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In 2011 M. de Gosson showed that the time-frequency
representation Short-time Fourier Transform (STFT), which
is the tool to define modulation spaces, can be replaced by
the Wigner distribution. This idea was further generalized to
7-Wigner representations in [11].
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images of symplectic matrices via metaplectic operators. This
new perspective highlights that the protagonists of time-
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which the related symplectic time-frequency representation
W can replace the STFT and give equivalent norms for
weighted modulation spaces. In particular, we study the case
of covariant matrices A, i.e., their corresponding W4 are
members of the Cohen class.

Finally, we show that symplectic time-frequency representa-
tions W4 can be efficiently employed in the study of
Schrodinger equations. In fact, modulation spaces and W4
representations are the frame for a new definition of wave
front set, providing a sharp result for propagation of micro-
singularities in the case of the quadratic Hamiltonians. This
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new approach may have further applications in quantum
mechanics and PDE’s.
© 2023 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Modulation spaces were originally introduced in 1983 by H. G. Feichtinger in the
pioneering work [13]. During the last twenty years hundreds of contributions have been
written on the topic, showing that they are appropriate spaces for a variety of fields, such
as signal analysis, PDE’s, pseudodifferential operators, quantum mechanics (a short non-
exhaustive list of books and papers is [3,4,9,10,17,19,24-27,30,32]). The key-tool for their
definition is given by the time-frequency representation short-time Fourier transform
(STFT) of tempered distributions f € S'(R?) with respect to the Schwartz window
function g € S(RY), defined as

Vof (2,6) = /f(y)g(y —x)e e dy,  (2,€) € R (1)
R4

Given indices 0 < p,q < oo, the modulation space MP4(R?) consists of all tempered
distributions f € S'(R?) such that

V,f € LP9(R??)

(mixed-norm space) with || f||arp.a < ||V f|| r.a(r24)- For p = ¢ the notation MPP(R?) is
shortened to MP(RY) and we write f € MF (R?) if Vyf € L? (R*?) with the weight
ve(z,€) = (1 + |(z,€)[?)*/2. For the main properties of these spaces, including the
weighted versions, we refer to Section 2 below.

In the realm of time-frequency representations another protagonist is given by the
(cross-)Wigner distribution, introduced by Wigner in 1932 [31] in Quantum Mechanics
and, later, applied to many different environments such as PDE’s and signal analysis.
Namely, given a window function g € S(R?), a tempered distribution f, the (cross-)
Wigner distribution W(f, g) is given by

W)@ = [ fla+ Pl = e, (2.6) € R @)
Rd

If f =g we simply write Wf = W(f, f) and call W f the Wigner distribution of f.
In 2011 M. de Gosson [17] proved that in the definition of modulation spaces the
STFT could be replaced by the cross-Wigner distribution. Hence
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[flazea = AW, 9l oo 2y 3)

In our previous work [11] this idea was further generalized to 7-Wigner representations
W-(f,g), with f, g as above,

W (f,9)(x,€) = / 2 (g 4 T)g(e — (L=7)0)dt, TER 4)
R4

(for f = g we obtain the 7-Wigner distribution W, f := W.(f, f); for 7 = 1/2 we
recapture the Wigner case). In fact, we showed that

Hf”Mp’q = ||WT(f7 g)HL”’q(R?d)a (5)

for 7 € R\ {0,1}, whereas for 7 = 0 or 7 = 1, so-called Rihaczek distributions,
the previous characterization does not hold. The key observation was to interpret the
time-frequency representations above as images of symplectic matrices by metaplectic
operators (defined as in the textbooks [14,17]). In fact, for any of them we can find a
symplectic matrix A € Sp(2d,R) such that the metaplectic operator u(.A) applied to
(f ® 9)(z,€) := f(x)g(§) coincides with it (for a suitable choice of the phase factor in
the definition of u(A)). For example, consider the symplectic matrix A = A, with

(I —=7)laxa Tlixa Oaxa Odxd

A, — Odxd Oaxa Tlixa —(1—7)Igxq € Sp(2d,R), (6)
Ogxa Oaxd  Laxa Iixa
—Iaxa TIixa  Oaxa Odxa

then

A (f@g) =W-(f9), TeR.

Similarly, for A = Agrt, where

TIixa —Iixa Odxa Odxad

Ogxa  Odxa lixa laxa
AgT = 7
ST Ogxa  Odxa Odxa —laxa Q
—Igxa  Oixd Oaxa Ogxa

we recapture the STFT:

wAsT)(f®g) =V, f.

This suggests a change of perspective: time-frequency representations can be viewed
as images of metaplectic operators. Hence symplectic matrices and metaplectic operators
may become the real protagonists in the framework of time-frequency analysis.
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In this paper we show that symplectic matrices A € Sp(2d,R) are successfully
employed to both recapture and find new time-frequency representations that we call
A-Wigner distributions:

Walf,9) = w(A(f®g).

For f = g we simply write W4 f := Wa(f, f). The definition of the metaplectic operator
1(A) depends on the choice of a multiplicative phase factor, which we omit for simplicity.

The properties of p(A) are similar to those of the Wigner distribution, concerning
in particular continuity on L?(R?) (Proposition 2.3), fundamental identity for Waf
(Proposition 2.7) and Moyal identity (Proposition 2.9). Moreover, by using boundedness
results for metaplectic operators on modulation spaces (Theorem 2.13, Corollary 2.14)
we may easily deduce the estimates

IWalf; Dz, SNl llgllang, + gllae £z, » (8)

and under the assumption 0 < p < 2 (Theorem 2.16)
f € MY (RY) & Waf € Mf (R*), (9)

which extends several results in literature, see [10] and reference therein.
More challenging issue is to discuss the equivalence of norms for modulation spaces,
that is, for a fixed non-zero window function g € S(R?),

Il fllarra < [[Wa(f,g)llLra, 0<p,q < o0, (10)

in particular for p = ¢, allowing the presence of weights v,:

Ifllaz, = IWa(f;9)lzs,, 0 <p<oo. (11)

Namely, we would like to extend in our context the characterizations of modulation

spaces (3), (5).
In this perspective it is clear that we have to limit attention to subclasses of Sp(2d, R).
As a first attempt, it is natural to consider the covariant matrices A:

WA(TF(Z)faﬂ—(z)g) = TZWA(fa g)a fag € S(Rd)v z € R2d;

here for z = (21, 22), the operator 7(z) = 7(z1, 22) = M., T, is the time-frequency shift,
composition of the modulation M,, and translation T}, defined by

M., f(t) = ™! f(t), T. f(t)=f(z1—1), t 21,2 €R"

The covariance property of A is equivalent to being a member of the Cohen class for
the related .A-Wigner distribution (cf. [5,6,10,19]). In fact, we show (see Theorem 2.11):
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Walf,9) =W(f,g)xoa, f.g€SRY,

where
oA =F e TBAC) ¢ §/(R?), (12)

and B4 is a symmetric 2d X 2d matrix that can be computed explicitly from the covariant
matrix A, cf. (60) in the sequel. The Cohen class will play a role for applications to
Schrodinger equations; though, it presents two drawbacks when looking at (10), (11).
On one hand, it is too restrictive, since A = Agr in (7) is not covariant, that is the
short-time Fourier transform is excluded. On the other hand, the matrix A = A, in (6)
is covariant for all 7 € R, in particular for the forbidden Rihaczek cases 7 = 0,1 for
which (10), (11) fail. This suggests the introduction of the new class of shift-invertible
matrices A € Sp(2d,R) with related distributions W4 satisfying (Definition 2.19)

|WA(7T(w)fv g)‘ = ‘TEA(w)WA(fv g)|7 fag € L2(]Rd)7 w e RQd? (13)

for some F4 € GL(2d,R), with

TEA(w)WA(fag)(Z) = WA(f7g)(ZfE.Aw), w,z GRQd' (14)
We prove that the shift-invertible distribution W4 satisfies (11) and
feMp(RY) & Waf € Lb_(R*). (15)

This provides a general characterization of the modulation spaces M? , see Theorem 2.22
and Corollary 2.23 for precise statements and bounds on the values of p. Note that
the matrix A = Agr in (7) is shift-invertible, recapturing in this way the standard
definition of modulation spaces. As far as the 7-Wigner matrix A = A, concerns, it is
shift-invertible for 7 € R \ {0,1}. This can be read as an explanation of the anomaly of
the Rihaczek distributions.

The block decomposition of the shift-invertible matrix A and the corresponding matrix
E 4 in (13), (14) can be explicitly computed, cf. (73) below, and we may characterize
the relevant subclasses of the distributions W4 which are simultaneously covariant and
shift-invertible (Remark 2.20).

Finally, we address to the more precise equivalence (10) concerning the case of different
indices p, . We first reconsider the 7-Wigner case, 7 € R\{0, 1}, and extend, with respect
o [11], the validity of (5) to 0 < p, ¢ < oo. This example suggests a deeper study of the
matrices A € Sp(2d,R) such that

,LL(.A) =F% (16)

where F> is the partial Fourier transform with respect to the second variable and €,
is the L?-normalized change of variables defined by a d x d invertible matrix L, cf.



[ E. Cordero, L. Rodino / Journal of Functional Analysis 284 (2023) 109892

[12]. We characterize the subclass of all the A € Sp(2d,R) which are covariant and
shift-invertible (see Proposition 2.25 and subsequent remark). Namely, for covariant shift-
invertible matrices A of the form (16) we prove

f e MPURY) < Wu(f,g) € LP9(R*) (17)

with equivalence of norms valid also in the weighted cases for 0 < p,q < oo (Theo-
rem 2.28).

A further analysis concerns the covariant case (Wigner perturbations, according to
the terminology of [12]). If A is covariant of the form (16) then

Walf,9) =W(f,g)xoa fg€SRY, (18)

where o 4 has now the particular form (see Corollary 3.1). We perform a detailed study
of such convolution kernel (Lemma 3.1, Proposition 3.3). In particular, we deduce

WfeMP(R*) & Waf e MP9(R*), 1<p,qg<oo

(see Theorem 3.4 for weighted versions of the above equivalence).

Besides providing a characterization for modulation spaces, the introduction of the A-
Wigner distributions is strongly motivated by the applications to Schrédinger equations.
Let us first recall some classical results for the case of the quadratic Hamiltonians.

Namely, consider

ou
Ou (H)u =
i + Opy(H)u=0 (19)
u(0,z) = uo(x),
where Op,,(H) is the Weyl quantization of a real quadratic polynomial in R2¢:
1 1
H(z,¢) = §zAa: +¢&¢Bx + 5505 (20)

with A, C symmetric and B invertible. We consider the Hamiltonian system

{me =V¢H =Bz +C¢ z(0)=y (21)

ol = —V,H = —Az — BT¢, £(0) =1,
with Hamiltonian matrix
B C
D:= (—A —BT) € sp(d,R)

(sp(d,R) is the symplectic algebra). We have, for t € R, x; = e'® € Sp(d,R) and a
solution to (21) is given by (x,&) = x:(y,n).
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The problem (19) is solved by the Schrodinger propagator
u(t,z) = €O Mug() = pu(xe)uo

for a continuous choice of the phase factor in the definition of u(x;). If ug € L?*(R%) then
u(t,x) € L*(R%), for every t € R, see for example the textbooks [14,17], whereas in the
Lebesgue spaces LP(R?), p # 2, the solution u(t, ) does not keep the order of regularity
of the initial datum wug.

Modulation spaces reveal here their effectiveness, in fact from Theorem 2.13 (see also
[19] and [10]) we have that ug € M? (R?) implies u(t,-) € M? (R%), for every 0 < p < oo,
s > 0.

Returning now to the subject of the present paper, let us recall from the original work
of Wigner [31] (see also [23]):

The Wigner transform with respect to the space variable x of the solution u(t,z) of
(19) is given by

Wu(t,z) = Wuo(x; '2), 2= (z,6) € R* tcR. (22)

It is natural to replace the Wigner transform in (22) with more general distributions by
keeping the action of the classical Hamiltonian flow y;. A general result is easily obtained
in the framework of the Cohen classes Q,f = W f * o, for any o € &'(R??). Namely,
assuming u € S(R?), we have (Theorem 4.2)

QU(u(t7 ))(Z) = Qat(uo)(Xt_lz)7 z = (‘T7§) € dea teR, (23)

where 04(z) = o(xt2). Note that in (23) the Cohen class Q,, in the right-hand side
depends on the time ¢. We may as well keep Q,(ug) for a fixed o in the right, and
transfer the dependence on ¢ to the left. The classical Wigner case in (22) corresponds
to the choice o = § for which o;(z) = §(x;2) = 6, for every z € R4,

Willing to give a precise functional setting to (23) in the framework of modulation
spaces, we limit attention to Cohen distributions generated by covariant matrices A €
Sp(2d,R), Q,u = Wyu = Wuxo 4, with kernel o 4 given by (12). The identity (23) then
reads (Proposition 4.4):

Qo (ult, ))(2) = Walu(t, )(2) = Wa, (uo) (x; '2), (24)
where A; € Sp(2d,R) is covariant for all ¢ € R, with Cohen kernel

o, (z) =F " (eTmOPAC) (),
Ba, = (6 )" Bax; '

B as in (12), cf. (60). Taking then ug € M? (R%), 1 < p <2, s > 0, we have from (9),
cf. Corollary 2.14:
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Wa(u(t, ) € M2 (R2), Waup € M2 (R?), teR, (25)

and each one of these conditions is equivalent to the assumption ug € M¥ (R%). Willing
to have instead

Wa(u(t,") € Lb_(R*),  Wa,ug € LY (R*), teR, (26)

we are led to assume that the matrix A is also shift-invertible. In Proposition 4.5 we shall
prove that A is shift-invertible if and only if A; is shift-invertible, for any fixed ¢ # 0.
Hence in this case the conditions (26) are equivalent to ug € M? (R%). As an example,
we shall test these results on the free particle.

The property of regularity (26) is the starting point for a proceeding in localization
similar to that in [11]. Namely, cf. Definition 4.6, for a covariant and shift-invertible A
we define for f € L?(R?) the generalized Wigner wave front set WFL*(f), 1 < p < 2,
s >0, by setting 2o = (20,&0) € WFR*(f), 20 # 0, if there exists a conic neighborhood
I',, C R% such that

[@rmasep i <. (27)

r.,
We have from (15) that WF%*(f) = 0 if and only if f € MP (R?), cf. Proposition 4.7.
For the standard Wigner transform the notation W}"f(ls/z (f), cf. (6), will be shortened to
WUFP5(f). From (24) and (26) we deduce the following propagation of micro-singularities
for the solutions of (19), cf. Theorem 4.8:

WFLR® (u(t, ) = xe WFR* (ug)), (28)
in particular for the standard Wigner transform
WIFPS(u(t, ) = xeWFP*(ug)). (29)

We address to the forthcoming second part of [11] for a detailed study of WF,* with
applications to Fourier integral operators and Schrodinger equations of more general
type. We limit here to the following warning and remarks. First, we cannot extend to
the Wigner wave front set all the properties of the classical wave front set of Hérmander,
cf. [21] or its global version [20]. In fact, the inclusion of the wave front set of the solutions
in the characteristic manifold, for a homogeneous linear partial differential equation, is
false for the Wigner wave front. This depends on the existence of the ghost frequencies,
see the final comments in [11]. On the other hand, the whole Wigner wave front, including
its ghost part, is exactly preserved by the Schrodinger propagator, as clarified by (28)
and (29).
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2. Time-frequency analysis tools

Notations. We set t> =t - ¢, t € R% and 2y = x -y is the scalar product on R%.
The space S(R?) denotes the Schwartz class whereas S’'(R?) the space of temperate
distributions. The brackets (f, g) denote the extension to S'(R?) x S(R?) of the inner
product (f,g) = [ f(t)g(t)dt on L?(R?) (conjugate-linear in the second component). The
reflection operator I is given by Zf(t) = f(—t). The Fourier transform is normalized to
be

&) = FFe) = / F(B)e-2mi gt
Rd

The symplectic matrix

J— < Odxa Idxd)7 (30)

—Igxa Oaxa

(here Iz, 04 are the d x d identity matrix and null matrix, respectively) enters the
definition of the standard symplectic form o(z, z’) = Jz-z’. They allow to introduce the
symplectic Fourier transform:

Foa(z) = /672””(272,)@(2") dz'. (31)
R2d

The Fourier transform and symplectic Fourier transform are related by
Fqa(z) = Fa(Jz) = Flao J)(z), ac S(R?). (32)

For the study of perturbations of the Wigner distribution we will use the Ambiguity
Function Amb (f) defined as

Amb () (2.6) = F (WD) = [ £ (w4 5) £ (= 3)e >y (39
Rd

We denote by GL(2d, R) the linear group of 2d x 2d invertible matrices; for a complex-
valued function F on R?¢ and L € GL(2d,R) we define

TLF(z,y) = V|det LIF(L(z,y)), (z,y) € R*, (34)

with the convention

L(z,y)=L (;) , (z,y) e R?,
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For 1 < p < oo, the spaces £5°,¢" , . are the Banach spaces of sequences {am/ n’ m.n}
such that

1/p

|€°° P ‘= sup § |am’7n’,m,n P < 0o

[@m? nsm.n
mn=m!n/ 7.4
m,n
ME m’,n’GZd

(with obvious changes when p = 00).
2.1. Modulation spaces

In this paper v is a continuous, positive, submultiplicative weight function on RY,
ie., v(z1 + 22) < v(z1)v(22), for all 21,20 € RY. A weight function m is in M, (R?) if
m is a positive, continuous weight function on R? and it is v-moderate: m(z; + z2) <
Cv(z1)m(z2) for all 21, 29 € RY.

In the following we will work with weights on R?? of the type

vi(2) = (2)° = L+ 22, 2 e R, (35)

for s <0, vs is v|s-moderate.
For weight functions m;, ms on R?, we will use the notation

(ml ® m2)(xa£) = ml(w)mQ(g)a 1’,5 € Rda

and similarly for weights m;, ms on R??. In particular, we shall use the weight functions
on R4

(s ®1)(2,¢) = L+ )2, 1©w)(20) =1+ z(eR*™  (36)

The modulation spaces, introduced by Feichtinger in [13] and extended to the quasi-
Banach setting Galperin and Samarah [16], are now available in many textbooks, see
e.g. [3,10,19].

Fix a non-zero window ¢ in the Schwartz class S(R?). Consider a weight function
m € M, and indices 0 < p,q < oo. The modulation space MP;9(R?) is the subspace of
tempered distributions f € S'(R%) with

q

1
P q

1 llazgee = Vo flloge = /({R Vo f (@, )[Pm(z, )Pde | dE | <oo  (37)

(natural changes with p = oo or ¢ = 00). We write MP,(R?) for MP:P(R9) and MP4(R%)
ifm=1.
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For 1 < p, q < oo, the space MP-4(R%) is a Banach space whose definition is indepen-
dent of the choice of the window g: different non-zero window functions in S(R?) yield
equivalent norms. The window class can be extended to the modulation space M} (R?)
(Feichtinger algebra). The modulation space M°!'(R%) coincides with the Sjostrand’s
class in [26].

We recall their inclusion properties:

S(RY) € Mpr(RY) © MP29=(RY) € S'(RY),  p1 < po, a1 < g (38)
Denoting by MZE:4(R?) the closure of S(R?) in the MP;%-norm, we observe
MEI(RY) € MEAR?), 0 <p,g < oo,
and
MEARY) = MEARY), 0 <p,q<co.

For m,w € M,(R?), the Wiener amalgam spaces W (FLE,, L4 )(R?) can be viewed
as images under Fourier transform of the modulation spaces. Namely, for p,q € (0, o0],
f € S'(R%) belongs to W (FLP,, L1)(R?) if

q/p 1/q

I fllwFre, Le)®ae) = / (R/ Vo f(z, )P m(§)PdE w(x)?dz <

(obvious modifications for p = co or ¢ = 00). Using the fundamental identity of time-
frequency analysis [10, formula (1.31)]

Vyf(z,6) = e 2™V, f(€, —w), (39)

we can deduce

Vo f (2, )| = [Vaf (¢, )| = |F(f Teg)(—2)]
so that

1/q

1f s = / 1 Tl m(©) de | = 1 Fllwirescn)
d

mew

The above equality of norms yields

F(MPE,) = W(FLE, LY). (40)
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2.2. The metaplectic representation

Recall the symplectic group
Sp(d,R) = {A € GL(2d,R): ATJA=J}, (41)

where AT denotes the transpose of A and the symplectic matrix J is defined in (30). In
the sequel, we shall also refer to symplectic matrices in double dimension, induced from
the standard symplectic form on R*¢:

Sp(2d,R) = {A € GL(4d,R): ATJA=J}, (42)

where J is the one in (30) with O4xq replaced by O2gx24 and Iy replaced by Iagxaq.
The metaplectic representation p is a unitary representation of the (double cover of
the) symplectic group Sp(d, R) on L?(R%). The symplectic algebra sp(d, R) is the set of
all 2d x 2d real matrices A such that e € Sp(d, R) for all t € R.
For some elements of Sp(d,R) the metaplectic representation can be computed ex-
plicitly. Namely, using the notations in [17,18], for f € L2(R), C real symmetric d x d
matrix (CT = C) we have, up to a phase factor s (that is, |s| = 1),

u(JD)f = Ff; (43)

for

. (lixa O
Vo= ( ¢ Idxd) ’

up to a phase factor

p(Ve) fla) =™ f(z). (44)

Special instances of metaplectic operators also called rescaling operators. They are
metaplectic operators u(Dy,) associated with the symplectic matrix Dy, constructed as
follows. For any L € GL(d,R),

L™ Odxd
Dy = - | € Sp(d,R). (45)
Odxa L
Then, up to a phase factor,
w(DL)F(x) = /|det LIF(Lz) = S, F(z), F e L*RY). (46)

The metaplectic operators posses a group structure called the metaplectic group.
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Proposition 2.1. The metaplectic group is generated by the operators u(J),u(Dy) and
w(Ve).

In the paper we shall work both with the symplectic group Sp(d, R) of 2d x 2d matrices
and Sp(2d,R) of 4d x 4d ones. In particular, the matrix A € Sp(2d,R) is assumed to
have the 4 x 4 block decomposition of 2d x 2d matrices:

A= (é g) (47)

with the decompositions of the 2d x 2d sub-blocks as follows:

_ (A A _ (Bu B2 _(Ci1 Cp2 _ (D11 D
A_<A21 Aso ) B= By Bao ) = Co1 Co )7 D= Doy Das )

(48)

Definition 2.2. For a 4d X 4d symplectic matrix A € Sp(2d,R) we define the time-
frequency representation A-Wigner by

Wal(f,9) = wA)(f©3q), fgeLl*R?. (49)

We set Waf :=Wa(f, f).

2.2.1. Properties of W4 (f,9)
In what follows we list all the elementary properties enjoyed by the A-Wigner distri-
bution. The continuity of W4 was shown in [11]:

Proposition 2.3. Assume A € Sp(2d,R). Then,

(1) If f,g € L*(R%), then Wa(f,g) € L?*(R??) and the mapping W4 : L?>(RY) x
L3(RY) — L2(R?%) is continuous.

(2) If f,g € S(R*), then W4(f,g) € S(R??) and the mapping W4 : S(R?) x S(R?) —
S(R2) is continuous.

(3) If f,g € S'(R?), then W4(f,g) € S'(R?9) and the mapping W4 : S'(R?) x §'(R?) —
S'(R24) is continuous.

Proposition 2.4 (Interchanging f and g). For A € Sp(2d,R) with block decomposition
(47) and f,g € L? (Rd). Then

W.A(ga f) = W_,Z(fvg)v

where .Zz <é£ gé) and
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I— <Od><d Idxd) . (50)

lixqa Oaxa

Precisely, using the sub-block decomposition (48), we obtain AL = (i;i i;i) and

similarly for the other block matrices B, C, D.

Proof. Consider the matrix L defined in (50) and observe that LT = L=! = L. The
symplectic matrix Dy, in (45) becomes

D — L™ 0Oaxa) [ L  Odqxd
L - T - .
Ogxa L Odxd L

(D)9 @ f)(z,y) = (9@ fy,z) = f@g(x,y).

With our choice of L,

This let us factorize W4(g, f) as follows:
Walg, F)(w,y) = w(A)(g @ f)(w,y) = W(ADL ' Dr)(g @ f)(w,y) = w(ADL)(f @ 9)(x, ),
and the claim easily follows by observing that AD = A o
We now limit ourselves to matrices A € Sp(2d,R) such that
w(A) = F%yp (51)

where F5 is the partial Fourier transform with respect to the second variables y defined
by

FoF(2,6) = / R (g, y) dy,  F e L*(R™). (52)
R4

and the change of coordinates Ty, is defined in (34). The following fact was established
in [12, Proposition 3.3]:

Proposition 2.5. For f,g € L? (RY), u(A) of the form (51) with
Ly L2
L= ,
< Ly Lo )
then

Wa (97 f) (wi) =Ws (f7g) ('Taw)v
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with p(B) = FoX;, with

~
Il
/N

Loy —Lao
Ly —Lip )
More generally,

Proposition 2.6. For A € Sp(2d,R), we have

WA(Q:f) = WB(fvg)v

for a suitable B € Sp(2d,R).

15

Proof. We use Proposition 2.1, and observe that pu(J)f = u(J~Nf, u(Ve)f = p(V_e)f

and u(Dr)f = w(Dy)f. This gives the claim. O

What follows can be viewed as a generalization of the fundamental identity of time-

frequency analysis for the STFT, cf. [10, (1.31)].

Proposition 2.7 (Fundamental identity of time-frequency analysis). For A € Sp(2d,R)

with block decomposition (47) and f,g € L* (R?), then
Wa (£.9) =W (f.9),

~ BL AL
whereA—(DL CL) and

=5 )

Proof. Using the reflection operators Zg(t) = g(—t), we can write

—

fei=FfoIli=F3,(f®q)

where L is defined in (53). Hence,

Wa(f,9) = n(A)(f ©§) = l(A)FTL (f © g) = p(AIDL)(f © 9)-

The conclusion is a simple computation. 0O

Proposition 2.8 (Fourier transform of Wy4). Let A € Sp(2d,R) and f,g € L? (Rd).

Then,
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where A = (AT)=1J.

Proof. Since, up to a phase factor, Fu(A) = p(JA), the result follows from the sym-
plectic group property (41). O

Proposition 2.9 (Moyal’s Identity). Let A € Sp(2d,R) and f1, f2, 91,92 € L? (Rd). Then,

Wa(f1,91), Wa(f2,92)) L2®2a) = (f1, f2) L2Re) (915 92) 2R ) (55)
in particular, for fr=fo=f, qp=92=9,
(Wa(f,9),Wa (f,9))2@ea) = £ 1|72 @ay 19172 Ry

Proof. We simply use that z(.A) is unitary on L?(R24):

(Walfi,01), Wa(fz,92)) 2 ®2e) = (1(A) (f1 @ g1) , 1(A) (f2 @ g2)) L2(R24)
= (WA u(A) (Lo q), (f2® g2)) r2R24),

and the claim follows. 0O

A simple computation shows the following polarization identity:

Walf +9) = Walf) + Walg) + Walf, 9) + Walg, f)- (56)

The Covariance Property of [11, Proposition 4.3] can be generalized and improved as
follows:

Proposition 2.10 (Covariance Property). Consider A € Sp(2d,R) having block decompo-
sition

Ay Az Az An
Ay Azp Asz Axy
Az1 Asp Aszz Az
Ay Agp Agz Ay

with Azj, i,j = 1,...,4, d x d real matrices. Then the representation W4 in (49) is
covariant, namely

Wa(n(2)f,m(2)g) = T-Wa(f,9), f.g€SRY, zeR™, (57)

if and only if A is of the form
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A Iixa— An Az Az

A= Az —A2; Iixa— AT, —Af 7 (58)
Ogxd Odxd Tixa Lixad
—Igxa Tixa Ogxa Odxd

with A13 = AT, AT, = Asy. The result does not depend on the choice of the phase factor
in the definition of p(A) and W4 in (49).

Proof. The equivalence of (57) and the matrix

A Lixa — An Ass Ais

A= A21 —A21 Idxd - A{l _A{l ) (59)
A31 —A31 A33 A33
A41 —A41 A43 A43

is a straightforward generalization of the proof of [11, Proposition 4.3]. We notice that
in the last element of the second row of [11, Formula (108)] the entry A%, should be
replaced by —A7} as in (59). We then use the matrix-block properties for symplectic
matrices (see, e.g. [14, Proposition 4.1]) to obtain (58). First, the condition
ABT = BA"
(where A and B are the 2d x 2d blocks in (48)) gives AT, = A;3. The block property:
ATC=c"A
yields to As; = 0gxq and AglAM = AZlAgl. From
B'"D=D"B
we infer As3 = 04xq. Condition

ATD —CTB = I,44

yields to Asz = Iyxq and Ay; = —Ixq, which, together with AL} Ay, = AL Agy, gives
the symmetric property A%} = Ay;. O

Similarly, a matrix A € Sp(2d,R) having the block-decomposition in (58) is called
covariant.
If we introduce the real symmetric 2d x 2d matrix

Aqs L lixa — Anr
By = 2 , 60
A ( %Idxd - A% *A21 ( )
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the covariance property of A can be viewed as Cohen class property as shown below.
The proof is a straightforward generalization of [11, Theorem 4.6]:

Theorem 2.11. Let A € Sp(2d,R) be of the form (58). Then
Wal(f,g) =W(f,g)xoa, fg€SRY, (61)
where
oA =F e TCBAC) ¢ §/(R?), (62)
and By defined in (60).
Proposition 2.12. For z = (21, 22), u = (u1, us), we have
Wa(r(2)f.mw(w)g) = Mgy e Ticr o Walfrg) f.9 € SR, G eR™ i=1,....4,

where

(C1,¢G2) = (An1z1 + (I — App)ur + A1s(z2 — ua), Ao1 (21 —ur) + (I — AT 20 — AT us)
(C3,C1) = (As1(z1 —w1) + Azz(z2 — u2), Aa1 (21 — u1) + Auz(z2 — ug)). (63)

Proof. Using the intertwining property (see e.g. Formula (1.10) in [10])
m(AQ) = can(A)m(Ou(A) !, ¢ eRM

(where ¢4 is a phase factor: |c4| = 1), we calculate

Wa(m(21, 22) f, m(ur, uz)g) = p(A)[m (21, u1, 22, —u2)(f ® g)
= c;llw(A(zl, uy, z2, —u2))Wal(f,g)

The covariance of W 4 gives the matrix block-decomposition in (58) so that
m(A(21, ur, 22, —u2)) = call(c; ) Migs.ca)s
with (Cla Cz) € R? and (Cg, C4) € R?®in (()3) O
Metaplectic operators are bounded on modulation spaces, as shown below.

Theorem 2.13. Assume s € R, A € Sp(d,R). Then the metaplectic operator u(A) :
S(RY) — S'(R?) extends to a continuous operator on M (R%), 0 < p < oo, and for
p = oo it extends to a continuous operator on ij‘:(Rd).
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Proof. For 1 < p < oo the result follows from [10, Theorem 6.1.8], with weight function
w(z) = vs(z), s € R, and observing that vs 0 A =< v, since det A # 0. For 0 < p < 1
we can use similar arguments as in the proof of [10, Theorem 6.1.8]. Namely, consider
the lattice A = aZ? x BZ? and two windows g, € S(R?) such that the related Gabor
frame operator Sy 1= S;\ﬁ satisfies Sy, =1 on L?(R%). If we set Imn = MapTomg, it
remains to prove that the matrix operator

{emm} — Z (1(A)gm,ns G’ n? ) Cmon (64)

m,neZd

is bounded from ¢%_into ¢ . This follows from Schur’s test (cf. [10, Lemma 6.1.7 (ii)])
if we prove that the kernel

Km/,n’,m,n = <,U'(-A)gm,n7 gm/,n/>vs (m/, n/)/vs (m, n)a

satisfies

Km’,n’,m,n € > (P (65)

m,n~m’ n’*

Since

‘<N(A)gm,nvgm’,n’>| < CU—T(A(mvn) - (mlvn/))a (66)

for every r > 0, cf. [8, Proposition 5.3] we have

vs(m/,n’)
K ;o < B _ !/ !/ E ) . 67
| K n ,m,n| S v (A(m,n) — (m',n ))US(A(m,n) — (m/,n"))vs(m, n) (67)
Now, the last quotient in (67) is bounded, so we deduce (65). O
Corollary 2.14. Under the assumptions of Theorem 2.13 we have
(A Fllazz, = W f gz, f € ME(RY), (68)

(with M>(R9) in place of M= (R?) for p = 00).
Proof. Using the invertibility property of metaplectic operators,

£ llaez, = (A (A fllaze, = (AT (A fllacz, < (A fllae,

where the last estimate follows from Theorem 2.13 since A~ € Sp(d,R). The reverse
inequality is stated in Theorem 2.13. O
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Theorem 2.15. Assume f,g € M? (R%), 0 < p < oo, s > 0. For any A € Sp(2d,R) the
A-Wigner Wa(f,g) is in MP (R?*?), with

IWalf; Dllnz, S W aaeligllaeg, + llgllae 1z, - (69)

Proof. By Theorem 2.13 (with dimension 2d in place of d) we can write

IWalf; Dllaz, = (A © gz, S NF©llaz,- (70)

Note also that vs(z, () < (vs ® 1)(2,¢) + (1 ® v5)(2, (), so that

, <
IWalf; Dz, SN @Gllmz g,

SIf@glar ,, +I1f @ gl

vs®1 1Qug

= [1£ sz, llgllare + 1 fllarolgllasz, -

The proof is concluded. O

Theorem 2.16. Assume f € MP (RY), 0 < p < 2,5 >0, A € Sp(2d,R). Then the
following statements are equivalent:

(i) f € Mp (RY)

(i1) Wa(f) € ME (R*).

Proof. If f(t) = 0 for a.e. t then W4(f)(z,£) = 0 and the equivalence is trivially true.
Let us now consider the non-trivial case.

(i) = (ii). It is a consequence of Theorem 2.15. In particular, from (69) for f = g we
have

IWa(Hllarz, S 1 1lazz,

Fllaze S SRz, -

(#7) = (7). Fixing f = g and using (68),

IWa(H)llaez, = (A @ Hllag, < 1f @ Fllae,-

Note that
1£© Fllaez _, = 1 lagg, 1 laao-
So, for f € L*(R%) \ {0}, we have

since || fllee S fllme, 0<p<2. O
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Theorem 2.17 (Inversion formula for the A-Wigner distribution). Consider gi,g2 €
L2(R®) with (g1, g2) # 0, A € Sp(2d,R). Then, for any f € L*(R?),

;= ﬁ / AW A, 1) (i, €)ga de. (71)

Rd
Proof. Observing that
WATYWa(f,91) = AT (A @ 1) = f ® g1,

we can write

/M(A’l)WA(f,gl)(x,ﬁ)gg(ﬁ) g = /f(l‘)g‘l(ﬁ)gg(ﬁ) d§ = f(x)(g2,91)
R4

Rd

and the equality (71) follows. O

Proposition 2.18. For f, g1, g2, 93 € L*>(RY), A € Sp(2d,R), we have

Vga f(w) =

G2, 90) (Walf, 1), Wa(m(w)gs, g2)) 2 (r24)- (72)

Proof. From the preceding inversion formula (71) we have

Vi f(w) = <92’191>R4 WA, 1) W a(m () g1, g2)m(w)ga (@) derdé

_ ﬁ / Wa(m(w)g, g2) (2, €)( A) (g2(€)r (w)ga () dade,

R2d

since p(A™1) = u(A)*. Observe that the integrals above are absolutely convergent inte-
grals since 7(w) is an isometry on L?(R?) and W, : L?(R%) x L*(RY) — L?(R2), by
Proposition 2.3. This concludes the proof. 0O

Proposition 2.18 suggests the following definition:
Definition 2.19. Given A € Sp(2d,R), we say that W4 is shift-invertible if

Wa(r(w)f, )| = |Te,wyWalf9), f.g€L*(RY), weR?*,

for some F4 € GL(2d,R), with

Tru(wyWalf,9)(z) = Wa(f,9)(z — Eaw), w,z€R>*.
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Not every A-Wigner satisfies the above property. Let us compute Wy (7 (w)f, g) ex-
plicitly. Consider A with the block decomposition in (47), and sub-bocks (48). Easy
calculations and the intertwining formula p(A)7(z) = cam(Az)u(A) with |c4]| = 1 show,
for w = (wy, w2),

= (A)ﬂ(w 0, wa, )(f@ g)
= cam(A(wy,0,wz,0)")WA(f, g),
= CAW(A(w ) + B(w27 O)Tv C(w17 O)T + D(w27 O)T)WA(f7 g)

= cam(Anwy, Ag1wy) + (Briws, Bajws), (Criw, C2wy)
+ (D11wa2, Daywa))Wa(f, g)

= cam(An1wy + Briws, Apywy + Boywa, Criwy + Dijws, Co1wy
+ Dar1w2)Wa(f, 9)

= C.AMC11U)1+D11w2,C21w1+D21w2TA11w1+311w2,A21w1 +Baiwa WA(fa g)'

so that

|W_A(7T(U})f, g)‘ = ‘TAHw1+Buw2,A21w1+B21w2 WA(f7 g)'

Hence the matrix E 4 in Definition 2.19 is given by

A Bn
Ey= . 73
A <A21 By (73)
W 4 is shift-invertible if and only if the matrix E 4 is invertible.

Remark 2.20. (¢) If A € Sp(2d,R) is a covariant matrix then

All A13
FE = . 74
A <A21 Iixa — AL ) ()

Hence if F 4 is invertible the covariant matrix A is shift-invertible.
(#4) For 7-Wigner distributions the matrix A = A is shown in (6). The related matrix

ET = EAT is
B - (I =7)laxa Odxa ’
Odxd Tlgxa

so that A is covariant for every 7 € R, whereas it is shift-invertible for 7 € R\ {0, 1}.



E. Cordero, L. Rodino / Journal of Functional Analysis 284 (2023) 109892 23

(iii) For f,g € L*(R?), V,f = p(Ast)(f ® g), and we have, cf. [10, Proposition 1.2.15],
Vem(w) f| = [T Vg fl, weR*. (75)
This implies that A = Agr in (7) is shift-invertible. Observe that in this case, Egr :=

EAST is

1,
Est = Izgx2d = ( dxd Odm)

Odxa Lixa
according to relation in (75). We notice that Agr is not covariant.

Proposition 2.21 (Relation between the matrix E4 and Ba). If A € Sp(2d,R) is a co-
variant matriz with related matriz E 4 in (74) and symmetric matriz B in (60), then

1
EaJ +5J = Ba. (76)

Proof. It is a simple computation. In fact,

J Ais —An 1 Ogxa Iixa
EaJ+ — = + =
A 2 <Idxd—A1T1 —A21> 2 <_Id><d 0d><d>

_ Az —An+ilasa | B
=11 T = DA
§Id><d - A11 *AQI

This concludes the proof. O
Observe that the next result extends [11, Theorem 3.11] to every 0 < p < oo.
Theorem 2.22. Fiz g € S(R?). For A € Sp(2d,R) we have the following issues:
(i) For 0 <p <2, if f € ME (R?) then Wa(f,g) € LE_(R?%).
(i3) Let W4 be shift-invertible according to the preceding definition. Then,

(iia) Fors>0,1<p<2,

feM?(RY & Wa(f,g) € LE_(R*), (77)

with equivalence of norms | fllne. = (|Walf,9)l e, -
(iib) For 1 <p < oo, if Wa(f,g) € LE_(R®?) then f € MP (R?).
(iic) For0 <p <1, if Wa(f,g) € L? (R??) and there exists a Gabor frame G(v, A) for

L*(RY) with v € S(R?) such that the sequence Wa(f,7)(X) € ££_(A), then f € MP (R).

Proof. (i) Let us recall that S(RY) ¢ MF? (R?), 0 < p < oo, s € R. Assume first
f € MP (R?), s > 0. Then by Theorem 2.15 we have
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IWalf; 9)lInz, < 1f e,

llae -

Since (vs @ 1)(x,€) S vs(z,§) for s > 0, the inclusion relations for modulation spaces
(cf., e.g., [10, Theorem 2.4.17] and [28, Proposition 1.2]) yield

ME (R*) < M o (R*),

for 0 < p < 2 (see [27, Proposition 2.9], whereas the case 0 < p < 1is a direct consequence
of [29, Theorem 2.4] with B = L )

M} 1 (R*?) = LT (R*),

hence WA(f,g) € LE_(R?%).
(ii) Assume now that W4 is shift-invertible and W4(f, g) € Ly (R??). Then, by Propo-
sition 2.18, with g1 = g3,

Vo F (W) S |

WKWA(fa 91), Wa(m(w)g1, g2)) 12(r2a)|

< / IWA( 2 g)) (W)W ( (10)g1, g2) | ()
R2d

< / IWa(f. 90) ()| Walgr, 92)] (u — Eaw)du
R2d

< / WAl g0l Woalgr 92)] [ (Eaw — w)du
RQd

Hence

I fllare, =< (Vg fllze, S IHWa(f; g0)| * [[Walgr, g2)"[(Ear)ll e,

= WA, g0l # [ Walgr, g2)]" |l e

Vg

since v;(y) < vs (E;tly). Now, Young’s convolution inequalities for 1 < p < oo give

[Walf, g)| * [Walgr, g2)]" Iz, < [IWalf, 90|z, [[Walgr, g2)llry < oo,

since Wa(g1,92) € S(R??) for g1,90 € S(R?) by Proposition 2.3. This proves the im-
plication in (iib). Moreover, item (¢) and the previous estimate yield the equivalence in
(iia). It remains to show item (iic). For 0 < p < 1, consider v € S(R?) such that G(v; A)
is a Gabor frame for L?(R?), then, arguing as above with v in place of gs:

1 llarg, = IVAFlle, = IVAFllen, S TWaA(F ) [Waly, g2)I[(E-) ez,
= MWalf N AWaly, g2)] [ler, < IWalfs ez, 1TWaly, g2)]*

e, n, <00,
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by the convolution property for sequences:
O s b b s>0,0<p<1;

and Wa(7, g2) € S(R??) for «, go € S(R?) (cf., Proposition 2.3). In fact, the restriction
Wa(v,92)(A), A € Ais in £§ (A), for every 0 < p < oo, s > 0. This concludes the
proof. O

Corollary 2.23. For s > 0,1 <p <2, A € Sp(2d,R) such that W4 is shift-invertible.
Then

feMp(RY & Waf e L (R*).
Proof. f € MP (RY) = Wuf € L? (R??) is a straightforward generalization of the
proof of Theorem 2.22 (i), with g = f € MP (R%). Vice versa, following the proof

pattern of Theorem 2.22 (ii) with Proposition 2.18 applied for g1, g2, g3 € S(R?%) we can
write

£ larz, < IWalf;91)

\LZZS Wa(gs, 92)||L,1jso (78)

Now, for f € MP (R?) there exists a sequence (gn)n C S(RY) such that g, — f in
M. (R%). Now, using [27, Proposition 2.9] in the first inequality below and [10, Propo-
sition 2.4.17] in the second one, for 1 < p < 2,

IWalf f) = Walfsgn)llez, = IWalf, f = gn)llcy, < IWalf, f —gn)llar

vs®1

SAWalfs f = gn)llaez, = IWalfs £ = gn)llam,

S Nz,

9n — 9llaz,

where the last inequality is due to Theorem 2.15. Since [|gn — glpz, — 0 as n — oo,
we obtain that [[Wa(f,gn)llze. — [Wa(f, f)llz, as n — oo and the thesis follows by
replacing g; by g, in (78) and letting n — co. O

For 7-Wigner distributions we have a characterization for every 0 < p < oo, as
explained below. Notice that we extend Theorem 3.11 of [11] to 0 < p < oo for the
weight v = v, s > 0.

Proposition 2.24. Consider 0 < p,q < oo, 7 € R\ {(0,1)}. Then, for any g € S(R?),

f e MPIRT) & Wo(f,g) € L1 (R>). (79)

For 1 <p,q < oo the window g can be chosen in the larger class le (RY).
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Proof. For p = ¢ and 1 < p < oo the result was proved in Theorem 3.11 of [11]. Let us
prove the general case. By Corollary 3.3. of [11], with Q,¢ in place of g, we can write

Vo.gf(a,€) = tle 2=y (£ g) (B (2,€))

where
]. — T d
Q-g(t) =Zg Tt , teR?
Tg(t) := g(—t), and

Bl _ ((1 —7); 04 ) '

o (00} Tlg

The result is then a simple computation:

1 larzzs = Vo, g f Lz = IW=(f. ) (B )l =< [IW=(f,9)((L = 7), 7) | Lz
= W= (9l

since vs((1 — 1)+, 7)) <r vs, for =R\ {0,1}. O
2.3. STFT and A-Wigner representations

The case of 7-Wigner distributions suggests a deeper study of covariant matrices A
such that

w(A) = FoTr

as in (51), where F5 is the partial Fourier transform with respect to the second variables
y defined in (52) and the change of coordinates ¥, is defined in (34). As observed in
[11], see also [22],

w(Arr2) = Fa, (80)
where
AFT2  AFT2
-AFTQ = ‘1F’1T2 1F2T2 € Sp(QdaR)v (81)
Ay Ass

and AFT2 AFT2 AET2 ALT? are the 2d x 2d matrices:

qFr2 _ gFr2 _ [ daxa Odxd qFr2 _ [ Oaxa Odxa AET2 _ _ gFT?2
11 — 422 Od d Od d ’ 12 Od d Id d ’ 21 - 12 -
X X X X
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Proposition 2.25. A covariant matriz A € Sp(2d,R) satisfies (51) if and only if

A Igxa — A Odxd Odxd

A= Odxd Ogxa Iixa— AL, —Af (83)
Odxd Ogxa Tixa Tixa
—Igxa Tixa Ogxa Odxd

(observe that A1z = As; = 0gxaq) and the matriz L in (34) is given by

Iixa lixa—An
L = . 84
<Id><d —Ai (84)

Proof. Up to a phase factor we can write
A= Apr2Dy,

where Dy, is defined in (45). The claim is then a straightforward computation, using that

I-1_ A Igxa — An 5
Iixa —Igxa

Remark 2.26. (i) The matrix L in (84) is invertible for every d x d real matrix A;;. (We
stress that A7 is not required to be invertible.) In fact, we have

det L = det(—[dxd) = (—1)d.

(#4) Under the assumptions of Proposition 2.25 the matrix E 4 becomes

A1 Odxd
FE = 85
A <0d><d Ioxa — AT (85)

so that E 4 is invertible if and only if A;; and Igxq— AT} (or, equivalently, Ijxq— A11) are
invertible matrices. In other words, A is shift-invertible if and only if Ay; and Iyxqg— A1
are invertible matrices.

(#i1) For 7-Wigner distributions the matrix L = L, is easily computed to be

Tixa Tlgxa
L = . 86
<Id><d (lT)Idxd> ( )

We are interested to determine the conditions under which a covariant A-Wigner
Wa = caF2Dy, with |ca| =1, can be related to the STFT. We recall that the matrix L
takes the form in (84) so that
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(L—1>T _ A?l Taxa )
Iixa — ATy —Iaxa
Theorem 2.27. Let A € Sp(2d,R) be a covariant matriz satisfying (51) and shift-

invertible. For every f,g € L* (Rd), the following formula holds:

T

Wa (f.9) (2,€) = |det(Igxq — Auy)| ' ™A oy parle (1 - AT Le),
z,& € R?, (87)

where

g(t) =g (—An(laxa — A1)~ 't). (88)

Proof. Since A is shift-invertible the matrices A11 and Iyxq — A11 are invertible. Then
the result follows from Theorem 3.8 of [12]. O

Theorem 2.28. Consider 0 < p,q < oo, A € Sp(2d,R) as in Theorem 2.27. Then, for
any g € S(RY),

fe MEARY) & Walf,g) € LE1(R*), (89)

with equivalence of norms || f||yp.e =< |[Wa(f, 9)llppe. For 1 < p,q < oo the window g

Vg

can be chosen in the larger class M, (R).

Proof. It is a straightforward consequence of Theorem 2.27. In fact, for g € S(R?) and
under the assumptions det A;; # 0, det(lgxq — A11) # 0, the rescaled function g in (88)
is in S(R?) and by (87),

[fllarze = (Ve flloga = (IWa(f; 9)(Arrs )z < [Walf,9) |

LY
since
Us(Afllzl,Zg) = (1 + |A;1121‘2 + |ZQ|2)S/2 = (1 + |Zl‘2 + ‘ZQ|2)S/27 s € R.

For p,q > 1 the windows can be chosen in the larger class MI}S (R%) and we can argue as
above by observing that § in (88) is in M (R?) whenever g is. O

3. A-perturbations of the Wigner distribution

This section studies the covariant A-Wigner representations as perturbations of the
Wigner distributions in (61):

Walf,9) =W(f,g)xoa [,g€SRY,
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where the kernel o 4 is defined in (62). We revisit in wider generality the linear pertur-
bations already performed in [12]. First, we recall the expression of the kernel o4 from
Theorem 2.11:

Corollary 3.1. For a covariant matriz A € Sp(2d,R) satisfying (51) the matriz By in
(60) becomes

Odxd 1lixa — A
Ba— 2 : 90
(%Idxd - AT Odxd (90)

so that the kernel o4 can be rephrased as
7als) = U TEPA) = PTG Ay ) (9)
In particular, if (1/2)Iqxq — A11 is invertible, then by [11, Theorem 4.7]

oa(z) = e BA)| det BA|67’”'Z'B:Z (92)

= ™ 4B (det((1/2)Igxq — A11))26_mz1'(%IdXd_AlTI)AQ»

where $(B4) is the number of positive eigenvalues of B minus the number of negative
eigenvalues and

_ Odxd (31axa — AT) 7!
Bl = 2 . 93
A ((%Idxd —App)t Odxd (93)

We observe that a sufficient condition for and (1/2)I — A%; to be invertible is || A11]| <
1/2, then (1/2)I4xq — AT} is invertible and

“+o0
((1/2)Laxa — A1) ™" = 2(Laxa — 247,) 7" =2 Z(QAlTl)n-
n=0

For 7 € (0,1), AT, = Aj; = (1 — 7)I4xq and the Neumann series gives ((1/2)Igxq —
Aﬂ)_l =L Ticd, expected.

=1

In what follows we give a precise estimate of the time-frequency content of the chirp
function ©(z1,29) = €2™*1°*2improving [7, Proposition 3.2 and Corollary 3.4] (see also
[10, Proposition 4.7.15]).

Lemma 3.1. For any 0 < p < oo the function ©(z1, 22) = €212 satisfies

© e MP¥ (R*) nW(FLE L) (R*), s>0.
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Proof. We first compute W (FLP ,L>)-norm of ©. Proceeding as in the proof of [7,
Proposition 3.2],

1Ollw (Frz. Loyreay = sup [|F(OTug)llrr, w24
ucR2d

Using the Gaussian window ¢((1,(2) = e~ e=™6 and following the pattern of [7,
Proposition 3.2] we obtain

|FOTug)lleg, =272l 311z, = s >0, s €R.
Hence [|O|[yw Lz, 1) ®24) = Cqs, for every s > 0. Observe that
FO(CryC2) = F(e20%2) (G, (o) = e 27012, (94)
and a direct computation or an inspection of the proof of [7, Proposition 3.2] shows
|F(FOTug)lle, =22l 3|1y, = Cps >0, sER.
In other words, the minus sign at the exponent of ©® does not affect its norm, so that
1Ollw (Fre. Loy®r2ay = IFOllw(rLr, Loy (®24)-
Finally, using (40),
[Ollpr-e, = FOlw (Frz, 1) < 00,

so we are done. O

In what follows we shall use the dilation properties for modulation spaces. Since we
are not aware of dilation properties for quasi-Banach modulation spaces, we state the
following result, which extends [9, Proposition 3.1] to these cases.

Proposition 3.2 (Dilation properties for modulation spaces). Let 0 < p,q < 0o and A €
GL(d,R), 0 < p,q < o0, p1 = min{p, 1}, ¢ = min{q, 1}, p(t) = e~ Then, for every
fe Mpyq(]lgd),

I fallazra S [det A|7CP=VTED VL ol povany || fllagea. (95)
In particular, for p,q > 1,

Vi yr @llw izt oy = Vi, @llr = (det(I + AT A4))1/2,

cf. [9, Lemma 3.2].
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Proof. The pattern is similar to [9, Proposition 3.1]. By a change of variable, the dilation

is transferred from the function f to the window ¢(t) = et

Vipfa(z, &) = |det A|'V, _, f(Az, (A%)71€).
The change of variables Az = u, (A*)71¢ = v gives
a/p L
I £allazr.a = | det A7 / (R Vip ooa f (A, (A) TP dr | dE
¢ \Ra
= | det A|_(1/p_1/q+1)HV@A,1f||Lw-
Changing the window function (see, e.g., [10, Lemma 1.2.29]),

Ve ot f@, O S ol Z2 (Voo f1 * [V, 1) (3, €)-

So that

Ve uor fllzea = ClIVefI % 1V, #lllLea = [V S| Vi, lllw(zea, ooy
SV f 1+ Ve -y @lllw (zoe, ey,

since L>® C LP, locally. Now [15, Corollary 3.1] with X = Z = L, Y = L' (so that
L x L' C L) gives

Vo f1 % Ve, s lllw(roe,pray < ClIVi fllw oo, Lra) |V, 1 Pllw(rt,poran)
with p; = min{p, 1}, ¢1 = min{q, 1}. Finally, by [16, Lemma 3.2],
Ve Fllw e, Loy < ClIVo fllLea < (| fllazra,
which concludes the proof. 0O
Proposition 3.3. Consider M € GL(d,R) and set
oar(z) = e~ Mz
Then we have

on € MY (R*) nW(FLE L) (R*), s>0,

for every 0 < p < 0.
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Proof. We highlight the rescaling matrix in o, as follows

om (z1,22) = e~ miE Mz — Dy © (21, 22),

where ©(z1,22) = €™#1'%2 and Dy is the dilation operator D F (t) := F (Mt) associ-
ated with the invertible matrix M:

1
~ —5lgxa 0
M = 2 .
< 0 M)

It is clear that M is invertible if and only if M is. Now, since the mapping F — (v;®1)F

is an homeomorphism from M}, (R?%) to MP->°(R2?) (cf. [27, Corollary 2.3] for p > 1

and [1] for p < 1), we can write
1D Ollar.ss, = [1(0s @ ) Dy Ollagrice =< 1Dy {[D g1 (vs @ 1)]O}|arroe,

where

Observe that
Dy—1(vs ® 1) (21, 22) = vs(—221)
so that D1 (vs ® 1) < vy ® 1 and therefore
1Dy {[Dyg-1 (05 @ D)]O} [ aroe < |1 Dyy[(vs @ 1)O1} | ageioe
and the dilation properties of Proposition 3.2 yield

1Dz [(vs @ 1)O][|arree < Cp ar[|(vs @ 1)O [ arvoo

=p.u [|®l|arpee, < o0,

by Lemma 3.1, which gives opy € M2 (R??).
Now, condition det M # 0 yields Fop(¢i,¢2) = CMe_‘“”'Cl‘Mﬁl@7 for a suitable
Chur > 0, so that

oai(21, 22) = Cyp FH (e 4 M TGy (5 20) = O F(e ™M T @) (4 ).
Using the same argument as above we deduce e~ 4" M "¢ ¢ 2% (R??) which gives

oym € W(FLE_, L) (R??), since FM} 3 = W(FLE_, L>) by (40). This concludes the
proof. O
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Theorem 3.4. Let A € Sp(2d,R) be a covariant matriz as in (83) with B4 as in (90)
and B invertible (equivalently, (1/2)I4xq — A11 invertible). Then, for 0 < p,q < oo,
feds (Rd), we have

WfeMlt, (R*) & Wuf e MPT, (R*), seR.

Proof. Assume first W f € Mf;f@l (de), for some 0 < p,q < 00, s € R. Since W4 f =
Wfxoa (cf. (91)), the result follows by the convolution relations for (quasi-)Banach
modulation spaces [2, Proposition 3.1] and Proposition 3.3 by which o4 € Mg;gl (R24)
for any r = min{p, 1}. This gives the convolution relations:

Mf;gm(RQd) * M3) (R?%) Mg;%1<R2d)a

so that W4 € ML, (R??).

Vice versa, considering the symplectic Fourier transform of the equality in (61) with
o4 in (92), we obtain

fUWAf:fUUA'Amb(f)a

where the ambiguity function Amb (f) is defined in (33) and F,04(¢) = e~ BAC, Thus,
multiplying both sides of the previous equality by e™¢BA¢ and taking the symplectic
Fourier transform again, we obtain

Wf — j’.‘(eﬂ'iZ'BAZ) % WAf
and the thesis follows arguing as in the previous part. O

Proposition 3.5. Let A € Sp(2d,R) be a covariant matriz as in (83) with B4 as in (90)
and By invertible (equivalently, (1/2)Iqxq — A11 invertible). Then, for 0 < p,q < oo,
f eS8 (RY), we have

WfeFLbL, (R*) & Waf e FLPL (R*), seR.

Proof. Taking the symplectic Fourier transform of both time-frequency representations:
FoWaf =Fsou- Amb(f)
the claim is equivalent to showing
FoWae Ly, & Amb(f) € LY.

Since both Fyo.4(¢1,(2) = e~miz-(3laxa—A1)z2 and (Fooa) 11, G) = emiz (3 laxa—An)z
are in L™(R2?), the statement follows by the point-wise product of mixed-norm
spaces. O
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4. Schrodinger equations with quadratic Hamiltonians

Using the standard notation for the Cohen class (cf., e.g., [19]), for o € S'(R??) we
define the Cohen distribution @, by

Qof=0cxWf, feSR™). (96)
Proposition 4.1. For y € Sp(d,R) we have
Qo ()N (2) = Qo f(X'2), 2z €R™, (97)
with oy, (2) = o (xz).
Proof. From [10, Proposition 1.3.7] we have
W () f)(z) =Wfx'2), [feSRY,

so that, for o € S(R??), f € S(RY),

Qo (BO)N(E) = [0 * WO H(z) = / W (k) ) (w)o (= — u)du
R2d

B / Wk w)o(x(x 'z — x " 'u))du
R2d

- / W Qo be(x "2 — O)C = W % 0y (X 2).
RQd

For 0 € S'(R??) one uses standard approximation arguments. This concludes the
proof. O

We have now all the instruments to tackle the study of Schrédinger equations. We
consider the Cauchy problem in (19) and express the solution as follows.

Theorem 4.2. Let u(t,-) = e*OPv(Hyy t € R, be the solution of the Cauchy problem

n (19), with Op,,(H) the Weyl quantization of the quadratic form H in (20). If we set
x: = e'P € Sp(d,R), fort € R, then

Qo (u(t,))(2) = Qo, (u0) (X '2), (98)

where

o1(2) = o(xt2)-
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Proof. Observe that the solution can be written as u(t,-) = e?*OPw(H)yy = 1(y,;) where
1(x¢) is the continuous family of metaplectic operators with projections x; € Sp(d,R)
and yo = Id identity operator (cf. [14,17]). Using the covariance property for the Cohen
class in Proposition (4.1), we can write

Qo (u(t,))(2) = Qo (1(xt)u0)(2) = Qo (u0) (x; '),
as desired. O
Example 4.3. If ¢ = § we obtain
W (u(t, ) (2) = Wuo(x; ' 2),
as expected.

Let us limit to Cohen distributions generated by covariant matrices .4 € Sp(2d, R).
Namely

Qof =Waf =Wfxoa, (99)
with kernel o4 in (62).

Proposition 4.4. Under the assumptions of Theorem 4.2 with a Cohen distribution Q,
as in (99), if we set x; = e® € Sp(d,R), fort € R, then

Qo (u(t,))(2) = Walu(t,))(2) = Wauo(xi ' 2), (100)
where Wa, f(2) = W fxoa,(2) and
oa,(2) = F (7™ PA0) (2),
and
Ba, = ()" Bax; -

We have the equivalence of conditions for 0 <p <2, s > 0:

(i) uo € ME (RY)

(i) Wa(u(t, ) € ME (R*)

(iii) Wa,uo € M (R2%).
Proof. We use the dilation properties of the Fourier transform. In fact,

F1 (e ™i¢BACY (yy2) = F! (e—rilec-BAtx;%) () = F1 (e—mc(le)TBAtx;lc) (2)
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(recall that detx; = 1). The equivalence of (i), (ii) and (iii) follows from Theo-
rem 2.16. O

Proposition 4.5. Under the hypotheses of Proposition 4./, if we assume A shift-invertible
then Ay is shift-invertible. We have the equivalence of conditions for 1 <p <2, s >0:

(i) uo € ME (RY)
(ii) Walu(t,-) € LY (R*?)
(iii) Wa,uo € LE_(R?).

Proof. For every ¢ € R, the relation between B4, and E 4, is given by (76), so that
1 1
Ep, =Ba,J " — §IdXd'

Since B4, = (x )T Bax; ', we can view the matrix E4, in terms of the matrix E4 as
follows:

-~ 1
Ea, =B J ' - §Idxd

- o
= O ) Baxg T = Slaxa

_ 1 o 1
=g H" <EA + §Idxd> Ixg 't - §Id><d

_ 1 _ _ _ 1
= (Xt 1)T (E.A + 2Id><d> ((Xt 1)T) lJJ I §Id><d

_ _ _ 1 1
=06 D" EAOG )T + 51axd — 51axa

2 2
= (¢ DT Ea( H
Since (x; )7 is invertible, E, is invertible if and only if E4 is. The equivalence of (i),
(ii) and (iii) follows from Corollary 2.23. O

Observe that the previous result does not require the assumption (51).
Example: The free particle. Consider the Cauchy problem for the Schrédinger equation

00+ Au = 0
{Z 1+ A (101)

w(0, ) = uo(x),
with z € R?, d > 1. The explicit formula for the solution u(t,z) = e®®ug(z) is

u(t,z) = (K *uo)(x), (102)
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where

L ilz|?/ (4t

The canonical transformation y; is given by

xew,m) = (y + dtn, ) = (Id*d (4”’5”“6‘) <y> , (104)

Odxd Tixa

so that

Odxd Tixd

. (Mm —MMHWd>
Xt = .

We may apply Proposition 4.4 with B4, and A; defined consequently. Assuming further
shift-invertibility, we may apply Proposition 4.5 as well. It is clear, in this context, that
starting with a symplectic matrix A of the type (51) does not guarantee that the new
matrix A, in Proposition 4.4 satisfies condition (51). In fact, applying (104) to the matrix
B4 in (90), we obtain

0 lliwa—A
B _ -1 TB —1 _ dxd o4dxd 11 )
4= () Bax 3laxa — AT, (4mt) (A1 + AT — Taxa)

The matrix By, is of the type (90) if and only if
Aq1 + Afl = lixd, (105)
hence if the previous condition is not fulfilled A; is not of the type (51).

We test condition (105) on the 7-Wigner representations, for any 7 € R and with A,
defined in (6). In this case A;; + AT} = 2(1 — 7)I;xq and we obtain condition (105) if
and only if 7 = 1/2 (the expected Wigner case). By a direct computation:

Weou(t, z, &) = Wruo(z — 47t €), (106)
where the representation W ; is of Cohen class:
Woif = Wfsoms, (107)
with
ori(y,n) = or(xe(y,n)) = o-(y + dmtn, ), (108)

and
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24 27ri%z§ 1
2r—1a ¢ T 3

O—T(x3€) =

cf. Proposition 1.3.27 in [10].
We may write W, in the form of an 4;-Wigner representation, with

B(A)F(z,€) = / e~ 2mEr 220 Py 4y — (1— r)y)dy.  (109)
]Rd

Definition 4.6. For A € Sp(2d,R), f € S'(R?%), 0 < p < o0, s > 0, we say that zg =
(wo,&0) € WFLS([), 20 # 0, if there exists I'g, conic neighborhood of zg, such that

/(z)pb|WAf(z)|p dz < 0. (110)

r.,

The wave front set WF5*(f) is a closed cone in R??\ {0}.
In our context, it will be convenient to limit the definition to shift-invertible matrices
Aand 1 <p<2.

Proposition 4.7. In the preceding Definition 4.6 assume f € LP(R?), 1 <p <2, 5>0
and let A be shift-invertible. Then WFL*(f) = 0 if and only if f € M? (R%).

Proof. Under such assumptions, from Corollary 2.23 we have that f € M? (R?) if and
only if Waf € LB (R??). So, if f € MP (R?) then (110) is satisfied in every cone T'.,,
for all zy # 0, hence WF%*(f) = 0. In the opposite direction, assume WF5*(f) = 0,
that is (110) is satisfied for a suitable conic neighborhood T, of any zg # 0. From the
compactness of the sphere S2?~! we deduce that the integral (110) is convergent over
the whole R??, ie., W4 f € L%S (R24). This completes the proof. 0O

Assuming further that A is covariant, we consider the Schrodinger equation (19) and
define the covariant matrix A, t € R, as in Proposition 4.4. From Proposition 4.5 we

have that, if A is shift-invertible, so is A;, for all t € R.

Theorem 4.8. Assume ug € L*(R?). Let u(t,-) € L>(RY), t € R, be the solution of (19).
Let A be covariant and shift-invertible. Then, for 1 <p <2, s> 0:

WFL (u(t, ) = xeWFL (uo))- (111)

Proof. Assume (o # WF%®(uo), i.e., there exists A¢,, conic neighborhood of (o, such
that
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[@rwatuw©ra <o o (112)

ACo

Observe that T',, = x; '(A¢,) is a conic neighborhood of z,. We have, by applying
(100) and setting z = x+(¢):

/ ()P Wa(ult, ))(2)Pdz = / ()P W, (o) (5 2) Pz

Iz Iz

= [ e Wa, () O < .

ACO

since (x:¢)"* = (()P*, and we can apply (112). Hence zo = x:¢o ¢ WF*(u(t, -)). Arguing
similarly in the opposite direction, we obtain (111).
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