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Summary

This thesis investigates the application of stochastic models to anomalous
water transport phenomena in heterogeneous and complex environments,
highlighting their effectiveness to realistically represent water movement
through heterogeneous media. Indeed, classical diffusion models do not
always capture complex dynamics that arise in such environments, where
mechanisms such as trapping, memory effects, and spatial variability give
rise to anomalous diffusion. Stochastic approaches, including continuous
time random walks and Lévy walks, provide suitable models to describe
such anomalous transport.

The thesis is structured into four chapters. The first two chapters pro-
vide the theoretical framework, covering advection-dispersion phenomena,
subsurface flow equations, transit time distribution in catchments, and the
use of natural tracers to estimate the young water fraction. An overview of
stochastic models for anomalous diffusion is also provided, including con-
tinuous time random walks, Lévy walks, and semi-Markov models.

The third chapter presents a study on subsurface water flow using a ran-
dom velocity process with rests, where water particles alternate between
moving times and waiting times. Simulations of particle movement pro-
vide the empirical transit time distribution and allow the estimation of the
threshold ages of the young water fraction using stable water isotope con-
centrations for 22 Swiss catchments. The model has only one parameter of
the Mittag-Leffler distribution for waiting times to be estimated.

The fourth chapter focuses on soil moisture modeling through a space-
dependent continuous time random walk with Mittag-Leffler waiting times.
Applied to daily soil moisture measurements, the model captures vertical
water movement across soil layers during dry spells, and the three parame-
ters are estimated based on the observed data. The relationships between
model parameters, initial soil moisture and potential evapotranspiration en-
able accurate prediction of soil moisture and validation of the model.
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Introduction

This thesis presents applications of stochastic models to describe anoma-
lous transport phenomena in the �eld of hydrological and environmental
sciences. Di�usion models aim to represent the motion of particles in�u-
enced by random e�ects. In homogeneous systems, this motion typically
follows Fick's law, resulting in what is known as normal di�usion, where the
mean squared displacement of the particles depends linearly on time. How-
ever, in complex or heterogeneous environments, this assumption no longer
holds. In such cases, di�usion processes may exhibit nonlinear growth of
the mean squared displacement over time, a behavior known as anoma-
lous di�usion. These deviations from classical di�usion arise due to various
mechanisms, such as trapping, memory e�ects, or spatial heterogeneity, and
require models capable of capturing such complex behavior. Anomalous
di�usion processes are observed in a wide range of phenomena in physics,
biology, and environmental sciences. In hydrology, these processes provide
a powerful approach for modeling water transport in heterogeneous media,
such as fractured aquifers, porous soils, or strati�ed geological formations
[Benson et al., 2013, Schumer et al., 2003, Dogan et al., 2014]. Such models
allow for a more realistic representation of subsurface �ow behavior, where
the presence of structural irregularities and spatial variability signi�cantly
a�ects the transport and retention of water and solutes.

The thesis is structured as follows. The �rst two chapters provide the
theoretical framework in which the research is developed, while the following
two present the research results. In the �rst chapter, the classical equations
describing advection and dispersion phenomena, which characterize normal
or Fickian di�usion, are presented, along with the fundamental equations
governing subsurface �ows, from Darcy's law to Richards' equation [Beven,
2012]. Furthermore, the transit time distribution in a catchment is intro-
duced, representing the time taken by water to travel in a catchment from
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its entry as rainfall to its exit as stream �ow. It is a fundamental descrip-
tor that provides information about the age of water within a catchment
[McGuire and McDonnell, 2006, Benettin et al., 2022]. It is also explained
how natural tracers, particularly stable isotopes of water, are used to es-
timate the young water fraction, de�ned as the portion of water younger
than a certain threshold age [Kirchner, 2016a,b].

In the second chapter, an overview of stochastic models for anomalous
di�usion is presented, ranging from continuous time random walks to Lévy
walks. These models can represent di�erent anomalous di�usive behaviors
depending on the tail of jump length and waiting time distributions. In
particular, when these distributions are heavy tailed, the resulting motion
deviates from classical di�usion, leading to anomalous di�usive behavior.
To capture this non-standard behavior, the classical di�usion equations are
generalized to their fractional counterparts by introducing fractional oper-
ators in place of the standard time derivatives [Metzler and Klafter, 2000].
This modi�cation allows for the incorporation of memory e�ects and spatial
heterogeneity, which are characteristic of many complex systems. Further-
more, the chapter introduces the theory of semi-Markov models for contin-
uous time random walks, addressing both homogeneous and heterogeneous
media [Ricciuti and Toaldo, 2017]. This theory is also introduced for Lévy
walks [Ricciuti and Toaldo, 2023], providing a mathematical framework to
describe a broad class of anomalous di�usion phenomena.

In the third chapter the �rst research study is presented [M.C.Bovier
et al., 2025]. A random velocity process with rests is proposed to simulate
subsurface water �ow. It is assumed that a water particle alternates be-
tween moving times, at a constant velocity, and trapping times, with zero
velocity, until it reaches the outlet of the catchment. We assume that the
moving times are i.i.d. random variables with exponential distribution, the
waiting times are i.i.d. random variables following a Mittag-Le�er distri-
bution with parameter �, and the velocities are uniformly distributed in
the interval (1;100) meters per day. At the outlet of the catchment, which
is assumed to be at a distance from the inlet equal to the catchment me-
dian �ow path length, the �rst passage time of the process, representing
the transit time of water, is measured. The empirical transit time distribu-
tion (TTD) is thus obtained by simulating the movement of water particles,
based on simple assumptions about water movement, rather than explicitly
assuming a prede�ned TTD shape as in previous approaches. We applied
the model to 22 catchments in Switzerland, obtaining the empirical transit
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time distribution for each catchment. The complex modulus of the empir-
ical characteristic function of the TTD represents the amplitude ratio of
stable water isotope cycles in stream�ow and precipitation. By searching
for the threshold age (�� ) that closely approximates the proportion of em-
pirical TTD younger than � � , which corresponds to the young water fraction
(Fyw), we found that � � is comprised between 46 and 76 days, so exactly
in the range of 2-3 months previously identi�ed [Kirchner, 2016a, Gentile
et al., 2023]. Moreover, the proposed model has only one parameter, the
� parameter of the Mittag-Le�er distribution for waiting times, which can
be estimated given the amplitude ratio of isotopic concentrations for each
Swiss catchment with a polynomial �tting of the modulus of the empirical
characteristic function.

In the fourth chapter the second research study is presented [M.C.Bovier
et al., Submitted]. A space-dependent continuous time random walk with
waiting times between jumps following a Mittag-Le�er distribution, is pro-
posed to model soil moisture dynamics. The model is applied to daily soil
moisture measurements taken as vertical average between the surface and
depths of 30, 60, and 100 cm, from an experimental site in the Po plain
(Italy), focusing on dry spells between rainfall events from 2006 to 2008.
The water particles in the soil start from an initial distribution estimated
from the initial soil water content in each layer, approximately 1 day after
a rainfall event. The particles move upward within the �rst layer (above 30
cm depth) due to evapotranspiration, or downward below 30 cm depth, with
jumps step of 1-cm length. The waiting times between jumps are Mittag-
Le�er distributed with a position dependent parameter � i (i = 1; 2; 3),
which varies according to the soil layers (0-30 cm, 30-60 cm, 60-100 cm).
We simulate the movement of water particles and compute the daily propor-
tion of water in each soil layer. These simulated values are then compared
with the observed data to estimate the parameters of the Mittag-Le�er
distributions. We also investigate the relationship between the estimated
parameters and both the initial soil water content in the three layers and the
potential evapotranspiration (only for the �rst layer). These relationships
allow for the prediction of the � 1, � 2, and � 3 values for each dry period,
enabling model validation through comparison between estimated and mea-
sured soil moisture. This model has only three parameters to estimate and
relies on simple assumptions about water movement in heterogeneous soils.
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Chapter 1

Residence Time in Catchments
and Subsurface Water Flows

1.1 Natural tracers and water sources

The use of environmental tracers to better understand and represent hy-
drological processes is a valuable approach, providing new insights into the
catchment behavior [Beven, 2012]. Beyond simply predicting discharge, it is
important to estimate �ow pathways and water residence times within the
catchment, especially in the context of water quality and the transport of
sediments and pollutants. Moreover, a clearer understanding of the sources
and �ow paths of water would be desirable, particularly given how di�cult
it is to observe subsurface processes directly (Fig. 1.1).

The residence time distribution summarizes the lengths of time that wa-
ter molecules have spent in the �ow domain of interest. The analysis of
residence times in catchments is challenging both due to observational dif-
�culties and to the underlying assumptions. This also makes it di�cult to
accurately predict water pathways and transit time distributions, and part
of this challenge arises from the limitations of tracers available in hydrology.
In fact, many commonly used tracers are not entirely conservative. Envi-
ronmental tracers, in particular, exhibit spatial and temporal variability
that complicates the application of their true mass balance. Hydrogen and
oxygen isotopes are widely used in short-term experiments because they
are incorporated directly into the water molecule, making them e�ective
tracers of water �ow paths. These isotopes are subject to fractionation due
to freeze-thaw, evaporation, and transpiration processes, but in short-term
experiments where snow and ice are not an issue, this should not be a
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signi�cant factor.

Comparative studies have investigated the use of various tracers to an-
alyze water residence times, however, it is well established that di�erent
tracers can emphasize distinct aspects of catchment response. For instance,
oxygen and deuterium isotopes are not e�ective for estimating water ages
beyond approximately four years, whereas tritium can be used to identify
older water sources. Although other dating techniques can be used for very
old water, oxygen and deuterium remain particularly valuable for investi-
gating short-term rainfall�runo� processes.

Environmental tracers are used to infer information about the water
sources contributing to a hydrograph with simple mixing models that distin-
guish between the contribution of water added during an event (new water)
and the contribution of water that was already stored in the catchment be-
fore the event (pre-event or old water). From the mass balance equations of
water and tracer, the proportion of new water and the hydrograph separa-
tion based on water sources can be determined. However, it is necessary to
know the concentration measurements of each of the two sources and to as-
sume that these concentrations are constant in both space and time. These
mixing models, which can be extended through the use of multiple tracers,
are a simple approximation but have been e�ective in revealing that, in
many situations, the majority of the hydrograph consists of pre-event water
displaced from storage rather than from precipitation during a storm. This
phenomenon is known as the �old water paradox� [Kirchner, 2003]: �how
do many catchments store water for such long periods of time but so easily
mobilize so much old water during storms�.

Estimating how long pre-event water has been stored in a catchment re-
quires long-term measurements of input and output concentrations, along
with the assumption of a model for the catchment's water residence time
distribution. This approach also assumes spatial homogeneity of input con-
centrations and, in the simplest cases, temporal stationarity of the residence
time distribution. Moreover, some di�erences are necessary between input
and output concentrations. In general, due to the damping e�ects of stor-
age within a catchment, the variability in the input concentrations is greater
than the variability in the output concentrations. For oxygen and hydrogen
isotopes, the variability in input and output concentrations occurs naturally
due to the fractionation process, which depends on temperature.
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1 � Residence Time in Catchments and Subsurface Water Flows

Figure 1.1: The main hydrological processes that control the movement and residence of water
within catchments. Understanding the �ow pathways and the water residence times within a
catchment is essential for interpreting hydrological behavior and identifying the sources of water.

1.2 Advection and dispersion

The residence time of a water particle within the catchment is related both
to its entry, in terms of space and time, and to the range of velocities it
experiences along its path to the catchment outlet. This may include dif-
ferent types of �ow in pores of various sizes within the soil matrix and on
the soil surface, as well as periods of immobility or losses due to evapotran-
spiration. The transport process of water and tracers through the system,
both for surface and subsurface �ow processes, has traditionally been de-
scribed in terms of advection and dispersion. Advection refers to movement
driven by the local mean �ow velocity at any point, whereas dispersion de-
scribes the spreading caused by variations in the velocity around that mean
[Beven, 2012]. Indeed, the concentrations of any solute or tracer transported
through the catchment with the �ow of water are governed by advection and
dispersion, and the same theoretical framework applies to both surface and
subsurface �ow processes.

Fick's law relates the di�usive �ux to the concentration gradient, stating
that �ux moves from regions of high concentration to regions of lower con-
centration, with a magnitude proportional to the concentration gradient.
This behavior is consistent with the second law of thermodynamics, since
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di�usion naturally proceeds in the direction that increases entropy and re-
duces concentration gradients until equilibrium is reached. In one spatial
dimension, Fick's law can be written as:

Jx = �D
dC
dx

(1.1)

where Jx is the di�usion �ux in direction x, D is the dispersion coe�cient or
di�usivity, and C is the concentration of a tracer or solute in water. In two
or more dimensions the gradient operator is used obtaining J = �DrC.
This equation has the same form as the heat equation in response to a
temperature gradient. Therefore, the steeper the concentration gradient,
the greater the resulting dispersive �ux of the solute. If the tracer is uni-
formly mixed in the water, and thus there is no concentration gradient, no
dispersive �ux occurs even when the water moves with a distribution of
velocities.

By combining Fick's law with the mass balance equation for the tracer
or solute, and adding the advection term, the advection-dispersion equation
can be derived. Indeed, the continuity equation is@C

@t + r � J tot = R, where
Jtot is the total �ux composed of the di�usive �ux and the advective �ux,
i.e., Jtot = �DrC + vC. Therefore the advection-dispersion equation in
one dimension is given by

@C
@t

= �
@J
@x

� �v
@C
@x

� R(t) (1.2)

where �v is the mean �ow velocity and R(t) is a general source or sink
term, which is zero in the case of a full conservative tracer. This is a
partial di�erential equation that describes physical phenomena involving
both advection and dispersion processes. If D can be assumed constant and
R(t) is assumed to be proportional to C, then in the one dimensional case,
we have:

@C
@t

= D
@2C
@x2

� �v
@C
@x

� �C (1.3)

where the �rst term on the right side represents the dispersive �ux of solute,
the second term the advective �ux, and the third term a loss proportional to
the concentration. The dispersion coe�cient D generally di�ers depending
on the �ow direction. It is often represented in two or three dimensions in
terms of the longitudinal dispersion coe�cient in the direction of the mean
�ow and the transverse dispersion coe�cient orthogonal to the direction of
the mean �ow.
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1 � Residence Time in Catchments and Subsurface Water Flows

For a conservative tracer the advection-dispersion equation has an ana-
lytical solution, and for the one-dimensional case of only longitudinal dis-
persion in the direction of the mean velocity with � = 0, it is

C(x; t) =
M

2A(�Dt) 1=2e� (x��vt) 2

4Dt (1.4)

where M is the mass of the solute and A is the cross-sectional area in-
volved in the �ow. This solution assumes that immediately after t = 0 the
concentration is non-zero everywhere, even though it is initially released
at x = 0. As the tracer travels further, the peak concentration decreases
while the spread increases; nevertheless, the tracer cloud retains a Gaussian
form. Considering that the solution is valid only after a mixing phase has
been reached, it is often assumed, when applying the advection-dispersion
equation for prediction, that the initial mixing is complete.

The advection-dispersion equation can be modi�ed by introducing an
exchange with an immobile store. In soils and groundwaters this is known
as the mobile-immobile model:

@C
@t

= D
@2C
@x2

� �v
@C
@x

� �(C � C s) (1.5)

�
dCs

dt
= �(C � C s) (1.6)

where Cs is the concentration in the immobile storage, � is the mass ex-
change coe�cient between the main �ow and the storage zone, and � is
the ratio between the volumes of the storage zone and the main �ow. The
equation can be solved numerically, taking care not to introduce an ex-
cessive numerical dispersion. There is extensive literature on solving such
equations using various numerical approximation techniques, but the most
signi�cant problem in real applications is correctly de�ning the sources and
boundary conditions for the transport (see, for example, Doerries et al.
[2022], Schumer et al. [2003]). The advection-dispersion model is di�cult
to use for predicting the transport of tracers or solutes at the catchment
scale. This is due to the complexity of �ow paths and the model's assump-
tion that the initial mixing phase has already been reached. Estimating the
required parameters at a given scale also presents a challenge.

A di�usion process that obeys Fick's law is called normal or Fickian dif-
fusion; otherwise, it is called anomalous di�usion or non-Fickian di�usion.
Anomalous di�usion is a di�usion process with a non-linear relationship be-
tween the mean squared displacement and the time. This behavior di�ers
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from that of Brownian motion, the typical di�usion process where the mean
squared displacement is linear in time. The equations that describe normal
di�usion are not always capable of characterizing some complex di�usion
phenomena, such as di�usion processes in heterogeneous media.

1.3 Residence time distribution

A general framework can be provided to analyze the residence time distri-
butions from precipitation inputs to discharge outputs within a catchment
storage [Beven, 2012]. The mass balance equation for storage can be ex-
pressed as follows for the water

dS(t)
dt

= P (t) � E(t) � Q(t) (1.7)

and for an arbitrary tracer

dM(t)
dt

= P (t)C P (t) � E(t)C E (t) � Q(t)C Q(t) � R(t) (1.8)

where S(t) is the storage at time t, P (t) is the precipitation input, E(t) is
the evapotranspiration output, Q(t) is the discharge output, M is the mass
of the tracer, C is the tracer concentration, namely CP for precipitation,
CE for evapotranspiration, CQ for discharge, and R(t) is a source or sink
term for the mass of the tracer. The transport of tracer within the storage
volume can then be interpreted as a form of time variable convolution, such
that

Q(t) =
Z t

0
P(� )f (t � � jt)d� (1.9)

and f(t � � jt) is the residence time distribution for inputs reaching the
stream outlet which is expected, in the general case, to vary with time as the
catchment wets and dries and therefore conditional on t. The convolution
describes the travel times of inputs to the outlet, and therefore represents
the integrated e�ect of velocities in the system. A similar general expression
for the loss of water through evapotranspiration can be written as

E(t) =
Z t

0
P(� )g(t � � jt)d� (1.10)

where g(t � � jt) is the distribution of residence time for inputs that are lost
from the system, again conditional on t, since evapotranspiration is also
expected to vary with wetting and drying conditions as well as with the
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1 � Residence Time in Catchments and Subsurface Water Flows

energy available to drive the evapotranspiration process, which �uctuates
with time on both daily and seasonal time scales. Both f (t � � jt) and
g(t � � jt) can also be interpreted as conditional probability distributions for
water particles entering the system at time � to reach the outlet at time t.
The challenge in estimating these residence time distributions from input
and output �uxes and concentrations is the lack of a priori knowledge of
the form of the distributions f() and g(), nor of how they evolve over time.
In catchment systems, residence time distributions are expected not only
to vary temporally but also to exhibit nonlinearity. Moreover, observations
of both input and output �uxes and concentrations may be a�ected by
signi�cant uncertainty.

The analysis of residence times of water in catchment systems has re-
ceived much attention [Kendall and McDonnell, 1998, McGuire and Mc-
Donnell, 2006, Benettin et al., 2022], in part due to improvements in mea-
surement techniques for environmental tracers in terms of both cost and re-
liability, and in part due to the additional information provided on the �ow
sources and pathways in understanding how the catchment works. McGuire
and McDonnell [2006] highlighted that transit time is a fundamental catch-
ment descriptor that reveals information about storage, �ow pathways, and
water sources in a single characteristic. They focused on lumped parameter
approaches, which are primarily based on tracer data, and pointed out the
issues associated with these methods, such as the input characterization
issue, the recharge assumption, the data record length problem, the stream
sampling issue, the transit time distribution selection problem, and the
model evaluation process. Benettin et al. [2022] emphasized the signi�cant
developments of recent years in transit time research through new theories
and approaches, data, and applications. In this review, they also identi�ed
key open challenges in transit time research, such as incorporating evapo-
transpiration into transit time investigations, integrating stream hydrogeo-
chemical data and local tracer measurements, understanding how insights
from current approaches and data change across spatial scales, rigorously
testing new methods, and �nally, determining which traditional assump-
tions should be progressively relaxed. Therefore, it is important to keep in
mind the di�culties in obtaining adequate observations and the strong sim-
plifying assumptions required when analyzing residence times. One of the
most important requirements is a clear di�erence in concentrations between
input and output. For water molecule isotopes, the variability present in
the isotopic composition of the input is expected to be dampened in the
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output signal.
Traditionally, the analysis of residence time distributions has relied on

treating output concentrations as a convolution of input concentrations with
the residence time distributions, such that:

CQ(t) =
Z t

0
CP (t)f (t � � )d� (1.11)

where CQ(t) is the sequence of output concentrations, CP (t) is the sequence
of input concentrations and f(t) is the residence time distribution. This
equation assumes linearity and stationarity of the residence time distribu-
tion in relating the inputs to the outputs. Given a form of the residence time
probability density function f(t), the mean residence time can be calculated

�T =
R1
0 tf (t)dt
R1
0 f (t)dt

: (1.12)

The problem is that the distribution of the water residence time is not known
a priori. One of the simplest distributions considered was the exponential
distribution. A more general form, which encompasses the exponential dis-
tribution as a special case but involves more parameters, is the gamma
distribution. The strong assumption when �tting a distribution to time
series of inputs and outputs is that the chosen residence time distribution
should be both linear and stationary. Linearity implies a constant scal-
ing between integrated inputs and outputs, while stationarity means that
the distribution is assumed to remain constant over time. Although these
assumptions simplify the �tting process and help address the identi�cation
problem, they are not strictly true, and thus represent signi�cant limitations
in the interpretation of the results. Many studies have compared di�erent
distributional forms applied to data under these assumptions, and some
have investigated how the assumptions of linearity and stationarity a�ect
the residence times inferred for the catchment, for example Kirchner [2016b].
However, the limitations of assuming a linear and stationary residence time
distribution are increasingly recognized, and theoretical frameworks have
been developed that allow for temporal variability in the residence time
distribution. In these approaches, the prediction of tracer concentrations is
integrated with rainfall�runo� models.

1.4 Stable water isotopes

The stable isotopes of hydrogen (H) and oxygen (O) that make up the
water molecule have been known for nearly a century and have been used

16



1 � Residence Time in Catchments and Subsurface Water Flows

as environmental tracers since the middle of the last century [Scandellari
and Penna, 2017]. These natural tracers are widely used to study the water
cycle in the plant-soil-atmosphere system and to estimate the paths and
velocities of water �ows.

Isotopes are atoms of the same element that contain the same number of
protons but a di�erent number of neutrons; therefore, they di�er in atomic
mass but not in chemical properties because they maintain the same charge.
Isotopes are stable when the number of protons and neutrons does not
change over time. The water molecule consists of two hydrogen atoms
and one oxygen atom. Hydrogen has two stable water isotopes,1H and
2H that contain a single proton or a proton and a neutron, respectively,
and the latter is called deuterium. Oxygen contains eight protons and can
have eight neutrons (16O), nine neutrons (17O), or ten neutrons (18O). In
a water molecule, there can be all possible combinations, although some
(for example, those containing17O) are rarer than others and are usually
ignored.

For the composition of stable isotopes of elements of low atomic mass,
such as oxygen and hydrogen, the delta notation is used:

�(‡) =
Rsample � R standard

Rstandard
x 1000

where R indicates the ratio between the heavier and lighter isotope (2H=1H
or 18O=16O) and the standard is represented by the Vienna Standard Mean
Ocean Water (VSMOW), which by de�nition has a value of � very close to
0 ‡. The � value expresses how many parts per thousand the isotope ratio
deviates from the same ratio in a reference standard with known isotopic
composition. The use of the � notation makes the small di�erences between
two isotopes of an element more easily visible. In addition, the use of a
ratio of ratios makes it possible to compare di�erent elements that would
be much more di�cult to compare in absolute values. A positive � value
indicates that the isotopic ratio of the sample is higher than that of the
standard, that is, the sample is enriched in the heavy isotope compared to
the standard. In contrast, a negative � value indicates that the isotopic
ratio of the sample is lower than that of the standard, and thus the sample
is depleted in the heavy isotope relative to the standard.

Water molecules are subject to fractionation due to chemical and physical
reactions, such as during transition phases and plant interactions. This iso-
topic fractionation process modi�es the proportions of the di�erent isotopes,
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generating a di�erent isotopic composition from the original one. Further-
more, temperature controls fractionation processes, so the spatio-temporal
variability of precipitation isotopic composition depends on temperature
variations related to seasonality, geographic location, latitude, altitude, and
cumulative precipitation during an event [Diamond, 2022]. Seasonal varia-
tion in temperature leads to isotopic values in precipitation that are more
enriched in heavy isotopes during summer and more depleted during winter.
The latitude, altitude, and amount of rainfall also in�uence the isotopic
composition. In fact, the isotopic composition of precipitation becomes
lighter with decreasing temperature, increasing latitude, increasing distance
from the coast, increasing altitude, or increasing amount of rain in a precip-
itation event [Diamond, 2022]. Of the di�erent isotope e�ects (temperature,
latitude, altitude, continental, and amount), temperature and rainout are
the main underlying processes that drive the various e�ects. In any case,
all these e�ects and their underlying causes occur in highly complex natural
systems where many variables contribute to the �nal isotopic composition.
So stable isotopes naturally exist in water, but their concentration varies
during the year due to seasonality, following a sinusoidal pattern, and during
the hydrological cycle due to isotope fractionation.

1.5 Tracer cycles in catchments

Water environmental tracers, such as stable isotopes18O and 2H, in pre-
cipitation and stream �ow, are typically used to determine characteristics
of the transit time of the catchment that cannot be determined a priori
from theory or measured directly. These passive tracers follow the water,
thus, their temporal �uctuations re�ect the transport, storage, and mixing
of rainfall as it is transformed into runo�, so they are useful for estimating
the transit time of water. The catchment transit time, or equivalently the
travel time, is the time it takes for the rainfall to travel through a catchment
and emerge as a stream �ow [Kirchner, 2016a]. So, a catchment is charac-
terized by its travel-time distribution (TTD), which re�ects the diversity
of �ow paths, and their velocities, connecting each point on the landscape
with the stream. The transit time distribution is non stationary, but time
varying TTDs are di�cult to estimate in practice, so most catchment stud-
ies have focused on estimating time-averaged TTD instead. The shape of
the TTD and the corresponding mean travel time (MTT) are indicative of
the storage and mixing processes within the catchment. As McGuire and
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McDonnell [2006] underlined, a common issue in transit time modeling is
selecting an appropriate transit time distribution that describes the actual
�ow conditions of a catchment. Indeed, the assumption that we can match
a TTD with functional catchment behavior is one of the biggest challenges
in the application of transit time models to catchment hydrology.

Because of the di�culty in reliably estimating the shape of the TTD,
and the volume of data required to do so, many catchment studies have
simply assumed a given shape for the TTD and estimated only the mean
travel time (MTT). Therefore, the mean travel time has been by far the pa-
rameter most widely used to estimate time scales of catchment storage, but
past methodologies, which implicitly assumed homogeneous and station-
ary catchments, led to a consequent underestimation of MTTs. Catchment
heterogeneity a�ects the estimation of mean transit time also derived from
seasonal isotopic cycles. For this reason, Kirchner [2016a,b] proposed a new
metric, namely the young water fraction, which can be predicted directly
from seasonal isotope cycles and is not a�ected by the so-called aggregation
bias. This aggregation bias arises from the strong nonlinearity in the rela-
tionship between tracer cycle amplitude and mean travel time and can lead
to errors of several hundred percent when mean transit times are estimated
for catchments with realistic degrees of spatial heterogeneity.

Any method used to estimate transit time distributions, or parameters
such as mean transit time, relies on simplifying assumptions about the sys-
tem. Most approaches assume that conservative tracers in stream �ow can
be modeled as the convolution of the catchment's transit time distribution
with the tracer time series in precipitation [Kirchner, 2016a, McGuire and
McDonnell, 2006]:

cs(t) =
Z 1

0
h(� )c p(t � � )d� (1.13)

where cs(t) is the concentration in the stream �ow at time t, cp(t � � ) is
the concentration in precipitation at any previous time t � � , and h(� )
is the probability density function of the distribution of transit time � .
The concentrations cs(t) and cp(t � � ) can also represent the stable isotope
compositions in the � notation (e.g. 18O or 2H). Equation (1.13) implicitly
assumes that the catchment is a linear time-invariant system and, thus,
that the distribution h(� ) is stationary, i.e., does not change with time.
This is never strictly true; in fact, the actual transit time distribution varies
through time, depending on the history of previous precipitation. However,
in applications using real data, h(� ) is conventionally interpreted as a time
invariant ensemble average, that is, a system response obtained by averaging
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over many possible precipitation histories and assumed to be independent
of the absolute time of occurrence. These precipitation histories will di�er
from one another in detail, but their averaging yields a stationary response
function. Mathematically, the ensemble averaging embodied in Eq. (1.13)
is equivalent to the simpli�ed assumption that water �uxes in precipitation
and stream �ow are constant over time. A further simpli�cation is that in
Eq. (1.13) the evapotranspiration and its e�ects on tracer signatures are
ignored.

Kirchner [2016a] assume that the transit time distribution belongs to the
family of gamma distributions, with probability density function given by

h(� ) =
� ��1

� � �(�)
e��=� (1.14)

where � and � are a shape and scale factor, respectively, and � is the transit
time. For � = 1 the gamma distribution becomes the exponential distribu-
tion. Exponential distributions describe the behavior of continuously mixed
reservoirs of constant volume, and they have been widely used to model
catchment storage and mixing. Kirchner chooses the family of gamma dis-
tributions because it includes a wide range of shapes that approximate many
plausible TTDs and for mathematical convenience. In fact, with this choice
some key results can be calculated analytically, and in addition the gamma
distribution has �nite moments that vary with the shape factor �:

mean(� ) = �� = �� ; SD(� ) = �
p

� = ��=
p

�;

skewness(� ) = 2=
p

�; kurtosis(� ) = 6=�:

The composition of stable isotopes, considering the seasonal pattern, can
be modeled with a sine wave function, and the convolution formula (1.13)
transforms a sinusoidal cycle in the precipitation time series cp(t) into a
sinusoidal cycle of the same frequency, but with a di�erent amplitude and
phase, in the stream �ow times series cs(t). The sinusoidal cycle cs(t) will
be damped and phase shifted relative to cp(t) (Fig. 1.2), and this damp-
ing and phase shift can be used to infer characteristics of the transit time
distribution h(� ). The amplitudes A and phases � of seasonal cycles in
precipitation and stream�ow can be estimated by sinusoidal �tting:

cp(t) = A p sin(2�f t � � p) + k p; (1.15)

cs(t) = A s sin(2�f t � � s) + k s; (1.16)
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or by determining the cosine and sine coe�cients a and b with multiple
linear regression:

cp(t) = a p cos(2�f t) + b p sin(2�f t) + k p; (1.17)

cs(t) = a s cos(2�f t) + b s sin(2�f t) + k s; (1.18)

and then calculating the amplitudes and phases using the identities:

Ap =
q

a2
p + b2

p; As =
q

a2
s + b2

s; � p = arctan(bp=ap); � s = arctan(bs=as):
(1.19)

In equations t is the time, f is the frequency (f = 1 year�1 ), k is the con-
stant describing the vertical o�set of the isotope signal, and the subscripts
p and s refer to precipitation and stream �ow, respectively. In �tting sinu-
soidal cycles to real data, robust estimation techniques, such as iteratively
reweighted least squares (IRLS) regression, can help to limit the in�uence
of outliers.

To calculate the amplitude damping and phase shift that result from
the convolution of a sinusoidal input with a gamma distributed h(� ), its
characteristic function is used:

H(f ) = (1 � i2�f �) �� : (1.20)

From Eq. (1.20), one can derive how the shape factor � and the mean
transit time �� a�ect the amplitude ratio A s=Ap between the stream�ow
and precipitation cycles, which in fact coincides with the modulus of the
characteristic function of the gamma distribution,

As

Ap
= (1 + (2�f �) 2)��=2 ; (1.21)

and also the phase shift, which instead coincides with the argument of the
characteristic function of the gamma distribution,

� s � � p = � arctan(2�f �): (1.22)

If the shape factor � is known or can be assumed, the mean transit time ��
can be calculated directly from the amplitude ratio by inverting Eq. (1.21):

�� = ��; � =
1

2�f

q
(A s=Ap)�2=� � 1: (1.23)

Using Eq. (1.23) with � = 1 is the standard way to estimate MTTs from
seasonal tracer cycles in precipitation and stream�ow. Alternatively, both
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the shape factor � and the mean transit time �� can be determined from the
phase shift and the amplitude ratio. Indeed, by substituting Eq. (1.23) in
(1.22), we have the following implicit expression for �:

� s � � p = � arctan(
q

(A s=Ap)�2=� � 1); (1.24)

which can be solved using non linear search techniques and, once � has been
determined, the mean transit time can be calculated from Eq. (1.23). The
problem is that the phase shift may be di�cult to estimate accurately, and
this can result in large errors in the estimates of � and thus �� , particularly
if the phase shift is close to zero.

The equality between the amplitude ratio of the isotopic cycles in stream
�ow and precipitation and the modulus of the characteristic function holds
for any distribution of transit time. If we indicate with H(f ) the charac-
teristic function, with argument 2�f , of a generic transit time distribution,
with probability density function h(� ):

H(f ) =
Z +1

�1
h(� )e i2�f � d�; (1.25)

from the convolution (1.13) and using (1.15) and (1.16), one can obtain that

As

Ap
= jH(f )j and Arg(H(f )) = � s � � p; (1.26)

where the absolute value of the characteristic function is meant as the mod-
ulus of a complex number and f is the frequency of sine functions. Indeed,
by substituting the seasonal cycles (1.16) and (1.15) into the convolution
equation (1.13), it follows that

As sin(2�f t � � s) + k s =
Z 1

0
h(� )[A p sin(2�f (t � � ) � � p) + k p]d�:

For Euler's formula the sine function can be written as sin x =eix �e �ix

2i , then

As
ei2�f t e�i� s � e �i2�f t ei� s

2i
+ k s =

Ap

Z 1

0
h(� )

ei2�f (t�� ) e�i� p � e �i2�f (t�� ) ei� p

2i
d� + k p

and thus

As(ei2�f t e�i� s � e �i2�f t ei� s) + 2i(k s � k p) =

Ap[ei2�f t e�i� pH(�f ) � e �i2�f t ei� pH(f)]
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where the characteristic function (1.25) was used.
Using the exponential of the logarithm and the complex logarithm

log(H) = log jHj + iArg(H);

where log jH(f )j = log jH(�f )j and Arg(H(�f )) = �Arg(H(f )), we have:

As(ei2�f t�i� s � e �i2�f t+i� s) + 2i(k s � k p) =

Apelog jHj [ei2�f t�i� p �iArg(H) � e �i2�f t+i� p+iArg(H) ]:

Using Euler's formula eix = cos x + i sin x and considering that cosine is an
even function while sine is an odd function:

As sin(2�f t � � s) + (k s � k p) = A pelog jHj sin(2�f t � � s � Arg(H)):

This equality is veri�ed if

As = A pelog jH(f )j ; Arg(H(f )) = � s � � p; ks = k p;

so that
As

Ap
= jH(f )j: (1.27)

1.6 Young water component

Kirchner examines how catchment heterogeneity a�ects estimates of the
mean transit time. Using a thought experiment, he considers two or more
hypothetical subcatchments with di�erent MTTs and combines their tracer
signals. The resulting mixed signal does not correspond to a simple aver-
age of the subcatchments' MTTs due to the nonlinear relationship between
tracer cycle (amplitude ratio and phase shift) and MTT. The results show
that apparent MTTs derived from the combined runo� often substantially
underestimate the true whole catchment MTT. Kirchner [2016a] underlines
that in heterogeneous catchments the �aggregation error� occurs, i.e., the
mean transit times estimated from seasonal tracer cycles lead to inconsistent
results at di�erent levels of aggregation. This aggregation bias implies that
seasonal cycles of conservative tracers are unreliable estimators of catchment
mean transit times.

Kirchner imagines that in a catchment a fraction of precipitation com-
pletely bypasses storage, while the remainder is stored and mixed on very
long time scales, and he supposes that for many transit time distributions
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Figure 1.2: Isotopic seasonality in precipitation and stream �ow for two catchments in Switzer-
land. The seasonal cycles of the stream water isotopes (in blue) display damping and phase
shifts compared to the isotopic cycles of precipitation (in light blue). Stronger damping of the
seasonal isotope cycles implies a smaller fraction of young water in the stream �ow, as seen in
the Dischmabach catchment (Source: von Freyberg et al. [2018], CC BY 4.0).

the amplitude ratio might be a good estimator of the fraction of stream
�ow that is younger than some threshold age. With numerical experiments
Kirchner [2016a] veri�es this conjecture for the gamma distribution cover-
ing a wide range of shape factors. Therefore, he de�nes the young water
fraction Fyw as the proportion of the transit time distribution younger than
a threshold age �yw and calculates it via the regularized lower incomplete
gamma function:

Fyw = P(� < � yw) = �(� yw; �; �) =
Z � yw

�=0

� ��1

� � �(�)
e��=� d�: (1.28)

Then Kirchner numerically searches for the threshold age for which, for a
given shape factor �, the amplitude ratio As=Ap closely approximates Fyw

across a wide range of scale factors � (or equivalently, a wide range of mean
transit times �� since � = ��=�). This young water fraction nearly equals the
amplitude ratio with the threshold for young water varying from 1.7 to 2.7
months as � ranges from 0.5 to 1.5, as shown in Fig. 1.3. The amplitude
ratio and the young water fraction are both dimensionless and they both
range from 0 to 1, so they can compare directly. He �nds the best �t of the
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young water fraction thresholds for the gamma transit time distribution, as
a function of the shape factor � ranging from 0.2 to 2:

� yw=T � 0:0949 + 0:1065� � 0:0126� 2;

where T is the period of tracer cycles. Across the entire range of � from
0.2 to 2 and across the entire range of amplitude ratios from 0 to 1, the
amplitude ratio As=Ap estimates the young water fraction with a root mean
square error of less than 0.023.

The young water fraction Fyw has the inevitable drawback that, since
the shape factor is usually unknown (and in general also the transit time
distribution), the threshold age �yw will necessarily be somewhat imprecise.
However, Fyw has the considerable advantage of being virtually immune
to aggregation bias in heterogeneous catchments because it is nearly equal
to the amplitude ratio As=Ap, which has a small bias and also very little
random error. The uncertainty in � can be interpreted in two ways: it can
create uncertainty in the estimation of the threshold age �yw (which de�nes
�young� in the young water fraction), or it can create uncertainty in the
estimation of the proportion of water younger than a �xed threshold age
(the �fraction� in the young water fraction). Kirchner shows that in the
�rst case the uncertainty on the threshold age is about 0.52 months (or
about two weeks), and in the second case the uncertainty on the proportion
of young water is a small percentage, in comparison to the corresponding
uncertainty in the mean transit time.

Anyway, Kirchner [2016a] uses the family of gamma distributions for
mathematical convenience, but considering that mixing gamma distribu-
tions (of the hypothetical sub-catchments) does not result in a gamma dis-
tribution (for the resulting runo�), he suggests the general validity of his
results. Therefore, Kirchner shows that the amplitude ratio of seasonal
tracer cycles in precipitation and stream �ow is a reliable estimate of the
young water fraction (i.e., the water younger than about 2-3 months) even
in heterogeneous catchments and for several transit time distributions. The
practical issue is that the form of the transit time distribution is unknown in
heterogeneous catchments, so the problem of �tting the wrong distribution
is di�cult to solve.
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Figure 1.3: (a)�(c) show the amplitude ratios A s=Ap in precipitation and stream�ow tracer cycles
(light blue dashed line) as function of mean transit time, compared to the fraction of water younger
than several threshold ages (gray lines), and the best-�t age threshold (dark blue line). (d)�(f)
show the relationship between amplitude ratio and the fraction of water younger than several age
thresholds (gray lines) and the best-�t age threshold (dark blue line), with the 1:1 line (dashed
gray) for comparison. The results are obtained for three gamma distributions with shape factors
� = 0:5, � = 1, and � = 1:5. Threshold age and mean transit time are normalized by T = 1
year, which is the period of tracer cycles (Source: Kirchner [2016a], CC BY 3.0).

1.7 Subsurface �ow equations

The description of surface and subsurface �ows is typically based on Darcy's
law, which assumes a linear relationship between �ow velocity and hydraulic
gradient with a proportionality coe�cient known as hydraulic conductivity
[Beven, 2012]. Thus, in one spatial dimension,

vx = �K
@�
@x

(1.29)

where vx is the velocity in the x direction, � =  + z is the hydraulic head,
with  denoting the pressure head (capillary potential under unsaturated
conditions) and z the elevation head, and K is the hydraulic conductivity.
Initially, this relationship was empirically established by Darcy (1856) for
�ows through saturated porous media. Later, Richards (1931) generalized
Darcy's law to unsaturated �ows, assuming that the same equation holds
but that the hydraulic conductivity K is not constant and varies with the
soil water content (or with the capillary potential): K = K(�), where � is
the volumetric soil moisture.
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Darcy's law can be derived from the fundamental Navier�Stokes equa-
tions under certain assumptions about the pore structure and �ow remain-
ing within the laminar regime. Although this is typically valid for uniform
porous media, it may not hold in heterogeneous soils or in the presence
of macropores, where �ow dynamic di�ers. Therefore, Darcy's law is only
strictly valid at relatively small spatial scales, likely smaller than typical
elements in rainfall�runo� models. At larger scales, alternative �ux equa-
tions have been proposed, since using Darcy's law at these scales is a rough
approximation and may require hydraulic conductivity values that are not
physically measurable in the �eld.

The most important equation in the description of subsurface �ows is
Richards' equation, which can be obtained by the combination of Darcy's
law with the mass balance (or continuity) equation [Porporato and Yin,
2022, Beven, 2012]. The mass balance equation can be written as

@��
@t

= �r � (�v) � �E T (x; y; z; t) (1.30)

where � is the density of water and ET (x; y; z; t) is the rate of evapotran-
spiration loss expressed as a volume of water per unit volume of soil that
can vary with position and time. So, combining Darcy's law (1.29) with the
mass balance equation (1.30) gives Richards' equation1:
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(1.31)
or, considering that � =  + z where  is the capillary potential and z is
the elevation above some datum,
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(1.32)
or, using the di�erential operator r,

@��
@t

= r � [�K(�)r ] +
@�K(�)

@z
� �E T (x; y; z; t): (1.33)

In this form of the equation, it is assumed that the hydraulic conductivity
K(�) at a given moisture content is the same in all �ow directions, i.e.,

1Although the equation is widely known as Richards' equation, as it is attributed to Lorenzo A.
Richards (1931), an equivalent form was introduced earlier by Lewis Fry Richardson in 1922.
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the soil is isotropic. However, in general, soil is anisotropic, and hydraulic
conductivity is represented as a matrix of values. The equation involves
two variables,  and �, but can be reduced to a single solution variable
by introducing additional assumptions regarding the relationship between
 and �. For example, de�ning the soil's speci�c moisture capacity as
C( ) = d�

d and assuming that the water density is constant, Richards'
equation can be written as:

C( )
@ 
@t

= r � [K ( )r ] +
@Kz( )

@z
� E T (x; y; z; t) (1.34)

where K( ) and K z( ) indicate that the hydraulic conductivity depends
on direction and is a function of  . To solve this equation, it is necessary to
de�ne the functions C( ) and K ( ), which theoretically may not be single-
valued functions of  or �, but may instead exhibit hysteresis, that is, they
may vary with the history of wetting and drying at a point. An equivalent
form of Richards' equation can be expressed in terms of soil moisture content
� [Beven, 2012] as:

@�
@t

= r �
"

K (�)
d 
d�

r�
#

+
@Kz(�)

@z
� E T (x; y; z; t) (1.35)

where the product K(�) d 
d� is known as the di�usivity of the soil and is often

written as D(�).
Richards' equation is a nonlinear partial di�erential equation, due to the

nonlinear dependence of hydraulic conductivity on soil moisture (or capil-
lary potential), for both saturated and unsaturated �ows through porous
media. To solve Richards' equation, it is necessary to specify initial and
boundary conditions as well as nonlinear relationships relating soil moisture
content, capillary potential, and hydraulic conductivity, commonly referred
to as the soil characteristic curves. Therefore, analytical solutions are very
di�cult, except in some simple cases of initial and boundary conditions and
nonlinear soil moisture characteristic curves. Thus, the use of Richards'
equation to predict water �ow in unsaturated soils requires specifying the
nonlinear functions C( ) and K( ) if the equation is solved in terms of
capillary potential  , or the nonlinear functions D(�) and K(�) if solved
in terms of moisture content �. Direct measurements of these functions are
time consuming, even in laboratory settings, and their hysteretic, multi-
valued nature, dependent on the wetting and drying history, adds further
complexity. For modeling purposes, it is often assumed that simpler, single-
valued functions can be used. Two widely adopted formulations are those
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proposed by Brooks and Corey (1964) and van Genuchten (1980) [Beven,
2012]. Both de�ne the relationships �( ) and K(�), from which the speci�c
moisture capacity C( ) and the di�usivity D( ) can be derived. In Brooks-
Corey functions, moisture content and capillary potential are related as

� � � r

� s � � r
=

 
 0

 

! �

while the relation between hydraulic conductivity and moisture content is

K(�)
K s

=
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! 3+2�

:

In van Genuchten functions, moisture content and capillary potential are
related as
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Both types of proposed soil moisture characteristic functions require the
calibration of several parameters: the saturated porosity of the soil �s, the
residual moisture content �r , the saturated hydraulic conductivity Ks, the
bubbling potential  0, and the pore size index �.

In many hydrological applications, an approximate numerical solution
of Richards' equation is used. A wide range of numerical techniques is
available, such as �nite di�erence, �nite element, boundary element, inte-
grated �nite di�erence, and �nite volume techniques. All these methods
involve discretizing the �ow domain into a network of grids or elements
and solving for moisture content � or capillary potential  at a large num-
ber of nodes. Model parameters must be assigned to each grid element in
the �ow domain, and boundary conditions must be speci�ed for every dis-
crete length or area of the domain. One of the main challenges in applying
Richards' equation is specifying the nonlinear soil moisture characteristic
curves for each location or grid element. Most models rely on parame-
terized soil moisture characteristic relationships linking moisture content,
capillary potential, and hydraulic conductivity. These relationships require
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multiple parameters for each grid element and are commonly assumed to be
single-valued. However, due to soil moisture hysteresis, soils often exhibit
di�erent characteristic curves during wetting and drying, meaning that the
appropriate values of capillary potential and hydraulic properties depend
on the temporal evolution of moisture content.

Several computer software packages, such as Hydrus [’im·nek et al.,
2022] �nite element programs to simulate �ow and transport, are available
to solve Richards' equation in one, two, or three dimensions. These solutions
assume that the e�ective parameter values for the Darcy �ow law can be
de�ned at the element scale. Applying numerical methods to Richards'
equation involves several considerations. First, all solution techniques for
this type of nonlinear problem are approximate, and in some cases, they
may lead to numerical issues. For any solution algorithm consistent with
the di�erential equation, the accuracy depends on the temporal and spatial
discretization employed. The smaller the spatial increments, the shorter the
time steps must be to ensure solution stability. Moreover, a large number
of nodes may be required to discretize the �ow domain, especially in three
dimensions, which can lead to a signi�cant increase in computational time
as the number of nodes grows. There may also be some stability problems
inherent to the solution of Richards' equation. Finally, soil heterogeneity,
preferential �ow paths, and irregularities in subsurface �ow are not always
well represented in these models and remain topics of research.

Richards' equation, a classical representation of unsaturated �ow dynam-
ics, is one of the most widely used approaches for modeling soil moisture
[Porporato and Yin, 2022]. Soil moisture is a fundamental variable for un-
derstanding hydrological processes such as drainage, evaporation, and plant
water uptake. Understanding soil moisture dynamics is crucial because soil
water content in�uences processes from plant ecology and physiology to
hydrology and climatology. Additionally, soil moisture plays an important
role in groundwater recharge and surface runo�, both critical components of
�ood hydrology. The numerical solution of Richards' equation, implemented
in software as Hydrus, is widely used to simulate soil moisture dynamics
under various conditions including capillarity and evaporation. These ap-
proaches typically require detailed parameterization and numerous external
inputs, and are often employed both to compare soil moisture models and to
validate analytical solutions developed under speci�c assumptions. Alter-
natively, simpli�ed analytical solutions of Richards' equation are sometimes
used to predict soil moisture dynamics directly from experimental sites data.
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Chapter 2

Stochastic Models for
Anomalous Di�usion

2.1 Anomalous di�usion

Di�usion models describe the motion of particles, or larger objects, subject
to random e�ects. Di�usion processes in various systems usually no longer
follow Gaussian statistics, and therefore Fick's second law fails to describe
the associated transport behavior [Metzler and Klafter, 2000]. In partic-
ular, the mean square displacement (MSD) deviates from the linear time
dependence, hx2(t)i � K 1t, which is typical of Brownian motion and arises
from the central limit theorem and the Markovian nature of the underly-
ing stochastic process. In contrast, anomalous di�usion is characterized by
a non-linear temporal growth of the mean square displacement over time.
The prototype of the non-linear behavior observed in many systems is the
power-law hx2(t)i � K � t � , and, depending on the value of the exponent �,
di�erent types of anomalous di�usion occur. For 0 < � < 1, the system
exhibits subdi�usion, meaning that the MSD grows slower than linearly
with time. For � > 1, superdi�usion takes place, where the MSD grows
faster than in the linear case. At the threshold between subdi�usion and
superdi�usion, there is normal Brownian di�usion, corresponding to � = 1.
Another special case is ballistic motion, which occurs for � = 2.

The anomalous di�usion behavior arises when the assumptions of the
classical central limit theorem break down, for instance due to broad dis-
tributions or long-range correlations. Thus, broad distributions of spatial
jump or waiting time lead to non-Gaussian propagators and a possibly non-
Markovian time evolution of the system, a typical manifestation of non-local
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temporal phenomena observed in various systems, such as transport in dis-
ordered and porous media, intracellular di�usion, and turbulent �ows. The
�rst indications of anomalous di�usion came from Richardson's 1926 work
on turbulence [Richardson, 1926]. More structured theoretical treatments
emerged in the 1970s with Scher and Montroll's study of charge transport
in amorphous semiconductors, employing the continuous time random walk
(CTRW) framework [Scher and Montroll, 1975]. Since then, anomalous
di�usion has been experimentally veri�ed in systems ranging from porous
media, polymer chains, and cellular environments to turbulent �ows and bi-
ological systems. Beyond the random walk description, generalized forms of
the di�usion equation have been developed to account for anomalous trans-
port. In particular, replacing the local time derivative with a fractional
operator captures the memory e�ects characteristic of many complex sys-
tems. Moreover, fractional equations arise naturally in the di�usion limit of
certain random walk schemes, making the fractional approach highly use-
ful in modeling such phenomena. Single-particle mathematical models for
anomalous di�usion often include memory e�ects, constraints on particle
motion, and trapping e�ects, i.e., when heterogeneous media slow down
di�usion due to random traps or spatial inhomogeneities.

2.2 Continuous time random walks and fractional dif-
fusion equations

A continuous-time random walk is a process in which a particle can jump
from one position to another with time intervals during which it remains
stationary. The CTRW model is based on the idea that the length of a given
jump, as well as the waiting time elapsing between two successive jumps,
are drawn from a joint probability density function  (�; � ), where � are the
jumps and � the waiting times, called the jump p.d.f. [Metzler and Klafter,
2000]. From  (�; � ), the jump length p.d.f.

�(�) =
Z 1

0
 (�; � )d� (2.1)

and the waiting time p.d.f.

w(� ) =
Z 1

�1
 (�; � )d� (2.2)

can be obtained. Thus, �(�)d� represents the probability that a jump length
is in the interval (�; �+d�) and w(� )d� the probability that a waiting time is
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2 � Stochastic Models for Anomalous Di�usion

in the interval (�; � + d� ). If jump length and waiting time are independent
random variables, the decoupled jump p.d.f. is  (�; � ) = w(� )�(�). A
CTRW process can be described by the equation [Metzler and Klafter, 2000,
Eq. 22]

�(x; t) =
Z 1

�1
dx0

Z t

0
dt0�(x 0; t0) (x � x 0; t � t 0) + �(x)�(t) (2.3)

which relates the p.d.f. �(x; t) of just having arrived at position x at time
t, with the event of having just arrived at x0 at time t 0. The second term
of the equation represents the initial condition for the random walk. The
probability density function p(x; t) of being in x at time t is given by

p(x; t) =
Z t

0
dt �(x; t 0)	(t � t 0) (2.4)

where 	(� ) is the complementary cumulative distribution function of wait-
ing times, also called survival function, i.e.

	(� ) = 1 �
Z �

0
w(� 0)d� 0 =

Z 1

�
w(� 0)d� 0: (2.5)

The probability density function p(x; t) of being in x at time t, condi-
tioned by the fact that the position is x = 0 at time t = 0, can be also
obtained following the approach by Scalas et al. [2004] as

p(x; t) = �(x)	(t) +
Z t

0

Z 1

�1
 (x � x 0; t � t 0)p(x0; t0)dx0dt0: (2.6)

The quantity (2.3) is related to the semi-Markov renewal equation, also
called Montroll-Weiss equation, and a rigorous derivation of this equation
can be found in Germano et al. [2009].

Di�erent types of CTRWs can be categorized based on the characteristic
time, i.e. the mean value of waiting time

T =
Z 1

0
�w(� )d�; (2.7)

and the variance of jump length

� 2 =
Z 1

�1
� 2�(�)d�: (2.8)

These quantities can be �nite or divergent depending on the distributions
considered, leading to di�erent types of processes. If both the characteristic
waiting time T and the jump length variance � 2 are �nite, the long-time
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limit corresponds to Brownian motion. So, in this case, the di�usion equa-
tion, or second Fick's law, holds [Metzler and Klafter, 2000, Eq. 13]

@p
@t

= K 1
@2

@x2
p(x; t) (2.9)

where K1 is the di�usion constant given by

K 1 = lim
�x!0;�t!0

(�x) 2

2�t
: (2.10)

Assuming that for t = 0 all particles are in the origin, i.e. the initial
condition p0(x) = lim t!0 + p(x; t) = �(x), then the solution of di�usion
equation has the Gaussian shape

p(x; t) =
1

p
4�K 1t

exp
 

�
x2

4K1t

!

; (2.11)

and p(x; t) with the initial condition p 0(x) is called propagator or Green
function.

Now consider the case of a CTRW with long rests, sometimes referred
to as fractal random walk, where the characteristic waiting time T diverges
but the jump length variance � 2 remains �nite. In this case, the waiting
time probability density function is heavy-tailed, with asymptotic behavior
w(� ) � A � (��=� ) 1+� , for 0 < � < 1, and the fractional di�usion equation is
obtained [Metzler and Klafter, 2000, Eq. 34]

@p
@t

= 0D 1��
t K �

@2

@x2
p(x; t) (2.12)

where the Riemann-Liouville operator0D 1��
t = (@=@t)0D ��

t is de�ned
through the relation

0D ��
t p(x; t) =

1
�(�)

Z t

0

p(x; t0)
(t � t 0)1�� dt0 (2.13)

and K � = � 2=�� � is the generalized di�usion constant. In the limit � ! 1,
the fractional di�usion equation (2.12) reduces to the normal di�usion equa-
tion (2.9). Processes that satisfy the fractional di�usion equation are non-
Markovian, as the waiting times are not exponentially distributed. These
processes exhibit subdi�usive behavior; in fact, the mean squared displace-
ment results

hx2(t)i =
2K �

�(1 + �)
t � with 0 < � < 1: (2.14)
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2 � Stochastic Models for Anomalous Di�usion

Indeed, since the variance of the jump lengths is �nite while the waiting
times have an in�nite mean, the particle tends to remain stationary for
very long periods. As a result, the spreading is slower than in the Brownian
case, and the process is therefore subdi�usive.

The opposite case of �nite characteristic time T and diverging jump
length variance � 2 can be modeled by a Poissonian waiting time pdf w(� ) =
�� �1 exp(��=�� ) and a Lévy distribution for the jump length with asymptotic
behavior �(�) � A � � �� j�j �1�� , for 1 < � < 2. In this case, the following
fractional di�usion equation [Metzler and Klafter, 2000, Eq. 58] can be
obtained

@p
@t

= K �
�1 D �

x p(x; t) (2.15)

where the generalized di�usion constant is K� = � � =�� and �1 D �
x is the

Weyl operator, obtained from the Riemann-Liouville fractional integral for
an arbitrary complex � with Re(�) > 0

t0
D ��

t f (t) =
1

�(�)

Z t

t0

f (t 0)
(t � t 0)1�� dt0 (2.16)

with t 0 = �1 instead of t 0 = 0. In one dimension the Weyl operator is
equivalent to the Riesz operator r� . The process that solves this fractional
di�usion equation is a continuous time random walk called Lévy �ight, and
it is Markovian because the characteristic time T is �nite. Due to the
asymptotic property of the jump length probability density function, in
Lévy �ights, very long jumps can occur with a higher probability compared
to the case of �nite jump length variance, where all jumps are of about
the same length. For this type of processes the mean squared displacement
diverges

D
x2(t)

E
= 1. However, this property of mean square displacement

cannot hold for a particle with positive mass. Such particles, in fact, have
a �nite velocity of propagation, and therefore instantaneous long jumps
are not possible. This problem can be addressed by replacing Lévy �ight
with a version of random walks in which waiting times and jump lengths
are coupled with a time cost penalizing long jumps, or alternatively, where
long jumps are replaced by trajectories with �nite velocity. As reported in
Metzler and Klafter [2000], it is possible to rescale the fractional momentsD
x � (t)

E
of order � with 0 < � < � � 2; to obtain a pseudo-mean square

displacement [x2] / t
2
� , which thus exhibits a superdi�usive behavior.

Finally, it is possible to consider continuous time random walks with both
T and � 2 in�nite, which leads to the fractional di�usion equation [Metzler

35



and Klafter, 2000, Eq. 73]

@p
@t

= 0D 1�� K �
� r � p(x; t) (2.17)

where the generalized constant di�usion is K�� = � �

�� � . Similarly to the case
where T is �nite and � 2 diverges, the process described by this di�usion
equation performs instantaneous and very long jumps, thus with in�nite
velocity. However, in this case, Markovianity is lost since T also diverges.

In the Brownian case, both di�usion with an additional velocity �eld v
and di�usion under the in�uence of a constant external force �eld can be
described by the di�usion�advection equation

@p
@t

+ v
@p
@x

= K 1
@2

@x2
p(x; t): (2.18)

Instead, in the case of anomalous di�usion, the fractional generalization may
di�er between advection and transport under an external force �eld. In the
stationary state, that is, in the absence of inertial terms, described by the
di�usion-advection equation, the problem is Galilei invariant, i.e., invariant
under a transformation x ! x � vt. Requiring this property to hold also
in the anomalous case, a direct extension of the CTRW scheme leads to a
fractional di�usion-advection equation. Thus, considering a homogeneous
velocity �eld v, in the case of in�nite characteristic waiting time T and
�nite jump length variance � 2, the following fractional advection-dispersion
equation is obtained [Metzler and Klafter, 2000, Eq. 82]

@p
@t

+ v
@p
@x

= 0D 1��
t K �

@2

@x2
p(x; t): (2.19)

A possible realization of the Galilei invariant [Le Vot et al., 2020] subdi�u-
sion is the motion of a particle in a �ow �eld where the �owing substance
itself causes the occurrence of subdi�usion. Alternatively, when considering
a position-dependent velocity �eld v(x), the resulting fractional advection-
di�usion equation becomes [Metzler and Klafter, 2000, Eq. 88]

@p
@t

= 0D 1��
t

"

�A �
@

@x
v(x) + K �

@2

@x2

#

p(x; t): (2.20)

This model describes physical systems in which trapping occurs, that is, the
particle is repeatedly immobilized in the environment for a certain trapping
time, drawn from the waiting time probability density function w(� ), before
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2 � Stochastic Models for Anomalous Di�usion

being carried along again by the velocity �eld. For Lévy �ights in an external
velocity �eld v, i.e., for �nite characteristic waiting time T and in�nite jump
length variance � 2, the fractional advection-di�usion equation is [Metzler
and Klafter, 2000, Eq. 93]

@p
@t

+ v
@p
@x

= K � r � p(x; t) (2.21)

which describes a Markovian process with diverging mean squared displace-
ment.

2.3 Continuous time random walks and semi-Markov
property

In this section, the construction and the assumptions of CTRWs, discussed
in the previous section, are presented through an explicit mathematical pro-
cedure (see, e.g. Bio£i¢ and Toaldo [to appear] and Meerschaert and Siko-
rskii [2012]), and their semi-Markov property is established. Let (
; F; P(x;s) ),
(x; s) 2 R d �R, be a family of probability spaces. Take, on these, a sequence
of independent random vectors, (�n; � n), n 2 N, with values in Rd �(0; +1).
The random variables �n, n 2 N, represent the (numbered) jumps of the
CTRW, while � n, n 2 N, represent the waiting times between jumps. Then,
de�ne T0 such that P(x;s) (T0 = s) = 1, T n := T 0 +

P n
i=1 � i , n 2 N, and

N(t) := maxfn 2 N : T n � tg; t 2 R; (2.22)

with N(t) = 0 if t < T 1. Also, de�ne S0 such that P(x;s) (S0 = x) = 1, and
Sn := S0 +

P n
i=1 � i , n 2 N. The CTRW is de�ned as the continuous time

process X(t); t 2 R; where

X(t) := SN(t) =
N(t)X

i=1
� i : (2.23)

It follows that

X(t) = S n; Tn � t < T n+1 : (2.24)

Another relevant process is the process that tracks the time of the last
jump before time t 2 R, i.e.

T (t) := T N(t) ; t 2 R: (2.25)
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These processes di�er from continuous-time Markov chains since the waiting
times between the jumps are not necessarily exponentially distributed. It
is assumed that an accumulation of in�nitely many jumps in �nite time is
always excluded

X

n
� n = +1; P (x;s) �a.s.; (2.26)

for all (x; s) 2 R d � R.
The typical assumptions on (�n; � n) are such that the process (Sn; Tn),

n 2 N [ f0g, is a time-homogeneous Markov chain on Rd � R, tracking
the position of a particle and the time of the n-th jump. This means that
the information on (� n; � n), i.e., the n-th space-time jumps, pass through
the current position (Sn�1 ; Tn�1 ). In other words, to construct a CTRW of
this kind, it is enough to specify, for any n 2 N, the joint distribution of
(� n; � n) = (S n �S n�1 ; Tn �T n�1 ) conditionally on the random variables Sn�1

and Tn�1 . This perspective aligns with the approach taken by Gikhman and
Skorohod [Gikhman and Skorokhod, 2004, Chapter 3, Section 3] in their
introduction of semi-Markov processes.

Indeed, in [Gikhman and Skorokhod, 2004, Chapter 3, Section 3] the
authors considered a sequence of uniform random variables on (0;1), say �n,
n 2 N, jointly independent from some Markov chain Sn, n 2 N, and then
they de�ned a function ' x;y (t), x; y 2 R d, such that ' x;y (�), where � has
the uniform distribution on (0;1), has the cumulative distribution function
Fx;y (t). With this at hand, one can set �n := ' Sn�1 ;Sn (� n), n 2 N. The
random variables �n, Sn�1 , and Sn � S n�1 are not necessarily independent.
To obtain a CTRW (in the spirit above) from this construction, it is more
suitable to consider functions '(x;y) (� n) � e' (x;y�x) (� n), where e'(x; h) =
'(x; x + h), i.e., the dependence of � n on the next position is due to the
dependence on the forthcoming jump. From this, we easily see that (Sn; � n),
n 2 N, is a discrete time Markov chain, and (Sn; Tn)n, n 2 N, as well. With
this construction the transition probabilities of this chain depend only on the
current position of Sn, since the waiting time �n+1 is independent of Tn. The
corresponding CTRW is called homogeneous in this case. This approach by
Gikhman and Skorokhod [2004] is useful as it allows us to apply the theory
of semi-Markov processes to CTRWs. In particular, we can draw upon
[Gikhman and Skorokhod, 2004, Lemma 2, Section 3, Chapter 3], and other
results in the same reference, to prove a Markov embedding for X(t) and
renewal equations for the corresponding Markov process. This property,
stated in the next theorem [Bio£i¢ and Toaldo, to appear, Theorem 1.1], is
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2 � Stochastic Models for Anomalous Di�usion

called the semi-Markov property in the sense of Gikhman and Skorokhod.
Renewal equations for some more particular CTRWs X(t) (the position
coordinate alone) were already obtained in the literature (e.g., Germano
et al. [2009]).

Theorem 2.3.1. Let X(t), t 2 R, be a CTRW as in (2.23) and suppose
that (Sn; Tn), n 2 N [ f0g, is a Markov chain such that, for the waiting
times �n, n 2 N,

P
n � n = +1, P (x;s) -a.s. for all (x; s) 2 R d � R. Assume

further that, for all (z; r) 2 R d � R, (z 0; r 0) 2 R d � R and (x; s) 2 R d � R,
it holds that

P(z;r) (Sn+1 2 dy; � n+1 2 dw j Sn = x; T n = s) =

P(z0;r 0) (Sn+1 2 dy; � n+1 2 dw j Sn = x) =

P(x;0) (S1 2 dy; � 1 2 dw) = : � x(dy; dw): (2.27)

De�ne, for t � 0,


(t) = t � T n; Tn � t < T n+1 ; (2.28)

i.e. 
(t) = t � T (t). Then the process (X(t); 
(t)), t � 0, is a homogeneous
Markov process under the measures P(x;s) , (x; s) 2 R d � (�1;0].

If (2.27) is replaced by the stronger assumption

P(z;r) (Sn+1 2 dy; � n+1 2 dw j Sn = x; T n = s) = � x(dy)�(x)e ��(x)w dw;
(2.29)

for a family of probability measures �x , x 2 R d, on Rd, and a function
� : R d ! [0; +1), then the process t ! X(t) is a (continuous-time) Markov
chain on Rd.

2.4 Semi-Markov models

Continuous time random walks on countable state spaces are here consid-
ered. It is assumed that each time the walker makes a jump, the future
trajectory is independent of the past, that is, the next position and the
next jump time depend only on the current position. Moreover, in a generic
time instant, the future evolution is assumed to also depend on the time
already spent in the current position, and such a process is referred to as
semi-Markovian. If the waiting times between jumps follow an exponen-
tial distribution, the random walk reduces to a Markov process because of
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the lack of memory property. It is well known that suitable (Markovian)
random walks provide good approximations of Brownian motion. In recent
decades, it has been observed that CTRWs with waiting times having a
density  (t) � Ct ���1 , C > 0 and � 2 (0;1), i.e. with a power-law decay,
played a central role in statistical physics. This is because they e�ectively
model anomalous di�usion processes, in which the mean square displace-
ment grows as t� , thus slower than a standard Brownian motion, as seen
in the previous paragraph (Eq. (2.14)). In these models, each site exerts
a trapping e�ect that, in a certain sense, delays the time compared to the
corresponding Markov process.

In the case of semi-Markov processes, the transition probabilities of the
corresponding CTRW solve both the fractional backward and forward equa-
tions. These equations are derived from the Kolmogorov backward and for-
ward equations by replacing the standard time derivative with the fractional
derivative, introducing a memory e�ect through a convolution integral with
a slowly decaying power-law kernel. In the case of anomalous di�usion
processes the p.d.f. solves the fractional di�usion equation [Metzler and
Klafter, 2000]

@
@t

p(x; y; t) = KD 1��
t

@2

@x2
p(x; y; t): (2.30)

In this form of the fractional di�usion equation, the fractional index � is con-
stant. However, the description of more realistic, and therefore more com-
plex, random processes, in which the particle moves in an inhomogeneous
environment, leads to the case where the order of the fractional derivative
depends on the space. In this case, the trapping e�ect is not exercised with
the same intensity at all sites. Speci�cally, when the particle reaches the
state x, it is trapped for a time interval with density  (t) � t �1��(x) before
jumping to another point. This leads to the fractional di�usion equation
with multi-fractional index (derived in [Chechkin et al., 2005])

@
@t

p(x; y; t) =
1
2

@2

@x2

�

K(x)D 1��(x)
t p(x; y; t)

�

: (2.31)

2.4.1 Motion in homogeneous media

Semi-Markov models are �rst considered in the case of homogeneous me-
dia [Ricciuti and Toaldo, 2017], referring to the classical theory of stepped
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Markov processes. Let M be a continuous time Markov process with dis-
crete state space S:

M(t) = X n Vn � t < V n+1 with V0 = 0 Vn =
n�1X

k=0
Ek (2.32)

where Xn is a homogeneous discrete time Markov chain on S with transition
probabilities

hi;j = P(X n+1 = jjX n = i); 8n 2 N; i; j 2 S; (2.33)

and the sojourn times are exponentially distributed

P(En > tjX n = i) = e �� i t 8n 2 N; t � 0: (2.34)

Let
pi;j (t) = P (M(t) = jjM(0) = i) (2.35)

be the transition probabilities. Then the in�nitesimal transition probabili-
ties are

pi;j (dt) =

8
<

:

gi;j dt = � i hi;j dt i == j
1 + gi;i dt = 1 � � i dt + � i hi;i dt i = j

(2.36)

where gi;j = � i (h i;j � � i;j ) and � i;j is the Kronecker symbol. Under these as-
sumptions the functions pi;j (t) with i; j 2 S solve the Kolmogorov backward
equations (e.g. [Norris, 1997, Sec. 2.8])

d
dt

pi;j (t) =
X

k
gi;k pk;j (t); p i;j (0) = � i;j ; (2.37)

as well as the Kolmogorov forward equations

d
dt

pi;j (t) =
X

k
pi;k (t)gk;j ; pi;j (0) = � i;j : (2.38)

Now consider a CTRW constructed in the same way, except for the distri-
bution of the waiting times, which are no longer exponentially distributed.
These processes are semi-Markov processes [Gikhman and Skorokhod, 2004,
Chap. 3]. Let X(t) be

X(t) = X n Tn � t < T n+1 with T0 = 0 Tn =
n�1X

k=0
Jk (2.39)
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where Xn is a homogeneous discrete time Markov chain on S with transition
probabilities

hi;j = P(X n+1 = jjX n = i); 8n 2 N; i; j 2 S; (2.40)

and the sojourn times are such that

P (Jn > tjX n = i) = Fi (t) 8n 2 N; t � 0: (2.41)

where Fi (t) = 1 � Fi (t) is an arbitrary cumulative distribution function. In
particular, we consider the case

P(Jn > tjX n = i) = E � (�� i t � ) 8n 2 N; t � 0; (2.42)

for � i > 0, where E� (�) is the Mittag-Le�er function de�ned as

E � (x) :=
1X

k=0

xk

�(1 + �k)
: (2.43)

For large t, i.e. for t � 1, (e.g. [Scalas, 2006, Eq. 26])

E � (��t � ) � C �
t ��

�(1 � �)
; C� > 0; (2.44)

so, the density �(d=dt)E � (��t � ) has a power-law decay and the corre-
sponding equations are fractional. The process X(t) has the semi-Markov
property (Theorem 2.3.1 Eq. (2.27)). By de�ning the sojourn time of X in
the current position as


(s) = s � supfw � s : X(w) == X(s)g;

the couple (X(t); 
(t)), t � 0, is a Markov process (Theorem 2.3.1 Eq.
(2.28)). This means that the evolution of the particle depends not only
on the current position X(s), as in the case of Markov processes, but also
on the quantity 
(s), called the age of the process. Let be the transition
probabilities

pi;j (t) :=P (X(t) = j j X(0) = i; 
(0) = 0)
=P(X(t + � ) = j j X(� ) = i; 
(� ) = 0)

(2.45)

where the second equality follows from the property of time-homogeneity.
The process 2.39 has a deep connection to fractional calculus, so the follow-
ing result holds [Ricciuti and Toaldo, 2017, Prop. 2.1].
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Proposition 2.4.1. The transition functions p i;j (t); i; j 2 S solve the fol-
lowing system of backward equations

D �
t pi;j (t) =

X

k
gi;k pk;j (t); p i;j (0) = � i;j ; (2.46)

as well as the system of forward equations

D �
t pi;j (t) =

X

k
pi;k (t)gk;j ; pi;j (0) = � i;j : (2.47)

In the backward and forward equations D�t denotes the fractional deriva-
tive in the sense of Caputo�Dzerbayshan. For � 2 (0;1), it is de�ned as

D �
t u(t) :=

1
�(1 � �)

d
dt

Z t

0
u(s)(t � s) �� ds �

t �� u(0)
�(1 � �)

: (2.48)

The fractional derivative in the sense of Riemann-Liouville, for � 2 (0;1),
is given by

RD �
t u(t) :=

1
�(1 � �)

d
dt

Z t

0
u(s)(t � s) �� ds: (2.49)

Therefore the Caputo (2.48) and Riemann�Liouville (2.49) fractional deriva-
tives are related by

D �
t u(t) = RD �

t u(t) �
u(0)

�(1 � �)
t �� ; (2.50)

and they coincide when the initial condition is u(0) = 0.

2.4.2 Motion in heterogeneous media

This section shows how the tools used to model homogeneous media can
be adapted to account for heterogeneity, meaning that the trapping e�ect
does not act with the same intensity at di�erent sites but depends on the
current position. In particular, the holding time at position x has a density
 (t) � t �1��(x) . Hence, consider a continuous time random walk de�ned as
in (2.39) except for the distribution of waiting times, which now presents a
state dependent fractional order:

X(t) = X n Tn � t < T n+1 where T0 = 0 Tn =
n�1X

k=0
Jk

P(Jn > tjX n = i) = F i (t) = E � i (�� i t � i ) � i 2 (0;1):
(2.51)
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For a constant C > 0 depending on �i and � i , we have, as t ! 1

�
d
dt

E � i (�� i t � i ) � Ct �� i �1 (2.52)

and thus this is a model of a motion performed in a medium where the
trapping e�ect does not have the same intensity at all sites. The backward
equation for the semi-Markov process (2.51) in the heterogeneous framework
can be derived and this equation becomes fractional of order �i where i is the
state from where the transition starts [Ricciuti and Toaldo, 2017, Theorem
3.3].

Theorem 2.4.2. The transition functions of (2.51) p i;j (t); i; j 2 S, solve
the following system of backward equations

D � i
t pi;j (t) =

X

k
gi;k pk;j (t) p i;j (0) = � i;j : (2.53)

The system of forward (or Fokker�Planck) equations governing the pro-
cess (2.51) is now derived. Since the random walk takes place in a het-
erogeneous medium, an adequate kinetic description of the process requires
variable order fractional operators. The incoming and outgoing �uxes for
state i are de�ned as the probability of reaching or leaving state i:

J +
i dt = P((X t+dt = i) \ (X t == i));

J �
i dt = P((X t+dt == i) \ (X t = i)):

(2.54)

To deal with J +
i and J�

i it is convenient to assume that when the process
jumps it cannot jump in its current position, so hi;i = 0. Therefore, the
following result holds [Ricciuti and Toaldo, 2017, Theorem 4.3].

Theorem 2.4.3. Let X be the process in (2.51) and assume that hi;i = 0.
Then the transition probabilities

pl;i (t) = P (X(t) = i j X(0) = l; 
(0) = 0) l; i 2 S

solve the following system of fractional forward equations

d
dt

pl;i (t) =
X

k
gk;i

RD 1�� k
t pl;k (t); (2.55)

where RD 1�� k
t denotes the fractional derivative in the sense of Riemann-

Liouville (2.49).
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The proof closely follows that presented by Ricciuti and Toaldo [2017]
and is reported here for completeness.

Proof. The probability that the process performs more than one jump in
an in�nitesimal interval is o(dt). Let J +

i (t)dt be the probability of reaching
the state i during the time interval [t; t + dt)

J +
i (t)dt = P ((X t+dt = i) \ (X t == i));

and let J �
i (t)dt be the probability of leaving the state i during the time

interval [t; t + dt)

J �
i dt = P((X t+dt == i) \ (X t = i)):

Using the notation P := P(� j X(0) = l; 
(0) = 0), we have

P(fX t+dt = ig) = P(fX t+dt = ig \ fX t = ig) + P(fX t+dt = ig \ fX t == ig)
= P(fX t = ig) � P (fX t+dt == ig \ fX t = ig) + P(fX t+dt = ig \ fX t == ig)

(2.56)
which, using the gain and loss �uxes for the state i, becomes

pl;i (t + dt) = p l;i (t) � J �
i (t)dt + J +

i (t)dt

or equivalently,
d
dt

pl;i (t) = J +
i (t) � J �

i (t); t � 0: (2.57)

By the total probability law, the ingoing �ux can be computed as

J +
i (t) =

X

k ==i
J �

k (t)h k;i

where hk;i is the matrix of the embedded chain. So we obtain the following
balance equation, which expresses the conservation of probability mass,

d
dt

pl;i (t) =
X

k ==i
J �

k (t)h k;i � J �
i (t) =

X

k
J �

k (t)(h k;i � � k;i ): (2.58)

The outgoing �ux J �
i (t) can be viewed as the sum of two contributions

J �
i (t)dt = A (1)

i (t)dt + A (2)
i (t)dt

where the �rst term A (1)
i (t)dt is the probability to be initially in the state i

and to remain therefore for a time equal to t, while the second term A(2)
i (t)dt
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is the probability to reach the state i at time t0 < t and to remain there for
a time t � t 0. Thus

J �
i (t) = f i (t)p l;i (0) +

Z t

0
f i (t � t 0)J +

i (t 0)dt0

where pl;i (0) = � l;i and f i (t) is the probability density of the holding time
in i. From (2.57) we have J+

i (t) = d
dt pl;i (t) + J �

i (t), and thus we obtain an
integral equation in J�

i (t)

J �
i (t) = f i (t)p l;i (0) +

Z t

0
f i (t � t 0)

 
d
dt

pl;i (t 0) + J �
i (t 0)

!

dt0: (2.59)

Applying the Laplace transform to (2.59) we have

~J �
i (t) = ~f i (s)pl;i (0) + ~f i (s)(s~pl;i (s) � p l;i (0) + ~J �

i (s))

which gives

~J �
i (s) =

s ~f i (s)
1 � ~f i (s)

~pl;i (s): (2.60)

Assuming that the holding times follow a Mittag-Le�er distribution we
have

~f i (s) =
� i

� i + s � i

and thus (2.60) becomes

~J �
i (s) = � i s1�� i ~pl;i (s):

Recalling the de�nition of the Riemann-Liouville derivative (2.49), we have

J �
i (t) = � i

RD 1�� i
t pl;i (t) (2.61)

and (2.58) reduces to

d
dt

pl;i (t) =
X

k
� k

RD 1�� k
t pl;k (t)(h k;i � � k;i ) =

X

k

RD 1�� k
t pl;k (t)gk;i (2.62)

since gi;j = � i (h i;j � � i;j ), and the proof is complete.

2.5 Lévy walks

The random walk model in which walkers perform instantaneous long-
distance jumps is a Lévy �ight (see Fig. 2.1(a)), as mentioned in paragraph
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2.2. This process is characterized by an in�nite propagation speed since
the second moment of the jump length distribution diverges, along with
higher moments. This feature presents a signi�cant challenge in relating
Lévy �ight models to experimental data. For this reason, the Lévy �ight
model has been modi�ed to incorporate a �nite velocity for moving parti-
cles, leading to probability distributions con�ned within ballistic cones and
with �nite moments. This generalization gives rise to the Lévy walk model
[Zaburdaev et al., 2015].

There are two models that introduce a �nite velocity for the random
walker: Lévy walks with rests and Lévy walks. The Lévy walk with rests
is a direct modi�cation of the CTRW model, in which the particle, after
spending its waiting time, does not perform an instantaneous jump but
instead moves toward its destination at a constant velocity (see Fig. 2.1(c)).
So in this case, the particles alternate periods of motion with pauses, and
therefore there is a separation of particles in two groups: sitting at a given
point and moving somewhere else. The total probability density function at
a given point is the sum of two fractions. Long displacements are responsible
for the anomalously fast di�usion, but the �nite velocity ensures that the
moments of the distribution remain �nite. In this model long trapping
times can compete with long excursions. In Lévy walk model waiting times
are eliminated and the particle moves continuously, performing a sequence
of trajectories (see Fig. 2.1(b)). In each trajectory, it moves in a given
direction at a constant (�nite) velocity, and the length of each trajectory
follows a probability distribution. At the end of each path, the particle
randomly changes direction and continues at the same speed. There are
two characteristics of this model that are the probability density function
of the moving times and the velocity of the particles.

Several generalizations of the Lévy walk model have been proposed [Zabur-
daev et al., 2015]. One natural extension, the random walk with random
velocities, involves allowing the particle's velocity to be a random variable
rather than a �xed value, leading to the presence of two probability distri-
butions: one for the moving times and another for the velocities. Another
possible modi�cation is a random walk with velocity �uctuations, where
particles interact with their surrounding environment, resulting in weak
�uctuations of the velocity around a �xed averaged value. Finally, there are
two other modi�cations of the continuous time random walk model that are
closely related to the Lévy walk but still do not have a well de�ned parti-
cle velocity. In these models, waiting times and jump lengths are coupled,
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but the jumps are instantaneous. In the �jump �rst� model, the particle
�rst makes a jump, and the subsequent waiting time depends on the jump
length. In contrast, in the �wait �rst� model, the particle �rst waits, and
then performs a jump whose length depends on the waiting time.

In general, a continuous-time random walk model is a non-Markovian
process, meaning that the future of a particle depends not only on the par-
ticle's current state, namely, its position and velocity, but also on its history,
like how long it was waiting, or how long it was �ying already. However,
the CTRW and Lévy walk models, in which each step is independent of the
previous, are semi-Markov processes. In such processes, the points at which
jumps or velocity changes occur form a Markov chain, and the renewal
events at those points erase all previous memory. Between these renewal
points, predicting the future behavior of the particle requires knowledge of
how long it has remained in its current state. Thus, Lévy walks can be
regarded as semi-Markov models of particle transport, and this approach is
presented in the following paragraph.

Figure 2.1: (a) Lévy �ight: a particle makes instantaneous jumps alternated with waiting pauses.
The jump lengths and waiting times are independent random variables. (b) Lévy walk: a particle
moves on a straight line with a constant velocity for a random time and then, at a turning point,
instantaneously chooses a new direction and moves again. (c) Lévy walk with rests: a particle
alternates between moving periods, during which it travels at a constant velocity, and pauses,
during which it remains stationary.

2.6 Semi-Markov model of Lévy walk

A semi-Markov model of scattering transport processes is developed as fol-
lows [Ricciuti and Toaldo, 2023]. Let (S; F) be a measurable space where
S is a metric space, and vn, n 2 N, a discrete-time Markov chain. The
transition probabilities are denoted as

F 3 E ! h v(E) := P v(v1 2 E) = P(v n 2 E j v n�1 = v): (2.63)
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Let Jn, n 2 N, be a sequence of non-negative r.v.'s with cumulative distri-
bution function

Fv(w) := P v(J1 � w) := P(J 1 � wjv 1 = v) = P(J n � wjv n = v): (2.64)

It is assumed that Fv(w) is absolutely continuous, for any v 2 S, and gv(w)
denote a density. Let T0 = 0 and Tn =

P n
i=1 Ji for n 2 N. The semi-Markov

process V (t) is the process such that

V (t) = v n Tn�1 � t < T n; n 2 N: (2.65)

The assumption of V being regular means that it does not accumulate an
in�nity of jumps, i.e., if N(t) := maxfn 2 N : T n � tg is de�ned, then
N(t) < 1 P v a.s. for any v 2 S and t > 0.

Consider a semi-Markov model of transporting particle in Rd as follows.
It is assumed that the particle originating at x 2 Rd moves along the unit
vector v1 with constant velocity 1, until it has a collision after a random
waiting time J1; then the particle moves, again with constant velocity 1,
along the unit direction v2 for a random time J2, and so on. Let vi have a
uniform distribution on the unit sphere

Sd�1 = fv 2 R d : kvkd = 1g; (2.66)

where k �kd denotes the euclidean norm and let Ji be i.i.d. random variables
in R+ . Hence, let V (t) be a semi-Markov chain on Sd�1 , representing the
unit velocity vector of the moving particle

V (t) = v n Tn�1 � t < T n; n 2 N (2.67)

where Tn =
P n

i=1 Ji is the time of the n-th scattering with T0 = 0. Actually,
to construct a Lévy walk, it is not strictly necessary to assume that the
velocity has a constant modulus equal to 1. In fact, it would be su�cient
that the velocities are �nite for each i, so the modulus of the velocity could
vary at each change of direction, provided that it always remains �nite. The
assumption that the vi are uniformly distributed on the unit sphere is used
for simplicity. Then, for x 2 R d, the position of the particle is given by

X(t) = x +
Z t

0
V (� )d�: (2.68)

Indicating the number of scatterings up to time t with

N(t) = maxfn � 0 : T n � tg; (2.69)
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the position of the particle can be rewritten as

X(t) = x +
N(t)X

i=1
Ji vi + (t � T N(t) )vN(t)+1 : (2.70)

The process (X(t); V (t)) is called semi-Markov isotropic transport process
[Ricciuti and Toaldo, 2023].

For any x 2 Rd ad v 2 Sd�1 the one dimensional probability density
function of the process, started at x and v, is denoted as

pt (dz; dwjx; v) := P (x;v) (X(t) 2 dz; V (t) 2 dwjX(0) = x; V (0) = v);
(2.71)

which is compactly supported on the set

f(z; w) 2 R d � S d�1 : kz � xk d � t; w 2 S d�1 g:

Denoting by E(x;v) the integration with respect to this probability measure,
we can de�ne

g(x; v; t) = E (x;v) h(X(t); V (t)) (2.72)

where h 2 C0(Rd � S d�1 ). In the special case where the waiting times
have exponential distribution with mean 1=�, then V (t) is a continuous
time Markov chain and also (X(t); V (t)) is jointly Markov. In this case
it is true that (2.72) de�nes a strongly continuous contraction semigroup
on C0(Rd � S d�1 ) equipped with the sup-norm [Watanabe and Watanabe,
1970, Section 2]. For all h 2 C0(Rd � S d�1 ) the following equations holds

@tg(x; v; t) = v � r xg(x; v; t) + �
Z

Sd�1
(g(x; v0; t) � g(x; v; t))�(dv 0) (2.73)

where �(�) is the uniform measure on Sd�1 , with initial condition g(x; v;0) =
h(x; v). This is the backward equation for the Markov process (X(t); V (t)),
and the operator on the right side is the generator of the process. This
equation is also known as linear Boltzmann equation. This Markov process
is an approximation to a standard di�usion process, indeed X(t) converges
to a Brownian motion by rescaling the space variable as x ! cx and the
time variable as t ! c 2t and letting c ! 1 [Watanabe and Watanabe,
1970, Section 4].

A large class of semi-Markov transport processes have the same asymp-
totic property that leads to a limit di�usion. Therefore, in the scaling limit
of small and rapid jumps, the exponential distribution of waiting times,
and the consequent Markovianity of the process, is not a crucial condition
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for the convergence to Brownian motion. The only requirement is that the
waiting times have �nite mean and variance (see [Ricciuti and Toaldo, 2023,
Remark 5.4] and [Korolyuk and Swishchuk, 1995, Section 4.3]). Thus, trans-
port processes with in�nite mean waiting times are excluded from the above
consideration, but semi-Markov processes with this property have proven
to be a fundamental tool, especially in modeling anomalous di�usion.

Now consider a particular type of semi-Markov process V (t) on the unit
sphere Sd�1 , whose waiting times exhibit power-law decaying densities, with
in�nite mean and variance. Consider that the waiting times Jn follow the
heavy tailed distribution

P(J n > t) = E � (��t � ); � 2 (0;1]; � > 0 (2.74)

where E� (x) is the Mittag-Le�er function (2.43). This function has the
asymptotic behavior (2.44) from which it easily follows that the waiting
times with these distributions have in�nite expectation EJn = 1. It can be
observed that for � = 1, the Markovian case is recovered, since the waiting
times obtained are exponential P(Jn > t) = e ��t . This semi-Markov process
is denoted by (X� (t); V � (t)) to underline the dependence on � with

X � (t) = x +
Z t

0
V� (s)ds: (2.75)

The transport process (X� (t); V � (t)) is governed by an equation which is
formally similar to Boltzmann equation (2.73), except that the material
derivative @t � v � r x is replaced by its fractional power (@t � v � r x)� . This
is a pseudo-di�erential operator de�ned as

�(@ t � v � r x)� h(x; t) :=
Z 1

0
(h(x + vs; t � s)1 fs�tg � h(x; t))

�s ���1

�(1 � �)
ds;

(2.76)
for h 2 H, where H is the subset of L1([0; T ] �R d) of absolutely continuous
functions that are zero in t = 0 and whose �rst derivatives with respect to
time and space are in L1([0; T ] � R d). Therefore, the following result holds
[Ricciuti and Toaldo, 2023, Proposition. 5.1].

Theorem 2.6.1. Let x ! h(x; v) be in L 1(Rd) for any v and such that
supvkh(�; v)kL 1 < +1 and sup vkv � r xh(�; v)kL 1 < +1. Denote

q(x; v; t) = E (x;v) h(X � (t); V � (t)): (2.77)
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Then q(x; v; t) solves the following equation

(@t �v�r x)� q(x; v; t)�
t ��

�(1 � �)
h(x+vt; v) = �

Z

Sd�1
(q(x; v0; t)�q(x; v; t))�(dv 0)

(2.78)
where � denotes the uniform measure on Sd�1 and the operator (@t �v �r x)�

is de�ned as a Lebesgue integral, in the sense that the left-hand side exists
for all v 2 S and almost all (x; t).

It can proved that, under a suitable scaling, the process X� (t) con-
verges in distribution to a transport process with a superdi�usive behavior.
At time t this process is supported on the d-dimensional ball centered in
the starting point and with radius t. Superdi�usive means that the mean
squared displacement of the limit process spreads, when t ! 1, as Kt
 ,
with 
 > 1 and K > 0. In particular, in this case 
 = 2, so the process is
ballistic (see Ricciuti and Toaldo [2023] for details).

In summary, the anomalous di�usion models introduced in this chapter,
particularly Continuous Time Random Walks and Lévy walks, provide the
theoretical framework for the results presented in the following chapters.
Therefore, these anomalous di�usion models will be employed as e�ective
approaches for describing water transport phenomena in catchments and
heterogeneous soils, where spatial heterogeneity gives rise to anomalous
transport. Indeed, classical di�usion models do not always capture the
complex dynamics observed in subsurface �ows, where mechanisms such as
trapping, memory e�ects, and spatial variability lead to anomalous di�u-
sion.
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Chapter 3

Random Velocity Process for
Subsurface Water Flow in
Swiss Catchments

3.1 Introduction

The transit time of water is de�ned as the time elapsed between the water
input through the catchment inlet at time t in and the output of the water
through the catchment outlet at time tout [Rigon et al., 2016]. Accord-
ingly, the transit time is the time that it takes for rainfall (or snowmelt) to
travel through a catchment before being released as stream�ow [Kirchner,
2016a]. The transit time of water, and thus the water age, is an impor-
tant descriptor of catchment behavior, providing insight into �ow paths
that govern solute transport and, consequently, in�uence the susceptibil-
ity to pollutant contamination and nutrient loss [McGuire and McDonnell,
2006, Benettin et al., 2022, Porporato and Calabrese, 2015]. Porporato and
Calabrese [2015] emphasized that age distributions in hydrologic systems
should be treated as random functions when modeling time-varying �uxes,
showing how stochastic approaches can capture variability and uncertainty
in water age. Calabrese and Porporato [2017] further explored the in�uence
of multiple out�ows, spatial heterogeneity, and nonlinearities. Water age
and the transport of dissolved substances are closely linked and are often
studied together [Benettin et al., 2017]. Within stochastic modeling frame-
works, continuous time random walk (CTRW) models have been widely
applied to chemical transport studies. For instance, Dentz et al. [2023] in-
vestigated anomalous (non-Fickian) chloride transport in a catchment over
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multiple decades. Similarly, Goeppert et al. [2020] analyzed tracer break-
through curves in a karst system at the Germany-Austria border, showing
that CTRW better captures low concentrations at long travel times com-
pared to traditional advection-dispersion and two-region non-equilibrium
models. However, CTRW approaches have also been extended to water
particle movement. Elhanati et al. [2024] implemented a continuous time
random walk-particle tracking (CTRW-PT) model to simulate long-tailed
breakthrough curves in a partially saturated karst system in the Austrian
Alps, highlighting parallels between karst �ow dynamics and chemical trans-
port.

Past (before 2006) methods for estimating the mean transit time (MTT)
typically assumed time-invariant transit time distributions, such as steady-
state lumped convolution or �ow-weighted approaches [Benettin et al., 2022].
However, growing interest in understanding how watersheds can retain wa-
ter for years but release it within hours [Kirchner, 2003] has driven advances
in MTT estimation through new data, theory and applications [Benettin
et al., 2022]. Experimentally, stable water isotopes have been increasingly
used to trace the velocity of water molecules, providing insights into water
transit times [Kendall and McDonnell, 1998]. Among modern approaches,
the StorAge Selection (SAS) function [Botter et al., 2011] has gained promi-
nence, allowing quanti�cation of how waters of di�erent ages are released
from storage to out�ow [Rinaldo et al., 2015]. In recent years, data-driven
methodologies have been developed to overcome the limitations of pre-2006
approaches, which assumed homogeneous and stationary catchments and
consequently tended to underestimate MTTs [Kirchner, 2016a,b]. This high-
lighted the need for a new metric, less sensitive to spatial heterogeneity
and hydrologic non-stationarity, capable of extracting reliable information
directly from seasonal tracer cycles. In this context, Kirchner [2016a,b],
assuming that the transit time distribution (TTD) belongs to the family
of gamma distributions in mixing runo� thought experiments, showed that
the ratio of seasonal isotope amplitudes in stream�ow and precipitation is
una�ected by aggregation bias. This ratio provides a measure of the frac-
tion of runo� with transit times younger than 2�3 months, called the young
water fraction (Fyw) [Kirchner, 2016a,b].

The gamma distribution has been chosen by Kirchner [2016a] for mathe-
matical convenience: it is easily parameterized, possesses �nite moments of
all orders, and can represent a wide variety of plausible transit time distribu-
tions. Moreover, when runo� from subcatchments, each assumed to follow a
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gamma TTD, is combined, the resulting total runo� exhibits a non-gamma
TTD, thus suggesting a general validity of his results [Kirchner, 2016a].
Nevertheless, the a-priori choice of a speci�c TTD is a limitation since it
is an assumption on a desired output. To overcome this, robust alternative
methods have been developed, such as non-parametric deconvolution meth-
ods [Cirpka et al., 2007, Payn et al., 2008, Goose� et al., 2011], which allow
the inference of TTDs without assuming a speci�c shape. These methods
have been particularly useful for deriving transit time distributions from
electrical conductivity time series or natural tracer concentrations. Sim-
ple assumptions can also yield other forms, such as an exponential TTD
[Benson et al., 2019].

The transit time distribution can be interpreted as the observable e�ect
at the catchment outlet of water particle movement within the watershed.
Accordingly, it is reasonable to focus on the movement of water molecules in
the subsurface. To study groundwater dynamics, various numerical model-
ing approaches based on Darcy's Law have been employed and constrained
using �eld data [Somers and McKenzie, 2020]. Such data are typically avail-
able from boreholes in plains, but are scarce in mountainous environments,
where subsurface processes are largely unknown. Consequently, reproduc-
ing catchment-scale observations based on hydrological processes remains
challenging due to uncertain boundary conditions [Somers and McKenzie,
2020]. Stochastic models, while approximating the underlying physics, can
partially capture complex subsurface phenomena using simple assumptions,
overcoming the lack of detailed knowledge of boundary and initial condi-
tions, and are therefore suitable for practical applications.

The concept of �rst passage time quanti�es the time required for a ran-
dom quantity to reach a prede�ned threshold. This framework is partic-
ularly suitable for representing the movement of a water particle within a
catchment until it exits at the outlet. Godec and Metzler [2016] advanced
this theory by rigorously deriving the complete distribution of �rst passage
times for heterogeneous systems, such as catchments, and highlighting sub-
stantial di�erences between typical and mean �rst passage times. However,
applications of �rst-passage time theory in hydrological studies, supported
by experimental data for model validation, remain limited.

Another widely used approach for anomalous transport in heterogeneous
systems is the mobile-immobile (MIM) model, which separates particles into
a mobile fraction and an immobile fraction. The conventional (Markovian)
MIM model was employed by Gao et al. [2010] to describe reactive solute
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transport with scale-dependent dispersion in heterogeneous porous media,
assuming the dispersivity coe�cient as a linear or exponential function of
travel distance. Instead, fractional MIM models have been considered by
Schumer et al. [2003] and Benson and Meerschaert [2009], where a power law
distribution of waiting times in the immobile zone leads to a fractional time
derivative in the governing equations. These models capture the anoma-
lous behavior of tracer plumes in heterogeneous aquifers, including power
law breakthrough curves at late times and a power law decline of mobile
mass. Further extensions of MIM models with power law or mixed waiting
time distributions have been explored by Doerries et al. [2022], who studied
various forms of trapping time dynamics, including the Mittag-Le�er distri-
bution, and their e�ects on tracer mass in the mobile zone. Non-Markovian
MIM models are not limited to hydrology and geophysics. For instance,
Kurilovich et al. [2022] developed a non-Markovian MIM model to describe
anomalous subdi�usive behavior of excitons in materials science. Across
these applications, theoretical and simulated models assuming power law
asymptotics for trapping times at long durations generally align well with
experimental observations.

The main aim of this study [M.C.Bovier et al., 2025] is to propose a novel
stochastic model, based on random velocity processes with rests, where a
particle alternates between moving times, with a constant velocity, and
trapping times, with zero velocity. We make plausible assumptions, taking
into account the heterogeneity of the catchments subsurface, on the distri-
butions of water particles moving times and waiting times and validate the
model using the concentrations of stable water isotopes in precipitation and
stream�ow for 22 study catchments in Switzerland. Indeed, we simulate the
movement of the water particles and compute the empirical transit time dis-
tribution to identify the threshold age (� � ) that closely approximates the
portion of the empirical transit time distribution younger than � � , i.e., the
young water fraction. Our results indicate that �� is in the range of 2-3
months, in agreement with previous studies. Furthermore, we estimate the
only parameter of the model, the parameter of the Mittag-Le�er distri-
bution for trapping times, for each catchment using a polynomial �tting
given the amplitude ratio of isotopic concentrations. The strength of our
model lies in the absence of a-priori assumptions on the TTD, the simplicity
of the underlying assumptions regarding the movement of water, and the
requirement of only a single input: the median �ow path length L of the
catchment. This parameter, easily derived from digital elevation models
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(DEM), serves as the preset threshold for calculating the �rst passage time
and has previously been shown to be strongly correlated with MTTs and
Fyw [McGuire et al., 2005, Tetzla� et al., 2009, Seeger and Weiler, 2014,
von Freyberg et al., 2018].

3.2 Preliminaries: seasonal cycles of stable isotopes

The seasonal isotope cycle in stream�ow can be represented as the convolu-
tion of the catchment's transit time distribution with the seasonal isotope
cycle in precipitation [Kirchner, 2016a, McGuire and McDonnell, 2006]:

cs(t) =
Z 1

0
h(� )c p(t � � )d� (3.1)

where cs(t) is the isotopic composition in stream�ow at time t, expressed in
delta notation (h), e.g. � 18O or � 2H, cp(t � � ) is the isotopic composition
in precipitation at any previous time t � � , and h(� ) is the transit time
distribution T , which is unknown a priori. Equation (3.1) assumes that the
catchment behaves as a linear time invariant system, implying that h(� ) is
stationary (i.e., constant in time). It also neglects evapotranspiration and
its in�uence on tracer signatures [Kirchner, 2016a].

The isotopic compositions of both stream�ow and precipitation exhibit
a seasonal pattern that can be represented using sinusoidal functions:

cp(t) = A p sin(2�f t � � p) + k p; (3.2)

cs(t) = A s sin(2�f t � � s) + k s; (3.3)

where A is the amplitude (h), � is the phase (radians), t is the time (days),
f is the frequency (f = 1

365 days�1 ) and k is the vertical o�set of the
isotope signal (h). The subscripts p and s refer to precipitation and stream
�ow, respectively. The seasonal isotope cycle in stream water (the measured
output) is damped relative to that in precipitation (the measured input),
and this damping re�ects the water age [McGuire and McDonnell, 2006,
Kirchner, 2016a]. In particular, a stronger attenuation of the stream�ow
isotope amplitude As relative to the precipitation amplitude Ap indicates
that water spends more time within the catchment, following complex �ow
paths and mixing with groundwater storage, which acts as a �lter on the
input composition. Thus, a lower ratio of amplitudes As=Ap corresponds to
older stream water.
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The amplitude ratio is linked to the characteristic function of the tran-
sit time distribution. Let E denote the mathematical expectation and let
H(�); � 2 R; be the characteristic function of h(� ) with argument 2��, hence

H(�) =
Z +1

�1
h(� )e i2��� d� = Ee i2��T : (3.4)

Using (3.2) and (3.3) in the convolution formula (3.1), it can be obtained

As

Ap
= jH(f )j (3.5)

where jH(f )j denotes the complex modulus of the characteristic function
and f is the frequency of sinusoidal functions. Further details and compu-
tations are provided in Section 1.5.

The equivalence between the amplitude ratio of the isotope cycles in
stream�ow and precipitation and the modulus of the characteristic func-
tion is crucial because As=Ap can be estimated through sine-wave �tting
of isotope data, instead jH(f )j can be determined empirically with simu-
lations. By making assumptions about water movement in the catchment,
speci�cally using a model based on a random velocity process, we compute
the modulus of the empirical characteristic function of the transit time dis-
tribution by simulating the �rst passage times through a given level L, as
described in the next section.

3.3 Mathematical model and methodology

3.3.1 Random velocity process with rests and passage time

Random velocity processes are transport processes in which a particle moves
through random displacements at a �nite constant speed. The randomness
in these models lies in the length and orientation of each displacement.
In this sense, they can be viewed as a modi�cation of continuous time
random walks, which instead are jumping processes [Metzler and Klafter,
2000]. These processes are particularly useful for describing a wide variety of
physical and biological systems involving stochastic transport phenomena,
since they have continuous trajectories. Moreover, depending on the tail
of the distribution of the displacement's length, they can capture di�erent
types of anomalous di�usive behavior [Zaburdaev et al., 2015].

In particular, we consider a random velocity process with rests, denoted
by X(t); t � 0, to model the motion of water particles within a catchment.
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The particle starts at the origin and moves along a linear path with a con-
stant random velocity v1, chosen uniformly in the interval (1;100), for a
random time E1 that is exponentially distributed. After this moving pe-
riod, the particle becomes trapped and does not move for a random waiting
time J1, which has in�nite expectation. Once the trapping period ends,
the particle moves again with another constant velocity v2, uniformly dis-
tributed in (1;100), for another exponential time E2, and so on. Throughout
the process, all random variables involved are assumed to be independent.
Thus, the water particle alternates between moving times, En, n 2 N, dur-
ing which it moves with velocity vn, n 2 N, and waiting times (pauses), Jn,
n 2 N, during which it remains stuck in its current position with zero veloc-
ity. The random displacements represent the movement of water through
the catchment, while the pauses correspond to the trapping e�ects caused
by the catchment's heterogeneity. Random velocity processes can be viewed
as semi-Markov models describing particle transport in one dimension, in
the sense of Ricciuti and Toaldo [2023], see Section 2.6 for more details.
We adopt this approach to give a rigorous mathematical formulation of the
proposed random motion model as follows.

Let vn be a discrete time Markov chain on [0; 100] with the transition
probabilities on [0; 100]

pv(dx) := P (v n+1 2 dx j v n = v) =

8
<

:

dx
991[x2(1;100)] ; v = 0;
� 0(dx); v 2 (0; 100];

where �0(�) denotes the Dirac measure at zero and the initial distribution
�(dx) uniform on (1;100). Let V (t) be a semi-Markov process on [0;100],
representing the unit velocity vector of moving particle:

V (t) = v n; Tn � t < T n+1 ;

where Tn are the velocities switching times. The position of the particle is
then obtained by integrating the velocity over time:

X(t) =
Z t

0
V (� )d�; t � 0:

This construction yields exactly the process X(t) described earlier. In par-
ticular,

Tn+1 � T n = J n n = 1;3;5;7; � � �
Tn+1 � T n = E n n = 0;2;4;6; � � �
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where Jn are the waiting times with Mittag-Le�er distribution and E n are
the moving times with exponential distribution. The pair (X(t); V (t)) is a
semi-Markov transport process, in the sense of Ricciuti and Toaldo [2023].
In such a process, the particle's evolution depends not only on the current
state, i.e., its position and velocity, but also on the time elapsed since the
last change of velocity.

The assumption on the velocity distribution of the water particles implies
that, when a particle is free to move, it spreads with velocities vn, n 2 N,
which are i.i.d. random variables with uniform distribution

vn � U(1;100)

where the numbers correspond to a minimum velocity of 1 meters/day and a
maximum velocity of 100 meters/day. This range is consistent with typical
seepage velocities reported by Devlin [2020] in di�erent types of materials,
including sandy, sand�gravel mixtures, fractured rock and karst environ-
ments.

We select the exponential distribution with parameter � = 1 for the
moving times because it has �nite mean and variance. The justi�cation for
the choice of the parameter equal to one is the following. An exponential
random variable with parameter � > 0 can be viewed as a rescaling of an
exponential random variable with parameter 1, indeed, if E� denotes an ex-
ponential r.v. with parameter � > 0, then P(E 1=� > t) = P (E � > t). The
distances traveled by the particles during moving times are E11v1; � � � ; E 1

nvn,
where vn are the random velocities and E1n are i.i.d. copies of E1. The
rescaling E�

n = E 1
n=� would essentially amount to nothing more than a de-

terministic rescaling of the velocities. However, these must be kept as they
are because of the discussion above.

We assume instead that waiting times are i.i.d. random variables with
Mittag-Le�er distribution of order �. The cumulative distribution function
is given by

F (t) = P (J n � t) = 1 � E � (�t � )

where E� (�) denotes the one-parameter Mittag-Le�er function, de�ned as

E � (z) =
1X

k=0

zk

�(1 + �k)
:

The one-parameter Mittag�Le�er function generalizes the exponential func-
tion and is widely used in the study of non-local and fractional-order equa-
tions (see, e.g., Mainardi [2010] and Scalas [2006]). In particular, its survival
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function E � (�t � ) is the eigenfunction of the Caputo fractional derivative
of order �, i.e., @�

t E � (�t � ) = �E � (�t � ) and it reduces to the exponential
when � = 1. For � 2 (0;1], the function E � (�t � ) is completely monotone
and is 1 for t = 0, this means that it is a legitimate survival function. For
� 2 (0;1), the function E � (�t � ) behaves, see Baleanu et al. [2016], as a
stretched exponential for t ! 0

E � (�t � ) ' 1 �
t �

�(� + 1)
' e

�t �

�(�+1) (3.6)

and has a power law tails for t ! 1

E � (�t � ) '
sin(��)

�
�(�)

t � : (3.7)

Since � 2 (0;1) the Mittag-Le�er distribution is a heavy tailed distribution
(see more on fractional calculus and the corresponding heavy-tailed distri-
butions in Meerschaert and Sikorskii [2012]; see Meerschaert and Toaldo
[2019] for recent generalizations). The distribution function is di�erentiable
on (0; +1) and the density is singular at zero. The behavior of the survival
function implies that it has an in�nite mean. We use the Mittag-Le�er
distribution to model the trapping e�ect of water particles in heterogeneous
geological formations within the catchment. Because of the characteristics
of the Mittag-Le�er distribution, the traps tend to be either very short, due
to the density's singularity at zero (see Eq. (3.6)), or very long, since the
distribution is heavy tailed with in�nite expectation (see Eq. (3.7)). The
parameter � of the Mittag-Le�er distribution is related to the duration
of the waiting times: for small �, the waiting times tend to be very long,
whereas for larger � the waiting times become shorter.

In this framework, the transit time of water in the catchment is repre-
sented by the �rst passage time of the process X(t), t � 0, through the level
L. We choose as level L the median �ow path of the catchment because it
is a measure of the length of the typical travel of water trajectories in the
catchment.

3.3.2 Computational methods

To generate the transit times T1; � � � ; TN we perform N exact simulations of
the trajectories of the process X(t), for t large enough that all trajectories
reach the level L, in fact X(t) is continuous and non-decreasing. The sim-
ulations are exact in the sense that all the random quantities are sampled
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from their respective distribution and then used to construct the trajec-
tories. Once the trajectories are obtained, the �rst-passage times can be
explicitly computed as a functional of the trajectories (see Figure 3.1). In
the simulations, the water particle velocities are generated as i.i.d. random
variables uniformly distributed in the interval (1;100), the moving times as
i.i.d. random variables with exponential distribution of parameter � = 1,
and the waiting times as i.i.d. random variables with Mittag-Le�er distri-
bution of parameter 0:05 < � < 0:95, where the extreme values are excluded
because they do not appear in our estimates and they are computationally
very expensive. The velocity range (1;100) meters per day is representa-
tive of typical seepage velocities along di�erent types of materials [Devlin,
2020]. Using the sampled velocities vn, alternating with zero velocity, we
obtain the position of the water particle over time and compute the �rst
passage time for the level L, corresponding to the median �ow path length
in the catchment. To ensure convergence according to the strong law of
large numbers, we set the number of iterations N = 10000.

Figure 3.1: Simulated trajectories of a water particle through time with �rst passage times for
the level L = 407 m (source: M.C.Bovier et al. [2025]).

Since the distribution function of the transit time is unknown, the empir-
ical cumulative distribution function can be estimated by simulating N �rst
passage times of a particle through the level L. The empirical characteristic
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function with N simulated �rst passage times tn, n = 1; � � � ; N is

H N =
1
N

NX

n=1
cos(2�f t n) + i

1
N

NX

n=1
sin(2�f t n): (3.8)

Therefore, the complex modulus of the empirical characteristic function is

jH N j =

vu
u
u
t

1
N 2

0

@
NX

n=1
cos(2�f t n)

1

A

2

+
1

N 2

0

@
NX

n=1
sin(2�f t n)

1

A

2

: (3.9)

This modulus depends on the parameter � 2 (0;1) of the Mittag-Le�er
distribution and on the number of simulations N. Since the �rst passage
times tn are realizations of the random variables T1; � � � ; TN , which are i.i.d.
copies of T , i.e., the transit time through L of the process, the strong law
of large numbers implies that, almost surely, for N ! 1

1
N

NX

n=1
cos(2�fT n) ! E cos(2�fT ); (3.10)

1
N

NX

n=1
sin(2�fT n) ! E sin(2�fT ): (3.11)

From (3.10) and (3.11) follows that for N ! 1
vu
u
u
t

1
N 2

0

@
NX

n=1
cos(2�fT n)

1

A

2

+
1

N 2

0

@
NX

n=1
sin(2�fT n)

1

A

2

!
q

(E cos(2�fT )) 2 + (E sin(2�fT )) 2: (3.12)

Therefore, as the number of simulated �rst passage times tends to in�nity,
the modulus of the empirical characteristic function converges to the modu-
lus of the theoretical characteristic function, i.e., almost surely as N ! +1,

jH N j ! jH(f )j: (3.13)

Using N simulated �rst passage times for a given �ow path length, we
can compute the modulus of the empirical characteristic function as � varies
in (0;1), using Eq. (3.9). Figure 3.2 shows the modulus of the empirical
characteristic function computed for di�erent lengths of the �ow path, as �
varies.

Therefore, given the median �ow path length L of the catchment as an
input observed parameter, we proceed as follows (see Algorithm 1):
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Figure 3.2: Modulus of the empirical characteristic function with median �ow path lengths: L =
155 m, L = 308 m, L = 481 m and L = 647 m, as � varies in (0;1) (source: M.C.Bovier et al.
[2025]).

ˆ we compute N simulated realizations t = (t 1; � � � ; t N ) of the transit
time T of water particles reaching L, in order to estimate the empirical
TTD;

ˆ we use the equivalence (Eq. (3.5)) between the amplitude ratio of the
isotopic concentrations and the complex absolute value of the charac-
teristic TTD function, which we can estimate empirically with simula-
tions;

ˆ for each catchment, we determine the threshold age �? for which the
modulus of the empirical characteristic function closely approximates
the young water fraction as the � parameter varies (see Section 3.4.2);

ˆ we show that these threshold ages �? are consistent with those reported
by Gentile et al. [2023] and are in the range identi�ed by Kirchner
[2016a], obtained assuming a gamma TTD. This completes the model
validation in the sense proposed by Kirchner [2016a], namely that our
model captures, independently of the value of �, the relationship be-
tween the young water fraction and the modulus of the characteristic
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function;

ˆ �nally, we provide an estimate of the model parameter �, which requires
only knowledge of the amplitude ratio (see Section 3.4.4), and discuss
how this parameter relates to both the amplitude ratio and the median
�ow path length.

3.4 Catchments application and results

3.4.1 Study catchments

In this study, we use the amplitude ratio As=Ap previously estimated by
Gentile et al. [2023] for 22 catchments in Switzerland, which were also ex-
amined by von Freyberg et al. [2018]. In their analysis, the amplitudes of
the seasonal isotope cycles in precipitation and stream �ow were derived
from measurements of isotopic composition (�18O), complemented by Me-
teoSwiss daily precipitation data and discharge records. Speci�cally, the
seasonal isotope cycle amplitude in precipitation (Ap) is obtained by �tting
volume-weighted Eq.(3.2) on precipitation isotope data, thereby reducing
the in�uence of low-precipitation periods and accounting for temporally ag-
gregated rainfall samples [von Freyberg et al., 2018]. The seasonal isotope
cycle amplitude in streamwater (As) is estimated by �tting �ow-weighted
Eq.(3.3) on streamwater isotope data to better represent high-�ow periods,
which tend to be under-sampled. Both coe�cients are computed using sinu-
soidal �tting via the iteratively re-weighted least squares (IRLS) regression
to limit the in�uence of outliers. For further details on the methodology and
data employed to derive the seasonal cycle amplitudes used in this study to
estimate the main model parameter, the reader is referred to Gentile et al.
[2023]. The amplitude ratios for the 22 Swiss catchments obtained by Gen-
tile et al. [2023], together with their standard errors (SE), are listed in Table
3.1. The data set covers catchments with mean elevations between 472 and
2369 m a.s.l. and areas ranging from 0.7 to 351 km2. According to the clas-
si�cation scheme of Staudinger et al. [2017], the catchments fall into three
hydro-climatic regimes: snow-dominated, rainfall-dominated, and hybrid.

The mathematical model requires only one input variable: the median
�ow path length L (measured in meters). In this study, L is considered a
representative length of �ow paths within the catchment, as no more de-
tailed information on subsurface �ow-path lengths is available and because
it shows a strong negative correlation with the young water fraction [von
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