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“I was wrong. I had committed a mortal sin. 1 could figure it mathematically,

philosophically, psychologically: I could prove it a dozen ways, but I was wrong...”

John Fante, Ask the dust
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ABSTRACT

In this thesis we use methods from the theory of Borel reducibility to analyze the

bi-embeddability relation.

We continue the work of Camerlo, Marcone, and Motto Ros investigating the no-
tion of invariant universality, which is a strengthening of the notion of complete-
ness for analytic equivalence relations. We prove invariant universality for the
following relations: bi-embeddability between countable groups, topological bi-
embeddability between Polish groups, bi-embeddability between countable quan-
dles, and bi-embeddability between countable fields of a fixed characteristic different
from 2. Our work strengthens some results previously obtained by Jay Williams,

Ferenczi, Louveau, and Rosendal, and, separately, Fried and Koll4r.

Then, we analyze the bi-embeddability relation in the case of countable torsion-
free abelian groups, and countable torsion abelian groups. We obtain that the
bi-embeddability relation on torsion-free abelian groups is strictly more compli-
cated than the bi-embeddability relation on torsion abelian groups. In fact, we
prove that the former is a complete analytic equivalence relation, while the latter
is incomparable up to Borel reducibility with the isomorphism relation on torsion
groups. Further, we argue that the bi-embeddability relation between countable

torsion abelian groups is strictly below isomorphism up to Aé—reducibility.

In the end, we analyze the bi-embeddability relation on torsion-free abelian groups
in the framework of generalized descriptive set theory. We use a categorical con-
struction to prove that bi-embeddability on «-sized graphs Borel reduces to bi-
embeddability on torsion-free abelian groups of size «, for every uncountable car-
dinal k which satisfies k< = k. It follows that the bi-embeddability relation on
torsion-free abelian groups of size « is as complicated as possible among analytic

equivalence relations.
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Chapter 1

INTRODUCTION

1.1 Background

A very common situation in mathematics is when the elements of a collection are
gathered according to some way of identifying them. In exact terms, we have a set X
and an equivalence relation E C X2. Two elements x and y in X are identified — and
we say that x and y are E-equivalent — if the pair (x, y) belongs to E. Whatever the
nature of the elements of X is, a standard practice to have a better comprehension

of E is to classify X up to E.

What does it mean “to classify a set up to an equivalence relation”? Classifying
X up to E means to find a procedure, possibly an algorithm, for determining whether
two different objects of X are E-equivalent. In other words, we look for a set of
invariants / and a natural way to assign an invariant to each element of X such that
two elements are E-equivalent if and only if the corresponding invariants are equal.
The elements of I are usually called complete invariants for E, and the question
whether such set of invariants and such assignment exist is called the classification

problem associated to E.

What do mathematical logic and set theory have to do with classification? One
of the major branch of set theory is descriptive set theory, which studies definable
subsets of Polish spaces. A topological space is called Polish if it is separable, and
its topology is generated by some complete metric. A standard Borel space X is a
set equipped with the o -algebra of the Borel sets of some Polish topology on it. That
is, X is equipped with the smallest family of its subsets that contains the open sets
and is closed under the operations of countable union and taking the complement.
Then, a subset A C X is called analytic if there is a Polish space Y such that A is
the projection {x € X | dy € Y[(x, y) € B]} of some Borel subset B C X X Y.

Ithas been established that many classification problems naturally occurring through-
out mathematics can be formalized by forming a standard Borel space, and regarding
an analytic equivalence relation on that space. Therefore, we can use descriptive
set theoretical methods to systematically analyze their complexity. The main tool

for this purpose is Borel reducibility, which was introduced by H. Friedman and
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Stanley in [FriSta], and by Harrington, Kechris, and Louveau in [HarKecLou] at

about the same time.

Definition. If E and F are two equivalence relations on the standard Borel spaces
X and Y, we say that E Borel reduces to F (in symbols, E <p F) if there is a Borel
map f: X - Ysuchthatx Ey & f(x)F f(y),forall x,y € X.

The requirement that f be Borel is weaker than both the requirement of f be
recursive, which is typical of some analogous notions of reducibility which are
considered in recursion theory, and the requirement that f be continuous. However,

the request of considering only Borel maps is an essential restriction on definability.

The connection with classification problems is now easily explained. When E Borel
reduces to F, we can regard F-equivalence classes as complete invariants for £; and
we can take the statement “ E <p F ” as a formal way to say that (the classification
problem associated to) E is not more complicated than (the one associated to) F'.
Even when the classification problem associated to a certain equivalence relation
E is commonly considered unsolvable, the systematic exercise of comparing E
with other equivalence relations can provide information on the nature of suitable
invariants for E. In the words of Effros, the theory of Borel reducibility has been

accomplishing the ambitious task of “classifying the unclassifiables” (cf. [Eff]).

What sort of results can be obtained with such approach? Over the last three
decades mathematicians have employed tools from descriptive set theory to prove
several classification and anti-classification results in many areas of mathematics

including algebra, ergodic theory, and functional analysis.

A first way to produce anti-classification results is to consider an equivalence relation
as a subset of the cartesian product and prove that it is not Borel. Saying that an
equivalence relation is not Borel is basically saying that no amount of countable
information is enough to decide whether two elements are in the same equivalence
class. So, those classification problems associated to equivalence relations that
are not Borel are commonly considered intractable. Results in this direction were
obtained by Downey and Montalbdn in [DowMon] for the isomorphism relation
between countable torsion-free abelian groups, and by Foreman, Rudolph, and
Weiss, who remarkably proved in [ForRudWei] that the isomorphism relation on
the Polish group of measure preserving transformations of the unit interval with

Lebesgue measure is not Borel.
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Beyond the Borel/non-Borel distinction, we can compare two given equivalence
relations and establish whether they are Borel reducible to each other. This practice
produces a finer analysis of the complexity of classification problems. For example,
a classical result by Donald Ornstein appeared in [Orn] states that two Bernoulli
schemes are isomorphic if they have the same entropy. We can rephrase Ornstein’s
by saying that the isomorphism relation on Bernoulli schemes Borel reduces to
equality on the real numbers — equivalence relations with such property are called
smooth, and Ornstein’s theorem is considered a prototype of a classification result.
Then, in [Tho03] Simon Thomas proved that the complexity of isomorphism on
torsion-free abelian groups of fixed finite rank »n strictly increases in Borel com-
plexity as n increases. So Borel reducibility permits to analyze the complexity of
classification problems arising in different areas of Mathematics. Works in this di-
rection include [Cos; ThoVel; Will5; Tho15] which study classification problems
arising in algebra, [SabTsa; Kay] which consider some classification problems in
dynamical system, and [HjoKec00] which concerns the classification of geometric

objects such as Riemann surfaces and complex manifolds.

In late 1990s, Greg Hjorth isolated a condition called turbulence that prevents or-
bit equivalence relations from being classifiable by countable structures ([Hjo]).
Here classifiable by countable structures means Borel reducible to the isomorphism
relation on the space of countable structures for some countable language. A re-
markable application of Hjorth’s results is the one found in [ForWei] by Foreman
and Weiss, whose work demonstrated strong evidence against a satisfactory classifi-
cation for ergodic measure preserving transformations (MPT’s), as they proved that
the conjugacy action of the whole group of MPT’s on the space of ergodic actions

is turbulent.

Can we measure the ‘“degree of unclassifiability’’ of unclassifiable objects?
Some anti-classification results are obtained by proving that a given equivalence

relation is complete (or universal) for a certain class.

Definition. We say that E is complete for the class of equivalence relations I" (or
I'-complete) if it belongs to I" and any other equivalence relation in I Borel reduces
to E.

Intuitively, (the classification problem associated to) a complete equivalence rela-
tion is as complicated as possible within its class. And the larger the class is, the

more difficult is to classify a complete equivalence relation for that class. Here is
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a mention of some notable examples. In [FriSta], Friedman and Stanley proved
that the isomorphism relation is complete for the class of those equivalence relation
arising from an action of the group of permutations of natural numbers S, in the
case of many countable structures: trees, linear orders, groups, fields. Camerlo
and Gao proved in [CamGao] the same completeness phenomenon for the isomor-
phism relation between countable Boolean algebras. In [GaoKec] Gao and Kechris
proved that the isometry relation on Polish metric spaces is complete for the class
of equivalence relations induced by a Borel action of a Polish groups. Recently,
in [Sab], Sabok proved that the isomorphism relation between separable nuclear
C*-algebras is complete in the class of orbit equivalence relations building on work
of Farah, Toms, and Tornquist [FarTomTor]. Analogous results were obtained by
Melleray in [Mel] for the isometry between separable Banach spaces, and by Zielin-
ski in [Zie] for the homeomorphism relation on compact metric spaces. Then, the
most dramatic anti-classification results are obtained by proving that an equivalence

relation is complete for the class of all analytic equivalence relations.

Leo Harrington was the first who observed that among analytic equivalence relation
there is at least a maximum element up to Borel reducibility. However, no natural
examples of such equivalence relations were known until Louveau and Rosendal
proved that bi-embeddability between countable graphs is complete for all analytic
equivalence relations ([LouRos]). The idea of Louveau and Rosendal was first
to generalize the definition of Borel reducibility to quasi-orders, i.e., reflexive and

transitive binary relations.

Definition. If Q and R are two quasi-orders on X and Y, respectively, we say that
Q Borel reduces to R (in symbols, E <p F) if there is a Borel map f: X — Y such
thatx Qy < f(x)R f(y),forall x,y € X.

Next, they proved that every analytic quasi-order Borel reduces to the embeddability
relation between countable graphs. Since whenever Q is complete for analytic
quasi-orders, then the equivalence relation generated by Q is complete for analytic
equivalence relations, it follows that the bi-embeddability relation between countable

graphs is complete for the class of all analytic equivalence relations.

The work of Louveau and Rosendal provided the ground to prove many other
completeness results. In subsequent years, various people have considered the

following relations.
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(i) Continuous embeddability between finitely branching dendrites and embed-
dability between countable linear orders with infinitely many colors are both

complete for analytic quasi-orders ([MarRos]));

(ii) Continuous surjectability between continua is complete for analytic quasi-
orders ([Cam05]);

(iii) Isomorphism between separable Banach spaces is a complete for analytic equiv-

alence relations ([FerLouRos]);

(iv) Bi-embeddability between countable groups is complete for analytic equiva-
lence relations ([Will4]); and

(v) An argument of [FriKol], which dates back to some years before Borel re-
ducibility was introduced, essentially shows that bi-embeddability between

countable fields is complete for analytic equivalence relations.

Is there anything beyond completeness? In terms of difficulty of classification
problems, there is no complexity degree beyond the one of analytic complete equiv-
alence relations — all analytic complete equivalence relations are necessarily Borel
reducible to each other. Nevertheless, we may wonder to ask if a complete analytic
equivalence, or a complete analytic quasi-order, is universal. That is, it naturally rep-
resents every degree of complexity up to Borel bi-reducibility[] In [CamMarMot]
Camerlo, Marcone, and Motto Ros focused on a property that was discovered in a
previous work of the latter and S. Friedman ([FriMot]), who proved a result of uni-
versality for the embeddability relation between countable graphs: every analytic
quasi-order is Borel bi-reducible with the embeddability relation on some Borel
subset of the space of countable graphs closed under isomorphism. They isolated
this property and called it invariant universality. Since the Borel subsets of a space
of countable structures that are closed under isomorphism coincide with elementary
classes in the logic £,,,,, we can restate Friedman and Motto Ros’ result as follows.
Every analytic quasi-order is Borel bi-reducible withe the bi-embeddability relation

on an L, -clementary class of countable graphs.

I Although “complete” and “universal” are often used as synonyms in the literature, we shall
use them with two different meanings. Generally speaking, if I is a class of mathematical objects
and X € I', we say that X is complete for I if every element of I is reducible to X according to the
given notion of reducibility. In contrast, we say that X is universal for I" if it contains a natural copy
of every element of I'.
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Definition. Let P be a Z} quasi-order on some standard Borel space X and let E be
a Z} equivalence subrelation of P. We say that (P, E) is invariantly universal (or
P is invariantly universal with respect to E) if for every E} quasi-order R there is a
Borel subset A C X which is closed with respect to E and such that R ~p P | A.

The results of [CamMarMot] and some results of this thesis suggest that the phe-
nomenon of invariant universality is typical for those embeddability relation that are
complete for analytic quasi-orders, when they are paired with the corresponding iso-
morphism relation. However, we cannot identify any general trend. In fact, whether
certain pairs of naturally considered relations are invariantly universal or not is
still open. For example, we do not know whether topological embeddability be-
tween separable Banach spaces is invariantly universal when paired with topological

isomorphism.

Can we employ the methods of Borel reducibility to study all classifications
problem in mathematics? Unfortunately not. A case when Borel reducibility
cannot be successfully employed is the one of Ulm theory. A classical and celebrated
result in group theory is the complete classification of countable reduced abelian
p-groups by Ulm ([Ulm]). Given a countable reduced abelian p-group A, there is
a way to build a uniquely determined sequence f4 of arbitrary countable length,
taking values in N U {w}, which is called the Ulm invariant associated to A. Ulm’s
theorem states that any two countable abelian p-groups A and B are isomorphic if
and only if f4 = fp. In other terms, Ulm invariants are complete invariants for
the isomorphism relation between countable abelian p-groupg?l Although those
invariants do not form a standard Borel space in its own right, they can be coded as
member of a suitable such space. In any case, unfortunately, they cannot be computed
in a Borel way. This impossibility motivated the work of Hjorth and Kechris who
introduced in [HjoKec] a more general version of reducibility, A;—reducibility. The
realm of A; reductions encompasses the procedure of computing Ulm invariants of
countable reduced p-groups, but presents the issue of being very sensitive to the
foundational model of set theory. In fact, the notion of A;—reducibility for analytic
equivalence relations is not absolute, and some results rely on metamathematical

arguments and assumptions beyond ZFC, including large cardinal axioms.

Another example for which Borel reducibility does not suffice the isomorphism

relation between graphs of cardinality 8;. There are 2™ non-isomorphic such

ZFor our purpose we can disregard whether a group is reduced or not, because the divisible part
is a direct summand, and countable divisible p-groups are completely classified by the rank.
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graphs, while every uncountable standard Borel space has the cardinality of the
continuum. So there is no way to build what we would call “the standard Borel space
of graphs of size N;”. On the other hand, by identifying each graph of cardinality
N1 with the characteristic function of its edge relation, we can identify the set of 8-

(NiX®1)_ Then, we can turn such set into a topological

sized graphs with a subset of 2
space, which is isomorphic to the so called generalized Baire space on Ni. That
is, the space of functions from N; to 8; endowed with a suitable topology which
naturally generalizes the topology of the Baire space. The possibility of studying
classification problems on standard Borel «-spaces is one of the main motivations
for the so-called generalized descriptive set theory. In fact, one can generalize some
notions from the classical theory of Borel reducibility to the generalized Baire space
in order to study the complexity of equivalence relations between models of fixed

uncountable cardinality for a given theory.

One of the first work in such direction is the paper of Vaught [Vau], where he
proved a generalization of Lépez-Escobar’s theorem for the infinitary logic L+,
with k = Nj. Then, generalized descriptive set theory was reinvigorated in the
’90s by some work of Mekler, Shelah, Viinénen, et al. [MekVan; SheTuuVan;
Hal]. In recent years, descriptive set theory grew fast in popularity after the work
of S. Friedman, Hyttinen, and Kulivov [FriHytKul], who established some notable
connections between Shelah’ s stability theory and the theory of (generalized) Borel
reducibility between the isomorphism relations on uncountable models of first order
theories. The link between the generalized Baire space and stability theory was
further investigated by Kulikov, Hyttinen, and Moreno [KulHytMor], who proved
the consistency of a Borel analogue of one of the Shelah’s main gap theorem.
In [Mot13], Motto Ros studied the generalized version of Borel reducibility for
analytic quasi-orders, and proved an analogue of the main result of [LouRos],
namely, that the embeddability relation between k-sized graphs is a complete analytic
quasi-order, when « is weakly compact. This result has been recently extended to
any uncountable cardinal satisfying the hypothesis k¥ = « by Mildenberger and
Motto Ros in [MilMot].

It is important to stress that most of the results achieved in descriptive set theory
require the cardinal hypothesis x = «=*. In [DzaVan], instead, DZamonja and
Viinénen considered the generalized Baire space on “«, for k singular cardinal. In
particular, if « is a strong limit cardinal of countable cofinality, the descriptive set-

theoretical properties of “« present many similarities to their classical counterparts.
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A remarkable result of [DzaVan] is that when the cofinality of « is countable, one
has the analogue to the notion of Scott watershed from the Scott analysis of countable

models.

Furthermore, it is worth to point out that the tools of generalized descriptive set
theory are not confined to the study of the isomorphism and bi-embeddability
relation between countable structures. As discussed in [AndMot], they can also be
used to analyze the complexity of classification problems of mathematical objects

such as metric spaces, and Banach spaces of uncountable density.

1.2 Content and plan of the Thesis

This Thesis is divided into two parts. Part[[]is about results on the bi-embeddability
relation working in the framework of Borel reducibility and classical descriptive set
theory (Chapter 2] — Chapter [5). Part [[I is about results on the bi-embeddability
relation obtained in the framework of generalized descriptive set theory. (Chapter (6]
— Chapter [/)).

Part[I: Classical descriptive set theory

In Chapter [2] we shall introduce some preliminary notions of classical descriptive
set theory. Our exposition will stress on basic definitions and some results of the
theory of Borel reducibility. In Section [2.2] we will recall the seminal result of
Louveau and Rosendal [LouRos] stating that the embeddability relation between
countable graphs is a complete analytic quasi-order. After that, we will recall the
terminology of Camelo, Marcone, and Motto Ros in [CamMarMot] and the result
asserting that the embeddability relation between countable graphs is invariantly
universal when paired with isomorphism. Next, we abstract from [CamMarMot] a
slightly different way to present the main technique to prove that a given quasi-order

is invariantly universal.

In Section [3.1] we will strengthen the result of Jay Williams stating that the embed-
dability relation between countable groups Cgp, is a complete analytic quasi-order.

In particular, we prove the following theorem.

Theorem[3.1.1)(C., and Motto Ros). The embeddability relation Cg,, between count-
able groups is an invariantly universal E} quasi-order (when paired with isomor-
phism). Thus, the bi-embeddability relation =g, between countable groups is an

invariantly universal E{ equivalence relation.
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The proof uses the reduction by J. Williams and the techniques discovered in [CamMarMot]:
an essential part of the proof is to compute explicitly (i.e., in a Borel way) the group
of automorphisms of all countable groups obtained via Williams’ reduction. In Sec-
tion [3.2] we use our result on the embeddability relation on countable groups to
prove invariantly universality for topological embeddability Cpg, between Polish

groups.

Theorem [3.2.2| (C., and Motto Ros). The topological embeddability relation Cpgy
between Polish groups is an invariantly universal quasi-order (when paired with the
relation of topological isomorphism =pgy). Thus, the topological bi-embeddability

relation =pgp, between Polish groups is an invariantly universal equivalence relation.

This strengthens the result stating that Cpgp, is a complete analytic quasi-order, pre-
viously obtained by Ferenczi, Louveau, and Rosendal in [FerLouRos]. In this case
we overcome the substantial difficulty of dealing with topological isomorphism,
which is a complete analytic equivalence relation. Generally speaking, we adapt
the reduction by J. Williams to reduce embeddability on graphs to embeddability
on discrete Polish (then necessarily countable) groups. Then we consider the topo-
logical isomorphism relation restricted to the space of discrete groups, which is a
Borel subset closed under topological isomorphism. And then, we can verify that

the sufficient condition to prove invariant universality is satisfied.

In Section [3.3] we adapt a construction of Downey and Montalban from [DowMon]
to define a reduction from the complete analytic quasi-order <p,x, introduced in
[LouRos], to the embeddability relation between countable torsion-free abelian

groups. Hence, the following result follows.

Theorem [3.3.2] (C., and Thomas). The embeddability relation Ctpa on countable
torsion-free abelian groups is a complete 2} quasi-order. Thus, the bi-embeddability
relation =tpa on countable torsion-free abelian groups is a complete X i equivalence

relation.

In Chapter 4] we analyze the bi-embeddability relation between countable torsion
abelian groups. In Section .| we recall the Ulm theory for isomorphism and bi-
embeddability between countable abelian p-groups. In Sectiond.2] we fix a prime
number p and first focus on =, and =, the isomorphism and the bi-embeddability

relations on countable abelian p-groups. We prove the following result.
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Theorem{d.2.1(C., and Thomas). The bi-embeddability and isomorphism relations

on countable abelian p-groups, =, and =, are incomparable with respect to Borel

reducibility.

To prove that =, does not Borel reduce to =, we use a counting argument — it follows
from a result of Barwise and Eklof that there are only N countable abelian p-groups
up to bi-embeddability, while there are continuum many isomorphism classes. To
prove that =, does not reduce to =, we use a construction by Feferman [Fef] to show
that there is a bi-embeddability equivalence class that is not Borel in the space of

countable abelian p-groups.

In Section 4.3 we use the theory of pinned names to analyze the complexity of the
isomorphism relation =75 on countable torsion abelian groups. The main result is

the following.

Theorem [d.3.1) (C., and Thomas). The isomorphism relation =, on countable
abelian p-groups is not Borel reducible to the bi-embeddability relation =ta on

countable torsion abelian groups.

In particular, Theorem{.3.T|implies that =14 and =t are not comparable up to Borel
reducibility. This is somehow a counterintuitive result. In fact, given the nature of
Ulm invariants, it is possible to select a maximal torsion group up to embeddability
within each bi-embeddability classes. Such selection cannot be performed in a
Borel manner, but it produces a Aé—reduction from =14 to =1a. In Section we
demonstrate that the isomorphism relation =t on countable torsion abelian groups
is strictly more complicated than the bi-embeddability relation =14, by proving the

following.

Theorem 4.3.1] (C., and Thomas). Suppose that a Ramsey cardinal exists. Then,
the isomorphism relation =ta on countable torsion abelian groups is strictly more

complex with respect to Aé-reducibilily than the bi-embeddability relation =ta.

In Chapter [5] we analyze the embeddability relation on other countable structures.
In Section we focus on the embeddability relation Cpyg , on countable fields for
a fixed characteristic p. A categorical construction of Fried and Kollar, appeared
in [FriKol], shows that the embeddability relation between countable graphs Borel
reduces to Cryg,, for any fixed p prime different from 2. Thus, in view of Louveau

and Rosendal’s theorem, the embeddability relation Cpyg,, is an analytic complete
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quasi-order. We use the fact that Fried and Kolldr’s construction has the additional

property of preserving automorphism groups to obtain the following.

Theorem[5.1.1|(Brooke-Taylor, C., and S. Miller). For any characteristic p different
from 2, the embeddability relation Cry,, on countable fields of characteristic p is
an invariantly universal quasi-order. Thus, the bi-embeddability relation Cgyq,, on

countable fields of characteristic p is an invariantly universal equivalence relation.

In Section [5.2] instead, we shall consider some distributive structures called quan-
dles’] Andrew Brooke-Taylor and Sheila Miller recently proved in [BroMil] that the
isomorphism relation between countable graphs Borel reduces to the isomorphism
relation =qq between countable quandles, thus =qq is complete for the class of
those analytic equivalence relations arising from a Borel action of S.,. In this The-
sis we isolate a standard Borel space of countable graphs that allows us to simplify
the proof of Brooke-Taylor and Miller’ s result and, further show that the embed-
dability relation between countable quandles is a complete analytic quasi-order. We
conclude this chapter by proving the following.

Theorem (Brooke-Taylor, C., and S. Miller). The embeddability relation
Cqai on countable quandles is an invariantly universal E{ quasi-order. Thus, the
bi-embeddability relation =qq1 on countable quandles is an invariantly universal

equivalence relation.

Part[II: Generalized descriptive set theory
In Chapter [6] we shall provide a brief introduction to generalized descriptive set
theory, stressing on the generalized version of Borel reducibility between analytic

quasi-orders.

In Chapter[7)we shall work in the framework of generalized descriptive set theory and
focus on the embeddability relation on groups of uncountable size. In Section|/.1],
we shall use a model theoretic argument to prove the analogue of Theorem [3.1.1|for

uncountable cardinals.

Theorem [7.1.1] (C., and Motto Ros). Let k be any uncountable cardinal such that

k=% = k. Thus, the embeddability relation Cfg. ns and the bi-embeddability

ok . . :
relation =g pg are both invariantly universal.

3The name quandles was given to those structures by David Joyce in [Joy], and, formerly, in his
doctoral thesis.
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It is worth to point out that our methods works for any infinite cardinal such that
k<X = k. Thus, it also gives an alternative proof of Theorem 3.1.1}
Finally, in Section we consider the embeddability relation Cx_, on k-sized

torsion-free abelian groups. The techniques we used in the proof of Theorem [3.3.2]
do not generalize to uncountable structures. So we slightly modify a categori-
cal construction of Przezdziecki to prove that the analogue of Theorem [3.3.2] for

uncountable torsion-free abelian groups of uncountable size k = k=¥ holds.

Theorem (C.). For every uncountable k such that k=% = «, the embeddability

. . . , . 1 ,
relation E5¢, between k-sized torsion-free abelian groups is a complete X.| quasi-

order. Thus, the bi-embeddability relation =%, between k-sized torsion-free abelian

groups is a complete E{ equivalence relation.



Part I

Classical descriptive set theory

13
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Chapter 2

PRELIMINARIES

2.1 Classical descriptive set theory

In this section we shall recall some basic concepts of descriptive set theory. A
topological space X is Polish if it is separable and completely metrizable. Examples
of Polish spaces include countable discrete topological spaces, the real numbers
with the natural topology, and any separable Banach space. The class of Polish
spaces is closed under countable products. If A is a countable set, the spaces 24
and N4 of all functions from A to 2 and N, respectively, are Polish when viewed
as the product of infinitely many copies of 2, and respectively N, with the discrete
topology. In particular, the Cantor space 2" and the Baire space N*' are Polish.

Moreover, a Gs subset of a Polish space is Polish when viewed as a subspace.

The Borel sets of a topological space are those sets generated from the open sets
by the operations of countable union and taking the complement. A standard Borel
space is a pair (X, B) such that B is the o-algebra of Borel subsets of X with
respect to some Polish topology on X. The class of standard Borel spaces is closed
under countable products, and a Borel subset of a standard Borel space is standard
Borel when viewed as a subspace. Every uncountable standard Borel space is Borel
isomorphic to the Baire space, and thus has the same cardinality as the continuum.
Given any Polish space, X, the set F(X) of closed subsets of X is a standard
Borel space when equipped with the Effros Borel structure, namely, the o-algebra
generated by the sets
{CeF(X)|CNnU # 0},

where U is a basic open subset of X (see [Hjo] or [Kec]).

In this thesis we will often consider standard Borel spaces of countable structures.
If L is a countable (relational) language we denote by X the space of L-structures
with domain N, whose topology is the one defined by taking as basic open sets those

of the form
MeXp | M=R(ng,...,ng-1)}, IMeXp | MIER(n,...,ni-1)},

for any relation R in L of arity k = a(R), and any k-tuples of natural numbers

(ng, ...,nk—1) € N¥ and. Such space is Polish, in fact, it is homeomorphic to
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[1rerL QN (An analogous definition can be given also for languages with function

symbols, see [BecKec].)

Borel and projective subsets
A subset of a standard Borel space X is called analytic, or ! if there is a Polish

space Y such that X is the projection of some Borel set B C X XY, i.e.,
p(B)={xe X |dyeY((x,y) € B)}.

A subset of a standard Borel space whose complement is analytic is called co-
analytic, or H%. Then we can define by induction on n the projective classes
denoted by X!, I, Al for 1 <n < w.

n

Zl

n+1

Hl

n+1

Al =xlnml.

:= the class of projections of l'[,ll sets,

= the class of projections of L.! sets,

Suslin’s Theorem (see [Kec]) states that the Borel sets of a standard Borel space are

precisely the sets that are both Z} and 1'[{. Thus, Borel sets coincide with A} sets.

Given a family I of subsets of X containing the Borel sets, a function f: X — Y is
I'-measurable if the inverse image under f of every open set U of Y belongs to I'.
For the sake of brevity, we shall say that a function between standard Borel spaces
is Borel if it is Borel-measurable, and it is Aé if it is Aé-measurable. It is a well
established fact that a function is A}-measurable if and only if it is £.-measurable if
and only if its graph is £! (see [Kec]). In particular, a function is Borel if and only

if its graph is analytic.

Polish groups

A Polish group is a topological group whose topology is Polish. A well known
example of a Polish group is S, the group of all bijections from N to N. In fact, S
is a G subset of the Baire space and a topological group under the relative topology.
We shall denote by (N)<' the set of finite injective functions in N with domain a
subset of N. For every s € (N)<, we denote by N the basic open neighborhood of
s in S.o; that is,

Ny ={feSs|f2s}
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Therefore the set {N; | s € (N)<} is a basis for the topology of S... If G is a Polish
group[T] then the space Subg(G) of closed subgroups of G is a Borel subset of F (G),
and thus Subg(G) is standard Borel when viewed as a subspace of F(G).

If G is a Polish group and there is a Borel action a of G on a standard Borel space
X, then we say that X is a standard Borel G-space and we define E,, the orbit

equivalence relation induced by a, by declaring
xE,y & dgeG(a(g,x)=y).

Whenever the action is clear from the context we shall write Eé, or simply Eg,
instead of E,. Such equivalence relations are also called G-equivalence relations.
When X is a standard Borel G-space, the stabilizer of a point x € X is the subgroup
G, ={geG|a(gx) =ux}

Let Sw act on X; by the so-called logic action: for every g in S, and M, N € X,
we set g - M = N if for all k-ary relations R in L and all k-tuples of natural numbers

(ng,...,ng_1) € N we have
N £ R(ng,...,n;) & M= R (no),....g7" ().

It is easily checked that the logic action is continuous, thus, for any countable
language L, the space X is a standard Borel S.,-space. Moreover the isomorphism
relation on X;, usually denoted by =;, coincides with the orbit equivalence relation
Eéif Furthermore, for every M in X, we have Stab(M) = Aut(M), the group of

automorphisms of M.

Analytic equivalence relations
We say that a binary relation R defined on a standard Borel space X is analytic (or
Z}) if it is a Z} subset of the space X? endowed with the product topology. The

definitions of Borel and coanalytic (or H%) binary relations are analogous.

Every G-equivalence relation is X!, and possibly Borel. We first recall the following
result of Becker and Kechris that gives a characterization of Borelness for orbit

equivalence relations.

Theorem 2.1.1 ([BecKec]). Let G be a Polish group and X be a standard Borel

G-space. The following are equivalent:

'In this thesis we shall denote topological groups by boldface letters, such as G, H, etc. This
is not a well established convention but it will be convenient for expositional clarity throughout this
thesis.
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(i) Eg is Borel.

(ii) The map X — F(G): x — Gy is Borel.

(iii) Themap X X X — F(G): (x,y) = G, ={g € G| g-x =y} is Borel.

A common feature of all obit equivalences is the fact of having Borel classes, which

was established with the following result by Douglas Miller.

Theorem 2.1.2 ([Mil)). Let G be a Polish group and X be a standard Borel G-space.
Then every G-orbit is Borel.

We add a few more general theorems about E{ and l'[% equivalence relations.

Theorem 2.1.3 ([Bur78]). Let E be a E} equivalence relation on a standard Borel
space X. Then E has either countably many, w1, or perfectly many equivalence

classes.

Some analytic equivalence relations with exactly w; will be considered in Chapter[d]
It follows by the following dichotomy, that those equivalence relations are not Borel,

indeed they are not l'[{.

Theorem 2.1.4 ([Sil]). Let X be a standard Borel space and E a H% equivalence
relation on X. Then either there are countably many E-equivalence classes or there

are perfectly many E-equivalence classes.

2.2 Complete Z% quasi-order and invariant universality
Recall that a guasi-order is a transitive and reflexive binary relation. Thus, if Q is a
quasi-order on a set X, it naturally induces an equivalence relation Eg on X, which

is given by declaring x Ep y ifand only if x Q yand y Q x.

Definition 2.2.1. Given two quasi-orders P and Q on the standard Borel spaces X
and Y, respectively, we say that P Borel reduces (or is Borel reducible) to Q, written
P <p Q, if and only if there is a Borel function f: X — Y such that for every x, y
in X

xPy = fx)Q f(y.
We call such f a Borel reduction from P to Q and write in symbols f: P <p Q.

Further, we say that P and Q are Borel bi-reducible (in symbols, P ~p Q) whenever
P<pQandQ <p P.
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Definition [2.2.T]first appeared in [LouRos]. When P and Q are equivalence relation

we get the definition of Borel reducibility between equivalence relations introduced
by H. Friedman and Stanley in [FriSta] and Harrington, Kechris, and Louveau in
[HarKecLou].

Definition 2.2.2. We say that Q is acomplete Zi quasi-order if it is Z% and, whenever
P is a X quasi-order, P is Borel reducible to Q.

Definition 2.2.3. We say that F is a complete E} equivalence relation if it is E} and,

whenever E is a Z} equivalence relation, E is Borel reducible to F.

The first natural examples of complete Z} equivalence relations were discovered
by Louveau and Rosendal in [LouRos]. Although their existence was known since
an observation by Harrington, all examples known before [LLouRos] were obtained
with ad hoc constructions. In [LouRes], Louveau and Rosendal observed that E is
a complete analytic equivalence relation?)if and only if E = Eg for some complete
analytic quasi-order Q. Then, they proved that the embeddability relation between
countable connected acyclic graphs is a complete Z} quasi-order, which implies that

the associated bi-embeddability relation is complete Zi too.

By graph we mean a structure with an irreflexive and symmetric binary relation
symbol called the edge relation. Let X, be the space of graphs on N. By identifying
each graph with the characteristic function of its edge relation, Xg; is a closed subset
of ZNZ, and thus it is a Polish space. A combinatorial tree is a connected acyclic
graph. A graph T € Xg; is a combinatorial tree provided that it satisfies the

following:

Vo,m e N |(n,m) € T vas € NN\ {0} ] (n, s(0)) € TA

/\ (s(@),s+1)eTA(s(n=1),m)eT||; (2.2.3.1)

i<|s|—1

2Until Ferenczi, Louveau, and Rosendal proved in [FerLouRos] that isomorphism of separable
Banach space is a complete Z} equivalence relation all known natural examples of complete Z%
equivalence relations were actually obtained by proving that the quasi-order generating them is a
complete Z} quasi-order.
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Vs e N [(Is] >3 A A (s(i), s(i + 1)) € T)

i<|s|-1

= (s(|s[—1),5(0)) ¢T), (2.2.3.2)

where |s| is the length of s. A rooted combinatorial tree is a combinatorial tree with
adistinguished vertex called root. In the sequel, when we refer to the construction by
Louveau and Rosendal we will make no differences between combinatorial trees and
rooted combinatorial trees, so that we will tacitly assume that every combinatorial
tree has a root. Then we denote by X¢r the set of (rooted) combinatorial trees with
vertex set N. Note that since Xcr is a Gs subset of Xg;, it is a Polish space with the
induced topology.

For two graphs S,T € Xg;, we say that S embeds, or S is embeddable into T (in
symbols, S Cg, T) if and only if there is a one-to-one function f: N — N which
realizes an isomorphism between S and T | Im(f). The quasi-order Cg; is analytic

because it is the set
(S, T) € (Xgn)* | Af €AY (Y, m € N((n,m) € S) & (f(n), f(m)) € T))),

which is a projection of a closed subset of NN x Xgr X Xgr. We denote by Ccr the

restriction of the quasi-order Cg; to Xcr.

Now we can state the main theorem of [LouRos].

Theorem 2.2.4 ([LouRos]). The embeddability relation Ccer between countable
(rooted) combinatorial trees is a complete Z} quasi-order. Thus, the bi-embeddability
relation =ct between countable (rooted) combinatorial trees is a complete Zi equiv-

alence relation.

In the rest of this subsection we will discuss the proof and further implications of

Theorem 2.2.41

First Louveau and Rosendal identified a complete analytic quasi-order on the space
of trees on 2 x N. For any set X, let X <" be the set of finite sequences of elements of
X;andif s € X<V, then |s| denotes the length of the sequence s. A (set-theoretical)
tree is a subset of X <! which is closed under restrictions. If T is a tree, the body of

T, in symbols [T, is the set of all infinite branches of T, namely,

[T]={a e XN |VneN (a | neT)}.
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We say that T is normal if whenever s < ¢, then T(s) C T(¢). If Y is a second set,
we will identify (X x Y) with the set of pairs (s,7) € X< x Y=V of equal length
sl = lz].

Let < be the partial order on N<¥' defined by
s<t <& |s|=|tland s(i) <t(@) foralli < [s].

Moreover, for any two sequences s, € N<N, we shall denote by s + ¢ the point-wise

sum.
Theorem 2.2.5. Let Q be a Z% quasi-order on 2N. Then there exists a tree S on
2 X 2 x N satisfying:

() O = p([S]); thatis, x Q y ifand only if 3 € NN (¥n(x [ n,y [ n,a | n) € S).
(ii) S is normal; that is, (u,v,s) € S and s < t imply that (u,v,t) € S.
(iii) Ifu € 2N and s € NN gre of the same length, then (u,u, s) € S.
{v) If (u,v,s) € Sand (v,w,t) € S, then (u,w,s +t) € S.

Theorem basically states that every Z% quasi-order can be represented as the
body of a normal tree on 2 X 2 X N that represents the properties of reflexivity

and transitivity with property and property respectively. Condition
and Condition can be regarded as the properties of reflexivity and transitivity,

respectively.

Definition 2.2.6. Let 7 C (2 x N)<¥ be a tree. For any sequence s € N<V| Jet

T(s)={ue2~|(us)ecT).

A map f: NN — N<Mis Lipschitz if there exists a map f*: N<¥ x N — N such
that f(0) =0 and (s~ n) = f(s) "~ f*(s,n). An equivalent definition of Lipschitz

maps is given by requiring that f preserves both lengths and extensions.

Definition 2.2.7. Let 7 (2 xN) be the standard Borel space of normal trees on 2 X N.
Then <.« is the 2} quasi-order on 7 (2 X N) defined by stipulating that § <p.x 7T if
there is a Lipschitz map f: N<N — N<N guch that S(s) C T(f(s)) forall s € N<N,



21

As stated in the next theorem, <, is a fundamental example of complete Zi quasi-
order. Although it may appear an artificial construction, it was the premise to prove

that Cc7 is complete Zi.

Theorem 2.2.8 ([LouRos]). <. is a complete E} quasi-order.

We also point out a fact about the quasi-order <,,, that was already observed
in [LouRos] and we shall use in Chapter[3.3]

Lemma 2.2.9 ([LouRos)). If T,U € T (2 XN) and T <jax U, then there exists an
injective Lipschitz map f: N<N — NN guch that T(s) C U(f(s)) for all s € N<,

We shall briefly recall from [LouRes] the main construction to prove Theorem[2.2.4]

because we will use it in Section

Definition 2.2.10. For each normal tree 7 € 7 (2 X ), we define a corresponding
rooted combinatorial tree Gy € Xcr as follows. First, let {8(n) | n € N} be
the enumeration of 2<' given by the lexicographic ordering. Next, let Gy be the

combinatorial rooted tree with vertex set
NG (57| s e N (0)),
root (), and edge set
{s, 5"} | s e N{O U {{s7, 5%} | s € NI {0},

where s~ is the immediate predecessor of s. Finally, for each (u,s) € T, we add
to Gy the vertices (u, s, x), where x is either 0K or 020@+2 = 1 = 0k for k € N.
Also, we link each vertex (u, s, 0) to s, and we link each vertex (u, s, x) with x #
to the vertex (u, s, x~). We call Gr the combinatorial tree that we obtain with this

procedure.

In [LouRos] the author prove the following statement, which clearly yields Theo-

rem2.2.4]
Proposition 2.2.11. The map T — Gr is a Borel reduction from <, to Ccr.

Remark 2.2.12. Defining Gr with a root is not necessary in the proof of Theo-
rem [2.2.4] but we will make use of it in
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[ [

| |

| |
(l/t, s, 026(u)+4) (Lt, s, 029(u)+2A 1 AO)
(Lt, s, 020(u)+3) (u, s, 028(u)+2A 1)

(M, s, OZH(u)+2)
|
|

(u, s,00)

(u, 5,0)

S

Figure 2.1: portion of G7 above s.

A closer look to Louveau and Rosendal’s construction reveals that all combinatorial
trees built in the proof of Theorem satisfy the further property that there are
no complete vertices, i.e., vertices which are connected to any other vertex of the

tree. Such property is expressed by the sentence:
Vxdy(x #yA(x,y) ¢T). (L)

We denote by Xcru the standard Borel space of combinatorial trees satisfying (L|

Invariant universality
In [FriMot] and [CamMarMot], the authors modified the proof of Theorem [2.2.4]

to prove the following proposition.

Proposition 2.2.13. There is a Borel X C Xcru such that the following hold.

(i) The equality and isomorphism relations restricted to X, denoted respectively

by =x and =x, coincide.
(ii) Each graph in X is rigid; that is, it has no nontrivial automorphism.
(iii) For every Z% quasi-order Q on 2V, there exists an injective Borel reduction

from Q to Cx.

We can see Proposition [2.2.13] as a technical strengthening of Theorem [2.2.4]

3In in [BroCalMil] the authors used the symbol || which perhaps reminds to the reader that
T € Xcru if and only if we can embed the graph with three edges connected as the lines in the
symbol “LI” into T
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f(s++, #(s) +2,#(s) +2)

(st #(s) +2,2)
(st #(s)+2,1)

(s7%,0,0) (st #(s) +2,0)

Figure 2.2: portion of T5 above s.

We obtain the space X as in [CamMarMot] by tweaking the construction of Louveau
and Rosendal. The main idea is to build combinatorial trees that are rigid enough
to satisfy Proposition 2.2.13] and to let the argument of Proposition [2.2.11] still
work. For each normal tree S € 7 (2 x N), we define a corresponding (rooted)
combinatorial tree Ty € Xcr as follows. First, let {8(n) | n € N} be the enumeration
of 2<N given by the lexicographic ordering and let {#(n) | n € N} any enumeration
of N<N_ Second, let Ty defined as Gy in the previous construction. Then, for every
s € N<N add the vertices

(st s s e NN U {(s™,i, ) | se NMand 0 < i < j < #(s) +2)

and the edges
(5,57, (s,57) | s e N}

Finally, we connect (s,,0) to s, and (s,7, j) to (u,i,j + 1) for0 <i < j < #(s) + 2.

Finally, for each (i, s) € T, we add vertices (u, 5, x), where x is either 020@)+2 ™ |

or 0K, for k < 260(u) + 4. We link each vertex (u, s, 0) to s, and we link each vertex

(u, s, x) with x # @ to the vertex (u, s, x™).

This variant on the original construction (cf. Figure [2.1)), is essential to have each

TS I'lgld
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(u, s, 029(u)+4)
(u, s, 020(u)+3) (Lt, s, 020(u)+2ﬁ 1)

(Lt, s, 026(u)+2)
|
|

(u, 5,00)

(u, 5,0)

S

Figure 2.3: portion of 75 above s.

We define X = {Tg | S € 7 (2 xN)}. The set X C Xcru is Borel because it is
the injective image of a standard Borel space through a Borel map. Therefore, X

inherits a standard Borel structure from the space Xc7u.

The features of the space X are key in the results obtained in [CamMarMot] and in
the rest of this section. We now consider the following property, that was isolated
in [CamMarMot].

Definition 2.2.14 ((CamMarMot]). Let Q be a E} quasi-order on some standard
Borel space X and let E be a Z% equivalence subrelation of Ep. We say that (Q, E)
is invariantly universal (or Q is invariantly universal with respect to E) if for every

Z} quasi-order P there is a Borel subset A € X which is E-invariant and such that
P~p QT A

Definition 2.2.15 ([CamMarMot]). Let F be a Z} equivalence relation on some
standard Borel space X and let E be a Zi equivalence subrelation of . We say that
(F, E) is invariantly universal (or F is invariantly universal with respect to E) if for
every E} equivalence relation D there is a Borel subset A C X which is E-invariant
and such that D ~g F | A.

When we look at relations defined on a space of countable structures, if (P, E) are
as in Definition [2.2.14 and E is the relation of isomorphism, we simply say that P
is invariantly universal. We recall that by a classical result of Lopez-Escobar (see
[Kec]), a subset of a space of countable structures is closed under isomorphism if

and only if it is axiomatizable in the logic L.

We now consider the notion of faithfully Borel reducibility, that was introduced by
H. Friedman and Stanley in [FriSta] and further developed by Gao in [Gao01]. The
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current notation and terminology come from [Gao].

Definition 2.2.16. Let E, F be equivalence relations on the standard Borel space
X,Y. We say that E faithfully Borel reduces to F (in symbols, E <;p F), if there
is a Borel reduction f: X — Y from E to F such that for any E-invariant Borel
A C X, the F-saturation of f(A), denoted by [f(A)]F, is Borel.

Remark 2.2.17. Notice that in Definition [2.2.16]it suffices to require that [ f(X)]r is
Borel. In fact, in case [ f(X)]F is Borel, then [ f(A)]F is a co-analytic subset of Y

for every E-invariant Borel A C X, as

y & [f(A]F = yef(X)]r or dx¢A(y F f(x)).

This fact was pointed out by the anonymous referee of the paper [Gao01], but the

correct statement was misprinted in the published version

The following theorem is abstracted from the proof of [CamMarMot].

Theorem 2.2.18. Suppose that Q is a 2} quasi-order on a standard Borel space
X and let E C Q be a Z} equivalence relation on X. Then, (Q, E) is invariantly
universal provided that there is a function f: X — X satisfying the following.

(i) f:Ex<p O
(ii) f: =x <yp E. That is, the following two statements hold.

(@) f:=x < E;
(b) The saturation [ f(X)]g is Borel.

Proof. Let P be any Z} quasi-order on 2 and let the map 2" — X: @ + T, be asin
Proposition Clearly theset A .= [f({Ty | @ € 2"))]g is E-invariant, and
A is Borel by condition So the map from 2 to X sending « to f(T,) Borel
reduces P to Q [ A. It remains to show that O | A Borel reduces to P. First, notice
that f(A) is a partial Borel transversal for £ because =x <p E. Thus the function
x € Ato the unique o € 2" so that £(T,) E x reduces Q | A to R. Such map is Borel
because the preimage of any Borel C C X is [f(C”")], where C" = {T,, | @ € C}.
We have that C’ is Borel because it is injective image of C, then [ f(C”)] is a Borel

subset of X by condition and Remark [2.2.T7] |

4Cf. [Gao01], before Theorem 4.2.
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In the applications of Theorem [2.2.18] the most technical point is verifying condi-

tion We stress on the fact that whenever |(ii)(a)| holds true, the image f(X)
is a partial Borel transversal for E, i.e., f(X) meets every equivalence E-class in at

most one point. So it is natural to investigate under which assumptions the saturation

of a partial Borel transversal is Borel.

Fact 2.2.19. Suppose that E is Borel, and Xy C X is a partial Borel transversal for
E, then [ XolEg is Borel.

Proof. Clearly [Xo]g is Z}. Moreover, we have that [Xo]g is the set of unicity of a
Borel set as

x € [ Xolg — dlxg € X((x0,x) € E).

It follows that [ Xy ] is H} by a classical result by Lusin (cf. [Kec]), hence Borel by

Suslin’s theorem. O

Next proposition was essentially proved in [CamMarMot].

Proposition 2.2.20. Suppose that G ~ X and Xo C X is a partial Borel transversal
for Eg. If the map Xy — Subg(G): x — G is Borel, then the saturation [Xolg; is
Borel.

Before proving Proposition[2.2.20| we state a crucial lemma, which is a special case
of [CamMarMot].

Lemma 2.2.21. If the map Xo — X: x — Gy is Borel, then there is a Borel
Z C Xo X G such that for every x € X the vertical projection

Zy={geG|(xg) cZ}

is a Borel transversal for the equivalence relation whose classes are the (left) cosets

of Gy.

Proof. Let d: F(G) — G be a Borel map such that d(F) € F for all nonempty
F € F(G). Consider the function s: XoXG — G, (x,g) — d(gGy). Since x — G,
is Borel, sois s. Thenlet Z = {(x,g) € Xo X G | s(x,g) = g}. ]

Proof of Proposition[2.2.20L Since [Xo]g, is E}, it suffices to show that [Xo]g, is
H}. Let Z be as in Lemma[2.2.21 Let B C Xy X G X X defined as B = {(xo, g, X) |
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(x0,8) € Z A g-xo = x}. Now we check that [X]g, is the set of unicity of B along
Xo X G; namely,

[Xoleg = {x € X | Al(x0, 8) € Xo X G((x0,8,x) € B)}.

The inclusion from right to left is straightforward. To prove that the other inclusion
holds, suppose that x € [Xo]g,;. Then there exist xo € X and g € G such that
x = g-xo. Let h € G be in the same (left) coset of G, as g and such that
(x0, h) € Z. Tt follows that h_lg € G, which in turn implies h_lg - Xo = Xo, thus

h-xop=g-x0=X. (2.2.21.1)

It remains to prove that (xo, /) is the unique pair in Z satisfying the double equal-
ity R.2.211). 1If (xg, 7') satisfies (2.2.21.1)), then xo Eg x;, which implies that
X0 = xE) because X is a partial transversal for Eg. So we have h - xg = x = K- xo,
which in turn yields that & € h’'Gy,. It follows that h = h’ as Z, has exactly one
element for each (left) coset of G, . O

Corollary 2.2.22. Let X; be the standard Borel space of countable L-structure.
If Xo € X is a partial transversal for = and the map Xy — Subg(Sw): xo —
Aut(xo) is Borel, then [Xol=, is Borel.

Remark 2.2.23. When G ~ X, requiring that the map X — Subg(G): x — G, is
Borel is equivalent to assuming that E é is Borel (see Theorem . Nevertheless,
the hypothesis of Proposition [2.2.20|does not imply that Eg [ Xo is Borel, because

G does not act on X a priori, as Xy may not be Eg-invariant.

Next theorem was proved in [CamMarMot] and it provides a sufficient condition

for invariant universality.

Theorem 2.2.24 ([CamMarMot]). Suppose that Q is a E{ quasi-order on a stan-
dard Borel space X and let E C Q be a Z{ equivalence relation on X. Then, (Q, E)

is invariantly universal provided that the following conditions hold.

() there is a Borel map f: X — X such that

(@ f:Cx <p 0O,
(b) f:=x<BE;
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(I) There are a Hi E-invariant f(X) € Z C X, a Polish group G, a standard
Borel G-space Y, and a Borel reduction h: Z — Y of E | Z to Eé such that
the map

h(f (X)) = Subg(G): h(f(T)) = Gy

is Borel.

Proof. Condition [(T)] is the conjunction of [(i)] and [(ii)][(a)] of Theorem [2.2.18] Thus
it suffices to prove that condition [(II)] implies [(iD[(b)| of Theorem 2.2.18] We can

assume that Z is Borel without losing generality by possibly applying the separation
theorem for analytic E-invariant sets (see [Gao]). Then, condition [(D][(b)] implies
that 2(f (X)) is a Borel partial transversal for Eé So, we apply Proposition
to conclude that [h(f(X))]éG is Borel. It follows that [ f(X)]g = h! ([h(f(X))LYEG)
is Borel by condition O

Remark 2.2.25. In the proof of Theoremwe obtain that Y’ = [A(f(X))] gy is
Borel, thus we have that E | Z reduces to ECY; I Y’, which is a Borel equivalence
relation by Theorem [2.1.1] Then, condition [(I)] of Theorem [2.2.24]is equivalent to
the following.

(II’) There are a H} E-invariant f(X) € Z C X, a Polish group G, a standard Borel
G-space Y’ such that Eé is Borel, and a Borel reduction h: Z - Y  of E | Z
to Eg.

Next theorem is a variant of Theorem [2.2.24] We relax condition to obtain a
more general statement. However, it is worth pointing out that we are not going to
use Theorem [2.2.26]in the rest of the thesis, and we do not known any case in which
we need to apply Theorem [2.2.26]instead of the weaker Theorem [2.2.24]

Theorem 2.2.26. Suppose that Q is a 2} quasi-order on a standard Borel space
X and let E C Q be a Z} equivalence relation on X. Then, (Q, E) is invariantly

universal provided that the following conditions hold.

() there is a Borel map f: X — X such that
(@ f:Ex<p 0
() f:=x<p E;

(IT) There is a Borel E-invariant f(X) C Z C X such that E | Z is Borel.



29

Proof. Condition [(T)]is the conjunction of [(i) and of Theorem [2.2.18] Thus
it suffices to prove that condition [(I)] implies [(iD{(b)] of Theorem [2.2.18] Condi-

tion [(D][(b)] implies that f(X) is a Borel partial transversal for E. Since E is a Borel
equivalence relation, Fact[2.2.19|implies that [ f (X)]g is Borel. |

Remark 2.2.27. Notice that condition [(II)] of Theorem 2.2.26] can be replaced by the

following equivalent condition.

(IT*) There are a l'[} E-invariant f(X) € Z C X, a standard Borel space Y, a Borel

equivalence relation D on Y and a Borel reduction h: Z - Y of E [ Zto D.

Strongly invariant universality
We conclude this section by discussing a natural strengthening of the notion of

invariant universality.

Let P and Q be quasi-orders on X and Y, respectively. Notice that f: X — Y isa

reduction from P to Q if and only if the map

f«: X/Ep = X[Eg: [x]g, > [f(X)]E,

is well-defined and is an embedding between the quasi-orders induced by P and Q
on the quotient spaces X/Ep and Y/Ep. A map g: X/E — Y/F is called Borel if
admits a Borel lifting, i.e., a Borel map f: X — Y such that g([x]g) = [f(x)]F.
In the situation described above, it is clear that f is a Borel lifting of the induced
map f.. It follows that P ~p Q if and only if the quasi-orders induced by P and Q,
respectively, on the quotient spaces X /Ep and Y /Ey are one embeddable into each

other via Borel maps. However, such quasi-orders need not be isomorphic.

Definition 2.2.28. We say that P and Q are class-wise isomorphic (in symbols,
P ~p Q) if there is a Borel isomorphism f: X/Ep — X/E between the partial or-
ders induced by P and Q on the respective quotient space, (i.e., an order isomorphism
f such that both f and f~! admit Borel lifting).

Definition 2.2.29. Let Q be an analytic quasi-order on X and E be an analytic
equivalence subrelation of Q. We say that (Q, E) is strongly invariantly universal if
for every analytic equivalence relation P there exists an E-invariant Borel set A C X
such that P ~5 O | A.

The definition of strongly invariant universality was introduced in [Mot13] in the

framework of generalized descriptive set theory for the bi-embeddability relation.
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When X is the space of countable L-structure for a fixed countable language L,
one obtains the following definition of strongly invariant universality in view of

Lépez-Escobar theorem.

Whenever L is a countable relational language and ¢ a £, ,-sentence, we shall
denote by X, the standard Borel space of countable models of ¢ (with domain N).
Moreover we shall denote by the symbols =, C, and =, the isomorphism, embed-

dability, and bi-embeddability relations on X, respectively.

Definition 2.2.30. Let L be a countable relational language and ¢ an £, ,-sentence.
The embeddability relation T, is strongly invariantly universal if for every analytic

quasi-order Q there exists an L, ,-sentence y such that y = @ and Q ~p Ty | X,,.

Similarly, the bi-embeddability relation =, is strongly invariantly universal if for
every analytic equivalence relation E there exists an £, ,-sentence y such that

v = @and E ~p =¢ [ Xy.

Clearly, if T, is a strongly invariantly universal quasi-order, then =, is a strongly

invariantly universal equivalence relation.

Remark 2.2.31. Whenever we apply Theorem we obtain a result of strongly
invariant universality. In fact, the proof of Theorem[2.2.18|produces a Borel A C X
such that the map f.: X/=x — A/Ep, induced by f on the quotient spaces, is an
isomorphism between the induced quasi-orders as it has Borel inverse. Therefore,
we have Cx ~p (Q [ A).
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Chapter 3

THE BI-EMBEDDABILITY RELATION ON
COUNTABLE GROUPS

The material of this Section [3.1]and Section [3.2]is joint work with Luca Motto Ros
and has been published in [CalMot]. While the material contained in Section [3.3]is
join work with Simon Thomas ([CalTho]).

3.1 The bi-embeddability relation on countable groups
In this section we analyze the bi-embeddability relation on countable groups. We

strengthen a result of Jay Williams [Will4] by showing the following.

Theorem 3.1.1 (C., and Motto Ros). The embeddability relation CTg, between
countable groups is a (strongly) invariantly universal Z{ quasi-order. Thus, the
bi-embeddability relation =gy, between countable groups is a (strongly) invariantly

universal E} equivalence relation.

Let Xgp be the set of groups whose underlying set is N. Every such group can be
identified with the (characteristic function of the) graph of its multiplication. Hence
Xgp can be viewed as a G subset of 2N3, and thus is a Polish space. Let Cgp be
the embeddability relation on Xg,. Clearly Cg,, is a E} quasi-order and generates
the bi-embeddability equivalence relation on Xg,, which is denoted by =g,. Jay
Williams showed in [Will4] that Cg, Borel reduces to Cgp, which combined with
Theorem [2.2.4] yields the following result.

Theorem 3.1.2 ([Willd]). The embeddability relation Cgy on countable groups is
a complete Z} quasi-order. Then, the bi-embeddability relation =g is a complete

Z% equivalence relation.

The Borel reduction used in [Will4] maps each graph 7T € Xg; to the group
Hr = (vo,Vv1,...| Rr) generated by the vertices of T, that we denote by {v; | i € N},
and the following set of relators Ry encoding the edges of 7: for every T € Xg;,
Ry is the smallest subset of the free group on {v; | i € N} which is symmetrized
(i.e., closed under inverses and cyclic permutations, and such that all its elements
are cyclically reduced) and contains the following words:
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o 7
v
o (v if (v;,v)) € T;
o (v, if (vi,vj) ¢ T.
A piece for the group presented by (V | R) is a maximal common initial segment of

two distinct 71, r, € R. It is immediate that, the set Ry satisfies the following small

cancellation condition, for every 7' € Xg;:

1
if u is a piece and u is a subword of some r € R, then |u| < glrl. c’ (%))

Groups (V | R) whose set of relators R is symmetrized and satisfies the |C’ (%)

condition are called sixth groups.

Theorem 3.1.3 ([LynSch]). Let H = (V | R) be a sixth group. If w represents an
element of finite order in H, then there is some r € R of the form r = v" such that
w is conjugate to a power of v. Thus, if w is cyclically reduced, then w is a cyclic

permutation of some power of v with v"* € R, for some n € N.

Next lemma is implicit in the proof of Theorem [3.1.2] It is a consequence of
Theorem [3.1.3] and shows that all automorphisms of the group Hy are canonically
induced up to inverses and conjugacy by the automorphisms of the graph 7. Such

result will be crucial in the sequel to analyze the automorphism group of every Hr.

Lemma 3.1.4. Let T € X, and 0 : Hr — Hp. Then, 0 € Aut(Hr) if and only if
the following two conditions hold:

(i) O(ww’) = 0(w)0(W’) for all w,w" € Hy;
(ii) there are p € Aut(T), t € Hr, and € € {—1, 1} such that

0(vi) =tve, 1™t foralli €N, (3.1.4.1)

Clearly, the p, t and € in condition [(ii)| are unique. When 6 € Aut(Hr), we say that
6 is positive if it satisfies [(if)] of Lemma [3.1.4]for € = 1. Otherwise, we say that 6 is

negative.

Proof of Lemma[3.1.4} First assume that 6 € Aut(Hr). Condition [(i)] is clearly
satisfied, thus it suffices to prove that 6 satisfies condition [(ii)] too.
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Claim 3.1.4.1. Let 6 € Aut(Hy) and 1 € N. Suppose that 6(v;) = uv;:‘u_lfor some
u € Hr, k € Z with |k| < 7, and j € N. Then k € {—1,1} and there are a map
p: N — Nand m € Z with |m| < 7 such that p(1) = jand for alli € N

O(vi) = uviovh v (3.1.4.2)
Proof of the claim. Set p(1) = J so that the equality (3.1.4.2) is verified for i = 7.
Denote by 6, be the inner automorphism g — u~'gu. Clearly, 6, 0 0 € Aut(Hy)
and (6, 0 0)(v;) = vﬁ(i). For every i € N\ {7} the element (8, o ) (v;) has order 7 in
Hr, thus by Theoremthere are some p(i) € N, areducedw € Hr,and £ € Z
with |£| < 7 such that (6, o 0)(v;) = wvﬁ(i)w‘l. The word w possibly starts with
some power of v,. We want to rule out this case to have (6, o 6)(v;v;) reduced.
So, if this is the case, we adjust the value of (6, o #) on v; by applying an inner
automorphism ; so that (¢; o 6, o 6)(v;) does not start with v, . This task can

easily be accomplished by setting for every g € Hr

vi(8) =v,H8Vom (3.1.4.3)

for m € N maximal such that w = v;")’(i)w’. Then (¢; 0 6, 0 6)(v;) = zv -1 for

¢
pi)*
some reduced word z which does not start with a power of v,;). Now we have that

(Wi 00,00)(vv) = vl’_j(i)zvf;(i)z_l has finite order (either 11 or 13 depending on

whether (v;, v;) € T ornot), and it is cyclically reduced. Therefore, by Theorem

k ¢ -1
the element VooV (i) 2

some n, m € N. It follows that z is the identity of Hr. So we have (¢;060,,060)(v;v;) =

must be a cyclic permutation of some power of v,v,,, for

vﬁmvz(i), and since the order of that element is either 11 or 13, it follows that

p() # p(i), because otherwise v

Eol
N _ p@ " p()
possible values for k and ¢ are k = ¢ € {—1, 1} because otherwise v

would have order 7. Moreover, the only

k.t
oot Would

have infinite order.

To sum up, we proved that ke {—1, 1} and that there are a function p: N — N, and
an inner automorphism y;, for every i € N \ {7}, such that p(i) # p(7) and

(i 00,0 0)(vi) = vE . (3.1.4.4)

We now claim that for all i, j € N\ {7} we have ¢y; 0 6,06 = ; 0§, 0 6 . Clearly, it
suffices to show that ¢; 0 8, 06 and y; o 6, o 6 agree on the generators. First observe
that they agree on v;. In fact, for any i € N\ {7}, we have

(Wi 0 0, 0 0)(vi) = Yi(VE ) = Vi vh v = vk (3.1.4.5)
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Next consider any i, j € N\ {7}. We have
Wi 00,00)(v) = Wioy; ojob,00)(v)) = (ioy; )y,
hence the equations (3.1.4.4) and (3.1.4.3)) yield that
: v WPk P
(lpz 0f,0 0)(V1Vj) p(,) p(z) P(I) p(z)’

for some p € Z. If such p # 0, then v¥ would have infinite order

W /E
o) p@" p(j) p(z)
because p(i) # p(1) and p(j) # p(1). However, since the order of v;v; is finite and

Vi 08,00 € Aut(Hr), this cannot be the case. It follows that p = 0 and

Wio06,00)(v)) = vﬁ(j) = job,00)(v)).

Since all the ; are the same, there is a fixed m € Z such that (6, o 0)(v;) =

(l) l;(l)vp(l)a which lmphes that

-m —1
O(v;i) = p(l) p(z) Vot > (3.1.4.6)

for every i € N\ {1}. O

Now consider 6(vy), which has order 7 in Hr. Theorem [3.1.3|implies that there are
some n € N and w € Hy such that 6(vg) = wv,’;‘w‘1 with k € Z such that |k| < 7.
We apply Claim [3.1.4.1)with7 = 0, j = n, and u = w to get a map p such that
condition |(ii)| of the lemma is verified for € = k and t = uy”
that p € Aut(7).

2(0)" It remains to prove

In particular, v;v; and v,;)v,(;) have the same order. It follows that p is injective
because if p(i) = p(j), then v,;)v,(;) and v;v; have order 7, and thus i = j by

definition of Ry. Moreover

(i,j) €T < v;v; hasorder 11 in Hy
 Vp@i)Vp()) has order 11 in Hy

= (p@)p()) eT.

Finally, it remains to prove that p is surjective. Now fix an arbitrary n € N. Since
9‘1(\/,,) has order 7, by Theorem m there are i € N, u € Gy, and k' € Z
such that 671 (v,) = uvik'u_l, whence v,, = 9(u)0(v,~)k/9(u)_1. On the other hand,
O(v;) = tvp(l)
equation we have see that v, is conjugate to the (ek”)-th power of v ,(;), thus it remains

t~! by Claim|3.1.4.1] and substituting this value of 6(v;) in the previous
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to prove the general fact that if v, is conjugate to a power of v, then n = m. Indeed,
k

mu_l for some u € Hr and k € Z, then v,,v,, = vmuv,’;u_l. It follows that

k
m

ifv, = uv

u~" would have infinite order, which

k-1 _ k
mU = VmVy,

u is a power of v,,, because otherwise v,,uv
contradicts the fact that v,,v,, has finite order in Hy, so v,,v,, = v, uv
and k # —1, 6 because v,,v, is not the identity. Since vmv,’fZ has order 7, we conclude

that n = m as desired.

For the converse implication of Lemma [5.2.5] assume that 6 satisfies [(i)] and
Since |(i) states that 6 is a group homomorphism, it remains to prove that 6 is a
bijection. Consider the inner automorphism 6, where ¢ is as in |(ii), sending g to
t~1gt, so that (6, 0 0)(v;) = v;(i) for every i € N. It suffices to prove that ; o 0 is a
bijection. For every nontrivial w = v;;...v;, € Gr we have

(60 O)(v?

> —
o) Vo) =W

therefore 6, o 6 is surjective. For injectivity, recall from the proof of [Will4] that
since p is an automorphism of 7', then the map 6’ induced by v; = v, is an
injection from Hry into itself. Thus if € = 1 we are done because 6, o 6 = ¢’;
if instead € = —1, then 6, o 6 is the composition of 6’ with the map induced by

Vi vi_l, which is clearly injective. O

Remark 3.1.5. Let T,U € Xg;. If p: T — U is an isomorphism, ¢ € Gy, and

€ € {—1, 1}, then the natural extension to the whole Hr of the map
& -1
0(v;) = ot (3.1.5.1)

is an isomorphism between Hy and Hy. Conversely, the proof of Lemma [5.2.5]
can be straightforwardly adapted to show that every isomorphism 6: Hr — Hy is
canonically induced by some isomorphism p: T — U as above, i.e. that there are
t € Hy and € € {—1, 1} such that 6 satisfies (3.1.5.1)). In particular, this shows that
T=U < Hr = Hy.

The strategy to prove Theorem (3.1.1]is to use Theorem [2.2.24] To fit the setup of
that result, each group Hy must be coded as an element Hr of Xgp (the space of
groups on N) via some bijection ¢7: Hr % N. In general, the specific coding
is irrelevant: the only requirement is that the map H sending 7" to Hr, i.e., to the
group isomorphic to Hy via ¢r, is a Borel map from Xg; to Xg,. For our proof it is
convenient to require that for every T € Xg;, all generators of Hr and their inverses

are sent by ¢7 to some fixed natural numbers (independently of T'), and that for every
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reduced word w, all its subwords are sent by ¢7 to numbers smaller than ¢7(w) (this
technical conditions will be used in the proof of Proposition [3.1.6). Thus for every
T € Xg; we fix a bijection ¢7 : Hr — N such that

* ¢r(1py) = 0;

* ¢r(vi) =3i+1;

« pr(v;) =3i+2;

* for every n € N and for all subword w of ¢;1(n), or(w) < n.

(Notice that words different from the identity, the generators and their inverses are

sent to numbers of the form 3i + 3.)

Let x7: N X N — N be the binary operation on N such that Hy = (N, x7) is
isomorphic to Hr via ¢r, thatis: nxrm = ¢T(¢;1 (n)qf)}1 (m)), for every n,m € N.
Recall that <M(N) is the set of all injective t € <NN, where <N is the set of finite
sequences of natural numbers. Given ¢ € <N(N), let N; = {g € S | g 2 t}. Recall
that the set {N, | t € <N(N)} is a basis for S.. Consider the maps

o: Xgr — Subg(Sw), T — Aut(T)

and
>: Xgr — Subg(Sw), T — Aut(‘Hy).

In order to apply Theorem [2.2.24) we want to show that the map X [ X is Borel.

Proposition 3.1.6. Let T € Xg, and s € <V (N). Then X(T) N Ny # 0 if and only if
the following conditions hold:

(1) For every n,m € dom(s), if n xr m € dom(s) then s(n x7 m) = s(n) *r s(m).
(2) Thereisr: {i | 3i+1 € dom(s)} — N such that:

@ o(T)NN, #0;

(b) there are k,k’ € N and | € {0, 1} such that k' is the inverse of k with
respect to x7 (i.e. k xp k' = 0) and

Vi e N3i+ 1 € dom(s) — sBi + 1) = k k7 (3r (i) + 1 + ) %7 k).
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Proof. First assume that there is some & € Aut(Hr) such that 2 2 5. Since A is a

homomorphism, if n, m € dom(s) are such that n xr m € dom(s) then
s(nxp m) = h(n %y m) = h(n) xp h(m) = s(n) *7 s(m),

which proves To prove set § = ¢;1 o ho ¢r. Since 8 € Aut(Hr), by
Lemmal5.2.5|there are p € Aut(T),r € Hr, and € € {—1, 1} such that foreveryi € N

N\ — 4,€ -1
0(v;) = ot

Settingr = p [ {i € N | 3i + 1 € dom(s)}, one clearly has p € o(T) N N,, so that
o(T) N N, # 0. Moreover, setting [ := —%, foreveryisuchthat3i+1€s

s@Bi+1)=(drob)(v;) = ¢T(tv;(i)t_1) =kxr GBr(i)+1+1) *xr k/,
where k = ¢7(t) and k' = ¢7(t71).

Conversely, assume that both conditions [(T)] and [(2)| hold. By there is p €
Aut(T) such that p 2 r. Define

h(0) = 0,
hG3i+ 1) = k %7 Bp(i) + 1 +1) %7 K,
h(3i+2) = k 7 3p(i) +2 — 1) %7 K,

and then extend / to the whole N via the operation 7, i.e. if n = ¢T(vi60° V)

with €, ..., €. € {—1, 1}, set h(n) = h(¢T(va°)) *T ... kT h(ng(vZf’)). By of
condition, the maps 4 and s agree on the codes for generators. Moreover, the way
€0

ip °
that all of ¢T(vl.€0°), .. ¢7(v(°) belongs to dom(s), and thus & 2 s by condition
Then it is immediate that 6 = ¢, o h o ¢7 satisfies of Lemma with
the chosen p, t = gb;l(k), and € = 1 — 2[. Therefore § € Aut(Hy) and £ is an

automorphism of Hy witnessing that X(7') N Ny # 0. O

¢7 was defined ensures thatif n = ¢7r(v.° . .. vf“) belongs to dom(s), which implies

Corollary 3.1.7. Let A C X, be a Borel set. If the restriction map o | A is Borel,
then X | A is Borel too.

Proof. For s € <N(N), consider the generator of the standard Borel structure of
U = Subg(S)
{G € Subg(S~) | G N Ng # 0}.

The preimage of Us; under of ¥ [ Aistheset {T € A | Z(T) N N, # 0}. By
Proposition [3.1.6] this is the set of graphs T € B satisfying conditions [(H(2)| of
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Proposition [3.1.6] which are all Borel. In fact, to ensure that[(2){a)|is Borel, we use
the fact that o | A is a Borel map. m|

Now we are finally ready prove the main result of this section.

Proof of Theorem[3.1.1} Since Hy and Hy are isomorphic for every T' € Xg;, the
map f: X — Xgp, T + Hr reduces Cx to Cgp by Theorem and thus condi-
tion of Theorem [2.2.24)is verified. Condition follows from the fact that
=x and =x coincide and from Remark [3.1.5] which still holds after replacing Gr
with Hr.

So, according to Theorem [2.2.24] it suffices to prove that the map from f(X) —
Subg(Se) : Hr — Hy is Borel. Note that this is equivalent as proving that the map
X | Xis Borel. Since every T € X is rigid, the map o | X: X — Subg(Sw), T +
Aut(T) is constant, hence Borel. Therefore, the map X | X is Borel by Corol-
lary It follows that the map taking Hr to Aut(Hr) is Borel as desired. i

3.2 Topological bi-embeddability on Polish groups
In this section we build on the results presented in Section [3.1] to prove that the

topological bi-embeddability on Polish groups is invariantly universal.

We denote by Xpg) the standard Borel space of all Polish groups. It is well known
that there are Polish groups W which are universal, i.e., such that all Polish groups
topologically embed into W. For the sake of definiteness, let W be the Polish group
Homeo([0, 11V) of all homeomorphisms of the Hilbert cube (see e.g. [Kec]) so that
we identify Xpgp with the standard Borel space

Subg(Homeo([0, 1T')).

Given two Polish groups H and H’, we write H Cpgp, H' when H topologically
embeds into H', i.e., when H is (continuously) isomorphic to a Polish subgroup of

H’. Ferenczi, Louveau, and Rosendal derived in [FerLouRos] the following.

Theorem 3.2.1 ([FerLouRos]). Topological isomorphism between (abelian) Polish
groups is complete E{ equivalence relation, and topological embeddability between

(abelian) Polish groups is a complete Z% quasi-order.

In the rest of this section, we build on Theorem [3.1.1]to prove the following.
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Theorem 3.2.2 (C., and Motto Ros). The topological embeddability relation Cpgp

between Polish groups is a invariantly universal quasi-order (when paired with the
relation of topological isomorphism =pgy). Thus, the topological bi-embeddability
relation =pgp, between Polish groups is a (strongly) invariantly universal equivalence

relation.

To explain our argument, it is convenient to encode the groups Hr in a different

standard Borel space.

The countable random graph R, (see [Rad64]) is a countable graph such that for

any two finite sets A, B of vertices, there is a vertex x such that
Vye A(x Ry, y) AVz€ B—=(x R, 2).

An explicit definition of R,, (up to isomorphism) is the following: fix an enumeration

of all prime numbers {p, | n € N} and stipulate that, for every m,n € N \ {0, 1},
mRyn & pulnVvp,| m.

Notice that each T € Xg; can be embedded into R, in such a way that the map
Xgr — 2R T — T’ taking every T to an isomorphic subgraph 7’ of R, is

continuous. (This can be done due to the property which defines R,,.)

GivenT € Xg, let Hy be the group associated to 7" defined as in the previous section
(see the praragraph after Theorem [3.1.2). Let SG(Hpg,,) be set of all subgroups of
Hpg,. We identify each group of Hg with the characteristic function. Since every

S € SG(Hpg,), is not a subgroup if and only if
1¢S or dx,yeS (x,yeSAxy¢?s),

we have that SG(Gpg,) is a closed subspace of 20w thus it is a Polish space with
the relative topology inherited from 267w,

Consider the variant of H
H: Xe: — SG(Hg,), T+ Hr,

where ﬁT is the subgroup of Hg (isomorphic to Hr) whose generators are those
appearing in T C R,,. Notice that the map H is Borel as well. In the following, we
turn Hg  and every subgroup H of Hp  into the topological groups H g, and H by
endowing them with the discrete topology. In particular, we obtain Hr by endowing

Hy with the discrete topology.
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First we show how to make use of Theorem [3.1.2]to reprove Theorem [3.2.1] namely,

that topological embeddability between Polish groups is a complete E{ quasi-order.

Theorem 3.2.3. Cpg,, is a complete Z% quasi-order.

Proof. By Theorem it suffices to show that Cg, <p Cpgp. Since Homeo([0, 11
is universal, there is a topological embedding ¢ : H g, — Homeo([0, 1]''). Consider
the map

f: Xar — Xpgp, T — ¢[Hr]. (3.2.3.1)

First we prove that f is Borel. Since His Borel, it remains to show that the function
SG(Hg,) — Subg(W) mapping H to ¢[H ] is Borel, namely, that given a nonempty
open set U C W, the preimage of By = {F € Subg(W) | F N U # 0} is a Borel
subset of SG(Hg, ). This is easily checked as for every H € SG(Hg,), we have
¢[H] € By if and only if there exists 7 € H such that ¢(h) € U.

Next, since every function between discrete Polish groups is continuous and Hr is

isomorphic to Hr, we have
SCa T & HsCqp Hr & HsCTpcp Hr = f(S) Cpcp f(T).

It follows that f reduces Cg; to Cpgp. O

Notice that our proof of Theorem|[3.2.3]uses non-Abelian groups, while [FerLouRos]
further shows that the topological embeddability between Abelian Polish groups is
complete. Thus, the statement of Theorem3.2.3|is weaker than the one of Theo-
rem However, it will be clear in the next section that we can get the result
of Ferenczi, Louveau, and Rosendal by arguing exactly as in Theorem [3.2.3] and
redefining the map f in 3.2.3.1) as f: Xgr — Xpgp, T — ¢[A(Gr)], where A(Gr)
is the abelian group defined as in the forthcoming Definition endowed with
the discrete topology.

Proof. Set g = f ' X, where f is as in (3.2.3.1)). It follows by Theorem that
that g reduces Cx to Cpgp. We also observe that g reduces =x to =pgp. In fact,

since =x <p =gp by Remark and each Hy is isomorphic to ﬁT, we have
S =X T — ﬁs =Gp ﬁT — ﬁs =PGp ﬁr — g(S) =PGp g(T),

where the second equivalence holds because every function between discrete Polish

groups is continuous.
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So it suffices to prove that [(I)] of Theorem [2.2.24] holds. Let (¥ )ren be a se-
quence of Borel selectors for Xpgp, i.e. each ¢y is a function from Xpg, =
Subg(Homeo([0, 11%)) to Homeo([0, 11") such that ¢ (H) € H for every H €
Subg(Homeo([0, 11%)), and for every such H the set {yx(H) | k € N} is dense in
H . Recall that we may assume that ¥, (H) # ¥ (H) for all k # k" whenever H is
infinite. Fix {U, | n € N}, a countable basis for the topology of Homeo([0, 11'').
Define

Z ={H € Xpgp | VKVEK' (k # k' = i (H) # Y (H))
ANdn(lg e Uy, AVk (Y(H) € U, - Y (H) = 1))}, (3.2.3.2)

where 1g is the identity of H.
Claim. H € Z if and only if it is infinite and discrete.

Proof of the Claim. Notice that every H € Z is necessarily infinite because all its
elements of the form ¢, (H) are distinct. Now we prove that if H € Z, the group
element 1g is an isolated point. Suppose not towards a contradiction. For every
neN,if 1y € U,, there is x # 1y such that x € U,,. Since H is Hausdorff, we find
some open neighborhood V of x such that 15 ¢ V. Since then the open set V N U,
is nonempty, there is some Y (H) € V N U,, which is distinct from 15 because
g ¢ V. It follows that Y (H) € VN U, C U, and Yy (H) # 1. Since n was
arbitrary, this is contradictory with the definition of Z. Since a topological group is

discrete if and only if its unity is an isolated point, the Claim is proved. O

Therefore Z is clearly =pgp-invariant, and, by the definition given in (3.2.3.2)), it is

immediate that Z is a Borel subset of Xpgy.

Now let i be the forgetful map Z — Xg, associating to each H € Z the group
h(H) = (N, xg) with underlying set N and multiplication %z defined by setting

kxgm=n — YrH)nH) =y, H).

Next, we modify & by imposing that h(g(T)) = Hy for every T € X, i.e., set
h(H) = ‘Hg_l(H) for every H € g(X). The map h is Borel because g(X) is a Borel
subset of Z, since g is a Borel injective map. Now consider the logic action of
Seo on Xgp. The stabilizer of h(g(T)) with respect to this action is Aut(h(g(T)),
which equals Aut(H7). Therefore the map Hy — Aut(Hy) is Borel by the proof of
Theorem 2.2.241 O
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3.3 Thebi-embeddability relation on countable torsion-free abelian
groups

In this section we address the problem of determining the Borel complexity of the
bi-embeddability relation on countable torsion-free abelian groups. Let Xtga be the
Polish space of torsion-free abelian groups and denote by Ctga the embeddability
relation Xtpa. We adapt a construction of Downey and Montalban ([DowMon])
to build a torsion-free abelian group A(G) from a rooted combinatorial tree G in
such a way that the map taking any T € 7 (2 X w) to A(Gr), where Gr is defined
as in Definition will provide a reduction from <, to Ctpa. Therefore we
obtain that the embeddability relation on countable torsion-free abelian group is a

complete analytic quasi-order.

We fix {p, | n < w} an increasing sequence of prime numbers. For each ¢ vertex of
G, we call the height of t, denoted by |z|, the length of the shortest path connecting
the root @ to r. When T € 7 (2 X w), we easily compute the degree of each vertex
v € Gr: each vertex s € w=“ has infinite degree; each vertex (u, s, 020+2) " for

(u, s) € T, has degree 3; and all other vertices have degree 2.

Definition 3.3.1. Let G be a rooted tree such that every vertex has degree 2, 3 or
w and let E be the edge relation on G. Then A(G) is the additive subgroup of
@V < Qv, the vector space over Q with basis G, generated by the elements of the

following form:

. t/p2|z| forn e Nandt € G of degree w;

. t/pZ|z|+1 forn e Nandt € G of degree 2;

. t/pj{lt|+2 forn € Nandt € G of degree 3;

e (t+ u)/letI+3 forneN,andr =u" in G.
In the rest of this section we prove that the map T +— A(Gr) is a Borel reduction
from <,,,x to CTpa, hence we obtain the following result.

Theorem 3.3.2 (C., and Thomas). The embeddability relation Ctpp on countable
torsion-free abelian groups is a complete 2% quasi-order. Thus, the bi-embeddability
relation =tpa on countable torsion-free abelian groups is a complete Zi equivalence

relation.
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LetT,U € 7 (2 X w). First suppose that T <,,,,, U. Then, by Lemma [2.2.9] there

is an injective Lipschitz map f: w=“ — w=* such that T'(s) € U(f(s)) for every
s € w<?“. Now, following the proof of [LouRos], we extend f toamap ¢: Gy — Gy
as follows. First for each s € w=%, let ¢(s) = f(s) and ¢(s*) = f(s)*. Next, if
(u,s) € T, we have (u, f(s)) € U. So define ¢(u, s, x) = (u, f(s), x). It is easily
checked that ¢: Gr — Gy is an embedding preserving degree, and it follows that ¢
extends to an embedding from A(Gr) into A(Gy) sending each ¢ € Gr to ¢(¢) and
extended by linearity to the whole A(Gr).

Next suppose that ¢: A(Gr) — A(Gy) is an embedding. For every element
V= Gy dit of A(Gy), letsupp(v) = {t € Gy | ¢, # O}.

Definition 3.3.3.  « For each vertex ¢t € Gr, let S; = supp(¢4(1)).

* For each edge e = {t,u} of G, let E, = supp(¢(t + u)).

The next two lemmas are straightforward variants of Lemma 2.3 and Lemma 2.4 of
[DowMon].

Lemma 3.34. Ift € Gr, then S; C {r € Gy | |r| = |t| and deg(r) = deg(t)}. In
particular, it follows that S¢ = {0}.

Lemma 3.3.5. Let e = {t,u} be an edge of G witht = u".

(a) E, =S, US,.
(b) Forallr € S, there is s € S, such that {r, s} is an edge of Gy.

Lemma 3.3.6. There exists a function f: Gy — Gy such that:

o f(1) e S,

o if {t,u} is an edge of G, then {f(t), f(u)} is an edge of Gy.

Proof. We define f(t) by induction on |¢|. First we set (@) = (. Next suppose that
f(t) has been defined and that f () € S; and e = {t, u} is an edge of G witht = u~.
Then, applying Lemma [3.3.5] there exists s € Sy such that (f(¢), s) is an edge of
Gy, thus we set f(u) = s. O

Remark 3.3.7. Note that in Lemma[3.3.6/the map f is not required to be one-to-one.
In particular we do not obtain that Gy embeds into Gy .
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Let f: Gr — Gy be the function given by Lemma[3.3.6] Since f(¢) € S; for every

t € Gr, it follows that f is level-preserving and degree-preserving. Consequently,
we have that f(w®) C w®. Now we claim that f [ w® witnesses that T <, U. To
see that it is a Lipschitz map, suppose that r € w® and that s = r~ n for some n € w.
Then f(s*) is an immediate successor of f(r) and an immediate predecessor of
f(s) € w®. It follows easily that there exists m € w such that f(s) = f(r)~ m. We
are left to prove that T'(s) C U(f(s)) for all s € w=“. So suppose that (i, s) € T.
Then in Gr, the vertex s € w® is below the vertex (u, s, 02¢+2) which is of degree
3 and height |s| + 26(u) + 3. It follows that the vertex f(s) € w® is below a vertex
v € Gy of degree 3 and height

[s| +20(u) +3 =[f(s)| +20(u) + 3,

and the only possibility is that v = (i, f(s), 0??W*2)_ Therefore, by the definition of
Gy, we have (u, f(s)) € U, asrequired. This completes the proof of Theorem



45
Chapter 4

THE BI-EMBEDDABILITY RELATION ON
TORSION GROUPS

The results presented in this chapter are joint work with Simon Thomas and were
derived in [CalTho].

In this chapter we will analyze the bi-embeddability relation on countable abelian

p-groups and countable torsion abelian groups.

First, we shall state some notions and classical results about abelian group theory.
Suppose that A is an abelian group. We say that A is torsion if every element of A
has finite order. Let p be any prime number. We define the p-primary component

of A as the subgroup A, of elements of A whose order is a power of p.

Next classical theorem states that every torsion abelian group can be decomposed
into the direct sum of its p-primary components. To see the proof we refer the reader

to the classical references [Kap] and [Fuc70].

Let P C N be the set of prime numbers.

Theorem 4.0.1. If A is a torsion abelian group then A = P peP Ay. Each p-

primary component Ay of A is uniquely determined.

A group is divisible if for every a € A and n € N* | there exists b € A such that

a = nb.

Proposition 4.0.2 ([Fuc70]). Every abelian group has a unique maximal divisible

subgroup, which is also a direct summand.

Proof. Let A be an abelian group. The subset of all elements of A satisfying the
divisibility property is a subgroup, and is clearly the unique maximal divisible

subgroup. Since divisible groups are injective, this is in fact a direct summand. O

A torsion abelian group is said reduced if it has no divisible subgroup other than 0.
Proposition 4.0.2| implies that every torsion abelian group A decomposes into the

direct sum of its maximal divisible subgroup and its maximal reduced group.
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Let p be a fixed prime and H(p) be the additive group of those rational numbers
whose denominators are powers of p. The Priifer p-group, denoted by Z(p*), is the
factor group H(p)/Z. Thus the elements of Z(p) are

{Zter<qandq:p”f0rsomenea)+},
q

and the group operation of Z(p™) is the addition modulo 1. Next theorem is a
particular case of a classical result about divisible groups, which states that every
divisible abelian group is the direct sum of copies of Q and Priifer p-groups for

different primes p (see [Kap]).

Theorem 4.0.3. Any torsion divisible abelian group is uniquely a direct sum of
copies Z(p®), for various primes p. Thus, if A is a divisible p-group, A = Z.(p*®)™",
for k < |Al.

Remark 4.0.4. The well-known divisible group Q/Z is not avoided in the statement

of Theorem because it is @pep Z]p™.

Given Theorem [4.0.1] we shall restrict our attention to p-groups, for a fixed prime
p- Let X, be the standard Borel space of countable abelian p-groups. Let =, be the

isomorphism relation on X, and let =, be the bi-embeddability relation on X),.

In view of Theorem [4.0.2] and Theorem [4.0.3] we might as well be wandering to
restrict to the subspace of X, consisting of reduced p-groups, but we will see that
such subspace is not standard Borel (cf. Theorem[.0.5below). To see this we recall
a useful tree presentation approach to countable abelian p- groups, which was first
introduced in [CraHal]. Let 7 (w) be the standard Borel space of infinite trees on
w For each T € 7 (w) let G,(T) be the abelian group generated by the elements
{g: | t € T} subject to the relations

p&: = g~ if[t| > 0;
g[:O lft:(b

Then G,(T) is a p-group, and we can identify each G,(T) with a corresponding
element Ay € X, in such a way that the map T — A7 is Borel. Next Theorem is

essentially derived by Fefermar(T]

'In fact, Feferman only proves the equivalence for the case when p = 2 in [Fef], but his argument
works for any arbitrary prime p.
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Theorem 4.0.5. The set R C X, consisting of reduced p-groups is a complete H}

set.

Proof. Consider the map T = G,(T'). We have

G,(T) is reduced < T is well-founded.

4.1 Ulm theory

In this section we shall recall the basic definitions of the Ulm theory for (reduced)
p-groups. We will stress on the nature of Ulm invariants and we will argue why

they cannot be computed in a Borel way.

We begin by recalling the Ulm analysis ([UIm]) of the isomorphism relation for
countable abelian p-groups. The Ulm theory is usually presented for countable
reduced p-groups. Here we follow the exposition by [BarEKkl] and present it for
reduced p-groups in general. Our approach is motivated by Theorem {.0.5 - we
cannot focus on only reduced p-groups as they do not form a standard Borel space.

Suppose that A is an arbitrary (not necessarily countable) abelian p-group. Then

the a-th Ulm subgroup A“ is defined inductively as follows:

o A= A;
© A = Mo PAY

o A% = Ny<s A%, if 6 is a limit ordinal.

We notice that for cardinality reasons there exists an ordinal T < |A|* such that
A" = A™! and the Ulm length T(A) of A is defined to be the least such ordinal 7.
Then it is easily checked that AT is the divisible part of A, namely, the maximal
divisible subgroup of A. It it follows by Theorem m that A™4) is isomorphic to
a direct sum of « copies of group Z(p®) for some cardinal 0 < k < |A|. We define
k to be the rank of AT and we write tk(A™)) = k. Clearly, if A is a countable
abelian p-group, then 7(A) is a countable ordinal and 0 < tk(A™™) < w. Further,

observe that an abelian p-group A is reduced if and only if A™4 = 0.

For every a < 7(A), the a-th Ulm factor of A is the factor group A, = A%/A**!,

Recall that A can be expressed as the direct sum A = A™ @ C of its maximal
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divisible subgroup A™4) and a reduced subgroup C (cf. Theorem 4.0.2). It is
immediate that 7(A) = 7(C) and that the Ulm factors A,, C, are isomorphic for all
a <1(A) =1(C).

Next theorem is the classical result by Ulm which states that the Ulm length, the
rank of the divisible part, and the Ulm factors are complete invariants for the relation

of isomorphism between countable abelian p-groups.

Theorem 4.1.1 ([Ulm]). If A and B are countable abelian p-groups, then A is

isomorphic to B if and only if the following conditions are satisfied:

(i) 7(A) = 7(B);
(i) k(A7) = rk(B7(B));

(iii) for every a@ < 1(A) = 1(B), the Ulm factors A, and B, are isomorphic.

As discussed in [Fuc73], each Ulm factor A, is a Z-cyclic p-group, that is, a direct
sum of cyclic p-groups. We will next consider the question of which sequences of
X-cyclic p-groups can be realized as the Ulm factors of a countable abelian p-group.
Recall that a X-cyclic p-group H is said to be bounded if there exists an integer
n > 0 such that p"h = 0 for all & € H. It is well-known that if A is a countable
abelian p-group, then each Ulm factor A, must be unbounded, except possibly for
AT when exists. (For example, see [Fuc70]. In fact, this is the only restriction

on the possible Ulm factors of countable abelian p-groups.

Theorem 4.1.2 ([Zip]). Suppose that 0 < T < w; is a nonzero countable ordinal
and that (C, | @ < 1) is a sequence of nontrivial countable (possibly finite) X-cyclic

p-groups. Then the following statements are equivalent:

(i) There exists a countable reduced abelian p-group A with T(A) = T such that

Ay = Cy forall a < .

(ii) C, is unbounded for each a such that @ + 1 < 7.

It is worth to point out that Fuchs and Kulikov extended Zippin’s Theorem in [Fuc53]
and [Kul52] by giving necessary and sufficient conditions for a sequence (C, | @ <
7) of abelian p-groups to be realizable as the Ulm sequence of a reduced abelian
p-group of cardinality k, when k and 7 are not assumed to be countable. A special
case of the Fuchs-Kulikov Theorem that we shall use later in this chapter is the

following.
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Theorem 4.1.3 ([Fuc73]). Suppose that w; < T < wy and that (Cy | @ < T) is a
sequence of nontrivial countable (possibly finite) X-cyclic p-groups such that C, is
unbounded for each a such that a + 1 < 1. Then there exists a reduced abelian

p-group A of cardinality w| with T(A) = 7 such that A, = C, forall a < 7.

We will conclude this subsection discussing how Ulm invariants can be represented
in a standard Borel space and why the procedure to assign the corresponding Ulm

invariant to any countable abelian p-group cannot be performed by any Borel map.

C,"

n>1 ~DpP >

where each s, € w U {w}; and clearly G is determined up to isomorphism by the

Each countable (possibly finite) Z-cyclic p-group has the form G =

sequence t; = (s,|n € w™). Thus, each countable abelian p-group A is determined

up to isomorphism by the complete invariant
T(A) " (ta, | @ < T(A)) " rk(A™™W), (4.1.3.1)
In particular, we obtain the same set of complete invariants (4.1.3.1]), independently

of our choice of the prime p.

Let L(w + 1) be the standard Borel space of countable (possibly finite) linear orders
on w + 1; namely, each x € £ consists of a linear ordering <, of dom(x) € w U {w}.

Let Z be the standard Borel space of sequences
c=x"(tg| € € dom(x)) " d, (4.1.3.2)

where x € L(w+1),d € w U {w}, and each t;: w* = w U {w}. Let C C Z be the
IT} subset consisting of the sequences as in @1.3.2) such that:

* <, is a well-ordering of dom(x);
* for each ¢ € dom(x), there exists n € w* such that t,(n) # 0;

e if £ is not <,-maximal, then t,(n) # O for infinitely many n € w*.

Then each sequence ¢ € C naturally codes a corresponding complete invariant
@.1.3.1), which we will denote by [c]. Here we observe that the protocol to
assign the corresponding Ulm invariant to any countable abelian p-group cannot be

performed in a Borel manner.
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Remark 4.1.4. Consider the map
0,: X, > Z, Ao,

where c is such that [c] equals (4.1.3.T). The image of ,, is C, which is a Hi set of
Z, and the map taking each ¢ = x = (t; | £ € dom(x)) ~ d in C to the order type of
<,isa Hi-rank. Thus, if 6, was Borel, it follows by the Boundedness Theorem for
H} ranks (cf. [Kec]) that countable abelian p-groups are bounded in Ulm length by

some @ < wj, which is contradictory with Zippin’s Theorem (cf. Theorem [4.3).

4.2 Bi-embeddability of countable abelian p-groups

In this section, we shall consider the bi-embeddability relation =, on the space X,
of countable abelian p-groups. In [BarEkl], Barwise and Eklof found a complete
set of invariants for the bi-embeddability relation =,. We shall rephrase Barwise

and Eklof’s theorem and derive the following result.

Theorem 4.2.1 (C., and Thomas). The bi-embeddability and isomorphism relations
on countable abelian p-groups, =, and =, are incomparable with respect to Borel

reducibility.

First we introduce some concepts which play an important role in the work of
[BarEKl]. Suppose that A is a (not necessarily countable) abelian group. Then a set
X of non-zero elements of A is said to be independent if whenever x, ..., x; are
distinct elements of X and ny, ..., n; are integers such that nyx; + ... + ngxx =0,
then n;x; = 0 for 1 < i < k. By [Fuc70], if X,Y C A are maximal independent
sets, then | X| = |Y|; and so we can define the rank of A, denoted by rk(A), to be
the cardinality | X| of any maximal independent subset X € A. This terminology is
consistent with our use of the notation rk(A™)) in the previous section. Then for

each ordinal @ < w1, we define the subgroup p® A inductively by:

« pPA = A;
« p*1A = p(p7A);

o p% = (Ny<s PYA, if ¢ is a limit ordinal.

When A is countable, there exists a countable ordinal @ such that p® A = p“”A; and

we define the length €(A) to be the least such ordinal @. The relationship between
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the length £(A) and the Ulm length 7(A) of a countable abelian p-group A is easily
described. Let £(A) = wf + n, where n € w. Then

; ifn=0;
)= {7 "
B+1, ifn>0.

Theorem 4.2.2 ([BarEKl]). If A and B are countable abelian p-groups, then the

following statements are equivalent:

(ID) A and B are bi-embeddable,

D) rk(p*A) = rk(p®B)) for all countable ordinals a < w;.

The following result restates Theorem 4.2.2]in terms of Ulm factors.

Theorem 4.2.3 (C., and Thomas). Let A, B be countable abelian p-groups. We have
that A and B are bi-embeddable if and only if either:

(a) tk(A™™@) = tk(B™®)) = w, or
(b) tk(A™™) = rk(B™®)) < w and the following conditions are satisfied:

i) 7(A) =7(B);

(ii) if T(A) = 7(B) is a successor ordinal 8 + 1, then the Ulm factors Ag and
Bg are bi-embeddable.

Proof. We need to show that statement 4.2.24(11)|is equivalent to the disjunction of
statements [4.2.3(a)| and [4.2.3(b)]

To see this, first note that if @ > £(A), then p®A = A™™ and so tk(p®A) =

tk(A7(A)). It follows that rk(A™™)) = w if and only if tk(p? A) = w for all & < w;.
Thus we can suppose that there exists an integer d > 0 such that tk(A™) =
tk(B™®)) = d. Write A = AT™) @ C and B = B™® @ D, where C, D are reduced
abelian p-groups. Then 7(A) = 7(C) and we have that:

e tk(p®A) = rk(p®C) + d for all @ < wy;

¢ the Ulm factors Ag and Cg are isomorphic for all g < 7(A) = 7(C).
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and the corresponding statements also hold for B, D. Hence, in order to simplify
notation, we can suppose that ATA) = pT(B) — (), namely, that A and B are reduced
abelian p-groups. First suppose that[(ID)|holds, namely, that rk(p® A) = rk(p®B) for
all @ < wi. Then there exists an ordinal £ < wj such that £(A) = £(B) = {. Let

{ = wpB + n, where n € w. We distinguish three cases

Case 1: Suppose that n = 0 and that S is a limit ordinal. Then 7(A) = 7(B) = 8
and statement [4.2.3(b)] clearly holds.

Case 2: Suppose that n = 0 and that § = @ + 1 is a successor ordinal. Then it

follows that:

*T(A)=7(B)=a+1;

e pYYA =AY = Ay

* p“*B = B* = B,.
In particular, since p“®A is isomorphic to the Ulm factor A,, it follows that
p@?AisaX-cyclic p-group. Furthermore, since rk(p" (p“* A)) = rk(p“**"A) >
0 for all n € w, it follows that p“*A is unbounded. Similarly, we see that
p®?B is an unbounded Z-cyclic p-group. Consequently, since the Ulm factors

A, and B, are both countable unbounded X-cyclic p-groups, it follows that
A, and B, are bi- embeddable. Thus statement [4.2.3(b)| holds.

Case 3: Suppose that n > 0. Then 7(A) = 7(B) = § + 1. Furthermore, arguing as
in Case 2, we see that the Ulm factors Ag and Bg are both countable X-cyclic
p-groups such that:

. p”A’B :p”Bﬁ =0;
e tk(p™Ap) = 1k(p"Bg) > 0, forall 0 < m < n.

It follows easily A and B are bi-embeddable. Thus statement[#.2.3(b)|holds.
Finally, suppose that A and B are countable reduced abelian p-groups such that:

(@) 7(A) =7(B);

(ii) 7(A) = 7(B) is a successor ordinal 8 + 1, then the Ulm factors Ag and Bg are
bi-embeddable.
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Before continuing the proof we recall the following result from [BarEKl].

Lemma 4.2.4. Let G be a countable abelian p-group and suppose that £{(G) =

wy + n, where n € w. Then tk(p®G) = w for all @ < wy.

Case 1: Suppose that 7(A) = 7(B) is a limit ordinal 7. Then £(A) = ¢(B) = wt.
In particular, if ot < @ < wy, then rk(p*A) = rk(p*B) = 0. Furthermore,
applying Lemma4.2.4] we see that if @ < wt, then tk(p*A) = rk(p®B) = w.
Thus rk(p®A) = rk(p*B) for all @ < w;.

Case 2: Suppose that 7(A) = 7(B) is a successor ordinal 8 + 1 and that the
Ulm factors Ag and Bg are bi-embeddable. Since Ag, Bg are X-cyclic and
bi-embeddable, it follows that £(Ag) = {(Bg) < w and that rk(p™Ap) =
tk(p™Ap) for all 0 < m < w. Note that p*PA = AP = Ag and p“PB = BF =

Bg. By Lemma[.2.4]
k(p®A) =1k(p*B) = w
forall 0 < @ < wpf. Also for each 0 <pax< w,
tk(p“P" A) = tk(p" AP) = tk(p" BP) = tk(p“P™™B).

Finally, rk(p®A) = tk(p*B) = O forall w(B + 1) < @ < wy. Thus rk(p*A) =
rk(p®B) for all @ < w;. This completes the proof. O

Remark 4.2.5. Suppose that G = @nzl Clgi") and H = @nzl Cl()l;l”) are Z_Cychc
p-groups, where each s,,7, € w U {w}. Then G and H are bi-embeddable if and
only if one of the following mutually exclusive statements holds.
(i) G and H are isomorphic finite p-groups.
(i) G and H are both infinite bounded X-cyclic p-groups and
e mg=max{n|s, =w}=max{n | t, = w} = my;
e s, =tyforalln > mg =my.
(iii) G and H are both unbounded.
Notice that, if statement holds, then there are only finitely many n > mg = my

such that s, = ¢, > 0. In particular, there are only countably many countable (possi-

bly finite) 2-cyclic p-groups up to bi-embeddability, thus as a crucial consequence of
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Remark 4.2.5]and Theorem [4.2.3| we get that there are exactly w; countable abelian
p-groups up to bi-embeddability.

Theorem 4.2.6 (C., and Thomas). =, is not Borel reducible to =,

Proof. Suppose that =, is Borel reducible to =,. We can suppose that 2% > w
by Theorem [A.0.1] But then we immediately reach a contradiction, since there are

continuum many =,-classes but only w; =,-classes. i

Reasoning as in Theorem [A.0.T| we see that the bi-embeddability relation =, is
also non-Borel, because every Borel equivalence relation has to satisfy Silver’s
dichotomy (cf. Theorem [2.1.4).

Theorem 4.2.7 (C., and Thomas). =, is not Borel reducible to =ta. Thus, =, is not

Borel reducible to =,

Proof. By Theorem 4.2.3|every countable abelian p-group embeds into the infinite
rank divisible p-group Z(p™)“). Thus Do, = {A € X, | tk(A™™)) = w)} forms
a single =)-class. Since by Theorem [2.1.2] every =ta-class is Borel, it suffices to

prove the following claim, then the result will follow.
Claim. D is a complete analytic subset of X,.

Proof. Proof of the Claim In order to see this, it suffices to to proof that the set of
not well-founded trees Borel reduces to D.. Recall that, by Feferman [Fef], we
have

G,(T) isreduced <= T is well-founded.

Next consider the Borel map 7 — G,(T)“) taking each tree T € 7 (w) to the direct

sum of w copies of G,(T). Then we have
G,(T)“ € D, & T is not well-founded,

hence D, is a complete analytic subset of X, as desired. O

Theorem[.2.6/and Theorem imply Theorem[4.2.1]
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4.3 Bi-embeddability of countable torsion abelian groups

In this subsection we move to analyze the Borel complexity of bi-embeddability
on torsion abelian groups. Clearly Theorem implies that =t is not Borel
reducible to =to. We shall prove that =1, is not Borel reducible to =14. In fact, we

will prove the following stronger result.

Theorem 4.3.1 (C., and Thomas). The isomorphism relation =, on countable
abelian p-groups is not Borel reducible to the bi-embeddability relation =ta on

countable torsion abelian groups.

First it is necessary to recall some of the basic theory of pinned names. The notion
of pinned names was first abstracted by Kanovei and Reeken in [KanRee] from an
argument by Hjorth in [Hjo99]. Then, in recent years, Zapletal [Zap] has developed
an extensive theory which has revealed unexpected connections between the theory
of analytic equivalence relations and other areas of set theory such as combinatorics

and the Singular Cardinal Hypothesis.

Until further notice, we will fix a notion of forcing P and an analytic equivalence
relation E on a Polish space X. Also, suppose that o is a P-name for an element
of X, namely, that - o € X V¥ Then let Tleft be Oignt be the P X P-names such
that when G X H C P X P is a generic filter we have oe4[G X H] = o[G] and
orightlG X H] = o[H].

Definition 4.3.2. If o is a P-name for an element of X, then o is E-pinned if

Fpxp Oleft E Oright-

Let X (P, E) be the proper class of all E-pinned P-names. We can regard X as a
subset of X (P, E) by identifying each x € X with the canonical P-name X such that
X[G] = x for every generic filter G C P; and we can extend E to an equivalence
relation on X (P, E) by declaring

’

o Eo —  Ipxp Oleft E O

/

right*

Definition 4.3.3. Ap(E) is the number of E-pinned P-names up to E-equivalence.

Notice that the cardinal Ap(E) always exists, indeed, it is bounded by the number of

nice names for subsets of X.
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Theorem 4.3.4 (C., and Thomas). If E, F are analytic equivalence relations and E
is Borel reducible to F, then Ap(E) < Ap(F).

Proof. Suppose that E, F are analytic equivalence relations on the Polish spaces
X,Y and that 8: X — Y is a Borel reduction from E to F; say, R is a Borel relation
such that forall x e X and y € Y,

f(x)=y e R(xy).
Applying Theorem[A.0.1] if o is a P-name such that Fp o € X, then
ke (Ay € Y)R(0, y);
and hence there exists a P-name 7, such that
Fp T, €Y A R(O,7,).

Furthermore, Theorem implies that if o € X(P, E) is an E-pinned P-name,
then 7, is an F-pinned P-name; and that if o, 0’ € X (P, E), then

o Edo’ = T, F 7,

The result follows. |

For the remainder of this section let P = Col(w, w{), namely, the notion of forcing of

all finite injective partial function p: w — wj. Recall that forcing with P collapses

Vv

w1 to w: if G C P s a generic filter then | J G € V¥ is a bijection from w into w|.

Proposition 4.3.5. Ap(=,) = 291

Proof. By counting nice P-names, it follows that Ap(=,) < 2¢' . To see that
Ap(=p) > 2“1, for each sequence & € 2¢', let A(&) be a reduced abelian p-group

of cardinality w; with 7(A) = w; such that for all @ < w;,

Conn  ifé(a)=1;

newt p

+ Coon if =0;
Ao - {@m Cpn il (@) =0

(The existence of such groups follows from Theorem 4.1.3]) Then we can suppose

that each A(£) has the form (wi, +¢) for some group operation +; on the w;.
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Let o¢ be a P-name such that if G C P is a generic filter and g = (JG, then
0¢[G] = (w, ®) € (X,)"", where

a®:b=c < gla)+sg(b)=g(c).

By the Ulm Theorem (cf. Theorem @, we see that each o is =,-pinned; and

also that if & # &', then o¢, o¢ are =,-inequivalent. m|

For the remainder of this chapter, let (R,,, | m € w) be a sequence listing a set of
representatives of the countably many bi-embeddability classes of nontrivial count-
able (possibly finite) X-cyclic p-groups. We can choose so that R,o = ., Cl(;’) is
the representative of the class of unbounded groups. In fact, we might as well choose
every R, to be an element of the “largest” =,-class contained in its =,-class, in
the sense that if R),,, = P cl H = D, Cl(f,,") and H =, R, then 1, < s,

n>1 “p
foralln > 1.

Proposition 4.3.6. 1p(=),) = w>.

Proof. Let (R,,, | m € w) be our fixed sequence of representatives of the countably
many bi-embeddability classes of nontrivial countable (possibly finite) Z-cyclic p-
groups. We choose R, ,, so that R, = EBnZl Clgﬁ’) is the representative of the class
of unbounded groups. Let I be the collection of all triples (@, m, d) with @ < w;

and m, d € w such that:

e ifa=0,thenm =d = 0;

e if @ is a limit ordinal, then m = 0.

For each (a, m, d) € I, let A(a, m, d) be an abelian p-group satisfying the following

properties.

« A(0,0,0) = Z(p™) is the divisible abelian p-group of rank w.

e If @ = B + 1 is a limit ordinal, then A(a, 0, 0) is a reduced abelian p-group of
cardinality || such that for each y < a, the Ulm factor A(«, 0, 0),, is unbounded

and isomorphic to Ry .

* If @ = B+ 11isasuccessor ordinal, then A(a, m, 0) is a reduced abelian p-group
of cardinality |a| + w such that for each y < g, the Ulm factor A(a, n,0), is
isomorphic to R, and such that the final Ulm factor A(a, n, 0)g is isomorphic

to Ry .
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o If @,m # 0, then A(a, m,d) = A(a, m,0) ® Z(p=)D.

(The existence of such groups follows from Theorems and 4.1.3]) In addition, we
choose A(a, m, d) so that:

e if @ < wy, then A(a,m, d) € X,;

* w; < a < wy, then A(a,m,d) has the form (Wi, +(,maq)) for some group

operation + o ,,q4) on the set wy.

If @ < wy, let o (g, ma) be the canonical P-name A(a,m,d) of A(a,m,d) € X); and
for w; < @ < wy, let o(g,mq) be the P-name such that if G C P is a generic filter
and g = |J G, then 0 (g m.a)[G] = (W, Bwma)) € X V¥ where

a Sa,m,d) b=c — g(a) +(a,m,d) g(b) = g(c).

By the Ulm Theorem, we see that each o (4,mq) iS =,-pinned and hence is also
=,-pinned. Applying Theorem we also see that if (a,m,d) # (a/,m,d),

then o (o,ma), O (a’m’,a) are =p-inequivalent. Finally, by a second application of
V]P’
i 1

A e Xl‘,/ , then there exists (@, m,d) € I such that oo ma)[G] =, A; and this

Theorem [4.2.3] since w, = w;/ , it follows that if G C P is a generic filter and

implies that if o is any =-pinned P-name, then there exists (a, m, d) € I such that

o(a,m,d) =, o. It follows that Ap(=),) = w>. O

Proposition 4.3.7. Ap(=1a) = wg’.

Proof. Suppose that o is an =ts-pinned P-name; and for each prime p, let o, be a
P-name such that whenever G C P is a generic filter, then o,[G] is the p-primary
component of o[G]. Then each o, is an =,-pinned P-name. Furthermore, if o’
is a second =7a-pinned P-name and o7, is the corresponding =p-pinned P-name for
each prime p, then

ocEA0 &= 0,50

, for every prime p.

Thus the result follows from Proposition [4.3.6| m]

Proof of Theorem[d.3.1, We have Ap(=1a) = w4 while Ap(=1a) = 2“'. Thus the
result follows from Theorem [4.3.4] O
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4.4 Aé-reducibility

In this section we shall work beyond Borel reducibility and we consider Aé-

reductions.

A closer look at the Ulm invariants may lead to think that Theorem[d.2.6]is intuitively
wrong. In fact, within each =,-class we can find (the Ulm invariant of) a group

which is maximal for embeddability.

In this section we prove the following result which suggests that the bi-embeddability

on torsion abelian groups is simpler than isomorphism.

Theorem 4.4.1 (C-.Thomas). Suppose that a Ramsey cardinal exists. Then, the
isomorphism relation =ta on countable torsion abelian groups is strictly more

complex with respect A;—reducibilily than the bi-embeddability relation =a.

We start with the following lemmas. The terminology we use is the one of Sec-

tion 411

Lemma 4.4.2. For each prime p, the map 6,: X, — Z such that
[0p(A)] = 7(A) ™ (ta, | @ < 7(A)) " 1k(A™™)
is A;.

Lemma 4.4.3. For each prime p, there exists a A; map ¢,: C — X, such that if
c € Cand A = ¢,(c), then

[c] = T(A) ™ (ta, | @ < T(A)) " rk(A™™).

Proof. The binary relation I(c, A) € Z X X, , defined by
[c] = 7(A) ™ (ta,la < T(A)) " rtk(A™™),

is E; and then apply the Kondo uniformization [Kec]. We get a A; map ¢,: C = X,

as desired. O

Theorem 4.4.4 (C., and Thomas). If p # g are distinct primes, then =, and =, are
A; bireducible.

Proof. 1If p # q are different prime numbers, consider the composition map ¢, 0 6,,.

It is immediate that such map is a Aé—reduction from =, to =,. O
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Definition 4.4.5. Suppose that E C F are analytic equivalence relations on the
Polish space X. If #: X — X is a homomorphism from F to E such that 8(x) F x
for all x € X, then we say that 6 selects an E-class within each F-class. (Of course,

this implies that 6 is a reduction from E to F .)

Theorem 4.4.6 (C., and Thomas). There exists a Aé function y,: X, — X, such

that 0 selects an =,-class within each =p-class.

Proof. Applying Lemma letd,: X, —» Zbea A; map such that, letting
Op: A c=x" (t;| L edom(x)) ~ d €C,

we have that
[c] = 7(A) " (ta, | @ < 7(A)) " rk(A™™).

Foreachc=x"" (t; | { €edom(x)) " de Z,letc’ =x" (t;| L edom(x)) " d e Z
be defined as follows.
e If £ € dom(x) is not <,-maximal, then tz,(n) =wforalln € w*.

« If ¢ € dom(x) is <,-maximal, let H. = P

such that R,,, =, H.. (Here (R,, | m € w) is our fixed sequence of

. C[E’,f(”)) and let m € w be
representatives of the countably many bi-embeddability classes of nontrivial

countable (possibly finite) X-cyclic p-groups.) Then ¢} is the function such that
(t7(n))
Rpm =D,2 Cp,f .

Clearly the map ¢ — ¢’ is Borel; and if ¢ € C, then ¢’ € C. Finally, applying
Lemma let ¢,: Z — X, be the A% map such thatif ¢’ € C and A" = ¢,(c’),
then [c'] = T(A) " (ta, | @ < T(A")) " rk((A")™™)). Then the composition map,

A ¢ ¢ A satisfies our requirements. i

Theorem 4.4.7. There exists a Aé function which selects an =ta-class within each

=1a -class.

Proof. Let P be the set of prime numbers. Recall that if A is a countable torsion

abelian group, then A = @5 _, A, decomposes as the direct sum of its (possibly

PpEP
finite) p-primary components A(,) = {a € A | (dn > 0)p"a = 0}. Furthermore, if

B=F sep Bp) is a second countable torsion abelian group, then it is clear that:



61

* A and B are isomorphic if and only if for every prime p, the (possibly finite)

countable abelian p-groups A(,) and B, are isomorphic.

* A and B are bi-embeddable if and only if for every prime p, the (possibly finite)

countable abelian p-groups A(,) and B, are bi-embeddable.

Applying Theorem for each prime p, let ,: X, — X, be a Aé function
which selects an =,-class within each =,-class. Then A - @p cpUp(Ap) isa Aé
function which selects a =1a-class within each =t4-class. O

The notion of Aé—reduction is not absolute: a A;—reduction may not be a reduc-
tion in some generic extension. However when a Ramsey cardinal exists we can
apply Solovay-Martin’s absoluteness theorem (cf. Theorem [A.0.2)) to avoid such

inconvenience.

Theorem 4.4.8 (C-.Thomas). Suppose that k is a Ramsey cardinal and that |P| < k.
IfE, F are Zi equivalence relations and E is Aé reducible to F, then Ap(E) < Ap(F).

Proof. We argue exactly as in Theorem.3.4] m|

In the sequel we will point out when the existence of a Ramsey cardinal is used.

Theorem 4.4.9 (C-.Thomas). Suppose that a Ramsey cardinal exists. Then =, is

not Aé reducible to =ta.

Proof. The result follows from Proposition {.3.6] Proposition and Theo-
rem{4.4.§ m
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Chapter 5

THE BI-EMBEDDABILITY RELATION ON OTHER
SPACES OF ALGEBRAIC STRUCTURES

The material presented in this chapter is joint work with A. Brooke-Taylor and S.
Miller and contained in [BroCalMil]. In this chapter we study the bi-embeddability

relation on several countable structures.

5.1 Fields

In this section we focus on the bi-embeddability relation on countable fields of
fixed characteristic p. We observe that Theorem [2.2.24] straightforward applies to a

categorical construction of Fried and Kéllar, thus we prove the following theorem.

Theorem 5.1.1 (Brooke-Taylor,C., and Miller). For any characteristic p different
from 2, the embeddability relation Cryq,, on countable fields of characteristic p is
a (strongly) invariantly universal quasi-order. Thus, the bi-embeddability relation
Crid,p on countable fields of characteristic p is a (strongly) invariantly universal

equivalence relation.

We denote by Xgiq,, the standard Borel space of fields of fixed characteristic p. Let
Crid,p be the embeddability quasi-order on Xpyq . Since any field has only trivial
ideals, every field homomorphism is one-to-one, and thus the notions of embed-
dability and homomorphism coincide. Therefore we adopt the usual terminology
from algebra that if f: F — L is a homomorphism of fields we say that F is a
subfield of L, or that L is a field extension of F.

If Fis afield and S is a set of algebraically independent elements over F', we denote
by F(S) the purely transcendental extension of F by S. If § = {s}, we shall write
F(s) instead of F({s}). Following the notation of [FriKol], for any prime p, any
field F, and any set S of algebraically independent elements over F, we denote by
F(S)(S, p) the smallest field extension of F(S) containing {s(n) | s € §,n < w},

where

* 5(0) =3,
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e s(n+1)issuchthat (s(n+ 1)) = s(n).

Notice that this uniquely determines F(S)(S, p) up to isomorphism. We use the
convention F(s)(s,p) = F({s})({s}, p).

We now recall the construction of Fried and Kollar [FriKol] that, given a combina-
torial tree T of infinite cardinality, produces a field K7, and respects embeddings.
For expositional clarity we denote by V = {vo,vy,...} the set of vertices of the

graphs in Xcr.

Definition 5.1.2 ([FriKol]). Fix a characteristic p equal to 0 or an odd prime number,
fix F a countable field of characteristic p, and an increasing sequence of odd prime
numbers {p, | n € N} not containing p. For any T in X¢r, we define K7 as the union
of an increasing chain of fields K, (T"). These fields K, (T") are defined recursively.
First define

Ko(T) =F(V)(V,po) and Ho(T) ={u+v| (uv)eT}.

Next suppose that K,,(T) and H,,(T') have already been defined. Fix a transcendental
element ¢, over K,,(T), and let L, be the field K,,(T)(¢,)({t.}, pn+1). Now we define
K, +1(T) as the splitting field over L,, of the set of polynomials

Py =1{x*~(ty—a) | a € Hy,(T)}

Further, we define H,.(T) to be a set containing exactly one root of each of the
polynomials in P,. Given any element a of H,(T"), we denote by r, the root of
x2 = (t,—a) belonging to H,,+1(T).

The fact that the map sending any 7" of Xcr to K7 is a reduction from Ecr to
Crid, p Was proven by Fried and Kollar. We repeat those results of Fried and Kollar

necessary for our proof.

Lemma 5.1.3 ([FriKol]). Suppose that t is transcendental over a field K of charac-
teristic different from 2. Moreover let ¥, fori = 1, ..., n, be such that (15’,-)2 = U, for
some mutually-prime non-constant polynomials U;, . . ., U, in K[t], each with no mul-
tiple factors. Call Fy the transcendental extension K (t), and F; be K(t, ¥, ...,%;)
foreveryi € {1,...,n}. Then the following statements hold for each 1 <i < n:

(a) 9; ¢ Fi_q;
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(b) if n € F; is such that 772 € Fy, then there is an element k of Fy and a subset J
of {1,...,i} suchthatn = k [1;e; 9},

(¢) if i is algebraic over K and belongs to F;, then n is in K.

A consequence of Lemma|[5.1.3]is the following important corollary.

Corollary 5.1.4 ([FriKol]). For every k in K7, if k is algebraic over K, (T) then k
belongs K, (T).

Lemma 5.1.5. If there is a graph embedding from S to T, then Ky is a subfield of
Kr.

Proof. For any graph embedding f: S — T, we shall define ¢ := |, 1, Where
each ¢, is a field homomorphism from K,,(S) to K,,(T"). The maps ¢,, are defined
inductively. First notice that there is a unique way to define a map ¢g: Ko(S) —
Ko(T) that is a homomorphism and agrees with f on V. Next suppose that ¢,
is already defined such that ¢,(¢;) = ¢; for j < n and ¢,(H,(S)) € H,(T). We
define ¢, extending ¢, by setting ¢,4+1(t,) = t, and ¢,1(rq) = 79, (), for every
a in H,(S). Since the range of ¢, is contained in H,(T), the function ¢, is
well-defined. To ensure that ¢, injective we need to check that for every a in
H,(S), the root r, is not contained in L,({r, | b € H, \ {a}}). For this we argue
by contradiction. Suppose that r, is an element of that field, then there are finitely
many dai,...,a, in H,(S) such that b, is in L,(ry,,...,1,,). For every i with
1 <i < m, pick a root J; of the polynomial x2 = (t, —a) in L,(rq....1q,). Let
t be an element of L, such that r, € K, (S)(,1,...,%,) and P = t,, for some
integer 7. For each i with 1 < i < m, let U; be the polynomial " —ain K, (S[r].
Since the sequence of U;’s satisfies the hypothesis of Lemma([5.1.3] for K = K,(S),
it follows from Lemma that r, belongs to K, (S), a contradiction. O

To show the converse, we will prove that the restriction of an embedding Ks — Kr
to V is an embedding S — T. First, we introduce the crucial concept of p-highness
and recall some other technical results of Fried and Kollar, which we will summarize
in Lemma

Definition 5.1.6. Let K be a field and p a fixed prime number. We say that k in

K \ {0} is p-high if for every integer n, the equation x”" = k has a solution in K.
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Lemma 5.1.7 ([FriKol]). Let p be an odd prime number, and k a p-high element
OfKT.

(a) If p = po, then either k or —k is a product of elements of the form v1IP \where
veV, meZand{ € N.

l
(b) If p = pu+1, then either k or —k is of the form tff/p , for some m € Z and € € N.
(c) Suppose k is an element of Kt satisfying the equation
kK = e(t), - a),

where ¢ = 1, a € K,(T) \ {0}, and r = m/pf;Jr1 for some m € Z \ {0} and
¢ € N. Thenwe have e =r =1 and a € H,(T).

Now we can argue that if Kg is a subfield of K7 then S is embeddable into 7. First
we use Lemma prove that a field homomorphism between K5 and Kr maps
each subfield K,,(S) of Ky into K,,(T).

Lemma 5.1.8. If ¢: Ks — Kr is a field homomorphism, then ¢(K,(S)) C K, (T)

for every n in N.

Proof. First notice that ¢(Ko(S)) is included in Ko(T"). In fact, we have that ¢(u) is
po-high in K7 for every u in V. By Lemma [5.1.7][(a)] it follows that ¢(u) € Ko(T).
Thus for every k € K((S), we have that ¢(k) is algebraic over Ko(7"), which implies
that ¢(k) belongs to Ko(T') by Corollary[5.1.4]

Next suppose that ¢(K,,(S)) € K,(T). Since ¢(t,) is a p,+1-high element of K7,
thus we have that ¢(t,,) belongs to K,,(T) by[(b)]of Lemma[5.1.7] Every k € K41 (S)
is algebraic over K, (,), thus ¢ (k) is algebraic over K,,;1(T) and consequently ¢ (k)
belongs to K,+1(T') by Corollary[5.1.4] m|

Lemma 5.1.9. Every homomorphism ¢: Ks — Ky maps H,(S) into H,(T), for
every n in N. In particular, we have ¢(Hy(S)) € Ho(T).

Proof. For every n in N, notice that ¢(t,) is a p,+1-high element of K7 and thus
1> for some m € Z\ {0} and £ € N. Now
pick any k in H,(S). There exists some ¢ € K,,+1(S) such that c? = t,— k. Therefore

@(t,) = et where e = 1 and r = m/pf;

¢(c) belongs to K,.1(T) by Lemma[5.1.8and, since e = =1, we get the equality

d(c)* = e(t), — ¢(ek)).
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Lemma [5.1.8] implies that ¢(ek) belongs to K,(T). Therefore, it follows by [(c)| of
Lemmal5.1.7|that e = r = 1, which yields that ¢(k) = ¢(ek) belongs to H,(T). O

Lemma 5.1.10. Suppose that ¢: Ks — Kr is a homomorphism, and let u be a
vertex of S. If u is not isolated and (u,v) is an edge in S, then ¢(u) is in V and
(p(u),p(v)) isan edge inT.

Proof. If uand v are adjacent in S, then u + v is an element of Hy(S). Consequently,
¢(u) + ¢(v) is in Hy(T) by Lemma[5.1.9] Hence there is an edge («,v’) in T such
that

$u) + p(v) =u' + V. (5.1.10.1)

Both ¢(u) and ¢(v) are po-high in K7, thus either ¢(u) or —¢(u) is a product of
elements of the form w"/70, and the same holds for ¢(v). Then the equality (5.1.10.1))
yields that {¢(u), p(v)} = {u’,v'} because all the elements of V are algebraically
independent. This concludes the proof because u” and v’ were taken adjacent in
T. |

Theorem 5.1.11 (essentially [FriKol]). For every p equal to O or any odd prime
number, the quasi-order Ccr Borel reduces to Cryg,p. Thus Cryq,p is a complete Z%

quasi-order.

Proof. The map taking each T € Xcr to K7 can be realized as a Borel map from
Xcr to Xpig,p. If § is embeddable into T, then K7 is a field extension of Kg by
Lemma |5.1.5] Now suppose that p: Ks — Kr is a homomorphism. We claim that
f defined as the restriction map p [ V is a graph embedding from S to 7. Since S is
a combinatorial tree, it has no isolated vertices and therefore Lemmal5.1.10]ensures
that every edge (i, v) in S is preserved by f. For the converse, when u and v are not
adjacent in S, we have a sequence of vertices u = vy, ..., v, = v which is a path in
S, namely, such that (v;, vi+1) is in S, for every i < n. Since f preserves edges and
is one-to-one, the vertices f(vy), ..., f(v,) are all distinct and (f(v;), f(vi+1)) is an
edge in T, for every i < n. As aresult, we have that f(«) and f(v) are not adjacent

in T because T has no cycles. O

The following corollary is immediate.

Corollary 5.1.12. The groups Aut(Kr) and Aut(T) are isomorphic via the map

sending any automorphism ¢ of Kt to the restriction of ¢ to V.
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We now use Theorem[5.1.11]and Corollary [5.1.12]to prove our result.

Proof of Theorem[5.1.1] Tt suffices to check that Cpyq, p and =gyq satisfy conditions
of Theorem 2.2.24] Let f: X — Xpq, be the map sending T to Kr.
Theorem@ states that f: Cy <p Cpiq . Further, notice that if ¢: Ks — Kr
is an isomorphism then ¢ [ V is an isomorphism from S to 7 as (¢ | V)l =
#~' I V, hence condition |(I)| holds. Condition is immediate as the map T +—

Aut(K7) is the constant map 7 +— {id} because every T € X is rigid and because of

Corollary O

5.2 Quandles and related structures
In this section we use a construction of Brooke Taylor, and S. Miller from [BroMil]

to prove the following result.

Theorem 5.2.1 (Brooke-Taylor, C., and S. Miller). The embeddability relation Cqq
on countable quandles is a (strongly) invariantly universal Zi quasi-order. Thus,
the bi-embeddability relation =qq) on countable quandles is a (strongly) invariantly

universal equivalence relation.

Recall that a set Q with a binary operation * is a quandle it:

(@ Yx,y,z€ Q(x*x(y*2) = (xxy) x(x*2));
(b) Yx,z€ QAly € Q(x*y = 2);

(c) Vx € O(x *x = x).

An introduction to the theory of quandles, see for example [ElhNel].

We now recall the reduction appearing in [BroMil]. For any 7T in Xg;, let Or be
the quandle with underlying set N x {0, 1} and the binary operation *7 defined as
follows:
. . v, J) ifu=vor(uv)eT,
(u, i) *=r (v, j) = (%)
(v,j—1) otherwise.

It is straightforward to check that (Qr, *7) satisfies In the sequel, we denote
the space of quandles with domain N by Xqq, which is a G5 subset of 2 and
thus a Polish space. For every graph T in Xg;, the quandle Q7 can be easily

coded as an isomorphic structure Q7 with domain N, for example use the bijection
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Nx2 — N, (n,i) — 2n +i. Clearly the map is Borel, since the definition of Q7 is

explicit.

In [BroMil] the authors proved that the isomorphism relation =qq on the space of
countable quandles is S.,-complete. The proof shows that the map Xg; — Xqai, T —
QOr is a Borel reduction from =g, to =qq. We give a simplified proof by considering
only combinatorial trees with no complete vertices. In fact, by the proof of [FriSta]
it is implicit that =c7u is Se-complete thus it suffices to show that =c7u Borel
reduces to =qqi. Recall that Xcru is the standard Borel space of combinatorial trees

with no complete vertices.

Theorem 5.2.2 ([BroMil]). For all graphs S, T in Xcru, we have

S=cre T — Os =qa Or-

Thus, the isomorphism relation on the space of countable quandles is an S.-complete

equivalence relation.

Proof. Assume that f: § — T is a graph isomorphism, then consider the function
6: Qs — Qr such that (v,i) — (f(v),i). Injectivity and surjectivity of 6 are
immediate. Moreover, for all (&, i) and (v, j) in Qy,

O((u, i) *g (v, j)) = 0(u, i) *1 6(v, j).
In fact, by applying the definitions of 6 and *g, we have

: . .
9((1/[’ l) g (V,_])) _ (f(V), .]) 1Tu=vor (u’ v) eT,
(f(v),j—1) otherwise;

and the first condition is equivalent to f(u«) = f(v) or (f(u), f(v)) € T because f

preserves adjacency. Therefore, 6 witnesses that Qg is isomorphic to Q7.

Now let us prove the converse. We assume that p: Qg — Q7 is a quandle isomor-

phism and we are going to define a graph isomorphism 4: § — T.

For expositional clarity, let us denote by py (v, i) and p;(v, i) the first and the second

components of p(v, 1), respectively.

Claim 5.2.2.1. For every T in Xcru and every vertex v of T,

py(v,0) = py (v, 1).



69

Proof of the Claim. Since T is in X¢cru, for every vertex v of T there is another
vertex v* such that v and v* are not adjacent in 7. Then, by applying p to both sides
of

0", 0) *7 (v,0) = (v, 1)
we get p(v*,0) x5 p(v,0) = p(v, 1), which implies that py(v,0) = py(v,1) by
definition (see (). O

To complete the proof of Theorem [5.2.3| we define
h:S—->T, v py(v,0) = py(v, 1).
It is easily checked that 4 is surjective. Now we show that % is one-to-one. The
equality 4(v) = h(w) implies that
pv(v,0) = py(v, 1) = py(w,0) = py(w, 1),

which implies in turn that p(v,0) = p(w, i) for eitheri = O or i = 1. By injectivity
of p, we geti = 0 and v = w. It remains to show that & preserves both edges and
non-edges. Pick any two adjacent vertices u and v in S. Notice that # and v are
necessarily distinct and p(u, 0) *7 p(v,0) = p(v,0). So either py(u,0) = py(v,0)
or (py(u,0), py(v,0)) € T. By injectivity of p, the first cannot hold because it
implies that either p(v, 0) or p(v, 1) equals p(u, 0). It follows that that

(h(u), h(v)) = (pv(u,0), py(v,0)) € T.

On the other hand, if (&, v) ¢ S then (v, j) *5 (1,0) = (1, 1). By applying p to both

terms, we get p(v, j) *r p(u,0) = p(u, 1). By Claim[5.2.2.1 we have that py (u,0)
equals py(u, 1), so necessarily p;(u,0) # pr(u, 1) because p is injective. Then, by

definition of *7 we have

(h(u), h(v)) = (pv(u,0), pv (v, j)) ¢T.

Arguing exactly as in the proof of Theorem [5.2.2] we have the following result.
Theorem 5.2.3 ([BroCalMil)). For all graphs S, T in Xcru, we have
SCemu T — Os Eqai Or-

Thus, the embeddability relation Cqq on the space of countable quandles is a

complete E} quasi-order.
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Before proving the main result of this section we study the group Aut(Qr).

Lemma 5.2.4 ([BroMil]). For every T in Xcru and every A C N, the function
14 : Qr — Qr defined by

v, J) ifveA

v, 1 —j) otherwise

Ia(v, j) =

is an automorphism of Qr. Indeed, it is an involution.

Lemma 5.2.5. Every p in Aut(Qr) is obtained from some graph automorphism h
in Aut(T) in the following manner: there is an h in Aut(T) and some A C N such
that

P, j) = Ia(h(v), )).

Proof. Every automorphism of Q7 is in particular an isomorphism from Q7 to itself,
so we can recover an isomorphism from 7" to 7. Then we argue as in the second part
of the proof of Theorem[5.2.1] m|

Now we prove the main theorem of this section.

Proof of Theorem By Theorem [2.2.24]it suffices to prove that Cqa and =qq
together satisfies Let f be the map from X to Xqa taking 7 to Qr, the
quandle isomorphic to Q7 with domanin N. By Theorem[5.2.3] f Borel reduces Cx
to Cqal, and by Theorem@we know that =x Borel reduces to =qq via the same
map, hence condition |(I)| holds.

By Lemma(5.2.5] whenever p is in Aut(Qr) there exist some % in Aut(7") and some
A C N such that p(v, j) = I4(h(v), j). Further, since each T in X is rigid, we have
h = id and consequently p = I4 for some A C N. Thus for every T in X, the map g

is an automorphism of Q7 if and only if there is some A C N such that fori € {0, 1}

2v +1i veA
gv+i) =
2v+1—1i otherwise.

To see that the 7 +— Aut(Qy) is Borel it suffices to show that the preimage of every

basic open set is Borel. For every fixed s in (N)<N, the preimage of

{G € Subg(Sx) | G NN, # 0}
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through the map T — Aut(Qy) is the set

X if every n in dom s is either sent to
itself or, if not, swapped with its suc-
{T e X|Aut(Qr) N Ny #0} =1  cessor if n is even and predecessor if

n is odd,

0 otherwise,

which is a Borel set. O

In the remainder of this section we consider other quandle-like structures for which
we can prove that the embeddability relation is a (strongly) invariantly universal

quasi-order. Recall that quandle is a kei if and only if it satisfies

VaVy(x = (x xy) = y).

It is easy to check that for every T in X, the quandle Q7 is a kei. Therefore, arguing

as in Theorem [5.2.T| one can prove the following.

Theorem 5.2.6. The embeddability and the bi-embeddability relation between

countable kei are (strongly) invariantly universal (with respect to isomorphism).

Definition 5.2.7. An LD-monoid, is a structure over the language {*, o} consisting
of two binary operational symbols satisfying for all a, b, ¢ the following identities
Vx,y,z(xoyoz) = (xoy)oz),
Vx, y,z((x 0 y) *z = z*(y*2)),
Vx, y,z(x* (yoz) = (x*y)o(x*2)),
Yx,y,z((x xy)ox =xo0y).

Notice that if (M, oyy) is a group and *,, is the conjugation operation on M, that is,
a*Mb:aoMboMa_l,

then (M, oM, «M) is an LD-monoid.

In [BroMil] the authors observed that the equivalence relation of isomorphism

between LD-monoids is Se.-complete.

Theorem 5.2.8 (Brooke-Taylor, C., and S. Miller). The embeddability and the bi-
embeddability relation between countable LD-monoids are (strongly) invariantly

universal (with respect to isomorphism).
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Proof. Consider the map h: T +— Hr defined as in Section 3 which is a reduction
from Cg; to Cgp. Then in the proof of Theorem [3.1.T) we showed that

* h | Xis a Borel reduction from =x to =g, and

* the map X — Subg(Ss) sending 7" to Aut(S) is Borel.

Let M7 = (N, o, x) be the LD-monoid over N such that (N, o7) is a group isomorphic
to Hr and =7 is interpreted as the conjugation operation in (IN, or). It is immediate
that a permutation g in S, is an automorphism of H7 if and only if it is an automor-
phism of Mr. Therefore, if f is the map sending 7" to M7, then conditions
of Theorem 2.2.24] are satisfied. m]



Part 11

Generalized descriptive set theory

73
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Chapter 6

PRELIMINARIES

In this section we introduce some basic notions of generalized descriptive set theory.
The terminology we use in this thesis follows the one of [Mot13; AndMot]. A subset
of a topological space is k-Borel if it is in the smallest x-algebra containing the open
sets. Given two spaces X, Y, we say that a function f: X — Y is «-Borel if it is k-
Borel measurable. Two spaces X, Y are said k-Borel isomorphic if there is a k-Borel
bijection X — Y whose inverse is k-Borel too. When « = N these notions coincide

with the ones of Borel sets, Borel functions, Borel isomorphism (cf. Section[2.1).

Let « be an infinite cardinal. A topological space X is a k-space if it admits a basis
of size < k. We denote by “« the generalized Baire space; i.e., the set of functions

from « toitself, {x | x: k — «}.

Notation. The notation in this part of the thesis does not coincide with the one
adopted in the first part, where we denoted the Baire space by N, In fact, throughout
this and the coming sections, the Cantor space will be denoted “N. This is acommon
practice in generalized descriptive set theory where people prefer to write w on the
left, in order to avoid any possible mistake between the Baire space and the cardinal

exponentiation w®.

Unless otherwise specified, “« is endowed with the bounded topology 1y, i.e., the

topology generated by the basic open sets
Ny ={x € k| x2s},

where s € <¥k. First, observe that when k = w, the bounded topology on “w is the
topology typically considered on the Baire space, which coincide with the product
topology. Second, notice that whenever « is uncountable, the topology 7y is strictly
finer than the product topology. Following [FriHytKul; Mot13], we assume the
hypothesis

KK =k, (6.0.0.1)

under which “« is a k-space, and the bounded topology 7, and the product topology
on “k generate the same x*-Borel structure. Moreover, (6.0.0.1)) implies that « is

regular.
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A «k-space is standard Borel if it is k*-Borel isomorphic to a «*-Borel subset of “«.
Then, if X is a standard Borel k-space, we say that A C X is k-analytic (or Z} ) if it
is a continuous image of a closed subset of “x. The set of k-analytic subsets of X is
usually denoted by Z} (X).

Proposition 6.0.1. Let X be a standard Borel k-space and A C X nonempty. Then,

the following are equivalent:

(i) A is k-analytic,
(ii) A is a continuous image of some k*-Borel B C “k;
(iii) A is a k*-Borel image of some k*-Borel B C “k;

(iv) A is the projection p(F) = {x € X | Ay € “k((x,y) € F)} of some closed
subset F C X X “«.

To see the proof of Proposition [6.0.1| we refer the reader to [Mot13]. It is specially
worth to note that, in view of we are allowed to use a generalization of the
celebrated Tarski-Kuratowski algorithm. That is, a set A C “k is k-analytic if it is
defined by an expression involving only «-Borel sets, connectives, da, Yo (where «
varies over a set of cardinality < «), and existential quantification over a standard

Borel k-space.

In Chapter (7, we will consider Z{ quasi-orders (i.e., reflexive and transitive binary
relations) defined over standard Borel «-spaces, and the following notion of Borel
reducibility, which was first consider in [Mot13] and is the analogue of the one
studied in classical descriptive set theory (see[2.2.1).

Definition 6.0.2. Let P, Q be Ei quasi-orders on the standard Borel x-spaces X and
Y, respectively. We say that P Borel reduces to Q if there is a x*-Borel function
f: X — Ysuchthat Vxox; € X(xo P x1 © f(x0) Q f(x1)).

As we discussed in the Introduction, a motivation of generalized descriptive set the-
ory is the possibility of studying classification problems for structure of uncountable
size. In fact, we can define the standard Borel x-spaces of uncountable structures of
size « and use Borel reducibility to compare different equivalence relations defined

on those spaces.

The generalized Cantor space “2 = {x € “k | x: k — 2} is a closed subset of “«

and therefore it is standard Borel with the relative topology.
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Fact 6.0.3. If A is a set of size k, then any bijection f: k — A induces a bijection
from ¥k to A, so that the bounded topology can be copied on “«. A basis for such

topologies is given by
(N2 | 3o < k(f" @ = dom s))},

where NSA ={x ek |sCx.
We now recall two immediate applications of Fact[6.0.3]

(a) If G is a group of cardinality « then, we define the «x-space of subgroups of G

by identifying each subgroup of G with its characteristic function and setting
SG(G)={H €% |1ge HAVYx,y € G(x,y € H — xy ! € H)},
which is a closed subset of ©2 and therefore is standard Borel.

(b) Fix a language consisting of finitary relational symbols L = {R; | i € [},
with || < «, and let n; be the arity of R;. We denote by X; the k-space of
L-structures with domain k. Every A € X; is a pair (x, {Riﬂ | i € I}) where
each Rl.ﬂ is an n;-ary relation on «, so it can be identified with an element of
[Tic; ""¥)2 in the obvious way. It follows that X§ can be endowed with the

product of the bounded topologies on its factors (%2,

For an infinite cardinal x, we consider the infinitary logic £,+,. In such logic
formulas are defined inductively with the usual formation rules for terms, atomic
formulas, negations, disjunctions and conjunctions of size < «, and quantifications

over less than « many variables.

Definition 6.0.4. Given an infinite cardinal x and an L+ ,-sentence ¢, we define the

k-space of k-sized models of ¢ by

Xo ={AeX] | AF ¢}
The following theorem is a generalization of a classical result by Lépez-Escobar for
spaces of uncountable structures.

Theorem 6.0.5 («<* = k). Aset BC X s k" Borel and closed under isomorphism

if and only if there is an Ly -sentence ¢ such that B = Xg.
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To see a proof of Theorem [6.0.5] we refer the reader to [FriHytKul] or [AndMot].
A straightforward consequence of it is that the space defined in Definition [6.0.4] is
standard Borel.

Let L be a fixed language such that [L| < x. Given A, B € X, we say that A

is embeddable into B (in symbols, A C7 B) if there is x € “«x which realizes an

isomorphism between A and B [ Im(x). That is,

ACLB & Ixe“wVielVay,...,ap)€"«

Kai,...,an) € R = (x(a1),...,x(ay)) € R”],

where “(«) denotes the closed subset of “k consisting of all injective functions. This
directly shows that Cj is the projection on X X X of a closed subset of X X X x“«,
therefore the quasi-order C; of embeddability between «-sized L-structures is Zi.
We denote by the symbols &, and =¢, the embeddability and bi-embeddability
relations on Xg, respectively.

Definition 6.0.6. We say that Q is a complete Z% quasi-order if Q is analytic and,

whenever P is a Zi quasi-order on a standard Borel k-space, P Borel reduces to Q.

Similarly, we say that F is a complete E{ equivalence relation if F is analytic and,

whenever E is a Z% equivalence on a standard Borel x-space, E Borel reduces to F'.

As in the classical framework it can be easily verified that if Q is a complete E{ quasi-
order then the equivalence relation generated by Q, denoted by Ep, is a complete

Z} equivalence relation.

When a complete Zi quasi-order Q is of the form £, the notion of completeness

can be naturally strengthened to the following.

Definition 6.0.7 (Definition 6.5 in [Mot13]). Let « be an infinite cardinal satis-
fying (6.0.0.1)), L be a countable relational language, and ¢ be an L,+,-sentence.

The embeddability relation Cg is called invariantly universal if whenever Q is a Z%

quasi-order, there is an £,+,-sentence y such that X\f, - X$ (i.e., such that y = @)

and R ~p C

K

"

Invariant universality of =¢ is defined in a similar way by replacing the embeddability

K

quasi-order T,

with the bi-embeddability equivalence relation =g.
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K

Notice that if £ is invariantly universal, the equivalence relation =g

is invariantly

universal too, and both relations are clearly complete.

As in the classical framework (see Definition [2.2.30)), we introduce a strengthening

of the notion of invariant universality. First recall the following definition.

Definition 6.0.8 (Definition 6.6 in [Mot13]). Let P and Q be analytic quasi-orders on
the standard Borel space X, Y, respectively. We say that P and Q are class-wise Borel
isomorphic (in symbols P ~p Q) if there is an isomorphism f: X/Ep — Y /Ep
between the quotient orders of P and Q such that both f and f~!' admit Borel liftings.

Replacing Borel bi-reducibility with class-wise Borel isomorphism in Definition[6.0.7]

we get the following notion.

Definition 6.0.9 (Definition 6.7 in [Mot13]). Let «, L+, and ¢ be as in Def-
inition m Then the embeddability relation T is called strongly invariantly
universal if for every analytic quasi-order Q there is an £,+,-sentence y such that

K K ~ K
X\V - ch and Q ~p Ly

Strongly invariant universality of = is defined in the obvious similar way.

As for invariant universality, we have that whenever ¢ is such that T is strongly
invariantly universal, so is =.
The following theorem provide an example of strongly universal quasi-order and

equivalence relation.

Theorem 6.0.10 (Mildenberger, and Motto Ros [MilMot]). Let k be any uncount-
able cardinal such that k=* = k. Then the embeddability relation C&pap,, and the
bi-embeddability relation = ,p,, are both strongly invariantly universal.

It improved the result obtained in [Mot13] for k weakly compact. We stress that
the only requirement on « in Theorem [6.0.10|is the cardinal hypothesis «<* = «, in

particular no large cardinal hypothesis is assumed.

We will use Theorem as a black box in the following chapter.
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Chapter 7

THE BI-EMBEDDABILITY RELATION BETWEEN
UNCOUNTABLE GROUPS

The results presented in Section are joint work with L. Motto Ros and are
contained in [MilMot]. Section is based on [Cal].

7.1 The bi-embeddability relation between uncountable groups

is invariantly universal
In this section we analyze the complexity of the bi-embeddability relation between
groups of size «, for a fixed infinite k = k=¥, We derive the following theorem which

a general version of Theorem [3.1.1]

Theorem 7.1.1 (C., and Motto Ros). Let k be any uncountable cardinal such that

k=% = k. Thus, the embeddability relation Tfp. os and the bi-embeddability

relation =g pg are both strongly invariantly universal.

Let Eggoups be the embeddability quasi-order on the space of k-sized groups.

Theorem 7.1.2 (essentially [Will4]). For every infinite cardinal «, the quasi-order

K K
CGRAPHS Borel reduces to Ccroups:

As reported in Section (cf. Theorem [3.1.2), Theorem was proved by
Williams for k = w but the same argument works for uncountable cardinalities.
Recall that the proof produces a map sending each graph G of cardinality « with set

of vertices V = {v, | @ < «} to the group H(G) presented by
V| Rg),
where R is the smallest set which is symmetrized and contains the following words
J va for every a < k;

o (vavp)!! for every (vq,vp) € G;

. (vavﬂ)13 for every (vo,vp) ¢ G.
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When G is in the space of graphs on «, we can identify H(G) with a corresponding

element in the space of groups on « in such a way that the map G — H(G) is Borel.

In view of Theorem[6.0.10} the following result is immediate.

Corollary 7.1.3. If « is a cardinal such that k= = «, then the relation T§ b IS

complete for analytic quasi-order.

In this section we strengthen Corollary by proving the analogue of Theo-
rem [3.1.1] for uncountable groups.

We recall a property satisfied by all H(G). Recall that a piece for the group presented
by (V | R)is amaximal common initial segment of two distinctry, r» € R. Itis easily
checked that for every graph G, the set Rg satisfies the following small cancellation

condition:

1
if u is a piece and u is a subword of some r € R, then |u| < glrl. C’ (%)

Groups (V | R) whose set of relators R is symmetrized and satisfies the C’ (%)
condition are called sixth groups. The only fact that we shall use about sixth groups

is the following theorem.

Theorem 7.1.4 ([LynSch]). Let H = (V | R) be a sixth group. If w represents an
element of finite order in H, then there is some r € R of the form r = v" such that w

is conjugate to a power of v.

In the next proposition we use the same terminology as the one of [HodgesModel]

on interpretations of structures. Recall the following definition.

Definition 7.1.5. If A and B are two structures over the languages K and L,

respectively, an interpretation I' of A into B is given by

(I) a L-formula dr(x);

(II) a L-formula ¢r(xo, ..., x,) foreach unnested atomic K -formula ¢(xo, . . ., x,);

and

(IIT) a surjective map fr: dr(B) — A;

such that for all unnested atomic K -formule ¢(xo, ..., x,) and all b=bg,...,b, €
or(B), we have

A olfr(bo), ..., fr(by)] <= B ¢rlbo,..., byl
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Fix an infinite cardinal k. We now show that every graph G of cardinality x can be
interpreted into the group H(G) in a strong sense. It may be worth pointing out that

this fact is true for any infinite cardinal «.

Consider the following £ ,+,-formul@ in the language of groups (where 1 is the
constant symbol for the unit of the group).

n—1

EIAX =1 (Ord,,(x))

k=1
Remark 7.1.6. If H(G) |= Ord;[a], then a has order 7 and Theorem yields
that a = uv(fku‘1 for some u € H(G) and |k| < 7. Similarly, if H(G) = Ord,[a]
for n € {11, 13}, then a has order n and by Theorem there are two distinct
a@, B < « such that the group element v, vz has order n and a = u(vvg)* u~! for
some u € H(G) and |k| < n.

Let Same(x, y) be the L,+,-formula

Ord;(x) A Ord7(y) A [(Ordyi(x - y) AOrdi(y - x)) Vv
(Ordi3(x - y) AOrdi3(y-x))]. (Same(x,y))

If G(H) = Same[a, b], we say that a and b are of the same type. Notice also that
the formula Same(x, y) is symmetric, i.e. for every group H of size x and every
a,b € H, we have H |= Same|aq, b] if and only if H |= Samel[b, a].

Lemma 7.1.7. If two distinct a, b are of the same type in G(H), then there exist

w € G(H), k € {-1,1}, and two distinct a, B < k such that a = wvﬁw‘1 and
b= wvéw'l.

Proof. Since the group elements a and b have order 7, it follows from Theorem|/.1.4
that a = uvéu‘1 and b = zvzz_l for some integer k, ¢ such that |k|, |€| < 7. Then,
the product a - b equals

uv(liu_lzvzz_l (7.1.7.1)

and has order 11 or 13. By possibly applying an inner automorphism by some
w € H(G), we can assume that z = 1 and that u does not start with any power
of vg (which in particular implies that u~! does not end with any power of vg).
Therefore the product in (7.1.7.1)) is cyclically reduced and equals to uvﬁu‘lvz. So,

by Theorem it follows that (7.1.7.1)) is the power of v, v;s for some y,d < «.
Since no such words contain a generator and its inverse, we obtain thatu = z = 1. So
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the product in (7.1.7.1) equals v('jvg. Then, it follows that @ # 8 because otherwise
the order of this element would be 7 and not 11 or 13. Moreover, the only possibility
for k and ¢ is that they have the same value equal to 1 or —1 because otherwise the

order would be infinite. O

Let now gen(x) be the L,+,-formula

dy(Same(x, y)) (gen(x))

Remark 7.1.8. Notice that Lemma [/.1.7| implies that, whenever H(G) = gen[al],

k 1

there are @ < k, k = £1, and w € H(G) such that a = wyvyw™". Viceversa,

H(G) = gen[wvéw‘l] for each «a, k, and w as above.

Proposition 7.1.9. Let K = {R} be the graph language consisting of one binary
relational symbol R. Then there exist three formule 0(x),(x = y)r, (R(x,y))r
in the language of groups such that for each graph G on «, there is a function
fc: 0(H(G)) — G so that the triple consisting of

(D 9(x),
D {(x = y)r, (R(x, y))r}, and

1) fe,
is an interpretation I of G into the group H(G).

Proof. Firstlet d(x) be gen(x), and for any graph G on « let f; be the map sending
each element of H(G) of the form wv(’)jw‘1 —witha < k, k € {-1,1},andw € H(G)
— to the vertex @ of G. Notice that by Remark[7.1.8|the elements of H(G) satisfying
0(x) are exactly all the elements of such form, so f¢ is a surjection from 0(H(G))

onto G.

Now consider the following formula in the language of groups:

Az(Ordy(x-z-y-z ) vOrdy(xt-z-y-z7h) ((x=y)r)

Claim 1. For every graph G on « and every a, b € d(H(G)),

G fela) = fe(b) = H(G)E (a=Dbr.
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Proof of Claim 1. Let o, B8 < «, k,{ € {-1,1}, and w,z € H(G) be such that
a=wvkw land b = zvgz—‘, so that fg(a) = @ and fg(b) = S.

The forward implication is obvious, because G |= fg(a) = fg(b) implies @ = S.

For the backward implication, assume that H(G) = (a = b)r and let c € H(G)
be any element witnessing this. For the sake of definiteness, suppose that the first

disjunct is satisfied, so that

wvéw_lczvgz_lc_1
has order 7 in H(G). By possibly applying an inner automorphism, we can assume
that this element is cyclically reduced, and thus we can argue as in the proof of
Lemma to obtain that @ = B and k = €. Then fg(a) = a = fg(b), which
implies that the formula fg(a) = fg(b) is true in G. m|

Then, consider the following formula in the language of groups:
—(x = y)r A dz [Same(x, z) A (z = y)r A Ordy1(x - 2)] ((R(x, y))r)

Claim 2. For every graph G on « and every a,b € d(H(G))

G [ R[fg(a), fc(b)] &  H(G) = (Rla,b]r.

Proof of Claim 2. Let o, 8 < k, k,£ € {—1,1}, and w,z € H(G) be so that a =

wvkw=land b = zvgz'l.

Assume first that G |= R[fg(a), fg(b)]. Since fg(a) = @ and fs(b) = B and the
graph relation is irreflexive, we have @ # . By Claim 1, this implies in particular
that H(G) £ =(a = b)r. Let ¢ = wvgw™', so that fG(c) = B = f(b). Then
H(G) = Samela, c] A (¢ = b)r, and clearly H(G) |= Ord;[a, c] by construction
of H(G) (here we use again the fact that G |= R[«a, £]). Therefore ¢ witnesses the

existential statement in (R[a, b])r, hence H(G) = (R[a, b])r.

Suppose now that G |~ R[ fg(a), fg(b)]. By the definition of H(G), it follows that
the group element v, - vg has order 13 in H(G). Consequently, for any ¢ € H(G)
of the same type of a such that H(G) |= [c¢ = b]r, we have that a - ¢ cannot have
order 11, hence that H(G) [£ (R[a, b])r. O
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This concludes the proof. O

Corollary 7.1.10. For every formula ¢(x) in the language of graphs there is a
formula ¢r(X) in the language of groups such that for every graph G on k

G dlfe(a)] < H(G) [ ¢rlal.
Proof. By induction on the complexity of ¢(x). O

For the sake of brevity, we will call a group H of size « a Williams’ group if it
is isomorphic to H(G) for some graph G of size k. We are now going to show
that when « is an infinite cardinal, there is an £,+,-sentence @y axiomatizing the
Williams’ groups of size «. The sentence ®w; will be the conjunction of some

sentences considered below.
Let ¢pg be the L,+,-sentence

VX1, x2, X3, X4 (xl #+ x4 A /\ Same(x;, xXj+1) A /\ Same(x;, x;4+2)

1<i<3 1<i<2

— Same(xj, x4)> (o)

andg; be the £,+,-sentence

N

Axps. .., Xy (/\(Same(x, x;) A Same(x’, x;))A
i=1

w

dx, x’

Same(x, x") AVy [
N=1

Same(x;, x;)) Ay =x1...xy A /\ Xi-oxj £ 1 (1)
1<i<j<N 1<i<j<N

Let G be a k-sized graph. Although the relation defined by Same(x, y) on H(G) is

not transitive[T] it is not hard to check that H(G) = ¢o. Moreover, if we let x = vy
and x’ = vy, it is straightforward to check that H(G) = ¢;.

Remark 7.1.11. If H is a group of cardinality « and satisfies g A @1, then there is
a set W C H such that W generates H, and all elements of W are pairwise of the
same type. Such a W can be obtained by fixing any two witnesses a, b € H to the

existential quantifier at the beginning of ¢, and then letting

W ={a,b}U{c € H| H |= Samela, c] A Samel[b, c]}.

!Given distinct @, B,y < k, leta = vo, b = vg, and ¢ = vgv,v,'. Then it is easily observed that
H(G) |= Same|a, b] A Same[b, c], but H(G) [ Same[a, c] because a - ¢ has infinite order in H(G).
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Since the cardinality of H is «, the set W has size « because it has to generate the
whole H by H |= @;. The sentence ¢ takes care of the fact that distinct elements
in W are of the same type: if ¢, d are distinct elements of W \ {a, b}, then all of
(¢,a), (¢,b),(a,b), (a,d) and (b,d) are pairs of elements of the same type, and
thus H |= Same[c, d] because H satisfies ¢g. Moreover, notice that, by the way
Same(x, y) was defined, a group element ¢ and its inverse are never of the same type
because their product does not have order 11 or 13. So the basic fact that when ¢ has
order 7 the inverse ¢! equals c®, plays a crucial role to argue that such W is a set of
generators. Finally, notice that when H = H(G) for some graph G of size «, the set
W defined as above will be of the form W = {wv(’;w‘1 | @ < «}, where w € H(G)

and k € {—1, 1} only depend on the initial choice of a and b (see Lemma|/.1.7).

Recall that the relators of the group H(G), for any graph G, are of three possible
length: 7, 22, or 26. Define the following L+ ,-formule.

o

Xi = Xi41- (Rel7(x1,...,x7))
i=1

10

Ordyy(x1 - x2) A /\(XZi—l = X2i+1 A X2; = X2i42). (Relxa(x1, ..., x22))
i=1
12

Ordi3(x1 - x2) A /\(Xzi—l = X2i+1 A X2i = X2i42). (Relzs(x1, ..., x26))

i=1
Let now @, be the L,+,-sentence

N-1

w N
/\Vxl,...,xN xl---xNzl/\/\gen(xi)/\ /\xi-xiﬂ F1lAXx1-xy#1 >
N=1 i=1 i=1

(Relz(x1,...,x7) V Relpa(xy,...,x2) V Relg(x1,...,x2)) |, (92)

where for each n € {7, 22,26}, we stipulate that Rel,(xy, ..., x;,) is a contradiction

if N < n. It is not difficult to see that H(G) |= ¢, for every graph G of size «.

Lemma 7.1.12. Let H be a group such that H |= ¢, and let ay - - - ay be a product
of elements of H (for some 1 < N < w) such that H |= gen|a;] for every 1 <i < N
and ay---ay = 1. Then ay - - - ay belongs to the normal closure ncl(R) of the set

R = R(ay, ..., ay) consisting of the elements
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(i) al.7 foreveryl <i < N;

(ii) (a; - aj)llfor every 1 <i < j < N such that H |= Ordy[a; - a;];
(iii) (a; - a_,~)13f0r every 1 <i < j < N such that H |= Ord3[a; - a;].
Proof. Suppose towards a contradiction that the statement is false, and let N be
smallest such that there is a product a;---ay satisfying the hypothesis of the
lemma, but such that a; - - - ay ¢ ncl(R), where R = R(ay, ..., ay) is as above. By
minimality of N, we also have that a; - a;+; # 1 forevery 1 < i < N, and that
ay # a]'\,l. Since H |= ¢, and the premise of the implication is satisfied when setting

x;j = a; forevery 1 <i < N, then there is n € {7,22,26} such that the product of the

first n factors is

(i) a? ifn="7,or
(i) (a; - ax)"! with H |= Ordy[a; - az] if n = 11, or
(iii) (a1 - ax)"® with H |= Ordi3[a; - as] if n = 13.

In each of the three cases, it follows that the product of the first n factors equals 1.

Consequently, the product

dp+1* - AN
still satisfies the hypothesis of the lemma, and thus a,,1 - - - ay € ncl(R(a,+1, ..., an))
by minimality on N. Since R(a,+1,...,ay) € R(ay,...,ay), we obtain that
ay---ay € ncl(R(ay, ...ay)), a contradiction. O

Finally, let g the first-order sentence axiomatizing groups. Then ®w; is the

L +-sentence

Pgp A Qo A @1 A @a. (Owi)
Remark 7.1.13. Notice that H(G) |= @Qw; for every «-sized graph G.

Lemma 7.1.14. Let H be a group of size k. If H |= Ow;, then H is a Williams’
group, i.e., H = H(G) for some graph G of size «.
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Proof. Given H such that H |= Qy;, let W be a set of generators for H as in
Remark and let (wq o<« be an enumeration without repetitions of W. By the
universal property of the free group we have H = F(W)/N, where F(W) denotes
the free group on W and N is some normal subgroup of F(W). Denote by Ry the

smallest symmetrized subset of F'(W) containing the words

« w! for every w, € W;
* (Wy - Wﬁ)ll if H |= OI’d]][Wa . Wﬁ];
e (Wqy - wﬁ)13 if H [= Ord3[wq - wgl.
For the way Ry is defined, the normal closure ncl(Ry) of Ry which is a (necessarily

normal) subgroup of F (W), is contained in N. Now we shall show that N C ncl(Rg).
Suppose that w € N, namely, that the group element w - N is the unity 1 - N of H.

Say w = Wg, - -+ Wa,, fOr wo,, ..., W, € W. We can suppose that w,,,, # w;! for
every i < n. It follows by Lemma that w is contained in the normal closure
of R(wq,, ..., Wq,), which is included in ncl(Ry) by definition of Ry.

By the discussion above, it follows that N = ncl(Rpg), therefore H = (W | Ry). We
define a binary relation R® on « by declaring for a, 8 < «

@R B = Wwo - wg has order 11 in H.

The relation R is irreflexive because for every @ < k we have H |= gen[w,], so
wg has order 7 in H and thus w, - w, cannot have order 11 in H. Moreover, RC is
symmetric because for any two distinct a, 8 < «, the group elements w,, and wg are
of the same type, and thus the order of w,, - w equals the order of wg - w,,. It follows
that the resulting structure G = (k, R®) is a graph on «, and it is easily verified that

H = H(G) via the isomorphism w, — v,. m|

Remark 7.1.15. The construction given in the proof of Lemma//.1.14|actually yields
a Borel map H — Gp from the space of groups on « satisfying @y to the space of
graphs on « such that H = H(Gp) for each H |= Q.

Now we have all the ingredients to prove the main theorem of this section, namely
Theorem Indeed, it immediately follows from Theorem and the fol-

lowing proposition.

Proposition 7.1.16. For every sentence @ in the language of graphs there is a

sentence ¢ in the language of groups such that ¢, ~p Eg).
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Proof. Given any sentence ¢ in the language of graphs, let ¢ be the sentence

¢or A Dwi,
where @r is as in Corollary[/.1.10, Let f be the quotient map of the Borel function
h: ModfP - Mod&, G~ H(G)

with respect to the bi-embeddability relation (on both sides). The range of 4 is
contained in Modg by Corollary|7.1.10{and Remark [7.1.13} and its quotient map f
is well-defined because 4 witnesses Theorem Moreover, by Lemma [7.1.14
and Corollary [7.1.10} for every «-sized group H we have that H € Modg) if and
only if there is G € Modg, such that H = H(G). Notice that by Remark [7.1.15
such G = Gy can be recovered in a Borel way. It follows that f is an isomorphism
between the relevant quotient spaces, and that the restriction of the map H — Hg to
Modg is a Borel lifting of f~!'. Therefore the map f witnesses that Co =B E(’;. O

7.2 The bi-embeddability relation between uncountable torsion-

free abelian groups
In this section we address the problem of determining the Borel complexity of the bi-
embeddability relation between «-sized torsion-free abelian groups. Unfortunately,
the technique introduced in[3.3]to build countable torsion-free abelian groups cannot
be generalized to the uncountable cardinalities. So, we need to come up with a
different methods. Atabout the same time when Jay Williams proved Theorem[3.1.2]
Adam Przezdziecki [Prz14] proved that the category of graph Graphs almost fully
embeds into the category of abelian groups Ab. That is, there exists a functor
G: Graphs — Ab such that for every two graphs T,V € Graphs there is a natural
isomorphism
Z[Hom(T,V)] = Hom(GT, GV),

where Z[S] denotes the free abelian group generated by the set S.

The functor G does not provide a Borel reduction from the bi-embeddability rela-
tion between countable graphs to bi-embeddability between countable torsion-free
abelian groups (in the classical framework) because it maps countable graphs to

groups of size the continuum.

A closer look at G reveals that it takes value on torsion-free abelian groups, and in

this section we modify it to produce a Borel reduction from the bi-embeddability
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relation on «-sized graph to the bi-embeddability relation on «-sized torsion-free
abelian groups. Such result together with Theorem [6.0.10] will give a proof of the
following theorem.

Theorem 7.2.1 (C.). For every uncountable k such that k=¥ = k, the embeddability
relation T3, between k-sized torsion-free abelian groups is a complete E} quasi-

order. Thus, the bi-embeddability relation between k-sized torsion-free abelian

—K
=TFA
groups is a complete Ei equivalence relation.

Existence of abelian groups with prescribed endomorphism ring

The aim of this subsection is to state a variation of Corner’s realization theorem
for endomorphism rings ([Cor63]) that was pointed out by PrzeZdziecki in [Prz14].
First we introduce the basic definitions on the natural completions of reduced torsion-

free abelian groups.

Until further notification let A = (A, +, 0) be an abelian group in additive notation.
We consider A with the natural (Z-adic) topology, i.e., the one defined by taking
{nA | n € N\ {0}}, as a basis of neighborhood of 0.

We also assume that A is torsion-free and reduced. Recall that A is reduced if its
only divisible subgroup is {0}. When A is torsion-free, A is reduced if and only if

(nen A = 0. Thus, we have the following fact.

Fact 7.2.2. If A is reduced and torsion-free, then A is Hausdorff in its natural
topology.

Whenever A is Hausdorff, we can consider the natural completion A of A, which ca
be defined as follows. Given n,m € N, we write m < n if there is ¢t € N such that
n = mt. Then we set
A = lim A/nA,
H
neN
the inverse limit of inverse system of groups ({A/nA},en, {7} }m<n), Where

my, A/lnA — A/mA, A+nA— A+ mA.

Lemma 7.2.3. If A is torsion-free, that A is torsion-free too.

Now suppose that A is a ring whose underlying group is reduced and torsion free.
Thus, the natural topology on A is Hausdorft and it is easily checked that the

multiplication of A is continuos so that A is a topological ring. We can give
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Aa topological ring structure by extending the multiplication of A to its natural

completion.

We will consider the canonical map
nA:A—nzl: a (a+nM | neN),

which is an injectiv ring homomorphism, thus 74(A) C Aisa ring isomorphic to
A.

Theorem 7.2.4 (Przezdziecki [Prz14]). Let A be a ring of cardinality at most 2%
such that its additive group is free. Then, there is a torsion-free abelian group
M C A such that

(i) A C M as a left A-modules,
(ii)) End(M) = A,

(i) |A] = [M].

A few comments on Theorem [/.2.4/ may be of some help.

Remark 7.2.5. We stress on the fact that M is torsion-free as in the original result
stated by Corner. In fact, M is defined as a subgroup of A, which is torsion-free by
Lemmal(7.2.3l

Remark 7.2.6. For a better understanding of item |(i)| of Theorem [7.2.4] notice that
by construction M inherits the natural A-module structure from A. The scalar

multiplication is defined by setting
axa=mny(a)a, (7.2.6.1)

foreverya € Aand @ = (a, +nA | n e N) € A. Moreover, condition of
Theorem [/.2.4is proved by showing that for every & € End(M), there exists a € A
such that

h: M — M, me a*m.

21t is injective because the ring is reduced.
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Proof of Theorem [7.2.1]

In this section give the proof of Theorem To this purpose we adapt the
embedding from the category of graphs into the category of abelian groups defined
in [Prz14] to show that the embeddability relation between «-sized graphs Borel

reduced to bi-embeddability between k-sized torsion-free abelian groups. Hence,
the statement of Theorem will follow by Theorem[6.0.10]

Notation. We introduce some terminology we will adopt throughout this section

* LetI beaskeleton of the category of countable graphs; i.e., a full subcategory of
the category of countable graphs with exactly one object for every isomorphism
class. Without loss of generality, assume that every object in I" is a graph over

a subset of w.

* Let W, be a k-sized universal graph, i.e., a graph of cardinality «, which
contains all graphs of cardinality x as induced subgraphs. Such graph exists

because we work under the hypothesis k<% = «.

* Denote by [W,]* the subspace of induced subgraphs of W, of cardinality «.
We can identify [W, ] with the x*-Borel space of subsets of W, of cardinality

K.

« For every graph T and every infinite cardinal A, we denote by [T]<* the set of
induced subgraphs of T of cardinality < A.

* For every S € [W,]“!, we fix an isomorphism fs: S — o (§), where o (S)

denotes the unique graph in I which is isomorphic to S.

We stress on the fact that for technical reason it is convenient to regard [W,]*, which

is a k*-Borel space?] as the space of «-sized graphs.

Now define
A = Z[Arw(T) U {1} U Pfip(w)]. (7.2.6.2)

That is, the free abelian group generated by the arrows in I', a distinguished element
1, and the finite subsets of w. We endow A with a ring structure by multiplying the

elements of the basis as follows, and then extending the multiplication to the whole

3its topology is inherited from 2W«.
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A by linearity. For every a, b € Arw(I") U P;,(w) let

a,be Arw(I)
aob if

a and b are composable

ab = | b C doma (7.2.6.3)
a’b if
a | bis an isomorphism
0 otherwise
al =1la = a. (7.2.6.4)

Remark 7.2.77. The definition of A in differs from the one of [Prz14] for
including Py;,(w) in the generating set. These elements will play the crucial role
of “embeddability detectors” in Lemma|/.2.13

Now observe that the ring A has cardinality 280 and its additive group is free. So
let M be a group having endomorphism ring isomorphic to A as in Theorem[7.2.4]
Notice that the elements of A act on M on the left as in ((7.2.6.1).

Definition 7.2.8. For every C € T, let
GC = ldc * M.
Notice that if C,D € I" and y: C — D, then v € A and thus induces a group
homomorphism Gy from G¢ to Gp by left-multiplication
Gy: Gc = Gp idc«m > 7y (idc *m). (7.2.8.1)

We make sure that such map is well defined asy * (id¢c * m) = idp * (y * (idc * m)),

which is clearly an element of Gp.

Now fix any T € [W,]*. For every S,S” € [T]<*! such that § C §’, the inclusion
map i3,: S — 8 induces a map y§, from o(S) to o(§’), the one that makes the

diagram below commute.

i5,
S s’
D
o (S) o (5)
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The map yg, is in I' and thus it induces functorially a group homomorphism Gyg,
as described in (7.2:81). For all S, 8’ € [T]<“! such that § C &, let 75, = Gys,.
We claim that ({G(s) ), {755, Yscs?) S.s7e[T]<w1 18 @ direct system of torsion-free abelian

groups indexed by [7]<“!, which is ordered by inclusion.

Definition 7.2.9. For every T € [W,]*, let

GT = lim Gos). (7.2.9.1)
Se[T]<“1

For the sake of definiteness, every element of the direct limit in (7.2.9.1) is
regarded as the equivalence class [(m, S)] of an element of the disjoint union
| Iserr<er Go(s) factored out by the equivalence relation ~7, which is defined by set-
ting (m, S) ~r (m’, §") provided that there is §” 2 S, S’ such that 75, (m) = 75,(m").
Such characterization for holds because the poset of indexes is directed
(see [Rot]).

Notice that for every T € [W,]*, the group GT is abelian by definition, and it
is torsion-free as torsion-freeness is preserved by taking subgroups and colimits.
Moreover, we claim that GT has cardinality «. It is clear that |GT| is bounded by
| LI« M| = k, and each GT has at least « distinct elements. To see the latter, consider
idc,, where Cy stands for the unique graph with one vertex and no edges in I'. For
sake of definiteness, suppose that C is the graph with no edges whose unique vertex
is 0. For every a < «k, let {a} denote the subgraph of T with the only vertex «.
It is clear that idc, € G (ja)). Moreover, for any distinct a, 8 € k, we have that
idc, € Gy(ja)) and idc, € G ((py) represent two distinct elements of Gr. For, if
S 2 {a}, {B}, then one has

i ide,) = y\Mide, = (0 - 65(2))
tPide,) = v'Pide, = (0 - 65(B)),

which are not equal as 6y is bijective.

Next lemma basically states that G can be defined in a x*-Borel way.

Lemma 7.2.10. There is a k*-Borel map
W > X&n T GT

such that, for every T € [W,]¥, the group GT is isomorphic to GT.
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Proof. Let < be a well-ordering of B = [ |s¢[w, <1 G (s)- First consider the map
FrWd =25 T || Gogs)

Se[T]<*1

To see that f is k™-Borel consider the basis of 28 given by the sets {x: B — 2 |
x((m,S)) =1}and {x: B — 2| x((m, S)) = 0}, for every (m, S) € B. For any fixed
(mg, Sp) € B, one has

' x: B— 2| x((mo, $p)) = 1) = {T € [W, ]| S C T}

which is k™-Borel.

Then let g: Im f — 25 be the map defined by mapping f(T) to the subset of
f(T) which is obtained by deleting all of the (m, S) that are ~r-equivalent (i.e.,
equivalent in the relation used to define the direct limit indexed by [T]<“!) to some

point appearing before in the well-ordering <. One has
gfMN((m ) =1 & SCT AV, S) < (m,S)((m',S") +r (m,S))
where (m’, S") +r (m, S) is a shorthand for

AS” 2 8, 8" (5, (m) = 75, (m")).

Then, for every T, we define a group GT with underlying set x and operation *r
by setting @ %7 8 = vy if and only if the product of the a-th element and the S-th
element in g(f (7)) according to < is ~r-equivalent to the y-th element in g(f(7)).
Notice that there is a unique element in g(f (7)) which is ~r-equivalent to such

product, thus the map T +— GT is well defined and is x*-Borel. m|

Next lemma is derived essentially as [Prz14].

Lemma 7.2.11. IfT,V € XéRAPHs and T ;éRAPHS V, then GT Cf;, GV.

Proof. We first claim that it C,D € I' and y: C — D is an embedding then
Gy: G¢ — Gp is one-to-one. Notice that by [(i)]of Theorem[7.2.4]and the definition
of G¢ one obtains

Z[I'c UPfin(C)] € Ge S Z[T'c U Pfin(C)]
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Acting by left-multiplication, y induces the injective map
1 Zc U Prin(C)] = Z[T'p U Prin(D)], a vya,
which in turn induces the injective map on the Z-adic completions

(V)1 ZITec U Pfin(C)] = ZITp U Pfin(D)],  a y+a. (7.2.11.1)

Comparing (7.2.11.1)) with it follows that Gy is indeed the restriction of

</y\> on G¢, which implies that Gy is injective because so is (3/\)

Now let¢: T — V be a graph embedding. Then there exists a group homomorphism
Go: GT - GV, [(g)] = [(Gyy.5(2).4"9)]

where ¢S is the point-wise image of S through ¢ and yg,, g 0(8) = o (¢"S) is the
map induced by ¢ [ S, which is clearly a graph embedding. It remains to prove that
G ¢ is one-to-one. So fix any [(g, S)], [(g’,S)] € GT such that [(g, S)] # [(g’,S)].
Since [T]=“! is directed we can assume that § = §" without any loss of generality.
One has

Go([(g, 9D = [(Gy,5(8) ¢S],
Go(l(g, ) = [(Gy,5(8), ¢S],

which are different elements of GV because Gyg,, ¢ is injective. O

Now we are left to prove that GT T, GV implies that T Cip,pg V. Let us first
point out that G is almost-full; that property is crucial in our argument. Given any
linear combination }’ k;¢;, k; € Z and ¢; € Hom(7, V), one can define a group
homomorphism ¥ (3 k;¢;): GT — GV as follows. For any ¢; and S € [T]<“!, let
0 ZS be the function such that the diagram commutes

i TS
A s

o (8) ————— a(¢/S)
55

i
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Since 61.5 is an arrow in I', it induces a group homomorphism
G} : Gos) = Gogps)y ~ m> ) xm.
as observed in (7.2.8.1)). Then we define
¥(D kiti): GT -GV [(m, )] = > k(G (m), ¢} ).

Next theorem states that G is an almost-full embedding according to the terminology

of [Prz14; GobPrz], and it can be proved arguing as in [Prz14].
Theorem 7.2.12 (Przezdziecki [Prz14]). There is a natural isomorphism
¥ Z[Hom(T, V)] — Hom(GT, GV).

Now we come to the point where our modification becomes crucial. Since A contains

the finite subsets of w, we use them and the property of almost-fullness of G to detect

an embedding among ¢y, . . ., ¢, when ¥(3;<, ki¢;) is one-to-one.
Lemma 7.2.13. For every two graphs T and V in Xgp,ops f GT Cipoups GV
holds then T T¢pppps V-

Proof. LetT,V be as in the hypothesis and h: GT — GV a group embedding. By

Theorem [7.2.12] we have
h=Y (Z k,¢,-),

i€l
for some linear combination of graph homomorphisms ¢; € Hom(7, V). We claim
that there must be some i € I such that ¢; is a graph embedding from T into V.
Suppose that it is not true, aiming for a contradiction. Since [T]<! is direct, there
is some finite S € [T]“ such that, for every i € I, the restriction map ¢; [ S is not
one-to-one or does not preserve non-edges. Call d the vertex set of o (). Such d is
a finite subset of w and is an element of G (s) because d = id(s) * d. Now consider
[(d, S)], the element of GT represented by d € G(s). Then [(d, S)] is a nontrivial

element and

h(((d, $)]) = D kl(G5F(d), /)] =
=D kil(6} = d.¢7$)1 =0

because if ¢; | S is not an embedding then neither so is the induced map (51.5 . This

contradicts the fact that % is one-to-one. O
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Summing up the results of this section we have the following proposition.

Ll . + . K K
Proposition 7.2.14. There is a k™ -Borel reduction from C¢p s 10 Tipa-

Proof of Theorem Combining Proposition with Theorem [6.0.10] it

follows that C1, is a complete Z} quasi-order provided that k¥ = « holds. O
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Appendix A

REDUCTIONS AND ABSOLUTENESS

Let V be a fixed base universe of set theory and let P be a notion of forcing. Then
we will write V¥ for the corresponding generic extension when we do not wish to
specify the generic filter G C P. If R is a projective relation on the Polish space
X, then XV, RV" will denote the sets obtained by applying the definitions of X, R
within V¥, In particular, suppose that E is an analytic equivalence relation on the
Polish space X. Then the Shoenfield Absoluteness Theorem [Jec] implies that
X' NV =XandEY' NV = E, that EV" is an analytic equivalence relation on X"

, and that the following result holds.

Theorem A.0.1. If E, F are analytic equivalence relations on the Polish spaces X, Y
and 0: X — Y is a Borel reduction from E to F, then 6V is a Borel reduction from
EtoF.

Next suppose that: X — Y isa A; reduction from E to F;say,
O(x) =y & R(x,y) & S(x,y),

for all x € X and y € Y,where R is 2‘.5 and S is H%. Then, without further
assumptions on V and P, it is possible that R” Z SVP, that RY" only defines a
partial function from X to Y , and that § does not define a function. However,
it is easily checked that all of the relevant properties of R, S can be expressed by
H; statements. Thus the following result is a consequence of the Martin-Solovay

Absoluteness Theorem.

Theorem A.0.2 ((MarSol]). Suppose that k is a Ramsey cardinal and that |P| < «.
If E, F are analytic equivalence relations on the Polish spaces X,Y and 6: X — Y
isa Aé reduction from E to F, then 0V isa Aé reduction from E to F.
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