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Introduction

The present dissertation consists of four chapters and an appendix where we recall the main
notion needed in the previous chapters. Our aim is to shed new light on the investigation
of the asymptotic behaviour of linear partial differential equations and integral functionals.
To this end, we adopt different techniques: the methods of perturbation theory and I'-
convergence. Although the problems dealt with are of different type, the underlying models
are characterized by high-contrast materials or inhomogeneous materials with periodic

structure.

In the first part of the present thesis (Chapters 1 and 2) the methods of perturbation theory
are used to investigate the spectral properties of a stiff and linear differential problem which
describes high-contrast materials stacked in bounded or periodic domains. In the second part
(Chapters 3 and 4) we analyse models for composite materials with a periodic microstructure
whose energy is described by integral functionals. We adopt a variational approach, using
the theory of I'-convergence, to study the asymptotic behaviour of quadratic functionals with

non strongly elliptic conductivity matrix and non-local functionals.

An asymptotic approach to a spectral stiff problem for the Laplace op-

erator

In Chapter 1 we apply the methods of perturbation theory to study the asymptotic behaviour
of the spectrum of a Neumann problem involving a small parameter € > 0. This is a joint
work with Professor V. Chiado Piat (Dipartimento di Scienze Matematiche, Politecnico
di Torino) and Professor S. A. Nazarov (St. Petersburg State University and Institute of
Problems Mechanical Engineering). This paper has been submitted to the journal Asymptotic
Analysis and it is on ArXiv: arXiv:2001.11332 .



2 Introduction

Let Q be a smooth bounded domain in R? and let Q; and Qg be two bounded domains in
R? with smooth boundaries I'; and I'y respectively such that

0Q =T, Q) CQ,

and
Q:=QoUQ UIY.

The material occupying the domain €2y is assumed to be stiffer than the one in €21.The
vibrations of such a composite material can be studied through the spectral Neumann problem
with natural transmission conditions for a second order differential operator with piecewise

constant coefficients

—Auf (x) = A%uf (x), x€Qy, (1)

—e TAuE(x) = A8 ud (x), x € Q, 2)
dy,ui(x) =0, xely, 3)

ug(x) = uf(x), e 1Ay uf (x) = dy,uf (x), x €T, 4)

where dy, and dy, denote the derivatives along outward and inward normal vectors v; and
Vo to I’y and T respectively, A€ is the spectral parameter and —2m € R a fixed exponent.

From a physical point of view, the factor £~

in equation (2) reflects the dead-weight of
the material in €. In other words, increasing m makes the material occupying the domain
Qo heavier. Our purpose is the description of the asymptotic behaviour as € — 0 of the
eigenpairs (A%, u®) of problem (1)-(4), where the (real) eigenfunctions u® are identified with

the pairs of functions {uf,u]}, with uf the restriction of u® to Q;, fori =0, 1.

According to the range in which the parameter m € R varies, different ansétze are needed
to describe the asymptotic behaviour of the eigenpairs (A%, u?), as € — 0 (see Section 1.2
for the case m € (0,1/2) and Sections 1.4-1.7 for the other cases). The main result of this
chapter is stated in Theorem 1.3.1 which provides the justification of the ansitze of (1%, u®)
and holds for any value of m € R. The peculiarity relies on the proof of Theorem 1.3.1 in the
case m € (0,1/2), which is split into two steps. The first step is a convergence result (see
Proposition 1.3.3) which shows that the eigenvalue A of the problem (1)- (4) converges to
some eigenvalue l,il) of the limit problem

—M(x)=A%(x), xeQq,
dhW(x) =0, xeTy, Wx)=0, xeTly.
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The second step consists to proving that n = 7. To this end, the key ingredient is the so-called
“Lemma about near eigenvalues and eigenfunctions” (see [82] and Lemma A.1.1 in Appendix
A.1), which, in the case m € (0,1/2), requires a non-standard choice of the approximate
eigenfunctions and the use of the Neumann series in order to represent the solution of an
auxiliary boundary value problem (see Lemma 1.3.5). The case m = 1/2 has been previously
investigated in [80, Chapter VII] in a different setting. However, we give an independent
proof of the justification of the anzitze. Since the stiffness and the density constants are

-1

of the order €™ in equation (2), the appearance of two limit problems demands also some

changes in the proof of the first step of Theorem 1.3.1 (see Section 1.6).

The spectral problems (1)-(4) are of interest in many area of physiscs, such as the study of
reinforcement and elasticity problems (see [2, 9, 10, 75]). In [58], estimates of convergence
rates of the spectrum of stiff elasticity problems are obtained. In [44, 46], the authors have
discussed the asymptotics of a spectral stiff problem in domains surrounded by a thin band
depending on €. For a study of asymptotics for vibrating systems containing a stiff region
independent of the small parameter €, we refer to [80, Sections V.7-V.10] and the papers
[45, 57, 77]. Problems similar to (1)-(4) arise also in the context of porous media which
are particularly treated in the homogenization theory (see [8, 22-24, 76]). In the context
of second order differential operators with double-periodic coefficients, we also mention
[11, 12, 48, 49, 85], where the authors have investigated how to give rise to spectral gaps in

the essential spectrum.

The same stiff problem (1)-(4) is discussed when the domain Q becomes irregular (see
Section 1.8). The study of elliptic boundary value problems in domains with irregular
boundaries has been widely investigated and it is a classical subject (see e.g. the monographs
[53, 67]). In our analysis, we deal with the two-dimensional case, where Q( and € are
two “kissing” disks in R? touching in a point O of tangency (see Figure 1.2). In the case
of “kissing” domains, the perturbation analysis becomes much more involved because of
possible singularities of u§ and u{ of problem (1)-(4) at the irregular point ©. We show
that these singularities do not affect our asymptotic procedure in the stiff Neumann problem
(1)-(4) so that the ansitze obtained when the boundary dQ = I'y is smooth are still valid.
On the contrary, if we consider a stiff Dirichlet problem, namely when the condition (3) is
replaced by u{(x) = 0, x € Iy, the asymptotic procedure fails (see Section 1.8.4) and further
investigations of a stiff Dirichlet problem are left as open questions to be considered and are

the starting point for a new research.
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For m < 1/2, the limit problem in the cuspidal annulus Q; is given by

—Au(x) = Au(x), x€Qy, 3)
odyvu(x) =0, xeI'1\O, u(x) =gx), x€Ip\O, (6)

where A > 0 and g = 0 or g = const on the boundary I'y. Thanks to the Dirichlet bound-
ary condition on I, H(} (Q1;T) is compactly embedded into LZ(Ql) (see [60]), where
H}(Q;T0) == {u € H}(Q) : ur, = 0}, so that the proof of Theorem 1.3.1 is preserved
provided that u has a “good” regularity. To this end, we provide the asymptotic expansion as
x — O of the eigenfunction u (see Section 1.8.1 for the asymptotic and Theorem 1.8.1 for
the justification when g = const and Section 1.8.3 for the case g = 0). There is a vast literat-
ure about the asymptotic behaviour of a solution of the Laplace operator with a Neumann
boundary condition in bounded domains with cusp-type irregularities (see e.g. [63, 70-72]).
We also mention the paper [36] where the author discusses the regularity in the space of
infinitely smooth functions in the case of cuspidal edges and the paper [59] where the authors
investigate the regularity of a solution of bi-harmonic operator in domains with cusps. In
our context, we impose two different type of boundary conditions on I'y and I'y so that the
ansatz of eigenfunction u of problem (5)-(6) is made of particular functions depending on the
geometry of the domain and the boundary conditions when we impose an inhomogeneous
Dirichlet condition on Iy, i.e. g = const (see Section 1.8.1). Moreover, we show that all
eigenfunctions decay exponentially as x — O when a homogeneous Dirichlet condition is

set on the interior boundary I' (see Proposition 1.8.2).

In Chapter 2 a stiff spectral problem similar to that discussed in Chapter 1 is investigated
when the domain becomes unbounded and the stiffness properties of the material have
a periodic structure. This chapter contains a preliminary and not yet finished joint work
with Professor S. A. Nazarov (St. Petersburg State University and Institute of Problems
Mechanical Engineering).

Let By, be the ball centered in the origin and of radius 1 /2. Let Q) be the plane R?
perforated by contiguous circular holes

Qo :=R*\ |J Bix(a),

acZ?
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where B () denotes the closure of the ball By (&) := {x = (x1,x2) : (x1 — 1,02 — @) €
By}, and a = (04, 0) € 72 is a multi-index. We set

Qp:= U Bl/z(a) and 891 = U 8B1/2(a).

ocZ? ocZ?

We consider the stiff spectral problem

—Auf (x) = A%uf (x), x€Qy, (7
—e ' Auf(x) = e 2" A (x), x € Q,
uf (x) = ug(x), e 1 oyub (x) = dyus (x), x €9Qy, (3)

where A€ is the spectral parameter, V is the outward unit normal vector to dQ, dy =v-V
is the normal derivative, V is the gradient and m € (0,1/2) is a fixed exponent. For any
€ > 0, the operator A associated to problem (7)-(8) is positive and self-adjoint with domain
D(Ae) C H'(R?) (see [16, Ch. 10]). However, since the embedding H' (R?) C L?*(R?) is
not compact, the essential spectrum 6} of A, is not reduced to a null space. Our aim is to
investigate the existence of spectral gaps G¢ in the spectrum of A,. To recover the analysis
performed in Chapter 1, the Gelfand transform (see e.g. [43, 54, 55]), also known as the
Floquet-Bloch transform (see [81]), turns out to be a useful tool. In abstract setting, such
a transform is a homomorphism of a commutative Banach algebra B onto a subalgebra of
Co(A), where A denotes the space of all linear and multiplicative complex-valued functionals
on B (see [79]). In our context, the Gelfand transform plays the role of a special Fourier
transform on the group Z? of periods and it is particularly used in the study of partial
differential equations with periodic coefficients (see [13, 54]). More precisely, this transform
is defined by

u(x) = U(x,n) := ZL ) e MRy (x4 k), )

T eze

with 1 € [, )? being the Floquet parameter. Note that the variable x on the left-hand side
of (9) belongs to R? while on the right-hand side x lives in the periodicity cell wg. Such a
periodicity cell wg is given by the two-dimensional unit square Q := (—1/2,1/2)? which
is split into a ball ® := By, centered in the origin and of radius 1 /2 and Q \ ® occupied
by the stiff material. The advantage of the Gelfand transform is to reduce the study of the
spectrum of the operator A associated to problem (7)-(8) to that of a family of positive and

self-adjoint operators whose spectrum is discrete. Indeed, it is known (see e.g. [54, 78, 81])
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that the essential spectrum £ of the operator A, has a band-gap structure, i.e.
of =B, (10)
n=1
where BZ are compact and connected spectral bands defined by

By = {Ay = Ay(n) : n € [-7,7)*}.

The continuous functions Af : [, )% — R are defined at each fixed 1 € [—7,7)? by the
eigenvalues of the auxiliary spectral problem on the periodicity cell wg =@ U (Q\ O)

—(V+in)*Us(x,n) = A°(M)U§(x, M), x€®, (11)

—e ' (V+in)’Ufolx,n) = € "A*(MUGp(x,1),  x€Q\O, (12)
U(g()@n):Ué\@(x’n), X€F7
e‘lv-(V+in)U5\®(x,n) =v-(V+in)U§(x,n), xeTl,

along with the periodicity conditions

Ué\@(%#%"?) = U§\®<_%7x27n)7 Ué\@(xla %an) = Ué\@)(xlv_%7n)7
d 0 d d
a_xlUé\@)(%ﬂzan) = a—xlUé\@(—%aXz,n), a—Ué\@(xu %an) = a_Ué\@)(xla —%an),,

b)) X
(13)

where the functions Ug and U, 5\@ are the Gelfand transform of u{ and uf respectively and
' := 0dO. Therefore, the bands B involve entries of monotone increasing unbounded positive
sequence

0<AI(M) SAS(M) <+ <AR(M) <+ — oo, (14)

where Af are the eigenvalues associated to the problem (11) - (13) and the multiplicity is
taken into account. The bands 55 may overlap and touch each other. When they do not
overlap, the spectrum 6£, given by (10), contains some gaps G¢, i.e. open intervals free of
the essential spectrum but with endpoints in the 6. Our purpose is to detect the spectral
gaps when m € (0,1/2) using an asymptotic method.

The detection of spectral gaps in scalar problems has been studied in [48, 66, 85], where
the coefficients of the differential operator have high contrast. In our context, the main
novelty is that the stiff parts of the domain touch each other while the soft part presents

irregularities due to the cuspidal points. In [69] the authors have shown the appearance of
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the gaps in the spectrum of the Dirichlet and Neumann problems for the Laplace operator in
the plane R? perforated by a double-periodic family of circular and isolated holes. In [38]
the appearance of the gaps has been done in a more general geometrical settings but only for
Dirichlet conditions.

In the case of waveguides, the appearance of spectral gaps forbids the wave propagation
in the corresponding frequency range. In the literature, there are numerous treatments on the
propagation of waves along periodic structures. Two approaches are usually used in order
to detect the opening of the gaps: by studying the asymptotic behaviour of eigenvalues of
the model problem on a periodicity cell or by seeking for the location of the eigenvalues by
means of specific weight estimates, such as the Hardy inequality and the max-min principle.
In [34, 40, 65] the first approach is used in order to detect spectral gaps, while in [64, 68] the
second method is applied. In [69] the authors have adopted both approaches: the asymptotic
method is used for analysing the spectrum of the Dirichlet problem but a priori estimates
of eigenfunctions of the Neumann problem on thin bridges are necessary to localize the

eigenvalues.

In our context, due to the particular geometry of the domain and consequently of the
periodicity cell wg, the leading terms of the expansions of A® and U§ are given explicitly
by the eigenvalues and the eigenfunctions of the Dirichlet Laplacian in the disk ®. Hence,
the Bessel functions and their zeroes are involved. This combined with Theorem 1.3.1 of
Chapter 1 for m € (0, 1/2) permits us to estimate the length of spectral bands (see Corollary
2.3.2). Up to now, using an asymptotic approach, for m € (0,1/2) we provide the existence
of a spectral gap of length O(&?™) between the first and the second eigenvalue A of problem
(7)-(8) (see Corollary 2.3.3). Further investigation of the existence of spectral gaps between
other eigenvalues of problem (7)-(8) for m € (0,1/2) as well as for other values of m is to
carry out. Moreover, the investigation of the same problem set in different geometries of the
domain, such as the case where the soft material is stacked in balls whose centers are not in
7?2, will be the subject of future research.

Homogenization of degenerate integral functionals

In Chapter 3 we present a new I'-convergence result of quadratic functionals with non
uniformly elliptic conductivity matrices. This a joint work with Professor M. Briane (Univ
Rennes, INSA Rennes, CNRS, IRMAR - UMR 6625).

Let Q be a bounded domain of R and let ¥, := [0,1)? be the unit cube in RY. We

investigate the homogenization through I'-convergence of the conductivity energy with a
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zero-order term of the type

/Q{A (2)Vu- Vut [Py dx, if u € H(Q),

Fe(u) : (15)
oo, ifue*(Q)\H} (Q).

The conductivity A is a Y;-periodic, symmetric and non-negative matrix-valued function in

L= (R4)4*4 | denoted by L;"er(Yd)d *d which is not strongly elliptic, i.e.

ess-inf (min {A(y)é EEeR €= 1}) >0, (16)

YeY,

where the inequality is not necessarily strict. The equality holds true when the conductivity
energy density has missing derivatives. This occurs, for example, when the quadratic form

associated to A is given by
AE-E=AEE for &= (E",&;) e R xR,

where A’ € L% (Yd)(d ~1)x(d=1) js symmetric and non-negative matrix. It is known (see e.g.

per

[35, Chapters 24 and 25]) that the strong ellipticity of the matrix A, i.e.

ess-inf (min {A(y)g L EERYJE| = 1}) >0, (17)

Y€y

combined with the boundedness implies a compactness result of the conductivity functional
ue H)(Q) — /QA (%) Vu-Vudx
for the L?(Q)-strong topology. The I'-limit is given by
/ A*Vu-Vudx,
Q

where the matrix-valued function A* is defined by the classical homogenization formula

A*A - A :=min {/Y AY)A+Vv(y))-(A+Vv(y)dy:ve H;er(Yd)} : (18)
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The I'-convergence for the LP(Q)-strong topology, 1 < p < o, for the class of integral
functionals F of the form

F(u):/Qf(x,Du)dx, for uc WHP(Q,R™), (19)

where f: Q@ x M"™*¢ — R is a Borel function satisfying the standard growth conditions of
order p, namely ¢ |M|P < f(x,M) < c2(|]M|P + 1) for any x € Q and for any (m x d) real
matrix M, has been widely studied and it is a classical subject (see e.g. [20, Chapter 16],
[35, Chapter 20] and Appendix A.4). On the contrary, I'-convergence of the oscillating
functionals for the weak topology on bounded sets of L”(Q) has been very few analysed.
An example of the study of I'-convergence for the L”(Q)-weak topology can be found in
the paper [22] where, in the context of double-porosity, the authors compare the I'-limit for
non-linear functionals analogous to (19) computed with respect to different topologies and in

particular with respect to LP(Q)-weak topology.

Our aim is to investigate the I'-convergence for the weak topology on bounded sets (a
metrizable topology) of L?(Q) of the conductivity functional under condition (16). In this
case, one has no a priori L*(Q)-bound on the sequence of gradients, which implies a loss
of coerciveness of the investigated energy. To overcome this difficulty, we add a quadratic
zero-order term of the form ””“12} () S0 that we immediately obtain the coerciveness in the
weak topology of L?(Q) of .F¢, namely, for u € H} (Q),

Fo(u) z/ ul2dx.
Q

Thanks to a compactness result (see [35, Corollary 8.12] and Corollary A.3.7 in Appendix
A.3), this estimate guarantees that .7, I'-converges for the weak topology of L?(Q), up to

subsequence, to some functional. We will show that, under the following assumptions:
(H1) any two-scale limit ug(x,y) of a sequence u of functions in L?(Q) with bounded

energy %¢(ug) does not depend on y (see [6, Theorem 1.2] and Theorem A.2.2 in
Appendix A.2),

(H2) the space V defined by
Vi= {/ AP ()®(y)dy : D € L2 (Y RY) with div <A1/2(y)CI>(y)> —0 in D’(Rd)}
Yy

agrees with the space R,



10 Introduction

the I'-limit is given by

/Q{A*Vu-Vu—Hu|2}dx, if u e HY(Q),
Fo(u) = 20

oo, ifue*(Q)\H} (Q),

where the homogenized matrix A* is given through the expected homogenization formula

A*A-A = inf{/Y AY)A+Vv(y)-(A+Vy(y)dy:ve ngr(Yd)} . (21)

Extending the two-scale convergence of Nguetseng-Allaire [6, 73], Zhikov [84] has studied

the homogenization of the problem

/Q{A (%)Vus-WpMus(P}due:/Qfswdus, for ¢ € C(Q), (22)

where the Y;-periodic matrix-valued function A(y) is uniformly elliptic and bounded, p(-) =
eu(-/€) with u a periodic probability measure on ¥; and f: is a bounded sequence in
L*(Q,due), ie.

sup | frdue < oo. (23)

e>0/Q
The key ingredient of [84] is that the measure U is assumed to be ergodic, namely any periodic
function u in L%er(Yd7d L) is constant once some generalized gradient Vu with respect to t
is zero (see [84, formula (1.15)]). Then, the homogenization of problem (22) leads him to
the limit problem with the homogenized matrix A* defined by the classical minimization
formula involving the generalized gradient in Lger(Yd, du)? and the Lebesgue measure dx
as the weak-x limit of . In [84], the degeneracy comes only from the measure . Indeed,
the kernel of A* turns out to be the subspace of R¢ composed of the constant generalized
gradients which can be different from the null space (see [84, Section 3.3]). The proof of the
homogenization result is strongly based on the ergodicity of the measure . Indeed, due to
the boundedness of the sequence Vue in L?(Q,due)? (see (23)), the two-scale limit ug(x, y)
of ue does not depend on y (see [84, Theorem 4.1]). Then, the two-scale procedure permits

to conclude.

In our context, for any sequence ue with bounded energy, i.e. supg.o-Ze(utg) < oo, the
sequence Vi in L2(Q;R?) is not bounded due to the lack of ellipticity of the matrix-valued
conductivity A(y). Therefore, we need to make assumption (H1). Moreover, assumption (H2)
plays a similar role as the non-degeneracy of the measure u in [84], since the two conditions
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are equivalent to the positive definiteness of the homogenized matrix (see Proposition 3.1.3
in our case and [84, Theorem 4.1]). In some sense, the degeneracy in [84] is of scalar
type through the sole measure p, while in the our context the degeneracy is of vectorial
nature through the sole matrix-valued conductivity A(y). Also note that [84] deals with the
homogenization of the conductivity equation under the weak convergence of u¢ in LZ(Q)
(see [84, Theorem 4.4]), while we study the I'-convergence of the conductivity energy %,
for the L?(Q)-weak topology. Our approach allows us to derive an anomalous I'-limit for
some degenerate matrix-valued conductivity together with a two-scale limit uy(x,y) which
does depend on y.

In the 2D isotropic elasticity setting of [32], the authors make use of similar conditions
as (H1) and (H2) in the proof of the main results (see [32, Theorems 3.3 and 3.4]). They
investigate the limit in the sense of I'-convergence for the L? (Q)-weak topology of the
elasticity functional with a zero-order term in the case of two-phase isotropic laminate
materials where the phase 1 is very strongly elliptic, while the phase 2 is only strongly
elliptic. The strong ellipticity of the effective tensor is preserved through a homogenization
process except in the case when the volume fraction of each phase is 1/2, as first evidenced
by Gutiérrez [47]. Indeed, Gutiérrez has provided two and three dimensional examples of 1-
periodic rank-one laminates such that the homogenized tensor induced by a homogenization
process, labelled 1*-convergence, is not strongly elliptic. These examples have been revisited
by means of a homogenization process using I'-convergence in the two-dimensional case of

[31] and in the three-dimensional case of [33].

In the present scalar case, we enlighten assumptions (H1) and (H2) which are the key
ingredients to obtain the general I'-convergence result Theorem 3.1.1. Using Nguetseng-
Allaire [6, 73] two-scale convergence, we prove that for any dimension d > 2, the I'-limit
ZFo (20) for the weak topology of L?(Q) actually agrees with the one obtained for the
L?(Q)-strong topology under uniformly ellipticity (17), replacing the minimum in (18) by
the infimum in (21). Assumption (H2) implies the coerciveness of the functional .%( showing
that its domain is H& (Q) and that the homogenized matrix A* is positive definite. More
precisely, the positive definiteness of A* turns out to be equivalent to assumption (H2) (see
Proposition 3.1.3). We also provide two and three dimensional 1-periodic rank-one laminates
which satisfy assumptions (H1) and (H2) (see Proposition 3.2.1 for the two-dimensional
case and Proposition 3.2.2 for the three-dimensional case). Thanks to Proposition 3.1.3, the
corresponding homogenized matrix A* is positive definite. For this class of laminates, an
alternative and independent proof of positive definiteness of A* is performed using an explicit
expression of A* (see Proposition 3.4.1). This expression generalizes the classical laminate

formula for non-degenerate phases (see [7, Lemma 1.3.32], [29] and Proposition A.6.3 in
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Appendix A.6) to the case of two-phase rank-one laminates with degenerate and anisotropic

phases.

The lack of assumption (H1) may induce a degenerate asymptotic behaviour of the
functional .%¢ (15). We provide a two-dimensional rank-one laminate with two degenerate
phases for which the functional .%, does I'-converges for the L?(Q)-weak topology to a
functional . which differs from the one given by (20) (see Proposition 3.3.1). In this
example, any two-scale limit ug(x,y) of a sequence with bounded energy .% (u¢ ), depends
on the variable y. Moreover, we give two quite different expressions of the I'-limit .%# which
seem to be original up to the best of our knowledge. The energy density of the first expression
is written with Fourier transform of the target function. The second expression appears as a
non-local functional due to the presence of a convolution term. However, we do not know if
the I'-limit .% is a Dirichlet form in the sense of Beurling-Deny [15], since the Markovian

property is not stable by the L?(Q)-weak topology (see Remark 3.3.5).

The extension of the previous investigation to the case of elasticity functional with zero-
order term where the Y;-periodic, symmetric and non-negative tensor-valued function A(y)

in L= (RY )d2 xd” i5 assumed to be not strongly elliptic will be the subject of future research.

In Chapter 4 we deal with the homogenization of convolution-type functionals defined
on a general periodic perforated domain. This is a joint work with Professor A. Braides
(Dipartimento di Matematica, Universita di Roma "Tor Vergata") and Professor V. Chiado
Piat (Dipartimento di Scienze Matematiche, Politecnico di Torino). This paper has been
submitted to Journal of Nonlinear Analysis and it is on ArXiv: arXiv:2007.04635.

We consider energies of convolution-type whose prototypes are functionals of the form

1 _
gd+p /QXQ“ (y7x> u(y) — u(x)|Pdxdy, (24)

where a is a non-negative convolution kernel, p € (1,0), € is a scaling parameter and Q is a
Lipschitz domain in R?. The kernel a : R — [0, o[, describing the strength of the interaction
at a given distance, satisfies

[ a@1+1g1)dE <. 25)

and
a€)>c>0, if |E[<n, (26)

for some rg > 0 and ¢ > 0.
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Functionals of this form have been used as an approximation of the L”-norm of the
gradient as € — 0 and as such give an alternative way of defining Sobolev spaces (see
e.g. [3, 18]). In the case p = 2 perturbations of such energies (24) arise from models in
population dynamics where the macroscopic properties are reduced to studying the evolution
of the first-correlation function describing the population density « in the system (see [39]),
and recently they have also been used in problems in Data Science (see [42]). Furthermore,
discrete versions of such energies have been extensively studied in a general setting (see
e.g. [4, 17] and related works).

A rather complete analysis of perturbations of functionals (24), more precisely, of func-
tionals that are dominated from below and above by functionals of type (24), is presented
in [5]. We consider another type of perturbation of (24) in the framework of the so-called
perforated domains, that cannot be reduced to the analysis in [5] since it is ‘degenerate’ on

the complement of a periodic connected set.

In our analysis, we consider a typical situation arising in the study of inhomogeneous
media with a periodic microstructure, when one sets the model in a domain obtained by
removing inclusions representing sites with which the system does not interact. Usually, such
a periodically perforated domain is obtained by intersecting € with a periodic open subset
Es = 0E of R, where E is a periodic set with Lipschitz boundary and § is the (small) period
of the microstructure. In the setting of energies (24) the relevant scale of the period 6 is of
order €. Indeed, in the other cases we have a multi-scale problem that can be decomposed
into two separate limit analyses that fall within known results corresponding to letting first
0 — 0 and then € — 0, or the converse (see [26]). Hence, we will consider energies whose

prototypes are of the form

1 y—X
F, = — Pdyd 27
0= [ o a5 —utPasan, @)

where Q is a fixed domain in R9.

In order to study the asymptotic analysis of such energies, it is necessary to prove that
sequences with equi-bounded energy (and equi-bounded L”-norm) are precompact. For the

analog energy on Sobolev spaces

FS5(u) = /ngE |Vu|Pdydx,

this has been done in [1] through the construction of suitable extension operators T :
LP(QNeE) — LP(Q) which, for each Q' compactly contained in Q, provide an embedding
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of WHP(Q') in WP (Q N eE) uniformly for & small enough (below a threshold explicitly
depending on the distance between Q' and dQ). The compact embedding of W17 (Q') in
LP(Q') then provides the desired compactness property. In our case, since the energies are
non-local, a more complex statement is necessary. After noting that by condition (26) it is
sufficient to prove compactness when a is the characteristic function of a ball centered in O
and given radius ro, we prove the existence of extension operators Tg : LP (QNEE) — LP(Q)

with the property that R and C exists such that for each Q' compactly contained in Q,

—X
e (25 ) ete)  Teuto) Py
Q'xQ! €

y;x) lu(x) — uy)|Pdydsx, (28)

<C
- (QﬂeE)x(QﬁeE)XBro( €

for € small enough, with C and R independent of € and where B, denotes the ball of centre 0
with radius p and y, is the characteristic function of the set A. The precise statement of this
result is given in Theorem 4.1.2. It provides a uniform bound for energies of the type (24) on
Q' in terms of energies (27), which in turn allows to apply the compactness results in [5] (see
Section 4.1.2). Moreover, the asymptotic analysis of functionals (24) ensures that limits of
functions with equibounded energies are in W!7(Q’) with a uniform bound and hence they
belong to W7 (Q).

The case p =2 in (27) and with compact perforations; i.e., with E of the form E =
R4\ (Ko + Z%), where Ky is a compact subset of R? with Lipschitz boundary such that
(Ko +i)N(Ko+ j) =0if i, j € Z¢ and i # j, has been studied in [26], together with some
variants that allow to consider random perforations [27]. The main feature of our analysis
is the proof of the extension theorem under the only assumption that the periodic set E is
connected and with Lipschitz boundary, and holds for any p > 1. The construction of T is
inspired by the arguments of [1], consisting in proving a local extension result on cubes and
then using a periodic partition of the unity. The non-locality of the energies adds further
technical difficulties to the possible non-connectedness or non-regularity of the restriction of
E to cubes, already present in the case of Sobolev functions, and forces the introduction of

the radius of interaction R in inequality (28).

As an application, we study the asymptotic behaviour of energies of the form

1 x oy u(y) —u(x)
HS(”) - 8d /(QﬂsE)zh (8,87 € dXdy,
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with u € LP(Q;R™), upon some structure hypotheses on  as those considered in [5], that
allow Hg to be compared with F,. We obtain a homogenization theorem (see Theorem 4.3.1)
for He as € — 0 proving that the I-limit of He is defined on W' (Q;R™) and has a standard
local form

/ hhom (Du)dx,
Q

with Apon, characterized by non-local homogenization formulas and of p-growth by (25) and
(26). The proof is obtained by a perturbation argument that allows to use homogenization
theorems proved in [5] for the corresponding energies defined on ‘solid’ domains, applied to
functionals of the form Hg + 6 F¢. Our Extension Theorem provides uniform estimates that
allow to invert the passage to the limit as € — 0 and & — 0. We note that a discrete analog
of this result can be found in [23], where the discrete setting allows easier extension results
from the discrete version of a perforated domain. Application of the Extension Theorem to

non-local functionals arising in double-porosity context will be considered in future research.



Chapter 1

The stiff Neumann problem: asymptotic
specialty and “kissing’’domains

In this chapter we apply the methods of perturbation theory to investigate the asymptotic
behaviour of the spectrum of a stiff spectral Neumann problem for the Laplace operator in a

smooth bounded domain Q of R involving a small parameter € > 0 and a real parameter 7.

In Section 1.1 we introduce the problem and its weak formulation. In Section 1.2 we
deduce the formal asymptotic expansions for the eigenpairs when m € (0,1/2). Section 1.3
contains the main result of this chapter, Theorem 1.3.1 which holds for any m € R. We also
provide the proof of the justification of the asymptotics for m € (0,1/2). In Sections 1.4-1.7
we present the asymptotic expansions of eigenpairs for the remaining values of m. In Section
1.8 the same stiff problem is investigated when the two-dimensional domain €2 has a cuspidal
point. The possibility to apply the same asymptotic procedure as in the “smooth” case is

based on the structure of the eigenfunctions in the vicinity of the irregular part.

This is a joint work with Professor V. Chiado Piat (Dipartimento di Scienze Matematiche,
Politecnico di Torino) and Professor S. A. Nazarov (St. Petersburg State University and

Institute of Problems Mechanical Engineering).
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Figure 1.1 Annular domain ; and core domain
1.1 Setting of the problem

Let Q be a smooth bounded domain of R and let Q; and Qg be two bounded domains of R¢

with smooth boundaries I'y and I' respectively such that
0Q =T, Q) CQ,
and
Q:=Q¢UQUTY.

In what follows, we refer to Q; as the annulus and € as the core. A typical geometrical

situation is drawn in Figure 1.1, where the annulus is shaded.

We consider the spectral Neumann problem in € U Qg with natural transmission condi-

tions for a second order differential operator with piecewise constant coefficients

—Auf (x) = A%uf (x), x€Qy, (1.1)

—e AU (x) = A8 ud (x), x € Qo, (1.2)
dy,ui(x) =0, xely, (1.3)

ug(x) = uf(x), 8_18v0u8(x) = dy,ui(x), x€eTy, (1.4)

where dy, and dy, denote the derivatives along outward and inward normal vectors v; and vy
to I'; and Iy respectively, A is the spectral parameter and —2m € R a fixed exponent. We
identify the (real) eigenfunctions u® with the pairs of functions {u{,u{}, where u? stands
for the restriction of u® to Q;, for i =0, 1. We denote by (-,)q, the natural inner product of
Lesbegue space LZ(Q,-), for i = 0,1 The variational formulation of problem (1.1)-(1.4) reads:
find 1¢ € R and {u§,u¢} € H'(Q)\ {0} satisfying

(Vuf,Vor)o, + 8_1(VMS7V(p()>QO =A% [(uf, 01)q, + e 2" (uf, ®0) 0y Vo e H'(Q).
(1.5)
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For each € > 0, the bilinear form on the left-hand side of (1.5) is positive, symmetric and
closed in H' (). Due to the compactness of the embeddings H'(Q;) < L*(Q;), fori =0, 1,
we associate to problem (1.1)-(1.4) a self-adjoint operator whose spectrum consists of the
monotone increasing unbounded sequence of eigenvalues (see e.g. [16, Theorems 10.1.5 and
10.2.2])

0=A{ <A < <A <- 5o (1.6)

repeated according to their multiplicity. The corresponding eigenfunctions {u{,uj} are

subject to the orthonormalization conditions
_2 ..
(”iivuzl-:,j)91 +é€ m(ug,ivug,j)ﬂo = 6 j, for i,j €N, (1.7)

where &; ; is the Kronecker symbol.

1.2 Formal asymptotics in the case 0 <m < 1/2

The orthonormalization condition (1.7) suggests to perform the replacements
vi(x) =uf(x), x€Qy, v (x) = e "uf(x), x€ Q. (1.8)

Hence, {v§,V¢} satify the orthonormalization condition in L?(€) which does not depend
anymore on €. Equations (1.1)-(1.2) remain unchanged, while the transmission conditions
(1.4) turn into

~1
gmvg(x) = V? (x)v e 3v0V8(x) = avl Vf(x), xely.
We look for the asymptotic expansion of eigenfunctions {v§,v{} in the form

v(x) = e™p(x) + e M)+, x € Qo, (1.9)
E
1

VE (x) = v) (x) + 2™ (x) + -, x€Q. (1.10)
We assume that the eigenvalue A¢ admits the asymptotic ansatz

AE=204e2m) 4 ... (1.11)
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By inserting expansions (1.9), (1.10) and (1.11) in the spectral problem (1.1)-(1.4), we collect

coefficients of the same powers of € and we gather boundary value problems for v8, v, and

0 ./
vl,vl.

1.2.1 Problem for v) and v,
The leading term v8 in (1.9) is a solution to the problem
—A(x) =0, x€Qy,  dyY(x) =0, xe Ty, (1.12)

and hence v8 = co. At this stage, cg is an arbitrary constant in [R.

The first-order correction term v;, in (1.9) satisfies the boundary value problem
~AVy(x) = A0 (x), x€Qo,  Fyvh(x) = Iy i(x), x€Ty. (1.13)

From the compatibility condition for inhomogeneous Neumann problem, we determine the

constant ¢y which is given by
: / dv )i X (1.14)
Cco - 0 vias .
A |Q0| Ty 071 ’

where | - | stands for the Lebesgue measure of a set and A9 =£ 0 is an eigenvalue of the problem
(1.15)-(1.16) below.

1.2.2 Problem for 1 and v/

The leading terms v(l) and A% in (1.10) and (1.11) satisfy the spectral problem with mixed
boundary conditions

—M(x)=A%(x), xeQ, (1.15)
W (x) =0, xeTy, W(x) =0, xeT. (1.16)

The variational setting implies the integral identity

(YW, Vp)a, =A°00, 0)q,,  for @ € HY(Q4,Ty),
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where H(%(Ql,l“o) ={uc H'(Q): Ur, = 0}. The spectrum of problem (1.15)-(1.16) is

discrete and it consists of a monotone unbounded sequences of eigenvalues

0<A <A< <AV<- 5 oo, (1.17)
and for n € N, the corresponding eigenfunctions v(]) , are subject to the orthonormalization
conditions

0 .0 .
(Vl,l‘»"l,j)Ql =9, for i,j € N. (1.18)

The correction term v/ in (1.10) is determined by the boundary value problem

—AV] (x) = A0 (x) = AV0(x), xeQy, (1.19)
ovVi(x) =0, xely, Vi(x) =v3(x), xeT. (1.20)

Since v8 = ¢g is fixed and defined by (1.14), the boundary condition (1.20) becomes v’1 (x) =
co, x €1

The correction term A’ is determined through the compatibility condition for problem
(1.19)-(1.20). First, we assume that the eigenvalue A0 # 0 of problem (1.15)-(1.16) is simple.
Then, the problem (1.19)-(1.20) has a unique solution if and only if

A / W0 ()| 2dx = ¢ / Dy Vo () ds = —co / AV, ()dx = GAY] Q).
Q ’ Iy Q

In view of (1.14), we deduce that

1 2
A= 201G (/ro ava?dsx> : (1.21)

Multiple eingenvalues In the case k,? # 0 is a multiple eigenvalue with multiplicity T > 1,

ie.
0 0 0 0 0
An—l < A‘n = A‘n+1 == A‘I’H—T—l < An—o—f? (1.22)
the expansions (1.9)-(1.10) are still valid. However, we predict that the leading terms of
vin, v‘inH ey V?,n+¢—1 are linear combinations of the eigenfunctions v(l)ﬁn, v(])’n+1 b ,V?JLH_]

of the problem (1.15)-(1.16) associated to the eigenvalue l,?, le. forx e Q,

Vlod-(x):a{;v?7n(x)+---+a£+171v(1)7n+1_1(x), for j=n,...,n+7—1. (1.23)
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Furthermore, we require that the columns

i (] J T T .
a = (a},...,ay, . ;) €R", for j=n,...,n+7—1,

satisfy the orthonormalization conditions
n+1—1

(@/,a):= Y aldi=8;;,  for ji=n,...n+7—1 (1.24)
k=n

As a consequence, the linear combinations (1.23), for j =n,...,n+ 7 — 1, are a new or-
thonormal basis in the eigenspace of the eigenvalue 1.

Bearing in mind the linear combinations (1.23), the compatibility conditions for the

problem (1.13) yield the new constant leading terms v8 ar e 7V8,n 471 of the ansatz (1.9)

1 n+7—-1
0 . J 0 .
Vg = e a Oy, Vi 1dsy, for j=1,....n+717—1. 1.25
0 )L}B‘SZO‘ kz;, k/ro OrLET / ( )

The correction term V| j is determined from the problem

—AV] (%) = A0V () = AV (x),  xEQy, (1.26)
o Vi (x) =0, xeTy, Vi j(x)=vy,, x€T. (1.27)
The necessary and sufficient condition for the existence of Vl’ o for j=n,....,n+17—1,1s

provided by the Fredholm alternative
?L}(Vﬁj,v?’p)gl = /F Vll’javov%p(x)dsm for p=n,....n+7—1.
0

In view of (1.25) and the orthonormalization condition (1.18), the above formulas become

. n+17—1 1
AMal = f—/ao d/ao d for p=n...,n+17—1.
j%p k—gz akl,(l)|90| Ty Vovl,k(x) Sx T Vovl,p(x) Sxs or p=n...,n+

(1.28)

We represent the relations (1.28) as an algebraic spectral system

./\/laj:ljl-aj, for j=n,....,n+7—1,
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where the (7 X T) real matrix M is defined by

1 0 0
M = m/l"o A Vi p(X)dsy /Fo Vi x (*)dsy, for pk=n,....n+17—1.

Itis clear that M is a symmetric matrix, i.e. M, = M. Hence, this matrix has 7 real eigen-
values, given by A,,A/ |,..., A}, .|, with corresponding eigenvectors a”,a"*!,... a" 7!
satisfying the orthonormallzation conditions (1.24). Since the determinant of the matrix M
and all its minors of order k, for 1 <k < 7— 1, are equal to 0, the characteristic polynomial
of M is simply

(A =t (M)A =0, (1.29)

where tr(M) is the trace of the matrix M. It follows that the roots lj’. of (1.29), for
j=n,...,n+7—1, are given by

n 2
A=-=A =0, . =tr(M) = ! +T 1 8 W (x)ds
n n+1—-2 n+1—1 AO|QO| Vo 1k X :
(1.30)

1.2.3 Final remarks

The asymptotic procedure described above can be continued to construct infinite asymptotic
series for the eigenvalues and eigenfunctions of problem (1.1)-(1.4). If the eigenvalue A0 is

simple, the analysis repeats the explained steps and provides the formal series

Z gm+k(1-2m) /”L,gj’k), (1.31)
Jok=0

and the difference between the true eigenvalue A¢ and the partial sum of the series (1.31) can

be estimated in a way similar to Section 1.3.

The same can be readily done in the case T = 2 when the correction term ), 41 1n(1.30)

does not vanish, so that both the eigenvalues A7 and A/ i

examined independently. However, if A0 has multiplicity T > 2 or T = 2 with A/ a1 = 0 (see

become simple and therefore can be

(1.30)), the coefficients of the linear comblnatlons (1.23) are not completely determined. In
order to compute them, the coefficients an, . ﬁ 47— are assumed to be a linear combination
of the eigencolumns associated to the elgenvalue 0 of the matrix M, obtaining the coefficients
and the next term of the expansion of A£. Nevertheless, there is no argument ensuring that

the new matrix has distint eigenvalues and hence the coefficients of linear combination of
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ay, ... ,ai 47— can not be uniquely defined, so that an iteration of the previous procedure is

needed again.

1.3 Main result

We present the main result of this chapter, which is valid for any value m € R.

Theorem 1.3.1. For any m € R and for any N € N there exist €y, > 0 and Cy ;, > 0 such
that the estimate

IAE—e%A)—ePA!| <Cyne?,  for n=1,...,N, (1.32)

holds for every € € (0,€y ), for some o, B, and y depending only on m.

Remark 1.3.2. In estimate (1.32), A£ is the n-th eigenvalue of the problem (1.1)-(1.4), A?
and A, are the corresponding leading and first-order correction terms appearing in the different
ansitze for AZ, which are defined in Section 1.2 for m € (0,1/2) and in the forthcoming

sections for the other values of m (see Sections 1.4-1.7).

In the next subsection we provide the proof of Theorem 1.3.1 for the case m € (0,1/2),
where o =0, B = 2m, ¥ = min{3m, 1} and A is given by formula (1.21) for a simple
eigenvalue and formulas (1.30) for multiple ones. The proof is split into two steps. The first
one consists in proving partially that the eigenpairs (A%, {uf,u¢}) converge to (A%, {0,u?}),
where (1°,u?) is an eigenpair of limit problem (1.15)-(1.16). In the second step, we use the
so-called Lemma about near eigenvalues and eigenfunctions (see [82] and Lemma A.1.1 in
Appendix A.1) in order to conclude the proof of Theorem 1.3.1.

In Sections 1.4 — 1.7 we describe only the asymptotic expansions of (1%, {u$,u.}) and
we just state the explicit formula (1.32) since the proof follows the same arguments of the
one given in the case m € (0,1/2).

1.3.1 Justification of asymptotics in the case m € (0,1/2)

Step 1: Convergence theorem

In this subsection, we show partially that for fixed n € N, the eigenvalue A£ converges to A,

as € — 0, and the corresponding eigenfunctions converge strongly in L?(Q).
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Proposition 1.3.3. The eigenvalues A of problem (1.1)-(1.4) and the eigenvalues A of limit
problem (1.15)-(1.16) are related by passing to the limit

limAf =AY for ne N,

£—0

We begin to show the following lemma.

Lemma 1.3.4. Assume that for any n € N there exist €, > 0 and C, > 0 such that
0< Al <Gy, for € € (0,¢,). (1.33)

Then, we have

. € 0
i = A

for some i € N.

Proof. In light of estimate (1.33), whose proof will be given in Remark 1.3.6, we extract a

positive sequence {¢& }ren converging to 0 such that

lim A% = A9, (1.34)
&—0
In order to simplify the notation we write A in place of A,;*. The normalization condition

(1.7) together with the estimate (1.33) and the weak formulation (1.5) of spectral problem
(1.1)-(1.4) implies that

Hvuin ]%Z(Ql) ‘i‘gilHV”an”iz(Qo) =4, <G

As a consequence,

2
@) =1

2
1V oy < Coe i,

The norms [|uf ,||51(q,) are uniformly bounded in € € (0, €,) for fixed n € N. Then, up to

subsequences, u  converges weakly in H] (Q1,T) and strongly in L?(Q) to some function

0

| 7 associated to /1,_9 . Indeed, if we take an

g(l), which can be identified as an eigenfunction u
arbitrary function ¢; € Hé (Q1,T) and ¢y = 0 in € as a test functions in integral identity

(1.5), passing to the limit as € — 0 yields

(Vel,Vor)a, = A7 (87, 01)a, - (1.35)
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The equality (1.35) gives rise to the problem

—Ag)(x) = gl (x), x€Q,
dv, g} (x) =0, xely, g(x)=0, xely,

which implies that g(l) = ”(1) ;- In other terms, A0 is an eigenvalue of limit problem (1.15)-
0

(1.16) with the corresponding eigenfunction u; .

As far as the function ug , 1s concerned, we have

2
L2(Q) =1

Y

—1 2 -2
e VS Pay SC € 2" u,

so that uf , converges to 0 strongly in H} (o) and hence in L?(Qo) (if necessary, we can

0 s also normalized in L?(Q{)-norm.

again pass to a subsequence). The eigenfunction uj ;

Indeed, in view of the replacement (1.8), we deduce that
HVS,nH[%Z(QO) <1, ”VVS,nHiZ(QO) < SI—ZmC,

which implies that v§ , converges strongly in L?(Q) to some constant ¢. In order to prove

that ¢ = 0, we take @ = @y = €"¢ as test functions in (1.5) and we obtain
0=A~% (8’”5/ u‘indx—l—é’/ v87ndx) :
Q Qo
Passing to the limit as € — 0 yields to ¢ = 0. As a consequence,
: £ 12 _1; —2m|,,€ 12 _
;I_I}(l) HVO.,nHLZ(gO) = ;1_%8 ”uo.nHLZ(go) =0,
and the normalization condition (1.7) leads to [|u{ | 12(@,) = 1, which concludes the proof. O

To conclude the proofs of Proposition 1.3.3 and Theorem 1.3.1, it remains to show that
n = i1 which is the goal of the next subsection.

Step 2: Lemma about near eigenvalues and eigenfunctions
Let H, denote the Hilbert space H' (Q) endowed with the inner product

(U, V)e = (YU, VV))q, + & (YU, VVo)a, + (U1, Vi)a, + € 2"(Uo, Vo), (1.36)
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We introduce the operator ¢ in H¢ defined by
(KeU,V)e = (Ui, Vi)a, +€ 2" (U0, Vo)ay, VU,V € He, (1.37)
and we define the new spectral parameter
ke =(1+25)7" (1.38)

It is easy to verify that /C¢ is a continuous, self-adjoint, positive and compact operator in He.
Hence, the spectrum of operator K¢ consists of the essential spectrum Oegs(Ke) = {0} and a

positive sequence of real eigenvalues converging to 0

K>k > >k > —0.

—"n

Taking formulas (1.36)-(1.38) into account, the integral identity (1.5) is equivalent to the
abstract equation
]Cg US - kEU£

The following statement is known as lemma about near eigenvalues and eigenvectors
(see [82] and Lemma A.1.1 in Appendix A.1).

Lemma 1.3.5. Assume that ¢ € H and ¥¢ € R, are such that
|UE][3, =1 and ||KCel® — EEUE |3y, =: 8% € (0,€°).

Then, in the segment [€¢ — 8% €€ + OF| there is at least one eigenvalue of the operator K.

Moreover, for any & € (8%,€°), there exist coefficients aje,- - ,aje., xe_, such that
JE+KE-1 S€ JE+KE—1 )
€ E, £ t _
‘ﬂ - Z a;u; S25/7 Z ’aj| =1,
j=J¢ He 3 j=J¢
where W, -+ U5 e are eigenvectors associated to all eigenvalues ke, -+ ke ge_| of

the operator K¢ situated in [¢€ — 6% €% + 8%). The eigenvectors are subject to the orthonor-

malization conditions
(uf,uf)gz&,j. (1.39)
In the case of a simple eigenvalue ),,9 of problem (1.15)-(1.16), we choose the approximate

eigenvalue £ as
(14210 +e*ma)~1, (1.40)
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where A/ is the asymptotic correction given by (1.21) and the approximate eigenfunction
UE = (UG 7,45 7) is defined by

(e¥coq+ gug ;+ Sz_zm%o‘?ﬁ, ”(1),71 + ¥ At €U+ 82_2’”%1/7,7), (1.41)

where ¢ ; 18 given by (1.14), ufm is the solution to problem (1.13), ”(1) ; solves the limit
problem (1.15)-(1.16) and u’1 7 is characterized by problem (1.19)-(1.20). The arbitrary (but
fixed) functions % 7, %/ ; in H 1(Q) are such that

Ua(x)=upp(x),  Up(x)=%5(x), x€el,
and % ; is the solution to the Neumann problem for the Helmholtz operator

—AUSH(x) — € AU (x) = Mup p(x), X € Qq, (1.42)
Ay Xy.5(x) =0, xeT. (1.43)

Denoting by L% () the subspace {u € L*(Qy) : Jo, u(x)dx = 0} and setting H?(Qo) :=
H?*(Q0) N L% (o), the Neumann Laplacian A : H? (Qg) — L% () is an isomorphism. Con-
sequently, for small € > 0, the mapping —A — 81_2’"1,-?Id is also an isomorphism, i.e. % ; is
the unique solution to problem (1.42)-(1.43) (see e.g. [50, Theorem 3.6.1]). Furtherrnbre,
the estimate

2

oy,
12 (o) < A lluoall 2 ()
holds, where the constant ¢ is independent of the parameter €.

If A,Q is a multiple eigenvalue (see (1.22)) and A} in (1.40) is given by (1.30), then the
functions u(l),j’ €0,/ “/1; in (1.41) are replaced with VIOJ7 v87j defined by formulas (1.23), (1.25)
and the solution Vll,j to problem (1.26)-(1.27) for j =7,--- ,i+7— 1.

The almost eigenfunction L[5 belongs to Hilbert space H, but in general it does not satisfy
the normalization condition. Then, we apply Lemma 1.3.5 with ||UE ||;éil,§ € H¢. Note that,
for sufficiently small g, the estimate

1

146517 = 5 (1.44)
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follows from formula (1.45). Indeed, we have

(UF,4U5)e = (VU Vﬂ{f,j)Ql‘FS_l(Vﬂg,ia VAG o, + (U5, 41 5)e
+e (UG 0. 46,1)9
= (Vul,iavul,j)ﬂl + (”(1),1'7“(1),1)91 +0(e*™)
= (1+24)(} 1] ), +O(e")
= (1+2A0)8;;+0(e*™), for i,j=1,2,..., (1.45)

where the last equality is due to orthonormalization conditions (1.18). Note that O(&>™)
contains the terms listed below multiplied by some power of € and they can be easily
estimated:

g¥m .

(

ghm . (Vu’l_j,Vu'u)Ql + (I/l/17i,u/17j)Ql;
(
(

gh=om. %osia%osj)ﬂo’
e Vu?7l'7V%l,j)Ql + (V% Z,Vul J)Ql + (Vu&ivvué),j)ﬁo
+ (u(l),i7 %1,])91 + (2 i7u1,j)91 ’
e (Vi 1, VU o, + (VU i,V ), + (U P oy + (2 1) ey
8272m . (Vu(l)_‘i,v%lld) Qg + (V%l Z,Vl/ll j)Ql + (Vué)jaV%Of‘j)QO

+ (V%ognvuo )t (”1,;’702/1,]')91 (02/1/,1'714(1),1')91 + (”671',”6,1')90;
g2 (Vu) VU o, + Vi,V j)o, + (VU VU ),
+ (W U oy + (20,7 ), + (2 1 U s
e (V%O,iaVOZ/O,j)QO (ué,ia%ofj)ﬂo + (02/08,1'»“67]')902
gham . (V,i, VU j)a, + (VU ;, VU j)o, + (20, o, + (2 1,7 ),
g (VU ,NU o, + (U U e, -

Consequently, in view of (1.44) and since ({32)_1 > 1, we deduce that

= [ SE] 3L 1Kot — EELLE |y,
= [[Ull5,  sup (eSS — EEUE, WE) |

Wge,}‘lg
[Welloe=1
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= Ul (B2) ™" sup [(87) TN (el W) e — (LG, WE)e|

WgeHg
[We |2 =1
<c osup  [(EE)TH(ICLUE, WE) e — (SIE, WE),|. (1.46)
WgeHg
HWEHHEZI

Now, we focus only on the absolute value. Due to formulas (1.36) and (1.37), we have

|(68) (LS, WE)e — (818, WE)e| = |Jo+ €2, +31_2mJ2+84m%<“,1,ﬁaw18)£21
+ & VAN U7, WS ) o + €03+ €2 AL( WU 7, WE g,

XM+ AU 5. W), | (1.47)
Here,
Jo =230 5, W), + 43 (co, W)@y — (Vi 5, VW ), — (Vitg 5, VWG )y
Ji = 2A;(c

Oﬁaw(;a)ﬂo +2’r£z)(u/1,ﬁ7W1£)Q1 + lr'/z(u(l),ﬁ?VVIE)Q1 - (Vull,mVng)Ql;
/

Jo= lr‘?(“O,ﬁ? W(fklo - (V%Ofﬁv VWOS)QO;
T3 = 23 (2 5, W), + (o 2. WE ey — (V2 1, VWE )@
Ja =A% 5. WE)a, + M (U2 W5 Doy — (VU 7, VWS ) -

Integrating by parts problems (1.15)-(1.16), (1.13) and (1.19)-(1.20), the expression under
the modulus sign on the right-hand side of (1.47) becomes

|(E5) (el WE)e — (U5, WE)e| = [€2] + &' 2"+ ¥ A5 () 7, W ),
+ &V AN U7 WS ) o + €03+ €A (W 7, WE ),
+ 82_2mJ4 + gzlf/z(%l/,ﬁa ng)Ql |7
with J{ = A} (co.3, W) ay — (9voit) 7, W )1, Note that €' =205 + &> A (%5, W§ o, = 0
since %Ogﬁ is written as Neumann series (see [50, Theorem 3.6.1]). Moreover, the definition

of the inner product (1.36) in the Hilbert space H, yields the following estimates of the
classical norm in L?(€);), for i = 0, 1,

WEll2 @) < IWllae, VW2 S IWE e, WS ll2(qp) < €™IWE I,
Finally, from (1.46) it follows that

88 < C1e" + Cre+ C3e™ + Cue! T 4+ Cse! T2 4 Coe? 2" + e " + Cge? < Ce?,
n
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where ¥ = min{3m, 1}. Then, the first part of Lemma 1.3.5 implies that there exists at least

one eigenvalue k5 of K¢ such that
€7 — k| < Ce?. (1.48)
Bearing in mind Lemma 1.3.4, the inequality (1.48) turns into

IAE =AY — AL <CIH+AE|[1+ A0+ e™mAL|eY < Ce¥ Ve (0,ey).  (1.49)

In order to show (1.32) and to conclude the proof of Theorem 1.3.1, we must check
that the indices n and 7 in inequality (1.49) coincide. To this end, we will apply the second
part of Lemma 1.3.5. Assume that 7L,—? is an eigenvalue of multiplicity T > 2 of problem
(1.15)-(1.16). We associate T copies of almost eigenfunctions 4, given by (1.41) and we
define

5%8 = Tmax{6ﬁ€7 T ’6§+T—1}7

where T is large and fixed (independent of €). The second part of Lemma 1.3.5 gives the

normalized columns o/ , -+ ,alc, ., satisfying the inequalities
JE+KE—1 )
‘ﬂf,— Z afguf <=, for p=n,---,n+7—1. (1.50)
j=J¢ He r

We aim to show that in the closure of a &;.-neighbourhood of the point € there are at least T
eigenvalues of the operator K¢, i.e. the number K¢ in inequalities (1.50) is such that K¢ > t.

Equality (1.45) implies the estimate

(U8 e — (14+A0)8p 4l <CE™,  for p,g=n,....Ai+T—1. (151
Set
NELKE-1
so= ) afsu‘;’-, p=n,... . i+7—1.
Jj=N¢

In view of estimate (1.51) and orthonormalization condition (1.39) of u¥, we have

NE+KE—1 0 NE+KE—1 NE+KE—1 0
PE g€ _ PE € q€ €
Y 0T (14408, _‘ Y Y dE) (14295,
j=N¢ j=NE Jj=NE e

= [(Sp: Sq)e — (Spy Ug)e + (S, Hg)e — (405, Lo e
+ (ﬂfﬂﬂ§>e - (1 +7Lf?)6p7q
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< (85,88 — S ¢ + (S5 — 815 85|+ [ (415,805 — (14 A7) 8 g
< (1S5 1ellSE — L5l + 1S5 — 5[ |UE [l + O(e*™)

4
< 2m o .
_C(e +T)

We conclude that, for sufficiently large 7', the columns a”® turn out to be almost orthonor-
malized which is possible only if K¢ > 7. Hence, for T-multiple eigenvalue l}l) , there are at

least 7 distinct eigenvalues kf, o kE

j+7—1 of the operator H, such that

|E§—k§\§TCn8y, for j=n,...,.n+7—1. (1.52)

Remark 1.3.6. The formula (1.52) shows inequality (1.33). Indeed, for each eigenvalue A?
of the sequence (1.17), one can associate the eigenvalue AA‘Z(”) such that 1151(”) < l,? +C,e”.
Moreover M(ny) < M(ny) if nj < ny. Consequently, n < M(n) and

A < Ay < A+ Ca™" < A0+ Gy,
which implies (1.33).

To conclude the proof of Theorem 1.3.1, it remains to check that the eigenvalues
Afs s AS
holds true in (1.49). Let 7 be some index such that A0 is T-multiple eigenvalue of problem
(1.15)-(1.16). If we assume that M(7i+ 7 — 1) > i1+ T — 1, then there exists an eigenvalue

Afe with J& < M(7i+ 7 — 1) such that

of sequence (1.6) satisfy estimate (1.32). In other words, the equality 7 = n

£ 0 2mA ! 0

From Lemma 1.3.4, the eigenpair (A, Uje) converges to an eigenpair (45,U”) of limit
problem (1.15)-(1.16), where U™ is orthogonal to U{), e ,U}l)H_l in L?(Q). This last claim

is invalid because of the min-max principle (see, e.g. [16])

\ _IVllzz )

0= max min ————
ECH}(Qy) veE* ||V||L2(Ql)
dimE=J¢—1 V70

and the inequality 1}, < A2, . Thus, i = n and Theorem 1.3.1 is proved.
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1.4 Asymptotic expansion for m < 0

In this section we briefly describe the behaviour of the eigenpairs of problem (1.1)-(1.4) for
m < 0.

We seek for an asymptotic expansion for the eigenvalue A¢ and the corresponding

eigenfunction {uf, u{} of the form

AE=A04ed +---, (1.53)
uf(x) = ug(x) + eup(x) +---,  x€Qy, (1.54)
uf (x) = u (x) + euf (x) + - -, x€ Q. (1.55)

Formulas (1.53)-(1.55) mean that the eigenpair (A%, {u§,u]}) is expected to depend on the
parameter € continuously. By replacing expansions (1.53)-(1.54) in the problem (1.1)-(1.4)
and by collecting the coefficients of the same powers of €, the leading term in (1.54) is a

solution to the homogeneous Neumann problem (1.12), i.e. it is a constant cp.

The correction term u’o, defined up to an additive constant, satisfies
—Auj(x) =0, x€Q, c9v0u6(x) = avou(l)(x), xeTly.
The compatibility condition reads

/ Ayt (x)dsy; = 0. (1.56)
Iy

The leading terms k,? and u? in ansitze (1.53) and (1.55) are obtained from the spectral
problem

Al (x) =2%)(x), xeQy, (1.57)
dyul(x) =0, xely, ud(x) = ud(x), x €Ty, (1.58)

along with the integral condition (1.56). To write down the variational formulation of problem
(1.57)-(1.58), we set H! (Q1,T0) as the subspace of functions in H'(Q;) with a constant
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trace on the boundary I'y. For ¢ € H!(Q,T), the Green formula provides

- [, Mo = [ VR)Voar— | duufwo(xas.

— 20 / WO (x) 9 (x)dx.
Q)
Since ¢ is constant on the boundary I'y, it follows that

Ay ud(x) @ (x)dsy = const | dy,u®(x)dsy = 0.
Iy Ty

Therefore, the variational formulation of (1.57)-(1.58) reads: find the eigenvalue A0 € R and
the corresponding eigenfunction u{ € H!(Q;,T) \ {0} such that

(Vi Vo)o, =2°),0)a, Vo € H)(Q1,T0). (1.59)

Note that the integral equality (1.59) implies condition (1.56). The problem (1.59) admits the

eigenvalues sequence (1.17) and the corresponding eigenfunctions u? are orthonormalized in
[? (Qy).

The correction term u satisfies the problem

—Auy (x) = A%uy (x) = Au (x),  xE Qi (1.60)
oy} (x) =0, xeTy, Uy (x) = ug(x), xe€Ty. (1.61)

Before computing A’, we investigate the terms of higher order in asymptotic (1.54). We

assume that —2m > 1. The term uj) of order €2 solves the problem
—Aug(x) =0, x € Qy, Ayt (x) = dyu} (x), x € T.
The compatibility condition reads as
/Fo Ayt (x)dsy = 0. (1.62)
When —2m = 1 the compatibility condition becomes inhomogeneous, i.e.

/ oty (X)dsy = A00|u, (1.63)
Ty
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since uy; solves the problem
—Aug(x) = Aoud(x), x € Qo, Ayt (x) = dyuy (x), x € Ty. (1.64)

If —2m < 1, the term u( has order £~2"+1 and it solves problem (1.64), yielding the compat-
ibility condition (1.63).

In case of simple eigenvalue l,? and —2m > 1, the Fredholm alternative leads to the
following expression for the correction term A,

Ay = _(avo”(l)aull)r (aVOu07u0) (Vuoavuo) —||V”6||i2 (1.65)

(Qo)

Due to the compatibility condition (1.63), if —2m < 1 the term A’ becomes

A" = —(vyut, u)ry — (vt u)ry = —A°c5|Qo| = [|Vith 1 72

Now, assume that A? is a T-multiple eigenvalue. As in Section 1.2, the leading terms of
the asymptotics of the eigenfunctions uf ..., uj ,, . are predicted in the form of linear
combinations

0 o . 0 .
Upj(x) = gy (0) -+ o g1 e (%), for j=n,....n+7-1,

of the eigenfunctions ”(1),”7 .. '7”(1),n 47— of limit problem (1.57)-(1.58). The coefficients
J

ap,. .. ,ail 71 satisfy the orthonormalization condition (1.24). The first-order corrector U { i

in (1.55) satisfies the problem

—AU} ;(x) = 2,)Uf j(x) = A;U{{j(x), x€Q,
n+7—1
Ui j(x) =0, xeTy, Z aku()k ), xeTy.

In the case —2m > 1, in view of (1.62), from the Fredholm alternative we have the 7
compatibility conditions

n+17—-1 n+7—1

0 0 0 j
)’j/'(Ul,ﬁul,q)Ql = (avoul,anll,j)Fo = Z aljc(avoué)mulo,k)ro = Z ai(vué)gvvué,k)gw
k=n k=n
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which implies that
~on+T-1
/ / / .
Ajal = Z a,]((VuO’k,Vu07q)Qo, for j=n,....n+7—1.
k=n

This equality may be written in the form of the linear system of 7 algebraic equations
Ga' =MAja/,  for j=n,...n+1-1, (1.66)

where G is the Gram matrix whose entries are given by

Gai = (Vi 4, Vg 1) 0y, for g,k=n,....n+7—1.
Since G is a symmetric (7 x 7) real matrix, its eigenvalues A,,...,A, . are real and
positive. Indeed, the derivatives avou?vn, e avou(in ¢ are linearly independent in L*(Ty).

Otherwise, a linear combination

n+1—1
U(x):= Z a,-u(l)vi(x), x e Q,
i=n

satisfies the equation —AU (x) = A°U (x), x € Q1, and simultaneously two boundary condi-
tions U (x) = const and dy,U (x) = 0, x € I'g. This is a contradiction due to the theorem on
strong unique continuation (see e.g. [86]). Hence, Vuf)’n, ceey Vuan 47— are linearly independ-
entin L?(Qo)¢ and the matrix G is positive definite. We emphasize thatfori=n,--- ,n+1—1,
V”6,i are defined uniquely, although u().j are defined up to a constant.

If —2m < 1, the Fredholm alternative and the expression (1.63) yield for j =n,--- ;n+
T—1,

j 0 / / 0
Ajag = (Ivuy g, U j)rg — (9w U1 41 o)y
n+t—1

= Z a,{(Vu&k,Vuf)’q)go—l,?u87ju87q|§20\. (1.67)
k=n

As far as the justification procedure is concerned, the estimate (1.32) of Theorem 1.3.1
for m < 0 holds where & = 0, B = 1, y = min{1 —m,2} and A is an eigenvalue of problem
(1.57)-(1.58) and A is the correction term in (1.53), given by formula (1.65) for a simple
eigenvalue and by formulas (1.66)-(1.67) for a multiple ones.



36 The stiftf Neumann problem

1.5 Asymptotic expansion for m =0

If m = 0, ansitze (1.53)-(1.55) are still correct. Hence, problem (1.12) is satisfied by the
leading term u8. The main difference comes from the problem satisfied by the correction
term u(, which is defined by

—Au6(x) = )“Ouga x € Q, avou6(x) = avobt(l)(X), xely. (1.68)

The compatibility condition reads as
1
0= o[ dyulds,. 1.69
Uy XO\QOI/FO vol1a4Sx ( )

The leading terms A0 and ”(1) in (1.53) and (1.55) solve the problem (1.57)-(1.58) along
with integral condition (1.69). Therefore, its variational formulation reads as

(Vul,Vo)a, =A% [(u}, @), + |Qo[@@] Vo € H)(Q,Ty), (1.70)

where # denotes the constant trace of function u € H'(Q;) on the boundary I'y. Problem

(1.70) admits the discrete spectrum given by the monotone unbounded sequence of eigenval-

0

ues (1.17) and the corresponding eigenfunctions uj ,

are subject to the orthonormalization
conditions
0 .0 —0 —0 .
(uj jyuy ;) + |Qoluy 4y ; = & j, fori,j€N. (L.71)

As a solution to the problem (1.68), uj, is a unique up to an additive constant, so that we
assume that ug(x) := i} + fiy (x), where ) is a constant and 7 is a function in H'(Qo) such
that

/ %(x)dx =0. (1.72)
Qq

Then, the correction term u/ satisfies the problem

—Auh () = 2% (x) = A (x),  x€Qy, (1.73)
oy} (x) =0, xely, uy (x) = i+ g (x), x € Tp. (1.74)

The correction term A’ is determined by the compatibility condition to the problem (1.73)-
(1.74). Hence, if /1,9 is a simple eigenvalue of problem (1.57)-(1.58) and due to (1.72), we
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have

l/ zdx_(avOulnauln)l" (avO”/Lm”?,n)Fo

~/ 0 0 —0 !
:uo’n/r 8V0u17ndsx+/r 8v0u17nu0’ndsx—uljn/r 8v0u17ndsx (1.75)
0 0 0

In order to compute explicitly A, we look for more terms in the asymptotic expansions, so
that we assume that

QLS ZQLO—FS/V—FSZ)L”

uf(x) = g (x) + €up (x )+82u6’(X>+---, X € Qq,
uf (x) = uj (x) + &) (x) + 2] (x) + -, xEQ.

The problem satisfied by uj , is given by

—Aug ,(x) = louon( )+%”8,m x € Qy,
av()uon(x) = av()“1,n(x), x €T.

The compatibility condition is

/r Ot 5 = 2o | Q0|+ 2y | Q0 (176)
0

since u()’n(x) = ”0 o g, n( x) and ﬁg , satisfies (1.72). In view of (1.69) and (1.76), (1.75)
turns into

(] o8+ 21000 ) = [ Gl s
1
Thanks to the orthonomalization conditions (1.71), we conclude that

/ 0 A~
A :/F AU it Sy
0

If A0 has multiplicity T > 2, the leading term of U - Uf 4  are predicted in the form
of linear combinations

0 . i 0 j 0 .
Ulvj(x) = a,fiu]?n(x)—i—-~'—l—aflﬂ_luhnﬂ_](x), for j=n,....n+17—1,
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0 0
Lo o U pr—1

to the orthonormalization conditions (1.71). In addition, we assume that the coefficients

ail, fl 47— satisfy the orthonormalization conditions (1.24). Therefore, the first-order

where u are the eigenfunctions of the problem (1.57)-(1.58) which are subject

corrector U] j» for j=n,...,n+ 7 — 1, satisfies the problem

—AU{ (x) = AU} ;(x) = MU7D (%), xEQ, (1.77)
Ui ;(x) =0, xely,
n+1—1 |
Ui j(x) =Y al(iig,+ g (%), x € Ty, (1.78)
k=n
where i ,, ..., i, ;| are constants and & ..., ,, ;| are functions in H'(Qy) satis-

fying (1.72). Then, the compatibility condition to the problem (1.77)-(1.78) reads as, for
j=n,....,n+17—1,
n+7—1 j
l}(Uﬁj,u%q)gl =) a (uo k/ Ayt 495x +/ Ayt py kdsx) uj q/ v, U1 jdsy,
o (179
for g =n,...,n+7— 1. As in the case of A0 simple eigenvalue, we find that the term u of
order €2 in the asymptotic expansion of u satisfies the problem

n+‘L‘—1 . l’l+T—1 )
=X Y, aligy+ao(x))+A; Y, aupy,  x€Qo,
= k=n
avOug,j(x) :aVOUll,j<x)7 x €T,

where the compatibility condition is given by
n+71—1 | n+1—1 |
/F Ui jdsy = 271Q0| Y, alitg +2]1Q0| Y ajug,. (1.80)
0 k=n k=n

Hence, (1.79) becomes

n+17—1 n+1-1
1700 _ J J=0 —
MUY jsuy 4o, = Z ak/r Okavoul 495x— A amiey Z ATIRR forg=n,....n+7—1,
k= k=n

which implies that

& 0 o 0 -0 oy 0
/ — A~/
2/J Z aé[(”l,k?”l,q)gl + ul’qu]7k|QO|] = Z ai/r u07kav0u17qux,
k—n 0

k=n
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forq =n,...,n+ 7 — 1. In view of the orthonormalization conditions (1.71), we conclude

that
n+7t—1

! g j A~/
Ajay = ) aljc/r u07k8v0u(1)7qux, forg=n,....n+17—1.
k=n 0

Hence, the 7 first-order correction terms A,..., A, ., are the eigenvalues of the (7 x 7)

real-valued matrix M whose entries are defined by

M, ::/r 8v0u?’qﬁ67kdsx7 forg,k=n,....n+7—1.
0

The claim of Theorem 1.3.1 is still true and the estimate (1.32) becomes

IAE— A0 —el!| < Cye’/2.

1.6 Asymptotic expansion for m =1/2

The case m = 1/2 is discussed in more abstract setting in the textbook [80, Chapter VII],
but for the convenience of the reader a simple and independent proof is presented for the

problem under consideration.

The Helmholtz equation (1.2) gets rid of the small parameter €
—Auf(x) = Afuf(x), x € Q.

We perfom replacement (1.8), i.e. v§(x) = €~1/2ué (x) and v¢(x) = u?(x). The asymptotics
of eigenpairs (A%, {u§,uj}) take the form
A€ :7LO+8'/27L’—1—--- :
Vi) =) e+, xeQ,

£
I
vE(x) =) (x) + &2 (x) + -, x € Q.

The essential difference with respect to the other cases is the presence of two spectral limit

problems. In fact, the leading term v8 is determined from the problem

—Av)(x) = A0 (x), x € Qy, Ay W9 (x) =0, xeTy. (1.81)
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The leading term v(l’ solves the problem

~Mx) =A%), xeQ, (1.82)
W) (x) =0, xeTy, W(x) =0, xeT. (1.83)

The problem for the correction term vy is
—AV)(x) — A0 (x) = AW)(x), x € Qo, Avgvp(x) = Ay (x), x€Tly.  (1.84)

Finally, the correction term v’1 is determined by problem (1.19)-(1.20).

If QL,? is a simple eigenvalue of the problem (1.81), the correction term A, is determined
by the compatibility condition to (1.84) given by

A, = / AW V9 dsy, (1.85)
FO ) )
where vg , 1s the eigenfunction associated to A0, If A0 is a multiple eigenvalue with multipli-
city T > 2 of the problem (1.81), the leading term of vf ..., V(. are predicted in the
form of linear combinations

0 e J1,0 J 0 -
VO,]('X) = alj,lvo’n(x) _|_ eee +an+171V07n+171<x), fOI‘ ] — n7 oo ,n+ T— 1,
0 0 . . . 0 .
where vq ..., Vg . are the eigenfunctions associated to A,). Repeating the same argu-
ments as in previous sections, the first-order correction term V| I for j=n,....n+7—1,1s

a solution to the problem

n+17—-1
—AV67j(x) - ),,?V(;J(x) = A;V&j(x), x € Q, 8VOV67j(x) = Z aiavov%k(x), xely.
k=n

The compatibility condition reads as, for j =n,...,n+7—1,

n+7—1
. .
Ajay = E a,]c/ 8v0v(1)kv8qux, forg=n,....n+717—1.
F b} b
k=n 0

If QL,(I) is a simple eigenvalue of the problem (1.82)-(1.83), the first-order corrector A,

is determined by the compatibility condition to the problem (1.19)-(1.20) and it is given

0

0 is the eigenfunction associated to 4. If A7 is a multiple

by formula (1.85), where v
eigenvalue of (1.82)-(1.83), the leading terms of vin, ey vinﬂfl take the form (1.22), so
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that the first-order correction term V/

1 for j =n,...,n+ 7 — 1, satisfies the problem

—AV] () = A0V () = AV (x),  xeQ
n+1—1 0
Vi ;(x) =0, xel Vi i(x) = Z apor(x), x€eT.
k=n

The Fredholm alternative applied to the above problem provides the first-order corrector A/,

for j=n,...,n+17—1, given by

n+7t—1

. .
Ajay = E ai/ 8v0v(1)qv8kdsx, forg=n,....n+717—1.
F ) b}

k—n 0

Owing to the two limit problems, the procedure made for the convergence result Proposi-
tion 1.3.3 must be slightly modified. We explain it briefly.
In view of the convergence (1.34) of eigenvalues Af, the weak formulation (1.5) and the
normalization condition (1.7) with m = 1/2, we deduce that

IVvi

LZ(QI) +e ”VV(S),nHy(QO) S Cn.

As in the proof of Lemma 1.3.4, v{ , converges strongly to zero in H (Qp) and hence in
L?(Qp), while Vi, converges to some v(l)ﬁ weakly in H'(Q;) and strongly in L?>(Q;). If
V?ﬁ = 0, the continuity of the trace operator ensures that v&n converges to 0 in L*(Tp).
Then, the boundary condition (1.4) yields the strong convergence of v{ , to 0 in L*(Ty), i.e.
v(l)ﬁ € H& (Q1,T). Using the same arguments as in Lemma 1.3.4, we deduce that the leading
terms A and v(l)ﬁ, with v(l)ﬁ # 0, are characterized as the eigenpairs of spectral problem

(1.82)-(1.83).

Now, assume that v(l) 7 = 0. The previous arguments fail so that we introduce a new

normalization condition
IV all 2+ IVEallz20 = €7 (1.86)
The weak formulation (1.5) implies the bound
IVl 2o,y + & IVl 20 < Cue ™ (1.87)

Multiplying inequalities (1.86) and (1.87) by &, the norms [[v§ , || 1 (q,) and [[VVE [l g1(qp) are
bounded so that v, converges weakly in H 1(Q) and strongly to L?(Q) to some function
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vgﬁ. Moreover, the trace of v(e)’n converges to the trace of vgﬁ in L*(T'y). Finally, passing to
the limit as € — 0 in the weak formulation (1.5) leads to characterize vgﬁ as the eigenfunction
associated to the eigenvalue A of problem (1.81) and the eigenfunctions vgﬁ are normalized
in L2(Qp). Indeed, bearing in mind that A? does not belong to the spectrum of problem
(1.19)-(1.20) and due to the convergence (1.34), for small € > 0, Af is not an eigenvalue of
the problem

—AVE, () = A0, (%), x€Q,

Vi (x) =0, xeTy, Vi (x) =0, xeT.

As a consequence, we have

IVEallz @) < elVallarmy < clVoalla g < ¢ (1.88)

Inequalities (1.86) and (1.88) show the normalization condition of the eigenfunction v8 .

Note that Theorem 1.3.1 is still valid with the estimate

IAE—20— 20 < Cye.

1.7 Asymptotic expansion for m > 1/2

We postulate the following asymptotic expansion for the eigenvalue A¢
Af =2 0L e (1.89)

For the corresponding eigenfunction {uf,u{} we consider an asymptotic expansion of the
form

u§ = ud+eul+ -, x € Q, (1.90)

Using the same procedure as in the other cases, we find that the leading terms A°, u8 in

(1.89), (1.90) are characterized as the solution to the spectral problem

— Au(x) = 20U (x), x € Qq, dyud(x) =0, xeTy. (1.92)
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Problem (1.92) in the Sobolev space H I (Qo) has a discrete spectrum

0=A<AM<..<AV< 5o

and the corresponding eigenfunctions u8 , are subject to the orthonormalization condition in

L?(€). The leading term ”(1) in (1.91) is defined as a unique solution to the problem

—Aul(x) =0, x € Qq,
Ay ul(x) =0, xeTy, ul (x) = ud(x), x€T.

If min{1,2m — 1} = 2m — 1, the problem for the correction term u} in (1.91) is

—Au; (x) = 2% (x), x € Qq,
Oy} (x) =0, xely, uy(x) =0, xeT.

If min{1,2m — 1} = 1, the correction term ] is characterized as the solution to the problem

—Auy(x) =0, x€Qy,
oy (x) =0, xely, Uy (x) = ug(x), x€Ty.

We point out that when m = 1, the problem satisfied by u/ turns into

—Auy(x) =A%, xeq,

oy, iy (x) =0, xely, uy(x) = up, xeT.

The correction term u(, in asymptotic expansion (1.90) is determined from the problem
—Aup(x) — Aup(x) = Aud(x), x € Q, dvup(x) = dyul(x), x€Ty.  (1.93)

The compatibility condition for problem (1.93) provides the correction term A’. Indeed, if
the eigenvalue A is simple then we get

A= —HVM(I’H@(QI (1.94)

)

Now assume that the eigenvalue A0 has multiplicity 7 > 1,i.e. A0 | <A0=---= A0 e <

A0 " z- The leading terms in expansion (1.90) are predicted in the form of linear combinations
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Figure 1.2 Kissing domains

0 0
Qn’“"uQn+T71

of the eigenfunctions u
U () = ahu () + ) o i1 (), for j=n T
O’j.x —anuoﬂ X an+,r_1ll07n+r_l X), or Jj=n,...,n .

Therefore, U} j is the solution to the problem

n+17—-1
—AU(’)J(x) — l,?U(’)J(x) = A;U(gj(x), x € Q, HVU(')J-(X) = Z ai&vou%k(x), x €T.
k=n

According to the Fredhom alternative, the T compatibility conditions are

n+7—1
1770 0 _ 0 _ j 0 0
Aj(U s p)ey = (9wUp jstig p)re = Y, an(Ovgt] 1t )1
k=n
n+t—1
= Z al (Vi ,, Vil ) for j=n n+1t—1 (1.95)
= n\ VUL s VUG ) Q5 J=n,. . : .
k=n

The previous relation can be written as formula (1.66) with a different Gram matrix. In other
words, the T correction terms are the eigenvalues of the Gram matrix G whose entries are
given by

Gij:= (Vu?7i,Vu?7j)gl, for i,j=n,....n+17—1,

with @ being the corresponding eigenvectors.

Estimate (1.32) of Theorem 1.3.1 holds with & =2m— 1, B =m, y=min{4m—1,1+m}
form € (1/2,1) and y = 2m+ 1 for m > 1 where A? is the eigenvalue of problem (1.92) and
A/ is the correction term given by formula (1.94) if A? is a simple eigenvalue and formula
(1.95) if A0 is a multiple one.
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1.8 Kissing domains in R?

A distinguishing feature of the stiff Neumann problem (1.1)-(1.4) is that all asymptotic forms
derived and justified in previous sections are preserved when the core € touches the exterior
boundary I'; of the annulus Q; forming a cuspidal point O (see Figure 1.2). This conclusion
is based on the exterior Neumann condition (1.3). In Section 1.8.4 we discuss an open
question which arises when the Neumann condition (1.3) is replaced with the homogeneous

Dirichlet one.

The asymptotic analysis performed in the previous sections demonstrates that for m < 1/2,
the limit problem in the cuspidal annulus Q; is given by

—Au(x) = Au(x), x€Qy, (1.96)
ovu(x) =0, xeI'1\O, u(x)=g(x), xelp\O, (1.97)

where 4 > 0 and g = 0 or g = const on the boundary I'y. Denoting by G € H! (R?\ Q) an
extension of g onto the exterior of Q, the variational formulation of problem (1.96)-(1.97)
reads (see [56]): find u € H'(Q1) such that u — G € H'(Q1;T) and the following integral
identity holds

(Vu,Vv)q, = A(u,v)q, Vv e H, (1.98)

with H = H(% (Q:Tg) if g =0 on Iy or H= H!(Q,I) if g = const on I). Due to the
Dirichlet condition on Ty, the space H] (Q;T) is compactly embedded into L*(Q;) !.
However, in order to apply the same arguments as the proof of Theorem 1.3.1, an investigation
of the regularity of the eigenfunction u of problem (1.96)-(1.97) is required. To this end,
we describe the asymptotic behaviour as x — O of solutions u to problem (1.96)-(1.97) (see
Sections 1.8.1 and 1.8.2 for the asymptotics and the justification when g = const and Section
1.8.3 for the case g = 0).

1.8.1 Asymptotics of solutions at the cusp in Neumann case

We consider spectral problem (1.96)-(1.97), where g = ¢o on I'g \ O and ¢y is an arbitrary
constant. Set Ry and R the radii of the disks €y and €2 respectively such that Ry < R;. The
boundaries I'g and I'; are described by

| 2

[x1
H,'()C]) = 2R
l

I'This fact is true for H'(Q;) as well, see, e.g. [60]

+0(x Y,  for i=0,1. (1.99)
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The thickness is defined as H (x;) := Hy(x1) — Hi(x1). We write down the representation
ulx)=co+---, as x — O, (1.100)

where the dots denote the lower-order terms. The distinguished asymptotic term on the
right-hand side of (1.100) satisfies the boundary conditions (1.97) but generates the residual

ACO"'"‘

in differential equation (1.96). Then, we introduce a new term U (x1,n) in (1.100), involving

the stretched coordinate
_ xa—Hi(xy)

Hio) € (0,1).

Then the asymptotic (1.100) turns into
u(x) =co+U(x;,n)+---, asx—O0. (1.101)

In order to rewrite (1.96) in the new variables (x;,7), we evalute

o _mo 12 L U
axZ B 8x2 o'?n N H(xl) 87‘[7 8x§ N H(xl)z aT]Z, ’

a . a -1 / / a
Je = gx ~HE) T H k) +nH (x1)>57

92 d o , d\?
2= (a—m—mxl) (H (1) + nH <x1>>%)

L <2H’(x1)H{ (x1) +2(H' (x1))*n — HY (x1)H (x1) —H”(x1)H(X1)n> 9
H(x)? an’
(1.103)

dH (x1)

where H'(x}) := . In view of (1.99), (1.102), (1.103), the Laplace operator A(

X1,%2)

in the new variables (x1,17) is expressed as

N o
(x1,m) — HP(x1)2 92 j X1,n,axl,an ) .

j=1
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where we replaced the thickness function H(x;) with its principal part H”

The normal derivative on the lower boundary I'; can be written as

1 o 9
M A P (5Pt
(

i
1 1 , 0 / o , 5
(1+ [H] (x)[2)1/2 (H(xl)% —Hy () 5 -+ Hi(a)H(x) YH|(x))+nH (xl))%)

(1.105)

In view of (1.104) and (1.105), we insert expansion ansatz (1.101) into problem (1.96)-(1.97)
and we obtain the problem

1 9°
—Wa—nzbﬁ()ﬂ,n)—lco, (1106)
d
%L[l(xl?n)‘n:OZ(L Z/{l(xlan)}n:l:()‘

By a direct computation, the solution /] is given by

Aco
Ui (x1,x2) = —T[X% —2HY (x1) (%2 + HY (x1)) — Hf (x1)?], (1.107)
where H (x1) := |x1|?/(2R;) denotes the principal part of H;(x;), fori =0, 1. Note that the
first-order correction term U (x1,x2) is of order |x;|*. Iterating this procedure, we are able to

construct the formal infinite series of the eigenfunction u of problem (1.96)-(1.97)
u(x) =co+ Zuj(x), (1.108)

where U is given by (1.107). Keeping in mind the decompositions (1.104), (1.105) and

replacing the eigenfunction u with its formal series (1.108) into equation (1.96), we deduce
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that the term U4, is solution to the problem

1 92 9 o
_H_p(xl)zmuz(x17n)=L1(x17n7a—,%,/1)ul(xl,n),
d d
It (xr )| = MG Gt )y
UZ(xlan)|n:1 =0,

where

L (51, ) = (a HP () <<HP><x1>+n<HP>'<x1>>%)z,

2(HP (x1))"(H{ (1)) +2(H" (x1))°n
HP(xl)
(HD)"(e))HP (x1) + (HP (x1))"HP (x1)n _+|x;|,1
HP (x1)? on s8R+ Y
d d\ oy d  (H)Y(x1) o
i (73m) = Yo (35 + Gy om )
The other terms of the series (1.108) are determined by the problems
———adnld =L; J 9 AU; AU,
Hp( 5o Uj(x1,m) =Lj xm,a—,%, i—1(x1,m) + AU 2 (x1,M),
Jd d
877 (xlan)‘n:O:Nj—l (078 78 ) j— 1( lan)|rl:05
for j=3,4,---. For j=2,3,--, the terms U; of series (1.108) are of order |x;|%/*2,
1.8.2 Justification of Asymptotics
Let x be a smooth cut-off function such that 0 < y(x;) < 1 and
. . Ry
x() =0, iflaf 2Ry, xla)=1if < =
We set
u(x) = co+ x (x1)Ui (x) + d(x), (1.109)

with ii(x) being the remainder.
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Theorem 1.8.1. The solution u of the spectral problem (1.96)-(1.97) admits the asymptotic
form (1.109). More specifically, there exists an exponent N > O such that the norm

||P<x)_NﬂHH(;(Ql,ro) <

and the functions p(x)~N(u(x) — co) and p(x)"NUy(x1,m) do not belong to the Sobolev
space H' in a neighbourhood of the cusp O.

Proof. The remainder 7 satisfies the following equation
— Adi(x) — Aii(x) = Aco + AU (x) 5 (x1) + A(x (x1)Ui (x)), xeQ\O, (1.110)
along with homogeneous boundary conditions
oy ii(x) =0, xeI'1\O, i(x)=0, xeIp\O.

Multiplying (1.110) by an arbitrary test function v € H} (€,T) and integrating in Q;, we
have

(—Ad,v)q, —Ad,v)q, = (A(UIX),v)a, +A(co,v)a, +AUIX,V)q,
= (XAUL,v)o, + ([A xJU1 V)0, +Alcov)a, +AUX, V)0,
(1.111)

The commutator [A, x| is defined by

A, x|U :=2VU -V +UAY.

Let p be a smooth positive function on | which coincides with the distance to the origin
of the Cartesian coordinate system in a neighbourhood of the cuspidal point O and let Ty be

the weight function given by

5N, if p(x) <9,
Ts(x):= < p(x)~V, if 6 <p(x)<Ry/2,
(R()/Z)_N, if p(x) > R0/2,

where the parameter 6 > 0 is small and will be sent to 0. Later on, we will impose some

constraints on the exponent N. The derivative of T vanishes for p(x) < J, p(x) > Ro/2 and
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satisfies the inequality
|VT5(x)| < CTs(x)p(x)~!,  for & < p(x) <Ro. (1.112)

Since 7 € Hj(€1,T0), we choose as a test function V = Ts9 € H} (Q1,1), with ¥ = Tyii.
After algebraic transformations, the left-hand side of (1.111) can be written as

—(A&,V)g, — A@,V)o, = (Vi,VV)q, — A(¥,¥)q,
Vii,iVTs)q, + (Vii,TsVi)a, — A(V,V)q,
TsVii, 7Ty 'VT5)q, + (T5Vi, V¥)q, — A (9,9)q,
Vi, 0Ty 'VT5)q, — (@VT5,7T5 'VTs)q, + (V9, Vi),
— (aVTs,Vi)a, — A (V,7)q,
= (Vﬁa Vﬁ)Q] - (ﬁVTﬁvﬁTglVTﬁ)Ql - )’(‘77 ‘7)91
= IV9lI22(,) — 1775 ' VT51720,) = 2191720 (1.113)

~ o~ o~ o~

From formulas (1.111) and (1.113), we deduce that

1V91172q,) = (XAUL V), + (A, 2]U, V), +A(co,V)a, + AL X,V )e,
5 'V T5 17200, + 2171720 (1.114)

We estimate each terms in the previous equality. Since the correction term /] is the solution
to problem (1.106), we obtain that

2 2 2

0 d 0
(%Aulav)ﬁl - (xa_x%Z/{hV>Ql + (%a_x%ulav)ﬂl - (%a_x%ulvv)gl - (XACO,V)QI-

Therefore,
1A (c0,V)a, — (XAco,V)a, | <A (c0,V)anixp)=ry 2} < /ICO(RO/Z)_ZNHIZHiZ(QI) < oo,
Moreover, from Poincare’s inequality

1 (Ro) ™50l 1200 < CIVF) 200, (1.115)
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it follows that

92 92
- _ Ts—— 5
‘(% axzulav)gl (X 68)622/{1,‘/) a

92 1.

= ngH(xl)ﬁul,H(xl) \%
X1 Q

92 1~
<||xTsH (x1) 55U [H(x1)™ V200,
ox

12 Q)
82

< C||xTsH(x1) 55U 1Vll2@,)-
ox

1 2
. 2 ‘92 2
Since H(x;) = O(|x1|*) and ﬁul = O(|x1]7), the norm
X1
2 52
H%TBH(xl)ﬁul < HP_NH(M)?%
X N2 X l2@Qn{xp(x)<Ro/2})
52
+(Ro/2)~™ H(xl)ﬁul
X L2(Qn{x:p(x)>Ry/2})

is finite for N < &

The term ([A, x|U,V )q, involves the derivatives of the cut-off function x so that it does
not vanish only if Ry/2 < p(x) < Ry and

|([AaX]u17V)Q1| = |([A7X]ulav){x€§21:RQ/2<p(x)<Ro}|
= |(T5[A7%]ul7‘7){x€Ql:Ro/2<p(x)<Ro}|
< || Ts[A, 2]H (x0)Uh || 12 ((xe, Ry j2<p (x)<Ro})

< H ™ )V 2 (freq :Rof2<p(w)<Ro)

< C||T5[A, x]H (x1)Un [| 12(fxeq, : Ry j2<p (x)<Ro})

X HV‘7||L2({x€Ql1R0/2<P(x)<R0})’

which is finite for any value of N since Tg(x) = (Ro/2) " if p(x) > Ry/2.

According to the inequality (1.112), we have

H‘7T5_1VT8||i2(QI) < C||P_lﬁ’|[%2(gl)~
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Choosing R such that A < CH(Rg)~2, from (1.115) we deduce that
M2 g, < CHRo) 25120 < CIVTI g
Finally, we have

|(UIX7V)Q1| = |(T3UIX7‘7)Q1| = |(H(X1)T5U1X7H(xl)_l\7)gl|
<||H (x) Tsth |20 1H (1) 9 120,
< CIH ) Tsth x| 20 IVl 2(0))-

The norm

loH (1) Tsth [l 2,y < 0 ™VH (x0)Us |20, Aaep (x)<Ro/2))
+ (Ro/2) M| H (x1)Un || 12(0, 0 fxp () >Ro 2))

is finite if and only if N < 15/2. Setting N < 11/2, the relation (1.114) implies that

10 520y + 199122, <€ < o

Since Ty is monotone increasing as 6 — 0, the limit of the last, bounded expression
exists, which concludes the proof.

Since the terms in the formal series (1.108) are polynomials in x, we deduce the smooth-
ness of the solution u to problem (1.96)-(1.97) so that the ansitze for the eigenvalues A¢
and the eigenfunctions {u§,u{} of problem (1.1)-(1.4) given in Section 1.2 and in Sections
1.4-1.7 are still valid.

1.8.3 The Dirichlet case

If we replace the boundary condition (1.97) on I'g with a homogeneous Dirichlet condition,

i.e. co =0, then all eigenfunctions u of the problem

—Au(x) = Au(x), xe€Qy, (1.116)
dy,u(x) =0, xel'\O, u(x) =0, xeTp\O, (1.117)
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decay exponentially as x — O.

Proposition 1.8.2. The eigenfunction u € Hd (Q1,T0) of problem (1.116)-(1.117) decays
exponentially as x — Q.

Proof. Let Tg be the weight function defined by

B
637 |x1|§67
B
Ts(x) := q el 8 < |xi| <R,
e%, |x1] > R,

where the parameter § is small, positive and it will be sent to 0 and 8 > 0. Note that Ty is a

continuous function such that

s
S¥pe)

VI3 (x)| < Bla|Ts(x),  eR <Ts(x) <es.

We insert into integral identity (1.98) the test function v = TsU € H(} (Q1,T)), with U = Tsu
and we obtain that

TsVu, Ty 'UVTs)a, + (TsVu, VU)g,
VU, T 'UVTs)q, — uVT5, T 'UVTs)e,
+ (VU7VU)QI - (MVT57VU)QI
= (VU,VU)q, — (T5 'UVT5,T5 'UVTs)q,.

QL(M,V)QI = (VM,VV)Q] = (VM,UVTg)Ql + (Vu, TSVU)QI
= (
= (

Hence,
2 2 — 2
VUL, = MU0, + 175 ' UVTs] 20,

Taking Poincare’s inequality (1.115) into account, we have
— 2B
(= Bkt U 22y < MU 22y < A lul22q,, <o
In particular, choosing 8 such that 0 < B < ¢, we get that

2B
e [ bl UL < e <o
Q)
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which implies that both of the integrals

_28 _ _2B —
e g U @A, e g U )Py,
Qi N{x:|xy|<e 28} Qi N{x:|x;|>e 25}

are bounded for all § > 0. In particular, the first one gives

2B
UPdr<e s | p bl U )P < o
Qi N{x:|x;|<e 25}

_B
/Qlﬂ{x:x1|<e 25}

for all 6 > 0. Since T is monotone increase as 6 — 0, we conclude that the eigenfunction u

has an exponential decay in L?-norm in a neighbourhood of the cusp O. O

The eigenfunctions u are thus smooth at any distance of O and vanish at the cusp point
O with all their derivatives due to the exponential decay. We conclude that also in this case
the asymptotic anzitze for (A%, u®) and the procedure given in the Sections 1.2-1.7 holds.

1.8.4 Open Questions

Due to the shape of the boundary I'y, the solution of problem (1.96) — (1.97) behaves in

substantially different way from the solution of the problem

—Au(x) = Au(x), x€Qy, (1.118)
u(x)=0, xeI'|\O, ulx)=cy, x€Ip\O. (1.119)

We have simply replaced the Neumann boundary condition (1.3) of problem (1.96)-(1.97)
with an inhomogeneous Dirichlet condition. Indeed, an approximation of the solution u
of problem (1.118)-(1.119) is to be found in such a way that the boundary conditions are
satisfied exactly while discrepancies in the equation (1.118) is reduced as much as possible.

As a consequence, a solution u with the asymptotic

x2—Hj(x;)

+ee as x — O,
H(xy)

u(x) = co

cannot belong to the Sobolev space H' (Q1). Indeed, the integral

/1/3/H0(x1) 0 ( xz—Hl(X1>>
o
0 Hi(x1)

o> H(x1)

1/3 1

2
dxydx; = 2c2 - d
X2d Xy ton A H(x1)2 X1
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is divergent since the integrand has non-admissible singularity O(|x;|~*). The derivation of
the ansatz for the eigenfunction u of problem (1.118)-(1.119) is still an open problem and it

will be subject of future research.



Chapter 2

Gaps in the spectrum of square packing
of stiff disks in a soft two-dimensional

medium

In this chapter we study a stiff spectral problem analogous to the one discussed in Chapter 1.
The difference relies on the structure of domain: we consider an unbounded domain with a
periodic structure. Our aim is to detect the opening of gaps in the essential spectrum of the

operator associated to the investigated stiff problem.

In Section 2.1 we recall the formulation of the problem. In section 2.2 we characterize
the terms appearing in the ansitze in the case m € (0, 1/2) and Section 2.3 contains the main

result of this chapter which states the opening of gaps in the essential spectrum.

This chapter contains a joint work with Professor S. A. Nazarov (St. Petersburg State
University and Institute of Problems Mechanical Engineering) which is not yet finished.

2.1 Setting of the problem

Let Qg be the plane R? perforated by contiguous circular holes

31/2(06) = {x: (xl,xz) : (x1 —0p,X) — 062) S Bl/2}7
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(b) (©)
(a)

Figure 2.1 Figure (a) shows QyU Q. Two (possible) choices mg and wy of the periodicity cell are
drawn in Figures (b) and (c) respectively

where o = (01, o) € Z? is a multi-index and By :={x: [|x|| <1/2}. More precisely,

Qo :=R*\ |J Bipa(a).
aeZ?
We set
Q] = U Bl/z(a) and 8(21 = U 831/2(06).

oEcZ? ocZ?

We consider the stiff spectral problem in the inhomogeneous plane (see Figure 2.1(a))

—Auf (x) = A%uf (x), x€Qy, (2.1)
—e 'Auf(x) = e 2" A5u (x), x € Qp,
uf(x) =ug(x), &' dvug(x) = dvuf(x), x€0Qy, (2.2)

where A€ is the spectral parameter, v is the outward unit normal vector to dQ;, dy = v -V is
the normal derivative, V is the gradient and m € (0, 1/2) is a fixed exponent. We denote by
(,)q; the natural inner product in L*(Q;), for j =0, 1. For any € > 0, the variational setting
of problem (2.1)-(2.2) reads as

(Vui, Vi), + & (Vug, Vo), = A° [(uf, ¢1)o, +e " (uf, po)o,] Vo € H'(R?).
(2.3)
We assign to the problem (2.3) a positive and self-adjoint operators A¢ in the Hilbert space
L?(R?) with domain D(A¢) C H'(R?) (see [16, Ch. 10]). More specifically, owing to results
of Chapter 1, we have
D(Ae){uf : uf € H*(Q;), fori=0,1, and (2.2) holds}.
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The spectrum o€ of A is contained in the positive semi-axis R = [0,). Moreover, since
the embedding ' (R?) C L?(IR?) is not compact, the essential spectrum ¢ does not consist
of the single point A = 0 and it turns out to have a band-gap structure (see, e.g., [54, 78, 81]),
i.e. it is represented as the countable union

o = B;, (2.4)
n=1
of the compact and connected spectral bands
By = {4y = Ay(n) :n € [-7,7)}. (2.5)
The bands B involve terms of monotone increasing unbounded positive sequence
0<AT(M) SA;(M) < < AG(M) <o oo (2.6)

of eigenvalues of the auxiliary spectral problem on the periodicity cell wg :=® U (Q\ O)

—(V+in)?U(x,n) = A*(n)U(x,n), x€o, 2.7)

—e (V+in)’U§ e(x,n) = e 2"A*(M)U§ o (%, 1), x€Q\O,  (238)
Ué(%”) = Ué\@(x777)7 X € F7 (29)

e v (V+in)Uf elx,n) = v-(V+in)Ug(x,n), x€eT; (2.10)

along with the periodicity conditions

Ué\@)(%7x2>n) = U5\®<_%>x27n>7 Ué\@)(xla%an) = Ué\@(xb_%?n); (2.11)
0 0 d 0
a_xlUé\@(%,xzan) = a_)qUé\@)(—%,Xz,n), a—szé\(a(xh )= a—szé\(a(xla —1n).

(2.12)

where Q is the unit square in R? given by (—1/2,1/2)%, ® := By, is the disk inside Q,

I" = dO (see Figure 2.1(b)) and the functions U§ and Ué\

and u{; respectively. Recall that the Gelfand transform is defined by

@ are the Gelfand transform of uf

1

u(x)—»U(x,n):= o

Y e MRyt k), (2.13)
kez?
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with 1 € [~ r)? being the Floquet parameter. For any 7, problem (2.7)-(2.12) is associated
with a positive and self-adjoint operator A(7). We denote by H, (mg) the space of functions
in H'(we) satisfying periodicity condition (2.11). Since the embedding Hn(we) C L?(0e)
is compact, the family of operators A(1) has discrete spectrum given by (2.6), where the
multiplicity of eigenvalues is taken into account. It is known (see e.g. [52, Chapter 6] and
[55, Chapter 9]) that the functions

n € [—m,m)*— A5(n)

are continuous and 27-periodic, so that, the spectral bands (2.5) are compact real intervals.

When the bands 55 do not overlap and touch each other, the spectrum £, given by (2.4),
presents some gaps, i.e. open intervals free of the essential spectrum but with endpoint
in the 6f. Our aim is to investigate the existence of the spectral gaps of problem (2.1)-
(2.2), using an asymptotic method. To reach this goal, the results obtained in Chapter 1
are crucial. Indeed, the formal ansitze of the eigenpairs (A%, {U§,U 5\6}) are suggested by
the ones performed in Chapter 1. However, the computation of the terms appearing in the
asymptotic expansions is more delicate. The main issue is related to the geometry of the
periodicity cell mg. More specifically, the non-connectedness of Q \ ® in the periodicity cell
we makes difficult the explicit computation of the leading and first-order correction terms
of the asymptotic expansion of U, 5\@). To overcome this obstacle, we exploit the geometry
of the inhomogeneous plane so that we may choose another version of the periodicity cell
where O\ © turns into a connected domain. Such a periodicity cell @y is given by YU (Q\ Y)
where T is defined by

Y:={xcQ:|x—P* >1, j=1,2},

where P/* are the vertices of unit square Q, i.e. P'* := (£1/2,41/2) and P>* := (£1/2,F1/2)
and I'y = dY (see Figure 2.1(c)). In other words, @y is obtained by eliminating a quarter of
the unit disks centered at the vertices P/, for J = 1,2, and radius 1/2 from the unit square.
Therefore, due to the periodicity conditions (2.11), the disconnected set O\ Y in g turns
into the connected domain Y in @y and hence boundary value problems in @y are solved in

the classical Sobolev spaces.
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2.2 Formal asymptotic analysis for the case 0 <m < 1/2

2.2.1 The model problem in the periodicity cell

Let L?(®) and L?>(Q\ ®) be the complex Lebesgue spaces on ® and Q \ ® endowed with
the scalar product (-,-)e and (-,-)p\e respectively and let Hy (g ) be the space of functions
in H'! (wg) satisfying the periodicity condition (2.11). The variational setting of problem
(2.7)-(2.12) reads as

(V+in)Ug, (V+in)V@)@+e‘1((V+in)U§\@, (V+in)Vpe)o\e
= A*(n) |(U§,Vo)o + € " (U 0. Vor0)0r0]» (214
for all V € Hy(we). Due to the closedness and positiveness of the sesquilinear form on
the left-hand side of (2.14) and thanks to the compactness of the embedding Hy(we) C
L?(we), we associate to problem (2.14) a positive and self-adjoint operator A(n) which
has discrete spectrum, given by (2.6). We assume that the eigenfunctions U¢(-,n) =

(U§(-, n),Ué\G.(-,n)) associated to the identity (2.14) are subject to the orthonormaliz-
ation conditions

(U Ubmo+€ " (U o U \omo\® = Oum  for nmeN, (2.15)

where 6, ,, is the Kronecker symbol. Due to the orthonormalization conditions (2.15), we

perform the replacement

V®8(X7n) = Ué(xvn)v VQS\G)(xan) = E_mUE\@(XaTI)a

so that, the differential equations (2.7)-(2.8) remain invariable as well as the periodicity
conditions (2.11)-(2.12), while the transmission conditions become

e"Vp (1) = Vs (x,1), xeTl, (2.16)
e" v (V+in)VG ex,n) = v- (V+in)Vg(x,n), xer. (2.17)



2.2 Formal asymptotic analysis for the case 0 <m < 1/2 61

Thanks to the results of Chapter 1, for m € (0,1/2), we look for the asymptotic ansitze of

eigenvalues A% and eigenfunctions V¢ of the form

A%(n) = A'(n) + ™A () + -, (2.18)
VE(x,m) =Vo(x,n) + Vg (x,n) +---, (2.19)
Vie(x:n) = "V o(x, 1)+ €' "V ol )+ (2.20)

Note that the above expansions depend also on the dual variable 7. In order to find the leading
and the first-order corrections terms, we insert (2.18)-(2.20) into problem (2.7)-(2.8) and
(2.16)-(2.17) and we collect the coefficients of the same powers of €, obtaining the desired
boundary value problems. Note that the feature of the geometry of the inhomogeneous
plane enable us to regard the hard and the weakly connected soft fragments as isolated and
independent since they touch at the cusp points only.

2.2.2 Problem satisfied by V®0

The leading term V®0 in (2.19) solves the spectral problem

—(V+in)?Va(x,n) = A n)V§(x,n), x€0, (2.21)
Vo(x,n) =0, xel. (2.22)

We look for solutions of problem (2.21)-(2.22) of the form
0 o —inxgr0
Vo(x,n) == e "™ Vg (x,1M).
Then, T (x,n) is a solution to the problem

—ABY(x,m) = A (M) VY (x,n), x€O, (2.23)
09 (x,n) =0, xel. (2.24)

The pair (A°(1), 0% (-, 1)) is formed by the eigenvalue and the corresponding eigenfunction
of the Dirichlet Laplacian in the disk ®, hence they are independent of parameter 1. In the
sequel, we simply write 0 in place of Q]% -

Thanks to the link between Bessel’s functions and eigenpairs of the Dirichlet Laplacian
(see [19, 83]), we know that the eigenfunctions ‘Bg ;. are given by the Bessel functions Jj,

of the first kind and the eigenvalues Ag ; are the corresponding positive zeroes jy, x, for
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)
A

1 [~

™
| S

We Wy

Figure 2.2 It shows how the map T trasforms the periodicity cell wg into that @y.

n=0,1,2,... and k > 1. In other words,

Aok =46k Toulr)=Jo(2joxr), k=12,..., (2.25)

and
A =4jr Do (r,0) =T, (2juxr) (Cccos(nB) + Cysin(nh)), (2.26)
for n,k =1,2,..., where C,,C; are arbitrary constants and (r, 8) are the polar coordinates.

Recall that for fixed n € N, J,, has an infinite number of positive real zeroes j, x, for k € N, and
any two different Bessel functions J,, and J; do not get common roots except for j, 0 = j;0 =0,
for n,l > 0 (see [14]). Therefore, the spectrum of problem (2.21)-(2.22), being independent
of the Floquet parameter 1, consists of the sequence

0 0 0 0 0 0 0 0 0 0
0<Ap <A1 =A1 15 <A1 =05 15 <Np2 <A3 1. = A3 15 <Af o = A <+
(2.27)

where A8 . are simple eigenvalues, while A%, and A?, denote the double eigenvalue

n,kc n,ks
corresponding to the cosine and sine eigenfunctions respectively.

. 0
2.2.3 Problem satisfied by VQ\@

The leading term VS\G of the expansion (2.20) is a solution to the problem

, x€eQ\0,
, xel.

(Vi)Y o) =

0
v-(V+in)Vgexn) =0
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We look for a solution of the form

Vo\o(rm) = e~ MUY, o (x, 7).

The function %2\9 satisfies the boundary value problem

—AT) o(x,1) =0, x€Q\O, (2.28)
WV e,n) =0, xel. (2.29)

Note that the set O\ © is disconnected in @g (see Figure 2.2). However, thanks to periodicity
condition (2.11), we can switch periodicity cell from wg to @y, where the set Q \ ©, denoted
by Y, turns into a connected set in wy (see Figure 2.2). Hence, solving a boundary value
problem in Q\ ® together with periodicity conditions is equivalent to solve the same boundary
value problem in the connected set Y without the periodicity conditions. This allows us to

deal with problems in the cell @y using the classical Sobolev spaces on the connected set T.

Let Qé) and Q{ﬂ be the sets defined by

Of i={x=(x1,0) € :0<x;<1/2,j=1,2},

07 :={x=(x;,x2) €@ : —1/2<x; <0,0<x <1/2},
0} = {x=(x1,00) €y : —1/2<x; <0, j=1,2},

O i={x=(x1,x0) €@ : 0<x <1/2, —1/2 < xy <0},

for k = ©,Y. We define the map £ := T'(x) where T : wg — @y is defined by

(x1,%2) (x1,%2) 1= (v1 = 1/2,22— 1/2) € Oy, (2.30)
(x1,x2) (x1,x) == (x14+1/2,x0—1/2) € OF,
(x1,02) € O — T(x1,x2) == (x1 +1/2,x0+1/2) € Q%
(x1,x2) (x1,x2) := (x1 —1/2,x0+1/2) € O3 (2.31)

This implies that T maps the function VS\G) (x,m), for x € Q\ O, in the function V{(£,7).

Now, we look for
V2(%,m) = e M BY(£,n). (2.32)



64 Spectral gaps

The function BY(£, 1) satisfies the same problem of the one satisfied by %%\6 (x,7m) but on

different region, i.e.

~ABY(%,n)=0, ReT,
0, xely,

with I'y := dY. Hence, due to the connectedness of Y, ‘B% (%,7m) is a constant function with

respect to the variable %, i.e.
BIEN) =(n). (2.33)

In light of the definition (2.30)-(2.31) of the map 7" and due to (2.32), an easy computation

leads us to
Voo n) =Vr(2,n) = MBy(2, 1) =M (n). (2.34)
From (2.30)-(2.31) it follows that
e Mt = o= (1), (2.35)
where g,(n) is defined by
(elm/2m/D) x e gl

m/24m/2) e Q2

. 2.36
gx(n) e~iMm/2m/2) ¢ Q%)? -

\ei(nl/zfrh/z), X € Q4é)
This combined with (2.34) implies that

V3\0(61) = g(m)e 17 (n).

. 1
2.2.4 Problem satisfied by VQ\®

The first-order correction term VQI\@) in (2.20) is a the solution to the problem

_(V+ln)2VQ1\®(xa 77) = AOVS\@()C?T’)’ RS Q\®7
v-(V+in)Vpenn) =v-(V+in)Ve(x),  xel.
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Thanks to the map 7 given by (2.30)-(2.31), we know that Vé\@ (x,n) = Vi (%,1). Hence,

we look for a solution V]} of the form
Vi(2) = e k(2 ).
The function EU]IF (%,n) satisfies the boundary value problem

—ADy(£,1) = A) ,°(n), £ET, (2.37)
HVY(%,1) = g; ' (M)W (%), £eTT, (2.38)

forn=0,1,2,... and kK > 1 where gx_1 is the inverse of the map g, defined by (2.36) and
c%(n) is given by (2.33). The compatibility condition for problem (2.37)-(2.38) reads as

[ A% max == [ g ()20, (®)dss,
T Iy
which implies that the constant ¢°(1)) depends on n,k, 1 as follows

0 _ 0 _ 1 —1 0 (&\de.
c'(n) =cp(n) = A0 (1 n/d) /F & (1)) 4 (£)dse. (2.39)

Simple eigenvalues

We assume that n = 0. Recall that the derivative of the Bessel function Jj is given by the
formula (see e.g. [19, Chapter VI])
d

EJO ()C) = —J1 ()C) .
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In view of the definition of the function g,(n), given by (2.36), and due to the formulas
(2.25), from equality (2.39) it follows that

1 d /2 . b )
0 - - : i(M/2+m2/2) —i(n1/2-12/2)
= Jo (2 do do
3n/2 2
N / o im/24m/2) g 4 / el(n1/2nz/2)d9>
T 3n/2
1 . , . .
- gindi G iM1/24m2/2) 4 ,—i(m/2-m2/2) | ,—i(m/2+m2/2) | ,i(n1/2-m2/2)
Ag,k(l = Jo.kJ1 (Jo,k) (e +e +e +e )
_ T ; /2 4 ,=im/2| | piM2/2 | ,—im/2 ;
A (1—n/d)’* [" e } [e Te ] T1 (o)
T . m n2
S - —= f =1,2,---. 2.4
j07k(1—7t/4)J1 (]07k)cos<2>cos(2>, or k=1,2, (2.40)

Multiple eigenvalues

Now, assume that n # 0. Recall that the derivative of the Bessel function J,(x) is given by
the recurrence formula (see e.g. [19, Chapter VI])

410 = L i),

In view of the definition (2.26), a direct computation leads us to

0 — _;ijn (2]' kr) </ﬂ/2 (M /2+m2/2) (C.cos(nb) +Cysin(n6))do
A (T—m/dydr™" = =12y |

T .
4 / ¢~ M/2=112/2)(C, cos(n8) 4 Cysin(n6))dO
/2

3m/2 .
+/ ¢~ {M/2HM/2)(C.cos(nB) + Cysin(n))dO
T

2T
+/ / e’(m/znZ/z)(Cccos(nG)+Cssin(n9))d9>
3m/2

/

0, n=4.3812,...,
a, n=2,6,10,...,
_ (2.41)
o, n=1,509,...,
03, n=3,711,...,

\
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with

= i Gt () = () sin (7 ) sin (7).

o 1= — m( (]n k) Jn+1 (jn,k) ( (%) (%) +Cscos (Z )sm <Z >>
o3 = m( (]n k) Jn+1 (jn,k)) <C sin <%> (n > —G COS( )sm( ))

2.2.5 Problem satisfied by Vé

The first-order correction term VGI) satisfies the problem
—(V+in)*Ve(xn) - AVg(x,n) = Al (MVe(x),  x€80,
Vo(x.1m) = Vg ex,n). xel.
We look for VGI) of the form a
Vo(x,1m) = e~V (x,n),
where %é) is a solution to

—AD(x,n) — ANV (x,1n) = AL(M) D, (x),  x€O, (2.42)
%(ac,n):gx(n)c%k(n), xeTl, (2.43)

where cg. (1) is given by formula (2.40) if n = 0 and formula (2.41) if n > 0.

Recall that 20§ (x,1) = g+(1)cox(n) on T In the case of simple eigenvalues A o for

k=1,2,---, the Fredholm alternative leads to the single compatibility condition

d
A1) (06,06 Jo = [ gx(meos(n) 08, (r)de

d . 0
= Sre(2ioer)|,_y , [ x(mch (m)do

= 2jo,kJ1,k(j0,k)08,k(77) 24C°S (1721> o8 (%)

- 1_22/4 <J1k(]0k)cos (Z >cos (22» : (2.44)
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Assume, now, that Ag.k is an eigenvalue with double multiplicity. For simplicity, we denote

the corresponding eigenfunctions by
D ke(10) =y (2jnr) cos(nB), D k(1 0) =y (2jnr) sin(n6).
Hence, we predict that the term ‘,US’ (1, 0) takes the form
Vok](r 0) —af%nkc(r 0)+al %nks(r 0), for j=c,s,

i.e. it is a linear combination of the eigenfunctions %0 (r,0) and ‘BO is(7> 0). We require

that the vector a/ = (aé, ) € C? satisfies the orthonormahzatlon COHdlthIl

(@ d) = ald +afd = 55, for jI=cs
Therefore, V® =yl ik satisfies the problem

Avlkl(x n— ASVikj(x?n) nk]Vij(x n), x €O,
Vli,kj()@n) = gx(n> n,k(n)’ xel.

The Fredholm alternative leads to the two compatibility conditions given by
An k](n)<vlk](‘x n), mg,kl)@) = (5m2,k17vr1,kj>l“7 for j=c,s.

In the algebraic form, Al nke and A n ks Are the eigenvalue with corresponding eigenfunctions

a‘ and a® of the matrix

G:= M( (]n k) Jnt1 (jn,k))
. ( (Jr-8x(n) cos(nB)d6)’ Jr8+(1)cos(n6)d6 fl—g;l(n)sin(ne)d9> |
Jrgx(1)cos(n0)do [r-g(n)sin(n6)d6 (Jr&«(n)sin(n0)d6)*
Therefore,
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/

0

Figure 2.3 The new choice of the periodicity cell ®

where the trace of G is explicitly given by

1

Arll7ks(71) = m (Jn=1 (k) = Ins1 (nk))
0, n=4,,8,12,
X ¢ 4 gin? (m) sin? (%) n=2,6,10,... (2.45)

2.3 Asymptotic structure of the spectrum

2.3.1 Justification

In this section we justify the previous ansitze. Moreover, we provide an asymptotic estimate
of the length of the spectral bands.

Our aim is to exploit the results obtained in Chapter 1 where a similar problem for the
Laplace operator is dealt with. To reach this goal, we make some changes to our previous
analysis: a new version of periodicity cell must be introduced and the Laplace operator and
the “pure” normal derivative are required in the model problem to handle the same problem
involved in Chapter 1. In order to recover the geometry adopted in Chapter 1, we choose an
alternative periodicity cell. In light of the geometry of the inhomogeneous plane, we may
mainly choose the periodicity cell in two ways depending on the position of the cusp points.
Such cusps may lie on the boundary of the periodicity cell where the periodicity conditions
are imposed, such as @wg and wy, or the cusps point are in the interior of the unit square Q,
such as o (see Figure 2.3). The latter choice allows us to recover the same geometry as the
one of Chapter 1. More specifically, we translate the unit square Q = (—1/2,1/2)? of vector
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(1/4,3/4) obtaining Q' := (—1/4,3/4) x (1/4,5/4). Then, the new periodicity cell ® is
defined by EU (@ \ E), where & := Q' NQ (see Figure 2.3).

In order to obtain the Laplace operator in the model problem, we apply an equivalent

version of the Gelfand transform given by

u(x) = G(x,m) := % Z e Mky(x+k), (2.46)
kez?

so that the Laplace operator A appears in auxiliary problem set in the new periodicity cell @
in place of the operator (V + in)2 and the periodicity conditions (2.11) and (2.12) become
quasi-periodicity conditions. In other words, applying (2.46) to the problem (2.1)-(2.2), the

model problem in @ turns into

—AGE(x,m) = A5(n)GE(x,n), XEE, (2.47)
_S_IAGZ\:()C?T’) = 8_2mA8(n)G2)\3(X777), X € O)\Ea
Gz (x,n) = Gz (x, 1), xeTx,
e 19yGY z(x, 1) = v GE (x,n), x €Iz, (2.48)

together with the quasi-periodicity conditions

G5(3,x2,m) =eMGi (=4 x2,m),  Gi(x1,3,m) =€™G5(x1,1,7), (2.49)

d d
a_lei(%vxZ?r” =¢ a_GS( 47x27n)7
9 GE 5 m) = e GE (L ) (2.50)
aX2 Jj ’ 4 8)62 J y 4 ) .
for j=E,w\ E, where G and GZ\E are the image through the Gelfand transform (2.46) of
uf and uf respectively. Here I'z is the boundary of Z. The integral identity of (2.47)-(2.50)
reads as

(VG§.7VWE)E_8_1(VG2)\37VWw\E)w\E
= A°(n) |(GE, ye)z+& " (Go 5 Vor2)w\z | » (2.51)

for any y € qu, where H, I denotes the subspaces of the Sobolev space H' () satisfying
the quasi-periodicity condltlons (2.49) for n € [—m, 7). Since the sesquilinear form on
the left-hand side of (2.51) is closed and positive and due to compactness of the embed-

ding H(}p C L*(w), the operator A, () associated to (2.51) is positive, self-adjoint and
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its spectrum is discrete which is given by (2.6). We assume also that the eigenfunctions
{G£(-,m), Gi)\a(-7 n)} are subject to the orthonormalization conditions (2.15).

We predict that the formal asymptotic expansions of the eigenpairs (A®,{G%, Gfo\s})
take the form (2.18)-(2.20). However, the boundary value problems satisfied by the terms
involved in the ansétze are different. Indeed, since the two versions of the Gelfand transform
(2.13) and (2.46) are linked by the relationship

U(x,n) = MG(x,n),

we deduce that the leading and the first-correction terms of the expansions of G% satisfy
the problems (2.23)-(2.24) and (2.42)-(2.43), while the leading term and the first-corrector
of the ansitze of Gfu\E are solutions of the boundary value problems (2.28)-(2.29) and
(2.37)-(2.38).

The Floquet parameter 1 € [—7, 71)2 does not represent a trouble due to the continuous
dependence of the spectrum (14) on 1 (see [52]). This combined with the transform (2.46)
and the change of the periodicity cell, enables us to repeat the same arguments as Theorem
1.3.1 of Chapter 1 to justify (2.18)-(2.20).

Theorem 2.3.1. For m € (0,1/2) and for any n,k € N there exist &,y > 0 and Cy, ;. > 0 such
that for any dual variable of the Gelfand transform (2.13), the eigenvalues A5(N) of the
problem (2.7)-(2.10) along with the periodicity conditions (2.11)-(2.12) in the periodicity
cell wg and the eigenvalues Ag,k of the limit problem (2.21)-(2.22) are related as follows

AL (M) =AY — €7 AL (M) < Cuge?,  for €€ (0,6,), (2.52)

with y =min{3m, 1} and C,; := max C,x(n).

nel-m,x)?

From Theorem 2.3.1 and formulas (2.44) and (2.45), it follows the following corollary
about the estimate of length of the spectral bands.
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Corollary 2.3.2. For k > 1, the length L: , of the spectral bands is given by

27 .
L5, = e ————Ji(jox) +O(eY),

1—m/4
LE, =¢e™ o (Jn— I(Jnk) Jn+1(jnk))+0(8y) forn=2,6,10,...
n,k ]nknz(l_ﬂ/4) ) ) 3 Iy LY, )
16

L€, = Ts1(ni)) +O(€"),  forn=odd,

1]nk
g2 (1 — /) Ut Unk) =
Li,=0(™), forn=438,12,...,

where Y = min{3m, 1}.

Proof. From (2.44) and (2.45), we have

2
AQ g — Cui€? < AG (M) <AQ 4+ 82'" /4J1 (jox) +Cuxe?, forn=0,
AD = Cri€? <AL (M) <Aok+8 o (n-10nk) =Inr1(jnk)) ) +Crr€”
n,k ) — ‘', jnknz(l—ﬂ:/4) ) ) ’
forn=2,6,10,...,
0 2m 16 i Y £ < A0 Y
An7k —& Jn kn2(1 — 71'/4) ( n— 1(.]71 k) ‘]nJrl(.]ﬂ,k)) - Cn,kg S Ank(n) = An7k +Cn,k€ 5
for n = odd,
which implies the length of spectral bands. O

Note that the length of the spectral bands B%, for n = 4,8, ... is not determined because
of (2.45) and further computations of higher order terms in the ansitze of the eigenpairs
(A% {U§, Ué\e)}) are necessary.

Now, let us investigate the opening of the spectral gaps G¢ in the band-gap structure of
the spectrum (2.6) of the problem (2.7)-(2.12). Since the spectrum (2.27) is related to the
zeros of the Bessel functions J,,, we can not give a complete result about the existence of the

spectral gaps.

Fix n = 0 and k = 1. Due to formula (2.52) and Corollary 2.3.2, we obtain that

AG1(m) < Ag,l + Szm

16

T1m) =AY, - <m(fo(jl,1) —Jz(jl,l))) —Cy €.
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Since Ag 1 < A(l) | with A(l) | double eigenvalue, for small € > O the interval

27
1—n/4

. 16 . .
<A871 +e¥m Tt (jo1)+Co€”, AY | — ™" ( >(JO(J1,1) —Jz(Jl,l))) —Cl,ley)

j171(1 —775/4

is free from the combined spectrum of the family of problems (2.7)-(2.10) along with (2.11)-

(2.12). Hence, we obtain the following result.

Corollary 2.3.3. For any € € (0,€y1], between the bands B | and B5 | of the spectrum of
problem (2.1)-(2.2), there exists a gap

(Ro.1>A7 1),
whose endpoints
Aoy :=max{A§ () : n€(-maf}, AT, :=min{Af,(n) : n € (-ma]’},
satisfy the asymptotic formulas

—e 2 .
Ao — A8,1 — e —"—J}(jo,)

<ce’
1—-m/4 -

€ 0 2m
‘_1,1 —Aj—€ <

where C = max{Cy 1,C 1 }.

16 ‘ ‘
m(JO(]I,l) —12(1171))) ‘ <cCe?,

Now, consider A{ (1) and A§ ,(n). Thanks to Corollary 2.3.2, we have that
AS () <A} +Crae?,

A5 (M) = A3, —Caagl.

Since A(l) 1 < A(z) 1> for small € there exists a gap between the bands B{ ; and B5 ;. However,
since the coefficients of €2 vanish, one should find more terms of the asymptotic expansion
of the eigenvalues A{ ; (1) and A5 | (1) in order to have more information about the length

of the spectral gap. This aspect will be considered in future research.



Chapter 3

I'-convergence of quadratic functionals
with non uniformly elliptic conductivity
matrices. Compactness result under
two-scale convergence and algebraic
conditions versus degenerate limit
behaviour

In this chapter we investigate the homogenization via I'-convergence of quadratic functionals

with non uniformly elliptic matrix-valued conductivity.

In Section 3.1 we prove a general I'-convergence result (see Theorem 3.1.1) for the
quadratic functionals with any non-uniformly elliptic matrix-valued conductivity. In Section
3.2 we illustrate the general result of Section 1 by periodic two-phase rank-one laminates
with two (possibly) degenerate and anisotropic phases in dimension two and three. (see
Propositions 3.2.1 and 3.2.2). In Section 3.3 for some degenerate matrix-valued conductivity,
we exhibit an anomalous I'-limit involving a convolution term (see Proposition 3.3.1). Finally,
in Section 3.4 we give an explicit formula for the homogenized matrix A* for any two-phase
rank-one laminates with (possibly) degenerate phases. We also provide an alternative proof
of the positive definiteness of A* using an explicit expression for the class of two-phase

rank-one laminates introduced in Section 3.2 (see Proposition 3.4.1).
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This is a joint work with Professor M. Briane (Univ Rennes, INSA Rennes, CNRS,
IRMAR - UMR 6625).

Throughout this chapter we use the following notation

e fori=1,...,d, e; denotes the i-th vector of the canonical basis in RY;

« M"*? denotes the space of (m x d) real matrices (identified with R"*?);
o 1; denotes the unit matrix of M?4*4;

* ¥;:=[0,1)? denotes the unit cube of R?;

. H;er(Yd;]R") (resp. Lger(Yd;]R”), Cper(Ya;R™)) is the space of those functions in
Hl

L (RER) (resp. L2 (REGRY), Cr2 (RY;R™)) that are Y,-periodic;

loc

« the variable x will refer to running point in a bounded open domain Q C R¢, while the

variable y will refer to a running point in ¥, (or k+7Y,, k € Zd);
* we write ug — u if ug converges weakly to u;

e we write

Ug = U

with ue € L?(Q) and ug € L*(Q x Y;) if ue two-scale converges to u” in the sense of
Nguetseng-Allaire (see [6, 73] and Appendix A.2);

« F| and F, denote the Fourier transform defined on L' (R) and L?(R) respectively. For
f € L'(R) NL*(R), the Fourier transform J; of f is defined by

F)A) = /R 2R £ (x) dx.
We recall the definition of I'-convergence for the weak topology for the family of functionals
Fe satisfying the condition . %, > y for any € > 0, where y is a real-valued function such
that lim y(x) = +oo (see Appendix A.3).
[lx[|—0

Definition 3.0.4. Let X be a reflexive and separable Banach space endowed with the weak
topology o(X,X"), and let ¢ : X — R be a e-indexed family of functionals. The sequence
F¢ T-converges to the functional %y : X — R for the weak topology of X, and we write

I(X)—
Fe XX " Zo, if foranyu € X,
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i) Yue — u, Fo(u) <liminf Fe(ug),
e—0

ii) Jie — u such that lim F¢ (ig) = Fo(u).
e—0
Such a sequence ug is called a recovery sequence.

Recall that the weak topology of L?(Q) is metrizable on bounded sets, i.e. there exists a
metric d on L?(Q) such that on every norm bounded subset B of L?>(Q) the weak topology
coincides with the topology induced on B by the metric d (see e.g. [35, Proposition 8.7] and
Proposition A.3.4 in Appendix A.3).

3.1 A preliminary general I -result

For a bounded domain Q of R?, we investigate the homogenization via I'-convergence for

the L?(Q)-weak topology of the conductivity energy with a zero-order term of the type

/Q{A (2)Vu- Vut [y dx, if u € H(Q),
Fe(u) = (3.1)

oo, ifue*(Q)\H} (Q),

where the conductivity A is a Y;-periodic, symmetric and non-negative matrix-valued function

in L (R4)¥*4 which is not strongly elliptic, i.e.

ess-inf (min {A(y)e:-é; L ECRY|E| = 1}) >0, (3.2)
yeyy

where the inequality is not necessarily strict. Thanks to the presence of the quadratic zeroth-

order term of the form ||u ||i2 ()» We immediately obtain the coerciveness in the weak topology

of L?(Q) of F¢, namely, for u € H} (Q),

ffg(u)Z/ |u|dx.
Q

This estimate guarantees that the I'-limit for the weak topology on bounded sets of L?(Q) is
characterized by conditions (i) and (ii) of Definition 3.0.4 (see [35, Proposition 8.10] and
Proposition A.3.6 in Appendix A.3), as well as, thanks to a compactness result (see [35,
Corollary 8.12] and Corollary A.3.7 in the Appendix A.3), %, ['-converges for the weak

topology of L?(Q), up to subsequences, to some functional.
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We define the following functional

/Q{A*Vu~Vu+|u|2}dx, ifu € H)(Q),
Folu) = (3.3)
oo, if u € L*(Q) \ Hy (Q),

where the homogenized matrix A* is given by
A*A-A = inf{/Y AY)A+Vv(y))-(A+Vv(y))dy:ve ngr(Yd)} . (3.4)
d

The main result of this chapter states that under suitable assumptions, the sequence of
functionals .%, given by (3.1) with non-uniformly elliptic matrix-valued conductivity A(y),
I"-converges for the L?(Q)-weak topology to the functional %y when u € H} (Q).

Theorem 3.1.1. Let %, be functionals given by (3.1) with A(y) a Y -periodic, symmetric,

dxd

non-negative matrix-valued function in L(R?) satisfying (3.2). Assume the following

assumptions

(H1) any two-scale limit uy(x,y) of a sequence ug of functions in Lz(Q) with bounded energy
Fe(ug) does not depend on y;

(H2) the spaceV defined by
Vi= {/ A2 (y)@(y)dy : ® € L2, (Y RY) with div <A1/2(y)c1>(y)> =0 in 7'(RY)
Yy

(3.5)
agrees with the space RY.

Then, %¢ I'-converges for the weak topology of LZ(Q) to Fy, i.e.

7,
where F is defined by (3.3) and A* is given by (3.4).

Proof. We split the proof into two steps which are an adaptation of [32, Theorem 3.3] using
the sole assumptions (H1) and (H2) in the general setting of conductivity.
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Step 1 - I'-liminf inequality.
Consider a sequence {u }. converging weakly in L2(Q) to u € L?>(Q). We want to prove that

e—0

If the lower limit is oo then (3.6) is trivial. Up to a subsequence, still indexed by €, we
may assume that liminf.%¢ (u¢) is a limit and we can also assume henceforth that, for some
0<C <o,

Fe(ug) <C. (3.7)

As ug is bounded in LZ(Q), there exists a subsequence, still indexed by &, which two-scale
converges to a function ug(x,y) € L?(Q x ¥;) (see e.g. [6, Theorem 1.2] and Theorem A.2.2
in Appendix A.2). In other words,

Ug = up. (3.8)

Assumption (H1) ensures that
uo(x,y) = u(x) isindependent of y, (3.9)

where, according to the link between two-scale and weak L?()-convergences (see [6,
Proposition 1.6] and Proposition A.2.3 in Appendix A.2), u is the weak limit of ug, i.e.

ue —u weakly in L*(Q).

Since all the components of the matrix A(y) are bounded and A(y) is non-negative as a

quadratic form, in view of (3.7), for another subsequence (not relabeled), we have
A (%) Vue = op(x,y)  with op € L*(Qx Y;;RY),
and also
AV2(2)Vue = @g(x,y)  with @ € LX(Q x Y RY). (3.10)

In particular
€A (£) Vue 22 0. (3.11)

Consider ® € L2

ser(Ya:s R?) such that

div (Al/z(y)QD(y)) —0 in Z'(RY), (3.12)
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or equivalently,
/ A)R0)-VyO)dy=0 V€ (V) (3.13)
Take also ¢ € C*(Q). Since ue € H} () and in view of (3.12), an integration by parts yields
/Q A2 (3) Vg - @ (X) @(x)dx = — /Q ueAV? (£) @ (%) - Vo x)da.

By using [6, Lemma 5.7] (see Proposition A.2.6 in Appendix A.2), A'/%(y)®(y) - Ve(x) is
an admissible test function for two-scale convergence. Then, we can pass to the two-scale
limit in the previous expression with the help of the convergences (3.8) and (3.10) along with
(3.9), and we obtain

/Q , ©0(%.y) P)@(x)dxdy = — / u()A 2 ()@(y) - Vo(x)dxdy.  (3.14)
xXXq
Let us check that the target function  is in H'!(Q). Setting

N:= | AV2(3)®(y)dy, (3.15)
Yy

and varying ¢ in CZ°(Q2), the equality (3.14) reads as
| @05y @(m)p(x)drdy =~ [ ulxN-Vo(x)dx
QXYd Q

Since the integral in the left-hand side is bounded by a constant times ||@||;2(q), the right-
hand side is a linear and continuous map in ¢ € L? (Q). By the Riesz representation theorem,
there exists g € L?(Q) such that, for any ¢ € C*(Q),

| utoN-Voax= [ gxgwar,

which implies that
N-Vue*(Q). (3.16)

In view of assumption (H2), N is an arbitrary vector in R? so that we infer from (3.16) that

ue H'(Q). (3.17)
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This combined with equality (3.14) leads us to

[ esxy) - @memdrdy= [ APmVul)-@)e@dsdy.  (.18)
QxY, QxYy

By density, the last equality holds if the test functions ®(y)¢(x) are replaced by the set of
v(x,y) € L2(Q;L2..(Y;;R?)) such that

per

divy <A1/2(y)l//(x,y)) =0 in 7'(RY),

or equivalently,
/Q o, YY) AV (y)Vyu(x,y)dxdy =0 Vv € L*(Q;Hpe(Ya)).

The L*>(Q; L2

pel.(Yd;IR“’))—orthogonal to that set is the L2-closure of

H = { A0Vl y) v e L(QiHper(Ya)) |
Thus, the equality (3.18) yields
®o(x,y) = A'(y)Vu(x) +S(x,y)

for some S in the closure of %, i.e. there exists a sequence v, € LZ(Q;HI}er(Yd)) such that

Al/z(y)Vyvn(x,y)%S(x,y) strongly in  L*(Q; L2, (Yz;RY)).

per

Due to the lower semi-continuity property of two-scale convergence (see [6, Proposition

1.6] and Proposition A.2.3 in Appendix A.2), we get

s 1/2 2 2
timinf 4"/ (x/ ) Ve 22 g5 > 1901 gy, 00

2
a2
= 11211 HA () (Vxu(x) + Vyvy) L2(QxYzRY)
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Then, by the weak L?-lower semi-continuity of ||ue | 12(q)> We have

liminf % (ue) > lim A(y)(Viu(x) + Vyvu(x,¥)) - (Viu(x) + Vyvu(x,y) )dxdy

e—0 noJQxY,

+/ |u|*dx
Q

> o] [ AO T+ F,000)- (V) + V000 v € i) s

+/ |u|*dx.
Q

Recalling the definition (3.4), we immediately conclude that

liminf Ze (ue) > / AV Vit |uf?) dx,
Q

e—0

provided that a fortiori u € H} (Q).

It remains to prove that the target function u is actually in H(}(Q). To this end, take
X € dQ a Lebesgue point for u| dQ and let v be the exterior normal to Q. Thanks to (3.17),
we know that u € H'(Q), hence, after an integration by parts of the right-hand side of (3.14),

we obtain, for ¢ € C*(Q),

®0(x,y)-<b(y)(p(x)dxdy:/QN-Vu(x)(p(x)dx— N-v(x)u(x)e(x)ds, (3.19)

QXYd 2Q

where N is given by (3.15). Varying ¢ in C°(Q2), the first two integrals in (3.19) are equal

and bounded by a constant times [|@||;2(q). It follows that, for any ¢ € C™(Q),

N-v(x)u(x)e(x)d# =0,
Q
which leads to N - v(x)u(x) = 0 s -a.e. on dQ. Since xo is a Lebesgue point, we have

N -v(xo)u(xp) =0. (3.20)

In view of assumption (H2) and the arbitrariness of N, we can choose N such that N = v(x)
so that from (3.20) we get u(xg) = 0. Hence,

u € Hy(Q).

This concludes the proof of the I'-liminf inequality.
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Step 2 - I'-limsup inequality.

We use the same arguments of [33, Theorem 2.4] which we can easily extend to the conduct-
ivity setting. We just give an idea of the proof, which is based on a perturbation argument.
For § > 0, let A be the perturbed matrix of M¢*? defined by

A5 =A+ 51d7

where I; is the unit matrix of M?*4 " Since the matrix A is non-negative, Ag turns out
to be positive definite, hence, the functional 3255 defined by (3.1) with A in place of A,

["-converges to the functional .7 5 given by

AiVu-Vu+ |u*Ydx, if ueH}(Q),
ﬁé(u) — /Q{ ) } 0

oo, if uel?*(Q)\H(Q),

for the strong topology of L*(Q) (see e.g. [35, Corollary 24.5]). Thanks to the compactness
result of I'-convergence (see e.g. [20, Proposition 1.42] and Theorem A.3.3 in Appendix
A.3), there exists a subsequence €; such that .7, I'-converges for the L?(Q)-strong topology
to some functional FO. Let u € Hé (Q) and and let ug; be a recovery sequence for the
functionals .7,; which converges to u for the H 1(Q)-weak topology on bounded sets. Since
ﬁgj < ﬁ’g and since Ug; belongs to some bounded set of H ! (Q), from [35, Proposition 6.7]
(see Proposition A.3.8 in Appendix A.3) and [35, Proposition 8.10], we deduce that

FOu) < 7% (u)

. . 2
< lzr?igf A {A5 <€J) Vugj .Vugj + ]u£j| }dx

. x
< liminf , {A (8_> Vg, - Ve, + |Mej|2} dx+0(0)

£;—0 Ji

= FO(u) + O(8).

It follows that .% % converges to F 0 as & — 0. Then, the T-limit F° of ,%;j is independent on
the subsequence €;. Repeating the same arguments, any subsequence of .7 has a further
subsequence which I'-converges for the strong topology of L?(Q) to FO = limg_,q.7 3,
Thanks to the Urysohn property (see e.g. [20, Proposition 1.44] and Proposition A.3.2 in
Appendix A.3), the whole sequence .%, I'-converges to the functional F© for the strong
topology of L?(). On the other hand, in light of the definition (3.4) of A*, we get that Aj
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converges to A* as 0 — 0, i.e.

limA5=A".
5—0

Indeed, for n > 0, consider a function @y in Hper(Yy) such that

| AG+Yn()- (A4 Vo (n)dy <A"2-A41.
d
Hence, we obtain that

A*A A <AGA-A

< : As(A+ Von (y)-(A+ Vo, (v))dy

< /YdA<x+V<pn<y>>-<A+V<pn<y>>dy+o<6>

<A A-A+n+0(9).
Then, making d tend to O for a fixed 17, we obtain
A*A - A <liminfA5A -4
6—0

<limsupA5A - A
6—0

< /YdA(/l +Vou(y) - (A +Voy(y)dy

<A A-A+7.

(3.21)

Due to the arbitrariness of 1, we get (3.21). Thanks to the Lebesgue dominated convergence

theorem and in view of (3.21), we get that F* = limg_,,.% 8

Therefore, .7, I-converges to .% for the L?(Q)-strong topology.

is exactly % given by (3.3).

Now, let us show that .%, I'-converges to .% for the weak topology of L>(€). Recall that
the L2(Q)-weak topology is metrizable on the closed ball of L?(Q). Fix n € N and let dp,
be any metric inducing the L?(€)-weak topology on the ball B, centered on 0 and of radius

n. Let u € H} (Q) and let g be a recovery sequence for .Z, for the L?(Q)-strong topology.

Since the topology induced by the metric dg, on B, is weaker than the L?(Q)-strong topology,

7l is also a recovery sequence for .%, for the L?(Q)-weak topology on B,,. Hence,

llm ﬁg(ﬁg) — ﬁo(u),
£—0
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which proves the I'-lim sup inequality in B,,. Finally, since any sequence converging weakly
in L?(Q) belongs to some ball B, C L*(Q), as well as its limit, it follows that the I-limsup
inequality holds true for .%, for L?(Q)-weak topology, which concludes the proof of the
I"-lim sup inequality.

Remark 3.1.2. Using the definition of I'-limsup (see Definition A.3.9 in Appendix A.3) and
[35, Proposition 6.3], it is possible to give an alternative proof of the I'-limsup inequality.
Indeed, let u € HO1 (Q) and let ufgj be a recovery sequence for gffj which converges to u for
the L?(Q)-strong topology. Since Fe; < ﬂ‘g, we have

Z(u) > limsup Z2 (ul ) > limsupfgj(ug),
g;—0 o &;—0 !

where .79 is the [-limit of ﬁg for the L%(Q)-strong topology. Recall that
[ -limsup F¢;(u) := inf { limsup F¢, (ug;) : ug; — u strongly in LX(Q) .
€;—0 €;—0
This implies that

F°(u) > [(s)-limsup ¢, (u), (3.22)

£;—0

where I'(s)-limsup denotes the T'-upper limit for the L?(Q)-strong topology. Since the
L?(Q)-weak topology is weaker than L*(Q)-strong topology, due to [35, Proposition 6.3]
and from (3.22), we deduce that

T(w)-limsup.Z; (u) < T(s)-limsup Fe, (1) < F° (u), (3.23)

g;—0 €;—0

where I'(w)-limsup denotes the T-upper limit for the L?(Q)-weak topology. Since .9 is
a decreasing function with respect to 8, i.e. for § < & and for any u € H}(Q), F% (u) <
F%(u), we deduce that there exists the limit as § — 0 of .#? and

lim .Z% (u) := inf Z%(u) foru c H}(Q).
6—0 6>0



3.1 A preliminary general I'-result 85

In view of (3.21) and thanks to the Lebesgue dominated convergence theorem, we conclude
that, for any u € H} (Q),

lim .70 (u) = 7°(u),
6—0

where .ZY is given by (3.3). Therefore, passing to the limit as § — 0 in (3.23), we conclude
that
[(w)-limsup F¢, (u) < FOu),

g;—0

which concludes the proof of the I'-lim sup inequality.

The next proposition provides a characterization of Assumption (H2) in terms of homo-

genized matrix A*.

Proposition 3.1.3. Assumption (H2) is equivalent to the positive definiteness of A*, or

equivalently,
Ker(A*) = V*. (3.24)

Proof. Consider A € Ker(A™). Define

H}(Yy) = {u € HL (R?) : Vu is Y;-periodic and | Vu(y)dy = QL} .
Y,

Recall that u € H; (Y;) if and only if there exists v € Hp,,(Yy) such that u(y) = v(y)+A -y
(see e.g. [35, Lemma 25.2]). Since A* is non-negative and symmetric, from (3.4) it follows
that

0=A"A-A = inf{/ A()Vu(y)-Vu(y)dy : u € Hj (Yd)} :
Yy
Then, there exists a sequence u, of functions in H, (Y;) such that

lim [ A(y)Vun(y) - Vua(y)dy =0,

n—oo Y,

which implies that
AY2Vu, 0 strongly in L2(Y;;RY). (3.25)
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(Yy; R?) such that A2®isa divergence free field in R?. By the periodic

divergence-curl lemma (see e.g. [51, Remark 1.2]), we have

Now, take @ € L2

per

| A0V 0) - @)y = [ Vunly)- 41200000y

= ([ vuar)-( [ armemas). e

In view of convergence (3.25), the integral on the left-hand side of (3.26) converges to 0.
Hence, since u, € H /{ (Y;), passing to the limit as n — oo in (3.26) yields

0=1. ( /YdA1/2<y)q><y>dy) ,

for any @ € L2,.(Yz;R?) such that A'/2® is a divergence free field in R¢. Therefore A € V-

per

which implies that
Ker(A*) C V*.

Conversely, by (3.21) we already know that

lim A% = A,
6—0

where A} is the homogenized matrix associated with As = A+ 81;. Since A is strongly

elliptic, the homogenized matrix A is given by

A5A - A =min {/y As(¥)Vugs(y) - Vug(y)dy : ug € H}L(Yd)} . (3.27)
d
Let ug be the minimizer of problem (3.27). Therefore, there exists a constant C > 0 such that

Ashd = [ As()Vas(y)-Vas(s)dy = [ 14}20)Vas()Pdy < C.
d d

which implies that the sequence ®g(y) := A(ls/ *(y)Viig(y) is bounded in Lper(Y4:RY). Then,
up to extracting a subsequence, we can assume that @5 converges weakly to some @ in
L2, (Y RY).

per

Let us now show that A(ls/ 2 converges strongly to A'/2 in L;;r(Yd)dXd. Since Ag(y) and
A(y) commute, we deduce that

(A5 0) - AP ONAY0) + A2 () = A5(0) —AG)  ae yeYs
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This combined with the positive definiteness of A(ls/ 2Al2 implies that, for a.e. y € Yy,

AL (1) =AY () = (A5 () —AD)) (AY () + A2 (y) T = 5(AY () + A2 ()
(3.28)
Moreover, we have

AP ) +AP(y) > 821, ae yeyy,
which implies that
(Ajs/z(y) +A 2N <5712, ae. ye€Yy,.
This combined with (3.28) yields

0<AY () —AV2(y) <82 ae yeYs

which implies that Ag/ 2 converges strongly to A'/2 in L;"er(Yd)d xd,

Now, passing to the limit as § — 0 in
di 1/2 ST N : 1 mpd
iv(Ag "®g) = div(AsViis) =0 in 2'(RY),

we have
div(A'2®) =0  in Z'(RY).

This along with ® € L3, (Y;;R?) implies that & is a test function for the set V' given by (3.5).
From (3.27) it follows that

A5k = [ AV (ldy = [ A7 0)@a()ay

Hence, taking into account the strong convergence of A(ls/ % in L;"er(Yd)dXd and the weak

convergence of ®g in L%er(Yd;]Rd ), we have

* . * . 1/2
A2 =limA52 = lim | AP()®s(r)dy = [ AV2()@(0)dy.
5—0 5—0 Yd Yd
which implies that A*A € V since @ is a suitable test function for the set V. Therefore, for
Aevt
A*A-A =0,



88 I'-convergence of quadratic functionals

so that, since A* is a non-negative matrix, we deduce that A € Ker(A*). In other words,
1 *
V+ C Ker(A¥),

which concludes the proof. 0

3.2 Two-dimensional and three-dimensional examples

In this section we provide a geometric setting for which assumptions (H1) and (H2) are
fulfilled. We focus on a 1-periodic rank-one laminates of direction e; with two phases in R,
d =2,3. Specifically, we assume the existence of two anisotropic phases Z; and Z, of ¥,
given by

Z1:=(0,0)x (0,1)4"! and Z,:=(6,1)x (0,1)%1,

where 0 denotes the volume fraction of the phase Z;. Let Zf and Zg be the associated subsets

of RY, i.e. the open periodic sets
z¥ :=Int<U (Z+k)> fori=1,2.
kezd

We denote by X; and X, the unbounded connected components of Zf and Zg in R? given by
X, :=(0,0) xR and X;:=(0,1) xR,

and we denote by dZ the interface {y; = 0}.

The anisotropic phases are described by two constant, symmetric and non-negative
matrices A; and A, of M¢*¢ which are possibly not positive definite. Hence, the conductivity
matrix-valued function A € L;’er(Yd)dXd, given by

Ay1) == (A1 +(1—=x(1))A2y  fory; €R, (3.29)

where y is the 1-periodic characteristic function of the phase Z;, is not strongly elliptic, i.e.
(3.2) is satisfied.
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3.2.1 The two-dimensional case with one degenerate phase

We are interested in two-phase mixtures in R? with one degenerate phase. We specialize to

the case where the non-negative and symmetric matrices A; and A> of M?*? are such that
A =ERE and A, is positive definite, (3.30)

for some & € R?. The next proposition establishes the algebraic conditions which provide
assumptions (H1) and (H2) of Theorem 3.1.1.

Proposition 3.2.1. Let A and A, be the matrices defined by (3.30). Assume that & - ey # 0.
and the vectors & and Ase, are linearly independent in R*. Then, assumptions (H1) and (H2)

are satisfied.

From Theorem 3.1.1, we easily deduce that the energy %, defined by (3.1) with A given
by (3.29) and (3.30) I'-converges to the functional .%( given by (3.3) with conductivity matrix
A* defined by (3.4) which is positive definite due to Proposition 3.1.3. In the present case,
the homogenized matrix A* has an explicit expression given in Proposition 3.4.1 in Section
3.4.

Proof. Firstly, let us prove assumption (H1). We adapt the proof of Step 1 of [32, Theorem
3.3] to two-dimensional laminates. In our context, the algebra involved is different due to the

scalar setting.

Denote by u6 the restriction of the two-scale limit u in phase Z; or Zf fori=1,2. In
view of (3.11), for any ®(x,y) € C°(Q x R?; R?) with compact support in Q x Z¥, or due to
periodicity in Q x X7, we deduce that

e—0

0:—lim8/A(f6—C)Vu€-d>(x,§)dx
Q

— i iv, (AP x
lim ngley( 1@(x,y)) (x,%) dx

= [ up(x,y)divy(A1®(x,))dxdy
Q><Z1

= _/ #Alvyu(l)(xuy) ’ q)(xuy)dXdya
QxZj

so that
AVyuh(x,y) =0 in QxZ}. (3.31)
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Similarly, taking ®(x,y) € C(Q x R?; R?) with compact support in Q x Z¥, or equivalently

in Q X X», as test function and repeating the same arguments, we obtain
AVyud(x,y) =0 in Qx 7. (3.32)
Due to (3.31), in phase Zf we have
Vyul € Ker(A;) = Span(E1),
where 1 = (—&, &) € R? is perpendicular to & = (&;,&). Hence, u] reads as
u(x,y) = 0'(x, E+-y) a.e. (x,y) € QxXj, (3.33)

for some function 8! € L?(Q x R). On the other hand, since the matrix A, is positive definite,

in phase Z} the relation (3.32) implies that
ud(x,y) = 6%(x) a.e. (x,y) € Qx X, (3.34)

for some function 62 € L?(Q). Now, consider a constant vector-valued function ® on ¥,
such that
(A —A))®-e; =0  on JdZ}. (3.35)

Note that condition (3.35) is necessary for divy (A (y)®P) to be an admissible test function for

two-scale convergence. In view of (3.11) and (3.34), for any ¢ € C(;Cre(Y2)), we obtain

per

0= —lime/A(y)Vug-CD(p (x,%) dx
Q

£—0

= lim | uedivy(A(y)®@(x,y)) (x,2)dx

e—=0J0Q

= up(x,y)divy (A1 D@ (x,y))dxdy
QXZ]

+ 62 (x)divy (A2(x,y))dxdy.
.QXZZ

Take now ¢ € C°(Q x R?) and use the periodized function

0" (x,y):= Y oxy+k)
keZ?
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as new test function. Then, we obtain

0= uy(x,y)divy (A1 D" (x,y))dxdy + 62 (x)divy (A2@@" (x,y))dxdy
QXZI QXZZ
_y / b (x,y)divy (A1 D9 (x,y))dxdy + Y / 62 (x)div, (A209 (x, y))dxdy
keZ? iz reg QX (Zy+k)
=/, 2 uy(x,y)divy (A1 P (x,y)) dxdy+/ 2(x)divy (A2®(x,y))dxdy. (3.36)
X

Recall that Ay = & ® & where & is such that & -e; # 0. This combined with the linear
independence of the vectors & and Ajeq implies that the linear map

®cR?— (Aje; - D, Aze; - D) € R?
is one-to-one. Hence, for any f € R, there exists a unique ® € R? such that

A1<I>~el :A2CI>~el :f (337)

In view of the arbitrariness of f in the above equalities, we can choose ® such that
Aje] - ®=Aye; - &=1  forye dZ}. (3.38)

Set vo(x,y) := ul(x,y) — 62(x) and note that

0= [  6%(x)div,(A(y)®(y)@(x,))dxdy
QxR

— [ 02(x)div, (AP @(x.))dxdy + [ X (x)div, (A0 ()@ (x,y))dxdy:
QxZ; QxZ5

This along with (3.36) implies that

0= #ué(x,y)diVy(AﬁP(y)(P(x,y))dxdy—/ 0% (x)divy (A1 P(y) 9(x,y))dxdy
QxZ} QxZ]

=) vo(x,y)divy (A1 P (y)@(x,y))dxdy. (3.39)

Since A1Vyvg =01in Q X Zf in the distributional sense and due to (3.38) and the arbitrariness
of @, an integration by parts of (3.39) implies that vy (x, -) has a trace on dZ for a.e. x € Q

satisfying
vo(x,-) =0 on JZ. (3.40)
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Recall that dZ = {y; = 0}. Fix x € Q. Taking into account (3.33) and (3.34), the equality
(3.40) reads as
0! (x, E1yy) = 6%(x) on JZ.

Since & - ey # 0, it follows that 8! only depends on x so that u}(x,y) agrees with 62(x).
Finally, we conclude that ug(x,y) := x(y1)up(x,y) + (1 — x(y1))u3(x,y) is independent of y
and hence (H1) is satisfied.

Let us prove assumption (H2). The proof is a variant of the Step 2 of [32, Theorem 3.4].
For arbitrary a, 8 € R, let ® be a vector-valued function given by

AP)@(y) == x(n)ag +(1-x(n) (@ +Bex)  forae.ye R (3.41)

Such a vector field ® does exist, since & is in the range of A and thus the right-hand side of
(3.41) belongs pointwise to the range of A, or equivalently to the range of A2 Moreover,
the difference of two constant phases in (3.41) is orthogonal to the laminate direction eq, so

that A'/2® is a laminate divergence free periodic field in R?. Its average value is given by

Ni= | A2())®(y)dy = aé + (1 - 6)Ben.

Hence, due to & - e; # 0 and the arbitrariness of a, 3, the set of the vectors N spans R2, which
yields assumption (H2) and concludes the proof. O

3.2.2 The three-dimensional case with both degenerate phases

We are going to deal with three-dimensional laminates where both phases are degenerate.
We assume that the symmetric and non-negative matrices A, and A, of M3*3 have rank two,
hence, there exist 11,1, € R? such that

Ker(A;) = Span(n;) fori=1,2. (3.42)

The following proposition gives the algebraic conditions so that assumptions required by
Theorem 3.1.1 are satisfied.

Proposition 3.2.2. Let 1y and 1M, be the vectors in R defined by (3.42). Assume that
the vectors {e1, M1, M2} as well as {Aje1,Aze1} are linearly independent in R3. Then,
assumptions (H1) and (H2) are satisfied.
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Invoking again Theorem 3.1.1, the energy .%, defined by (3.1) with A given by (3.29) and
(3.42), I'-converges for the weak topology of L?(Q) to .%, where the effective conductivity
A* is given by (3.4) which is positive definite by virtue of Proposition 3.1.3. As in two-
dimensional laminate materials, A* has an explicit expression (see Proposition 3.4.1 in
Section 3.4).

Proof. Let us first check assumption (H1). The proof is an adaptation of the first step of [32,

Theorem 3.3]. Same arguments as in the proof of Proposition 3.2.1 show that

AVyul(x,y) =0  inQxZ! fori=1,2. (3.43)
In view of (3.42) and (3.43), in phase Zl#, ué reads as

uh(x,y) = 0'(x,mi-y)  ae. (x,y) € QxX;, (3.44)

for some function 6’ € L>(Q x R) and i = 1,2. Now, consider a constant vector-valued
function ® on Y3 such that the transmission condition (3.35) holds. In view of (3.11), for any
¢ € CT(Q, Cp,(Y3)), we obtain

0= —lim S/A(y)Vu£~<I>(p (x,%)dx
Q

e—0

= up(x,y)divy (A1 D@ (x,y))dxdy
Q><Zl

+ u§(x,y)divy (A, D@ (x,y))dxdy. (3.45)
QXZZ

Take @ € C7(Q x R?). Putting the periodized function

0" (x,y):= Y oxy+k)
ke73

as test function in (3.45), we get
/ up (x,y)divy (A1 P (x,y))dxdy +/ ud(x,)divy (A, @@ (x,y))dxdy = 0. (3.46)
Qxzt oxz

Since the vectors Aje and Aje; are independent in R3, the linear map

® R (Aje) - @, Aye; - @) € R?
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is surjective. In particular, for any f € R, there exists ® € R> such that
AP-e =A)D-e; =Ff. (3.47)

In view of the arbitrariness of f in (3.47), we can choose @ such that (3.38) is satisfied.
Thanks to (3.43), we have that, fori = 1,2, A,~Vyu6 (x,y) =01in Q X Zf in distributional sense,
so that an integration by parts with respect to y of both integrals in (3.46) yields, for any
P €CT(QxRY),

[ ubley) — i (x)] @(x.y)drd 5 =0,

which implies that u{(x,-) and u3(x, -) have a trace on dZ for a.e. x € Q which satisfies
up(x,-) =uj(x,-)  on 0Z. (3.48)

Fix x € Q and recall that dZ = {y; = 0}. In view of (3.44), the relation (3.48) reads as
0! (x, brys +c1y3) = 02(x, byys +c2y3) on 0dZ, (3.49)

with n; = (a;,b;,¢;) for i = 1,2. Due to the independence of {e;,n,12} in R?, the linear
map (y2,y3) € R? — (z1,22) € R? defined by

z1 1= biyz2 +c1ys, 22 1= bays + ¢2y3,
is a change of variables so that (3.49) becomes
0! (x,z1) = 6°(x,22) ae. 71,22 €R.

This implies that 8! and 6% depend only on x and thus u(l) and u(z) agree with some func-
tion u € L?(Q). Finally, we conclude that ug(x,y) = x(y1)u}(x,y) + (1 — x(y1))u3(x,y) is
independent of y and hence (H1) is satisfied.

It remains to prove assumption (H2). To this end, let E be the subset of R? x R? defined
by

E:={(§,8) eR* xR : (§—&)-e1 =0, &-1m =0, & -1 =0}, (3.50)
For (£1,&;) € E, let @ be the vector-valued function defined by

AP p®(y) = x0)E&E+(1—x(1)&  aeyeR. (3.51)
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The existence of such a vector field @ is guaranteed by the conditions & - 1; = 0, fori = 1,2,
which imply that &; belongs to the range of A; and hence the right-hand side of (3.51) belongs
pointwise to the range of A, or equivalently to the range of A'/2. Moreover, since the
difference of the phases & and &, is orthogonal to the laminate direction ey, Al2® is a

laminate divergence free periodic field in R3. Its average value is given by

Ni= | A2 (3)@(y)dy = 08 + (1 - 0)&,.

Note that E is a linear subspace of R3 x R? whose dimension is three. Indeed, let f be the
linear map defined by

(E1,E) R xR (&1 - &) -e1, &1, &) €RY.

If we identity the pair (£;,&) € R? x R? with the vector (x1,y1,21,%2,y2,22) € R®, with
& = (xi,yi,2i), for i = 1,2, the associated matrix My € M>*® of f is given by

1 0 0 -1 0 O
Mf =\l a bl C1 0 0 O X
0 0 0 ar b2 (6]

with 1; = (a;, b, ¢;), for i = 1,2. In view of the linear independence of {e;, 1,12}, the rank
of My is three, which implies that the dimension of kernel Ker(f) is also three. Since the
kernel Ker(f) agrees with E, we conclude that the dimension of E is three.

Now, let g be the linear map defined by
(E1,&) CE s 081+ (1—-0)E € R,

Let us show that g is invertible. To this end, consider (§,&;) € Ker(g). From the definition
of the map g, Ker(g) consists of all vectors (§1,&;) € E of the form

(51, 99_161). (3.52)

In view of the definition of E given by (3.50), the vector (3.52) satisfies the conditions

0
0—1

(51— o 51)'€1=0, E-m =0, £ M =0.

0—1
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This combined with the linear independence of {e,n;, 1>} implies that

& € {er,m,m}+ = {0}.

Hence, Ker(g) = {(0,0)} which implies along with the fact that the dimension of E is three
that g is invertible. This proves that all the vectors of R? can be attained through the map g
so that assumption (H2) is satisfied. O

3.3 A two-dimensional counter-example

In this section we are going to construct a counter-example of two-dimensional laminates
with two degenerate phases, where the lack of assumption (H1) provides an anomalous

asymptotic behaviour of the functional .%; (3.1).

Let Q := (0,1)? and let e, be the laminate direction. We assume that the non-negative

and symmetric matrices A; and A, of M?*? are given by
Al =e1®e; and A :=ce| Re,

for some positive constant ¢ > 1. The presence of ¢ # 1 is essential to have oscillation in the

conductivity matrix A. In the present case, the matrix-valued conductivity A is given by

A) = x(0n)A1+ (1 —x(2))A2 =a(y2)e; ® e for y, € R, (3.53)

with
a(y2) :==x(y2) +c(1=x02)) > 1. (3.54)

Thus, the energy .%¢, defined by (3.1) with A(y) given by (3.53) and (3.54) becomes

dx, ifue H}(Q),
Fe(u) = (3.55)

oo, ifueL*(Q)\H} (Q).

We denote by *; the convolution with respect to the variable xq, i.e. for f € L!'(R?) and
g € L*(R?)
(f*18)(x1,x2) = /Rf(m —1,%2)g(t,x2)dt.
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Throughout this section, cg denotes the positive constant given by
cg:=c0+1-06, (3.56)

where 0 € (0,1) is the volume fraction of the phase Z; in ¥5. The following result proves
the I-convergence of .%, for the weak topology of L?() and provides two alternative
expressions of the I'-limit, one of that seems nonlocal due to presence of convolution term
(see Remark 3.3.5 below).

Proposition 3.3.1. Let .%; be the functional defined by (3.55). Then, %, I'-converges for
the weak topology of L*(Q) to the functional defined by

1 1 )
/0 dxs /]R Wl)|f2<u><zl,x2>|2dxl, ifu€ HY((0,1),:L2(0, 1)),

o0, ifu € L2(Q)\Hy ((0,1)x;L7(0,1)x,),

where F(u)(A1,-) denotes the Fourier transform on L>(R) of parameter Ay with respect to
the variable x| of the function x| — u(xy,-) extended by zero outside (0, 1) and

) I |
fo(A ::/ dys. 3.57
O( 1) 0 47?261()’2)/112—1—1 Y2 ( )

The T'-limit ¥ can be also expressed as

o], {_ (5 (o Va5 u><x1,xz>12}dm,

F (u) = if u € Hy((0,1)x,;L%(0,1)s,),

o0 ifu € L2(Q)\Hy ((0,1)x:L%(0,1)y,),
(3.58)

where cg is given by (3.56) and h is a real-valued function in L*(R) defined by means of its
Fourier transform F» on L*(R)

Fa(h) (M) :== o+ f(A) — Ve, (3.59)
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where o and f are given by

c20+1-6 (c—1)’0(6—1) 1
a=— 70, ) = . 3.60
3 fih) 3 codm? Al +1 (3.60)

Moreover, any two-scale limit uo(x,y) of a sequence ug with bounded energy F¢ depends on

the variable y, € Y.

Remark 3.3.2. From (3.60) we can deduce that

1

A1) =
M) = S aar )

{(?0+1-0)codm? Al +[(c—1)0+1]*} >0 VA €R,

so that the Fourier transform of /4 is well-defined.

Proof. We divide the proof into three steps.

Step 1 - I'-liminf inequality.
Consider a sequence {ue }¢ converging weakly in L?(Q) to u € L?(). Our aim is to prove
that
liminf.Ze (ug) > 7 (u). (3.61)
e—0

If the lower limit is o then (3.61) is trivial. Up to a subsequence, still indexed by €, we
may assume that liminf.%; (u¢) is a limit and we may assume henceforth that, for some
0<C <oo,

Fe(ug) <C. (3.62)

It follows that the sequence u, is bounded in L?(Q) and according to [6, Theorem 1.2]
(see Theorem A.2.2 in Appendix A.2), a subsequence, still indexed by &, of that sequence

two-scale converges to some ug(x,y) € L>(Q x Y¥3). In other words,
Ug = up. (3.63)

In view of (3.54), we know that a > 1 so that, thanks to (3.62), for another subsequence (not

relabeled) we have

0
a_l/tg = GO(x7Y) with oy € LZ(.Q X Yz). (3.64)
Xy

In particular,
d
2" =, (3.65)
ax 1
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Take ¢ € CZ°(Q; Cre

per(¥Y2)). By integration by parts, we obtain

dug

x 99 ( xy, 99 x
£ Qa—XI(P(X,E)dX:—/QIAg (Sa—XI (x,g)—l—a—yl(x,g))dx.

Passing to the limit in both terms with the help of (3.63) and (3.65) leads to

d
0=— / uo(x,y)a—(p(x,y)dxdy,
QXY2 YI

which implies that
uo(x,y) isindependent of y;. (3.66)

Due to the link between two-scale and weak L?-convergences (see [6, Proposition 1.6] and
Proposition A.2.3 in Appendix A.2), we have

ug — u(x) = /Y uo(x,y2)dy» weakly in L?(Q). (3.67)

1

Now consider ¢ € C*(Q; C2

per

(Y2)) such that

X0 B

Since ug € H& (Q), an integration by parts leads us to

dug

. do / x
Qa—)qq)(x,g) dx = — (xag) dx.

o ox;
In view of the convergences (3.63) and (3.64) together with (3.66), we can pass to the
two-scale limit in the previous expression and we obtain

d
/ Go(x,y)(p(x,y)dxdy = _/ uO(xay2>a(p (X,y)dXdy (369)
QxY, X1

.Q><Y2

Varying ¢ € CZ(Q; G, (Y2)), the left-hand side of (3.69) is bounded by a constant times
@l 12(xy,) sO that the right-hand side is a linear and continuous form in ¢ € L2(Q xY,).
By the Riesz representation theorem, there exists g € L2 (Q x Y») such that, for any ¢ €

CC(Q: G (1)),

d
up (x,yz)—(p (x,y)dxdy = g(x,y)o(x,y)dxdy,
d
QXY2 X1 QXY2
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which yields

(;—Z(l)(x,yz) cL2(Qx1)). (3.70)

Then, an integration by parts with respect to x; of the right-hand side of (3.69) yields, for
any ¢ € C(Q; Cpor(12)),

du
| ooteyoteydsdy= [ S0 1)p(xy)dxdy
QxY, QxY, 0X]

1
_/o dxz/y [uo(1,x2,y2)@(1,x2,y) —up(0,x2,y2)9(0,x2,y)] dy.
2
(3.71)

In view of (3.69), for any ¢ € CZ°(€; Cpe,(Y2)), the first two integrals are equal and bounded
by a constant times ||@||;2(qy,)- Therefore, we deduce that, for any ¢ € C*([0, 1]; Ci,(Y2)),

/0] dxy /Yz [to(1,x2,y2) @ (1, x2,y) — o (0,x2,y2) (0, x2,y) | dy = 0,
which implies that
uo(1,x2,y2) =uo(0,x2,y2) =0 ae. (x2,y2) € (0,1) x Y.
This combined with (3.70) yields

o1, x2,y2) € HY((0, 1), :L7((0, 1), X 11)).

Finally, an integration by parts with respect to x; of the right-hand side of (3.69) implies that,
for any @ € C*(Q; Cp,(Y2)) satisfying (3.68),

d
[, (o0x) = 520w ) oty =o.
QxY, X1

Since the orthogonal of divergence-free functions is the gradients, from the previous equality
we deduce that there exists & € Hp, (Y1;L*(Q x ¥1)) such that

d dii
0o(x,3) = 52 (672) + 5 () (3.72)
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Let us now show that

. x\ [ Oug\> duyg i 2
llg(l)lf Qd(;) (8_xl> de/QXYZa(yz) ((9_x1(x’y2)+8_yl(x’y)> dxdy.  (3.73)

To this end, set
Jue

Og i\ = —.
8)61

(Y1), there exists a sequence a, of functions in Cy

per(Y1) such that

Since a € Ly, (Y1) C Lger
||a—akHLz(Y]) —0 ask— oo, (3.74)
hence, by periodicity, we also have

()= ()

for some positive constant C > 0. On the other hand, since 6 given by (3.72) is in L*(Q x V> ),

LZ(Q) SCHa—ak||L2(Y1)7 (375)

there exists a sequence Y, of functions in CT"(€2; e, (Y2)) such that
Yu(x,y) = op(x,y) strongly in L?(Q x 13). (3.76)

From the inequality

we get
/ dx>2/ ) e (x é)dx—/ga%) w2 (x,%) dx

:2/ 2 —ak<xg>>0'€1//n(,£dx+2/ak Ce i (x, %) dx

/Q ( )l[/n(, ) dx. (3.77)

In view of (3.75), the first integral on the right-hand side of (3.77) can be estimated as

[ (a(2) ~a (2)) oevn (5. 2)

< Clla = a2y, [|Wall (@) |Oe [ 22 ()

< CHa_akHLZ(YI)'
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Hence, passing to the limit as € — 0 in (3.77) with the help of (3.64) leads to

.. X2 2 . X2 X
llggf X <€> Opdx > —Clla—ak| 12y, —|—2;1g(1)/gak (E) Ce Wy (x,%) dx
. X2 2 X
~lim fya () v (e ) vy

=2 ar(y2)00(x,y) Wa(x,y)dxdy — Clla — ax| 2 (y,)
QXYZ

- / a(y2) ¥y (x,y)dxdy.
QxY,

Thanks to (3.74), we take the limit as k — oo in the previous inequality and we obtain

liminf | a (%) 62dx>2

a(y2)00(x,y) Y (x,y)dxdy — / a(y2) vy (x,y)dxdy,
e=0 JQ QxY,

QxY,

so that in view of (3.76), passing to the limit as n — oo leads to

liminf [ a <Q> oldx > / a(y2)og (x,y)dxdy.
e—=0 JQ ) QxY,

This combined with (3.72) proves (3.73).

By (3.66), we already know that u( does not depend on y;. In view of the periodicity of
i with respect to y;, an application of Jensen’s inequality leads us to

du Jil 2
/Qxyza(m) (8_)q(x’y2)+8_yl(x’y)> dxdy

dug i 2
=1 d d -— — d
/Q x/Yla(yZ) yZ/YI (3x1 (X,y2)+ ayl (x,y)) Y1
>/dx/ a(y,)d (/ {%(x L )]d )2

This combined with (3.73) implies that

.. X2 dug 2 dug ?
11(1;11_>1(glf Qa<?> (3_361) dxz/gdx/ha(yz) (a—m) (x,y2)dys. (3.78)

Now, we extend the functions in L?() by zero with respect to x| outside (0, 1) so that
functions in H] ((0,1),5L%(0,1)y,) can be regarded as functions in H'(Ry,;L*(0,1),,). Due
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to the weak L?-lower semi-continuity of ||ue|| 12() along with (3.78), we have

hrmnf/8 (ue) /dxz/ydyz/[ a(y;) ( ) (x17x2>y2)+’uO‘z(xlaXZa)’Z)] dxp.
1
(3.79)

We minimize the right-hand side with respect to ug(x1,x2,y2) € H'(Ry,; L2((0,1),, x ¥1))
satisfying (3.67) where the weak limit u of ue in L?(Q) is fixed. The minimizer, still denoted
by uy, satisfies the Euler equation

v
/dXZ/ dyz/{ yz xl’xz’y2)8x1 (x1,%2,y2) + uo(x1,%2,y2)v(x1,X2,y2) | dx1 =0

for any v(x1,x2,y2) € H!(Ry,; L?((0,1),, X ¥;)) such that Jy, v(x,y2)dy2 = 0. Then, there
exists b(x1,x2) € H'(R,,; L>(R),,) independent of y, such that in distributions sense with
respect to the variable xi,
9u ol
—a(y2) 5> 2 (x1,%2,y2) +uo(x1,%2,y2) = b(x1,x2) in Z'(R) ae. (x2,y2) € (0,1) x V1.

: (3.80)
Taking the Fourier transform 7, on L?(R) of parameter A; with respect to the variables x;,
the equation (3.80) becomes

Fa(b)(A1,x2)
4m2a(y) A +1

fz(uo)(ll,x%yz) = a.c. (ll,xz,yz) e R x (0, 1) X Y. (3.81)

Note that (3.81) proves in particular that the two-scale limit uy does depend on the variable
y2, since its Fourier transform with respect to the variable x; depends on y, through the
function a(y,).

In light of the definition (3.57) of ko and due to (3.67), integrating (3.81) with respect to
y2 €Y yields

fz(u) (}ul,XQ) = ]%0(),1)]:2(19)(),1,)62) a.c. (2«1,)62) R x (0, 1). (3.82)
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By using Plancherel’s identity with respect to the variable x; in the right-hand side of (3.79)
and in view of (3.81) and (3.82), we obtain

1
liminf Fe (i) > / dx2 / dy» / (d72a(y2) A2 + D) Fa (o) A, x2,v2) [Pd
£—0 0 Y R

1 1
=/ d /A—F A1,x0)|2dA,
/0 X2 Rk()(?L])| 2 () (A1, x2)["d A

which proves the I'-liminf inequality.

Step 2- I'-limsup inequality.
For the proof of the I'™-limsup inequality, we need the following lemma whose proof will be

given later.

Lemma 3.3.3. Let u € C°(Q). For fixed x; € (0,1) and y, € Yy, let b(-,x2) be the distribution
(parameterized by x;) defined by

1

Fa(b)(A,x2) i= ——F2(u) (A1, x2), (3.83)
ko(A1)
where u(-,x;) is extended by zero outside (0,1). Let uy(-,x2,y2) be the unique solution to
problem
(9% 0 x152,32) w01 22,92) = bl ), 1 € (0,1
—a\y2) 55 \X1,X2,)2 Up\X1,X2,y2) = 0\X1,X2), X1 s 1),
ox? (3.84)

uo(0,x2,y2) = up(1,x2,y2) =0,

with a(y,) given by (3.54). Then b(x1,x3) is in C([0,1]x,; L*(0,1)y,) and ug(x1,x2,y2) is in
CH([0,1]%: Lz (1))-

Let u € CZ(Q). Thanks to Lemma 3.3.3, there exists a unique solution
uo(x1,%2,2) € C'([0,1]%; Ly (Y1) (3.85)

to the problem (3.84). Taking the Fourier transform , on L? (R) of parameter A; with

respect to x; of the equation in (3.84) and taking into account (3.83), we get

Fa(u)(Ar,x2)
(4m2a(y2) A2+ 1)ko (A1)

fz(uo)(ll,xZ,yz) = for (?Ll,xz,yz) eRx [O, 1] x Y1, (3.86)
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where ug(+,x2,y2) and u(-,x;) are extended by zero outside (0, 1). Integrating (3.86) over
y2 € Y1, we obtain

u(xy,x) = /Y uo(x1,x2,y2)dy>  for (x1,x2) € R x (0,1). (3.87)
1
Let {ue} be the sequence in L?(Q) defined by
X2
g (xX1,%2) 1= uo (chz,;) :

Recall that rapidly oscillating Y;-periodic function ue weakly converges in L?(Q) to the mean
value of ug over Y7. This combined with (3.87) implies that u, weakly converges in LZ(Q) to
u. In other words,

ue —u weakly in L*(Q).

Due to (3.85), we can apply [6, Lemma 5.5] (see Proposition A.2.5 in Appendix A.2) so that

uo . .
uo(x1,x2,y2) and — (x,y) are admissible test functions for two-scale convergence. Hence,

8)(1
. . X2 8u0 2 X2 X2 2
et = i [ 0(2) (52) (1 2) o 1 2)
8u0 2 2
:/de/Yl [a(yz) (8_x1) (x1,x2,y2) + |uo(x1,%2,¥2)| ]dyz

1 P 2
=/ dxz/ dyz/ [a(yz) (a_uo) (X17x2,y2)+|u0(x1,x27)’2)|2] dxi,
0 Y] R X1
(3.88)

where the function x| — ug(x1,-,) is extended by zero outside (0, 1). In view of the definition
(3.57) of IAco and due to (3.86), the Plancherel identity with respect to the variable x| and the

Fubini theorem yield

! dup )’ 2
/ dxz/ dyz/ a(y2) (_8 ) (x1,x2,y2) + |uo(x1,x2,¥2)|" | dxy
0 Y, R X1

1
:/() dXQ/Y dyz/R(47rza(y2)llz+1)|f2(uo)(11,x2,y2)]2d7ﬁ
1

! 1
=[xy [ e B (ax2) P,
[ 7o 0 G Pt
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This together with (3.88) implies that, for u € C°(Q),

hm Fe(ug) / dxy /ﬂtlaxz)fzdkb

which proves the I'-limsup inequality on CZ(Q).

Now, let us extend the previous result to any u € Hg ((0,1)y,; L*(0,1),,). To this end, we
use a density argument (see e.g. [21, Remark 2.8] and Appendix A.3). Recall that the weak
topology of L?(€) is metrizable on the closed balls of L?(Q). Fix n € N and denote dp, any
metric inducing the L?(Q)-weak topology on the ball B,, centered on 0 and of radius 7. Then,
HJ((0,1)x,3L2(0,1)y,) can be regarded as a subspace of L?(2) endowed with the metric dp,.
On the other hand, H} ((0,1),,;L%(0,1)y,) is a Hilbert space endowed with the norm

1/2
H”Hmm) 12(0,1)x,) = <’ )+H“Hiz(g)> :

The associated metric dy, on H}((0,1)y,;L%(0,1),,) induces a topology which is not weaker
than that induced by dp, , i.e

du
8x1

dy (i, u) =0 implies  dg, (g, u) = 0. (3.89)

Recall that CZ°(Q) is a dense subspace of H} ((0,1)y,;L?(0,1),,) for the metric dy and
that the T-limsup inequality holds on C°(Q) for the L?(Q)-weak topology, i.e. for any
weCe(Q),

I-limsup F¢(u) < F (u). (3.90)

£e—0

A direct computation of ko, given by (3.57), shows that

Bo(A)) = codm*A? +1
T am a2 1) (At + 1)
which implies that
1 C 242
x = —4n°Af +f(M) +a, (3.91)
folh) <o i +f(4)

where f(A;) and o are given by (3.60). Hence, there exists a positive constant C such that

_ CAm*A? +1). 3.92
Fo(hn) = (4m=Af ) ( )
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This combined with the Plancherel identity yields

1
F(u)<C / dxy / (7222 4+ 1)|Fa () (A, x0)2dAy
0 R

:C/Oldxz/R [(%)2(x1,x2)+|u(x1,x2)|2] dx;

_ 2

= Cllullgs (0,11, 220,11, (3.93)
where u(-,x;) is extended by zero outside (0, 1). Since .# is a non-negative quadratic form,
from (3.93) we conclude that .% is continuous with respect to the metric ng-

Now, take u € H} ((0,1)4,;L2(0,1)y,). By density, there exists a sequence uy in CZ°(Q)
such that
dys (i, u) >0 as k— oo (3.94)

In particular, due to (3.89), we also have that dp, (uy,u) — 0 as k — oo. In view of the weakly
lower semi-continuity of I'-limsup and the continuity of .%, we deduce from (3.90) that

[-limsup.Z¢ (1) < liminf(I-limsup.Z¢ (uy))
£—0 k—roo £—0

<liminf.% (uy)
k—yoo
= (u),

which proves the I'-lim sup inequality in B,. Since for any u € H}((0,1),,;L%(0,1),,) the
sequence 1y of functions in C(Q) satisfying (3.94) belongs to some ball B, of L2(Q), as well
as its limit, the T-lim sup property holds true for the sequence .Z¢ on Hy ((0,1)y,5L%(0,1)y,),
which concludes the proof of I'-lim sup inequality.

Step 3 - Alternative expression of I'-limit.
The proof of the equality between the two expressions of the I'-limit .% relies on the following

lemma whose proof will be given later.

Lemma 3.3.4. Let h € L>(R) and u € L' (R)NL*(R). Then, h+u € L*>(R) and

Fr(h*xu)=Fr(h)F2(u) a.e inR. (3.95)
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By applying Plancherel’s identity with respect to x;, for any u € H& (Ry, :L2(0,1) %)

extended by zero with respect to the variable x; outside (0, 1), we get

/]R |\/au(x1>x2) + (h * M)(x]’xZ)‘zdxl
:/R‘\/afZ(u)u]’xz)—'—Fz(h*l”)(ll,xz)‘zdll

_ /R [a\]—'z(u)(ll,xz)\z—kZ\/&Re (Fz(u)(?tl,xz)fz(h*lu)(ll,x2)>—|—|]:2(h*1u)(?tl,x2)|2 dhi.
(3.96)

Recall that the Fourier transform of 4, given by (3.59), is real. From (3.96), an application of

Lemma 3.3.4 leads us to

/R | P> (1) (41, 22) P+ 2v/@Re (Fo () (M 02) Fo oy ) (A 2) ) + | Fa oy ) (R x2) P d
= [ Ja2vaFa) () + (Fam) ()] 172(0) (. 22) a2
_ /R (V& + Fa(h) (A1) | F2(u) (A, x2) Pl Ay

= [ la 7] Fa()(hx2) P, (397)

On the other hand, by applying Plancherel’s identity with respect to x|, we obtain

2
/ 4202\ () (At x2) P = / ¢ (aa—”) (x1,%0)dx).
R Co X1

R Co
In view of the expansion of 1/ IACO(M) given by (3.91), the previous equality combined with

(3.96) and (3.97) implies that, for u € H3 ((0,1)y,; L*(0,1).,) extended by zero with respect
to x; outside (0, 1),

1 1
d /A—f A1,x2)|PdA
/O % [ o R0 )P

:/oldxz/ﬂ@{é (5—51)2(x1,x2)+[\/&u(xl,xz)+(h*lu)(xl,xz)]z}dxh

which concludes the proof. O
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Proof of Lemma 3.3.3. In view of (3.91), the equality (3.83) becomes

fz<b><xl,xz>=( 4R+ at f >) () (g x2)

32
—- 5 (——C 7. ocu) (A, x2) + F(A)F () (Ar,x2). (3.98)
Co 8x1

Since
(c—1)%6(0—1) 1

029 09477:27le +1

() = =0(4;%) € Co(R)NL'(R),
the right-hand side of (3.98) belongs to L?(IR) with respect to A;, which implies that
Fa(b)(-,x2) € L*(R).

Applying the Plancherel identity, we obtain that b(-,x,) € L?>(R) with respect to x;. Since
u(-,xy) is extended by zero outside (0, 1), b(-,x;) is also equal to zero outside (0, 1) so that

b(-,x3) € L*(0,1). (3.99)

Let us show that b(x1,-) is a continuous function with respect to x, € [0, 1]. Recall that
the continuity of x, € [0, 1] = b(x1,x2) € L?(0, 1), is equivalent to

tim (-, x2+1) = b(22) 20,1, =0
Thanks to Plancherel’s identity, we infer from (3.83) that

1B, x2+1) = (- x2) I 2 0.1, = )('ax2+l)—fz(b)(wxz)Hiz(R)
2
()ul X2—|—l) fz(u)(ll,)@)] dA.
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In view of (3.92) and thanks to the Plancherel identity, we obtain

2
622 +1) = b2 a0 1), gcz/R\(4n2,112+1)(f2(u)(xl,x2+r)—f2<u>(xl,x2))\ Ay

7 (2 ()72 (29 o]

+C|F2u) (w2 +1) = Fau) (- x2) 1720 )

u du 2
8_)c1("x2 +t>_8_)c1("X2)

<C?

L2(0,1)3,
A

=C?

L2(0,1);,

x4 1) — ul-x) gy

X1 ’

By the Lebesgue dominated convergence theorem and since u € C°([0, 1]?), from the previous
inequality we conclude that the map x; € [0, 1] = b(x1,x2) € L*(0,1),, is continuous. Hence,

b(x1,x2) € C([0,1]4,; L*(0,1)y,). (3.100)

To conclude the proof, it remains to show the regularity of ug. Note that (3.84) is a
Sturm-Liouville problem with constant coefficient with respect to x;, since x, € (0,1) and
y, € Y| play the role of parameters. By (3.99), we already know that b(-,x,) € L*(0,1), so
that thanks to a classical regularity result (see e.g. [28] pp. 223-224), the problem (3.84)
admits a unique solution ug (-, x2,y2) in H>(0,1). Since H?(0,1) is embedded into C'([0, 1]),
we have

uo(-,x2,y2) € C1([0,1]) ae. (x2,y2)€(0,1) %Y.

On the other hand, the solution ug(x1,x7,y7) to the Sturm-Liouville problem (3.84) is expli-
citly given by

1
up(x1,x2,¥2) ::/O Gy, (x1,5)b(s,x2)ds, (3.101)

where b(x1,x,) is defined by (3.83) and (3.100) and the kernel Gy, (x1,s) is given by

1 i X AS . 1—x1Vs
Gy, (x1,s) := sinh (—) sinh <—> .
a(y2)sinh ( \/@) va2) a(y2)

This combined with (3.100) and (3.101) proves that

uo(x1,%2,2) € C'([0, 1), Ly, (V1))
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which concludes the proof. 0

We prove now the Lemma 3.3.4 that we used in Step 3 of Proposition 3.3.1.

Proof of Lemma 3.3.4. By the convolution property of the Fourier transform on L*(R), we
have
hxu = Fo(Fa(h)) * Fo(Fa(h)) = Fi(Fa(h) Fa(u)), (3.102)

where F; denotes the conjugate Fourier transform for i = 1,2. On the other hand, since
u € L'(R)NL?*(R) and due to Riemann-Lebesgue’s lemma, we deduce that F»(u) = F (u) €
Co(R) N L*(R). This combined with F,(h) € L*>(R) implies that

Fo(h)Fa(u) = Fa(h)Fi(u) € L*(R)NL(R).
Since F; = F> on L' (R) NL?*(R), from (3.102) we deduce that
hxu=TFo(Fa(h) Fau)) € L*(R),
which yields (3.95). This concludes the proof. O

Remark 3.3.5. We highlight the connection between our results and Dirichlet’s forms (for
the basic notion on the Dirichlet form, we refer to Appendix A.5).

Thanks to the Beurling-Deny theory of Dirichlet forms [15], Mosco [61, Theorem 4.1.2] has
proved that the I'-limit F of a family of Markovian form for the L?(Q)-strong topology is a
Dirichlet form which can be split into a sum of three forms: a strongly local form Fy, a local

form and nonlocal one. More precisely, for u € L?(Q) with F(u) < oo, we have

Flu) = Falu) + [ wk(dx) + () —u)jldr ), (.103)
Q (QxQ)\diag

where Fj is called the diffusion part of F, k is a positive Radon measure on Q, called the

killing measure, and j is a positive Radon measure on (Q x Q) \ diag, called the jumping

measure. Recall that a Dirichlet form F is a closed form which satisfies the Markovian

property, i.e. for any contraction 7 : R — R, such that

T(0)=0, and  Vrxy€eR, |T(x)-T(y)|<x—yl,

we have FoT < F. A I'-limit form obtained with the L?(Q)-weak topology does not a
priori satisfy the Markovian property, since the L?(Q)-weak convergence does not commute
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with all contractions 7. An example of a sequence of Markovian forms whose I'-limit
for the L?(Q)-weak topology does not satisfy the Markovian property is provided in [30,
Theorem 3.1]. Hence, the representation formula (3.103) does not hold in general when the
L?(Q)-strong topology is replaced by the L?(Q)-weak topology. In the present context, we
do not know if the I'-limit .% (3.58) is a Dirichlet form since the presence of the convolution
term makes difficult to check the Markovian property.

3.4 Homogenized formula for a rank-one laminate

We are going to give an explicit expression of the homogenized matrix A* defined by (3.4),
which extends the rank-one laminate formula in the case of a rank-one laminates with
degenerate phases. We will recover directly from this expression the positive definiteness
of A* for the class of rank-one laminates introduced in Section 3.2. Indeed, by virtue of
Proposition 3.1.3, the positive definiteness of A* also follows from assumption (H2) which is
established in Propositions 3.2.1 and 3.2.2.

Set
a:=(1-0)Aje;-e;+0Aze; ey, (3.104)

with 6 € (0, 1) being the volume fraction of phase Z;.

Proposition 3.4.1. Let A| and A> be two symmetric and non-negative matrices of M?*¢,
d > 2. If a given by (3.104) is positive, the homogenized matrix A* is given by

0(1-0)

A*=9A1—|—(1—9)A2— (Az—A1)€1®(A2—A1)61. (3.105)

In two dimensions, if a = 0, the homogenized matrix A* is the arithmetic average of the
matrices A1 and A», i.e.
A" =0A1+(1-06)A;. (3.106)

Furthermore, if one of the following conditions is satisfied:

i) intwo dimensions, a > 0 and the matrices A\ and A, are given by (3.30) with & - ey # 0,

ii) in three dimensions, a > 0, the matrices A1 and Ay are given by (3.42) and the vectors
{e1, M1, M} are independent in R,

then A* is positive definite.
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Remark 3.4.2. The condition a > 0 agrees with the I'-convergence results of Proposi-
tions 3.2.1 and 3.2.2. On the other hand, the degenerate case a = 0 fits neither in the
two-dimensional nor in the three-dimensional framework. Indeed, in two dimensions, the
condition a = 0 implies in particular that Aje; - e; = 0, hence the matrix A, is not positive
definite. In the three-dimensional setting, the independence of {e,n1, 1>} is not compatible
with a = 0. Indeed, a = 0 implies that A;e; = A;n; =0, for i = 1,2, which contradicts the
fact that A; and A, have rank two.

Proof. Assume that a > 0. In view of the convergence (3.21), we already know that

lim A% = A*, 3.107
6—0 o ( )

where, for 6 > 0, A} is the homogenized matrix associated to conductivity matrix Ag given
by

As(y) = xO1AY +(1—x(n))A3  for yi €R,
with A? = A;+ d81;. Since A| and A, are non-negative matrices, Ag is positive definite and

thus the homogenized matrix A is given by the lamination formula (see [7, Lemma 1.3.32]
and Proposition A.6.3 in Appendix A.6)

0(1—0)
(1 — O)A?el -e1+ GAgel -eq

A5 =0A% +(1-0)AS5 - (AS —A%)e; @ (AT —A%)e;. (3.108)

If a > 0, we easily infer from the convergence (3.107) combined with the lamination formula
(3.108) the expression (3.105) for A*.

Let us prove that A*x - x > 0 for any x € R¢. From the Cauchy-Schwarz inequality, we
deduce that

|(Ay —A))e; x| < |Azer -x|+|Ajer - x|
< (A261 ~el)1/2(A2x~x)1/2—|— (Alel ~el)1/2(A1x~x)1/2. (3.109)

In view of the definition (3.105) of A*, it follows that, for any x € RY,

Ax-x=0A1x-x+(1—0)Aox-x—0(1—0)a ' [(Ay —A))e; -x]*
> 0Ax-x+(1—60)Ax-x—0(1— Q)a_l[(Azel -elAzx-x)1/2+ (Are -elAlx-x)l/z]2
=a '[0(A1x-x)' P (Azer - 1) ? = (1= 0)(A2x-x)'*(Arer-e1)' P2 > 0, (3.110)

which proves that A* is a non-negative definite matrix.



114 I'-convergence of quadratic functionals

Now, assume d =2 and a = 0. Since A and A, are non-negative matrices, the condition

a=01implies Aje; -e; = Aze; -e; = 0 or equivalently Aje; = Aje; = 0. Hence,
(AS —A%)e; = (A3 —A})e; =0,
which implies that the lamination formula (3.108) becomes
A5 =0A% +(1-0)AS.

This combined with the convergence (3.107) yields to the expression (3.106) for A*.

To conclude the proof, it remains to prove the positive definiteness of A* under the above

conditions i) and ii).

Case (i): d =2,a > 0 and Ay,A; given by (3.30).
Assume A*x-x = 0. Then, the inequality (3.110) is an equality, which yields in turn equalities
in (3.109). In particular, we have

1/2 1/2
Aser x| = (Ager - e1) 2 (Apx-x) 12 = | AY ey ||| A *x]). (3.111)

Recall that the Cauchy-Schwarz inequality is an equality if and only if one of vectors is a
scalar multiple of the other. This combined with (3.111) leads to Aé/ 2y = OtA;/ 26] for some

o € R, so that, since A; is positive definite or equivalently Aé/ 2, we have
X = 0e for some a € R. (3.112)

From the definition (3.105) of A* and due to the assumption & - e; # 0, we get
* 1 2
A 61-6125(14261-61)(&-61) > 0. (3.113)

Recall that A*x-x = 0. This combined with (3.112) and (3.113) implies that x = 0, which
proves that A* is positive definite.

Case (ii): d =3,a > 0and A,A, given by (3.42).

Assume that A*x-x = 0. As in Case (i), we have equalities in (3.109). In other words,

Arer x| = (Arer-e1) 2 (A1x-x)1/2, (3.114)
[Aser x| = (Azey - €)' (Apx-x)'/2. (3.115)
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Let p;(7) be the non-negative polynomials of degree 2 defined by
pi(t) :=Ai(x+ter) - (x+tey) fori=1,2.
In view of (3.114), the discriminant of p;(¢) is zero, so that there exists #; € R such that
pi(t1) =Ai(x+trer) - (x+t1er) = 0. (3.116)

Recall that Ker(A;) = Span(n;). Since A; is non-negative matrix, we deduce from (3.116)
that x+ ;e belongs to Ker(A}), so that

x € Span(ey,ny). (3.117)
Similarly, recalling that Ker(A;) = Span(1,) and using (3.115), we have
x € Span(e, ). (3.118)
Since the vectors {e1,n1,M>} are independent in R?, (3.117) and (3.118) imply that
X = Qe for some o € R.
In light of the definition (3.105) of A*, we have
Afe;-e; = é(Alel -e1)(Azer-e1) >0,

which implies that x = 0, since A*x-x = 0. This establishes that A* is positive definite and

concludes the proof. O

Note that when d = 2 and a > 0 the assumption & - e; # 0 is essential to obtain that A*
is positive definite. Otherwise, the homogenized matrix A* is just non-negative definite as
shown by the following counter-example. Let A; and A, be symmetric and non-negative
matrices of M?*? defined by

Al=er®ey and Ay =1.

Then, it is easy to check thata = 6 > 0 and A*e; -e; = 0.



Chapter 4

An extension theorem from connected
sets and homogenization of non-local

functionals

In this chapter we study the asymptotic behaviour through I'-convergence for non-local

functionals of convolution type defined on generic periodic perforated domains.

In Section 4.1 we prove the main result Theorem 4.1.2, from which we deduce a com-
pactness result (see Corollary 4.1.10). In Section 4.2 we provide an application of Theorem

4.1.2 to the homogenization of the non-local functionals.

This is a joint work with Professor A. Braides (Dipartimento di Matematica, Universita
di Roma "Tor Vergata") and Professor V. Chiado Piat (Dipartimento di Scienze Matematiche,

Politecnico di Torino).

Throughout this chapter we adopt the following notation

« for simplicity we denote by Y := [0, 1) the unit cube in R?;

* x4 denotes the characteristic function of the set A;

* |t] denotes the integer part of t € R;

« M"*4 is the space of (m x d) real matrices (identified with R”*9);

e if 2 € M"™*4 and x € R then Zx € R is defined by the usual row-by-column product;
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« for any open set Q C R? and for any A > 0, AQ denotes the A-homothetic set
AQ :={Ax:x € Q},
and Q(A) is the retracted set
QL) :={x e Q : dist(x,dQ) > 1}; 4.1)
e for R > 0, Dg denotes the set of points in R4 x R4 whose distance is less than R; i.e.
Dp:={(x,y) e R xR : |x—y| <R};

* given an open set with finite Lebesgue measure |A| < co, the mean value of u over A is
given by

1
Up = W/Au(x) dx; (4.2)

* we say that a set E C R? is periodic (more precisely, Y-periodic) if E +¢; = E for
everyi=1,2,---,d where (e,-)f’:1 is the canonical basis of R?.

4.1 The extension theorem

In this section, we are going to prove the existence of an extension operator for non-local

functionals whose prototypes are of the form

1 y—x _ p
e RN G [ O R0 L )

where Q is a fixed domain in R and the kernel a : R? — [0, o], satisfies

[ a@) 1 +IE)E <.
R

and
a(§)>c>0, if |&]<r,

for some ry > 0 and ¢ > 0. The main result is Theorem 4.1.2, from which we deduce a
compactness result in Section 4.1.2. Before stating it, we recall the definition of a set with

Lipschitz boundary.
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Definition 4.1.1. An open set E C R" has Lipschitz boundary at x € JE if JE is locally the
graph of a Lipschitz function, in the sense that there exist a coordinate system (y1,...,Va),
a Lipschitz function ® of d — 1 variables, and an open rectangle U, in the y-coordinates,
centred at x, such that ENUy ={y : yg < ®(y1,...,Y4—1)} and that dE splits Uy into two
connected sets, ENUy and U, \ E. If this property holds for every x € JE with the same
Lipschitz constant, we say that E has Lipschitz boundary.

Theorem 4.1.2. Let E be a periodic open subset of R¢ with Lipschitz boundary and let Q
be a bounded open subset of R%. Then, there exist R = R(E) > 0 and ko > 0 such that for
all € > 0 there exists a linear and continuous extension operator Tg : LP(QN€E) — LP(Q)
such that for all r > 0 and for all u € LP (QN€E),

Te(u)=u ae. in QNEE, 4.4)
/ T ()P dx < / ul? dx, 4.5)
Q(ekp) QNeE
/ 7)) ~ Tefa) ) vy < () [ )~y dxdy, (46
(Q(ko))*NDer (QNEE)2NDg,

where we use notation (4.1). The positive constants c| and c, depend on E and d and, in

addition, ¢, depends also on r, but both are independent of €.

The proof, which will be given in the next subsection, is quite technical and it is split into
several lemmas.

4.1.1 Technical lemmas and proof of the main result

In order to give an idea of the construction of the extension operator, we assume that £ N2Y
is connected and has Lipschitz boundary. Under these assumptions, there exists a linear and
continuous operator ® : L? (EN2Y) — LP(2Y) satisfying, in particular, an estimate analogous
to (4.6) (see Lemma 4.1.5). Then, we consider the family ®% of the extension operator
obtained by traslating ® by an integer vector ¢ € Z¢. Finally, thanks to a periodic partition
of unity, the construction of a global extension operator is achieved glueing together ®% (see
Lemma 4.1.7). Now, the assumptions that £ N 2Y is connected and has Lipschitz boundary
in general are not satisfied (unless the complement of E is a disjoint union of compact sets,
which is the case studied in [26]), so that the first step consists to overcome the lack of
connectedness of £ N2Y and the regularity of its boundary. To this end, we state a slightly
modified version of [1, Lemma 2.3], which is a key tool for the construction of the extension

operator. The proof remains analogous to that of [1, Lemma 2.3] and is not repeated here.
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Lemma 4.1.3. Let E be a connected open subset of R? with Lipschitz boundary. Then, there
exists k € N, k > 4, such that 3Y NE is contained in a single connected component C of
kY NE. Moreover, C has Lipschitz boundary at each point of dCN3Y.

We denote henceforth by € the positive constant given by C := 2+/dk, where k is defined

as Lemma 4.1.3.

The next lemma is an easy consequence of the Holder inequality.

Lemma 4.1.4. Let A be an open subset of R%. Assume that A has finite and positive Lebesgue
measure |A| < co. Then, for every u € LP(A), with 1 < p < oo,

[l =utolPax < o [ juto) —uts)asay @)
A 1Al Ja

Proof. Denote by p’ the conjugate exponent of p. Thanks to Holder’s inequality, we deduce

p

1
dx

J == g [ () —utay

|A|P/P// p
dvyd
(x)[Pdxdy,
|A|/

which concludes the proof. O

The next lemma shows the existence of an extension operator ® on general sets of RY. It

is an adaptation of [1, Lemma 2.6].

Lemma 4.1.5. Let B, ®, @' be bounded open subsets of RY. Assume that 9B is Lipschitz-
continuous at each point of IBN'® and @' CC ®. Then, there exist a positive real number
R > 0 and a linear and continuous extension operator ® : LP(B) — LP(®') such that, for all
u€cLP(B),

DP(u)=u ae.in BN, (4.8)

1D (u) [P dx < 1 / lul? dx, 4.9)
o’ BN

/ D))~ PO dxdy <ex [ Julx) —u()| dxdy.  (410)
(0'x@")NDg (BNw)?

where ¢y and cy are positive constant depending only on B,®',  and p.



120 An extension theorem

Proof. Since dB has Lipschitz boundary at each point of d BN@, there exist a neighbourhood
U of dBN'® and a bi-lipschitz map R : U NB — U \ B such that, for any x,x, € UNB,

1
WItI2 X1 —x2] < |R(x1) — R(x2)| <2V 14 L%|x1 — x2],

where L is the Lipschitz constant (personal communication from authors of [26]). For fixed

t > 0 chosen below, we consider the set
A;:={x € o\ B:dist(x,dB) <t}. (4.11)
We may fix ¢+ > 0 small enough such that
ANne cU\B and R 'ANo)CBNo. (4.12)

Let ¢ be a C* function such that 0 < ¢ <1, ¢ =1 in Band ¢ =0 in {x € RY\ B :
dist(x,dB) > t}. We define the operator @ : LP(B) — LP(®’) as follows

u(x), x€EBN®,
D (u)(x) := ¢ @(xX)u(R™(x)) + (1 — 0(x))upnew, x€ANW, (4.13)
UBN® xe o' \A;,

where upn denotes the mean value of the function u over BN @ (see (4.2)). It follows that
®(u) € L’ (o) and ®(u) = u a.e. in BN @'; i.e., condition (4.8) is satisfied.

We now show condition (4.9). To this end, note that @’ can be written as
o =BNo)UA N0 )U (0 \A).
This, combined with the Jensen inequality and the definition (4.13) of &, yields
[ ewera= [ et [ @@ Pdes [ e s

AN’ 0"\A;

= Iu(x)lpdx+/ [@@u(R™" (%)) + (1 - ¢(x))upnol"dE
Bnw' AN’
+ 0"\ A||upno|”
g/ |u(x)|pdx+2p1/ (R (x))|Pdx
Bno’ AN’
+upno P (2P NA/| + 0"\ Ay). (4.14)
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Since R is a bi-Lipschitz map, the Jacobian ‘%(x)’ is a bounded function; i.e., there exists

a positive constant cg such that

‘87@ <cR, (4.15)

Ox (x)

so that, thanks to the change of variables x' = R ~!(x) and properties (4.12), we have

fopo RN e [l

N

This, along with (4.14), implies that
() () "dx < (27 1) [ ) P+ ol (27 1A+ |\ A
o' BNw'
<o [ julra,
BN

where ¢; denotes a positive constant depending only on p, @', B and R. Hence, condition
(4.9) is proven.

To conclude the proof, it remains to check condition (4.10). Fix R < ¢. For (x,y) €
(0’ x ®") N Dg, it is enough to estimate the integral in the left-hand side of (4.10) by
examining separately the sets

Sy = ((Bne') x (BNw')) N Dy,
Sy = ((BNw') x (A,Nw"))NDg,
S = ((A,No') x (BN®') N Dg,
S3:=((A,No') x (A,Nw')) N Dg,
Sy = ((A,N@') x (0" \A;)) N Dg,
S, = (@' \A;) x (A:N @) N D,
S5 := (0" \A;) x (&' \ A;)) N Dg

Note that the other cases do not occur since the distance between the points is grater than
R. Indeed, take, for example, (x,y) € (BN®') X (A, \ @’). Due to definition of A and since
R < t, the distance |x — y| is greater than R.
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Now, we evaluate the left-hand side of (4.10) on the set S; defined above. In view of the
definition (4.13) of ®, we have

[ 190000~ @) dxdy = [ Jute) ()} dxay
< /(Bmw)2 lu(x) — u(x)|? dxdy.

Here, we used the fact that S| C (BN ') C (BNw)>.

Due to definition (4.13) of ®, an application of Jensen’s inequality yields

5 |D(u) (x) — D(u)(y)|"dxdy = /SZ u(x) —u(R™ () + (1= @) (R (¥)) — upnw)| dxdy

<2071 u(x) —uw(R™H (7)) |P dxdy

$2
+2P_]/S |1—go(y)|p}u(R_l(y))_uBmw‘dedy (4.16)

Using the change of variables y/ = R~!(y) and properties (4.12) and (4.15), the first integral
in the left-hand side of (4.16) can be estimates as

S

o) ~u(R Py < [ ([ ) -uR o) pay ) as
<cr /(Bma)’)2 ]u(x) —u(y) ’P dxdy'
<er /( e 1) O (4.17)

By applying Lemma 4.1.4 and taking into account condition (4.15), the second integral in
the right-hand side of (4.16) can be estimated as

1= 00 (R (0) —usro” dxdy < BA@| [ [u(RT ()~ usra|” dy

AN’
< cR|Bﬂw'|/ ’u(y') —Mgmw|pdyl
Bno

- BN/
= Bnal Jenoy

|u(x) —u(y)|” dxdy.
Combined with (4.16) and (4.17), this implies

[ 1@ut) ~Dulrdzdy < [ ()~ u(y)|dady,
S2 (B

Nw)?2
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where c is a positive constant depending on p, B, ®, ®’ and R. Similarly, we have that

/ |Pu(x) — Du(y)|Pdxdy < c/ lu(x) —u(y)|Pdxdy.
(BNw)?

Now, consider (x,y) € S3. From the definition (4.13) of ®, we have
CDu(x)—CI)u(y)=F1(x,y)+F2(x,y), (418)
where Fj(x,y) and F>(x,y) are given by

Fi(x,x) = (u(R™1(x)) — upnw) (@(x) — (),
Fy(x,y) == 0(y) (u(R™'(x)) —u(R™'(y))).

Thanks to Lemma 4.1.4 and due to properties (4.12) and the estimate |@(x) — @(y)| < 2, we
deduce that

[ IR@yPasay<2? [ Ju(R (@)~ usro|” dxdy
S3 (A,ﬁa)

— 2p|A[ ﬂ Q] |
(Ana’)

§2P|A,ﬂa)’|cR/ |u(x') — upnol|” dx’
BNo

u(R™(x)) — upro|” dx

<2Pcg |A,ﬂa)|

") — P dx'dy. 4.1
Serlpmot L) ) aday. @19)

On the other hand, using the changes of variables ¥’ = R ~!(x) and y = R~!(y), we get
[ Ry < [ R @)~ u(R )" dudy
Ss (ANw')?
< c%/ |u(x') —u(y) |p dx'dy’. (4.20)
(BNw)?

In view of (4.18), an application of Jensen’s inequality combined with (4.19) and (4.20) leads

to

[ 19(() @) )" dedy <27 ( /S ()| dudy + /S 3 \Fz(x,y)!”dxdy)

<cf - jul) -l dedy (4.21)
(BNw)?

where ¢ denotes a positive constant depending only on p, B, ®, ®" and R.
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Take now (x,y) € S4. Applying Lemma 4.1.4 and using the change of variables x' =
R~ (x), from the definition (4.13) of &, we deduce that

S4!¢(M)(X)—<P(u)(y)|p dxdy = !w'\Az\/Amw, u(R™1(x)) — upro|” dx

Schwl\Al‘/Bm ’M()C/)—MBQ(DV) dx'
w

R 0"\ A,
— U [BNnol Jsne)y?

Ju(x) —u(y)|” dxdy.
Similarly, we also get

"NA|
d —-® p < |0’ N A,
[ 12600~ @) drdy Serpol |

Ju(x) — u(y)|" dxdy.

Now, take (x,y) € Ss5. Hence, we have that ®(x) — ®(y) =0 fora.e. x,y € @'\ A,. Finally,
gathering all the previous estimates, we conclude that

5
T

+ [ |P(u)(x) — P(u) ()| dxdy
SHUS,

<o ) - ul)|didy
(BNw)?

where ¢ is a costant depending on p,®’, ® and B. This shows (4.10) and concludes the
proof. O

The reflection argument that we used to construct the operator @ cannot be used to prove
the existence of a map ® : LP(B) — L? () since estimate (4.10) may not hold with @’ = o,
as showed in the following example.

Example 4.1.6. Let B be the ball in R? centered at 0 and of radius 1 and let  be the set of
R? defined by

o:={(xy) €R* :x€(~1,2),~x+1<y< —x+2}.

We define u € L?(B) as
1, x € B\ o,
0, xEBN®.

u(x) :=
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If ®(u) is the extension of u out of B by reflection, then we have
/ |Pu(x) — Du(y)|Pdxdy > 0,
®?NDpg

since u is not identically constant in the neighbourhood of the points (1,0) and (0, 1), while

[ )~ uly) Pdxdy =,
(BNw)2NDg

so that the condition (4.10) is not satisfied.

Lemma 4.1.7. Let E be a periodic, connected open subset of R? with Lipschitz boundary.
Let Q,Q/ be open subsets of R? such that Q' CC Q and dist(Q',0Q) > C. Then there exist

R =R(E) > 0 and a linear and continuous operator
L:LP(QNE) — L' (Q)

such that for all r > 0 and for allu € LP (QNE),

Lu=u, a.e.in Q' NE, (4.22)
/ |Lu|Pdx < cl/ |u|Pdx, (4.23)
Q/ QNE
/ Lu(x) - Lu(y)Pdxdy < ca(r) [ u() —u(y)Pdxdy,  (4.24)
(' xQ)NDg (QNE)2ND,

where ¢ and c, are positive constants depending on E and d and, in addition, ¢, depends

also on r. The constant R depends only on the set E.

Proof. In view of Lemma 4.1.3, there exists kK € N, k > 4, such that 3Y N E is contained in
a single connected component C of kY NE. Since C has Lipschitz boundary at each point
of CN3Y, we can apply Lemma 4.1.5 with B = C, @’ = 2Y and @ = 3Y. Hence, there exist
R > 0 and a linear and continuous operator ® : L?(C) — LP(2Y) defined by (4.13) such that,
for any u € L?(C),

D(u)=u a.e.in CN2Y, (4.25)
1D (u)[Pdx < ¢ / ulPdx, (4.26)
2Y cN3Yy
[ W) - @)y < e [ () — (o) Py, (427)
(2Y x2Y)NDg (CN3Y)x(CN3Y)

where the positive constants ¢; and ¢, depend on C and 2Y.
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Let (Y)¥) <z« be the open cover of R obtained by translating the cube 2Y by the vector

a € 74. For every set Q C RY, for every a € Z¢ and for every real number & > 0, we use
the notation

QF = o+ hQ. (4.28)

For h = 1 we simply write Q% = Q‘lx, while, for a =0, Qj, = Q?l. For every set A C RY, we
define the set
I(A):={aeZ: Y NA#0).

Since dist(Q',9Q) > C = 2\/dk, for every o € I(€'), we have that ¥} C Q.
For any a € I(Q'), we define the extension operator % : L (C%) — LP(Y,*) by translating
the operator ® by the integer vector ¢. In other words, for any u € LP(C?%),

D% (u) := (P(uon®))om™ %, (4.29)
where, for every a € 74 and for every real number 2 > 0, we use the notation
m¥(x):=a+hx  forx € R (4.30)

If h =1, we write 7% = 7r{* and if & = 0, we set 7, = n,?. For simplicity, for u € LP(QNE)

we denote by u? the function
u® = CIDO‘(u‘Ca) € LP(Yy). (4.31)

From (4.13) and (4.29), the explicit expression of u® is given by

U] q (X), xe (2rnaC)%,
u(x) =4 @(x—u(R™ (x— @)+ &) + (1 — p(x — &) )uzyncye, x € (2YNA)%,
M(3yﬂc)a, X e <2Y \ (CUA[))“,

where A, is given by (4.11) with B =C%, @ = 3Y“, and u(3yrc)« is the mean value of u| ,
over (3YNC)%; ie.,

M(3yﬂc)a = /(L;,Ymc)a u|C0‘ (x)dx.

We now define the global extension operator L : LP(QNE) — LP(Q'). To this end, let
(W) geza be a partition of unity associated to (Y{¥) 7« such that yP = y* o x%P for any
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a,B € Z%. Then, the map L : LP(QNE) — LP(Q') is defined by

Lu:= Y u®y*

ocl(Q)

where u% is given by (4.31). Note that L is a linear and continuous operator from LP(QNE)
to LP(Q') and that condition (4.22) is satisfied. Indeed, in view of (4.31) and due to (4.25),
we have

forae.xe Q' NE.

Now, we show condition (4.23). To this end, fix f € I(€) and note that, for any
aecl (Yzl3 ), we have Y/* C Yzi. Combined with estimate (4.26) and Jensen’s inequality, this
implies that, for any u € LP (QNE),

-1 1
/Yﬁ |Lu|Pdx < NP Z YBﬂYa‘u |Pdx < ¢|NP~ Z /CmSY |lu|Pdx
2 By 2
acl(y;) ocl( Y2
< NP1 Z / lu|Pdx < CINP/ |u|Pdx,
5. JYENE YEnE
acl(Yy)

where N denotes, henceforth, the cardinality of the set 1 (Yzﬁ ). Taking the sum over § € I(Q’)
in the previous inequality, we deduce that

/ LufPdx <Y / \Lu|Pdx
Ql

peran/”

c1NP Z /

Bel(QY) Y5NE

IN

ulPdx < NP(2K) e, / ulPdx.
QNE

The factor (2k) is due to the fact that each point x € R¢ is contained in at most (2k)“ cubes
of the form (Yzi)ﬁezd.

To conclude the proof, it remains to show condition (4.24). To this end, we state the
following estimate whose proof is given in Lemma 4.1.8 below: for all » > 0 there exists a

positive constant ¢ = ¢(r) such that

/ () — u(y)Pdsdy < e(r) [ u() —u()Pdxdy.  (432)
((Cny3)®)?

(Y*NE)2ND;
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Fix B € Z¢. Since

Lu(x)—Lu(y) =}, (u*(x)—u*()y*x)— ¥ w0y () — v (X))

acl(vF) acl(vF)
fora.e. x,y €Y. 5 , an application of Jensen’s inequality leads to

/ |Lu(x) — Lu(y)|Pdxdy
(¥ 2Dy

<2 [y L 00— DY)y

acl(yf)
+2p_]/yﬁ 2MD | Z u®(y) (v*(y) — y*(x))|Pdxdy. (4.33)
()" er(vf)

Due to Jensen’s inequality and in view of (4.27) and (4.32), the first integral is estimated as
follows

/(Yf)ZmDR Y () —u®()y* (x) | Pdxdy

ael(Yf)
< —u*(y)|Pdxd
R /YW%D (3) () Py
acl(Y,
< Z / () — u(y)|
YEXYE) mDR
acl(Y,
< o z Ju(x) — u(y)|dxdy
aci(rP) (1N0)%)
< cpe(r)NP! / —u(y)|Pdxd
S 0 ZB anE) ZmD 831 y
acl(Y))
< czc(r)Np/ |u(x) —u(y)|Pdxdy. (4.34)
(¥EnE)nD,

We evaluate the second integral. Since supp(y*) C Y,* for any o € 74, we have that, for any
B
x,yety,

Y (v*x) - v*(y) =0,

acl(YF)
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which implies that

Y Oy v ) = Y w0 (wEe) - v ) —uPx) Y () - ¥ ()

acl(vP) acl(vF) acl(vF)
= Y @) - @)y 0) -y ),
acl(yF)

fora.e. x,y € Yzﬁ . Thanks to the Jensen inequality, we obtain that

/(Yzﬁ)szR‘ Z u® (x) (w*(y) — w¥(x))|Pdxdy

eI(Yﬂ)
SN L g O P WY~y )Py
NYy*)*NDg
acl(yf)
<N Y u®(y) — uP (x)|Pdxdy. (4.35)

B a2
Y, Ny ND,
OCGI(Yzﬁ) ( 2 2 ) R

In order to estimate the integral on the right-hand side of (4.35), we perform computations
analogous to that of Lemma 4.1.5. The difference is that u* and uP are extensions of u
which belong to two different translated cubes Y;* and Yzﬁ . Hence, we separately evaluate the
integral on the right-hand side of (4.35) on the following sets, which take into account the
fact that u® and uP are the extension of u € L? (Q'NE) on different translated cubes,

S“ﬁ *NyYP ne)?npg;

zymC) NYP) < (¥#n (2Y NA,)P)) N Dg:

2Y NA)* NYP) x (Y21 2y NC)P)) NDg;

2Y NA)NYP) < (YN (2v NA)P)) N Dg;

2Y NA)*NYP) x (Y20 (2r \ (CUA))P)) N D
2Y\ (CUA))*NYP) x (Y2 2y NA)P)) N Dg;

2Y \ (CUA)*NYP) x (2N (2 \ (CUA,))P)) NDg.

— e~~~ o~ =~

Note that, as in Lemma 4.1.5, the other combinations do not occur since R is chosen such
that R < t.
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Consider the case (x,y) € S‘lx’ﬁ . Since u* = uP ae.in¥¥N Yzﬁ NC and due to estimate
(4.32), we have

[ ) =P )y = [, lutx) ~ uty)|Pdxay

1 1

< — Pdxd
o /(2mc)ﬁx(2mc)ﬁ julex) —uly)l"dxdy

< — Pdxd
<y 1) ) Py

<cr) [, )~ u(y)|dady
(Y, NE)2ND;

) [, )~ uly)dsdy
(Y5,NE)2ND;

IN

Here, we have used the fact that S}° P c2rnC)f x (2rnc)B.
Now, take (x,y) € S, %P Hence,

u¥(x) = () = u(x) — @y — Bu(R ™ (y = B) + B) — (1 — 9y — B))utisyrcy

= [u(x) —uiayncye] + [UEyne)e — Uisyac)s]

Oy =B)u(R™ (y—B)+B) — ugyncyl;

which implies that

/Smﬁ\u%)—u (v)|Pdxdy < 3712 N A, y/ u(x) — uyncye|Pdx

o 2YNC)
3p 1|2YﬂCH2Y ﬂA[||M(3Ymc)a - u(:’)YﬂC B ’p
+3P—‘2Ymc/ _ B + d
| |(2Y%)ﬁ|€0(y B)P[u(R™" (y—B) + B) — tayrcyp [P dy-
(4.36)

Taking Lemma 4.7 and estimate (4.32) into account, we immediately deduce that
[ ) —ureceldr < [ Jule) —ayngalds
(2YNC)@ (3YNC)@

S V&aTal —u(y)|Pdxd
= Bvnd /(%mc)a)2|u(x) u(y)|Pdxdy
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c(r)
= BY e Jyanmyap, 1) O dxdy
c(r)
S Brac Jubeepon lu(x) —u(y)|Pdxdy. (4.37)
By (4.15), we already know that R has bounded Jacobian and R~ (2Y NA;) C (3Y NC).

Then, in view of (4.32) and Lemma 4.7, it follows, after the changes of variables y =y — 8

and then y// = R_l (y/) + ﬁ, that

/(ZYﬂA,)ﬁ @0 =B [u(R™ (v~ B)+B) _u(SYﬁC)ﬁ”pdy

~ Jovru eON)IPIu(R™() +B) — UzyncysllPdy’
Ser [ WO <yl
CR
~ 3YNC| Jpsnc)p)? juee) —uly)"dedy
3
CR
= —u(y)|Pdxd
< Brng"” /(Y]ng)szrV”(X) u(y)|Pdxdy
C1
< Brog<™” /(yﬁﬂE)sz ju(x) — u(y)|Pdxdy. (4.38)
2k r
In order to estimate the term |u3yncyc — u (37nC)B |7, note that
|u «—u P = 1 / u () ()ddy P
(3YNC) (3YnC)B 3Y NCP? |Jarncyax aracys |ca B
1
RV A — P
= 3y NClp /(mc)ax(mc)ﬁ ] ca (X) =1y, (V) [Pdxdy.  (4.39)

Since u) ., = uj ; a.e.on YN Yf N C, the last integral can be estimated as follows

/(3YDC)°‘ x(3YNC)P
1

0 () — 1), () Py

T g B u o (x)—u(z)+u(z) —u Pdxdydz
renyfnc| /1V3“memc/(3mc)ax(3mc)ﬁ| ca X) — (@) +u(2) 1y ()| "dxdy

L2 13y nc|

IY“ﬂYﬁﬂc\ (renyfnc)x(3ync)e

2P~13y NC|

|Y3O£ mY3ﬁ ﬂC| (Y3aﬂY£ﬂC)><(3Y|"‘|C)ﬁ

) . () — u(2)|Pdxdz

|“|C,3 (y) —u(z)|Pdydz.
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Since Y¥ N Y3ﬁ N C is contained in (3Y NC)%, an application of estimate (4.32) leads to

—u(2)|Pdxdz < / —u(2)|Pdxd
() —ul) Pz < [ () — u(e) P
<) [ () — u(z)|Pdxdz
(Y*NE)?ND,

< c(r)/ 5 |u(x) — u(z)|Pdxdz.
(2E)RD,

/(y;xmyf NC)x (3YNC)

Similarly, we also deduce that

— Pdydz < / _ P dvdz.
/(Y3aﬂYfﬁC)><(3YﬂC)ﬁ |U|Cﬁ(y) M(Z)’ Yy Z_C(T”) (iﬁE)zﬂDrlu(y) u(z)| vdz

Finally, from (4.39) we get

= J u(x) — u(y) Pdxdy. (4.40)
Y2nE)2ND,

|“3YﬂC0‘_”3 cB|p
Bra ROt = sy a1y nyf ney Jod

Gathering estimates (4.37), (4.38) and (4.40), from (4.36) we conclude that

Loy 106 =P )Py < e1(r) [ u(x) — uly)|Pdxdy,

¥EnE)nD,

where ¢ (r) is a positive constant depending on p, E and r. The same arguments also show
that

/S o 115 () = uP (y)|Pdxdy < ¢ (r) / , lu(x) — u(y)|Pdxdy.

(Y5,NE)2ND;

Now consider (x,y) € Sﬁ"ﬁ . We have that

u(x) P (y) = @(x— ) u(R™' (x— &) + &) - uiync)e) + (UEyneye — ”(3Ymc)ﬁ)
¢ —B)u(R™(v=B)+B) —uayncysl-
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In view of inequalities (4.38) and (4.40), we obtain that

g 6@ =P ldxax <3727 0 [ Jgle= @)l u(R™ (x~ @)+ @) ~ usyrcyel"d
S:lx’ (ZYOAz)a
+377! 2Y NA, |2‘”(3Y0C)“ —Uiync)s 7
p—1 _B)IP =1y, _ P
F3RY AL [0 BPWR (= B) 4 B) ~uaracy
<al) [, ulx) ~ uly) Pdxdy,
(Y5,NE)?ND;
where ¢ is a positive constant depending on p,E and r.
Now, consider (x,y) € ng B Hence,
u®(x) = uP () = @(x — o) u(R™" (x = &) + &) — uzyncyal + (uarncye — tayrep);

which, thanks to (4.38) and (4.40), implies that

Js

s lu®(x) — uP (v)|dxdx < c(r)/

u(x) — Pdxdy.
b 1) ) s

Similarly, if (x,y) € Sg P we have

J

6

oy [0~ P ()dxdx < (1) [ u(x) — u(y) Pdxdy.

¥EnE)2nD,

If (x,y) € S;x P , then (4.40) shows the desired inequality on S;x P, Finally, gathering all

the previous estimate on Slfx P ,fori=1,...,7, from (4.35) it follows that
u® %(x) —w*(y)|[Pdxdy < ¢ r/ u(x) —u(y)|Pdxdy,
Lo, T O @ -y NPty <catr) [, o) )iy

acl(yF)

where ¢, denotes a positive constant depending on E, p and r. In view of (4.33), the previous

estimate combined with (4.34) leads us to

|Lu(x) — Lu(y)|Pdxdy < cz(r)/

(YﬂﬁE)zﬂD ‘M(X) - M(y)|dedy,
2k r

/(Yf x¥P)nDg
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with ¢, (r) being a positive constant depending on p,E and r. Finally, summing up over
B € 1(€) in the last inequality, we conclude that

/ Lu(v) - Lu(y)Praxay< ¥ | Lu(x) ~ Luy) Pdxdy
(Q’XQ’)(‘]DR Bel(g/) (YzﬁXYf)mDR
<) T J g, 40~y
SOOMerr) [ fule) )Py

where ¢, (r) denotes the positive constant depending on p, E and r and the factor (2k)%¢ is

due to the fact that each point (x,y) € RY x R? is contained in at most (2k)?“ cubes of the
form (Yzlj< X Yzi) gezd- This concludes the proof. O

The next result proves estimate (4.32).

Lemma 4.1.8. Let C be the connected component of kY NE, k > 4, such that 3Y NE C C
and C has Lipschitz boundary at each point of JCN3Y. For any r > 0 there exists a constant
c(r) > 0 such that the following inequality holds

[ )~ uty) Pdxdy < e(r) [ u(x) —u(y)Pdxdy.  (441)
(3YNC)? (kYNE)2ND,

Proof. We adapt the proof of [26, Lemma 3.3].

Note that for any function u the integral on the right-hand side of (4.41) is an increasing
function of r. Hence, it is sufficient to prove (4.41) for r > 0 small enough. For fixed r > 0,
there exists r1 € (0,37) and v € (0, 1] which depends on the Lipschitz constant of dCN3Y
such that for any two points ', n” € 3Y NC there exists a discrete path from n’ to n”; i.e. a

set of points

No=n"M....,0n, Mvs1 =1"
such that
i) |njt1—nj|<r.forj=0,1,...,N;

ii) forany j=1,...,N the ball By, (n,;) = {n € R? : |n —n,| < vr} is contained in
kY NC;

iii) there exists N = N(ry) such that N < N for all n’,n” € 3Y NC.
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Let &; € By, (n;), for j=1,...,N. Hence, thanks to the Jensen inequality and the condition
ii) above, we deduce, for n’,” € 3Y NC,

[u(&o) — u(Env1)PdEodEn+ 1

/(3ymc)m3v,1 (n")x (3YNC)NBy,, (1)

=cy4(vr _dN/ / / u —u +u —
a(vr1) Byr (M) JByr (1) (3YﬂC)mBW1(n/)x(3ymC)mb1(n”)| (50) ~ulon) +ulsr)

—u(En) +u(En) —u(Ens1)|PdodEn1dEy ... d&;
N+1
< (N+1)”1cd(Vr1)dN/ /
(KYNE)NByr, (no)  J(KYNE)NByr (Mv+1) ;
N
c(N+1)P~ / i) — _)PdEdE 1. (4.42
Z vt (e ern i o 6 T HEFDIPAE G (442)
In view of assumption (i), for §;_; € (kY NE) N By, (nj—1) and §; € (kY NE) N By, (N)),

we have
&= &1l <& —mjl+Inj—nj—1|+nj—1 —&j—1| <2vr +r <

which implies that (kY NE)NBy,, (n;) X (kY NE)NBy,, (1;-1) is contained in (kY NE)*>ND;.
In view of (4.42) and due to item (iii), we get

N+1

c(N+1)P! Z u(&j) —u(§j-1)[PdE;dEj

/ KYNE)NByy, (1) (KY NE)NByr, (nj-1)

1N+1
c(N+1)P~ / Pdéd
* Z kYﬂEsz —um)lPdedn
eV 1) / (&) —u(n)"dEdn
(kYNE)2ND,

<c®+1y [ u(€) — u(n)PdEdn.
(kYNE)2ND,
This implies that

[u(&o) — u(En+1)17dEodEn 1

/(31mc)m152w1 (n")x(3YNC)NBy,, (n")

<c®+07 [ u(E) -~ u(m)|dédn,

(kYNE)2ND,

Covering 3Y NC with a finite number of balls of radius vr| and summing up the last inequality

over all pairs of these balls gives the desired estimate (4.24). O

Z| (&) —u(&j-1)1PdEodEn+1 - -

dé
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Now, we may prove Theorem 4.1.2.

Proof of Theorem 4.1.2. The proof follows the lines of that of Theorem 2.1 in [1].

Fix € > 0 and set ko = 2C. First, let us show that there exist R = R(E) > 0, independent of &,
and a linear and continuous extension operator Lg : LP(QN€EE) — LP(Q(ekp/2)) such that,
for all r > 0 and for any u € LP (QNE&EE),

Le(u) =u ae.in Q(eko/2)NEE, (4.43)
/ |Le (u)|Pdx < ¢ / |u|Pdx, (4.44)
Q(Eko/Z) QNEeE
/ |Le () (x) — Le (u) () |Pdxdy < ca(r) / |u(x) — u(y)|Pdxdy.
(Q(eko/2))>NDer (QNEE)2NDe,
(4.45)

To this end, note that for every u € LP(QN&eE), we have uo 1 € LP(¢ " 'QNE), where we
use the notation (4.30) for the map 7. Moreover, dist(¢ ~'Q(eko/2),d(e~1Q)) > ko = 2C.
Hence, we can apply Lemma 4.1.7, so that there exist R = R(E) > 0, independent of &, and
a linear and continuous operator L : LP(¢ 'QNE) — L (¢~ 'Q(eko/2)) such that, for all
r>0and forallu € LP(e'QNE),

Lu)=u, ae.in £ 'Q(eky/2)NE,

/ IL(w)|Pdx < ¢ / ulPdx,
e~ 1Q(eky/2) e~ 1QONE

L)) L)y S o) [ fule) ) Py

/(8"Q(Sko/2))2ﬂDR
where the constants ¢; and ¢; are given by Lemma 4.1.7 and they are, in particular, independ-
ent of €. Hence, we set Leu = (L(uo 7)) o 7y /. Note that Leu € LP(Q(gko/2)) and (4.43),

(4.44), (4.45) are satisfied.

Now, we define the extension operator T : LP (QN€EE) — LP(Q) by Te(u) := L¢(u) a.e. in
Q(&kp) and extended by zero out of Q(€kp). Hence, we have that T¢ (1) € LP(Q) and (4.4),
(4.5) and (4.6) follow directly from (4.43), (4.44) and (4.45) and this concludes the proof. 0

4.1.2 Compactness

In this subsection we prove a compactness result which in particular implies the equi-

coerciveness of families of non-local functionals as those in the homogenization result in
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the next section. The proof is based on the extension Theorem 4.1.2 and on the following

compactness result proved in [27] for the case p = 2 and in [5] for general p > 1.

Theorem 4.1.9. Let Q be an open set with Lipschitz boundary, and assume that for a family
{we}tes0, we € LP(Q), the estimate

/S;(Ek) /DR

is satisfied with some k > 0 and R > 0. Assume moreover that the family {w¢} is bounded in

p
dédx<c (4.46)

we(x+ &) —we(x)
E

LP(Q). Then for any sequence €; — 0 as j — oo, and for any open subset Q' CC Q the set
{we, }jen is relatively compact in LP(Q') and every its limit point is in whr(Q).

Corollary 4.1.10. Let ug be a family of functions in LP (QN €E) such that there exists ¢ > 0
and r > 0 such that ||ug||1r(oneE) < ¢ and

/{I?SISF} /(QWEE)E(E)

forall € >0, with (QNEE)e (&) :={x € QNEE : x+ €& € QNEeE}. Then, for any sequence
€j — 0.as j— oo, and for any open subset Q' CC Q the set {ngugj} jen is relatively compact
in LP(Q') and every its limit point is in W17 (Q).

ug(x+€&) —ug(x)

p
: dxd& <c, (4.47)

Proof. Let ug be such that ||ug||1»(ner) < ¢ and (4.47) hold for every € > 0. From Theorem
4.1.2, the extended functions T¢ue satisfy the estimates

/ |Teue|Pdx < c (4.48)
Q(eko)

and

1
edtp /(meko))erDgR

<, |
1E1<r J(QNE)e(E)

for some R > 0 independent of €. The latter, after the change of variables y = x + €&, is

/Q(Sko) /Ié <R

’Tsue(y) - Teue(x)’p dydx

ug(x+€&) —ug(x)

p
dxd& <
- xd§ <c,

equivalent to

i p
Tenelertee) ~Tenel)|" g g <o (4.49)
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which corresponds to (4.46), for wg = Tzue. Using Theorem 4.1.9 for we = Tzue and (4.48),
(4.49), we can conclude that for any sequence €; — 0 as j — oo, and for any open subset
Q' CC Q, Tgug, is relatively compact in L7 (') and every its limit point is in wWhr(Q). O

Remark 4.1.11. The limit « in the previous corollary does not depend on the choice of
the extension. In fact, if V¢ is another extension of ue and v is its limit, then for any
Q'ccQcch

/ |u—v|pdx§c/ |u—ﬁg\pdx+c/ [Ve —v|P dx
Q'NeE Q Q
Passing to the limit as € — 0, one gets
y(o,1)de|/ u—v|Pdx <0
Q//

and concludes that u = v, by the arbitrariness of Q.

4.2 An application to homogenization

In this section we present an application of the Extension Theorem 4.1.2 to the homo-
genization of non-local functional. Specifically, we consider a periodic integrand £ :
RY x RY x R™ — [0,0); i.e., a Borel function such that A(-,&,z) is [0, 1]-periodic for
all &€ € R? and z € R™ and satisfies the following growth conditions: there exist positive
constants cg, ¢y, 7o and non-negative function y : R? — [0, o) such that

hw&.2) < W(E) (I + 1), (450
W &.2) = aoll=1) VI <ro, @51

with
L wEEr+1dg <er. 4.5

Let Q C R be an open set with Lipschitz boundary and let p € (1,00). For any & > 0, we
introduce the non-local functional He : LP(Q;R™) — [0, o] defined as

He(u) = /Rd /(QﬂeE)s(éj)h (gé ”(Hgi) _”(x>> dxd, (4.53)




4.2 An application to homogenization 139

where for each set B, € >0 and & € R4, we use the notation
Be(§):={x€B:x+¢€& €B}. (4.54)

Note that the integration in (4.53) is performed for x, & such that both x and x + €€ belong to
the perforated domain QN eE. Conditions (4.50)—(4.52) guarantee that functionals H, are
estimated from above and below by functionals of the type (4.3).

Thanks to Corollary 4.1.10, our functionals H, are equi-coercive with respect to the
LP

Joc (€ R™)-convergence upon identifying functions with their extensions from the perforated

domain. More precisely, from each sequence {u,} with equi-bounded energy He(ug) we can
extract a subsequence such that the corresponding extensions converge in Lf;c to some limit
u € WHP(Q;R™). This is implied by Corollary 4.1.10 applied with r = rq to each component
of the vector-valued functions u,, upon noting that (4.51) implies (4.47).

Now we may state the homogenization result for the functional He with respect to the

LP (Q;R™) convergence.

Theorem 4.2.1. The functionals H defined by (4.53) I'-converge with respect to L10C (Q;R™)-
convergence to the functional
/ hhom (Du(x))dx  if u € WP (Q;R™)
Q
Hhom(u) = (4.55)
oo otherwise,
with hyom Satisfying the asymptotic formula
hhom(Z) = hm —1nf / / h(x,y —x,v(y) —v(x))dxdy :
0,T)4NE J(0,T)INE
v(x) = Ex if dist(x, (0, T)%) < ko} (4.56)

for all 2 € M™*4_ Furthermore, if h is convex in the third variable, the cell-problem formula
hhom (Z) = inf{/ / h(x,y —x,v(y) —v(x))dxdy : v(x) — Ex is l—periodic} (4.57)
(0,1)INE JE

holds.
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Proof. In [5] this theorem is proved when E = R?. We will prove Theorem 4.2.1 reducing

to that case by a perturbation argument. For every 6 > 0 we set

1 (x,&,2) = 26 (0) XE (x+ &) hlx, §,2) + 8y, (6)217,

where Ry > 0 is fixed but arbitrary, and

Hg(”):/RdLS(g)hs (g,é,bt(x_l_gi)_u(x))dxdé

is defined for u € L”(Q;R™), where we use the notation in (4.54) for the set Q¢(&). Note
that H® > H,, and for § = 0 we have H? = H,. In the following, for any open set A and

6 > 0, we also consider the “localized” functionals

HE (v,A) :/Rd/Ag(é)h(;—C,‘g',u(ergi)_u(x))dxdé,

where we use the notation in (4.54) for the set A¢(§). If § = 0 we write Hg(v,A) in the place
of HY(v,A).

The homogenization theorem in [5] ensures that for all 6 > 0 there exists the I'-limit

Hhéom(u) =TI-lim H&‘é(u)

e—0

with domain W 1P (Q;R™), on which it is represented as
HS (u)= [ K’ (Du)d
hom \ ¥ o hom u)ax.

The energy density hgom satisfies

1
6 la) f— 1 —_— 1 8 —_ —_ .
hpom(Z) = Thm ” 1nf{ /(O,T)d /(O,T)d he (x,y —x,v(y) —v(x))dxdy:

v(x) = Ex if dist(x,d(0,T)%) < r} ;
for any fixed r > 0, and

—_ o) —_ —_
c1([E[P = 1) < hjio (E) < ca(1+[E[7)
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with ¢y, ¢, independent of §, for 0 € [0, 1]. Note that the independence of ¢; from § is an

immediate consequence of the Extension Theorem. Indeed, let ug — Zx be such that
o (= : 6(,0 d
hhom(:‘) = ;l_rf(l)Hs (ue ) (07 1) )

Applying Corollary 4.1.10 with Q = (0,1)¢, we deduce that Tgufg converge to Zx locally
in (0,1)¢ (in particular the convergence is strong e.g. in (zlu %)d). Hence, using (4.51), the
Extension Theorem and the liminf inequality of the I'-limit (see e.g. [25] and Appendix A.3),
we have

lim 2 (u?,(0,1)4) > liminfHe(u®, (0,1)%)
£—0 £—0

> ¢ liminf( / ud (x) — ul (y)|Pdxd —1)
(5 [, 100~ 0
c .. L Siy S » B )

> Cz(ro)llg(l)lf(8p+d/((}1,i)d)2mDR’Tgu‘g(x) Teup (v)|Pdxdy — 1
co .1 -

> — ,1} g 1),

> o min{ e (21 1)

where in the last inequality we have used that

I'-lim

g0 gptd /((1 3)d)2ﬂDR|v(x> v(y)] a’xd}’—CR/(1 ‘)d|Vv| dx,

13
73
where cg = f{lé\SR} |EL|PdE (see [5]).

Since h?

bom 18 increasing with §, we may define

- : 5 i ) S /=
ho(E) = ég{)hhom(:‘) = 511>n8+ hhom(‘:‘)7

and we deduce (here we use the usual notation for the upper I'-limit) that

/ ho(Du)dx > T-limsup He (u) . (4.58)
Q

£e—0

If u € WhP(Q;R™) and ue — u with sup, He (ue) < oo then for all fixed Q' compactly
contained in Q, if Ryp < R, upon identifying ue with its extension given by the Extension
Theorem, we obtain that,

/{|€§Ro} /(Q’)s(é)

ug(x+€&) —ug(x)
€

p
dxdé <c,
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so that
liminf He (ug) > liminf He (ug, Q') > limiang‘s(ug,Q/) —dc.

£—0 £—0 £—0

From this inequality we obtain (in terms of the lower I'-limit)
I- llmlang / ho(Du)d
by the arbitrariness of & and Q' CC Q. Hence, recalling (4.58), we have proved that

I-lim He (u / ho(Du)d

£—0

and in particular that the I'-limit exists as € — 0 (no subsequence is involved) and it can be
represented as an integral functional with a homogeneous integrand. Note moreover that the

lower-semicontinuity of the I'-limit implies that A is quasiconvex (see [25]).

Now we prove that s coincides with hpony, given by the asymptotic formula. First, note
that

ho(2) > 11msup—1nf / / x,y—x,v(y) —v(x))dxdy:
T—oo 0,T)NE J(0,T) de
v(x) = Ex if dist(x, (0, T)9) < r} . (4.59)

If we take r = kg, we obtain a lower bound for /.

To prove the opposite inequality, for any diverging sequence {7;} we can consider
(almost-)minimizers v; of the problems in (4.59) with r = kg and T = T;. By Lemma 4.1.7
(applied componentwise) with Q = (0,7)¢ and Q' = (k T;— ]‘20) recalling that ko = 2C,
we can consider v; = L(v;) € Lp((%, T;— —) ;R™) with v; =v; on Q = (0,T)?NE and

SAEY—T(n)IP
Ly gy, T8 ~TilM S
< er(n / vi(E)—vi(n)|Pdédn < cT(1+|EP),
<0 [ PHE) = iDIdEdn < T (1 2P
for some ¢ > 0 independent of j. Upon choosing a larger ko > 2 we may suppose that

L%j +1 < ko so that we may consider w; € LP((0,T; —n)%;R™), where n = ZL%j +2,
defined by

wi(x) :L(vj)<x—|— (L%J +1)(1,...,1)) - (LTJ +1)3(1,...,1).
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Having set €; = (T} — n)~! we can consider the scaled functions
x

uj(x) = €jw; <—> :
€

By the boundedness of the energies above and noting that there exists ¢ > 0 such that
wj(x) = Exif x € E and dist(x,d(0,T; —n)?) < c, upon extracting a subsequence, we may
suppose that u; — u and u € Ex + Wol’p ((0,1)%;R™). We may then use the quasiconvexity
inequality for hg to obtain

ho(E) < / ho(Du)dx
0.1)¢

< liminfHE (uj,(0,1)%)
J

< liminfHe, (u;,(0,1)4) +cé

J
< liminf ———Hy(w;, (0, T; —n)4) +¢6
— 1mjln (Tj—n)d I(ij( » 5] I’Z) )+C
< liminf———H;(v;,(0,T)%) +c&
= 1rr§1n (Tj—n)d 1(Vja( ) J) )+C

= liminf

1
[ bt sy
i (Tj—n)? 1n{ (0,7)4nE J(0,T;)4NE (x,y —x,v(y) —v(x)) dxdy

(x) = Exif dist(x,9(0,7))7) < ko | +¢8
1
:1"f—'f/ / hx.y —xv(y) — v(x)) dxdy
1rr5_1n Tjd 1n{ oy Jor i (x,y —x,v(y) —v(x))dxdy
v(x) = Ex if dist(x, (0, T))%) < ko} + 8.

By the arbitrariness of d and of the sequence 7; we obtain the desired upper bound for hy,
which, together with (4.59), proves the asymptotic formula.

In the convex case, again by the homogenization results in [5], we may repeat the
arguments used to get (4.59) to obtain the lower bound for A

ho(E) > inf{/ /h(x,y—x,v(y) —v(x))dxdy:v(x) — Ex is l-periodic}. (4.60)
(0,1)4NE JE

Note that this implies that the right-hand side is bounded from above by ¢, (1 4 |Z|?).

Now, let v be an (almost) minimizing function for (4.60), and set v (x) = €v(%). After

applying Theorem 4.1.2 to any set Q compactly containing (0, 1)? to possibly redefine ve
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outside £E, we can suppose that v, converge in L”((0,1)%;R™) to Ex and that

1
grtd /((o,1)dx(o,1)d)mDsR0

[ve(x) —ve(y)|” dxdy < c(1+ZE]7).
We then estimate

hl(?om<3> < llg(l)lfo-?(VE)

< / /h(x,y—x,v(y)—v(x))dxdy—l—c5(1+|3|p).
(0,1)4nNE JE

Taking the limit as 6 — 0, we obtain the converse inequality of (4.60) and we conclude the
proof. O

Remark 4.2.2. The function Ay, obtained in the asymptotic formula (4.56) also satisfies

I .
han(®) = Jim int{ [ o 3 = 50) = v() ey

v(x) —Ex is(0,T)% — periodic} :

Remark 4.2.3. An example is given by the convolution functional

1 y—X
F, = — Pdvdx.
)= /(m)x(m)a( . )\u<x> u(y) P dyds

Since the integrand function h(x,&,z) = a(&)|z|? is convex in z, then Theorem 4.2.1 and
(4.57) ensure that the integrand of the I'-limit (4.55) of F¢ is given by

inf{/(o,l)dnE /E_{x} a(E)v(x+ &) —v(x)|PdEdx: v(x) — Exis l—periodic} :



Appendix A

We recollect the main notion which are used in the previous chapters.

A.1 Lemma about near eigenvalues and eigenfunctions

Let us summarize the basic idea of the perturbation theory for a spectral problem (for an
introduction on this topic we refer to Kato [52]). Given a bounded self-adjoint operator A¢ in

a Hilbert space H, we consider the eigenvalue problem
Aguy = Afuj. (A.1)

We assume that the problem is completely solved for the unperturbed operator Ag. Hence,
we expect that, for small value of €, the eigenvalues and the corresponding eigenfunctions of
Ag slightly differ from those of Ag. This yields to look for a solution to (A.1) in the form

AE=A0+ el +e* A2 +..., (A.2)

ui:u2+€u,]€+82u,%+..., (A.3)

where, for fixed k € N, 7(,,? and u,? are the eigenvalue and the corresponding eigenfunction of
the unperturbed operator Ag. Then, the series (A.2) and (A.3) are plugged into the equation
(A.1) and the coefficients of the same power of € are collected in order to find the problems
satisfied by the terms appearing in the series. This is just a formal procedure and a further
step is necessary to justify the series (A.2) and (A.3). To this end, one can apply the so-
called Lemma about near eigenvalues and eigenfunctions, developed by Visik and Lyusternik
[82]. It provides an estimate involving the true solution (A, uf) and the partial sums of the
asymptotics (A.2)-(A.3).
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Lemma A.1.1 (see [74, Lemma 1.1]). Let H be a separable Hilbert space endowed with a
real-valued scalar product (-,-)g and let A : H — H be a continuous, linear, compact and

self-adjoint operator. Assume that there exist a real L > 0 and a vector u € H such that
lula=1 and ||Au—puln <o,
1/2

for some constant o0 > 0, where ||u||y is the norm of u € H given by (u,u)y ~. Then, there

exists an eigenvalue U; of operator A such that

i —pu| <o

Moreover, for any r > «, there exists a vector u such that

lu—aly <2ar7',  J@ln=1,

and u is a linear combination of eigenvectors of operator A corresponding to eigenvalues of
A from the interval [lL — r, lL +1].

A.2 Two-scale convergence

Two-scale convergence has been introduced by Nguetseng [73] and has been developed by
Allaire [6]. We recall the definition and the main properties of two-scale convergence used in
Chapter 3.

Let Q be a bounded open subset of R? and let ¥,; := [0,1).

Definition A.2.1. A sequence of functions ue in L*(Q) two-scale converges to a limit function
up(x,y) € L*(Q x Yy) if, for any function ¢(x,y) € CZ(;Coer(Ya)), we have

. X
tim [ ue()g (v.3) dx= [ [ uo(x.y)plx.y)dxdy.
e=0JQ € QJY,

The next theorem shows a compactness result for two-scale convergence.

Theorem A.2.2 (see [6, Theorem 1.2]). From each bounded sequence ug in LZ(Q), there
exist a subsequence and a limit ug(x,y) € L>(Q x Y,;) such that this subsequence two-scale

converges (o u.

A link between two-scale and weak L2-convergences is established in the next proposition.



A.2 Two-scale convergence 147

Proposition A.2.3 (see [6, Proposition 1.6]). Let ue be a sequence of functions in L*(Q)
which two-scale converges to a limit uy(x,y) € L*(Q x Y,). Then,

ug — u(x) :/ uo(x,y)dy weakly in L*(Q).
Yy
Furthermore, we have
gi_rf(l)”u8||L2(Q) > |luoll2@xy,) = lull2(0)-
We also recall the definition of “admissible” test function for two-scale convergence (see

[6, Section 5]).

Definition A.2.4. A function ¢(x,y) € L'(Q x Y), Yy-periodic in y, is an “admissible” test
function if and only if

g%/ﬂ‘(p(x,g)‘dx:/Q/Yd|<p(x,y)|dxdy. (A4)

It can be easily proved that a continuous function ¢(x,y) on Q X Y; is admissible in
the sense of Definition A.2.4. However, if the regularity of ¢ is weakened, the proof of
(A.4) becomes trickier. The next result shows that a function @(x,y) in Cc(Q; L, (Yy)) is

per

admissible in the sense of Definition A.2.4.

Proposition A.2.5 (see Lemma 5.5 Allaire). Let ¢(x,y) be a function such that there exist a

subset E C Y, of measure zero, independent of x, and a compact subset K C Q independent

of y, satisfying
i) foranyy € Yy \ E, the function x — @(x,y) is continuous with compact support K;
ii) for any x € Q, the function y — @(x,y) is Yy-periodic and measurable on Y,;

iii) the function x — @(x,y) is continuous on K uniformly with respectto'y € Y; \ E.

Then, for any positive value of €, ¢(x,x/€) is a measurable function on Q and @(x,y) is an

admissible test function in the sense of Definition A.2.4, i.e.

im [ o (x.3)[ar= [ [lo(ey)idxay.

Note that any function satisfying the assumptions (i)-(iii) of Proposition A.2.5 belongs to
Co(Q; L. (Y;)). The converse is also true: indeed, given a function ¢ (x,y) € C.(Q; L. (Yy)),

per per
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there exists a representative of ¢(x,y) which satisfies assumptions (i)-(iii) of Proposition
A.2.5 (see [6, Lemma 5.6]).

If a function ¢(x,y) is given by the product of two functions, each depending on only

one variable, then ¢(x,y) turns out to be an admissible test function.

Proposition A.2.6 (see [6, Lemma 5.7]). Assume that Q is a bounded open set. Let ¢1(x) €
LP(Q) and ¢(y) € Lg;r(Yd) with 1/p+1/p'=1and 1 < p < o (In the case p =1 and
p/ = oo the set Q can be unbounded). Then, for any positive value of €, ¢(x)d,(x/€) is
a measurable function on Q and ¢1(x)$(y) is an admissible test function in the sense of
Definition A.2.4.

A.3 I'-convergence

I"-convergence has been introduced by De Giorgi [37] and nowadays it plays a central
role among variational convergences thanks to its compactness properties and the results
concerning I'-limit of integral functionals. We recall the definition and the main properties

used in Chapters 3 and 4.

Let X be a topological space and let Fj : X — R be a sequence of functionals, where R
denotes the extended real line, i.e. R := RU{—o0,00}. The definition of I'-convergence can
be given in an abstract topological space X (see [35, Chapter 4]). However, if the topological
space X satisfies the first axiom of countability, we have a sequential characterization of
I'-convergence (see [35, Proposition 8.1]). In Chapters 3 and 4, we deal with topological
spaces X which satisfy suitable assumptions such that the I'-limit can be expressed in terms
of convergent sequences in X. More precisely, in Chapter 3 we deal with space X whose
topology is metrizable on bounded sets (see Proposition A.3.6 below) while in Chapter 4 the

topology is induced by a metric.

Definition A.3.1. Assume that X satisfies the first axiom of countability. The sequence Fj
[-converges to the functional F : X — R if for all u € X,

(i) for every sequence uj converging to u in X

F(u) <liminfFj(u;);

j=e
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(ii) there exists a sequence u; converging to u in X such that

F(u) > limsup F;(u;),
Joeo
or equivalently,
F(u) = lim Fj(ﬁj).

=%

The following proposition shows that the I'-convergence verifies the so-called Urysohn
property.
Proposition A.3.2 (see [35, Proposition 8.3]). Assume that X satisfies the first axiom of
countability. We have that Fj : X — R T-converges to a functional F : X — R if and only if

every subsequence of F; contains a further subsequence which I'-converges to F.

The next proposition shows a compactness result for I'-convergence.

Theorem A.3.3 (see [35, Theorem 8.5]). Assume that X has a countable base. Then, every

sequence of functionals Fj has a I'-convergent subsequence.

In Chapter 3 we have dealt with a Banach space X endowed with the weak topology
o(X,X’). In infinite dimensional spaces the weak topology is never metrizable, namely
there is no metric on X that induces on X the weak topology. However, if the dual X’ of X
is separable, one can define a metric on X which induces on bounded sets of X the weak
topology o (X,X’).

Proposition A.3.4 (see [35, Proposition 8.7] or [28, Theorem 3.29]). Let X be a Banach
space such that the dual X' of X is separable. Then, there exists a metric d on X such that
the weak topology on every norm bounded subset B of X coincides with the topology induced
on B by the metric d.

Corollary A.3.5 (see [35, Corollary 8.8]). Let X be a Banach space with a separable dual

X' and let d be a metric on X. The following conditions are equivalent

a) on every norm bounded subset B of X the weak topology coincides with the topology
induced on B by the metric d;

b) a sequence ujin X converges weakly to u € X if and only if u; is norm bounded and

converges to u in the metric d.
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The next proposition characterizes the I'-limit for the weak topology in terms of conver-
gent sequences. For this reason, we omit the topological definition of I'-convergence for

which one may refer to [35, Definition 4.1].

Proposition A.3.6 (see [35, Proposition 8.10]). Assume that X is a Banach space endowed
with the weak topology o(X,X") and the dual X' of X is separable. Let d be a metric on X
satisfying conditions a) and b) of Corollary A.3.5 and let y : X — R be a function such that

m Y(x) = +oo, (A.5)

[[x[| oo
where || - || is the norm in X. Assume that F; > vy for any j € N. Then, F; I'-converges to F
in the weak topology of X if and only if conditions i) and ii) of Definition A.3.1 are satisfied

in the weak convergence.

Corollary A.3.7 (see [35, Corollary 8.12]). Assume that X is a Banach space with a separ-
able dual X'. Let y : X — R be a function satisfying (A.5). If F; > y for any j € N, then

there exists a subsequence of F;j which I'-converges in the weak topology of X.

We recall also another important property of I'-convergence.

Proposition A.3.8 (see [35, Proposition 6.7]). Let X be a topological spaces. Let Fj and G ;
be two sequences of functionals from X into R such that F i <GjonX forany j€N. If F}
I'-converges to F and G I'-converges to G, then F < G.

IfH : X — R is a lower semicontinuous function and H < F jonX forany j € N. Assume
also that Fj I'-converges to f. Then, H < F.

Now, we assume that (X,d) is a metric space. We recall the definition of I['-liminf and
[-limsup.

Definition A.3.9. Let (X, d) be a metric space and let F; : X — R be a sequence of functionals.
The I'-lower limit of the sequence F; at u € X is defined by

I-liminf Fj(u) := inf{limianj(uj) Suj— u} .

joo j—eo

The I'-upper limit of the sequence Fj at u is defined by

I-limsup Fj(u) := inf{limsuij(uj) Duj— u} .

jeo jreo
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Note that I'-liminf and I'-limsup exist at every u € X. Moreover, F; I'-converges to a
functional F if and only if the I'-limit exists and we have, for any u € X,

I-liminf F;(u) = F (u) = I'-limsup Fj(u).

The I'-upper and lower limits turn out to be lower semicontinuous functions for the metric d
(see e.g. [21, Proposition 2.4]). This property is useful to provide an upper bound for the
[-limit (see [21, Remark 2.8]). Indeed, let d’ be a distance on X inducing a topology which
is not weaker than that induced by d, i.e.

d'(xe,x) =0  implies  d(xe,x) — 0,
and assume that

i) D is a dense subset of X for the metric d’;

11) we have
I'-limsup Fj(u) < F(u) on D

jreo

Y

where F is a function which is continuous with respect to d.

Then, we have
I'-limsupF; < F on X.

je
A.4 Homogenization

Homogenization is the description of macroscopic, or averaged, properties of materials
with fine microstructure, such as laminate materials, matrix-inclusion composite, porous
media and materials with many small holes or cracks. The common feature of all these
materials is their heterogeneous structure at a microscopic scale while they behave as an
ideal homogeneous material at macroscopic level. In mathematical terms, this leads to study
the asymptotic behaviour of a family of partial differential equations or a family of integral
functionals, depending on a small parameter € > 0.

A variational approach to the theory of homogenization is strongly connected to the
investigation of the asymptotic behaviour of integral functionals Fg : LP(Q;R™) — [0, 0],
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with p > 1, defined by

Fe(u) = /Qf(;—C,Du(x)> dx, ueWUP(QR™),

oo, u € LP(Q;R™)\ WHP(Q;R™),

(A.6)

where Q be a bounded domain of R? and f : RY x M"™*¢ — [0,c0) is a Borel function

satisfying the following assumptions:
(1) periodicity:
f(-,M) s l-periodic for any M € M™*?,
ie. f(x+e;,M)= f(x,M) forall x ¢ R? and M € M"*¢ and fori = 1,...,d;

(ii) standard growth condition of order p: there exist 0 < a < 8 < oo such that
o|M|P < f(x,M) < B(14|M][”)
for all x € R and M € M"*4,

The next proposition provides the so-called asymptotic homogenization formula.

Theorem A.4.1 (see [25, Theorem 14.5]). Let f : R? x M"*¢ — [0, 00) be a Borel function
satisfying the periodicity assumption and the standard growth condition of order p > 1. Let
F¢ be the family of functionals given by (A.6). Then, the functional F¢ I'-converges for the
LP(Q;R™)-strong topology to a functional Fyom : LP(Q;RY) — [0, 0] given by

/ From (Du(x))dx, ueW"P(Q:R™),
Fhom(u) = Q
oo, u € LP(Q;R™)\ WP (Q;R™),

where from : M4 — [0,00) is a quasiconvex function satisfying the asymptotic homogeniz-

ation formula

Shom(M) = lim linf{/(o )df(x,M+Du(x))dx ue Wol’p((O,t)d;Rm)},

t—oo td

for any M € M"*¢,
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Remark A.4.2. The function f},, in Theorem A.4.1 also satisfies the asymptotic formula
on periodic functions, i.e.

_ iaf i . 1,p ~Nd . pm
from(M) = J!ggmf{jd PO Du@)dx € W (0, )R >}.

If the integrand f is also a convex function, we give an alternative formula for the

homogenized function fnoy, Which consists of a single periodic minimization problem.

Theorem A.4.3 (see [25, Theorem 14.7]). Let f : R? x M"*¢ — [0,00) be a Borel function
satisfying the periodicity assumption, the standard growth condition of order p > 1. Assume
also that f(x,-) is convex for all x € RY. Then, the conclusions of Theorem A.4.1 hold with
from : M4 5[0, 00) given by the cell-problem formula

rom()=int{ [ P DubY)dy < e WE(O.%R" )

for any M € M%<,

A.5 Dirichlet Form

Let Q be a bounded open set of R?. A form B on L?(Q) is a non-negative definite, symmetric
and bilinear map defined on a dense linear subspace D(B) of L?>(Q). In other words, B is a
real-valued map defined on D(B) x D(B) such that

i) B(u,v) = B(v,u) for any u,v € D(B);

ii) B(u+v,w)=B(u,w)+ B(v,w) and B(au,w) = aB(u,w) for any u,v € D(B) and for
any a € R;

iii) B(u,u) >0 for any u € D(B).

The dense linear subspace D(B) is called the domain of B.

Definition A.5.1. A quadratic form F (u) := B(u,u), for u € L>(Q), is a Dirichlet form if

i) F is closed, i.e. its domain D(F) := {u € L*(Q) : F(u) < oo} is complete with respect

to the metric induced by the inner product B(u,v)+ [ uvdx;
Q
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ii) F is Markovian, i.e. for any contraction T : R — R such that
T(0)=0 and Vx,yeR, |T(x)—T()| <x—yl,

we have
Yue D(F), T(u)eD(F) and F(T(u)) <F(u).
For a general definition of Markovian property, we refer to [41, Chapter 1].

A Dirichlet form F is regular if there exists a subset of D(F) N Cy(Q) which is dense
in Cp(Q2) with respect to the uniform norm and in D(F) with respect to the norm B(u,u) +
||| 12(qr)- The next theorem provides a representation of regular Dirichlet forms first presen-
ted by Beurling and Deny [15].

Theorem A.5.2 (see [41, Theorem 2.2.1]). Any regular Dirichlet form F on L*(Q) admits

the representation

Fl) = Fal)+ [ k(@ + [ ) a0 dedy), (A

where Fy is a form with domain D(F;) = D(F) NCy(Q) and satisfies the following condition
Fy(u,u)=0  for ue D(F;) and v e 0(u),
where 0 (u) is defined by
0(u) :={v € D(Fy) : v is constant on a neighborhood of supp(u)},

k is a positive Radon measure on Q and j is a symmetric positive Radon measure on the

product space Q x Q off the diagonal diag. Such Fy, k and j are uniquely determined by F.

The form Fj is called the diffusion part of F, the measures k and j are called the killing

and the jumping measures respectively.

A sequence of Markovian forms F,, on L?(Q) is asymptotically regular if there exists a
dense subset C of Cy(L2) such that for any u € C,

liminf F}, (u,) < oo
N—o0

for some u,, — u strongly in L?(Q).
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Theorem A.5.3 (see [61, Theorem 4.12)). Let F,, be a sequence of Markovian forms on L*(Q)
which is asymptotically regular. Then, there exists a Dirichlet form F and a subsequence
Fy, such that F, I'-converges to F for the L?(Q)-strong topology. Moreover, F admits the
representation (A.7).

A.6 Lamination formula

Let Q be a bounded open subset of R?. Let o and B be two positive constants such
that 0 < @ < B < 0. We denote by M(a, B,Q) the space of all matrix-valued functions
A: Q — M9 guch that

i) theentries A;; € L*(Q) fori,j=1,...,d;

i) we have

al? <AS-E<BIEP  vEeR!

Let o and B’ be two positive constants such that 0 < o' < §’ < oo,

Definition A.6.1. A family of matrices A% (x) € M(o, B,Q) H-converges to a matrix A* (x) €
Mo, B, Q) if for any f € H~1(Q), the sequence ug of solutions of

—div (A% (x)Vug(x)) = f(x), in Q,
ueg =0, on 0Q,

satisfies
Ug — U, weakly in H} (Q),

A*Vue — A*Vu, weakly in L*(Q:;R?),

where u is the solution of the homogenized problem

—div (A" (x)Vue(x)) = f(x), in Q,
ug =0, on 0Q.

Now, assume that the sequence of matrices A¢ is such that

A% (x) := A% (x1). (A.8)
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This assumption holds when we deal with laminate materials for which the component phases

are stacked in slices orthogonal to the direction e;.

The next theorem, due to Murat and Tartar [62], shows that the H-convergence can be

reduced to the weak convergence of some combinations of entries of the matrix A%.

Theorem A.6.2 (see [7, Theorem 1.3.28]). Let A% be a sequence in M(a., 3,Q) satisfying
(A.8). Then, A®* H-converges to an homogenized matrix A* if and only if the following
convergence hold in L*(Q)-weak *

( 11
AT, AT
A%, AT,
1j 1j .
- ) 2 S J S d7
AT AY
A AL 2<i<d
AT AY -
Af A% AT A¥
Ag— ) (Af— Y ”) ,  2<i,j<d,
\ ( YAy Ay

where (Afj)1§i7 j<a and (A}kj)lgh j<d denote the entries of A® and A* respectively.

An application of Theorem A.6.2 is provided by the well-known lamination formula
which gives the homogenized properties of a two-phase rank-one laminate materials with
(possibly) non-isotropic and non-symmetric phases.

Proposition A.6.3 (see [7, Lemma 1.3.32]). Let A and B be two constant matrices in M4 xd

such that, for any & € R,

alg]? <AE-& <PIE) and al€|* <BE-& <BIE,

for some constants 0 < a < B < oo. Let Y¢(x1) be a sequence of characteristic functions con-
verging to a limit 0(xy) in L= (Q) weakly-x. Let A® be a sequence of matrices in M (o, 3,Q)
defined by

A% (x1) == x(x1/€)A+ (1 —x(x1/€))B.

Then, the sequence A® H-converges to A* which depends only on x; and is given by the

formula
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0(1—6)
(1 - 9)A1e1 -e1+ 936’1 4|

A*=0A+(1-6)B— (A—B)ey®(A—B) ey,

where AT denotes the transpose of the matrix A.
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