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Abstract

We consider a two-dimensional fermion on the strip in the presence of an arbitrary number of zero-
dimensional boundary changing defects. We show that the theory is still conformal with time dependent
stress-energy tensor and that the allowed defects can be understood as excited spin fields. Finally we com-
pute correlation functions involving these excited spin fields without using bosonization.
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1. Introduction and conclusion

The study of viable phenomenological models in the framework of String Theory often in-
volves the analysis of the properties of systems of D-branes. Clearly the inclusion of the physical
requirements needed for a consistent theory deeply constrains the possible scenarios. In particu-
lar the chiral spectrum of the Standard Model acts as a strong restriction on the possible D-brane
setup. Intersecting and magnetized branes represent relevant classes of such models with inter-
acting chiral matter. In particular most models involve a compactification with factorized two-tori
and magnetic backgrounds (see [1,2] for review) and only few attempts have been done to study
more general cases.
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The computation of interesting quantities such as Yukawa couplings involves quite often cor-
relators of excited spin and twist fields. The correlators of (excited) spin fields has been a research
subject for many years until the formulation found in the seminal paper by Friedan, Martinec and
Shenker [3] based on bosonization. On the other side the correlators of excited twist fields has not
been algorithmic until recent [4,5] (see for example [6-9] for earlier work on excited twist fields
and [10-18] for the basic correlators). Even for the spin field case the available techniques allow
to compute only correlators involving “Abelian” configurations, i.e. configurations which can be
factorized in sub-configurations having U(1) symmetry and only few papers have considered the
non Abelian case [19-24] which is mathematically by far more complicated and related to the
unresolved connection problem of Fuchsian equations.

Despite the existence of an efficient method based on bosonization [3] for computing correla-
tors involving excited spin fields we re-examine the problem and give a new method to compute
such correlators which adds on the present one and the very old one based on Reggeon vertex
[25-32].

One reason for such a research is that we hope to be able to extend this approach to correlators
involving twist fields and non Abelian spin and twist fields. In particular we would also like to
clarify the reason of the non existence of an approach equivalent to bosonization for twist fields.

Another reason is that we are interested to explore what happens to a CFT in presence of
defects. It turns out that despite the defects it is still possible to define a radial time dependent
stress-energy tensor which satisfies the canonical OPE with the right central charge. Moreover
the boundary changing defects in the construction can be associated with excited spin fields and
this allows to compute correlators involving excited spin fields without resorting to bosonization.

The paper is organized as follows. In Section 2 we define the Minkowskian formulation of the
theory we are interested in and we introduce the notation. Then in Section 3 we discuss the con-
served quantities. In particular we introduce a conserved product used to extract the coefficients
of the expansion of the fields in modes. In order to obtain these coefficients, which we want to
interpret as creation and annihilation operators, we are led to the introduction of the space of dual
modes.

In Section 4 we discuss the Euclidean formulation on the strip and the upper plane not relying
on the CFT properties since we have not yet shown that the theory is a CFT.

In Section 5 we find the explicit expression of the modes which satisfy the equations of motion
and the boundary conditions. Then we compute the dual modes and finally the algebra of the
creators and annihilators. This step is conceptually separated from the definition of the in-vacuum
and the Fock space where this algebra is represented. We take care of this in Section 6.

In Section 7 we relate the fermionic field with its asymptotic in- and out- counterparts. This
is useful in the last section in order to justify the new way of computing the excited spin fields
correlators.

With the definition of the vacuum we have an associated normal ordering. In Section 8 we
compute the contractions and OPEs of the operators and define the stress-energy tensor which
satisfies the canonical CFT algebra, thus showing that the theory is a CFT. Then we argue that
the defects are excited spin fields.

In Section 9 we take care of the definition of the operation which we want to interpret as
Euclidean Hermitian conjugation when we define the bra of the vacuum. This operation is al-
most the same as the » operator defined in the algebraic approach to QFT. Using this definition,
which we want to be the Hermitian conjugation, in Section 10 we define the bra-vacuum as it is
necessary to compute the correlators.
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Finally in Section 11 we compute correlators of excited spin fields using the in- and out-vacua
in presence of defects.

2. Point-like defect CFT: the Minkowskian formulation

In this section we introduce the theory we study by presenting its worldsheet action and
boundary conditions in the presence of N zero-dimensional defects. This theory is later shown
to be a CFT despite the existence of defects.

2.1. Action principle and boundary conditions

Let (T,0) € Z = (—o00, +00) x [0, 7] define a strip with Lorentzian metric' and consider N f
massless complex fermions 1* such that i = 1,2,...,N. Their two-dimensional Minkowski
action defined on the strip £ is:

+oo 4T
SM=§ / dT/dU (%Ei(ﬁ U)(—W“&)W(T’ 0)>~ @.1)
—00 0

In components the action reads:

. T 2 * NG i * Ng i
Sm=iz [[CE(W ol bt ol ), 22)
so the equations of motion are:

-y (64, £) = 4P (E4, &) =0,

x (2.3)
- (64, &) =040" (84, E-) =0.

' We consider the metric
ds? = —dt? 4+ do?,
and the lightcone coordinates &+ = T+ o which allow to define
1
0+ = - (0t £ 9g)
2
and

1
d?g = 5 deyde =drdo.

The anti-symmetric tensor is erg = —€T° = 1 and the gamma matrices are

1 1
VT=(_1 )=—VT, VU:<1 >=Y0~

We also consider the two-dimensional spinor

v=()

whose conjugate is P =Ty T = (—pr P*).
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Fig. 2.1. We describe the propagation of a string in the presence of point-like defects in the time direction. Each point T;
on the boundary of the strip is in correspondence to a non trivial change in the boundary conditions.

Their solutions are the usual “holomorphic” functions 11)"+(E+) and ’_(§_), together with their
complex conjugates.”
The boundary conditions are instead:

O=TT
(&p;i W, 4 80% L — PSP — b su ) —0. 2.4)
o=0
We solve the constraint imposing the non trivial relations:
V(1 0) = (Rp)) 1(t,0)  for Te (f,t-1), 0s)
Vo (1, m) = - (1, 7) for TeR, '
where t = 1,2, ..., N. This way we introduced N zero-dimensional defects on the boundary as
in Fig. 2.1. They are located on the strip at (T;, 0) such that T, < T,_; with Ty4+] = —oc0 and

Tp = 400. We have also introduced N matrices R(;y € U(N y) which characterize the defects.

Since in most of this paper we want the in- and out-vacua to be the usual NS vacuum, we have
chosen the boundary condition at o = 7t so that when there are no defects the system describes
NS fermions. We require also the cancellation of the action of the defects at T= +o0, i.e.:

RmRw-1)...Ray=1.

More general cases where in- and/or out-vacua are twisted can be worked out similarly to what
we do.

In order to connect to the Euclidean formulation we introduce N ¢ “double fields™ W obtained
by gluing !, and ! along the o = 7t boundary and labeled by an index i = 1,2, ..., Ny:

Pl (T, d) for 0<¢p<m

YEOO=) i an— ) for m<d<2m

(2.6)

where 0 < ¢ < 27t. The boundary conditions become:

2 Notice that \* is indeed the complex conjugate of the field 1, while it will no longer be the case in the Euclidean
formalism.
3 In this case they correspond to the fields 1])’+.
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Wi (T, 2m) = = (R W/ (1,0), T (3, %1).

Using the equation of motion we get Yi(T, ) =V (T+ ¢) and the boundary conditions become
the (pseudo)periodicity conditions

Wt +2m) = —(R) W (1), € (R, %1).

We will use them to write some expressions similar to the Euclidean ones.

The main issue is now to expand V¥ in a basis of modes and proceed to its quantization. Even
in the simplest case Ny =1 the task of finding the Minkowskian modes turns out to be fairly
complicated. It is however possible to overcome the issue in the Euclidean formalism.

3. Conserved product and charges

In order to have a good quantum formulation, we define a procedure to build a Fock space of
states in the Heisenberg formalism thus equal time anti-commutation relations must be invari-
ant in time. We therefore need a time independent internal product to extract the creation and
annihilation operators and expand the fields on the basis of modes.

3.1. Definition of the conserved product

Start from a generic conserved current
J (T, 0) = jo(T, 0)dT+ jo(T, 0)do,
and consider
*j=jodt+ jrdo = dj)=(0rjr — dsjo)dtdo,

where % is the Hodge dual operator. Integrating the 2-form over a surface X’ = [Ti, T f] x [0, 7]

yields:
/d(*j):/*j=0<:>

px ax’
Tf

)

Ti

)

_jO'

Oo=T7T

_jT

T=Tf

7T
@fda(jT
0

The current j (T, o) is thus conserved in time if

) _o. 3.1)
o=0

If this is the case, then we can say that

Tf

for(i

Ti

_j(r

O=T7T

Q =/d0jT(T, o)
0

is conserved (that is 3+ Q = 0).
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We now consider explicitly the symmetries of the action (2.2). In particular we focus on the
diffeomorphism invariance and U(N y) flavor symmetries of the bulk theory leading to the stress-
energy tensor and a vector current. We apply the aforementioned procedure to these objects to
study their properties and (non-)conservation.

3.1.1. Flavor vector current
Consider first the U(N 7) vector current generated by the flavor symmetry of the action (2.1).
In general we can write it as

ja (T, 0) = (T%) by (r, O)ye/ (x, 0),

where T is in principle a generator of UNy) (a =1,2,..., Nf,), but the result holds for a

generic matrix. The spinors 1{p and 1 can also be generalized to two different and arbitrary so-
lutions to the equations of motion (2.3) while keeping the current conserved. In components we
have:

jaee o) = (1)} (W W+ 0 )
jar, o) = (1) (Wi, W) - = v’ ).

In order to define a conserved charge, we require:

)
o=0

Tf

/ d'f(fé?

Ti

—Js

O=T7T

where

0

jo(T,0)

Oo=T7T

using the boundary conditions (2.4), and

jaro| = [Wh(T =R TR )] L T (B o).
o=0 o=0
In general
jé(t,0) =0 & T'«1
o=0

so that RZI)T“ = T“RL). This shows that the presence of the point-like defects on the world-
sheet generally breaks the U(N y) symmetry (SO(N ) x SO(N ) if we consider Majorana-Weyl
fermions) down to a U(1) phase because of the boundary conditions (2.4). The U(1) vector cur-
rent then defines a conserved charge for a restricted class of functions.

Let o and 3 be two arbitrary (bosonic) solutions to the equations of motion (2.3), we can in
fact define a product

(, B) =N/d0 (oci;l-fs"+ + cxi,iﬁ"_), (3.2)

0
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where A/ € R is a normalization constant and the integrand must be free of non integrable sin-
gularities. The product is such that

(o, B) = (ot, B)*.

We can also rewrite the result to the double fields defined in (2.6). Let A and B be the “double
fields” corresponding to o and {3 respectively, then we have:

27
(a, B) :N/d¢A7(T+ $)B (T + ¢). (3.3)
0

3.1.2. Stress-energy tensor
We now consider the stress-energy tensor of the bulk theory. The Noether procedure gives the
off-shell tensor components

T, e
Tex=—1i Zlbliaill)ﬂr,

-T * N i
7;|::|:=+l—1])$’i3:|:1]) ,

4
which become

T <
Tt (E4) =— iz¢1,i(5+)3+¢ﬁr(5+),
34

T A
T (6 =—igb® @il (6o

when on-shell. The boundary breaks the symmetry for translations in the ¢ direction, while the
defects break the time translations: the Hamiltonian is therefore time-dependent but it is constant
between two consecutive point-like defects.

From the definition of the stress-energy tensor we can in principle build the hypothetical
charges:

H(t) = f do T (T, 0) = /dc Ty (tT+0)+T__(T—0)), (3.5)
0 0

P(t) = / doTro(T,0) = / do (T4+(T+0)—T-_(T— 0)), (3.6)
0 0

which are conserved if (3.1) holds. Let the point-like defects be ordered as T;—1 < T; < Ty, <
Ty <Tf < Tiy+1, then for the linear momentum P the condition of conservation reads*:

Ty
/d’t (Ti+(t4+0)+T-—(t—0))

Ti

-T * NG i
=i | Al 297 0.0

O=T7T

o=0

i

. & .
- ll)j—,i<R(t)aTR(t)> ll)j‘

O=T7T

J

) o
o=0

4 Notice that in the second term of the second line, the differentiation with respect to T is acting only on R(;) and RL).

o=0

8
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while the corresponding condition for the Hamiltonian H:
Tf
de (Ti4(t+0)=T__(t—0))

Ti

T % N ‘ j . A oA
=—ig At % (R()3Re | b =0 if (7, 7)€ (T tm1).
Y o=0

In both cases we used the shorthand graphical notation

O=T7T

o=0

Ty tn—1 T T

[AT_/ e

=ty X
0% iy

to simplify the written form of the (non-)conservation rules and to stress the piecewise nature of
the integration domain due to the presence of the defects.

These relations therefore prove that the generator of the o-translations (3.6) is not conserved
in time because of the boundary conditions, while the time evolution operator H is only piecewise
conserved and therefore globally time dependent.

3.2. Basis of solutions and dual modes

Suppose to have a complete basis of modes 11)51’ 4 such that:

b+ (10 = (Ry) Wy _(t,0)  for Te (%, %-1)
2‘+(T,7I)=— ;’7(”(,71) for TeR

’

related to a complete basis of the modes of the “double field” sz as in (2.6). The modes
(and their counterparts V,)) are a basis of solutions of the equations of motion and the boundary
conditions for T € R\ {%;} The fields ' (and the fields W) are then a superposition of
such modes:

V(e =Y byl L(Ex) = W(E) =) bV (&). (3.7)

nez nez

0<t<N-

In order to extract the “coefficients” b, we first introduce the dual basis *\, + (and *¥,) in
an abstract sense such that:

o the dual fields *1,, + (and *V¥,) must be solutions to the equations of motion,

e the dual fields *\, 1 (and *¥,) can differ from 1, 1+ (and ¥,) in their behavior at the
boundary,

e the functional form of *\{, 1 (and *V¥,) is fixed by the request of time invariance of the

usual anti-commutation relations [bn, bL] (that is b, and bZ can evolve in time, but their
+

anti-commutation relations must remain constant).

We then define the conserved product for the “double fields” (3.3) in such a way that:

[, )

—Nfdc*\l’* (T+ G)‘P’ (T+0)=bum- (3.8)
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In the previous expression we changed the notation of the product in order to stress that we are
dealing with the space of solutions whose basis is {¥, } and a dual space with basis {*\¥,,} which
is not required to span entirely the original space but only to be a subset of it in order to be able
to compute the anti-commutation relations among the annihilation and construction operators in
a well defined way as in (3.9).

Given the previous product we can extract the operators as

(¥, %)= b,
w7 =5,

As a consequence of the canonical anti-commutation relations

[‘i”'(T, 0), ¥i(, cr’)]+ = ;636(0— o),

we have then:

[bn’ bz’]+

As per its definition, the product (3.8) is time independent as long as the integrand *W}V,, is
free of singularities at T =1, for r = 1,2, ..., N. Such request on the dual basis automatically
fixes its possible form. Clearly this does not exclude the possibility to have singularities in ¥,
or *W¥, separately: they are instead deeply connected to the boundary changing primary opera-
tor hidden in the discontinuity of the boundary conditions, that is different singularities will be
shown to be in correspondence to the excited spin fields.

Using the definition of the conserved product and defining the fields to fulfill some basic
requirements we therefore moved the focus from finding a consistent definition of the Fock space
to the construction of the dual basis of modes. This task is easier to address in a Euclidean
formulation and indeed this is the way we will pursue.

2 * *
= A ")

=T

(3.9)

=T

4. Point-like defect CFT: the Euclidean formulation

The main motivation behind the Euclidean reformulation of the previous sections is the fact
that the solution to the equations of motion on the Euclidean strip (or in the complex plane)
might be easier to study than its Lorentzian worldsheet form. This is specifically the case when
Ry eUd WNr c UN ) on which we shall focus in this paper. The presence of a time dependent
Hamiltonian is however not completely standard and we can neither blindly apply the usual
Wick rotation nor the usual CFT techniques. We will then be a bit pedantic in order not to miss
anything.

In the following two subsections we focus on coordinate changes from the strip to the upper
plane not relying on the CFT properties since we have not shown that the theory is a CFT.
We then find the explicit expression of modes which satisfy the equations of motion and the
boundary conditions and compute the dual modes. Finally we show the algebra of the creation
and annihilation operators. This step is conceptually separated from the definition of the Fock
space where this algebra is represented: we will in fact take care of it in the following sections.

10
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4.1. Fields on the strip

Performing the Wick rotation as Tz = it such that e = ¢=SE the Minkowskian action (2.2)
becomes’:

T =1 Tk o~ Tk N
Se=5 [ dedE S (Ph 4 0P o + P, 0e Dl ). (@.1)
where the Euclidean fermion on the strip is connected to the Minkowskian formulation through

Py 1 (8. 8) =Wy (—i&, —iE).

As a consequence, the Euclidean “complex conjugation” * (which can be defined off-shell) acts
as

[ 26 D] =T 0(-E &), 42)
The equations of motion are as usual
9Py _(£.8) = oz, L (5.8 = 0,
ey (8, D) =0z}, (5,8 =0,

whose solutions are the holomorphic functions 1’13 E +(&) and 1’13 E,,(Z) (and ﬂ:’g Jr((E) and
1/1;2 _(&)). In these coordinates the boundary conditions (2.5) translate to:

~; . . i~j .
by _(tp—i0") = (R(t))j;_'l)E,Jr(TE +i07) 43
By e —i0h) = (Ry)) By (e +i0%)
for TE € (%Ets%Et—l) and
V(e —im == (tp +im)
Vv (g —im) =—bL , (Te+im)
wherer = 1,2, ..., N and Tg ; are the Wick-rotated locations of the N zero-dimensional defects,
analytically continued to a real value.
The conserved product on the strip needs a slight change in the definition and becomes:
s
(& Be) =N [ do (&, Bl . + 55 B ). @4
0

where &7, and f:’: g are the Euclidean counterparts of the generic solutions in the original definition
of the product in (3.2). In the Euclidean context we have to explicitly write &}, because it is no
longer the “complex conjugate” of &g in the traditional sense but the product is conserved only
when it couples two solutions which have different boundary conditions as in (4.3).

11
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The definition of the stress-energy tensor in (3.4) requires a change in the numerical factor in
order to use the usual CFT normalization® and becomes (introducing a spacetime variable central
charge as well):

T ~ < .

Tee(®) == 505 1 ()0l 4 (6 +C@)
_ T ~ o — = _
Tee@® == 505 _ /(Db _(®) +C@),

where C and C are the leftover terms after the regularization of the singularities due to the normal
ordering.
The canonical anti-commutation relations are then
[P, 1 B0 1, (62, 8] -—7%50m&—4m£ﬁ
tIRe&1=Re &y

Given the Euclidean modes I/EIE ton and ﬂ)\} 4 (where n € Z)) we can then define the dual

LN,
modes *1])‘ and *11)* ; such that the conserved product (4.4) between them gives:

<< lI)E nvl')E m> (( 1-I)E n’ll)E m) nm-
We can then expand the fields as

Vi (&) =X by, (&)

nez

Py @) =X bl _,©)

nez
and

Vei® =20 E+m@)
E—I(E') Zb*ﬂf)E—nt

nez

in order to extract the operators through the conserved product

:((*.Ll)z',nﬂ 1bE>ﬂ b;lk :«*IbE,n’ -l-l)z‘)v
and get the anti-commutation relations at fixed Euclidean time as

* 2N * 0% *7°
el =2 B

TE=TE,0

6 The canonical coefficient in front of the CFT stress-energy tensor is such that the Euclidean Hamiltonian Lg is
normalized such that

Te(@© =) Lnpe "¢
n
(we have anticipated the double strip notation defined in the next subsection for simplicity) then

7T
d
He=Lo= [ S0 Tecs +i0)
0

therefore 7z ¢ () = 2T 5" Q).

12
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4.2. Double strip formalism and doubling trick

It is natural to use the usual doubling trick on the strip in order to simplify the previous
expressions by gluing the holomorphic and anti-holomorphic fields along the o = 7t boundary.
Define the coordinate { =T + i¢ with 0 < ¢ < 27, we then have

b, +(0) for ¢b=0el0,m]

@(C)={ .
—g, —(C—27m) for ¢ =2m1—o0e€[m,2m]

on-shell (and similarly for "P\*(C) with the substitution 1’1; E +— 1’1;2 1). The “complex conjuga-
tion” * acts on the off-shell double fields as

(0] = (-C -0,
while the boundary conditions are translated into
Vi(tp +2mi—) = —(R(,));@/ (Tg +i07)
—~ . [ I
Ve (g + 2mi ) = (R, ) W (xp +10%)
J
fortg € ('EE,I, 1E, ,,1). The conserved product can then be defined as
27t
(A*, B) :N/dq) A¥(tg +i¢)B (1 + i),
0
where A* and B are the double fields connected to o, and BE in the previous definition on the
strip. The holomorphic stress-energy tensor is then
il ~, o A~
T (O = —T‘i’i (O Y'(Q) +C(0)
and the canonical anti-commutation relations are now

. ~ 2 .
ECORS] = 25,8(m ¢y — I Cy).

tlRe ¢1=Re &

The advantage the double fields formulation is in the mode expansion of the fields which
clarifies that only one coefficient b, (or b)) is neede}c\i' for bg\th Vg, + and Pg — (or for both
11)2, 4 and 1!)*E’ _). In fact, given the Euclidean modes ¥}, and ‘l’;i (where n € 7)), we can define

the dual modes *¥i and *@:l such that

o~

<<*@:, 11]m> = <<*{pn’ @:J = 6n,rm
and expand the double fields as
V@)=Y bV, T =) BT
nez nez
We then extract the operators as

by =(*U5W), b= (", V) (4.5)

n =

and finally get the anti-commutation relations as

) N
[b"’bm]+ =T

T W)

TE=TE,0

13
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Te41 Tt T—1

Fig. 4.1. Due to the conformal transformation from the (double) strip to the complex plane, fields are glued on the x <0
semi-axis, while there are non trivial discontinuities (in the figure they are represented by strips with different values of
opacity) for x; <x <x,_j fort=1,2,..., N and where x; = exp(tg ().

4.3. Fields on the upper half plane

To perform the actual computations we shall however consider another set of coordinates on
the upper half H of the complex plane:

u=eteH={weC|Imw=>0},
where & = Tg 4+ io0 and o € [0, 7t] define the usual strip, or on the entire complex plane:
z=eteC,

where ( =T + i and ¢ € [0, 27t] define the double strip. Under this change of coordinates the
Euclidean action (4.1) becomes

Sg = % /f du dﬁ%(i$2,+,i5>fg,+ + %az,_,,.ém,_)
T 1 o - .
) //d“d” 5<‘b%,+,i8ﬁ IE,+ +ll)z",,iaulblE,—>’
where we have naturally introduced the off-shell field redefinitions
1 1
Ju Vi
This way, in the Euclidean context, fields with the hat sign on top represent strip and double strip

definitions, while fields without the hat sign are defined on H or C. We could have anticipated
these redefinitions from a CFT argument where

Ve (@D, Ve _wm=—1k _(ED). (4.6)

Yl (1) =

1
du 2~
V@)= (- WE ,
dg
&E=In(u)

but we cannot and do not rely on CFT properties since we have not shown that the theory is
a CFT yet. Notice that this is the result one would expect from the engineering dimension: in
this case it works since the theory is essentially free. Using the redefinitions (4.6), the “complex
conjugation” x then becomes

e 1 11 _x 1 11
When we choose the cut of the square root on the real negative axis the boundary conditions
are translated into

14
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Py _(x—i0h) = (R(,))’. jH(x +i0%)
Wh L —i0h) = ( U)) 5o i0h)

for x € (x7, x;—1), where x; = exp(tg ;) > 0, and

W (=00 =W (400, Pf i (x—i0T) =P i (x+i0)

for x <O.
The product (4.4) is then
(o, B) = —iN' / (o @B @) du — o @B @) ], @.7)
|u\_exp TE
0<Imu<m

and the stress-energy tensor’ becomes:
nT N, ~
T (u) = — 7¢*E,+,[(u)aull)lE‘+(u) +C(u),

T < =
Tan @ = = “- W, _ @0y, @ +C@).

Finally the anti-commutation relations are

[ W G Wy .7 288 (arg(u) — arg(u2))

Ty [=lua

[ o Wy a7 -85 arg(ur) — arg(u2),

Ty =l

which despite the strange look of the expression are perfectly compatible with the definition (4.5)
leading to:

2N~ ~ 2N
[Bas o] = = (WE " WEm) = = ("OF 0 "8 m)
when the product ((, ) is defined according to (4.7), we expand the fields in modes as
()= ZZ baly ()
n
Wy @)=Y by _ @)

nez

7 Rewriting the operator part of the stress-energy tensor from the strip formulation into the coordinates on H we
actually get

Te e (EW) = u? Tou ().

The reason of the presence of u? can be understood in two ways. Using GR we know that T¢ ¢ (£)(d E)z Tuu (u)(du)2
Another more physical way is to notice that a translation in & is a dilatation of u: the infinitesimal generator of &
translation must be the infinitesimal generator of u dilatation, i.e.

PEN/dGT&£NDu~/duu7;u.

15
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and

>xl<*7.,+,i(u) Z b*le +,n, l

nez

_@=3 by, @)

nez

and "y, , and *P7,  are the corresponding dual modes on the upper half plane.
4.4. Fields on the complex plane and the doubling trick

As in the double strip formulation, we can use the doubling trick in order to define the fields
on the subset C \ [xy, x1]:

Y(o) = Vg + ) for z=ueH\ [xn,x1]
Vg () for z=ueH*\ [xN,x1]

where z = exp(tg +id) =x + iy and H* = {w € C | Imw < 0} (the same goes for ¥* with the

exchange Vg + — P} ).
In this case the “complex conjugation” x acts off-shell as

[\Pi(z,f)]* - %‘i’,*(% %) (4.8)

and the boundary conditions are

Wi —i0) = (Rp); W (x +i0),
) 4.9
wei(x-i0%) = (R (,)) W (x 4i07), )
for x € (x;, x,—1), where x; = exp(’tE,) >0forre{l,2,...,N}. When x <0 we get
Y(x —i0T =V i0h),
(x —i0™) (x +i0™) (4.10)
Yr(x —i0t) =W*(x +i0™)
instead.
Given the relations dz =iz d¢d we can write the conserved product (4.7) as:
d .
(A%, B) =27\ 7§ 2—;A}k(z)3’(z), @.11)

|z|=exp(TE)
where we explicitly stressed that the integral has to be performed at a fixed Euclidean time Tg:
in the new coordinate on the plane, the conserved product becomes a contour integral at a fixed
radius from the origin.
In the same way we can recast the stress-energy tensor components (3.4) in the new coordi-
nates:

T < .
T@)==5¥ @Y @ +C@.
where 7 = T, for simplicity.

Finally the canonical anti-commutation relations between the fields are:

2
= —Zlé’ d(arg(z1) — arg(z2)),

[V, ¥ )]

Tlizi=lz2|

16



R. Finotello and I. Pesando Nuclear Physics B 969 (2021) 115464

the fields expansion in modes reads

Vi) =) bV,  W@=) bV, ). (4.12)

nez nez

and the anti-commutation relations among the operators are

[bn.57], = 2

ns Ym

<<*\y* wy >

when we introduce the dual modes *W,(z) and *W} (z) whose normalization is
("5 W) = (W, W5 ) = S

5. Algebra of creation and annihilation operators

In this section we find the explicit expression of the modes which satisfy the equations of
motion and the boundary conditions. We then compute the dual fields and finally the algebra of
the creators and annihilators.

5.1. NS complex fermions

In order to check that this formalism agrees with known results we start from the simplest
case at hand: NS complex fermions. Consider the usual definition:

PL(T.0) =P (.0),
P(t,m) =—-Y(T,7M)

for T € R, which can be recovered from (2.5) setting R(;) = 1. In the Euclidean formulation, we
use (4.9) and (4.10) to get:

Yx —i0t) =W +i0h)
Yr(x —i0F) =WH(x +i0")

for x € R.
In order to recover the definition of the dual modes (3.8) using the Euclidean conserved prod-
uct (4.11), we define:

Wén,io)(z) = _/\[11,5§OZ*”,
Wi o, (@) = QN Ny) 7185 5,21,
and similarly for W*, in such a way that

<<*W?n 10)’\1]("1’]0)) = «*q](m’jo)’ W?n,ig)) = ‘Sn,méio,j()'

As a consequence we find

1
<<*111* , \y( ¥ )): 5: ¥
(n,ip) m,ij 27_(‘/\/./\/-&/ 10,11

6n+m, 1-

17
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Consider the NS expansion in modes of the double fields:

V(@)= bninYiip) @)

nez ip
Vi@ =)D bl i Yenio.i (@
nezZ ip

then

bonioy = (Wi i ¥)
iy = (Wonioy, ¥*),
and

1
I:b(n,io)a bzkm’jo):l+ = méio,j05n+m,l~ (5-1)

5.2. Twisted complex fermions: preliminaries

We can now move to a more general discussion of Ny = 1 complex fermions in the presence
of N point-like defects which we will show to be primary boundary changing operators (i.e. plain
and excited spin fields). Let

Roy =e™*0eU(l)

Rf) = e~ imxm e U(1)

such that 0 < «(;) < 2. We have the boundary conditions:

Y(x —i0t) =eT™*oY(x +i0h)
YE(x —i0T) = e iTXOWH(x +i0T)

for x € (x;, x;—1), and
Y(x —i0t) =Wx4+i0h)
Ye(x —i0t) =wr(x 4i0h)’

for x < 0. Also in this case we can refer to Fig. 4.1 to keep in mind the intuitive picture. The
boundary conditions can be recast in the form of monodromy factors. Performing a loop around
x; we find

W(x, +8¢07) = el (@ —arn)y(y, 4 527,

where 5 € R is small enough® and the = in the phase represents the position relative to the real
axis (+ is in the upper half plane, while — in the lower half plane). Let us define’

€ty = 041y — () +0(0x) — a1y — 1) — 0(xy1) — iy — 1)

8 Technically, 0 < & < min (‘x,,l — Xt ‘ |x[ — X411 })

9 Notice that the choice of the range for €y is not unique. We can choose 0 < () < 2 leading to €y = x(s41) —
oy + 20(ox() — otr1)) Then in this case €y =2 — €(;) and €(y), €() € (0, 2). We will however stick to the first
definition in the following sections since it allows to consider the NS case as special.
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such that
—l<epn <l Vi=1,2,..., N,
then the previous loop around x; induces a monodromy

Yix, 4 5e07) = imeOW(x, + 52T

. - . 5.2
W*(xt + 5610"') — e—n‘[e(,)\y*(xt + 56217t+), (5.2)
where €;) = —€() = —1 <€) < 1 thus showing a symmetry under the exchange of:
Y y* = €1 <> €.

5.2.1. Usual twisted fermions
As it is useful in the discussion of the meaning of the defects, we consider the case of one
complex fermion in the presence of one twisted boundary condition with the defects located
at zero and infinity. We take N =2 and x; = oo and x; = 0. For simplicity we denote € the
argument of the monodromy factor arising from the presence of the cut on the interval (0, 4+-00).
In order to fulfill the requests (5.2) we can write the modes as:

\yle) =J\/‘\yzin+E,
P (B) ZN\yZ_n+E
n )

such that

(5.3)

€
E=ng+ -, ngeZ,

10.

Together with the integer factor ng and ng we also define a third integer for later convenience
L=E+E=nE+n§eZ.

In order to extract the creators and annihilators from the conserved product (4.11), we define the
dual basis as:

— ] —
*‘P(E) — n—1 7E’
@ = S N
1
' (E) ) = n—1—E
@)= N

This way we compute the usual anti-commutation relations as

B\ Ontm.1+L 1
s () @) _ Tntm 1L, ) 5 , 5.4

<< n m ) ZTE/\/'N\%, [ n m]+ ﬂTN\i n+m,1+L ( )
which are constant in time independently of E or E since the only possible singularities are at
z =0 and z = co. We can then expand the fields W(z) and W*(z) using this basis or the more
conventional one as

10 The choice discussed in footnote 9 gives L = ng + ng + 1. We can easily exchange the definitions using E%t”)d =

—=l1st 2nd __ st _
€0 —t—2andnE =ng 1.
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Y@ = Y EPYE ) = bug ¥’ (), (5.5)
nez nez
v =Y BPw o =35, v, 7. (5.6)
nez nez

where we have used the shorter notation » = »(3) and b* = b*(3).

5.2.2. Generic case with defects
We now consider one complex fermion in the presence of N defects such that the modes
satisfy:

W, (x; + 5ezm+) =0y, (x, + 6ei0+)

fortr=1,2,..., N and b > 0. We define the basis of solutions as:

N z \E®
Yo (z; {x, Egn})) = Nyz ™" 1_[ (1 — x—) , 5.7
t=1 !
_ N 2 \Eo
Wz {x, Eny)) = Nwz™ l_[ (1 - x_> , (5.8)
t

=1
where we generalize the definition of
- €m

B =ng, + =% ng, €Z,

B o 0! —

E(l) = nE“) + Tt nE(Z) € V4
and we define N integer factors:

Lo =E@ +Ew =ng, +ng, €Z,

forr=1,2,..., N,in analogy to (4.11). From the definition of the conserved product (4.11), we
compute the dual basis:

1 N 2\ B0
o= amg 1 (1 - x—> ’
t

Kk 1 1 ul < —Fo
V'Y = — 'n— 1 — — ,
=5 1 ( x,)

and the conserved products between dual modes:

<<*\}/* Y >= 1 % d_ZZn+m—2ﬁ (1 _ i>_L(t).
"M NG S 2mi i\ X

Notice that the products are radially invariant only if

Lyy<0  Vie{l,2,... N}, (5.9)

since the integrand must not present time dependent singularities on the integration path, thus
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N Lol

v ST ()

t=1k=0

2 7T./\/ N\% — >~ Pl-n—m>
where we defined

N Lol

AR ()

t=1k=

(5.10)

M=

ki k

=1

such that

£0

p N
0sk=2. Lo
=

Pk<—1=P N =0
k>3 ‘L(,)|+1
t=1

We can finally write
1 N
[ 01) = —— 7 P1-n-m. 1= Lyl <n+m=1. (5.11)
nT v t=1

6. Representation of the algebra: definition of the in-vacuum

In the previous section we computed the algebra of the operators for different theories. We
now define in-vacua where they are represented. This is the first step to define the building blocks
for computing correlation functions. We will show how to recover the usual NS vacuum and the
usual twisted vacuum with a slightly different twist from the usual. Finally we will discuss the
vacuum in the presence of a generic number of defects.

In the previous section we have seen that given the monodromies of the defects we can have
many different singularities. Since we want to identify the defects as (excited) spin fields we
want to understand what is the local singularity associated with excited twisted vacua.

6.1. NS fermions

The case of NS fermions is trivial since there are no defects. The in-vacuum can be correctly
obtained either by requiring ¥(z) and ¥*(z) to be non singular as z — 0 when applied on the
vacuum or by the same request on (&) and W*(&). In both cases we get the same vacuum which
turns out to be SL;(R) invariant:

b(n,ig) 10)SLy(R) = D i) 10)sL, ) =0, > L. (6.1)
The spectrum of the theory can be constructed acting with operators b, i) and by, ;  with n < 0.

6.2. Twisted fermion
Consider the case of the usual twisted fermion in Section 5.2.1. We start from the definition
of the excited vacuum and work out the way to the minimum energy configuration. We will then

discuss the result.
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IN-ANNIHILATORS
IN-ANNIHILATORS

b* bTL
L+l-n OVERLAP
REGION
(INCONSISTENT THEORIES) n
-1 0 1 e L L+1--
Fig. 6.1. As a consistency condition, we have to exclude the values of L for which both b,(,E) and b]iitEl)fn are in-
annihilators with a non vanishing anti-commutation relation.
6.2.1. Excited vacuum
Define the excited vacuum ‘TE E> as:
(E) _\_ px® _\—
bP | g) =0 ® | Tg) =0, nz1. 6.2)

The reason for the introduction of E and E is to be able to define this vacuum as above, i.e. with
a n range independent on them and, at the same time, to have a non trivial singularity as z — 0
which does depend on them, explicitly

VE) |Tg)~ B0, W@ |Teg)~ e, 6.3)

By comparison with (5.7) and (5.8) this behavior suggests that in the point x; there is a hidden
operator which creates ‘TE,E> with E =E; and E= E(t).
These relations are subject to consistency conditions since

2 [ @EB) .x®
‘TE,E> =nT Ny [br(l ), bL+17ni|+ ‘TEE>

that is we cannot have two in-annihilators (namely both b,(ZE) and b ® ) with non vanishing

L+1-n
anti-commutation relations. Specifically we have that (see Fig. 6.1 for a graphic description):
tsnsl = 6P |hg)=0. 5O, |ng)=0.

that is
‘T 7> =T N [b(E> pr® ] ‘T 7> =0
E.,E Y% >YL+1-n + E.E ’

which is not consistent: the theory does not exist. We shall therefore consider only cases such
that

L <0,

analogously to (5.9).

E)

Moreover notice that for L < —1 both bl(énfo and b;igl) <o are in- and out-creation operators:

in the next section we will show that this case is not acceptable.

6.2.2. Minimum energy vacuum

The vacuum ‘TE,E> defined in the previous section is not however associated to the lowest
energy. In fact the usual way to build the vacuum would be to require ¥(z) and ¥*(z) to be
non singular as z — 0 for the in-vacuum so that b,(LE) ITY =0 for n>E, and b, E) IT) =
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0 for n > E. However this procedure almost always fails to give a good definition of the
vacuum (it works only for NS fermions). For example when € > 0 we have:

— T2 [b<E> b <E>] IT) =),
J’_

14+ng’ “ng

which is not consistent since both b?j:r)n and b:E(E) are annihilators as 1 +ng > E and ng > E.
The minimum energy vacuum is 1nstead defined in a proper way on the strip. Requiring that

the action of W(&) and W* (&) for & — —oo on the vacuum is well defined we get

1
b®|T) =0, n>E+E,
& = 1
P =0, m>E+ 2.
This is a good definition of the vacuum since —% <5= —% 3 nnphes that b(E) and by, (E)

annihilation operators forn > ng + 1 > E + % andm >ng+1> E+ 2 so that
0=nTNG[BP. 3P | IT) =8, 51501 IT) =0
" ,

This way we get a consistent definition of the twisted vacaum'' which however is not in
general SLo(R) invariant as we will show after the construction of the stress-energy tensor.

6.2.3. Relation between vacua
The two vacua TE,E> and |T) are related. Consider for example, the case ng > 1 and the

definition of the vacua:
bP|Teg)=0. n=1,
b T)=0, n=1+ng.

Then for 1 <n < ng the modes b,(LE) act as a annihilation operator on ‘TE E) and as a creation
operator on |T):

‘TE, ) «b®p® P T 6.4)
Moreover, since L =ng +ng < 0= ng < —1, we have:

by ® | Teg)=0. m=1,

BTy =0, m>1-

which leads for the same argument to:

IT) oy ®pr® bt ® ‘TEE> (6.5)

1=|ng]

In order to check the consistency of the definition, we require that:

1T Notice that the second choice of € interval discussed in footnote 9 needs to distinguish between two cases: 0 < % < %

(and2< <1)and2<5<l(and0<§<%).

23



R. Finotello and I. Pesando Nuclear Physics B 969 (2021) 115464
2 \"E, (B)},(E) B)px B px®)  px(E)
‘TEE> (”TN ) bg by -+ b1 by by b~ Ing] Tgg)s
where the number of b operators has to match the number of b* operators:
ng+ng=E+E=L=0. (6.6)

The same procedure applies also in the case ng < 0, leading to the same result.
As a consequence of (6.6), we can express the twisted vacuum as:

b T)=0, n>1+ng,
p:® Ty =0, m=>1—ng.

6.3. Generic case with defects

Since the fields in presence of defects behave as NS fields in the limit z — 0, we can define
the vacuum in the usual fashion by requiring a finite limit lin%) ‘P(z)‘Q {x.Eq) E(r)}>' We get as in
z—> ’ !
the NS case:

bn|©2

=0, n>1. 6.7)

_ — h* Q _
{xt.E).En}] — “n|**{xr.Ey.Eq)}

7. Asymptotic fields and relation between asymptotic fields vacua and the vacuum

In this section we define the asymptotic in-field and out-field and discuss how their vacua are
related to that of the theory with defects. The relation is “radial time dependent” thus explicitly
showing that an interaction is hidden in the defects. In particular the vacuum for the theory with
defects can be identified with SL;(RR) in-field vacuum while it is connected by a Bogoliubov
transformation to the SL,(RR) out-field vacuum.

In the following we use the expansion of

N

E;
HM%%M=HO—§),
t

t=1

around the origin and infinity with coefficients

€ (0, {xi. E}) Z H|:<E(t)>( ,)kr]éﬁk,,k

{k;}eINN 1=1

Q:k(OO, {x,,E(l) Z 1_[|:< (t)>( x)k' E(f):|5 s

{k;}eINN 1=1

so that we can write
P(z; {an(z)}) s Ze:k {x.En})z k

N
—k+3 Eq

Z& oo, {xi,Ep})z =

\Z|>X1
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We do not discuss intermediate fields, i.e. expansions for x; < |z| < x;_1, as it is not possible to
clearly disentangle the effects of defects before and after this range since, as we will argue, the
vacuum in presence of defects is related to the radial ordering of the operators associated with
the defects as in (8.3).

7.1. Asymptotic in-field and relation between its vacuum and generic case vacuum

Consider the definitions of the basis of solutions (5.7) and (5.8) and expand around z = 0.
*(0)

Let us concentrate on the first case since analogous relations can be written for b, with the
substitutions of E;) with E(;). We get for 0 < |z| < xy
Y,(z) = Z (0, {x1, En DY, (@), (7.1)

\z|<XN

and ‘1’20) (z) = Nyz™" as in (5.3) with E = 0 which are the modes of a untwisted fermion, i.e. a
plain NS fermion. The previous expansion connects the asymptotic behavior of the modes of the
fermion with defects with the modes of a NS fermion which can be seen close to the origin.

We can now relate the operators of the system with defects with those of the asymptotic in-
field. To this purpose we can then substitute the expansion (7.1) into the usual expression of the
modes (4.12):

Y(z)= Zb Y, (2) =x \y(ln)(z) Zb(o)\y(o)(z)

nez nez
thus leading to

o0
b = an+k¢k (0. {xt. B })-
k=0

By writing W}P) (z) =Y, (2) P(z; {x;, —E(;)}) these expressions can also be inverted:

by = Z € (0, {xi. —E })bi).

The important point is that annihilation operators of the asymptotic theory, i.e. operators with
positive index, are expressed only using annihilation operators of the theory with defects, this
means that we can set

‘Q{thE(t)»E(t)}> = |O(i")>SL2(]R) :
7.2. Relation between generic case vacuum and asymptotic out-field vacuum

As done in the previous section we can also explicitly compute the expansion for |z| > x|

N
(define for simplicity M = ) E¢):
=1

¥, = Zek A B D ov@,

|z>x1
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which connects the asymptotic behavior of the modes of the fermion with defects to the modes
of a NS fermion which can be seen close to the infinity.
This relation can be used to link out-operators with the operators of the theory with defects as

Y@ =) b¥a@ = Y@= bPv) @
>X]

nez nez
thus getting
+o0
b = buim-r€i(o0, {x;, Eiy }). (7.2)
k=0

These expressions can also be inverted as

+00
b= € (00, {x1, B )by s
k=0

As we will show later, we must take M = 0. Then the important point is that annihilation op-
erators of the asymptotic theory, i.e. operators with positive index, are expressed using both
annihilation and creator operators of the theory with defects while creators, i.e. operators with
non negative index, are expressed connected with creators only. It follows from the vacuum def-
inition that

(Qﬁo (00, {x1, —E })b™ + creators) ‘Q{xr,Em,E(,>}> =0

(Co (00, {xr, —En )65 + €1 (00, {x1, =B })b™ + creators) ‘Q{x,,E(,),E(,)}) =0.

This means that the vacuum for the asymptotic out-field is non trivially connected to the vacuum
of the theory with defects. More explicitly we get the relation

— (out) = (00)3 (00)
‘Q{xt,Em,E(x)}):A/(om)({xt’E(t),E(t)})ez”””SOMm (BB D on |0(0“t)>SLz(R)’

so that the two SLy(R) vacua are connected by a Bogoliubov transformation. More precisely we
get (see appendix A for details)

{\y(out,+) (Z) +

7{ dw P(z; {xi,En)) P(w; {x;, -Eny}) —

1
(out,—) _ —
2mi z—w N w } ‘Q{xf’E(’>'E<'>}> =0,

(7.3)

and the corresponding equation for W(°“)*(z) with the substitution E — E. Notice that the kernel
of the integral is nothing else (up to a multiplicative constant) but the regularized propagator, i.e.
the propagator in the presence of defects (8.2) to which the NS propagator has been subtracted.
The previous equation can be solved explicitly by

e Y B (ER N 1Y)

lzl,lw|>x;

P@i{xt By DPwifxr.—E)D

(out,—)* -1 (out,—)
v @ -w v () |0(uut)>

4 dz_dw
e |z],lw|>xy 27 27
SLy(R) *
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In the previous equation there is no need to specify whether |z| is greater or less than |w|
since W4 7)*(z) and W) (w) anti-commute. Finally deriving the same expression using
yout,.=)* () and comparing with the previous one we deduce that En =—Eq).

8. Contractions and stress-energy tensor

Given the definitions of the in-vacuum of the theory and the algebra of operators, we can
finally define the normal ordering operation and proceed to compute the contractions and OPEs
of the operators: the procedure ultimately leads to the definition of the stress-energy tensor. This
is enough to show that the theory is a time dependent CFT since the stress-energy tensor satisfies
the canonical OPE.

8.1. NS complex fermion

First of all we deal with the simple case of NS fermions and using the algebra (5.1) we
compute the OPE of fermion fields
i

) . 1 ;
Y @Wjw) = V@V @+ — fwl <zl

where the operation : -: is the normal ordering with respect to the SL>(IR) vacuum defined in
6.1).
Secondly we get to the expression of the stress-energy tensor:

L T " i * i Nf
T = fim | -5 (Y 0 -a¥r0v W) + 20 ]

T e i
= —7 . Wl. (Z)BZ‘P (Z) .
so we are now able to derive the necessary minimal subtraction
Bz —w) = —
I—w)= - ’
(z—w)?

to get the stress-energy tensor.
8.2. Twisted fermion

We can now go back to N s = 1 theories. First of all we consider the simplest case of the usual
twisted fermion with the mode expansion (5.5) and (5.6). We do not implement beforehand the
constraint (6.6) but we recover it in a different way. Both excited and twisted vacua can be treated
on the same footing since their difference amount to choose ng and ng.

8.2.1. OPE and stress-energy tensor
Using the anti-commutation relations (5.4) we can compute the OPE
z 1

1 E
YW w) = Ny [YO¥ )]+ — (=) . lwl<il.

and
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. . 1 (w\F 1
YV (w)¥(z) = Ng g [V (w)‘i’(z)]+ﬁ<;) p— |w| > |z].

If we require that the previous results can be assembled in a well defined continuous radial
ordering R[‘l’(z)‘l’*(w)] we need to set E = —E so we can write

1 2\E 1
RY@Y*(w)] = Ng ; [Y@QW* ()] + T (£> I—w

The same result can be reached by computing the stress-energy tensor starting from the pre-

vious expressions. We have two ways to construct it depending on the ordering of the classical
expression. Either as

. nl * * 1
T() = |£}‘H§E‘ [—7(\1’ ()0 ¥Y(w) — o,V (Z)W(w)) + m] o

2
= — \P(z)a‘i’(z) +22,

or

T " " 1
T() = lu{‘lil'llz‘ [—7(—8ZW(Z)W (w) +¥Y(z)9,¥ (w)) + m}
=

E
= -5 \P(z)a‘i’(z) +22,

which however must coincide for consistency. Since
<~ <~
(W(2)0, Y (2) :==: ¥*(2)3,¥(2) :,

. 2 =2
then we must then require E- =E".
We can get a stronger constraint by computing the OPE T (2)T (w). In fact the cancellation of
the cubic divergence requires E + E = 0.

It the follows that the vacuum ‘TE E> is actually |7g), notation we will use from now on.

8.2.2. Virasoro operators and conformal dimensions
From the usual definition of the stress-energy tensor in terms of the Virasoro generators

T(z) =Y Lyz %2, we can extract the operators L; from any of the previous definitions:
kez

E2
Ly = ——N’Z 3 Neg [b*@)b,?i)l ] (n—k+2E— 1)+ =80
nez

T >
=SNG Y [@n—k+2B— 1) N g 67,05

n=1
® E?
+n—k—2B- )N [0 0P ] ]+ —5t0

Looking back at the analysis of the excited and twisted vacua, we already hinted to the fact
that they are not in general SL,(R) invariant. In particular we can see that the excited vacua |Tg)
is a primary field
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E2
LE>0lTe) =0, LEo|Tg) = > |Tg) ,

with non trivial conformal dimensions A(|Tg)) = 152_2 This operator is an excited spin field
Sg,, (x) inserted at x = 0 whose bosonized expression is given by

SE(x) = PP,
where ¢ is such that

1
DP(w)) =——"——.
(G@Ow) =~
In fact the minimal conformal dimension is achieved for ng = ng =0, i.e. A(|T)) = € and
we know this is the basic spin field. We can further check this idea by showing that the conformal
dimensions are consistent. Using (6.5) we get
Lapo IT) = Lo(b*(ﬁ)bi(lﬁ) pe® s >>

2 ng
E? 1,
Z<n——)+ T)=+5€IT).

8.3. Generic case with defects

We will now apply the same procedure to the generic case of one complex fermion in the
presence of an arbitrary number of spin fields with respect to the vacuum we introduced in (6.7).
We will consider the mode expansion (5.7) and (5.8) as well as the anti-commutation relations
(5.11).

As in the usual twisted case, we will first consider the contraction of the field ¥ and W*

and then move to the stress-energy tensor. Using the anti-commutation relations and Y pyz* =
keZ

N —Lo . .

I (1 - x%) where py is defined in (5.10). We have:

t=1

N Eq) —Eq)
Y(OV*(w) =: Y )¥V*(w) : -I—L_;w <1 — i) <1 — E) ,
t=1

nT z Xy Xt
as well as
N E -E
1 1 z \E® w 0)
V¥ (w) = Y*"@Q¥Y(w) : +——— 1_[ (l — —) (1 — —> ,
nl z—w —1 Xt Xt
both for |w| < |z|. If we require that the previous results can be assembled in a well defined
continuous radial ordering R[‘P(z)‘i’*(w)] we need to set E;) = —E([) SO we can write
I - 2 \Fo w “Eo
R[Y@VY*(w)] =YV (w): +— —— (1 — —) (1 - —) ) (8.2)
nl z—w — Xt Xt

We can then expand the results around z:
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RY@Y*(w)] =: (YW*) (@) : + : (YY) () : (w—2)
N
1 [ -1 Eq)
+ — + —
T |:w -z ; Z— Xt
N
EEw E@ (Eq) — 1)
-= + w—2z
oy > ol 1),

1=1 uzt (@ —x)(z = xu) =1

+ 0((w -2?).
and around w

R[Y@W*(w)] =: (W¥*)(w) : + : (0YY*)(w) : (z — w)
1 Y Ey
_T [ + Z w — X

N
E(Ew Ep(En -1
ZZ(w—x,><w—x>+§ w—xyp |57

t=1 u#t

+0 (Z—w))

so that the stress-energy tensor becomes:

T N E( )
* t
T(2)=- > ‘P(z)a‘i’ @) :+2 (E )

2

N
() Eq)
Z_Xt} (ZZ_XI> .

t=1

nT
= 7/\@ Z :byby, z_”_m|:
n,m

The last expression shows that the energy momentum tensor 7 (z) is radial time dependent but it
satisfies the usual OPE.
Notice first of all that the vacuum ‘Q {x,,E(,),E(,)}> is actually |Q{th([)}), i.e. it depends only on

x; and E(;). Then we can try to interpret the previous result in the light of the usual CFT approach.
In particular we can refine the idea we discussed after (6.3) that the singularity in the modes (5.7)
and (5.8) at the point x; is associated with a primary conformal operator which creates |Tg) with
E =E(;). In fact by comparison with the stress energy tensor of a excited vacuum (8.1), we can
read from the second order singularity that at the points x; there is an operator which creates
the excited vacuum |§2{x,,E(,)}) from the SL,(R) vacuum [0)gp,(R)- Given the discussion in the
previous section this is an excited spin field Sg,, (x;) = B0 ®(0) The first order singularities in
x, — x; are then the result of the interaction between two of the previous excited spin fields. We
can try to be more precise. Using the usual CFT operatorial approach we can suppose that the
following identification holds

|2, E))) =N (30 Eo)D) Sk, (x1) - Sy, (20 10)sLy (R)
N

=N({x.En)) R []‘[ S, (x»} 10)sL, () (8.3)

t=1

then we get
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N
T(@)|Qu.Ee)) =N({x . EnD R [T(Z) l_[ Sk, (xr)i| 10)sL,(R)-
=1
The fact that 7 (z) enters the radial ordering may seem strange but the left hand side is well
defined for all z and the only well defined expression for the right hand side is the one with
the radial ordering. In fact an operatorial expression like 7 (z) R[d (x1)d b (x2)]|0)sp, (R) is only
defined for |z| > x1 2. It then follows that

T(@)| QB = Z

pa (z—xt)2 Z— X

/2 8 — 0y, log
( 0 X x; 108 |Q{thm}> + regular terms in z,

which allows to write

N({x E)) R[0x,Seq, D] [ [ SEw 11001, )

u#t
> E
2 (u)
ZE(’) T[TN Z n+m + Z xt —xy |Q{x,,E(,)})-
n,m= 0

This result shows the way non primary operators are represented in this formalism and is consis-
tent with the computation of the excited spin fields correlator performed in section 11.

9. Hermitian conjugation

In this section we focus on the operation of “Hermitian conjugation”. We write ‘“Hermitian
conjugation” between quotes because the Hermitian conjugation requires the existence of an
inner product which is not yet available since we have not defined the out-vacuum. What we
are going to discuss is actually more like the involutive x operator of C* algebras with the catch
that the » operator sends an element of an algebra to another element of the same algebra. This
is not what happens in the generic case since the x is essentially associated with the inversion
77— %, i.e. in evolving from T = +o00 to T = —o0 so that the order of boundary singularities is
reversed. In the next section we use this correspondence between the » operator we defined and
the Hermitian conjugation to define the out-vacuum. The previous warning does not apply to the
usual twisted fermions with which we start.

9.1. Usual twisted fermions

In general for a chiral primary conformal operator of dimension A in z coordinates the Eu-
clidean Hermitian conjugation is

(0@ = (w*0w)

w=1/z

As discussed above we cannot use the words “Euclidean Hermitian conjugation” and define

it since we do not have an inner product but we can define the operation * which mimics its

behavior. Therefore we define
[Y(z; B)* = [w¥*(w; —E)] . [V @B] = (w¥w; B) , 9.1)

w=1/z w=1/z
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where we have not assumed that the action of x is a map between the same space and we have
written for example W(z; E) to make explicit the dependence on the parameter E which enters in
the modes. The previous action agrees with (4.8). In terms of the basis (5.3), we can write'”

e =fvit] [ = [

El

w=1/z

w=1/z

which shows that in this case the image of the x operator is the same of the support. Using the
mode expansion of (9.1) it follows that

[bsz)iI* _ b*(ﬁ), [b;’; (E)]* — biE—)n' 9.2)

— Y1-n

The * action is compatible with the anti-commutation relations as we can show by explicitly
computing them:

*
= E 1
E E E) (B
(I:br(z ), b;kn( )] ) = [bT—n s bl— :I = A@én_t,_m,l.

Furthermore * is involutive since:

ok

VP =v®a = [pP] =
9.2. Generic case with defects

The situation in the generic case is more complex. Consider the modes given in (5.7) then it
is natural to define the action of the x operator on them as:

N 7\ Eo
[¥a (i (B D] =Nz [ ] (1 - i)

X,
=1 !

N 1 \E® (M1 N w \E®
= (o1 () o 1(1-+7)
t=1
N E
1 ") ~ =
= <w 1_[ <_x_t) 7V[+1*Il (w, {-th(l)}))

t=1

w=1/z

w=1/z

N
where we used M = ) E(y. In this case the image of the » operator is a different space where
=1

the defects are located in X; and the singularities are E(,) and E(,) with
L1 ~ =
Xp=—, Eq =—Eq), Eqn =Eq),
Xt
where we used E(;) + E¢) = 0.
We can therefore compute the action of the x operator on the creation and annihilation opera-
tors as done previously and get:

*
12 The other possibility [‘l’,(lE) (z)} = [w ‘Pi(n*Efl) (w)” _ is inconsistent with the anti-commutation relations.
Z

w=I1/
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N 1\ Eo _ N 1\Eo _

* * ko *

by =] <_x_;) Biyin O =]] <_x_t) b-M+1-n-
=1 =1

As in the previous situation, the anti-commutation relations are preserved by the x operator.
Explicitly we have:

1

([b"’ b:("]+) = [b-wr1-m: gﬂi/lﬂ*ﬂh - WS
v

n+m,1-
Finally the » operator is involutive.
10. Definition of the out-vacuum

With the definition of the x operator we can now proceed to define the out-vacuum such that
it acts as the Hermitian conjugation in the usual cases. It is conceptually separated from the
definitions of the algebra of operators and their representation on the in-vacuum. This is the last
step before we can compute any correlation function. We first consider the usual twisted theory
from which we learn how to define the out-vacuum and then move to the generic case in the
presence of multiple defects.

10.1. Usual twisted fermions

Consider the definition of the in-vacuum (6.2) for the fields image of the » operator, i.e.
‘?(w; E) and ‘T’*(w; E). It is defined as

Then the usual Hermitian conjugation gives

~ ~ N\ T ~ ~= N\T
E E
(e (047) = (T (B5°) =0. n=1.
Given the action of the » operator (9.2), if we want to identify it with the Hermitian conjugate
we are led to write

(Te| b = (Te| b ® =0, n <0,
10.2. Generic case with defects

We can now analyze the case of an arbitrary number of defects using previous relations.
Following the steps of the previous section we can define the in-vacuum for the tilted theory as

Zn|9{x,,E(,)}>:En|Q{xt,E(,)}):Oa n 2 1a

and then interpret it as the out-vacuum for the initial theory. The definition of the out-vacuum is
therefore:

<Q{XI>E(t)}‘bn =0, n<M,
<Q{xt,E(z)}|b: =0, n<-M.
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Since the action of the x operator is compatible with the anti-commutation relations this definition
is consistent as definition for the out-states. The consistency between the in-vacuum and out-
vacuum is however not granted and must be checked. If we assume that <Q{x;,E(,)} | Q{xt,E(,)}> #0
then using the anti-commutation relations we get

1
W (Q{XnE(x)} |Q{th<r>}> = <Q{tho>} | [bM’ be+1]+|Q{x,,E(,)}>
G

= <Q{th(t)} |biM+1bM|Q{thm}> #0,

which requires bM|Q{x,,E(,)}> # 0 There is a similar condition for the b*,,, therefore we must
require M < 0 and —M < 0, thus

N
M=> "Eq =0.
t=1

The situation is therefore analogous to the case depicted in Fig. 6.1 where M and M have the
same role of L for the twisted fermion.

10.3. Asymptotic vacua

The discussion is essentially the same as in section 7 with the role of asymptotic in- and
out-fields exchanged. In particular we get

<Q{vaE(t)}| = SLy(R) (0(0ut)

and

(0)%,.(0)
(R | = Nam (51 B ) Loy (Ogimy | e2mnzt Mo it BeoDbu b

11. Spin field correlators

The definitions of the in- and out-vacua and the stress-energy tensor are critical to compute
any correlation function of operators in the presence of the point-like defects. In fact we need to
know both the algebra of the operators and their representation, usually defined on the in-vacuum
(the ket vector), as well as their Hermitian conjugation in order to build the action of the operators
on the out-vacuum (the bra vector).

Starting from (8.3) we can finally compute the spin field correlators

N
<Q{XI,E([)} |Q{x,,E(,)}> = N({xta E(t)}) <R |:1_[ SE(,) ()C[):| > .
t=1

At first sight this expression might look incorrect since both |Q{th(t> }> and <Q{th(t> }| seem to
N

contain R |: [T Sk, (x,)i| as if were squaring the previous radial ordering. That it is not the case
=1

and it can be seen in different ways. The simplest is to realize that such a square would be

divergent while the product seems to be perfectly finite. A more sophisticated and rigorous way
is to consider what the previous product is from the point of view of asymptotic out field. In this

N
case |Q{X1,E(,)}) = N(ou[) R|:1_[1 SE(;) (xl)] ‘0(0’”)>SL2(]R) and (Q{vaE(t)}’ = SL,(R) (O(ouz)| so that
(=
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/\/(om) =N Moreover T (z) | ‘= T(our)(z) when the two energy momentum tensors are normal
Z|1>Xx]

ordered with respect to their different sets of operators which are related as in (7.2). Hence all
the expressions are surely valid for |z| > x; and can be analytically extended to the whole plane.
The same result can be obtained from the point of view of asymptotic in-fields.

Unfortunately it is not completely clear how to fix the normalization. Moreover the result
depends on the normalization chosen for the single spin field and this normalization shows only
up when we relate the N points correlators to N — 1 points ones and these recursively down to
two points correlators. Therefore we need to consider quantities where the normalization cancels.
In particular we can consider

P N
a_ In <R SE(,) (xt) l_[ SE(u) (-xbt) >

u=1,u#t
 ablrofi]
N 2mi N
|z]=x; <R|:1_[1 SE(;) (xt):|>
= )

_ f dz f dz (4B} | T (@] R B
27 21 <Q{xr’E(t)}|Q{th(r)}>

z|>x \z|<Xz

(Q{x,Em}!( = L)) [Rpx.8)

(Q{XﬁE(z)} |Q{xr»E<z)})

since [L_ 1, On (z)] = 9,0} (2) for a quasi-primary operator Oy. From the definition of T (z) it
follows that:

dz —n—
L L_l_ﬁ%T(z)znTN?yE(I)Z:bnb;:x,m "

n,m =
Cx, u=1,u#t

EwEq)

b
Xt — Xy

where C,, is a small path circling x,. Therefore

EwE
e ln< [H Sk <xu>}> ) —
u#t Xt = Xu
which can be solved by

N
<R[H SEq (x,)}> No({Eny}) 1_[ (xy — x7)F@F®
=1

t=1,t>u

The constant N ({E(;}) which depends on the E(; only can then be fixed by using the OPE. The
last equation reproduces the usual bosonization procedure.
In a similar way we can compute all the correlators as

(B )| R |:]__[‘1’(x,-) [T (x/')} |2x,.Eqy))
i J

<Q{xt’E(l‘)} | Q{Xt,E(t)}>
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N
R TTYG) [TY*(xj) [T Sk, (xr)
i j =1

(rL e

by using Wick theorem since the algebra and the action of creators and annhilators is the usual.
In particular taking one ¥(z) and one W*(w) we get the Green function which is nothing else but
the contraction in equation (8.2) exactly as in the usual case.
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Appendix A. Details on reflection condition on the vacuum with an arbitrary number of
defects for asymptotic field

We would like to provide some details on how (7.3) can be derived. First we introduce the
projector of positive frequency and negative frequency modes for the NS fermion as

+1
PHV g wy=——, |z > |w|

—1
POz w)y=——, |zl < wl,
Z—w

so that for example

d
75 D p0) (2, )W (0) = WO (),
27t
|z|>|w]

and similarly for the negative frequency modes.
Likewise we introduce the projectors for the field with defects as

P(z; {x;,E P(w; {x;, —E
P (. w) = (2 {x, En}) P (w; {x; (z)})’ 2l > |l
Z—w
_ —P(z; {x,E P(w; {x;, —E
POz, w) = (@ b (t)z})—i) e (t)}), Iz < |wl,

E
with P(z; {x;,En}) = ]_[?/:l (1 - i) “ as in the main text.

Xt
It is then immediate to compute

(P(+)P(+’O))(z, w) = % 2d_7fip(+)(z’ C)P(+’0)(C, w) = pE0 (z, w)
|z|>]C]>]w]
(P(+)P(—,O))(Z7 w) = P, Enh) Pw: i, —Ep}) — 1
I—w
N

The last equation is valid when M = > E(;) < 0 and for |z| and |w]| arbitrary.
=1
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Specializing the previous expressions to the W) (z) case we need to add the constraints that
|z] > x1 and |w| > x;.
Finally the vacuum in presence of defects can be described by

(+) _ _ +) _
b4 (Z)‘Q{xtsE(t)vE(t)}) - <P \11) (Z))Q{th(z),E(t)}>

_ ( pnyloun) E
= <P ylon )(Z) Q{an(m»Em})

0 -0 E
= [(P(+)p(+ )ly<"”t))(z) + (P(+)P( )W(om))(Z)]‘Q{x”E“)’E")})
=0,

where we assumed |z| > x1 and which immediately becomes (7.3).
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