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in the observation rate. This leads to a problem of combined control-and-stopping with incomplete
information, with a two-dimensional sufficient statistic comprised of the current observation rate
together with the conditional probability that disorder has already happened. The problem is
shown to have a semi-explicit solution, where for some parameter values it is too costly to
exert control at all, whereas for other parameter values the optimal strategy is to increase the
observation rate in such a way that the sufficient statistic reflects at a certain boundary until
the optimal stopping time. In both cases we fully characterise the optimal strategy with the
help of appropriate smooth fit conditions.

1. Introduction

In the quickest detection problem for a Wiener process, one seeks to detect a random disorder time 6, as quickly as possible,
given observations of the type

dX, = 1,y dt +dW, 1.1

where the additive noise W is a standard Brownian motion. In a Bayesian setting, where 0 has an exponential prior distribution, a
standard formulation of the disorder detection problem is to minimise the expression

P(r < 0) + aE[(r - 0)*] 1.2)

over random times 7 that are stopping times with respect to the observation filtration {F },, and where a > 0 is a given constant
measuring the cost of detection delay. The solution to this problem can be obtained using the fact that the conditional probability
I, = P9 < 1|F)) is a diffusion process, thus building on the connection between optimal stopping problems and free-boundary
problems; for details see, e.g., [23, Chapter 4]. In the current paper, we study the extension of the above problem to a situation

allowing for a controllable irreversible observation rate H, so that the underlying process instead is given by

dX, = VH 1 g dt + dW,. (1.3)

The aim is then to minimise the expression

P(r < 8) +aE[(z — 6)*] +bE[/T H,dt] 1.4
0
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Fig. 1. The stopping boundary h ~ B(h) (in blue), the reflecting boundary h — C(h) (in red) and a sample path of the optimally controlled process (H*, IT""),
which reflects along the boundary 7 — C(h) until the time 7* when H* reaches h and the problem is optimally stopped. The simulation is performed with
starting point (h,x) = (0,0.25) (marked with a cross ‘x’) and the depicted boundaries B and C are numerical solutions of, respectively, Egs. (3.9) and (4.7) with
parameters a = A =1 and b = 0.05. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

over both stopping times  and monotone controls H, where b > 0 contributes to the observation cost. In this extension, the control
H directly affects the learning rate (cf. (1.3)), but it also incurs an additional cost (cf. (1.4)). The current paper thus aims at resolving
the conflicting requirements of high precision and of cost minimisation.

As a motivation for the above problem formulation, consider a situation where one may perform countably many tests to detect
0, and where each test i results in an observation process

dX] = 1 g,y dt + dW)

of the type (1.1), where {W'* }22, are independent standard Brownian motions. Moreover, at each instant in time one may choose to
irreversibly increase the number of tests that are currently run. If one chooses to run exactly n tests during a certain time-interval,
then the weighted sum X := (X' + X2 + - + X")/1/n of the tests follows

dX, = \/nl gy dt +dW,,

where W := W'+ W2+...+ W)/ \/Z is a standard Brownian motion. Our problem is a continuous version of this model, i.e., when
X follows (1.3) for an arbitrary monotone control H, and where the cost term bE [ fOT H, dt] in (1.4) represents the total running
cost, measured linearly in the chosen observation rate H (i.e., in the number of tests that are run). The irreversible feature of the
control may be interpreted as an infinite cost of downsizing the new resources that have been arranged to improve the detection. For
instance, the increase in the testing rate may be seen as the result of employing additional labour and/or devices in the detection,
but in a situation where it is too costly to reallocate the additional labour and/or to dismiss the devices.

In problems where the learning rate is controlled, one should note that the available observations depend on the chosen control,
which in turn is chosen based on observations of the system. This makes the precise formulation of the above problem (1.3)—(1.4)
cumbersome. In the current paper, we offer a rigorous formulation based on changes of the probability measure (the so called “weak
approach”) and the Girsanov theorem, along with its solution. Specifically, we provide the existence of two boundaries: a reflecting
boundary h — C(h) and a stopping boundary 4 — B(h). We then show that for some parameter values it is too costly to exert control
at all (B < C), whereas for other parameter values the optimal strategy is to increase the observation rate in such a way that the
two-dimensional process (H, IT) reflects along the boundary C until it hits the boundary B, when it is optimal to stop (see Fig. 1).

1.1. Related literature

The quickest detection problem for a Wiener process (1.2) is a classical problem in optimal stopping and was studied, e.g., in
[22] and [23, Chapter 4]; the literature on various extensions of that set-up is vast. For example, [1] solves detection problems when
the observation process is a Poisson process with a changing jump intensity; [11] considers multidimensional detection problems;
[13] studies detection problems for general diffusion processes; [18] investigates a case with a random post-change drift and [7]
solves a quickest detection problem with possible false negative outcomes in the tests.

Our problem combines stochastic control with optimal stopping and, given the nature of our control (a right-continuous,
increasing process), it is closely related to problems of singular control with discretionary stopping. A few problems in this class
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have been solved explicitly (or semi-explicitly) and we mention, among others, [2,4,15,17]. Notice that in these papers, and usually
in problems of singular control with discretionary stopping, the action region (where the control is exerted) and the stopping region
are separated and delimited by an upper boundary and lower boundary which do not intersect. A peculiar feature of our problem
is instead that the reflecting boundary and the stopping boundary are two upper boundaries and may have an intersection point.
In that case, if the starting point lies below the reflecting boundary, then it is optimal to stop at the first time the belief process I7
hits the level at which the reflecting boundary intersects the stopping boundary.

More specifically, our detection problem with monotone learning rate is a problem of combined control, filtering and stopping, in
which the control directly influences the learning rate. The literature on such problems is much more sparse, with a few notable
exceptions. In [5], a case with a monotone observation rate is studied, and with a cost proportional to H, (in our notation) which
thus represents a purchasing cost, but with no running cost (in our notation, » = 0). Using an assumption that H can only take values
in a discrete set, the optimisation problem in [5] reduces to a sequence of stopping problems, each of which with a fixed learning
rate. Our set-up is very similar to the one in [3], with the key difference that the control H in [3] is not necessarily monotone. In
that case, the sufficient statistic consists of merely the conditional probability that the disorder has already happened. The problem
becomes thus one-dimensional and the structure of the solution is thus different from ours. The authors show the existence of a
double threshold strategy, in terms of which the optimal control pair (z, H) can be described. Finally, for a sequential estimation
problem with costly control of the learning rate, we refer to [8], and for related articles within various fields of applications, we
refer to [9,14,24].

1.2. Outline of the paper

In Section 2 we formulate the problem via the so called “weak approach” and we provide a Verification theorem. In Section 3
we study the uncontrolled problem, where the observation rate is constant H = h € [0, o), which leads to the candidate stopping
boundary. In Section 4 we extend the problem of Section 3 to allow for an increasing controllable observation rate and we obtain
the candidate reflecting boundary. In Section 5 we investigate the geometry of the problem by studying some properties of the
boundaries. In Section 6 we verify that the candidate reflection and stopping boundaries together provide the solution of the problem.
We conclude the paper with Appendix A, where we gather some technical results.

2. Problem formulation and verification theorem
Let (22, ., P) be a complete probability space supporting a standard Brownian motion X = (X,),», and a random variable § which
is independent of X and satisfies
PO =0)=x€]0,1) and P(0>x|0>0)=e”1x,

where 4 > 0 is a given constant; thus, conditional on being non-zero, ¢ is exponentially distributed with intensity 1. Let F = (F,),», be
the smallest right-continuous filtration to which the process X is adapted; similarly, let G = (G,),»( be the smallest right-continuous
filtration to which the pair (X, 0) is adapted.

Denote by A the collection of [F-progressively measurable non-negative processes on [0—, o) that are right-continuous, non-
decreasing and bounded; for 4 > 0, denote by A, the sub-collection of controls with initial condition Hy_ = h, i.e.,

Ap ={H€A:H, =h}.
For each H € A and each ¢ € [0, ), we define the equivalent measure IPfI ~ P on (£,G,) by

drH

t t
1
— =exp /\/Hs]lwg)d)(x——/ H 1y, ds o =t nrH.
dP 0 2 Jo

The measure change process n = nt = (r/f’ )0 is then a (P, G)-martingale, and E[#,] = 1; consequently, each ]P’,H is a probability
measure on (£2,G,). Moreover, we may assume the existence of a probability measure P* on

Goo 1= 0(Up<rcanGr)

such that PH |§r = IP’[H (this can be guaranteed, e.g., by the theory of the so called Féllmer measure, cf. [12]). By the Girsanov
theorem,

t
X, =[) V Hsjl(QSs} ds + VV:‘H’

where WH is a standard (P¥, G)-Brownian motion. In particular, W# is independent of G;, so W and ¢ are independent under
PH; moreover, denoting E¥ the expectation under P¥, we have
PO > 1) = E[1 5] = BE¥[1 (ol 1 = P (0 > 1),

where the second equality comes from the fact that # is G,-measurable, so the law of 8 is the same under PH as under P.
Denote by 7 the collection of F-stopping times. Here and in the rest of the paper, if not specified otherwise, we fix a starting
point (h, z) € [0, 00) X [0, ). For an admissible pair (H, ) € A, x T, we define the associated expected cost

T
J(H,r;m) :=EX ]I(T<9}+a(‘r—9)]l(729)+b/ H,dt], 2.1)
0
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where the sub-index is used to indicate the probability that # = 0. Here a > 0 contributes to the penalisation of a late detection of
0, and b > 0 specifies the running observation cost. Our objective problem is then to minimise the expected cost in (2.1) over all
admissible strategies, i.e., we want to study the combined control-and-stopping problem

V(h,n):= inf J(H,1;m). 2.2
(h, m) (H,T)lgAhﬂ (H,7;7) 2.2)

Remark 2.1. Notice that in the minimisation problem (2.2) we can consider, without loss of generality, only pairs (H,7) € A, XT
such that Ef[7] < 0. Indeed, let (H,7) € A;, X T such that Ef[7] = co. Then,
JH,t,7) 2 aBY [c1 54| — aBH [01(159)] 2 aBT [t 59| — aEF [6].
Moreover,
EX (2] = E¥ [r1 001 + EF [21 (01,
and since the second term is bounded by Ef [6] = (1 — n)/A < o0, we obtain
Ef (21,541 = 0.
Hence,
JH,0;r)=1—-n<o00=J(H,1;n),
ie., (H,0) € A, XT is a better strategy than (H,7) € A, X T whenever ]Ef[r] = c0.

The problem (2.2) will be analysed by means of the sufficient statistic (H, IT*), where the belief process TH := (I11),,, is
defined by

o =P <1 F).

Indeed, by conditioning, the objective functional J can be expressed solely in terms of (H, IT?), i.e.,
T T
J(H,r;m)=EH [1 -t +a/ mt dt+b/ H,dt]
0 0

for every (H,7) € A, X T.
Following the innovations approach to stochastic filtering, we introduce the process

t
W'”=X,—/O VH ! ds,

which is a (P¥, F)-martingale; moreover, it has continuous paths and quadratic variation [W ], =, so by Levy’s theorem, WH is
a (P!, F)-Brownian motion. Using the explicit representation

H
aH = d)_f
t H’
1+,
where
H et g L uezh
D, =1 et (#+(1-nm)A e M %u du
—r o
and

t t
zH :=/0 \/Hsts—%/O H,ds

(see, e.g., [3, Lemma 3.6]), one obtains from an application of Ito’s formula that

dinf =21 - mtya - H@ Py - otyde+ H 07 - ntydx, (2.3)
and
dirt = a0 - mtyde+ /H, o (1 - nfydw (2.4)

We now present a verification theorem for our problem.

Theorem 2.2 (Verification Theorem). Let (h, r) € [0, 00) X [0, 1) and assume that v : [0, 0) X [0,1) — R is a continuous function such that
0<uvhm)<l-mIf

(i) for any admissible strategy H € A,, the process Y =Y :=(Y)),5, defined by
t t
Y, = u(H,,n,”)+a/ n# ds+b/ H,ds, (2.5)
0 0

is a (P, F)-submartingale,
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then v(h, ) < V(h, x).
In addition to (i), assume that there also exists an admissible strategy (H*,t*) € A;, X T such that

(ii) the process (Y;\T*)rzo’ where Y is defined by
Y = v(H}, ITH )+a/ m? ds+b/ H* ds,
0 0

is a (P, F)-martingale;
(i) PP (t* < 00) = 1;
) v(H: Ty =1-m1"

Tas
Then, v(h,z) =V (h,z) and (H*,7*) is optimal for the problem in (2.2).

Proof. Let (h, ) € [0, ) X [0, 1). We first want to prove that v(h, ) < V(h, ). Let (H,7) € A, X T and, without loss of generality,
assume that PH(r < o) = 1 (recall Remark 2.1). Since Y is a P¥-submartingale, by assumption, and n A 7 is a bounded stopping

time for every n € N, we obtain by optional sampling and the fact that v(h, z) <1 -z that

v(h.m) <EX[Y,,, ] <EF

TAR
-1 +/0 (alT? +bHs)ds] — J(H,t:7)

TAR

as n - oo, where the last step follows from bounded and monotone convergence. This gives our first desired result v(h, z) < V (h, 7).
To show the opposite inequality and conclude, note that (ii), (iv) and v > 0 imply

*

* * * TAn *
v(h,m) = Efr[yr*/\n] 2 Ef [(1 - 17,’1 MLz <ny +/ (aHSH + bH;”)ds:| - J(H*,t*; 1)
0

as n — oo, which shows that v(h, z) > V (h, z). Consequently, v(h, =) = V(h, x), and (H*,7*) is an optimal strategy. []
3. The uncontrolled problem

In this section we provide the solution of the uncontrolled problem, in which the observation rate is fixed H, = h € [0, o) for
every ¢ € [0, ). Since we consider strategies of the form H = h, we use the notation P" and " instead of P¥ and MY (and
similarly in other expressions).

Let V" be the cost function associated to the uncontrolled problem, i.c.,

T
V(z) = inf EF [1 -+ a/ mhdr+ bhr], 3.1
teT 0

where the process IT" follows (2.4) with H = h. In line with the classical case for which b = 0 (see [22]), we would expect the
existence of a number B = B(h) € [0, 1) such that the value function V" solves

LWt faxr+bh=0, 7z < B(h),
Vix)y=1-xz, =z > B(h),
VI(B(h) = -1,
AV (0+) + bh =0,

(3.2)

where

P Y Gk
2

2
V' (@) + a1 = D" (@).
Here the third equation is the condition of smooth fit, which is standard in optimal stopping theory, cf. [23]; the last equation in
(3.2) is obtained from formally plugging in = = 0 into the first equation, cf. [10]. Moreover, B would be the stopping barrier for
the problem (3.1) and, thus, the stopping time 7 :=inf{t > 0 : IT" > B(h)} should be optimal in (3.1).
To construct a solution (V" B(h)) to the above free-boundary problem, define F : (0,c0) x (0,1) — R by

2

F(h,7) := —;’z’lt’;’; +s /0” (‘l‘fl;i’z (%) "dy,  (hm)e,0)x0,1), (3.3)
where

1) = lfye*i Y€1) (3.4)
The function F solves, for every (h, z) € (0, ) X (0, 1), the ordinary differential equation (ODE)

hMFﬂ(h, )+ Al = m)F(h, )+ ar +bh =0 (3.5)

2
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(note, from (3.2), that this is the equation that Vﬂ" is expected to solve). Moreover, we extend the domain of definition of F to
[0, 00) X [0, 1) by setting

FO,7) := —ﬁ, e, (3.6)

and
F(h,0) = —%, h € [0, ). (3.7)

We now study some properties of the function F. We first determine its regularity.

Proposition 3.1. The function F defined in (3.3), (3.6) and (3.7) satisfies F € C'([0, ) X [0, 1)). Moreover,

—-__a
EOm ==
_ _(a+bh)
F,(h,0) = —
b
Fy(h,0) = -
and
_an®—2b
F0m = =,
for (h,7) € [0,00) X [0, 1). Finally, F admits the form
21
_ 2 [T ay+bh (fO\T
F(h, )= 7 /0 —y2(1 7 <f(7r)> dy, (h, ) € (0,00) X (0, 1). (3.8)

The proof of Proposition 3.1 is presented in Appendix A.

Remark 3.2. The general solution F of the ODE (3.5) is

21

_ K  az+bh 1/” a+bh (f(y)>7

F(h, = — - S d
tm) = e " Ad—m T i Sy G-y \Fm

for an arbitrary function A — K(h). However, K = 0 is the only choice for which the solution does not explode for small z; also
note that the choice K = 0 gives (3.7), which corresponds to the last condition in (3.2).

Lemma 3.3. We have F, <0 on [0, ») X [0, 1). Moreover,

lim F(h,7) = —c0.
-1

Proof. For 4 = 0 and for = = 0, the assertion F, < 0 is immediate from Proposition 3.1. Also, if (h, z) € (0, ) X (0, 1), then from
(3.5) we have that

24
_ 2 ar + bh __ 2 " a+bh SW\*
Fx(h.2) = hx2(1 —n)[ -z +'1F(h’”)] hx2(1 —n)/o (1-y)7? (f(;r)) dy <0.

For the asymptotics as = — 1, note that if 2 > 0, then

24 24
1 Myd </" 1 (y(l—::))?d
/0 (l—y)2<f(7r) Y= a= \=a-y
h T
2A+h1-1n’

Le)
ar+bh a+bh h 4
A — 1) A 2A+hl-=x
_ —2Aam — bh*(1 — ) — 22b
B ARA+h)(1 - 7)
—2Ab
Seivhd-o
asz—1. [J

F(h,n) < —

Lemma 3.3 leads to the following proposition which characterises the optimal stopping barrier B = B(h) for the uncontrolled
problem (3.1).
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Proposition 3.4. For every h € [0, 1/b], there exists a unique B = B(h) € [0, 1) such that

F(h,B) = —1. (3.9

Moreover,
_ A

B(0) = Pt (3.10)

B(A/b)=0 (3.11)
and

A—bh
B(h) > Tta (3.12)

Proof. From (3.7) we obtain, for every h € [0, A/b), that F(h,0) € (—1,0]. From Lemma 3.3, we have that = — F(h,r) is strictly
decreasing with lim,_,; F(h, 7) = —oc0. By Proposition 3.1, the map x — F(h, x) is continuous on [0, 1), and thus it follows that there
exists a unique B = B(h) such that (3.9) holds. Eq. (3.10) follows immediately from (3.6) and (3.9), and (3.11) follows from (3.7).

an+bh
By (3.3), F(h,m) >~ 50

F(h,/l_bh> > 1,
A+a

which proves (3.12). [

The candidate optimal stopping barrier B = B(h) is thus defined by the smooth-fit Eq. (3.9) for every 4 € [0, A/b], and we extend
it by continuity by letting

B(h) :=0, VY he(i/b ). (3.13)

We now provide the solution of the uncontrolled problem (3.1).

Theorem 3.5. Let = € [0, 1). For every h € [0, ), let B = B(h) be defined by (3.9) and (3.13). Then,

B

1=B— [BFhx)d B

V”(”):{ Jz Fh.x)dx, z<B, (3.14)
1-n, 7 > B.

Moreover, the stopping time
rp i=inf{r >0 : I > B}
is optimal in (3.1).
Proof. Fix h >0, and denote by v" the function on the right-hand side of (3.14). Since —1 < F(h, z) < 0 for = < B(h), we have that
0 < v"(z) <1-x for all = € [0,1). For = < B(h) we have
L£"" +an +bh =0
by construction, and for = > B(h) we have v"(z) = 1 — x, so
L£M"" + an +bh = (a+ Mz +bh — A >0,

where the inequality follows from (3.12). Therefore, it is straightforward to check that the process
t
Y, = oI + a/ 1" ds + bht
0

is a (P", F)-submartingale. Moreover, the stopped process Yine, is a (P", F)-martingale, and v"(IT T"B) =1-1I f . For finiteness of 7,
the argument in Lemma 6.4 below can be used. The result therefore follows from an immediate adaption of Theorem 2.2 to the
current case of no control. []

4. The controlled problem: A reflecting boundary

The remainder of the paper is now devoted to the study of the controlled detection problem (2.2), i.e. the problem

T T
V(h,z):= inf EH I—HH+a/ IIHdt+b/ H,dt|.
(HD)eARXT T o 0

The solution of the problem will be described in terms of two upper boundaries, B and C, where B is the stopping boundary defined
as in Section 3 and C is a reflection boundary to be introduced below. The optimal strategy (H*, z*) then consists of increasing H*
so that the two-dimensional process (H*, IT1"") reflects along the boundary C as long as C(H}) < B(H;) and then stopping at 7*,

7
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the first time that HtH T = C(H}) = B(H;). Below, we will denote by h the smallest 4 such that B(h) < C(h). For a picture of B, C
and a path of the optimally controlled process (H*, IT#"), see Fig. 1.

In the current section we construct and study the reflection boundary 4 — C(h). To do that, note that classical arguments based
on the dynamic programming principle suggests that the value function V'(h, ) satisfies the variational inequality

min {LV +ax +bh,Vj, 1 -z -V} =0,

where

721 - 7)

2
L:i=h 02 + A(1 = m)0,. (4.1)

Using the conjecture that we have a monotone reflecting upper boundary C on [0, ) and an upper stopping boundary B on [A, o),
we formulate a free-boundary problem

LV ) h,7)+ar+bh=0, =z < B(h)AC(h),
V,(h,C(h))=0, 0<h<h,
V(h,B(h)) =1-B(h), hxh,
AV, (h,04) + bh = 0.

(4.2)

Additionally, in accordance with the general theory of optimal stopping, along the stopping boundary we impose the smooth-fit
condition

V,(h,Bh)=-1, h>h

v

Recall also that the boundary condition along reflection boundaries for two-dimensional problems with degenerate dynamics of the
controlled process is given by a vanishing second mixed derivative of the value function, cf. [6,16]. Since our problem is of the same
type (albeit with the additional complication that the diffusion coefficient depends on the controlled process), we will construct a
candidate value function by also imposing a vanishing mixed derivative condition

Vie(h,C(R) =0,  h<h,

along the reflection boundary, and then verify its optimality.

Note that the differential equation in (4.2) is the same as the ODE appearing in the uncontrolled problem, compare (3.2). The
candidate value function V that we will produce will thus satisfy ¥, = F, where F is the function defined in (3.3), (3.6)-(3.7).
Consequently, the mixed derivative will involve the function G(h, =) := F,(h, z), for which we have the following characterisation.

Proposition 4.1. For every (h,z) € (0, ) X (0, 1), the function G(h, z) := F,(h, x) is given by

2 [Fay+ = FMhy [ fO)\ 7
Gy == [ DT ZYIRY (JVAT gy, 4.3
" =52 ./o P —y2 <f(7r)) g “3
and it satisfies the equation
2 _ 2 —
huGﬂ(h, D+ A = Gy - E M =D by 120, 4.4)

2 h h

Proof. First note that

24 24

O\ 2R \ ( fO)\ T
d,| F(h, — = F,(h, = 7 EALLS
1 y)<f(7r)> <y( y)+hy2<1—y>> (f(n))

24
__,_ aytbh (f(y)>7
-y \f(m/) ~
where the second equality comes from (3.5). Consequently, using integration by parts, we have

2/”M <@>2}jln@dy=/” hF(h, ) (@)22 N
0 yZ(l _y)2 f(”) f(ﬂ') 0 y2(1 _y) f(ﬂ')

Now, differentiation of F in (3.8) gives

24 . 2
G(h,m:%/o L(@)h dy+ M ay + bh <M>hln@dy

YA -2\ f@x) wJo ya-y? \f@ f()
24
= i/" ay + A1 = y)F(h.y) <f(y)>7 d
n2 Jo y2(1 = y? f(x) ’

which is (4.3). Finally, the ODE in (4.4) is obtained by dividing by 4 the ODE in (3.5) and then differentiating it with respect to h,
or, alternatively, by direct differentiation of (4.3). []
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Since G := F,, by Proposition 3.1 we have G € C([0, ) X [0, 1)) with

2
G(0. 7y = FZ-=24b 0,1 5
0, ) A n) 7€ (0,1), (4.5)
and
G(h,0)=—%, h € [0, ). (4.6)

The asymptotic behaviour of G is described by the following lemma.

Lemma 4.2. Let h € [0, ). Then, we have

. +oo, ifa>24b,
lim G(h, n) =
=1 —00, lf a < 2Ab.

Moreover, lim,_,; G(h, ) < 0 if a = 24b.

Proof. The proof is presented in Appendix A. []

The previous lemma leads us to the definition of the reflecting boundary 4 — C(h).

Proposition 4.3. Let h € [0, ). If a < 2Ab, then G(h,z) < 0 for every = € [0, 1). If a > 2Ab, then the equation
G(h,C)=0 4.7)
has a unique solution C = C(h) € (0, 1), with

c() = % (4.8)

Moreover,

Gh,r)<0 & x<C(h),

Gh,n)>0 < =x>C(h)
and
G, (h,C(h)) > 0.

Proof. If h =0, then the proof and, in particular, Eq. (4.8) follow immediately from (4.5).
Fix h € (0, ) and notice that, by substituting the form of F in (3.3) into Eq. (4.4), we obtain

2 _ 2 _
pZ =" (12 D G, m) + A1 = DG 1) = = yhz),  mE©1). (4.9)
hf(m)n
where
2 z N
wihm) == p ¥ o+ [ AR Ry,
-z o (I1-y
Then, w(h,0) = 0 and
24
G
w,(h,7) = 20 -7 (am” — 2Ab). “.10)

Recall that, by (4.6), we have G(h,0) < 0. Let
C=Ch) :=inf{x>0: Gh,nr) >0} Al

and notice that G(h,C) =0 and G,(h,C) > 0 if C € (0, 1).

If a < 2Ab, then y, (h,7) < 0 by (4.10), and so y(h,x) < 0 for every = € (0,1). Thus, by Eq. (4.9), we necessarily have C = 1,
i.e., G(h,m) <0 for every z € [0, 1).

If a > 24b, by G(h,0) < 0, lim,_,; G(h, 7) = +oo (Lemma 4.2) and continuity of = - G(h, x), we obtain that C € (0, 1). Moreover,
by Eq. (4.9) we have y(h,C) > 0, and therefore w(h,z) > 0 for every = € (C,1) and y,(h,7) > 0 for every = € [C,1). This
guarantees uniqueness of the solution to Eq. (4.7). To see this, we first claim that G,(h,C) > 0. Indeed, if G,(h,C) = 0, then we
would have G, (h, C) < 0, but differentiating (4.9) shows that 0 = G = G, > G,,, is in contradiction with y(h, C) > 0. Consequently,
G,(h,C) > 0, so G(h,z) > 0 in a right neighbourhood of C. Moreover, if 7 := inf{z > C : G(h,n) < 0} A 1 satisfies 7 < 1, then
G,(h,7) <0, G(h,7) =0 and w(h, 7) > 0, which contradicts Eq. (4.9). O

If a > 24b, then the reflecting boundary 4 — C(h) is defined by Eq. (4.7). If a < 24b, we then define by convention C(h) = 1 for
every h € [0, ).
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5. Behaviour of the boundaries

In this section we study some properties of the stopping boundary » — B(h) and of the reflecting boundary ~ — C(h). In
particular, we want to determine their regularity, in what regions they are monotonic and what is their respective position. When
we study C, we assume throughout this section that a > 24b so that C(h) < 1 for every h € [0, )
Proposition 5.1. We have that B € C'([0, 1/b]) and C € C'([0, =0)), with
G(h, B(h))
B'(h=-——"—"=,  hel0,i/b],
F,(h, B(h)) /
and

(5.1)
/ey =  Gnlh €

Gamcmy S

(5.2)
Proof. The boundaries B and C are, respectively, determined by the implicit Egs. (3.9) and (4.7). Thus, the statement of the
proposition follows from the implicit function theorem and the fact that F,(h, B(h)) < 0 for every h € [0, 1/b) (by Lemma 3.3) and
G,(h,C(h)) > 0 for every h € [0, ) (by Proposition 4.3). [J

To determine the sign of C’ in (5.2), we need to study the function G, for which we have the following proposition

Proposition 5.2. For every h € (0, ), we have that G,(h, C(h)) < 0

Proof. As in the proof of Proposition 4.1

21
2,|Gen, )(ﬁ%) =<Gy(h,y)+—2m(h’”)<@>h

hy> (1 =y) ) \ f(x)

21
_ @+ = DF(hy) <@>7
h2y2(1 — y)? f(@)

where the second equality uses (4.4). Applying integration by parts, we thus have

2/” ay+ (1= F(h,y) <@>2 i)
0 YAl = y)?

24
dy = —? / "Gy (&)7
f(@) f(@ o Y-y \f(®
Differentiating G in (4.3) then yields

24
2/1 T G(h,y) fly 7
G, (h, ——Gh = —_—
whm == 6+ s ), y2(1—y><f )

41/ ay + i1 = y)F(h.y) (f(y))zfm o)
h f(x @

CORd-y2 \f( 7@
24
40 [T Ghy) (fW\T
=——Gh 2 = (2
(hom+ /0 (- y) f(ﬂ)>
4 u(l—y)G(h,w—“f— -

_4 L F(h, ) <&>Zﬁd
w Jo P -yp e
2 £
-= G,(h, dy,
h./o 2 )<f( >> g

where the last equality uses (4.4).

Finally, applying integration by parts and using that G(h, C(h)) = 0, we obtain
24
C(h) Ea
42 G(h,y) < §4S)) > h
G,(h,C(h) = — _—
(. €O = /0 Y2(1=y) \ F(C(h)
where the inequality follows since G(h, y) < 0 for every y € [0, C(h)) by Proposition 4.3. [J

dy <0,

Proposition 5.2 allows us to obtain the monotonicity of the reflecting boundary 4 — C(h)

Corollary 5.3. For every h € (0, ), we have that C'(h) > 0

Proof. By Proposition 4.3, we have that G,(h, C(h)) > 0. Thus, by Proposition 5.2 and (5.2) we obtain that C’(h) > 0

10
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Let
h:=inf{h >0 : C(h) > B(h)}. (5.3)

If @ < 24b, then h = 0 since C(0) = 1 and B(0) < 1. If a > 2b, since C(0) > 0 (recall (4.8)), h = C(h) is increasing (by Corollary 5.3)
and B(h) = 0 for every h > A/b (recall (3.13)), we must have 2 < 1/b. Moreover, we have the following proposition, which in
particular implies that 4 — B(h) attains its maximum at A.

Proposition 5.4. We have that B'(h) > 0O for every h € [0,h) if h > 0. Moreover, B'(h) < 0 and B'(h) < O for every h € (h, 4/b).
Consequently, if a > 2b, then C(h) > B(h) for every h > h.

Proof. Recall that, by Lemma 3.3, we have that F,(h, z) < 0 for every (h, z) € [0, ) X (0, 1).

If a < 24b (and so h = 0), then by Lemma 4.2 we have that G(h, z) < 0 for every (h, ) € [0, ) X [0, 1). Therefore, by (5.1), we
obtain that B’(h) < 0 for every h € [0, A/b).

Now let a > 24b. If h > 0, since B(h) > C(h) for every h € [0, h), then by Proposition 4.3 we have that G(h, B(h)) > 0 and so, by
(5.1), we obtain that B’(h) > 0 for every h € [0, h). Since C(h) > B(h), then by Proposition 4.3 we have that G(h, B(h)) < 0 and so,
by (5.1), we obtain that B’(h) < 0. Since C’(h) > 0, then by continuity there exists § > 0 such that C(h) > B(h) for every h € (h, h+4]
and so, by Proposition 4.3, G(h, B(h)) < 0 for every h € (h,h + 6]. Hence, by (5.1), we obtain B’(h) < 0 for every h € (h,h + 8].
Suppose by contradiction that there exists h, € (h, 4/b) such that B’(h;) > 0 and let

h:=inf{h e (h,A/b) : B'(h) >0} > h+5.

Then, by continuity of B/, we must have B’(h) = 0. By (5.1), this is equivalent to G(k, B(h)) = 0 and thus, by definition (4.7), we
obtain B(h) = C(h). This is a contradiction because C(h) > B(h), C'(h) > 0 for every h € [0,00) and B’(h) < 0 for every h € (h, )
by construction. Hence, C(h) > B(h) which proves that B'(h) < 0 for every h € (h, A/b). This also implies that C(h) > B(h) for every
h>h [

Let us now define
- ai

b= m (5.4)

and notice that b < . The value of the observation cost b with respect to the threshold b determines the respective positions of
the boundaries B and C as in the following proposition.

Proposition 5.5. We have that:

(i) if b > b, then C(h) > B(h) for every h € [0, );
(i) if b < b, then h > 0 where h is defined in (5.3). In particular,

C(h)<B(h), VYhel0h),
C(h) = B(h),
C(h)> B(h), Vheh )

Proof. If b > b, then by (3.10) and (4.8) we have that C(0) > B(0), and so also & = 0. Thus, by Proposition 5.4, we have C(h) > B(h)
for every h € (0, ). If b < b, then C(0) < B(0) and, by continuity and by definition (5.3), we have that C(h) < B(h) for every h < h
with C(h) = B(h). Finally, by Proposition 5.4, we obtain C(h) > B(h) for every h > h. []

Notice that Fig. 1 refers to the case b < b, whereas in Fig. 2 we depict the case b > b.
6. Solution of the problem

In this section we provide the solution to our problem (2.2). Recall that the boundaries B and C satisfy B(h) > C(h) for h < h
ak

and B(h) < C(h) for h > h, where h > 0 as in (5.3). Moreover, h > 0 precisely if b < b = Sasir 8 in (5.4).

Our main result (Theorem 6.1) can be summarised as follows. If A~ = 0 (i.e., if b > b), then it is optimal to never increase the
control H and to stop as soon as the belief process IT" goes above the stopping boundary B. On the other hand, if 7 > 0 (i.e., if
b < b), then the optimal strategy is described by a reflection of the two-dimensional process (H*, IT#") along the boundary C until
the first time the belief process IT*" goes above the stopping boundary B (at h = k), where it is optimal to stop. Recall Fig. 1.

For a fixed starting point (h, 7) € [0, o) X [0, 1), we first show how to specify the candidate strategy H* € A, provided > 0.
The function C : [0,c0) — [\/m, 1) is then increasing (recall Corollary 5.3), and we denote by C~! : [\/m, 1) - [0, ) its

inverse, which we extend by continuity to C~!(x) = 0 for every z € [0, 1/24b/a]. Define H : [0, o) X C([0, »)) — R by

H(w) :=hv <C’1< sup ws> /\/_’l>, 6.1)

s€[0,1]

11
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Fig. 2. Case b > b: the boundaries B and C computed as numerical solutions of, respectively, Egs. (3.9) and (4.7) with parameters a=4=1 and b= 0.2.

which will be intended as the feedback map of the optimal control. Now consider the stochastic differential equation

dZ, = A1 - Z)dt - H(Z)Z*(1 - Z))dt +\/ H(Z) Z,(1 - Z,) dX,, 6.2)

with Z, = =. The drift and diffusion coefficients of the SDE (6.2) satisfy the (locally) Lipschitz conditions of [21, Ch. V, Th. 12.1]
and thus the SDE (6.2) admits a unique strong solution Z = (Z,),»,. Then, define the candidate optimal control by

Hf =h and H}:=H(Z), >0, (6.3)

where H is defined in (6.1). Since Z is F-adapted and H is bounded, we have that H* € A,,. Recall, from (2.3), that ITH * satisfies
the SDE (with random coefficients)

A/t = a0 =y de - Hy a1 A - oy de+ (fH 1 (-1 dX, ©4

By construction, also Z satisfies the SDE (6.4). Moreover, since H* is bounded, the SDE (6.4) admits a unique strong solution (see,
e.g., [20, Theorem 1.3.15]) and so 7" is indistinguishable from Z.
We next construct a candidate value function for problem (2.2). To do that, define the function

w1 ch) - [ oFx, cx)dx, h<h,
SR FT h>h

Moreover, define the regions

C :={(h,n) €[0,00)x[0,1) : 0 <7 < B(h)AC(h)},

D, :={(h,n) €[0,0)x[0,1) : C(h)y<nm < B(h),h < h}
and
D, :={(h,z) €[0,00) X [0,1) : 7> B(hV h)}.

Refer to Fig. 3 for an illustration of the three regions. Notice that, since B(h) = 0 for every h > A/b, the continuation region C is
bounded. Then, for (h, z) € [0, 00) X [0, 1), the candidate value function is defined as

gy — [PPD Fh,yydy, if (b, € C,
v(h,7) =1 g(C(x)), if (h,7) € Dy, (6.5)
1-mx, if (h,7) € D,.

Notice that the function i — g(h) is defined to satisfy g(h) = v(h, C(h)) for h € [0, h]. In particular, it is constructed to be the solution
of the ODE g’(h) = vj,(h, C(h)) = 0, required from the free-boundary problem (4.2), with boundary condition g(h) = 1 — C(h).

Notice also that the optimal control H*, defined in (6.3), acts as follows: (i) if (h, x) € C, then reflect along the boundary C or
continue until I7H" hits the stopping boundary B; (ii) if (h, 7) € D;, then immediately jump to the boundary value C~!(x) and, after
that, proceed as in (i); (iii) if (h, z) € D,, then stop immediately.

12
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Fig. 3. The geometry of the problem depicted by the regions C (in light blue), D, (in orange) and D, (in red). The parameters corresponding to this figure are
a=4=1 and b=0.05. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Theorem 6.1. For (h,x) € [0, ) X [0, 1), define H* as in (6.3) and let
o i=inf(r>0: O > B(H!)). (6.6)
Then V (h, ) = v(h, z), where V and v are, respectively, defined in (2.2) and in (6.5). Moreover, (H*,t*) € A, X T is an optimal strategy.

The proof of Theorem 6.1 is supported by Proposition 6.2, Lemma 6.3 and Lemma 6.4 and it is thus postponed. In particular,
Proposition 6.2 provides smoothness of the value function.

Proposition 6.2. We have that

veC'([0,00)%[0,1)) and wv,, € C°([0,00) X [0,1)\ {(h, B(h)) : h € [h,A/b]}).
Furthermore, for every (h,r) € [0, o) X [0, 1), we have that

vp(h,m) >0 and Lu(h,n)+ ax + bh >0,
where L is defined in (4.1). In particular, Lv + ax + bh =0 on C.
Proof. First, it is straightforward to check that v is continuous. Then on C, recalling that F(h, B(h)) = —1, we obtain

B(WAC(h)
vy (o) = — / G(h, y)dy > 0, 6.7)
z

where the inequality follows immediately from Proposition 4.3. Continuity of G := F,, (recall Proposition 3.1) guarantees continuity

of v, on C. Moreover, v, =0 on D; UD, and it is thus clear, from (6.7), that v, is continuous also across the boundary of C.
By continuity of F, B and C, we obtain continuity of v, with

F(h, ), on C,
v (h,m) =3 F(C~Y(x), ), on D,
-1, on D,.

Moreover, by continuity of F, (recall Proposition 3.1) and C and recalling that G(h, C(h)) = 0, it follows that
Uz € CU([O,OO) x[0, 1)\ {(h, B(h)) : h €[h,1/b]}),

with
F (h,r), on C,
Upr(h,7) =4 F.(C~'(x),z), on D,
0, on D,.

It is clear by construction (recall (3.5)) that Lv + ax + bh = 0 on C. Furthermore, on D),

Lv+ax +bh = %h;ﬁa — 2 F(C™ (=), ) + A(1 = 2) F(C™ (%), 7) + ax + bh

13
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= (h=C7'(m) (32%(1 = 2 F(C™ (m), ) + b)
=—(h/C(m) = 1) (A1 = 2)F(C™(x),7) + ax).
Now recall from Proposition 4.3 that F, = G > 0 on D, (since D, vanishes if a < 2b), so
A1 = m)F(C™ Y (x), 7) + az > A1 = 7)F(0, 7) + ax = 0

by (3.6). Consequently, Lv + ax + bh >0 on D;.
Also, on D, we have

Lv+arn+bh=—-A1—-7r)+ar + bh >0,

where the inequality uses (3.12) and, if 2 > 0, also the fact that B(h) > B(h) for every h € [0, h) (recall Proposition 5.4). []
Lemma 6.3. We have that 0 < v(h,n) < 1 — x for every (h,x) € [0, 00) X [0, 1).

Proof. Since F(h,r) <0 and C’(h) > 0 for any (h, x) € [0, 00) X [0, 1), it is easy to see that v(h, ) > 0. By construction, v(h,z) =1-x
for (h,7) € D, and v(h, x) = v(C~!(x), ) for (h, x) € D,. Therefore, we only need to prove that v(h, z) < 1 — x for (h, z) € C. Since
Ugr(h, ) = F (h,7) <0 for (h,z) € C, = = v(h, ) is concave on C. Notice that v(h, B(h)) = 1 — B(h) and v,(h, B(h)) = —1. Then, for
h > h and = < B(h), by concavity we also obtain v(h, 7) < 1 — z. Now recall that, for 1 < A,

h
v(h,C(h)) = g(h)=1—-C(h) + / C'(x)F(x, C(x))dx.
h
Thus, v(h, C(h)) <1 - C(h) if and only if
h
C(h) - C(h) > —/ C'(x)F(x, C(x))dx.
h

The last inequality holds since F(x,C(x)) > —1 (given that C(x) < B(x) for x € [0,Ah]) and thus v(h,C(h)) < 1 — C(h). Finally,
v,(h,C(h)) = F(h,C(h)) € [-1,0) and, again by concavity, we obtain v(h,z) <1 — x also for A < h and = < C(h). This concludes the
proof. []

Lemma 6.4. Let (h,x) € [0,00) X [0, 1) and =* be defined as in (6.6). Then Ef* [t*] < oo.

Proof. Denote B := B(h). For z € [0, B], define

1 1—-x
u(r) := — lo, -,
(m) i= 7 log 75

Then, u satisfies

Ml—-mu,+1=0, =we [0, B],
u(B) =0.

(in fact, u(r) = Ef[r3], where 75 :=inf{r > 0 : 1 > B} is the first passage time IT¥ over B if H = 0). Since u is concave, an
application of Ito’s formula shows that the process u(11} ")+t is a P’ -supermartingale, and optional sampling gives

u(z) > B () )+ 7* anl 2 EH (2% An)

T*An

for all n € N. Letting n — oo, monotone convergence then yields Ef [t*] < u(x) < 0. [

Proof (Proof of Theorem 6.1). We want to apply the Verification Theorem 2.2. By Lemma 6.3, we have that 0 < v(h,x) < 1 — x for
every (h,7) € [0, %) X [0,1). We now want to prove that, for any H € A,, the process Y = Y in (2.5) is a (P¥,F)-submartingale.
By the regularity properties of v, see Proposition 6.2, we can apply a generalised Ito’s formula [19] to Y and obtain

t t
Y, = vlh, 71')+/ |eot,, m!h + am ! + bHJas +/ vu(H,, T dH 6.8)
0 0

1
+ Y [u(HS,HsH) —u(H,_, Hj’)] +/ v (Hy_, ITE)H_1TH (1 — mHyaw !,
0<s<t 0

where Hf := H, — ¥ 0, 4H, is the continuous part of H and AH, := H, — H,_. Since v, is bounded and H is admissible (and
thus bounded) the stochastic integral in (6.8) is a (P¥,F)-martingale. Since, by Proposition 6.2, Lv+ax +bh > 0 and v, > 0 then it
follows that Y is a (P¥ ,F)-submartingale, so (i) in Theorem 2.2 holds.

Now, since v(h, B(h)) = 1 — B(h) for h > h, and since Lv + ax + bh =0 on C and v, (h,C(h)) = 0 for h € [0, h] by Proposition 6.2,
it is clear that (ii) and (iv) also hold. Since (iii) is proved in Lemma 6.4, this concludes the proof. []

Remark 6.5. In the formulation of the objective functional J in (2.1), one may substitute the cost bE fOT H,dr with a more general
cost of control E for k(H,)dt, for an arbitrary function k : [0, 00) — (0, o0). This would mostly affect the form of G(h,x) := F,(h,x)
and, as a consequence, the discussion around the reflecting boundary 4 — C(h). In particular, one would need to obtain conditions
on h — k(h) under which the existence and monotonicity of 4 — C(h) are guaranteed.

14
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Appendix A. Properties of the functions F and G

In this appendix we provide some results on the functions F and G = F,,. In particular, we prove that F € C'([0, o) x [0, 1)),
which also means that G € C([0, ) X [0, 1)). We start by introducing two lemmas.

Lemma A.1. Let ¢ : [0,1) - R be such that ¢ € C'((0, 1); R). Then, for every (h,z) € (0, ) X (0, 1), we have

24 24
[ LB () gy L[ (L02) T,
o hy2(0-y\fl=) 24 24 ) f(r) ’
where f is defined in (3.4).

Proof. Since, for every y € (0, 1),

ff»_ 1
o »a-y’
we have that

24
1 e [(fO\* 1 _u /” d 2
-2 (LX) qy= — 0 L 7 )dy.
/0 70—y ( f(,,)> =53 f@ T [ et o (F00T )y
Then, the result follows easily by applying integration by parts. []

Lemma A.2. Let ¢ : [0,1] — R be such that ¢ € C'((0, 1); R) and, for every y € (0, 1),

(1 =o' ) +20(0)] + ye(y) = 0. (A1)

Then, for every h € (0, o), the function I'), : [0,1] - R defined by

24

ooy (fOWN\T
I, = — dy,
W) /o(l—y)2<f(ﬂ)> Y

is non-decreasing on (0, 1).

Proof. Let = € (0,1). Then,

e 24 1 /” ()
(1_7[)2 h 71.2(1_71.)f(7[)27/1 0 (l—y)2

Notice that, for = € (0, 1), the sign of I‘;’l is the same as the sign of A;, where A, is defined as

Il = SO dy.

24 1-rx
We have that A,(0) =0 and

2 4 7
Ap(m) = bz A _/0 (l(p_(y;)z f(y)sz dy.

v ho 2 (=)t (1) + 229(n)] + 7 p(n)
Aym) = 5= f()7 T—r? :

Thus, if condition (A.1) holds, we obtain the desired result. []

Remark A.3. Notice that condition (A.1) holds, in particular, if ¢ > 0 and ¢’ > 0.

We can now show that F € C!([0, ) x [0, 1)).

Proof of Proposition 3.1. Representation (3.8) follows directly from (3.3) and Lemma A.1 with

ay + bh
o(y) = 1 .
-y

The rest of the proof is divided into three steps: continuity of F, continuity of G = F;, and continuity of F,.
Step 1. (Continuity of F.) Recall the definition of F in (3.3), (3.6) and (3.7). It is easy to see that F is continuous at any point
(h,7) € (0,00) X (0, 1). We start by proving that, for every x;, € (0, 1), we have that

. an
lim F(h,n)=——— = F(0,7x). A.2
(h,m)—(0,7) ( ) A1 = mp) 0, 7) ( )
From (3.3), we have that
24
™ a
lim  Fhm=-—2 1 i / a+bh (@) d
(h.z)—(0.70) Ml —7my) A o—~0m) Jyg (1 —=y)2\ f(x)
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Clearly,
. 2
lim inf / atbh <M>hdx20~
hm~0m) Jo (1 —y)2 \ f(x)
Now, let
- SO\
T, = atbh (—y> " d 5
(™) -y \rm) &

and note that z — I,(xr) is non-decreasing for every h € (0, ) by Lemma A.2. Without loss of generality, in computing the limit in
(A.2), we can consider 7 € (r, — 6, 7y + 6) for 6 € (0, ny). Thus,

24 21
‘ Tatbh (fO\T 0 avbh [ f) O\
lim sup — dy < limsup _— dy =0,
(ha)—0m) Jo (1 =2\ f(x) -0 Jo 1 =2\ fmy+ )
where the last equality follows by the dominated convergence theorem. Hence, (A.2) holds.
To conclude Step 1 we prove that, for every A € [0, ),

. bhy
o him o Flhom) = =—% = F(ho. 0) (A.3)

provided that the limit on the right-hand-side exists. From (3.3), we have that

24

bh 4 T
lim F(h,n)z—_0+l lim / a+bh (f(y)> dy

(h,7)—=(ho,0) A A (hm)=hg0) Jo (1 —y)2 \ f(x)

Clearly,

24 21
s 7 T 7
0< liminf / a+ bh (@) dx < fimsup / a+ bh (f(y)) dy
(hm)=(hg.0) Jo (1 =2\ f(x) (=g Jo (1= 2\ f(x)
T
< limsup / Mdy—
0

()= (19,0 1 —-y?

Hence, (A.3) holds.
Step 2. (Continuity of G.) By substituting the explicit expression (3.3) of F into Eq. (4.3), we obtain that, for (4, z) € (0, )X (0, 1),

G(h,m) = I1(h,n)+ I,(h, ), (A4

where

24
Sy O
Ii(h,x) = n o y2(1_y)2(f(ﬂ)> @

24
2 [T Ly (f)\*
fathm '_ﬁ/o yz(l—y)<f(7r)> v

24
_ 1 [V a+bh (f@D\T7
L) "h/o <1—z>2<f<y>> ¢

It is then easy to see that G is continuous at any point (h, z) € (0, o) X (0, 1). We now want to show that, for every =, € (0, 1),

and

lim G(h, )= M = G(0, 7)) (A.5)
=0z 22 —my) T '
By Lemma A.1, we obtain that
24
Il(h,zzr):—2 1 +é/” ! <&)hdy. (A.6)
Al=n A o A=y2\f(x)
Therefore,
. b 1 b . S fO) 0 b 1
(h,n)ll»%,nmll hm=-7 -z 7 (h,zr)h—g%),ﬂo)/o (1-y)2 (m) dy=-77C T (A7)

where the second equality is calculated as in Step 1.
Applying Lemma A.1 to I3, we obtain

A

=R

Lk )_(a+bh)y2_i Y (a+ b2z =22 [ f(2)
SEVERA—y T2 )y T -2 )
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Therefore, by definition of I,, we have

24
T 1 (a+bh)y* 1 <ﬂw>7
I,(h, )= _ | —= d I,(h, ), A.8
2. 7) /0 hA—y -y \fw) PHEED "8

24 24
x % 2 2 H
I,(h, 7)) ;:_l/ 1 <f(y)>”[/yl(a+bh)z z-2z%) 1 <f(Z)>hdZ]dy.
Ao VA= \S@ o h l-z 2(1-2\ f®

By applying again Lemma A.1 to (A.8), we obtain

where

24
h

) dy + I,(h, 7). (A.9)

2 T _
L,z = @O (a+bh)2y ﬁ)(@

221 —x) 242 )y (-2 f(@
In a similar way as was done for I, in Step 1 above, by means of Lemma A.2, we obtain that

24
.2 2 7
o lm % / % <%> = plim i) =0, (A.10)
Therefore,
. azrg
(h’”)h_)%‘”o)lz(h, ) = m (A.11)

By (A.7) and (A.11), the limit in (A.5) holds.
To conclude Step 2 we want to prove that, for every A, € [0, ), we have that

. b
1 h =—==G(h . A.12
(h,nﬁ%o,mG( ,70) 7 G(hy,0) ( )

From (A.6), we have that

24
z "
lim Il(h,zz)=—£+é lim / ! <@> dy.
(h,m)—~(ho.0) A Ao 0) Jo (1 =p)2\ f(x)

Clearly,

2 . 2
0 < liminf / 1 <&> hdys lim sup / ! <&> hdy
(=0 Jo (1 =y \ f(x) -y Jo (1 =2\ f(m)

ra
. 1
< hmsup/ ——dy=0.
7—0 0 (1 _.V)z

Hence,

. b
1 I,(h7)=—=. A13
(b 0) ihm)==3 (A.13)

In a similar way, by (A.9), we obtain

lim I,(h,7)=0. (A.14)
(h.m)—(ho.0)

Therefore, (A.13) and (A.14) imply (A.12).
Step 3. (Continuity of F,.) For every (h, z) € (0, ) X (0, 1), we have that
_ 2 ar + bh
hr?(1 — )
Substituting the explicit expression (3.3) for F, we have

F,(h,x) = +me}

1-7

24
_2a+bh) [T1_ 1 <f(y)>7d

2 -m) Jo h(1—-y2\ f(x) ’
and Lemma A.1 yields that

Fy(h,x) =

21
a+bh a+ bh ”Zy—y2<f(y)>7d

F.(h,7)=— A.15
A =T Y R o G- \T® (A19)
By (A.10), for every z, € (0, 1), we thus obtain
lim  F,(h,7) = Fy(0,7m0) = —————.
(hm)~(0,79) <. 7) = (0. 7)) A1 = 72
To conclude Step 3 (and so the proof of Proposition 3.1) we want to prove that, for every A, € [0, ),
+ bh,
lim  F,(hx) = F,(hy,0) = ———0 (A.16)

()~ (h.0)
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By (A.15), we obtain

+bh
lim  F,(hx) = — 0
(h,m)—(hg,0) A

(h)—>(hg.0) m2(1 = 7) Jo (1 =2\ f(x)

24
a+bh ”2y—y2<f(y)>7d
Clearly, we have that

21

T 2 T
liminf a0k 2y—y <f(y)> dy>0
(hm)y>(hg0) m2(1 = 1) Jo (1 =2\ f(x)

Without loss of generality, when computing the limit in (A.16), we can consider & € (0, A, + 6) for some é > 0. Thus, we obtain

24
3 2 _ 7
limsup 4t y -y <f(y)> d

(=m0 w2 (1=7) Jo (1 =yP? \ f(@)

2
, a+bhy+6) [ 2y—y* ([ f() )70+
< lim sup —_— dy=0,

-0 #l-m) Jo (1-y2\[f(®)
where the last equality follows for example by using the estimate
11
PAC NP o
S (@)

Hence (A.16) holds. []

We conclude this appendix with the proof of Lemma 4.2.

Proof of Lemma 4.2. If h =0 the properties are easily obtained from the explicit Eq. (4.5).
Let h € [0,00) and « € (0, 1). Since e!/¥ < e!/7 if 0 < z < y < x, we have that

2 _u 2

[[ta(8) = (5) [ (i) e
o I1-22\f» -y 0o 1-z2\1-z
Recall the form of G in (A.4) and thus notice that

21
Y 4+ bh (f(Z))W h(a+bh) y
I;(h,y) = —_— dz < ——=
3y /0 I—22\7») “="h+u
By Lemma A.1, we obtain

24
b b [T 1 f» ) O
I(h7) = - +2 EA AN
D=3 A/o (l—y)2<f(7r) y
Therefore, from (A.4), we have that

24

b b [" 1 M\ ™"
G(h,7) < /1(1_,[)*',1/0 (1—y)2<f(ﬂ)> @
2(a+bh) ("1 1 (M)z’fd
h+24 Jo hyl—y2\ f(x) g

By applying again Lemma A.1 to the second integral, we obtain

24
b b [T 1 (f0)T
Gh,m) < ,1(1-”)+/1/o (1—y)2<f(7f)> v

y

_ _ A17
T hyii—y (A-17)

1—y

a+bh _xm  _a+bh [T 1 (M)Z"Ad
Mh+2) 1= Mh+28) Jo (1-p2\f()
_ —b(h+24)+ar + bhx

L 24b=a [T 1 < f» ) 0
Mh+20)(1 - x) Mh+22) Jo 1=y2\ f(n)
Using again (A.17), we arrive at

G(h,7) < (h+2A)[—b(h + 2A) + an + bhx] + 24b — a)h

- Mh+2402%(1 —7)

provided a < 24b. Hence, lim,_,| G(h, ) = —o0 if a < 24b and lim,_,; G(h, ) < 0 if a = 2b.
To show that lim,_,; G(h, 7) = +c0 if a > 21b, note that we can estimate the term in (A.17) from below as

24 24
Yo f(Z)>7 i L )/y 1 <Z(1—)’)>T
J&) d 7y T U=oy d
/0 (1—z)2<f(y) pze a :

—ey 1=22 \y(1 = 2)
2,11

> en Grma) (Y —eum/n)
= h+24

-y
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Consequently, for every ¢ € (0, 1) there exists 6 € (0, 1) such that
24
[ f(2) > " h y
—_— | —= dz > 1- s Vye(d-56,1).
/0 (1-z>2<f(y> 2aanl 91D, Yyed-ob

Using this lower bound and applying a similar argument as above by means of Lemma A.1, we obtain that lim,_,; G(h, x) = +oo if
a>2ib. [
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