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Abstract

We prove bubble-tree convergence of sequences of gradient Ricci shrinkers with uni-
formly bounded entropy and uniform local energy bounds, refining the compactness theory
of Haslhofer and Miiller (Geom Funct Anal 21:1091-1116, 2011; Proc Am Math Soc
143(10):4433-4437, 2015). In particular, we show that no energy concentrates in neck
regions, aresult which implies alocal energy identity for the sequence. Direct consequences of
these results are an identity for the Euler characteristic and a local diffeomorphism finiteness
theorem.

1 Introduction and main results

In this paper, we refine the compactness theory for gradient Ricci shrinkers in general dimen-
sions. A smooth, connected, complete, n-dimensional Riemannian manifold (M", g) is called
a gradient Ricci shrinker if there exists a function f : M — R, called the potential of the
shrinker, such that

Ric, + Vi f = 3g. (1.1)

This notion, introduced by Hamilton in [21], naturally generalises the concept of positive
Einstein manifolds (satisfying (1.1) with f = const.). Gradient shrinkers have been very
heavily studied, particularly in the last two decades. It is not hard to see that (1.1) is equivalent
to g(t) := (1 — 1)¢; g satisfying Hamilton’s Ricci flow equation

8tg(t) = —2Ri0g([),

where ¢, is the family of diffeomorphisms generated by (1 — )~V f with ¢9 = id . That
is, a gradient shrinker evolves under Ricci flow only by diffeomorphisms and scaling and
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becomes singular at time ¢+ = 1. Hence, gradient shrinkers yield some of the most basic
examples of singular Ricci flows.

Their importance however stems from the fact that gradient shrinkers model finite time
singularities of the Ricci flow. As shown by Enders, Topping, and the first author [18], for a so-
called Type I Ricci flow (M, g(f))s¢[0,T), @ sequence of parabolic rescalings (M, gi(t) =
k;z g(T + A? (t — 1)), p) with scaling factors A; — 0 will subconverge smoothly in the
pointed Cheeger—Gromov sense to a gradient shrinker which is non-trivial (i.e. non-flat) if
and only if p is a singular point. We also refer the interested reader to an earlier result of Naber
[26] (without the non-triviality statement) and the work of Mantegazza and the first author
[24] for an alternative proof which yields additional information about the entropy of the
limiting gradient shrinker. Recently, in his spectacular trilogy [4—6], Bamler generalised this
blow-up result to the case of general Ricci flows without the Type I assumption. Instead, one
must work with a new concept of weak convergence and limiting gradient shrinkers that may
have a co-dimension 4 singular set. In the special case of dimension n = 4, Bamler has shown
that one obtains orbifold Cheeger—Gromov convergence to an orbifold Ricci shrinker with
isolated singularities modelled on R”/ T" for some finite I' C O (n). This yields a parabolic
version of the (4-dimensional) shrinker compactness result by Haslhofer and the first author
[22, 23] which we will recall now.

Itis now well known (see [22]) that every gradient shrinker comes with a natural basepoint,
namely apoint p := arg min,, f where the potential attains its minimum. Such a point always
exists and the distance between two such points is bounded by a constant depending only on
the dimension. From p, the potential grows like one-quarter distance squared and the volume
growth of geodesic balls around p is at most Euclidean, see Sect.2 for more details. It is
therefore always possible to normalise f by adding a constant so that

/M @r)"2efav, =1. (1.2)

In this article, we always assume that the potential has been normalised this way. The gradient
shrinker then has a well defined entropy,

k@ =W )= [ (VFE+R S —n) 4m eV, = o

The entropy, introduced by Perelman in [28], is non-decreasing along a general Ricci flow (in
the compact case or under some technical assumptions) and assuming a lower bound for the
entropy of singularity models is therefore quite natural. An additional local scalar curvature
bound, which is always available for gradient shrinkers, implies no local-collapsing.

The main compactness theorem for n-dimensional Ricci shrinkers from [22] (and its
improvement from [23] that shows the condition (1.3) always holds in dimension n = 4)
then states the following.

Theorem 1.1 (Theorem 1.1 in [22] and Theorem 1.1 in [23]) Let n > 4 and let (M;, g;, fi)
be a sequence of n-dimensional gradient Ricci shrinkers with entropy uniformly bounded
below u(gi) > n > —oo. If n > 4, then assume in addition that we have uniform local
energy bounds,

/ !ng. n/2
t1g
By, (pi.r)

Then (M;, gi, fi, pi) subconverges to an orbifold Ricci shrinker (Mo, €00, foo, Poo) in the
pointed orbifold Cheeger-Gromov sense where p; := argminy, f;.

dVy, < E(r)y<oo, Vi,r. (1.3)

i
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In particular, this means that a subsequence converges in the pointed Gromov—Hausdorff
sense and in the smooth Cheeger-Gromov sense away from the isolated point singularities,
see Sect. 2 for precise definitions of the different notions of convergence as well as for the
definition of an orbifold Ricci shrinker. We denote the set of isolated singularities by Q.

This compactness result generalised earlier shrinker compactness theorems for compact
shrinkers by Cao-Sesum [15], Weber [34], and Zhang [36] that furthermore rely on additional
conditions such as pointwise curvature bounds or positivity assumptions for the curvature.
This type of orbifold compactness theorem goes back to the fundamental work on sequences
of Einstein manifolds by Anderson, Bando—Kasue—Nakajima, and Tian [2, 9, 27, 32]. See
also Uhlenbeck [33] and Cheeger—Naber [17].

Our aim is to further extend Theorem 1.1 by investigating precisely what happens at the
points where orbifold singularities form. In addition to the work cited above, our main results
are in particular inspired by bubbling theorems for Einstein manifolds by Anderson—Cheeger
[3] and Bando [7, 8]. Our first main result is the following.

Theorem 1.2 (Bubble tree convergence) Let n > 4, (M;, gi, fi, pi) be a sequence of n-
dimensional oriented gradient Ricci shrinkers as in Theorem 1.1, and Q be the set of orbifold
points of the limiting orbifold Ricci shrinker (Moo, 8oo, foo). Then, given q € Q, there
¥ — 0, and ALE bub-

exist point-scale sequences {(q{‘, r{‘)},ivil where M; > qik —> q, 1
bles {(V, h*, q’o‘o)},]jil (see Definition 1.4), such that, up to passing to a subsequence, the

following is true.

1. Forall k # £, we have

¢ k ¢
r; dg(qr.q;
+M_>OO
T Fperr

+

\:‘\
~ [~
=~

asi — oo.

2. Foreveryfixed 1 < k < Ny, the pointed rescaled manifolds (M;, (rl.k)’zg,-, q{‘) converge
in the pointed orbifold Cheeger-Gromov sense to (V¥, h*, qlgo) asi — oo.

3. Given any other sequences M; > q; — q and o; — 0 such that

k k
; ; d,. (g, q:
min (Qt r; 8 (gi q; )) 00

k=1,...Nq r,»k i 0i +rF

then the pointed rescaled manifolds (M;, (0;)~2gi, gi) converge to a flat limit.

4. The number of ALE bubbles forming is locally finite, in particular for every r > 2 there
exists N = N(u, E(2r)) such that quQr Ny < N, where Q, := QN By (Pco, 7).

5. Finally, the following energy identity holds:

lim [Rmg, [1/“ d Vg, :/ |Rmyg,
=00 J By, (pi.r) ’ Byog (Poosr)

Nq
+ > Z/Vk [Rmye |21 d Vi,

qeQ, k=1

dVy,

8oo

whenever r > 2 is such that Q N 9Bg_(poo, ) = 0.

Bubble tree constructions as in Theorem 1.2 are an important tool in the study of geometric
PDEs and have been employed in a variety of situations. In addition to the work on Einstein
manifolds cited above, we would like to mention the classical works of Sacks—Uhlenbeck
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[29] for harmonic maps, as well as the articles by Brezis—Coron [12] and Struwe [30] for
certain elliptic systems, all of which have inspired us.

From a technical point of view, our proof of Theorem 1.2 differs from the ones by
Anderson—Cheeger [3] and Bando [7, 8] in that we start the process from the deepest bubble
(or leaf bubble which corresponds to the smallest scale) and then work our way outwards,
while their argument goes the other direction. This follows the first author’s bubbling analysis
for minimal surfaces obtained jointly with Sharp in [13], as well as the beautiful work of
Chang—Qing—Yang in [16].

Furthermore, working with non-compact manifolds, Theorem 1.2 only states that the
number of orbifold points in Q, = Q N B, (P, r) is bounded by N = N(u, E(Q2r)).
This means that if one wishes to apply the result for large r, or even the entire shrinker, the
number of orbifold points can become arbitrarily large and as a consequence, the bubble tree
construction in Sect.5 may not terminate.

A final important difference to the work of Anderson—Cheeger is Point 1.2 of Theorem
1.2, which is not present in [3]. While proving an energy inequality is relatively easy, proving
the claimed energy identity requires a more delicate argument to show that no energy is lostin
the intermediate regions between the different bubble scales. A significant part of the present
paper is therefore focusing on these so-called neck regions, see in particular Sects. 3 and 4.
Once the energy identity is proved, it can easily be translated into an identity for the Euler
characteristic:

Corollary 1.3 Under the assumptions of Theorem 1.2 and using the same notation, we have
the identity

Nfl
Jim X (Bg, (pi. 1)) = X (B (oo )\ Q) + D > x(VFN Q9 (14)
qeQ; k=1

where QF is the (possibly empty) set of orbifold points of the ALE bubble (V*, h¥).

The concept of an ALE bubble is defined as follows.

Definition 1.4 (ALE bubble) A manifold (or an orbifold with finitely many singularities)
(M"™, g) with one end is asymptotically locally Euclidean (ALE) of order T > 0 if there
is a compact set K C M", a constant R > 0, a finite group I' C O (n) acting freely on
R™\ B(0, R), as well as a C* diffeomorphism ¢ : M"\K — (R"\B(0, R)) /T such that
the following estimates hold:

(@*Q)ij(x) =8 + O(Ix|™")
@' e)ij(x) = 0(x|7"7F), Vk=>1

forall x, y € R" \ B(0, R). Here ¢ := ! o = where 7 : R" — R"/T is the natural pro-
jection. We say that an n-dimensional manifold (or orbifold with finitely many singularities)
is an ALE bubble, if it is complete and non-compact with one end, Ricci-flat, non-flat with
bounded L"/? Riemannian curvature, and ALE of order n — 1 in general. If n = 4 or the
manifold/orbifold is Kéhler then we require it to be ALE of order n. (In Definition 5.1, we
will further distinguish between leaf and intermediate bubbles.)

A further consequence of Theorem 1.2 is a (local) diffeomorphism finiteness result for
Ricci shrinkers.
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Corollary 1.5 (Local diffeomorphism finiteness) Let M denote the collection of n-
dimensional gradient Ricci shrinkers (M, g, f) with entropy uniformly bounded below
u(g) = u > —oo and uniform local energy bounds as in (1.3) whenever n > 4. More-

over, for any r > 0, set M" to be the collection of M" := M N Bg(p,r), where M € M and
p :=argminy, f. Then M" contains only a finite number of diffeomorphism types.

The corollary shows in particular that the collection of closed Ricci shrinkers with a
uniform upper bound on the diameter as well as uniform lower entropy bounds and uniform
energy bounds contains only a finite number of diffeomorphism types. Recently, Munteanu—
Wang [25] have shown such diameter bounds follows from the other assumptions. Proving
a global diffeomorphism finiteness result is a more delicate issue; even in the case where
one knows that all orbifold singularities form in a compact region (which is for example the
case under a scalar curvature bound), one still needs to control the number of ends of the
shrinkers, a problem which we will study elsewhere.

The paper is organised as follows: in Sect.2, we recall some basic concepts and collect
some facts about gradient Ricci shrinkers before proving a blow-up version of Theorem
1.1 (see Theorem 2.6). In Sect. 3, we first show a connectedness result for small annuli in
Ricci shrinkers (Lemma 3.1) which implies that bubbles have precisely one end (Corollary
3.3), and then we proceed to prove a neck theorem (Theorem 3.4) controlling the geometry
of intermediate regions in our bubbling result. Section4 is dedicated to proving an energy
estimate in these neck regions (Theorem 4.5) via an improved Kato inequality for Ricci
shrinkers. Theorem 1.2 is then proved in Sect. 5. In Sect. 6, we prove the two corollaries from
above.

2 A blow-up version of the compactness theorem

Let us start this section with the precise notions of pointed Gromov—Hausdorff convergence
and pointed orbifold Cheeger—Gromov convergence and a quick overview of the main results
from [22, 23].

Definition 2.1 (Pointed Gromov—Hausdorff convergence) A pointed map f : (X, p) —
(Y, q) between two metric spaces (X, dx, p), (Y, dy, q) is an e-pointed Gromov—Hausdorff
approximation (e-PGHA) if it is almost an isometry and almost onto in the following sense

(1) ldx(x1,x2) —dy(f(x1), f(x2))] < &, forall x1, x2 € Byy (p, 1/¢),
(ii) forall y € By, (g, 1/¢) there exists x € Bg, (p, 1/¢) with dy (y, f(x)) < e.

We say (X;, pi) = (Y, q) asi — oo in the pointed Gromov—-Hausdorff sense if
dpeu((X;, pi), (Y, q)) :=inf{e > 0:3e — pGHA f; : (X;, pi) > (¥, q) and

S (Y, q) —> (Xi, pi)}
— 0 (i = o0).

As explained in [22], Lemma 2.1 and Lemma 2.2, under the normalisation (1.2), one obtains
the following growth condition for the potential f from the basepoint p,

1 1
20, p) =53 < f(0) = (@) < 2 (d(x, p) +V2n)".
This in turn implies the volume growth estimate

Volg(Bg(p, 1)) < Vor", ¥r >0 @.1)
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with Vj being a constant depending only on the dimension of the shrinker. Finally, similar
to Perelman’s non-collapsing result, under the entropy bound w(g) > u > —o0 one obtains
for every r the existence of vp = vo(r, n, 1) such that

Volg(Bg(q, 8)) = vos", (2.2)

for every ball By(q,8) C Bg(p,r),0 < § < 1, see Lemma 2.3 in [22]. Pointed Gromov—
Hausdorff convergence of a sequence of Ricci shrinkers (M;, g;, fi, pi) withentropy ©(g;) >
u > —oo to a complete metric space (Mo, doo, Poo) then follows directly from (2.1)—(2.2)
and Gromov’s compactness theorem, see Theorem 2.4 in [22] for details.

The main work of [22, 23] then goes into improving the regularity of the convergence and
of the limit metric space M.

Definition 2.2 (Orbifold Ricci shrinker) A complete metric space M is called an orbifold
Ricci shrinker if it is a smooth Ricci shrinker away from a locally finite set Q of singular
points and atevery g € Q, M, is modelled on R"/ T" for a finite group I' C O (n). Moreover,
there exists an associated covering R” O B(0, 0)\{0} Su \{¢} of some neighbourhood
U C My of g such that (m*gx, 7* foo) can be extended smoothly to a gradient shrinker
over the origin.

Definition 2.3 (Pointed Orbifold Cheeger—Gromov convergence) A sequence of gradient
shrinkers (Ml.", gi, fis p,-) converges to an orbifold gradient shrinker (Mgo, 800> foos poo)
in the pointed orbifold Cheeger—Gromov sense if the following properties hold:

1. There exist a locally finite set @ C Mo, an exhaustion of M.\ Q by open sets U;, and
smooth embeddings ¢; : U; — M; such that ((pl* 8o} ﬁ) converges to (goo, foo) in the
CX-sense on Moo\ Q.

2. Each of the above maps ¢; can be extended to an e-pGHA which yield a convergent
sequence (M;, d;, pi) = (Moo, dso, Pso) in the pointed Gromov—Hausdorff sense.

Pointed orbifold Cheeger—-Gromov convergence to a Ricci-flat orbifold is defined analo-
gously.

The main result of [22] improves the Gromov—Hausdorff convergence to orbifold Cheeger—
Gromov convergence under the energy bound (1.3) and the main result of [23] shows that
the energy bound assumption is in fact always satisfied in dimension n = 4, see Theorem
1.1 from the introduction. It turns out that the set Q is the same in the two above definitions,
meaning that the convergence is bad (or non-smooth) around a point g € M if and only if
M, is non-smooth at g. We can therefore use the expressions that ¢ is a singular point or
a point of bad convergence interchangeably. A key ingredient in the proof of this improved
convergence result is an e-regularity theorem that follows from local Sobolev constant bounds
via a Moser iteration argument. We recall these two results here as we will need them later.

Lemma 2.4 (Local Sobolev constant bounds, Lemma 3.2 in [22]) There exist Cs(r) < oo and
8o(r) > 0 depending on r, n and i, such that for every gradient shrinker with normalised
weighted volume and (g) > u > —oo, and for every ball By(x,8) C Bg(p,r) with
0<6<8g(r)and p := argmin;, f, we have

ol < Cs(r) Vel L2,

for all functions ¢ € Ccl(Bg (x, 8)), where 2* = 2—"2

==
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Lemma 2.5 (e-Regularity, Lemma 3.3 in [22]) There exist reg(r), 80(r) > 0, and K¢(r) <
oo, all depending on r, n and u, such that for every gradient shrinker with normalised
weighted volume and u(g) > p > —oo, and for every ball By(x,8) C Bg(p,r) with
0 <6 <do(r)and p := arg min& f, we have the implication

Ko(r)
e
L”/Z(Bg(x,é)) < 5reg(") — sup )V ng’ <

R
H mg| Bo(r.5/4) ¢ = 82+

” Rmg

L2 (By(x.5))

Under the energy bound (1.3), for a large » and a small § > 0, there can only be finitely
many disjoint §-ballsin B (p, r) that contain energy more than greg (7). In light of Lemma 2.5,
away from these balls we get C* estimates for the curvatures and hence smooth convergence.
Hence the singular points g € Q are exactly characterised by the condition

dg; € M; with g; — ¢, 35; — 0 such that ”ngi

Ln/2(Bgl‘ (Qi~3i)) > Ereg(r)- (23)

Our first new result is a blow-up version of Theorem 1.1 stating that if we rescale the metrics
of our sequence of Ricci shrinkers with ){2 (where &; — 0) we still obtain orbifold Cheeger—
Gromov convergence. In order to allow us to apply this result flexibly in different situations
below, we prove a rather general theorem which does not yet make a statement about whether
or not the limit is flat and whether or not it has singular points — properties that will in particular
depend on the precise choice of g and the scaling factors ;.

Theorem 2.6 (Blow-up version of Theorem 1.1) Let (M;, gi, fi, pi) be a sequence of n-
dimensional gradient Ricci shrinkers with uniformly bounded entropy p (g;) > p > —00
and, ifn > 4, locally bounded energy as in Theorem 1.1. Let ¢ € Mo, and let M; 3 q; — q
and L; — 0. Then the rescaled sequence (M;, g; = Ai_zgi, qi) subconverges in the pointed
(orbifold) Cheeger—Gromov sense to a complete, non-compact, Ricci-flat manifold or orbifold
with isolated singularities (V, h, go0) which has bounded L"? Riemannian curvature and
is ALE of order n — 1 in general and ALE of order n if either n = 4 or (V, h) is Kdhler.
Finally, the singular points of V are characterised by (2.3) for the rescaled metrics g;.

Proof The proof consists of checking that after rescaling we can essentially still follow the
same arguments as in the original proof of Theorem 1.1 to obtain orbifold Cheeger—Gromov
convergence and in checking the claimed properties of the limiting manifold or orbifold.

First, choose some r > 2 such that g € B, (po, 7). By picking i sufficiently large, we
may assume that g; € B, (p;,r + 1) and thus By, (g, 1) C Bg,(pi, r +2) C By, (pi, 2r),
which by (2.1) implies that Vol,, B, (g;, 1) < C,(2r)" independently of i. Clearly, these
unit balls By, (g;, 1) with respect to the original metrics correspond to the larger and larger
balls Bz, (qi, A; 1) with respect to the rescaled metrics. Using also (2.2), we therefore see that
there are constants vy, V| depending only on r, n and u, such that

vis" < Volg, Bz (gi, s) < Vis" 2.4)

whenever i is sufficiently large so thats < Ai_l . In particular, this controls the number of small
balls that can be placed disjointly in a large ball and thus implies pointed Gromov—Hausdorff
convergence to a complete length space by Gromov’s compactness theorem. Clearly this
limit space is non-compact.

Next, we note that Lemma 2.5 still holds for the rescaled metrics g; and for balls Bg, (x, §)
such that 0 < A;8 < 8o(r). This is obtained by scaling g;, applying the e-regularity lemma
for shrinkers, and then scaling back. More precisely, we have
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7 Page8of32 R.Buzano, L. Yudowitz

||Rm§,- ||Ln/2(Bg~i (x,8)) < &reg(r) = Hng,- | L2 (B, (x.18)) < Ereg(r)
- ¢ Ke(r)
Sup |V Rmg, |, = Gore H Rmg, [ //2 .
By, (x.1:8/4) & = (a8 L"2(By, (x,1;8))
Ke(r)
= sup Vengi 5 = S [Rmg | g .
BE,-(X.B/4)’ & — & ” ‘L (Bg; (x.8))

(2.5)

So for the rescaled metrics we have the exact same implication as in Lemma 2.5, the advantage
being that we can potentially work with much larger balls, a fact that we will use in the neck
theorem below to conclude flatness of the limit.

Endowed with such an e-regularity result, we can conclude exactly as in [22] to improve
the regularity of the limit to an orbifold (V, k) with isolated singularities and the convergence
to pointed orbifold Cheeger—Gromov convergence. We refer the reader to Section 3 of [22]
and the associated references for more details. In the exact same way as described above,
the orbifold points of V are exactly the points where the convergence is bad and these points
are characterised by an energy concentration as in (2.3) for the rescaled metrics g;. As the
bounded L"/? Riemannian curvature of the limit (V, /) is an obvious consequence of the
local energy bound (1.3), it only remains to show that the limit is Ricci-flat and satisfies the
ALE condition.

To prove the former property, note that the rescaling changes (1.1) to

Ricg, + Vé%if,- = —g.

2
e
2
Hence, away from the points of bad convergence, (V, h) satisfies the steady soliton equation

Ric, + V2 f =0

for some function f : V — R. Since any Ricci shrinker (M;, g;, fi, pi) satisfies
1
0 = Rg,(x) < fi(x0) = j(gi) = 3 (g (x, pi) + V207,

see for example (2.11) in [22], and the rescaled metrics satisfy Ry, = kf Ry, , we also conclude
that (V, h) is scalar-flat. If (V, ) is a smooth manifold (and thus a smooth steady soliton),
then it satisfies

R, = ARy, + 2 |Ricy |2

and we can directly conclude Ricci-flatness from scalar-flatness. This argument does not
directly go through if there are orbifold singularities, but we can work instead with the
evolution equation for the scalar curvature on the shrinkers (M;, g;, fi), namely

Ry +(V fi. VRy ) = ARy +2 [Ricy,

2
8i
and pass to a limit after rescaling to conclude that the limit is Ricci-flat.

In the final step, we want to apply the following theorem which will yield the desired ALE
condition.

Theorem 2.7 (Theorem 1.5 in [9]) Let (V", h) with n > 4 be a Ricci-flat manifold or a
Ricci-flat orbifold with isolated singularities such that for some x € M and v > 0, we have

Vol, (By(x,s)) > vs", Vs>0
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as well as
/ IRmy, /"2 dV, < C < 0.
v

Then (V"*, h) is ALE of order n — 1. If n = 4 or (V" h) is Kdhler then it is ALE of order n.

In order to apply this theorem, we pick x € V to be the limit g, of the points ¢; (whether this
is a point of good or bad convergence does not matter). Then note that the volume growth
assumption follows by passing to a limit in (2.4) while the integral condition follows by

/ |Rmh|n/2th = lim |Rmh|h/ dVy < lim hmlnf/ |ng "/deg
§—>00 Bh(qus) §—>00 [—>00 B?[(q,’,-?)
= lim liminf/ [Rm,, "2 av,, < _/ [Rm,, "2 av,
§700 100 By g i) By (g1
5/ |Rm,, ”/zdvg < EQr) < oo.
Bg,'(p,'lr)

On the second line, we used that for any s we may take i large enough so that s < ){1 and

on the last line we used the uniform local energy bound (1.3) which we assumed for n > 4

and which, as mentioned previously, is always automatically satisfied for n = 4 by the work

in [23]. This completes the proof of Theorem 2.6. O
We also recall the following sufficient condition for flatness of the limit.

Proposition 2.8 (Bando’s gap result, [7, 8]) There exists egap(n) > O such that the following
holds. Let (V", h) be a limit orbifold arising in Theorem 2.6 with

2
/ IRmy, 172 dV, < egap. (2.6)
\4

Then (V, h) is flat, i.e. Rmy, = 0 in the regular part of V.

3 Small annuli in Ricci shrinkers and a neck theorem

Let A 51,5, (q) denote the closed geodesic annulus centered at some point ¢ € M. That is,

Asl,sz(Q) = Bg(Qv 52) \ Bg(‘la 51).

Furthermore, let Ay, 4, (g) denote a connected component of A 51,52 (q) such that

As1,52(q) N9Bg(q, 52) # 0. (3.1

The first lemma of this section, which is important for the neck theorem below, shows that for
sufficiently small annuli A 51,5, (@) there exists only one such component Ay, 4, (g). We will
also prove a diameter bound for this component. These results are Ricci shrinker versions of
results from [1, 3] for manifolds with pointwise Ricci bounds. We only consider annuli lying
fully inside Bg(p, 2r) for some fixed » > 2 and, in order to guarantee that we can later apply
our results to our sequence of shrinkers, we make sure that all constants only depend on this
r as well as possibly on n and j.

The key tool to prove these results is the Bakry—Emery volume comparison theorem
(Theorem 1.2 in [35]) which implies that for a gradient Ricci shrinker there existsa = a(r, n)
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7 Page10o0f32 R. Buzano, L. Yudowitz

such that
Vol ¢ (Bg(q, 02)) -
Vol s (Bg(q,01)) —
whenever 0 < 01 <03 < landgq € By(p,r + 1). Here, p := argmin,, f is the basepoint
of the shrinker, » > 2, and Vol ¢ (2) := fQ e~/ dV. The constant a can in fact simply be

chosen to be a = ¢? where b is a bound on |V f| on the ball By (p, 2r). Such a bound follows
from the auxiliary equation for Ricci shrinkers

Ry +IVfI; = f=—u(g).

which, together with R, > 0 yields

oy
a(r,n) —. (3.2)
0]

1
0= IVfIg = R +IVflp=f —n®) = (lx, p) + V20" (33)

So we can for example pick a(r, n) = exp(r + +/n). There is also a corresponding version
of (3.2) for annuli, obtained in the proof of Theorem 1.2 in [35]. The version we will use
below can be written as

w <a(r,n) M 3.4
VOlf(Acro,crl (6])) B Uil - Uon

whenever 0 < 0g <oy <oz <landq € Bg(p,r +1).

Lemma 3.1 (Small annuli in Ricci shrinkers) Given n > 4, r > 2 and . > —o0, then there
exist constants 0 < {p < %, and Cy < 00, such that the following holds: let (M, g, f) be a
complete, connected n-dimensional gradient Ricci shrinker with entropy bounded below by
u(g) = u. Let p := argminy, f and q € Bg(p,r + 1). If

s2 < % and sy = sy where ¢ <

then the annulus Asl .5, (q) contains at most one connected component that meets d By (q, 52)
in the sense of (3.1) and, if such a component exists, any two points in A, 5,(q) N 3B, (q, 52)
can be connected by a curve lying in Ay, 2s,(q) of length Cosa.

Remark 3.2 Obviously any two points in Ay, ,(q) N dBg(q, s2) can be connected in M by
a curve of length 25, (by passing via ¢), but the lemma excludes curves getting near g. By a
more careful argument, one can prove an actual intrinsic diameter bound for A s1,52(q), but
the claimed property has a simple proof and is sufficient for us.

Proof Assume for a contradiction that there are at least two such components {D;}. We may
assume that D; is such that for any i # 1 we have Vol ¢(D;) < Vol ¢(D;) which implies

Vol £ (Ay, 5, (q)) < 2 Vol ( U D,»).
i#l
Now choose x € Dy N dB,(q, s2). Note that any minimising geodesic y (f) in M from x to
some component D; (with i # 1) has length at most 2s, and intersects B (q, s1) for some
to € [s2 — 81, 52 +51]. Let Agyv(x) be the set of all points on such a geodesic with ¢ € [u, v].
Note the inclusion relation

JDi €AY 2,0 (3.5)
i#l
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Also, the triangle inequality together with y (fo) C Bg(q, s1) yields

A?Z—SI,S2+SI (X) - Bg(Q» 3S1). (36)
Combining (3.4)—(3.6), we obtain

VOlf(A_xl,sz(CI)) < 2V01f (Ui;ﬁl Di)
Vol (Bg(g, 3s1)) — Voly(Bg(q,3s1))
- 2Vol f(AY 5, ()
T Vol (AY s ()
Q¢ hr— @ t=1n
(L § L e e B
= CO§_1 + Cy

<2a(n,r)

for constants Cp and C; depending only on n and a(r, n). On the other hand, we also have

Vol (A5, (@) _ Volp(Bg(g.52) . vosy LI
Vol (Be(q.3s1)) — Vol (Bg(g.3s1))  — 3"Vos" 31V, ’

where V() and vg are the constants from (2.1)—(2.2). Clearly this yields a contradiction when
Zo is sufficiently small (and hence ¢ ' > S0 ! sufficiently large), showing that there can be
at most one connected component Ay, s, (¢g) that meets 0B (q, 52).

It remains to prove the claimed diameter bound. In order to do so, pick a maximal family of
points x; € Ay, 5,(q)N3Bg(q, s2) suchthat B; := Bgy(x;, £s) are disjoint for§ := %(1 —{)
and set éj- = Bg(xj, 2&s2). Clearly if f?j N ék # ¥, then x; and x; can be joined by a curve
in Ay, 25,(q) of length at most 4&s,. This uses in particular that all B ; are disjoint from
By (g, s1) by definition of &. By maximality, {I§j} cover Ay, 5, (q) N9 Bg(g, s2) and therefore
any two points in Ay, s, (q) N dBg(q, s2) can be joined by a curve in Ay, 24,(g) of length as
most 4&s; - #{x;}. It remains to estimate the number of points in the family {x;}.

Note the inclusion

Bj = Bg(xj,§52) S Bg(q, (1 4+8)52) S Bg(xj, (2+8)s2).
which by (3.2) yields
Voly(Bg(g, (1 +8)s2)) _ Volp(Bg(xj, 2 +8)2)) _ a(n. r) (2 +& )"
VOlf Bj - Volf Bj - ’ &

for each j. In particular, the number of disjoint B; lying in B, (g, (1 + &)s2) is bounded by
a(n, r)(E)".
Combining with the above, we see that any two points in Ay, 5,(g) N 3B, (g, s2) can be

joined by a curve in Asl .25, (g) of length as most 4§a(n, r)(zgﬁ)” - §2. An explicit constant

Cy can easily be obtained from 0 < ¢ < % which yields % <€ < % O

Corollary 3.3 (One end) Any limit manifold or orbifold (V , h) obtained in the blow-up version
of the compactness theorem, Theorem 2.6, has one end.

Proof For sufficiently small %;, the annuli A s m(q,-) satisfy the assumptions of Lemma
3.1 and therefore have only one connected component meeting the outer boundary. This
immediately implies that (V, &) has only one end. O
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In the remainder of this section, we prove a so-called neck theorem. Generally, in bubbling
results one usually encounters three different types of regions: regions where energy concen-
trates (and bubbles form), regions where there is no such concentration (and the convergence
is smooth), and finally the intermediate or neck regions. The following result about these
intermediate regions is a Ricci shrinker version of Theorem 1.8 in [3] for manifolds with
pointwise Ricci bounds.

Theorem 3.4 (Neck theorem for Ricci shrinkers) Letn > 4, r > 2, u > —o00, k € N and
e > 0 be given constants. Then there exist epeck > 0, 01 > 0 and ; < 00 such that the
following holds.

Let (M, g, f) be a complete n-dimensional gradient Ricci shrinker such that 1(g) >
and the local energy bounds (1.3) are satisfied if n > 4. Take g € Bg(p,r + 1) where
p = argminy, f. Let Ay, s,(q) C M be the unique connected component of the geodesic
annulus Ay, s,(q) which satisfies the condition Ay, s,(q) N 0Bg(q,s2) # 9 (according to
Lemma 3.1) and with

s2 <01, S1 = €neckS2- 3.7

Finally, assume that
n/2
f [Rmg[}/" dVy < encek. (3.8)
AS[ 52 (q)

Then there is some T' C O(n) acting freely on S"~' with |T'| < y and an &-quasi-isometry'
W with

@ (G 6"D) € A

Eneck —€)s1, (Ene&k+8)52

(@)
(3.9)

A —1p 12
(¢ neb{( +&)s1, (8néck_€)s2

such that for all C V(S”_] /TYCC -1 1p (S"_l/ I') in local coordinates one has
29" €neck S1>€neck’2

(W™ (s728))ij — 8ij| v <& (3.10)
Proof The proof is in two steps. We first prove the following claim:

Claim 3.5 There exist &peck, 01, y such that for each s as in the statement of the theorem,
(3.9)—~(3.10) hold for some Vs : (S" 1/F ) > A _1/2 1/2 o (q) where ¥rs, I's may

eck S1 E
a-priori depend on s.

Proof Assume towards a contradiction that the claim is not true. Then for given n > 4,
r>2u > —00,k € Nand ¢ > 0 there exist sequences & — 0, 0; — 0 and a
family of complete n-dimensional Ricci shrinkers (M;, g;, f;) containing annuli A sish (gi)
satisfying the assumptions of the theorem but containing some sub-annuli A s (gi) (with

si € [2¢; l/zsi, l]/z ’]) that, after rescaling the metric by g; := s gi, are not g-close in the

C* topology to an annular portion of any cone C(S"~!/T).
By Theorem 2.6, we can take a pointed orbifold Cheeger—Gromov limit of (M;, g;, fi, qi)

converging to an orbifold (V, i, o). By the condition s5; € [2¢; l/zsi, 841/25‘5] we obtain

U'We call a map ¥ X = Y between metric spaces an g-quasi-isometry if
ldx (x1,x2) —dy (Y (x1), ¥ (x2))| < ¢, forall xj, x3 € X.
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for every £ € N that for sufficiently large i we have A Lsi s (gi) C Asli,sé (gi) and therefore

2
/ |ng,.|;_/ dVy <& — 0.
1
Aﬁsiyési(lli)
In particular, after rescaling g; := s, 2g,-, there are no points of bad convergence on the

annulus Afé -1 z(qi). Repeating this for larger and larger ¢, we see that the convergence
is smooth awa); from g0, i.e. (V, k) has at most one orbifold point. Moreover, using the
argument from (2.5) applied to larger and larger balls, we obtain that the limit is flat.

Following the proof of Theorem 1.8 in [3], respectively Section 5 of [9] (which we can
certainly do because the Ricci-flatness of the limit gives pointwise Ricci bounds on the
annuli A%

20)-1 l(q,-)), we see that therefore the limit (V, &) must be an Euclidean cone, i.e.

there exists some I' C O (n) acting freely on S"~! such that (V, h) = C(S""1/T). As the
convergence is smooth away from the origin, we obtain the desired contradiction and hence
the claim holds true. O

Having obtained v, and groups I's, all that remains is to rule out the possible s dependence.
This is the second step of the proof.

Claim 3.6 The subgroup T is independent of s and, after slight modifications, some (or all)
of the maps s can be combined to yield the map  in the statement of the theorem.
-1/2

Proof We know there are constants neck, 01, ¥ such that for any s with 2g__ 4

s = s <

; s(q) 1s e-quasi-isometric and es ¥ -close in the C* sense to an
25,8

erlléczksz, the annulus A
annular region in a cone, Cj ; ¢ (S"_1 / I's). Now take ¢ sufficiently small and, for some fixed
TR

s, take s’ very close to s. On its maximal domain of definition 1[f;1 o1y is a 2e-quasi-isometry.
Therefore I'; is locally constant and thus independent of s.

Once we know that the cone C(S"‘l/ I') is fixed, we can let #; := (%)i‘lséﬁkm and set
Y = vy,. These maps ; almost agree after radial scaling and hence, after a further slight
modification, can then be piece-wisely connected to yield the map v, precisely following
the argument from [3], page 241. O

Combining the two claims, the theorem is proved. O

4 Improved Kato inequality and energy estimate in necks

The main estimate of this section, Theorem 4.5, which is to some extent inspired by work of
Bando and Bando—Kasue—Nakajima on Einstein manifolds [7, 9], will allow us to show that
energy does not concentrate in a neck region during the bubble tree construction.

The following proposition, on which the energy estimate from Theorem 4.5 is based, can
be seen as a purely analytical result, which requires only the uniform local Sobolev constant
bounds from Lemma 2.4.

Proposition 4.1 (Annulus estimate) Letn > 4, r > 2, u > —oo and o > 1 be given
constants. Then there exist gqnn > 0, 03 > 0 and Ca < 00 such that the following holds.
Let (M, g, f) be an n-dimensional gradient Ricci shrinker with u(g) > u. Take q €
By(p, r+1)where p := argmin, f andlet Ay, 5,(q) C M be the unique connected compo-
nent of the geodesic annulus As] .52 (q) which satisfies the condition Ay, ,(q)N0Bg(q, s2) #
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@ (according to Lemma 3.1) and with
s2<00, 51 =< g0

Finally, let u, v be non-negative functions such that A yu = Au — (V f,Vu) > —uv and
suppose that v € L? with

/ v2dV, < €am (4.1)
Agy 50 (@)

andu € L*. Then for y = -5, we have

/ u*rdv, < Cz/ u*’dVy.
A:|Ur2(q) As1,251 (Q)UA%A.ZP‘,Z(Q)

Proof The first part of the proof (up to (4.4) below) is related to the first step in a standard
Moser iteration or epsilon regularity argument with some extra work to take care of the V f
terms coming from the drift Laplacian.

We will work with a cutoff function 0 < ¢ < 1 with compact support in Ay, 5,(q) C
By (p, 2r) which we will determine more precisely further below. We have

—/ *u*"Auav, :/ <p2Vu“_1VudVg+/ Ve? - u*"'Vuav,
M M M
— s [ 2P avye d [ o aivatay,

Rearranging this and applying the differential inequality A ju = Au — (V f, Vu) > —uv,
we get

74(0;21)/ @? |Vu°‘/2|2dVg 5/ <p2u°‘vdVg —/ Q*u NV f, Vu)dV,
M M M
_%/ oV - uo‘/ZVua/deg.
M
Using Young’s inequality, the last term on the right hand side can be estimated by
—g/ oV - u“/ZVu"‘/deg < %[“T_I/ (p2 |Vu°‘/2|2dVg + ﬁ/ IV(/JI2 u“dVgi|.
M M M
Hence, after absorption, we find
%/ 0* |Vu?* av, < / *u“vdV, + %/ IVol? u®dV,
M M M
—/ @*u* NV £, Vu) dV,. (4.2)
M

Let us now estimate the term involving V f. Integrating by parts yields
- / @ "NV f, Vu)dV, = / u® (Ve?, Vf)dV,
M M
+ / *u (Vu=', Vf)dV, + / P u*AfdV,
M M

=/ uo‘(sz,Vf>dVg+(a—l)/ Q*u" NV £, Vu)dV,
M M
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+ / QU AfdV,
M

and thus after subtracting the second term on the right hand side

—a/ @ u* "NV f, Vu)dV, = / u® (V2 V f)dV, +/ PP AfdV,.

M M M
We can therefore estimate, using Young’s inequality,
—/ @ u* "NV f,Vu)dV, = g/ u* (Vo2 V) + 9> Af)dV,
M M

= é/ u (20 (Vo, V) +@*Af)dV,
M

IA

g/ |V¢|2u“dvg+g/ Qu(IVFI>+ Af)dv,
M M

é/MIVsolzu“dngL%/szu“dvg,

IA

where C(r) is a bound on |V f|> 4+ A f inside Bg(p, 2r). (Such a bound clearly exists: for
IV f |2 we have derived it in (3.3) and, using the trace of the shrinker equation (1.1) and the
fact that R; > 0, we also have A f < % everywhere.) Plugging this last estimate into (4.2),
we obtain

2 2
[ v vy < | [ dumwavr (24 d) [ vepucave+ 42 [ pura,]
M M M M
2 a 2« 2«
<C/ o u“v + [Vol|~u® + o u“dVy,
M

where

C=Clnr o) =ypmax i, 2+ L €0L 4.3)

Next, combining this estimate with the uniform Sobolev inequality from Lemma 2.4 (which
we can apply if oo < §p(2r)) and the smallness assumption (4.1), and noting that 2* = 2y,
we conclude

1
</ ((pua/z)zydvg>y - Cs/ |V(¢ua/2)|2dvg
M M
< Cs/ Vo2 u® + ¢* [Vu2|* av,
M

< Cs(C + 1)/ o2u%v + |Vg0|2u°‘ + (pzuo‘dVg
M

2 1
SCS(C+1)[(/ v%dvg> (/ wZVu“VdVg)y
M M

—|—/ o*u® + |V<p|2uadVg:|
M
1
14
< Cs(C + 1)[8;{;‘ (/ (Wa/z)zydvg> +/ 02u® + |Vo|? uadvg].
M M
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We can absorb the first term on the last line by taking €.y, small enough. For example, letting

2/n 1 .
Eamn = 2C5(CF1)° we obtain

1
</ (wua/2)2ydvg> " <ocs(C 1)/ *u® + Vo> u®dV;. (4.4)
M M
Now, choose 0 < ¢ < 1sothaty =1 on Alﬂ,%xz(q)’ ¢ =0o0on M\Ay, 5, (q), and
c
= on Ag, 2
Vol < g O Ana@ 4.5)
€ onA @)
52 %Sz,xz q

for some universal constant C’ < oo. Using (4.4), we get

1 1

1 1 1
Y Y Y
(/ uaydvg) < (/ uaydvg) + (/ (uot/Z)ZVdVg)
Asy,5 (@) Ay 291 (q)UA%_QVSZ(q) Ay Ly, @

352

1 1
Y Y
< (/ uDlVdVg) + (f ((puu/z)zydvg)
Aoy @UAL (@ M
352:52
1
14
=< (/ u“deg>
A:1,2s1 (Q)UA%SZ_W((I)

+2Cs(C + 1)/ @*u® + |Vol? u*dV,.
M

Holder’s inequality yields

1
/ (p2uadvg =< VOI%(Asl,SZ(q)) : </ ua}/dvg) '
M Asl.sz(q)

Hence, if 0, is chosen sufficiently small such that Vol (A 5,(q)) < m — which can
be done due to the uniform volume growth estimate (2.1) — then this term can be absorbed,
leading to

1
(/ u“VdVg>V 52(/ u“VdVg>V +4C5(C + 1)/ Vo> ud V.
Axl,sz(q) ASI,ZS‘I (q)UA%XZYSz(q) M

Finally, applying Holder’s inequality also to the last term, we find for some C” < oo

2 1
/ IVol*u®dV, < (/ Vol dVg) </ u‘”’dvg>y
M supp(Ve) supp(Ve)

1
< c”(f u""’dVg)V.
A.\‘| ,251 (q) U A%SZ'SZ (l])

Here, we have used the volume growth estimate (2.1) and the assumption (4.5) for the last
estimate. We therefore conclude

1 1
(/ deg> " <@ t4csC+ 1)c”)<f uadeg) ’
A“'l 82 (q) A.\'] ,251 (q) UA 1 (l])

7252:52

and hence the proposition is proved with C; = (2 +4Cs(C + 1)C")?. O
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Endowed with this proposition, we would now like to show that for small annuli Ay, s, (q)
(under assumptions similar to the ones in the neck theorem), the energy of the entire annulus
can be estimated by the energy of the two dyadic annuli Ay, 25, (q) and A Lo (q9). It is

tempting to use the equation
A¢Rm| > —C [Rm|?, (4.6)

and try to apply Proposition 4.1 to u = [Rm|, v = C |Rm| with ay = 5, but unfortunately,
this does not work: for example if n = 4, we have y = n”fz =2= %, so would need to work
with @ = 1, but the proposition crucially needs o« > 1 and, as can be clearly seen from (4.3),
the constant C degenerates as o N\ 1. It is therefore necessary to improve the differential
inequality (4.6), which we will do in the following. A key ingredient for this is the following
improved Kato inequality for gradient Ricci shrinkers.

Lemma 4.2 (Improved Kato inequality) There exists a constant §x = Sk (n) > 0 such that
the following holds. If (M, g, f) is an n-dimensional oriented gradient Ricci shrinker, then

(1+48x) |V |Rm||® < [VRm|>.

Proof One can deduce an improved Kato inequality from an explicit calculation similar to
the work of Bando—Kasue—Nakajima [9] in the Einstein case. Here however, we will rely on
a general framework, due to Branson [11] (see also Calderbank—Gauduchon—Herzlich [14]
for a similar result with a quite different proof), for determining when an improved Kato
inequality holds on an oriented manifold. Specifically, in order to apply Theorem 4 in [11]
we need to consider a first order operator D and a tensor bundle 7" with sections . Then, if
D*D is elliptic when acting on T and Dy = 0 we will have an improved Kato inequality
for ¢ away from its zero set. Such conditions are typically satisfied for a curvature tensor
because of the Bianchi identites and some extra structure, which in our case is the shrinker
equation.

Branson’s framework requires one to work with an operator D which is the sum of gener-
alised gradients (also called Stein—Weiss operators), two examples of which are the exterior
derivative d and its adjoint d* acting on differential forms, see [31]. Viewing Rm as a vec-
tor bundle valued 2-form in Q% (M, End (T'M)) and taking d to be the exterior covariant
derivative, we note that fRm = 0 by the second Bianchi identity.

Instead of d*, we would like to work with d}‘. =—divy = —ef div(e_f -), the adjoint of

d with respect to e~/ d V. This is the natural adjoint to work with in the shrinker setting, but
it is not immediately clear if it is a Stein—Weiss operator. However we can use that forms are
linear with respect to smooth functions which gives

dive,Rm(-) = e/ div (e_me G, ~)) =/ div (Rm (e_f', )) .

Thus we are actually dealing with div, or equivalently d*, which we know is Stein—Weiss,
except now we have applied a transformation to the domain of Rm. However, since this
transformation is confromal the new domain is isomorphic to 7M. This is enough for our
purposes, since being Stein—Weiss is an algebraic property. Using the second Bianchi iden-
tity, the shrinker quation (1.1), and the commutator rule we can compute the following in
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coordinates:
divRm = VpRmijgp
= VjRiCi( - ViRiCﬂ

=V, (38ic — ViVef) = Vi(3gje — ViVef) 4.7)
==V;ViVo f +V;V;V, f
=Rmij[pvpf.

This is equivalent to d ’;Rm =0.

With all of this in mind, we take D = d + d;i and have DRm = 0. This also gives
D*D = (d + d})z =A ? where A 7 is the f-Hodge Laplacian, which is certainly elliptic.
Therefore we can apply Theorem 4 in [11] to get the desired improved Kato inequality away
from the set of points where Rm = 0. However, such a set is empty on a non-trivial shrinker.
This completes the proof.

To be precise, in dimension n = 4, we need to split 2-forms into their self-dual and anti-
self-dual parts in order to obtain Stein—Weiss operators d4 and (d;i)i, see Branson’s work
in [10] for details. O

As a corollary, we obtain the following improvement of (4.6).

Corollary 4.3 (Improved differential inequality for the Riemann tensor on a Ricci shrinker)
There exists a constant Cx = Cg(n) < oo such that for every n-dimensional oriented
gradient Ricci shrinker (M, g, f) and 5k (n) from the improved Kato inequality, we have

Ag IRm|'™% > —Cg [Rm|*°F , (4.8)
where A pu = Au — (V f, Vu) denotes the drift Laplacian on (M, g, f).

Proof The proof is in two steps. We first show the following shrinker version of the evolution
equation of the Riemann tensor along the Ricci flow.

Claim 4.4 The Riemann tensor on a gradient Ricci shrinker (M, g, f) satisfies the following
equation

AyRm = Rm + Q(Rm),

where Q(Rm) is a quadratic expression in Rm.

Proof In the argument below, the quadratic expression Q (Rm) may change from line to line.
Working in coordinates, we first note that using the commutator rule, the second Bianchi
identity, and (4.7) we have

VpVpRmijre = =V, ViRm;jp, — V, VeRmyjpx

—=ViVpRm;jep — Ve VRMyjpe + Q(Rm)

= Vkijilprf + V[Rmijkpvpf -+ iji(kafo + Rmijka@fo + Q(Rm).
4.9)

Using the second Bianchi identity for the terms involving first derivatives of the Riemann
tensor yields (Vi,Rm ;¢ + VeRm;jip) V) f = VpRm;ie V), f. The terms involving second
derivatives of the shrinker potential are handled using the shrinker equation (1.1) one last
time:
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Rmjiep ViV f + Rmijip VeV f = Rmjiep(38kp — Rickp) + Rmijip(38¢p — Rice)
= Rm;ji + Q(Rm).
Putting everything together, the claim follows. O
Using the identity V |[Rm| = [Rm|~! (VRm, Rm) and the improved Kato inequality
A s [Rm|'™% = (1 = §x)V - ((VRm, Rm) [Rm|~' %K) — (1 — 8k) ((V £, VRm) , Rm) [Rm|~' %K
= (1 — 8x) (ARm, Rm) |Rm|~' %% — (1 — §x) ((Vf, VRm) , Rm) |Rm| ' %
+ (1= 8k) IVRm|* [Rm| ™' ¢ — (1 — 8x)(1 + 6x) (VRm, Rm) V [Rm| [Rm| >~
> (1 - 8k) (A yRm, Rm) |Rm|~' %% .

Thus, using Claim 4.4 as well as the fact that Q(Rm) > -C |an|2 for some constant C, we
find

As Rm|'"™% > (1 — §x) (Rm + Q(Rm), Rm) |Rm| ™1 ~%K
(1 —8x) IRm|' ™% + (1 — 8k) (Q(Rm), Rm) [Rm|~'—%%
—(1 = 8¢)C [Rm[*7%

v

Hence the corollary follows by setting Cx := (1 — 8x)C. O

We can now combine this improved differential inequality with Proposition 4.1 to obtain
an energy estimate in neck regions for oriented gradient shrinkers as desired. This is the main
result of this section.

Theorem 4.5 (Energy estimate in necks for Ricci shrinkers) Given n > 4, r > 2, and
U > —00, there exist e > 0, 03 > 0 and C3 < 00 such that the following holds.

"~ Let (M, g, f) be an n-dimensional oriented gradient Ricci shrinker with u(g) > .
Take q € Bg(p,r + 1) where p := argminy, f and let Ay 5,(q) C M be the unique
connected component of the geodesic annulus Asmz (q) which satisfies the condition

Ayg.5,(q) N 0Bg(q, 52) # ¥ (according to Lemma 3.1) and with
52503, S < i (4.10)

Finally, assume that
n/2
f [Rmg[“dVy < ece. 4.11)
A:],:2 ((])

Then we have

/ [Rm,|"/? av, < c3f [Rm,["/? av.
A.\'l,sz(q) A‘Y]vzsl (q)UA%sz.sz @

Proof We set u := |Rm|' %% and v := Cg |Rm|, where 8 and Cx are from Corollary 4.3.
Then (4.8) is equivalent to A pu > —uv. Letting 03 = 02 and gee = C 1;”/ zeann (with o and

&ann given by Proposition 4.1), we have
/ U%dvg = Cz/zgee = &amn
Asl K (@)

and moreover for « := 2(%52,() > 1 the fact that |Rm| e L3 (and therefore by Holder’s

inequality [Rm| € L%) shows that u € L®. We can therefore apply Proposition 4.1 which
yields the claimed estimate as u* = [Rm|"/? with C3 = Ca(a = 5=5)- o
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7 Page20of32 R. Buzano, L. Yudowitz

5 Construction of the bubble tree

It is finally time to construct the bubble tree and prove Theorem 1.2. So let n > 4 and let
(M;, gi, fi) be a sequence of n-dimensional oriented gradient Ricci shrinkers with entropy
uniformly bounded below p(g;) > u > —oo and basepoints p; = argminy, f;. If n > 4,
then additionally assume (1.3) — recall that for n = 4 this is always satisfied automatically.
Finally, we also fix a small ¢ > 0,k € N, and r > 2 such that Q N 9B (poo, ) = ¥ and let
&neck»> 01 and y be the corresponding constants from Theorem 3.4.

By the arguments from Sect.2 and in particular (2.3), we know that for each ¢* € Q,
there are M; > qf — ¢* such that the convergence of By, (pi. M\ U, By (qf, ) is smooth
for any sufficiently small § << §p. In particular, we obtain

lim lim [Rmg, "% d v, =/ Rm, "2 av, . 5.1)
80 i—00 Jp,. (p;.r\U, By, (4} .6) ' Bgoo (Poosr) *

In the following, we investigate what happens inside the §-balls. In the following argument,
we may only consider § sufficiently small so that the regions By (g%, 10-8) \ {g*} do not
contain any other orbifold points, and i sufficiently large so that all By, (qf, ) are disjoint.
This allows us to focus on a single orbifold point gq.

Given such a point g € Q,, we fix a corresponding sequence M; > g; — q along which
the curvature concentrates in the sense of (2.3). The task is then to extract a (finite) number
of point-scale sequences that detect all the ALE bubbles that form at g.

The first bubble: Let £ := min{ereg, Egap, Eneck» Ece} Where greg is the constant from the
g-regularity result (Lemma 2.5), £g,p is from Bando’s gap result (Proposition 2.8), eneck has
been chosen above as in the neck theorem (Theorem 3.4), and ¢, is from the energy estimate
in necks (Theorem 4.5). Set

rl = inf {r >0 / [Rmg, [V, = %for some By, (q.7) By, (q,',é)}
B 1

o (q.7)

and let qi1 be points in M; such that By, (qil, rl.l) C By, (gi, 6) and

Rm,,
[ Irmg
Bg; (q; .1;)

Clearly rl.1 — 0, otherwise there is no curvature concentration as described by (2.3). By
Theorem 2.6 the rescaled sequence (M;,g; = (rl.l)_zg,-, ql.l) subconverges in the pointed
orbifold Cheeger—Gromov sense to a complete, non-compact, Ricci-flat limit ( vint qclx))
with bounded L"/? Riemannian curvature and which is ALE of order n — 1 in general and
ALE of order n if either n = 4 or (V', h') is Kihler. By Corollary 3.3, (V!, h') has one
end. Moreover, by the choice of ril, any ball of radius r < 1 with respect to the rescaled
metric (rl.l)_zgi (and contained in Bg(g;, (rl.l)_] 8)) has energy at most £/2 and hence the
convergence and the limit are smooth everywhere by the characterisation of singular points
(respectively points of bad convergence) in Theorem 2.6. We then conclude that

n/2
8i

3
dVg, > —.
8 =5

g
/ Rmy, [112dVyr = =
B,i (k1) 2
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which implies the limit is non-flat and hence a (smooth) ALE bubble as in Definition 1.4. By
smooth convergence, we conclude that

lim lim / |Rmy,
R—o0i—o0 Bgi(qil’Rri)

We have now extracted the deepest bubble corresponding to the smallest scale, motivating
the following definition.

12 vy, = /V] IRmy 212 d V. (5.2)

Definition 5.1 (Leaf and intermediate bubbles) An ALE bubble as in Definition 1.4 is called
a leaf bubble if it is smooth. If instead it has finitely many orbifold singularities it is called
an intermediate bubble.

If there is further curvature concentration, we continue to extract more point-scale
sequences. We first set

4EQ2r)
g

N = (5.3)
and note that since By, (¢;, §) C By, (p;, 2r) contains at most E(2r) energy and our method
detects disjoint regions containing at least £/4 energy, the process will terminate after a finite
number of steps N, < N.

The second bubble: First, in order to make sure we do not simply find the same bubble
again, we pick K' >> 1 large enough, so that

Rmh] th] > T
/“/I\Bhl(‘l:lx;qu)| |h1 10N

with N given by (5.3), which is possible as ( v, h]) has bounded L"/? curvature. From this,
we conclude that for any constant R > K we have

g
/ [Rm, "2 av, < — (5.4)
Agt,1 g1 (@) ' 8N
for sufficiently large i. We then set
2 =inf fr > 0’/ Ry [ aV,, = = £ for some By, (¢.7) € By, (i)
By, (4.1\Bg, () K'r}) & 2

and let qi2 be points in M; such that By, (qiz, riz) C By, (gi, 6) and

”/2 AV, > 5 (5.5)

/ ‘ng
By, (g2 r)\By,; (g} . K'r})

Note that rl.2 > rl.1 by construction. We can assume that rl.2 — 0, otherwise there is no more
curvature concentration and the process of extracting point-scale sequences stops. We first
claim the following.

Claim 5.2 The point-scale sequences satisfy

2 () g?
iy A (5.6)
r. ri
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7 Page22o0f32 R. Buzano, L. Yudowitz

Proof If (5.6) is not true, then there is some number M > K such that

2 12
r; d(q;,q;)
1<+t <M, —L <M
- rl-l - ri2 -
and therefore
1,2
d(qi,qi) < MQ'

rl -

1

This implies that qi2 € By, (qil, M 2ril) and thus
By, (q7,1]) \ By (g}, K'r}) € Ak1r! (24 myr) ()

In particular, (5.4) and (5.5) now yield a contradiction (for R = M 2 4+ M) and hence the
claim must hold. ]

Remark 5.3 An alternative approach is to not pass from By, (qi1 , ril) to the larger balls
By, (ql.l, K! rl.l) but instead mark and later discard the point-scale sequences that do not satisfy
(5.6). Such a strategy was used in the bubble tree construction in [13].

We then distinguish two cases.
Case 1: We have

dWﬂ@ﬁm

2
T

This is the easy case because the bubbles are forming separately. Indeed, the reader can
easily verify that if we blow up using (ql.z, rl.z) in a similar way as for (qil, rl.l) above, we get
the same conclusion and the first bubble will disappear off at infinity. In particular, we obtain

another leaf bubble. Clearly, since rl.2 > ril, we also have
d(q}, g}
it o,
]

L

motivating the following definition.

Definition 5.4 (Separable bubbles) If (q{‘ , ri") and (qf, rf) are two point-scale sequences
such that

kL kL
d(q;,q;) — o0 and d(q;,q;)

— 00,
rik I’iz

then we say that the two associated bubbles (VK, h*y and (V£ hY) are separable.
Case 2: For some M, we have

d(q!.q?)

T

<M < . (5.7)

This is the much more delicate case as the bubbles will form on top of each other. We
consider the rescaled sequence (M;, g; = (riz)_2 gis qiz) which by Theorem 2.6 and Corollary
3.3 subconverges in the pointed orbifold Cheeger—Gromov sense to a complete, non-compact,
Ricci-flat limit (V2, h2, g2 ) with bounded L"/? Riemannian curvature and with one end
satisfying the required ALE condition. The assumption (5.7) shows that, by possibly passing
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to a further subsequence, q[1 converge to some g, € V2 (with d(g)., ¢%) < M). Since by
(5.6) and (5.7) we know that r/ / ri2 — 0, we have energy concentration for g; around qi1 and
hence the limit point ééo € V< is an orbifold point. By the choice of riz, we see that there are
no other energy concentrations and hence no further orbifold singularities.

Note that for any R > K'!, by the choice of rl.z, we have

/ i ‘ngi ’gi
By, (‘Iil’?’z?)\Bgi (‘Iileril)
and hence, for sufficiently large i, A p 1 12 (qil) satisfies the assumptions (3.7)—(3.8) of the
neck theorem—we therefore call such an annulus a neck region. We claim the following.

Claim 5.5 No energy is concentrating in the neck region in the following sense:

R—o0i—00

lim lim / [Rmg, [/~ d Vg, =
A 1

Proof 1Itisclearthatfor R — ooandi — oo theinnermostdyadic sub-annulus A , rl 2R (ql-l)

converges smoothly, after rescaling by 2Rril ,to an annular portion of a flat cone C(S" '/ '),
where Iy is given by the asymptotic structure of the end of the ALE bubble (V!, h1). Similarly,
the outermost dyadic sub-annulus A A2 L2 (gi) converges smoothly, after rescaling by %riz,
to an annular portion of a flat cone C(S" !/ I';) where I, is given by the orbifold singularity
structure at ééo in (V2, h?). In particular, the energy of these inner- and outermost dyadic
annuli is converging to zero.

IfR > er;lc{(z, then by the neck theorem, for large i there exists an e-quasi isometry
from the entire neck region ARril’%riz (qil) to CRri‘,%r,? (S”’l/ I') for some I' with |T'| < y.
This shows that I'y = I'; = I'. One might then show that it is possible to let & — 0 as
R — o0, so that, after rescaling, one obtains (smooth) convergence of any dyadic sub-
annulus A s (ql.l) CA Rrl L2 (qil) to a portion of C (§"~1/T) hence the energy on each
such sub-annulus is converging to zero (as R — oo, i — 00). But this is not sufficient to
conclude the claim, as the number of dyadic sub-annuli could increase very fast withi — oo,
and hence a more careful argument is required — a delicate fact that is unfortunately ignored
in some articles proving bubbling theorems. This is exactly where our energy estimate in
annular neck regions from the last section comes into play. In fact, Theorem 4.5 shows that
the energy over the entire neck region can be estimated by the energy of the innermost and
outermost dyadic sub-annuli — for which we have just deduced that the energy converges to
zero (as R — oo and i — o0). The claim therefore follows from this theorem. O

Endowed with this claim, we continue the analysis of Case 2. First, we fix some R > K 1
sufficiently large so that

. 2
lim |ngi‘"_/ dVy < —.
i—00 Aer.l.%riZ(qil) 8i SN
Combining this with (5.4), we obtain
g € g g
lim Rm,. |"/*dV,, —t— = — < -
im0 a1 z(q;)| aily Ve = 8N 8N 4N ~ 4
TR
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Finally, combining this with (5.5) shows that for this R, similarly as in the case of the first
bubble

/ IRmj2[!22 dVjp = lim [Rm,, "2 av, >
B2 (g% D\B,2 Lo ) =00 /By, (a2, 20\ B (0} k) 4

therefore (V2, h?) is non-flat and thus an intermediate ALE bubble (see Definitions 1.4, 5.1).
We might also say that (V2, h?) is a parent of (V1 h!).
By smooth convergence, we have

lim lim |Rmy

. 122 avy, = /|Rmhz|Z§2thz. (5.8)
R=00i=00 B, (g7 Rr)\By, (a! D) v2

Therefore, combining (5.2), (5.8), and Claim 5.5, we obtain the energy estimate

lim lim [Rmy, 24V, = lim lim |Rmg, "/ dv,,
R—00i—00 Bgi(q,'zer,'z) 8i R—00i—00 By, (@? Rr2)\35,(‘1, r2) 8i
+ lim lim IRmy, [/ av,
R—>oc0i—o0 B, (ql R )\Bgz (ql Rr ) 8i
+ lim lim [Rmy, 22 av,,

R—o0i—00 Bg[ (qil’er_l)

:/ |Rmh2|242thz +/ |Rmhl |Z]/2th1.
V2 vl

In particular, all the energy is fully accounted for by the two bubbles detected.

Further bubbles: We then continue to extract more bubbles and to build bubble trees, a
concept which is defined as follows.

Definition 5.6 (Bubble tree) A bubble tree T is a tree whose vertices are ALE bubbles and
whose edges are neck regions. The single ALE end of each vertex is connected by a neck
region (which it meets at its smaller boundary component) to its parent and possibly further
ancestors toward the root bubble of the tree T, while at possibly finitely many isolated orbifold
points it is connected by more necks (which it meets at their larger boundary components) to
its children and possibly further descendants toward leaf bubbles of 7. We say two bubble
trees 77 and T3 are separable if their root bubbles are separable.

We proceed inductively, assuming that we have already extracted (¢ — 1) point-scale
sequences and the associated bubbles that will form separable bubble trees {7} jcs. After
possibly re-labelling, we assume {((VI, hi)} jeJ are their separable root bubbles and we can
ignore all descendants for the argument that follows. Assume further that K/ are picked (as
described for the first bubble above) such that for R > K/ we have

|Rmg [ v, <

S (a?
Kird ged 90
[

<t vjeu. (5.9)
A 8N

We then set

r; :_—inf{r>0’/ ) ) |ng.| TdVy,
J g H8i !
Bg; (4.7\Ujey Bg; (q; .K71})

for some By, (q,r) € By, (qi, 5)}

N ™
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and let g; ¢ be points in M; such that By, (ql J T rh c By, (gi, 8) and

[Rmg, [[/“dVy, > ; (5.10)

/ [ e
By, (¢;ri\Ujes By (q; . K7 r})

Note that rf > rij for each j € J by construction. We can assume that rf — 0, otherwise
there is no more curvature concentration and the process of extracting point-scale sequences
stops with the (¢ — 1) point-scale sequences already extracted.

As for the second bubble, there are now two cases.

Case 1: Forall j € J

d(q} ., q}) e

3
T

In this case, just as in the case of the second bubble, if we blow up using (qf, rf), all other
bubbles disappear at infinity and we obtain another leaf bubble which is separable from all
all trees T; (thus forming a new tree consisting only of one vertex).

Case 2: For some j € J

d(q!.q})
¢
1

<M’ < 0. (5.11)
p

In this case, denote by 7 C J the set of indices j for which (5.11) holds. By assumption
J # ¥. We claim the following.

Claim 5.7 There exists n > 0 such that for each pair of indices j # k in J we have

dq’. g*
1iminfM

i—00 r

>2n > 0.
i

Let us for the moment assume that the claim holds and continue. We consider the rescaled
sequence (M;, g; = (rf)’zgi, qf) which by Theorem 2.6 and Corollary 3.3 subconverges
in the pointed orbifold Cheeger—Gromov sense to a complete, non-compact, Ricci-flat limit
(V¢ ht, qf)o) with bounded L"/? Riemannian curvature and with one end satisfying the
required ALE condition. By assumption, after possibly passing to a further subsequence, for
each j € J the sequence ql:’ converges to some G, € V¢ (with d(g. qgo) < M/) and by
Claim 5.7 these limit points are distinct and at least distance 1 away from one another. This
is the crucial ingredient that allows us to proceed essentially in the exact same way as if there
was only one such point. More precisely, as for the second bubble, we can conclude that
these points §Z, are orbifold points of (V¢, k%) and there are no other orbifold singularities.
Furthermore, as in Claim 5.5, no energy is concentrating in the neck regions around qij ,1.e.

lim lim  |Rmy,
R—o0i—o0 J o
R

dVy, =0, VjeJ. (5.12)
In particular, for R > max jc 7 K J sufficiently large, we obtain for every j € J

. n/2 i
lim j |ng dVy < N
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Combining this with (5.9)—(5.10) and using the obvious estimate | 7| < N then implies

g g é

. |Rmh[|[ th£>7_|u7| AT n

/zahz(qéo,1>\ujeg By (G %) g N T
Therefore (V¥, k%) is non-flat and thus a new parent bubble of all the bubbles ( VI, ki) with
J € J.This means that the trees {7} jc 7 will be combined to a single tree with the new root

(VE, h%). Finally, as for the second bubble, we obtain the energy estimate

lim lim [Rmy, "2 v,
R—00i—00 Bgi(qf,er) 8i
= lim lim R, "2 av,
R—o0i—o0 Bg,-(fZi[’Rrié)\Ujeng,(% 'R z) '
+Y lim lim [Rm,, "2 av,,
jea Rtz byl By ] Rr!) ’
. . n/2
+ lim _11m/ ) |ng,| dVg,
jed R—o0i—o0 Jp .(q.],Rr.])
/ Ry [}2dVie + >3 / Rmye |71 d V.

JET VkeT;

In particular, all the energy is fully accounted for by (V¢, k%) and all its descendants. This
uses the fact that no energy concentrates in the new neck regions according to (5.12), as well
as the inductive assumption that the energy in each By, (qi’ , er.] ) is already fully accounted
for by the bubbles in the tree 7;.

It remains to prove the claim.

Proof of Claim 5.7 Assume towards a contradiction that there exists a non-empty subset 7' C
J such that, after possibly passing to a subsequence

d(q!.qb
m 7
i

=0, Vj,keJ. (5.13)

i—00 r
Then we set
Wi = mln{d(q, >4 )|J ke J'} _d(qz ’qz H.

As we started with separable trees by the inductive assumption, we have rij /i — Oforall j €
J'. Therefore, as in the previous argument, the rescaled sequence (M;, g; = (/L})‘z gi, ql.] D)
subconverges in the pointed orbifold Cheeger—Gromov sense to a complete, non-compact,
Ricci-flat limit (X, &) with one ALE end and at most ‘J ! ‘ isolated orbifold singularities. Note
also that there are at least two orbifold singularities (coming from the sequences qij "and q{‘ .
On the other hand, by (5.13) we have rf /i — oo and therefore (X, /) has energy at most
£/2 and is hence flat by Bando’s gap result (Proposition 2.8). But a flat ALE orbifold is either

smooth or a flat cone with only one orbifold singularity, yielding the desired contradiction.
The claim is proved. O

Termination of the process and completion of the proof of Theorem 1.2: As already noted
above, the process of finding new point-scale sequences for g € Q, terminates after a finite
number of steps N, < N because for each bubble we have found disjoint regions in each
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M; containing at least £/4 energy, and by assumption the energy in the ball By, (g;, ) is
uniformly bounded in i. We can therefore move on to the next orbifold point in Q, after a
finite number of bubbles have been extracted.

By construction, Points 1.2 and 1.2 of Theorem 1.2 obviously hold. As we made sure that
the §-balls around the sequences corresponding to different orbifold points in Q, are disjoint,
Point 1.2 also follows immediately. Point 1.2 can be seen as follows: if we take a point-scale
sequence (g;, 0;) as in the theorem, if it converges to a limit which is non-flat, then we must
be able to detect a new region of energy concentration (disjoint to all the regions from our
point-scale sequences), but this cannot happen as we have exhausted all such regions in our
process. Hence, to complete the proof of the theorem, it only remains to prove the energy
identity from Point 1.2.

We first note that at each singular point ¢ € Q there is only one tree forming. This is
proved with the exact same argument a Claim 5.7. Assume that the tree forming at ¢ consists
of bubbles {(VX, h")},](vl1 and that its root bubble (Ve , hNe) =: (V, h) is detected by a
point-scale sequence (qiNq , riNq) =: (gi, ri). By the above construction, we already know
that

Nq
lim lim [Rmg, ["/? dV,, = Z/k [Rmye 112 d Ve
’ k=1"V

R—00i—00 By, (qi.Rri) 8
There is one further neck region connecting the tree to Mo,. As in Claim 5.5, we can show

lim lim |Rmy, |

. dv, =0,
R—00i—00 JBy (gi,)\By; (g Rri)

8i

so that this neck also does not contribute to the total energy. Writing § = 1/R, we therefore
conclude that

N‘I
. . /2 /2
lim lim /Bgi(q[,ﬁ) [Rmy, [\ av, :1;:1 /Vk [Rmye[1” d Vi

§—0i—00

The claimed energy identity now immediately follows by repeating this for all orbifold points
in Q and combining with (5.1). Note that the condition Q N d B, (peo, ) = @ ensures that
for sufficiently large i and sufficiently small §, each By, (g;, 8) will be fully contained in
By, (q;, r), avoiding potential issues with capturing “half-bubbles”. This finishes the proof
of Theorem 1.2.

6 Proofs of the corollaries from the introduction

We will first transform the energy identity into an identity for the Euler characteristic. This
reinforces the notion that, while the formation of orbifold singularities can cause some
topological degeneration, we can recover the lost topology in a quantitative and systematic
way.

Proof of Corollary 1.3 As noted in Anderson’s work on Einstein manifolds [2], bubbling can
be excluded if the dimension # is odd. In this setting we have O, 0% = ¢ and the result
trivially holds. Therefore, we only need to consider the case when »n is even. The proof is
rather direct and will be clear for experts; we therefore only give the full details for the easiest
case n = 4 and then briefly point out the necessary modifications for higher dimensions.
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One of the main ingredients is the Chern—Gauss—Bonnet theorem for compact 4-manifolds
N with boundary d N, namely

3277y (N) = / (IRm[* — 4 |Ric|* + R?)dV

N 6.1

+ 16/ K1KkoKk3d A + 8/ (k1K23 + 12K 13 + 13K 12)d A,
N N

see for example [19]. Here x, = Il(e,, e,) are the principal curvatures of d/N (hence
{e1, ez, e3} is an orthonormal basis of TdN diagonalising the second fundamental form),
and K, = Rm (e,, ep, €4, €p) are the sectional curvatures of N. In particular, if (Vk mky is
a Ricci-flat ALE orbifold with one ALE end with fundamental group Oy and with a finite
discrete set (possibly empty) of orbifold points QF = {qC>O } with isometry groups {I'x ;},
respectively, then (6.1) implies the well known formula

b £\ oy
327_[2/ |Rmhk|hk th" _X(V \Q |® | Z |ij|

Now fix r > 0. Take a sequence (M;, g;, fi, pi) as in Theorem 1.2. Denote by Q, = QN
By (poo, 1) the orbifold points forming and fix some ¢ € Q,. Then denote by {(Vk, hk)},ivil
the ALE bubbles of the bubble tree T;,. Intermediate bubbles will have a non-empty discrete
set of orbifold points ok = {q&/ } (where the bubble tree is connected via neck regions to
the children {(V/, h/)}) while for leaf bubbles O = ¢.

By the neck theorem, as explained in the proof of Claim 5.5, the fundamental group at
infinity ®; of each child bubble is the same as the orbifold group 'y ; at %o , hence these
terms cancel each other when summing over all bubbles and for the entire tree T at ¢ we
find

2 Zf Ry [} d Ve = Zx(V" \Qh - |®N ; 6.2)

Here O, is the fundamental group at infinity of the root bubble (VNa, hNa) of the tree T1y.
Similarly, we also have

1 2 f 2 2
Epes) (IRm|* —4|Ric|* + R*)d Vg, + T (0B, (poo. 7))
T Bgoo(ﬁoo r)
1
= X(Boos (Poo- I\ Q) + Y
Iy
qeQ,

where Iy is the finite isometry group associated to the orbifold point g and T'(d By, (poo, 1))
denotes the boundary integral in (6.1) above. Using once again the neck theorem for the neck
connecting the root bubble of the tree T; to the smoothly converging body part, similarly
as above, we find ®y, = I'y. Hence, by Point 1.2 of Theorem 1.2 (respectively its version
using the Chern—Gauss—Bonnet integrand [Rm|> —4 |Ric:|2 + R2, which holds with identical
pr00f2), we conclude

lim x (B, (gi, ) = lim L[/
B

o (IRm|* — 4 [Ric|* + R?*)dV,, + T (3 By, (pi. r))]

8i (pir)

2 Note that in neck regions the energy vanishes and thus also the Chern—Gauss—Bonnet integral disappears.
Instead in bubble regions, the energy and Chern—Gauss—Bonnet integrals agree due to Ricci-flatness.
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1
T 32n2

32712 > Z/ [Rmye |7 d Vi

qeQr k=1

[/ (IRm|* — 4 |Ric|> + R*)dV,,, + T (3B, (Poo, r))]
Bgoo (PoosT)

— X(Bew (@00 )\ Q) + Z + Z (ZX(Vk\Qk o })

qeQ, | ”| qeQ;,

Ny
= X (Bgo (Goos D\ Q)+ Y D x(VE\ Q).

qeQr k=1

We have proved the result for n = 4. In higher even dimensions, we can use the Chern—
Gauss—Bonnet formula for a compact manifold with boundary from Theorem 1.9.2 in [20]:

n—1

X(N):/ Cn el RYdV, + / > Crnep Ry Myt dA,. (6.3)
oN
=0
Here
I.
€7 = Eipipjri
Ri’,ts = le-sl-

It . y1.
) =1

isjs "7

s+ljs+1js 77 Rmit—lir/tjt—l

I1;

L e e

where 85 is shorthand for the Levi—Civita symbol, II;; is the second fundamental form

of dN, and I,J are (n — 1) tuples of indices associated to an orthonormal basis
{eij,.... e, ej,...,ej}of TAN that diagonalises II;;. We also note the following:

1. The first term in Eq. (6.3) is the integral over a sum of products of 5 Riemann curvature
tensors and is bounded above by a multiple of the energy E (r). Similar to the energy
identity in Point 1.2 of Theorem 1.2, one can prove an identity for these integrals.

2. eg Il‘gi'f_l is, up to a constant, the Gauss curvature of dM:

ep I = — D! ] s (6.4)

where k; is a principal curvature of 9 N. However, as in the argument in n = 4, these
terms are only needed at the boundary of B, (p;), r) (as all “inner” boundary terms near
orbifold points will appear twice with opposite sign and thus cancel out).

Using Eq. (6.3) the proof is therefore the same as the n = 4 case, up to dealing with the much
more cumbersome notation. O

Now we will use the bubble tree construction to prove the local diffeomorphism finiteness
result.

Proof of Corollary 1.5 Fix r > 0. Take a sequence (M;, g;, fi, pi) in M and assume for a
contradiction that M; N By, (p;, r) have pairwise distinct diffeomorphism types. By Theorem
1.1, we obtain pointed orbifold convergence to an orbifold shrinker (Mo, €00, foo, Poo)- AS
before, let Q be the set of orbifold points. By possibly slightly enlarging r (without relabelling
it), we can assume that Q N 0By (poo, ) = . We then set @, = Q N By (poo, 7). By
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Theorem 1.2 we know that at each of the finitely many orbifold points ¢ € Q, a finite number

of ALE bubbles {(V*, hk)} 2, will be detected via point-scale sequences (ql N Ky e forming
a bubble tree 7. Finally assume that the last bubble, i.e. (Ve hNe), is the oot bubble of
T,.

! Next pick R sufficiently large, so that for each bubble (VK b5 We have R > K* (where
K* come from the bubble tree construction in Sect.5) and R > ¢_
from the Neck Theorem 3.4).

Then each By, (p;, ) can be covered by finitely many of the following regions:

neck (where Eneck COMES

1. Body Regions: These are the regions By, (p;, r)\ | (qiN )3 R) By the construc-

tion in Sect. 5, we have smooth convergence

(Bg,-(pi,r)\ U Bgi(q,-N",#),gi) — (ng(poo,r)\ U Bgoo(q,ﬁ),goo)

qeQy qeQr

qGQr

and hence these regions will eventually all be diffeomorphic to each other.
2. Bubble Regions: Let g be an orbifold point and (V*, #*¥) a fixed ALE bubble of the bubble
tree T,. Denote by {(V/, h7)} je its children in the bubble tree 7, (with J = @ for a leaf

bubble). Then the corresponding bubble regions are By, (¢, 2Rrf)\ U ; jes B (ql] 2.

After rescaling with (rk) ~2, these regions will smoothly converge to a region in V¥ \

{qoo }jej, more precisely

(Baslal. 2Rr) N Bar(a] . 278). 09 28) > (Bue(ae 2R)\ | Bue(ai, ). ).

jeJ jeJ

This implies that the bubble regions will eventually be diffeomorphic to each other and
this argument works for each of the finitely many bubbles (V¥, h¥).

3. Neck Regions: Again, let (V¥ h*) be a fixed ALE bubble in a tree T, detected by the
point-scale sequence (q{‘, rik ). Denote by (VE, hY)its parent bubble, detected by (qf, ril),
if it exists. If instead (V¥, hk) = (VNa hNa) is a root bubble and therefore does not
have a parent, then we set (g}, r{) := (g, 1). Then By, (qF, £r/)\By, (qF. Rr¥) are the
corresponding neck regions. By Theorem 3.4, for sufficiently large i these annular regions
will be diffeomorphic to an annulus on the cone C (S""1/T) for some I' C O(n) with
|I'| < y and thus in particular diffeomorphic to each other.

The regions above are defined in such a way that each (annular) neck region overlaps with
a bubble region on its innermost dyadic annulus and with the corresponding parent bubble
region (or the body region in case of root bubbles) at its outermost dyadic annulus giving
controlled regions where the diffeomorphism can be “glued together”. In particular, after
possibly passing to a subsequence, fori sufficiently large M; N By, (p;, r) are all diffeomorphic
to each other. This then obviously also holds true for the original (not enlarged) r, which is
the desired contradiction. O
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