) . . . Ô(τn)Dj(τn,∞)

]
⟩

⟨TrDj⟩
.

(3.52)

Note that defect operators are not necessarily matrix-valued. For ex-
ample, with a single fundamental field ϕ one can build two distinct
operators

Ôa
1(τ) = ϕa(τ, 0, . . .) , Ô2(τ) = ϕa(τ, 0, . . .)Ta . (3.53)

When Ôa
1 is inserted into correlation functions, it can be factored out-

side the trace, whereas Ô2 is a matrix and thus interacts non-trivially
with the trace. Many examples of defect operators are provided in
Section 3.3.3.
An important point when dealing with defect correlators, is that they
depend on the coordinate of a defect operator Ô(τ) also through the
endpoints of the neighbouring defect operators Dj(·, τ) and Dj(τ, ·), as
it is clear by looking at the right hand side of (3.52). For this reason,
it is convenient to introduce a defect covariant derivative

Dj(u, τ)DτÔ(τ)Dj(τ, v) ≡
d

dτ

(
Dj(u, τ) Ô(τ)Dj(τ, v)

)
, (3.54)

From this one readily finds

DτÔ(τ) = ∂τÔ(τ) +
ζ0√
κ
ϕa(τ)

[
Ta, Ô(τ)

]
. (3.55)

This covariant derivative is really analogous to the one introduced in
the case of Wilson lines (see e.g. [117]).

Finally, it is possible to consider correlators that contain a mix of bulk
and defect operators, and their correlators are given by the obvious
generalisation of (3.51) and (3.52).

Once correlators have been properly defined, it is interesting to look
at which discrete symmetries are preserved by the defect, because they
imply selection rules, and they also help in the classification of defect
operators. The bulk theory, both in the free and in the interacting
case, is invariant under time reversal symmetry 5 and under a global

5In the context of defects, the inversion of the defect coordinate is also known as
S-parity [118,76].
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Z2 symmetry

Tt : ϕ
a(τ, x⊥) 7→ ϕa(−τ, x⊥) ,

TZ2 : ϕ
a(τ, x⊥) 7→ −ϕa(τ, x⊥) .

(3.56)

By a symmetry of the defect theory, one usually means that the cor-
relators in the left hand side of (3.51) are invariant under the action
of the symmetry generators. A sufficient condition for this to happen
is that the generator of a symmetry of the homogeneous theory also
leaves invariant the trace of the defect operator TrDj. This is exactly
what happens to the SU(2) global symmetry. On the contrary, the
generators TZ2 and Tt clearly modify the defect. It is straightforward
to see that the net effect of TZ2 is to change the sign of the defect
coupling constant [112]

TZ2 D
ζ
j = D−ζ

j , (3.57)

where D ζ
j is the defect extended operator with coupling constant ζ.

On the other hand, Tt flips the signs of the arguments of all the fields
in (3.50). However, by a convenient change of integration variables
and name redefinitions, this is equivalent to reversing the order of the
generators inside the trace. For generators of representations of su(2),
the following relation holds 6

Tr (T an . . . T a1) = (−1)n Tr (T a1 . . . T an) . (3.58)

From this it follows that also Tt is tantamount to a change in the sign
of the defect coupling constant

Tt TrD ζ
j = TrD−ζ

j . (3.59)

At this point one can define a modified time reversal symmetry for the
defect theory by asking that the fundamental fields are odd under this
symmetry

T̄t = TZ2 ◦ Tt : ϕa(τ, x⊥) 7→ −ϕa(−τ, x⊥) . (3.60)

Now, T̄t is both a symmetry of the homogeneous theory and leaves
TrD ζ

j invariant (it changes the sign of ζ twice). Therefore, it is also
a symmetry of the defect theory. To obtain useful selection rules, it is
necessary to understand how this symmetry acts on defect operators.
This will be briefly discussed in section 3.3.3, after a general under-
standing of the defect operators in this model has been established.

6This is due to the facts that the generators T a are taken to be Hermitean and that
the su(2) representation given by the complex conjugated generators (T a)∗ is equivalent
to the original one, so that (T a)T = P T a P−1 for some matrix P .
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3.3.3 The defect spectrum

In this section, the spectrum of operators living on top of the magnetic
impurity defect is studied, following the analysis presented in [35]. The
motivation is that, for the efficient application of bootstrap techniques,
it is helpful to know what defect operators can contribute to different
OPE decompositions. It is useful to start from the free-bulk theory,
because the spectrum is simpler and Ward identities protect several
defect operators. When the bulk interaction is introduced in the ε-
expansion, the dimension of these operators is modified by additional
terms proportional to powers of λ∗, which is perturbatively small. This
approach allows to understand the perturbative definition of these op-
erators, which is surprisingly non-trivial in certain cases. This, in turn,
provides insight into how to list all possible defect operators within
perturbation theory.

The defect spin operator

As pointed out in [33], an interesting Ward identity is obtained by
considering the shift of the fields ϕa(x) → ϕa(x)+ca for some constants
ca. This is a symmetry of the free-bulk theory without the defect.
The Noether currents for these symmetries are Jµa (x) = −∂µϕa(x),
and their conservation is equivalent to the equations of motion since
0 = ∂µJ

µ
a (x) = −□ϕa(x). The defect interaction breaks explicitly the

shift symmetry, so the conservation equation is modified by a term
localised on the defect

∂µJ
µa(0, x⊥) = − ζ0√

κ
Ŝa0 (0) δ

d−1(x⊥) , (3.61)

where the minus sign is introduced for future convenience. Note that
the bulk fundamental fields ϕa do not renormalise since the bulk is
free. Introducing renormalisation factors such that Ŝa0 = ZŜ Ŝ

a and
ζ0 = µ

ε
2Zζ ζ, then it follows that in the MS scheme

ZŜ = Z−1
ζ , (3.62)

at all orders in perturbation theory, since the right hand side of (3.61)
must be finite. In particular, (3.61) holds even when renormalised
quantities are substituted for the bare ones.7 The operator Ŝa, respon-
sible for the symmetry breaking, is a defect primary operator at the
fixed point and is referred to as the defect spin operator. As discussed

7More precisely, for renormalised quantities, one would have ∂µJ
µa(0, x⊥) =

−µ
ε
2 ζ√
κ

Ŝa(0) δd−1(x⊥). In this thesis, the scale factor µ is often set to one, as is cus-
tomary in the CFT literature, since the correlation functions at the fixed point depend on
µ in a trivial way.
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in [33], the above Ward identities protect its dimension, which is given
by ∆̂Ŝ = ε/2.8 The explicit form of the defect spin operator Ŝa in the
perturbative setup can be derived via the Schwinger-Dyson equations.
To do this, it is convenient to think of the defect as contributing an
extra term to the full action S = Sbulk + Sdefect, where

Sdefect = − logTrDj . (3.63)

Inside correlation functions it must hold

□ϕa(τ, x⊥) =
δSdefect

δϕa(τ, x⊥)
=

= − ζ0√
κ
δd−1(x⊥)

Tr
(
Dj(−∞, τ)TaDj(τ,∞)

)
TrDj

.

(3.64)

Therefore, comparing with (3.61) one finds that correlators involving
a defect spin operator Ŝa0 (τ) inserted at a point τ lying on the defect
satisfy

⟨O1(x1) . . . Ŝ
a
0 (τ) . . .On(xn)⟩Dj =
= −⟨O1(x1) . . . T

a(τ) . . .On(xn)⟩Dj ,
(3.65)

where the right hand side has to be interpreted in the same sense as
(3.52). In the following, this relation is written as

Ŝa(τ) = −Z−1

Ŝ
Ta(τ) . (3.66)

In this sense, the Ŝa operators in perturbation theory are just normal
matrices which acquire an anomalous dimension once they are inserted
into the defect.9

Another notable consequence of (3.61) is that it can be rewritten as

□ϕa(0, x⊥) =
ζ√
κ
Ŝa(0) δ

d−1(x⊥) , (3.67)

and this equation can be easily inverted

ϕa(0, x⊥) =
√
κ ζ

∫
dτ

Ŝa(τ)

(|x⊥|2 + τ 2)1−
ε
2

+ ϕ free
a (0, x⊥) , (3.68)

8This result can also be derived using diagrammatic methods, as originally shown
in [29].

9Similar non trivial constant operators have already appeared in the literature, see
for example [119, 120]. In the present case, this unfamiliar situation could be avoided by
considering an equivalent representation of the defect in terms of one dimensional fermions.
From that point of view Ŝa can be realised as a regular fermion bilinear operator.
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where ϕ free
a represents a free field that does not interact with the defect.

In particular, correlators involving fundamental fields and their orthog-
onal derivatives (both in the bulk and on the defect) can be reduced to
defect integrals of correlators involving Ŝa (not necessarily at the fixed
point), as it will be demonstrated in the following (see e.g. (3.84) and
(3.109)).

It is important to understand what are the conformal descendants of
the operator Ŝa at the fixed point. Such descendants are obtained by
acting with the defect covariant derivative defined in (3.55). In the
case of the Ŝa operator, one gets

Dτ Ŝ
a(τ) = −i ζ0√

κ
ϵabcϕbTc(τ) , (3.69)

where the generator on the right hand side has to be inserted inside the
path ordering, similarly to (3.65). This example illustrates that, in this
setup, determining whether an operator is primary can be challenging.
Although (3.69) contains no ∂τ derivatives, it is, in fact, a descendant.

Once the bulk quartic interaction is turned on, the shift symmetry is
explicitly broken in the bulk, hence the above analysis does not apply.
Nevertheless, it still makes sense to consider the Ŝa operators defined
by (3.65). The dimension of these operators is no longer protected, and
since it is classically vanishing, one has

∆̂Ŝ =

(
βζ
∂ logZŜ
∂ζ

+ βλ
∂ logZŜ
∂λ

)∣∣∣∣
ζ∗,λ∗

, (3.70)

where now ZŜ depends also on the bulk coupling constant λ. Inter-
estingly, up to two loops in perturbation theory ZŜ does not receive
any divergent corrections from the bulk interaction.10 Therefore, in the
interacting case one can still write

ZŜ =
(
Zζ |λ=0

)−1
+ O(ζ2λ2, ζ4λ) , (3.71)

This is sufficient to compute the first correction to the dimension ∆Ŝ

using only the result for the β-function in the interacting case, without
10One way to see this is noting that diagrammatically no propagator can be attached

to the operator Ŝa, since in the definition (3.66) there are no fundamental fields. This
implies that any contribution that involves both the defect and the bulk interaction either
comes from a correction to bulk propagators and is at least of order O(ζ2λ2), or has at
least four internal legs attached to the defect and is at least of order O(ζ4λ).
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having to do any further diagrammatic computation [29]

∆̂Ŝ = βζ
∂ logZŜ
∂ζ

∣∣∣∣
ζ∗,λ∗

+ O(ε3) =

=
ε

2
− ε2

(
5

484
+
π2

11

(
j(j + 1)− 1

3

))
+ O(ε3) .

(3.72)

Correlators of defect spin operators in perturbation theory

Once the explicit form of the defect spin operator in perturbation the-
ory is known, it is possible to evaluate correlators using standard dia-
grammatic techniques. This section is devoted to the computation of
the two-point function ⟨Ŝa(τ1)Ŝb(τ2)⟩Dj at two loops, both in the free
and interacting bulk cases. The overall normalisation of the two-point
function in free theory has a physical meaning, since the normalisation
of Ŝ is fixed by its definition (3.61), and in fact this normalisation will
be useful later.

Neglecting the renormalisation factors for the moment, this two-point
function is the expectation value of the defect with generators Ta and
Tb inserted at τ1 and τ2, respectively. Since in (3.52) one needs to divide
by the defect expectation value, traces can be normalised by dividing
by 2j+1, which is the classical expectation value. Moreover, it is con-
venient to define the “connected part” of a diagram as what remains
after one subtracts all contributions that are products of lower order
diagrams, or pieces that contain “defect bubbles”. Using this terminol-
ogy, the defect correlator is the sum of all connected diagrams.

The leading order term is given by the following diagram

Ŝa
τ1

Ŝb
τ2

(3.73)

where the blue line represents the defect and the blue points indicate
that a generator has to be inserted into the trace. Since there are no
lower order diagrams, this diagram is already connected, and it gives

I(0)c (τ1, τ2) =
1

2j + 1
Tr (TaTb) =

j(j + 1)

3
δab. (3.74)

At one loop there are only two diagrams contributing to the connected
term (all other diagrams exactly factor into an order zero diagram times
a piece of a one-loop bubble and they have to be subtracted)

Ŝa
τ1

Ŝb
τ2

Ŝa
τ1

Ŝb
τ2

(3.75)
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where the additional blue points indicate interactions with a generator
insertion and the black line represents a free propagator. In d = 4− ε
dimensions the free propagator reads

⟨ϕa(x1)ϕb(x2)⟩
∣∣
λ=0

=
κ δab

|x1 − x2|2−ε
, (3.76)

where κ was defined in equation (3.41). The interactions have to be
integrated along the defect, but without crossing any other generator
insertions. These two diagrams have the same color factor, given by

I(1) ∼ 1

2j + 1
Tr (TcTaTcTb) =

j(j + 1)(j(j + 1)− 1)

3
δab . (3.77)

From these diagrams, one still needs to subtract the product of the
order zero diagram times pieces of one-loop “defect bubbles”, which
have the same kinematical integral but color factor given by

I(0)c × bubbles(1) ∼ 1

(2j + 1)2
Tr (TaTb) Tr (TcTc) =

j2(j + 1)2

3
δab .

(3.78)
Therefore, one gets

I(1)c (τ1, τ2) = −ζ20
j(j + 1)

3
δab

( ∫
−∞<τ<τ1<τ ′<τ2

dτ dτ ′

|τ − τ ′|2−ε

+

∫
τ1<τ<τ2<τ ′<+∞

dτ dτ ′

|τ − τ ′|2−ε

)
.

(3.79)

After performing the trivial integrals, one finds

I(1)c (τ1, τ2) = −2 ζ20 j(j + 1)

3(1− ε)ε
|τ1 − τ2|ε δab . (3.80)

As expected, this contribution has a pole for ε → 0, since this com-
putation is for the bare two-point function At the next order, there
are many diagrams that contribute to this two-point function, but the
computation goes on in a similar way, and it is carried out explicitly in
Appendix B.2.7. It is interesting to note that the same diagrams con-
tribute to the free and interacting bulk cases. The reason is that, at
the order under consideration, the only new diagram in the interacting
case would be a mass correction to the bulk propagator, which is set
to zero. Once all the diagrams are evaluated, one introduces the wave-
function renormalisation coefficient ZŜ and rewrites the bare coupling
constant in terms of the renormalised one, while keeping in mind that
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ZŜ = Z−1
ζ . Then, imposing finiteness of Z−2

Ŝ
⟨Ŝa0 (τ1)Ŝb0(τ2)⟩Dj at this

order in the coupling constant yields

ZŜ = 1− ζ2

ε
− ζ4

2ε2
+
ζ4

2ε
+ O(ζ6). (3.81)

Putting everything together, the renormalised two-point function eval-
uated at the free bulk fixed point (3.46) is

⟨Ŝa(τ1)Ŝb(τ2)⟩Dj =
NŜ

|τ1 − τ2|2∆̂Ŝ
· δab
3
, (3.82)

where ∆̂Ŝ = ε/2 and

NŜ = j(j + 1)

(
1− ε+ ε2

12 + π2

24

)
+ O(ε3) . (3.83)

Clearly, by conformal symmetry and by the fact that Ŝa is protected,
one already knows that (3.82) holds at the non-perturbative level. The
above computation is nevertheless necessary to determine the constant
NŜ.

11

This result, along with (3.68), can be used to compute the bulk-to-
defect two-point function between ϕa and Ŝb

⟨ϕa(0, x⊥)Ŝb(0)⟩Dj =
√
κ ζ

∫
dτ

⟨Ŝa(τ)Ŝb(0)⟩Dj
(τ 2 + |x⊥|2)1−

ε
2

, (3.84)

which is exact in the free-bulk theory.12 Using (3.82), solving the inte-
gral and evaluating at the fixed point yields

⟨ϕa(0, x⊥)Ŝb(0)⟩Dj =

=
δab

3 |x⊥|
·
√
κ ζ∗NŜ

√
π Γ
(
1−ε
2

)
Γ
(
1− ε

2

) ≡ δab

3 |x⊥|
bϕŜ .

(3.85)

Interestingly, the above correlator contains a factor Γ
(
1−ε
2

)
that di-

verges in the ε → 1 limit. At this stage, it is still unclear whether the
divergence could be cured by the ε-dependent term ζ∗NŜ. Neverthe-
less, this should be taken as a hint that the theory is sick for ε = 1,
i.e. in three dimensions, as it will be proved in Section 4.3.

11Note that the normalization of Ŝa is already fixed from the bulk through the Ward
identity (3.67).

12As long as one is interested in computing the correlator at the fixed point, it is enough
to evaluate it with vanishing parallel distance between the operators. The kinematics is
already fixed by conformal symmetry.
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When the bulk interaction is turned on, using (3.49) and (3.72) one
obtains

NŜ = j(j+1)

(
1−ε+ε2

(
1512− 55π2

2904
+

2π2j(j + 1)

11

))
+O(ε3) .

(3.86)

The displacement operator and the defect stress-energy tensor

In a similar way, one can consider the Ward identity given by the
translational invariance of the bulk theory, as outlined in 2.2.3. The
defect explicitly breaks this symmetry and the conservation of the bulk
stress-energy tensor is also modified by a term localised on the defect
[24,17]

∂µT
µν(0, x⊥) = −

(
δνi D̂

i(0) + ∂τx
ν(0) ∂τ T̂Dj(0)

)
δd−1(x⊥) , (3.87)

where xν(τ) is the embedding function that describes the defect and τ
is the coordinate that parametrises the line. D̂i and T̂Dj are two defect
operators, each of which will be discussed below.

D̂i is called the displacement operator and it is a primary operator.
By the above Ward identity, it has protected dimension ∆̂D = 2. The
explicit expression for the bare displacement operator can be derived
by considering the variation of the action with respect to xi(τ)

D̂i
0(x(τ)) =

1

|ẋ(τ)|
δSdefect

δxi(τ)
. (3.88)

Computing this functional derivative and at the end evaluating at unit
speed parametrization of the flat defect one finds 13

D̂i
0(τ) =

ζ0√
κ
∂iϕa(τ)

Tr
(
Dj(−∞, τ)TaDj(τ,∞)

)
Tr Dj

. (3.89)

In terms of correlators, the bare displacement operator inserted at a
point τ lying on the defect satisfies

⟨O1(x1) . . . D̂
i
0(τ) . . .On(xn)⟩Dj =

=
ζ0√
κ
⟨O1(x1) . . . ∂

iϕa(τ)Ta . . .On(xn)⟩Dj .
(3.90)

This will just be rewritten as

D̂i(τ) ∼ ∂iϕ
aTa(τ) . (3.91)

13Note that one needs to first reintroduce the arc length element |ẋ(τ)| in the integral
of the defect action (3.63) since a generic variation of the embedding spoils the unit speed
parametrisation.
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Note that this analysis holds regardless of whether the bulk is interact-
ing or not, since the bulk stress-energy tensor is nevertheless conserved.

The other operator that appears in the Ward identity (3.87) is the
defect stress-energy tensor T̂Dj . By the Ward identity, it has protected
dimension ∆̂T̂Dj

= 1. The existence of such operator breaks conformal
invariance on the line defect, therefore it must vanish at the fixed point.
In this model, the defect stress-energy tensor reads 14

T̂Dj (τ) =
βζ√
κ
Φ̂(τ) , (3.92)

where for future convenience it is defined Φ̂(τ) = ϕaT
a(τ).15 Using the

definition of conformal dimension µ∂Ô
∂µ

= −∆̂ÔÔ and the fact that T̂Dj
is protected, it follows

∆̂Φ̂ = 1 +
∂βζ
∂ζ

+
βλ
βζ

∂βζ
∂λ

. (3.93)

This formula is exact and holds both for the case of free and interacting
bulk theories. A consequence of the last equation and the definition of
the anomalous dimension of Φ̂ in terms of the wavefunction renormal-
isation of the operator is that in free theory

ZΦ̂ = − 2βζ
ε ζ Zζ

. (3.94)

Finally, using the expression for the beta function in the free bulk
theory (3.45) and the value of ζ at the critical point, one obtains the
conformal dimension of the defect operator Φ̂

∆̂Φ̂ = 1 + ε− ε2

2
+
ε3

2

(
1− π2

(
j (j + 1)− 1

3

))
+ O(ε4) . (3.95)

One can do the same in the interacting case, where

∆̂Φ̂ = 1 + ε− ε2
(
257

484
− 4π2

11

(
j(j + 1)− 1

3

))
+ O(ε3) . (3.96)

14For a generic line defect with a Lagrangian of the form Ldefect = gÔ, the defect stress
tensor reads T̂ = βgÔ. This follows from the more general result ∂νT

ν
µx

µ = βi
∂L
∂gi

, which
is a consequence of Noether’s theorem applied to the renormalized Lagrangian in the case
of scale transformations.

15Here and in the rest of this paper it is assumed that defect operators with generator
insertions have to be interpreted in the sense of (3.65) and (3.89).
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Correlators of Φ̂

The one-loop two-point function of Φ̂ is computed here, both in the free
bulk and interacting bulk cases. This computation, besides providing a
sanity check of the arguments of the previous section, it also shows how
correlators of operators composed both of generators insertions and of
fundamental fields are evaluated in practice.

At tree level there is only one diagram

Φ̂ Φ̂
= j(j + 1)

κ

|τ1 − τ2|2−ε
. (3.97)

At one loop one finds two kind of connected diagrams: the two opera-
tors can be either connected by a free bulk propagator, or they interact
with the defect. Note that even in the interacting bulk case there are
no other diagrams, since bulk interactions contribute only at the next
order. The first kind of diagrams are

(3.98)

the computation of these integrals is analogous to the one for the op-
erators Ŝa of (3.75), with the only difference that now everything is
multiplied by a free propagator. The result is

I
(1)
1 (τ1, τ2) = −

ζ20 j(j + 1)Γ
(
2− ε

2

)
π2− ε

2 (2− ε)(1− ε) ε |τ1 − τ2|2−2ε
. (3.99)

The other diagrams are those where the two operators interact with
the defect. There are twelve of them and they come with two different
color structures: eight diagrams with Tr (TaTaTbTb) ∼ j2(j + 1)2 and
the remaining four with Tr (TaTaTbTb) ∼ j(j+1)(j2 + j− 1). The sum
of all the diagrams contains a piece proportional to j2(j+1)2 which is a
sum of the ordered integral of two propagators over all possible orders,
hence giving κ2

∫
dσ1 |σ1− τ1|−2+ε

∫
dσ2 |σ2− τ2|−2+ε which vanishes in

the chosen regularisation. Hence one is left with the evaluation of the
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following four diagrams

= −
ζ20 j(j + 1)Γ (2− 2ε) Γ

(
1− ε

2

)
Γ (ε)

4π2− ε
2 (1− ε)Γ (2− ε) |τ1 − τ2|2−2ε

,

= −
ζ20 j(j + 1)Γ

(
1− ε

2

) (
Γ (ε)2 − Γ (2ε− 1)

)
8π2− ε

2 (1− ε)3Γ (−2 + 2ε) |τ1 − τ2|2−2ε
,

= −
ζ20 j(j + 1)Γ

(
1− ε

2

)
4π2− ε

2 (1− ε)2 |τ1 − τ2|2−2ε
,

= −
ζ20 j(j + 1)Γ (2− 2ε) Γ

(
1− ε

2

)
Γ (ε)

4π2− ε
2 (1− ε)Γ (2− ε) |τ1 − τ2|2−2ε

.

(3.100)

Summing all the contributions, introducing the wavefunction renormal-
isation coefficient ZΦ̂ and imposing finiteness of Z−2

Φ̂
⟨Φ̂(τ1)Φ̂(τ2)⟩Dj at

one loop, one gets

ZΦ̂ = 1− 3 ζ2

ε
+ O

(
ζ4, ζ2λ, λ2

)
,

γΦ̂|ζ∗,λ∗ = βζ
∂ logZΦ̂

∂ζ

∣∣∣∣
ζ∗,λ∗

+ O(ε2) =
3

2
ε+ O(ε2) .

(3.101)

The renormalised two-point function evaluated at the fixed point is

⟨Φ̂(τ1)Φ̂(τ2)⟩Dj =
NΦ̂

|τ1 − τ2|∆̂Φ̂

, (3.102)

where both in the free bulk and in the interacting bulk case

NΦ̂ =
j(j + 1)

4π2

(
1 + ε

(
−2 +

γE
2

+
log π

2

))
+ O(ε2) ,

∆̂Φ̂ = 1 + ε+ O(ε2) .

(3.103)

General defect operators

The defect spin and the displacement operators arose as defect correc-
tions to Ward identities. It is natural to ask whether there are other
defect operators with protected dimensions that can be obtained in this
way. In particular, in the bulk-free theory there exists an infinite tower
of conserved higher spin currents (3.15).16 Their dimension (in the free
theory) is ∆Js+1 = s+ 1− ε. From the modified Ward identity

∂νJabνµ1...µs(0, x⊥) =
ζ0√
κ
Ĵabµ1...µs(0) δ

d−1(x⊥) , (3.104)

16For s = 0, up to an antisymmetric tensor one just gets the Noether current associated
to the SU(2) global symmetry: Jaµ ∼ ϵabcϕb∂µϕc, which is conserved also in the defect
theory.
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one immediately finds a tower of defect operators that at the fixed
point have protected dimension ∆̂Ĵs

= s + 1 ∈ N. Their explicit form
can be determined by a computation analogous to the one of the defect
spin operator. In equation (3.104), one gets defect primary operators
only when all the free spatial indices are taken to be orthogonal to the
defect, since derivatives parallel to the defect give rise to descendants.
Therefore, it is enough to consider Ĵabi1...is , which clearly has orthogonal
spin s. As for color indices, it is convenient to think in terms of so(3)
rather than su(2). For even s, the two color indices must be in the
antisymmetric representations; this is equivalent to the vector repre-
sentation Ĵai1...is . For odd s, the representations can be the traceless
symmetric Ĵ{ab}

i1...is
and the singlet Ĵi1...is . Like in the case of the defect

spin operators, when the bulk interaction is turned on, these higher
spin currents are weakly broken and their dimensions will get correc-
tions starting at second order in ε.

It is possible to obtain more information on the defect spectrum by
looking at Ward identities for particular correlators. Following [121],
consider the bulk-to-defect two-point function of ϕ and ϕ̂, which by
conformal symmetry must take the form

⟨ϕa(0, x⊥)ϕ̂b(0)⟩Dj =
bϕϕ̂

|x⊥|∆ϕ−∆̂ϕ̂|x⊥|2∆̂ϕ̂
δab . (3.105)

Specialising to the free-bulk case and acting with the Laplacian □x at
a point away from the defect x, one finds

0 = ⟨□ϕa(0, x)ϕ̂b(0)⟩Dj

= (∆̂ϕ̂ +∆ϕ − 1)(∆̂ϕ̂ −∆ϕ)
bϕϕ̂

|x⊥|∆ϕ−∆̂ϕ̂+2|x⊥|2∆̂ϕ̂
δab ,

(3.106)

and since from an immediate tree-level diagram computation one knows
that ∆̂ϕ̂ = 1 + O(ε) and that bϕϕ̂ ̸= 0, it must be that ∆̂ϕ̂ = ∆ϕ holds
at the non-perturbative level. The same argument can be applied to
the transverse spin-s operators Ô a

i1...is
∼ ∂i1 . . . ∂isϕ̂

a. One readily finds
that their exact dimension is ∆̂s = ∆ϕ + s. Again, those dimensions
will receive correction in the interacting bulk case, starting always at
second order in ε.

In this Section, it has been shown that in this theory there are some
defect operators such as the defect spin and the displacement operator
that include in their definition the insertion of a generator Ta, and thus
are matrix-valued. This suggests that a generic local defect operator
is a 2j + 1× 2j + 1 Hermitian matrix, with entries that are composite
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operators made of fundamental fields and their derivatives. Their cor-
relators are given by (3.52). Clearly, when the matrix is proportional
to the identity, one recovers the case of operators that can be factored
outside the trace of the path-ordering, such as the fundamental fields
ϕ̂a. In order to be able to construct and identify all the possible defect
operators, it is useful to choose a convenient basis for the space of these
matrices.

In the simplest situation where j = 1
2
, i.e. in the fundamental repre-

sentation of su(2), the three generators together with the identity span
the whole real vector space of 2 × 2 Hermitian matrices. In partic-
ular, a defect operator with an arbitrary Hermitian matrix insertion
in the defect can be decomposed into operators with insertions that
are at most linear in the generators T a. For the more general case
of spin j > 1

2
representations, the space of possible Hermitian matrix

insertions has real dimension (2j + 1)2. This space can be spanned
by taking Hermitian combinations of products of the generators T a.
A natural choice of basis is given by the totally symmetrised traceless
product of generators 17

T {a1 . . . T ak} , k = 0, . . . , 2j . (3.107)

In particular, there are 4j(j + 1) primary defect operators defined by
the basis elements

Ŝ{a1...ak}(x) ≡ T {a1 . . . T ak}(x) , k ⩾ 1 , (3.108)

inserted in the path-ordered exponential, without any fundamental field
insertion. These operators are expected to be among the lightest op-
erators of the theory, since their classical dimension is zero. Moreover,
there cannot be any mixing between them for representation theory
reasons. For operators composed also of powers of the fundamental
fields and their derivatives, it still makes sense to organise operators
according to their color index structure. However, in general there will
be several operators in the same representation and with the same clas-
sical dimension, so that one should worry about their mixing. Finally,
it is important to pay attention to the fact that defect descendants are
given by the defect covariant derivative (3.55) and not by the ordinary
one. As an example, as was found out in (3.69), the defect operator
defined by ϵabcϕbTc(τ) is not a new primary, but it is a descendant.

17To show that these symmetrised traceless products constitute a basis, note that they
are

∑2j
k=0(2k+1) = (2j+1)2 and that they are orthogonal with respect to the trace inner

product.
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Correlators of ϕ̂a and Ô a
i1...is

Among the defect operators discussed, there are some interesting exact
relations that hold between correlators when the bulk is free. As an
example, consider the defect operator ϕ̂a, which corresponds to the
fundamental field placed on the defect. By using the analogue of (3.68)
for ϕ̂a (i.e. when x ⊥= 0), its two-point function can be computed in
terms of that of the defect spin operator

⟨ϕ̂a(τ1)ϕ̂b(τ2)⟩Dj =
κ j(j + 1) δab
3 |τ1 − τ2|2−ε

+ κ ζ2
∫
dσ1

∫
dσ2

⟨Ŝ(σ1)Ŝ(σ2)⟩Dj
(|τ1 − σ1| |τ2 − σ2|)2−ε

,

(3.109)

which holds at all orders in perturbation theory. In particular, evalu-
ating at the fixed point one gets

⟨ϕ̂a(τ1)ϕ̂b(τ2)⟩Dj =
δab

3 |τ1 − τ2|2−ε

(
κ j(j + 1)

−
ζ2∗ NŜ Γ(1− ε) Γ

(
ε−1
2

)
sin
(
πε
2

)
22−ε π

3−ε
2

)
.

(3.110)

From this, it follows that ϕ̂a has a vanishing anomalous dimension, as
it was previously argued through Ward identities. Similarly, one can
do the same for the two-point function of one operator in the bulk and
one placed on the defect. At the fixed point one finds

⟨ϕa(0, x⊥)ϕ̂b(τ)⟩Dj =
δab

3 (|x⊥|2 + τ 2)1−
ε
2

(
κ j(j + 1)

−
ζ2∗ NŜ Γ(1− ε

2
) tan

(
πε
2

)
π1− ε

2 (ε− 1)

)
.

(3.111)

Note that the above two-point function depends only on the four-
dimensional distance between the bulk field and the defect field because
they have exactly the same conformal dimension. The same argument
applies to correlators involving Ô a

i1...is
∼ ∂i1 . . . ∂isϕ̂

a, in which case one
only need to take orthogonal derivatives in (3.68) before setting x⊥ = 0.
Finally, one could do the same to get the two-point function of two bulk
fields, as it will be shown in Section 4.3.3.

Obviously, in the interacting bulk case there will be corrections to the
correlators (3.110) and (3.111) starting at order ε2.
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Time-reversal symmetry for defect operators

At this point, it is possible to extend the discussion of time-reversal
symmetry to generic defect operators. Their parity under this symme-
try will be an useful tool to classify such operators. It is clear that
defect operators without any insertions, i.e. those composed only of
fundamental fields and their derivatives, behave just like bulk operators
under this symmetries. On the other hand, the very same argument
used in Section 3.3.2 can be repeated in the presence of operators with
insertions into the defect. A careful analysis shows that the effect of
Tt on generator insertions is Tt : T a(τ) 7→ −T a(−τ). Since TZ2 does
not act on generators, it follows that also T a is odd under T̄t. This can
also be seen, for example, by the Ward identity

□ϕa(0, x⊥) =
ζ0√
κ
Ŝa(0) δ

d−1(x⊥) . (3.112)

When there are more than just one generator inserted at the same
point (only for j ⩾ 1), an analogue analysis shows that the effect of
time reversal is not only a factor (−1) for each generator, but also an
inversion in the order of the insertions. For this reason, it is conve-
nient to express insertions in the basis given in (3.107). Indeed one
can clearly see that this basis is diagonal under time reversal, and that
T̄t : T{a1 . . . Tak}(τ) 7→ (−1)k T{a1 . . . Tak}(−τ).

This symmetry imposes useful constraints on correlators. For exam-
ple, sometimes it can be used to lift some degeneracies, since two defect
operators with different parities must have vanishing two-point func-
tion at the non-perturbative level. The same holds for the two-point
function of a bulk operator and a defect operator, giving useful se-
lection rules for the coefficients of the defect block expansion (2.64).
Finally, one must be careful that this conclusion does not generalise to
correlators with more defect operators. In fact, in the case of one-
dimensional defects, the three-point function of three defect opera-
tors can be antisymmetric [121].18 For example, one can check that
⟨Ŝa(τ1)Ŝb(τ2)Ŝc(τ3)⟩ ∝ iϵabc.

Classification of low-lying defect operators

All the information about the low-lying spectrum of the defect obtained
so far through various tools is conveniently summarised here. Defect
operators are classified according to their transverse spin s, their su(2)

18Indeed given any two points on an ordered straight line it is possible to invert their
order through a special conformal transformation that preserves the line. But the same
cannot be done for three points.
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representation (characterised by the dimension of the representation),
their parity under the time reversal symmetry T̄t, and their classi-
cal dimension. It is important to note that some of these operators
only exist for sufficiently high values of j, where j specifies the su(2)-
representation of the generators Ta in the definition of the defect (3.40).

Obtaining a complete list of defect operators at twist zero is straightfor-
ward.19 At twist one, it is sufficient to construct all the possible com-
posite operators using only one fundamental field ϕa, an arbitrary num-
ber of generators Ta and orthogonal derivatives ∂i. Then one needs to
decompose them into irreducible representations of su(2). Finally, since
the defect covariant derivative increases the twist by one, one needs to
exclude all the descendants of the twist-zero primaries. Clearly, it is in
principle possible to continue the classification by considering higher
twist operators, which can be constructed by using an arbitrary num-
ber of fundamental fields and also orthogonal Laplacians □⊥. Again,
one needs to exclude all the descendants of lower-twist primaries. The
number of primary operators grows combinatorially with the defect
twist.

Table 3.1 lists all the defect twist-zero and defect twist-one primary
operators, along with their quantum numbers and scaling dimensions at
the fixed point (for both the free bulk and interacting bulk cases). Table
3.2 presents the explicit definitions of these operators in perturbation
theory.

19Recall that the defect twist τ̂ of a defect operator with dimension ∆̂ and orthogonal
spin s is defined as τ̂ ≡ ∆̂− s.
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Ô s dimRsu(2) T̄t ∆̂Ô
∣∣
λ=0

∆̂Ô
∣∣
λ∗

Ŝa 0 3 − ε
2 (3.72)

Ŝ{a1...ak} 0 2k + 1 (−)k O(ε) O(ε)

ϕ̂a 0 3 − 1− ε
2 1− ε

2 + O(ε2)

Φ̂ 0 1 + (3.95) (3.96)

D̂i 1 1 + 2 2

Ĵai1...is s 3 + s+ 1 s+ 1 + O(ε2)

Ĵ
{ab}
i1...is

s 5 + s+ 1 s+ 1 + O(ε2)

Ĵi1...is s 1 + s+ 1 s+ 1 + O(ε2)

Ôa
i1...is

s 3 − s+ 1− ε
2 s+ 1− ε

2 + O(ε2)

Û
{a1...ak}
i1...is

s 2k + 1 (−)k s+ 1 + O(ε) s+ 1 + O(ε)

V̂
{a1...ak}
i1...is

s 2k + 1 (−)k s+ 1 + O(ε) s+ 1 + O(ε)

Ŵ
{a1...ak}
i1...is

s 2k + 1 (−)k+1 s+ 1 + O(ε) s+ 1 + O(ε)

Table 3.1: Defect twist-zero and twist-one primary operators with their
quantum numbers and scaling dimensions.

Operator Perturbative definition Existence

Ŝa T a

Ŝ{a1...ak} T {a1 . . . T ak} 2 ⩽ k ⩽ 2j

ϕ̂a ϕa

Φ̂ ϕaTa

D̂i ∂iϕ
aTa

Ĵai1...is ϵabc∂i1 . . . ∂isϕbTc even s, s ⩾ 2

Ĵ
{ab}
i1...is

∂i1 . . . ∂isϕ
{aT b} odd s, s ⩾ 1

Ĵi1...is ∂i1 . . . ∂isϕ
aTa odd s, s ⩾ 3

Ôa
i1...is

∂i1 . . . ∂isϕ
a s ⩾ 1

Û
{a1...ak}
i1...is

∂i1 . . . ∂isϕbT
{bT a1 . . . T ak} 1 ⩽ k ⩽ 2j − 1, s ⩾ 0

V̂
{a1...ak}
i1...is

∂i1 . . . ∂isϕ
{a1T a2 . . . T ak} 3− δ0,s ⩽ k ⩽ 2j + 1, s ⩾ 0

Ŵ
{a1...ak}
i1...is

∂i1 . . . ∂isϕ
bϵbc{a1T cT a2 . . . T ak} 2 ⩽ k ⩽ 2j, s ⩾ 1

Table 3.2: Schematic perturbative definition of defect twist-zero and
twist-one operators.
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Note that for some of these operators the form is just schematic. In-
deed, beyond tree level mixing among operators sharing the same quan-
tum numbers can occur, and an orthogonalisation with respect to the
two-point functions must be performed. For example, the explicit form
of the operator Ûa = “ϕbT {bT a}” is correct only at tree-level, and at
higher loops one must make sure that this operator is orthogonalised
with respect to ϕ̂a.

Further results about defect operators, their dimensions and coefficients
of their correlators will be obtained in Section 4.3 trough analytic boot-
strap techniques.

3.4 Other defects in the critical O(N) model

In Sections 3.2 and 3.3, two important examples of line defects for the
critical O(N) model have been introduced. These defects will be anal-
ysed in detail in Chapter 4 using the defect analytic bootstrap.

For completeness, this section briefly presents some additional exam-
ples of defects for the O(N) critical model. First, defects that can be
constructed and studied using perturbative techniques such as those
used for the localised magnetic field and the magnetic impurity are
considered in Section 3.4.1. Then, in Section 3.4.2, the scenario in
which the defect coupling is strongly relevant is outlined. In this case,
dCFTs observables are beyond the reach of the usual perturbative ap-
proach, and alternative techniques needs to be employed. The problem
of studying “strongly-coupled” defects will also be addressed from dif-
ferent perspectives in Chapter 5 and Section 6.2.3.

3.4.1 Weakly-coupled defects

As explained in Section 2.3.1, defect fixed point are obtained by im-
posing that the beta function for the defect coupling is vanishing. To
understand better the behaviour of these solutions, it is convenient to
have a closer look at the condition that the defect coupling h∗ at the
fixed point must satisfy. For a defect interaction of the schematic form
h
∫
dpτO(τ), using dimensional regularisation the condition is

0 = βh(h∗, λ∗) = − (p−∆O)h∗ +
∑
n⩾2

c0,nh
n
∗ + λ∗

∑
m⩾2

c1,mh
m
∗ + O(λ2∗) ,

(3.113)
where the first term is the classical contribution to the beta function,
and quantum corrections are organised in powers of h and λ given by
the coefficients ck,n, which are pure numbers in the MS scheme. Recall
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that λ∗ ∼ ε, as given in (3.8), and ∆O is the conformal dimension of O
at the bulk fixed point. Note that the truncation of higher-order terms
in λ∗ in equation (3.113) is justified only if h∗ is at most of order O(ε0).
There are two possibilities:

• h∗ ∼ O(ε0), as in the case of the localised magnetic field. This
scenario is more complicated and it should be analysed on a case-
by-case basis. In general, since h∗ is not small, one can expand
perturbatively only in the bulk coupling λ, and h must be treated
exactly. If the series in powers of h in (3.113) truncates at any
given order in λ, as in the case of the localised magnetic field,
perturbation theory could still be applied.

• h∗ ∼ O(εa) for a > 0 (not necessarily integer), as in the case of
the magnetic impurity. From (3.113) and the fact that λ∗ ∼ ε, it
follows that a solution is only possible if p − ∆O ∼ αε for some
(ε-independent) coefficient α. Furthermore, there must be a non-
zero coefficient c0,k for some minimal value of k ⩾ 2. This, in
turn, implies that h∗ ∼ ε

1
k−1 . The theory can then be treated

perturbatively in both the defect and bulk couplings in a regime
where λ ∼ hk−1.

From the above analysis, it follows that there is a simple recipe to find
weakly-coupled defect fixed points: one needs to find a bulk operator
O that is weakly relevant, i.e. p − ∆O ∼ αε with α > 0, as this is a
necessary condition.20 Then one can just compute a finite number of
Feynmnan diagrams to get the beta function and look for real solutions
h∗ of (3.113).

For p = 1, the only deformations one can consider are those linear in
the field ϕa, which are exactly those considered in 3.2 and 3.3.

The surface defect

For p = 2, an interesting deformation is given by the following defect
action

SD =
hab
2

∫
d2τ ϕaϕb , (3.114)

where hab is a symmetric tensor. This action yields weakly coupled
defect fixed points for different tensor structures hab that have been

20More generally, it is possible to couple the bulk theory to a defect theory, as it is
done in the context of free bulk theories in [122]. See also the construction of non-local
defects in Section 6.2.1. Instead, here only deformations that can be constructed using
the operators of the bulk theory are considered.
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studied at one loop in [123–125] and at two loops in [36].21 An inter-
esting point is that for ε = 1 the bulk becomes three-dimensional, and
therefore the defect given in (3.114) should describe a boundary or an
interface.

Following [36], the two-loop beta-function is

βab = −εhab + hachbc + λ[2hab + hccδab − 2(2hachbc + habhcc)]

− 1

6
λ2[(N + 10)hab + 4hccδab] .

(3.115)

Terms of order λh2 can be directly computed using results of Section
5.1.2, specifically (5.22). 22 Terms of order λ2h can be computed using
a trick discussed in [126]; since they are linear in h, they can be easily
obtained from the dimensions of corresponding operators in the bulk
theory (at the trivial defect).

In the O(N) symmetric case hab = δabh, the beta function simplifies to

βh = −εh+ h2 + λ(N + 2)h(1− 2h)− 5

6
λ2(N + 2)h . (3.116)

This result was also computed in [127]. The beta function (3.4.1) ad-
mits a real fixed point for any value of N , where correlators describe a
dCFT. At this fixed point, one can compute several observables. For
example, the dimension of ϕ̂2 at the fixed point is

∆̂ϕ̂2 = 2 +
∂βh
∂h

∣∣∣
λ∗,h∗

= 2 +
6ε

N + 8
− (N + 2)(13N + 44) ε2

2(N + 8)3
+ O(ε3) .

(3.117)
In the similar context of the ϕ2 deformation integrated on a boundary,
the extrapolation from the two-loop result [128] was already very close
to the result of the numerical boundary bootstrap [15]. One can expect
a similar behaviour here. Indeed, for example by setting N = 1 one
finds that the Padé approximants at ε = 1 are already relatively close
to each other

∆̂ϕ̂2 [2/0] ≈ 2.55 , ∆̂ϕ̂2 [1/1] ≈ 2.57 . (3.118)

In [129] it was proposed that at ε = 1 this fixed point describes an
interface between two copies of the O(N) CFT with Dirichlet bound-
ary conditions. However, a singlet primary operator with dimension
given by (3.118) should be absent in such a dCFT (this is again known

21In [123,125] one can find also a large-N analysis of the same defect.
22In fact, these results are a secondary outcome of the analysis of transdimensional

defects presented in [36].
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from the results of the numerical boundary bootstrap [15]). Numeri-
cal evidence presented in [127] suggests that the operator ϕ̂2 factorises
into two different copies of the boundary operator ∂⊥ϕ̂. Indeed one can
check that ∆ϕ̂2 ≈ 2∆∂⊥ϕ̂

.

One can also allow for symmetry-breaking patterns, where hab is not
proportional to δab. Without loss of generality, one can assume that
hab is diagonal. A real fixed point is found for some symmetry-breaking
patterns of the form O(N) → O(m)×O(n) with m+ n = N [123]. In
this case, hab has m eigenvalues of value hm and n eigenvalues of value
hn. The two couplings hm and hn have their own beta-function that
follow directly from (3.115). At two loops one finds [36]

βhm = −εhm + h2m + λ[(m+ 2)hm + nhn − 2(m+ 2)h2m − 2nhmhn]

− λ2[1
2
hm(5m+ n+ 10) + 2nhn] ,

(3.119)
βhn = −εhn + h2n + λ[(n+ 2)hn +mhm − 2(n+ 2)h2n − 2mhmhn]

− λ2[1
2
hn(m+ 5n+ 10) + 2mhm] .

(3.120)

Zeroes of these beta functions at the O(N) bulk fixed point, where
λ = 1

N+8
ε + 3(3N+14)

(N+8)3
ε2, are found by substituting hm = h

(1)
m ε + h

(2)
m ε2

and similarly for hn into (3.119), (3.120), and solving the resulting
equations order by order in ε. At leading order this yields two fixed
points, given by

h
(1)
m,± =

m+ 3±
√
9−mn

m+ n+ 8
, h

(1)
n,± =

n+ 3∓
√
9−mn

m+ n+ 8
. (3.121)

The expressions for h(2)m,±, h
(2)
n,± and the analogue of (3.117) are easy to

work out but too complicated to present here.

Due to the square root
√
9−mn, these fixed points exist only for mn ⩽

9. This inequality is saturated for integer m,n when m = 1, n = 9 and
when m = n = 3 where, without loss of generality, it is assumed
that m ⩽ n. For these values of m,n the two fixed points collide
and they move off to the complex plane for mn > 9. This collision
point is corrected at next-to-leading order in ε, and a standard analysis
following [130] shows that the critical n for which the two fixed points
collide is given by

nc =
9

m
− 3(m2 − 22m+ 9)

2m(m2 + 8m+ 9)
ε+ O(ε2) . (3.122)
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For m = 1 this becomes 9+ε and for m = 3 it becomes 3+ 4
7
ε. In both

cases the collision point lies above 9 and 3, respectively, which renders
the fixed points at m = 1, n = 9 and m = n = 3 unitary. Nevertheless,
the ε expansion that has been used so far breaks down and an expansion
of hm, hn involving half-integer powers of ε is necessary to describe
them. For m = 1, n = 9 one finds the two fixed points

hm=1,± = 2
3
ε± 1

18
ε3/2 + O(ε2) , hn=9,± = 2

9
ε∓ 1

18
ε3/2 + O(ε2) ,

(3.123)
and for m = n = 3

hm=3,± = 3
7
ε±

√
21
49
ε3/2 + O(ε2) , hn=3,± = 3

7
ε∓

√
21
49
ε3/2 + O(ε2) .

(3.124)
Note that in the m = n = 3 case the defect symmetry at leading order
is O(3)2 ⋊ Z2, but this is broken to O(3)2 at next-to-leading order.

The cubic defect

If p = 3, it is possible to consider the deformation given by the following
defect action

SD =

∫
d3−ετ

(
h1
2
ϕ1ϕaϕa +

h2
3!
ϕ3
1

)
. (3.125)

This action explicitly breaks the O(N) symmetry down to O(N − 1).
The action (3.125) was considered in [131], where it was found that,
for an interface, a real fixed point exists for N < Ncrit ≈ 7, whereas for
N > 4, IR stable fixed points with purely imaginary defect couplings
appear. For a boundary, real fixed points exist for any value of N . This
defect will not be further analysed in this thesis, although, in principle,
a variety of methods and results from the following chapters could be
generalised to this model.

3.4.2 Strongly-coupled defects

In the previous sections, defects have been realised as fixed points of
defect RG flows triggered by interactions that are classically marginal.
However, strongly relevant interactions might as well originate a defect
RG flow that ends in an IR fixed point. The latter case is in general
more difficult to study, since the defect coupling is usually not per-
turbatively small. One way to get around this problem is to look for
non-trivial saddle points of the path integral that respects the defect-
conformal symmetry group. Perturbation theory around these new
saddles can then be used to compute quantum corrections for various
observables.
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To illustrate this idea, one can consider the local O(N) model, whose
action is

Sbulk =

∫
ddx

(
1

2
(∂ϕa)

2 +
λ0
4!
(ϕa)

2

)
. (3.126)

One can add an interaction localised on a p-dimensional defect

SD = h0

∫
dpτ ϕ1 . (3.127)

When d = 4 − ε and p = 1, the interaction is marginally relevant and
one can therefore use standard diagrammatic techniques to compute
observables [109, 32]. In the more general case, the beta-function for
the defect coupling reads

βh = − (p−∆ϕ)h+ O(λ) , (3.128)

with ∆ϕ = (d−2)/2. If d = 4−ε (but with p generic), the bulk coupling
constant undergoes a “short” RG flow from the Gaussian fixed point to
the Wilson-Fisher fixed point. At any scale µ the following inequality
holds

0 ⩽ λ(µ) ⩽ λ∗ =
48π2

N + 8
ε+ O(ε2) , (3.129)

and in the IR limit one has limµ→0 λ(µ) = λ∗. Using this bound, one
can solve (3.128) for h(µ)

h(µ) = h(µ0)

(
µ

µ0

)−(p−∆ϕ)+O(ε)

. (3.130)

It is now evident that if p−∆ϕ ≫ ε, then h(µ) rapidly flows to infinity
in the IR limit, while λ(µ) is still perturbatively small. This new phase
of the theory should correspond to a non-trivial saddle point of the
path integral. The saddle point is described by a classical profile ϕacl(x)
that satisfies the classical equations of motion. One can formulate an
ansatz that respects all the symmetries of the problem

ϕacl(x) = δa1
Nϕ acl

|x⊥|∆cl
. (3.131)

The equations of motion yield

□ϕacl(x) =
Nϕ acl

|x⊥|∆cl+2
(∆cl (∆cl + p+ ε− 2)) δa1 =

λ0
3!

N 3
ϕ acl

3

|x⊥|3∆cl
δa1 .

(3.132)
This is readily solved

∆cl = 1 , N 2
ϕ acl

2 =
6

λ0
(p+ ε− 1) . (3.133)
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The two solutions for acl are associated to the Z2 symmetry ϕa → −ϕa,
which is explicitly broken by the defect. In the following, the focus will
be on the solution acl > 0. To compute observables, one can expand
the bulk action around this new saddle point

ϕa(x) = ϕacl(x) + δϕa(x) , S ′[δϕa] = Sbulk[ϕ
a
cl + δϕa]− Sbulk[ϕ

a
cl] ,

(3.134)
and then use standard diagrammatic techniques with the new action
S ′[δϕa].23 Note that ϕacl(x) plays the role of a classical external source
in this new action.

For some simple observables, the semiclassical analysis is sufficient to
determine their value at the IR fixed point at leading order. For in-
stance, for the order parameter one has

⟨ϕa(x)⟩ = ϕacl(x) + ⟨δϕa(x)⟩ , (3.135)

where the second term at the IR fixed point is of order ε
1
2 and is

therefore subleading. Moreover, conformal symmetry imposes

⟨ϕa(x)⟩ = δa1
Nϕ aϕ
|x⊥|∆ϕ

. (3.136)

From this it follows that at the IR fixed point

aϕ
2 = acl

2(1 + O(ε)) =
24π2

λ∗
(p− 1) + O(ε 0) . (3.137)

For the boundary case p = 3− ε, this is indeed the correct value of the
coefficient of the one-point function [132].

Note that for p = 1 the classical contribution is vanishing as expected,
since in that case the defect interaction is classically marginal. Inter-
estingly, the equations of motion toghether with conformal symmetry
can still be used to find the coefficient of the one-point function at
leading order. Indeed, from the original action S it is evident that
⟨ϕaϕbϕb⟩ = ⟨ϕa⟩⟨ϕb⟩⟨ϕb⟩ + O(λ). Assuming the form of the one-point
function at the fixed point (3.136), the expectation value of the equa-
tion of motion then gives 24

aϕ
2 =

N + 8

4
+ O(ε) , (3.138)

23In this realisation, the presence of the defect is imposed trough the ansatz (3.131)
instead of an explicit defect term in the action.

24Note that this is not equivalent as taking p = 1 in (3.133) and expanding. Indeed to
get the correct result one need ∆ϕ instead of ∆cl, together with the fact that at order
O(ε) the operator ϕ has no anomalous dimension.
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which agrees with the result of (3.24) computed with Feynman dia-
grams.

More details about this method are given in Section 6.2.3, where it
will be applied to the localised magnetic field for the long-range O(N)
model, following [37].
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Chapter 4

Analytic bootstrap for line
defects in the O(N) model

4.1 Lorentzian inversion formulae and dispersion
relation

As outlined in Section 2.2.5, the defect data must satisfy a complicated
set of constraints in order to be consistent with the bulk CFT. The goal
of the defect bootstrap programme is to use these constraints to extract
information about the defect data, starting from the bulk data. The
main tools for defect bootstrap in its analytic form are presented in this
section: the Lorentzian inversion formulae and the dispersion relation.
Once these tools have been introduced, they will be applied in Sec-
tions 4.2 and 4.3 to derive as much information as possible about the
localised magnetic field and the magnetic impurity in the ε-expansion,
introduced in Sections 3.2 and 3.3, respectively.

The first Lorentzian inversion formula was introduced to study homo-
geneous CFTs analytically [6]. It is an integral formula which recon-
structs the OPE data of any CFT from the double discontinuity of
four-point functions. In favourable situations, the double discontinuity
receives contributions only from very few operators and the inversion
formula can extract from it an infinite amount of CFT data [133,134].

For the defect case, there are two analogous formulae. A defect inver-
sion formula was derived in [18] and allows to extract the defect channel

81
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CFT data from a single discontinuity of the bulk two-point function

b(∆̂, s)=

∫ 1

0

dz

2z
z−

τ̂
2

∫ 1
z

1

dz̄

2πi

(1− zz̄)(z̄ − z)

z̄
∆̂+s
2

+2
2F1

(
s+ 1, 2− q

2
,
q

2
+ s,

z

z̄

)
2F1

(
1− ∆̂, 1− p

2
, 1 +

p

2
− ∆̂, zz̄

)
DiscF (z, z̄) ,

(4.1)

where τ̂ is the transverse twist defined by τ̂ = ∆̂ − s, and F (z, z̄) is
related to the bulk two-point function as in (2.57). The coefficient
function b(∆̂, s) has simple poles for ∆̂ equal to the dimensions of
exchanged operators and residues given by the defect OPE coefficients
b2
∆̂,s

. Therefore, b(∆̂, s) contains all the CFT data of the exchanged
defect operators. The crucial ingredient of this inversion formula is the
discontinuity

DiscF (z, z̄) = F (z, z̄ + iε)− F (z, z̄ − iε) , (4.2)

where F (z, z̄+iε) and F (z, z̄−iε) indicate that z̄ should be taken above
or below the branch cut at z̄ = 1, leaving z fixed. The defect inversion
formula was derived in [18] through a contour deformation argument,
which is justified only if the integrand vanishes sufficiently fast for large
w, or equivalently for w → 0 since the correlator is symmetric under
w ↔ 1

w
. More precisely, this implies that the formula (4.1) is valid for

transverse spin s > s∗ if

F (r, w) ∼ w−s∗ , w → 0 . (4.3)

This implies that, in general, the inversion formula may fail to capture
contributions to the CFT data from low-spin operators. Currently, no
upper bound has been established for the value of s∗; however, it can
be stated with certainty that s∗ cannot universally be lower than zero
(in other words, the Lorentzian inversion formula cannot be expected
to work for spin-zero operators in the case of an arbitrary line defect).
A simple way to motivate this statement is that, in general, multiple
defects can be constructed for the same bulk theory. For instance, in
the case of the O(N) critical model with N = 3, at least the localised
magnetic field and the magnetic impurity exist. For both of these cases,
the discontinuity of the correlator at first order is identical, as it de-
pends solely on bulk CFT data. However, the defect CFT data differ
due to low-spin ambiguities.

There is also a bulk inversion formula, which allows to extract the bulk
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OPE data from a double discontinuity [22]. The formula reads 1

c(∆, ℓ) = ct(∆, ℓ) + (−1)ℓcu(∆, ℓ),

ct(∆, ℓ) =
κ∆+ℓ

2

∫ 1

0

d2z µ(z, z̄) fℓ+d−1,∆−d+1(z, z̄)

dDisc

((
(1− z)(1− z̄)√

zz̄

)∆ϕ

F (z, z̄)

)
,

(4.4)

with

κ∆+ℓ =
Γ(∆+ℓ

2
)4

2π2Γ(∆ + ℓ)Γ(∆ + ℓ− 1)
,

µ(z, z̄) =
|z − z̄|d−p−2|1− zz̄|p

(1− z)d(1− z̄)d
,

(4.5)

and where f∆,ℓ(z, z̄) are the bulk blocks. The u-channel term is the
same with the two external bulk operators exchanged. In this case, the
coefficient function c(∆, ℓ) has poles corresponding to the dimensions
of the operators that are exchanged in the bulk OPE and correspond-
ing residues given by the product of bulk three-point functions and
one-point functions, λϕϕOaO. The input of the formula is the double
discontinuity defined by

dDiscF (z, z̄) = F (z, z̄)− 1

2
F⟲(z, z̄)− 1

2
F⟳(z, z̄) , (4.6)

where this time the functions F⟲(z, z̄) and F⟳(z, z̄) are obtained by
taking the analytic continuation around the point z̄ = 0, leaving z
fixed. Just like the defect inversion formula, the bulk inversion formula
might fail for low spins [22]. More precisely, the formula is valid for
spins ℓ > ℓ∗ where(

(w − r)(1− wr)

rw

)∆ϕ

F (r, w) ≲ w1−ℓ∗ , w → 0 . (4.7)

The two Lorentzian inversion formulae allow to extract the defect CFT
data of the theory from certain discontinuities of the two-point func-
tions. Therefore, these discontinuities contain all the information that
is necessary to reconstruct the full correlator. This is made explicit
in the dispersion relation, a formula that computes the full correla-
tor directly from a discontinuity [68]. In the case of defect CFTs, the
dispersion relation reads [26,27]

F (r, w) =

∫ r

0

dw′

2πi

(
1

w′ − w
+

1

w′ − 1
w

− 1

w′

)
DiscF (r, w′) , (4.8)

1Compared to [22], the bulk inversion formula is rewritten for
(

(1−z)(1−z̄)√
zz̄

)∆ϕ

F (z, z̄)

instead of F (z, z̄), in order to use a more conventional definition of the double discontinuity.
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where Disc F (r, w) is the discontinuity through the cut running from
w = 0 to w = r. From the definition of the variable w, it follows
that DiscF (r, w) = −DiscF (z, z̄), as defined in (4.2). Just like the
defect inversion formula (4.1), this dispersion relation is derived from
Cauchy’s theorem by deforming the contour around the singularities
and dropping the contributions at infinity. This contour deformation
argument misses terms that are given by low spin conformal blocks,
which give contributions at infinity. If one knows the behaviour of the
correlator for w → 0 (or equivalently for |w| → ∞) (4.3), one can
take into account these terms by introducing a prefactor in front of the
correlator

F̃ (r, w) =

(
r

(w − r)( 1
w
− r)

)s∗+1

F (r, w) . (4.9)

By construction, F̃ (r, w) goes like w−1 at large w and therefore one can
safely ignore the contribution at infinity and reconstruct this rescaled
correlator from (4.8). From the point of view of the original correlator,
this implies an improved dispersion relation

F (r, w)

(w − r)s∗+1( 1
w
− r)s∗+1

=

∫ r

0

dw′

2πi

(
1

w′ − w
+

1

w′ − 1
w

− 1

w′

)
Disc

(
F (r, w′)

(w′ − r)s∗+1( 1
w′ − r)s∗+1

)
.

(4.10)

In the following, the formulae introduced in this section will be applied
to the ε-expansion of correlators in the critical O(N) model.

4.2 Analytic bootstrap for the localised magnetic
field

This section applies the techniques introduced in Section 4.1 to study
the localised magnetic field in the ε-expansion. First, the tree-level case
is considered in Section 4.2.1 as a warm-up. Then, in Section 4.2.2, the
same methods are used to extract an infinite amount of new defect data
at one loop, following [34]. A similar analysis can be found in [135].

4.2.1 Tree level

At leading order in the ε-expansion, the correlator contains two terms:
the free correlator without the defect which contributes to F1 in (3.28)
and the square of the one-point function (3.23) which gives the leading
contribution to F2.2 In particular, the perturbative expansion of aϕ in

2The defect coupling at the fixed point is not perturbatively small, hence the one-point
function of local operators are not suppressed in the ε-expansion.
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(3.23) reads [109,32]

a2ϕ =
N + 8

4
+ ε

(N2 − 3N + (N + 8)2 log(4)− 22)

8(N + 8)
+ O(ε2) , (4.11)

and the leading-order contribution to the two-point function is

F
(0)
1 (r, w) =

rw

(r − w)(rw − 1)
, F

(0)
2 (r, w) = a2ϕ

(0)
. (4.12)

Each of these two terms has a simple interpretation in one of the two
channels. The free correlator F (0)

1 corresponds to the exchange of the
identity operator in the bulk channel, while the squared one-point func-
tion is associated to the exchange of the defect identity in the defect
channel. On the other hand, as usual, to reproduce the identity in a
given channel, an infinite tower of operators is needed in the crossed
one. The CFT data of these exchanged operators will now be reviewed.

Using the linear combinations in (A.7), one can rewrite (4.12) in terms
of FS and FT introduced in (3.33)

F
(0)
S (r, w) =

a2ϕ
(0)

N
+

rw

(r − w)(rw − 1)
,

F
(0)
T (r, w) = a2ϕ

(0)
.

(4.13)

From this expression, it is obvious that the bulk identity contributes
only to the singlet exchange. On the other hand, the constant term
a2ϕ

(0) can be reproduced by the exchange of two infinite towers of twist-
two spin-ℓ operators of the schematic form 3

[ϕ2]S,0,ℓ = ϕa∂µ1 ...∂µℓϕa , [ϕaϕb]T,0,ℓ = ϕ(a∂µ1 ...∂µℓϕ
b) − trace . (4.14)

Their CFT data can be extracted simply by comparing (4.13) with the
block expansion (3.36) or from the Lorentzian inversion formula (4.4)
using 4

dDisc

((
(1− z)(1− z̄)√

zz̄

)∆ϕ

F
(0)
S (z, z̄)

)
= 2

a2ϕ
(0)

N

(1− z)(1− z̄)√
zz̄

,

dDisc

((
(1− z)(1− z̄)√

zz̄

)∆ϕ

F
(0)
T (z, z̄)

)
= 2a2ϕ

(0) (1− z)(1− z̄)√
zz̄

.

(4.15)
3This symbolic notation is used to indicate the number of derivatives associated with

a given twist-two primary operator.
4As mentioned in Section 4.1, the Lorentzian inversion formula does not work for low

spins and in this case it does not reproduce the contribution of the bulk identity. Never-
theless, it still reproduces correctly all the defect CFT data of the twist-two operators.
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The result is 5 [22]

∆
(0)
S,0,ℓ = ∆

(0)
T,0,ℓ = 2∆ϕ + ℓ ,

aλ
(0)
T,k,ℓ = aλ

(0)
S,k,ℓ N = δk,0 a

2
ϕ
(0) 2−ℓΓ

(
ℓ+1
2

)3
πΓ
(
ℓ
2
+ 1
)
Γ
(
ℓ+ 1

2

) , (4.16)

where the spin ℓ is even. The labels for the operators, which will re-
main unchanged at order ε, are now discussed. The index k is used to
label the classical twist τ (0) = ∆(0) − ℓ, specifically k = τ (0)

2
−∆ϕ. At

this order, only two families of operators appear in the bulk OPE: the
identity and the twist-two operators (k = 0). Moreover, for the case
k = 0, it is known that there is a single primary operator for each spin
ℓ. This is no longer the case for higher values of k, where degeneracies
may arise. As a result, the notation will not distinguish between de-
generate operators; however, this will not be necessary for the current
analysis.

Moving on to the defect channel, one has

F̂
(0)
S (r, w) = a2ϕ

(0)
+

rw

(r − w)(rw − 1)
,

F̂
(0)
V (r, w) =

rw

(r − w)(rw − 1)
,

(4.17)

where again the defect identity only enters the singlet channel, while
the bulk identity is reproduced by two infinite towers of defect operators
of the schematic form

[ϕ]S,0,s = ∂s⊥ϕ̂ , [ϕâ]V,0,s = ∂s⊥ϕ̂
â . (4.18)

These operators have transverse spin s and transverse twist τ̂ = ∆̂−s =
1. As before, one can compare (4.17) with the block expansion (3.39)
or use the inversion formula (4.1) with 6

DiscF̂ (0)
S (r, w) = 2πi

( rw

1− rw

)
δ(r − w) ,

DiscF̂ (0)
V (r, w) = 2πi

( rw

1− rw

)
δ(r − w) .

(4.19)

The result is [18, 17]

∆̂
(0)
S,0,s = ∆̂

(0)
V,0,s = 1 + s ,

b̂
2(0)
S,m,s = b̂

2(0)
V,m,s = δm,0 .

(4.20)

5The twist-two operators have the same dimensions in both channel at tree level,
however they are distinct operators and have different anomalous dimensions and OPE
coefficients.

6Also in this case the Lorentzian inversion formula fails to reproduce the contribution
of the identity.
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As in the bulk case, an additional label m is used for the classical
transverse twist, defined as m = τ̂ (0)−1

2
. In this case, only twist-one

operators (m = 0) appear in the OPE, as expected from the equation
of motion of the bulk field [18].

4.2.2 One loop

As previously remarked, the idea behind the defect analytic bootstrap
is to use information from the bulk theory to compute correlators in
the presence of the defect. In particular, the discontinuity relevant to
the dispersion relation (4.8) is controlled by the bulk block expansion.
Hence, one needs to analyse the operators appearing in the perturbative
expansion of (3.36). The bulk channel CFT data can be perturbatively
expanded as follows

∆ = ∆(0) + ε γ(1) + O(ε2) ,

λϕϕ∆a∆ = aλ(0) + ε aλ(1) + O(ε2) .
(4.21)

More precisely, operators that appeared at tree level, namely twist-two
operators, enter in the one-loop OPE with their anomalous dimensions

∆S/T,0,ℓ = 2∆ϕ + ℓ+ εγ
(1)
S/T,0,ℓ + O(ε2) , (4.22)

which are known from previous work on the O(N) model without de-
fects (see for example [95] and references therein)

γ
(1)
S,0,ℓ =

N + 2

N + 8
δ0,ℓ , γ

(1)
T,0,ℓ =

2

N + 8
δ0,ℓ . (4.23)

Notice the crucial fact that only the spin-zero operator of each repre-
sentation has a non-vanishing anomalous dimension at one loop. This
will be extremely important for the computation of the discontinuity.

The second contribution one needs to consider originates from the
anomalous dimension of the external operator ϕa

∆ϕ = 1− ε

2
+ εγ

(1)
ϕ + O(ε2) , (4.24)

which gives a correction to the bulk identity contribution(
rw

(r − w)(rw − 1)

)∆ϕ

=
rw

(r − w)(rw − 1)

(
1+

+ ε
(
γ
(1)
ϕ − 1

2

)
log
( rw

(1− rw)(w − r)

)
+ O(ε2)

)
.

(4.25)
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Specifically, the anomalous dimension γ(1)ϕ is well-known to be vanishing
at one loop, i.e. γ(1)ϕ = 0, but clearly this does not kill the contribution
(4.25).

In principle, one can also have operators with higher twist, which ap-
pear in the OPE with their classical dimensions

∆S/T,k,ℓ = 2∆ϕ + 2k + ℓ+ O(ε) , k > 0 . (4.26)

In particular, only operators with twist up to 4 are expected, since the
bulk OPE coefficients of higher-twist operators are of order ε2 [136,137].
Nevertheless, while there is a single family of operators with twist two,
i.e. a single primary operator for each spin, starting from twist four
there can be degenaracies which cannot be lifted by studying a single
correlator. Luckily, these operators do not contribute to the disconti-
nuity in (4.8) so this is not an issue to reconstruct the full correlator.
Further discussion on this matter will be provided in Section 4.2.3.

All in all, the one-loop bulk block expansion for the singlet reads

F
(1)
S (r, w) = − rw

2(1− rw)(w − r)
log
( rw

(1− rw)(w − r)

)
+

+
rw

2(1− rw)
aλ

(0)
S,0,0γ

(1)
S,0,0

(
f̃2,0(r, w) log(w − r) + ∂∆f̃2,0(r, w)

)
+

+
1∑

k=0

∑
ℓ

rw

1− rw
aλ

(1)
S,k,ℓ(w − r)kf̃2+2k+ℓ,ℓ(r, w) ,

(4.27)

where f̃∆,ℓ(r, w) = (w − r)
−∆+ℓ

2 f∆,ℓ, with f∆,ℓ given in (A.2). For the
symmetric traceless part one has

F
(1)
T (r, w) =

rw

2(1− rw)
aλ

(0)
T,0,0γ

(1)
T,0,0

(
f̃2,0(r, w) log(w − r)

+ ∂∆f̃2,0(r, w)
)
+

1∑
k=0

∑
ℓ

rw

1− rw
aλ

(1)
T,k,ℓ(w − r)kf̃2+2k+ℓ,ℓ(r, w) .

(4.28)

One can consider an analogous expansion for the defect channel CFT
data

∆̂ = ∆̂(0) + ε γ̂(1) + O(ε2) ,

b̂ = b̂(0) + ε b̂(1) + O(ε2) .
(4.29)
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As before, operators with transverse twist one, which already appeared
at tree level, enter the block expansion with their anomalous dimension

∆̂S/V,0,s = 1 + s+ ε γ̂
(1)
S/T,0,s + O(ε2) , (4.30)

while higher-twist operators contribute with their classical dimensions

∆̂S/V,m,s = 1 + 2m+ s+ O(ε) , m > 0 . (4.31)

n particular, at one loop, only operators with transverse twist one, i.e.,
m = 0, are expected, since higher-twist defect operators have bulk-
to-defect couplings b̂ of order ε, hence their squared coefficients are at
least of order ε2. This expectation is later confirmed by the inversion
formula. The defect block expansions at one loop are given by

F̂
(1)
S (r, w) = a2ϕ

(1)
+
∑
s

b̂
2(1)
S,0,sf̂1+s,s(r, w) + b̂

2(0)
S,0,sγ̂

(1)
S,0,s∂∆̂f̂1+s,s(r, w) ,

F̂
(1)
V (r, w) =

∑
s

b̂
2(1)
V,0,sf̂1+s,s(r, w) + b̂

2(0)
V,0,sγ̂

(1)
V,0,s∂∆̂f̂1+s,s(r, w) .

(4.32)

In the following section, the full one-loop correlator is computed using
the dispersion relation, after which the results for the defect CFT data
are presented.

4.2.3 The full result

The dispersion relation (4.8) can be used to compute the full correlator
at one loop, provided the correlator behaves sufficiently well for w → 0,
as discussed in (4.3). Specifically, following [34], it is assumed that af-
ter subtracting the defect identity (which corresponds to the one-loop
correction to the squared one-point function a2ϕ), the remaining part
of the correlator vanishes as w → 0, i.e. that s∗ < 0 in (4.3). This
assumption was verified by comparing the non-trivial part of the full
correlator, obtained from the dispersion relation (4.35), with the nu-
merical integration of the result from Feynman diagrams presented in
Appendix B.1.3. Perfect agreement was found between the two results.

The main ingredient of the dispersion relation is the discontinuity (4.2).
The discontinuity can be computed term by term in the bulk-channel
block expansion. It is convenient to consider the singlet and trace-
less contribution separately. Starting from the singlet representation,
one can see from (4.27) that the discontinuity at first order in the ε-
expansion is given only by the logarithmic terms, because the blocks
f̃∆,ℓ(r, w) and their derivatives, evaluated at the tree-level dimensions
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(4.16), are regular at w = r. Crucially, these terms are proportional
to tree-level data and one-loop anomalous dimensions. Notice that
(4.23), combined with (4.27), implies that the one-loop discontinuity
of the singlet is just given by two terms: one is the correction to the
bulk identity from the engineering dimension of the external field and
the other one is proportional to a single bulk block. Using

Disc(log(w − r)) = 2πi , (4.33)

and the explicit form of the bulk blocks as a series expansion (A.2) one
finds

DiscF (1)
S (r, w) = −πi (rw)

(r − w)(rw − 1)
+

+ N+2
8N

4π
√
rw

(
F

(
sin−1(

√
r
√

r−w
1−rw)|

(rw−1)2

(r−w)2

)
−F
(
sin−1

(√
r−w
1−rw√
r

)
| (rw−1)2

(r−w)2

))
r−w ,

(4.34)

where F (x | k) represents the incomplete elliptic integral of the first
kind. It is important to note that this contribution comes from a sin-
gle operator in the bulk expansion, namely the operator of twist two
and spin zero, ϕ2, whose anomalous dimension, given in (4.23), is the
only input required. The complex form of the function (4.34) arises
from the bulk conformal block f̃2,0, which is a particular case of the
more complicated expression in (A.2).

The first term in (4.34) trivially reproduces the correction to the bulk
identity (4.25), as expected. The second contribution is considerably
more complicated, and the corresponding integral in the dispersion
relation could not be solved in terms of simple functions. However, the
result can be obtained either as a series expansion or as a derivative
of a special function. The explicit computation is provided in (B.1.1).
Ultimately, the result is

F (1)(r, w)S,not id = N+2
8N

∑∞
m=0

21−mrw(1−r2)mG4,2
4,4

 4w
wr2−(w2+1)r+w

∣∣∣ 0, 0, m2 , m+1
2

−1
2
, 0,m,m


(m!)(r2(−w)+rw2+r−w) =

= N+2
8N

∂
∂t

((
(r−w)(rw−1)

(1+r)2w

)t
4r

(1+r)2(2t+1)
×

× F 112
101

(
1 + t : 1

2
; 1
2
+ t, 1;

3
2
+ t : −; 1 + t;

(
1−r
1+r

)2
, (r−w)(rw−1)

(1+r)2w

))∣∣∣∣
t=0

≡ N + 2

8N
I(r, w) ,

(4.35)
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where the result is expressed in terms of an infinite sum of Meijer
G-functions G4,2

4,4 or a derivative of a Kampè de Fèriet function F 112
101

[138], whose definitions are given in Appendix B.1.1. In the last line of
(4.35) the function I(r, w) is defined for later convenience. Putting all
together and adding back the contribution of the defect identity, the
singlet contribution reads

F
(1)
S (r, w) =

a2ϕ
(1)

N
−
( rw

2(1− rw)(w − r)

)
log
( rw

(1− rw)(w − r)

)
+
N + 2

8N
I(r, w) .

(4.36)

One can follow the same argument for the symmetric traceless part,
the only difference is that the bulk identity contribution is absent and
the overall factor changes because of the OPE data (4.16) and (4.23).
The discontinuity reads

DiscF (1)
T (r, w) = 2πi

( rw

2(1− rw)

)
aλ

(0)
T,0,0γ

(1)
T,0,0f̃2,0(r, w) =

=
π
√
rw

(
F

(
sin−1(

√
r
√

r−w
1−rw)|

(rw−1)2

(r−w)2

)
−F
(
sin−1

(√
r−w
1−rw√
r

)
| (rw−1)2

(r−w)2

))
r−w .

(4.37)

At the end of the day one finds

F
(1)
T (r, w) = a2ϕ

(1)
+

1

4
I(r, w) . (4.38)

Using the combinations in (A.7) one can rewrite the results in terms
of the functions F̂S and F̂T that are natural in the defect channel as

F̂
(1)
S (r, w) = a2ϕ

(1) −
(

rw
2(1−rw)(w−r)

)
log
(

rw
(1−rw)(w−r)

)
+ 3

8
I(r, w) ,

F̂
(1)
V (r, w) = −

(
rw

2(1−rw)(w−r)

)
log
(

rw
(1−rw)(w−r)

)
+ 1

8
I(r, w) .

(4.39)

The computation of the defect CFT data, which appear in the two
channels, will now be addressed.

Defect channel data

In principle, the defect CFT data in the defect channel could be ex-
tracted by plugging the discontinuity into the defect inversion formula
(4.1), under the same assumptions as for the dispersion relation, namely
that no low-spin contributions, other than the defect identity, are miss-
ing. However, as is typically the case, solving the integral to determine
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the full coefficient function b(∆̂, s) is challenging. For this reason, the
approach of [6], specialised to the case of defects in [18], is followed.
A small z expansion is performed in the inversion formula, and the
integral is then computed for each term in the expansion. Expanding
the defect inversion integral at small z, one obtains

b(∆̂, s) =

∫ 1

0

dz

2z
z−

τ̂
2

∑
m=0

zm
m∑

k=−m

cm,k(∆̂, s)B(z, β + 2k) ,

B(z, β) =

∫ ∞

1

dz̄

2πi
z̄−

β
2
−1 DiscF̂S,V (z, z̄) ,

(4.40)

where β = ∆̂ + s = τ̂ + 2s and where cm,k(∆̂, s) are the coefficients
obtained from the small z expansion of the integrand of (4.1). Notice
that a term proportional to zα in the small z expansion reproduces the
contribution of twist 2α in the coefficient function b(∆̂, s), because the
last integral is ∫ 1

0

dz
z−

τ̂
2

2z
zα = − 1

τ̂ − 2α
. (4.41)

The computation of the coefficient is explicitly shown only for the lead-
ing order in the small z expansion, which allows for the extraction of
the CFT data for transverse twist equal to 1. Results for higher orders
are provided without detailed computation, as the expressions become
increasingly complicated.

Starting from (4.34) and (4.37) and performing the linear combinations
(A.7), one obtains

DiscF̂ (1)
S (r, w) = − πi(rw)

(r − w)(rw − 1)

+
3π

√
rw
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(
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√
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1−rw√
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| (rw−1)2
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2(r−w) ,

DiscF̂ (1)
V (r, w) = − πi(rw)

(r − w)(rw − 1)

+
π
√
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(
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(
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√
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√
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1−rw)|
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)
−F
(
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(4.42)

One can see that in both the singlet and the vector defect representa-
tions there are two contributions in the discontinuity.7 The first one

7Notice that in both channels the discontinuity does not depend on N , therefore the
only data in the defect OPE that will depend on N will be the defect identity correction,
which is missed by the inversion formula.
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comes from the the bulk identity operator. This contribution was al-
ready considered in [18] for a generic value of ∆ϕ and it gives

B(z, β)id =
sin(π∆ϕ)Γ(1−∆ϕ)

(
−

√
z

z−1

)∆ϕ
Γ
(
β+∆ϕ

2

)
πΓ
(
1
2
(β −∆ϕ + 2)

) . (4.43)

Expanding in ε and selecting the first order gives

B(z, β)
(1)
id =

√
z
(
ψ(0)

(
β+1
2

)
+ log

(
−

√
z
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)
+ γ
)

2(z − 1)
=

=
1

4

√
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(
−2ψ(0)

(
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2

)
− log(z)− 2γ

)
+ O(z

3
2 ) ,

(4.44)

where ψ(0)(z) is the digamma function. This result has to be combined
with the second contribution in equation (4.42), which can be expanded
as

DiscF̂S(z, z̄)not id =
3

4
iπ
√
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log(z)

+ log(z̄)− 4 log

(
2
√
z̄√
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(
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2
√
z̄√
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+ O(z

3
2 ) .

(4.45)

Inserting these discontinuities into (4.40) one finds

BS(z, β)not id =
3
√
z

(
2(β+1)−2(β−1)β(ψ(0)(β2 )+γ)+(β−1)β

(
2Hβ−3

2
+log(z)
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BV (z, β)not id =

√
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2
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(4.46)

where Hz are harmonic numbers. Combining both contributions (4.44)
and (4.46) in (4.40) it follows that

BS(∆̂, s) ∼
s− 1

(2s+ 1)(τ̂ − 1)2
+

2(s− 1)Hs + 3Hs+ 1
2

2(2s+ 1)(τ̂ − 1)
,

bV (∆̂, s) ∼
s

(2s+ 1)(τ̂ − 1)2
+

(2s+ 1)
(
2sHs +Hs− 1

2

)
+ 2

2(2s+ 1)2(τ̂ − 1)
.

(4.47)
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The appearance of double poles signals the presence of anomalous di-
mensions, indeed

b(∆̂, s) ∼ b̂(0) + εb̂(1)

τ̂ (0) + εγ̂(1) − 1
=

b̂(1)

τ̂ (0) − 1
− b̂(0)γ̂(1)

(τ̂ (0) − 1)2
. (4.48)

Comparing with (4.47), one finds the one-loop defect data

γ̂
(1)
S,0,s =

1− s

(2s+ 1)
, b̂

2(1)
S,0,s =

−2(s− 1)Hs − 3Hs+ 1
2

2(2s+ 1)
,

γ̂
(1)
V,0,s = − s

(2s+ 1)
, b̂

2(1)
V,0,s = −

(2s+ 1)
(
2sHs +Hs− 1

2

)
+ 2

2(2s+ 1)2
. (4.49)

Several sanity checks can be performed on these results. First of all,
one can check that γ̂(1)S,0,1 = 0, i.e. the presence of the displacement op-
erator in the defect OPE of the fundamental field, introduced in (3.27).
In this case, the displacement operator must have dimension two and
orthogonal spin one and it must be a singlet under internal symmetries.
The only candidate in this case is the operator ∂⊥ϕ̂1 which is indeed
associated to the vanishing anomalous dimension γ̂(1)S,0,1.

Another universal protected operator is the tilt operator (3.26). This
vector has dimension one and orthogonal spin zero, i.e. it is given pre-
cisely by ϕ̂î, the N −1 scalars that are not involved in the construction
of the defect. Correspondingly, one finds γ̂(1)V,0,0 = 0.

For other defect operators some results are already available in the lit-
erature. The anomalous dimensions for the spin-zero singlet, i.e. ϕ̂1

and the spin-one vector operators, i.e. ∂⊥ϕ̂î, have been computed in
equations (3.19) and (3.52) of [32], and they agree with the results of
this section. More generally, the leading-twist contribution to the de-
fect anomalous dimensions from the inversion of a single bulk scalar
operator of arbitrary dimension ∆ was computed in (3.53) of [18]. The
perturbative expansion of that result again perfectly matches the ones
obtained here. The results for the bulk-to-defect couplings are new
defect data that follows from this analysis.

As already mentioned, the one-loop result contains information about
the anomalous dimensions of operators that already appeared at tree
level. Nevertheless, by keeping more terms in the small-z expansion
(4.40) and (4.45), one can also extract the bulk-to-defect couplings for
higher-twist operators. As one could have guessed from a diagrammatic
argument and as was anticipated in (4.32), it turns out that all higher-
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twist coefficients are zero at this order in perturbation theory

b̂
2(1)
S,m,s = b̂

2(1)
V,m,s = 0 , m > 0 , (4.50)

Therefore the only non zero OPE data in the defect channel are (4.49)
and the defect identity at one loop (4.11).

Bulk channel data

Finally, one can extract the bulk data using the bulk inversion formula
(4.4). The bulk anomalous dimensions are well-known and reproducing
them is just a consistency check for the validity of this procedure. On
the other hand, the product aλ(1) depends on the defect through the
one-point function a, providing new predictions for all operators that
are not affected by perturbative degeneracies (specifically, all twist-two
operators and the first two operators in the twist-four family).

In order to use the formula (4.4), one needs to analyse the behaviour of(
(1−z)(1−z̄)√

zz̄

)∆ϕ
F (z, z̄) for w → 0, according to (4.7).8 In this case, one

can see that ℓ∗ = 2 by expanding the results of the dispersion relation
(4.36) and (4.38) around w = 0 and comparing with (4.7). Therefore,
the inversion formula will work for ℓ > 2. Since the integral in (4.4)
is too hard, it is possible to use the same strategy that was used in
the case of the defect inversion. One can expand the integrand around
z = 1 and compute the coefficient term by term in the expansion.
Namely, using [22]

ct(∆, ℓ)=

∫ 1

0

dz

2

∑
m=0

(1− z)m−1+∆−ℓ
2

m∑
k=−m

Bm,k(∆, ℓ)C
t(z,∆+ ℓ+ 2k) ,

Ct(z,β) =κβ

∫ z

0

dz̄

(1− z̄)2
kβ(1− z̄) dDisc

((
(1− z)(1− z̄)√

zz̄

)∆ϕ
F (z, z̄)

)
,

kβ(z) = z
β
2 2F1

(β
2
,
β

2
, β, z

)
, κβ =

Γ
(
β
2

)3
2π2Γ(β)Γ(β − 1)

,

(4.51)

where Bm,k(∆, ℓ) are coefficients that can be fixed by expanding the
8Notice that for the bulk inversion one needs to consider an extra factor in front of

the correlator F (r, w). For this reason, the behaviour at small w is different from the one
discussed in the defect inversion section.
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kernel in (4.4) and comparing with (4.51), i.e.

(1− z)(1− z̄)2(1− z)
∆−l
2 µ(z, z̄)fHSd+l−1,−d+∆+1 =

=
∑
m

(1− z)m
m∑

k=−m

κ∆+2k+l

κ∆+l

Bm,k(∆, ℓ)k∆+ℓ+2k(1− z̄) .
(4.52)

Just like in the defect case, a given term in the series expansion around
z = 1 (4.51) reproduces the contribution of a given twist to the coeffi-
cient. One can compute the double discontinuity at order ε by taking
the expressions for the full correlator (4.36) and (4.38), multiplying by
(1−z)(1−z̄)√

zz̄
and expanding in z = 1. Every term in the expansion of the

non trivial part of the correlator (1−z)(1−z̄)√
zz̄

I(r, w) contains only integer
powers of z̄. Therefore, this part of the correlator does not contribute
to the double discontinuity. The same applies for the contribution from
the correction to the bulk identity. In other words, the only contribu-
tions to the double discontinuity of both representations at one loop are
the terms proportional to the defect identity, a2ϕ

(1) (1−z)(1−z̄)√
zz̄

. However,
the one-loop coefficient (4.51) will also receive a contribution from the
tree-level double discontinuity, since it contains factors that depend on
∆ϕ and d, which will give terms of order ε when combined with the
order zero double discontinuity (4.15). In particular, both Ct(z, β) and
Bm,k(∆, ℓ) depend on ε through ∆ϕ and d. All in all, the discontinuities
are

dDisc
((

(1−z)(1−z̄)√
zz̄

)∆ϕ
FS(r, w)

)
=

=

(
a2ϕ

(0)

N
+ ε

a2ϕ
(1)

N

)
2 sin2

(
π∆ϕ

2

)(
(1− z)(1− z̄)√

zz̄

)∆ϕ

,

dDisc
((

(1−z)(1−z̄)√
zz̄

)∆ϕ
FT (r, w)

)
=

=
(
a2ϕ

(0)
+ εa2ϕ

(1)
)
2 sin2

(
π∆ϕ

2

)(
(1− z)(1− z̄)√

zz̄

)∆ϕ

.

(4.53)

The first few contributions to Ct(z, β) in the z = 1 expansion in the
appendix (B.8), for both representations. Plugging those expressions
in (4.51), using (4.11) and expanding at first order in ε, one can find
the one-loop coefficients ctS/T (∆, ℓ). Since the external operators are
identical, the u-channel contribution cuS/T (∆, ℓ) is the same. At the
end of the day, one can extract the one-loop bulk OPE data for both
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representations

aλ
(1)
T,0,ℓ = −

2−ℓ−5Γ
(
ℓ
2
+ 1

2

)3
πΓ
(
ℓ
2
+ 1
)
Γ
(
ℓ+ 1

2

)(− 32a2ϕ
(0)
H ℓ

2
− 1

2
+ 35a2ϕ

(0)
Hℓ− 1

2

+19a2ϕ
(0)
ψ(0)(ℓ)−38a2ϕ

(0)
ψ(0)(2ℓ)−19γa2ϕ

(0)
+6a2ϕ

(0)
log 2+32a2ϕ

(1)
)
,

aλ
(1)
T,1,ℓ = −

a2ϕ
(0)
2−ℓ−3Γ

(
ℓ+1
2

)
Γ
(
ℓ+3
2

)2
πΓ
(
ℓ
2
+ 2
)
Γ
(
ℓ+ 3

2

) ,

aλ
(1)
S,0,ℓ =

1

N
λ
(1)
T,0,ℓ ,

aλ
(1)
S,1,ℓ =

1

N
λ
(1)
T,1,ℓ .

(4.54)

The anomalous dimensions are all zero for ℓ > 0, as it was already
known. During this calculation, Ct(z, β) was also computed and (4.51)
to higher order in the z = 1 expansion to extract the coefficients and
anomalous dimensions of higher-twist operators and checked that they
turn out to be zero. The data at low spin have to be computed in a
different way, because the inversion formula does not converge in that
case. For example, one can compute the missing data by expanding
the full results (4.36) and (4.38) in series and comparing it to the bulk
OPE expansion. Although the inversion formula was expected to fail
at spin ℓ = 0, 2, it turns out that the only data that are missed by the
inversion formula are the coefficients of the twist-two operators with
ℓ = 0 (3.34). One finds

aλ
(1)
T,0,0 = a2ϕ

(1) − 1

2
− log(2)

2
,

aλ
(1)
S,0,0 = −

−4a2ϕ
(1)

+N +N log(2) + 2 + log(4)

4N
.

(4.55)

As another non-trivial check of these results at twist 4 at low spin, it
is possible to follow an alternative route to derive the coefficient of the
operator ϕ4, namely aλ

(1)
S/T,1,0, and compare with the result from the

inversion formula. For the sake of simplicity, it is convenient to set
N = 1 and therefore consider only the singlet representation. From
the two-point function of the operator ϕ2 at tree level one can extract
the bulk CFT data. Just like in the case of the two-point function of ϕ,
the tree-level correlator has a contribution from the squared one-point
function and from the bulk identity with dimension ∆ϕ2 = 2 + O(ε),
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namely

F (0)(r, w) = a2ϕ2
(0)

+ a2ϕ
(0) rw

(r − w)(rw − 1)
+

(
rw

(r − w)(rw − 1)

)2

.

(4.56)
A family of double-twist operators with twist 4 enters in the bulk spec-
trum at this order. In particular, one can extract the coefficient of
the spin zero double twist aλ(0)ϕ2ϕ2ϕ4 = a

(0)

ϕ4 λ
(0)

ϕ2ϕ2ϕ4 from the bulk ex-
pansion. Since the squared three-point coefficients λ2 (0)

ϕ2ϕ2ϕ4 are known
from previous work on the theory without defects [95], one can immedi-
ately derive an expression for the squared one-point function a2 (0)

ϕ4 from
aλ

(0)

ϕ2ϕ2ϕ4 . Multiplying this expression and the known squared one-loop
OPE coefficients λ2 (1)

ϕϕϕ4 , one can compute the square of the ϕ4 coeffi-
cient a2 (0)

ϕ4 λ
2 (1)

ϕϕϕ4 = aλ
2(1)
S,1,ℓ, where the fact that λ2 (0)

ϕϕϕ4 = 0 was used. The
results obtained from this analysis match with what was expected from
(4.54). Obviously, this reasoning can be extended to any N . Consid-
ering other correlators is not only useful to check results but also to
solve the mixing problem. Indeed, starting at spin ℓ = 2, the twist-four
operators suffer from degeneracies, namely there are multiple operators
that have the same classical scaling dimensions and therefore are indis-
tinguishable from the bootstrap perspective. For this reason, the data
found at twist four (4.54) has to be interpreted as an average over all
degenerate twist-four operators for a given spin. In order to lift the
degeneracy, one should in principle compare the results from different
correlators.

4.3 Analytic bootstrap for the magnetic impurity

This section presents a bootstrap analysis similar to that of the lo-
calised magnetic fields, applied to the O(3) magnetic impurity, follow-
ing the approach in [35]. The analysis is conducted separately for the
case of a free bulk, discussed in 4.3.1, and for the case of an interacting
bulk, presented in 4.3.2. Finally, in 4.3.3, perturbative computations
are carried out, and the results are compared with those obtained using
bootstrap techniques. As it will be shown, the results are in perfect
agreement.

The observables of interest are the two-point functions of ϕa and ϕ2 at
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the conformal fixed point, which can be written as

⟨ϕa(x)ϕb(y)⟩Dj =
δabFϕϕ(r, w)

|x⊥|∆ϕ|y⊥|∆ϕ
,

⟨ϕ2(x)ϕ2(y)⟩Dj =
Fϕ2ϕ2(r, w)

|x⊥|∆ϕ2 |y⊥|∆ϕ2
.

(4.57)

Here r and w are the two defect cross-ratios expressed in radial coor-
dinates (2.56). Note that throughout this section all the operators are
unit-normalised, a convention that differs from Section 3.3. After com-
puting these correlators, the bulk and defect CFT data are extracted
by expanding the correlators, using either the bulk block expansion 9

Fϕϕ(r, w) = ξ−∆ϕ
∑
O

λϕϕO aO f∆,ℓ(r, w) , ξ =
(1− rw)(w − r)

rw
,

(4.58)
or the defect block expansion

Fϕϕ(r, w) =
∑
Ô

b2
ϕÔ f̂∆̂,s(r, w) . (4.59)

Once again, for definitions and conventions, see Appendix A.

4.3.1 Free bulk

Bootstrap of ⟨ϕϕ⟩

The first observable that is studied is the two-point function of the
order parameter ϕa. Since the bulk theory is free, the bulk OPE of
ϕa contains only the identity and the twist-two operators defined in
(3.15), 10 namely

ϕa × ϕa = 1+
∑
ℓ

Jℓ , (4.60)

with
∆ℓ = 2∆ϕ + ℓ, ∆ϕ = 1− ε

2
. (4.61)

Note that only operators in the singlet representation can appear in
the OPE in (4.60). Is is useful to define the shorthand notation cO =

9The following expressions for Fϕϕ(r, w) are presented, but analogous results apply to
Fϕ2ϕ2 .

10Intuitively, the reason why only twist-two operators appear in free theory is the fol-
lowing: since there are no interactions, only operators with two ϕ’s appear in the OPE,
namely ϕ × ϕ ∼ ϕ∂µ1 . . . ∂µℓ□

nϕ. Those are exactly the twist-two operators. However,
because of the equation of motion □ϕ = 0, only the n = 0 family of twist-two operators
contributes. More rigorously, one should compute the four-point function of free fields ϕa,
and observe that its block expansion contains only twist-two operators.
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λϕϕOaO. All the (defect) CFT data can be expanded in ε with obvious
notation, for example

cℓ = c
(0)
ℓ + εc

(1)
ℓ + . . . . (4.62)

Here c(0)ℓ might itself be of order O(εn), and in fact, in the examples
below c(0) ∼ O(ε). The first step is to compute the discontinuity of
Fϕϕ, which is given by the sum of the discontinuities of the bulk blocks
associated to the bulk OPE expansion 4.60. An analogous argument to
the one used for the localised magnetic field in Section 4.2.3 shows that
the discontinuity of twist-two operators is proportional to their anoma-
lous dimension. Since in free theory twist-two operators do not have
anomalous dimension, the discontinuity only receives a contribution
from the identity operator

DiscFϕϕ = Disc ξ−∆ϕ = 2i sin(π∆ϕ)(−ξ)−∆ϕ . (4.63)

Notice that this equation is correct to all orders ε, and not only at
leading order. Using the dispersion relation (4.8), and adding a low-
spin ambiguity as explained in Section 4.1, one obtains

Fϕϕ(r, w) = ξ−∆ϕ + low-spin ambiguity . (4.64)

To resolve the low-spin ambiguity, the results from Section 3.3.3 on
the operators that can appear in the defect channel can be used. As
shown there, the equation of motion □ϕa = 0 imposes constraints on
the dimensions of the defect operators that couple to it. In particular,
following [121], from

□⟨ϕa(x)Ôb(τ)⟩ = 0 , (4.65)

it can be inferred that two families of operators exist:

• Modes Ôa
0,s ∼ (∂⊥)

s ϕa with s ⩾ 0 and ∆̂0,s = ∆ϕ+s = 1−ε/2+s.

• An operator Ŝa, with s = 0 and ∆̂ = ε/2.11 This is precisely the
defect spin operator of Section 3.3.3, defined in (3.65).

It is a known fact that the defect-channel expansion of the term ξ−∆ϕ

contains the Ôa
0,s operators [18], but it does not include any operator

with the quantum numbers of Ŝa. Therefore, it must be that the dis-
persion relation fails to reproduce the contribution for spin s = 0, and
therefore one needs to correct all possible s = 0 operators. The result
is that the most general ansatz for the correlator is

Fϕϕ(r, w) = ξ−∆ϕ + k1f̂1−ε/2,0(r, w) + k2f̂ε/2,0(r, w) , (4.66)
11More generally, one would find spinning operators with ∆̂ = ε/2− s, but they break

unitarity for s > 0.
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where the extra terms are the defect blocks associated with the low-spin
ambiguities. The coefficients k1 and k2 are not arbitrary. The reason
is that for arbitrary k1 and k2, it is generically not possible to expand
(4.66) in the bulk channel. To be more precise, consider changing
from radial coordinates (r, w) to lightcone coordinates (z, z̄), defined
in (2.55). In this coordinate system, one can see that the expansion
of (4.66) around |1 − z| ≪ |1 − z̄| ≪ 1 contains spurious powers (1 −
z)n(1− z̄)−m for m ⩾ 2, and spurious logarithms log(1− z̄) which are
not accompanied by log(1− z). These terms are incompatible with an
expansion in terms of bulk-channel conformal blocks, and therefore one
must choose the relative size of k1 and k2 to make sure they are absent.
After carrying out this procedure, one finds that the free correlator is

Fϕϕ(r, w) = ξ−∆ϕ + cϕ2Jε(r) , (4.67)

where 12

Jε(r) =
Γ
(
1−ε
2

)
√
πΓ
(
2−ε
2

) f̂ε/2,0(r, w) + Γ
(
ε−1
2

)
√
πΓ
(
ε
2

) f̂1−ε/2,0(r, w) . (4.68)

It should be emphasised that this correlation function is exact to all
orders in ε. However, it depends on a single parameter, cϕ2 , which
cannot be determined by the bootstrap. Since (4.67) is exact in ε, it is
possible to explore the properties of the fixed point in three dimensions
by setting ε = 1. Despite the presence of divergent factors in (4.68),
it can be verified that Jε(r) remains finite in the limit ε → 1. This
leaves two possibilities: either cϕ2

∣∣ε = 1 = 0, or cϕ2
∣∣
ε=1

̸= 0. In the
first case, Fϕϕ is just a free correlator. This is sufficient to show that ϕ
satisfies the free-field equations of motion, and therefore all its correla-
tors are those of the free theory. Instead, if cϕ2

∣∣
ε=1

is a finite non-zero
number, one can try to expand the correlator in the defect channel by
taking r ≪ 1. However, this expansion contains terms with factors of
log r that cannot be reproduced by the defect blocks. Therefore, this
correlator does not obey the defect bootstrap equation. The inevitable
conclusion is that in three dimensions and for a free bulk there is no
non-trivial magnetic impurity [35].

For 0 < ε < 1, instead, the function Jε(r) is a truncated solution of
crossing,13 because it has sensible bulk and defect expansions on its
own, and it involves finitely many transverse spins (in this case, s = 0

12Note that this function does not depend on w because it is a sum of two s = 0 blocks
(A.6).

13This is an analogue of the solutions of crossing with finite support in spin of [139],
which play an important role in the ε-expansion bootstrap for four-point functions [136,
137,140–142].
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only).

As an interesting exercise, from the full two-point function one can still
extract the CFT data for ε < 1 in both OPE channels as a function of
cϕ2 . From the above discussion, the defect expansion takes the form

Fϕϕ(r, w) = b2
ϕÔ0,0

f̂1−ε/2,0(r, w) + b2
ϕŜ
f̂ε/2,0(r, w)

+
∞∑
s=1

b2
ϕÔ0,s

f̂∆ϕ+s,s(r, w) .
(4.69)

Using the formula for conformal blocks (A.6), it is not hard to extract
the CFT data

b2
ϕÔ0,0

= 1 +
Γ
(
ε−1
2

)
√
πΓ
(
ε
2

)cϕ2 , b2
ϕŜ

=
Γ
(
1−ε
2

)
√
πΓ
(
2−ε
2

)cϕ2 ,
b2
ϕÔ0,s

=
2s(∆ϕ)s
s!

.

(4.70)

Similarly, using the formulas for the bulk blocks (A.2) one finds the
expansion

Fϕϕ(r, w) = ξ−∆ϕ + ξ−∆ϕ

∞∑
ℓ=0

λϕϕJℓaJℓf2∆ϕ+ℓ,ℓ(r, w) . (4.71)

The bulk expansion contains only twist-two operators, as expect in the
bulk-free theory. Here λϕϕJℓ are thee-point OPE coefficients of the O(3)
model at the free fixed point, which are known exactly

λϕϕJℓ =

√
2

3

2
ℓ
2 (∆ϕ)ℓ√

ℓ!(2∆ϕ + ℓ− 1)ℓ
. (4.72)

As a result, from the block expansion (4.71), one gets a prediction for
all the one-point functions of twist-two operators:

aϕ2 =

√
3

2
cϕ2 , aJℓ =

(1− ε)ℓ
(
ℓ−ε+2

2

)
ℓ
2

√
ℓ!(ℓ− ε+ 1)ℓ

25ℓ/2
(
ℓ
2
!
)2 ( ℓ−ε+1

2

)
ℓ
2

(
1− ε

2

)
ℓ

aϕ2 . (4.73)

The particular case ℓ = 2 corresponds to the stress tensor aJ2 ∼
⟨Tµν⟩Dj .14 This has been conjectured to be positive [18], hence in bulk-
free theory it should be aϕ2 > 0.

14In the N = 4 SYM literature this observable is usually called the Bremsstrahlung
function.
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At the end of the day, the two-point function of ϕ and the CFT data
are entirely fixed by the bootstrap analysis up to an undetermined
constant, which corresponds to the value of the one-point function aϕ2
of the unit-normalised ϕ2 operator at the critical point. This will be
computed to order O(ε3) in equation (4.113) below.

Bootstrap of ⟨ϕ2ϕ2⟩

A second observable that can be considered is the two-point function
of ϕ2. Once again the bulk OPE is known exactly

ϕ2 × ϕ2 = 1+
∑
ℓ

Jℓ +
∑
n>1

∑
ℓ

On,ℓ , (4.74)

where
On,ℓ ∼ ϕa□n∂µ1 . . . ∂µℓϕa , (4.75)

with
∆n,ℓ = 2∆ϕ2 + 2n+ ℓ, ∆ϕ2 = 2∆ϕ = 2− ε . (4.76)

The bulk expansion reads

Fϕ2ϕ2(r, w) = ξ−2∆ϕ + ξ−2∆ϕ

∞∑
ℓ=0

λϕ2ϕ2JℓaJℓf2∆ϕ+ℓ,ℓ

+ ξ−2∆ϕ

∞∑
n,ℓ=0

cn,ℓf4∆ϕ+ℓ+2n,ℓ .

(4.77)

In this case, the discontinuity receives contributions from the identity
and Jℓ operators, but it kills all of the On,l operators. To compute the
discontinuity of the Jℓ operators, notice that although ξ−2∆ϕf2∆ϕ+ℓ,ℓ(r, w)

has a branch cut, the combination ξ−∆ϕf2∆ϕ+ℓ,ℓ(r, w) does not have a
discontinuity, see (A.2). As a result, the discontinuity reads

DiscFϕ2ϕ2(r, w) =Disc
(
ξ−2∆ϕ

)
+

∞∑
ℓ=0

λϕ2ϕ2JℓaJℓξ
−∆ϕf2∆ϕ+ℓ,ℓ(r, w)Disc

(
ξ−∆ϕ

)
.

(4.78)

Furthermore, one can easily check that in free theory λϕ2ϕ2Jℓ = 2λϕϕJℓ .
Therefore, the sum that appears in the discontinuity gives the same
result as in the ⟨ϕϕ⟩Dj correlator, up to a factor of 2. Hence one has

DiscFϕ2ϕ2(r, w) = Disc
(
ξ−2∆ϕ

)
+ 2cϕ2Jε(r)Disc

(
ξ−∆ϕ

)
. (4.79)
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Both terms get mapped to themselves by the dispersion relation (4.8)
because they are of the form ξαf(r), and the dispersion relation only
involves w. There is an obvious spin s = 0 contribution from the defect
identity a2ϕ2 that is missed by the dispersion relation. In principle there
could be other low-spin ambiguities. Contrary to the previous case,
there does not seem to be any Ward identity that constrains the form
of the low spin ambiguities in ⟨ϕ2ϕ2⟩Dj . Therefore, the conclusion of
the bootstrap analysis is

Fϕ2ϕ2(r, w) = ξ−2∆ϕ + 2cϕ2ξ
−∆ϕJε(r) + a2ϕ2 + low-spin ambiguity .

(4.80)

From the diagrammatic computation in Section 4.3.3, it will be shown
that at next-to-leading order there is indeed an extra term which cor-
responds to the contribution of the operator Φ̂ and that of an infinite
family of integer-twist operators with transverse spin s = 0. This
means that the bootstrap result is not complete, but it can still be
used to extract defect CFT data with s > 0. For further details on the
low spin contribution see the discussion around (4.126). In the defect
channel two families of operators are found

Fϕ2ϕ2(r, w) =
∞∑

n,s=0

(
b2
ϕÔn,s

f̂∆̂n,s,s + b2
ϕĴn,s

f̂∆̂Ĵn,s ,s

)
. (4.81)

The first family of operators has the interpretation Ôn,s ∼ (∂⊥)
s□nϕ2,

with

∆̂s,n = 2∆ϕ + s+ 2n , (4.82)

b2
ϕÔn,s

= cϕ2
2s
(
3
2

)
n−1

Γ
(
ε−1
2

) (
1− ε

2

)2
n

(
n− ε

2
+ 1
)
s
(n+ s− ε+ 2)n

√
π n! Γ

(
ε
2

)
(n+ s)!

(
3
2
− ε

2

)
n

(
n+ s− ε

2
+ 1
)
n

+
2s
(
1− ε

2

)
n
(2− ε)2n+s

n!(n+ s)!
(
n+ s− ε

2
+ 1
)
n

,

(4.83)

whereas the second family is Ĵn,s ∼ (∂⊥)
s□nϕaTa, with

∆̂Ĵn,s
= 1 + s+ 2n , (4.84)

b2
ϕĴn,s

= cϕ2
2s(−4)n

(
3
2

)
n−1

Γ
(
1−ε
2

)
(2n+ s)!

(
ε
2

)
n

(
−n− ε

2
+ 1
)
2n+s√

π n! Γ
(
1− ε

2

)
((n+ s)!)2(ε)2n

(
n+ s+ ε

2

)
n

.

(4.85)

Note that these results are only valid for s > 0 due to low-spin ambigu-
ities. Notice that the operators Ĵn,s have integer scaling dimension. In
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particular, the operators Ĵ0,s are related to the higher spin symmetries
in the free bulk theory which are broken by the defect, as it can be
seen from the Ward identity (3.104). Finally, since low s ambiguities
potentially contribute to all data in the bulk OPE, it is not possible
extract any meaningful observable in that channel.

4.3.2 Interacting bulk

Bootstrap of ⟨ϕϕ⟩

In this section, the case in which the bulk theory is the O(3) model at
the Wilson-Fisher fixed point in d = 4 − ε dimensions is considered,
restricting to the first non-trivial order in the perturbative expansion
at small ε. The observable of interest is again the two-point function
of the order parameter ϕa, namely

⟨ϕa(x)ϕa(y)⟩Dj =
Fϕϕ(r, w)

|x⊥|∆ϕ|y⊥|∆ϕ
. (4.86)

The same correlator was computed in presence of a different line defect
using the analytic bootstrap in Section 4.2 [34, 135]. It turns out that
the computation in the present case is very similar. The reason is
very simple: the discontinuity is computed by expanding the two-point
function in bulk blocks and evaluating the discontinuity of each block.
At first order in perturbation theory, the discontinuity of a block is
proportional to the anomalous dimension of the corresponding bulk
operator, which is independent of the defect. Finally, it turns out that
in the O(3) model all the operators that appear in the ϕ × ϕ OPE at
order ε have vanishing anomalous dimensions, except for one operator.
More precisely, the bulk OPE is

ϕa × ϕa = 1+
∑
ℓ

Jℓ +
∑
n>1

∑
ℓ

On,ℓ , (4.87)

where, for the leading twist family [95,143]

∆ℓ = 2∆ϕ + ℓ+ ε
5

11
δℓ,0 + O(ε2) ,

∆ϕ = 1− ε

2
+ O(ε2) ,

(4.88)

and

λϕϕJℓ = λ
(0)
ϕϕJℓ

+ ελ
(1)
ϕϕJℓ

+ ε2λ
(2)
ϕϕJℓ

+ O(ε3) ,

aJℓ = a
(0)
Jℓ

+ εa
(1)
Jℓ

+ ε2a
(2)
Jℓ

+ O
(
ε3
)
.

(4.89)



Chapter 4 – Analytic bootstrap for line defects in the O(N) model 106

For higher-twist operators, one has

∆n,ℓ = 2∆ϕ + 2n+ ℓ+ εγ
(1)
n,ℓ + O(ε2) ,

λϕϕOn,ℓ = ελ
(1)
ϕϕOn,ℓ + ε2λ

(2)
ϕϕOn,ℓ + O(ε3) .

(4.90)

Therefore only the bulk identity and ϕ2 operators contribute to the
discontinuity. All the other operators do not contribute at the order
considered, since their anomalous dimensions or OPE coefficients are
higher order. At the end of the day, the discontinuity reads

DiscFϕϕ(r, w) = Discξ−∆ϕ + ε2
5πi

11
λ
(0)

ϕϕϕ2a
(1)

ϕ2 ξ
−1f2,0(r, w) + O(ε3) .

(4.91)
A comment is in order: the one-point coefficient aϕ2 which appears
in the discontinuity cannot be determined by the bootstrap but, at
leading order, coincides with the tree-level free theory result [33], and
in particular it turns out that aϕ2 ∼ ε. Therefore, the non-trivial
correction to the discontinuity starts at order ε2. The discontinuity
(4.91) is the same that was found in [135, 34], up to a different factor
in front of the non-trivial term, which depends on the specific defect
through the one-point function coefficient aϕ2 . The other coefficient
λϕϕϕ2 does not depend on the defect, just like the anomalous dimensions
of bulk operators, and has the value [144,136,137]

λϕϕϕ2 =

√
2

3

(
1− ε

5

22

)
+ O(ε2) . (4.92)

In particular, at leading order λ(0)ϕϕϕ2 =
√

2
3
. The discontinuity and

the result of the dispersion relation can both be evaluated explicitly in
terms of special functions. It turns out that the result of the dispersion
relation is

Fϕϕ(r, w) = ξ−∆ϕ + ε2
√

2

3

5a
(1)

ϕ2

11
H(r, w) + low spin + O(ε3) , (4.93)

where H(r, w) can be conveniently expressed as

H(r, w) = ξ−1 (∂∆ − 1− log 2) f2,0(r, w) , (4.94)

where as always f2,0(r, w) is a bulk block. This function can also be
represented in a variety of different ways which are better suited for
explicit evaluation or the extraction of the CFT data, for example as
a multivariable hypergeometric function. As in the free bulk case, the
result of the dispersion relation may miss low spin contributions. For
example, in the free theory discussed in Section 4.3.1, one had to add
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by hand a truncated solution to crossing Jε(r) to the correlator. It is
convenient to expand this function perturbatively in ε

Jε(r) = 1 +
ε

2
log

4r

(1 + r)2
+ O(ε2) . (4.95)

A similar correction can be expected in the present case. The goal here
is to see if it is possible to find more general truncated solutions to be
added to the final interacting correlator. To be able to make progress,
it is convenient to make the simplifying assumption that only the defect
twist-one family contributes. This assumption is motivated by the fact
that this is what happens in the free bulk case (and in a variety of other
perturbative setups) and one expects the defect spectra in the free and
interacting case to be perturbatively close to each other. Provided the
assumption is true, the most general ansatz for the ambiguity is

Famb(r, w) = (q0 + r0∂∆̂) f̂0,0 + (q1 + r1∂∆̂) f̂1,0

+
s∗∑
s=1

(
qs+1 + rs+1∂∆̂

)
f̂s+1,s ,

(4.96)

where q and r are arbitrary constants. For any finite s∗ ∈ N, the
conformal blocks in this sum can be written as polylogarithms using
HypExp [145,146]. For example, the lowest lying ones take a very simple
form

f̂0,0(r, w) = 1 , ∂∆̂f̂0,0(r, w) = log
r

1− r2
,

f̂1,0(r, w) = tanh−1r , . . .
(4.97)

Given the ansatz (4.96), one can attempt to expand it in the bulk chan-
nel, but generically this is not possible. The reason can be seen more
easily by changing from radial coordinates (r, w) to lightcone coordi-
nates (z, z̄), defined in (2.55). In this coordinate system, one can see
that the expansion of (4.96) around |1 − z| ≪ |1 − z̄| ≪ 1 contains
spurious powers (1− z)n(1− z̄)−m for m ⩾ 2, and spurious logarithms
log(1 − z̄) which are not accompanied by log(1 − z). These terms are
incompatible with an expansion in terms of bulk-channel conformal
blocks (A.2), since the latter are symmetric in z and z̄. Therefore,
demanding they vanish puts non-trivial constraints on the ansatz. Al-
though a general proof has not been found, by experimenting with low
values s∗ ⩽ 5, it is possible to conclude that the most general truncated
solution is

Famb(r, w) = q0f̂0,0(r, w) + r0

(
∂∆̂f̂0,0(r, w)− 2f̂1,0(r, w)

)
=

= q0 + r0 log
r

(1 + r)2
.

(4.98)
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Both equation (4.95) and (4.98) suggest that the ambiguities of interest
are a constant and a logarithm. At the end of the day, the ansatz for
the correlator can be expressed as

Fϕϕ(r, w) = ξ−∆ϕ + ε2
√

2

3

5a
(1)

ϕ2

11
H(r, w) + q0 + r0 log

r

(1 + r)2
+ O(ε3) .

(4.99)
The constants a(1)ϕ2 , q0, r0 cannot be fixed from the bootstrap alone.
However, it can be shown that they are not independent. One can fix
r0 in terms of a(1)ϕ2 by exploiting the analysis on the defect spectrum in
Section 3.3.3. Indeed, the defect expansion has the same form as in the
case of the free bulk

Fϕϕ(r, w) = b2
ϕÔ0,0

f̂∆̂0,0,0
(r, w) + b2

ϕŜ
f̂∆̂Ŝ ,0

(r, w) +
∞∑
s=1

b2
ϕÔ0,s

f̂∆ϕ+s,s(r, w) ,

(4.100)

and in particular it contains the spin operator Ŝa. As discussed in
Section 3.3.3, while this operator has no longer protected dimension
if the bulk is not free, one can see from the Ward identity that the
correction to the anomalous dimension starts at order ε2. Therefore,
the leading dimension must coincide with the one in the free bulk case.

This fixes r0 = ε
√

2
3

a
(1)

ϕ2

2
. Finally, one can fix q0 in terms of λϕϕϕ2aϕ2

just by expanding the correlator in the bulk channel, namely

F (r, w) = ξ−∆ϕ + cϕ2ξ
−∆ϕf∆ϕ2 ,0 + ξ−∆ϕ

∞∑
ℓ=2

cℓf2∆ϕ+ℓ,ℓ , (4.101)

where the general definition cO = λϕϕOaO has been used. By comparing

with (4.99), it is possible to fix q0 = λϕϕϕ2aϕ2+ε
2
√

2
3
a
(1)

ϕ2

(
5
11

+ 16
11
log 2

)
.

Therefore, at the end of the day the correlator and all the CFT data
are fixed in terms of a single unknown one-point function coefficient
aϕ2 , more precisely one finds

F (r, w) =bξ−∆ϕ + cϕ2

(
1 +

ε

2
log

4r

(1 + r)2
+ ε

5

11
(1 + log 2 +H(r, w))

)
+ O(ε3) ,

(4.102)
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where as always cϕ2 = λϕϕϕ2aϕ2 =
√

2
3
(1−ε 5

22
)
(
εa

(1)

ϕ2 + ε2a
(2)

ϕ2

)
+O(ε3).

The CFT data for the defect spin operator reads

∆̂Ŝ =
ε

2
+ O(ε2) , (4.103)

b2
ϕŜ

= cϕ2 + ε2
√

2

3
a
(1)

ϕ2

(
5

11
+

16

11
log 2

)
+ O(ε3) . (4.104)

Notice that from (4.102) one can extract the defect spin dimension up
to O(ε) since bϕŜ is also O(ε). However, the correction of order O(ε2)

for ∆̂Ŝ is known and it is reported it in (3.72). Moving on to the other
operators in the defect channel, one see that for the operator Ô0,0 the
CFT data is

∆̂0,0 = ∆ϕ + ε2
√

2

3

10a
(1)

ϕ2

11
+O(ε3) , (4.105)

b2
ϕÔ0,0

= 1− ε2
√

2

3
a
(1)

ϕ2

(
31

11
− 20

11
log 2

)
+O(ε3) . (4.106)

Finally, one finds a single infinite family of defect operators Ô0,s with

∆̂0,s = ∆ϕ + s+ ε2
√

2

3

5a
(1)

ϕ2

11

1

s+ 1/2
+ O(ε3) , (4.107)

b2
ϕÔ0,s

= 2s
(
(∆ϕ)s
s!

+ ε2
√

2

3

5a
(1)

ϕ2

11

(
Hs −Hs−1/2

s+ 1/2
− 1

(s+ 1/2)2

)
+O(ε3)

)
.

(4.108)

In the bulk channel, there are the twist-two operators Jℓ with

cℓ =
Γ
(
ℓ+1
2

)
Γ(ℓ+ 1)2

8ℓ
(
ℓ
2
!
)2

Γ
(
ℓ+2
2

)
Γ
(
2ℓ+1
2

)(cϕ2 +
+ ε2

√
2

3
a
(1)

ϕ2

(
5

11
(1 + log 2) +

1

2

(
H ℓ

2
−H ℓ−1

2
+Hℓ− 1

2
− 3Hℓ

))
+ O(ε3)

)
.

(4.109)

Notice the absence of double-twist operators with twist higher than
2. This is consistent with the fact that [136, 143] λϕϕOn,ℓ ∼ ε and
aOn,ℓ ∼ ε2. The latter fact follows immediately by considering tree-
level Feynman diagrams.

4.3.3 Diagrammatic computation

In this section, the diagrammatic computation for the correlators of
the bulk fields ϕa and ϕ2 is outlined and compared with the bootstrap
results of Sections 4.3.1 and 4.3.2.
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One-point function ⟨ϕ2⟩, free bulk

The first computation is for the one-point function of ϕ2 in the free the-
ory, which was already computed at next-to-leading order in [33]. This
observable is not accessible by the bootstrap analysis, and indeed it is
the only information needed to completely fix the two point function
of ϕ. Since the bulk is free, there are two ways of doing the computa-
tion: one can exploit the Ward identity and write the bulk correlator in
terms of an integrated defect correlator using (3.68), or perform a di-
rect computation of the bulk correlator in terms of Feynman diagrams.
In terms of the defect correlator, one has

⟨ϕ2(0, x⊥)⟩Dj = κ ζ2
∫
dτ

∫
dτ ′

⟨Ŝa(τ)Ŝa(τ ′)⟩Dj
(τ 2 + |x⊥|2)1−

ε
2 (τ ′2 + |x⊥|2)1−

ε
2

.

(4.110)

At the fixed point, ⟨Ŝa(τ)Ŝa(τ ′)⟩Dj is given by (3.82). By computing
the integrals, one obtains 15

⟨ϕ2(0, x⊥)⟩Dj =
κ ζ2∗NŜ

|x⊥|2−ε
π3/2Γ

(
1
2
− ε

2

)
Γ
(
1− ε

2

) ≡
Nϕ2aϕ2

|x⊥|2−ε
. (4.111)

Here Nϕ2 is the normalisation of the two-point function, which accord-
ing to conventions used is

⟨ϕ2(x)ϕ2(0)⟩ =
N 2

ϕ2

|x|2∆ϕ2
, N 2

ϕ2 = 6κ2 . (4.112)

By plugging in the value of the coupling at the fixed point (3.46) and
the normalisation constant NŜ in (3.83), one obtains 16

aϕ2 =
π2j(j + 1)ε

2
√
6

(
1 + ε

log 4− 1

2

+ ε2
2π2j(j + 1) + (log 4− 2) log 4

8

)
+ O(ε4) .

(4.113)

This result has also been reproduced using Feynman diagrams.
15Notice that in the bootstrap computation in Sections 4.3.1 and 4.3.2 the operators

to be unit-normalised, as is customary in the CFT literature. In the diagrammatic cal-
culation, it is convenient to use a different normalisation, and this is why the one point
function here has an extra factor compared to (2.50).

16This result for the one-point function at the fixed point, as presented in [35], differs
from the one in equation (2.14) of [33] at order ε2. This discrepancy may arise from the
possibility that the authors of [33] employed the critical coupling at leading order rather
than at next-to-leading order, potentially overlooking a contribution of order ε2 in the
one-point coefficient.
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One-point function ⟨ϕ2⟩, interacting bulk

When bulk interactions are turned on, it is no longer particularly con-
venient to express the bulk correlator in terms of a defect one, since the
Ward identity (3.61) gets corrected and the relation between the two
correlators becomes more involved. Therefore, it is easier to compute
the one-point function directly using Feynman diagrams. The diagrams
that contribute to the one-point function ⟨ϕ2⟩Dj up to order ε2 are

⟨ϕ2(0, x⊥)⟩Dj = + +

+ + + ,

(4.114)

where in the last equation it is intended that one should consider also
the specular version of diagrams (obtained by reversing the order of
the insertion of all the defect interactions) such as the third and the
fifth, and the black point represents the bulk interaction.

The diagrams without bulk interactions were already computed in the
free bulk case in [33], but because of the shift in the critical coupling
(3.49), they will give slightly different results in the interacting case.
The only diagram with bulk interactions was computed in [32]. Details
of the computation can be found in those papers. All in all one finds

aϕ2 =
π2j(j + 1)ε

2
√
6

(
1− 2π2

11

(
j(j + 1)− 1

3

)
ε

− 181

242
ε+

6

11
ε log 2

)
+ O(ε3) .

(4.115)

Two-point function ⟨ϕϕ⟩, free bulk

Moving on to the two point function of the order parameter ϕ in a free
bulk, it is possible to play the same trick as before and compute it in
terms of an integrated defect two-point function. In particular, using
(3.68), one has

⟨ϕa(0, x⊥)ϕb(0, y⊥)⟩Dj =κ ζ2
∫
dτ

∫
dτ ′

⟨Ŝa(τ)Ŝb(τ ′)⟩Dj
(τ 2 + |x⊥|2)1−

ε
2 (τ ′2 + |y⊥|2)1−

ε
2

+ ⟨ϕfree
a (0, x⊥)ϕ

free
b (0, y⊥)⟩Dj .

(4.116)
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At the fixed point, using (3.46) and (3.82), one finds

⟨ϕa(0, x⊥)ϕb(0, y⊥)⟩Dj =

=
κζ2∗NŜ

3

∫
dτ

∫
dτ ′

δab

|τ−τ ′|2∆̂Ŝ(τ 2+r2)1− ε
2(τ ′2+1)1−

ε
2

+
N 2
ϕδabξ

−∆ϕ

|x⊥|∆ϕ|y⊥|∆ϕ
=

≡
N 2
ϕδabFϕϕ(r, w)

|x⊥|∆ϕ |y⊥|∆ϕ
,

(4.117)

where symmetry was used to set the first operator at x = (0, z, z̄, 0, 0, ...)
and the other one at (0, 1, 0, 0, ...), and then everything was expressed
in radial coordinates (2.56) in order to simplify the computation. The
factor ξ was defined in (4.58), and Nϕ =

√
κ. The integral can be

solved in terms of hypergeometric functions and gives

Fϕϕ(r, w) = ξ−∆ϕ +
ζ2∗NŜ

3

(
2π tan

(
πε
2

)
r1−

ε
2 2F1

(
1
2
, 1− ε

2
; 3
2
− ε

2
; r2
)

ε− 1

+
π r

ε
2Γ
(
1
2
− ε

2

)2
2F1

(
1
2
, ε
2
; ε+1

2
; r2
)

Γ
(
1− ε

2

)2 )
=

= ξ−∆ϕ + λϕϕϕ2 aϕ2Jε(r) ,
(4.118)

where the second line was obtained using the expression of the one-
point function (4.111), the three-point function coefficient (4.72), and
well known identities for the hypergeometric function. This result holds
for all ε and perfectly matches the bootstrap prediction (4.67), in par-
ticular note that the non-trivial integral corresponds to Jε(r), the con-
tribution of spin s = 0 defect operators defined in (4.95).

Two-point function ⟨ϕϕ⟩, interacting bulk

When bulk interactions are turned on, it is convenient to use Feynman
diagrams, since most of the diagrams have already been evaluated in
[34,135]. At order ε2 one has

⟨ϕaϕa⟩Dj = + + + + ,

(4.119)

where again also the contribution from the specular version of the third
diagram is implied. The first two diagrams are the just the free propa-
gator and the square of the one-point function of ϕa, which is zero. The
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only non-trivial diagram is the last one, and it was already computed
in [34, 135] in terms of the function H(r, w) introduced in (4.94). All
in all, one finds

Fϕϕ(r, w) = ξ−∆ϕ + cϕ2

(
1 +

ε

2
log

4r

(1 + r)2
+

5ε

11

(
1 + log 2 +H(r, w)

))
,

(4.120)

where as always cϕ2 = λϕϕϕ2aϕ2 , with λϕϕϕ2 given by (4.92) and aϕ2 by
(4.115). This result perfectly matches the bootstrap prediction (4.102).

Two-point function ⟨ϕ2ϕ2⟩, free bulk

The two-point function of ϕ2 in free theory can once again be computed
in terms of defect correlators, namely

⟨ϕ2ϕ2⟩Dj =

= κ2 ζ4∗
∫
dτ1
∫
dτ2
∫
dτ3
∫
dτ4

⟨Ŝa(τ)Ŝa(τ1)Ŝb(τ2)Ŝb(τ3)⟩Dj
(τ12+r2)

1− ε
2 (τ22+r2)

1− ε
2 (τ32+1)1−

ε
2 (τ42+1)1−

ε
2
+

+ 2κ ζ2∗

∫
dτ1

∫
dτ2

⟨Ŝa(τ1)Ŝb(τ2)⟩Dj⟨ϕfree
a ϕfree

b ⟩Dj
(τ12 + r2)1−

ε
2 (τ22 + 1)1−

ε
2

+ ⟨ϕ2
freeϕ

2
free⟩Dj =

= κ2 ζ4∗

∫
d4τ

⟨Ŝa(τ1)Ŝa(τ2)Ŝb(τ3)Ŝb(τ4)⟩Dj
(τ12 + r2)1−

ε
2 (τ22 + r2)1−

ε
2 (τ32 + 1)1−

ε
2 (τ42 + 1)1−

ε
2

+

+
1

|x⊥|∆ϕ2 |y⊥|∆ϕ2
(
ξ−∆ϕ2 + 2cϕ2ξ

∆ϕJε(r)
)
,

(4.121)

where the explicit dependence on the external coordinates of the free
fields ϕfree was suppressed and the results of the previous section were
used in order to simplify the expression. Contrary to the previous cases,
it is not possible to simplify the result further without expanding in
ε. The reason is that the four-point function of defect operator is
not completely fixed by conformal invariance and one cannot do the
first integral without knowing its explicit expression.17 The four-point
function of Ŝa at tree-level is just given by traces of the generators T a,
just like the two point function. However, one should be careful about
the order of the positions where the generators are inserted, which
corresponds to step functions. This happens because, as explained
in Section 3.3.3, the defect spin operator has to be interpreted as a

17The defect four-point function at the conformal fixed point can be expressed as

⟨Ŝa(τ1)Ŝa(τ2)Ŝa(τ3)Ŝa(τ4)⟩Dj = N 2
Ŝ
f(z)/(τ

2∆̂
Ŝ

12 τ
2∆̂

Ŝ
34 ), where f(z) is an arbitrary func-

tion of the conformal cross-ratio z = τ12τ34
τ13τ24

.
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generator inserted at a specific position in the path ordering. Therefore,
it follows that

⟨Ŝa(τ1)Ŝa(τ2)Ŝb(τ3)Ŝb(τ4)⟩Dj =

=
1

2j + 1

[
Tr (TaTaTbTb) (θ1>2>3>4 + cyclic perm.)+

+ Tr (TaTbTaTb) (θ1>3>2>4 + θ1>4>2>3 + cyclic perm.)
]
+ O(ε) =

= j2(j + 1)2 (θ1>2>3>4 + θ1>3>2>4 + θ1>4>2>3 + cyclic perm.)+
− j(j + 1) (θ1>3>2>4 + θ1>4>2>3 + cyclic perm.) + O(ε) ,

(4.122)

where the order of the points is indicated by the theta functions. When
this result is plugged into (4.121) and the symmetry of the integrand
is used, the term that goes like ∼ j2(j + 1)2 reproduces the square of
the one-point function. The other term reduces to

−
∫
τ1>τ3>τ2>τ4

dτ 4 (τ1
2 + r2)−1(τ2

2 + r2)−1(τ3
2 + 1)−1(τ4

2 + 1)−1 ≡ π2

2r2
W (r) ,

(4.123)
where W (r) is given by

W (r) = 2Li2
(
1− r

2

)
−Li2(1− r)− Li2(−r)+

+ log(r + 1) log

(
r + 1

4r

)
+ log2 2 .

(4.124)

At the end of the day, the two-point function reads

⟨ϕ2(0, x⊥)ϕ
2(0, y⊥)⟩Dj =

N 2
ϕ2 Fϕ2ϕ2(r, w)

|x⊥|∆ϕ2 |y⊥|∆ϕ2
, (4.125)

where

Fϕ2ϕ2(r, w) = ξ−∆ϕ2 + a2ϕ2+2cϕ2ξ
∆ϕ

(
1 +

ε

2
log

4r

(1 + r)2

)
+

− π2j(j + 1)

6
ε2W (r) + O(ε3) .

(4.126)

Comparing with the bootstrap result (4.80), one immediately sees that
the two results coincide up to the term proportional to W (r). Indeed
the function W (r) corresponds to a spin s = 0 ambiguity, in the lan-
guage of the bootstrap. It has a simple block expansion in the defect
channel

W (r) = (2− 4 log 2)f̂1,0(r)− 2∂∆̂f̂1,0(r) + 4
∞∑
n=2

(−1)n(n− 2)!

n
(
3
2

)
n−2

f̂n,0(r) .

(4.127)
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Expanding (4.126) in the defect channel one finds that the lowest singlet
operator, which can be identified with Φ̂, has

∆̂Φ̂ = 1 + ε+ O(ε2) . (4.128)

This result matches with the expression computed from the beta func-
tion (3.95). One can also extract the bulk CFT data from (4.126), but
the results are not particularly illuminating. Therefore, they are not
presented here.

Two-point function ⟨ϕ2ϕ2⟩, interacting bulk

In the interacting case, the two-point function of ϕ2 can only be com-
puted using Feynman diagrams. At order ε2, the relevant diagrams
are

⟨ϕ2(0, x⊥)ϕ
2(0, y⊥)⟩ = + + + +

+ + + , (4.129)

where as before contributions from specular diagrams are implied. The
first diagram stands for corrections to the propagator that come purely
from bulk interactions. These have been computed long ago in the
theory without the defect and generate corrections to the dimension of
∆ϕ2 in the bulk identity term ξ−∆ϕ2 . Those are not drawn explicitly to
avoid cluttering. The only non-trivial diagram is the fifth, which can
be computed in terms of W (r) (4.123). All the other diagrams were
already computed in [135]. The final result is

Fϕ2ϕ2(r, w) = ξ−∆ϕ2+ a2ϕ2−
ε2π2j(j + 1)

6
W (r) +

π2j(j + 1)ε

3ξ1−
ε
22

(
1 + ε log 2

+
ε

11

(
− 118

11
+ 5H(r, w)− 2π2

(
j(j + 1)− 1

3

)
+ 1

2
log

4r

(r + 1)2

))
+ O(ε3) .

(4.130)

It would be difficult to compute this result using bootstrap methods,
since the discontinuity would receive contributions from all the double-
twist operators.
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Chapter 5

Transdimensional defects

5.1 Transdimensional defects in the O(N) model

The defects in the O(N) model introduced in Chapter 3 within the
framework of the ε-expansion always have either integer dimension or
integer co-dimension. It is important to recall that the main idea be-
hind the ε-expansion is to study a CFT in d = 3 dimensions by con-
sidering the CFT in d = 4 − ε dimensions instead, where it is weakly
coupled, and then extrapolating to ε = 1. When a defect is incor-
porated into this framework, having either integer dimension p or co-
dimension q ensures that, when the bulk is extrapolated to some integer
dimension, the defect will also be integer-dimensional, thus allowing
for a physically meaningful interpretation. More generally, most de-
fects considered in the literature, including those constructed in other
CFTs, are either lines, surfaces, boundaries, or interfaces. However,
in principle it is also possible to obtain an integer-dimensional defect
in an integer-dimensional bulk by allowing both p and q to deviate
from their original integer values, and then extrapolating to new val-
ues. The purpose of this chapter is to demonstrate that this more
general perspective enables the construction of new and interesting de-
fects by interpolating between different values of the defect dimension,
as discussed in [36]. In this section, the focus is on the “p=2.01 defect
in d = 3.99 dimensions” in the O(N) model. In Section 5.2, another
example is provided, considering a symmetry-breaking defect in the
O(N) model at large N whose dimension interpolates between p = 1
and p = 2 as the dimension of the bulk varies between d = 4 and d = 6.

117
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5.1.1 Free O(N) field theory

At first, one can consider a simple soluble example: the free scalar
O(N) theory in d dimensions. Its action is

S =

∫
ddx 1

2
∂µϕa∂µϕa . (5.1)

The action is deformed by the defect interaction terms

SD = 1
2
(h0)ab

∫
dpτ (δabS + Tab) , (5.2)

where S and Tab are the two primary operators that are quadratic in
the fields,

S ≡ 1

N
ϕaϕa , Tab ≡ ϕaϕb −

δab
N
ϕcϕc , (5.3)

and h0 has mass dimension p+2−d. For simplicity, this section focuses
on the O(N)-invariant defect.

For d = 4 − ε < 4 and p = 2, this deformation is weakly relevant
and triggers a defect RG flow, as mentioned in 3.4.1. This flow can be
studied exactly in ε, and for ε = 1 it reaches an IR fixed point that
corresponds to the three-dimensional free scalar theory with an inter-
face with Dirichlet boundary conditions [123–125]. If one instead takes
d = p = 3, the action just defines a free massive scalar theory with
mass m2 = h0. Here a third possibility is explored by setting d = 4− ε
and p = 2+δ. The deformation is again weakly relevant and the defect
flows to an IR fixed point. This defect RG flow can be studied in per-
turbation theory, where it is possible to resum diagrams at all orders.
The analysis is essentially the same as in [123,125], except that defect
integrals have now to be performed in p = 2+ δ dimensions. A similar
approach has been explored in the context of coupling theories across
different dimensions [147].

More concretely, to renormalise the theory one sets h0 = µε+δZhh,
where Zh is a renormalisation factor and h is the renormalised coupling.
Then finiteness of the bulk one-point function ⟨ϕ2(x⊥, x∥)⟩ is imposed
in the limit ε, δ → 0, where x⊥ is the distance from the defect. The
one-point function is given by the sum of the series of diagrams

ϕ2

+

ϕ2

+

ϕ2

+ · · · (5.4)
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Here the solid line represents the p-dimensional defect and dashed lines
are free propagators

G(x) =
N 2
ϕ

|x|d−2
, N 2

ϕ =
Γ(d/2− 1)

4πd/2
. (5.5)

In the MS scheme,1 finiteness of the sum in (5.4) is guaranteed at all
orders provided that

Zh =
1

1− h/(ε+ δ)
, (5.6)

where h→ 2πh has been rescaled. The exact beta-function is obtained
by imposing µ d

dµ
h0 = 0; it reads

βh = −(ε+ δ)h+ h2 , (5.7)

and admits a non-trivial IR fixed point for h∗ = ε+ δ.

Since the action (5.1) is Gaussian, generic defect correlators can be
obtained by Wick contractions, once the dimension of the defect oper-
ator ϕ̂, ∆̂ϕ̂, and that of the defect operator ∂⊥ϕ̂, ∆̂∂⊥ϕ̂

, are known. To
determine the first, one can use that at the fixed point

∆̂Ŝ = p+
∂βh
∂h

∣∣∣
h∗

= 2 + ε+ 2δ ⇒ ∆̂ϕ̂ = 1 +
ε

2
+ δ . (5.8)

The operator ∂⊥ϕ̂ does not get renormalised in this model, see Foot-
note 2, and its dimension is

∆̂∂⊥ϕ̂
= 2− ε

2
. (5.9)

The sum in (5.4) also determines the value of the one-point function of
S at the bulk fixed point in the presence of the defect, see (B.76, B.77).
To compute it one expands the result in powers of ε and δ which allows
to guess the expression

⟨S(x⊥, x∥)⟩ =
NS aS
|x⊥|2∆ϕ

, NS = 2NN 2
ϕ , aS = −

√
π Γ
(
1 + ε

2
+ δ
)

22+δΓ
(
3+δ
2

)
Γ
(
ε+δ
2

) .
(5.10)

With these expressions at hand, one may consider different values of
δ. For δ = 1− ε the defect is an interface and (5.8), (5.10) reproduce,

1In this case there are only poles in the variable ε + δ, hence the MS scheme is un-
ambiguous. In the interacting case, where the poles are different linear combinations of ε
and δ, one needs to specify how the minimal subtraction should be performed.
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for any ε, the values for the free scalar theory with Dirichlet bound-
ary conditions [148]. The dimensions of both ∂⊥ϕ̂ and ϕ̂ are 2 − ε/2
and further evidence that they are linearly dependent comes from the
boundary operator product expansion (OPE) coefficients of these two
operators [17]. At order ε0 one has

⟨ϕ(x)ϕ̂(τ)⟩ =
NϕNϕ̂bϕ,ϕ̂

|x⊥|∆ϕ−∆̂ϕ̂|x∥ − τ |2∆̂ϕ̂
, b2

ϕ,ϕ̂
=

2δΓ
(
1− δ

2

)
Γ
(
1+δ
2

)
√
π

+O(ε) ,

(5.11)
where ⟨ϕ̂(0)ϕ̂(τ)⟩ = N 2

ϕ̂
/|τ |2∆̂ϕ̂ , and similarly

b2
ϕ,∂⊥ϕ̂

=
2

2− δ
+ O(ε) . (5.12)

This means that for ε = 0 (and δ = 1), the boundary OPE coeffi-
cient for the unit normalised operator Φ̂+ = (ϕ̂ + ∂⊥ϕ̂)/

√
2 becomes

b2
ϕ,Φ̂+

= (bϕ,ϕ̂+ bϕ,∂⊥ϕ̂)
2/2 = 4, which is the correct value for the bound-

ary operator in the Dirichlet interface theory in d = 4. Similarly, one
can see that the operator Φ̂− = (ϕ̂ − ∂⊥ϕ̂)/

√
2 decouples. A similar

statement should hold for ε > 0.

As another example, one may attempt to construct a line defect via
δ → −1. To keep the quadratic deformation relevant, one should make
sure that ε + δ > 0. For the case of ε = 1, one gets ∆̂ϕ̂ = 1/2 from
(5.8), which is the dimension of the bulk field, so this is the trivial
defect with h∗ = 0. A similar result was obtained for N = 1 in [121].

Next, for ε, δ → 1 one gets a three-dimensional theory with ∆̂ϕ̂ = 5/2,
so a non-local theory of GFF. More generally, leaving 0 < ε < 1 as a
free parameter and looking only at defect correlators, one gets a con-
tinuous family of GFF theories with 2 < ∆̂ϕ̂ < 5/2. This is similar in
spirit to the defect description of the long-range Ising model discussed
in Section 6.1. Another generalisation, starting with any theory near
the critical dimension dc, i.e. d = dc − ε and p = dc − 2 + δ for some
positive integer dc ⩾ 2, gives ∆̂ϕ̂ =

1
2
(dc + 1) when ε, δ → 1.

Finally, it is instructive to see what happens in the space-filling limit
p → d, i.e. δ → 2 − ε. Since in this limit there are no orthogonal
directions (|x⊥| → 0), the most one can do is push bulk operators to
the defect by suitable rescalings. This procedure selects the lightest
defect operator in the defect OPE. For example, in this limit the unit
normalised operator b−1

S,(∂⊥ϕ̂)2
|x⊥|∆S−∆̂(∂⊥ϕ̂)2S(x) reduces to the defect

operator (∂⊥ϕ̂)
2(x). Note that the dimensions of ϕ̂ and ∂⊥ϕ̂ cross at
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the interface value δ = 1 − ε and for δ > 1 − ε the latter becomes
smaller. Crucially, for δ = 2− ε the bulk one-point function coefficient
aS remains finite, whereas the defect OPE coefficient

bS,(∂⊥ϕ̂)2 =
8NπεΓ

(
2− ε

2

)2
(2− ε− δ)2

, (5.13)

is divergent. Therefore, limp→d aS/bS,(∂⊥ϕ̂)2 = 0, so that there are no
non-zero one-point functions.

5.1.2 The interacting O(N) model to all orders in the defect
coupling

After studying the free theory, it is natural to consider the interacting
O(N) model with action

S =

∫
ddx

[
1
2
∂µϕa∂µϕa +

1
8
λ0 (ϕaϕa)

2 ]. (5.14)

For d = 4− ε < 4 the coupling triggers an RG flow. The one-loop beta
function for λ (after rescaling λ→ 16π2λ) is

βλ = −ελ+ (N + 8)λ2 + O(λ3) . (5.15)

This flow ends at the IR Wilson–Fisher fixed point at

λ∗ =
ε

N + 8
+ O(ε2) . (5.16)

The conformal dimensions of the S and Tab operators in (5.3) are
(see [100,95] for a variety of methods and results)

∆S = 2− 6

N + 8
ε+ O(ε2) , ∆T = 2− N + 6

N + 8
ε+ O(ε2) . (5.17)

The defect action (5.2) then triggers a defect RG flow since the cou-
pling (h0)ab is relevant for any N provided that p ≳ 2.

Focusing again on the symmetry preserving defect with (h0)ab = h0δab,
the diagrams contributing to the one-point function ⟨S⟩ at first order
in λ and at all orders in h are

S

(a)

S

(b)

S

(c)

S

(d)
(5.18)
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Here the bubbles represent contributions at all powers of h, or “hops”
on the defect. They are first defined recursively as an effective defect-
to-defect propagator

= + .

(5.19)
This is evaluated as an infinite sum in Appendix B.3, see (B.75). From
this one defines the contraction with the bulk

≡ + . (5.20)

The expression for this is more complicated and it is difficult to com-
pute it in closed form for arbitrary bulk endpoints. For the purpose
of evaluating the divergences in the diagrams (5.18), one only needs
it in two cases: with two coincident endpoints and with one endpoint
close to the defect and the other far. These are written in (B.76) and
(B.78-B.80).

At the end of the calculation of the divergences in (5.18), one can write
the counterterm as an extra factor multiplying Zh

∣∣
λ=0

of the free theory
in (5.6) and its first terms are

Zh,λ = Zh
∣∣
λ=0

(
1+λ (N+2)

(1
ε
+

h

(ε+ δ) (2ε+ δ)
− 2h

2ε+ δ
+· · ·

))
+O(λ2) .

(5.21)
As usual the relation between the bare and the renormalised coupling
is h0 = µε+δZh,λ h. Then imposing that h0 does not depend on the
scale µ, one gets the beta function

βh = −(ε+δ)h+h2+λ (N+2)
(
h− 2h2 + 2h3 + · · ·

)
+O(λ2) , (5.22)

with terms up to order λh11 written in (B.84). From this one can
compute the fixed point coupling h∗ (B.86) and the dimension of the
defect operator Ŝ at the fixed point is

∆̂Ŝ = p+
∂βh
∂h

∣∣∣
λ∗,h∗

= 2+2δ+ε

(
6

N + 8
+
N + 2

N + 8
f(δ)

)
+O(ε2) , (5.23)

where the first ten terms in the expansion of f(δ) can be conveniently
packaged as

f(δ) =
δ − 1

δ + 1
+

1

1 + 2δ
exp

(
ζ(3)δ3 − 9

4
ζ(4)δ4 +

9

2
ζ(5)δ5 − 135

16
ζ(6)δ6

+
249

16
ζ(7)δ7 − 1827

64
ζ(8)δ8 +

2515

48
ζ(9)δ9 − 24687

256
ζ(10)δ10 + O(δ11)

)
.

(5.24)
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While this is an economical way to write the answer, a pattern in the
rational coefficients multiplying the zeta values has not been found, and
the terms in the exponent do not decrease, so it does not provide a good
indication of the analytic structure of f(δ). Instead, if one expands
everything in a power series, the ratio of subsequent terms fk/fk+1

∼−→
−2/3. This indicates a pole and one can then repeat the analysis with
the function (δ + 2/3)f(δ), whose series suggests a further singularity
at δ = −1. Finally, the series of the function (δ + 1)(δ + 2/3)f(δ) is
now quickly convergent for |δ| ⩽ 1 and can be used to estimate both
the value and the error of f(1).2 In this way, one finds

f(1) = 0.4999(3) . (5.25)

An alternative approach is to use the Padé-conformal method (see [149]
and references therein). In this case, the approximants up to the or-
der that computed give f(1) ≈ 0.500... , where the given digits are
completely stable. It is tempting to conclude that f(1) = 1/2, and
this value will be used in what follows. See a graph of the function in
Figure 5.1.

δ

f(δ)

−0.25 0 0.25 0.5 0.75 1

0.25

0.5

Figure 5.1: A graph of the function f(δ) in (5.24) that controls the
dimension of Ŝ.

With relatively little further effort one can compute the dimensions of ϕ̂
and ∂⊥ϕ̂. The resulting expressions are easier and match the expansion
of rational functions (B.90), (B.94), which is resummed to

∆̂ϕ̂ = 1 + δ +
ε

2
− N + 2

N + 8

ε

1 + δ
+ O(ε2) , (5.26)

∆̂∂⊥ϕ̂
= 2− ε

2
− N + 2

N + 8

ε δ

(2− δ)(1 + δ)
+ O(ε2) . (5.27)

2A conservative way to estimate the error is to first observe that the ratios of consecutive
coefficients of g(δ) are decreasing. Then the error can be computed as a geometric series
starting with the last known coefficient and with rate given by the last known ratio.
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At this point one can look at what happens for different values of δ.
One obvious case is to set δ = 1 − ε, where the defect becomes an
interface. Collecting the results for the observables that have been
computed, by using f(1− ε) ≈ f(1) + O(ε) ≈ 1

2
+ O(ε) one finds

∆̂ϕ̂

∣∣
3−ε = 2− N + 5

N + 8
ε+ O(ε2) , ∆̂Ŝ

∣∣
3−ε = 4− 3

2

N + 6

N + 8
ε+ O(ε2) ,

∆̂∂⊥ϕ̂

∣∣
3−ε = 2− N + 5

N + 8
ε+ O(ε2) , ∆̂D̂

∣∣
3−ε = 4− ε ,

(5.28)
where D̂ ∼ ϕ̂a∂⊥ϕ̂a is the displacement operator, whose dimension is
protected. Interestingly, the dimensions of ϕ̂ and ∂⊥ϕ̂ coincide at first
non-trivial order in ε, as they do in the free theory. Additionally, they
both agree with the value of the boundary operator of the O(N) model
with Dirichlet boundary conditions (known also as the ordinary fixed
point) [150,151,128]. Indeed, it was conjectured in [129] that the defect
deformation under consideration should flow in d = 3 and p = 2 (so
for ε = 1 and δ = 0) to two disconnected copies of the ordinary fixed
point in the IR. While this feature persists for ε ̸= 1 and p = d − 1,
according to (5.28) the dimensions of Ŝ and D̂ do not match at order ε
with Ŝ slightly lighter. This shows that the interface CFT limit of this
transdimensional defect is not equivalent to two copies of the O(N)
model with Dirichlet boundary conditions, since in the latter case the
lightest singlet defect operator is the displacement. It could still be
that summing higher orders will lead to an identity at ε = 1.

Taking δ = −1 to construct an O(N) symmetric line defect is unsuc-
cessful as all of (5.23), (5.26) and (5.27) diverge. This may be cured at
higher orders in ε, but recall from Section 5.1.1 that in the free theory
there is also no symmetry-preserving line defect at ε = 1.

Alternatively, for δ = 1, the defect becomes three-dimensional. In this
case, defect correlators immediately yield an example of a non-local
CFT in three dimensions. Indeed, by looking at the sector of operators
that are uncharged under the SO(d − p) rotational symmetry around
the defect, which is a global symmetry from the point of view of defect
operators, one finds a CFT whose light spectrum is

∆̂ϕ̂

∣∣
p=3

= 2 +
3

N + 8
ε+ O(ε2) , ∆̂Ŝ

∣∣
p=3

= 4 +
N + 14

2(N + 8)
ε+ O(ε2) .

(5.29)

Additionally, there are also sectors that are charged under SO(d− p),
where d− p is generically non-integer, as investigated already in [152].
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For instance, one has

∆̂∂⊥ϕ̂

∣∣
p=3

= 2− N + 5

N + 8
ε+ O(ε2) , ∆̂D̂

∣∣
p=3

= 4 . (5.30)

These charged operators might be evanescent [153] for ε = 1. In fact,
their correlators are necessarily proportional to contractions of projec-
tors. For example, δij⟨(∂iϕ)(∂jϕ)(ϕ2)⟩ ∝ 1 − ε, which is vanishing for
ε = 1.

For ε→ 0 and δ → 1 one recovers the free field results in Section 5.1.1,
namely a three-dimensional GFF with ∆̂ϕ̂ = 2. In the free theory,
tuning ε → 1 leads to a GFF with ∆̂ϕ̂ = 5/2. In the interacting case
here, turning on ε provides instead a continuous deformation of the
three-dimensional GFF with ∆̂ϕ̂ = 2 into an interacting CFT. There
is a vast literature on deformations of GFF, which can be obtained
holographically [154] or through RG flows [155, 57, 156], yet this con-
struction appears to be different. For example, in this deformation the
dimension ∆̂ϕ̂ depends non-trivially on ε as seen in (5.26). This clearly
illustrates the point that transdimensional defects give new ways to
define CFTs.

5.2 Large-N analysis for 4 < d < 6

The large N limit of the interacting O(N) model allows to treat the
theory analytically in the space dimension d. (For reviews see [101,95].)
In d = 4+ε for ε > 0, the O(N) model becomes an UV fixed point and
it is natural to look for an alternative theory in which it is found as
an IR fixed point. Such a theory would serve as the “UV completion”
of the O(N) model in d = 5. This question was discussed in great
detail in [157–160], which found evidence that an O(N) theory defined
in d = 6 − ε may provide the desired UV completion, at least for suf-
ficiently large N . The CFT in d = 5 has been studied also through
bootstrap methods [161]. Generalisations to d > 6 were considered
in [162–164].

The bulk action of the O(N) model at large N is

S =

∫
ddx

(
1
2
∂µϕa∂µϕa +

1

2
√
N
σϕaϕa

)
, (5.31)

where ∆ϕ = d−2
2

+ O(N−1) and ∆σ = 2 + O(N−1). Co-dimension one
defects for the large N vector model in d = 3 were studied in [129]. For
4 < d < 6 one can look at surface defect with the action [123,125]

SD =

∫
dpτ (g0 ϕ1(τ) + h0 σ(τ)) , (5.32)
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and p = 2. It was shown there that, at leading order in ε, the symme-
try preserving defect (with g = 0) in the d = 6− ε theory matches the
symmetry-preserving surface defect of the d = 4 + ε theory.

The symmetry-breaking defect was also studied in [123] in d = 6 − ε.
To go beyond that requires transdimensional defects, as ϕ1 is weakly
relevant around p = d−2

2
, which interpolates between a line defect in

d = 4 and a surface defect in d = 6. Taking p = d−2
2

+ δ with small
δ serving as a regulator, it is possible to use perturbation theory to
compute observables at large N for all d. Away from d ≃ 6 one can
consistently set h0 = 0, as σ is irrelevant, but close to d = 6 it cannot
be ignored and one returns to the ε expansion of [123], which could be
generalised to allow corrections in δ.

If one takes δ = 2 − d/2 or δ = 3 − d/2, the defect again becomes a
line or a surface for any value of d and requires high order analysis in
δ, which will not be considered in this section. Instead, the focus is on
large N analysis for small δ away from d = 6.

To renormalise the defect coupling g0, it is convenient compute the
order parameter ⟨ϕ1(x)⟩ as usual. At lowest non-trivial order, this is
given by the diagrams

ϕ1 ϕ1

(5.33)

The dashed line is the ϕ1 propagator as in (5.5), and the dotted line
represents the propagator for the field σ

⟨σ(x)σ(y)⟩ = N 2
σ

|x− y|4
+ O(N−1) , N 2

σ =
2d+2Γ

(
d−1
2

)
sin
(
πd
2

)
π3/2Γ

(
d
2
− 2
) .

(5.34)
Setting g0 = µδZgg, one finds

Zg = 1 +
c g2

Nδ
+ O(N−2) , c =

2d−3Γ
(
d−1
2

)
sin
(
πd
4

)
π3/2Γ

(
d
2

) . (5.35)

Note that at this order one does not need to take into account the
wavefunction renormalisation of ϕ1, since it is subleading in N . The
beta function to order 1/N is

βg = −δg + 2cg3

N
+ O(N−2) , (5.36)
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and admits a fixed point for

g2∗ =
Nδ

2c
+ O(δ2) . (5.37)

At this fixed point,

∆̂ϕ̂1
=
d

2
− 1 + δ +

∂βg
∂g

∣∣∣
g=g∗

=
d

2
− 1 + 3δ + O(N−1) . (5.38)

At higher orders in δ one needs to include all the contributions from
tree diagrams generalising the one on the right of (5.33). They con-
tribute with terms like g2k+1/Nk to βg and they are needed to obtain a
reliable result. The coefficient c (5.35) is negative for 4 < d < 6, hence
the fixed point value of the coupling is real when δ is negative and the
fixed point is purely imaginary when δ is positive. In particular, for
a line defect one has to take δ = (4 − d)/2 < 0, so a real fixed point
is expected. On the other hand, for a surface defect one has to take
δ = (6− d)/2 > 0, which should give an imaginary fixed point.

The results obtained from this model can be checked against what can
be obtained from the ε expansion. For d = 4+ ε and δ = −ε/2, (5.38)
gives ∆̂ϕ̂1

= 1−ε+O(N−1). This result is consistent with that derived
for the symmetry-breaking line defect in d = 4 + ε [32].

Evaluating the one-point function of ϕ1 at the fixed point yields

⟨ϕ1(x⊥, x∥)⟩
∣∣
g=g∗ =

Nϕ aϕ
|x⊥|∆ϕ

, a2ϕ =
Γ
(
d−2
4

)2
Γ
(
d
2

)
8 sin

(
πd
4

)
Γ(d− 2)

δN + O(N0) ,

(5.39)
with Nϕ given by (5.5). Expanding for d = 4 + ε and δ = −ε/2 one
finds

a2ϕ ∼
N

4
− Nε

8
(1 + log 4) + O(ε2) , (5.40)

which agrees with the large N behaviour of the result of Section 3.2
after a change in the sign of ε.

As mentioned, this solution is not valid around d = 6− ε, as the beta
function of h contains the classical term (3− d

2
− δ)h. For 3− d

2
close

to zero, even if one tries to fine-tune h = 0, a non-trivial value of h
would be dynamically generated along the RG flow. Unfortunately, it
is difficult to perform explicit calculations analytic in d with h0 ̸= 0,
due to the dimension of σ being close to 2 for all d. Of course one
can perform such calculations for d close to 6, similarly to what has
been done in d = 4 − ε in Section 5.1.2 above. Nevertheless, some
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observables can still be computed thanks to the equation of motion.
Indeed, at any fixed point one expects that in addition to a non-zero
aϕ as in (5.39) one has

⟨σ(x⊥, x∥)⟩ =
Nσ aσ
|x⊥|2

(5.41)

for some aσ. Moreover, at leading order in 1/N , one also expects that
⟨σϕ1⟩ ∼ ⟨σ⟩⟨ϕ1⟩. Then the expectation value of the equation of motion
of (5.31) yields(

−□+
Nσ aσ√
N |x⊥|2

)
1

|x⊥|∆ϕ
=

=
1

|x⊥|∆ϕ+2

(
∆ϕ (∆ϕ + 2 + p− d)− Nσ aσ√

N

)
= 0 .

(5.42)

For p = d/2− 1 + δ the solution is

aσ =
1

Nσ

d− 2

2

√
Nδ + O(N−1/2) . (5.43)

One can now expand for d = 6− ε and δ = ε/2 to find

aσ ∼
√
Nε

4
√
6
+ O(ε3/2) , (5.44)

which agrees with the large N behaviour of the result for the symmetry-
breaking surface defect of [123].3 In d = 4 + ε the expansion of (5.43)
also agrees with the results of Section 3.2.

3There is a typo in [123, Eq. (4.14)]; at leading order the correct behaviour in N is
h∗ = −

√
πNε/4

√
6.



Chapter 6

The long-range O(N) model
and its defects

6.1 The long range O(N) model

Another notable example of an interacting CFT is the long-range O(N)
model, which generalises the O(N) model introduced in 3.1. More
specifically, the long-range O(N) model is not merely a single CFT,
but rather a continuous family of non-local CFTs that features an in-
teresting phase diagram and that includes the ordinary O(N) model
as one of its limiting cases.1 This family of CFTs can be introduced
either via a field theory framework or by looking the critical behaviour
of a lattice model.

For N = 1, the corresponding lattice model is referred to as the long-
range Ising model. It can be introduced in a similar way to the Ising
model discussed in 3.1, though with a slightly different Hamiltonian

HLRI = −J
∑
i ̸=j

σiσj
|i− j|d+σ

, (6.1)

where J > 0, and the external magnetic field has been set to zero,
since it plays no role in the following discussion. This model is called
long-range because the interaction occurs not only between nearest
neighbours but between all lattice sites, with the parameter σ gov-
erning the rate at which the interaction decays with distance. This
model undergoes a second-order phase transition at a certain critical
inverse temperature β = βc. Depending on the value of the parame-
ter σ, the critical exponents can be different from those of the Ising
model [155,165–167]. Such critical exponents describe a CFT.

1A non-local CFT is a theory in which there is no conserved stress-energy tensor, or
equivalently, no spin-two operator with protected dimension ∆T = d.
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The continuum model is introduced using the Ginzburg-Landau ap-
proach: at the critical temperature, the discrete model can be replaced
by an interacting real massless scalar field with the following action

S =
Nσ

2

∫
ddxddy

ϕ(x)ϕ(y)

|x− y|d+σ
+
λ0
4!

∫
ddxϕ(x)4 , (6.2)

with a normalisation constant Nσ fixed such that in momentum space
the kinetic part of the action reads 1

2

∫
ddp
(2π)p

|p|σϕ(−p)ϕ(p). Such a
normalisation is given by

Nσ =
2σΓ

(
d+σ
2

)
π
d
2Γ
(
−σ

2

) . (6.3)

This continuum action will be referred to as the LRI model. The
generalisation to the long-range O(N) model is straightforward. One
can promote ϕ to an O(N) vector field, ϕa, where a = 1, . . . , N , and
contract the indices in the natural way

S =
Nσ

2

∫
ddxddy

ϕa(x)ϕa(y)

|x− y|d+σ
+
λ0
4!

∫
ddx (ϕa(x)ϕa(x))

2 . (6.4)

The case N = 1 reduces to the LRI model (6.2).

The actions (6.2) and (6.4) are clearly non-local. More precisely, an
action is local if it involves a single integral of the fields and their
derivatives up to a finite order. In contrast, actions that depend on an
infinite number of field derivatives or involve more than one integral
are usually referred to as non-local (see [168] for a modern treatment
of this subject). The non-local kinetic term can also be rewritten using
the fractional Laplacian Lσ = (−∂2)σ/2, where σ is a real number. This
operator acts on plane waves as Lσeipx = |p|σeipx, and in position space
it is given by

Lσϕ(x) = Nσ

∫
ddy

ϕ(y)

|x− y|d+σ
. (6.5)

Using this notation, the kinetic term becomes

Skin =
1

2

∫
ddxϕ(x)Lσϕ(x) , (6.6)

which leads to the following classical scaling dimension

∆ϕ =
d− σ

2
. (6.7)

When σ = 2 the fractional Laplacian reduces to the usual Laplacian
and the theory becomes the more familiar quartic theory that describes
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the short-range Ising (SRI) model, as in (3.6).

As anticipated, the LRI has a rich phase space structure that depends
on the value of σ [57, 169,170]. This is illustrated in Figure 6.1:

• For σ < d/2, the quartic interaction is irrelevant, and the theory
becomes free in the IR. In particular, it is a generalised free field
(GFF) theory with ∆ϕ given in (6.7).

• For σ > σ∗ = d− 2∆SRI
ϕ , where ∆SRI

ϕ is the conformal dimension
of ϕ in the short-range Ising model, the critical theory reduces to
the short-range Ising model.

• For d/2 < σ < σ∗, the critical theory is non-trivial and non-
Gaussian. Indeed, the quartic interaction is relevant and drives
the theory towards an IR fixed point, known as the LRI fixed
point (see Figure 6.1).

Similar statements apply to the O(N) generalisation of the LRI.

Figure 6.1: Phase space diagram for the long-range Ising model as a
function of the dimension d and the parameter σ. The diagram shows the

Gaussian phase (σ ⩽ d/2), the long-range critical phase
(d/2 < σ < 2− ηSRI(d)), and the short-range phase (σ ⩾ 2− ηSRI(d)).

There is yet another way to get to the action in equation (6.2), where
one interprets the LRI as a defect of dimension d embedded in a bulk
space of (generically non-integer) dimension d − σ + 2. Specifically, if
one considers a local massless field Φ(x, y) with action

S =

∫
ddx d2−σy

[
(∂xΦ)

2 + (∂yΦ)
2
]
+

∫
y=0

ddxΦ4 , (6.8)
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then integrating out the bulk field Φ(x, y ̸= 0) leads to a theory for
ϕ(x) = Φ(x, 0), which is identical to the LRI theory. This method
is sometimes referred to as the Caffarelli-Silvestre trick [171]. In fact,
this perspective is particularly useful for proving that the LRI exhibits
enhanced conformal symmetry at the IR fixed point [57].

The free propagator of the long-range O(N) model can be easily derived

Gab(x) =
2d−σΓ

(
d−σ
2

)
(4π)

d
2Γ
(
σ
2

) δab
|x|d−σ

=
N 2
ϕ δab

|x|2∆ϕ
. (6.9)

To study the LRI fixed point perturbatively, the standard approach is
to perform an ε-expansion near the crossover σ = d/2, as shown in
Figure 6.1. However, it is also useful to introduce a second type of
expansion close to the corner d = 4. For clarity and to set up the
notation, both expansions are provided here.

• Setting σ = d+ε
2

, the dimension of the field ϕ in equation (6.7)
becomes ∆ϕ = d−ε

4
, so that the ϕ4 interaction is weakly relevant,

allowing for a perturbative expansion in ε. An important and
interesting feature of this expansion is that it can be performed
at a fixed d. The perturbative β-function for the λ coupling has
a non-trivial zero, corresponding to an infrared (IR) fixed point.
The standard ε-expansion procedure can then be used to com-
pute observables at the perturbative fixed point, with the crucial
difference that the field ϕ, being non-local, does not renormalize.
This is the expansion that was first introduced in [155].

• Following the standard procedure, one can set d = 4 − ε̂, while
introducing an additional parameter κ such that σ = 2 − (1−κ)ε̂

2
.

This new parameter defines a specific direction when moving away
from the corner d = 4 in Figure 6.1. For κ = 1, one has σ = 2, and
the action is local, corresponding to the ordinary short-range Ising
(SRI) fixed point. The opposite limit is κ = 0, where σ = d/2,
and one moves along the crossover to the Gaussian theories. All
intermediate values 0 < κ < 1 correspond to the LRI fixed points.
A similar expansion has been considered in [172].

Note that in this chapter, and in this chapter only, it is necessary to
distinguish between ε, which is a small parameter in σ = d+ε

2
, and ε̂,

which is a small parameter in d = 4− ε̂. Therefore, in order to compare
the results from the ε-expansion in this chapter with those from other
chapters, it is sometimes necessary to replace ε̂ with ε. Unfortunately,
this could not be easily avoided.
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A large-N expansion is also possible [173], although it will not be con-
sidered in this work. The second expansion is particularly useful in
Section 6.2.2, where the generalisation of the localised magnetic field
to the long-range model will be considered. Here, the first expansion
and the renormalisation procedure are briefly reviewed.

As mentioned earlier, the kinetic term of the action is non-local, and
since renormalisation always introduces local counterterms, the field
ϕ does not renormalise. This implies that all divergences must be
cancelled by renormalising the coupling λ. One can express the renor-
malised coupling in terms of the bare coupling as λ0 = µεZλλ, where
µ is a mass scale. The action is then written as

S =
Nσ

2

∫
ddxddy

ϕa(x)ϕa(y)

|x− y|d+σ
+
Zλλµ

ε

4!

∫
ddx (ϕa(x)ϕa(x))

2 , (6.10)

where Zλ ensures the cancellation of all poles in ε in the correlators of
ϕ. At two-loop order, in the MS scheme, one gets

Zλ = 1 +
λ(N + 8)

3(4π)
d
2Γ
(
d
2

)
ε
+

λ2

9(4π)dΓ
(
d
2

)2
(
N + 8

ε2
+

−
(5N + 22)

(
ψ
(
d
2

)
− 2ψ

(
d
4

)
− γE

)
ε

)
+ O(λ3) .

(6.11)

The beta function βλ = µ∂λ
∂µ

is obtained by imposing µ d
dµ
λ0 = 0, and

it is [155,173]

βλ = −ελ+ (N + 8)λ2

3(4π)
d
2Γ
(
d
2

)−2(5N + 22)(ψ
(
d
2

)
− 2ψ

(
d
4

)
− γE)λ

3

9(4π)dΓ
(
d
2

)2 +O(λ4) .

(6.12)
This beta function has a non-trivial zero, corresponding to a perturba-
tive fixed point

λ∗

Γ
(
d
2

)
(4π)

d
2

=
3

N + 8
ε+

6 (5N + 22)
(
ψ
(
d
2

)
− 2ψ

(
d
4

)
− γE

)
(N + 8)3

ε2+O
(
ε3
)
.

(6.13)
The conformal invariance of this long-range O(N) fixed point can be
ascertained by extending the arguments of [57] for the LRI model.

6.2 Defects in the long-range O(N) model

This section focuses on the construction of non-trivial conformal defects
in the non-local O(N) model introduced in 6.1, following the treatment
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presented in [37]. As a secondary result, the existence of non-trivial de-
fects in the specific case λ = 0, i.e. for GFF theories, is also discussed.
Indeed, it has been shown that in integer dimensions less than four, free
local theories do not admit any non-trivial defects [121], where trivial
means Gaussian. It will be shown that, dropping the assumption of lo-
cality, it is possible to construct non-trivial conformal defects for GFF
in three dimensions.

To begin, it is useful to consider the most straightforward examples
of defect that can be constructed. The first type is obtained by inte-
grating a power of one of the fields, ϕa, along a line, thereby breaking
O(N) symmetry down to O(N − 1). This is analogous to the localised
magnetic field of Section 3.2. It will be explained why this construction
does not lend itself easily to an expansion around σ = d/2 at fixed d,
and two alternative strategies to overcome this challenge will be in-
troduced: the non-local and the semiclassical construction of defects,
presented in Sections 6.2.1 and 6.2.3, respectively.

Another simple defect is obtained by integrating the singlet ϕaϕa over
a surface. The analogous defect for the local O(N) model was intro-
duced in 3.4. Similar considerations apply in this case as well.

It is useful to adopt a more systematic approach to the construction of
defects. In the following, several methods will be summarised, each of
which will be expanded on in the subsequent sections. The list is not
intended to be exhaustive; in fact, the analogue of magnetic impurities
or monodromy defects is not considered, as the focus is on the simplest
constructions.

Local defects

The simplest approach to constructing defects is to integrate integer
powers of the fields ϕa over a p-dimensional subspace. Thus, one can
consider the action

S = Sbulk + ha1...an0

∫
dpτ ϕa1(τ) . . . ϕan(τ) , (6.14)

where Sbulk is given by (6.4), and ha1...an0 is a coupling constant. The
usual strategy is to compute the beta function for the coupling h and
look for perturbative fixed points in the ε-expansion. For the expansion
to be reliable, one needs the coupling to be classically marginal, which
requires n∆ϕ = p. Since the dimension of ϕ is determined by the bulk
theory, one has

n =
2p

d− σ
. (6.15)
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At the crossover point σ = d/2, one finds n = 4p
d
, which, for 2 ⩽ d ⩽ 4,

is an integer only if d = 2 or d = 4. For this reason, this construction,
unlike the case of the homogeneous long-range O(N) model, requires
consideration of the ε̂-expansion around d = 4, and it is not possible
to work at fixed d.

In Section 6.2.2, the ε̂-expansion will be explored for the cases p =
n = 1 (i.e. the long-range generalisation of the localised magnetic field
(3.19), and p = n = 2 (i.e. the generalisation of the surface defects
(3.114)).

Non-local defects

One of the main advantages of the non-local model is that it can be
studied at fixed d. Therefore, It would be desirable to find a defect
construction that is suitable for the ε-expansion near the crossover line
σ = d/2. To achieve this, additional defect degrees of freedom with a
non-local defect action are introduced , and they are coupled to the bulk
via a local interaction. 2 For simplicity, consider the case N = 1. One
can introduce an additional bosonic field ψ̂ on the defect and consider
the following class of actions

S =

∫
ddx

(
1

2
ϕLσϕ+

λ0
4!
ϕ4

)
+

∫
dpτ

(
1

2
ψ̂Lσ̂ψ̂ +

g0
2
ϕaψ̂b

)
, (6.16)

where σ̂ = p−2∆̂ψ̂, and a and b are integers. By tuning the dimension
∆̂ψ̂ one can make the coupling g0 to become classically marginal. This
yields the condition

a∆ϕ + b∆̂ψ̂ ∼ p , (6.17)
where the relation holds up to a small regulator that must be introduced
to cure the divergences of the theory. Near the crossover σ = d/2, one
finds

∆ϕ ∼
d

4
, ∆̂ψ̂ ∼ 4p− ad

4b
. (6.18)

Note that these dimensions will not receive quantum corrections as one
moves away from the crossover, since both kinetic terms are non-local.
To further constrain the allowed values of the exponents a and b, one
can impose the unitarity condition

∆̂ψ̂ ⩾ max

(
0,
p− 2

2

)
. (6.19)

The valid choices of parameters for a unitary theory are summarised
below for 3 ⩽ d ⩽ 4:

2A similar construction can be found in [122], where free scalar theories are coupled to
lower dimensional CFTs living on a defect.
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• p = 1 : a = 1, any b

• p = 2 : a = 1 or 2, any b

Of course, having a classically marginal defect interaction is not suf-
ficient to produce a non-trivial conformal defect in the IR. While the
renormalisation of the coupling λ is unaffected by the presence of the
defect, one must search for non-trivial fixed points of the coupling g
by computing its beta function and looking for a non-trivial zero. Sec-
tion 6.2.1 will be devoted to this analysis for specific cases with low
values of a and b. In particular, it will be shown that these defects are
admissible even in the case λ = 0, i.e. for GFF theory in d = 3.

Semiclassical defects

Another possible strategy for constructing conformal defects at fixed d
in the long-range O(N) model is to investigate the IR fixed points of
defect RG flows triggered by strongly relevant interactions. In general,
this is a challenging problem, as the defect couplings are not pertur-
batively small in this regime. However, in certain cases, it is possible
to study a strongly coupled defect in a weakly coupled bulk theory by
expanding the action around a classical configuration that corresponds
to a saddle point of the path integral, as it was briefly discussed in
3.4.2. In this case, the classical configuration for the field ϕ(x) must be
consistent with the constraints imposed by the defect conformal sym-
metry. For example, in the case of an O(N) symmetry-breaking line,
one must have

ϕacl(x) = δa1
Nϕ acl

|x⊥|∆cl
. (6.20)

The constants acl and ∆cl can be determined by solving the classical
equations of motion. The semiclassical expansion

ϕa(x) = ϕacl(x) + δϕa(x) , (6.21)

leads to an action for the fluctuation δϕ, which can be used to com-
pute quantum corrections to observables in the defect field theory. This
method has been used to study the O(N) model in the presence of a
boundary in various regimes [174, 148, 132, 175], and was also consid-
ered for surface defects in [125].3 However, some technical issues arise
when one applies the same techniques to compute quantum corrections
in defects with co-dimension q = d − p ̸= 1. This construction is dis-
cussed in more details in Section 6.2.3.

3See also [176, 177] for a similar approach in the context of defects in N = 4 super
Yang-Mills.
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An alternative approach for studying strongly coupled defects in weakly
coupled bulks, is to use the transdimensional defects introduced in
Chapter 5. By considering a non-integer dimensional defect where the
interaction is weakly relevant, it may be possible to compute observ-
ables and then extrapolate the results to integer values of the defect
dimension.

6.2.1 Non-local defects

In this section, the analysis of the non-local defects introduced in Sec-
tion 6.2 is carried out, following [37]. The main goal is to compute the
beta-function for the defect coupling g and identify non-trivial pertur-
bative zeros in the ε-expansion at fixed d. The analysis focuses pri-
marily on the free bulk case λ = 0, and on the LRI model, i.e. N = 1.
However, most of the results can be straightforwardly generalised to
arbitrary N . Since the construction of these defects is carried out at a
fixed dimension d, this analysis also serves as a study of the existence
of non-trivial defects in GFF theory across different dimensions. In
particular, it will be shown that GFF theory in three dimensions ad-
mits non-trivial conformal defects. Additionally, it will also be shown
that introducing the bulk interaction, in most cases, does not affect the
leading-order results for the beta-function or the defect CFT data.

Before examining specific values of the exponents (a, b) in (6.16), it is
first convenient to establish some general results that hold for all RG
flows considered in this section. To begin, one needs to specify how
the divergences are regulated. To do this, one introduces a regulator ε
and then imposes that the defect interaction term in (6.16) is weakly
relevant

a∆ϕ + b∆̂ψ̂ = p− ε . (6.22)

When the bulk theory is free, this choice is sufficient to ensure that
all correlators remain finite. In the case of an interacting bulk, one
must also specify how to move away from the crossover at σ = d/2.
As in Section 6.1, one can set ε = 2σ − d, where ε now regulates bulk
integrals as well. This choice is not unique; one could have inserted
an arbitrary coefficient in front of the ε in (6.22) (or, alternatively, use
two independent regulators). However, as it will be shown, at leading
order in ε only defect integrals contribute, and it is straightforward
to generalise the results introducing an additional coefficient. With
this choice, the relation between the bare and the renormalised defect
coupling is

g0 = µεZgg(µ) , (6.23)
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and this can be used to compute the beta-function.

To compute the beta-function, one typically imposes that a given ob-
servable is finite by reabsorbing the divergences into the renormalisa-
tion constants. A commonly used observable for this purpose is the
bulk one-point function of the field ϕ. However, in some models that
are considered in this section, this one-point function involves tadpole
integrals, which complicate the analysis.

Instead, it is more convenient to look at the defect two-point function
of a special composite operator, Ô0 = ϕ̂a−1ψ̂b, which appears in the
equation of motion for ϕ. Indeed, in the free bulk case one has

Lσϕ(0, x⊥) = −g0
2
a Ô0(0)δ

(d−p)(x⊥) . (6.24)

Since the bulk field ϕ does not renormalise (due to its non-local kinetic
term), the left-hand side of (6.24) remains unchanged under renormal-
isation. However, the right-hand side involves the renormalisation of
the coupling g0 = µεZgg and the wavefunction renormalisation of the
defect operator Ô0 = ZÔÔ. This implies that in the MS scheme, these
two quantities are related by the condition ZgZÔ = 1. Therefore, the
renormalisation of the coupling (and the corresponding beta function)
can be derived from the wavefunction renormalisation of Ô. Indeed,
at leading order, the wavefunction renormalisation is expected to take
the form

ZÔ = 1− αgn

ε
+ O

(
gn+1

)
, (6.25)

where n is an integer related to the values of a and b, and α is a real
number. The renormalisation factor for the coupling is then given by

Zg = 1 +
αgn

ε
+ O

(
gn+1

)
, (6.26)

and the beta function can be derived, as usual, by requiring that the
bare coupling does not depend on the renormalisation mass scale, lead-
ing to

βg = −εg + αngn+1 + O
(
gn+2

)
. (6.27)

The non-trivial zero of the beta function is gn∗ = ε/(αn) + O(ε2). For
odd values of n this equation will always admit a real solution, while
for even values of n the crucial requirement is that α is positive. At this
fixed point, the equation of motion (6.24) implies that the operator Ô
is protected with dimension

∆̂Ô = p−∆ϕ . (6.28)
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This can also be checked by computing explicitly the anomalous di-
mension γÔ which has the exact expression 4

γÔ = βg
∂ logZÔ
∂g

= βg
∂ logZ−1

g

∂g
= ε− βg

g
, (6.29)

and the second term vanishes at the fixed point. Using also that a∆ϕ+

b∆̂ψ̂ = p− ε, it follows that ∆̂Ô = (a− 1)∆ϕ + b∆̂ψ̂ + γÔ = p−∆ϕ, as
expected. Therefore, one has

⟨Ô(τ1)Ô(τ2)⟩ =
N 2

Ô
|τ1 − τ2|p−∆ϕ

, (6.30)

where NÔ is a normalisation constant.

Furthermore, one can invert the equation of motion to express ϕ in
terms of integrals of the operator Ô on the defect. This allows to
compute bulk correlators of ϕ by integrating defect correlators of Ô,
without having to compute Feynman diagrams [35]. Indeed, by invert-
ing (6.24), one finds

ϕ (x) = −aNσ
g0
2

∫
dpτ

Ô(τ)

(|x⊥|2 + |τ |2)∆ϕ
+ ϕfree(x) , (6.31)

where ϕfree is a free field, which does not interact with the defect. This
can be used to compute the one-point function of ϕ2

⟨ϕ2(x)⟩=g20
a2N 2

σ N 2
Ô

4

∫
dpτ1 d

pτ2

(|x⊥|2 + |τ1|2)∆ϕ|τ1 − τ2|2(p−∆ϕ)(|x⊥|2 + |τ2|2)∆ϕ
=

= g20
a2N 2

σ N 2
Ô

4

πpΓ
(
p
2

)
Γ
(
∆ϕ − p

2

)
Γ (∆ϕ) (p− 1)!

1

|x⊥|2∆ϕ
=
aϕ2Nϕ2

|x⊥|2∆ϕ
,

(6.32)
where Nϕ2 = 2N 2

ϕ . The last step to compute a piece of defect CFT
data is to evaluate this expression at the fixed point g∗. This will be
done in a few specific cases below.

Similarly, one can compute the bulk-to-defect one-point functions of
ϕ and Ô, as well as the bulk two-point function of ϕ. For example,
consider the correlator ⟨ϕ(x)ϕ(y)⟩. Following [35], it is possible to
exploit the residual conformal symmetry to set x∥ = y∥ = 0 and x⊥ =
(z, z̄, 0, . . .), y⊥ = (0, 1, 0, . . .). It is also convenient to define a radial

4A useful relation that can be used for this computation is βg =
−εgZg

Zg+g∂gZg
.
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coordinate by zz̄ = r. Using (6.31) it follows

⟨ϕ(0, x⊥)ϕ(0, y⊥)⟩ =

= g20
a2N 2

2∆ϕ−dN
2
Ô

4

∫
dpτ1 d

pτ2
(1+|τ1|2)∆ϕ|τ1−τ2|2(p−∆ϕ)(r2+|τ2|2)∆ϕ

+G(x− y) ,

(6.33)

where G(x − y) is the free ϕ propagator. This integral can be com-
puted exactly. By restoring the dependence on arbitrary x and y and
evaluating at the fixed point, one gets

⟨ϕ(x)ϕ(y)⟩ =
N 2
ϕ Fϕϕ(r)

|x⊥|∆ϕ |y⊥|∆ϕ
,

Fϕϕ(r)= ξ−∆ϕ+ g2∗
a2N 2

σ N 2
Ô

4N 2
ϕ

(
πp+2rp−∆ϕ

2F1

(
p
2
, p−∆ϕ;

p
2
−∆ϕ + 1; r2

)
Γ(∆ϕ)2 sin

2
(
π(p

2
−∆ϕ)

)
Γ
(
p
2
−∆ϕ + 1

)2 +

−
2πp+1r∆ϕ 2F1

(
p
2
,∆ϕ; 1− p

2
+∆ϕ; r

2
)

Γ(∆ϕ)(p− 2∆ϕ) sin
(
π(p

2
−∆ϕ)

)
Γ(p−∆ϕ)

)
,

(6.34)

where ξ = (x − y)2/(|x⊥||y⊥|) is a conformal cross-ratio. From (6.34)
one can immediately read off the spectrum of the exchanged oper-
ators in the defect channel operator product expansion (OPE). The
only primary operators are (∂⊥)

sϕ with s integer and dimension ∆̂s =

1+ s− ε/2, and the operator Ô with dimension ∆Ô = p−∆ϕ. one can
also easily extract all the bulk-to-defect OPE coefficients for the opera-
tors exchanged in the defect channel, as well as the one-point function
coefficients for the operators exchanged in the bulk channel, as showed
in Section 4.3.

In the interacting bulk case, there are non-linear corrections to the
left-hand side (6.24) and the above analysis does not apply. However,
in the models considered in this section, corrections due to the bulk
coupling only appear at next-to-leading order. As a result, the above
results remain valid perturbatively at leading order in ε.

The wavefunction renormalisation ZÔ for some of the models discussed
in Section 6.2 is now computed by examining the two-point function
⟨ÔÔ⟩ using Feynman diagrams. This approach enables the calculation
of the beta function and the identification of perturbative fixed points.
Specifically, the cases (a, b) = (1, 2), (a, b) = (2, 1), and (a, b) = (2, 2n)
will be considered. Additionally, it will be demonstrated that for a line
defect and 1/2 < ∆ϕ < 1, a real fixed point exists for arbitrary b.



Chapter 6 – The long-range O(N) model and its defects 141

Element Rule

ϕ propagator: G(x− y) =
N 2
ϕ

|x−y|2∆ϕ

ψ̂ propagator: G(x− y) =
N 2
ψ̂

|x−y|2∆ψ

bulk ϕ4 interaction −λ0
4!

∫
ddx, where x is the interaction point

defect ϕaψ̂b interaction −g0
2

∫
dpτ , where τ is the interaction point on the defect

Table 6.1: Feynman rules for the non-local defect.

The conventions used for the Feynman diagrams throughout this chap-
ter are here summarised. A blue line always represents a defect: a
straight blue line corresponds to a linear defect ( a line defect, a sur-
face, etc.), while a blue circle represents a circular or (hyper)spherical
defect. Solid black lines denote the field that is defined both in the bulk
and on the defect (denoted by ϕ), whereas dotted lines represent a field
defined only on the defect (denoted by ψ̂). The following normalisation
constants will be used

N 2
ϕ =

Γ(∆ϕ)

2d−2∆ϕπ
d
2 Γ
(
d
2
−∆ϕ

) , N 2
ψ̂
=

Γ(∆̂ψ̂)

2p−2∆̂ψ̂π
p
2 Γ
(
p
2
− ∆̂ψ̂

) .
(6.35)

Feynman rules are summarised in Table 6.1. Additionally, it is useful
to define the following function [57]

w(d)
α = (4π)

d
2 2−α

Γ
(
d−α
2

)
Γ
(
α
2

) . (6.36)

Defect with (a,b) = (1,2)

The first case under consideration is (a, b) = (1, 2). The free bulk case
is considered first. The interaction term in (6.16) becomes g0

2

∫
dpτϕψ̂2.

The operator Ô in this case is Ô = ψ̂2. The bare two-point function
⟨ÔÔ⟩ at tree level is given by the following diagram

ψ̂2 ψ̂2
=

2(N 2
ψ̂
)2

|τ |4∆̂ψ̂
. (6.37)
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At one loop, there are three diagrams, but only one turns out to be
divergent. Since only ZÔ is needed, it suffices to consider this diagram

ψ̂2 ψ̂2
b =

= N 2
ϕ

(
N 2
ψ̂

)4
g20

∫
dpτ1 d

pτ2

(|τ1| |τ2| |τ − τ1| |τ − τ2|)2∆̂ψ̂ |τ2 − τ1|2∆ϕ
.

(6.38)

The divergent part of this diagram can be easily extracted by analysing
the limits τ1, τ2 → 0, τ

ψ̂2 ψ̂2
=

N 2
ϕ

(
N 2
ψ̂

)4
g20

|τ |4∆̂ψ̂

 w
(p)
2∆ϕ

w
(p)

2∆̂ψ̂

w
(p)

2∆ϕ+2∆̂ψ̂−p

2π
p
2

Γ
(
p
2

) 1
ε
+ O(ε0)

 .

(6.39)
This divergence must be cancelled by introducing the wavefunction
renormalisation ZÔ. Then, using (6.27), one can extract the beta func-
tion and the fixed point g∗

ZÔ = 1 + g2
Γ
(
p
2
−∆ϕ

)
2d+1π

d
2Γ
(
p
2

)
Γ
(
d
2
−∆ϕ

)
ε
+ O

(
g4
)
,

βg = −εg −
Γ
(
p
2
−∆ϕ

)
2dπ

d
2Γ
(
p
2

)
Γ
(
d
2
−∆ϕ

)g3 + O(g4) ,

g2∗ = −
2dπ

d
2Γ
(
p
2

)
Γ
(
d
2
−∆ϕ

)
Γ
(
p
2
−∆ϕ

) ε+ O(ε2) .

(6.40)

Notice that the fixed-point coupling g∗ is not necessarily real. Interest-
ingly, when d = p + 2, one has g2∗ > 0 for any ∆ϕ above the unitarity
bound. In the general case, only certain ranges of ∆ϕ yield a real fixed
point.

Using (6.32), one can also extract the one-point function of ϕ2

aϕ2 = −
9 Γ
(
p
2

)2
Γ
(
∆ϕ − p

2

)
Γ
(
p−∆ϕ

2

)2
8 Γ
(

∆ϕ
2

)2
Γ
(
p
2
−∆ϕ

)
(p− 1)!

ε+ O
(
ε2
)
. (6.41)

In summary, the interaction term ϕψ̂2 provides a non-trivial defect
CFT for some values of p, d, and ∆ϕ. Specifically, for d = 3 and p = 1,
there is a perturbative fixed point at

g2∗ = 2π2ε+ O(ε2) . (6.42)
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Notice that the bulk interaction here was not taken into account here;
therefore, this is an explicit example of a non-trivial conformal defect in
three-dimensional GFF theory. In this picture, ∆ϕ is a free parameter.

One may also wonder what the effect of introducing the bulk interaction
would be. One can easily see that this effect would only contribute at
higher orders in ε for the beta function. However, in this case, ∆ϕ is
no longer a free parameter, because one must take ∆ϕ = (d − ε)/4. 5

For d = 3, the fixed point with p = 1 is the only real one, since p = 2
yields a negative value for g2∗.

Defect with (a,b) = (2,1)

The second case analysed is (a, b) = (2, 1), with interaction term
g0
2

∫
dpτϕ2ψ̂. Again, the free bulk case is considered first. The op-

erator Ô is given by Ô = ϕψ̂, and the tree-level contribution to its
bare two-point function is given by

ϕψ̂ ϕψ̂

=
N 2
ϕN 2

ψ̂

|τ |2(∆ϕ+∆̂ψ̂)
. (6.43)

Again, at one loop there is only one divergent diagram , whose divergent
can be computed as before

ϕψ̂ ϕψ̂

=

(
N 2
ϕ

)3(N 2
ψ̂

)2
g20

|τ |2∆ϕ+2∆̂ψ̂

 w
(p)
2∆ϕ

w
(p)

2∆̂ψ̂

w
(p)

2∆ϕ+2∆̂ψ̂−p

2π
p
2

Γ
(
p
2

) 1
ε
+ O(ε0)

 .

(6.44)
This yields the following renormalisation factor, beta-functions and
fixed point

ZÔ = 1 +
Γ
(
p
2
−∆ϕ

)2
g2

22d−p−1πd−
p
2Γ
(
p
2

)
Γ
(
d
2
−∆ϕ

)2
ε
+ O

(
g4
)
,

βg = −εg −
Γ
(
p
2
−∆ϕ

)2
22(d−1)−pπd−

p
2Γ
(
p
2

)
Γ
(
d
2
−∆ϕ

)2 g3 + O
(
g4
)
,

g2∗ = −
22(d−1)−pπd−

p
2Γ
(
p
2

)
Γ
(
d
2
−∆ϕ

)2
Γ
(
p
2
−∆ϕ

)2 ε+ O(ε2) .

(6.45)

In this case, the fixed-point value g2∗ is always negative. Therefore, no
real fixed point exists. Moreover, as in the previous case, the situation

5Up to an arbitrary positive coefficient in front of ε, as it was discussed at the beginning
of Section 6.2.1.
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does not change at leading order when the bulk interactions are turned
on.

Defect with (a,b) = (2,2n)

The last case explicitly analysed is the family given by a = 2 and
b = 2n even. The interaction term in (6.16) becomes g0

2

∫
dpτϕ2ψ̂2n.

The operator Ô in this case is Ô = ϕψ̂2n. The tree-level bare two-point
function is is given by the following diagram

ϕψ2n ϕψ2n

2n

=
(2n)!N 2

ϕ

(
N 2
ψ

)2n
|x|2∆ϕ+4n∆̂ψ̂

, (6.46)

where the dotted line with the label 2n represents 2n propagators of
ψ̂. At one loop, there is only one divergent diagram. Since only ZÔ is
needed, it suffices to consider the following diagram

ϕψ2n ϕψ2n

n

n n

=

= −g0
2
2

(
2n

n

)2

n!(2n)!
(
N 2
ϕ

)2 (N 2
ψ

)3n
(
w

(p)

2∆ϕ+2n∆̂ψ̂

)2

w
(p)

4∆ϕ+4n∆̂ψ̂−p

1

|x|4∆ϕ+6n∆̂ψ̂−p
.

(6.47)

The above quantity diverges as ε → 0, and the corresponding pole
must be cancelled by introducing the wavefunction renormalisation ZÔ.
Then, using (6.27), one can extract the beta-function and the fixed
point g∗

ZÔ = 1− g

ε

21+2∆ϕ−p((2n)!)2 Γ(∆ϕ)

(4π)
d−p
2 n! Γ

(
d
2
−∆ϕ

)
Γ
(
p
2

)
 4

p−2∆ϕ
2n Γ

(
p−2∆ϕ

2n

)
(4π)

p
2Γ
(
p
2
− p−2∆ϕ

2n

)
n+O(g2) ,

βg =− εg +
21+2∆ϕ−p((2n)!)2 Γ(∆ϕ)

(4π)
d−p
2 n! Γ

(
d
2
−∆ϕ

)
Γ
(
p
2

)
 4

p−2∆ϕ
2n Γ

(
p−2∆ϕ

2n

)
(4π)

p
2Γ
(
p
2
− p−2∆ϕ

2n

)
ng2+O(g3) ,

g∗ =
(4π)

d−p
2 n! Γ

(
d
2
−∆ϕ

)
Γ
(
p
2

)
21+2∆ϕ−p((2n)!)2 Γ(∆ϕ)

(4π)
p
2Γ
(
p
2
− p−2∆ϕ

2n

)
4
p−2∆ϕ

2n Γ
(
p−2∆ϕ

2n

)
n

ε+ O(ε2) .

(6.48)
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Using (6.32), one can also extract the one-point function of ϕ2

aϕ2 =
n! Γ

(
∆ϕ − p

2

)
Γ
(
p
2

)3
8∆ϕ((2n)!)3(p− 1)!

ε2 + O(ε3) . (6.49)

The physically interesting case is d = 3, p = 2 and ∆ϕ = d/4 = 3/4.
This yields the following expression:

g∗ =
22n

√
π n!

((2n)!)2
Γ

(
1− 1

4n

)n
sinn

(π
n

)
ε+ O(ε2) . (6.50)

Notice that the fixed point exists for any n (that is for any even b)
above.

As in the discussion of the (a, b) = (1, 2) case, the bulk interaction
has not been turned on yet, meaning that these examples provide non-
trivial surface defects in three-dimensional GFF theory. If one were to
include the bulk interaction, it would still not affect the leading-order
computation.

Summary of non-local defects

Here some results for the physically interesting case of d = 3 are sum-
marised. In this case, there are two types of defects: lines and surfaces.

• For p = 1, the allowed interaction terms are of the form ϕψ̂b.
The case b = 2 in GFF theory was studied explicitly, finding the
existence of a non-trivial line defect.

• For p = 2, one can have interactions ϕψ̂b and ϕ2ψ̂b. The first case
with b = 2 and the second case for b = 2n even were addressed,
finding a non-trivial defect only for the second family of interac-
tions. Again, at leading order, the bulk interaction does not affect
this result.

For higher values of b, other potentially interesting defect examples
could arise. It would also be interesting to investigate whether there
are additional constraints on the allowed values of b.

6.2.2 Defects close to d = 4

In this section, the generalisation of two simple defects that can be
constructed in the short-range O(N) model are explored, starting from
the UV theory in d = 4 and expanding around d = 4− ε̂. This section
is based on the analysis of [37]. Unlike Section 6.2.1 , where d was
kept fixed and the dimension of the scalar field ∆ϕ was varied, here
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one needs to expand around d = 4 for the defect action to be weakly
relevant.

To explore the LRI fixed points, in Section 6.1, a parameter 0 < κ < 1

was introduced, with σ = 2− (1−κ)ε̂
2

. This parameterises a straight line
in the (d, σ) plane, where κ selects a particular direction in the phase
space shown in Figure 6.1. In general, the LRI fixed points in the
(d, σ) plane are characterised by the exact relation ∆ϕ = d−σ

2
. When

performing calculations near the local theory in d = 4, non-vanishing
contributions to the wavefunction renormalisation and the anomalous
dimension of the field ϕ arise. Therefore, by enforcing the condition
above, one obtains the following expression for σ:

σ = d− 2∆ϕ = 2 +
κ− 1

2
ε̂+ 2γϕ(κ, ε̂) , (6.51)

where γϕ(κ, ε̂) is the anomalous dimension of the field ϕ, which starts
at O(ε̂2). This parametrises a one-parameter family of trajectories,
ranging from κ = 0, where γϕ(0, ε̂) = 0 and σ = d/2, to κ = 1, where
γϕ(1, ε̂) = γSRI and the trajectories approach the upper bound of the
LRI region, as shown in Figure 6.1.

By making a simple generalisation of the computation for the SRI (or
κ = 1), it is possible to obtain these trajectories at order ε2. Note
that, at this stage, only the homogeneous theory is being considered,
without any defect. The first contribution to the renormalisation of
the field ϕ appears at two loops, and it gives:

Zϕ = 1− (N + 2)λ2

18 (4π)4 (1 + 3κ) ε̂
+ O(λ3) , (6.52)

while the coupling renormalisation yields

Zλ = 1 +
N + 8

3κ ε̂

λ

(4π)2
+

+

(
(N + 8)2

9κ2ε̂2
− 5N + 22 + κ(13N + 62)

9(1 + 3κ)κ ε̂

)
λ2

(4π)4
+ O(λ3) .

(6.53)

This leads to the following beta-function

βλ = −κ ε̂ λ+N + 8

3

λ2

(4π)2
− 10N + 44 + κ(26N + 124)

9(1 + 3κ)

λ3

(4π)4
+O(λ4) ,

(6.54)
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which admits a non-trivial fixed point at

λ∗

(4π)2
=

3

N + 8
κ ε̂+

6

(N + 8)3
5N + 22 + κ (13N + 62)

1 + 3κ
κ2ε̂2 + O

(
ε̂3
)
.

(6.55)
From these computations one can immediately derive the anomalous
dimension γϕ of ϕa at the IR fixed point

γϕ = βλ
∂ lnZϕ
∂λ

∣∣∣∣
λ=λ∗

=
κ3(N + 2)

(1 + 3κ)(N + 8)2
ε̂2 + O

(
ε̂3
)
. (6.56)

This leads to the following family of curves in the (d, σ) plane

σ = 2 +
κ− 1

2
ε̂− 2κ3(N + 2)

(3κ+ 1)(N + 8)2
ε̂2 + O

(
ε̂3
)
. (6.57)

Some of these trajectories are shown in Figure 6.2. As a consistency
check, one can easily verify that at κ = 1 one retrieves the expressions
for the short-range O(N) model

σ = 2− (N + 2)

2 (N + 8)2
ε̂2 = 2− ηSRI . (6.58)

Figure 6.2: The trajectories σ(d) such that the condition σ = d− 2∆ϕ is
enforced.

Another useful check, which may be more trivial in flows that do not
depend on an extra parameter like κ, is the stability of the bulk IR
fixed point. This involves studying the sign of the derivative of βλ at
λ∗ and ensuring it is positive

β′
λ(λ∗) = κ ε̂− 2 (5N + 22 + κ(13N + 62))

(1 + 3κ)(N + 8)2
κ2ε̂2 + O(ε̂3) . (6.59)
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This leads to the following consistency condition

ε̂ < ε̂thresh =
(1 + 3κ)(N + 8)2

2κ (5N + 22 + κ(13N + 62))
. (6.60)

For 0 < κ < 1, this threshold value is always greater than 1, meaning
that this stability condition is never a concern for the perturbative
treatment considered in this section.

Localized magnetic field

The simplest defect one can consider in the above setup is the analogue
of the localised magnetic field introduced in 3.2, given by the action

S = S0 + h0

∫
dτϕ1(τ) , (6.61)

where a single field ϕ1 is integrated along a line. To renormalise the
coupling h in the ε̂-expansion, finiteness of the one-point function of ϕ1

is imposed. The computation is analogous to the local case, up to the
appearance of the new parameter κ. The relevant diagrams are shown
in Appendix B.4.1. The final result for the coupling renormalisation
Zh is

Zh = 1+
h2

3(1 + 3κ)ε̂

λ

(4π)2
+

[
(N + 2)h

18(1 + 3κ)ε̂
+

+

(
1

ε̂2
− 1 + 3κ2 − (1− κ)(γE − log 4π)

4κε̂

)
2(N+8)h2

9(1+3κ)(1+5κ)

+

(
2

(1 + 3κ)ε̂2
− 1

ε̂

)
h4

12(1 + 3κ)

]
λ2

(4π)4
+ O(λ3) .

(6.62)

This subsequently yields the following beta-function 6

βh = − ε̂ (1 + κ)

4
h+

λ

(4π)2
h3

6
+

λ2

(4π)4

(
(N + 2)κh

9 (1 + 3κ)

− (N + 8) (1 + 3κ2 − (1− κ) (γE − log (4π)))

36κ (1 + 3κ)
h3 − h5

12

)
+ O(λ3) .

(6.63)
This beta function reduces to the short range result in the limit κ→ 1
given in (3.21). The opposite limit, κ → 0, is subtle because in (6.62)
the single pole in ε̂ is accompanied by a single pole in κ = 0, leading to a
singular limit κ→ 0 for the beta function (6.63). This pole is cancelled

6One should not be worried about the appearence of terms like γE or log 4π, since
two-loop coefficients of the beta function for multiple couplings are scheme dependent.
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when one set the bulk coupling to the fixed point λ∗ in (6.55). In that
case, the limit κ → 0 trivially leads to βh = −ε̂h/4, consistently with
a Gaussian fixed point. For general κ, instead one has a non-trivial
defect fixed point

h2∗ =
(N + 8)(1 + κ)

2κ
+

(5 + 2(1− κ2)(log(4π)− γE)) (N + 8)

8κ(1 + 3κ)
ε̂

+
(15κ2 + 27κ+ 17)N2+8(15κ2 + 36κ+ 29)N+48(9κ2 + 22κ+ 19)

8(1 + 3κ)(N + 8)
ε̂

+ O(ε̂2) .
(6.64)

In the following, some defect observables at this fixed point are com-
puted.

Scaling dimension. The first observable considered is the scaling di-
mension of the defect field ϕ̂1. This is just a derivative of the beta
function: ∆ϕ̂ = 1 + ∂βh

∂h
|h=h∗ , and it is

∆ϕ̂ = 1+
1 + κ

2
ε̂−1

8

(
3 + κ

(
3(κ+ 2) +

16κ2(N + 2)

(1 + 3κ)(N + 8)2

))
ε̂2+O(ε̂3) .

(6.65)
It is important to notice that the limit κ→ 0 should not be considered,
since there is no defect fixed point in that direction. The limit κ→ 1,
instead, perfectly reproduces the existing results [32].

One-point function. The next piece of defect CFT data one can eas-
ily obtain is the one-point function of the bulk field ϕ1, which is the
observable used to renormalise the defect coupling. Defining

⟨ϕa(x)⟩ = δa,1
Nϕaϕ
|x⊥|∆ϕ

, (6.66)

and inserting the renormalised coupling in the diagrams in Appendix
B.4.1, one gets

a2ϕ =
(κ+ 1)(N + 8)

8κ
+

(
−15κ2 − 18κ− 5

4(3κ+ 1)
+

3 (9κ2 + 10κ+ 3)

2(3κ+ 1)(N + 8)

+
(3κ− 1)(κ+ 1)(N + 8)

32κ
+

(κ+ 1)2(N + 8) log(2)

16κ

)
ε̂+ O

(
ε̂2
)
.

(6.67)
When κ→ 1, one recovers the result given in (3.24).
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g-function. Another important defect observable is the g-function of
this dCFT, which obeys a monotonicity theorem under RG flow as
explained in Section 2.3.1. The computation is analogous to the one
in [32], with the important difference that one needs to keep a generic
value of ∆ϕ, leading to a dependence on κ. For a free bulk theory, one
can compute the defect expectation value of the circular defect exactly
either by finding the classical solution to the equation of motion and
computing the classical action or by resumming diagrams. The final
result is

log gfree = log
Zdefect

Z0

=
21−dπ

3−d
2 Γ

(
1
2
−∆ϕ

)
Γ (∆ϕ)R

2−2∆ϕ

Γ (1−∆ϕ) Γ
(
d
2
−∆ϕ

) , (6.68)

where R is the radius of the circle. Adding the bulk interaction, one
has two diagrams up to order ε̂, which were solved in [32] and reviewed
in Appendix B.4.2. The final result is

log g = −(1 + κ)ε̂

16
h2 +

κh4λ∗
192π2(3κ+ 1)

+ O
(
λ2∗
)
, (6.69)

and using the value of the defect fixed point coupling h∗

log gIR = −(κ+ 1)3(N + 8)

32κ(3κ+ 1)
ε̂+ O

(
ε̂2
)
< 0 = log gUV , (6.70)

as one expects from the g-theorem. 7

Surface defect

Another interesting defect was introduced in the short-range model in
Section 3.4: the surface defect. It was realised by integrating ϕ2 over
a two-dimensional plane 8

S = S0 + h0

∫
d2τ ϕaϕa(τ) , (6.71)

and, contrary to the localised magnetic field, it preserves the full O(N)
symmetry.

To renormalise the defect coupling one considers the one-point func-
tion of ϕaϕa ( a O(N) singlet is needed to get a non-vanishing one-point

7More precisely, the quantity that is monotonic under RG flow is the defect entropy,
defined by s = (1−R ∂

∂R
) log g. However, as explained in [32], s and log g agree at leading

order.
8There is also a symmetry-breaking version of this surface defect obtained by the

interaction habϕaϕb, with a generic tensor coupling hab. However, for simplicity only the
O(N) symmetric case is considered.
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function). When the bulk is free, the beta-function can be computed
exactly by going to momentum space and following the procedure de-
scribed in [125] for resumming the diagrams

ϕ2

+

ϕ2

+

ϕ2

+ . . . (6.72)

This leads to the exact expression for the bare coupling

h0 = µ
1+κ
2
ε̂h

(
1 +

2h

(1 + κ)πε̂
+

(
2h

(1 + κ)πε̂

)2

+ . . .

)
=

µ
1+κ
2
ε̂h

1− 2h
(1+κ)πε̂

,

(6.73)
and consequently to the exact beta-function

βh = −1 + κ

2
ε̂h+

h2

π
. (6.74)

This admits a non-trivial fixed point in h∗ = π(1+κ)
2

ε̂.

Reintroducing the bulk coupling, one needs to take into account the
wavefunction renormalisation of ϕ2, which will depend on the param-
eter κ. More generally, one can compute the renormalisation of the
field ϕn for any positive integer n. This is given by the following bulk
diagrams

ϕnϕn ··· =
Nn!Nn

ϕ

|x|2n∆ϕ
, (6.75)

ϕnϕn ···
···

=

= −
N(N + 2)n!n(n− 1)Nn+2

ϕ λ0

12

(
w

(d)
4∆ϕ

)2
w

(d)
8∆ϕ−d

1

|x|(8+2n−4)∆ϕ−d
.

(6.76)

The second diagram diverges, and one can introduce the wavefunction
renormalisation

Zϕn = 1− (N + 2)n(n− 1)

6κ ε̂

λ

(4π)2
+ O(λ2) . (6.77)
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The diagrams for the renormalisation of the defect coupling h are given
in Appendix B.4.1. After taking into account the wavefunction renor-
malisation Zϕ2 , one finds the following

h0 = µ
1+κ
2
ε̂h

(
1

1− 2h
(1+κ)πε̂

+
(N + 2)λ

48π2κ ε̂

)
+ O

(
h2λ, hλ2, λ3

)
,

βh = −1 + κ

2
ε̂h+

h2

π
+
N + 2

48π2
hλ .

(6.78)

At λ = λ∗, there is a non-trivial defect fixed point

h∗ =
N (1− κ) + 8 + 4κ

2 (N + 8)
πε̂+ O

(
ε̂2
)
. (6.79)

As expected, for κ = 1 one recovers the result of the short-range
model [123–125]. In the opposite limit, and in contrast to the case
of the localised magnetic field, there is no divergence at κ = 0. In-
stead, the fixed point gives h∗ = π

2
ε̂, which is in agreement with the

exact result found above for the Gaussian theory (6.74). Another no-
table difference from the localised magnetic field is that the fixed point
is perturbatively small in ε̂, rather than being of order ε̂0.

Also in this case it is possible to compute some interesting defect ob-
servables.

Scaling dimension. As before, a derivative of the beta function for h
gives access to the following defect scaling dimension at the fixed point

∆ϕ̂2 = 2 +
8 + 4κ+N(1− κ)

2(N + 8)
ε̂+ O(ε̂2) , (6.80)

Once more, both limits κ = 1 and κ = 0 are well defined and they
return the expected results for the short range and the Gaussian theory.

One point data. The Feynman diagrams used to renormalise the cou-
pling also give access to the one-point function ⟨ϕ2⟩

aϕ2 = −
√
N(4κ+N(1− κ) + 8)

4
√
2(N + 8)

ε̂+ O(ε̂2) , (6.81)

Defect free energy. The last observable discussed is the defect free
energy F introduced in 2.3.1. The computation follows the one in
[125], but with generic ∆ϕ. Summing up the three diagrams shown in
Appendix B.4.2 gives the following logarithmic term in the free energy

Funiv =

(
N(1 + κ)ε̂ h2

16π2
− Nh3

12π3
− N(N + 2)λh2

384π4

)
log (µR) . (6.82)
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This expression is very similar to the local case [123–125] apart from
the κ dependence in the first term. At the defect fixed point one can
compute the Weyl anomaly coefficient b finding

bIR = −(8 + 4κ+N(1− κ))3

64(N + 8)3
ε̂3 + O

(
ε̂4
)
< bUV = 0 , (6.83)

which is consistent with the defect b-theorem [16].

6.2.3 Semiclassical construction of defects

In Sections 6.2.1 and 6.2.2, defects for the long-range O(N) model have
been realised as fixed points of defect RG flows triggered by interactions
that are classically marginal. However, as discussed in Section 3.4.2
strongly relevant interactions might as well originate a defect RG flow
that ends in an IR fixed point. For instance, consider the long-range
O(N) model with a localised magnetic field on a line. Recall that the
action is

S =

∫
ddx

(
1

2
ϕaLσϕa +

λ0
4!
(ϕa)

2

)
+ h0

∫
dτ ϕ1 . (6.84)

With σ = (d+ ε)/2, the bulk interaction is weakly relevant. However,
in this case ∆ϕ = (d− ε)/4, and the defect interaction is strongly rel-
evant for 2 < d < 4. Therefore, standard perturbation theory around
the trivial vacuum fails. Instead, one needs to carry out an analysis
similar to the one of Section 3.4.2, as is discussed in [37].

Semiclassics

The first step to study this model is to look for non-trivial saddle points
of the path integral of the form

ϕacl(x) = δa1
Nϕ acl

|x⊥|∆cl
. (6.85)

The non-local equations of motion are

−Lσϕacl(x) = −
2
d+ε
2 Γ
(
d−1−∆cl

2

)
Γ
(
d+ε+2∆cl

4

)
Nϕ acl

Γ
(
∆cl
2

)
Γ
(
d−2−ε−2∆cl

4

)
|x⊥|∆cl+

d+ε
2

δa1 =
λ0
3!

N 3
ϕ acl

3

|x⊥|3∆cl
δa1 ,

(6.86)
and they are solved by

∆cl =
d+ ε

4
, N 2

ϕ acl
2 = − 6

λ0

2
d+ε
2 Γ
(
3d−4−ε

8

)
Γ
(
3d+3ε

8

)
Γ
(
d−4−3ε

8

)
Γ
(
d+ε
8

) , (6.87)
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where as in Section 3.4.2 the solution acl > 0 has been selected. Rea-
soning as in the previous section,one can conclude that

⟨ϕa(x)⟩ = δa,1
Nϕ aϕ
|x⊥|∆ϕ

. (6.88)

with

∆ϕ =
d− ε

4
, aϕ

2 = acl
2(1 + O(ε)) = −

(N + 8)Γ
(
3d−4
4

)
2
d
2
−1Γ
(
d−4
4

)
Γ
(
d
2

)
ε
+ O

(
ε0
)
.

(6.89)
Note that for d = 4+O(ε) the classical contribution vanishes, since one
gets perturbatively close to the trivial vacuum. As in Section 3.4.2, by
considering the expectation value of the equation of motion, one can
compute the O(ε̂) contribution to the coefficient aϕ near d = 4, where
the defect becomes weakly-coupled. This result can then be matched
to the results of Section 6.2.2.

The matching procedure works as follows. In this section, the defect
conformal manifold (shown in Figure 6.1) was parametrised using the
coordinates (d, ε), near the crossover with GFF. In contrast, in Sec-
tion 6.2.2, the coordinates (ε̂, k) were used near the point d = 4. To
switch between these coordinate systems, one needs to ensure that the
same point (d, σ) is being described. The corresponding condition is
d = 4− ε̂ and ε = ε̂/k + O(ε̂2).

By considering the expectation value of the equation of motion and
switching to the (ε̂, k) coordinates, one obtains

a2ϕ =
(N + 8)(κ+ 1)

8κ
+ O(ε̂), (6.90)

which precisely matches the results in (6.66) and (6.67).

Quantum corrections

In order to compute quantum fluctuations around the new saddle point,
the action has to be expanded around it

S ′[δϕa] = Sbulk[ϕ
a
cl + δϕa]− Sbulk[ϕ

a
cl] =

∫
ddx

1

2

((
δabLσ

+
λ0ϕ̄

2

6|x⊥|2∆cl

(
δab + 2δa1δb1

))
δϕaδϕb +

λ0ϕ̄

6|x⊥|∆cl
δϕaδϕaδϕ1 +

λ0
4!
(δϕa)

2

)
.

(6.91)

For convenience, the definition ϕ̄ = Nϕ acl has been used. A similar
analysis can also be done for a O(N) breaking surface defect [125].
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In (6.91), there are new quadratic and cubic terms that break both
Poincaré symmetry and O(N) symmetry to O(N − 1), as expected.
The quadratic term comes with coefficient λ0ϕ̄2, which, by (6.87), is a
pure number. One can either try to invert the quadratic part of the
action or treat this new term as a perturbation. In the latter case,
since the coefficient is not small, one must always consider an arbitrary
number of insertions of this term. This is what will be done in the
following, since the inversion of the quadratic operator turns out to be
a very difficult task. On the other hand, since λ0ϕ̄ ∼

√
λ0, the cubic

term is perturbatively small.

As an instructive example, one can consider the computation of the
leading-order quantum corrections to the order parameter ⟨δϕa(x)⟩.
For concreteness, the focus will be on the case d = 3, which is the
physically relevant one. The following analysis is similar to the one
carried out for the extraordinary surface transition in [132]. However,
this case is more complicated due to the fact that here there is a line
defect instead of a boundary. The diagrams contributing to this one-
point function at order

√
λ0 all belong to a single family, which can be

represented as follows

δϕa (6.92)

where the dots represent the quadratic and cubic interactions, and the
“bubble” is the dressed propagator defined by

= + + + . . . (6.93)

In (6.92) there is always at least one quadratic interaction inserted in
the loop to avoid tadpole contributions. This diagram is already diffi-
cult to compute analytically, mainly because the terms in (6.93) involve
challenging integrals, whose results must then be resummed.

To begin, one can extract the divergent part of (6.92). It turns out
that the divergence arises only from the following diagram

δϕa (6.94)

This can be verified by checking all the other diagrams and observing
that they do not exhibit logarithmic divergences. To evaluate (6.94),
one can use the following recursion relation

= + . (6.95)
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The first diagram on the right-hand side can be easily computed

= δa1
A0

|x⊥|
3−3ε

4

,

A0 =

√
λ0(N + 8)Γ

(
1
4

)
2

15
4

√
3π

5
2

(
1

ε
+ (6.96)

+

(
48− 2π + 3γE + 10

√
2 log

(
2−

√
2
)
+
(
13− 5

√
2
)
log(2)

)
4

+ O(ε)

)
.

Using dimensional analysis, one can make the following ansatz for the
left-hand side

= δa1
A

|x⊥|
3−3ε

4

. (6.97)

Substituting this ansatz into the recursion relation in (6.95), and eval-
uating the integral in the last term on the right-hand side, yields a
linear equation that can be solved for A

A =

√
λ0(N + 8)Γ

(
1
4

)
2

19
4

√
3π

5
2

(
1

ε
+ (6.98)

+
32− 2π + 3γE + 13 log(2)− 3

√
2 log

(
2
√
2 + 3

)
4

+ O(ε)

)
.

As it was argued, (6.98) captures the full divergence of the more com-
plicated diagram in (6.92). A non-trivial consistency check is that this
divergence exactly cancels the one arising from the coupling renormal-
isation in the classical term. More specifically, one has

⟨ϕa(x)⟩ = ϕacl + ⟨δϕa(x)⟩ , (6.99)

where ϕacl ∼ 1/
√
λ0 as given by (6.87). Since the bulk renormalises

independently, one also has that λ0 = µελ(1 + λ(N + 8)/(12π2ε) +
O(λ2)), according to (6.11). Therefore, the first term in (6.92) has a
divergence at order

√
λ, which is exactly cancelled by the divergence

in the second term that was just computed. This ensures that ⟨ϕa(x)⟩
remains finite. The finite term corresponds to the order ε0 correction
to (6.89). Part of this finite term is given in (6.98), while the rest comes
from diagrams that contain more than one quadratic interaction in the
loop. Their contributions can be collected into one single diagram

(6.100)
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Furthermore, using a recursion similar to the one in (6.95), it suffices
to compute the following

= + + . . . (6.101)

Unfortunately, performing this computation analytically is difficult.
However, all the diagrams in the sum in (6.101) are finite for ε = 0
and can be evaluated numerically. The result of the sum can then be
extrapolated using standard numerical techniques, such as Padé ap-
proximation.
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Chapter 7

Outlook

This thesis explored various aspects of conformal defects in conformal
field theories, with an emphasis on developing and applying analytic
bootstrap techniques, on the one hand, and investigating the realisa-
tions of conformal defects through defect renormalisation group flows,
on the other. As remarked in the introduction, for the sake of con-
creteness, this thesis focused on conformal defects in the O(N) model
and similar models. These are of interest both for their physical ap-
plications in condensed matter theory and from a more abstract, the-
oretical perspective. However, given that these methods have proven
to be highly effective in this context, and that they are, in principle,
easily generalisable, a natural future direction is the direct application
of similar methods to other examples of defect CFTs.

For instance, the analytic bootstrap analysis of the localised magnetic
field in the ε-expansion, discussed in Section 4.2, already has several
possible extensions to similar contexts. For example, one could per-
form a similar analysis on the same defect by applying the same an-
alytic bootstrap techniques to the large-N expansion instead of the
ε-expansion, or to other correlators beyond the one considered. This
would provide interesting complementary defect data to those obtained
in Section 4.2. Other interesting possibilities arise from considering
slightly different dCFTs where analytic bootstrap techniques can still
be applied. Examples include the defects introduced in the long-range
O(N) model in Section 6.2, or other order defects that can be con-
structed in bulk CFTs with different symmetries and potentials, or
that involve fermions, such as those described in [178, 179]. Another
intriguing follow-up could be to investigate similar defects in the higher-
derivative theories introduced in [180]. These theories are known to be
scale-invariant [51], and it would be interesting to explore the proper-
ties of the fixed point of a defect RG flow in a scale-invariant but not
conformally invariant bulk CFT.
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The analysis of the magnetic impurity in the free bulk theory in Sec-
tion 4.3.1, which can be performed to all orders in ε, and the existence
of the “non-local” defects in generalised free field theories, as shown
in Section 6.2.1, also provide an intriguing prompt for future research:
what are the possible conformal defects for Gaussian bulk theories? In
fact, several recent works have already addressed aspects of this prob-
lem [121, 181–183, 122], but a complete classification has yet to be es-
tablished.

The transdimensional defects introduced in Chapter 5 also admit a mul-
titude of possible natural generalisations. On the one hand, additional
observables or higher-order results could be computed in the models
introduced, using the same ideas. These could then be used to ex-
trapolate numerical information about potentially physically relevant
non-local CFTs and new dCFTs. For example, the non-local inter-
acting family of three-dimensional CFTs, with a light spectrum given
by (5.29), could be studied using analytic and numerical bootstrap
methods and large-N techniques, with the aim of obtaining interesting
non-perturbative results. Another natural extension would be to define
transdimensional defects for other bulk fixed points beyond the O(N)
model. The only requirement is that the model admits a perturba-
tive defect that can be consistently defined in non-integer dimensions.
Examples include scalar models with different bulk symmetries [178]
and theories with fermionic degrees of freedom [184,178,179]. A further
natural question that arises in light of these transdimensional defects is
the existence of defect conformal manifolds composed of dCFTs, where
the dimension of the defect is not constant. This could potentially
connect together known examples of dCFTs, and interesting structures
may emerge.

In the context of defects in the long-range O(N) model introduced in
Section 3.4, there are several ways to continue the analysis. The first,
of course, is to apply analytic and numerical bootstrap techniques to
systematically extract information about these defects. In this case,
Monte Carlo simulations could also be employed. In a different direc-
tion, one could explore defects in other regions of the phase diagram
shown in Figure 6.1, beyond those discussed in Chapter 6. Specifically,
Chapter 6 focused on the region around the corner at d = 4 and near
the crossover at σ = d/2. However, one could also consider the “upper”
crossover, which marks the boundary between the LRI and SRI phases.
A novel approach to studying this crossover was proposed in [170], and
it would be interesting to introduce defects into that picture.
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Finally, in Section 3.4.2, the question of understanding the existence
of fixed points for strongly-relevant defect RG flows was discussed, and
an initial approach to partially address this problem was outlined in
Section 6.2.3. However, providing a complete solution to this problem
appears to be a challenging task. On the one hand, it would be in-
teresting to expand on the analysis presented in Section 6.2.3, based
on semiclassical analysis and perturbation theory around new saddle
points. In fact, this approach has been successfully applied to boundary
CFTs [132], although the case with higher co-dimension seems to be
significantly more difficult. On the other hand, the transdimensional
defects introduced in Chapter 5 could also play a role in addressing this
question. Indeed, one could study a defect fixed point near a value of
the defect dimension that makes the defect RG flow weakly relevant,
and then extrapolate using the techniques from Section 5.1 to other
values of interest. This is perhaps one of the most intriguing problems
involving defects that could be tackled in the near future. It is not en-
tirely unlikely that a better understanding of strongly relevant defect
RG flows could also shed light on how a theory evolves into a strongly
coupled regime along an ordinary RG flow.
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Appendix A

Bulk and defect blocks

The bulk blocks appearing in (2.63) are not known in closed form but
can be expressed as a sum of Harish-Chandra functions [79]. In radial
coordinates, they take the form

f∆,ℓ(r, w) = 2−ℓfHS∆,ℓ (r, w)+

Γ(ℓ+ d− 2)Γ(−ℓ− d−2
2
)

2ℓΓ(ℓ+ d−2
2
)Γ(−ℓ)

Γ( ℓ+d−p−1
2

)Γ(1−ℓ
2
)

Γ( ℓ+d−1
2

)Γ(1−ℓ−p
2

)
fHS∆,2−d−ℓ(r, w) ,

(A.1)

where fHS∆,ℓ (r, w) is given by the following double infinite sum

fHS∆,ℓ (r, w) =
∞∑
m=0

∞∑
n=0

[
(1− rw)(1− r

w
)
]∆−ℓ

2
+m+n
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(∆+ℓ
2
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∆+ℓ
2

− 1
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(
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∆−ℓ−d
2

+ 1;−∆+ℓ
2

+ 1− n, ∆+ℓ
2

−m, ∆−ℓ−d+3
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)
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(
∆+ℓ
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(A.2)

with

hn(∆, ℓ) =

(
∆
2
− 1

2

)
n

(
∆
2
− p

2

)
n

(
∆+ℓ
2

)
n(

∆− d
2
+ 1
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(
∆+ℓ
2

+ 1
2

)
n

. (A.3)

An important feature of the bulk blocks is their analytic structure in

the variable w. Since they are proportional to
(

(1−rw)(w−r)
rw

)∆−ℓ
2

= ξ
∆−ℓ
2 ,

for generic ∆ they have a branch cut between w = 0 and w = r. This
feature, together with the convergence of the bulk OPE around w = r,
allows to evaluate the discontinuity of the two-point function as

DiscF (r, w) =
∑
O

λϕϕO aO Disc
[
ξ−∆ϕf∆,ℓ(r, w)

]
. (A.4)
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An important property of the bulk blocks is their analytic structure in

the variable w. Since they are proportional to ξ
∆−ℓ
2 =

(
(1−rw)(w−r)

rw

)∆−ℓ
2 ,

they have a branch cut between w = 0 and w = r for generic ∆. This
feature, combined with the convergence of the bulk OPE around w = r,
allows the discontinuity of the two-point function to be evaluated as

DiscF (r, w) =
∑
O

λϕϕO aO Disc
[
ξ−∆ϕf∆,ℓ(r, w)

]
. (A.5)

The defect blocks in (2.64) in radial coordinates are defined as

f̂∆̂,s(r, w) = r∆̂ 2F1

(
∆̂,

p

2
, ∆̂ + 1− p

2
, r2
)
(2w)−s

2F1

(
−s, d− p

2
− 1, 2− d− p

2
− s, w2

)
.

(A.6)

The functions F1(z, z̄) and F2(z, x̄) introduced in (3.28) in the analysis
of the localised magnetic field can be expressed as linear combinations
of FS(z, z̄), FT (z, z̄) and of F̂S(z, z̄), F̂T (z, z̄) defined in (3.33) and
(3.37)

F1(z, z̄) = FS(z, z̄)− 1
N
FT (z, z̄) = F̂V (z, z̄) ,

F2(z, z̄) = FT (z, z̄) = F̂S(z, z̄)− F̂V (z, z̄) .
(A.7)



Appendix B

Explicit computations

B.1 Computation of the one-loop bulk two-point
function for the localised magnetic field

B.1.1 The correlator from the dispersion relation

As it was discussed in the main text, the discontinuity of the correlator
contains a non trivial term that gives rise to a very complicated integral
in the dispersion formula. Here it will be shows the computation of that
integral, and in particular it will be given a derivation of I(r, w) (4.35),
namely the non trivial contribution to the full correlators (4.36) (4.38) .
To begin, it is possible to write the non trivial part of the discontinuity
(4.34) as a sum of hypergeometric functions, using the definition of the
bulk block (A.2), and then replacing the hypergeometric function with
its definition as a sum, and finally exchanging the order of the sums.
The result is

4π
√
rw

(
F

(
sin−1(

√
r
√

r−w
1−rw)|

(rw−1)2

(r−w)2

)
−F
(
sin−1

(√
r−w
1−rw√
r

)
| (rw−1)2

(r−w)2

))
r−w =

=
∑∞

n=0
iπ21−2nr
1+2n

(
(r−w)(rw−1)

w

)n
2F1 (n+ 1, n+ 1; 2n+ 2; 1− r2) =

=
∑∞

n=0

∑∞
m=0

iπ21−2nr
1+2n

(
(r−w)(rw−1)

w

)n
(1−r2)m((n+1)m(n+1)m)

m!(2n+2)m
=

=
∑∞

m=0

2iπr(1−r2)
m

m+1 3F2

(
1
2
,m+ 1,m+ 1; m

2
+ 1, m

2
+ 3

2
; (r−w)(rw−1)

4w

)
.

(B.1)

It turns out that this expansion of the discontinuity can be easily inte-
grated term by term in the dispersion relation and one can find the func-
tion I(r, w). Indeed, plugging the previous expression into the disper-
sion relation (4.8) and changing variable from w′ to x =

(
(1−rw′)(w′−r)

4w′

)
,
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one finds

I(r, w) =

∫ 0

−∞
dx

∞∑
m=0

4rw(1−r2)m 3F2( 1
2
,m+1,m+1;m

2
+1,m

2
+ 3

2
;x)

(m+1)(r2(−w)+rw2+r+4wx−w) =

=
∞∑
m=0

21−mrw(1−r2)mG4,2
4,4

 4w
wr2−(w2+1)r+w

∣∣∣ 0, 0, m2 , m+1
2

−1
2
, 0,m,m


(m!)(r2(−w)+rw2+r−w) ,

(B.2)

where G is the Meijer G-function, and it was assumed

ℜ
(
r (−rw + w2 + 1)

w

)
⩽ 1 ∨ r (−rw + w2 + 1)

w
/∈ R . (B.3)

To rewrite the previous expression in a closed form one can use the
integral representation of the Meijer G-function

Gm,n
p,q

(
z

∣∣∣∣ a1, . . . , an, an+1, . . . , ap
b1, . . . , bm, bm+1, . . . , bq

)
=

=
1

2πi

∫
L
ds

∏n
k=1 Γ (−s− ak + 1)

∏m
k=1 Γ (s+ bk) z

−s∏p
k=n+1 Γ (s+ ak)

∏q
k=m+1 Γ (−s− bk + 1)

.

(B.4)

Plugging the integral representation representation in (B.2), and ex-
changing sum and integral, one gets

I(r, w) =
∞∑
m=0

∫
ds

21−mrw(1−r2)
m

Γ(m+1)(w−r)(rw−1)
2m+1Γ(1−s)2Γ(2s−1)Γ(m+s)2

Γ(m+2s)

(
4w

(r−w)(rw−1)

)−s
=

= −
∫
L
ds

π2r41−s csc2(πs)

2s− 1
2F1

(
s, s; 2s; 1− r2

)( w

(r − w)(rw − 1)

)1−s

=

=
∞∑
n=0

∂
∂t

((
(r−w)(rw−1)

w

)n+t
4−n−tr
2n+2t+1 2F1 (n+ t+ 1, n+ t+ 1; 2(n+ t+ 1); 1− r2)

)
=

=
∞∑
n=0

∂
∂t

((
(r−w)(rw−1)

(1+r)2w

)n+t
4r

(1+r)2(2n+2t+1)2
F1

(
1
2
, n+ t+ 1;n+ t+ 3

2
; (1−r)

2

(r+1)2

))
=

= ∂
∂t

((
(r−w)(rw−1)

(1+r)2w

)t
4r

(1+r)2(2t+1)
F 112
101

(
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2
; 1
2
+ t, 1;

3
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(
1−r
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(B.5)

The final result is expressed in terms of a derivative of a Kampé de
Fériet function [138], which is defined by

FABB′

CDD′

(
(a) : (b); (b′);
(c) : (d); (d′);

x, y

)
=

∞∑
m=0

∞∑
n=0

∏A
j=1(aj)m+n

∏B
j=1(bj)m

∏B′
j=1(b

′
j)n∏C

j=1(cj)m+n
∏D
j=1(dj)m

∏D′
j=1(d

′
j)n

xm

m!

yn

n!
.

(B.6)
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This sum converges absolutely if A+B = C+D+1, A+B′ = C+D′+1,
|x| < 1 and |y| < 1, which in this case, together with (B.3), imply

0 < r < 1∧
(
(0 < w < 1 ∧ 0 < r ⩽ w) ∨ (w = 1 ∧ 0 < r < 1)∨

∨
(
w > 1 ∧ 0 < r ⩽

1

w

))
.

(B.7)

One can extend the result to all other values by exploiting the symme-
try of the correlator with respect to r ↔ 1

r
and w ↔ 1

w
[18].

B.1.2 Generating function of the bulk inversion

The first few orders in the z = 1 expansion of the one-loop generating
function Ct

T (z, β) (4.51) read

Ct
T (z, β) = a2ϕ

(0)

(
(1− z)∆ϕ

( √
πΓ

(
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2

)
Γ
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2

)2

Γ

(
β
2
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)
Γ
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β+2
4

)2

Γ
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1
4
(β−2∆ϕ+4)

)
Γ

(
1
4
(β+2∆ϕ)

)+
+

(
(z−1)2
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ϕ−20β∆ϕ−8β−4∆2
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+

+
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+

+ 2
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− 1
2

)
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β
2
+∆ϕ

)
×

×

(
Γ

(
β
2

)4

sin2
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2

)
π2Γ(β−1)Γ(β)

+

(
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)
(z−1)2Γ

(
β
2

)4

sin2

(
π∆ϕ
2

)
8π2Γ(β−1)Γ(β)

+

−

(
∆3
ϕ+6∆2

ϕ+8∆ϕ

)
(z−1)3Γ

(
β
2

)4

sin2

(
π∆ϕ
2

)
48π2Γ(β−1)Γ(β)

−
∆ϕ(z−1)Γ

(
β
2

)4

sin2

(
π∆ϕ
2

)
2π2Γ(β−1)Γ(β)

)))
+

− a2ϕ
(1) Γ(β4 )

2
(1−z)∆ϕΓ(β4+

∆ϕ
2

− 1
2)

Γ(β2−
1
2)
(
2
β
2 −∆ϕ+1Γ(∆ϕ

2 )
2
)
Γ(β4−

∆ϕ
2

+1)
+ O((z − 1)4),

(B.8)

where ∆ϕ needs to be expanded at one loop. The singlet contribution
is simply Ct

S(z, β) =
1
N
Ct
T (z, β).

B.1.3 Feynman diagrams

The bulk two-point function of two fundamental fields in the presence of
the defect ⟨ϕa(x)ϕb(y)⟩D can be calculated perturbatively by evaluating
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Feynman diagrams at the fixed point. In particular, to the first order in
ε (hence at one loop) there are two disconnected contributions, which
are given by the one-loop correction to the bulk propagator and the
one-loop correction to the product of one-point functions

ϕ ϕ ϕ ϕ

(B.9)

where the blue double line at the bottom represents the defect D,
whereas black lines are scalar propagators with a generic one-loop cor-
rection represented as a grey circle. These two contributions naturally
provide the corrections to the defect and bulk identity in (4.36) and
(4.38). The only connected diagram is the cross diagram

ϕi ϕj

ϕ1ϕ1 (B.10)

The contribution of the diagram (B.10) is given by

−N 2
ϕ (δij + 2δi1δj1)

λh2

2!

∫
dτ1

∫
dτ2

∫
d4−εq G(x− q)G(y − q)

G(q − x(τ1))G(q − x(τ2)) ,
(B.11)

where |ẋ(τ1,2)| = 1, Nϕ is chosen to normalise the bulk two-point func-
tion in the absence of the defect, and G(x) is the free propagator

G(x) =
1

(d− 2)Ωd−1|x|d−2
=

1

4π2|x|2
+ O(ε) , Nϕ = 2π + O(ε) .

(B.12)
Since at the fixed point λ∗ ∝ ε, one can set ε = 0 in all the other
terms. Evaluating at the fixed point, Inserting (B.12) into (B.11) and
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performing the τ2 and τ2 integrals one gets

− (δij + 2δi1δj1)
3

8π2

∫
d4q

1

|q⊥|2 |x− q|2 |y − q|2
=

= (δij + 2δi1δj1)
I(x, y)

8|x⊥||y⊥|
,

(B.13)

where I(x, y) is exactly the conformally invariant function defined in
(4.35), but expressed in the coordinates (x, y). Thanks to conformal in-
variance, it is enough to evaluate I(x, y) for x∥ = y∥ = 0. However, the
integral in (B.13) is very hard to solve analytically and a general closed
form has not been found. Nevertheless, it is still possible to reduce it
to a more useful one-dimensional integral representation which can be
used to obtain series expansions and other analytic considerations.

First of all, one can derive the integral representation. The starting
point is

I(x, y) = − 3
π2

∫
d3q⊥

∫
dq∥

|x⊥||y⊥|
|q⊥|2 (q2∥+|x⊥−q⊥|2) (q2∥+|y⊥−q⊥|2) . (B.14)

One can introduce a Feynman parameter α for the last two factor in
the denominator

I(x, y) = − 3
π2

∫ 1

0
dα
∫
d3q⊥

∫
dq∥

|x⊥||y⊥|

|q⊥|2
(
q2∥+α|x⊥−q⊥|2+(1−α)|y⊥−q⊥|2

)2 .
(B.15)

Now it is possible to perform the q∥ integral and rearrange to obtain

I(x, y) = − 3

2π

∫ 1

0

dα

∫
d3q⊥

|x⊥||y⊥|
|q⊥|2 (|q⊥ − q̃⊥|2 + L2)

3
2

, (B.16)

where

q̃⊥ = αx⊥ + (1− α)y⊥ , L2 = α(1− α)|x⊥ − y⊥|2 . (B.17)

Introducing another Feynman parameter ξ, one gets

I(x, y) = − 9
4π

∫ 1

0
dα
∫ 1

0
dξ
∫
d3q⊥

ξ
1
2 ·|x⊥||y⊥|

(|q⊥−ξq̃⊥|2+ξ(1−ξ)|q̃⊥|2+ξL2)
5
2
. (B.18)

After the shift q⊥ → q⊥ + ξq̃⊥, the integral over q⊥ becomes easy and
it gives

I(x, y) = −3|x⊥||y⊥|
∫ 1

0

dα

∫ 1

0

dξ
1

ξ
1
2 (L2 + (1− ξ)|q̃⊥|2)

. (B.19)
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It is now convenient to pass to lightcone coordinates. Changing variable
ξ = η2 and rearranging one gets

I(z, z̄) = −6
√
zz̄
∫ 1

0
dα
∫ 1

0
dη 1

(1+α(zz̄−1)−η2(1+(z−1)α)(1+(z̄−1)α))
. (B.20)

At this point one can obtain two different representations by integrating
either in α or in η. Integrating over α one gets

I(z, z̄) = −6
√
zz̄
∫ 1

0
dη

log
[
P (z,z̄,η)+

√
Q(z,z̄,η)

]
−log

[
P (z,z̄,η)−

√
Q(z,z̄,η)

]
√
Q(z,z̄,η)

,

(B.21)
where P (z, z̄, η) and Q(z, z̄, η) are the following polynomials

P (z, z̄, η) = 1 + zz̄ − η2(z + z̄),

Q(z, z̄, η) = (zz̄ − 1)2 − 2η2(z + z̄ + zz̄(z + z̄ − 4)) + η4(z − z̄)2 .
(B.22)

Alternatively, it is possible to perform the integral over η in (B.20) to
get

I(z, z̄) = −6
√
zz̄
∫ 1

0
dα

tanh−1[ (1+(z−1)α)(1+(z̄−1)α
1+α(zz̄−1) ]√

(1+(z−1)α)(1+(z̄−1)α)(1+α(zz̄−1))
. (B.23)

Both expressions (B.21) and (B.23) can be used to obtain series ex-
pansions of I(z, z̄). Moreover, from (B.23) it is also possible to extract
in a closed form the term in I(z, z̄) proportional to log(1− z̄). Indeed
in the limit z̄ → 1 the argument of the hyperbolic arcotangent goes
to 1 giving a logarithmic divergence, whereas the denominator remains
finite. The logarithmic term is therefore given by

I(z, z̄)log(z̄−1) = 3
√
zz̄ log(z̄ − 1)

∫ 1

0
dα 1√

(1+(z−1)α)(1+(z̄−1)α)(1+α(zz̄−1))
.

(B.24)
The result of this integral can be expressed in terms of incomplete
elliptic integrals of the first kind F (φ, k)

I(z, z̄)log(z̄−1) =

= 6
√
zz̄ log(z̄ − 1)

(
F

(
sin−1(

√
z̄−z
z̄−1),

z(z̄−1)2

(z̄−z)(zz̄−1)

)
−F
(
sin−1(

√
z̄−z
zz̄−z ),

z(z̄−1)2

(z̄−z)(zz̄−1)

)
√

(z̄−z)(zz̄−1)

)
.

(B.25)

B.2 Computation of the β-function for the mag-
netic impurity

In this appendix, the three-loop beta function for the interacting Wil-
son line is calculated for both the free and interacting bulk cases [35].
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The method employed was introduced in [185], with a recent review
available in [186].

Moreover, in Section B.2.7 the two-point function of two defect spin
operators (3.82) is explicitly computed at two loops.

B.2.1 Summary of the strategy

The goal ultimate goal is to express the bare coupling ζ0 in terms of
the renormalized coupling ζ, given in the MS scheme by

ζ0 = µε/2ζ

(
1 +

a11ζ
2 + a12ζ

4 + a13ζ
6

ε

+
a22ζ

4 + a23ζ
6

ε2
+
a33ζ

6

ε3
+ O(ζ8)

)
.

(B.26)

From this one can extract the beta function from the condition that
dζ0/dµ = 0, namely

β(ζ) = −ε
2
ζ + a11ζ

3 + 2a12ζ
5 + 3a13ζ

7 + O(ζ9) . (B.27)

As usual, one also finds the relation between lower and higher order
poles

a22 =
3

2
a211 , a33 =

5

2
a311 , a23 =

11

3
a11a12 . (B.28)

The goal of the rest of this appendix is to compute the vertex V(x) at
three loops.

In order to determine the coefficients aij in equation (B.26), one has to
demand that physical observables are finite when expressed in terms
of ζ. As argued in the main text, a good such observable is the vertex
function

V(x) =
Tr
〈
ϕ(x)Dj(0, τ)

〉
Tr
〈
Dj(0, τ)

〉 , (B.29)

In order to determine the coefficients aij in equation (B.26), it is neces-
sary to require that physical observables remain finite when expressed
in terms of ζ. As discussed in the main text, a suitable observable for
this purpose is the vertex function.



Chapter B – Explicit computations 174

(a1) (a2)

(a3) (a4) (a5)

Figure B.1: One-, two-, and three-loop propagator diagrams.

B.2.2 Expectation value of defect at three loops

The calculation begins with the expectation value of the defect. Since
⟨TrD(τ)⟩ exponentiates, it is convenient to consider its logarithm. The
final result is presented first, with the derivation provided below

log
〈
TrD(τ)

〉
j(j + 1)(2j + 1)

= ζ20 (a1) − ζ40 (a2)

+ ζ60
(
2(a3) + 2(a4) + (a5)

)
+ . . .

(B.30)

In this expression, (a1)–(a5) are integrals represented diagrammati-
cally in figure B.1. The thick horizontal line represents the defect, and
the thin black lines are ϕ propagators. The integrals are computed
in the range [0, τ ], time-ordering is implicit, and propagators are unit
normalised. For example

(a1) = =

∫
0<τ1<τ2<τ

dτ1 dτ2

τ 2−ε21

, (B.31)

(a2) = =

∫
0<τ1<τ2<τ3<τ4<τ

dτ1 dτ2 dτ3 dτ4
(τ31τ42)2−ε

. (B.32)

Although these integrals are not difficult to compute, they are not re-
quired, as their contribution will cancel between the numerator and
denominator in equation (B.29).

The derivation of equation (B.30) can now be explained. Although
the procedure is tedious, it can be automated with the assistance of
mathematica. The first step involves computing ⟨D(τ)⟩ up to order ζ60
by performing all possible Wick contractions. Each diagram consists
of a product of an integral and a trace. The traces are of the form
TrTa1Ta2 . . . Tal , with all indices a1, . . . , al contracted. These traces
can be computed by repeatedly applying the commutation relations in
equation (3.42), a process that was automated using a computer.
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With regard to the integrals, a large number are found, many more than
those shown in figure B.1. However, many of these integrals factorise
into products of lower-point integrals. To illustrate this, an example is
provided. Consider the following sum of diagrams.

+ + +

+ + (B.33)

Since all possible orderings of points are accounted for, this sum is
equivalent to the diagram (a1) squared. Each diagram appears twice,
resulting in

[ ] 2
= 2 + 2 + 2 .

(B.34)

Similar expression can be found for other products of diagrams, even
when the diagrams being multiplied are different, or there are several
copies of each. The central idea is that a product of diagrams is equal
to the sum of all time-ordered diagrams such that the relative order
of the legs in each subdiagram is preserved. Formulated in this way,
this is a combinatorial problem that can be automated. By factorizing
sums of diagrams as in this example, one can observe that the result
exponentiates, and obtain equation (B.30).

B.2.3 Expectation value of vertex at three loops

The full vertex V(x) is now considered. Again, the final result is pre-
sented first, with the derivation provided below

V(x)
ζ0
√
κj(j + 1)

= (b1) − (b2)ζ20 +
(
(b3) + 2(b4) + 2(b5)

)
ζ40

+
(
− 2(b6) − 4(b7) − (b8) − (b9) − 2(b10)

− 2(b11) − 2(b12) − 2(b13) − 2(b14) − 4(b15)
+ 2(2j(j + 1)− 5)(b16) + 4(j(j + 1)− 2)(b17)
− 2(b18) − 4(b19) + 2(2j(j + 1)− 5)(b20)

+ (2j(j + 1)− 7)(b21)
)
ζ60 + . . . . (B.35)

The diagrams (b1)–(b21) are presented in figure B.2. In this figure,
the cross × represents the point where the bulk field ϕ(x) is connected
to the defect. For example, if the bulk field sits at x = (w, x⊥), where
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(b1) (b2) (b3) (b4) (b5)

(b6) (b7) (b8) (b9)

(b10) (b11) (b12) (b13)

(b14) (b15) (b16) (b17)

(b18) (b19) (b20) (b21)

Figure B.2: Vertex diagrams up to three loops.
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x⊥ are directions orthogonal to the defect, then

(b5) = = (B.36)

=

∫
0<τ1<τ2<τ3<τ4<τ5<τ

dτ1 dτ2 dτ3 dτ4 dτ5

τ 2−ε41 τ 2−ε53 (|x⊥| 2 + (w − τ2)2)
1− ε

2

.

The value of these integrals is crucial for obtaining the beta function,
and the method for calculating them is explained in Section B.2.4.

Regarding the derivation of equation (B.35), it follows the same proce-
dure as before. First, all Wick contractions contributing to Tr⟨ϕ(x)D(τ)⟩
are generated. For each term, the traces are computed using the com-
mutation relations (3.42), and the integrals are factorised using rela-
tions analogous to (B.34). It can be observed that the result is propor-
tional to the right-hand side of (B.35), multiplied by Tr⟨D(τ)⟩ as in
(B.30). Although these steps are tedious, they have been automated
using a computer.

B.2.4 Integrals

To obtain the beta function, the remaining task is to extract the diver-
gent part of the integrals in equation (B.35). For illustration, diagram
(b5) in (B.37) is computed in detail. The method is then generalised
and automated for all other diagrams.

The first observation is that, since only the divergent part of V(x) is
of interest, it is convenient to place the insertion of ϕ(x) far from the
defect. More precisely, if x = (w, x⊥), then |x⊥| ≫ τ is assumed,
where τ is the length of the defect operator D(τ). In this limit, the
dependence on x⃗, w, and τ2 drops out

(b5) ≡ lim
|x⊥|→∞

|x⊥|2−ε (b5) = (B.37)

=

∫
0<τ1<τ2<τ3<τ4<τ5<τ

dτ1 dτ2 dτ3 dτ4 dτ5

τ 2−ε41 τ 2−ε53

.

An important observation is that the variables can be integrated in any
order. Since τ2 does not appear in the integrand, it is convenient to
perform its integration first.

(b5) =
∫

0<τ1<τ3<τ4<τ5<τ

dτ1 dτ3 dτ4 dτ5

∫ τ3

τ1

dτ2

τ 2−ε41 τ 2−ε53

=

∫
1345

τ31

τ 2−ε41 τ 2−ε53

.

(B.38)
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In the second equality, shorthand notation
∫
ij...k

=
∫
0<τi<τj<...<τk<τ

is introduced, and dτi is omitted for conciseness. The strategy is to
continue selecting the simplest variable for integration at each step.
For example, since τ4 appears only once, its integral is straightforward.

(b5) =
∫
135

∫ τ5

τ3

dτ4
τ31

τ 2−ε41 τ 2−ε53

= (B.39)

=
1

ε− 1

∫
135

[
τ ε51τ

ε−2
53 − τ ε−1

51 τ ε−1
53 − τ ε31τ

ε−2
53

]
.

On the right-hand side, the relation τ31 = τ51−τ53 was used to simplify
the result. An important observation is that, as integration proceeds,
many terms are generated, each of which requires a specific order of
integration to minimise complexity. For the first two terms in (B.39),
it is best to integrate τ1 and τ3 first, followed by τ5. This approach
ensures that all integrals are elementary∫

135

[
τ ε51τ

ε−2
53 − τ ε−1

51 τ ε−1
53

]
=

∫ τ

0

dτ5

∫ τ5

0

dτ3

∫ τ3

0

dτ1

[
τ ε51τ

ε−2
53 − τ ε−1

51 τ ε−1
53

]
=

τ 2ε+1

2(ε− 1)ε2(2ε+ 1)
. (B.40)

Instead, for the last term in (B.39) it is better to integrate first τ1 and
τ5, and only then τ3:∫

135

τ ε31τ
ε−2
53 =

∫ τ

0

dτ3

∫ τ

τ3

dτ5

∫ τ3

0

dτ1 τ
ε
31τ

ε−2
53 =

=

∫ τ

0

dτ3
τ ε+1
3 (τ − τ3)

ε−1

(ε− 1)(ε+ 1)
=

2Γ(ε− 1)Γ(ε+ 2)

Γ(2ε+ 3)
τ 2ε+1 . (B.41)

The final τ3 integral is known as the Euler integral. By selecting an
appropriate order of integration, this more challenging integral was en-
countered only at the last step. Had a less optimal order of integration
been chosen, intermediate results would have involved hypergeometric
functions, with simplification occurring only at the final stage.

For completeness, the value of the diagram of interest is

(b5) =

(
1

2ε2(2ε+ 1)
− 2Γ(ε)Γ(ε+ 2)

Γ(2ε+ 3)

)
τ 2ε+1

(ε− 1)2
. (B.42)

The approach used in computing diagram (b5) can now be applied to
all other integrals. To summarise, the first step is to take the limit
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|x⊥| ≫ τ , which significantly simplifies the form of the integral. Next,
the variables τi that appear at most once in the integrand are inte-
grated. This process generates many terms, and for each term, dif-
ferent orderings may be required to minimise complexity. At times,
relations of the form τij = τik + τkj are useful for simplifying interme-
diate expressions. Ultimately, only two integrals remain that are not
elementary

H1 =

∫ τ

0

du ua(τ − u)b , H2 =

∫ τ

0

du

∫ u

0

dv ua(u− v)b(τ − v)c .

(B.43)

These integrals might appear in the last integration step, or as a subdia-
gram of a larger diagram. Fortunately, these integrals can be evaluated
straightforwardly

H1 =
Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 2)
τa+b+1 , (B.44)

H2 =
Γ(a+ b+ 2)Γ(b+ c+ 2)

(b+ 1)Γ(a+ 2b+ c+ 4)

× 3F2

(
b+ 1, a+ b+ 2, b+ c+ 2
b+ 2, a+ 2b+ c+ 4

; 1

)
τa+b+c+2 . (B.45)

By implementing this algorithm in mathematica, all integrals in figure
B.2 can be computed in closed form.

B.2.5 Computation of the β-function

All that is left is to combine all the ingredients. All integrals in figure
B.2 are computed using the method of section B.2.4. Then these values
are inserted in equation (B.29) for the vertex V(x). Demanding the
result to be finite, gives the bare coupling in terms of the renormalized
one, the result being presented in (3.44). As an important sanity check,
the higher-order poles satisfy the consistency conditions (B.28). The
bare coupling leads to the beta function (3.45). In the limit of large
quantum number j → ∞, the beta function agrees with that of [33],
providing another sanity check.

B.2.6 β-function in the interacting bulk case

This section extends the previous results to calculate β(ζ) for the case
of an interacting bulk. The calculation is carried out to order λζ3,
where a single Feynman diagram contributes to the vertex renormalisa-
tion. The result of this computation was presented without derivation
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in [116], while the explicit derivation is provided in [35].

At the order under consideration, most contributions to the beta func-
tion arise from diagrams without bulk interaction or from corrections
to the bulk propagator. The only exception is the diagram

ϕaTa

0 1 (B.46)

where the length of the defect operator is taken to be one, since the
integral is homogeneous.

First, the symmetry factor of this diagram is computed. It is important
to note that Ta also participates in the trace, as shown in the definition
of the vertex (3.43). One of the three legs attached to the defect carries
a generator Ta with the same index as the external field ϕa, while
the other two legs carry generators Tb with contracted indices. Of
the three possible channels, in two of them the contracted generators
Tb are inserted next to each other, simplifying to j(j + 1)Ta. The
remaining channel is TbTaTb = (j(j + 1) − 1)Ta. This leads to an
overall contribution of

(
j(j + 1)− 1

3

)
Ta. It should also be noted that

the integral is path-ordered, but due to permutation symmetry, it can
be divided by 3! and instead, the unordered integral can be computed.
Therefore, the contribution of this diagram to the vertex is

Vλ(x)
ζ0
√
κj(j + 1)

= −λ0 ζ
2
0 κ

2

6

(
j(j + 1)− 1

3

)
I(x) , (B.47)

where the integral is

I(x) =

∫
d4−εy(

(x∥ − y∥)2 + |x⊥ − y⊥|2)
) 2−ε

2

×

∫ 1

0

dt(
|y⊥|2 + (t− y∥)2

) 2−ε
2

3

.

(B.48)

For the present purposes, it suffices to extract the leading contribution
in the limit |x⊥| → ∞, which is also divergent in the limit ε→ 0. It is
important to note that divergences of the form 1

ε
arise only for small

values of |y⊥| and when y∥ is near the interval [0, 1]. The only other
region where the integrand becomes unbounded is when y approaches
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the external point x; however, for any dimension d, the integral remains
finite ∫

|x−y|<l

ddy

|x− y|d−2
=

Ωd−1l
2

2
, (B.49)

where Ωd−1 is the volume of the d− 1-dimensional sphere.

Without loss of generality, one can set x⊥ =
(
1
2
, L, 0, . . .

)
, and then

pass to cylindrical coordinates
(
y∥, y⊥

)
→
(
y∥, ρ, θ, . . .

)
I(L) =

∫ ∞

0

dρ

∫ +∞

−∞
dy∥

∫ π

0

dθ

∫
dΩ1−ε

ρ2−ε (sin θ)1−ε((
1
2
− y∥

)2
+ρ2+L2−2ρL cos θ

) 2−ε
2

(∫ 1

0

dt(
ρ2+(t− y∥)2

) 2−ε
2

)3

.

(B.50)

The leading term as L → ∞ is of interest. As mentioned earlier, in
order to extract the divergent part, ρ and y∥ can be considered to be
bounded. Therefore, one has

I(L) ∼ 1

L2−ε

∫ δ

0

dρ

∫ 1+δ

−δ
dy∥

∫ π

0

dθ

∫
dΩ1−ε ρ

2−ε (sin θ)1−ε ×

×

∫ 1

0

dt(
ρ2 + (t− y∥)2

) 2−ε
2

3

+ O(ε0) ,

(B.51)

where δ > 0 is some arbitrarily small parameter. The integrals over dt,
dΩ1−ε and dθ are easily performed and one finds

I(L) ∼ 1

L2−ε
2π

3−ε
2

Γ
(
3−ε
2

) ∫ δ

0

dρ

∫ 1+δ

−δ
dy∥ ρ

−4+2ε
(
(1− y∥)

2F1

(
1
2
, 1− ε

2
; 3
2
;− (1−y∥)2

ρ2

)
+ y∥ 2F1

(
1
2
, 1− ε

2
; 3
2
;−

y2∥
ρ2

))3
.

(B.52)

Computing this integral in full generality is hard, but since ρ < δ is
small, one can simply expand the integrand. The key point is that only
powers ρ−1+cε give divergent contributions, since∫ δ

0

dρ ρ−1+cε =
1

cε
+ O(ε0) . (B.53)
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All in all, only one term contributes to the divergence, and the remain-
ing dρ and dy∥ integrations are elementary

I(L) ∼ 1

L2−ε
2π

3−ε
2

Γ
(
3−ε
2

) π 3
2Γ
(
1−ε
2

)3
8 Γ
(
1− ε

2

)3
×
∫ δ

0

dρ

∫ 1+δ

−δ
dy∥ ρ

−1+2ε
(
sgn(1− y∥) + sgn(y∥)

)3
=

=
1

L2−ε
2π4

ε
+ O(ε0) . (B.54)

Inserting this into (B.47) one finally gets

Vλ(L)
ζ0
√
κj(j + 1)

∼ − 1

L2

λ0ζ
2
0

48 ε

(
j(j + 1)− 1

3

)
, (B.55)

which when combined with the free-theory contributions and with the
two-loop correction to the bulk propagator, leads to (3.47).

B.2.7 Two-point function of defect spin operators

The two-loop contribution to the two-point function (3.82) is computed
here. Similarly to what has been done at one loop in 3.3.3, one needs to
compute connected diagrams. To get them, at two loops one will not
only need to subtract the order zero connected contribution times pieces
of two-loops bubble, but also the order one connected contributions
times pieces of one-loop bubbles. This is illustrated with an example

c = − c × bubbles(2)

− c × bubbles(1) = j(j + 1) ,
(B.56)

where the last diagram denotes just a kinematical integral stripped of
the color factor. At the end of this procedure, one is left with the
following

I(2)c (τ1, τ2) =
∑

Γ(2)
c = j(j + 1)

(
+

+ 2 + 2 +

+ + + +

+ + + 2

)
.

(B.57)
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This sum of kinematical terms can be reorganised and further simplified
since an exponentiation of the previous orders occurs. Indeed one has

I(2)c (τ1, τ2) =
j(j + 1)

2

(
+

)2
+ j(j + 1)

(
+ +

+ + + +

+ +

)
.

(B.58)

Moreover, one can note that specular diagrams yield the same contri-
bution. Hence one is left with the evaluation of only five diagrams.
The integrals are not difficult and the result is

= ζ40 |τ1 − τ2|2ε
δab
3

2−1−2ε Γ
(
1
2
− ε
)
Γ(ε− 1)

√
π(ε− 1)ε

,

= ζ40 |τ1 − τ2|2ε
δab
3

(
1

2(ε− 1)ε2(2ε− 1)
−Γ(ε− 1)Γ(−2ε)

Γ(2− ε)

)
,

= ζ40 |τ1 − τ2|2ε
δab
3

(
− 1

2(ε− 1)2ε2
+

Γ(ε− 1)Γ(−2ε)

Γ(2− ε)

)
,

= ζ40 |τ1 − τ2|2ε
δab
3

−1 + 21−2ε√π εΓ(ε)
Γ( 1

2
+ε)

2(ε− 1)2 ε2

 ,

= ζ40 |τ1 − τ2|2ε
δab
3

(
−Γ(1 + ε)2 + Γ(1 + 2ε)

(ε− 1)2 ε2 Γ(1 + 2ε)

)
.

(B.59)

Substituting these into (B.58) gives the two loops contribution to the
bare two-point function, which can then be used to compute the renor-
malised one.

B.3 Diagrams and recursion for transdimensional
defects

In this appendix the integrals appearing in Sections 5.1.1 and 5.1.2 are
evaluated.

The first diagrams are those contributing to the bulk one-point function
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of ϕaϕb
ϕaϕb ϕaϕb ϕaϕb

(B.60)

It is convenient to define (h0)ab = µε+δ(hab + Zh,ab), where Zh,ab is an
additive counterterm, and proceed to renormalise the coupling such
that the bulk one-point function ⟨ϕaϕb(x⊥, 0)⟩ is finite, as in [123–125]
but with non-zero δ. Note that now the renormalised bulk one-point
function also includes the wavefunction renormalisation factors Z−1

S

and Z−1
T of the bulk operators S and Tab.

The diagrams in (B.60) are regulated with both ε and δ and can be
renormalised with

Zh,ab =
2λhab
ε

+
λδabhcc
ε

+
hachcb
ε+ δ

+ O(h3, h2λ, hλ2) . (B.61)

To specify the renormalisation scheme at higher orders, note that the
Feynman integrals admit the unique decomposition

IL(ε, δ) =
L∑
k=0

k∏
i=1

DL

ε+ αk,iδ
+ g(ε, δ) , (B.62)

with DL and αk,i real constants and g(ε, δ) regular near ε = δ = 0.
The reason for this form is that the integrals depend on δ only through
the defect dimension p, and one also knows that by taking δ → 0
while keeping ε finite, one should retrieve the divergent integrals of the
surface defect. From (B.61) one obtains the beta function

βab = −(ε+ δ)hab + (δabhcc + 2hab)λ+ hachcb + O(h2λ, hλ2) , (B.63)

where, besides the rescaling λ → 16π2λ, h → 2πh has also been
rescaled.

Next, Feynman diagrams of higher order in h are considered, which
allow to write expressions that are exact in δ, at leading order in ε.
The corrections to the middle diagram in (B.60) with one bulk vertex
and a minimal number of defect vertices are

ϕaϕb ϕaϕb

(B.64)
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To simplify the expressions, it is convenient to treat explicitly only for
the O(N) symmetric defect, so hab = hδab, but the same calculations
can be used for the symmetry breaking defect.

For the first graph in (B.64), one can take the bulk external point to be
x = (x⊥, x∥) = (1, 0), where 1 is any unit vector normal to the defect,
and find (up to symmetry factors, couplings and indices)

I(x⊥) =

ϕaϕb

=

∫
d4−εy

∫
d2+δτ1

∫
d2+δτ2G(y − τ1)

2G(y − τ2)
G(y − τ2)G(x− y) .

(B.65)
The integral over τ1 is trivial. After that, one is left with

I(x⊥) = N 10
ϕ

π1+ δ
2Γ
(
1− ε− δ

2

)
Γ(2− ε)

∫
d2−ε−δy⊥

∫
d2+δy∥

∫
d2+δτ2

1

|y⊥|2−2ε−δ
(
|y⊥|2 + |τ2 − y∥|2

)1− ε
2 (1 + τ 22 )

1− ε
2
(
|y⊥ − 1|2 + |y∥|2

)1− ε
2

,

(B.66)

where N 2
ϕ is defined in (5.5). To evaluate this integral, it is convenient

to go to defect momentum space. In fact, the two defect integrals are a
convolution of the last three propagators, thus they can be exchanged
for a single integral over the parallel momentum of the product of the
defect Fourier transform of such propagators. The defect Fourier trans-
forms of the last three propagators can be represented using Schwinger
parameters∫

d2+δy∥

(2π)2+δ
eip∥·y∥(

|y⊥|2 + |y∥|2
)1− ε

2

=

=
π1+ δ

2

Γ
(
1− ε

2

) ∫ ∞

0

du u−1− ε+δ
2 exp

(
−u|y⊥|2 −

|p∥|2

4u

)
.

(B.67)

After having introduced three parameters u1, u2 and u3, one can easily
perform first the y⊥ integration and then the p∥ integration. One is left
with

I(x⊥) =
Γ
(
1
2
− ε+δ

2

)
Γ
(
1− ε− δ

2

)
210−ε−δπ3− 5

2
(ε+δ) sin

(
πε
2

)
Γ
(
3
2
− ε

2

) ∫ ∞

0

du1

∫ ∞

0

du2

∫ ∞

0

du3

e−u2−u3
(u1u2u3(u1 + u2))

−ε/2

(u1(u2 + u3) + u2u3)1+δ/2 1
F̃1

(
ε

2
; 1− ε+ δ

2
;

u22
u1 + u2

)
,

(B.68)
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where 1F̃1 is the regularised confluent hypergeometric function

1F̃1(a; b; z) =
1

Γ(a)

∞∑
k=0

Γ(a+ k)

k! Γ(b+ k)
zk . (B.69)

The prefactor outside the integral has a simple pole, whereas the in-
tegral over the parameter u1 is still divergent in the limit ε → 0 and
δ → 0 (the other integrals are finite). To extract the divergent terms
one first expands the hypergometric and then perform the u1 integral.
Crucially, only the first term of the expansion (B.69) contributes to the
divergence of I, since all other terms are of order O(ε, δ). Therefore,
one finds

I = K(ε, δ)

∫ ∞

0

du2

∫ ∞

0

du3 f(u2, u3, ε, δ) + finite , (B.70)

where now the integrals are convergent and the poles are explicit in
K(ε, δ) and f(u2, u3, ε, δ). The integral is still hard to compute, since
f(u2, u3, ε, δ) contains Gauss’s hypergeometric functions 2F1. To ex-
tract the divergent behaviour in the form of (B.62), one can make the
substitution δ → αε and then expand in series of ε, neglecting regular
terms. The integrals become easy and can be performed. At the end,
exploiting the parameter α, one can reconstruct the dependence on ε
and δ, finding

I =
1

256π6 ε(2ε+ δ)
+
1 + γE + log π

256π6ε
+

1

128π6(2ε+ δ)
+finite . (B.71)

Alternatively, the integral may be computed as follows. The relevant
divergence comes from the region where the bulk interaction point gets
close to the defect (the divergence associated with the interaction point
getting close to the external point is accounted for with Zϕ2). To com-
pute the divergence, one replaces integrate only over |y⊥| < η with
η small. The integral becomes considerably simpler because one can
replace, e.g. |y⊥ − 1| → 1. One needs to first do all other integrations,
expanding in y⊥ and keeping terms divergent neat y⊥ ∼ 0. Then one
does the the final integral over y⊥ to recover (B.71).

The second diagram in (B.64) is easier, but one first evaluates a sub-
diagram which (up to symmetry factors, couplings and indices) is

I ′(τ) =
ϕ̂a(0) ϕ̂a(τ)

=

∫
d4−εx

∫
d2+δτ1G(x− τ1)

2G(x)G(x− τ)

=
N 8
ϕ

τ 2−3ε−δ

∫
d4−εx

∫
d2+δτ1

(|x⊥|2+|x∥|2)
1− ε

2 (|x⊥|2+|x∥−τ1|2)
2−ε

(|x⊥|2+|x∥−1|2)
1− ε

2
.

(B.72)
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This integral can be computed exactly by integrating over τ1 and then
introducing a Feynman parameter for the first and the third propaga-
tors and yields

I ′(τ) = 1
τ2−3ε−δ

Γ(1− 3ε+δ
2 )

28+ε+δπ2− 3ε+δ
2 sin(π ε2) sin(π

2ε+δ
2 )Γ( 3−ε

2 )Γ(1− ε+δ
2 )Γ( 1

2
+ 2ε+δ

2 )
.

(B.73)

From this one can find the pole structure in the form (B.62)

I ′(τ) =
1

τ 2−3ε−δ

(
1

64π5 ε
(
ε+ 1

2
δ
) + γE + log π

64π5ε
+

+
2 + γE + log π

128π5
(
ε+ 1

2
δ
) + O(ε0, δ0)

)
.

(B.74)

Then the second diagram of (B.64) follows easily from (B.73) by inte-
grating over τ .

No the problem of evaluating high orders in δ is considered. The effec-
tive defect-to-defect propagator (5.19) is

0 τ
=

∞∑
k=0

hk0
ak

|τ |2−(k+1)ε−kδ ,

ak =
(−1)kΓ

(
ε+δ
2

)k+1
Γ
(
1− k+1

2
ε− k

2
δ
)

2k+2π2− k+1
2
ε− k

2
δΓ
(
k+1
2
(ε+ δ)

) .

(B.75)

As before, diagrams are stripped of indices, which however can be eas-
ily restored.

This can then be inserted into (5.20), but it is still difficult to solve in
general the remaining integrals. However, for the purposes of Section
5.1.2 it is sufficient to compute them in two specific instances. The
first one is the case where the two external points coincide, which is
diagram (5.18a). This gives an effective one-point function that reads

ϕ2(x)

=
∞∑
k=0

hk+1
0

bk
|x⊥|2−(k+2)ε−(k+1)δ

, (B.76)

with

bk =
(−1)kΓ( ε+δ2 )

k
Γ(1− k

2
ε− k−1

2
δ)Γ(1− k+1

2
ε− k

2
δ)Γ(1− k+2

2
ε− k+1

2
δ)

2k+4−(k+1)ε−kδπ
3
2− k+2

2 ε− k+1
2 δΓ(1+ δ

2)Γ(
3
2
− k+1

2
ε− k

2
δ)

. (B.77)
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The renormalised one-point function in (5.10) is obtained by substi-
tuting the renormalised coupling in (B.76) and evaluating at the non-
trivial fixed point of (5.7). By expanding in ε and δ one can check that
the series agrees with the result given in (5.10).

The last building block needed for renormalisation is the limit of (5.20)
with one point close to the defect and one far away. Including an extra
propagator between these points, this is

∫
d2+δx∥

( y

x

)
=

=
∞∑
k=0

hk+1
0

|y⊥|2−(k+4)ε−(k+3)δ

(
ck + dk

(
|x⊥|
|y⊥|

)ε+δ
+ O

(
|x⊥|
|y⊥|

))
,

(B.78)

where x = (x∥, x⊥), y = (y∥, y⊥), and

ck =
(−1)kΓ( ε+δ2 )

k+2
Γ(1− k+2

2
ε− k+1

2
δ)Γ(1− k+3

2
ε− k+2

2
δ)Γ(1− k+4

2
ε− k+3

2
δ)

2k+8−(k+3)ε−(k+2)δπ
7
2− k+4

2 ε− k+3
2 δΓ(1+ δ

2)Γ(
3
2
− k+3

2
ε− k+2

2
δ)

, (B.79)

and

dk =
(−1)kΓ(− ε+δ

2 )Γ( ε+δ2 )
k+1

Γ(1− k+1
2
ε− k

2
δ)Γ(1− k+2

2
ε− k+1

2
δ)Γ(1− k+3

2
ε− k+2

2
δ)

2k+8−(k+2)ε−(k+1)δπ
7
2− k+4

2 ε− k+3
2 δΓ(1+ δ

2)Γ(
3
2
− k+2

2
ε− k+1

2
δ)

.

(B.80)
These results can be used to compute the remaining integrals in (5.18)
using the very same techniques as for the integrals in (B.64) evaluated
above. For each bubble, the diagrams in (5.18) have one infinite sum
that is difficult to perform in closed form. Still, the integrals involved
in (5.18) are computed term by term. This reduces the renormalisation
process to a completely algorithmic procedure that can be implemented
in Mathematica.

The contributions to diagrams (b), (c), and (d) in (5.18) can be split
into two parts: one where the bulk interaction point is integrated close
to the defect, and one where it is integrated over a distance greater
than some finite value. The latter is already made finite by (5.6) and
by the wavefunction renormalisation of ϕ2 in the bulk theory. For this
reason, this contribution can be neglected, since at this order one only
needs to keep O(λ0hk) finite terms and O(λhk) divergent terms. In
particular, this justifies the use of the expansion (B.78) in diagram (c).
Finally, it is easy to reintroduce factors associated with sums over in-
dices: they are just 1 for diagram (a) and (N + 2)/3 for diagrams (b),
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(c), and (d).

Keeping explicit all the sums of each bubble, the integrals in (5.18)
(with |x⊥| = 1), accounting also for symmetry factors are as follows.
Diagram (5.18a) is already given in (B.76) and (B.77). For diagram
(5.18b)

ϕ2

= 3λ0

∞∑
k=0

(−h0)k+1Γ(1− ε
2)Γ(1−ε−

δ
2)Γ(

ε+δ
2 )

k
Γ(− k+1

2
ε− k

2
δ)

2k+6−(k+2)ε−kδπ1− k+3
2 ε− k+1

2 δΓ(1+ δ
2)Γ(

3
2
− ε

2)

× Γ(1− k
2
ε− k−1

2
δ)Γ(1− k+2

2
ε− k+1

2
δ)

Γ(1− ε+δ
2 )Γ( 3

2
− k+1

2
ε− k

2
δ)

.

(B.81)

For diagram (5.18c)

ϕ2

= 3λ0

∞∑
k1=0

∞∑
k2=0

(−h0)k1+k2+2Γ( ε+δ2 )
k1+k2Γ(1− k1

2
ε− k1−1

2
δ)

26+k1+k2−(k1+k2+2)ε−(k1+k2)δπ1− k1+k2+4
2 ε− k1+k2+2

2 δ

× Γ(1− k2+2
2

ε− k2+1
2

δ)Γ(1− k2+1
2

ε− k2
2
δ)

Γ(1+ δ
2)

2
Γ(1− ε+δ

2 )Γ( 3
2
− k1+1

2
ε− k1

2
δ)

×
(

2ε+δΓ

(
ε+δ
2

)
Γ

(
1−k1+2

2
ε−k1+1

2
δ

)
Γ

(
−k1+1

2
ε−k1

2
δ

)
Γ

(
1−k2+3

2
ε−k2+2

2
δ

)
Γ( 3

2
− k2+2

2
ε− k2+1

2
δ)

+
Γ

(
− ε+δ

2

)
Γ

(
−k1+2

2
ε−k1+1

2
δ

)
Γ

(
1−k1+1

2
ε−k1

2
δ

)
Γ

(
1−k2

2
ε−k2−1

2
δ

)
Γ( 3

2
− k2+1

2
ε− k2

2
δ)

)
.

(B.82)
For diagram (5.18d), after a suitable shift in the summation indices
one finds

ϕ2

= −3λ0

∞∑
k1=0

∞∑
k2=0

∞∑
k3=k1+k2

(−h0)k3+3Γ( ε+δ2 )
k3

27+k3−(k3+3)ε−(k3+1)δπ− 3
2− k3+5

2 ε− k3+3
2 δ

× Γ(1− k2
2
ε− k2−1

2
δ)Γ( k2+3

2
ε+

k2+2
2

δ)
Γ(1− ε+δ

2 ) sin(π( k2+2
2

ε+
k2+1

2
δ)) sin(π( k2+1

2
ε+

k2
2
δ))

× Γ(1− k3+3
2

ε− k3+1
2

δ)Γ(1− k3+5
2

ε− k3+3
2

δ)Γ(1− k3+4
2

ε− k3+2
2

δ)
Γ(1+ δ

2)
2
Γ( 1

2
+
k2+2

2
ε+

k2+1
2

δ)Γ( 3
2
− k2+1

2
ε− k2

2
δ)Γ( 3

2
− k3+4

2
ε− k3+2

2
δ)
.

(B.83)
Note that k1 does not appear explicitly in the terms of the sum, so its
sum can be replaced with a combinatorial factor to speed up calcula-
tions:

∑∞
k1=0

∑∞
k2=0

∑∞
k3=k1+k2

→
∑∞

k2=0

∑∞
k3=k2

(k3 − k2 + 1).

From these expressions, one can set h0 = µε+δZh,λ h and extract the
counterterms Zh,λ, and then compute the beta function by imposing
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µ d
dµ
h0 = 0. It is

βh = −(ε+ δ)h+ h2 + λ (N + 2)
∞∑
k=0

β1,kh
k + O(λ2, λε) . (B.84)

Since at the bulk fixed point λ∗ ∝ ε, at this order one can just keep
the order ε0 term in the coefficients β1,k.1 The coefficients up to order
k = 11 are

β1,1 = 1 , β1,2 = −2 , β1,3 = 2 , β1,4 = −3 + 1
2
ζ(3) ,

β1,5 =
14
3
− 2

3
ζ(3)− 3

4
ζ(4) , β1,6 = −15

2
+ ζ(3) + 9

8
ζ(4) + 9

8
ζ(5) ,

β1,7 =
62
5
− 8

5
ζ(3)− 9

5
ζ(4)− 9

5
ζ(5) + 1

10
ζ(3)2 − 27

16
ζ(6) ,

β1,8 = −21 + 8
3
ζ(3) + 3ζ(4) + 3ζ(5)− 1

6
ζ(3)2 + 45

16
ζ(6)− 3

8
ζ(3)ζ(4)

+ 83
32
ζ(7) ,

β1,9 =
254
7

− 32
7
ζ(3)− 36

7
ζ(4)− 36

7
ζ(5) + 2

7
ζ(3)2 − 135

28
ζ(6)

+ 9
14
ζ(3)ζ(4)ζ(7)− 249

56
+ 9

14
ζ(3)ζ(5)− 117

32
ζ(8) ,

β1,10 = −255
4

+ 8ζ(3) + 9ζ(4) + 9ζ(5)− 1
2
ζ(3)2 + 135

16
ζ(6)− 9

8
ζ(3)ζ(4)

+ 249
32
ζ(7)− 9

8
ζ(3)ζ(5) + 819

128
ζ(8) + 1

48
ζ(3)3 − 81

64
ζ(4)ζ(5) + 2515

384
ζ(9) ,

β1,11 =
1022
9

− 128
9
ζ(3)− 16ζ(4)− 16ζ(5) + 8

9
ζ(3)2 − 15ζ(6) + 2ζ(3)ζ(4)

− 83
6
ζ(7) + 2ζ(3)ζ(5)− 91

8
ζ(8)− 1

27
ζ(3)3 + 9

4
ζ(4)ζ(5) + 15

8
ζ(3)ζ(6)

− 2515
216

ζ(9)− 1
8
ζ(3)2ζ(4) + 9

8
ζ(5)2 + 83

48
ζ(3)ζ(7)− 2149

256
ζ(10) .
(B.85)

The beta-function can be used to compute the fixed point coupling

h∗ = δ + ε− N + 2

N + 8
ε

∞∑
k=0

β1,k+1δ
k . (B.86)

Now the diagrams contributing to ⟨ϕ̂(0)ϕ̂(τ)⟩ will be considered. At
first order in λ and to all orders in h, they are

(e)
ϕ̂ ϕ̂

(f)
ϕ̂ ϕ̂

(B.87)

Diagram (e) is already computed in (B.75). For (f), one can rely on the
1In the dimensional regularisation with two regulators that is being used, the beta-

function coefficients are ratios of homogeneous polynomials of the same degree in the two
regulators (see e.g. (B.89)). At order ε0, this reduces to the numbers below.
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immediate generalisation of I ′ as defined in (B.72) and find (at τ = 1)

ϕ̂(0) ϕ̂(1)

= −3λ0

∞∑
k1=0

∞∑
k2=0

∞∑
k3=k1+k2

(−h0)k3+1Γ( ε+δ2 )
k3

24+k3+ε+δπ−1− k3+3
2 ε− k3+1

2 δ

× Γ( k2+3
2

ε+
k2+2

2
δ)Γ(1− k2

2
ε− k2−1

2
δ)

Γ(1+ δ
2)Γ(1−

ε+δ
2 ) sin(π( k2+2

2
ε+

k2+1
2

δ)) sin(π( k2+1
2

ε+
k2
2
δ))

(B.88)

× Γ(1− k3+3
2

ε− k3+1
2

δ)
Γ( 1

2
+
k2+2

2
ε+

k2+1
2

δ)Γ( 3
2
− k2+1

2
ε− k2

2
δ)Γ( k3+3

2
ε+

k3+2
2

δ)
.

As in (B.83), k1 does not appear in the sum, so one can reduce the
expression to a double sum.

From these diagrams one can extract the counterterms contributing to
the wavefunction renormalisation of ϕ̂a0 = Zϕ̂ ϕ̂

a; they are

Zϕ̂ = 1− h

ε+ δ
+ λ

N + 2

2ε+ δ

(
h− 3ε+ δ

3ε+ 2δ
h2

+
8(ε+ δ)(5ε+ 2δ)− εδζ(2)− 4(ε+ δ)(2ε+ δ)ζ(3)

4(3ε+ 2δ)(4ε+ 3δ)
h3

− 1

4(3ε+ 2δ)(4ε+ 3δ)(5ε+ 4δ)

(
8(ε+ δ)2(25ε+ 11δ) + εδ(ε− δ)ζ(2)

−
(
32ε3 + 81ε2δ + 66εδ2 + 16δ3

)
ζ(3)− 18(ε+ δ)2(2ε+ δ)ζ(4)

)
h4

+ O(h5)

)
+ O(λ2) + higher order poles . (B.89)

Higher order poles are omitted since they can be easily reconstructed
using the ’t Hooft relations. It is not necessary to compute more terms,
since it is already easy to guess the series for the anomalous dimension
of ϕ̂ at the fixed point,

γϕ̂ =

[
d logZϕ̂
dh

βh +
d logZϕ̂
dλ

βλ

]
λ∗,h∗

= δ+ε−N + 2

N + 8
ε

∞∑
k=0

(−δ)k+O(ε2) .

(B.90)
Using this anomalous dimension one finds (5.26).

Finally, the dimension ∆̂∂⊥ϕ̂
of the defect operator ∂⊥ϕ̂ can be com-

puted from the defect two-point function ⟨∂⊥ϕ̂(0)∂⊥ϕ̂(τ)⟩. Up to order
one in λ and at all orders in h is given by the diagrams 2 (with SO(d−p)

2Note that a single normal derivative of the free defect-to-defect propagator ∂⊥G(x−
y)
∣∣
x⊥=y⊥=0

vanishes, so extra bubbles as in (B.87) do not contribute.
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indices of ∂⊥ϕ̂ indices contracted)

∂⊥ϕ̂(0) ∂⊥ϕ̂(1)
=

(2− ε− δ)Γ
(
2− ε

2

)
2π2− ε

2

, (B.91)

∂⊥ϕ̂(0) ∂⊥ϕ̂(1)
= −3λ0

∞∑
k=0

(−h0)k+1((k+1)ε+kδ)Γ( ε+δ2 )
k

23+k+ε+δπ−1− k+3
2 ε− k+1

2 δΓ(1+ δ
2)Γ(1−

ε+δ
2 )

(B.92)

× Γ(1− k
2
ε− k−1

2
δ)Γ(2− k+3

2
ε− k+1

2
δ)

sin(π( k+2
2
ε+ k+1

2
δ)) sin(π( k+1

2
ε+ k

2
δ))Γ( 1

2
+ k+2

2
ε+ k+1

2
δ)Γ( 3

2
− k+1

2
ε− k

2
δ)
.

The simple poles of the wavefunction renormalisation of ∂⊥ϕ̂a0 = Z∂⊥ϕ̂ ∂⊥ϕ̂
a

are

Z∂⊥ϕ̂ = 1 + λ
N + 2

2ε+ δ

(h
2
− ε+ δ

4(3ε+ 2δ)
h2 +

6(ε+ δ)2 + εδζ(2)

8(3ε+ 2δ)(4ε+ 3δ)
h3

− 30(ε+ δ)3 + 3εδ(ε+ δ)ζ(2) + 2εδ(2ε+ δ)ζ(3)

16(3ε+ 2δ)(4ε+ 3δ)(5ε+ 4δ)
h4

+
528(ε+ δ)4 + 72εδ(ε+ δ)2ζ(2) + 16εδ(ε+ δ)(ε+ 2δ)ζ(3)

64(3ε+ 2δ)(4ε+ 3δ)(5ε+ 4δ)(6ε+ 5δ)
h5

+
3εδ (4ε2 + 17δε+ 12δ2) ζ(4)

64(3ε+ 2δ)(4ε+ 3δ)(5ε+ 4δ)(6ε+ 5δ)
h5 + O(h6)

)
+ O(λ2)

+ higher order poles . (B.93)

From these terms it is already possible to guess the series for the anoma-
lous dimension of ∂⊥ϕ̂ at the fixed point

γ∂⊥ϕ̂ =

[
d logZ∂⊥ϕ̂

dh
βh +

d logZ∂⊥ϕ̂
dλ

βλ

]
λ∗,h∗

=

= −N + 2

N + 8
ε

∞∑
k=1

δk − (−2δ)k

3 · 2k
+ O(ε2) .

(B.94)

Using this anomalous dimension one finds (5.27).

B.4 Diagrams for defects in the long-range O(N)
model

In this appendix, several diagrams in useful integrals needed for the
computations of Chapter 6 are listed.



Chapter B – Explicit computations 193

B.4.1 Diagrams for the defect coupling renormalisation

In this section, the diagrams that are relevant to the renormalisation
of defect couplings h in Section 6.2.2 are reported. The first set of
diagrams relates to the case of the localised magnetic field. Recall the
notation w(d)

A = (4π)d/22−AΓ
(
d−A
2

)
/Γ
(
A
2

)
ϕ

= −N 2
ϕh0

√
πΓ
(
∆ϕ−

1
2

)
Γ(∆ϕ)

1

|x⊥|2∆ϕ−1 ,
(B.95)

ϕ

=
(N 2

ϕ)
4
λ0h30

6

[√
πΓ
(
∆ϕ−

1
2

)
Γ(∆ϕ)

]4
w

(d−1)
2∆ϕ−1w

(d−1)
6∆ϕ−3

w
(d−1)
8∆ϕ−3−d

1

|x⊥|8∆ϕ−d−3 ,

(B.96)

ϕ

=

= − (N+2)(N 2
ϕ)

5
λ20h0

18

π
3
2 Γ
(
∆ϕ−

1
2

)2
Γ
(
3∆ϕ−

1
2

)
Γ(∆ϕ)2Γ(3∆ϕ)

w
(d−1)
6∆ϕ−1

[
w

(d−1)
2∆ϕ−1

]2
w

(d−1)
10∆ϕ−2d−1

1

|x⊥|10∆ϕ−2d−1 ,

(B.97)

ϕ

=

= −(N 2
ϕ)

7
λ20h

5
0

12

[√
πΓ
(
∆ϕ−

1
2

)
Γ(∆ϕ)

]7 [
w

(d−1)
2∆ϕ−1

]2
w

(d−1)
6∆ϕ−3w

(d−1)
12∆ϕ−d−5

w
(d−1)
8∆ϕ−d−3w

(d−1)
14∆ϕ−2d−5

1

|x⊥|14∆ϕ−2d−5 ,

(B.98)

ϕ

= − (N+8)(N 2
ϕ)

6
λ20h

3
0

36

Γ(∆ϕ− 1
2)

4
π

5
2 Γ
(
2∆ϕ−

1
2

)
Γ(∆ϕ)4Γ(2∆ϕ)

×

×
w

(d−1)
4∆ϕ−1w

(d−1)
4∆ϕ−2w

(d−1)
2∆ϕ−1w

(d−1)
10∆ϕ−d−3

w
(d−1)
8∆ϕ−d−2w

(d−1)
12∆ϕ−2d−3

1

|x⊥|12∆ϕ−2d−3 .

(B.99)
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The second set of diagrams appears in the renormalisation of the surface
defect coupling

ϕ2

= −2h0
(
N 2
ϕ

)2
N

π

2∆ϕ − 1
1

|x⊥|4∆ϕ−2 ,
(B.100)

ϕ2

= 4
(
N 2
ϕ

)3
Nh20

π3Γ(2∆ϕ−1)
2
Γ(3∆ϕ−2)

Γ(∆ϕ)3Γ(4∆ϕ−2) sin(π∆ϕ)
1

|x⊥|6∆ϕ−4 ,

(B.101)

ϕ2

=
h0λ0(N 2

ϕ)
4
N(N+2)

3

[
w

(d)
4∆ϕ

]2
w

(d)
8∆ϕ−d

π

4∆ϕ−1−d
2

1

|x⊥|8∆ϕ−d−2 .

(B.102)

B.4.2 Diagrams for the g-function close to four dimensions

First, the diagrams useful to the computation of the g-function close to
four dimensions for the localised magnetic field are listed. The second
diagram is challenging to compute exactly, and the result up to O(ε̂)
given below makes use of the integral (B.115).

= N 2
ϕ2

1−2∆ϕh20R
2−2∆ϕπ

Γ
(
1
2
−∆ϕ

)√
π

Γ (1−∆ϕ)
, (B.103)

= − λ0h
4
0

384π2
+ O(ε̂) . (B.104)
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Second, the free energy for the surface defect is computed using the
diagrams below

= h20
(
N 2
ϕ

)2
N

∮
d2xd2y

|x− y|4∆ϕ
= −h20

(
N 2
ϕ

)2
N
(2R)4(1−∆ϕ)π2

2∆ϕ − 1
,

(B.105)

= −h30
(
N 2
ϕ

)3 4N
3
R6(1−∆ϕ)

8π
9
2Γ (2− 3∆ϕ)

Γ
(
3
2
−∆ϕ

)3 , (B.106)

= −λ0h20
(
N 2
ϕ

)4 N(N + 2)

6

[
w

(d)
4∆ϕ

]2
w

(d)
8∆ϕ−d

(2R)d+4−8∆ϕπ2

d
2
+ 1− 4∆ϕ

.

(B.107)

B.4.3 Useful integrals

The diagrams above make use of the following integrals.

Integral over a bulk vertex

I(x) :=

∫
ddy

|x− y|A|y|B
=
w

(d)
A w

(d)
B

w
(d)
A+B−d

1

|x|A+B−d . (B.108)

Integral over a defect vertex∫
dpτ

|x− x(τ)|α
=
π
p
2Γ
(
α−p
2

)
Γ
(
α
2

) 1

|x⊥|α−p
. (B.109)

Integral over a bulk vertex with defect propagator∫
ddy

|x− y|α
∣∣y∥∣∣β =

π
d−p
2 Γ

(
α−d+p

2

)
Γ
(
α
2

) w
(p)
α−d+pw

(p)
β

w
(p)
α+β−d

1∣∣x∥∣∣α+β−d . (B.110)
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Three propagators

The following integral is used in the renormalisation of the surface
defect coupling, and is particularly challenging to compute by hand
(borrowing notation from [125], see [187] for a derivation). One way to
proceed is to use Schwinger parametrisation and the inversion formula
for the gamma function

F =

∫
ddkddl

(k2 +m2)λ1
[
(k + l)2

]λ2
(l2 +m2)λ3

=
πdΓ(λ1+λ2− d

2)Γ(λ2+λ3−
d
2)Γ(

d
2
−λ2)Γ(λ1+λ2+λ3−d)

Γ(λ1)Γ(λ3)Γ(λ1+2λ2+λ3−d)Γ( d2)
1

(m2)λ1+λ2+λ3−d
.

(B.111)

Circular integral over one angle∮
dτ

|x− x(τ)|2∆
=

∫ π

−π

Rdθ(∣∣x∥∣∣2 + |x⊥|2 +R2 − 2R
∣∣x∥∣∣ cos θ)∆

=
2πR[(∣∣x∥∣∣+R
)2

+ |x⊥|2
]∆2F1

(
1

2
,∆; 1,

4R
∣∣x∥∣∣(∣∣x∥∣∣+R
)2

+ |x⊥|2

)
,

(B.112)
where the integral representation of the hypergeometric function 2F1

has been used.

Circular integral over two angles∮
dτ1dτ2

|x(τ1)− x(τ2)|2∆
= 41−∆R2−2∆π

Γ
(
1
2
−∆

)√
π

Γ (1−∆)
. (B.113)

Second diagram in the g-function for the localised magnetic field

The computation of diagram (B.104) is intricate. Calculating it amounts
to evaluating the following quantity

−λ0h
4
0

4!

(
N 2
ϕ

)4 ∫
ddx

(∮
dτ

|x− x(τ)|2∆ϕ

)4

= −λ0h
4
0

4!
I . (B.114)

The integral over the circular defect can be computed using equation
(B.112). It simplifies to

I = 2π (2πR)4
(
N 2
ϕ

)4
S2−ε

∫ ∞

0

dr

∫ ∞

0

dz
rz3−ε(

(r +R)2 + z2
)4−(1+κ)ε

×

×
[
2F1

(
1
2
, 1− (1+κ)ε

4
; 1, 4rR

(r+R)2+z2

)]4
.
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It is enough to give I to order O (ε̂0), since λ∗ ∼ ε̂ and h∗ is finite. The
remaining integral can be conducted using appendix B in [32] and it
evaluates to I = 1/(16π2) in the limite ε̂→ 0.

Spherical integration over two angles∮
d2τ1d

2τ2
|x(τ1)− x(τ2)|2∆

=
(2R)4−2∆π2

1−∆
. (B.116)
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