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CHAPTER 0
INTRODUCTION

Spinors are geometric multilinear vectors in a vector space V' which under the full rota-
tion of the coordinate system around an arbitrary axis change signs of their coefficients.
Formally, the space of spinors is defined as a fundamental representation of the associated
Clifford algebra acting on a vector space V' or as a spin representation of an orthogonal
Lie algebra. Currently, spinors play a major role as a tool in detecting parity changes when
looking for hidden symmetries (supersymmetries) of spaces in mathematics and physics.
At the beginning of the twentieth century, Dirac defined the space of Dirac spinors, which
can be used to construct spinor bundles. Those are rank 2* complex vector bundles whose
fibres are representation for Spin groups. A few years later, the concept of algebraic spinors
as square roots of vector bundles on complex manifolds was introduced by Chevalley and
Cartan, who described their algebraic and geometric properties in [14]. We study certain
Abelian varieties obtained as quotients /T satisfying the condition that the spaces of endo-
morphisms of their covering is isomorphic to a suitable Clifford algebras of some quadratic
complex vector space (or the complexification of a real quadratic space).

In the first chapter, we describe Abelian varieties with a principal polarization (denoted
as PPAV) and summarize their useful properties. This is background material, and we focus
on the comprehensive presentation of the results that we use later.

In Chapter 2, we define complex Clifford algebras and spinor modules as well as their
matrix representations. We describe properties of Clifford algebras and describe the (p, ¢)-
grade involutions and their connection with the (p, ¢)-Hermitian form for any real Clifford
algebra C, (V') and its complexification C, (V). Our approach gives us some geometric in-
sight and is computationally friendly. We use these involutions later to define polarizations

on Abelian varieties. We also present some results on spinor modules and their relations to



half spinor modules.

In Chapter 3 we present our original work. We define spinor Abelian varieties, which
we denote as S, associated with the complex Clifford algebra C,(1/) for a complex spinor
space A, where A is a space of spinors for the Clifford algebra as well as a covering space
for our spinor Abelian variety.

Our results show that spinor Abelian varieties have interesting properties that differ-
entiate them from other PPAVs. First we prove in Proposition 3.2.8 that for any spinor
Abelian variety, its dual variety Pic’(Sa) is also a spinor Abelian variety.We describe
some intrinsic properties of spinor Abelian varieties coming from understanding of their
endomorphism structure. For example, Lemma 3.3.1 (Losing your hat lemma) intrinsi-
cally links Clifford multiplication, the representations of the associated Clifford algebra,
and the analytic representations of Sa. In Proposition 3.3.2 we describe the endomorphism
structure for a spinor Abelian variety S with Clifford multiplication and compare it to the
integral subring C, (V') of the Clifford algebra C,(1"). We conclude this chapter with the

following decomposition theorem of spinor Abelian varieties.

Theorem 3.3.5 A spinor Abelian variety Sa is fully decomposable, as a spinor Abelian

variety, as a product of 2 elliptic curves E; of j-invariant 1728.

As an immediate consequence, we can state that £**" is itself a spinor Abelian variety with

Clifford multiplication on EiXQk by C,(V')z induced from Clifford multiplication on Sa.

In Chapter 4 we construct two important examples of spinor Abelian varieties: the Dirac
spinor Abelian variety Sn,, and the minimal left ideal PPAV denoted S, , for a Clifford al-
gebra of signature (p, ¢). The important benefit of working with the Dirac spinor Abelian
variety (as a complex torus) is that intrinsic properties (such as Clifford multiplication) can
be geometrically interpreted, due to the full decomposition of Sy, into a product of 2"
copies of suitable elliptic curves £;. Hence, various actions can be studied on the compo-

nents. In particular, in Proposition 4.1.11 we prove that Dirac spinor Abelian varieties Sa,,
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decompose as direct sums of half spinor Abelian varieties, Sa,, = SX @ S5, . and the
even Clifford algebra (C3, )z acts diagonally on each component. Note that in Appendix
A we provide an alternative construction of Dirac spinor Abelian varieties by constructing
spinor tori from the tensor products of divison algebras.

The second example in this chapter is the construction of minimal left ideal spinor
Abelian varieties. In this case, the Clifford multiplication on S, , is given by an action
on equivalence classes that are given by an equivalence on the minimal left ideal. Viewing
Clifford multiplication in this manner avoids having to work with large matrices when p+ ¢
is large.

In Chapter 5 we study actions on 2-torsion points of our Dirac spinor Abelian varieties
Sh,, and analyze combinatorial properties of the Clifford multiplication on this group. We
provide a table summarizing the Clifford actions in low dimensions in Appendix B.

We start Chapter 6 by asking the following question: does there exist a curve such that
its Jacobian is fully decomposable as a PPAV and isomorphic to the product of elliptic
curves? To answer the question, we construct a nodal elliptic chain curve, each with j-

invariant 1728, and prove the following.

Proposition 6.1.1: There exists a class of stable nodal curves of compact type (i.e. with
a tree structure) of genus 2¥, which we denote Ca, such that the irreducible components

~Y

are elliptic curves, {EJ} = FEiros, and we have the Jacobian decomposition J(Cp) =

2k7
Hi:l E1728-

The above nodal curves of genus 2 constructed by transversal gluing of elliptic com-
ponents at the points of order 2 fixed by Clifford multiplication result in curves whose
generalized Jacobian is in an isomorphism class of some spinor tori Sa. Hence Jaco-
bians of these curves have all the symmetries given by the multiplicative generators, and
actions here permute the irreducible components based on the symmetries of the lattice

['yx acting on Sa. Moreover, we are able to extend the Clifford actions to the product of



Picard groups of the components Pic’(E;) x -+ x Pic’(E,:) (and as a consequence to

Pich(By) x - - x Pict(Ey).

0.1 List of Symbols

* V' - a vector space.

(V,q) or (V, @Q)- a quadratic vector space with a form ¢ or Q).

e H - aHermitian formon V.

E' - the symplectic form, imaginary part of / on V', b = tmH.

* R(n)-the matrix algebra of n by n real matrices

* C(n)-the matrix algebra of n by n real matrices

e C(2%) - the matrix algebra of 2% x 2¥ complex matrices.

» (,(V)- the Clifford algebra of quadratic vector space V' with a quadratic form g.
» C,(V) -the complexification of C, (V).

* C,(V)z -the integral subring of C (V).

» I' - a discrete lattice in V.

* V/T - aquotient torus of V' by a discrete lattice in T

» I',(V) - the Clifford group of the Clifford algebra C,(V').

. fq(V) - the finite group of the multiplicative generators Clifford algebra C,(V').

» w7 -the (p, q) grade involution.

o utra —the (p, ¢) Hermitian conjugation.

A -a unitary spinor module for the Clifford algebra C, (V).
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R, 4 -the real Clifford algebra of signature p, g.

C,.q - the complexification R, , of the quadratic space RP*9 of signature (p, q).
Cor = R, ® C.

Aoy := C?" - the space of Dirac spinors for the Clifford algebra Cs;,.
A*- the space of Half spinor modules associated with A.

Sa- the spinor Abelian variety associated to the spinor module A .

ThSa - the covering space of Sa.

p: Cy(V)z — End(Sa) - Clifford multiplication on our spinor torus Sa.
JQS 4- the group of 2-torsion points for Sa.

Pic(Sa) - the variety of line bundles on Sa.

L - the principal polarization for Sh.

Pic®(Sa) - the group of degree 0 line bundles, vanishing c¢;(Lx).

L - the principal polarization for Sa.

SA,, - the Dirac spinor Abelian variety.

E/798-any elliptic curve of j-invariant 1728

C

EX? _ the product of 2% of the ellipti E=—
CpI’O uct o () ce lp 1C CUrves, Z@ZZ

2

H - the Hermitian form on the covering space of Ex?"

C, 4 f* - the minimal left ideal on the Clifford algebra C,, , induced from the Hermi-

tian idempotent f.

Zli)pqf™ the full rank lattice of C, ,f7.



Z,, 4-the restriction of R, ; to integral coefficients.
S,.q - the minimal left ideal spinor Abelian variety associated to C, , /.
Ca - anodal curve of compact type of genus 2¥.

Pic%(Cn) - the Picard group of line bundles of degree zero on the curve Ca.



CHAPTER 1
BACKGROUND MATERIAL AND INTRODUCTORY EXAMPLES

In this section we introduce Principally Polarized Abelian Varieties (abbreviated as PPAVs)

and describe their properties following known results.

1.1 Definitions and introductory concepts on Abelian varieties

We start by providing background definitions. This introductory section follows presenta-
tions in [8], [25], [33],[53]. For this manuscript we only consider vector spaces over K = C

or R of finite dimension.

Definition 1.1.1. Let V' be a finite dimensional complex vector space. A Hermitian metric
(or a positive definite Hermitian form) H is a complex bi-additive map, H : V x V — C,

with the following properties.

1. H is complex linear in the first argument.
2. H has conjugate symmetry, that is, H(v,w) = H(w,v) for all v,w € V.

3. H is a positive definite real valued quadratic form on V, when H(v,v) > 0 and

H(v,v) e RforallveV.

A finite dimensional complex vector space V with a Hermitian metric H is called a Her-

mitian (or unitary) vector space.

Note that the above conjugate antisymmetry implies that [/ is complex anti linear in
the second argument. It is easy to see that the imaginary part for this Hermitian form H on

V', which we denote as E, i.e. £ = 1m H, is a real skew symmetric form on V.

Definition 1.1.2. Let V be a finite dimensional complex vector space. A lattice I'in V is a

discrete subgroup such that the quotient V/T" is compact. That is, I is a free Abelian group

7



of full rank, i.e. rk T = dimg V. The quotient V/T' of the complex vector space V by the

lattice I is a called complex torus.

We are interested in the above type of Abelian varieties, i.e. complex tori with a polar-
ization. Now we define polarizations on a complex torus V/I" using a Hermitian form on

the underlying vector space.

Definition 1.1.3. A complex torus V/T" is an Abelian variety if there exists a positive defi-
nite Hermitian form H on V' such that the imaginary part of the Hermitian form F = im H
is integral on the lattice I' C V. Then the pair (V/T', H) is called a polarized Abelian va-

riety.

Remark 1.1.4. 1. One may also define a polarization on V /T as a first Chern class c1(L) =
H of a positive definite line bundle L € Pict’ (V/T), relating the positive definite Hermitian
form on V' with our polarization.

2. Alternatively, we can define a polarization as an alternating form £ : ' x I' — Z
acting on the lattice 1" such that it gives an extension to real scalars, i.e. I' Q R =V,
which is defined as E : V x V — R, where E(iv,iw) = E(v,w) and E(iv,v) > 0. These
conditions are known as the Riemann relations, and when Riemann relations are satisfied

by an alternating (1, 1) form E, we obtain a related polarization on the Abelian variety.

Summarizing the above, we have the following equivalent categorizations of polariza-

tions on V/I":
1. Given by a positive definite Hermitian form H, such that im H = F is integral on

the lattice I', that,is £ : I' x I' — Z.

2. Given by an alternating form £ : I' x I' — Z, whose R bilinear extension to Vg X

Vk — R satisfies E(iv, iw) = E(v,w), and E(iv,v) > 0.

3. Given by a positive definite line bundle L on V/T, such that its first Chern class is
represented by the positive definite Hermitian form H or integral on I', or equiva-

lently the skew-symmetric form £ which satisfies the Riemann relations.

8



We only consider V' of finite dimension. Since our I' is always of even rank (say = 2g for

some integer g), we may consider it as a Z-module. Hence, the skew symmetric form F

giving us our polarization can be defined in some basis 7, ..., 7, as a skew-symmetric
. OQXSJ D . . .
matrix, £ = , where the diagonal matrix D = diag (dy,...,d,;) €
=D 0gxq

ZQZO, and where the entries are ordered by the relation d;|d;1. This way the sequence
(dy,...,d,)is unique and defines a skew-symmetric form up to an isomorphism. Therefore

the sequence D is called the type of polarization.

Definition 1.1.5. Let V' be a finite dimensional complex vector space. An Abelian variety
V /T with the polarization form E is said to be principally polarized if the polarization
type of E is given by D = 1., Equivalently, V/T" is a principally polarized Abelian
variety if det(F) = 1, for the form E defining the polarization of our Abelian variety.
An Abelian variety with a principal polarization is called a principally polarized Abelian

variety, which we denote PPAV hereaffter.
Lemma 1.1.6. Elliptic curves are PPAVs of dimension one over C.

Proof. Since every elliptic curve E is analytically isomorphic to a complex torus C/T,

where the lattice I' has a basis of the form 1, 7 where 7 is a vector in the Siegel upper half

C
B Z®TL
where the principal polarization is given by H (v, w) = u, defining a principal polar-
mT

plane H; C C. Hence we can consider our elliptic curve as the quotient . =

ization, hence making F, a one dimensional PPAV. O]

Definition 1.1.7. An elliptic curve is said to have complex multiplication if its endomor-
phism ring End(E) is strictly greater that Z. If an elliptic curve E has complex multipli-

cation, then T € Q(v/—d), where d € Z and d > 0.

For elliptic curves with complex multiplication, the endomorphism ring is a subring
of the associated quadratic number ring End(E) C Q(v/—d). When 7 = i, the elliptic

curve is defined by the lattice spanned by 1 and ¢, the square lattice of dimension one. We

9



denote this elliptic curve by F; = . This elliptic curve has the Gaussians as its

7&i-7
endomorphism ring, End(E;) = Z[z}@ and its automorphism group is the multiplicative
group generated by i € C, Aut(FE;) = (i) = {£1,+i}. Now since E; has an automor-
phism group of order 4, elliptic curves in this isomorphism class are of j-invariant 1728.
Moreover, the Weierstrass cubic equation that defines E; in IP? can be written in the form

3

y?z = 23 — w22, This isomorphism class has j-invariant 1728 (see also [53]).

Remark 1.1.8. Note that from now on, when we speak of the elliptic curve generated by
the square lattice generated by 1,1, we denote it as E;. We denote curves of j-invariant

1728, in the same isomorphism class of E;, as F7os.

The Moduli space A,

To classify the PPAVs defined in the previous section, we consider the Siegel upper half
space H, = {T € C9*9 . 7' = 7;4m(7) > 0}, where for each 7 € H, we can associate the
lattice ', = Z9 @ 7Z9. Hence the quotient A, = C9/T", gives us the underlying torus. The
canonically chosen symplectic form on I'; extends naturally to an R-alternating (1, 1) form
I satisfying the Riemann conditions as in Remark 1.1.4, and moreover, £ is a principal
polarization. Thus A; is a PPAV for a chosen 7 € H,. Hence, the Siegel upper half space
may be viewed as a parameter space of period matrices for a PPAV of dimension g.

Now we consider Sp(2g, Z) as the symplectic group, i.e. integral matrices that preserve

the symplectic form on the lattice I'.. This group acts via the modular action on the Siegel

a b
upper half plane, v - 7 = (7 - ¢+ d) (7 - a + ), where 7y = € Sp(29,7).
c d

It is known that via this action two lattices are isomorphic if one can be transformed into
the other by a Sp(2g,Z) action. It turns out that the quotient is in a natural one-to-one

correspondence with the isomorphism classes of PPAV of complex dimension g, which we

(g+1)(9) and

denote A,. Now A, is naturally a quasi-projective variety of dimension 5 ,

H,y/Sp(29,Z) = A, is indeed an isomorphism (see [8], [27]).

10



From the analytical perspective, for any 7 € H,, the Riemann theta function is a map
6 : Hyx C9 — C defined by the Fourier series 0. (2) = > ;. exp(m-in'T-n+2w-in'- 2),
where this series converges absolutely and uniformly on compact sets of H,(see [47] for
more on the Riemann theta function). The function .. is an even function, hence 6, (—z) =
6-(z). For a fixed 7 € H,, the zero locus of the theta function, Z(6,) = {z € C?: 0.(2) =
0}, projected to A, gives us a divisor invariant under shifts by the lattice I, = Z9 & 7Z79.

This gives us the following definition.

Definition 1.1.9. The zero locus of the theta function, Z(0,) = {z € CY : 0,(z) = 0},

projected to A, gives us a divisor invariant under shifts by the lattice ', = 7.9 ® 77.9. This
g

79 7 =: A,, defining the symmetric

divisor gives a well-defined subvariety, ©, C

theta divisor of our PPAV A..

Example 1.1.10. Following the construction in [36][37], we consider complex elliptic

curves Fy, ..., E,. We can view each curve as a complex torus given by the quotient
C . .
FE; = —————. Hence on the product F, X --- X I, the period matrix can be repre-
Z S%) Zj - Z
sented as the diagonal matrix T = diag(z1,...,2,) € Hn, where each complex number

zj complex analytically defines our elliptic curve E;. Hence we can establish a canonical

Ccr cr
isomorphism between E| x --- x E, and the complex torus = ,
P ! P (I,7)-22  Zrar-Zr
together with the canonical polarization on the product Abelian variety Fy x --- X F,

given by Ly = piOp, ® --- ® p;Og,, where p; : Fy X --- x E, — Ej is the pro-

jection to the jth coordinate map. The first Chern class of the canonical line bundle is

0 I
c1(Lo) = , thus defining a principal polarization on Ey X - -- X E,,.

-1 0

Symmetric theta divisors and 2-torsion points

We begin this section with the definition of a symmetric line bundle.

Definition 1.1.11. A line bundle L, € Pic(A,) is a symmetric line bundle if it satisfies
[—1]*L; = L., where [—1]* : Pic(A;) — Pic(A;) is the pull back of the involution

11



[—1] : x — —x, forall © € A,. The associated theta divisor O, of a symmetric line bundle

L. is called a symmetric theta divisor for a given PPAV A, € A,.

Note that for a given theta divisor O, the even property of the associated Riemann theta
function gives us the symmetry property ©, = —0O,; that is, the associated theta divisor is

a symmetric theta divisor (for details see [26], [27]).

Definition 1.1.12. We define A.[n] = {p € A, : n-p = 0} as the set of n-torsion points
on our Abelian variety A.. This can also be thought of as the kernel of the multiplication

by n endomorphism, which we denote by [n].

Note that the set of 2-torsion points A.[2] in A, can be naturally identified, as a sym-
. . 2 . _ ( 9eecy )
plectic vector space, with F5Y. Here we view elements as [§] = [(ggz )], where [§] can

be seen as the vector (ey, ..., ¢y, 01,...,0,)" € F5% and with ¢;,; € F,. This identification

~

comes from the group isomorphism ¢ : F3? — A,[2], where [§] — 5. Due to this
identification, elements of F3? are known as period characteristics.

Now we introduce the concept of symmetric translates for bundles.

Definition 1.1.13. The symmetric translates of the line bundle L. that defines our polar-
ization are the line bundles L .. 5, where L(er +0) € A,[2] as above. The associated

symmetric theta divisor for each symmetric translate is denoted by t*

5 (ET+5)@ = @%(674‘5)’

where t, is the translation morphism associated to any point x € A,.

Note that there are a total of 229 unique symmetric theta divisors, one for each 2-torsion
point € € A,[2]. These symmetric theta divisors ©., however, have the same Chern class.
Thus for a fixed polarization there are 229 non-isomorphic representatives for the Chern

class ¢;1(L,) = H (see [8], [27]).

Definition 1.1.14. The set of symmetric theta divisors on the torus A, is defined as

1
SymTh(A;) = {O1 (15 : 5(67’ + ) € A, [2]}.

1
2
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The associated symmetric theta divisor to the origin 0 € A.[2] is the one that defines the

principal polarization, i.e. ©y = O,.

We note here that we have a total of 229 symmetric theta divisors and they are in one-
to-one correspondence with the set Picf’(A,), = {L € Pic(A,) : [-1]*L = L,e1(L;) =
H}. The bijection is established via O1(errs) = Li(errs) = Oa.(O1(15)). Hence for all
2-torsion points, we can translate line bundles of the form L ;. 5) = Oa, (@%(ET +6))- Now
Pictl(A,) is a torsor over A, [2]. Here the affine action is given by A, [2] x Picll(A,) —

Pictl(A;), e - L = t: L (see for details [22], [26], [27]).

Jacobians and theta characteristics

This introductory section is based on [8], [22], [28]. Let C' be a smooth complex irre-
ducible projective curve of genus g and J(C') its Jacobian variety. Then following known
classical results, we can consider J(C') as a PPAV, as well as a projective variety. Then
J(C) considered as a PPAV has an associated symmetric theta divisor ©, C J(C') that
defines an ample symmetric line bundle L, whose first Chern class ¢;(L) = H is given
by the Hermitian form on H°(C,w¢)* that defines the principal polarization induced from
the intersection symplectic form on the canonical symplectic basis on the lattice H;(C,Z).
Therefore, the symmetric theta divisor ©, can be analytically viewed as the zero locus of
the Riemann theta function. On the other hand, from the algebraic geometry point of view,
J(C) is defined as the algebraic group Pic’(C) = {[L] € Pic(C) : deg(L) = 0}. The
groups J(C') and Pic’(C') are isomorphic by the Abel-Jacobi map « : Pic®(C) — J(C)
givenby [D = 37, P — Qi) = (3, [p wi..., 22, [p wg) mod Hy(C,Z). The sym-
metric theta divisor can be described algebraically as follows: for a fixed line bundle
L € Pic®(C), consider O, = {M € J(C) : h°(M ® L) > 0} as the corresponding
algebraic theta divisor. Also, J(C) = Pic’(C) has a canonical identification with Pic?(C)
for any d € N. This bijection is done by choosing a line bundle L, € Pic?(C)) and, for

any M € Pic°(C), using the map M +— M ® Lg, which actually defines a non-canonical
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isomorphism [L,] : J(C) = Pic*(C).

When d = g, we have the option of viewing the Jacobian as Pic?'(C) or Pic®(C)
via the above isomorphism. Considering J(C') as Pic?~!(C'), we have a natural choice of
theta divisor given by the Brill-Noether locus variety W,_; = {L € Pic?~*(C) : h°(L) >
1} C Picv~*(C). This gives us a useful description of symmetric theta divisors on J(C).
The Brill-Noether locus W), is the natural polarization © C Pic?~*(C), and by what is
known as the Riemann-Kempf theorem, we can define the Brill-Noether locus as points of
the theta divisor with multiplicity greater than r + 1.

We now recall a definition of another sublocus of Pic9~!(C'), the sublocus of line bun-

dles that are square roots of the canonical bundle w¢.

Definition 1.1.15. A theta characteristic on a smooth complex irreducible projective curve
C of genus g and J(C) is a a square root of the canonical line bundle, that is, a line bundle
k € Picd™Y(C) such that k®* = wc. We denote the set of all theta characteristics as
Th(C) = {k € Pic" Y(C) : k%2 2 w¢}. A theta characteristic is even (respectively odd)
according to the parity of its global sections: if h°(k) = 0 mod 2 (respectively h°(k) = 1

mod 2). An even theta characteristic with global sections is a vanishing theta null.

Note, using a counting argument, that every curve C' of genus g possesses 2% theta
characteristics, where #Th°%(C') = 2971(29 — 1) and #The>**(C) = 297(29 + 1). Each
theta characteristic x € Th(C') corresponds to a symmetric theta divisor O,.

When we view the Jacobian as Pic(C), the symmetric theta divisor obtained by the
theta characteristic k € Th(C) is given by ©,, = {M € Pic®(C) : h°(M ® k) > 0}.
The set of theta characteristics is an affine space (which can also be thought of as a torsor)
over Pic®’(C)[2] = {L € Pic®(C) : L®* = Oc}. That is, if we take any two different
characteristics «,x € Th(C), they differ by some 2-torsion point on Pic’(C). In this
case the transitive action Pic’(C)[2] x Th(C) — Th(C) is given by (L,x) — L ® K
where (L ® k)®? = [®2 @ k%? 2 O¢ ® we = we, which implies k ® L € Th(C') for

all L € Pic°(C)[2]. Thus for a fixed theta characteristic k € Th(C'), the restriction of the
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isomorphism [x] : Pic®(C)[2] = Pic9=1(C) to Th(C) defines a non canonical bijection,
allowing us to describe T'h(C') in terms of points of order 2, via Th(C) = {L ® k : L €
Pic®(C)]2]}.

1.2 Endomorphisms on Abelian varieties

In this section we briefly summarize useful facts on Abelian varieties and their endomor-
phisms (for more background on the topics covered in this sections, see [8], [21]). In this
section we let A = V/T" where V' is a complex vector space of dimension g, I is full rank

lattice that defines A as a complex torus, and L is its polarization.

Definition 1.2.1. A homomorphism of A to itself as a homomorphism of complex Lie
groups is an endomorphism. Any endomorphism whose kernel is a finite group is called

an isogeny.

Note that the endomorphisms of A in the above definition are equivalent to holomorphic
maps from A to itself that are compatible with the group structure of A, and send the origin

to itself; moreover, an endomorphism f is an isogeny if im(f) = A.

Definition 1.2.2. For any Abelian variety A, End(A) is the ring of endomorphisms of the

polarized Abelian variety A.

The endomorphism ring End(A) is itself a unital associative ring with multiplication
defined by composition and addition is given pointwise. Any endomorphism f € End(A)
is given by a C linear map from V to itself, such that its restriction to the lattice I is

contained in the lattice. This prompts the following definition.

Definition 1.2.3. Let A be a polarized Abelian variety with the endomorphism ring End(A).
End(A) induces two injective ring homomorphisms: 1, : End(A) — Endc(V) = C(dimV)
given by 7,(f) = fa and 7. : End(A) — Endg(I") = Z(2 - dimV') given by 7,(f) = f-

To 1s called the analytic representation, and 7, the rational representation.
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An endomorphism f € End(A) and both representations are related by the equation
7a(f)] r = 7-(f); moreover, as we see in the above definition, the analytic and rational

representations can give us matrix representations of the endomorphism ring End(A).

Definition 1.2.4. An automorphism of Abelian varieties is an isomorphism of complex

Algebraic groups f : A — A such that f*L = L. The set of automorphisms forms a group,
denoted Aut(A).

For polarized Abelian varieties it is well known that the automorphism group is finite
(see [8]), and generally this group can be through of as the group of units of the endomor-

phism ring End(A).

Remark 1.2.5. Note that a polarization viewed as a line bundle L on our Abelian variety
A = V/I' induces an isogeny between the Abelian variety and its dual variety viewed as
Pic®(V/T). The isogeny is given by x — t:L ® L', and when the induced map is an

isomorphism, our polarization L is a principal polarization.

In [8] we see that for polarized Abelian varieties A = V/T', Aut(A) is a finite group.
Having certain automorphisms can provide us with information about how the PPAV A

decomposes as a product of elliptic curves.

Proposition 1.2.6. Suppose that f € Aut(A) is an automorphism of order d > 3 with
1o(f) = (4-idy, where (g is a d-th root of unity. Thend € {3,4,6},and A= Ex---xFE =:

EXdmV where E denotes the elliptic curve admitting automorphisms of order d.

Proof: See [8].
Hence one can conclude that if, for some f € Aut(A), the matrix representation that
defines 7,(f) in C(dim V') is of the form i - Iy, v € C(dim V'), then A fully decomposes

as a product of elliptic curves of j-invariant 1728, that is, isomorphic to F;) = YA
1
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CHAPTER 2
CLIFFORD ALGEBRAS AND SPINOR MODULES

In this chapter we focus on real Clifford algebras C, (V) for a real vector space V' and their
complexifications C,(V'), their spinor modules, and associated Hermitian and Euclidean
structures. We start by recalling useful definitions and then discussing some of the known
constructions and facts. We also prove several useful properties in the context of Clifford

algebras.

2.1 Quadratic vector spaces and associated structures

We begin with the definition of a quadratic vector space over the field K. In our case K = R

or C unless specified otherwise.

Definition 2.1.1. Let V' be an n-dimensional K vector space with a nondegenerate sym-
metric bilinear form (). We define the quadratic form q in terms of the bilinear form @), via
q(v) = Q(v,v) for any v € V. Such a vector space is known as a quadratic space and is

denoted (V, q).
We define for real and complex vector spaces their Euclidean and Hermitian structures.

Definition 2.1.2. . Let V' be a real vector space. A Euclidean structure on 'V is a
nondegenerate, symmetric, positive definite bilinear form (,) on V. A vector space
V' with a Euclidean structure () is called a Euclidean space, usually denoted by

(V. {,)). The real number (v, w) is the Euclidean inner product for vectors v,w € V.

2. Let V be a complex vector space. A Hermitian structure on V' is a nondegenerate,
‘Hermitian symmetric’ form H linear in the first argument on V. By ‘Hermitian sym-
metric’ we mean that the Hermitian form satisfies the property H(z,w) = H(w, z)

forall z,w e V.
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3. A vector space V with a Hermitian structure H is called Hermitian vector space,
usually denoted by (V, H). The complex form defines the Hermitian inner product
H(z,w) for vectors z,w € V (and is usually not positive definite). When H(z,w) is

positive definite on V', then (V, H) is a finite-dimensional Hilbert space.

Remark 2.1.3. For any real quadratic vector space V over R, we denote its complexi-
fication by Vi = V ®g C, where the associated quadratic form (respectively Hermitian
structure) is obtained by extending the real scalars to complex scalars. For instance, when
given a Euclidean structure on a real vector space V by the dot product { ), the associated
Hermitian structure on the complexified space V ® C can be defined by H (v, w) = (v, w).
The complexification of any real quadratic form is obtained by the parallelogram identity.
For K = C, any finite-dimensional Hermitian quadratic space is unitarily isomorphic to C"
with basis vy, . . ., v, orthogonal with respect to { , ). Then for any nondegenerate quadratic
form Q we can reorganize the basis in such a way that Q(v;) > 0 fori = 1,2,...,p, Le.

for the first p basis vectors, and Q(v;) < 0 for the remaining ones ([45]).

Definition 2.1.4. Ler (V, Q) be a quadratic space of dimension p + q = n. We say Q is
of signature (p, q) if for any orthonormal basis, with respects to the associated symmetric
bi-linear form that defines Q, vi,...,Vpiq we have Q(v;) = 1 fori = 1,2,...,p and

Qv)) =—1fori=p+1,....p+gq

Definition 2.1.5. For the Euclidean space R" with a quadratic form Q) of signature (p, q)
such that p+-q = n, defined by the form Q,, 4(x) = >"_ (27)> =371_,(27)?, the associated

quadratic space is denoted by RP? with the associated Clifford algebra defined as R,, ,, with

complexification C, ; = R, ;, ®r C (see the next section for definitions).

2.2 The Clifford algebra of a quadratic vector space

In this section we define the Clifford algebra associated to a quadratic vector space (V, Q)

where (p, q) is the signature. From now on we write (V, ¢), where ¢ now symbolizes the
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quadratic form on V' (and the number ¢ is also the negative signature of the form). While

this may be confusing, this is a standard notation used in the case of Clifford algebras.

Definition 2.2.1. Let (V, q) be a quadratic vector space over R, where the form q is of
signature (p,q). Let V® be the tensor algebra associated to (V,q). We define the ideal
generated by q as I, = (v @ v — q(v)ly : v € V). The Clifford algebra associated to
the quadratic vector space (V, q) is the quotient Cy (V') = V®/1,. For any real quadratic
space (V,q), we denote by C,(V') the natural complexification of the Clifford algebra; that
is, C,(V) = Cy (V) ®@r C.

We denote the k-th graded component of any element v € C, (V) in Clifford algebra
by (Wi = D 1cpupn—r wrvr, where I = (ji,...,jiy) with 1 < ji < --- < ji < n
and [n] = {1,2,...,n}, uy € C, and vy is the Clifford product of basis elements of the

form v;,....v;,. Thus the Clifford algebra C,(V') is a Z,-graded super algebra; that is,

-
Co(V) = C/ (V) @ C; (V) where CF (V) is the even subalgebra consisting of elements of
an even bi-degree and C'/ (V) is the odd part associated to the Z, grading.

We now define several important subgroups of C, (V') that we use in this paper.

Definition 2.2.2. We denote by C,(V')* the group of invertible elements of the Clifford
algebra. The Clifford group is the subgroup of C,(V')* that preserves V under the adjoint
action; that is, T,(V) = {g € C,(V)* : gvg~' € V'}. If we restrict the Clifford group to
the even invertible elements, we have what is called the special Clifford group F;(V) =
L,(V)NCF (V). The subgroup of T'y(V') generated by elements v € V with q(v) = £1 is
called the Pin group. That is, Pin(V,q) = {v1---v;, € I'y(V) : q(vj;) = £1}. The Spin
group is the subgroup of the Pin group generated by elements of an even grade, defined as
Spin(V,q) = {vy - - - vo, € Pin(V,q)}. Lastly, choosing an orthonormal basis, e1, . . . , €,
for the vector space V' we denote the finite subgroup of the multiplicative generators of

C,(V)asTy(V) = {xe; : I C [n]}.
Remark 2.2.3. We refer to the groups To(V), Pin(V,q), Spin(V,q), and T,(V) as the
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Spin groups for the Clifford algebra C,(V') for the remainder of the manuscript.
For the complexification C,(1") we have the following definition.

Definition 2.2.4. For the complexification C,(V'), we define the Spin groups by I',(V¢),

Spin(Ve), and Pin(Vg), along with its multiplicative group of generators fg(V)

The complexified Spin groups contain the original Spin groups of C,(V'). Moreover,
we can view the multiplicative group of generators fg(V) as the group I, (V) x (i). This is
because if we view the generators of the algebra as a real basis, we have the generators 1, ey,
along with 7, 7e; for the imaginary generators, where we generate —1 and —¢ by products

between the generators.

Definition 2.2.5. For real Clifford algebras C,(V') we have three main involutions:

The grade involution: i, =Y, (—1)F(u)y, where (u)y, is the k-th graded component of u.
The reversion anti- involution 1 reverses the orientation of the basis elements that make
up the element u € Cy(V).

The Clifford involution, or Clifford conjugation: v* = G = w is the composition of the
grade involution and the reversion anti-involutions.

Upon the complexification C,(V'), Clifford Hermitian conjugation t is given by com-
posing the Clifford involution with complex conjugation inherited from the complex vector

space V @ C = VC,

Lemma 2.2.6. The Hermitian conjugate has the property that (u")" = u, and it is conjugate

linear in the sense that (Au + pv)" = Aul + ', for \, u € C, u,v € C,(V).
Proof: See [41], [55], or [56].

Lemma 2.2.7. The following are the multiplicative properties of the grade involution, re-
version anti-involution, Clifford conjugation, and Hermitian conjugation on the Clifford

algebra C, (V') and its complexification.

—

e u-v=1u-70
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Proof: See [40], [44], [55], or [56].

Definition 2.2.8. On C,(V') we define the trace operation as the projection of an element

u € C,(V') onto the zeroth graded component: we have Trace(u) = (u)o.

Now we provide the following proposition for Clifford algebras of signatures (n,0) and

(0,n) (also see [44], [45], [55], [56] for related results).

Proposition 2.2.9. . Consider a real Clifford algebra with the signature (n,0) and
with the Euclidean form (u,w) = Trace(w - u). Then Cy(V) is a Euclidean space
isomorphic to R*" with the standard Euclidean form. Consider the complexification
C, (V') with a Hermitian form (u,w) = Tr(w-u). Then C,(V') is a Hermitian vector

space isomorphic to C*" with the standard Hermitian form.

2. Consider a real Clifford algebra with signature (0,n) and with the Euclidean form
(u,w) = Trace(u* - w). Then C,(V) is a Euclidean space isomorphic to R*" with
the standard Euclidean form. Consider the complexification C (V') with a Hermitian
form (u,w) = Trace(u' - w) . Then C,(V') is a Hermitian vector space isomorphic

to C*" with the standard Hermitian form.

Proof: See [45], [55].

For the positive definite Clifford algebras, the Hermitian inner product defined above
satisfies the equality (g,v-h) = (v- g, h) forall g,h € C, (V') and v € V¢ (see [55], [56]).
Hence for C,(V') we have defined the structure of a unitary Clifford module over C,(V').

We now consider real Clifford algebras of quadratic Euclidean spaces of the form R4

and their complexifications.
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Clifford algebras for the quadratic spaces R and their complexifications

Proposition 2.2.10. For quadratic spaces RP? we have the following isomorphisms on the
associated even subalgebras of the Clifford algebra R, .- R = R, , | when q¢ > 1,
R;;q = R, p—1 when p > 1, and lastly R;{’q & R;fp.

Proof: See [51].

For matrix algebras we have the following classification isomorphisms, by Cartan.

Theorem 2.2.11. R, , has the following minimal representations over R, C, and H:

I

i) R,, 2R(27)if¢g—p=0,6 mod 8.

I

i) R,y 2 C(2" ) ifg—p=1,5 mod &

I

i) R, 2 H(2"") if¢g—p =2,4 mod &

n—3

H(2"

2

) R,, )eH(2"2) if¢—p=3 mod &
v) R, 2R(2"7)®RE2"2 ) ifg—p=7 mod 8.
Proof": See [5], [29], [40].
Additionally, for complex Clifford algebras we have the following classification iso-

morphism as matrix algebras (not as Z, modules); see [23], [56] for details.

Proposition 2.2.12. The Clifford algebra C,, := C, ,, has the following isomorphisms as

associative unital algebras.
¢ Chi2 = C,®cC(2)
o Cyp = C(2™)
e Copp1 ZC(2™) @ C(2™)

In the next section we show how to construct Euclidean and Hermitian structures iso-
morphic to the canonical models in CP*¢ and RP? for the Clifford algebras of quadratic

spaces that are not of signature (0, n) or (n,0) .
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2.3 Euclidean and Hermitian structures for Clifford algebras R, , and C,,

Consider Clifford algebras of the form C, ,,. We can obtain Hermitian forms via the matrix
isomorphisms given in proposition 2.2.12. With respect to our matrix representations, we
have p(u') = p(u)j-j — p(u),i, where p(u),; is the conjugate transpose of the representative
matrix p(u);; € C(2). We can also define Hermitian products with respect to the matrix
representations via (u,v) = tr(p(u)t - p(v)) = tr(p(u);; - p(v);;) (see [55], [56]). In
Proposition 2.2.9, the Euclidean and Hermitian structures given were dependent on the
Clifford conjugate and Hermitian conjugate as defined to generate inverses for elements
on the canonical basis. When we have mixed signatures, this is no longer the case; and in
order to define a Euclidean structure on R, ;, and ultimately a Hermitian structure on C, ,

we modify the grade involution given in Definition 2.2.5. (See [55], [56] for the motivation

for this modification.)

Definition 2.3.1. Consider Clifford algebras with signatures (p,q). Then the basis gener-
ators ey all have an strictly increasing sequence in which all the p generators go first and
q go after: we can define I, as the subsequence of the positive definite elements in I, while

1, is the subsequence of negative definite elements, giving us I = I,, U I,.

Definition 2.3.2. Consider a real Clifford algebra of the form R, ,. We define the map
€pq : Rpq — R, , on generatorser by e, ,(er) = (—1)'er, wheret = #{p+1, ....,p+q}NI.
The map €, 4 is clearly an involution on R,, ;, which we call the (p, q)-grade involution. We
compose the (p, q) grade involution with reversion to obtain what we call the (p, q)-Clifford
conjugation involution, which we denote as ;" = ¢, ,(e;) for any generator er of R, , or
C,.4- Consider C, , and compose (p, q)-Clifford conjugation with the extension of complex
conjugation. We obtain what we call (p, q)-Hermitian conjugation, which we denote u'»«

foranyu € Cp,.

Note that Hermitian (p, ¢) conjugation is itself an anti-automorphism which gives us
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(uv)tes = vlraytes, For the Clifford algebras C, ,, we define the (p, ¢)-Hermitian conju-
gate of anelementu = ug+ ;1 urer € Cpq, withuy € C, as ulre = Uo+repn Ures™

Now we can prove a lemma about the (p, ¢)-conjugation on basis generators.

Lemma 2.3.3. For any element e; in the canonical basis of R,, or C,, its (p,q)-
conjugation defines the inverse of this element. That is e;”* = e;'. Considering C,, as a
204t dimensional R vector space, the Hermitian (p, q)-conjugation defines an inverse to

any element of the canonical basis of the form ey or iey.

Proof. Fix a signature (p, q). For any basis element e;, where [ = (i1,...,7) and [ is
an increasing sequence of the form 1 < 4y < .-+ < 4, < p + ¢, we have the element

reversion ¢é; given by the decreasing sequence I = (i, ..., 4;). Hence we have ¢;”" - e; =

2

[Iq .
11°

Ig| 2 2 2
| q'eik -+ e; . For the product €] ---e

epqler) -er = (—=D)lales - ep = (=1) the only non-
negative generators are in the set I, and hence we have e, - e; = (—1)lfal(=1)lfal = 1,
Then e;”* = e;'; and since our choice of I as well as our signature (p, q) are arbitrary,
(p, q)-conjugation defines the inverse for any basis element of any Clifford algebra R, ,.
For the complexification, it is clear that e?”q = e;”", hence e}“ = e;'. Now for real basis
generators of the form iey, we have (i-e;)ma-i-e; = i-€,,(e5)-i-er = |i|*>-(=1)alej.e; =
|i|?(—1)Mal(=1)lal = 1. Then since our choice of (p,q) and I were arbitrary, we can
conclude that Hermitian (p, ¢)-conjugation defines an inverse to any real basis element of

the form e; or imaginary basis element of the form ie; on the complexfication C,, ,. [l

Note that by applying the above lemma we can write the (p, ¢)-Hermitian conjugate of
a generic element as u're¢ = g + > u Ie;’”q (see also [45], [55], [56] for the motivation
for this proposition).

Now we state and prove the following convenient proposition that lets us use the trace

of certain maps to define a Hermitian structure on Clifford algebras.

Proposition 2.3.4. On C, , the bilinear map n, ,(u,v) = Trace(v'»e-u) defines a Hermi-

tian structure, and its restriction to R, , defines a Euclidean structure. Moreover, for any
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u,v € Cpy, the Hermitian form on C, g is given by np,4(u, v) = uolo + >, urs, and
it establishes an isomorphism with the canonical standard model on C*" after a proper
basis identification. Restricting to the real case, R,, C C,,, we obtain the Euclidean

structure on Ry, ; isomorphic to the canonical Euclidean standard model in R,

Proof. We can represent any elements u, v € C, ; in the form

ptq-1
U = Uug + E U;€; + E g urer | + Uiz, prq€12..p+qs
i J=2 I|I|=j
p+q—1
v =1+ E v;€; + E g vrer | + V12 p+q€12..p+¢s
i J=2 L|I|=j

where the index I C {1,2,3,...,p + ¢} is an increasing sequence of size j € N with
1 < j <p+q— 1;thismeans for [ = (i1,...,4;) where 1 <4y < --- <i; <p+gq.

In this case, for any element v € C,,, we have the (p, ¢)-Hermitian conjugate given by
vire = 4y + > @ie?]’q + E?igil ZI:\U:j @Ie;p’q + 612.--P+qe>{12?’.(.1.p+q' Now for any two

elements u,v € C, , we obtain the following:

Trace(vi® - u) =

ptq—1

= . P =5 P = *p,q
Trace{(vo + g vie;" + E 5 vre;”" + V12, piq€is. prg) - (U0 + E ue;+
i i

=2 TI|=j

pt+q—1

Z Z urer + U12...p+q€12---l’+q>} =

i=2 LI|=j

p+g—1

— — *
= Trace{vyuy + E E vruge e+
i#j 1,J:|I|=i,|T|=j

p+q—1

= *p,q = *p,q
E § vrurerer + V12, p+qUi2..p+4€12.. piq 612-..p+q}-
i=j I,J:0|I|=i

Consider I # J. The increasing sequences I and J do not match, implying that ¢;” ¢ ;
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. . * . . *
is not of grade zero, since €, is clearly not the inverse of e ;. Hence T'race(e;”" -e;) =0

when [ # J. Using this fact along with Lemma 2.3.3 we have the following:

Trace(virs - u) =

pt+q—1

= ToupTrace(1) + E E vruyTrace(e;™ ey)
i#j  LJ:A||=i,|J]|=j

ptq—1

_ *p.q — *p,q
+ E 5 vrurTrace(e”er) + U12...p+qu12‘..p+qTTaC€(612...p+q F €12, ptq)
i=j I,J:0)I|=i

pt+q—1

= voupTrace(1) + Z Z vruyTrace(e;" ey)

i#j L=, J|=j

p+q—1

+ Z Z vrurTrace(l) + 1. piqtire. oxTrace(1)
i=j I,J:0|I|=i

pt+q—1

= 27Ou[] + E E vruy + @12...p+qu12...p+q-
=5 I,J:I|I|=¢

Note that the canonical standard model C2**

has the exact same Hermitian form as n(u, v) =
Trace(vis - u) on C,, after a proper identification of basis generators between the two
as complex vector spaces given by {e; : [ is an increasing sequence in {1,...,p+ q}} —
{e;: 1 <1< 2vtay,

Hence the form given by Trace(v'»e - u) defines a positive definite Hermitian structure
on C, ,. When we restrict our scalars to reals, R, , C C, ,, the complex conjugate gives us
Wi, 4, = Ui, on the real scalars. Then when we restrict the Hermitian metric to R, ;, we
get the following:

Trace(v'™ - u) =

p+g—1

= Vol + E g VU + V12, pqli12.. prq-
i=j I,J:0|I|=i

This clearly gives an isomorphism to the standard model of the Euclidean structure
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on R by applying the same canonical assignment as for the vectors of the real basis:
{er : I is an increasing sequence in {1,...,p+ q}} — {e; : 1 <1 < 2P*7}, Thus with the
same canonical assignments we establish an isometry as Hermitian (respectively Euclidean)

spaces of C,,, (respectively R, ,) with C*"** (respectively R*"™).

2.4 Spinor modules for Clifford algebras

In this section we introduce the concept of a unitary spinor module for the Clifford algebra

Cy(V).

2.4.1 Abstract unitary spinor modules for quadratic vector spaces

In this section we consider a real quadratic space (V) ¢) and its complex Clifford algebra

C,(V). We begin by fixing an involution on the Clifford algebra C (V).

Definition 2.4.1. We define a conjugate antilinear involution on the complex Clifford al-

gebra C (V') to be any involution * satisfying the following properties:
1. (u-v)* =v*-u* forany u,v € C,(V), and
2. (cu)* = cu*, forany u € Cy (V) and ¢ € C.

We note that the Hermitian conjugates given in Definitions 2.2.5 and 2.3.2 are conjugate
antilinear involutions.

If, additionally, * defines inverses for any choice of C basis, then the finite multiplicative
group of complex generators fg(V), which we define as the multiplicative group generated
by real and imaginary basis generators of C,(1), comfortably sits inside the infinite group
Pin.(V) ={z € T(V®CQC) : z*z = 1}, for self-conjugate generators of the Clifford group
(see [45] for more on these groups). Thus * involution, chosen a priori, defines what we

call a unitary spinor module.
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Definition 2.4.2. For the complex Clifford algebra C,(V'), a unitary spinor module with
respect to the antilinear involution x is a Hermitian super vector space (A, H) with an

isomorphism of algebras

p:C(V) S End(A),
such that for any g € C,(V'), we have p(g*) = p(g)*.

The involution * on End(A), coming from the antilinear involution on the Clifford
algebra C, (1), is the adjoint operation determined by our unique Hermitian metric H. The
following proposition shows that if we have any spinor module, that is, a complex vector
space A such C,(V') = End(A), then we can define a Hermitian metric on the complex

space.

Proposition 2.4.3. Any spinor module A admits a Hermitian metric, unique up to positive

scalars, for which it becomes a unitary spinor module.

Proof: See ([45], p.78).
Note that in the case of unitary spinor modules A, the restriction of the unitary algebra
isomorphism to the Spin groups preserves the Hermitian inner product H on A. That is,

pyH = H for any element g belonging to one of the Spin groups.

Remark 2.4.4. For positive definite signatures (real Euclidean spaces), classically x is
defined as complex conjugation extended to C,(V') from V & C composed with the reversion

anti-automorphism.
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2.4.2 Dirac spinor spaces for the Clifford algebra Cg o

We begin by interpreting in the following definition the isomorphisms between complex
Clifford algebras and the matrix algebras as in Proposition 2.2.12 as canonical spinor space

structures for the Clifford algebra Cyy, := Co 5.

Definition 2.4.5. The space of Dirac spinors, denoted Ay, = C* isa spinor module for

the complex vector space C?*, with the associated Clifford algebra Csy,.

Note that for the above defined spinor space Ay, we have the following natural iso-
morphism: por : Cop, =N End(Ayy) = C(2%). The matrix representations come from the
canonical algebra isomorphism Cy, & C(2) ®p - - - @ C(2) = C(2%) (see [23, p.13]). The
isomorphism stems from an inductive process generated by the isomorphism C, = C(2),

. .. i 0 0 i
given by the associations e; = E; := [ ’ }, ey = By = [ ' ], and ejp & Eyg :=
0 i 0

—i
0 -1 . . . . 0 —i

{ ] With the representative matrices Fy, Es, and iFyy = B = [ ’ ], along
1 0 i 0

with the 2 x 2 identity /, we can construct matrix representations for all generators of the

complex Clifford algebras Csy,.

Proposition 2.4.6. Consider I, E, E», B as above. Then for all Cy;, we have an isomor-

phism with C(2) given explicitly by the following k-Kronecker product identification:

o

® €951 — k=3 QX F ® B®j71f01"‘]’ =1, ,k?
° €2j i} I®k7j ®E2 ®B®j71 ,forj — ]_, 7]{3

Proof: See [23, p.13].

Note that the classical space of Dirac spinors Ay, can be thought of as the canonical
model for spinor spaces. This is because Ay, admits the Clifford multiplication defined
by the left matrix action using the canonical matrix representations via the canonical iso-
morphisms of the Clifford algebra C,; with its matrix algebra. Moreover, in this case

the Hermitian form on A, follows the canonical model given by the standard Hermitian
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2k .
form H(u,v) = > ._, tyu;, defined for any u,v € Ay,. However, for our construction of
Abelian varieties from spinors described in later sections, we use non-canonical examples

of spinor spaces, such as minimal left ideals.

Half spinor modules

See [5], [17], [23], [29], [51] for more information on half spinors. For our analysis of half
spinor modules we continue to work with the space of Dirac spinors Ay for the Clifford
algebra Cyy.. If we restrict our consideration to the even subalgebra C3,, we still have the
isomorphism C;rk > Cyi_1. Now, since Cy;,_; is actually of odd dimension, it is isomorphic
to C(2*71) @ C(2*'). Hence Cj, = C(2F!) @ C(2"!). Moreover, each of the two
isomorphic components is itself isomorphic to the complex Clifford algebra Cq,_»; that is,
Cor_o = C(2F71). Defining these matrix representations by pox_5 : Cop_o = C(2F 1), we
can view the even subalgebra CJ, acting on Ay, = C? as Cyj_s acting isomorphically on
each half spinor module Agy_» = Ai = C?"' via the representations of the generators.
That is, we can generate our actions on Ay via p(ex) = (par—2(€x), par—2(ex)) for k =
1,...,2k — 2, and for ey,_; we have p(eg,_1) = (iB®*!, —i . B®*~1), This action on
the half spinor decomposition AT @ A~ of our spinor space Ay, is what we often refer to
as the diagonal action. Hence for half spinor spaces the action of the even algebra can be
thought of as isomorphic actions on each component by the next lower even-dimensional

Clifford algebra Cyj,_».

30



CHAPTER 3
SPINOR ABELIAN VARIETIES AND CLIFFORD MULTIPLICATION

In this chapter we apply the notion of Clifford multiplication to principally polarized Abelian
varieties, and we construct certain new Abelian varieties that we call spinor tori admitting

Clifford multiplication.

3.1 The spinor torus and Clifford multiplication

In this section and for the remainder of this thesis, when we consider a unitary spinor mod-
ule A for an even-dimensional complexified Clifford algebra C, (V') as defined in 2.4.2, we
assume that A is a Hermitian vector space with a positive definite Hermitian form defined
on it; that is, A is a complex finite-dimensional Hilbert space (see Chapter 2 for back-
ground). Also, as is well known (see [45]), for unitary spinor modules the representations
of Spin groups are unitary, and so they preserve the positive definite Hermitian inner prod-
uct. This means that we have p; H (¢, ) := H(py¢, pgtp) = H(p,%) for any ¢, € A
and g € Pin(V), Spin(V), or fg(V). We want to show that, if A has a full rank lattice,
denoted by I'a, then the quotient is a torus with additional structure of interest.

We introduce the following description of the spinor torus A/T"a.

Definition 3.1.1. Consider an even-dimensional complexified Clifford algebra C,(V'). We
define the quotient of its unitary spinor module A\ with a full rank lattice U'n C A as the

associated spinor torus, which we denote as Sn = A/T'a.

Remark 3.1.2. For odd-dimensional vector spaces, with dim¢ V' = 2k + 1, we can obtain
spaces of spinors of the form AT @A™, using the representations p : C,(V') = End(AT)®
End(A™). Note that in this case AT and A~ are of the same dimension 2%, and are known

as half spinor spaces. Since these half spinor spaces are just spinor spaces for a Clifford
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algebra C,(V') for some vector space of complex dimension 2k, we mainly deal with even-

dimensional cases for V.

We can view the spinor torus Sa as a complex torus whose covering space 755 = A
is a unitary spinor module associated to a Clifford algebra C, (V') of some quadratic vector
space. Hence 7()S satisfies the property that its space of endomorphisms is isomorphic as a
complex algebra to the associated Clifford algebra; that is, C, (V') = End(T,Sa). We need
all of the above to define Clifford multiplication on a spinor torus properly, as a reduction

of the isomorphism between the Clifford algebra and the space of endomorphisms.

Definition 3.1.3. We define C,(V') as the full rank lattice associated with the complexified

22k;

Clifford algebra C,(V')z, when we view C,(V') as a dimension 2°% complex vector space

Any element h € C,(V)z may be refered to as a lattice element of C,(V'). It should
also be noted that C,(V)z as a full rank lattice is an Abelian subgroup under addition, and
multiplication in the algebra is closed and distributes across additions; that is, (Cq(V)Z is
itself a subring of the Clifford algebra C,(V'). We can view the integral subring C,(V')z
in a few equivalent but different ways. If we view C, (V') C C,(V') as the real form of the
complex Clifford algebra and restrict its scalars to Z-linear combinations, we have a full
rank lattice in C, (V). We can then Z-tensor this lattice with the Gaussian ring Z[i| to obtain
its extension as a lattice (or integral subring) onto C,(V); thatis, C,(V')z = C,(V)z®zZ]1].
Another approach is to choose a complex basis for C,(1), say e; ® 1 for a given basis e; in
the real form C,(V), allowing us to view C,(V') as a dimension 22* complex vector space.
Viewing C, (V') as a real vector space, we have the real and imaginary basis e; ® 1, e ® 1.
We can then define C,(V')z as the Z-module of elements with respect to e; ® 1,e; ® .
Both approaches do require us to define a basis. The third approach just takes into account
that the real quadratic vector space (V, ¢) is a Z-module under the operation of addition.
We denote this Z-module, or its full rank lattice, as V. We then denote its tensor algebra

(as Z tensors) by V%, Taking its quotient with the two-sided ideal obtained by restricting
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the quadratic form on V' to V7, which we denote [ qZ, we obtain the integral Clifford algebra
Cq(V)z = (V)®7/17. We then extend this natural construction by taking a Z tensor with
the Gaussians to define the lattice C,(V");. We now define Clifford multiplication on our

spinor torus as the restriction of the algebra isomorphism to this full rank lattice.

Definition 3.1.4. Clifford multiplication on the spinor torus Sx is given as a descension
of the unitary representation isomorphism p : C,(V') = End(A) to a Z-module homo-
morphism p : C,(V)z — End(Sa). Clifford multiplication on our spinor torus Sa is
then defined as the endomorphisms on S associated to the full rank lattice C,(V')z of the

Clifford algebra C (V).

We remark that the full rank lattice I" o is the full rank lattice of A chosen so that when
we restrict the isomorphism to p, the Clifford multiplication action of any h € C,(V)z
preserves the lattice I'o. Thus this choice of lattice does depend on both p and A in a way
that allows our isomorphism to descend. We may use the term lattice actions to refer to
Clifford multiplication on Sa. Also, the lattice actions on Sx restricted to the multiplicative
group of generators f;(V) C C,(V)z give us a finite group action on the spinor torus Sa.
The above definition of Clifford multiplication on our spinor tori Sa using endomorphisms
of C,(V')z requires a closer look. When we define a basis, we can consider our full rank
lattice as a direct sum C,(V)z = Cy(V)z @ i - Cy(V)z, where C,(V)z is the integral
subring of the real Clifford algebra, C,(V'), pre-complexification. In Figure 3.1 we provide
a diagram for clarification of what we mean by the integral subring C,(V')z C C, (V).

This means that we interpret the Clifford multiplication on our spinor torus as either
restrictions of C,(V') to C,(V')z, or as a direct sum of real and imaginary Z-submodules
of C,(V)z, denoted C,(V')z and iC,(V')z respectively. Note that Clifford multiplication
as defined preserves the full rank lattice ' C A, and the restriction to the integral Spin
groups preserves the Hermitian metric on A and the full rank lattice in our spinor torus
Sa. Note that some of our restrictions needed to define Clifford actions and the structure

of our spinor Abelian variety Sa may be dropped in other situations. For instance, when

33



real part of C (V) imaginary part of C, (V)

Figure 3.1: C,(V)z as a lattice on C,(1) and its structure in relation to C,, (V')

we consider a spinor Abelian variety, we have the lattice actions given by C,(V")z. Thus it
is immediate that we also have real Clifford actions on Sx and Cy(V)z C C,(V)z.

We may look for a spinor Abelian variety satisfying the property that it has only C, (V)2
actions but not C,(V'); actions. This is equivalent to stating that the imaginary part of
C4(V')z does not preserve the lattice I'a. But since this lattice would be preserved by
C, (V') actions, it is only multiplication by ¢ that is the problem (as it would not preserve
the lattice). More specifically, restricting Clifford multiplication to only C,(V)z C C,(V)z
is equivalent to saying that i - 'a ¢ I'a, but C(V)z - I'a C I'a. Hence, this additional

restriction on our varieties requires its own definition.

Definition 3.1.5. A spinor torus Sa that admits only C,(V')z multiplication but does not
have lattice actions given by the complexification C,(V')z is defined as a strictly real spinor
torus and denoted SX. On a strictly real spinor torus, Clifford multiplication comes from
the restriction p* : C,(V)z — End(SX), where A¥ is still a unitary vector space for the

real Clifford algebra C,(V') and not its complexification.

Remark 3.1.6. Although we do not provide examples of strictly real spinor tori, we do want
to bring attention to their structure and potential existence. The way we construct strictly
real spinor tori is to begin with a real spinor module A® and define a complex structure
J AR — AR making AR a complex vector space with a full rank lattice preserved by

Clifford multiplication.
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From the preceding discussion, for any spinor torus Sa we have i- 'y C I'a; hence any
of the generators e¢; € I', (V') of order 2 or 4 acting on Sx also has a complex action, given
by 7 - e;, which is of order 4 or 2 respectively. We now turn our attention to the polarization

induced on the spinor torus and some intrisic properties of Sa.

3.2 Spinor Abelian varieties and some elementary properties

In this section we work with spinor tori Sa as defined in the previous section that have the

additional structure of being principally polarized. We introduce the following definition.

Definition 3.2.1. Let Sa be a spinor torus with Clifford multiplication such that the positive
definite Hermitian form H on A defines a principal polarization for Sa. Then Sa is called

a spinor Abelian variety.

Now we look at the lattice actions on Sx. We start with the following lemma that
provides a description of the lattice actions C,(V)z on Sa in terms of the translation holo-

morphisms ¢, : SA — Sa, givenby t,y = x + y forall z,y € Sa.

Lemma 3.2.2. For any lattice element h € C,(V)z and X\ € Sp, there exists an element
i1 € S such that Clifford multiplication by h on Sa is represented by translation by [i;

that is, pr,(\) = ta(N).

Proof. Fix an element A € Sx and a lattice point h € C,(V)z. We now can define fi5 ), =
pr(A) =X € Sa. Clearly fix , 18 an element in Sa, as Sa is by definition a complex Abelian
Lie group with group operation given by addition. Hence, we can compute tp;’h(j\) =

A+ (pn(N) = A) = (A= A) + pu(A) = pu(N). 0
As a consequence of the above lemma we can formulate the following definition.

Definition 3.2.3. Consider any A € Sa and lattice point h € C,(V)z. We define M;,, €

S as the translation element associated with the action p;()\) if t My L(N) = pu(N).
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The above means that we can consider Clifford multiplication endomorphisms on our
spinor torus in terms of translations. The following proposition provides some insight into

the translation elements given by generators of the Clifford algebra acting on Sa.

Proposition 3.2.4. Consider a spinor Abelian variety Sa. Then for any X\ € Sa and
generator e; € I',(V') of order 4, we have a system of translation elements M, N € S

- 1
satisfying \™' = §<M + N) such that

per(N) = tar(N)
P2, (A) = taren(N)
PEIO\) = tn(N)
pe,(N) = to(N)

Proof. Fix any generator ¢; € I',(V') of order 4 and A € Sa . Then by Lemma 3.2.2 we
have p.,(A\) = A + M for some translation element M € Sa associated with the lattice
action by e; and the element \. By repeating this process we get pgl(ﬂ) = —)\, as well
as the equation ng(X) = (A4 M) + N for some translation element N € Sx associated
with the lattice action by e; and the element \ + M. Using the above two translation

equations, we can write A+ M+ N = —)\. Now, solving for —\ = A7}

, we get the
equation \~! = %(M + N). By composing the action with itself for a third time, we get
P (N) = —pe;(A) = —(M + X). Moreover, we also have p? (A\) = (A + M + N) + O
for some translation element O € S, associated with the lattice action by e; and the
element A + M + N. Setting both equations for p? ()) together and solving for A~! yields
the equation A\™' = M + %(N + O). When we substitute this expression for A\~! with
A= 1(M + N), we get the equality O = —M. Hence we obtain p,,(\) = X\ + M +

2
N+O=A+M+N —M=X\+ N =ty()). Note that we also have e} = 1. Therefore

ot (0) = id(R) = to(N).
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It follows from the above proposition that for any generator, we need two associated
translation constants M/ and N (associated with e; and \) to generate all orders of Clifford
multiplication of A € S by a given lattice point ¢; € T',(V) in terms of the associated

translation. This prompts the following definition.

Definition 3.2.5. For any generator e; € T'y(V') and element \ € Sa, we define the trans-
lation elements M, N that define all orders of Clifford multiplication on X by a lattice point
er € I'y(V) as the Clifford translation elements M, N associated to multiplication by the

lattice point e;.

Definition 3.2.6. For the spinor Abelian varieties we denote the group of two torsion points

by J5A.
In the case of the 2-torsion points, we have the following corollary.

Corollary 3.2.7. Consider a 2-torsion point ¢ € Jf & C Sa. Then the actions by generators
er € I'y(V') of any order greater than one yields one translation element M which is itself

a 2-torsion point.

Proof. Fix any generator e; € I',(V') of any order greater than one. Also fix a 2-torsion
point € € Jf A C Sa as in the previous proposition, satisfying the equation ¢! = §(M +
N) for the translation elements M and N associated with the action of e; . For 2-torsion
points we have e ! = ¢. Hence we get the equation 2¢ = 0 = M + N. Then it follows that
the second translation element associated with the action of e; on e is M . To prove that M
is itself a 2-torsion point, we use the linearity property associated with the endomorphism
Pe; - Sa — Sa where by Lemma 3.2.2 we have 2- p., (¢) = 2(e+ M ). Using the bilinearity
property, we also have the equation 2 - p., (€) = pe, (2 - €) = p.,(0) = 0. Hence we obtain
the equation 2 - (¢ + M) = 0, which immediately implies 2¢ + 2M = 0. Therefore
2M = 0, forcing M to be a 2-torsion point on Sx. Moreover, it immediately follows that

N=M"'=M.
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At this time, we can conclude that fg(V) actions on Jf 4 can be described in terms of
the induced translation morphisms. We quickly remark that by the nature of the 2-torsion
points, any action by a lattice point in (C,(V'))z reduces to an action by a generator in
fg(V). To summarize these facts, Table 3.1 provides the dimension counts for the spaces
associated with our spinor torus S, as well as the total number of 2-torsion points. In
the last column, we calculate the ratio of the number of 2-torsion points over dim¢ C, (V).

(Recall that in dimension 1, #.J; = 4.)

dime A | dime V| dime Cy(V) H 5 #y
11mM 111 11m —_—
c c € 2 dime C,(V)
2 2 4 16 4
4 4 16 256 16
8 6 64 65, 536 1,024
16 8 256 4,294,967,296 | 16,777,216
2‘]{ 2]{? 4k 2(2’;"'1) 2(2k+’172k)

Table 3.1: Dimensional counts

We now extend these properties into the dual Abelian variety of Sa, defined as Pic®(Sx)
{L € Pic(Sa) : ¢1(L) = 0} (see [8] for more on the dual lattice). We start with the fol-

lowing proposition.

Proposition 3.2.8. For any spinor Abelian variety S, the group Pic®(Sa) of line bundles

with a vanishing first Chern class is also a spinor Abelian variety.

Proof. Let S be a spinor Abelian variety for the Clifford algebra C,(V")z. Then Sy is a
PPAV with Clifford multiplication given by C,(V')z — End(Sa). One can also define the
principal polarization of Sx as a positive definite line bundle Ln € Picf’(SA) = {L €
Pic(Sa) = e1(L) = H} whose first Chern class is ¢, (L) = H, where H is the positive
definite Hermitian form on A. Then the principal polarization L defines an isomorphism
between S and Pic’(Sa) defined by ¢, : Sa = Pic®(Sa), where ¢, () = tiLa ®
Ly forany A € Sa, and ¢§ : Pic(Sa) — Pic(Sa) is the pullback of the line bundles

in the Picard variety along the translation morphism t5 : Sn — Sa (see [8], [21], [28]).

38



Via this isomorphism, we can easily conclude that Pic’(Sa) is a PPAV, where the required
polarization on Pic’(S,) is given by the inverse isomorphism ¢, : Pic®(Sa) — Sa,
and the principal polarization is defined by (gb;i)*LA . Now, to show that Pic’(Sa) is a
spinor Abelian variety, we need to properly define Clifford multiplication on it. We first
state that by the surjectivity of the isomorphism ¢, : Sa 5 Pic°(Sa), we have for
every class M € Pic’(Sa) aclass i € Sa such that ¢p, (1) = tLa ® L' = M.
Hence we have the equation ¢gi(M ) = [ By using the inverse of the isomorphism
induced by the above polarization, we can extend Clifford multiplication onto Pic’(Sa)
via p* : Cy(V))z — End(Pic’(Sa)), where p* = Ady, o p. That is, for any lattice point

h € C,(V')z we have the following diagram:

SA$>SA

¢;;T l‘%

Pic®(Sa) —2 Pic®(Sa).

This means that for any line bundle M € Pic’(Sa), we have p;(M) = ¢, opo (b;i (M).
With the induced Clifford multiplication on Pic’(Sa), we conclude that Pic’(Sa) is a
PPAV with Clifford multiplication on the underlying dual torus, hence a spinor Abelian

variety. 0

Now, considering Pic’(Sa) as a spinor Abelian variety, we have the immediate conse-

quence that the principal polarization on Sx is preserved by the integral Spin groups.

Corollary 3.2.9. On the dual spinor Abelian variety Pic®(Sa), consider any L € Pic®(S)

and any generator e; € I' (V') of order 4. Then we have a system of translation line bundles
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Ly, Ly € Pic®(Sna) satisfying (LV)®? = Ly ® Ly such that

;

pi, (L) =L® Ly
(p2,)*(L) = L® Ly ® Ly
(P2, )°(
(pe)H L) =L®0s, =L

L)=L® Ly

Hence any generator of order 4 acting on a line bundle L € Pic’(Sa) generates the

Clifford system of line bundles {Lys, Ly @ Ly, Ly, Og, }.

Proof. Fix a generator of order four e; € fq(V) and a line bundle in the Picard group
L € Pic°(Sa) such that under the isomorphism ¢;,, induced by the principal polarization
La, the preimage of this line bundle is in some class A € Sa such that ¢, (\) = L.
Hence by Propositions 3.2.8 and 3.2.4 Clifford multiplication can be defined as p; (L) =

PLp © Pe, © gbzi(L). Then we have

i (L) = b1y 0 pe;(N) = dra(A+ M) = ¢, (N) @ dp(M) = L& Ly,

where we define Ly, := ¢, (M). Now, composing this action with itself, we obtain
(02,2 (L) = ¢y 0 p2, 0 ¢pa (L) = by 0 p2,(N) = ¢y (—A) = LY. Considering this same

action from a different perspective, we obtain

(pe,)*(L) = pe,(L® M) =

Gra 0 pe,A+M) = A+M+N)=0¢1,(A\) @ ¢, (M)R¢r,(N)=L®Ly® Ly,

where we define Ly := ¢, (IV). Considering both of the above expressions for (o} )*(L),
we obtain the equation L ® Ly, ® Ly = LY. This gives us the line bundle equation
(LV)®? = Lj; ® Ly. Continuing this process, we get

(0, (L) = Grp 0 p2 0 d7 (L) = drp 0 p2,(\) = by (—(A+ M)) = LY @ M.
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Once again, if we view this same action from a different perspective, we obtain

()2 (L) = pt, (L ® Ly @ L) = by © pey (A + M + N) =

PLaA+M+N+0) = ¢, (N) @ ¢, (M) ®¢r,(N)®dry(0) = L® Ly ® Ly ® Lo,

where we define Lo := ¢, (0). Considering both expressions for (p? )*(L), we obtain
the equation L ® Ly, ® Ly ® Lo = LV ® LY,. Hence we have (L)®? = L$? ® Ly ® Lo.
Now taking both expressions for (LY)®?%, we get L®? ® Ly ® Lo = Ly ® Ly. Thus we

have Lo = LY, providing us with the conclusion

(e ) (L) 2 L@ Ly®Ly® Lo~ L Ly®Ly® LY~ L® Ly.

Continuing this procedure, one can easily deduce that (p} )*(L) = L ® Og, = L. Since
our choice of a line bundle and a generator of order 4 were completely arbitrary, we con-
clude that for any generator of order 4, the Clifford system of line bundles {Ly;, Ly ®

Ly, Ly, Og, } is associated to each subsequent action on L. O

From the preceding discussion we see that Ly, Ly, Lo) depend on L and the endomor-
phisms associated to the generator e;, hence these equations are dependent on the choice

of generator e; and L € Pic®(Sa) consequently, we introduce the following definition.

Definition 3.2.10. For any generator e; € T (V) and any line bundle L. € Pic’(Sa), we
define the translation bundles Ly;, Ly (i.e., as above, line bundles defining all orders of
Clifford multiplication on L by a lattice point e; € I'j(V')) as the Clifford line bundles

associated to multiplication by a lattice point e.
Now we extend this property for points of order 2 onto Pic®(Sa)s .

Corollary 3.2.11. Consider the subgroup of line bundles of order 2 Pic®(Sa)y = {L €

Pic®(Sa) : L®?* = Og,}. Then the actions by any generator ey € T',(V) of any order
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greater than one yields one Clifford translation bundle L), which is itself a line bundle of

order 2.

Proof. Choose a generator e; € I',(V') of any order greater than one. Choose a line bundle
of order 2, i.e. L € Pic°(Sa)s. Now by Corollary 3.2.9, we can write (LV)®? & Ly, ®
Ly for the Clifford translation line bundles L,;, Ly associated with the action of e; on
L. Since L € Pic’(Sa), we have LV = L, and hence we can immediately deduce that
(LV)®? = [#? 2 Og, = Ly ® Ly. Therefore we have Ly = LY,. Taking the induced
representation of L ® L, we get p*(L%?) = ¢p, 0 pe, 0 ¢;r (L @ L) = ¢r, 0 pe,(2\) =
b1 (200, ( V) = b, (N2 = (L@ M)%? = L®? @ LS} = Og, ® L§F = L5?. But also,
since L € Pic’(Sa)2, we have L®? = Og,, so that p? (L®?) = p* (Og,) = Og,. Now
by setting both expressions for p*(L%®?) equal to one another, we obtain L5? = Og, . This
forces M to be a line bundle of order 2. Moreover, Ly = L},. Hence Ly = L. Therefore
we conclude that each action by a Clifford generator only generates one Clifford translation

bundle L,;, which is itself a line bundle of order 2.

]

At this stage, we can extend Clifford multiplication, and hence the group action by
fg(V), to the set of symmetric theta divisors, as well as to the set of symmetric line bundles

of our spinor Abelian variety, by proving the following corollary.

Corollary 3.2.12. The Clifford multiplication as the group action fq(V) on Jﬁg & extends to
the set of symmetric theta translates of our spinor Abelian variety Sym(Sa). Equivalently,

we have an extension onto the set of symmetric line bundles Pict (Sa) via the extension of

the Clifford multiplication on Pic®(Sa).

Proof. The Clifford multiplication on our spinor Abelian variety extends to actions on the
symmetric theta translates (as described in Chapter 1). These actions are totally parame-
terized by the 2-torsion points JQS 4 C Sa. This follows from the fact that the restriction

of lattice actions to Jf 4 defines translations on Jf 4, where we can describe the pullback
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action on Sym/(Sa) in terms of the induced translation endomorphism on Jf 4. By Corol-
lary 3.2.7, we conclude that for any lattice action with the associated translation constant
on each of the 2-torsion points € € JQSA with the translation element given by Mg, the
group action by g induces the translation 7, : J7A — JPA, where Ty(€) = e+ M.
By this construction we can extend our group action on the set of 2-torsion points onto
the set of symmetric theta translates Sym(Sa) in the following way: for any 2-torsion
point € € Jf 2 that parametrizes the symmetric theta translate ©2 € Sym(Sa), we set

py02 =02 =02 4y = 73O (Where the symmetric theta divisor © is one of the
229 symmetric theta translates of the principal polarization divisor © A via by ¢ )

Note that we can similarly view these Clifford actions as extensions of the Clifford
group actions on Pic?(Sx), parameterizing the set of symmetric line bundles Pic(SA)
(see also [8] for a similar approach). If we consider a symmetric line bundle L € PicH (Sx),
the bijection between Pic?(Sa) and PicH(Sa) is established via [L] : Pic’(Sa) —
Pict’(SA) given by N ﬂ N @ L. Under this bijection, for any element given by
[L)(N) € Pic(S,), the group action of I',(V) on Pic(Sa) is given by the extension
of the action of T'y(V) on Pic%(S4), established in Corollary 3.2.11, given by PylL](N) =
LN @ M) = L ® (N ® M), with M @ N € Pic?(Sa). This gives us the Clifford

multiplication on the set of symmetric line bundles. [

Now, since any symmetric theta divisor © is one of the 2% symmetric theta translates
of the principal polarization divisor © 5, we can consider the Clifford multiplication by a
lattice element g € I'; (V') as the following composition: p*@A = Uy, 02 = Mg © tXOA.

We have the following corollary as an immediate consequence related to the Clifford

actions on the symmetric theta divisor defining the principal polarization on our tori Sa.

Corollary 3.2.13. The symmetric theta divisor © A that defines our symmetric polarization

on S is fixed under Clifford multiplication by lattice elements.

Proof. The fixed symmetric theta divisor ©a on Sa giving us the polarization is defined as
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the zero locus of the Riemann theta function 6, (7), and thus it corresponds to the charac-
teristic []. Hence ©, can be considered as the origin 0 € J5. It can be easily checked
that all Clifford lattice actions on JQSA actually fix the origin, since for any x € Sx we
have p,(0) = py(x — ) = py(z) + py(—2) = py(z) — py(x) = 0. As a consequence, the
associated action on O fixes © as well.

O

Note that we plan to use the above result in Chapter 5, when we concentrate on specific
spinor Abelian varieties and the combinatorial properties of their Clifford multiplication on

the group of 2-torsion points.

3.3 The endomorphism structure of spinor Abelian varieties

In this section we examine the endomorphism ring of our spinor Abelian variety Sa of
dimension 2. The following lemma examines the relationship between the analytic rep-
resentations, Clifford multiplication, and the spinor representations, through what we call

the “losing your hat lemma”.

Lemma 3.3.1 (Losing your hat lemma). For the spinor Abelian variety Sa, the analytic
representation 7, : End(Sa) — Endc(A) satisfies the property 7,(p(h)) = p(h) for any
h e Cy(V)z.

Proof. For any spinor Abelian variety, Clifford multiplication p : C,(V)z — End(Sa)
is the ring homomorphism obtained by the restriction of the isomorphism p : C (V) —
End(A). Now if we fix an element i € C,(V)z, the endomorphism p(h) € End(Sa) can
be viewed as the restriction p| c, (V)Z(h) € End(Sa). Thus it is clear that the spinor repre-
sentation p defines Clifford multiplication on S by any lattice element h € C,(V')z. Then

we can view the analytic endomorphism 7, : End(Sa) — End(A) for any endomorphism

of the form p(h), for a lattice element h € C,(V)z, as 7,(p(h)) = p(h). This is because
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for any endomorphism p(h) € End(Sa), there is an endomorphism p(h) € End(A) that
defines it.

]

Thus for Clifford multiplication p, composing it with the analytic representation 7,
gives us p, losing the hat on Clifford multiplication and providing us with the following

commutative diagram.

End(SA)

C,(V)z TeoP=p » End(A)

With this lemma we are able to prove the following.

Proposition 3.3.2. For a spinor Abelian variety Sa with Clifford multiplication given by

Cy(V)z- lattice actions, we have the ring isomorphism Co(V)z = End(Sa).

Proof. For spinor Abelian varieties we have Clifford multiplication given by the ring ho-
momorphism p : C,(V)z — End(Sa). Now suppose that for h, g € C,(V'), p(h) = p(g)-
Extending this equality via the analytic representation, we have 7,(p(h)) = 7.(p(g)).
Then by Lemma 3.3.1, this equality implies that p(h) = p(g) in End(A). Now since
End(A) = C,(V), we can take inverses to conclude that h = g, and hence p is an
injective ring homomorphism. To prove surjectivity, choose an arbitrary endomorphism
f € End(Sa). Taking its analytic representation gives us 7,(f) € End(A). Now since
we have the isomorphism C, (V') = End(A), there exists an element g € C,(V/) such that
p(g9) = 7.(f). Moreover, the analytic representation 7,(f) when restricted to the full rank
lattice I'a coincides with the rational representation; that is, 7,.(f) = 7.(f) ‘FA‘ Thus we

have 7,(f)| L€ Endy(T' o), implying that 7,(f) preserves the full rank lattice ' C A.

r
Then p(g) is identified with an element in the Clifford algebra with integral coefficients,

and so we have g € C,(V')z. Thus since our choice of endomorphism was arbitrary, we
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have that for any f € End(Sa) there exists an element g € C,(V')z such that p(g) = f,

implying that p is an isomorphism. ]

From this proposition, we have the understanding that for any endomorphism of S
there exists a lattice element that defines it. Therefore all we need to know, in order to
understand the structure of the endomorphism ring of our spinor Abelian variety, is to un-

derstand the structure of the integral subring C,(V")z. We also have the following corollary.
Corollary 3.3.3. For our spinor Abelian variety S we have Aut(Sp) = f;(V)

Proof. Note that Aut(Sa) is the group of units of End(Sa), and that by Proposition 3.3.2
we have C,(V')z = End(Sa). Then to find the automorphism group of Sa, we just need
to restrict our attention to the units of the integral subring C,(V')z, which are all of the
generators e; that generate the real algebra C,(V'), and their imaginary generators ie;.
These generators form the multiplicative group of generators of C (1), denoted f‘g(V)

This group is isomorphic to the multiplicative group of generators of C,(1"). Hence we

have I'¢ (V) 2 Aut(Sa). O

From Proposition 3.3.2 and Corollary 3.3.3, we have a good understanding of the endo-
morphism ring and automorphism group of our spinor Abelian variety Sx. Hence we can
think of Sa as a spinor space for the lattice C,(V')z, since End(SA) = Cy(V)z. Know-
ing the structure of C,(V); and the multiplicative group of generators provides us with

knowledge about the endomorphisms and automorphisms of Sa.

Remark 3.3.4. Another way to see that the multiplicative generators are automorphisms
comes from the fact that they preserve the polarization, since they are a subgroup of the
Pin®(V') group, which we know (see [45], [51]) preserves the Hermitian form on our

spinor module.

With respect to intrinsic properties of our spinor Abelian varieties, we can now prove

the following decomposition theorem.
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Theorem 3.3.5. A spinor Abelian variety S is fully decomposable, as a spinor Abelian

variety, as a product of 2 elliptic curves E; of j-invariant 1728.

Proof. Let Sx be a spinor Abelian variety of dimension 2¥. By Lemma 3.3.1 and Proposi-

tion 3.3.2 we have the following commutative diagram:

C,(V)z —2— End(Sa)

C, (V) —L— End(A).

From Corollary 3.3.3 we have the isomorphism Aut(Sa) = I'¢(V). Hence for the au-

AL

tomorphism of order four p(i) € Aut(Sa), we have 7,(p(i)) = p(inc(i)), where inc :
Cy(V)z — C,(V) is the inclusion homomorphism. Thus we have 7,(5(i)) = p(inc(i)) =
p(i) =1i-p(l) =i-idx. We have shown that in Sx we have an automorphism of order 4

whose analytic representation is ¢ - ida, and so by Proposition 1.2.6 we have the isomor-

phism Sp = EiXQk = FE; x ... x Ej; as polarized PPAVs, where E; is the elliptic curve that
N————

2F times
admits automorphisms of order 4; thus it must be of j-invariant 1728. So we have shown

that Sx is fully decomposable as an Abelian variety. We still have to show that it is fully
decomposable as a spinor Abelian variety. Defining the isomorphism f : Sa = E’ 2
we can extend Clifford multiplication via Ady : End(Sa) — End(E*"), where g
Ads(g) = fogo f~'. Composing Clifford multiplication with the adjoint conjugation
extends Clifford multiplication from Sa on Ei“k, by p/ : C,(V)z — End(EiXZk), given
by pf(h) = Ad;(p(h)) = f o p(h) o f~ for a given lattice element h € C,(V)z. That is,

for any h € C,(V')z we have the following commutative diagram:

P
Spn —— Sa

. |s

f
x2k  Ph x 2k
E; — f% .

(2

This shows that we can naturally extend Clifford multiplication onto Eixzk, making EiXQk a
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spinor Abelian variety. Hence we have shown that S is fully decomposable not only as a
PPAY, but also as a spinor Abelian variety.

]

From Proposition 3.3.5 we have the intrinsic property of S that all spinor Abelian
varieties with Clifford multiplication p : C,(V')z — End(Sa) are fully decomposable, as
spinor Abelian varieties, to the product of 2* elliptic curves of j-invariant 1728. We now

have the following immediate corollary when viewing E “2 a5 a spinor Abelian variety.

Corollary 3.3.6. For the spinor Abelian variety EiXQk, its endomorphism ring is isom-
rophic to the integral subring C,(V')z, and its group of automorphisms is isomorphic to
the multiplicative group of generators of C,(V'). That is, End(EX?) =~ C,(V)z and
Aut(EF*) = Te(V).

Proof. This corollary immediately follows from Propositions 3.3.2 and 3.3.5 and Corollary

3.3.3. ]

We conclude this section with some insight into what Clifford multiplication p/ :
C,(V)z — End(E*?") looks like. First notice that any isomorphism f : Sa = B
will have components f(7) = (f'(7),..., f* (y)) where f7 : Sx — E; is a morphism
from our spinor torus onto the j-th copy of the elliptic curve E;. Now with the isomor-
phism f in mind, we have for any point v € EZ.XQk an element 7 € S with the property
that f(7") =v e E *2" Then for any h € C,(V)z we can define Clifford multiplication

onv=(v,...,vs) € EX* as follows:
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The question now becomes, how can we define the endomorphism p? in terms of compo-
nent maps or morphisms on each of the elliptic curve components £;? First we define,
for each component, v/ = f7(5(h)(7")), while keeping in mind the bijective relation be-
tween v € Sa and v € Ei“k. Now for each component we define the induced Clifford
morphism a : By — Ej, which acts on j-th component of the product as v; € L as
cr]h(yj) = Vj . It is from these induced Clifford morphisms that we define Clifford multipli-
cation p/ (h) € End(EZ-XQk) in terms of components, where we have p/(h) = (o7, ..., 0l).

Figure 3.2 illustrates how we view the extension of Clifford multiplication by a lattice ele-

ment g € C,(V)z on the product E,L-“k.

@®l
(=020

U(](l 09(2) E?Q(Qk)

@@

Figure 3.2: Induced lattice Clifford actions on Ei“k
where 0,(j) denotes the induced Clifford morphism acting on the j-th elliptic curve E;

Now, it is tempting to think that these morphisms O' : F; — FE; are endomorphisms
on the elliptic curves, but this may not always be the case, as we shall see in the following

counterexample.

Example 3.3.7. Suppose that on E; X E; we multiply by the generator e of the complex
Clifford algebra C,, whose Dirac spinor space is Ay = C2 As we saw in Chapter 2, the

matrix representation for this generator is given by the matrix Ey = [ 9 ; } . Establishing
2

72 @ i7?

and choosing the point ([%],[2]), we see via a simple diagram chase that p' (e;)([1], [3]) =

the isomorphism f : — E; X E;, given by f(vie; + waea + Ta,) = (11, 10),

([%], [%D € E; x E;. Focusing on the first component, the induced Clifford map on the first

element gives us 03*([£]) = [2] = [4] + [&]. But we can easily see that this translation
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cannot come from any endomorphism induced from an element Z[i] = End(FE;), and hence

the induced Clifford map in this example is just a morphism in E;.

From the previous counterexample we find that Clifford multiplication on Ei“k is itself
an endomorphism (or even an automorphism), but the components that define Clifford
multiplication and act on each of the components are just morphisms. They do not have
the structure of endomorphisms on the components themselves, but in the bigger picture

contribute to the construction of an endomorphism on the product £**".
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CHAPTER 4
EXAMPLES AND CONSTRUCTIONS OF SPINOR ABELIAN VARIETIES

In this chapter we construct some concrete examples of spinor Abelian varieties. We begin
with the canonical example, the Dirac spinor Abelian variety, and show its relation to the
Clifford algebra C, ,, =: C,, (which can be viewed as the complexification of the Euclidean
Clifford algebra R ,,, where all the generators are negative definite). In this chapter we

assume all underlying spaces are of even dimension (unless otherwise specified).

4.1 Dirac spinor Abelian varieties

In this section we consider the space of Dirac spinors Ay, = C2* for the Clifford algebra
Csqr. We begin by defining a canonical lattice for these spinor spaces. For convenience we

choose the standard basis ey, ..., e , for C2* and ey, ..., o for Agy.

Definition 4.1.1. The space of Dirac spinors Ag, = C2" has the natural square lattice

denoted by N = 72" @i - 72",

The square lattice AZ, is clearly a lattice of full rank with respect to Ay, allowing us

to interpret the corresponding quotient as a complex torus.

Proposition 4.1.2. Consider the space of Dirac spinors Dgy, = C2* with the square lattice
AZ = 72" ©i- 7% . Then the quotient Sh,, = Ao /AL is a complex torus that is a spinor

Abelian variety.

Proof. For the complex torus Sa,,, we can choose the standard basis ey, . . ., eqx for Ay,
and the symplectic basis ey, . .., eqr, i€, . .., ieq such that we can write the full rank lat-
tice in the space of Dirac spinors Ay, in terms of a period matrix IT = (I,x, - [ox), where

AZ =1I- 72", and where we clearly have 7 - I5. in the Siegel upper half space Hqyr of
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PPAVs (defined in chapter one). Thus we can conclude that Sa,, is a complex polarized
Abelian variety of type D = I, that is a PPAV (see [21], [25] for more on the polar-
ization and period matrices). As we saw in Proposition 2.4.6, we can generate the matrix

representations of basis elements for C?* recursively via the formulas below:
® €951 i) k=7 QX F ® B®i—1 fOI'j =1,..., k.
c ey, > T @B, @ B forj=1,... .k

It is clear that in this situation all unitary matrices p(e;) are composed of columns with all
zeros as entries except for one component where each entry is either 72 or ==1. Hence the
Clifford multiplication by any generator of Cyy, preserves the lattice AZ, as well as all Z
linear combinations of the matrices and the products that represent all elements in (Cay)7.
Therefore, Clifford multiplication considered on our PPAV Sy is given by restricting the
canonical Dirac representations poy, : Co, — End(Ag) to the integral subring action given
by por : (Cor)z — End(Sa,,). Hence we conclude that Sa,, is a PPAV with Clifford

multiplication on its underlying spinor torus, that is, a Spinor Abelian variety.

In light of the above proposition, we make the following definition.

Definition 4.1.3. We define the spinor Abelian variety S, as the Dirac spinor Abelian

variety.

Now since Cy, = C(2%), it is immediate that the restriction to the integral subring
has the isomorphism (Cay )7 =2 Z[i](2%); hence we can view Clifford multiplication on the

Dirac spinor Abelian variety as left actions by 2% x 2¥ Gaussian matrices. The Hermitian
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form H on Ay, that defines our principal polarization is given by

H(v,w) = E(iv,w) +iE(v,w)
=Y re(vy)re(w;) + im(v)im(w;) +i- Y, im(v;)re(w;) — re(v;)im(w;)
= 2(reve) +i-am(uvy))(re(ws) — i - im(wy))
=D Vi,

for all v, w € Ay, where E is the imaginary part of the canonical Hermitian form H that
is integral on the lattice, defined by E(v,w) = >, im(v;)re(w;) — re(v;)im(w;) for any
v,w € A% ® R, with respect to the R basis e; = e¢; ® 1,ie; = e; ® i. Note that for
the Dirac spinor Abelian variety Sa,,, the covering space Ay is a unitary spinor module
for the Clifford algebra Cq; (see [23]). Hence the actions by the integral Spin groups
Lor N (Cox)z = 1%, Pin(2k) N (Cor)z = Pin%(2k), Spin(2k) N (Cax)z = Spin®(2k),

and I'S; preserve the canonical polarization on Sa,, .

Dirac spinor Abelian varieties as fully decomposable products of elliptic curves

In this section we show that Sx,, can be fully decomposed as a product of 2" elliptic

curves of the form F; = with j-invariant 1728. In this section we are showing the

C
7 ® il
full decomposition of the Dirac spinor Abelian variety after a suitable choice of basis has
been made. Although this was generally proven by Theorem 3.3.5 our aim is to focus on
how Clifford multiplication extends via our matrix representation to the product of Elliptic

curves. We start by considering the product of 2 curves, EZ-“k = E; X --- X E;, where the

j-invariant of the components is equal to 1728.

Lemma 4.1.4. The Abelian variety EiXQk as above has a polarization given by the Hermi-
tian form H= >, H', where for all i we consider H' the canonical Hermitian form for the
elliptic curve E;, given by H(v,w) = v - w for v,w € C. That is, we attach a copy of the
Hermitian form on every copy of E; (in the coordinates of each curve), and then we sum

them all up. In fact, the Hermitian form H form is the Hermitian form (or an isomorphic
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copy) defined by the canonical polarization.

YA Then for each 7, on the

covering space C for each F; we have the positive definite Hermitian form H : C x C —

Proof. Consider each elliptic curve as the quotient £; =

C given by H(v,w) = v - w, such that the imaginary form E(v,w) = imH (v,w) =

re(w)im(v) — re(v)im(w) satisfies the following:
1. E(iv,iw) = E(v,w)
2. E(iv,v) >0
3. E restricted to the lattice Z & iZ provides us with integral values.

This means that the form £ defines a principal polarization on each curve F;. Using this
construction, we obtain the principal polarization on each copy of the product EZ-”k to-
gether with the associated positive definite Hermitian form on each component of £ 2",
Now consider the sum of the componentwise Hermitian forms as H:Cx2 x Ccx2 & C,
given by H((vy,...,v), (w1, .., wa)) = ijzl HI(v;,w;), where H’ is just the stan-
dard Hermitian form H on the j-th component, that is on the Elliptic curve E; in the product

variety, and use it to obtain the following well-defined Hermitian form on the space of Dirac

spinors:
2k
H((vr, .. vgn), (wr, . wge)) = Y vy 5
j=1
If we consider only the imaginary part of H, we get
ok
E=imH((v1,...,v90), (wr, ..., wy)) = Y _(re(w;)im(v;) — re(v;)im(w;)).
j=1

Using E, we define a polarization on the product EiXQk (since E satisfies all three Riemann
polarization identities on each component, all three are satisfied also on the sum of those

components). Now on this product of elliptic curves, the first Chern class of the canonical
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polarization on E*", g1ven by the line bundle Ly = pjOg,(0) ® - - - ® p;, O, (0), gives us

the matrix
O ]2k

—1219 O

(see Example 1.10 in this thesis or [8], [36]). Hence with respect to this matrix and a
suitable choice for our basis, our polarization defines the alternating form E; (v, w) =

Z?il(re(wj)im(vj) — re(vj)im(v;)), for v, w € C2". One can immediately see that

H(z,w) = Ep,(iz,w) +iEL,(z,w) Zz]w] = H((v1,...,09), (wy,...,wak)).

Hence we have shown that H is actually the Hermitian metric induced from the canonical

0 I

. k ) . 2 .

polarization on El.X2 . Moreover, since in this case det = 1, the canonical
—IQk O

polarization is also a principal polarization on E**".

]

We now establish an isomorphism between our Dirac spinor Abelian varieties and the

decomposable product of elliptic curves of j-invariant 1728.

Proposition 4.1.5. For all natural numbers k, the Dirac spinor Abelian variety Sa,, is

isomorphic to EZ-X2 as a spinor Abelian variety.

Proof. Using Lemma 4.1.4, we obtain the principal canonical polarization on Eixzk using

the product Hermitian metric
ﬁ((vl, ey ok )y (W, o war)) = H (v, wy) 4 -+ - + H(vge, wor ) Zvjwj,

for (vq,...,0), (W1,...,Wwor) € C2". Thus, the canonical principal polarization on Ei“k

yields the same standard Hermitian form as the canonical polarization on Sa,, . To establish
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our isomorphism, we start by defining the component map 7 : Sa,, — EZ-XQk where 7(Z) =
(€1,...,Tox) and T € Sa,, is the equivalence class in the Dirac spinor Abelian variety, and
where z; is the projection of Z onto the j-th component on EiXQk. m is clearly a surjective
homomorphism at the group level. Moreover, since ker 7 = {0 € Sa} is trivial, we obtain
the isomorphism of the complex tori: Sa,, = Ei“k.

Considering the canonical components, we can extend the map 7 to the covering spaces

via the analytic representation of 7, Agy T, 02" 1o get

~

m™H(v,w) = H(x(v),n(w))
= H((vy,...,09), (Wi, ... wo))

= H(vi,wy) + -+ H(vgr, wor)

for (v1,...,ver) and (wy, ..., we:) in C2. Now we can write kazl vj - w; = H(v,w)
for v, w € Ag,. Hence 7*H = H, and thus our polarizations are preserved, and we have
obtained an isomorphism of PPAVs.

Notice that we can extend the Clifford multiplication poy, : (Cor)z — End(Sa,, ) onto
EZ-XQk by composing it with the isomorphism 7 : Sa,, = EZ.XQk, thereby obtaining Clifford
multiplication on E*" given by p%, : (Cox)z — End(E*"), where for a given element in

the lattice g € (Cy)z, we have

(P53 (9)(T1, - -, Tax) = Adr(pg)(Z1, - . Tar) = T(Par(g) (7™ (T1, - -, Tor))).
Hence for any lattice element g € (Cyy,)z, we have the following commutative diagram:

SA% pak(9) SA%

WAT lﬂ

0
%2k P
Ei

9 k
AN

Note that here p : Efk — Efk is the induced Clifford action on the product Abelian
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variety £ 2* which mirrors the matrix multiplication action on Sa,,. Thus the Clifford
multiplication by (Cyy)z, as extended above, extends further to Eixzk via the isomorphism
7. Therefore we have shown that Ei“k is a spinor Abelian variety isomorphic to the Dirac

spinor Abelian variety. 0

The above actions on underlining varieties can be understood as follows: for any basis
generator ¢, of the complex Clifford algebra Cyy, the induced Clifford action Pe, E? &

(2

Efk can be viewed as a permutation 0., € Gy of order 1, 2, or 4 (along with some Aut(E;)
action on each permuted component). Then the Aut(FE;) action on the i-th component can
be thought of as multiplication by i*i, where k; € {0,1,2,3}. Thus, for each e, € Lag, we
can identify p,, with elements o, x (i*',... %) € Gy x Aut(Ei728)* 2" This comes
from the structure of the matrix representations of C,;, acting on the Dirac spinors, and from
the fact that Sx,, and EiXQk are isomorphically matched via the component map. Hence
the matrix actions representing the basis elements of the Clifford algebra swap components

and/or multiply them by a multiple of ¢ (depending on which column has the non-zero

entry on the matrix representation). Therefore, on an arbitrary generator e, € (Cy)z

and (Z1,...,To) € E2", we can view the induced Clifford action as pL (T, Top) =
(z’“lxge 1)+ iQkasgeM (2¢). This induced Clifford permutation is illustrated in Figure 4.1
below.

QR
lpe,, Ej
Ueu i" UEM (1) EUEM i o’eM(Q UEM k z kok

L E;

7' 7 i

Figure 4.1: Clifford multiplication by a generator on E“k The upper index defines the
component the copy E; is on the decomposition and i*/ is the associated automorphism on
the components once they have been permuted.

Note that as 1s the case for any unitary spinor module, the actions of the integral Spin
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groups Pingz(2k), Spingz(2k), and Lo preserve the canonical polarization on Ei“k, where
Clifford multiplication by the integral Spin groups can all be viewed as automorphisms that

preserve the principal polarization.

Example 4.1.6 (Dirac spinor Abelian surfaces). For dimension two Dirac spinors, we have
C2

the Dirac spinor Abelian surfaces, where the Clifford actions on Sa, = ) are
Z .

given by the isomorphism Cy = C(2) defined by the following associations:

) 0 0 1 0o -1
Per = 0 » Peg = - , and pe,, = Lo |

Since all Dirac spinor Abelian varieties are fully decomposable as products of elliptic
curves, we can consider the decomposition of the Abelian surface given by the projection
T SA, = E; x E;, where we have w(Z) = (ZT1,T3), T = Z1€1 + T2 = y1€1 + Y262 + L',
and 1, y2 € C are representatives of those classes modulo the rank four lattice I' n,. Then
the Clifford multiplication on the Dirac spinor Abelian surface Sa, is given by the follow-
ing p: (Cy)z — End(Sa,), and it does not change the initial automorphisms p(e;), p(e2),
and p(e12), as all of those left matrix actions preserve the lattice I'a,. Note that the actions
given by (Cq)z can be represented as matrices in Z[i](2). However, we can also view them
in terms of integral matrices in Z.(4) with respect to the 7 basis e, e, i€y, ies. The identifi-
cation between the 2 x 2 Gaussian matrices that act on Sa, via Clifford multiplication and
the integral 4 x 4 matrices that preserve the lattice I'n, is done via the rational representa-
tion 7, : End(Sa,) — Endz(I'a,). Hence the images of our multiplicative generators via

the rational representation are as follows:

0 0 -1 0 00 0 -1 0 -1 0
0 0 o0 1 00 -1 1 0 0

Tr(Pey) = Tr(Pey) = and T, =
+(Pey) e +(Pes) o 1 o ) +(Pess) o o0 o
0 -1 0 0 10 0 0 0 0 1

Now we can extend the Clifford multiplication to the full decomposition E; X E; and
we obtain p™ : (Cq)z, — End(E; x E;), where on the multiplicative generators 'y we have

the following actions on any (Z,y) € E; X E;:
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By looking at the induced Clifford actions on F; x E;, we can conclude that the action
by any generator in fg is representable by a subcollection of elements in (i)** x Sy acting
on E; x E;, where (i) = {1,—1,i,—i} and Sy is the symmetry group of two elements
which acts on E; X E; componentwise (either switching them or keeping them the same).

For example, we have pf = ((i, —1), id).

4.1.1 Half spinors and Clifford multiplication on Dirac half spinor Abelian varieties

As in Section 2.4, we consider the space of Dirac spinors for the Clifford algebra Co, as
the direct sum Ay, = AJ, & Ay, with respect to the multiplication by the even subalgebra
C4,. If we restrict our attention to the even integral subalgebra (C3, )z on the full rank
lattice A%, we can decompose it into A%, = (A}, )% & (A5, )%, where the integral subring
(C3,)z acts on the full rank lattice as the lattice actions (Ca;,_2)z (on each component via
the diagonal action). Hence, restricting our attention to the half spinor space Aj,, which
is itself a spinor space for the Clifford algebra C,;_5, we have the Dirac spinor Abelian

variety Sa,,_,,» which is isomorphic to S~ = S,+. This means that if we quotient

+ .
2k
each half spinor space with its full rank half spinor lattice (which is just the quotient of a

Dirac spinor space along with the square lattice for dimension 2¥~1!), we get the half spinor
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Abelian variety decomposition of Sa,, viewed as the direct sum Sx,, = SX @ Sy .
Here Clifford multiplication on the direct sum of half Dirac spinor Abelian varieties is
given by restricting Clifford multiplication to (C3,)z, which is isomorphic to (Cox_1)z
acting diagonally on our half Dirac spinor Abelian varieties. As a consequence we have the

following.

Proposition 4.1.7. Dirac spinor Abelian varieties Sa,, decompose as direct sums of half
spinor abelian varieties; that is, Sa,, = SZ% ® Sy, where each component is isomor-
phic as a Dirac spinor Abelian variety to Sa,, ,. The even Clifford algebra (C,)z acts

diagonally on each component as (Cox_2)z acting on Sa,, _,.

We conclude this analysis in Chapter 5 by examining the properties of 2-torsion points

and Clifford multiplication on our Dirac spinor Abelian varieties.

4.2 Minimal left ideal spinor Abelian varieties

In this section we construct examples of spinor Abelian varieties by using minimal left
ideals in C,, constructed by Hermitian idempotents. We start by characterizing some
useful left ideals in the real Clifford algebras R, , that are of interest to us (see [55], [56]

for more on these minimal left ideals).

4.2.1 Minimal left ideals for Clifford algebras R, , and their complexifications

Definition 4.2.1. A left ideal I C R, , that does not contain any other nontrivial ideals is
a minimal left ideal. For R, ,, any minimal left ideal is of the form R, , - f, where f is a

primitive idempotent element in R, .

We see that R, , - f is clearly a left R, ,-module, where the module multiplication is
givenby u-(v- f)=(u-v)- f,foralu e R,,andv- f eR,,- f.
We quote here the following useful classification theorem for minimal left ideals on

R, 4 (see [41] for the proof and more on this construction).
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1 1
Theorem 4.2.2. A minimal left ideal in R, , is of type R,, - f, where f = ten It

2 2
is a primitive idempotent in R, , and {ey,, ... e } is a set of commuting elements of the
canonical basis such that ei =1foralli =1,...,k = q — ryp. Moreover, the above

generators form a multiplicative group of order 29 "1—». The numbers r; are called the
Randon-Hurwitz numbers, given by the recurrence formula r,_, subject to the conditions:
ro=0,r=1,10=2 13 =2 1r; =3where4 < j <7, riyg =1;+4for1 >0,

ry=—Landr_;=1—i+r,ofori>2

Note that the algebra of endomorphisms of the above minimal left ideal is isomorphic
to the real matrix algebra of real dimensions matching those of Theorem 2.2.11. Then to
consider the complexification of these quadratic Clifford algebras, C,, = R, , ® C, we

can define Hermitian idempotents in the following manner.

Definition 4.2.3. A Hermitian idempotent is a primitive idempotent f € C, , such that f is
a Hermitian element, an element in C, , that remains invariant under hermitian conjuga-

tion, which generates a minimal left ideal C, , - f.

In this case, for C, ; we have a suitable standard choice for a Hermitian idempotent (see

[55] and [56] for details) which we describe below.

Definition 4.2.4. For the Clifford algebra C, ,, we define the element

1 nj_
7= 0 e T ey ) € Gy e

0 p#0
m =
1 p=20
and
0 p=2k
Iy =
1 p#2k.

The element f! satisfies the properties (f1)* = f and (f) = f. Thus f% isa

primitive Hermitian idempotent of the Clifford algebra C,, ,.
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Note that the above Hermitian idempotent can be written in its expanded form as
P =1+i"e; +ieys + - +i%egp_gop_1 + - + i ey o .

Definition 4.2.5. We denote C, ,f" as the minimal left ideal generated by the Hermitian

idempotent 1.

The minimal left ideal C,, - f is also a left C,, module which yields the minimal
representations C, , = End(C,, - f#), making C,, - f¥ also a complex spinor space for

CPaQ‘

Lemma 4.2.6. Consider the Clifford algebra C,, ,, with p + q = 2k or 2k + 1. Then for a

Hermitian idempotent f, the generators of f' form a multiplicative group of order 2.

Proof. Consider C,, with p + ¢ = 2k or 2k + 1. Choose our Hermitian idempotent f =
2—1k(1 +i™eq) :;}(1 + i'keqy, - €apy1). Then the generators of £ modulo complex units
(£i, £1) form a set of elements of order k+1,1.e. S = {1, ey, €93, €45, . - ., €25_29k_1}, and
all k£ generators commute with each other and satisfy the property that (z’bk’ egj_mj_l)? =1.
The Clifford products of the generators in S give us a total of 2* distinct elements (in
the sense that zero products (’8) = 1 correspond to the generator 1, while ('1“) = k are the

products given by ey, a3, . . . €252 25—1). All other products give us the following remaining

elements (where indices are specifying the generators multiplied to obtain them):

€123, €145, - - - , €1,2k—2,2k—1, €2345, - - - , €2k—4,2k—3 2k—2,2k—1 - - - , €123...2k—1-

Therefore, we obtain a total of ZZ:O (:) = 2% products when multiplying various genera-
tors in the set S, and moding out by complex units (i) allow us to order these elements in an
increasing sequence and avoid counting products more than once. We denote this set of all
products by P(.S) (which is a set of order 2¥). Now we denote a generic element of P(S) by

e,, where the index (4 satisfies the property o = {by, (ca, ¢3), ..., (ca, co41)}, b1 € {0,1}
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and all pairs (cg, ¢11) are nonintersecting pairs in the set {(2, 3), (4,5), ..., (2k — 2,2k —
1)} forl < k.

This way, for any two elements ¢, e, € P(S), the equation e, - e,, = ey, is satisfied,
where we defined addition of the indices y, 7 by the symmetric difference operation 47 =

pwUn\ pNnand for 0 < r ! <k we can define U 7 as

{c1,(ca,¢3), .., (car, cary1), di, (do, d3), . . ., (doy, dorin) }-

If we assume the intersection is nonempty, we have Ny = {k1, (k2, k3), . . ., (kas, k2s11) }-
Hence pi +n = {ri, (r2,73), .-, (P2(4r—s)s T20+r—s)+1) }» wWhere p + 1 is composed of
nonintersecting pairs of elements in P(S) (where the product modulo units is contained in

P(S)). O

Definition 4.2.7. Let C, ,f be the minimal left ideal in C,, ,. Then we call elements %
and e, 1 a basis for the ideal (where each basis element can be viewed as an equivalence
class given by the equivalence relation e, - f* ~ i*e, - f ifand only ife, - f1 = ike, - fH,

where k € {0,1,2,3}).

Lemma 4.2.8. Let p + g = 2k or p + q¢ = 2k + 1. For any chosen basis e, f" in the
minimal left ideal C,, , f¥, we have the property that e,,-e, f* # + {7 where e, f" e, " €

C, o f" are any two distinct basis elements.

Proof. Consider f¥ and e, f* (where 1 in an increasing sequence) as basis elements for
C,p 4 f*". Choose an element e, f* (where 7 is also an increasing sequence) such that u # 1.
Notice that if e, - [ =i f#, where a = 0, 1, 2, 3, then according to Lemma 4.2.6 ¢, must
be in the multiplicative subgroup P(S), generated by S = {1, ey, €a3, €45, . . ., €2k—2.2%—1 }-
That is, e, must be a product of generators that generate our Hermitian idempotent f#,
modulo {+1,+i}. Since C,,f" is a minimal left ideal of dimension 2*, each of the
2% basis elements are of the form e, f? where ¢, - f7 ~ e, - f¥ if and only if e, -

% = e, f7. Note that C,,f is a complex vector space of dimension 2%, and so
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each class of type e, f is in an equivalence class not equal to the class [f¥]. But we
have the property that e, - e, ¢ P(S) for e, € P(S), and for that basis element we
1 _
have ¢, - [ = ﬁ(eu + i™e, - eq) 2:1(1 + i'*egy, - egp41). Hence we have found a
new generating set of this Hermitian idempotent, modulo complex units, which we denote
Se, = {€us€ut{1}, - - - Cutrf2r—2,2k—1} ;- Note that the set S, does not contain any of the
same generators as S, so that the multiplicative group modulo complex units, P(S,, ), has
no generator in common with the group P(S) for f7,ie. P(S) N P(S.,) = 0. Since our

choice of e, f was arbitrary, the above must be true for all generators of our canonical

basis for C, ,f. Therefore, if we choose two distinct elements e, f¥ and e, f* from our

canonical basis, different from f, then it is clear that H ﬂ b _ {i1,...,ix} # (). Hence
AN/

€i....i, /" has no generators in common with f”, and so P(S, )N P(S) = 0. Thus it

is immediate that e, e, [ # fH, proving our lemma. O

Lemma 4.2.9. For the Hermitian idempotent f in C, ,, the following equations are sat-

isfied for any e,, in the canonical basis of C,, ,, where e, f% # ™ f¥ form =0,1,2,3:

1
s Trace(f) = T

* Trace(e,f) =0, and
» Trace(ffe,f") = 0.

1 ny_
Proof. As above, let fH = ?(1 + i™ey) H,[j’:}l 1(1 + i'* ey, - eapy1) be the Hermitian

idempotent in C, ,. Then we can write it in the expanded form

1
H ‘m l l _ -a.l weep
JU=gp(L e+ iteas £ i tegpgapt o T 1y o),

where i'nlie = gl ... il € {41,44}. From this last equation we can conclude that

1
Trace(f#) = 5 Now consider e, f. We showed that for each e, f in the canonical
basis such that e, f# # i™ f, the products of e, with any other of the 2* generators of the

Hermitian idempotent f# are not equal to a generator of f (see Lemma 4.2.8). Hence we
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can write the expanded form as follows:

[
1 - .
e f = ?(%*l ey €e1) (14 i"%eqp, - eopr1)

0|3

-1

B
Il
—

‘m -l “m i calq -l
Z?(euﬂ Cur€1Fi" ey €3t - i1+ ey opgpp1 - 1T T ey 105 00 1).

Now using the fact that e, is not a generator of f¥, all products e, - e,, where e, is a
generator of the idempotent f#, have the property that e, - e, # %1. Since the expanded
product of e, f* has no degree zero components, we conclude that Trace(e, f7) = 0.

Lastly, consider the expanded form for ffe, f#:
1 ym 5 M g1 ca-lylp_q
= ﬁ(l +17e1+1ea3+ -+ 176+ €2k—2,2k—1 + 4 - 6123”.2]6,1)

-m - -m g cqely el
-(?(6,#@ eyre1tite, eagt- i+t le, eop_g op—1 1T TR e, 0193, 0p—1))
_ 1 ‘m iy g1 ‘m
—Z(e“—i-z ey-e1+-+i €12, 2k—1 T 1 €e1e, + -
2mly... 0 _ 2(mly...ly_
o ee e + 00 0 (mla...be 1)612...%—16“612...%—1)-

Using Lemma 4.2.9, we can see that all components of the expanded product are of nonzero

degree. Thus, we conclude that Trace(fe, f*) = 0. O

Starting from this point, we are working with signatures of even dimension p + ¢ = 2k.
Then for our minimal left ideal in the Clifford algebra C,, ,, dimc C,,f = 2*. We can
choose a basis of all 2* distinct classes for the minimal left ideal C,, ,f¥ denoted by f¥,

en, f7, ... er,  f7 for C,,f" and express a generic element u f*' in this left ideal as the
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sum u = ug fH + ZZ 1 u; er. f, and the (p, ¢) Hermitian conjugate of this element as

quyq — (uofH)Tp,q + Z?ﬁ;l<u1ielifH)pr,q
= dg(fH)ire 4+ S, g, (fH) el

ok—1

— EOfH_“EZ ) quHequ'

Lemma 4.2.10. Definen : C, ,f% x C,,f* — C by

n(u- f4 v f1) = 2"Trace((v - fH)ra - f17).

Then n is a Hermitian form on the minimal left ideal C,,f" in C,, isomorphic to the

standard model (C2k, H), where H is the standard canonical Hermitian form on C?" (after
. . . . . H

a proper orthonormal basis identification). Moreover, basis elements of the form ey, - f

are orthonormal with respect to 1.

Proof. Fix a basis f7 ey, f,... er, , f for the ideal C,,f". Fix two arbitrary ele-
ments u- {1 = ug f7+ 52 “uper fand v f = vof + 32 " vy er f1. Considering
the product (v - f7)fra .- 7, we get (fH)raptvayf7 = fHytray . f7, Using the result

from Chapter 2 that e; ' = e?’ “, we can write the expanded form of the product as

Floteay - fH = (fFH{zo + 2 el o} - {uo + 2 ugen )
= (f"{vouo + X1 ourer, + S0 ugvrer’

k_1 _ _ k_1 _ _
+ i vugerter b 4 FICL o er e Y1

For the components where © = j in the expanded sum, we have el_il e, = 1 = ey -

K3

e;il. For the components where 7 # j, some of the indices do not cancel, and so e;il

e, = *ey,, where ey, . is not of degree zero. Then it is of the form +ej, _ ; , where
I; U
I;N I
different basis elements we have el’il cer, # i f H (see Lemma 4.2.8). As a consequence,

(J1y---sJr) = (following the notation on indices introduced before). Thus for

we get the following equations:
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2k_1 2k 1

fAotray . fH = (fH{vouo—l—Zvoule[ —|—Zuovlell

2k 1 21
+ Z @Iiuli}fH) + fH{Z}leiufjefiﬂ‘}fH
i=1 i#]
2k 1 2k—1

= @Ouo(fH)z + Z EgulifHe]ifH + Z uo@IifHel_ilfH
i=1 i=1

2k—1 2k—1
+ Z Efiuli(fH)Q + Z @Iiulije]i+ij
i=1 i#£j
2k_1 2k_1

= Q_JouOfH + Z @outhe]ifH + Z Uo@]ifHel_ilfH
i=1 i=1

2k_1 2k 1
+Zvlu1f +ZUIU1f GIZHfH
7]

Now let us take the trace operation on the above product. We obtain the following results

on each component (see Lemma 4.2.9):

1
9k

Tmce(ZfiIl vour, fer fH) = Zfi;l vour, Trace(fler, f1) =0

e Trace(touo f7) = vougTrace(f) = —voug

Tmce(zzzl uofz_}[Z.fHe;ilfH) = Ef I Uy, Tmce(fHeI:lfH) -0

Trace(Y2 ) orur f7) = S0 o ug Trace(f1) = ok Zle oy,

k_q _ oy _
Trace(zl?# ! vrur fPer,, 1) = Z?# ! vrug, Trace(ffer, , f7) =0

2k1

Hence can conclude that Trace((v - fH#)iea .y fH) = 5 >oiio Uiu;. Now modifying this

result by multiplying by the factor of 2%, we get the following equation:

Qkfl

n(u- fH’ C fH) =2". Trace((fo)Tp’q S fH) = Z ViU

=0
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Thus we conclude that 7 is a complex bilinear form on C,,, /¥, and it is isomorphic to the
canonical model (which we denoted H) on C2". This isomorphism can easily be established
once we identify the basis 1, er, f7,... er, f on C,,f" with ey, ... e on C?". Then
if f:C, f" = € is this isomorphism, we have the corresponding Hermitian forms
identified via f*H = 7). Since 7 is a complex bilinear form on C,,,f* isomorphic to H,
we conclude that 7 satisfies the property of being a positive definite Hermitian form on
Cpf ™.

To summarize, we have that for any basis of the form f% e, f,... er,  f", where
the e;; are canonical basis generators of C, ,, the following statements hold:

L n(ff7, f7) = 25Trace((f7)T 1) = 2*Trace((f*)?) = 2*Trace(f). Hence by

1
Lemma 4.2.9 we have n(f%, ff) = Qk(?) =L

2. Fori=j, nler fa e f%) = 28Trace((er, f) - ey 1)
— P Trace((f"Ylep - er, 1)

= 2"Trace((f7)?) = 2%( !

3. Fori # j, nler 1, er, f1) = 2"Trace((e, f1)tr - er, f11)
= 2’“T7“0Lce((]‘?H)Tef_i1 : tefH)'

Hence applying Lemma 4.2.9 we get 2¥T'race((f7)Trae; ' - ef, fH7) = 0.
4. By Lemma 4.2.9 we get n(f, e, f7) = 28Trace((er, f)1re - e, f) = 0.
Thus we have shown that the basis is orthonormal with respect to 7. [

Note that the above result confirms that the basis elements ey, f H form a Hermitian
orthonormal basis on C,,ff and can be identified isometrically with the Hermitian or-

thonormal basis on A, = C2*.
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Remark 4.2.11. The spinor module C, ,f" yields minimal complex representations (uni-
tary for the Clifford Spin groups) for C, ,, where elements of the form e;, f¥ can be repre-
sented as matrices all but one of whose columns consist of all zeros, and where the nonzero
column has only one nonzero entry. Moreover; the basis elements f and e, [T form a

basis of column vectors for these matrix representations of the Clifford algebra C, , of

C(2%).

Now we look at the Hermitian form 7 on C,,f. Its imaginary part £ = im(n) has

the following description, as a corollary to Lemma 4.2.10.

Corollary 4.2.12. Consider C, ,f". The nondegenerate R-linear alternating form defined
by
Epg: Cpof" x Cpof™ > R,

where E, (U, V) = 28Trace{re(V)rs - im(U) + im(V)ra - re(U)}, is the imaginary
part of the Hermitian form n on C, ,f". Moreover, E, , is isomorphic to the real skew-
symmetric bilinear form canonically identified with the real skew-symmetric form F =
im(H) for the standard Hermitian form H on the space of Dirac spinors Aqy, = C* viaa
vector space isomorphism F : C, ,f" 5 Agy. Hence E, , is an R skew-symmetric form

satisfying the Riemann bilinear relations on C,, , f.

Proof. Begin by considering U,V € C,,f", where U = uof + Zfi;l uzer, f and
V =voff + Zle vier, f in a minimal left ideal basis f7, e, f¥, ... er, , f". Taking
the (p, ¢)-Hermitian conjugation, we get Ufre = o f + 212:1 uiffe;! and Vive =
vof + Zle viffe; . Since u;,v; € C, we can rewrite the elements U, V, Utre, Vira in

terms of real and imaginary components by splitting up the complex scalars. Hence, for a

given element U € C,,f, we have the following:
* Re(U) = re(uo) f" + X2, re(us)er, /",
» Im(U) = im(uo) /7 + Y7 im(w)er, /7,
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o Re(U)tra = re(ug) f1 + Y2 re(uw) fHe;,
k—1

o Im(U)ra = —im(ug) fH — Zle im(ui)fHeI:l.

We can write U, V,U'»4, VTra as a sum of their real and imaginary components. This

means that for any U,V € C,,f, we have
e U=Re(U)+i-Im(U),V =Re(V)+i-Im(V),
o Ulra = Re(U)Tp,q +7q- [771([])%,(17 Vira = Re(V)Tp,q +7q- ]m<V)Tp,q.

Now, when we take the Trace of the product Viea . U, we get
Trace(Vire . U)

= Trace{(Re(V)™e +i- Im(V)r2) . (Re(U) +1i- Im(U))}
= Trace{Re(V) P Re(U) — Im(V) e Im(U)}
+i - Trace{Re(V) e Im(U) + Im(V)» Re(U)}
= Re(Trace(Ve - U) +ilm(Trace(V»e - U).

Multiplying the imaginary part by the constant 2* yields the desired description for 7 and
provides us with the formula for the imaginary part of the Hermitian form n on C, ,f#
as E,,(U,V) = im(n) = 2"Trace{Re(V)raIm(U) + Im(V )1 Re(U)}. In order to
establish that E(U, V) is a real skew-symmetric bilinear form on C,,f*, we must show
that after a proper identification of basis elements, this form is isomorphic to £/ = imH on
Ay, (which is a skew-symmetric bilinear form that defines the standard Hermitian structure

on Ag). By expanding £, ,, we get

E, (U, V) = 2*Trace(re(V)raim(U) 4 im(V)»ore(U))
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ok—1 ok—1

= 2"Trace{(re(vo) f + Z re(v) ffert) - (im(u) f + Z im(u;)er, f7)}

i=1 j=1

ok—1

+28Trace{(—im(vo) f — S5, z'm(vi)fHeI:l) - (re(uo) f7 + Zj;l re(u;)er, fH2}

= 2"Trace{re(vy)im(vo)(f7)? + Z Te(vo)z'm(uj)fHtefH

+> im(Uo)Te(Ui)fHeilfH + Zj Te(vi)im(“j)fHeI:lelij}
—2Trace{im (vo)re(ug)(f7)? + > ici im(vo)re(u;) ffer, f¥

+ 32 im(vre(uo) flep 7+ 30, 3 im(vi)re(u;) e ter, 1)

= 2"Trace{re(vy)im(vo) f + Z re(vo)im(uy) fPey, f

j=1
3 imug)re(os) et 1+ 0, 5, rews)im(uy) fer e, 1)
—2Trace{im(vo)re(ug) fH + > 1 im(vo)re(uy) ffer, f17
+ > im(vi)re(ug) frep f7 430, 3 im(vi)re(u;) fPer e, 7).

Now by splitting up the double sum case into the cases i = j and ¢ # 7, and distributing

the Trace operator, we get

E(U,V) = 2"{re(vy)im(vy)Trace( f7) + Z re(vo)im(u;)Trace(f ey, f7)

Jj=1

+ Z im(uo)re(v;)Trace(f™e; ' f1) + Z re(v;)im(u;)Trace( f7)

(2 7::_]

+ Z re(v;)im(u;)Trace(ffe; ey, f1)}
1#]

—2kLim(vo)re(uo)Trace(f7) + Z im(vo)re(uj)Trace(fHefjfH)

J=1

+ Z im(vi)re(uo)Trace(fe; ! f7) + Z im(v;)re(u;)Trace(f7)

=7

71



+ Z im(’ui)re(uj)Tmce(fHe;ile[j 3.
i#]
1
Following Lemma 4.2.9, we use the facts that Trace(f) = 7 Trace(e, f7) = 0, and
Trace(ffe,f7) = 0 to conclude that

2k_1

EpalU,V) = 2 {re(u)im(uo) () + 3 re(us)im(us) (55)} — 2 {im(uo)re(uo) (55

+ 3 im(ere(us) (7))

2k_1

= {re(vo)im(vg) — im(vo)re(ug)} + Z{re(vi)im(ui) —im(v;)re(u;)}.

i=1
Thus we conclude that £, ,(U, V') defines an R bilinear form isomorphic to the skew-
symmetric R bilinear form ¢mH for the canonical Hermitian metric /7 on the space of
Dirac spinors Ay after the canonical identification of the basis elements given by the fol-
lowing {1, e, f,...;er,  f"} = {e1,...,esr}. In this way we have established the C-
vector space isomorphism F : C, ,f 5 Agy,. Now, one can easily see that E), ; is equal
to the pullback of the metric of ' = imH in Ay; thatis, F*E = E), ,. From this canoni-
cal identification we conclude that [, , carries the property of being a skew-symmetric R

bilinear form on C,, f that satisfies the Riemann bilinear relations. [l

The above choice of the Hermitian form 7 and its alternating bilinear form £, , that
satisfies the Riemann relations, as well as the polarization properties, aids us in defining

polarizations for our constructed spinor tori.

4.2.2 The construction of the minimal left ideal spinor varieties of signature (p, q)

We begin this section by constructing a spinor torus on the complexification of the real
Clifford algebra of a quadratic space with signature (p, q), where p + g = 2k.

For any signature (p, q) with (p, q) # (1,1), we define the Hermitian idempotent f on the
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complexified Clifford algebra C, , as stated in Definition 4.2.4. We now define a full rank
lattice for C,, f by restricting the scalars to the ring of Gaussian integers Z|[i], which we

denote Z[il, o /7 = {3 1 cpu) (Ma +i10) - €af™ i Mo, 0 € Z}.

Lemma 4.2.13. Z[i], . f is a free 7 module of our minimal left ideal C, - f* of full rank,
and hence a full rank lattice. Moreover, Z[i],,f" is a Z[i],, module, as well as a Z,,

module.

Proof. When we restrict our minimal left ideal C, , ¥ to the Gaussian integers Z[i], , /7,
we are clearly left with a free Z-submodule of C,, , f . Where the operation is just addition
in the Clifford algebra restricted to Z|i],, , f". Moreover, this free Z module is of rank 2%+!
(the dimension as a Z module), with the integral basis f, i f" er, f*, ... e, f"ien f7, .. ier, f*
Hence Z[i],, - f is a full rank lattice of C,, , - f¥. Moreover, Z[i], ,f* is also a Z,, , mod-
ule with the action given by u - v - f# = (u-v) - f#, foru € Z,,and v - f¥ € Z[i], . /7.
Lastly, since Z[i],, is an integral subring closed under ring multiplication, Z[i],, - f¥ also

inherits the structure of a Z[], , module. O
We use Lemma 4.2.13 to prove the following proposition.

Proposition 4.2.14. The quotient of the minimal left ideal C, , - f™ by its full rank lattice
(Cp:qu

Zi]p g f™
2k, with Clifford multiplication given by the module action p : Zlil,, — End(S,,), or

Zlilpq - 1, which we denote S, , = is a spinor Abelian variety of dimension

P ZLyy — End(S,,).

Proof. From Lemma 4.2.13, we have shown that Z[i], , f* is a lattice of full rank for the
prqu

Zlilp "
of rank 2*. The covering space 7,S,, = C,,f is a minimal left ideal for the Clifford

complex vector space C,,f, and so the quotient S,, = is a complex torus
algebra C, ,, and hence we have the isomorphism p : C, , =Y End(C,,f), where the
Clifford action is given by p(g) - u - f = (g - u) f* (see [90], [91]). When we restrict this
isomorphism to the full rank lattice Zi], , C C,, ,, we obtain Clifford multiplication on S, ,,

givenby p : Z[i],, — End(S,,) , where for any = € Z[i, ,, we have p(x)uf? = (z-u)fH.
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From Lemma 4.2.13, we have established that the full rank lattice Z[i], ,f" is a Z]i],,
module; thus (x - u) f¥ is a class in S, ,, and Clifford multiplication by Z[i], , defines an
endomorphism in S, .

Therefore S, , is a dimension 2* spinor torus for the Clifford algebra C,, ,. From Propo-
sition 4.2.12, we have a skew-symmetric real bilinear form F, , on C, , ¥ that satisfies the
Riemann bilinear relations (see Remark 1.1.4), given as the imaginary part of the positive
define Hermitian form 7 given in Proposition 4.2.10. We now show that £, ; satisfies the

remaining principal polarization conditions.

1. By Proposition 4.2.12, for two lattice elements U, V' € Z[i] f* we have
EU, V) = 28Trace(re(V)im(U)+im(V)Tre(U)) = {re(vo)im(ve)—im(vo)re(uo) }+
Z?i;l{re(vi)im(ui) — im(v;)re(u;)}, where the definition of U,V € Z[i],f"
forces that re(u;),im(u;), re(v;),im(v;) € Z. Hence we have E(U,V) € Z for

any two lattice elements U, V' € Zli], 4, so that £ is integral in the full rank lattice.

2. On the covering space of our spinor torus 7,5,, = C,,f, we have the real basis
erfH ier fH, where f = ey f¥, and where the matrix that defines the bilinear form

E, , is defined by the following relations:

* Starting from the fact that 7 is Hermitian, we have n(e; f2, e; f) = 1if I = J,
zero otherwise, on the fixed basis of C,, , f i Examining the case where [ = J,
by the construction of E, , as the imaginary part of n we have n(er f7, e; fH) =
re(n(erf e fA))+iE,  (erf, er f7) = 140, forcing E, ,(e; fH e  fH) =0
for all strictly real basis elements.

¢ For the Hermitian form n we have n(ie; 7, e; f) = in(e; f¥, e  fH) =i -67.
Taking into consideration that £, ; is the imaginary part of 7, it immediately

follows that E, ,(ie; f7, e, f7) = 67 .

e Similarly, for the Hermitian form  we have n(e; f7 ie; 1) = —in(er f7,es f1) =

—34-67. Then on the imaginary part £, , it immediately follows that £, ,(ie; f7 e, fH) =
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57 .

« Lastly, for the Hermitian form  we have n(ier f1 iey f1) = iin(e; f2, e  f1) =

&7, so it is immediately clear that E, ,(ier f7,ie; f7) = 0.

Hence with respect to the basis e; f7 ie; f, the imaginary part E, , of the Hermitian

0 Iy
form 7 defines the matrix £ = 2 , which clearly has determinant one.
—]2k O

Therefore, according to the Riemann relations, F, , defines a principal polarization on

Sp,q- Thus S, , is a spinor Abelian variety. O]
The proposition above motivates the following definition.

Definition 4.2.15. We define S, , as a minimal left ideal spinor Abelian variety for signa-

ture (p, q) associated to the Clifford algebra C,, .

With the above constructions, for any signature (p, ¢), we can construct spinor Abelian
varieties S, ;. The benefits to using the minimal left ideal spinor Abelian varieties, as op-
posed to the Dirac spinor Abelian variety, is that Clifford multiplication acts on equivalence
classes; and once the nature of these classes is well understood, it is much easier compu-
tationally to work with them, as opposed to large matrices for higher-dimensional Clifford

algebras. We conclude this section with an example.

Example 4.2.16. Consider the Clifford algebra Cy5. Let our Hermitian idempotent be
I+el4+e  1T+e+e+ens

2 2 4 '
Caof™ we choose the basis elements f% ey - fH ey - fH eqq - f¥, with the following C

given by 1 = Then for the minimal left ideal

basis equivalences:
° fH = 61fH = 623fH = 6123fH-
* €2fH = —612fH = €3fH = —613fH-
¢ €4fH = —614fH = 6234fH = —61234fH-
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® 624fH = 6124fH = 634fH = 6134fH-

In this case, on the spinor Abelian variety S; 9, we consider the Clifford multiplica-
tion p : (Co2)z — End(S22) given by the restriction of the representation p : Cooy —
End(CysfH), where we have the following multiplication table for f‘272 actions (automor-

phisms) on S o with respect to their actions on the basis elements [ eofH ey fH eqnfH:

fg’g actions on Ss o e eafH eaft ean
€1 fH —€2fH —€4fH 624fH
€2 €2fH fH 624fH €4fH
€3 €2fH —fH 624fH -€4fH
€4 €4fH —624fH —fH €2fH
€12 —leH fH 624fH —64fH
€13 —€2fH —fH 624fH €4fH
€14 —64fH —624fH —fH -62fH
€23 1 —eof™eaf —eaf”
€24 624fH —€4fH —€2fH fH
€34 624fH €4fH —€2fH —fH
€123 f eaf ' —eaf™ -eanf”
€124 624fH €4fH 62fH fH
€134 624fH —€4fH 62fH —fH
€234 €4fH 624fH —fH -leH
€1234 —€4fH 624fH —fH €2fH

Note that the complex multiplicative generators ie; just multiply entries in the table
above by i. Since the Clifford multiplication preserves the full rank lattice Z[i|o 2, the
analytic representation of the Clifford endomorphisms is just the lift of Clifford multiplica-
tion to the minimal left ideal Cy 5 fH , while the rational representation T, : End(52,2) —
Endg(Z[ilaof™) just restricts the Clifford endomorphism on S5 to the full rank lattice

ZlilaofH. With respect to the integral basis [ es fH ey fH ean fH i fH ieafH iesfH iean f1,
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we can view 7,(p) : (Cao)z — Z(8) via the isomorphism Endz(Zilaof") = Z(8). For

example, we can represent 7,.(p)(e1) by the following 8 x 8 integral matrix:

1 0 000 0 0 0
0 -1 0 00 0 0 0
00 =100 0 0 0
00 0 10 0 0 0
7(p(er)) = € Z(8).
00 0 01 0 0 0
00 0 00 -1 0 0
00 0 00 0 —10
00 0 00 0 0 1
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CHAPTER 5
COMBINATORIAL PROPERTIES OF CLIFFORD MULTIPLICATION ON THE
2-TORSION POINTS OF Sy,

5.1 The multiplicative group of generators acting on the 2-torsion points of Sx,,

In this chapter we analyze combinatorial properties of Clifford multiplication on our Dirac

toric spinor Abelian varieties Sa,, .

Definition 5.1.1. For k € N, k > 1, we denote the 2-torsion points of the Abelian variety

SA,, as JfA% ={x € Sa,, :2-2=0}.

As we saw in Chapter 4, for the Dirac spinor Abelian variety, Clifford multiplication
comes from the Clifford algebra (Cy;)z, and we denote the group of multiplicative gener-

ators that define our automorphism structure in Sa,, by '5x. We have the following result.

Lemma 5.1.2. The set of 2-torsion points on our spinor Abelian variety Sa,, is of order

22",

Sayy - o
Proof. Any element of .J, “** is represented as a 2"-vector of points in the 4-element set of

. s
which we denote here as .J, " =

the 2-torsi int th Ilipti ,
e 2-torsion points on the square elliptic curve Y7
17 142 . S Shgp,
0, 33 5 C Sa,,- Then to specify an element v € J, **, we must choose from
among 4 points for each of the 2* components of #. Thus we have

2k+1)

1,0 =4 = (222 = 922" = of

]

Clifford multiplication by the matrices p(e,), for e, € 5k, does not always give us

. . S . .
different automorphisms on .J, “**. The reason is as follows: as we saw in the proof of

78



Lemma 5.1.2, each of the 2* entries of a 2-torsion point on our canonical spinor Abelian

. Sa
,v3 = 12 € J,°°. These four

IS

variety is one of the four elements vy = 0,v; = 3,02 =

2-torsion points obey the following relations:
1.2-v,=0=vgforn=0,1,2,3
2. v9+v, =v,forn=0,1,2,3
3. v1 + vy = vs
4. v1 + v3 = vy
5. vg +v3 =1
6. —v, =v,,—1-v,=1-v,forn=20,1,2,3
7. 4-1-v, =v,forn=0,1,2,3.

Looking at the components of our 2-torsion points, it is immediately clear that not
all Clifford actions are distinct when we apply them to Jf 22t since multiplication by —1
on each component is the same as multiplication by 1, and multiplication by —¢ on each
component is the same as multiplication by 7. As a consequence of these relations we have

the following lemma.

Lemma 5.1.3. On the 2-torsion points J, "> C Sa,,» the integral Clifford multiplication
descends to (Coy g, multiplication, where the integral scalars on the linear combination of

generators take the values of either 0 or 1, that is (Cap)r, = {3_ /|, arer - ar € {0,1}}.

Proof. Multiplication by i on .J,~° C is clearly an involution that fixes vy and

7 &7,
Vay
v3. Thus, viewing JQSAQ’“ as JQSAQ’“ ={ : ca; € {0,1,2,3} for1 <1 < 2%}, we

’Ua2 &

see that i - i - v, = v,, on each of the 2% components of our 2-torsion points on Sa,, .

79



Moreover, integral multiplication on ./, 22k reduces to Fy multiplication, since 2m - v, = 0

and (2m + 1) - v, = v, form € Nand n = 0,1,2,3, from the symmetry relations on

the 2-torsion points on YA From this we get that Clifford multiplication on our set
i
of 2-torsion points descends to [, linear combinations of elements in the canonical basis.
Thus multiplication by (Cy;)z on J, “2* is equivalent to (Cyy )r, multiplication.

]

We are now ready to compute the number of unique Clifford actions given by our mul-

e ~ . . S
tiplicative group of generators I'y, on our 2-torsion points .J, “2*

Theorem 5.1.4. The 2% basis generators of the Clifford algebra Csy, give us a total of 251

. . . SAgy,
unique involutions on J, ~**.

Proof. From Lemma 5.1.3, it follows that Clifford multiplication by a generic element in
(Cak)z descends to an [F, linear combination of the canonical generators e, and ie,, (Where
i is an increasing subsequence of {1,...,2k}). From Proposition 2.4.6 we see that the
vector generators eq, ..., eg, of our Clifford algebra are given by matrix representations
which can be constructed by taking k-Kronecker products of combinations of the matrices
Ey, Es, B, I € C(2) defined in Subsection 2.4.2.

By taking products of the k-Kronecker product combinations of these matrices, we

obtain the 2%¥ generators e, of Cyy.
Vay
. . . S
Using the following notation 7, ., = : to denote an element of .J, 2",

ok

Ua2 %

s . s . .
where v,, € J,2° for 1 < < 2F, we get the relations on .J,>? by our generating matrices
l 2 g 2 y g g

B\, By, B, 1.

I- Tab = ZF/‘l 'Tab = Tab
by Ty = 1B-Ty = T

80



Defining an equivalence relation ~ on I, by e, ~ e, if and only if p(e,) - Ty, =
ple,) - Ty for all Ty, € JQS 22 we get the following equivalences from our generating

matrices:

I ~ E
1By ~ 1B
ol ~ Fy
Ey ~ B

Thus the representation matrices on JQS 22 that act uniquely are generated by I and E,
as well as by ¢/ and 7F5. From these equivalences it follows that for the even vector
generators, given by ey; —» I%%7 @ Ey @ B®~! for j = 1,...,k, the representative
matrices as they pertain to acting on JQS 22t are equivalent to I®*~7 @ B®/. While for the
odd vector generators, given by a1 S [i@E,® B% 1 forj = 1,...,k, we have the
equivalent matrices i - (/®*~7+1 @ B®~1) on JQS 22t Now since the rest of the 2% canonical
generators of the Clifford algebra C,;, are products of the 2k vector generators e, . . ., €a,
their representative matrices are products of I®*~I® B®J and i-(1®* /'@ B®I~1) on JQS Sor,
Using properties of Kronecker products of matrices of the same dimensions, we conclude
that the products of the generators as they act on Jg 22t al] are of the form C; ® - - - ® C}, or
iC1®- - -®C}, where each C} is a string of matrix products of Is or Bs. Noting that B* = I,
acting on Jf 22t " we have that each component C; is one of two options: I, or B. Hence
there are a total of 2¥ resulting products of the form C; ®- - -®@ C}, and 2 resulting products
of the form i - (C; ® - - - ® C},). Hence on JSA% we have a total of 2% + 2F = 2. 2F = 2k+1
unique involutions acting on the group of 2-torsion points (where we include the identity

in this count) induced from our 22* canonical generators of our Clifford algebra Coy.

O

We remark here on notation for what follows in order to define relations with matrix

representations of 'y, and "5 o:
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* Since a sequence 4 might be an increasing subsequence of both {1,. .., 2k + 2} and
.k . o .
{1,...,2k}, we write e, for the associated element of Iy, and kgl .. for the associated

element of f2k+2.

 If 1 and v are sequences from {1,...,2k}, we denote the concatenation of ; and
v (that is, u followed by v) by u " v. For example, if 4 = 2 and v = 467, then
p v = 2467.

 If 1 is a sequence in {1,...,2k} and n is a natural number, we denote by p + 2
(respectively i — 2) the sequence formed by replacing each n € p with n 4 2 (re-

spectively n — 2).

With the newly defined notation the following lemma provides a description of these ele-

ments in terms of their matrix Kronecker products.

_ k+1 k+1 -
Lemma 5.1.5. The representations of the vector generators e 1,..., € oo for s o are
. k k -
formed from the representatives of the vector generators €y, . . ., ey, for Iy, as follows:

(k+1) IQk@EZ l‘f\l:10r2
pLe i) =
60 @B ifi=3,4,. .. or2k+?2

where I, denotes the 2 x 2 identity matrix.
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Proof. By Proposition 2.4.6, we have

p(k—é-ll) _ ];X)(k—&-l)—l ® El ® B®1-1 — I2®k ® E1 — ]Qk ® El
p(kJé12) _ 12®(k+1)—1 ® B, @ B2 = 12®k ® Ey = Iy @ Fy
_ k
p("éls) = "B @B = (I§F @ B)® B=ple) ® B
_ k
p(kJé14> _ I;@(k+1) 2 ® E2 ® B®2—1 — (]g@kfl ® EZ) ® B = p(@g) ® B
_ k
p(k;Jé15) _ [g®(k+1) 3% B, ® B®3-1 = (_,5@16—2 ®E, ®B)® B = p(é;) ® B
_ k
p("e's) = BP9 BB = (M@ By® B)® B=p(cy) ® B
k
= plesj—3)® B
p(k—é—IQJ) _ [§§k+1—j ® EQ ® B®j—1 _ (I(2®k+1—j ® E2 ® B®j—2) ® B

k
= p(é2j2)®B

p(k§12(k+1)_1> = [PI0H) o B g BRI — B @ BOF = () @ BV ) @ B
k
= p(éa-1)® B

p( e 2(k+1)) — ]?k-‘rl—(k-i-l) ® ‘E2 ® B®k+1fl — E2 ® B®k _ (E2 ® B®k71> % B

k
= plew) @B

]

We generalize the equivalence relation ~, defined on T, in the proof of Theorem 5.1.4,

to fgk for any k:

k k ~ k k
Definition 5.1.6. Let k € N,k > 1. For 6,6, Dy, define €,~6, if for all 7 € J,°%,

k. k
€, U =e

—

n V.

koo k _ k .
If e, € Ty, we denote by [e,,] the equivalence class of €, under the relation ~.
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: L : s .
Since I'y, is a group of order 22**! which acts on the set .J, “**, we define the quotient

by this action in the following manner:

Definition 5.1.7. We define the group of cosets by the Clifford multiplication action on the

I A
2-torsion points as S—ik = {[gu] :gue Lox }.
2k

Jy
Remark 5.1.8. As we saw by Theorem 5.1.4, this group has a total of 28*! classes; that
I

Sagy,
J

. . Saqp . T
are being viewed as operators on J, **, and not necessarily as multiplicative generators

= 2K+L What we must note here is that the generators of the quotient group

is,

from a Clifford algebra setting. Moreover, this group is commutative, since all negatives

. . .. . . S
are equivalent to their positives when quotiented-out by our relation ~ on J, B2k

Lemma 5.1.9. Suppose j1 = {i1,...,1i,} is an increasing subsequence of {1, ... 2k + 2}.
Set i = p \ {1,2}, and denote by p — 2 the set obtained by subtracting 2 from every
element in the increasing subsequence 1\ {1,2}. That is, if u\{1,2} = (i1, ..., i), where

3<iy < e <y < 2k+2, then p—2 = (11 —2, ... i —2). Then we have the following:

k
p(€u—2) @Iy if |u| is even

1. If 1,2 & p, then p(kJerlH) = .
o) @B ifulis odd

k k . .
p("¢1)  (p(€um2) @ B) if |l is even

p(re 1) - (p(eu—2) ® L) if |p] is odd

2. If1 € pand 2 & p, then p(kJerlu) =

p("e's) - (p(Eus) © B) i |u] s even

k+1 k . .
p(¢'2) - (p(ey2) ® L) if ] is odd

3. If1 € pand?2 € p, then p(kJerlu) =

\

k+1 k . .
p(¢12) - (p(Cums) ® 1) if |u] is even

p("€ 12) - (p(eu—2) ® B) if || is odd

4. If 1,2 € p, then p(kJélﬂ) =
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Proof. For (1): suppose 1,2 ¢ u. Then

= (p(éil_g) ® B)---(p(ei,—2) ® B) (by Lemma 5.1.5)
= (p(€ia) plEs,2)) @ BY
= p(€umr) ® BW
— p(Cus) @B @s1,2¢ {ir,...,ip})
(€)@ T if | is even
- (€, 2) @B if ] is odd

For (2): suppose 1 € prand 2 ¢ . Then

k+1 k+1 k+1

p(Ce ) = ple)p(es) --p(e z‘p)
= p("¢") - (p(€1p—2) ® B) -+ (p(€;,_») ® B) (by Theorem 5.1.5)
= (") (p(Eiy2) - (€1 2)) ® B
A€ (p(Cu) ® B) i |u]is even

p(e ) (pleu—2) ®Iz) if |p]is odd
For (3): suppose 1 ¢ v and 2 € u. Then

k+1 k+1 k+1 k+1

pe ) = plea)p(es) ples,)
= p("¢"3) - (p(€1p—2) ® B) -+ (p(€;,_») ® B) (by Theorem 5.1.5)
= () [(p(Eir2) - (i) © BP]
B p("E'5) - (p(€,0) @ B) i |pu] is even
k+1 k

p("¢'s) - (p(€,2) ® 1) if u]is 0dd
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For (4): suppose 1,2 € u. Then

k+1 k+1 k+1
e1)p( e i) -ple z‘p)

kélu) (p ( is—2) @ B) - (p(éip_g) ® B) (by Theorem 5.1.5)

p(e ) = pl
= (
p("€ 1) - [(p(E1y2) -+ p(€,2)) @ B2
{ kJerllg ku_2)®12) if || is even

("¢'12) - (p(€42) @ B)  if ] is 0dd

]

With a general understanding of what these matrix representations look like and how
their negatives are quotiented away when acting on 2-torsion points, we turn our interest

toward the general shape of the matrices.

Definition 5.1.10. For M = (m;;) € C(n), define the shape of M to be Sh(M) = (s;;)
where for 1 <1i,7 <mn,

1 ifmiy; #0

0 ifm; =0

Sij

That is, Sh(M) is the matrix obtained from M by replacing every non-zero entry in M with

al.

Recall that a permutation matrix is an n X n matrix (for some n € N,n > 0) with
exactly one 1 in each row and each column, and zeros elsewhere. Any permutation matrix
P € C(n) is the result of permuting the rows of the n x n identity matrix I, accord-
ing to some permutation o on {1,...,n}, and the result of applying P to an n-vector
v € C" is to permute the entries of ¢ according to the permutation o. The product of
permutation matrices, being equivalent to the composition of permutations on {1,...,n},
is another permutation matrix. Also, observe that the Kronecker product of permutation
matrices is again a permutation matrix. It is easy to check that if both Sh(M) and Sh(XV)

are permutation matrices, then (i) Sh(M - N) = Sh(M) - Sh(V) if M, N € C(n), and (ii)
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Sh(M ® N) = Sh(M) ® Sh(N).

Lemma 5.1.11. Forany k € N,k > 1, Sh(p(él)),Sh(p(ég)) and Sh(p(€12>) are 28 x 2%

permutation matrices.

Proof. Let’s fix k. By inspection, Sh(E;), Sh(E,), and Sh(E},) are 2 x 2 permutation
matrices, and Sh(Iy-1) is a 2°~! x 2¥~! permutation matrix. By Lemma 5.1.5, p(él) =
L ® Ey, so that Sh(p(€1)) = Sh(ly @ Ey) = Sh(ly1) @ Sh(E,) is a 2% x 2*
permutation matrix. Similarly, Sh(p(€)) = Sh(Iy 1 ® Es) = Sh(Iyx1) ® Sh(E) is a
9% x 2% permutation matrix. Then Sh(p(€15)) = Sh(p(€1) - p(€s)) = Sh(p(€1)) - Sh(p(€2))

is a 2% x 2F permutation matrix. [l

Proposition 5.1.12. For all k € Nk > 1, and all e, € Ty, Sh(p(e,)) is a 2 x 2

permutation matrix.

Proof. 1t is sufficient to prove the proposition for all positive éue [y, — that is, all gu for
which g is an increasing subsequence of {1,...,2k} — since it is clear here that Sh(p(éu
)) = Sh(p(~ €,)).

By inspection, the claim holds for each éue I,. Suppose it holds for some £ > 1, and
let kglu € Dopsa. Let p denotes 1\ {1,2}. We know from Lemma 5.1.9 that p(kglu) has
been formed from the element p(éﬂ,z) of I's; in one of eight ways, by tensoring p(gH,Q)

k+1

by either I, or B and then possibly matrix-multiplying on the left by p( ¢ 1) p( e s),

or p( Jé112) Both /5 and B have the shapes of permutation matrices; Sh(p ( ) is a

~2)
permutation matrix by the induction hypothesis; and p( Jerll) ,o(kJr 2), and p( ¢ 12) have
the shapes of permutation matrices by Lemma 5.1.11. In all cases, p( ¢ u) has the same

dimensions as either p(éﬁ_z) ® Iy or p(gﬁ_2> ® B, namely (2% -2) x (2F.2) = 2k+1 x 2k+1)

and Sh(p(kJerlu)) is a permutation matrix. O

The next three lemmas describe the effect of matrix multiplying on the left by the
representation of either (]31, QQ, or 212 (for some & € N, & > 1). Recall that the presence of

negative signs in matrices acting on 2-torsion points has no effect on the action. That is, if
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MeC¥isa complex matrix acting on J, “?* and M’ is a matrix obtained by replacing

some or all of the entries m,; in M with —m;;, then M - ¢ = M’ - v forall v € JQSA%.
Lemma 5.1.13. Let M be any 2F x 2% matrix. The effect of matrix multiplying M on the
left by p(él) is to multiply each entry m;; of M by either i or —i.

Proof. Fix k € N, k > 1, and let M € C(2%). Note that it is sufficient to show that p(él)

has the following form:

+i

(with zeros off the main diagonal). By Lemma 5.1.5, p(él) = I ® F = Iy ®
1 0
, which clearly is a 2% x 2* matrix of the form ().
0 —1
O
Lemma 5.1.14. Let M be any 2F x 2% matrix. The effect of matrix multiplying M on the

k
left by p(e2) is to replace each entry m;; of M by im;;, and then to interchange rows 1 and

2, 3and4, ..., and 28 — 1 and 2F.

Proof. Fixk € N, k > 1, and let M € C(2*). Note that it is sufficient to show that p(%)

has the following form:
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(with zeros other than the entries shown). By Lemma 5.1.5, p(ég) =Ip-1 @ FEy =11 ®

, which clearly is a 2% x 2* matrix of the form (). O
t 0

Lemma 5.1.15. Let M be any 2% x 2% matrix. The effect of matrix multiplying M on the

left by p(gm) is to replace each entry m;; of M by m;; or —m;j, and then to interchange

rows 1 and 2, 3 and 4, ..., and 2 — 1 and 2F.

Proof. Fix k € N, k > 1, and let M € C(2F). Note that it is sufficient to show that p(élz)

has the following form:

0 =1
1 0

0 =+£1

1 0

(with zeros other than the entries shown). Using properties of the Kronecker product and

Lemma 5.1.5, we have the following ,0(212) = p(gl) ~p(g2) = (lpr-1 @ Ey) - (Iyp—1 @ Ey) =
O —1 . . .

(Ippr - Ipk1) @ (Ey - By) = Ipp1 @ , which clearly is a 2% x 2* matrix of the
1 0

form (x). O

In the following lemma, we show that the elements ¢, € fgk are divided into two
different types: real (with all non-zero entries in p(e,) being +1), or imaginary (with all

non-zero entries in p(e,) being +).

k A~
Lemma 5.1.16. Let ¢,€ I'y, for some k € N,k > 1. Then either each non-zero entry in

p(éu) is in {—1, 1}, or each non-zero entry in p(éu) is in {i, —i}.
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Proof. We prove this by induction on k. The base case (K = 1) holds by inspection.
Suppose it holds for some £ > 1. Let kJerlu € f2k+2. AsinLemma5.1.9, set u = p\ {1,2}.

By induction hypothesis, p(gﬁ_z) either has all non-zero entries in {—1, 1} or has all non-

zero entries in {—i,7}. Also, |u| is either even or odd; so there are four main cases to

consider. We present here the case for when p(éﬁ,Q) has all non-zero entries in {—1,1}
and |p| is even; the other three cases are similar and are left to the reader. By Lemma 5.1.9,
within this case there are four subcases, depending on which of 1 and/or 2 are elements of
the permutation p.

If 1,2 ¢ p, then p(kglﬂ) = p(éﬁ_g) ® Io; and Kronecker multiplying by I results in a

matrix all of whose non-zero entries are still in {—1,1}.

k+1

If1 € pand 2 ¢ p, then p(kJélu) =p(en)- (p(éﬁ_Q) ® B). Kronecker multiplying

by B results in a matrix all of whose non-zero entries are in {—i,7}. By Lemma 5.1.13,

p(kJerll) : (p(éﬁ,g) ® B) is a matrix all of whose non-zero entries are in {—1, 1}.

k+1 k

If 1 € pand2 € p, then p(kglu) = p( e 2) - (p(€y—2) ® B). Kronecker multiplying

by B results in a matrix all of whose non-zero entries are in {—i,i}. By Lemma 5.1.14,

,o(kJélg) : (p(éﬁ_g) ® B) is a matrix all of whose non-zero entries are in {—1, 1}.

k+1 k

If 1,2 € p, then p(kglu) = p( e 12) - (p(eu—2) ® I2). Kronecker multiplying by />

results in a matrix all of whose non-zero entries are in {—1, 1}. By Lemma 5.1.15, p(kJéllg)-

(p(éu_g) ® I5) is a matrix all of whose non-zero entries are in {—1, 1}.

Then we have that when p(€,_») has all non-zero entries in {—1, 1} and || is even, all
.kl :
of the non-zero entries in p( e ,) arein {—1,1}.
Similarly, the reader may check the induction step for the three main remaining cases.

In all cases, either p(kglu) has all of its non-zero entries in {—1, 1}, or it has all of its

non-zero entries in {—i,}. O

. . . . ., .S
Observe that if P, P’ are distinct 2¥ x 2* permutation matrices, then there is a 7' € J, ~%*

such that Pt # P’¢. By this and Lemma 5.1.16, we have:
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Lemma 5.1.17. Any two elements of a given equivalence class mod ~ have the same shape.

O

Next we show that all representations in a given equivalence class have the same type,

either real or complex.

Lemma 5.1.18. Any two elements of a given equivalence class mod ~ have the same kind
of non-zero entries: either all matrices in the class have non-zero entries in {1, —1}, or all
matrices in the class have non-zero entries in {i, —i}. That is, within a given class, either
all p((lgu) have real type, or all p((lg“) have complex type.

Proof. Suppose by contradiction that for some ¢, €, € I'y, with e,~e¢,, p(e,,) had real type

while p(én) had complex type. Set ¢ to be the constant v; = % vector in Jf 28 Then
p(€,) - T = T, but p(€,) - 7 = iSh(p(€,)) - 7 = iSh(p(€,.)) - ¥ = i¥,, which is the constant

vy = 3 vector; but this is a contradiction since p(¢,) and p(e,) should act identically on

v. ]

Observe that each strictly increasing subsequence ¢ C {1, ..., 2k + 2} can be obtained
from a strictly increasing subsequence v C {3,...,2k + 2} by prepending either (), 1,
2, or 12 to v. Each such sequence v, in turn, can be obtained from a strictly increasing
subsequence 7 C {1,...,2k} by adding 2 to each element of 7. We denote by 7 + 2 the
increasing sequence {n + 2 : n € n}.

This means that we have the following four bijections:

1. A bijection between strictly increasing subsequences of {1,...,2k} and strictly in-

creasing subsequences of {1, ..., 2k + 2} that contain neither 1 nor 2;

2. A bijection between strictly increasing subsequences of {1,...,2k} and strictly in-

creasing subsequences of {1, ..., 2k + 2} that contain 1 but not 2;

3. A bijection between strictly increasing subsequences of {1,...,2k} and strictly in-

creasing subsequences of {1, ..., 2k + 2} that contain 2 but not 1; and
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4. A bijection between strictly increasing subsequences of {1,...,2k} and strictly in-

creasing subsequences of {1, ..., 2k + 2} that contain both 1 and 2.

For example: consider the sequence pn = 46 C {1,2,3,4,5,6}. (For ease of notation,
we are writing sequences without angle brackets or commas, so that, for example, (4, 6) is
denoted simply as 46.) The four subsequences of {1,2,3,4,5,6, 7,8} that are formed from
p in this way are ) 7 68 = 68,17 68 = 168,268 = 268, and 12~ 68 = 1268.

This means that we have the corresponding four bijections between Iy, and subsets of

Dopyo:

1. A bijection between I, and {e, € f2k+2
2. A bijection between 'y, and {e, € f2k+2
3. A bijection between 'y, and {e, € f‘2k+2

4. A bijection between [y, and {e, € f2k+2

11,2 p};
cle w2 & pk;
1 ¢ p,2 € p};and

11,2 € u}.

Since these four subsets of f2k+2 are all disjoint and since their union is all of f2k+2,

we have (again) that ]IA“Q,HQ\ = 4]f2k\.

Lemma 5.1.19. Let gue Dok, and denote 1 =+ 2. There are exactly four elements of

Dokso that correspond to the increasing sequences 0 ™ 1, 17 i/, 27 1!, and 127 '

k+1 E+1 k41 k+1 k41 k+1
e . = epey, € . = €1€ .,
0w 7
E+1 k+1 k+1 k+1 k+1  k+1
e . = ege y,and e = €12 €
2 12

Also, p(kJélu/) =

k . .
p(E) @ I ifll is even

k
ple,) ® B if |ul is odd
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Proof. The first claim follows from the preceding discussion. For the second claim: we
have defined i/ as u + 2, so 1,2 ¢ /. Then in this case (¢ \ {1,2}) —2 = 4/ — 2 =

(1 + 2) — 2 = p. Then by Lemma 5.1.9,

(
k

k+1 pepnqiop—2) ® Iy if [p'] is even
plew) = k ) )
p(€gnj12y)-2) ® B if '] is odd
p(€) @ Iy if || is even
p(gﬂ) ® B if |i/| is odd

p(€,) @ I, if |u| is even

p(e,) ® B if || is odd

\

k+1 k+1 k+1
., e ., e __ ,and e _
W 1w 20 127 W

have matrix representations that represent two new shapes in I'yx. 19, each occurring in real

k ~
Lemma 5.1.20. Let e,€ I'yy.. The four generators R

and complex types.

Proof. Let éﬂe I'5x. Suppose that each non-zero entry in P(gu) isin {1, —1} — that is, that
p(éﬂ) is of real type — and that || is even. This is the first of four cases; the remaining three
(depending on whether the type of p(é ,,) 1s real or complex, and whether the length of the
sequence 1 is even or odd) are similar to the first and are left to the reader.

Since we have assumed |u| is even and each non-zero entry in p(e,) is in {1, —1},

k+1

by Lemma 5.1.19, p("e . ) = p(g#) ® Io; and this is a matrix in which each non-zero
@ ’

w

10
entry of p(éu) has been replaced by a matrix equivalent mod ~ to . Also by

01

Lemma 5.1.19, p(kg1 )= p(kgll)(p(éu) ® I). By Lemma 5.1.13, the resulting matrix

1w

k
is one in which each non-zero entry of p(e,) has been replaced by a matrix equivalent
i 0 k1
mod ~ to . Therefore p("e¢ ) has the same shape as p(
0 —i b b

k+1
e ), but the

/
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first of these matrices has real type while the second has complex type. Next: by Lemma

5.1.19, ,o(kJé1 )= p(kglz)(p(g”) ® I3). By Lemma 5.1.14, the resulting matrix is one

2w
in which every non-zero entry of p(e,) has been replaced by a matrix equivalent mod ~ to

0 ¢ ) k1 k+1 k
. Finally, by Lemma 5.1.19, p("e . ) = p("e 12)(p(e,) ® I). By Lemma
i 0 2w

5.1.15, the resulting matrix is one in which every non-zero entry of p((lgu) has been replaced

-1
by a matrix equivalent mod ~ to . Therefore p(kJerl ) has the same shape
1 0 2 ¥
as p(kg1 . ), but the first of these matrices has complex type while the second has real

12/

type.

The three remaining cases are handled similarly, using Lemmas 5.1.19, 5.1.13, 5.1.14,

and 5.1.15. O

The following theorem proves that matrix representations of elements of Ty, with the
same shape provide us with the same equivalence classes in f2k+2 with respect to action on

the 2-torsion points.

kok -~ k k
Theorem 5.1.21. Let ¢, e,€ T'y;, for some k € N, k > 1. Then ¢, and e, give rise to

the same four equivalence classes mod ~ in f2k+2 if and only if they have the same shape.

That is,
{ |:k+1 } |:l~c+1 } |:l~c+1 ] |:k+1 ] }
e ~ ) e ~\ ) e ~\ ) 6 ~
0w 1w 20 127
k+1 k-+1 k1 k41
= e ~ ) e ~\ ) e ~\ ) 6 ~
0 n 1 7 2 12 o/

if and only if Sh(p(¢,,)) = Sh(p(¢,)).

k
Moreover, the sets [

Qe
T
oyl
Qe
T
ol
Qe
T
)
t\
_
| —— |
ol
Qe
T

N }}and
12w

{ {’“é‘l . } , {’“21 N ] , {’“21 R } , {’“21 N ] } are disjoint if Sh(p(€,)) # Sh(p(E,)).
@ 77/ 1 77/ 2 77/ 12 77/
Proof. Let gue Do We begin by making some observations about the matrix representa-
k+1 k+1

. k+1 k41 A i
tions of the fourelements e _ , e _ , e _ ,and e __ of 'y o that arise from
0 w w 2 W 12
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éw as in Lemma 5.1.19.

First consider "¢ . -ByLemma5.1.19,

k . .
ket ple,) @I if |u|iseven

p(€,)® B if |y is odd

Taking the Kronecker product of p((];“) with /5 on the right replaces each nonzero entry

0

of p(gu) with a block equivalent mod ~ to either Gf p(gﬂ) is of real type) or

0 1

(if p(éu) is of complex type). Taking the Kronecker product of p(éu) with B
0 1

on the right replaces each nonzero entry of p(e,) with a block equivalent mod ~ to either

01
(if p(éu) is of real type) or (if p(éﬂ) is of complex type). All of the
1 0 10

zero entries of p(é ) get replaced by in forming p(k:g1 . ), in either case.

o O

0
0
_— . . . k41 k41 k
That is: in forming the matrix representation of ¢ = e , from that of ¢,, all

(/-

00
of the zero entries of p(éu) get replaced by a block equivalent to , and all of the

0 0
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nonzero entries of p(éu) get replaced by a block equivalent mod ~ to:

10

, if p(éu) is of real type and || is even,
01
i 0 e koL .

, if p(e,,) is of complex type and |1 is even,
0 1
U .

, if p(e,,) is of real type and || is odd,
¢ 0
01 i

, if p(e,,) is of complex type and |y is odd.
10

Next consider "¢ . By Lemma 5.1.19,

/\M,
k+1 k . :
k41 k41 k41 p(en)-(p(e,) ®Ip) if [u]iseven
ple ~ )=pCeq)-ple )= - i _ .
: o8 - (p(E,) @ B) it Julis odd

By Lemma 5.1.13, we have that in forming p(ké1 ) from p(gu), all of the zero entries

~

of p(gu) get replaced by a block equivalent to , and all of the nonzero entries of
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p(éﬂ) get replaced by a block equivalent mod ~ to:

¢ 0
, if p(éu) is of real type and || is even,
0 2
L0 e ko :
, if p(e,,) is of complex type and |1 is even,
01
U Y .
, if p(e,,) is of real type and || is odd,
10
0 2 k
, if p(e,,) is of complex type and |y is odd.
0
okl
Next consider e . By LemmaS5.1.19,
u
k+1 k : :
k41 k41 k1 p(eq)-(ple,) ®1I2) if |u|iseven
ple ~ )=rlen)plew) =9

p("¢'2) - (p(€,) @ B) if |l is odd

By Lemma 5.1.14, we have that in forming p(ké1 ) from p(gu), all of the zero entries

N

of p(gu) get replaced by a block equivalent to , and all of the nonzero entries of
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p(éﬂ) get replaced by a block equivalent mod ~ to:

0 4
, if p(éu) is of real type and || is even,
¢ 0
0 1 e ko :
, if p(e,,) is of complex type and |1 is even,
10
Loy e .
, if p(e,,) is of real type and || is odd,
01
1 0 k
, if p(e,,) is of complex type and |y is odd.
0 2
okl
Next consider e . .ByLemmaS5.1.19,
12w
k+1 k . .
k41 k+1 k+1 p( e 12) - (ple,) ® L) if |ulis even
0(612/\ /):/1(@12)'/)(6”/): - i . .
z p("¢'2) - (p(E) @ B) if |u]is odd

) from P(gu)’ all of the zero entries

’

By Lemma 5.1.15, we have that in forming p(kJé1

~\

2 p

0
of p(gu) get replaced by a block equivalent to , and all of the nonzero entries of

0 0
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p(éﬂ) get replaced by a block equivalent mod ~ to:

01

, if p(éu) is of real type and || is even,
10
U o koL .

, if p(e,,) is of complex type and |1 is even,
v 0
R .

, if p(e,,) is of real type and || is odd,
0 2
10 .

, if p(e,,) is of complex type and |y is odd.
01

ok kK o . . .
Next, observe that if ¢, €, € I'y;, and their matrix representations have the same shape

and the same type, then they act identically on elements of JQS 22 and so are equivalent
mod ~. For what follows, if e € fgk, denote by [e] the equivalence class of e under ~
(indistinguishability mod J; %),

For the forward direction: suppose éu, éne Iy, and Sh(p(éu)) F# Sh(p(én)). Then we
can find some 1 < 4,5 < 2* such that p(éﬂ) has a 0 in the (i, 7)th entry, but p(gu) has a

) . . k+1 . .
non-zero value in the (7, j)th entry. Then we claim that e is not equivalent mod ~ to

’

~

o
k41 k41 k+1 k41

anyof e __ e , € __ ,0or e __ .

0y 1 2y 127y
7 n 7 n

To prove the claim: note by Lemma 5.1.19 that in forming p(kJerl . ), we take the
0w

Kronecker product of p(é“) with either I or B. p(k::f1 . ) is formed in this way as well.

0w
Also, by Lemmas 5.1.13, 5.1.14, and 5.1.15, in forming any of p(kJerl N ),p(kJerl ), or
1 2 n
,o(k—eH . ), we first take the Kronecker product with 15 or B, and then scalar multiply by

12

1 and/or interchange adjacent rows (1 and 2, 3 and 4, etc.). This means that p(kJerl .. )hasa

@ /
k+1
), P
n 2 7

=

: : . k+1 k+1
2x 2 block of zeros in the location corresponding to where p( ¢ ) p( ¢ ~
[/ 1

—~

e ~\
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il ) ' 10 01 v 0
e . ) have a block equivalent mod ~ to either , , ,

12 0 1 10 0 i

and p(

0 ¢ k+1 . . k+1
or . Then Sh(p("e . )) will be different from any of the shapes of p("¢” . ),
0

i 0 vow "

k+1 k+1 k+1 k+1
o )p("E ) and p("E ) sothat "
1 2 12 n 0w
. . k
any of the elements arising from e,,.

will not be equivalent mod ~ to

For the backward direction: suppose gu, éne Ty, with Sh(p(éu)) = Sh(p(gn)). If p(éu)

and p(én) had the same type (real or complex) and || and || had the same parity (even or
odd), then we would have [(Igu] = [2,7], so that the conclusion would hold by Lemma 5.1.19.
Then we need only consider cases where the types (real or complex) of p(k::f1 ) and p(kgln)
are different, and/or where the parities of |u| and || are different.

Case I: Suppose p(gu) is of real type, p(én) has complex type, and both |u| and |7)|

are even. We show that in this case {p(kgl )| = p(k:g1 - )} {p(kgl ~ )} =
(/- 1 1
k+1 k+1 k+1 k+1 k+1
L | N | e | T | B
o n 2 12 o 12 2 n
kil

I

) is a matrix in which all zero entries of p(é ,.) have been replaced

’

We have that p(

by , and all nonzero entries have been replaced by a block equivalent mod ~ to

k
. Also, p(kJerl . ) is a matrix in which all nonzero entries of p(e,) have been
01 b

1 0
replaced by a block equivalent mod ~ to . But since Sh(p(éu)) = Sh(p(én)), the

0 1

) k k , _ k+1 .
nonzero entries of p(e,) and p(e,) are in the same places, so that in fact p("e ~ ,) is a
n

matrix in which all nonzero entries of p(é ,.) have been replaced by a block equivalent mod

1 k+1 k+1 k+1 k+1
~ to . Therefore "¢ N ~"E A,andso[g A]:{g ,\].
0 1 0w I 0w 17
k+1 . . . k
p("e . ) is a matrix in which all zeros of p(e,) have been replaced by 2 x 2 zero
1

100



v 0
blocks and each nonzero entry has been replaced by a block equivalent mod ~ to
0 ¢

Also, p(kJerl ) is amatrix in which zeros in p(gn) have been replaced by 2 x 2 zero blocks
0
i 0
and each nonzero entry has been replaced by a block equivalent mod ~ to . Since
0 ¢

Sh(p(€,)) = Sh(p(,)), we have ‘&' ~"E" 5o that {’“21 R } - {’“él R }
1w 0 n 1w 0
,o(kgl _. ) is a matrix in which all zeros of p(éu) have been replaced by 2 x 2 zero

2
) 0 ¢
blocks and each nonzero entry has been replaced by a block equivalent mod ~ to
¢t 0
Also, p(kdé1 .. p) is a matrix in which zeros in p(én) have been replaced by 2 x 2 zero
12 7/

blocks and each nonzero entry in p(én) has been replaced by a block equivalent mod

~ to . Since Sh(p(€,)) = Sh(p(¢,)), we have “¢'  ~ "¢

~ ~ 2

. / /
i 0 2w 12 7§

k+1 k+1
e = e .
2w 12 7/

Finally, p(kg1 _. ) is a matrix in which all zeros of p(éﬂ) have been replaced by 2 x 2
12/

so that

zero blocks and each nonzero entry has been replaced by a block equivalent mod ~ to

0 1
. Also, ,o(kfg1 _. ) is a matrix in which zeros in p(én) have been replaced by

10 2w
2 x 2 zero blocks and each nonzero entry in P(én) has been replaced by a block equivalent

0 1
mod ~ to . Since Sh(p(¢,)) = Sh(p(€,)), we have ‘' ~ " &' |

/ /
1 0 12 p 2 n

k+1 k+1
e |l=1le - |
12 2 n

This completes Case 1.

so that

Cases 2 through 6 are similar, and follow from the characterization of representations of

k+1 k+1 k+1
the elements e _ | e e
0

W

k41 o
. ,and e __ found at the beginning of the present
W 127w

™\ )
/
w

proof.
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Case 2: Suppose P(éu) has real type, p(gn) has complex type, || is even, and |n] is odd.

In this case one can show:

okl k41
e  ~e .,
0w 12 7

and the representations of both of these generators are the result

k
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to

oo k1 k+1
(i) e . ~ e
1w

and the representations of both of these generators are the result

~

77/
k .
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to

ooy k1 E+1
() e . ~ e
2

and the representations of both of these generators are the result

~

,,7/

of replacing each nonzero entry of P(gu) with a block equivalent mod ~ to

.o k+1 k+1
(IV) € ~ ~ € ~
12 o/ 0

and the representations of both of these generators are the

01
result of replacing each nonzero entry of p(g ,.) with a block equivalent mod ~ to

10

Case 3: Suppose p(é ,.) has real type, p(én) has complex type,

| is odd, and || is even.

In this case one can show:

. k1 k41 :
(1) ¢ .~ ¢ ., and the representations of both of these generators are the result
0 w 12" o/ ~ _
. k . ) 0 ¢
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to
0
.kl k+1 : - A
(i) e . ~ e __,andtherepresentations of both of these generators are the result
Loy n _ -
. k . ) 0 1
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to
10
ookl k+1 . ) A
(i) e . ~ e __ ,andtherepresentations of both of these generators are the result
2 n' _ -
. k . ) 1 0
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to
0 1
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. k41 k+1
iv) e . ~ e __,
12 ! 0 n

and the representations of both of these generators are the

v 0
result of replacing each nonzero entry of p(g ,.) with a block equivalent mod ~ to
0 ¢

Case 4: Suppose p(gu) has real type, p(én) has complex type, and both || and |7| are

odd. In this case one can show:

NS k+1
e . ~e
0

and the representations of both of these generators are the result

~
!

"
k .
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to

ooy k1 k+1
i) e . ~ e
1w

and the representations of both of these generators are the result

~

17/

of replacing each nonzero entry of P(gu) with a block equivalent mod ~ to

.oy k+1 k+1
2 12

and the representations of both of these generators are the

result of replacing each nonzero entry of p(g ,.) with a block equivalent mod ~ to

. k+1 k+1
(IV) € ~ ~ € ~
12/ 2 n

and the representations of both of these generators are the

1 0
result of replacing each nonzero entry of p(g ,.) with a block equivalent mod ~ to
0 i

| is even, and |n| odd. In this

Case 5: Suppose both p(éu) and p(én) have real type,

case one can show:

. k+1 k+1
®He . ~e
0

and the representations of both of these generators are the result

/\77/’
. k . ) 1 0
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to
01

.o k1 k+1
i) o~
1w 12

and the representations of both of these generators are the
. k . ) 1 0

result of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to
0 ¢
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cooy kA1 k+1 .
(i) e . ~ e and the representations of both of these generators are the result
2

~

,r]/

. k . ) 0 2
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to
1 0

.kl k+1
iv) e . ~ e __,
12w 1

and the representations of both of these generators are the

01
result of replacing each nonzero entry of p(g ,.) with a block equivalent mod ~ to

10
Case 6: Suppose both P(éu) and p(gn) have complex type, |u| is even, and |n| odd. In

this case one can show:

. k+1 k+1
®He . ~e¢
0w

and the representations of both of these generators are the result

/\n/’
. k . ) 1 0
of replacing each nonzero entry of p(e,) with a block equivalent mod ~ to
0 1

ooy k1 k+1
(11) € ~ ~ € ~
1w 12

and the representations of both of these generators are the

10
result of replacing each nonzero entry of p(éu) with a block equivalent mod ~ to

01
vy k1 E+1
() e . ~ e

2w

and the representations of both of these generators are the result

~

n/

01
of replacing each nonzero entry of P(gu) with a block equivalent mod ~ to

10
|kl k+1 .
(iv) e . ~ e __ ,and the representations of both of these generators are the
12 1 7

0 1
result of replacing each nonzero entry of p(é ,.) with a block equivalent mod ~ to
i 0

Thus in all cases where Sh(p(g“)) = Sh(p(én)), we have
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[k+1 k+1 k+1 k+1
Wenowshowthatthesetsj::{ eml,{eﬁl,{eml,{e ,\}}
0w 1w 2 W 12 o/

and

Suppose éu, éne Iy, and Sh(p(éﬂ)) # Sh(p(gn)), and suppose by way of contradiction

.. . .o k1
that 7 N 7" # (. We show that a contradiction arises if e ~ e

-~ Hk? -~ 7[%1 8 HaredisioimifSh(p(@u))#Sh<ﬂ<gn
1 2 7 12 o

k+1

™ ™

(/- 12 g

cases are similar and are left to the reader.

bl

also

k+1
e

k+1 k+1
— €12 €y

k+1 k+1
— €12 €y

k+1
e e

N\

12

and finally

k+1
6 N\
12

k+1 k+1
€ 19 € 7'

k41 k+1 k1 . . k+1
¢ 1 ¢ 12 ¢ v (multiplying on both sides by ¢ 1)

k+1 k41 k+1 k+1
€1€1 €39 €y

k+1 k+1

k+1  k+1
€ 12 € 7

k41 k41 k41 . . k41
¢ 12 ¢ 12 ¢ , (multiplying on both sides by ¢ 12)

k+1
e n'

k+1
n'
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k+1 k+1  k+1
e w ~ € 12 € n'

k+1 k+1 k+1 k+1 k+1 . . . k+1
=> €eg€, ~ €3 e ¢, (multiplying on both sidesby ¢ )

k+1 k+1 k+1 k+1
— €€y ~ €1 €y

k+1 k+1
- e ~ e

~ ~

But then we would have 7 = J’, which we have already shown is not the case when

Sh(p(€,,)) # Sh(p(E,)). O

We are now ready to prove the structure theorem for Clifford multiplication on 2-torsion

points on the Dirac spinor Abelian variety.
Theorem 5.1.22. The following hold, for all k € N,n > 1:
1. Each equivalence class mod ~ in fgk has the same size: 287"

2. There are a total of 2"+ equivalence classes mod ~: 2* real equivalence classes and

2% complex equivalence classes.

3. There are 2% distinct shapes occurring among the equivalence classes mod ~ in Do

and each one occurs in two classes: a complex class and a real class.

k
4. There are exactly as many e, in a given class with even-length i as with odd-length

u. That is, for each equivalence class [gu] mod ~ in Dy, |{(]§n€ [g”} . |n| is even}| =

ko k )
{e,€ [eu] « |n| is odd}|.

Proof. We prove the theorem by induction on k. By inspection, it is true for £ = 1.
Suppose properties (1) through (4) above hold for some £ > 1. Consider an equivalence

k41 A . k41 A
class E = ['e ,,] C I'y4o, for some representative e ,, € I'yio.
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By Theorem 5.1.21, two elements of Ton give rise to the same four equivalence classes
mod ~ if and only if they have the same shape. So, to count the number of generators in £,

k A . k
we count the number of e, € I'y, whose representations have the same shape as that of ¢,

ko & k+1 . . k+1 k+1
where (by Lemma 5.1.19) e, is the element of I'y;, such that e , iseither e . , e  ,
0w 1w
k+1 k+1 . . k-
e . ,or e _ . By part (1) of the induction hypotheses, the number of ¢, € I'y; for
w 12 o

which p(én) has the same shape as p(éu) is 2F=1  2k=1. 9k=1 geperators that are in the
same class mod ~ as e, (and so whose representations have the same type of non-zero
entries (purely real or purely complex)), and another 2~! generators in a class £’ mod ~
in which every e has a representation with the same shape as p(e,,) but the opposite kind of
non-zero entries (purely real rather than purely complex, or vice versa).

So, we have that the size of the equivalence class £ C L'y, is 281 4 2F—1 = 2k —
2(k+1)=1 Thus condition (1) continues to hold in 'y ».

By the induction hypothesis, there are 2! equivalence classes mod ~ in Doy By
Lemma 5.1.20, from each equivalence class mod ~ in fgk come four new equivalence
classes — a real and a complex class for each of two new shapes. However, the real and
complex classes of each of the two new shapes will generate the same new equivalence
classes mod ~ in f2k+g. Thus to count the number of equivalence classes mod ~ in fgk,
we take 4 times the number of shapes occurring in representations of generators in Tk,
which by induction hypothesis was 2*; so the number of equivalence classes mod ~ in
Dopyo is 4 - 2F = 22 9k = 924k — 9(k+1)+1 Thyg condition (2) continues to hold in Ioy.

Suppose F = [gu] and £’ = [gn] are, respectively, the real and complex equivalence
classes in I'y, with some shape P = Sh(p(éu)) = Sh(p(én)). By Lemmas 5.1.20 and
5.1.21, the same four new equivalence classes, representing two new shapes (one real and
one complex class for each), are obtained from £ and E’. Thus to count the number of
shapes among equivalence classes in f2k+2, we take 2 times the number of shapes occurring
among classes in f%: 2. 2k = 2k*+1 Thus condition (3) continues to hold in f2k+2.

Finally, condition (4) continues to hold: let éﬂe [y. If |11 was even, then | 7 ;/| and
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|12 7 1/| are even while |1 7 p/| and |2 7 /| are odd; while if |u| was odd, then |1 7 p/|

and |2 7 /| are even while |() 7 /| and [12 7 y/| are odd.

O

Remark 5.1.23. For examples and computations of the Clifford actions on the group of

2-torsion points in low dimensions, including tables and diagrams, please see Appendix 2.
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CHAPTER 6
SPINOR JACOBIANS ON NODAL ELLIPTIC CHAIN CURVES OF GENUS 2*

In this chapter we focus our study on Jacobians of curves that admit Clifford multiplica-
tion. We have shown already that Abelian varieties admitting Clifford multiplication are
quite special, as they have to be fully decomposable as PPAVs. Here we describe certain
types of curves of genus ¢ = 2* such that their Jacobians are PPAVs and they are fully
decomposable as a product of elliptic curves with j-invariant equal to 1728. To construct
our examples, we consider nodal curves that are in the boundary of the compactification of
the moduli M, of stable algebraic curves (or Riemann surfaces) with genus g = 2*. We

also explain how to extend Clifford multiplication to some other Jacobian varieties.

6.1 Elliptic Chain curves

In this section we introduce the motivation behind constructing curves that generate spinor
Jacobians. We first provide some important definitions and propositions that serve here as

motivations.

Definition 6.1.1. A nodal curve is a complete algebraic curve such that every one of its
points is either smooth or locally complex analytically isomorphic to the origin in the locus

with equation zw = 0 in C2,
The type of nodal curves we are interested in are nodal curves of compact type.

Definition 6.1.2. Let C be a nodal curve of genus g satisfying the following equivalent

conditions:

1. The Jacobian of C, J(C), is compact.

2. The sum of the geometric genera of the components is g.
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3. The dual graph of C'is a tree.

Then C'is called a nodal curve of compact type.

From [1] we see that if C' is of compact type then each of its irreducible components
C1, ..., C,. are smooth and no two components meet at more than one point. For nodal

curves of compact type we have the following proposition.

Proposition 6.1.3. Let C be a nodal curve of compact type with irreducible components

Cy,...,Cr. Then J(C) =[]l J(C)).

Proof: See [1], [11].

We now define a specific type of nodal curve of compact type.

Remark 6.1.4. For our nodal curve of compact type C we can identify the Jacobian J(C)
with Pic%(C), the isomorphism classes of line bundles of multi-degree zero, that is, line
bundles L € Pic(C) that are of degree zero when we restrict to each irreducible compo-

nent: J(C) ={L € Pic(C): deg(L‘C_) = 0 for all irreducible components C1, . ..,C,.}.

Definition 6.1.5. A chain curve C' is a nodal curve of compact type with irreducible com-

ponents C, . ..,C, and nodes Py, ..., P,, such that:
e C;NCiyy1=Pfori=1,....,r—1,and
i ClﬁC]:(Z)lfll—ﬂ > 1.

Here we are interested in chain curves with elliptic components. Hence we propose the

following definition.

Definition 6.1.6. An elliptic chain curve is a nodal curve of compact type C with irre-

ducible components E, . .., E, and nodes P, . .., P,, such that:
e EENE;yy =P forir=1,...,r—1, and
s EiNE; =0ifli—j] > 1,
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where the E; are all smooth elliptic curves.

It follows from Proposition 6.1.3 above that elliptic chain curves have Jacobians that

are products of their elliptic component curves; that is, J(C) = [[_, J(E;) =[], E:.

6.2 Comments on the curve construction

We consider nodal curves that admit Clifford multiplication.

Definition 6.2.1. For a nodal curve of compact type C, we call its Jacobian J(C') a spinor
Jacobian if J(C') admits Clifford multiplication on its endomorphism ring; that is, J(C) is

a spinor Abelian variety.

Note here that by Theorem 3.3.5 any spinor variety Sx is fully decomposable as the
product of 2* elliptic curves with irreducible elliptic components of j-invariant 1728, where
Clifford multiplication extends naturally to the product of component curves. Hence we
look for an elliptic chain curve. Observe that in order for the restriction to each component
to hold the curve invariant, we need the action to fix the nodes on our special elliptic chain
curve (i.e. the nodes are invariant); thus not every choice for nodes works here.

Therefore we are interested only in elliptic chain curves, with components isomorphic

to E1798. Now provide a construction of such a curve.

6.3 Construction of an elliptic chain curves with desired properties

In this section, we construct elliptic chain curves that admit Clifford multiplication. We
start by carefully constructing nodal curves of genus g = 2 with the required properties for
existence of Clifford multiplication. Then we generalize our process to certain other nodal

Curves.
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Constructing elliptic chain curves of genus 2 admitting Clifford multiplication

In order to construct a curve of compact type such that our Jacobian is a PPAV with Clifford
multiplication, we glue together two identical elliptic curves E and E’ isomorphic to F179g
(which we can think of as £;). The points we identify together are the points of order two
vg = 0 and v3 = % + % on each curve (again when viewing our elliptic components as an-
alytic tori). Note that multiplication by ¢ on each curve is well-defined on each component
and the two points are fixed points for this action. We construct our elliptic chain curve of
genus 2, denoted as Ca,, by gluing £/ with £’ at the points vy on E with v3 on the second
curve £ in a transversal way that can be described as follows:

Let z be the local complex parameter at vy on the curve F, and let w be the local
parameter at vs on the curve E’ (considered in C?), chosen in such a way that w = j -
z— % + % (as in the quaternions H = C @ jC). Then the local complex tangent lines are
perpendicular in the local neighbourhood of 0 in C? with coordinates z, w, satisfying the
local equation zw = 0. Then in local coordinates z, w we have a well-defined action of H

(where multiplication by j permutes the components).
EUFE

Hence the resulting elliptic chain curve Ca, = (where ~ is the equivalence

of glued points) gives a nodal curve of genus 2 with a single node with two irreducible
components F, E'. This gluing construction at well-chosen points allows for quaternion

multiplication by i, 7, k on Cx,. See Figure 6.1 for the visualization of this gluing process.

(=5
E

Figure 6.1: g = 2 curve Cx

As before, for this new nodal curve is of compact type, we have the following isomor-

phism: J(Ca,) = E X E' (see [1], [10], or [11]). Figure 6.2 represents the Jacobian of the
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new nodal curve.

==

FE E

Figure 6.2: J(Cx) for Ca of genus 2.

Remark 6.3.1. Note that the tangent space considered at the chosen nodal point on each
component of our curve is actually isomorphic to C . Then the span generated by the
two transversal tangent spaces at each node can be considered as a complex vector space
C @ C-j = H in the usual way. Note that the two tangent spaces can be thought of as a

reducible variety C U C - j that is spanning a copy of the quaternions H.

We now generalize the above results to nodal curves of higher genus.

The construction of genus 2" nodal curves of compact type Ca

We now extend our construction from genus 2 to genus 2*. In the genus 2 case, we con-
structed the elliptic chain curve Ca by gluing two isomorpic copies of Frog at the points
vy € E and v3 € E'. Now, we glue two isomorphic copies of the nodal curve Ca, (of
compact type) to obtain an elliptic chain curve of genus 4. Now we glue two copies of Ca,
at the points v3 on the first copy of Ca, and vy on the second copy C'AZ (that were not used
in the previous step to construct each of the Cx,’s ) in a transversal way (as before), as
follows (see Figure 6.3 below for a visualization):

let z be the local complex parameter at vy on the elliptic component of the second copy
of the curve C'y ,-andletw = j-(z— % + %) be the local parameter at v3 on the component on
the first curve Ca, w = j - z (as in the quaternions H). The local complex tangent lines are

transversal in the local neighbourhood of the gluing point in C? satisfying the equation of
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the form zw = 0. The resulting elliptic chain curve Cn, = Ca, | |Cn , 18 anodal curve of
compact type of genus 4 with 3 nodes at the identification points (where the middle point is
the last one glued). The four irreducible components, which we denote F1, Es, F5, Ey, are

all isomorphic to E'795; and, similarly as before, the Jacobian J(Ca) = E; X Ey X E3 X Ey.

Figure 6.3: Genus 4 nodal elliptic chain curve Cx of compact type

Notice that one of the end components of the curve Ca, has a point v (or vy) that
was not glued in the process to any other component. Therefore, we can continue this
gluing process by gluing two copies of Ca, at points v3 on one copy with vy on the other
to get a nodal curve of genus 8, Ca,. Continuing this procedure, we can construct the
desired elliptic chain curve of genus 2¥, which we denote Ca. Each C is a nodal curve of
compact type, constructed inductively by gluing two copies of the elliptic chain curve via
the procedure described above at the points vy € C'AQIH and vz € Cp , _, from the previous
step. This way we obtain the elliptic chain curve Cx = CAQk—l L] CAzk_l-

We conclude that the nodal curve C'a is of compact type with Jacobian isomorphic to

the product of Ej79g; that is, J(Cp) = kazl E795, which is the desired curve.

Remark 6.3.2. We can construct our nodal curve Ca, by analyzing the normalization
sequence as we did for curves of genus 2. That is, consider 2 elliptic curves E\, . .., Eqx
all isomorphic to E1795. By gluing consecutive elliptic components one by one at vy on one

curve with vs on the next, we create 28 — 1 nodes, with v free on the first component and
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Figure 6.4: Genus 2" nodal elliptic chain curve Cx of compact type

vs on the last glued component (i.e. at all 28 — 2 middle components we have the points v

and vz on each curve). The resulting elliptic chain curve Ca is a nodal curve of compact

type with irreducible components { E;}, with E; = Eyqos forall j = 1,. .., 2k

We now summarize properties of C'a constructed above:

1. Ca is a genus 2 elliptic chain curve glued at 2*~! nodes, where all nodes are in-

variant under multiplication by 7; hence under diagonal Clifford actions the curve
remains invariant. Hence Clifford multiplication is consistent, since all components
are isomorphic to each other and multiplication by ¢ leaves the curve invariant at the

nodes.

. For our Ca, we have J(Ca) = HQk J(E;) = H?; E;, where £ are isomprphic

j=1

elliptic curves with j-invariant equal to 1728.

In the next section we consider possible Clifford multiplications on the Jacobians of

our elliptic chain curves.
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6.4 Clifford actions on the Jacobian J(Cx) of Cx: the canonical cases

In this section we make use of two important properties of our elliptic chain curve C.
Firstly, J(Ca ), being fully decomposable as a product of elliptic curves, it is isomorphic to
a spinor Abelian variety that fully decomposes as the same product. Secondly, since J(Cx)
has isomorphic components and the gluing nodes are fixed under multiplication by i, we
can extend Clifford multiplication to J(C'a) as desired.

To illustrate it consider C'a constructed by gluing 2¥ components E;. In this case
J(Ca) = E*. We also know from Proposition 4.1.5 that the Dirac spinor Abelian
variety Sa,, has the decomposition Sa,, = Ei“k. Hence we can define both maps
g : J(Ca) = EiXZk and f : Sa,, = EZ-XQk to be the component map isomorphism de-

fined (as in Chapter 4). Hence we get the following commutative diagram:

E><2k

7

g of \>J(CA

SAzk )

This gives us an isomorphism g~ ' o f : Sa,, = J(CAa), and by using it we can extend
Clifford multiplication from the Dirac spinor Abelian variety model to pgflof : (Cor)z —
End(J(Cy)) , where p9 o/ = Ady-147 o p. By defining F = g~' o f, for any lattice

element h € (Cy)z we get the following commutative diagram:

Ph
SA% 5 SAzk

S

J(Ca) —" J(Ca).

Thus we have successfully extended Clifford multiplication to the Jacobian of our el-
liptic chain curve Cx. We can now extend Clifford multiplication more generally to our

nodal curve Ca.
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Clifford actions on J(Cy) for Ca constructed by gluing isomorphic elliptic components

In this section, as before, our elliptic chain curve Ca has 2% jrreducible transversal elliptic
components El o, ..., E%y, where each EJ . is the elliptic curve of j-invariant 1728,
We can represent the curve as Ca = FEiog| |- -] Ef;%. The gluing points used in the
construction are the invariant 2-torsion points for the multiplication by ¢ € (i) on each
component. Since each elliptic component is in the same isomorphism class, for each
index 7 we write the isomorphism 0 : F798 = E;. Hence we obtain the isomorphism of
the products 6 : kazl Ei79 5 Ei“k. Using this map 6 we can extend the isomorphism
between the Jacobian and the product of the components g : J(Ca) = Hjil Ei798 via
composition to the isomorphism 6 o g : J(Ca) = Eixzk. Using this we can once again
extend Clifford multiplication from Sa,, onto the Jacobian J(Ca) as below. For a given

element h € (Cy)z we have the following commutative diagram:

Ph
SA% 5 SAzk

0
2k j Ph 2k j
Hj:l Elggs — Hj:l EX70s

A

g g

v

J(Ca) — s J(Cw).

Hence, by applying the above diagram, we have shown that we can extend Clifford
multiplication from the integral subring (Coy)z associated with the Dirac spinor Abelian
variety Sa,, onto J(Ca) by p? : (Cyt)z — End(J(Ca)), where for a given element
h € (Cy)z we have p?(h) = g tofo fop(h)o f~toftog.

An alternative approach to extending Clifford multiplication onto J(Cx) is to use a
spinor Abelian variety Sa that fully decomposes into the product Ef,,q X -+ X E12;28’

where S is a spinor Abelian variety with Clifford multiplication coming from C,(V)z.
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We can then define the decomposition isomorphism by f : Sa =N Hf; E{728, where now
for a given element h € C, (V)7 we have the following commutative diagram showing how

Clifford multiplication extends onto J(C):

SA - SA
] s

2k )2 P£ ok I
Hj:l 1728 — 7 Hj:l 1728

1, b

J(Cr) — s J(Ch).

This means that we can extend Clifford multiplication from the integral subring C,(V')z
associated with the spinor Abelian variety Sa onto the Jacobian of our elliptic chain curve
J(Ca) via p? : C,(V)z — End(J(Ca)), where for a given element h € (Cy;)z we have
p?(h) = g o fopyo f~tog. Viathese two processes and the isomorphisms defined above,
the Jacobian of our nodal curve J(C) is a spinor Jacobian, with the induced multiplication

coming from Sa or Sa,, .

6.5 Clifford multiplication on Pic%(Cy)

In this section we focus on extending Clifford multiplication to certain Picard varieties.
We focus on the moduli space of isomorphism classes of line bundles of degree d on every
irreducible component on C'a, which we denote Pic(®@-4(C.). Just as on .J(C'), line bun-
dles of degree (d,d, ..., d) over our elliptic chain nodal curve are completely determined
by their restrictions to each elliptic component. Since C'a is of compact type, we have the
canonical isomorphism 74 : Pic@®-D(Cr) = Pict(EL,g) % - - - x Pict(E2,g), given by
restricting the line bundle to each component (see [11]). On the other hand, it is well known
(see [10], [11]) that we also have a noncanonical isomorphism given by fixing a line bun-
dle N € Pic(@d-9)(Cy) that defines the isomorphism [N] : J(Ca) = Pic@d-d)(Cy),
where L — [N]|(L) = L ® N by taking a line bundle L of degree (0,0, ...0) in the J(Ca) =
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the spinor Abelian variety S associated with the spinor Jacobian J(Ca) ).

We summarize the results in this chapter in the following theorem.

Theorem 6.5.1. For the nodal curve Cx of genus 2% obtained by gluing transversally 2~

isomorphic copies of the elliptic curve of j-invariant 1728 at the 2-torsion points vy = 0
141

and vz = as described above, we have the following:

1. The generalized Jacobian of Ca, J(Ca), is fully decomposable and isomorphic to

the product of the 2% isomorphic elliptic components F17s.

2. The Jacobian J(CA) is in the same isomorphism class as a spinor Abelian variety

that decomposes into the same 2* isomorphic copies {E{'ng}?il.

3. Clifford multiplication can be extended isomorphically from the associated spinor
Abelian variety Sa onto the generalized Jacobian J(Ca), making J(Ca) a spinor

Jacobian variety.

4. Clifford multiplication can be extended in different ways from J(Ca) to Picard vari-
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APPENDIX A
SPINOR TORI AND TENSOR PRODUCTS OF DIVISION ALGEBRAS

(For more background information on this section, see [18], [20], [23], [51].) In this ap-
pendix we identify the tensor products B, ,, = C ® H*? ® O%®? as spinor spaces for the

adjoint algebras Bf¥ = C ® H” ® OF and B!

1,p.q 1,p,q

= C @ HY? ® 0%, The adjoint
algebra actions on these tensor spaces are isomorphic processes to the actions of Clifford
algebras on the spaces of Dirac spinors. We have not yet viewed these spaces of spinors as
tori; and, more importantly, the process of taking these actions mirrors (although may not
be identical to) the process of Clifford multiplication on our spinor tori (i.e. spinor Abelian

varieties with additional structure). We begin by constructing general tori with left actions.

A.1 Complex tori arising from tensor products of division algebras of the form B, , ,

As a consequence of Hurwitz’s theorem, we know that the only normed division algebras
over R are R, C,H, and O (where H are the quaternions and O the octonions). These
algebras are of dimension 1, 2, 4, and 8, respectively, over the real numbers. We denote the
tensor product of division algebras of the form CQH*?@0%? as B, ,, , (By ® we mean ®g).
As a complex vector space, By ,, , has complex dimension 47 - 87 = 22734 Additionally,

we can view B, ,, , as the complexification of the real tensor algebra B, , = H*" @ O%1.

Example A.1.1. The classical examples considered in particle physics: the Pauli algebra
Bi10 = C® H, the complexified octonions B, = C ® O, and the product of all three
By11 = C®H® Q. These three number systems are of complex dimensions 4,8, and 32

respectively.

We use the integral subalgebras of these tensor algebras to construct a complex torus.
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Z

1p.q @S the

Definition A.1.2. For any tensor product of division algebras B, ,, , we denote B

integral subring of B, ,, , given by restricting the complex scalars to integral scalars.

Z

Note that the integral subring By, |

can also be viewed as the restriction from the ring C
on the first tensor components to the Gaussians Z[i|, together with restricting every copy of
the quaternions and octonions to their integral subrings, denoted Hl; and Q7. This allows

us to view BY | | as Z[i] @z Hy ®z Q. Since B

1p.q 18 an integral subring of B, ; ,, we have

that (Bz, +) is a free Z module, that is, an Abelian group. We can also define this integral

Di-BE

subring as a direct sum of the real and imaginary integral basis of BZ == BZ 0.p.q°

1,p.q 0,p,q

where B = H;” ®z 077, The rank of this Z module is 2 - 47 - 8¢ = 22371 We

Z

conclude that the integral subring By, |

is a full rank lattice of the complex vector space of

B, , 4, providing us with the following proposition.

B
Proposition A.1.3. The quotient T'(B; ,,) = % is a complex torus associated to the

Lp,q
Abelian tensor algebra B, ,, , of complex dimension 2°P31,

In order to define natural actions on 7'(B, ,,,) we start by defining the adjoint algebra

of actions on B, , , .

Definition A.1.4. The adjoint algebra of left multiplication maps on B, , , is defined as
BL

1.p.q

={L,:a €By,,} where L,(b) = a-b, for a,b € By, ,. Similarly, we define B

1,p,q

as the right adjoint algebra. The adjoint algebra of left and right multiplication maps is

defined as By = {A,,:z,y € By,,}, where A,,(a) = R, 0 L,(a) = (y-a)-x for any

Lpg —
a,r,y € IB%LIMI'
Hence the left adjoint algebra, viewed as a tensor algebra, is given by IB%f g = CL®

H;” ® O}, where the actions are considered componentwise on the tensor product of

division algebras B, ,, ,. The same holds true for BA =C4® pr ® @fq actingon B , ;.

1,p.q
In [28], [32], [41], and [51], we see that we have following isomorphism for the adjoint

algebras of actions on the complex numbers, quaternions, and octonions:
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5. CoH=C(2)

Hence it is easy to see that we just have two distinct adjoint algebras of actions on B, , ,,

and B4

1,p,q°

BL

1,p,q

We can obtain actions on our complex torus 7'(B, ,,) by restricting adjoint maps on

BA

1.p,q

BL

1,p,q?

Z by Z[i] @7 (HZ)®P @ (0%)®4 and Z[i] ®7 (H3 )P @7 (04)% respectively. This action

to their integral subalgebras (B

A .
1pq)z: (BT, )z, viewed as tensor products over

Z

clearly preserves the integral subring, that is the full rank lattice, BY ,

since it is just a
left action on the integral subring. It is immediate that these actions preserve our torus

T(B, ), since they preserve a full rank lattice. Hence we have the following.

M

Proposition A.1.5. The complex torus T(B, ;) has (B, ,

)z actions (where M is either

LorA).

A2 T(B,,,) as Dirac spinor tori with isomorphic Clifford multiplication processes

To show that T'(B, ,,) can be viewed as a Dirac spinor torus, we examine the adjoint

algebras B and B¢ as matrix algebras as we break them down into the even and odd

1.p.q 1.p,q
cases for p.
1. Bf,,, =CoOH*®0}"=C® (H,®H.)* 07!~ Ce (Hx H)* @0} =

CoR(4)%“QR(8)% 2 CRR(4*)®R(87) = COR(2**)QR(2%) = CQR(2%4131)
C(22u+3q).
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2. Bl =COH,9H* 07" =CoH® H, ®H)®** @ 07! 2 CRH®
(HeoH)®* 0%~ CoHRR(4)%*@R(8)% = C(2) @ R(4*) @ R(87) = C(2)®
R(22)@R(2%) = C(2) @ R(2%+3%) ~ CoR(2) @ R(224137) = CoR(22v3¢+!)

6(22u+BQ+1).
3. By, = COHP*"®0% 2 Co(HH)** 0077~ C® (R(4))%* @ R(8)® =

C o R(16%) ® R(87) = C @ R(2'3¢) = C(2139),

4. By 1, =COHP*" 07" 2CoH,® (HH)®** 007"~ CoRH4)®
(R(4))#**@R(8)%! = CRR(4)®R(16"*)®R(87) = COR(2*+%+2) = C(21++31+2).

M

Hence all of our adjoint algebras By, |

are isomorphic to a single copy of a complex
matrix algebra of dimension a power of 2. Now, using our matrix representations of Dirac
spinors Cy;, = C(2F) for any k& € N, we can establish the following isomorphisms of our

adjoint algebras with the following complex Clifford algebras:
1. B{lﬁu,q = C(22u+3q) = C4u+6‘1‘

2. BE

1,2u+1,qg =C (22u+3q+1)

= Caut6gr2-

3. B¢

Y du+3q\ o~
1,2u,q — C(Q q) - C8u+6q-

A ~ 4u+3q+2\ ~
4. IB§1,2u+1,q - C(Q 1 ) - (C8u+6q+4-

Viewing B, , , as the covering space of our complex torus 7'(B; , ,), with the established
isomorphisms as above, we can see that the adjoint algebras that act on the covering space
B, 4 are complex Clifford algebras of varying dimensions. Using the isomorphisms estab-
lished above, we can view the B, , , as spaces of Dirac spinors, and the actions on B, ,, ;, as
Clifford multiplication on Ay, 169, Asut6g+2, Dsutegs OF Agyteq+4, depending on whether
B{ 'y, , or Bi'y, , is acting on By 5,4, or Bf'5, ,  or Bi'y, .,  is acting on By 241,
Restricting our adjoint algebras to their integral subalgebras, we get the following iso-

morphisms of free Z-modules.
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Remark A.2.1. For the following isomorphisms, we view the tensor products as @ = Ry,
hence we can work with Gaussian matrices or integral matrices (we differentiate between

them via the isomorphism Z[i] = 7,(2)).

L (Bigug)z = Z[i] ® (HE)®* @ (07)%1 = Z[i] ® (Hf ® HE)*" ® (OF)% = Z[i] ®
(Hz ® Hz)®* @ (OF)®1 = Z[i] ® Z(4)®* @ Z(8)®1 = 7Z[i]| @ Z(4*) ® Z(87) =

Z[i] ® Z(22") ® Z(2%7) = Z[i] @ Z(220+37) = Z[j](224+30) = 7,(22u+3a+1),

2. (Bouirg)z = Z[i) © HZ @ (HEZ)®™ @ (0%)% = Zi| © Hz ® (Hz ® Hz)®* ®
(0%)®1 2 7[i] @ Hz @ (Hz @ Hz)®* ® (Q%)® = 7[i] ® Hz ® Z(4)%" @ Z(8)%7 =
Z[1)(2) ® Z(4Y) ® Z(87) = Z[1)(2) ® Z(22) ® Z(2%) = Z[i](2) ® Z(22+37) =
Zli] ® Z(2) ® Z(22u+39) =2 7[;] ® Z(22u+3a+1) = 7[j](22ut3a+1) o 7(92u+3a+2),

X

3. (Biy, )z = Z[i] ® (H%)®* @ (05)® = Z[i] ® (Hz ® Hz)*** @ (0F)®9 = Z[i]
(Z(4))2% @ 7(8)®1 = Z[i] ® Z(16%) @ Z(87) = Z[i]| ® Z(2%39) = Z[4](24++37) =~

Z<24u+3q+1 ) .

12

4. (Bfyi1q)z = L)@ (HE)®* M @ (05)% = Z[1|@HE ® (Hz @ Hz)** © (07 )**

®

Zi] @ Z(4) @ (Z(4))®* @ Z(8)%1 =~ Z[i] ® Z(4) ® Z(16%) @ Z(89) = Z[i]

Z<24u+3q+2) o~ Z[i]<24u+3q+2) o~ Z(24u+3q+3>‘

Therefore, using the above free Z-module isomorphisms, we can identify the actions
of the integral adjoint subalgebras with the integral subalgebras of the complex Clifford

algebras defined above.
L (Bf 5,q)z = Z[i](22*%7) 2 (Cauroq)z
2. (Bigyi1,4)z = L (274H34H) = (Chutogr2)z
3. (Bigug)z = Z[H(2"%) = (Csureq)z

4. (Bigur1q)z = Z[i](211%2) & (Csurogra)z-
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Hence the restriction to our integral subalgebras of the adjoint algebra actions on 7'(B; , ;)
is equivalent to restricting the complex Clifford algebra actions on our covering space of
Dirac spinors to the Dirac spinor tori (of dimension of 244739+2 if p is odd, and of dimension

24u+34 if p is even). This proves the following proposition.

Proposition A.2.2. A complex torus T(B, ,,) can be viewed as a Dirac spinor torus

M

SAupreqr Where the restriction of the algebra By, |

actions to its integral subalgebra torus

actions is isomorphic to the restriction of Cyy, 6, actions to the spinor torus actions given
by (C4p+6q)Z-

A

We remark here that B, 5, , can be viewed as a Dirac spinor space for the algebra By, ,

isomorphic to the Clifford algebra Cg, ¢, (as R-algebras), with a space of Dirac spinors

Agy 164 Which is of the same complex dimension as B, 5, ,. However, when we look at the

actions of BE, o on our space of spinors, we see a difference of dimensions. The adjoint
algebra IB%leu q is isomorphic to Cy, 164, Which has a smaller space of spinors, Ay, 6, as

compared with Ag, 6, Thus, we can only view the left adjoint actions as a subalgebra
of Csyt6q isomorphic to Cy,16,, Where the matrices representing these subalgebras act
diagonally as 2* isomorphic copies of the matrix representations for Cy,,1¢,, when we view
Agut6; = 2"Asut6q- Descending to the integral actions on the torus 7'(B; 5, ,), We can
consider (B1',, )z as the full Clifford multiplication actions on Sa,,.,,. We can view the
restriction to (Bf'5, ,)z on T'(By 2,,4) as the 2* isomorphic copies of Clifford multiplication
given by (Cyuy6q)z 00 Sa, s, When we view our Dirac spinor tori as Sag, o, = 2“5,

The analysis of B, 9,414 as a Dirac spinor space is analogous.

A.3 Examples used in physics

In this section we study three number systems, often used in physics, which are special
cases of our generalization from above. These are the spinor spaces given by tensor prod-

ucts of division algebras of the form B, ; y = C®H, B, ) = C®0, and B; ; ; = COH®O.
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The Pauli algebra Dirac spinor torus

The tensor product B ; o is a well-known algebra called the Pauli algebra. The left adjoint
algebra for this example is isomorphic to the Clifford algebra C,, and the left actions on
B, 10 can viewed as the even subalgebra C; acting on the half spinor decomposition A, =
AJ @ Ay, where C, acts on each of the half spinor spaces A7 = A,. Hence, we can view
C ® H as split into two half spinor spaces when we consider IB%f 1,0 as the algebra acting on
it.

The full adjoint algebra of all actions Bfl,o is isomorphic to the Clifford algebra C,.
Thus when we consider the Pauli algebra as a spinor space for IB%{"LO, we can view it as the
whole space of Dirac spinors A, with the actions isomorphically identified with Clifford

multiplication by C,. When the actions given by the adjoint algebras descend to the integral
CoH

Zi] @z ®@Hy,

actions of (By 1 9)z as the actions of (C )z on the spinor torus Sa, viewed as the direct sum

sub-rings acting on the complex torus T (C® H) = , we can then consider the
of the Dirac half spinor tori Sil (both viewed as copies of the Dirac spinor surface Sa,),
where on each component the actions on the spinor surface Sa, are given by 2 x 2 Gaussian
matrix representations of (Cy)z. When we consider the action of the integral subalgebra
(B{', )z on T(C ® H), it is isomorphic to the full integral subalgebra (C,)z acting on the

spinor torus Sa,, with the actions given by left multiplication by 4 x 4 Gaussian matrices.

The complexified octonion algebra and its associated Dirac spinor torus

Consider By ,1 as the complexified octonions, C ® Q. Then the left adjoint algebra B , is
isomorphic to the adjoint algebra of both actions given by ]B%{‘,OJ. Hence, we only have one
algebra acting on the complexified octonion spinors. Moreover, we have the isomorphism
Bf 01 = Cg of Clifford algebras. Hence, the left adjoint algebra acting on the complexified
octonion algebra can be viewed isomorphically to C4 acting on the space of Dirac spinors

Ag = CB. When the actions given by the adjoint algebra BlL,O,l descend to the integral
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C0
Z[i] @7z @0y,
actions on the torus by (B; 1)z as the actions of (Cg)z on the spinor torus Sa, with the

subalgebra acting on the complex torus 7(C @ Q) = , we can view the

actions given by left multiplication by 8 x 8 Gaussian matrices.

The C ® H ® O algebra and its associated Dirac spinor torus

The tensor product B; ; ; = C ® H ® O (used in a standard model in physics, see [41])
is a spinor space for IB%le and Bﬁl,p where the left adjoint algebra is isomorphic to the
Clifford algebra Cg. Hence, we identify the left adjoint actions on the tensor product B ; ;
as the even Clifford algebra actions on two copies of the half spinor space Ag = C!6,
where Cg acts on each copy identically (a diagonal action of isomorphic copies of the
matrix representations of Cg in C(16)). In this case, the left adjoint algebra with actions
on B; ; 1 can be considered as acting on half spinor spaces. The full adjoint algebra of all
actions Biq,m is isomorphic to the Clifford algebra C,(, implying that the actions of Bﬁl,l
on B, ; ; are isomorphic to actions of the full Clifford algebra C;( on the full spinor space

Ajp = C*2. The integral subalgebra of the left adjoint algebras acting on the complex
CoH®O

Z[i]| @7z @Hz ®7 Oy

spinor torus Sa,, considered as the direct sum of the Dirac half spinor tori Silo (viewed as

torus T(Co H® 0) = is isomorphic to the actions of (C{,)z on the

copies of the Dirac spinor torus Sa,). The actions of the integral subalgebra (Bfl,g)z on

T(C ® H ® Q) are isomorphic to the full integral subalgebra (C;4)z acting on the spinor

torus Sa,, with the actions given by left multiplication by 32 x 32 Gaussian matrices.
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APPENDIX B
EXAMPLES OF COMPUTATIONS ON 2-TORSION POINTS IN LOW
DIMENSIONS

In this appendix we provide some computations of Clifford multiplication on the group of

2-torsion points in low dimensions and their automorphisms.

B.1 The dimension one case and the 2-torsion points

In dimension one, the Dirac spinor Abelian variety is just the elliptic curve Sa, = E; =

T A Now given that Cy = C and (Cy)z = Z][i], our Clifford multiplication actions on
Z .

E; are just End(E;) = 7Z[i], and automorphisms are given by Aut(FE;) = (i) = {*1, +i}.
Our 2-torsion points here JZS %0 = E;[2] C E; are just defined as vg = 0,v; = £, vy =

%z’, V3 = % + %z We can summarize the lattice action of Clifford multiplication by ¢ on

E;[2] as in Table B.1.

E;[2] i action | Translation constant 7!
Yo Yo Vo
U1 U2 U3
V2 U1 U3
U3 U3 Yo
Fixed points | vp, v3

Table B.1: Lattice Clifford multiplication by i on E;[2]

As we can see, the Clifford multiplication action 7 fixes two points on £;[2|: the origin
and the point v3 = % + %2 The diagram in Figure B.1 illustrates the ¢ action on the

fundamental parallelogram generated by the lattice AZ = Z ® i - Z .
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" J

Vo i
6 U1 1
Figure B.1: The action of ¢ on the 4 points of E;[2]

Now for torsion points of higher order n > 1, consider the set E;[n] = {v}, : 0 <
J,k < n} where, for 0 < j, k < n, vy = % + %2 (For example, the points of F;[2] are
Vg =vo = 0+0i, 0]y =v1 =3 +0i, 03, =vo =0+ 30, and v7; = v3 = 5 + 3i.)
Given that our Abelian varieties Sa,, are fully decomposable as the products of 2F copies
of E;, we can use these canonical diagrams in dimension one to establish bijections with
the subgroups JS 22t in higher order. We conclude this section with the diagram in Figure

B.2 showing the action of i on F;[6].

0+ 1i

~. ~. ~.

D= O W Ok oot
~.

Figure B.2: The action of i on the 36 points of F;[6]

130



B.2 2 torsion points on the Dirac spinor surface

For our Dirac spinor surface Sa,, Clifford multiplication on the 2-torsion points is given

by the generators 1, eq, €5, 1o Whose representative matrices are the classic Pauli matrices.
. . s

When we restrict our actions to .J, 2 c g9 A,», We have a total of four classes, represented

by the following four matrices:

: 0
1= [27 [61] = )
0
0 ¢ 0 1
[eq] = , lern] =
7 0 1 0
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In Table B.2, we calculate the classes of Clifford multiplication actions on the 16 2-

Va

torsion points in dimension two. We use the component notation v,, =

Ve, Uy € E;[2].

Uy

Vap € Jo2 e1 action ey action e12 action
Voo Voo Voo V00
Vo1 Vo2 V20 V10
Vo2 Vo1 V10 V20
Vo3 Vo3 V30 V30
V10 V20 V02 Vo1
V11 V22 V22 V11
V12 V21 V12 V21
U13 V23 U32 U31
V20 V10 Vo1 Vo2
Va1 V12 V21 V12
V22 V11 V11 V22
V23 V13 U31 V32
V30 V30 Vo3 Vo3
V31 U32 V23 U13
V32 U31 V13 V23
V33 V33 V33 V33

Fixed points | vgo, V03, V30, V33 | Vo0, V12, V21, U33 | Voo, V22, V11, U33

Table B.2: Classes of Clifford multiplication on Jf 2
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Table B.3 describes the Clifford action in terms of translation constants.

Vg € Jo | Translation constants 7! | Translation constants 7,2 | Translation constants 7,
Voo Voo Voo Voo
Vo1 Vo3 V21 V11
Vo2 Vo3 V12 V22
Vo3 Voo V33 V33
V10 V30 V12 U11
U11 V33 U33 Voo
V12 V33 Voo U33
V13 V30 V21 V22
V20 V30 V21 V22
V21 V33 Voo V33
V22 V33 V33 Voo
V23 V30 V12 U11
V30 Voo V33 U33
V31 Vo3 V12 V22
V39 Vo3 V21 V11
V33 Voo Voo Voo

Table B.3: Translation constants of classes of Clifford multiplication on J3
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In Table B.4 we list the number of fixed constants for multiplication by each lattice

generator.
ron, | e, | min, | #e, | o | #en
Voo 4 Voo 4 Voo 4
Vo3 4 U1 4 U1t 4
V30 4 V12 4 V922 4
V33 4 V33 4 V33 4

Table B.4: Points fixed by translation constants for Clifford multiplication classes on J3

B.3 2-torsion points on dimension four Dirac spinor Abelian varieties

For dimension four Dirac spinor Abelian varieties Sa,, the actions given by Clifford mul-

tiplication comes from (C,)z.

On the 2-torsion points we have a total of 8 classes of

Clifford multiplication actions. Note that we do not use the minus signs because on .J, **,

—Uabed = Vabed and ¢ - Vabed = -1 - Vabed-
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The 8 classes of Clifford multiplication actions on 2-torsion points in dimension four:

1 0 00 1 0 0 0
01 00 02 00
[1] = ) [61] = )
0010 00 2 O
00 01 00 0 2
02 00 01 020
: 0 0 0 1 0 00
[62] - 3 [63] - ;
00 0 = 00 01
00 2 O 0010
00 01 00 0 =
0010 00 ¢ 0
[64] = ) [614] = )
01 00 0 2 00
1 00O : 0 0 0
00 ¢ O 0010
0 0 0 ¢ 00 01
[624] = ) [634] =
1 0 0O 1 0 00
0 2 0O 01 00
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Table B.5 provides us with the 16 fixed points of the 2-torsion points for each class of

Clifford multiplication in dimension 4 on our square PPAV with an underlying spinor torus.

Clifford Action Fixed points on .J,*
€1 V0000, V30305 V00035 V30335 V0030, V3300, V0033, V3303
V03005 V03035 V03305 V0333, U3000, V30035 V3330, V3333
€2 V00005 Y0012, V00215 V0321, V1200, V1212, V1221, V1233

V2100, V2112, V2121, V2133, U3300, V3312, V3321, V3333

€3 V0000, Y0011, V00225 V0033, V1100, V1111, V1122, V1133,
V2200, V2211, V2222, V2233, U3300, V3311, V3322, V3333

€4 V0000, Y0011, Y0110, Y0210, V0220, V0330, V1111, V1221
V1331, V2002, V2112, U2222, V2332, U3003, U3113, U3333

€14 V0000, V3333, V1002, V2001, V1122, V2211, V1212, V2121
V0210, V0120, V1332, V3213, V2331, V3123, U3003, V3030

€24 V00005 V1020, V3333, V2010, V0102, V2211, V0201, V2112
V1122, V1221, V1323, V3132, V2313, V3231, V3030, V0303
€34 V00005 V01015 V30305 V3131, V0202, V3232, V03035 V3333
V10105 V1111, V1212, V1313, U2020, V2121, V2222, V2323

Table B.5: Fixed points of Clifford actions on JQS £
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We now display our calculation in the following table for all the Clifford actions on the

. . S o
2-torsion points .J, “* C Sa,. This gives us a total of 256 cases.
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
1. vg000 V0000 V0000 V0000 V0000 V0000 V0000 V0000
2. Voot V0002 V0020 V0010 V1000 V2000 V0200 V0100
3. Vooo02 Vooo1 Vo010 V0020 V2000 V1000 V0100 V0200
4. vooo3 V0003 V0030 V0030 V3000 V3000 V0300 V0300
5. voo10 V0020 V0002 Vo001 V0100 V0200 V2000 V1000
6. voo11 V0022 V0022 Voo11 V1100 V2200 V2200 V1100
7. voo12 Vpo21 Vpo12 Vo021 V2100 V1200 V2100 V1200
8. V0013 V0023 V0032 V0031 V3100 V3200 V2300 V1300
9. Vo020 V0010 Vo001 V0002 V0200 V0100 V1000 V2000
10. voo21 Vo012 Vo021 Vo012 V1200 V2100 V1200 V2100
1. vgo22 Voo11 Voo11 V0022 V2200 V1100 V1100 V2200
12. voo23 V0013 Vo031 V0032 V3200 V3100 V1300 V2300
13. woo30 V0030 V0003 V0003 V0300 V0300 V3000 V3000
14. voo31 V0032 V0023 V0013 V1300 V2300 V3200 V3100
15. voo32 Vo031 V0013 V0023 V2300 V1300 V3100 V3200
16. vgo33 V0033 V0033 V0033 V3300 V3300 V3300 V3300
17. vo100 V0200 V2000 V1000 V0010 V0020 V0002 Vooo1
18. vo101 V0202 V2020 V1010 V1010 V2020 V0202 Vo101
19. vo102 Vo201 V2010 V1020 V2010 V1020 V0102 Vo201
20. o103 V0203 V2030 V1030 V3010 V3020 V0302 Vo301
21. voi10 V0220 V2002 V1001 Vo110 V0220 V2002 V1001
22. vor11 Vp222 V2022 V1011 V1110 V2220 V2202 V1101
23. vo112 Vo221 V2012 V1021 V2110 V1220 V2102 V1201
24. vo113 V0223 V2032 V1031 V3110 V3220 V2302 V1301
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
25. vo120 V0210 V2001 V1002 V0210 V0120 V1002 V2001
26. vo121 Vo212 V2021 V1012 V1210 V2120 V1202 V2101
27. voi22 Vo211 V2011 V1022 V2210 V1120 V1102 V2201
28. vo123 Vo213 V2031 V1032 V3210 V3120 V1302 V2301
29. vo130 V0230 V2003 V1003 Vo310 V0320 V3002 V3001
30.v0131 V0232 V2023 V1013 V1310 V2320 V3202 V3101
31. voi32 Vp231 V2013 V1023 V2310 V1320 V3102 V3201
32. vo133 V0233 V2033 V1033 V3310 V3320 V3302 V3301
33. o200 V0100 V1000 V2000 V0002 Vooo1 Vooo1 V0002
34. voom V0102 V1020 V2010 V1020 V2010 Vo201 V0102
35. vo202 Vo101 V1010 V2020 V2020 V1010 Vo101 V0202
36. Vo203 V0103 V1030 V2030 V3020 V3010 Vo301 V0302
37. vo210 V0120 V1002 V2001 V0120 V0210 V2001 V1002
38. vpa11 Vo122 V1022 V2011 V1120 V2210 V2201 V1102
39. vo212 Vo121 V1012 V2021 V2120 V1210 V2101 V1202
40. vo213 V0123 V1032 V2031 V3120 V3210 V2301 V1302
41. vo220 Vo110 V1001 V2002 V0220 Vo110 V1001 V2002
42. voga1 Vo112 V1021 V2012 V1220 V2110 V1201 V2102
43. o222 Vo111 V1011 V2022 V2220 V1110 V1101 V2202
44. vo2o3 Vo113 V1031 V2032 V3220 V3110 V1301 V2302
45. vp230 V0130 V1003 V2003 V0320 V0310 V3001 V3002
46.v0231 V0132 V1023 V2013 V1320 V2310 V3201 V3102
47. o232 Vo131 V1013 V2023 V2320 V1310 V3101 V3202
48. vp233 V0133 V1033 V2033 V3320 V3310 V3301 V3302
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
49. vo300 V0300 V3000 V3000 V0030 Vo030 V0003 V0003
50. o301 V0302 V3020 V3010 V1030 V2030 V0203 Vo103
51, vo302 Vo301 V3010 V3020 V2030 V1030 V0103 V0203
52. o303 V0303 V3030 V3030 V3030 V3030 V0303 V0303
53. vo310 V0320 V3002 V3001 Vo130 V0230 V2003 V1003
54. voan V0322 V3022 V3011 V1130 V2230 V2203 V1103
55. vp312 Vp321 V3012 V3021 V2130 V1230 V2103 V1203
56. vp313 Vo323 V3032 V3031 V3130 V3230 V2303 V1303
57. vo320 V0310 V3001 V3002 V0230 V0130 V1003 V2003
58. vp321 Vo312 V3021 V3012 V1230 V2130 V1203 V2103
59. vo322 Vo311 V3011 V3022 V2230 V1130 V1103 V2203
60. vo323 V0313 V3031 V3032 V3230 V3130 V1303 V2303
61. vo330 V0330 V3003 V3003 V0330 V0330 V3003 V3003
62.v0331 V0332 V3023 V3013 V1330 V2330 V3203 V3103
63. Vo332 V0331 V3013 V3023 V2330 V1330 V3103 V3203
64. vo333 V0333 V3033 V3033 V3330 V3330 V3303 V3303
65. V1000 V2000 V0200 V0100 Vooo1 V0002 V0020 Vpo10
66. v101 V2002 V0220 Vo110 V1001 V2002 V0220 Vo110
67. vigo2 V2001 Vo210 V0120 V2001 V1002 V0120 V0210
68. V1003 V2003 V0230 V0130 V3001 V3002 V0320 Vp310
69. vio1o V2020 V0202 Vo101 Vo101 V0202 V2020 V1010
70. vio11 V2022 V0222 Vo111 V1101 V2202 V2220 V1110
T1. vi012 V2021 V0212 Vo121 V2101 V1202 V2120 V1210
72. vio13 V2023 V0232 Vo131 V3101 V3202 V2320 V1310
73. v1020 V2010 V0201 V0102 Vo201 V0102 V1020 V2010
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
4. v1021 V2012 V0221 Vo112 V1201 V2102 V1220 V2110
75. V1022 V2011 Vo211 Vo122 V2201 V1102 V1120 V2210
76. v1023 V2013 V0231 V0132 V3201 V3102 V1320 V2310
T1. v1030 V2030 V0203 V0103 Vo301 V0302 V3020 V3010
78.v1031 V2032 Vo223 Vo113 V1301 V2302 V3220 V3110
79. v1032 V2031 V0213 Vo123 V2301 V1302 V3120 V3210
80. v1033 V2033 V0233 V0133 V3301 V3302 V3320 V3310
81. v1100 V2200 V2200 V1100 Voo11 V0022 V0022 Voo11
82. v1101 V2202 V0220 V1110 V1011 V2022 V0222 Vo111
83. V1102 V2201 V0210 V1120 V2011 V1022 Vo122 Vo211
84. v1103 V2203 V0230 V1130 V3011 V3022 Vp322 Vo311
85. v1110 V2220 V0202 V1101 Vo111 V0222 V2022 V1011
86. vi111 V2222 V0222 V1111 V1111 V2222 V2222 V1111
87. vi112 V2221 Vo212 V1121 V2111 V1222 V2122 V1211
88. v1113 V2223 V0232 V1131 V3111 V3222 V2322 V1311
89. v1120 V2210 V0201 V1102 Vo211 Vo122 V1022 V2011
90. vi121 V2212 V0221 V1112 V1211 V2122 V1222 V2111
91. vi122 V2211 Vo211 V1122 V2211 V1122 V1122 V2211
92. vy123 V2213 V0231 V1132 V3211 V3122 V1322 V2311
93. v1130 V2230 V0203 V1103 Vo311 V0322 V3022 V3011
94.v1131 V2232 V0223 V1113 V1311 V2322 V3222 V3111
95. vi132 V2231 V0213 V1123 V2311 V1322 V3122 V3211
96. v1133 V2233 V0233 V1133 V3311 V3322 V3322 V3311
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
97. v1200 V2100 V1200 V2100 Vo021 Vo012 Vo021 Vo012
98. vi201 V2102 V1220 V2110 V1021 V2012 Vo221 Vo112
99. v1202 V2101 V1210 V2120 V2021 V1012 Vo121 Vo212
100. v1203 V2103 V1230 V2130 V3021 V3012 Vo321 Vp312
101. vy210 V2120 V1202 V2101 Vo121 V0212 V2021 V1012
102. v1211 V2122 V1222 V2111 V1121 V2212 V2221 V1112
103. v1212 | 2121 V1212 V2121 V2121 V1212 V2121 V1212
104. vy213 V2123 V1232 V2131 V3121 V3212 V2321 V1312
105. v1220 V2110 V1201 V2102 Vo221 Vo112 V1021 V2012
106. v1221 V2112 V1221 V2112 V1221 V2112 V1221 V2112
107. vig22 | wo111 V1211 V2122 V9221 V1112 V1121 V2212
108. v1223 V2113 V1231 V2132 V3221 V3112 V1321 V2312
109. w1230 V2130 V1203 V2103 Vp321 Vp312 V3021 V3012
110.v1231 V2132 V1223 V2113 V1321 V2312 V3221 V3112
111 v1232 V2131 V1213 V2123 V2321 V1312 V3121 V3212
112. vi233 V2133 V1233 V2133 V3321 V3312 V3321 V3312
113. w1300 V2300 V3200 V3100 Vo031 V0032 V0023 Vo013
114. viz01 | Vo302 V3220 V3110 V1031 V2032 Vo223 Vo113
L15. v1302 V2301 V3210 V3120 V2031 V1032 Vo123 V0213
116. v1303 V2303 V3230 V3130 V3031 V3032 V0323 Vo313
117. viz10 V2320 V3202 V3101 Vo131 V0232 V2023 V1013
118. vi311 V2322 V3222 V3111 V1131 V2232 V2223 V1113
119. v1312 V2321 V3212 V3121 V2131 V1232 V2123 V1213
120. vi313 V2323 V3232 V3131 V3131 V3232 V2323 V1313
121. w1320 V2310 V3201 V3102 Vp231 Vp132 V1023 V2013
122. vy391 V2312 V3221 V3112 V1231 V2132 V1223 V2113
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
123. v1322 V2311 V3211 V3122 V2231 V1132 V1123 V2213
124. v1393 V2313 V3231 V3132 V3231 V3132 V1323 V2313
125. w1330 V2330 V3203 V3103 Vo331 V0332 V3023 V3013
126.v1331 V2332 V3223 V3113 V1331 V2332 V3223 V3113
127. v1332 V2331 V3213 V3123 V2331 V1332 V3123 V3213
128. w1333 V2333 V3233 V3133 V3331 V3332 V3323 V3313
129. w000 V1000 V0100 V0200 V0002 Vooo1 Vpo10 V0020
130. 2001 V1002 V0120 V0210 V1002 V2001 V0210 V0120
131. vag02 V1001 Vo110 V0220 V2002 V1001 Vo110 V0220
132. w003 V1003 V0130 V0230 V3002 V3001 V0310 V0320
133. w010 V1020 V0102 V0201 V0102 V0201 V2010 V1020
134. v011 V1022 V0122 Vo211 V1102 V2201 V2210 V1120
135. vag12 V1021 Vo112 Vp221 V2102 V1201 V2110 V1220
136. vo013 V1023 V0132 Vo231 V3102 V3201 V2310 V1320
137. va020 V1010 Vo101 V0202 V0202 Vo101 V1010 V2020
138. 2021 V1012 Vo121 Vo212 V1202 V2101 V1210 V2120
139. va022 V1011 Vo111 Vo222 V2202 V1101 V1110 V2220
140. vy023 V1013 V0131 V0232 V3202 V3101 V1310 V2320
141. w2030 V1030 V0103 V0203 V0302 Vo301 V3010 V3020
142.v2031 V1032 Vo123 V0213 V1302 V2301 V3210 V3120
143. va032 V1031 Vo113 Vo223 V2302 V1301 V3110 V3220
144. vy033 V1033 V0133 V0233 V3302 V3301 V3310 V3320
145. va100 V1200 V2100 V1200 Vo012 Vo021 V012 Vo021
146. va101 V1202 V2120 V1210 V1012 V2021 V0212 Vo121
147. va102 V1201 V2110 V1220 V2012 V1021 Vp112 Vo221
148. v2103 V1203 V2130 V1230 V3012 V3021 Vp312 Vo321
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
149. va119 V1220 V2102 V1201 Vo112 Vo221 V2012 V1021
150. va111 V1222 V2122 V1211 V1112 V2221 V2212 V1121
151. o112 V1221 V2112 V1221 V2112 V1221 V2112 V1221
152. vo113 V1223 V2132 V1231 V3112 V3221 V2312 V1321
153. w2129 V1210 V2101 V1202 Vp212 Vo121 V1012 V2021
154. vo191 V1212 V2121 V1212 V1212 V2121 V1212 V2121
155. va122 | w1211 V2111 V1222 V2212 V1121 V1112 V9221
156. v2123 V1213 V2131 V1232 V3212 V3121 V1312 V2321
157. va130 V1230 V2103 V1203 Vp312 Vo321 V3012 V3021
158.v2131 V1232 V2123 V1213 V1312 V2321 V3212 V3121
159. va132 | w1231 V2113 V1223 V2312 V1321 V3112 V3221
160. va133 V1233 V2133 V1233 V3312 V3321 V3312 V3321
161. w2200 V1100 V2100 V2200 V022 Voo11 Voo11 Vpo22
162. 9201 V1102 V2120 V2210 V1022 V2011 Vo211 Vo122
163. vy202 V1101 V2110 V2220 V2022 V1011 Vo111 V0222
164. va203 V1103 V2130 V2230 V3022 V3011 Vo311 Vp322
165. v2210 V1120 V2102 V2201 Vo122 Vo211 V2011 V1022
166. va11 V1122 V2122 V2211 V1122 V2211 V2211 V1122
167. vg212 V1121 V2112 V2221 V2122 V1211 V2111 V1222
168. v2213 V1123 V2132 V2231 V3122 V3211 V2311 V1322
169. v2290 V1110 V2101 V2202 Vo222 Vo111 V1011 V2022
170. va21 V1112 V2121 V2212 V1222 V2111 V1211 V2122
171. 2290 V1111 V2111 V2222 V2222 V1111 V1111 V2222
172. 2293 V1113 V2131 V2232 V3222 V3111 V1311 V2322
173. w230 V1130 V2103 V2203 Vp322 Vo311 V3011 V3022
174.v2931 V1132 V2123 V2213 V1322 V2311 V3211 V3122
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
175. v2232 V1131 V2113 V2223 V2322 V1311 V3111 V3222
176. v2233 V1133 V2133 V2233 V3322 V3311 V3311 V3322
177. va300 V1300 V3100 V3200 V0032 Vo031 Vpo13 V0023
178. v2301 V1302 V3120 V2210 V1032 V2031 V0213 Vo123
179. va302 V1301 V3110 V3220 V2032 V1031 Vo113 V0223
180. w2303 V1303 V3130 V3230 V3032 V3031 V0313 Vo323
181. w310 V1320 V3102 V3201 Vo132 Vo231 V2013 V1023
182. v9311 V1322 V3122 V3211 V1132 V2231 V2213 V1123
183. va312 V1321 V3112 V3221 V2132 V1231 V2113 V1223
184. vo313 V1323 V3132 V3231 V3132 V3231 V2313 V1323
185. w320 V1310 V3101 V3202 V0232 Vo131 V1013 V2023
186. v2321 V1312 V3121 V3212 V1232 V2131 V1213 V2123
187. v2390 V1311 V3111 V3222 V2232 V1131 V1113 V2223
188. v2323 V1313 V3131 V3232 V3232 V3131 V1313 V2323
189. w2330 V1330 V3103 V3203 V0332 V0331 V3013 V3023
190.v2331 V1332 V3123 V3213 V1332 V2331 V3213 V3123
191. vo332 V1331 V3113 V3223 V2332 V1331 V3113 V3213
192. w333 V1333 V3133 V3233 V3332 V3331 V3313 V3313
193. w3000 V3000 V0300 V0300 V0003 V0003 V0030 V0030
194. w3001 V3002 V0320 V0310 V1003 V2003 V0230 V0130
195. v3002 V3001 V0310 V0320 V2003 V1003 V0130 V0230
196. v3003 V3003 V0330 V0330 V3003 V3003 V0330 V0330
197. w3010 V3020 V0302 Vo301 V0103 V0203 V2030 V1030
198. v3011 V3022 V0322 Vo311 V1103 V2203 V2230 V1130
199. w3012 V3021 Vo312 Vo321 V2103 V1203 V2130 V1230
200. v3013 V3023 V0332 Vo331 V3103 V3203 V2330 V1330
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Vabed € J2 | €1 action | ey action | e action | e4 action | eq4 action | egy action | esy action
201 . v3020 V3010 Vo301 V0302 V0203 V0103 V1030 V2030
202. v3021 V3012 V0321 V0312 V1203 V2103 V1230 V2130
203. v3022 V3011 Vo311 V0322 V2203 V1103 V1130 V2230
204. v3023 V3013 V0331 V0332 V3203 V3103 V1330 V2330
205. v3030 V3030 V0303 V0303 V0303 V0303 V3030 V3030
206.v3031 V3032 V0323 V0313 V1303 V2303 V3230 V3130
207. v3032 V3031 Vp313 V0323 V2303 V1303 V3130 V3230
208. v3033 V3033 V0333 V0333 V3303 V3303 V3330 V3330
209. 3100 V3200 V2300 V1300 V0013 V0023 V0032 Vo031
210. v3101 V3202 V2320 V1310 V1013 V2023 V0232 V0131
211. v3102 V3201 V2310 V1320 V2013 V1023 Vo132 Vo231
212. v3103 V3203 V2330 V1330 V3013 V3023 V0332 V0331
213. w3119 V3220 V2302 V1301 Vo113 V0223 V2032 V1031
214. v3in V3222 V2322 V1311 V1113 V2223 V2232 V1131
215. v3112 V3221 V2312 V1321 V2113 V1223 V2132 V1231
216. v3113 V3223 V2332 V1331 V3113 V3223 V2332 V1331
217 . w3129 V3210 V2301 V1302 V0213 V0123 V1032 V2031
218. v3121 V3212 V2321 V1312 V1213 V2123 V1232 V2131
219. v3122 V3211 V2311 V1322 V2213 V1123 V1132 V2231
220. v3123 V3213 V2331 V1332 V3213 V3123 V1332 V2331
221. w3130 V3230 V2303 V1303 V0313 Vo323 V3032 V3010
222 v3131 V3232 V2323 V1313 V1313 V2323 V3232 V3131
223. v3132 V3231 V2313 V1323 V2313 V1323 V3132 V3231
224. v3133 V3233 V2333 V1333 V3313 V3323 V3332 V3331
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
225. 3200 V3100 V1300 V2300 Vo023 Vo013 Vo031 Vo032
226. v3901 V3102 V1320 V2310 V1023 V2013 V0231 V0132
227. 3202 V3101 V1310 V2320 V2023 V1013 V0131 V0232
228. 3203 V3103 V1330 V2330 V3023 V3013 V0331 V0332
229. v3210 V3120 V1302 V2301 Vo123 V0213 V2031 V1032
230. v3a11 V3122 V1322 V2311 V1123 V2213 V2231 V1132
231. v3212 V3121 V1312 V2321 V2123 V1213 V2131 V1232
232. v3913 V3123 V1332 V2331 V3123 V3213 V2331 V1332
233. w3220 V3110 V1301 V2302 V0223 Vo113 V1031 V2032
234. v3091 V3112 V1321 V2312 V1223 V2113 V1231 V2132
235. v322 V3111 V1311 V2322 V2223 V1113 V1131 V2232
236. v3123 V3113 V1331 V2332 V3223 V3113 V1331 V2332
237. v3230 V3130 V1303 V2303 Vo323 Vo313 V3031 V3032
238.v3231 V3132 V1323 V2313 V1323 V2313 V3231 V3132
239. v3232 V3131 V1313 V2323 V2323 V1313 V3131 V3232
240. v3233 V3133 V1333 V2333 V3323 V3313 V3331 V3332
241. 3300 V3300 V3300 V3300 V0033 V0033 V0033 V0033
242. v3301 V3302 V3320 V3310 V1033 V2033 V0233 V0133
243. v3302 V3301 V3310 V3320 V2033 V1033 Vo133 V0233
244. v3303 V3303 V3330 V3330 V3033 V3033 V0333 V0333
245. vz310 V3320 V3302 V3301 Vo133 V0233 V2033 V1033
246. v3311 V3322 V3322 V3311 V1133 V2233 V2233 V1133
247. v3312 V3321 V3312 V3321 V2133 V1233 V2133 V1233
248. v3313 V3323 V3332 V3331 V3133 V3233 V2333 V1333
249. 3320 V3310 V3301 V3302 V0233 V0133 V1033 V2033
250. v3391 V3312 V3321 V3312 V1233 V2133 V1233 V2133
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Vabed € Jo2 | €1 action | eq action | es action | e4 action | ej4 action | ey action | esy action
251. w3390 V3311 V3311 V3322 V2233 V1133 V1133 V2233
252. 3323 V3313 V3331 V3332 V3233 V3133 V1333 V2333
253. 3330 V3330 V3303 V3303 V0333 V0333 V3033 V3033
25403331 V3332 V3323 V3313 V1333 V2333 V3233 V3133
255. 3332 V3331 U3313 V3323 V2333 V1333 V3133 V3233
256. v3333 V3333 V3333 V3333 V3333 V3333 V3333 V3333
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