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Introduction

Over the decades geometers faced with the problem to define and detect canonical
metrics over smooth manifolds. In particular, even when the notion of canonical
metric is established, such as for Einstein metrics in Riemannian geometry, their

existence still remains an open question in most of the cases.

To address such a problem various techniques have been proposed. Among them,
geometric flows are one of the most fruitful tool, since canonical metrics can often
be realized as limit points of specific evolution equations. The foremost example in
this direction is given by the Ricci flow, a very powerful tool to study geometric and

topological problems in Riemannian geometry.

The Ricci flow was introduced by Hamilton in [48], who proved its well-posedness
(see also [26]) and regularity. Hamilton used the flow to classify 3-dimensional and
4-dimensional Riemannian manifolds admitting positive Ricci [48] and Riemannian
curvature [49]. Moreover, in his breakthrough works [89-91], Perelman developed
new techniques which enabled him to prove Thurston’s Geometrization Conjecture

for compact 3-manifolds by using the Ricci flow.

Shortly after Hamilton’s seminal paper, in [17] Cao proved that the Ricci flow
on a complex manifold preserves the Kéahler condition and gave an alternative proof
of Calabi’s conjecture by using the Kahler-Ricci flow. Remarkably, since the strong
nature of the Kihler condition, the d9-lemma implies that the Kéhler-Ricci flow is
a potential flow. This in turn can be used to prove some regularity and convergence
results which do not hold for the Ricci flow in general. For instance, Tian and Zhang

proved that the maximal existence time of a solution to the Kéahler-Ricci flow only
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depends on the cohomological class of the initial Kahler metric and the first Chern
class of the manifold [118]. Furthermore, the Ké&hler-Ricci flow has been proposed to
address the analytical minimal model program [107], that is an attempt to understand
the algebraic minimal model program through the singularities of the Kéahler-Ricci

flow.

Regrettably enough, on a complex non-Kahler manifold, the Ricci flow does not
preserve the Hermitian condition and different geometric flows have been introduced
in literature to avoid such a problem. The first work in this direction is due to
Streets and Tian, who introduced a new flow of Hermitian metrics called Hermitian
curvature flow [112].

The main idea behind Streets and Tian’s work consists in considering a flow of
Hermitian metrics whose principal part is governed by the Ricci tensor of the Chern
connection, instead of the Ricci tensor of the Levi-Civita connection as in the case of
the Ricci flow. In this way, Streets and Tian obtained a parabolic flow of Hermitian
metrics which, once modified by adding some quadratic terms in the torsion, is a
gradient flow.

More precisely, let X be a compact complex manifold. The operator
S: Herm(X) — Sl’l(X), S(9);: = g™ iz

associating to any Hermitian metric on X its second Chern-Ricci tensor, is strongly
elliptic (here €2 represents the curvature tensor of the Chern connection) and, conse-

quently, the geometric flow

O gr = —5(gt) » 9t|p = 90, (1)

is well-posed for any initial Hermitian metric gg on X. On the other hand, this flow
can be modified by adding an extra (1, 1)-symmetric term @ = Q(g) quadratic in the
torsion of the Chern connection (see Subsection 2.1 for its precise definition). Then,
since (1) is a second-order flow, the term @ does not affect the well-posedness of the

flow and

dgr=—5(9) +Qg), 9, = 9o

viii



gives rise to an interesting family of flows evolving Hermitian metrics. Each flow
in this family generalizes the Kéhler-Ricci flow and different choices of @) can be
considered in order to preserve some geometric conditions.

In [112], Streets and Tian chose the tensor @ in order to make the Hermitian
curvature flow a gradient flow; while, in the subsequent papers [111, 113, 114], @
was chosen in order to preserve the pluriclosed condition, that is 00w = 0. In [128],
Ustinovskiy modified the Hermitian curvature flow so that the Griffiths positivity of
the initial metric is preserved and, as a relevant application of the well-posedness of
his modified flow, he proved a nice generalization of the Frankel’s conjecture to the

Hermitian setting.

The first part of the present thesis is devoted to the study of the Hermitian
curvature flow on complex Lie groups. Our research is mainly motivated by the study
of the Ricci flow on Lie groups and homogeneous spaces, which gave several important
insights on the general behaviour of the flow [56, 57, 59, 60, 64, 70, 71, 73, 80].

Our first theorem completely describes the behaviour of the Hermitian curvature
flow on complex unimodular Lie groups when the initial Hermitian metric is left-
invariant. By definition, a complex Lie group is a Lie group equipped with a complex

structure such that the group operation maps are holomorphic.

Theorem A. Let G be a complex unimodular Lie group equipped with a left-invariant
Hermitian metric go. The maximal solution g to the Hermitian curvature flow start-
ing from gg satisfies

9= —Rich!(gy), Gtlp = 90

where Ric(gy) denotes the Riemannian Ricci tensor. The family of left-invariant
Hermitian metrics g; is defined for t € (—e,o0), for some € > 0, and the normalized
solution (1 +1t)"1g; subconverges as t — oo to a non-flat semi-algebraic soliton to

the Hermitian curvature flow (G, g), in the Cheeger-Gromouv topology.

The assumption on G to be unimodular cannot be in general dropped. Indeed,
when the complex Lie group is not unimodular, the solutions to the Hermitian cur-

vature flow may develop finite time singularities (see Proposition 2.30).
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By definition, a soliton to the Hermitian curvature flow is a Hermitian metric g

on (G such that

S(9) —Qg) =cg+Lzg, (2)
for some ¢ € R and a complete holomorphic vector field Z on G, where £ denotes
the Lie derivative. It is worth noting that soliton metrics to the Hermitian curvature
flow form a distinguished class of Hermitian metrics. Indeed, since the Hermitian
curvature flow tensor is both scale invariant and diffeomorphisms invariant, a solution
to the Hermitian curvature flow starting from a Hermitian metric ¢ satifying (2) is
given by g; = c(t) ¢fg, where ¢(t) > 0 and ¢; : G — G are respectively a smooth
scaling function and a one-parameter family of biholomorphisms. If furthermore g is
left-invariant and ¢; is a family of Lie group automorphisms, then the soliton is said
to be semi-algebraic.

By convergence in the Cheeger-Gromov topology we mean that: there exists a
family of biholomorphisms ¢ : Q; C G — ¢4(€;) C G mapping the identity of G into
the identity of G, such that the open sets {;} exhaust G, and in addition }g; — g
as t — oo, uniformly over compact subsets in the C°°-topology. Remarkably, even if
the space G’ might not be diffeomorphic to G, it still remains a complex unimodular

Lie group.

It is clear that a first step in the study of the Hermitian curvature flow is by its
soliton metrics, since they give rise to explicit solutions to the flow. The following
result states the existence and uniqueness of semi-algebraic solitons to the Hermitian

curvature flow on complex unimodular Lie groups.

Theorem B. A complexr unimodular Lie group G has at most one semi-algebraic
soliton to the Hermitian curvature flow, up to homotheties. Moreover, G has a static
left-invariant metric if and only if it is semisimple, and in this case the ‘canonical
metrics’ (in the sense of Definition 2.25) induced by the Killing form of g are static
with ¢ < 0.

By definition, a Hermitian metric g on G is said to be static if it satisfies the
Einstein-type equation

S(g) —Q(g) = cg,




for some ¢ € R. Static metrics can be thought as the natural counterpart to Einstein

metrics in the Hermitian curvature flow realm.

Our next result precisely describes the algebraic structure underlying a complex
Lie group equipped with an expanding (i.e. ¢ < 0) semi-algebraic soliton to the
Hermitian curvature flow. This result is strictly related to Theorem A, since any
semi-algebraic soliton to the Hermitian curvature flow on a non-abelian complex
unimodular Lie group has to be expanding (see Proposition 2.22).

More precisely, let (G,g) be a complex (not necessarily unimodular) Lie group
equipped with a left-invariant Hermitian metric and consider the orthogonal splitting
of its Lie algebra g in

g=tdn,

where n is the nilradical of g. If g, is the pull-back of g to the Lie group N of n, then

we have the following

Theorem C. The metric g is an expanding (i.e. ¢ < 0) semi-algebraic soliton to the
Hermitian curvature flow if and only if gn is an expanding algebraic soliton to the
Hermitian curvature flow on N, v is a reductive Lie subalgebra, Y- [ady, |v, adk ] = 0

for any unitary basis {r;} of ¢, and
_ _ 1 ' 1
K(g)(X,Y) =cq(X,Y) + 3 tr(adx|sady[n) — 5 tradyx - trady ,
for any X,Y € v, where g, is the pull-back of g to the Lie group of ¢.

In view of this result, any complex solvable Lie group admitting an expanding
semi-algebraic soliton has to be standard in the sense of Heber [50], that is the Lie
algebra of the group orthogonally decomposes in the direct sum of an abelian Lie
algebra with its nilradical. Standard solvmanifolds have been deeply investigated by
Heber, who proved many remarkable structural and uniqueness results about left-
invariant Einstein metrics [50]; while, Lauret proved that any Einstein solvmanifold
is standard [69].

We mention that similar results to Theorem C, concerning the Ricci flow on dif-

ferent homogeneous spaces, have been obtained in [64] and [71]. However, as pointed
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out by Lafuente and Lauret in [64], for the Ricci flow there exists a limitation given
by Alekseevskii’s conjecture. Indeed, if Alekseevskii’s conjecture were confirmed,
then any Ricci flow expanding algebraic soliton (G/H, g) should be diffeomorphic
to an Euclidean space [60] and thus, accordingly, only solvmanifolds could admit
expanding algebraic solitons to the Ricci flow. However, in the Hermitian curvature
flow case such a limitation does not exist, since also semisimple complex Lie groups

admit expanding solitons to the Hermitian curvature flow by Theorem B.

It is quite natural to wonder whether Theorem A can be generalized to other flows
belonging to the Hermitian curvature flows family, at least under some different
assumptions on the Lie group. In this direction, Arroyo and Lafuente proved an
analogue result for the pluriclosed flow on 2-step nilpotent Lie groups [6], while for

Ustinovskiy’s flow we prove

Theorem D. Let G be a complex 2-step nilpotent Lie group. Any solution g; to the
modified Hermitian curvature flow starting from a left-invariant Hermitian metric
on G is immortal. Moreover, the normalized solution (1 + t)~'g; subconverges as
t — oo to a non-flat semi-algebraic soliton to the modified Hermitian curvature flow

(G, ), in the Cheeger-Gromouv topology.

In the second part of the thesis, we focus on the behaviour of the Hermitian
curvature flow on locally homogeneous complex non-Kéhler surfaces. Our first results

in this direction is the following

Theorem E. Let X be a compact complex surface and gg a locally homogeneous
non-Kdhler metric on X. If the solution to the Hermitian curvature flow starting
from gg develops a finite time singularity, then X is a Hopf surface. Conversely,
any locally homogeneous solution to the Hermitian curvature flow on a Hopf surface

collapses in finite time.

Theorem E provides the first example of a compact complex manifold admitting
a finite time singularity for the Hermitian curvature flow. On the other hand, one
could wonder if under a suitable normalization immortal solutions to the Hermitian

curvature flow converge in some sense. An affirmative answer is given by the following
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theorem, which characterizes the convergence of normalized immortal solutions in the

Gromov-Hausdorff topology.

Theorem F. Let X be a compact complex surface, go a locally homogeneous non-

Kdhler metric on X and g; the solution to the Hermitian curvature flow starting

from gg.

(i) If X is either a hyperelliptic or Kodaira surface, then (X, (1—|—t)_1gt) converges

to a point in the Gromov-Hausdorff topology as t — oco.

(ii) If X is a non-Kdahler properly elliptic surface, then (X, (1+t)7lgt) converges
to its base curve (C,g.y) in the Gromov-Hausdorff topology as t — oo, where
Ric(gyp) = —gxe-

(iii) If X is an Inoue surface, then (X,(1+t)"'g;) converges to a circle in the
Gromov-Hausdorff topology as t — oc.

We mention that similar analyses have been carried out by Boling for the pluri-
closed flow [12] and by Tosatti and Weinkove for the Chern-Ricci flow [120] (see also
[31, 121, 122]). Moreover, one of the most interesting feature about Theorem F is
the convergence to a circle. In fact, the Ricci flow starting from a Kéahler metric on
a complex surface always converges to a real even-dimensional space.

Theorem E and Theorem F can be thought as a first step in the study of the
Hermitian curvature flow on complex non-Kéahler surfaces. Indeed, adhering to the
philosophy for which canonical metrics can appear as limit points to the flows, a
possible goal could be to use the Hermitian curvature flow to refine the Enriques-
Kodaira classification of compact complex surfaces. Actually, in the same spirit of
[12] and [80], we expect the blowdown of any immortal locally homogeneous solution

to converge to an expanding soliton.

In the last part of the thesis, we focus on the study of the Hull-Strominger system
on Lie groups. This system was independently introduced by Hull [52, 53] and
Strominger [115], and it arises from the symmetric compactification of the heterotic

string to the 4-dimensional Minkowski space.
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More precisely, let X be a 3-dimensional complex manifold equipped with a
nowhere vanishing (3, 0)-form ¥ and a complex vector bundle 7 : E — X. A solution
to the Hull-Strominger system is a pair of Hermitian metrics (w, H), with w on X

and H along the fibers of F, satisfying

An/\(,UQZO, (AR)Q,O:(A/@)O,QZO’

Oé/

i 00w = T (tr(RT A RT) — tr(A% A A)) |

d([[¥]low?) = 0.

Here, R™ and A" are the curvature tensors of Gauduchon connections V7 on (X, w)
and V" on (E, H), while o € R is the so-called slope parameter.

In the above system, the first two equations represent the Hermitian- Yang-Mills
equation for the connection V*; while the third equation, arising from the Green-
Schwarz cancellation mechanism in string theory, is known as anomaly cancellation.
The last equation, which particularly implies that w is conformally balanced, was

originally formulated as

d*w = i(d — ) In ||,

where d* is the co-differential, and the above expression is due to Li and Yau [77].

The first rigorous mathematical solutions to the Hull-Strominger system on com-
pact non-Kéhler manifolds were found by Fu and Yau [41, 42], under the assumption
for V™ and V* to be both Chern. In their outstanding work, starting from a torus
bundle over a compact K3 surface previusly obtained by Goldstein and Prokushkin
in [46], Fu and Yau reduced the Hull-Strominger system to a Monge-Ampere type
equation for a scalar function on the base, which was solved by using a continuity
method argument.

In [40] Fino, Grantcharov and Vezzoni extended the result of Fu and Yau by
proving that the construction of the Monge-Ampere type equation generalizes to
some torus bundles over compact K3 orbifolds. In this way, the results in [41, 42]
were extended to Hermitian 3-folds foliated by non-singular elliptic curves, obtaining

new simply-connected compact examples carrying solutions to the Hull-Strominger
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system. Moreover, Fino, Grantcharov and Vezzoni used their results to prove that

the smooth manifolds
S14.(S% % 83)  and  #,(S? x SHY#,,1(S% x S?),

with 13 < k <22 and 14 < r < 22, always admit a solution to the Hull-Strominger

system.

Other solutions to the Hull-Strominger system were obtained in [4, 5, 32, 34, 37,
43, 47, 87, 125]. We refer to [44] for a survey on this topic.

In [92] Phong, Picard and Zhang proposed to study the Hull-Strominger system
via a new geometric flow called Anomaly flow. The Anomaly flow is the coupled flow

of Hermitian metrics (w¢, Hy), with w; on X and H; along the fibers of E, given by

/

Ou([| Wl }) = 00w, — = (sr(R] A R]) = tr(AF A AF)).,

3
H'9, H, = wg%Af, ?

where R} and Aj are the curvature tensors associated to w; and Hy, respectively.
When the connections V7 and V¥ are both Chern, the flow preserves the con-
formally balanced condition d(||¥||, w?) = 0, and, under an extra assumption on the
initial metric wy, it is well-posed [92]. Moreover, if wy is conformally balanced and
the flow is defined for every ¢ > 0, then its limit points (weo, Hx) are solutions to

the Hull-Strominger system [92, Thm. 1].

The Anomaly flow was used in [94] to give an alternative proof of the Fu-Yau
results obtained in [41, 42]. In particular, Phong, Picard and Zhang studied the
flow on a torus fibration over a K3 surface, showing that if wg satisfies some extra

assumptions, then the flow has a long-time solution which always converges.

In [93] Phong, Picard and Zhang reformulated the definition of the Anomaly flow

by considering the evolution equation

/

Ou(| Wy }) = i00wr — T (tx(B] AR) = @(1)).

where ®(t) is a given path of closed (2,2)-forms in the characteristic class co(X).

In this way, the flow still preserves the conformally balanced condition, and it is
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well-posed, provided that V™ is the Chern connection and |o/R]| < 3. In [95], the
following simplified version of the flow

/
Ou((| ¥y ) = 00w, — T (ex(B A RY)) (4)

was proposed and its behaviour was studied on complex unimodular Lie groups.

Our next result describes the behaviour of the Anomaly flow (4) on 2-step nilpo-

tent Lie groups.

Theorem G. Let G be a 6-dimensional 2-step nilpotent (real) Lie group with first
Betti number by > 4. Let G be equipped with a left-invariant non-parallelizable com-
plex structure J and a left-invariant volume form V. Then, any left-invariant solu-

tion to (4) is given by
_3' 2 (11 22 12 | 7 21 f 33
wn = 2o ((T+a ¢ 402+ 5CT) + Zec®,

where {1, (2,3} is a special left-invariant coframe of G, and the constants a,c € R

and b € C depend on wq. In particular, r(t)? solves the ODE

g,
dt

(t>2:K1+£§;, (5)

for some constants K1 = K1(wo) and Ko = Ka(wo, o/, 7) in R.

The constant K; and K3 only depend on the initial conditions and hence we
can always predict the behaviour of the Anomaly flow via a qualitative study of the

related model problem (5).

The thesis is organized as follows.

Chapter 1 is mainly a summary of well-known results which will be used through-
out the thesis. We start recalling the main definitions in Hermitian geometry, such
as canonical metrics and canonical Hermitian connections. After that, we move our
attention to geometric flows, recalling basic properties and the main results about
the Ricci and the Kéahler-Ricci flows. Finally, we mention the bracket flow technique

and some associated results regarding the convergence and regularity of the flow.
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Chapter 2 contains the proofs of the first four theorems stated above. After
recalling the very definition of the Hermitian curvature flow and its foremost prop-
erties, we compute the general formula of the Hermitian curvature flow tensor for
a Lie group equipped with a left-invariant metric. Such formula allows us to put
in relation the Hermitian curvature flow and the Ricci flow on complex Lie groups
and then the proof of Theorem A follows by applying geometric invariant theory
and the bracket flow technique. Also the proof of Theorem B and Theorem C are
obtained by applying real geometric invariant theory. Throughout the chapter other
results concerning the pluriclosed flow and the modified Hermitian curvature flow
proposed by Ustinovskiy in [128] are presented. Moreover, a special attention is paid
to the existence of static and soliton metrics. Finally, many low-dimensional exam-
ples are presented. In particular, we use Theorem C to build expanding solitons to

the Hermitian curvature flow on 4-dimensional solvable complex Lie groups.

Chapter 3 is dedicated to Theorem E and Theorem F. We start it recalling
the basic definitions of complex model geometry and Gromov-Hausdorff convergence.
After that, we list all the possible geometries of complex dimension 2 according to
[131] and we compute their associated Hermitian curvature flow tensors. Finally,
the proofs of the theorems will follow by a case-by-case analysis of the Hermitian

curvature flow on each listed geometry.

Chapter 4 is dedicated to the study of the Anomaly flow on our class of 2-step
nilpotent Lie groups. After proving that every group in our class admits an adapted
basis, we explicit compute the trace of the wedge product in the Anomaly flow (3).
Then, by means of these results, we prove Theorem G and we discuss the behaviour of
the model problem depending on the sign of the constants. To conclude the chapter,
we study the Anomaly flow (3) on a specific 2-step nilpotent Lie group N with
holomorphic bundle given by TVYN. In particular, under some extra assumptions,
the Anomaly flow (3) on N will admit a stationary point solving the Hull-Strominger

system with non trivial instanton.
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Notation. All over the thesis, we adopt the Einstein convention for the summations
of formulas with repeated indexes, the superscript ‘*’ after a matrix will denote its

transpose, and given a coframe {¢!,...,(*} we set (1% = (i AL A CH.
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Chapter 1

Preliminaries

This chapter is mainly a summary of definitions and results which will be used
throughout the thesis. We start with a brief review of the Hermitian geometry
and its foremost properties, paying a particular attention to the geometry of the
Hermitian connections. Then, we focus on the theory of geometric flows, discussing
various results mainly related to static and soliton metrics. Finally, we recall the
bracket flow technique, a powerful tool which allows us to study different geometric

flows on homogeneous spaces via a related flow on the Lie brackets level.

1.1 Hermitian geometry

1.1.1 Complex manifolds

A complex manifold M of complex dimension n is a 2n-dimensional (real) smooth
manifold equipped with an equivalence class of holomorphic atlases. Any holomorphic
altas {z; = x;+1iy; } induces a canonical endomorphism J of the (real) tangent bundle
TM via

J(0z;) = Oy, and J(0y,;) = =0, ,

J
which satisfies J?2 = —Id. Here Id : (T M) — T'(T M) denotes the identity map.

Let M be an even-dimensional smooth manifold, an almost complex structure J

is an endomorphism of (real) tangent bundle TM satisfying J?> = —Id. Whenever




2 Chapter 1. Preliminaries

a smooth manifold M is equipped with an almost complex structure J, the couple
(M, J) is said to be an almost complex manifold and the complezified tangent bundle
TCM = TM ® C splits into

T°M =T M o T M .
Here, T"°M and T%'M denote the +i-eigenspaces induced by J, i.e.
TN — {X eTM: JX = iX} :
TOLN = {X eT°M : JX = —z'X} .

Consequently, the space of the complex-valued k-differential forms splits in

QM) = D M),
p+q=k

inducing a splitting of the exterior derivative d : QF (M) — QéH(M ) into
d: QPIM — QP2 o QPN @ QPN @ QP Lat2 ) g

Here, QF (M) := D(AR(TCM)*) and QP4(M) := T(AP(THOM)* @c AY(TO1M)*). In
the following, the elements of QP4(M) are called (p, q)-differential forms (or (p,q)-
forms).

Given an almost complex manifold (M, J), the almost complex structure J is
said to be complex, or integrable, if it is induced by a holomorphic atlas. Thanks to
the celebrated Newlander-Nirenberg theorem, the integrability condition of J can be

characterized in terms of its Nijenhuis tensor, i.e. the (1,2)-tensor defined by
N;(X,)Y):=[JX,JY] - JJX,Y]| - JX,JY] - [X,Y],
for any X,Y € I'(TM).

Theorem 1.1 ([85]). An almost complex manifold (M, J) is a complex manifold if

and only if the Nijenhuis tensor Nj vanishes identically.
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On the other hand, N; = 0 if and only if the exterior derivative splits as follows
d=0+03,

being 0 : QPY(M) — QPTLI(M) and 0 : QPI(M) — QP4TY(M). Finally, since
d?> = 0, given an integrable complex structure it follows that

FP=0=0 and 99=-09.

1.1.2 Hermitian structures

An almost Hermitian manifold (M,g,J) is the data of an almost complex manifod
(M,J) and a J-invariant Riemannian metric g. If further the complex structure
is integrable, the triple (M,g,J) is called a Hermitian manifold. Note that, any

Riemannian metric g induces a J-invariant metric via

36 1= 5o + 9T 1)),

Now, let (M,g,J) be a Hermitian manifold. We still denote by g the C-linear
extension of the metric to TCM := TM ® C and, given a holomorphic coordinates
system {z;}, we set

i = 9(0z;, azj) :
Then, (g;;) defines a positive definite Hermitian matrix and we denote with (g") the

(transpose) inverse matrix of (g;3), i.e.
ik
g 9K5 = 5@ .

The fundamental form of a Hermitian manifold (M, g, J) is the (1, 1)-differential

form w on M defined as

or equivalently, in local coordinates,
w = \/jgijdzi NdZj .

When the fundamental form w is closed, i.e. dw = 0, the Hermitian metric g is said
to be Kdhler and the triple (M, g, J) is a Kdhler manifold.
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Remark 1.2. The Kéahler condition is quite restrictive, as it leads to several con-
straints both on the topology and the cohomology of the manifold (see e.g. [54], and

the references therein).

On the other hand, to study certain geometric problems it is often enough to
consider weaker conditions than the Kéahler one. In this direction, a n-dimensional
Hermitian manifold (M, g, J) is said to be balanced in the sense of Michelsohn if
dw™ 1 =0 (see [81]), while it is said to be pluriclosed if 90w = 0 (see [10]).

Proposition 1.3 ([1]). If the fundamental form w of (M, g,J) is both balanced and
pluriclosed, then the manifold is Kahler.

1.1.3 Hermitian connections

The Levi-Civita connection is a powerful tool in Riemannian geometry. In particular,
given a Riemannian manifold (M, g), the Levi-Civita connection D is the unique
torsion-free connection which preserves the metric. In the Kahler case, the Levi-
Civita connection also preserves the complex structure, while in the Hermitian non-
Kahler case the complex structure is never preserved by D and different connections

have to be considered.

Let (M,g,J) be a Hermitian manifold. A Hermitian connection V on (M, g, J)
is a linear connection (on the tangent bundle T'M) which preserves both the metric

and the complex structure, i.e.
Vg=20 and VJ=0.

Given a Hermitian manifold, there always exist infinite Hermitian connections. Among
these, a special class is given by the canonical Hermitian connections, a class of con-

nections which can be defined by imposing conditions on the torsion tensor
TV(X,Y):=VxY -VyX — [X,Y], X, Y cI(TM).

Particular examples of canonical Hermitian connections are:
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e The Chern connection V¢, which is the unique Hermitian connection whose

torsion tensor satisfies
TV (IX,Y) =T (X,JY), X,Y eT(TM). (1.1)

e The Bismut connection VB, which is the unique Hermitian connection such
that
oX,Y,2)=g(TV"(X,Y),2), X,Y,ZeT(TM),
is totally skew-symmetric.
e The Lichnerowicz connection V¥, which is the unique Hermitian connection

with torsion satisfying

TV (Z,W)=0, Z,W eT(T°M).

In [45] Gauduchon gave a precise definition of the canonical Hermitian connec-
tions, and we briefly recall it. Let us consider the space of the T'M-valued 2-forms
Q2(TM), which splits as

QX (TM) =Q*(TM)® Q" (TM) ® Q"*(TM),
where
Q*UTM) = {Ae Q*(TM) : A(J-,) = JA(-,")},
QVHTM) = {Ae Q*(TM) : A(J-,J") = A(-,")},
QV(TM) :={A e Q¥TM) : A(J-,")=—JA(-,")}.
On the other hand,
QX (TM) = Q3 (TM) @ QX(TM),
with
1
g(Ab(X7Y)7 Z) = §(g(B(Xa Y),Z) - g(B(Z7X)7Y) - g(B(K Z)vX)) )
1
A Hermitian connection V is said to be canonical if its torsion tensor TV € Q2(TM)

satisfies
(TV)y" =0.
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In particular, Gauduchon proved that the class of canonical connections gives rise to

an affine line in the space of all Hermitian connections [45].

Theorem 1.4 ([45]). Any canonical Hermitian connection can be defined via

1+7

o(VRY.Z) = g(DxY.2) + - T T(X Y 2)+ XY, 2), (12)

where
C(yy ) i=dw(J-, -, -) and T(y- )= —dw(J-, J-, J-).

Moreover, when (M, g, J) is Kdhler, the line of canonical connections {V'};cr reduces

to the Levi-Civita connection D.
In view of this result, it follows that

e for ¢t = 1, one gets the Chern connection,
e for t = —1, one gets the Bismut connection,

e for t = 0, one gets the Lichnerowicz connection.

In the following, given a linear connection V, we denote by RV its curvature

tensor, which can be either realized as a (1,3) or a (0, 4)-tensor via

RY(X,Y)Z :=VxVyZ—VyVxZ—VxyZ,
RY(X,Y,Z,W) = g(VxVyZ —VyVxZ — Vixy|Z, W),

for any X, Y, Z, W € T'(TM).

The Chern connection
Due to its extensive use throughout the thesis, we now focus on the Chern connection.

Let us denote by V¢ the C-linear extension of the Chern connection to 7€M and
its associated bundles. A direct computation, in complex coordinates, shows that

condition (1.1) is equivalent to require

TV (Z,W)=0, Z W eT(T“°M).



1.1. Hermitian geometry 7

Let us now denote by € the curvature tensor of the Chern connection. A direct

computation yields that

and
Q(X7Y7'7'):Q('7'asz):()v

for any X,Y, Z, W € T(T*°M).

Let now {z;} be a holomorphic coordinate system and let us denote with
QZ.;”E = Q(azi? 82]' ) 82’17 afk)

the Chern curvature tensor components. Then, there exist four different Chern-Ricci
curvature tensors, namely:
(1) ._ ko - (2) ._ ko -
@) ._ ko - 4) . ko
S =9 Qg S5 =9 Yk

The Chern-Ricci curvature tensors are obtained by contracting different entries in the
Chern curvature tensor ). Nonetheless, they are related to each other by formulas
involving the fundamental form and the torsion (see [78] for a complete description
of the relations). Clearly, we can also define two different Chern scalar curvatures,

namely
5= trg s = trg S@ and §:= trg SG) — trg s@

Finally, the Chern-Ricci form is the (1,1)-form given by
p¢ = v—1 S’i(j.l)dzi NdzZj .

Notation. Henceforth, when confusion cannot occur, we will denote by V := V¢

the Chern connection.

The Bismut connection

Let (M, g,J) be a Hermitian manifold and V* its Bismut connection.
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Definition 1.5. The manifold (M, g, J) is said to be strong Kdhler with torsion (or
SKT) if the induced 3-form ¢ := g(TB(-,-),-) is closed.

Remark 1.6. The SKT and the pluriclosed conditions are actually equivalent. Indeed,

a direct computation yields that
C(', K ) = _de('? " ) )
where Jdw(-,-,) := —dw(J-, J-, J-) (see e.g. [38]).

Finally, let us denote with {z;} a holomorphic coordinates system. Then, the

Bismut-Ricci form is given by
pP(X,Y) :=v—1 ¢*RP(X,Y,0,,,05,) .
for any X, Y € I'(T'M), and a direct computation yields
p? =p° —ddw,

where d* is the co-differential operator of g.

1.2 Geometric flows on smooth manifolds

In this section we focus on geometric flows. A geometric flow is a partial differential
equation describing the evolution of a geometric structure on a fixed manifold. Over
the years, geometric flows have been used to address different problems in geometrical
analysis, differential geometry and topology. In this direction, the foremost example
is given by the Ricci flow, a powerful tool in the study of geometric and topological
problems. Introduced by Hamilton in its seminal paper [48], the Ricci flow has
been used by Perelman to prove Thurston’s Geometrization Conjecture for compact
3-manifolds [89-91].

The section is organized as follow. We start briefly reviewing the foremost defini-
tions and results on metric flows. Then we focus on the class of self-similar solutions
to a prescribed metric flow, which contains both static and soliton metrics. Finally,
we recall the definitions of the Ricci and Kéhler-Ricci flow and their foremost prop-

erties.
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1.2.1 Definitions and properties

Let (M,go) be a Riemannian manifold. We refer to the P-flow as the evolution

problem
gt = —P(gt) Gt|p = 90 (1.3)

where g — P(g) is an assignment of a (0, 2)-tensor field on M. A solution to the
P-flow is a family of Riemannian metrics {g;} defined on M, depending on a real
parameter ¢ € (T_, T, ), usually called time, which satisfies (1.3). Here, (T_, T ) de-
notes the mazximal interval of existence of the solution g; and Ty are the singularities
of the flow.

In general, showing existence and uniqueness of a solution to a prescribed flow
is not trivial. Nonetheless, under some reasonable assumptions both on the mani-
fold and the operator P, the existence and the uniqueness of the solutions can be

guaranteed by using standard elliptic operator theory.

Notation. A solution to a metric flow is usually called immortal, eternal or ancient
if its interval of existence is respectively given by (—s,400), (—00, +00) or (—o0, )

for some s > 0.

Elliptic operators

We refer the reader to [7, Chapter 4] and [133, Chapter 4] for a detailed exposition

of the following topics.

Let 7 : E — M be a vector bundle of rank k& over a Riemannian manifold (M, g)
and I'(E) the space of its smooth sections. Let also V be a linear connection on E

which is compatible with g.

Definition 1.7. A map @ : I'(E) — I'(F) is said to be a differential operator of
order s if, for any u € T'(F) and x € M, it satisfies

Qz(u) = F(z,u(z), Vu(z),...,Vu(x)) € E;.

Moreover, the operator is said to be smooth if F is smooth, while it is said to be

linear if the operator is linear.
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It is worth noting that, any linear differential operator () can be locally written

as
S
Q _ Z Qozl...ap 8p
* v Oz ... Oz’
p=0

|al=p
where Q3" " € End(E,) and the sum over |a| includes all the possible multi-indexes

a = (ai,...,ap) of length |a| = p.

Definition 1.8. The principal symbol of a linear partial differential operator @ of
order s is the bundle map ¢(Q) : E ®@ T*M — E defined by

0(Q)z(&z) = Z Qo1 &y - &a, €End(E,), forallz e M,

|laf=s

where &, € T} M denotes a non-zero covector satisfying &, = &dx' in local coordi-

nates.

Proposition 1.9. Let Q1, Q2 be two linear partial differential operators of order s, s',

respectively. Then, Q1 0Qs is a linear partial differential operator of order s+ s’ and

0(Q10Q2)(§) =0(Q1)00(Q2)S,
for all non-zero & € T*M.

Definition 1.10. A linear partial differential operator Q) is said to be elliptic if
0(Q)z(&) € Aut(E,), for all x € M and non-zero &, € T M.

Definition 1.11. A linear partial differential operator () of order 2r is said to be a

strictly elliptic if it is elliptic and there exists a real constant C' > 0 such that

9(a(Q)(&)u,u) = CIEf"|uf?,
for all u € I'(F) and non-zero £ € T*M.

Remark 1.12. Even if the principal symbol o(Q), of a linear partial differential op-
erator () of order s has been defined using local coordinates, it is well-posed. Indeed,

an equivalent coordinates-free definition can be given as follows: let ¢ : M — R be
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a smooth function defined around = € M and &, := d¢, € T, M; then, the principal
symbol of @) is given by

o(Q)r(Ex)ux) = lim tl e19(5) P(etoy)(z)

—00

for all uw € T'(E).

Let @ be a non-linear partial differential operator and Q. (v) its linearization at
u € T'(E) in the direction of v € T'(E), that is

Quu(v) = % . Q(u+ tv) .
1=

The principal symbol of @ at u € T'(E) is given by 0(Q)y := 0(Q4,) and @ is said to
be elliptic (resp. strictly elliptic) at u € I'(E) if it linearization Q. is elliptic (resp.
strictly elliptic).

Let us now denote with u; a smooth section of E' depending smoothly ont € [0,T),

i.e. a smooth map (z,t) — w(x) € E, and

0

its evolution equation in the direction of . Then, equation (1.4) is said to be
parabolic at v € T'(E) if the operator @ is strictly elliptic at v € T'(E); while, it is
called parabolic if the operator @ is strictly elliptic at any v € I'(E).

The following classic result highlights the relevance of elliptic operators in geo-

metric flows theory.

Theorem 1.13. Let (M, g) be a compact Riemannian manifold and Q : T'(E) — I'(E)

a second-order strictly elliptic operator. Then, the initial value problem

Orur = Q(uy), Ut)lg = U0,
with ug € T'(E), has a unique smooth solution defined on M x [0,g) for some & > 0.

We refer the reader to [7, Thm. 4.51] for a proof of this statement.
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1.2.2 The Ricci flow

We already pointed out the role played by the Ricci flow in Perelman’s works.
Nonetheless, other important results have been found in the last years and the Ricci
flow is still one of the main research area in geometric analysis.

We now recall some basics results involving the Ricci flow. For a detailed expo-

sition on the Ricci flow we refer to [25, 119].

Let (M, gp) be a Riemannian manifold, the Ricci flow is the geometric flow of

Riemannian metrics given by the following equation

9 gr = —2Ric(gr) , gtjp = 90 (1.5)

where Ric(g) denotes the Ricci curvature tensor of (M, g).
Although equation (1.5) is not parabolic, using the Nash-Moser inverse function
theorem, Hamilton proved that short-time existence and uniqueness of the solutions

hold on any compact manifold [48]. More precisely,

Theorem 1.14 ([48]). Let (M, go) be a compact Riemannian manifold. Then, there

exists a unique solution g; to the Ricci flow (1.5) on the interval [0,€) for some e > 0.

An alternative proof of Theorem 1.14 were proposed shortly after by DeTurk in
[26]. In its work, DeTurk modified the right hand-side of the Ricci flow by adding
the Lie derivative of the Riemannian metric in the direction of a suitable vector
field. In this way, DeTurk obtained a new parabolic flow, for which the solutions are

equivalent to the ones of the Ricci flow (up to a time-dependending pull-back).

Remark 1.15. The short-time existence and the uniqueness of the solutions are not
always guaranteed in the non-compact case. Anyway, there are some results for
complete non-compact manifolds with bounded curvature (see e.g. [18]), and some

results in the homogeneous case (see Section 1.3).

In [48], Hamilton also proved that under some regularity conditions on the cur-
vature tensor the long-time existence of the flow is guaranteed. This result has
been improved later by Sesum [104], who refined the regularity conditions posed by

Hamilton.
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Theorem 1.16 ([104]). Let M be a compact manifold and g: a solution to the Ricci
flow. If the Ricci curvature tensor is uniformly bounded along the flow, then the

solution gy exists for all positive times.

Given a closed 3-manifold of positive Ricci curvature, the normalized solution
to the Ricci flow exists for all positive times and converges to a metric of constant

positive sectional curvature. This result implies the following

Theorem 1.17 ([48]). Let M be a closed Riemannian 3-manifold with positive Ricci
curvature. Then, M admits a Riemannian metric of constant positive sectional cur-

vature. Furthermore, if M is simply connected, then it is diffeomorphic to S®.

1.2.3 The Kahler-Ricci flow

Let (X, go) be a Kdhler manifold and wp its fundamental form. The Kdhler-Ricci

flow is given by the following equation
Orwr = —Ric(wy) , Wty = wo (1.6)

where Ric(w) denotes the Ricci form of (X, w).

Firstly studied by Cao in [17], the K&hler-Ricci flow preserves the Kéhler condi-
tion and, by Hamilton’s results, short-time existence and uniqueness of the solutions
follows on compact Kéhler manifolds. On the other hand, since the strong nature
of the Kahler condition, there exist many results concerning the Kéahler-Ricci flow
which do not hold in the Ricci flow setting.

It is well known that, in the Kéahler setting the Ricci form satisfies the following
cohomological condition

[Ric(w)] = 2mc1(X),

where ¢ (X) is the first Chern class of X. Therefore, associated to any Kéhler-Ricci
flow (1.6), there exists an ODE evolving the cohomological class of the fundamental

form w; in the direction of the first Chern class of X, i.e.

%[wt} = 2mc1(X), [wi], = [wo],
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whose solutions are given by
[wi] = [wo] — 2Tt e (X)
and hence the maximal existence time of the flow cannot be greater than
T =sup{t € R" : [wy] — 2wt c1(X) > 0}.

Notice that T" only depends on the cohomological class [wp] and on ¢;(X). Actually,

Tian and Zhang proved that T is the maximal existence time of the flow.

Theorem 1.18 ([118]). Let (X,wo) be a compact Kihler manifold. Then, the max-
imal solution to the Kdhler-Ricci flow (1.6) exists smoothly on [0,T).

The Kéhler-Ricci flow was used by Cao in [17] to obtain an alternative proof of

Calabi’s conjecture, firstly proved by Yau in [135].

Calabi’s conjecture. Let (X,w) be a compact Kéhler manifold and v € 27 ¢;(X).

Then, there exists a unique Hermitian metric @ € |w] such that Ric(@) = ~.

The proof proposed by Cao of this conjecture is based on the following result.

Theorem 1.19 ([17]). Let (X,wo) be a compact Kdahler manifold and v € 27 ¢1(X).
Then, the modified Kdhler-Ricci flow

Oy wy = — Ric(wy) + 17, Wty = wWo,

admits a long-time solution converging in the C'°°-topology to a Kdhler metric weo

which satisfies Ric(weo) = 7.
As direct consequence, one gets the following

Corollary 1.20 ([17]). Let (X,wo) be a compact Kdhler manifold with first Chern
class equal to zero. Then, under the Kdahler-Ricci flow (1.6), the initial metric con-

verges to a Ricci flat metric

The following result was also proved in [17].
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Theorem 1.21 ([17]). Let (X,wp) be a compact Kéihler manifold with negative first
Chern class and let [wo] = —c1(X). Then, the normalized Kdhler-Ricci flow

Opwy = — Ric(wy) —we,  wi, = wo,

admits a long-time solution which converges the in C'°°-topology to the unique Kdhler-

FEinstein metric satisfying Ric(w,y) = —wyy -

Remarkably, even if wy does not belong to the class of —c;(X), Theorem 1.21
still hold true. This slight generalization relies on Tsuji [123] and Tian-Zhang [118§]
works, and we refer to [132, Thm. 4.1] for a detailed proof.

Let us mention that, the existence of Kahler-Einstein metrics on projective man-
ifolds with positive first Chern class has been recently characterized by Chen, Don-

aldson and Sun who proved, in a series of celebrated papers [20-23], the following

Theorem 1.22 ([20]). A Fano manifold X is K-stable if and only X admits a

Kahler-FEinstein metric.

The proof of this statement is based on a cone singularity approach. In particular,
the authors showed that deforming Kéahler-Einstein metrics over cone singularities in
a suitable way, one ends up with either a Kéhler-Einstein metric over the manifold
or with a test configuration x admitting Futaki invariant Fut(x) = 0 (that is the
manifold is not K-stable). We refer to [116] (and the references therein) for an

overview of the ideas contained in Chen, Donaldson and Sun’s work.

Remark 1.23. The necessary part of Theorem 1.22 was already established by Tian in
[117]. Moreover, a different proof based on the Kahler-Ricci flow has been proposed
by Chen, Sun and Wang in [24].

1.2.4 Static and soliton metrics

We now recall the definitions of static and soliton metrics for a metric flow. Such
metrics are of particular interest since they give rise to self-similar solutions to the

flow and they usually appear as singularity models of the flow.
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Henceforth, we assume the tensor P in (1.3) to be both scale invariant and

diffeomorphisms invariant, i.e.

P(cg)=P(g) and  P(p'g) =¢"P(9), (1.7)

for any ¢ € R and ¢ € Diff(M).
A static metric to the P-flow is a Riemannian metric g satisfying the Einstein-
type equation
Pg) =cy, (1.8)

for some ¢ € R. A static metric is said to be expanding, steady or shrinking when
c < 0,c=0orc> 0, respectively. These definitions are justified by the following
proposition.
Proposition 1.24. Let gy satisfy (1.8), for some ¢ € R. Then, a solution to the
P-flow (1.3) is given by

g = (1—ct)go.

Therefore, the maximal interval of existence (T, T";) of a solution g; to the P-flow
is equal to (1, +00), (—00,+00) or (—oo, 1), depending on whether gy is expanding,
steady or shrinking, respectively.

It is now clear that, static metrics are rather important in geometric flow theory,

since they give rise to explicit solutions to the flow. Nonetheless, such metrics do

not always exist and more general assumptions on gy can be performed.

Definition 1.25. A soliton metric to the P-flow is a Riemannian metric g satisfying

P(g) =cg+ Lxg, (1.9)

for some ¢ € R and a complete vector field X on M. Here, £ denotes the Lie

derivative.

Proposition 1.26. Let gy satisfy (1.9), for some c € R and X € x(M). Then,

gt = c(t)p; go (1.10)
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is a solution to the P-flow (1.3), for some smooth scaling function c(t) > 0 and a
one-parameter family of diffeomorphisms o : M — M. Conwversely, if a solution g

to the P-flow satisfies (1.10), then gy is a soliton metric.

Proof. Let go be a soliton metric satisfying (1.9), ¢(t) := (1 — ct) and ¢ € Diff (M)
a one-parameter family of diffecomorphisms generated by X (t) :== —(1 —ct)X. A
direct computation yields that g; := c(t)¢} go satisfies

0

agt = —P(g1) and 9t = 90 -

Conversely, let g; be a solution to (1.3) satisfying g = ¢(t)¢}go, for some c(t) > 0
and ¢; € Diff(M). Then, differentiating g; with respect to ¢ and evaluating it in
t =0, it follows

P(go) = cgo+ Lxgo, (1.11)

where ¢ = ¢(0) and X = ¢(0)X(0), being X (¢) the time-dependent family of vector
fields satisfying X, () = %\S:tw(s)(p). O

Similarly to the static case, a soliton metric is said to be expanding, steady or
shrinking when ¢ < 0, ¢ = 0 or ¢ > 0, and the maximal interval of existence for g; is
given by (£, +00), (=00, +00) or (—oo, 1), respectively.

We mention that soliton metrics are usually objects of deep investigations in
the geometric flows context. Indeed, besides their correspondence with self-similar
solutions (1.10), they often arise as limit of the solutions to the flow, under suitable
normalizations. When this occurs a soliton metric is said to be a singularity model

of the flow.

1.3 Geometric flows on homogeneous manifolds

In this section, we discuss the behaviour of the P-flow (1.3) on homogeneous man-
ifolds. In particular, we show that short-time existence and uniqueness of the so-
lutions always hold in the class of invariant metrics. We also focus on the class of

semi-algebraic solitons, which naturally arises in the homogenous case.
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We start briefly recalling the main definitions and properties of the homogeneous
manifolds. For a more detailed exposition of this topic we suggest [62, Chap. VI]
and [63, Chap. X].

Let (M, g) be a connected Riemannian manifold and let
Iso(M,g) :={p € Diff(M) : p*g = g}
denote its isometry group.

Definition 1.27. The Riemannian manifold (M,g) is said to be homogeneous if
Iso(M, g) acts transitively on M, that is, for any p,q € M there exists ¢ € Iso(M, g)
such that ¢(p) = q.

A classical result, due to Myers and Steenrod [84], states that Iso(M, g) is actually
a Lie group. Moreover, its isotropy group at a point p € M

L,(M, g) == {p € Iso(M, g) : ¢(p) = p}

is a closed compact subgroup of Iso(M, g), which is compact if M is compact as well.
Thus, the map
TFISO(M,Q)/IP(M,Q) _>M7 [SO] ng(p)v (112)

defines a diffeomorphism and Iso(M, g)/I,(M, g) can be equipped with the pull-back
metric 7g.
More generally, the isometry group Iso(M, g) may contain proper subgroups act-

ing transitively on M, making sense of the following definition.

Definition 1.28. Let G C Iso(M, g) be a closed subgroup acting transitively on M.
Then, (M, g) is said to be G-homogeneous manifold.

A homogeneous space G/K is the quotient space of a Lie group G by a closed
subgroup K C G. It is known that, there exists unique differentiable structure on
G /K making the projection 7 : G — G/K smooth. Moreover, if the homogenous
space G/ K is equipped with a G-invariant Riemannian metric g, (G/K, g) is said to

be a homogeneous Riemannian manifold.
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Any G-homogeneous manifold (M, g) can be identified with the homogeneous
Riemannian space (G/K,n*g), where K := G N1,(M,g) is a compact subgroup of
I,(M, g) and 7 is the diffeomorphism of (1.12) restricted to G.

Notation. Henceforth, we denote by g the pull-back metric 7*g on G/K, and we

use the identification
(M,g) = (G/K,qg).

Let G/K be a homogeneous space and let us denote with g and [ the Lie algebras
of G and K, respectively. Then, any X € g gives rise to a Killing vector field of G/K
defined by
Xok = %\0 exp(tX)(aK), forallaK € G/K.

This implies that
g/l=T,(G/K), o:=¢€K,

since X, = 0 if and only if X € [. Here, e € G is the identity element of the Lie
group.

Definition 1.29. A homogeneous space G/K admits a reductive decomposition if

there exists an Ad(K)-invariant vector space p satisfying
g=I[Dp.
When this occurs, G/K is said to be reductive.

It is well-known that the compactness of K implies the reductiveness of G/K.

Moreover, the following identification holds
p=T,(G/K).

All these arguments can be used to state the following theorem, which describes the

space of G-invariant metrics on G/ K.

Theorem 1.30. Let G/K be a reductive homogeneous space and g = I®p its reductive

decomposition. Then, G/K admits a G-invariant metric if and only if Ad(K) €
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GL(p) is compact. Moreover, the following bijection holds

G-invariant metrics Ad(K)-invariant inner
—

on G/K products on P

Remark 1.31. In Lie group context, i.e. M = G, the set of G-invariant metrics
coincides with the set of left-invariant metrics on G. By definition, a Riemannian

metric g on G is left-invariant if and only if
9(x)(X,Y) =g(e)(dLy-1(X),dL,1(Y)), forallze G, X,Y € TG,

where L, : G — G is the multiplication-map given by L,(a) = = - a. Consequently,

any inner product on g gives rises to a left-invariant metric and vice versa.

We are now in a position to discuss the behaviour of the P-flow (1.3) on homoge-
neous Riemannian manifolds. Our basic assumption will be the scale and diffeomor-
phisms invariance of the tensor P. Under these hypothesis, short-time existence and
uniqueness of the solutions are always guaranteed in the set of G-invariant metrics.

Let (M, go) be a homogeneous Riemannian manifold and let (G/K, gg) be its ho-
mogeneous space representation. First assume that short-time existence and unique-
ness of the solutions hold, then the solution g; starting at gg has to be G-invariant.
Indeed, by diffeomorphisms invariance, it follows that no symmetries are lost along

a given solution and the P-flow can be reduced to an ODE system on p given by

N <'> '>t = _P(<'7 '>t)’ <'7 '>t\0 = <'7 '>07 (1'13)

where (-,-); denotes the Ad(K)-invariant inner product on p induced by the G-
invariant metric g;. Conversely, if short-time existence and uniqueness of the so-
lutions do not hold in general, one can require the G-invariance of the solutions.
Under this assumption, the P-flow reduces again to (1.13) and short-time existence
and uniqueness of the solutions follow (in the set of G-invariant metrics). The reader

may refer to [74, 75], for more details on this topic.



1.3. Geometric flows on homogeneous manifolds 21

1.3.1 Semi-algebraic solitons

We now focus on a special class of soliton metrics arising in the context of homo-
geneous spaces, namely the class of semi-algebraic solitons. This class has been
investigated more generally in [74, 75] for any (suitable) geometric flow on a homo-
geneous space and it is strictly related to the algebraic structure of the homogeneous

space.

Let (G/K,go) be a simply connected homogeneous space equipped with a G-
invariant metric, with K connected. Let g = [ & p be its reductive decomposition
and let (-,-) be the Ad(K)-invariant inner product on p induced by go. Furthermore,

let go be a soliton metric, i.e.
gt = c(t)pigo
for some scaling function ¢(t) > 0 and a one-parameter family ¢, € Diff(G/K). If

¢t € Diff(G/K) is induced by a one-parameter family of automorphisms ¢; € Aut(G)
satisfying ¢(K) = K via

vr(aK) = ¢e(a)K, forallaeG,

then there exists a derivation D = [§ p,] € Der(g) and a complete vector field
Xp € x(G/K) such that

tD

N _ d
dpile = e and  Xp(p) = ﬁ\o et(p),

for any ¢t € R and p € G/K. Moreover, since dyy|, = e~'P¥,

d, ., d _ _
Lxpgo = £|0 ©r 90 = %|0 (7P e = —(Dpey) = (- Dy) s
and, by means of (1.11), we have
P(QO) = CgO('7 ) - gO(DP" ) - gO('aDp')v (114)

where ¢ = ¢(0). On the other hand, if gy satisfies (1.14), for some ¢ € R and

D = [0 D,| € Der(g), then there exists a self-similar solution to the P-flow

gt = c(t)pigo,
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with ¢(t) > 0 and ¢; € Diff (G/K) arising from @; € Aut(G), such that @;(K) = K.

These results can be summarized as follows.

Proposition 1.32. The metric gy satisfies (1.14) if and only there exists a self-

similar solution to the P-flow
gt = c(t)ei g0,
with ¢ € Diff (G/K) induced by ¢ € Aut(G), such that p1(K) = K.

Motivated by this proposition, we have the following definition.

Definition 1.33. Let (G/K,g) be a simply connected homogeneous Riemannian

space with K connected. The metric g is said to be a semi-algebraic soliton if

P(g) =cg(,) +9(Dy,-) +9(, Dy-) (1.15)

for some c € R and D = [3 5p] € Der(g). If further D, is g-self-adjoint, the soliton

is said to be algebraic.

If ¢ is an algebraic soliton, then the tensor P satisfies
P(g) =cg+29(Dy-). (1.16)

Remark 1.34. Let (g, 1) be the Lie algebra of G. Then, the Lie group Aut(g) of the

automorphisms of g and its Lie algebra are given by
Aut(g) = {A € GL(g) : Au(-,-) = p(4-, A)}

Der(g) is usally called the Lie algebra of the derivations of g.

1.3.2 Homogenous Einstein manifolds

Since their strong involved algebraic datum, homogeneous manifolds are good candi-
dates to investigate the Ricci flow. Nonetheless, existence and uniqueness of canonical

solutions, such as Einstein metrics, are still open problems in many cases.
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Let (M, g) be a G-homogeneous Riemannian manifold. Then, ¢ is said to be

homogeneous Finstein whenever the Ricci tensor satisfies

Ric(g) = cg,

for some ¢ € R (i.e. g is static metric in the sense of (2.1)). When this occurs (M, g)
is said to be a homogeneous Finstein manifold.

In the non-compact case, the existence of homogeneous Einstein metrics seems to
be prescribed by the Alekseevskii conjecture, a long standing open conjecture which

states

Alekseevskii conjecture. Let (M = G/K, g) be a homogeneous Einstein manifold

with negative scalar curvature. Then, K is a maximal compact subgroup of G.

When G is a linear group, the maximality of K turns out to be equivalent to
the existence of a closed solvable Lie subgroup S C G acting simply transitively on
M (see e.g. [134, Cor. 1]). Therefore, by the Alekseevskii conjecture the classifi-
cation of non-compact homogeneous Einstein manifold can be reduced to the one
of Einstein solvmanifolds (i.e. simply connected solvable Lie groups S endowed
with left-invariant Einstein metrics), since M has to be diffeomorphic to R™ with
n = dimg(M).

A first structural result in the classification of Einstein solvmanifolds has been

obtained by Lauret, who proved
Theorem 1.35 ([69]). Any homogeneous Einstein solvmanifold is standard.

An Einstein solvmanifold (M = S/T', g) is said to be standard if the Lie algebra
s of S satisfies

s=ad]s,s],

where a is an abelian subalgebra of s orthogonal to [s,s]. This definition was intro-
duced by Heber in [50], who also proved that left-invariant Einstein standard metrics
on solvable Lie groups are unique up to homotheties.

Recently, Lafuente and Lauret proved that if the Alekseevskii conjecture turns

out to be true, then the following result must hold.
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Theorem 1.36 ([64]). Let (M = G/K,g) be a homogeneous Riemannian manifold
equipped with an erpanding algebraic Ricci soliton metric. Then, K is a mazximal

compact subgroup of G.

By definition, g is said to be an expanding algebraic Ricci soliton if its Ricci tensor
satisfies
Ric(g) = cg+9(Dy-, ),
for some ¢ < 0 and D = [8 5p] € Der(g), where g denotes the Lie algebra of G (i.e. g
is a soliton metric in the sense of (1.16)). Thus, this result is a priori much stronger
than Alekseevskii conjecture.

Finally, in [59] Jablonksi proved that any homogeneous Ricci soliton (M, g) is
algebraic with respect to its full isometry group G = Iso(M, g).

1.4 The bracket flow

The bracket flow is a powerful tool introduced by Lauret in [70] to investigate the
Ricci flow on simply connected nilmanifolds. More precisely, Lauret used the bracket
flow technique to reduce the Ricci flow of left-invariant metrics to a new equivalent
flow on the variety of nilpotent Lie algebras, proving, in this way, long-time existence
of the solutions and their convergence (after a normalization) to Ricci solitons.
Under some minimal natural assumptions, the bracket flow technique can be
extended to many geometric flows on homogeneous spaces. We refer the reader to

[74] and [75] for more details and examples on this topic.

Let (M,go) be a simply connected G-homogenous Riemannian manifold with
isotropy subgroup K C G and reductive decomposition g = [ @ p, with n := dimp
and ¢ := dim [. Let the action of G be almost-effective, that is, the subgroup

{¢€G:qhK =hK,Vhe G} C K

is discrete. Then, if the tensor P is both scale and diffeomorphisms invariant, in

view of Section 1.3, we can reduce the P-flow to the ODE system

C =P gy = (o (1.17)
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where (-,-); denotes the Ad(K)-invariant inner product on p induced by the G-
invariant metric g;.

On the other hand, since the set of inner products on p is parametrized by the
symmetric space GL,,(R)/O,(R), there exists a smooth family {h(¢)} € GL,(R) such
that

() =R (7)o = (A(t)-, h(t))o,
for any t € (T, T4 ). Then, the smooth family {h(¢)} satisfies the ODE equation

d d

Aty () + (dth(t))* h(t) = —h(t)* h(t) Py,

with h(0) = Id,. Here, Id, is the identity map on p, P; : p — p is the operator
defined by

P(<7>t) = <Pt'7'>t) (118)
and the superscript ‘x” denotes the transpose taken with respect to the fixed inner

product (-,-)p. Therefore, setting Q(t) := h(t)* h(t), the ODE system (1.17) turns

out to be equivalent to
d
S Q) =-QUP,, Q)= 1d. (1.19)

Now, let o be the Lie bracket of the Lie algebra g of G and ad,, : g — g the
adjoint action induced by p. Then, the Lie bracket 1o belongs to the space Cg,

which is given by the elements of
Vgtn :=1{7:9 x g — g: 7 is skew-symmetric and bilinear} C ANg*®g
satisfying

(i) v satisfies the Jacobi identity, v(I,[) C [ and v(I,p) C p;
(ii) if Gy denotes the simply connected Lie group arising from (g,7) and K, C G,
denotes the connected subgroup arising from [, then K, is closed in G.;
(iii) (-,-)o is ad,l-invariant (i.e. (ad,Z|y)* = —ad,Z|, for any Z € [);
(iv) {Z el:~(Z,p) =0} = 0.
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Any v € Cy p, gives rise to a unique simply connected homogeneous space. Indeed,

let g be a vector space admitting a direct sum decomposition of the form
g=I[&p, n:=dimp, g¢:=diml,

and let (-,-) be an inner product p. Then, by (i) and (ii), the simply connected
homogeneous Riemannian space (G /K., gy) admits a Ad(K)-invariant decomposi-
tion of the form g = [@ p (i.e. a reductive decomposition), where g, is the invariant
metric defined by g¢-(0y) = (-,-), with oy := e,K and e, € G, identity element.
Moreover, it follows from (iii) that (-,-) is Ad(/K,)-invariant, while (iv) implies that

the homogenous space is almost-effective.

In view of the this correspondence, it is quite natural to wonder how the P-flow

works on Cy,,. Then, a precisely answer to this question is provided by the bracket

flow.

Let us consider the natural linear action of GLgy4,(R) on Vi, given by
Ar)/(v) = A’V(Ail‘aAil')) (120)
for any A € GLy1,(R) and v € V,4,,. A direct computation yields that the family
pu(t) = [Ig Q(()t)} o € Votn
solves the so called bracket flow equation
Gy == ([89% ) ut). o) = (1.21)
dt:u - 0P 2 ) 2 = Mo - :
Here, 7 is the derivative of the linear action defined in (1.20), namely
W(A):u = A:u(’ ) - :U’(Av ) - /“L('a A) ) A€ g[q—i-n(R) , M€ V;]+n7
and P, 1 p — p is the map given by
Py =Q)P Q)" (1.22)

Then, we have
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Proposition 1.37 ([75]). The space Cyp, is invariant under the bracket flow. Fur-

thermore, only p(t)|pxp actually evolves.

More precisely, in [75] Lauret proved that whenever p(0) € Cy,p, the solution to
the bracket flow u(t) € Cyy, for every t in the defining interval. Furthermore, the
bracket flow equation can be reduced to

d
dt K

d
M= —m(Pp)up

= Py ) + - Ppc) s

where 1(0) + pp(0) = polpxp. Here, py and gy denote the p and l-components of
[tpxp, Tespectively.
On the other hand, Lauret proved that there exists a relation between the homo-

geneous Riemannian spaces

(G/K,g:)  and  (Guu)/Kuw)s 9ue)) »

where g; and u(t) are solutions to the P-flow and to the bracket flow (1.21), respec-

tively. In particular, these flows are equivalent and the following result holds.

Theorem 1.38 ([75]). There exists a time-dependent family of diffeomorphisms
o(t) : G/K — G/ Kuq) such that

9t = @(t) () »
for every t € (T_,T}). Moreover, p(t) is an isometry.

Let us mention that, {¢(t)} is a one-parameter family of equivariant diffeomor-
phisms, which is defined via a family of Lie group isomorphisms 4(t) : G — G
with derivative given by

Q(t) == [151 Q?t)} tg— g,

where Q(t) is a solution to the ODE system (1.19). Then, by construction

()e=QW) " ()0 and  p(t) = Q) po
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solve respectively the ODE system (1.17) and the bracket flow equation (1.21).
Hence, the P-flow and the bracket flow have the same maximal interval of existence

and their solutions only differs by a time-dependent pull-back.

When the initial metric is an algebraic soliton to the P-flow, we have the following

Theorem 1.39 ([75]). Let (G/K, go) be a homogeneous Riemannian manifold. The

following conditions are equivalent:

(i) go is an algebraic soliton to the P-flow;

(i) the solution to the bracket flow starting at po is given by u(t) = c(t) - po, for
some scaling function c(t) > 0 satisfying c(0) = 1.

Remark 1.40. 1f (M, g, J) is a G-homogeneous Hermitian manifold and dimg M = 2n,
one can require the tensor P to be bitholomorphisms invariant. When this occurs,
GLa2y(R) has to be substituted by GL2,(R,J) = {A € GL2y(R) : AJ = JA} (or
equivalently by GL,(C)). Furthermore, if the integrability condition

pp(JX, JY ) — pp(X,Y) = Jpp(JX,Y) — Jpp(X, JY) =0, forall XY ep,
is satisfied, then an analogue of Theorem 1.38 holds.

Remark 1.41. In Lie group context, i.e. M = G, one can focus on the n-dimensional

variety of Lie algebras
L, :={vy €V, : v satisfies the Jacobi identity} .

Clearly £,, = Cp,, and the bracket flow equation (1.21) reduces to

1) = == (P t) . ) = o, (123

Here, accordingly to the above construction, P, : g — g is given by (1.22).

1.4.1 Regularity results

We now recall a regularity result involving the bracket flow. Clearly, by means of

Theorem 1.38, this also give rises to a regularity result for the P-flow.
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Given a homogeneous Riemannian space (G/K, go), the metric gg induces a inner
product (-, -) on g. This product in turn gives rise to naturally defined scalar products
on any tensor product of g and its duals. In particular, there exists a canonical inner

product on A%?g* ® g given by

(71,72) = Y _(nleire) 12leie;)), macA’g®g,

for any go-orthonormal basis {e;} of g, which of course does not depend on the choice
of the basis.

Now, let g; be the G-invariant solution to the P-flow starting at gy and u(t) be
its corresponding solution to the bracket flow. Then, by standard ODEs theory, it
follows that as long as the norm ||u(t)|| is bounded the solution to the bracket flow is
defined. On the other hand, Lauret proved that if the bracket flow develops a finite
time singularity, then the ||u(t)|| — +oo as ¢t approaches to the time singularity.

More precisely, we have the following
Theorem 1.42 ([75]). Let Ty < oo be a finite time singularity to the bracket flow.
Then, there exists a constant C' > 0 such that

C

@)l = T =1 for allt €[0,T4).

Thus, by means of Theorem 1.38, it directly follows

Corollary 1.43 ([75]). Let Ty < oo be a finite time singularity to the P-flow. Then,

there exists a constant C' > 0 such that

c
P > ltel0,T
H (gt)Ht— m? fO?"CL E[ ) +>7
where || - ||¢ is the norm induced by g;.

Remark 1.44. Analogue results hold for finite time singularities 7. We refer the

reader to [75, Section 4.4].
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1.4.2 Convergence in the Cheeger-Gromov topology

Let us denote by (My = Gi/Hy, gi) a sequence of homogeneous Riemannian spaces
and by (M = G/H, g) a fixed homogeneous Riemannian space. Let also o and o be
the base points of M} and M, respectively.

Definition 1.45. The sequence (M}, = Gy /H, gx) converges in the Cheeger-Gromov
topology to (M = G/H, g) as p — oo, if there exists

e a sequence of open neighborhoods o € Q2 C M exhausting M,
e a family of embeddings ¢y : Qr — My,

such that ¢ (0) = o and ¢} gr — g as k — oo, smoothly on every compact subset
of M.

Let us now consider the space C,, endowed with the vector space topology in-

herited by A?g* @ g. Then, the following result due to Lauret holds.

Theorem 1.46 ([72]). Let pp — A as k — oo in the Cq,,-topology and suppose that
infy, 7, > 0, where ry,, is the Lie injective radius of (G, /Hp,,g). Then, there exists
a subsequence of (G, /Hy,, gu,) which converges in the Cheeger-Gromov topology to
(Gx/Hx,g)) as k — .

The Lie injective radius of a homogeneous Riemannian space (G/H,g) is the
largest r > 0 such that
moexp: B(0,r) - G/H

is a diffeomorphism onto its image. Here, exp : ¢ — G is the Lie exponential map,
7 : G — G/H is the usual quotient map and B(0,r) is the Euclidean ball of radius
r in [ obtained by using the inner product g(o).

As consequence of Theorem 1.46, one gets

Corollary 1.47 ([72]). Let u(t) be a bracket flow solution and assume cy - u(ty) — A
in Cqn, for a sequence of time t;, — T+ and a sequence of real numbers cj, > 0. Let

the injective Lie radii satisfy infgr > 0. Then, there exists a subsequence of ty,

ck-p(te)
such that (G/H, C;Qth) converges in the Cheeger-Gromou topology to (G/Hx,gx)

as k — oo.



Chapter 2

Hermitian curvature flows on

Lie groups

As we already pointed out in the previous chapter, the Ricci flow and the Kéhler-
Ricci flow play a central role in the study of many geometric problems. However,
in the Hermitian non-Ké&hler setting the Ricci flow does not preserve the Hermitian
condition, suggesting that different suitable geometric flows have to be considered.
In the following, we focus on the study of the Hermitian curvature flow on Lie
groups. The results presented in this chapter, obtained in collaboration with Ramiro

Lafuente and Luigi Vezzoni, are also contained in [65, 97, 98, 100].

2.1 Hermitian curvature flow

The Hermitian curvature flow (HCF, for short) is a natural parabolic flow of Hermi-
tian metrics introduced by Streets and Tian in [112]. It evolves an initial Hermitian
metric in the direction of its second Chern-Ricci curvature tensor modified with some

first order terms in the torsion.

Let (X, go) be a Hermitian metric and V its Chern connection. The HCF starting

at go is a family of Hermitian metric {g;} satisfying

dgr=—5(g) +Q(gt) 9tlo = 90 - (2.1)

31
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Here, given a Hermitian manifold g on X, we denote by

its second Chern-Ricci curvature tensor and by Q(g) the (1, 1)-symmetric tensor

1 1 1
Qg) = 5Q'(9) — ;Q%(9) = 5Q°(9) + Q'(9),
where the Q'-tensors are quadratic expressions of the torsion components Tl’; of V
given by
Q}; = gMgm" ik Ljom, » Q% = gzkgﬁmszTkmj ; 2.
2.2
o 1 7 -
L
Q=90 T Tyam » Q= 59 9" (T i Trgi + Taak D)
and
Tp=ogiTi,  (97)=(g;5 "
Henceforth, in order to simplify the notation, we will denote by
K(g) := S(g9) — Q9) (2.3)

the HCF tensor of any Hermitian metric g on X.

The following results, which deeply motivate the study of this flow, were obtained
by Streets and Tian in [112].

Theorem 2.1 ([112]). Let (X, go) be a compact Hermitian manifold. Then, there
exists a unique solution g, to the HCF (2.1) on the interval [0,¢) for some ¢ > 0.
Furthermore, if go is a Kdhler metric, then the HCF reduces to the Kahler-Ricci flow.

Theorem 2.2 ([112]). Let (X, go) be a compact n-dimensional Hermitian manifold.
Then, there exists a constant c¢(n) > 0 such that the solution g; to the HCF (2.1) is
defined for

c(n)
t e [0, '
[ max{|Q|co(gy), VT |co(go) |T20°(go)}]

Moreover, if the solution gy is defined on [0,¢) for some € < oo, then

11552 sSup maxﬂﬂ‘Co(gt)? |VT’CO(gt)’ ’T%’O(gt)} = 0.
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Theorem 2.3 ([112]). Let (X, g,) be a compact Kdhler-Einstein manifold with first
Chern class ¢1(X) < 0. Then, there exists a constant € = €(g,,) such that given a
Hermitian metric § on X satisfying |§ — gyplc~ < €, the HCF (2.1) starting at §

exists for all positive times and converges to a Kdhler-FEinstein metric.

It is worth noting that, the HCF (2.1) naturally arises by the variational formulas

of the functional
F(g) ::/ kdv, k:=try K(g).
M

Indeed, F(g) is the unique second-order functional admitting the traceless part of
S(g) as leading term of the associated Euler-Lagrange equation [112]. Moreover, in
the compact case, critical points to this functional are automatically static metrics
to the HCF [112, Prop. 3.3], i.e.

K(g) =cg,

for some ¢ € R.
Remarkably, Theorem 2.1 and Theorem 2.2 hold true for other choices of the
tensor (), which can be performed in order to preserve conditions either in the torsion

(see [111]) or in the curvature (see [128]).

2.2 HCF on complex unimodular Lie groups

The main goal of this section is the study of the HCF on complex unimodular Lie
groups. We start investigating the long-time behaviour of the flow. Then, we prove
some results on the existence and uniqueness of semi-algebraic solitons to the flow.
We also study the HCF on low-dimensional complex Lie groups by doing explicit

computations.

2.2.1 The HCF tensor on Lie groups

Let G be a Lie group equipped with a left-invariant complex structure J and left-

invariant Hermitian metric g. We denote by g the Lie algebra of G and by

pehg g
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its Lie bracket. In the following, we compute the components of the HCF tensor in
terms of the components of p.

Let {Z1,...,Z,} be a left-invariant g-unitary frame of G. Since the Chern con-
nection V is the unique Hermitian connection with vanishing (1,1)-part of the torsion,
it follows that

V2. %0 =V 2,2k + 1(Zy, Zu)

or, in terms of the Christoffel symbols of V,
I =ty Tz = Hig-
On the other hand, since VJ = Vg = 0, it follows
9(Vz,Zi, Z;) = —9(Zi,V 2, Z;) = —9(Zi, 1 Z, Zj))

and hence
F{W = _:“Zj' (2.4)
By definition, we have

Nii; = 9(V2.V 2,21, 25) — 9(V 2,V 2, %1, Z) = 9(N iz, 20 Zis Zj)

with B ‘ _
9(V 2.V 2,21, Z5) = TRy, = =g
9(Vz,Nz.Zi, Zj) = Zir%r = */ﬁcfﬂi@a
9V (220 %> Zi) = Hidlrs + U = — Mgt + Mgty
Therefore

Wgiz = — Kty + Hielty, + Mgty — gkt
and the second Chern-Ricci curvature S takes the form

Sij = —HpHig T Hkebth, + Mgk — Pk -
Moreover, since T;j := V7, Z; —Vz,Z; — w(Zi, Z;), we have

k J i k
Tij = — 1+ by — 135
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and so
Tijm = — My + Ué‘m — iy -
Therefore, by means of (2.2), it follows that the components of the Q'-tensors are
given by
1 k i k j P
Qij = Tinr Ty = (—uﬁ + pr — ui}c) (—u;r + hg, — ug,;)

k k k. j k r ik i i 7 k j r
= Hightg, = Hipk,  HirkGE = Mk, Bk, = MirkGg Kok, — Rk, & HikkGE

k i 7 A :
Q55 =T Tirj = (_“ii + iy — 'U’;_m’) (‘“Z; + 15 — ub)

F k j ko7 E ok E o j i A T
=g = Pibleg + Pl — Hribg  Hribs — Ml + Mt — Hrtlyg + et »

k i k ‘ r
r

= k5, — Hiphthe + Hiphe — Hiih, + Hhtie — Hgpl5e + HiphG, — Hipbr + Highs »

4 k_J k ki F_J P F k . J k k i
2055 = My — Mo T IE M — g T Bggh — Bibe + Hekks — ekl + g
ki k7 k  j 7 7 j ki k7 k  J
My — Mg el = Rk Rk = By + Haghyg = Reghtiy  Haphiy -
Since the above formulas are rather hard to handle, further conditions on G have

to be imposed in order to simplify the computations.

Definition 2.4. A complex Lie group is the datum of a complex manifold G admit-

ting the group structure and holomorphic group operations.

A Lie group G is a complex Lie group if and only if its complex structure J is

bi-invariant, i.e.

On the other hand, if the bi-invariance of J holds, it follows that

p(g"?, g% =0, (2.5)

where g€ = 10 @ g% is the complexification of g.



36 Chapter 2. HCFs on Lie groups

Lemma 2.5 ([65]). Let (G,g) be a complex Lie group equipped with a left-invariant
Hermitian metric. The components of HCF tensor, with respect to a left-invariant

g-unitary frame, are given by

1 = 1 K ; ]. k = 1 k = : ]_C
Kij = =5 HikkGe + Hkelhe T HiklGr = 5 (urkui—; + uiiu,:,;> : (2.6)

Proof. The claim directly follows by (2.5) and the previous computations. Indeed,

under our assumptions, we obtain S = 0 and
, - , 1 . .
1 2 3 k 4 k k
Qi = M?kﬂ?]}? Q5 = [T Q5 = mikksr, Q5 = B (Mrkﬂ% + Mf«iﬂﬂg) :
O

We now use the above formulas to show how the HCF tensor and the Ricci
curvature tensor are related on complex Lie groups. According to [9, Cor. 7.33], the
Ricci curvature tensor of a left-invariant metric g on a Lie group G can be written

as

Ric =M — 1 B — S(adp),
where, for any X,Y in g,
M(X,¥) = — g(u(X, X, Y, X)) + § 00X X), X)g(u(Xi, X5), ), (27)
{X,} being an orthonormal basis. Moreover,
B(X,Y) = tr(adxady)

denotes the Killing form of g, H is the mean curvature vector, uniquely determined
by the relation
g(H,X) =trady, for any X € g,

and

S(adH)(Xay): [g(:UJ(H7X)7Y)+9(M(H7Y)7X)] :

N

Then, we have
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Lemma 2.6 ([65]). Let (G,g) be a complex Lie group equipped with a left-invariant
Hermitian metric. Then, the tensors M and S(adg) are of type (1,1), while B is of
type (2,0) + (0,2). In particular,

1
Ric"' =M —S(adp),  Ric*0t92 = —5B.
Moreover, the HCF tensor is given by
1
K = Ricl! + 3 Q3.

Proof. Let {X1,...,X9,} be a J-invariant orthonormal basis of g, where J is the

complex structure of G. We directly compute

M(TX, V) = — Sg(ulTX, X0, (7Y, X)) + 1o(u(Xe X,), TX)g(u( X, X;), TY)

= — %g(Ju(X, Xi), Ju(Y, X)) + %g(u(JkaXj)aX)g(u(JXij)’ Y)

= — %g(lu,()(7 Xk),,u(Y, Xk)) + ig(/l(XkaXj)vX)g(/L(Xkan)aY)

=M(X,Y),

for every X,Y € g, and hence M is of type (1,1) by definition. On the other hand,

since

S(adp)(JX,JY) == [g(w(H, JX),JY) + g(u(H,JY), JX)]

[Q(JM(H’X)7JY) —f—g(J,U,(H,Y),JX)} = S(adH)(XvY)

N =N =

and
B(JX, JY) = tr(adJXadJy) = tr(JQaandy) = —B(X, Y) ,

the first claim follows.
Let now {Z,} be a g-unitary frame. Then, a direct computation yields
1 roT 1 i,
M(Z;, Z;) = ~ S HikkGE T Pk
and

S(adm)(Zi, Z;) = = [g(u(H, Zi), Z;) + g(u(H, Z3), Zs)]

(Hkuii + HEM?};) :

N — DN
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Finally, since
Hy=g(H, Zp) = trady, = pl;,

we infer
1/ 5 .
S(adn)(Zi, 27) = 5 (hattl; + Hhant;
and (2.6) implies the second part of the statement. O

As direct consequence of Lemma 2.6, we have

Corollary 2.7 ([65]). Let G be a complex semisimple Lie group. Then, the Ricci
tensor of a left-invariant Hermitian metric on G is never of type (1,1). In particular

G has no left-invariant Hermitian metrics which are also Einstein.
Next we focus on complex unimodular Lie groups.
Definition 2.8. A Lie group G is unimodular if tradx = 0, for every X € g.

If G is a 2n-dimensional Lie group equipped with a left-invariant Hermitian struc-

ture, the unimodular condition reads in terms of a left-invariant unitary frame as
pho =0, i=1,....,n.

Moreover, when G is a complex Lie group, the unimodular condition simply reduces
to

i, =0, i=1,...,n. (2.8)

Proposition 2.9 ([65]). Let (G,g) be a complex Lie group equipped with a left-
invariant Hermitian metric. Let sc denote the Riemannian scalar curvature of g.

The following facts are equivalent:

1. sc =k;
2. G is unimodular;

3. K = Ric"!.

Moreover, if one of these holds, then K = Ric if and only if the Killing form of g

vanishes.
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Proof. By means of Lemma 2.6, it follows
it K — 11, L 3 _ 1 3
k =try K = try Ric +§trgQ —sc+§trgQ .

On the other hand, since

T

3 k
try Q° = Wikt »
we have

Q*=0 <= try;Q*=0

and the equivalences follow. ]

Finally, let (G,g) be a complex unimodular Lie group equipped with a left-
invariant Hermitian metric. Then, by means of (2.6) and (2.8), the HCF tensor

reduces to

11
Kij = —Shiwkg + ZM%fﬂiw (2.9)

with respect to a left-invariant g-unitary frame, and we have the following

Corollary 2.10 ([65]). Let G be a complex unimodular Lie group equipped with a

left-invariant Hermitian metric go. Then, the HCF starting at go reduces to

d

7%= M), gu=0=90, (2.10)

where M is defined via (2.7). We will refer to (2.10) as to the M-flow.

Proof. This immediately follows from Proposition 2.9 and Lemma 2.6, since on uni-

modular Lie groups we have H = 0. O

We mention that a similar result holds for the Ricci flow on nilpotent Lie groups
(see [70]). Consequently, the M-flow models both the HCF on complex unimodular

Lie groups and the Ricci flow on simply-connected nilpotent Lie groups.
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2.2.2 The long-time behaviour of the HCF

Now we focus on the long-time behaviour of the HCF on complex Lie groups. We
show that under the unimodular assumption any left-invariant solution to the HCF
is immortal. Moreover, such solutions always converge to a non-flat algebraic soliton

to the HCF, once they are suitable normalized.
Our main results is the following

Theorem 2.11 ([65]). For a complex unimodular Lie group G, the mazimal solution
)

(
gt to the HCF (2.1) starting from a left-invariant Hermitian metric satisfies
d
dt gt

where Ric(gt) is the Ricci tensor. The family of left-invariant Hermitian metrics g

= _Ricl’l(gt) )

is defined for all t € (—e,00) for some € > 0, and (1+1t)~1g; subconverges ast — oo

to a non-flat algebraic HCF-soliton (G, §), in the Cheeger-Gromouv topology.

By definition, (G, g;) converges to (G, g) in the Cheeger-Gromov topology if there
exists a family of biholomorphisms ; : ; C G — () C G mapping the identity
of G into the identity of G, such that the open sets {Q;} exhaust G, and in addition
Yigt = g as t — oo, in the C*°-topology uniformly over compact subsets.

The limit space G in Theorem 2.11 might not be diffeomorphic to G. Nonetheless,
by the assumptions on the starting group G, we have that the Lie group G has to

be complex and unimodular.

Remark 2.12. The assumption on G to be unimodular cannot generally be dropped
in Theorem 2.11. In fact, when G is non-unimodular, the solutions to the HCF may

develop finite time singularities (see Proposition 2.30).
As direct consequence of Theorem 2.11, we get

Corollary 2.13 ([65]). Let (M, go) be a compact Hermitian manifold and let g, be
the mazimal solution to the HFC starting at go. Assume that the holonomy group of
the Chern connection of gg is trivial. Then, the holonomy of the Chern connection

of g¢ is trivial for any t, g is immortal and satisfies

Orgt = —Ricl’l(gt) :
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Proof. A compact complex manifold admits a Hermitian metric gg with trivial Chern
holonomy if and only if it is the compact quotient of a complex unimodular Lie group
G by a lattice I" and gy lifts to a left-invariant metric go on G (see [13]).

Let g; be the left-invariant HCF solution on G starting at gg. Then, by Theorem
2.11, g is defined for all t € (—¢,00) for some € > 0. Moreover, §; is still invariant
under the action of I' < G, and thus induces a HCF solution on M = I'\G which by

uniqueness coincides with g¢, concluding the proof. O

Remark 2.14. Before to prove Theorem 2.11, we need to recall some fundamental
results from real geometric invariant theory. Once that is done, Theorem 2.11 will
follow by more a general discussion on the long-time behaviour of the M-flow (2.10)

on Lie groups (see Theorem 2.20).

GIT on Lie groups

In view of Proposition 2.10, the tensor M have a central role in the study of the HCF
on complex Lie groups. Therefore, we now recall some remarkable properties of M
which follow by the real geometric invariant theory (or shortly GIT). We refer the

reader to [83] for a more detailed exposition on this topic (see also [11]).

Let (G, g) be a n-dimensional Lie group equipped with a left-invariant metric,
and let po be the Lie bracket of the Lie algebra g of G. Moreover, let us denote
by M the tensor induced by (g, o) via (2.7), and by M, : g — g the associated

endomorphism
9(My-,-) = M(-, ).
Then, since the Lie bracket g is an element of the variety of Lie algebras
Ly, = {,u € A%g* @ g : p satisfies the Jacobi identity}
(see Remark 1.41), we can define a new map

L, — End(g), p—= M,

which satisfies
(2.11)
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Remark 2.15. The Lie group GL,(R) acts canonically on A%g* ® g via
A p(ey) = Ap(Ah, A7)

and its Lie algebra representation
7 : gl (R) = End(A%g* ® g)

is given by

m(A)p = Ap(,-) — p(A- ) = p( A (2.12)

Therefore, by definition

D € Der(g) <= n(D)u=0. (2.13)

We are now in a position to state a remarkable property of the tensor M, firstly
observed by Lauret in [67] for the case of the complexified representation of Gl,(C),
and then extended to the real setting in [68]. This result will be fundamental in the
study of the long-time behaviour of the M-flow.

Proposition 2.16 ([68]). The map

A29*®9\{0}_>End(9)» M'—}WM#’

is a moment map for the linear Gl,(R)-action on A%’g* ® g, in the sense of GIT.
That is

M, B = 5 ((E)ps ) (214)

for any E € End(g) and p € A%g* @ g\ {0}.

Here, the scalar products (-,-) are the ones induced by g. Specifically, for any
A, B € End(g) we can define

(A,B) :=tr AB*,
where the transpose B* is taken with respect to g; while, for any 712 € A%g* ® g

<'71772> = Z<’71(6iv€j)’72(6i’ej)> )

where {e;} is a go-orthonormal basis of g.
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Proof of Proposition 2.16. Let {e,} be a gp-orthonormal basis for g. Since the state-
ment to prove is linear in F, we may assume without loss of generality that I = E;;,
where F;; denotes the zero matrix with 1 in the ij-entry. Moreover, let us denote by
pk, the structure coefficients of a bracket p with respect to {e,}. Then, the left-hand
side of (2.14) equals to

go(Muej,e;) = g(A"PAMgA e, A7 le;) = g(Myé;, &) = M(g)(é;, &),

where é, := A~ le, is a g-orthonormal basis for g. By (2.7), using X, = &, we have

M(9) (70, 5) = — (ol &) 0(e5, ) + 10(holr, ), 0) 9 po(er 25), )
= —% go(u(e, er), plej, er)) + igo(ﬂ(em es), €i) go(p(er, €s), €5)
= —% i 5 + iuisuis-

On the other hand, the right-hand side equals

390((7T(E>,U/)(eraes);ek) gO(M(emes)aek) :ig()(EM(eraes%ek) gO(,U'(eraes);ek)

1
— 79 ((Eer,es), ex) go(u(er, es), ex)

1
— 9 (1(er, Ees), ex) go(pleres), ex)
1, . .
=1 (uisuis — p s — Hfi#fj)a
which, by the skew-symmetry of u, coincides with the formula for (M, E) obtained
above. O

Next, we recall a stratification result involving A%g* ® g proved by Lauret in [69].
Let us fix a basis in g and denote by ij the components of any element p € A2g*®g.
Moreover, let

N = {u € L, : p is nilpotent}
be the variety of nilpotent Lie algebras,

t" = {B =diag(ai,...,an) €Et:a1 < ... < an}

and afj := By, — Ej; — Ej;, where Ej; is the zero matrix with 1 in the ¢j-entry. Here,

t denotes the maximal torus algebra in gl (R) given by the n x n diagonal matrices.
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Theorem 2.17 ([69]). There exists a finite subset B C t* such that every 8 € B
satisfies tr B = —1 and

A’g* @ g\{0} = U Sg  (disjoint union),
BeB

where {Sg}gep is a family of GLy,(R)-invariant subsets of V. Given p € Sg, we have

B+1BIIP1d s positive definite for all B € B such that Sg NN # 0, (2.15)

([8,D],D) >0, forall D € Der(u) (equality holds < [5,D] =0), (2.16)

and

18I < — M| (2.17)
=l '
Moreover, if i € Sg satisfies

min{(B, af;) : uf; # 0} = ||8]*, (2.18)

then
(m(B+1B1P1d) ) = 0 (2.19)

and
tr D =0, for all D € Der(u). (2.20)

The equality in (2.19) holds if and only if 3+ ||B||*I1d € Der(u).

Remark 2.18. The condition (2.18) is always satisfied by some element in the O(n)-
orbit of p. If condition (2.18) is satisfied and p € Sg, then

B = mcc{afj : ufj #0}.

Here with mcc(X) we mean the unique element of minimal norm in the convex hull

CH(X) of a subset X C t (see [69]).
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The long-time behaviour of the M-flow

Let (G, g) be a Lie group equipped with a left-invariant metric and g its Lie algebra.

The metric g is said to be a semi-algebraic M-soliton if its M tensor satisfies

M(g) = cg(,) + 5 [o(D ) + 9, D). (221)

for some ¢ € R and D € Der(g). If further D is g-symmetric, i.e.

M(g) = cg(--) +9(D,"), (2.22)
the soliton is called algebraic.

Remark 2.19. In view of Subsection 1.3.1, every semi-algebraic M-soliton is in one-
to-one correspondence with a self-similar solution ¢; := (1 — ct)p}g to the M-flow,
where ¢; € Aut(G) is the unique authomorphism such that dyl. = e *P/2 (see
Proposition 1.32).

Theorem 2.20 ([65]). Let G be a Lie group with Lie algebra g. Then, for any initial

left-invariant metric gy the solution to

d
%gt = —M(gt), gjt=0 = 90 »
exists for allt € [0,00), and the rescaled metrics (1+t)~1g, subconverge ast — ocoto

a non-flat algebraic M-soliton (G, g), in the Cheeger-Gromov topology.

Proof. Let u(t) be the maximal solution to the bracket flow (1.23), with P, ;) = M,,(4)-
By the equivalence of the bracket flow and the original flow, it suffices to prove that
p(t) is defined for all ¢ € [0,00). By looking at how the norm of u(t) evolves, we see
that

d
£HMH2 =2(Lp ) = 2 (w(M,)p, p) = =8 |M,||> <0,

where in the last equality we used Proposition 2.16. Then, by means of Theorem
1.42, the solution p(t) is defined for all positive times.
The proof of the last part of the statement will follow from three claims. The

first one is that the norm-normalized bracket flow u(t)/||p(t)|| converges to a soliton
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bracket fi. The second one is that ||;(t)| ~ ¢t~'/2, thus up to a constant the metrics
corresponding to the normalized brackets u(t)/||p(t)|| are asymptotic to the family
(1 +t)"'g; (since scaling the metric by a factor ¢ > 0 is equivalent to scaling the
corresponding bracket by ¢=1/2 [73, §2.1]). The third claim is that convergence of
the brackets yields subconvergence in the Cheeger-Gromov topology for the corre-
sponding family of left-invariant metrics.

In order to prove the first claim, we recall that by [6, Lemma 2.5, after a time
reparameterization, the normalized solution v(t) := u(t)/||u(t)|| solves the so called

normalized bracket flow equation

d
prid —m(My, + r, Idg)v, (2.23)

where 7, := (7(M,)v,v) = 4||M,||* by Proposition 2.16. On the other hand, by
means of [11, Lemma 7.2], this last flow is (up to a constant and a time rescaling)
the negative gradient flow of the real-analytic functional

ML |2
lv]*

F:ANg*®g)\ {0} - R,

(see also [6, Cor. 3.5] and [70]). Then, the family of unit norm brackets {v(%) };c(0,00)
must have an accumulation point ¥ by compactness. Now Lojasiewicz’s theorem on
real-analytic gradient flows [79] implies that v(t) — o as t — oo, and in particular ¥

is a fixed point of (2.23), that is
7T(MZ7 + Ty Idg)lj = 0 .

This directly implies that the corresponding metric is an algebraic M-soliton (see
Remark 2.15).

Finally, the second claim is proved in the second paragraph of the proof of [6,
Thm. A], and the last claim is a consequence of Theorem 1.46. Thus, the theorem
follows. O

Proof of Theorem 2.11. The theorem directly follows by Lemma 2.6 and Theorem
2.20. ]
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2.2.3 Solitons to the HCF

We already emphasized the relevance of static and soliton solutions in geometric
flows theory (see Subsection 1.2.4). In the following, we investigate their existence

and uniqueness in the HCF setting.
Our main results is

Theorem 2.21 ([65]). A complex unimodular Lie group G has at most one semi-
algebraic soliton to the HCFEF up to homotheties. Moreover, G has a static left-
mwvariant metric if and only if it is semisimple, and in this case the ‘canonical met-
rics’ (in the sense of Definition 2.25) induced by the Killing form of g are static with
c<0.

Actually, Theorem 2.21 can be improved by means of

Proposition 2.22 ([65]). Any semi-algebraic soliton to the HCF on a non-abelian

complex unimodular Lie group is expanding and algebraic.

These two statements will follow by more general results involving the M-flow, in

the same fashion as Theorem 2.11.

Soliton to the M-flow

Let (G, g) be a Lie group equipped with a left-invariant metric and let (g, ) be its

Lie algebra. Then, we have

Proposition 2.23 ([65]). If G is non-abelian, then every semi-algebraic M-soliton

is expanding (i.e. ¢ <0) and algebraic.

Proof. Let g be a left-invariant metric satisfying the semi-algebraic soliton condition
(2.21). By means of Proposition 2.16 and (2.11), it follows

1
trMgE = 1 (m(E)u, p), for all E € End(g). (2.24)

Moreover, let us consider E := [D, D*]. Then, since 7 is a Lie algebra morphism,
7(E*) = n(E)* and m(D)u = 0 holds by (2.13), we have

4 trMy[D, D*] = (n([D, D*]) p, ) = {[w(D), m(D*)] s, ) = || (D" * .
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On the other hand, g is a semi-algebraic soliton if and only if
My = c¢ldg + D + D*, (2.25)

where the transpose D* is taken with respect to g. Now, substituting (2.25) in the

above equation we obtain
HW(D*)#HZ =4dctr[D,D*] + 4tr D|D, D*] + 4tr D*[D,D*] = 0.
This in turn implies that D* is a derivation of g and hence g is algebraic.
Finally, to show that ¢ < 0 we first assume that D = 0. In such a case (2.22) and
(2.24) directly imply
1 1, 12
ne=trMg = (r(ld)u, p) = = ||ull” <0,

since m(Id)u = —p. On the contrary, let us suppose D # 0. Then

1
ctrD+trD* =trM,D = Z(ﬂ(D)u,m =0. (2.26)

Using that tr D? = tr DD* > 0, the claim will follow once we show that tr D > 0.
To that end, notice that by tracing (2.22) we obtain

1/1, 5
- (= trD)
c=——(4llul*+ D),
and substituing this into (2.26) yields
1 1
tr D? — E(trD)2 = EHMHQUD.

Finally, the left-hand-side is non-negative by Cauchy-Schwarz, with equality if and
only if D = kId, for some k # 0. Nonetheless, since D is a derivation and g is

non-abelian, we cannot have equality and hence tr D > 0. ]

To characterize the Lie groups admitting static metrics to the M-flow we need

the following lemma due to Dotti.

Lemma 2.24 ([27]). Leti C g be an abelian ideal. Then,
trg M(g)’ixi >0.

In particular, if G admits a left-invariant metric g with M(g) < 0, then G is semisim-

ple.
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Proof. Let {W;} be an orthonormal basis of i and extend it to an orthonormal basis
{Wi} U{Y;} of g. Since u(g,i) C i, p(i,i) =0, formula (2.7) for X =Y =W €1 can

be written as
1 1
MW, W) = —59(M(W, Y;), Zi)g(u(W,Y;), W;) + 59(M(Wi, Y;), W)g(u(W;, Y;), W)

+ %g(u(Yj, Yi), W)g(u(Yj, Yi), W).

Summing as W ranges through the basis {W;} we get
1
trg M(g)lixi = M(Wi, Wi) = 29(u(Y;, Ya), Wi)g(u(Yj, Yi), Wi) 2 0.
Finally, the last claim follows from the fact that a Lie algebra is semisimple if and

only if it has no abelian ideals. O

We now introduce the notion of ‘canonical metric’ of a semisimple Lie algebra.
Any semisimple Lie algebra g admits a Cartan decomposition g = €@ p, i.e. a vector

space decomposition such that

[e,e]Ce, [e,p] Cp, [p,pl CE.

Then, with respect to such a decomposition, the Killing form B of g is negative
definite on &, positive definite on p and B(¢,p) = 0. Therefore, by switching the sign

of B on £ we obtain an inner product on g.

Definition 2.25. A left-invariant metric on a semisimple Lie group G is a canonical

metric if it induces on g the above defined inner product.

The construction described above depends of course on the choice of Cartan
decomposition, but since any two Cartan decompositions differ only by an auto-
morphism (see e.g. [61]), any two canonical metrics (-,-) and (-,-)' on g are related
by

() ={pe),  @€Aut(g).
Thus, the left-invariant metrics induced on G by two such inner products on g are
isometric and hence any semisimple Lie group admits a canonical metric, which is

unique up to isometry.
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In the particular case of a complex semisimple Lie algebra g, a Cartan decompo-
sition is obtained by considering a compact real form gr and setting £ = gg, p = igr

(see [61, Thm. 6.11]). Recall that ggr is a real form of g if

g=9gr Digr

and the Lie bracket of g is the C-linear extension of the Lie bracket of gr. The
compact real Lie algebra gr is also semisimple and its Killing form By, is negative
definite. Clearly, the Killing form By of g is negative definite on ggr, positive definite
on i gr, and By(gr,igr) = 0. By switching the sign on gr we thus obtain a positive

definite inner product on g.

Theorem 2.26 ([51, 66]). Up to homotheties, there exists at most one left-invariant

metric g on G satisfying the algebraic M-soliton equation
M(g) =cg(-,-) + g9(D-,-), ceR, D eDer(g).
Moreover, if G is not abelian, the Einstein-type equation
M(g) =cg, ceR

has a solution if and only if G is semisimple, and in this case ¢ < 0 and a solution

1s given by the ‘canonical metric’ induced by the Killing form of g.

Proof. Let us fix g as background metric. Then, the algebraic soliton equation is
equivalent to
M, =cldy + D, D € Der(g).

From the proof of Theorem 2.20 it follows that p is an algebraic M-soliton if and
only if it is a critical point of the functional F(u) = |[M,||?/||ul/* (cf. also [67, Prop.
3.2]). Critical points for the norm of the moment map have been extensively studied
in GIT, and they enjoy a number of nice properties which are analogous to those
satisfied by minimal vectors (i.e. the zeroes of the moment map). In particular, by
the uniqueness result [11, Cor. 9.4] two critical points in a fixed orbit Gl(g) - p must
lie in fact in the same O(g)-orbit. Since brackets in the same O(g)-orbit correspond

to isometric left-invariant metrics on G, this finishes the proof of the first claim.
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Regarding the second claim, for the canonical metric g on a semisimple Lie algebra
with Cartan decomposition g = ¢ & p we have that ady is skew-symetric for X € ¢
and symmetric for X € p. Thus, if {X}} is an orthonormal basis for g which is the
union of basis for £ and p, then for X € € by (2.7) we have

M(9)(X, X) = —sg(u(X, Xi), (X, X0)) + 10((X;, X0), X)X, Xi), X)

9( Xk, p( X, X)) g( X, (X5, X))

] =

1
=-3 tradyady +

B(XvX) = —%g(X,X),

e

1
= ——tradyxady =
radxa

and analogously for X € p, and hence M(g) = —% g.

Conversely, if G non-abelian and admits a metric satisfying M(g) = cg, then
Lo
trg M(g) = =7 llul” <0,

which in turn implies ¢ < 0. Finally, since M(g) < 0 and Lemma 2.24 holds, the

group G is semisimple. O

Now, Theorem 2.21 directly follows by Theorem 2.26, while Proposition 2.22 is

an immediate consequences of Proposition 2.23.

2.2.4 The HCF on complex 3-dimensional Lie groups

We now investigate the HCF on complex 3-dimensional Lie groups. In particular,
we show how the above stated results adapt to these Lie groups. We also exhibit an

example of shrinking algebraic soliton in the non-unimodular case.

In complex dimension 3 there exist three non-abelian unimodular simply-connected
complex Lie groups (see e.g. [86]), namely: SL(2,C), H3(C) and S3 1.
e SL(2,C)

This is a simple Lie group and admits a left-invariant (1,0)-frame {Z7, Z3, Z3} such
that
M(Zl,ZQ) :Z37 /’L(Zlaz3) = _Z27 /’L(Z27Z3) :Zl-



52 Chapter 2. HCFs on Lie groups

In matrix notation we can consider the frame {Z1, Zs, Z3}

1[0 i 1({ 0 1 1( —i 0
Z1 =3 v Zo= . Zy=— .
2\ i 0 2\ -1 0 2\ 0 i

According to Theorem 2.21, a direct computation yields that the “standard” metric
ga=Col+Fol+Fod,

is static with ¢ = —3. Here {¢*} denotes the dual frame to {Z}}.

Let us now consider a left-invariant diagonal metric
g=adlod+bFol+co0,  abe>0,

and its HCF tensor

—a? + b + 2 =
Kg)=-—"T 0 ol -

a2 — b2 + 2
2ac

a? + b — 2

2 72
Coc 2ab

3o,
Then, the HCF on SL(2,C) starting from the diagonal metric

go=1a0 ¢ O +b FOC+a ol
is governed by the following ODEs system

—a?+ b+ 2 R a2 +nr =2
- a1 > 6277 C=—F77 >
2bc 2ac 2ab

a(0) = aop, b(0) = b, c(0) = ¢,

a =

which admits an explicit solution. Indeed, from the system equations it follows

i, b_c a e b b oé_a
a b ab’ a ¢ ac’ b ¢ be’
which implies
(ab)=c, (ac)=b, (bc)=a. (2.27)

Then, by substituting the last equation in the first two, we get

(b'c)b:/cdt and (b'c)c:/bdt,
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and
(Bc)b =7, (Bc)c =8,
where § and v are primitives of b and ¢, respectively. This in turn implies

b v

c B ’
i.e. B8 =~%, and hence (52) = ('yz) By arguing in the same way, we have
(a?) = (8%) = (%),
where « is a primitive of a, which implies
ac = bf = cy.
On the other hand, from (2.27) it follows
ab — agbg = 7, ac — agco = B, bec — bocy =
and
abc — agbgc = e, abc — agegb = B, abc — bycpa = aa .

Finally, keeping in mind that aa = b8 = ¢y, we have

a b c

a by o
Therefore, the ODEs system simplifies to

Lag 1b 1l

= ——=A
2[)060 200 2b0 0>

potoo 1 leo 50

L I U (R
‘= 5% T2a  2aghy 0;

and its solution is given by

a(t)=Ap-t+ay, b(t)=DBop-t+by, c(t)=Cph-t+c.
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e H3(C)

This Lie group, also known as complex Heisenberg Lie group, is a 2-step nilpotent

Lie group defined by

12z 23

H;3(C) = {[8 (1) 212:| 121, %9,23 EC} .

The group admits a left-invariant (1, 0)-frame {Z;, Z2, Z3} such that
_ Al 2 LA 72 o
p=CANCERZ3+(C AR Z3, (2.28)

where {1, (2, (3} denotes the dual frame of {Z;, Zo, Z3} and u is the Lie bracket on
b3 (C).

Proposition 2.27 ([65]). Any left-invariant Hermitian metric on H3(C) is a soliton
to the HCF.

Proof. Let g be a left-invariant Hermitian metric on H3(C). Moreover, let {7, Wa, W3}

be a unitary frame of g such that
Wh € (Z1,22,23), Wae(Zz,2Z3), Wse(Zs),

where {Z1, Zs, Z3} is the left-invariant (1,0)-frame of (2.28). With respect to this

new frame p can be written as

p=ac' N> @Wi+aa' Na? @ Ws, a € C\{0},
and hence, by means of (2.9), it follows

IR SUNC S T R S S I S SRR S S
K=—|a|*a @ a lal“a” @ @ + =|a|*a” ® &~
2 2 2
where {a*} denotes the dual frame to {W;}. On the other hand, let
D := diag(A1, A2, A3)

be a diagonal automorphism of h3(C). Then, for any X = z;W; and Y = y; Wy in
h3(C), we have

Du(X,Y) = u(DX,Y) — (X, DY) = a (A3 — A\t — A2) (2192 — 22y1) W3,
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and D is a derivation if and only if

A3 = A1+ Ao
Therefore, given
3 12
c:=——lal*,
2
K — cId is a derivation of h3(C) and the claim follows. O

® 531

This is a 2-step solvable Lie group whose Lie bracket can be written in terms of a
suitable (1,0)-frame {Z1, Z2, Z3} as

p=CACRZ - OANCRZ+INCRZ - NE 7. (2.29)

Proposition 2.28 ([65]). A left-invariant Hermitian metric g on Ss _1 is an alge-
braic HCF-soliton if and only if g(Z2, Z3) = 0.

Proof. Let {Wy, Wy, W3} be a g-unitary frame of s3 1 such that
Wh €(Z1,29,7Z3) , Wy € (Zo,Zs), Wse (Zs).
With respect to this new frame, we have
w(Wy, Wa) = sWo +aWs, pu(Wi,Ws) = —sWs, p(Ws,Ws3)=0, (2.30)
for some s,a € C with s # 0, and the matrix associated to K(g) is given by

—la|* —2Js]*> 2a5 0
Ky = 2as —la)®> 0 |- (2.31)
0 0 |al?

Now, let D be a derivation of the Lie algebra such that
Ky=cld+ D, D*=D. (2.32)

Setting
DW= Dy W; ,
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from the structure equations (2.30) we have that
D,M(Wl, Wg) - ,u(DWl, W5) — /L(Wl, DW3) =0

if and only if
—5D13W1 — 28DosWo + (SD11 — CLD23)W3 =0.

Since s # 0, we deduce

D11 = D13 =Do3=0.
Similarly

Du(Wi, Wa) — n(DWy, Wa) — (W1, DWs) = sD1oW1 + a(D33 — D2aa)W3 =0

implies

D5 =0.
Therefore, D has to be a diagonal derivation. On the other hand, since (2.31) holds,
D is diagonal <= a=0 <= g¢(Z2,73) =0,

which prove one implication.

Let us now suppose g(Za, Z3) = 0. Then, a = 0 and hence (2.31) reduces to
—Is2 0 0
Ky=| 0 0 0]|=-|s1d+D,
0 00
with D := diag(0, |s|?,|s|?). Finally, since

D,U/(W17W2) - M(DW17W2) - M(W17DW2) - 07

D is a derivation and the claim follows. O
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A complex non-unimodular example

We now study the HCF on the family of complex Lie groups S3 y admitting a left-
invariant (1,0)-frame {Z1, Z2, Z3} such that

p=CANCRZL+ANNCZ3+ANCRZ+ A AP @ Zs,
where A € C and 0 < |\| < 1. Here {¢',¢?,¢3} is the dual frame of {Zy, Zo, Z3}.

Remark 2.29. This is a family of 2-step solvable Lie groups and S3 _1 is its unique

unimodular Lie group.

Proposition 2.30 ([65]). Let A be a positive real number. Then, any diagonal left-

invariant metric g on S3 y is a shrinking algebraic soliton to the HCF.

Proof. Let us consider a left-invariant diagonal metric on S3 ) given by
gi=0a0(' O +b PO+ ® o, agby,co>0.

By means of (2.6), a direct computation yields that

A 0 0
Kg= [0 —Z@1+) 0

C 2

0 0 —S(A+A?)

On the other hand, arguing in the same way as Proposition 2.28, one can prove that
D:=K;—cl
is a derivation of the Lie algebra s3 , if and only if Dy; = 0. Thus, setting
c:=A
the claim follows. O

As direct consequence of this proposition, we get that neither Theorem 2.11 nor

Proposition 2.22 hold in the complex non-unimodular setting.
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2.3 Expanding solitons to the HCF on complex Lie groups

In this section, motivated by Theorem 2.11 and Theorem 2.21, we investigate the
algebraic structure of complex Lie groups admitting expanding semi-algebraic soli-
tons to the HCF. In particular, we show that the Lie algebras of such Lie groups
decompose in the semidirect product of a reductive Lie subalgebra with their nilrad-
icals. It turns out that the restriction of the soliton metric to the nilradical is also
an expanding algebraic HCF-soliton. Finally, we use our results to construct explicit

examples of expanding solitons on 4-dimensional complex Lie groups.
Let (G, g) be a complex Lie group equipped with a left-invariant Hermitian metric
and consider the orthogonal splitting of its Lie algebra g in

g=todn,

where n is the nilradical of g. If g, is the pull-back of g to the Lie group N of n, then

we have the following

Theorem 2.31 ([97]). The metric g is an expanding (i.e. ¢ < 0) semi-algebraic
soliton to the HCF if and only if gy is an expanding algebraic soliton to the HCF on
N, v is a reductive Lie subalgebra,  [ad;, |, ady [o] = O for any unitary basis {r;} of

t, and

_ _ 1 1
K(g)(X,Y) =cg:(X,Y) + B tr(adx|sad§[a) — B trady - trady ,
for any X, Y € ¢, where g, is the pull-back of g to the Lie group of t.
When G is unimodular, the expression of K(g.) in Theorem 2.31 simplifies to

_ _ 1
K(g)(X,)Y) = cqe(X,Y) + 5 tr(adx|sad§[n) -

Moreover, in the solvable case we can improve Theorem 2.31 by giving an explicit

description of g,.

Corollary 2.32 ([97]). Assume G unimodular and solvable. Then, g is an expand-

ing algebraic soliton to the HCF if and only if g, is an expanding algebraic soliton
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to the HCF on N, the Lie group G is standard (i.e. g = v @ n with v abelian),
> lady, v, ady [a] = 0 for any unitary basis {r;} of t, and

_ 1 N
g0(X,Y) = ~% tr(adx|sad§[n)

for any XY €.

The proof of Theorem 2.31 is mainly based on GIT, in the same fashion as Lauret
did in [69].

We mention that similar results, concerning the Ricci flow on different homo-
geneous spaces, have been obtained in [64] and [71]. However, as pointed out by
Lafuente and Lauret in [64], for the Ricci flow there exists a limitation given by
Alekseevskii’s conjecture. Indeed, if Alekseevskii’s conjecture were confirmed, then
any Ricci flow expanding algebraic soliton (G/H, g) should be diffeomorphic to an
Euclidean space and thus, accordingly, only solvmanifolds could admit expanding
algebraic solitons to the Ricci flow (see Subsection 1.2.2). Nonetheless, in the HCF
case such a limitation does not exist, since also semisimple complex Lie groups admit
soliton metrics by Theorem 2.21. Thus, we have a wider set of expanding algebraic
solitons for the HCF, with algebraic structures completely classified by Theorem 2.31

in the case of complex Lie groups.

2.3.1 Structure of solitons on Lie groups

Although our goal is to study soliton solutions to the HCF on complex Lie groups,

by means of Lemma 2.6, we can focus on left-invariant solutions g; to the K-flow

gt = —K(gt)s  Gje=0 = 90, (2.33)

on Lie groups, where

~

K:=M — S(ady) + O (2.34)

and

~

1
QX,Y) := itradx -trady

(see Subsection 2.1).
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Let (G, g) be a Lie group equipped with a left-invariant metric. Let (g, [,-]) be
the Lie algebra of G and (-,-) the inner product induced by g on g. Let

g=tPdn
be the orthogonal decomposition of g, where n is the nilradical of g, and

A= ['v '”tXtu 0 = [': '”txm M= ['v '”nxn-

Note that, A can be further decomposed in A\p : t Xt — vand A\ : t Xt — n.
Moreover, let 3 in Theorem 2.17 be such that i € Sg, and define E3 € End(g) by

Egle=0  and  Egly= 8+ |B]"Id,
where Id is the identity of n. Then, we have the following lemma.

Lemma 2.33 ([64]). Assume that (n, ) satisfies (2.18). Then,

<W(EB)['7 ']7 ['7 ]> >0

and
(m(Eg)[-s ), [+ ) =(w(B+ I1BIP T g, p2)
+ > AB+BIPDlri, vy [rirs])
+ > 2([8,ady; |n), ady |n) ,

with {r;} orthonormal basis of t. Moreover, each term is non-negative.

Henceforth, when confusion cannot occur, we identify the tensor K with its asso-
ciated endomorphism K,. Also the K-tensor components will be identify with their
associated endomorphisms. In particular, we denote by M, : n — n the endomor-
phism of n defined by using (2.7) and, when t is a subalgebra of g, we denote by
M, : v — v the endomorphism of t. The following lemma (whose proof is a direct

computation) will be useful in the sequel.
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Lemma 2.34 ([97]). Assume [t,t] C tv. Then, for any A,B € v and Z,W € n,
(MZ, 1) =MW Z W)+ 5 S fady a2, W)
(MA, B) =(M.A, B) — Str(adalsadila),
(MA,W) = = Str(adalwadiy ).

where {r;} is an orthonormal basis of t.

Remark 2.35. Note that under the assumptions of Lemma 2.34, in matrix notation

we have ) 3
2M, — B -B

. , (2.35)
—-B 2My + > _[ady, |, ady, [n]

1
)

where B is the operator given by (BX,Y) = tr(adx|sadi|,), for all X,Y € g, and

the blocks are in terms of g =t @ n.

Now, let us assume g to be a semi-algebraic expanding K-soliton, i.e.
Kg:cId—l-%(D-i-D*), c<0, D e Der(g),
where K, : g — g denotes the endomorphism given by
9(Kg-,-) = K(g) ().

Moreover, let us set
F :=S(ady + D),

where S(A) is the symmetrization of A € End(g).

Lemma 2.36 ([97]). We have
ctrF4+trF2=0. (2.36)
Proof. Let E :=ady + D, then E € Der(g) and

tr(cld — O + F)E = tr M, E — i(ﬂ(E)[, L] =0,
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from (2.14). Since @ is invariant under automorphisms of g, it follows
6—tD*Q€—tD _ Q,

for any derivation D € Der(g). Differentiating at ¢t = 0, we have D*Q + QD =0,
which implies
0=tr(D*Q + QD) =2trQD,

and the claim follows. O
Then, we have

Proposition 2.37 ([97]). The orthogonal complement v of the nilradical n is a re-
ductive Lie subalgebra of g and

g=txn.

Proof. Without loss of generality we can suppose that condition (2.18) holds, since
the claimed condition is preserved by the O(n)-action on (n, u) (see [64] for more

details).

To prove the statement, we study separately the case when either n is abelian or
not. In the former case, i.e. u =0, let E € End(g) be given by E|; = 0 and E|, = Id.
Since tr F' = tr F'|, ([64], Lemma 2.6), by (2.14) we have

. 1
cn+trF:tr(cld—Q+F)E:tngE:Z|/\1]2, (2.37)

where n := dim(n). Clearly, if n = 0 the claim follows. Otherwise, from (2.36) and
(2.37) we have
cn+trF>0 and trF?2<n '(trF)?,

which force Ay =0, F|, =0 and F|, = t1Id, for some ¢ > 0.

Now assume n non-abelian and recall that (2.18) holds. Then, in view of Lemma
2.33, we have

(o), 1,1 1) ={w(Ep) Ao, ha) + (m(B)ha, M)
T 2n(Eg)o,0) + {n(Eg)u, ) 2 0,

(2.38)
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which implies
ctr B+ tr FEg = tr(cld — Q + F)Eg = tr MyEg > 0, (2.39)

since (2.14) holds and tr QEB = 0. Hence, the following equalities hold (since
trf=—1):
trEg) =||8]1* tr Eg and tr FEg =||8]|*tr F,

and using the above formulas we have
tr F?tr B3 < (tr FEg)*(< tr F*tr E3),

which in turn implies

F=tEg, forsomet>0.

Moreover, since (2.36) and (2.38) hold, we have
ctrEg+tr FEg =0
and A\ = 0. Hence, the claim follows. ]
From the proof of Proposition 2.37 we can easily deduce the following result.
Proposition 2.38 ([97]). Assume p # 0 and satisfying (2.18). Then

(i) [57 adl‘|ﬂ] =0,

(i) B +18]?1d € Der(n),

tr Flq

While, for p =0 it follows F|. =0 and F|, = t1d, where t = b Flu

dimn *

Proof. Ttems (i) and (ii) respectively follow from (2.16) and (2.19), since

<7T(E/3)['> ']7 ['7 ]> =0.

The other claims follow directly by the previous proof. O
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Remark 2.59. Let a be the center of v. In view of Proposition 2.37, t is a reductive

Lie algebra and consequently it decomposes as
t=0Hda,
with b := A(r,t) semisimple Lie algebra. Hence, we can write g as

g=(h®a)xgn,

where 0(X) := adx/|n, for all X € v. However, since a is an abelian subalgebra of g,

we can also write
g=Dhxg(axgn),

with 6(X) := adx|agn and §(X)A =0 for any X € h and A € a.
With the notations of Proposition 2.37 in mind, we have the following

Lemma 2.40 ([97]). We have
adX|n € Der(n),

for any X € ¢, and
Z[ad” [n, ad:i ‘ﬂ] =0,
where {r;} is an orthonormal basis of t.
Proof. If n is abelian, i.e. p = 0, then the claims trivially follow. Let us assume

p # 0 and satisfying (2.18). It follows from Proposition 2.37 and Proposition 2.38
that F' = tEs for some t > 0. Since tr F|2 = tr F?, we have

t= and Fly, = —cld

C C
BEE ~eE”

Thus, from Lemma 2.34 and K|y = c¢Id + (D[ + D*|s) it follows
1 N c
My + 2 Z[admn, ady [n] + W/B =0. (2.40)
By tracing the left-hand side of (2.40) and taking into account tr 5 = —1 we obtain

_ 1 2 2
c= = IBI7 k"
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Moreover, since 7 is a Lie algebra morphism and w(adx)* = w(ad¥), for all X € g,
we have
* 1 k
tr Mn[adm ln adri o] = Z(ﬂ'(adn- |n)7r(adn, |n )t 1)
1
4< m(ady, [n)p, 7(ady, )" [np) (2.41)
= L l(ad )l

for any r; € {r;}, and multiplying (2.40) by M,

0 =tr M2 + = ZHW (ady |n)p]l® + tr M, 8

Lk
=5 Slatact,ut? + LI (Lo - e )

Then, by (2.17) we have

4
<an ﬁ> S ||M||2 HMWH2

and
> i (ads ln)ull® =

which implies ad;. |, € Der(n), for all 7, and the first claim follows.
To prove the second claim it is enough to observe that M,, and S are orthogonal

to any derivation of n, and applying (2.40)

Z[adm |na ad:z ’n] =

Remark 2.41. By (2.41), given a metric Lie algebra g,
Z[adnh, ad;.|s] =0, for any orthonormal basis {r;} of t,

implies

ad|n € Der(n), forany X €rt.
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2.3.2 Proof of the structural result

The next proposition implies our Theorem 2.31.

Proposition 2.42 ([97]). Let (G,g) be a Lie group equipped with a left-invariant
metric and g its Lie algebra. Let g = t @ n be the orthogonal decomposition of g,
where n is the nilradical of g, and let g, be the pull-back of g to the Lie group N of

n. Then, g is an expanding semi-algebraic K-soliton if and only if

(i) g =t X n, with v reductive Lie subalgebra and n nilradical of g;
(ii

(iii

gn 18 an expanding algebraic K-soliton on N;

)
)
) >ladr|n,ady o] = 0, where {r;} is an orthonormal basis of v;
(iv) for any X,Y €t
1 . 1
K(ge)(X,Y) =cge(X,Y) + 5 tr(adx [nady-|n) — 5 trady - trady ,
where g, is the pull-back of g to the Lie group of t.
Proof. Let (G, g) be an expanding semi-algebraic K-soliton with
1
Ky =cld + 5(D + D*),
for some D € Der(g), and denote with B : g — g the endomorphism defined by

(BX,Y) = tr(adx [sadi|s) .

Items (i) and (iii) follow from Proposition 2.37 and Lemma 2.40, respectively. Item

(iv) follows from Proposition 2.37 and Lemma 2.34, since
M|, + Q|t =clId|, and M, = M|, + %BELT
Finally, item (ii) follows from Lemma 2.34 and Lemma 2.40. Indeed,
(cId+ S(D))|ln =My — S(adg)|n = My — S(adn)|a = Kg, — S(adg)|n,

where Ky, denotes the K-operator of the Lie algebra n. Thus, the claim follows and

it turns out that the derivation associated to gy is given by Dy = S(adg + D)|n.
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Vice versa, suppose that (i)-(iv) hold. Let n = ny @ ... @ n, be an orthogonal

decomposition of n such that
mn=nd...e&n., hmnn]=nd...0n,

and so on. Since adx|, and ad|, are both derivations by Remark 2.41, we have

adx(n;) C n; and adz(n;) C niqq, for any X € v and Z € n. Thanks to Lemma 2.34

0
and K:[* ],
0 =

where the block representations are with respect to g =t @ n.

and (iii), under these assumptions we have

v [Me=3B 0
0 M,

Now, let D be the derivation characterizing g, and D := —adg + [8 DO ] Since

1

t is reductive and (iv) holds, we have

1=~ .
5Bl — S(adg)le + Qe ,

Kle = M| — S(adH)|t+Q|t =M, — 5

which implies K| = ¢Id — S(ady). Similarly,
Klo = M|y — S(adpg)n = My — S(adg)|n

and K|, = c¢Id + S(—ady + D1), since (ii) holds.

It only remains to show that D € Der(g). To prove the claim it is enough that
[8 ]31] € Der(g), or equivalently [Dy,adx|,] = 0, for any X € tv. However, since
Ky, = My = cId + Dy and M, commutes with any derivation of n whose transpose

is also a derivation (see [64, Rem. 2.5]), the claim follows. O

Now, Corollary 2.32 follows since in the solvable case t is abelian and, conse-

quently, K(g.) = 0.

Remark 2.43. When G is unimodular the derivation D := K, — cId only acts on the
nilradical n of g, since H = 0 by definition.



68 Chapter 2. HCFs on Lie groups

2.3.3 Applications

In this section we use our results to construct explicit examples of expanding algebraic
solitons to the HCF on complex Lie groups.
We work on 4-dimensional solvable (non-nilpotent) complex unimodular Lie al-

gebras, which are classified by the following list (see e.g. [16]):
e 53 _1 @ C, with structure equations
(21,2 = Za,  [Z1,Z3] = —Z3;
e g1(—2), with structure equations

(Z1,22) = Zo, [Z1,Z3) = Z3, [Z1,Z4) = —224;

g4, with structure equations

(Z1,Z5) = Z3, [Z1,23) = Zs, |[Z1,Z4) = Zo;

g7, with structure equations

(Z1,Z5) = Z3, [Z1,23) = Za, |Z2,Z3]= Zy;

g3(a), with structure equations

[Z17Z2] = Z3, [Zl, Zg] = Z4, [Z17Z4] = Oz(ZQ + Zg) , «oc¢€ C*.

We show that in the first four cases (s3_1 @ C,g1(—2),g4,97) there exists a
soliton to HCF on the corresponding Lie group, which is unique up to homotheties
by Theorem 2.21. In the last case the existence of a soliton remains an open question.
®s53 16D C

Let g be a Hermitian inner product on s3 _; & C. We can find a g-unitary basis {W;}
such that

Wi € (Z1, 25,23, Zs), Wo € (Zy,Z3,Zs), Wz € (Z3,Zy), Wi€(Zy).
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With respect to this new basis, we have
(Wi, W] =pWo + W3 +rWy, [Wi, W3] = —pW3+ sWy,
for some p, q,r, s € C with p # 0, and
531 PC=1tDn,

where v = (W7) and n = (Wa, W3, Wy).

Since the nilradical n is an abelian ideal, g, trivially induces an expanding al-
gebraic soliton to the HCF on the Lie group of n. Therefore, by Corollary 2.32, g
induces an expanding algebraic soliton to the HCF on the Lie group of s3 1 @ C if
and only if

. . 1 )
[adw |n, adyp, [n] =0 and  g(W1, W1) = % tr(adw, [nadyy, [n) -

It is straightforward to show that the first condition holds if and only if ¢,r, s = 0;

while, since {W;} is a g-unitary basis, we have

= 1 . 2
1= g(Wl, Wl) = _?C tr(adwl‘nadWJn) = _‘p!’

which implies ¢ = —[p|?. Thus in matrix notation, with respect to {W;}, we have
K, =—|p|*ld + D,

where D := diag(0, |p[*, [p[, [p|*)-
Finally, we note that

9(Z2,Z3) = g(Za, Z4) = 9(Z3,24) =0 <= q=r=5=0,
and we have the following result.

Proposition 2.44 ([97]). A Hermitian inner product g on s3_1 & C induces an
expanding algebraic soliton to the HCF on the corresponding (simply connected) Lie
group if and only if g(Za, Z3) = g(Z2, Za) = 9(Z3, Z4) = 0.

Remark 2.45. This result can be viewed as a natural generalization of Proposition
2.28.



70 Chapter 2. HCFs on Lie groups

° g1(—2)
Given a Hermitian inner product g on g;(—2), there exists a g-unitary basis satisfying
Wh €(Z1,25,725,Zy), Wa€(Zo,Z3,Zy), Ws € (Z3,Zs)y, Wy (Zy).
With respect to this new basis, we have
(W1, Wa] = pWo + qWs + Wy,  [Wi, Ws] = sW3 +tWy, [Wi, Wy] =uly,
for some p, q,r, s,t,u € C, where p+s+u = 0 and p, s,u # 0. Then, g;(—2) splits in
01(—2) =t @n,

where v = (W1) and n = (Wy, W3, Wy), and g, gives rise to an expanding algebraic
soliton to the HCF on the Lie group of n, since n is an abelian ideal.

Now, a direct computation yields that
ladw, [n, adfy, |n] = 0 if and only if g¢,r,t=0;

while
Il 4 s+ Juf?
2c ’
since {W;} is a g-unitary basis. Therefore, if ¢,7,¢ = 0 and ¢ = —(|p|?+|s|?>+|u|?) /2,

- 1
1=g(W, W) = ~ 50 tr(adw, [radyy, [n) =

the assumptions in Corollary 2.32 are satisfied and, in matrix notation with respect
to {W;}, we have
Ky=cld+ D,
where D := —diag(0, ¢, ¢, c).
Noting that

g(Zg,Z:;) = g(ZQ,Z4) = g(Z3,Z4) =0 < q=r=t=0,
we obtain the following result.

Proposition 2.46 ([97]). A Hermitian inner product g on gi1(—2) induces an ex-
panding algebraic soliton to the HCF on the corresponding (simply connected) Lie
group if and only if 9(Za, Z3) = g(Z2, Zs) = g(Z3, Zs) = 0.
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Let g be a Hermitian inner product on g4 such that Zs, Z3, Z, are orthogonal to each

other. Let {W;} be a g-unitary basis satisfying
Wi e(Z1,29,Z3,Zy), Wo€e(Zo)y, Wse(Zs), Wi (Z).
Then, we have
(Wi, Wao] = pWs,  [W1, W3] =qWy, [Wi,Wy]=1rWs,
and we assume p,q,r € RT\{0}. Hence, g4 splits as
ga=1tdn,

where v = <W1> and n = <W2, Wi, W4>.
Since n is an abelian ideal, g, induces an expanding algebraic soliton to the HCF
on the Lie group of n. Moreover, by Corollary 2.32, g induces an expanding algebraic

soliton to the HCF on the Lie group of g4 if and only if
* = 1 .
[adw, [n, adjy, [n] =0 and 1= g(Wy,W1) = ~ 5 tr(adw, [nadyy, [n) -

The first condition is equivalent to require p = ¢ = r, while the second one is satisfied
if and only if ¢ = —%pQ. Hence, in matrix notation with respect to {W;}, we obtain
3 9
where D := %diag(o,pz,pz,pQ).

Finally, we note that

9(Za, Z9) = §(Z3, Z3) = §(Z4,Z4) <= p=q=r,
and we have the following result:

Proposition 2.47 ([97]). A Hermitian inner product on g4 induces an expanding
algebraic soliton to the HCF on the corresponding (simply connected) Lie group if and
only if it is homothetically equivalent to a Hermitian inner product g on g4 satisfying
9(Za, Z) = g(Z3,Z3) = g(Z4, Z4) and g(Zo, Z3) = g(Za, Z4) = 9(Z3, Z4) = 0.
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® g7

Let g be the standard Hermitian inner product on g7. Then, g7 splits in
gr=tdn,

where v = (Z1) and n = (Zs, Z3, Z,) is isomorphic to h3(C), the Lie algebra of the
3-dimensional complex Heisenberg Lie group Hj(C).

In view of Proposition 2.27, any left-invariant Hermitian metric on Hs(C) is an
expanding soliton to the HCF. Therefore g, induces an expanding algebraic soliton

to the HCF on the Lie group of n, and a straightforward computation yields that
[adzl|n,ad*21|n] =0 and tr(adzl|nad*21|n) =2.

Then, the assumptions in Corollary 2.32 are satisfied if and only if ¢ = —1, and in
such a case we have

K;=-1d+D,
where D := diag(0,1,1,1). Hence, we can claim the following

Proposition 2.48 ([97]). A Hermitian inner product on g7 induces an expanding
algebraic soliton to the HCF on the corresponding (simply connected) Lie group if

and only if it is homothetically equivalent to g.

2.4 A modified HCF preserving curvature conditions

In [128] Ustinovskiy introduced a new flow in the HCFs family preserving various
curvature conditions (see also [126]). More precisely, Ustinovskiy’s flow evolves a

Hermitian metric via

1
Or gt = —S(g9¢) — §Q2(9t) ; Gty = 905 (2.42)

where S(g) denotes the second Chern-Ricci curvature tensor of g and Q?(g) is the
(1,1)-tensor defined in (2.2). In the following, we will refer to (2.42) as HCFy and

Ulg) = S(g) + 5 @(0)

will denote the HCFy-tensor.
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Theorem 2.49 ([128]). Let (X, go) be a Hermitian manifold and g; a solution to the
HCFy (2.42). If the Chern curvature Q(go) is Griffiths non-negative, i.e.

Qgo) (&€ m,7) >0,  forany &neTHOX,

then Q(g¢) is Griffiths non-negative for any t in the mazimal interval of existence of

the solution.

This result traces the one of Mok, who proved that the Kéahler-Ricci flow preserves
the non-negativity of the holomorphic bisectional curvature [82]. Moreover, as an

application of the HCFy results, Ustinovskiy proved the following

Theorem 2.50 ([128]). Let (X,g) be a compact Hermitian manifold of complex
dimension n. Let the Chern curvature Q(g) be Griffiths non-negative on X and

strictly positive at some point x € X. Then, X is biholomorphic to the projective
space CP™.

2.4.1 The modified HCF on complex 2-step nilmanifolds

We now investigate the behaviour of the HCFy on complex 2-step nilpotent Lie
groups. We mention that, in [127] Ustinovskiy studied the HCFy on complex ho-
mogeneous manifolds for a set of distinguished metrics called submersion metrics,
i.e. right-invariant metrics on the complex Lie group G turning the usual projection

7m: G — G/H into a Hermitian submersion.

Let (G, g) be a complex Lie group equipped with a left-invariant Hermitian met-
ric. Moreover, let g be the Lie algebra of G and ,ufj the components of the Lie bracket
p. Then, by means of Subsection 2.2.1, the HCFy-tensor reduces to

1 - .
Uj = §M%fﬂir» (2.43)
with respect to a left-invariant g-unitary frame {Z;} of G.

As direct consequence of (2.43), we get

Lemma 2.51. Any HCFy-static metric on a mon-abelian complexr Lie group is
shrinking (i.e. ¢ > 0). Moreover, every ‘canonical metric’ (in the sense of Defi-

nition 2.25) on a complex semisimple Lie group is a static metric to the HCFy.
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Proof. The proof traces the ones of Proposition 2.22 and Theorem 2.21. O

From now on, let us assume G to be a complex 2-step nilpotent Lie group. Then,

our main result is the following theorem.

Theorem 2.52 ([98]). Any solution g; to the HCFy (2.42) starting from a left-
invariant Hermitian metric on G is immortal. Moreover, the normalized solution
(1 +t)"1g; subconverges ast — oo to a non-flat algebraic HCFy-soliton (G, g), in
the Cheeger-Gromouv topology.

To prove this result we need to better understand the nature of the HCFy-
tensor on complex 2-step nilmanifolds. Let 3 be the center of (g, ) and 3+ be its

g-orthogonal complement. Then, in view of (2.43), it follows
U(g)(X,)=0, forevery X €3+,

and hence the solution g; to the HCFy starting at g preserves the splitting g = 3~ @3,

since

d
dt gt
Moreover, if U, denotes the endomorphism of g given by

9WUq,) =U(9)(,),

with respect to the block representation g = 3= @ 3, we have

0 0
0*'

Now, let {A(t)} € End(g) be the one-parameter family such that

(X,-)=0, forevery X €3".

Uy =

and
p(t)(,-) = A (A~ A6~

solves the associated bracket flow equation

Slt) = —n(Uu)n(t), p(0) =, (2.44)

with Uy, := A(t)Uy, A(t)~". Then, we have the following
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Lemma 2.53. The endomorphisms U, satisfies
(U, ) = 2[| U1
Proof. The claim follows by a straightforward computation. O
Let us now denote by
Ly={yeNg @g:7(7(,"),) =0and Jy(,) =~(J )}

the variety of complex 2-step nilpotent Lie algebras (see Remark 1.41). The following

lemma will be fundamental to prove the convergence claim in Theorem 2.52.
Lemma 2.54. The gradient of the real-analytic functional

Filn =R, pe|ULP,
is given by VF(u) = 2n(Uy) .

Proof. Let pu,v € L, and t € R. Then, a direct computation yields that

d 1d S
gpl=oF e+ 1) = 52 leo(mUntey) (0 + t7), 1+ 17) = Re Viphtplisqsg

On the other hand, we have

1 i U
(U 1) = Ut Zys Zp), Z) (W Zis Zp), Zi) = 5 rphiyphisghig
and the claim follows. O

We are now in a position to prove Theorem 2.52.

Proof of Theorem 2.52. Let g; be the solution to the HCFy (2.42) and p(t) the so-
lution to the bracket flow (2.44). Then, since Lemma 2.53 holds, we have

d
@HMW =2(L 1) = 2w (U, 1) = —4|UL|1* <0,

which in turn implies the long-time existence of g, by Theorem 1.42.
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Now, let v(t) := u(t)/||p(t)|| be the norm-normalized bracket flow. Then, by [6,

Lemma 2.3], v(t) solves the normalized bracket flow equation

d
al/(t) = _ﬂ-(Ul/(t) + Tu(t) Idn)y(t) ) (245)

where 7, := (7(U,)v,v) = 2||U,||?>. On the other hand, by means of Lemma 2.54, the
normalized bracket flow is the negative gradient flow (up to a constant and a time

reparameterization) of the real-analytic functional

1|2
lv]*

F:L\{0} =R, ve—

Thus, since v(t) exists for all ¢ > 0 and the space of unitary bracket is compact,
there must exist an accumulation point © of v(t). Then, by Lojasiewicz’s theorem

on real-analytical gradient flow, v(t) — 7 as t — oo and
7T(Ul7 + 15 Idn)D =0 y

i.e. U is a fixed point of (2.45). This implies that the metric g corresponding to U is

an algebraic HCFy-soliton (see Remark 2.15). Moreover, since
B 1
sc(g) =trUp = —5

the soliton is non-flat.

Finally, arguing in the same fashion as [6, Thm. A], it is not hard to prove that
|2(t)|| ~ t~Y/? as t — co. Then, since scaling the metric by a factor ¢ > 0 is equiva-
lent to scaling the corresponding bracket by ¢=1/2 (see [73, §2.1]), the subconvergence

of the normalized metric to the soliton follows by Theorem 1.46. O

Remark 2.55. The second claim in Lemma 2.51 also follows by [127, Thm. 5.5].
Moreover, in view of [127], any left-invariant solution to the HCFy (2.42) on a com-

plex solvable Lie group is immortal.
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2.4.2 Algebraic solitons on low-dimensional complex Lie groups
[ ] R2

This is the Lie group of the filiform Lie algebra, which admits a left-invariant (1, 0)-
frame {77, Z5} satisfying
,u(Zl, Z2) = Z1 .

Proposition 2.56. Fvery left-invariant Hermitian metric on Rs is a steady algebraic
HCFy-soliton.

Proof. Let g be a left-invariant Hermitian metric on Ry. Then, there exists a g-
unitary (1,0)-frame {W7, W5} such that

w(Wy, Wa) = sWy, for some s € C\{0}.

With respect to this new frame, we have
1(]s]* 0
A .
2\ 0 0

DW1 = DiuWy, DWsy = DapWs,

Setting D := U, — cld, then

for some D;; € R. Moreover, D € Der(t2) is a derivation if and only if
D/L(Wl, Wg) — ,U,(DW1, WQ) — M(Wh DWQ) = DQQWQ =0.

On the other hand,
Doy =0 < c= 0,

and the claim follows. O

[ ] Hg ((C)

This Lie group is 2-step nilpotent and admits a left-invariant (1, 0)-frame {7, Z2, Z3}
such that
,u(Zl, ZQ) = Zg .
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Proposition 2.57 ([98]). Ewvery left-invariant Hermitian metric on H3(C) is an

expanding algebraic HCFy-soliton.

Proof. Let g be a left-invariant Hermitian metric on Hs(C). Then, there exists a
g-unitary (1,0)-frame {W7, Wa, W3} such that

(Wi, Wy) = sWs, for some s € C\{0}.
With respect to this new frame, we have
00 0
U, = 1 00 O
92
0 0 [s?
If we set D := U, — cld, then
DWy = DuWy, DWWy = DpW;, DWs= D33Ws,
for some D;; € R. On the other hand, D is a derivation if and only if

D,U(Wl, Wg) — ﬂ(DWl, Wg) — M(Wl, DWQ) = (D33 — D11 — D22)W3 =0.

Therefore, setting

1 2
c= _5‘8‘ )

D is a derivation and the claim follows. O

® S3_1

This is a 2-step solvable Lie group admitting a left-invariant (1,0)-frame {Z1, Z2, Z3}
such that
(21, Z2) = Zy and  p(Z1,23) = —Z3.

Proposition 2.58. A left-invariant metric g on Sz _1 is an algebraic HCFy-soliton

if and only if g(Za, Z3) = 0. Moreover, the soliton is steady.
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Proof. Let {W7, Wy, W3} be a g-unitary (1,0)-frame of G such that
Wi €(Z1,2y,Z3)y, W€ (Zo,Z3), Wse (Z3).
Then, it follows
p(Wi, Wa) = pWo +qWs,  pu(Wi,Ws) = —pWs, pu(W2,Ws) =0,

for some p,q € C, with p # 0. Moreover, with respect to this new frame, we have

R 0
Ug = ) 0 ’P|2 pq
0 pq |p]*+|q?

Now, let us set

D:=U,—cld.

Then, D € Der(s3 1) if and only if
Dp(Wr, Ws) — p(DWy, Ws) — (W1, DW3) =0

and

D,U,(Wl, Wg) - u(DWl, WQ) — /L(Wl, DWQ) =0.

On the other hand, the above equalities hold if and only if
q=0 and Dy3 =D =0,
where DW,, = D,;;;W;. Finally, since
D=0 < ¢=0,
D = diag(0, |p|?, |p|?) is a derivation of 53 _1 and the claim follows by

q=0 <= g(Z3,73) =0.
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2.5 The pluriclosed flow

The pluriclosed flow (PCF for short) is a parabolic flow of Hermitian metric intro-
duced by Streets and Tian in [111]. The flow preserves the pluriclosed condition and
it has been an active area of research in recent years. In particular, regularity results
[108, 114] and connections with generalized Kéhler geometry [108, 109, 113] were

found.

Let (X, go) be a Hermitian manifold equipped with a pluriclosed metric (or SKT,
see Subsection 1.1.3), that is 90wy = 0. Then, the evolution equation of the PCF

starting at gg is given by

Oy gi = —S(g:) + Q' (1), 9tlo = 90, (2.46)

where S(g) denotes the second Chern-Ricci curvature tensor of g and Q!(g) is the
(1,1)-tensor defined in (2.2).

In [114], Streets and Tian proved that the evolution equation of the PCF (2.46)
is equivalent to

Qwy = —pP(w)"!, Wijy = W0 5 (2.47)

where pB(w)! is the (1,1)-part of the Bismut-Ricci form associated to wy.

Let us now denote by

g (Ker 09 Agh — A
00" {da+da:ac AR'}

the (1, 1)-Aeppli cohomology group and by
11
Pora = {16] € HS' 5 < [6] > 0}
its positive cone. Then, as consequence of (2.47), one gets

Proposition 2.59 ([114]). Let (X, go) be a compact Hermitian manifold equipped

with a pluriclosed metric and

Ti=sup{t € R : [wo] —tei1(X) € Pyi5}-
t>0

Then, the mazimal solution to the PCF exist smoothly on [0,T) with T < T.
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Clearly, this result traces the one of the Kéhler-Ricci flow (see Subsection 1.2.2).
Nonetheless, it is still an open question if 7 is actually the maximal existence time.
If this would be the case, this would lead to strong implications on complex surfaces
by [14, Main Thm.].

2.5.1 The PCF on 2-step nilmanifolds

Since their strongly involved algebraic datum, nilmanifolds have always been a good
candidate to investigate certain problems related to the SKT structures and many
results appeared in the years (see e.g. [28, 29, 39, 102] and the reference therein). On
the other hand, all known examples of nilpotent Lie groups admitting left-invariant
SKT structures are 2-step and some results concerning the PCF appeared in this
setting. In particular, Enrietti, Fino and Vezzoni proved that any invariant solution
to the PCF on a 2-step nilmanifold is immortal and it becomes more and more flat
as t — oo [30]. Moreover, by Arroyo and Lafuente [6], once suitable normalized such
a solution converges to a pluriclosed soliton.

In the following, we give a simplified proof of the long-time existence result ob-
tained in [30]. To this end, we will show that the Bismut-Ricci form is always
seminegative definite on 2-step nilmanifolds. This in turn implies the non-existence

of left-invariant static metrics to the PCF on 2-step nilmanifolds.

The Bismut-Ricci form on 2-step SKT nilmanifolds

Let (G, g, J) be a 2n-dimensional Lie group equipped with a left-invariant Hermitian
structure and let g be its Lie algebra. Then, the Bismut-Ricci form p? can be written

as

B(X,Y)=—i ; X, Y0, 2], Z.
P~ (X,Y) ;{g([[ ] |, Zr) (2.48)

~9(IX.Y" Z,), Z) — o(X, Y], (20, Z,))}

for any X,Y € g and any left-invariant g-unitary frame {Z,} of G (see e.g. [129]).

Let us now assume G to be a 2-step nilmanifold. Then, the Bismut-Ricci form
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(2.48) reduces to

PP(X,Y)=i) g(X,Y][Z, 2,]), forany X,Y €g, (2.49)

r=1

and we have the following

Proposition 2.60 ([100]). The Bismut-Ricci form is seminegative definite on G,
i.e.

p2(2,2) = =iy |12, Z,))*, forall Z € g"°.
r=1

In particular, for all X € g
pP(X,JX)<0.

Proof. Let us consider Z, W € g'%. Then, a direct computation yields

N
Ny
=
EI
+
%’)\
S
=
N
§I
é')
S
=
N
I

Therefore, the SKT assumption 00w = 0 implies
g([Z7 ZL [Wv W]) = _g([Z7 W]7 [Z>W])

and, by means of (2.49), we get

p2(2,2)=i> 92, 2,12, Z,)) = =iy _9((2, 2.2, Z/]) ,
r=1 r=1

being {Z,} a left-invariant g-unitary frame. Thus, the claim follows. O
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In general the Bismut-Ricci form p? is not seminegative definite if we drop the

assumption on GG to be 2-step nilpotent or on the metric to be SKT.

Example 2.61 ([100]). Let g be the solvable unimodular Lie algebra with structure
equations

de! =0, de? = —e'3, de? =e'?, det = —€23,
equipped with the complex structure

Jei =eq, Jea = ez,

and the SKT metric

4
1 1
g= E R+ (elelted®e!) - (2@t tet®e?).
= 2 2

Then, in view of (2.48), a direct computation yields

2 2 4
B _ 412 “.13 | = 23
—36 36 +36

with respect to any g-unitary frame {Z,}. In particular

p

4 4
pB(eg, Jey) = 3 and pB(461 +e9, J(4de1 +e2)) = —3
which implies that p? is not seminegative definite as (1, 1)-form.

Example 2.62 ([100]). Let (g,.J) be the 2-step nilpotent Lie algebra with structure

equations
del =de? =de? =0, de* =e'?, de® = —€?3, deb =e'?.
Let (g,J) be equipped with the complex structure
Jer=ey, Jes=ey, Jes=eg,

and the non-SKT metric

6
1 1
gzrzzler®er+2(63®eﬁ+66®e3)—2(e4®e5+e5®e4).

Again, by means of (2.48), with respect to a g-unitary frame {Z,} it follows

1
B _ 12~ 23
p - € 26 ’

which implies that p? is not seminegative definite as (1, 1)-form.



84 Chapter 2. HCFs on Lie groups

Non-existence of left-invariant static solutions to the PCF

We now use Proposition 2.60 to prove that on a 2-step nilpotent Lie group G there
are no left-invariant static solutions to the PCF. This result was already known: the
steady static case was studied in [28], while the shrinking and expanding cases follow

from [29].

Let (G,w, J) be a 2-step nilpotent (non-abelian) Lie group equipped with a left-
invariant SKT structure. Let w be static to the PCF, i.e.

B(w)l,l

p =cw,

for some ¢ € R. Then, since the center of G in not trivial, by (2.49) it follows ¢ = 0.
On the other hand, by means of Proposition 2.60, we have

[91,0790,1] —0.
Therefore, if {¢¥} denotes a unitary co-frame in g, we have
ack =0

and hence
Ot = el (A CE

for some ¢, € C. Finally, since
00w = i00 <Z ¢F A §k> = —i
k=1

the SKT assumption implies that all the cffs’s vanish. However, since we assumed G

Ay E NN AEE,

n
=1

k

to be non-abelian, this is not possible and hence G does not admit any left-invariant
static solution to the PCF.
Long-time existence of the PCF on 2-step nilmanifolds

We now use Proposition 2.60 together with the bracket flow technique to prove the

long-time existence of left-invariant solutions to the PCF on 2-step nilmanifold.
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Let (G, wq, J) be a 2-step nilpotent Lie group equipped with a left-invariant SK'T
structure. Let (g, po) be the Lie algebra of G and w; a solution to the PCF (2.47)
starting from wp. Moreover, let 3 be the center of (g, ). In view of (2.49), it follows
that

pP(w)(X,) =0, forevery X €3,
and hence
we (X, ) = wo(X, ).

Therefore, if 3= denotes the wy-orthogonal complement to 3 in g, we have

d
%wt(X, )=0, forevery X €3,

and the solution w; preserves the splitting g = 3 ® 3. Moreover, if {A(¢)} € End(g)

is a one-parameter family such that
wi (-, ) = wo(A(t)-, A(t)-) ,
then {A(t)} preserves the splitting g = 3 @ 3%, i.e.
A(t)|; =1d;.

On the other hand, by means of (1.19), the family {A(¢)} satisfies the ODE

%A(t) — —A()P,,, A(0)=1Id, (2.50)

where P, € End(g) is defined by

1
wi(Pu X, Y) = 5 (0L, (X, Y) + 0, (X, TY))

Now, let us consider the bracket flow solution

p(t)(,-) = Alt) po(A) 1, A ™)

associated to w;. Since (g, po) is 2-step nilpotent, it follows that pu(X,Y) € 3, for
every X,Y € g, and hence

PO(X,Y) = po(A() ' X, At) 1Y), (2.51)
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This implies

90X, Y) =~ (AW AWM AW X, AD)Y)

— Ho(A(t) X, A1) TTAMA®) TTY)
and, by means of (2.50) and (2.52), we get

S Y) =p(t) (P X, V) + p(O(X, PuyY )

with P, = A(t)P,, A(t)~". Therefore, the bracket flow equation reduces to

7/1(15)('? ) = 'u(t)(Pu(t)'v ) + :u(t)('7 Pu(t)') ) M(O) = Mo, (2'52)

and, by looking at the evolution of ||| via (2.52), we have

d
@HN”Q = dt/“L p) =38 Z p(Pyer, €s), per, es)) s
r,s=1
where {e,} is arbitrary wp-orthonormal frame.
Finally, since all the eigenvalues of any P,, are nonpositive by Proposition 2.60,
it follows that
”,UHQ =38 Z arg(pler, es), pler, es)) <0,
r,s=1

being {e,} an orthonormal basis of eigenvectors of P,, and hence the solution to the

bracket flow p; is definite for every ¢ € [0, +00). This in turn implies

Theorem 2.63 ([30]). Let (M,wo,J) be a 2-step nilmanifold equipped with an in-
variant SKT structure. Then, the solution wy to the PCF (2.47) starting at wq is

immortal.

2.6 Static left-invariant metrics on nilpotent Lie groups

In this section we focus on nilpotent Lie groups G equipped with a left-invariant

Hermitian structure. We already mentioned that on non-abelian 2-step nilpotent Lie
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groups there are no static solutions to the PCF. In the following, we generalize this

result to a class of flows in the HCFs family.

Let (X, g) be a Hermitian manifold and z := (1, 22, 23, 4) € R*. If we denote

with
K% : =8 —21Q" — 220Q* — 23Q° — 24Q*
and with
g = —K"(qt) Gtlp = 90 5

the corresponding geometric flow in the HCFs family, it follows that

o for x = (1/2,—1/4,—1/2,1) the flow corresponds to the HCF (2.1);

e for z = (1,0,0,0) the flow corresponds to the PCF (2.47);

o for x = (0,—1/2,0,0) the flow corresponds to the modified HCFy (2.42).

From now on, let (G, J) be a Lie group equipped with a left-invariant complex
structure. Moreover, let (g, ) be the Lie algebra of G and j its center. Then, we

have

Lemma 2.64 ([65]). Fiz x € R* such that
xlgla $27x3§07 $1+$2>0, $3+[E420,

and let us assume 3N J(3) # 0. Then, every left-invariant Hermitian metric g on
(G, J) such that
trg S <0 and K*%(g)=cy, (2.53)

for some c € R, is Kahler Ricci-flat.

Proof. Let g be a left-invariant Hermitian metric of (G, J). Then, with respect to a

g-unitary frame, we have
1 2
Qi = Tiem Ty, Qi = TrmiTkmi »
1
3 4
Q5 = T Limm » Qi = 5 (Tokk i + T Toniz)

¢=¢=|T°, & =q"=]uwl?
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where ¢" := try Q' and w; = ngTijjc.
Let us now consider a left-invariant g-unitary frame {Z;} such that Z; € 3 ® C,

which always exists since 3 N J(3) # 0 holds. Then, by means of Section 2.2.1, it

follows
Si1 = Nllcﬁu;lw
and
1 1 1 2 1 .1
Qli = Hirly,. Qli = HpHir
3 1.1 4
Qﬁ = Mpiplrr Qﬂ =0.

Therefore, we have
z _ 1 1 1 1 1,1 1 1
K7 = fgrhty, — T1lgrbly, — T2/ My — T35 »

and by the assumption on x it follows K%(Z1, Z1) > 0. Moreover, since (2.53) holds,
we get

trg K¥ =nK*(Z1,27) > 0.
On the other hand, by setting s := tr, S < 0, it follows
0<trgK*=5—2i¢" =5 — (v1 +22)¢" — (23 +14)¢° <0.
Therefore, the equality must hold and ¢* = 0. This in turn implies
T=0 and Q'=0,

and hence g is Kihler. Finally, since ¢ = 0 and S(g) = K*(g) + 2;Q%(g) = 0, g has
to be Ricci flat. O

Remark 2.65. The assumptions in Lemma 2.64 imply in particular that 3 # 0. Notice
that condition 3 N J(3) # 0 cannot be in general dropped, as the examples of HCF-

static left-invariant metrics on SL(2, C) show.

As consequence of Lemma 2.64 we get the non-existence of left-invariant static

metrics on non-abelian nilpotent Lie groups satisfying 3 N J(3) # 0.
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Proposition 2.66 ([65]). Fiz v € R* such that
1 <1, x9,23<0, @1 +w22>0, w3+w342>0.

If G is a nilpotent non-abelian Lie group and 3N J(3) # 0 holds, then there are no

left-invariant Hermitian metrics on (G, J) satisfying the static equation

K*(g) = cyg,
for some c € R.

Proof. Since G is nilpotent, the Chern scalar curvature s of every left-invariant Her-
mitian metric on G vanishes (see e.g. [76, Prop. 2.1]). Finally, Lemma 2.64 and the

theorem of Benson and Gordon [8] imply the statement. O

Proposition 2.66 implies the already known result about the non-existence of
left-invariant static solutions to the PCF on nilpotent Lie groups [29], since the
pluriclosed condition forces J(3) = 3 (see [29, Prop. 3.1]). Finally, this proposition
also applies to the HCF (2.1) and we have

Corollary 2.67 ([65]). Let (G,J) be a non-abelian nilpotent Lie group with a left-
invariant complex structure. Let us assume that 3 N J(3) # 0. Then, there are no

left-invariant Hermitian metrics on (G, J) which are static with respect to the HCF.

Remark 2.68. The assumption 3N J(3) # 0 is not always satisfied on a nilpotent Lie

group. For instance, the nilpotent Lie algebras with structure equations given by
det =de* =0, ded=e'?, det=e3, de® =e®, deb =elt +e?

or

det =de®> =de® =0, de* =e'3, de® =e®, deb =elt +e?

and complex structures Je! = €2, Je3 = €5, Je* = €® do not satisfy the above

hypothesis (see e.g. [103]).
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2.7 Hermitian metrics compatible with abelian complex

structures

In this last section, we study the evolution of left-invariant Hermitian metrics which

are compatible with an abelian complex structure on a Lie group G.

Let G be a Lie group and g its Lie algebra. A left-invariant complex structure J

on G is said to be abelian if g"° is an abelian Lie algebra, i.e.

[9170791,0] — 0’

with g© = g"%@g%!. In particular, Andrada, Barberis and Dotti proved the following

Lemma 2.69 ([3]). Let (G, J) be a Lie group equipped with an abelian Lie algebra.
Then, the following properties hold:

1. the center of g is J-invariant;

2. forany X € g, adyx = —adxJ;

3. the commutator g' = u(g, g) is abelian or, equivalently, g is 2-step solvable;
4. Jg' is an abelian subalgebra of g;

5. gt N Jgl is contained in the center of the subalgebra g* + Jg'.

The following proposition concerns the existence of static metrics to the HCF

compatible with an abelian complex structure.

Proposition 2.70 ([65]). Let (G, J) be a unimodular Lie group equipped with a left-
mwariant abelian complex structure. Assume that the center of G is not trivial. Then

(G, J) does not admit any static metric to the HCF, unless it is abelian.

Proof. By means of [129, Prop. 4.2], the Chern scalar curvature s of a left-invariant
abelian balanced Hermitian structure is always vanishing. Moreover, since the center
of g is non-trivial, the assumptions of Lemma 2.64 are satisfied and every static metric
to the HCF on (G, J) has to be Kéhler. Nonetheless, a unimodular non-abelian Lie
group with an abelian complex structure does not admit any left-invariant Kéhler

metric (see [3, Cor. 4.3]) and the claim follows. O
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We now consider left-invariant balanced metrics compatible with abelian com-
plex structures. Let us recall that a Hermitian metric is said to be balanced if its
fundamental form is coclosed. We mention that balanced Hermitian metrics on Lie

algebras with abelian complex structures were studied in [2].

Theorem 2.71 ([65]). Let (G,J) be a unimodular Lie group equipped with a left-
mmwariant abelian complex structure. Then, a left-invariant Hermitian metric g on

(G, J) is balanced if and only if the trace of K and the Riemannian scalar curvature

1,1

coincide, and in the balanced case we have K = Ric". Furthermore, the parabolic

flow %gt = —Rich(gy) specified by the (1,1)-component of the Ricci tensor has

always a long-time solution for every left-invariant initial Hermitian metric.

Proof. Let us consider a left-invariant Hermitian metric g on (G, J). Moreover, let
(g, ) be the Lie algebra of G and {Z1,...,Z,} a left-invariant g-unitary frame of
G. Then, by means of Section 2.2.1, we have
1 E k E j ik i J
Q5 = Hirk, = Mgk, = Mk, + Bty
2 7 k k, 7
Q5 = 205115 — Hibeg — Hrikty »
5 -
Qli = :u;g]}:u]fr )
2Q15 = — Mgkl + High; — Fighag + HigoHE -
On the other hand, the unimodular assumption together with the abelian condition

and the Jacobi identity imply
Pl Pl
M;;;NM = N;;;Nfi : (2.54)
Thus, the above formulas simplify to
1 k  k E j ik i
Q5 = Hirk, = Mgk, = Mk + Bkt
5 _
Qij = 2HpH0j
5 S
Qli = MZEM%T )
2Qi5 = = MRghirs Mgk — Mgk T Mgk
which in turn imply

Ky = 5 (—mhti + thoisd, — ihonh, + pipasdy — i, — winls) - (2:55)
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Let us now denote by D the Levi-Civita connection of g, Ffj its Christoffel symbols

and
Ric;; :(Ff"f + F%)FZZ + (Fif + Flfr)ril’ - (Fér + MZ’})FJH - (Fi‘f + #;[)Fiz - Fi‘fri[

the (1,1)-component of the Ricci tensor. Then, the abelian condition together with

Koszul formula imply

1 . 1 r 1.7 F
1 k ro_ ! k I _ I
T = 5t +pe) s Ty = (e = by) s Ty = 5 (e + 1) »
l Lo r T L7 k
s = 5(#%; +pp), D= i(usz — M) -

In particular, since G is unimodular, we have
_ _ 1 - _ 1
! I l l !
Lr=T=0, Ij +u;= —i(ﬂil“i‘ i) s Lip 4wy = 5(/%’? — 1) -
and the formula of the Ricci tensor simplifies to
] 1/ - . . - _ | s _
Ricy = 7 (1gily + 1fedy = wlgpiy = iy + whost; — il
11 I I J i J - il
= Mg b, + Mﬁ'ﬂjr - Mif“i[ + M%lﬂil‘ = Ml + Ni?l:“jr) ‘
Finally, by using (2.54), we obtain
Ric‘-,zl (I N R
ij = o \Mettm = Pty — Hihg ) -
Therefore

N N .
Kij = Ricy; = 5 (it — mignt = i)

and
. 177 = - 1 -
trg K — trgRic = 5 (Hhrtke = g, = i) = — 5 MRk
Since G is unimodular, by [2, Lemma 2.1] it follows that the metric g is balanced if

only if the sum >, 11(Zy, Zx) is vanishing and the first part of the claim follows.

To prove the long-time existence of the flow % gi = —Ricl!(g¢) we again use the
bracket flow technique. Hence, let u(t) be the bracket flow solution associated to g¢
solving the bracket flow equation

%M(t) = _W(P,u(t)),u(t) , ,U(O) =K,
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where
1. _ ~
(P} = 5 (hgpsdy — iy = winy)
Then, if a: g — g is a real endomorphism which commutes with J, a direct compu-

tation yields

—m(@)i(Zi, Zj) = (afpp; + alpufy, — plsai) Ze + (ol s + ok ply — pliaf) 2,

and
(v, Py) = 2Re(o] =2 Z Re { o (—ufug; + piy il — i) b
Moreover, if § € A%g* ® g satisfies 0(J-, J-) = 6(-,-), then

(1, 0) = 2Re {uzﬂk + ,uwﬁk }
and hence
(m(a)p, p) = 4Re {a P+ af st — aZuf;u;’-}} :
This in turn implies
(), p) = 2{e, By -
In particular, we have
Sl = 2w (B, ) = ~4 B

and the second claim follows by Theorem 1.42. O

Remark 2.72. Notice that if a unimodular Lie group G admits a left-invariant (1, 0)-
frame {Z1, ..., Z,} such that u(Z;, Z;) = 0 for every fixed index i, then every diagonal

left-invariant metric is balanced

Example 2.73 ([65]). Let g be the 2-step nilpotent Lie algebra with structure equa-
tions

de' =de? =de® =de* =0, de® =e'® —e?| deb = el 423
and J the abelian complex structure given by

Jet = —e?, Jed = et Jed =€l
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If we set

1 1
Z1 = —(e1 —idJe1), Zo:i=—
1 \/5( 1 1) 2 )

then the bracket can be written as

1
ex —iJes), Zz:i=—
(€2 2), Z3 NG

(e3 —iJes),
p=—V2'NC®Z V20N © Zs,
with {¢’} dual frame of {Z;}. In particular, every diagonal metric
g=ag o+ +co’
is balanced and (2.55) implies
Coa_ s Coo_ iz, g = 11
K(Q)Z_BC ©¢ —gC ©¢ +%C ®¢” =Ric(g).

Then, the HCF starting from gp = ¢! ® ¢! + 2 © (2 + 3 ® ¢3 is equivalent to the
following ODEs system

which admits an explicit solution given by

‘ T 5 1 5
=V3t+1od+3t+12 02+ - 3o,
g ¢ o¢ ¢Co¢ WC ¢




Chapter 3

Hermitian curvature flow on
complex locally homogeneous

surfaces

One of the main reasons in studying new geometric flows in Hermitian geometry
is to refine the Enriques-Kodaira classification of compact complex surfaces, since
these flows can be used to detect canonical Hermitian metrics as limit points (see
e.g. [110]). Motivated by this, in the following, we carry out an analysis of the HCF
(2.1) on locally homogeneous non-Kéhler compact complex surfaces. In particular,
we investigate the long-time behaviour of the solutions to the flow, computing the
Gromov-Hausdorff limit of immortal solutions after a suitable normalization. Our
results will follow by a case-by-case analysis of the flow on each complex model
geometry. Moreover, we exhibit the first example of compact complex manifold

admitting a finite time singularity for the HCF (2.1).

The result presented in this chapter have been obtained in [88] in collaboration

with Francesco Pediconi.

95
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3.1 Main results

Our first result completely characterizes the long-time behaviour of locally homoge-

neous non-Kéahler solutions, namely

Theorem 3.1 ([88]). Let X be a compact complex surface and gy a locally homoge-
neous non-Kdhler metric on X. If the solution to the HCF starting from go develops
a finite time singularity, then X is a Hopf surface. Conversely, any locally homoge-

neous solution to the HCF on a Hopf surface collapses in finite time.

Notice that we restricted our analysis to non-Kéhler metrics since the behaviour
of Kéahler solutions is already known (see e.g. [19, 106, 118]).
Our second result concerns the Gromov-Hausdorff limits of immortal normalized

solutions to the HCF'. In particular, we have

Theorem 3.2 ([88]). Let X be a compact complex surface, gy a locally homogeneous

non-Kdhler metric on X and g, the solution to the HCF starting from gq.

(i) If X is either a hyperelliptic or Kodaira surface, then (X, (1+t)_1gt) converges

to a point in the Gromov-Hausdorff topology as t — oo.

(ii) If X is a non-Kahler properly elliptic surface, then (X, (1+t)7lgt) converges
to its base curve (C,gyy) in the Gromov-Hausdorff topology as t — oo, where
Ric(gyp) = —Ixe-

(i) If X is an Inoue surface, then (X,(l—l—t)*lgt) converges to a circle in the
Gromov-Hausdorff topology as t — oo.

We mention that similar results have been obtained by Boling in the context of
the PCF (see [12]). Nonetheless, the dynamical systems arising from the PCF and
the HCF are rather different and, in contrast with Theorem 3.1, locally homogenous
non-Kahler solutions to the PCF on compact complex surfaces never develop finite-
time singularities [12, Thm. 1.1].

These results can be thought as a first step in the study of the HCF on complex
non-Kéhler surfaces. In the same spirit of [12] and [80], we expect the blowdown of

any immortal locally homogeneous solution to converge to an expanding soliton.
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Remark 3.3. The argument used to prove (ii) and (iii) in Theorem 3.2 is analogue
to the one used by Tosatti and Weinkove in [120] for the Chern-Ricci flow (see also

[31, 121, 122]), and the limit spaces arising in our contest are the same.

3.1.1 Complex model geometries

In this subsection we recall some basics about the geometry of locally homogeneous
Hermitian manifolds. In particular, we focus on compact locally homogeneous Her-

mitian surfaces.

A Hermitian manifold (X, g) is said to be locally homogeneous if the pseudogroup
of local automorphism of (X, g) acts transitively on X, i.e. for any choice of z,y € X
there exist neighborhoods U,,U, C X of x and y, respectively, and a holomorphic
local isometry f : U, — Uy such that f(z) = y. If in addiction (X, g) is compact,
then its universal Hermitian covering (X, g) is globally homogeneous (see [105]) and

hence it admits a left coset presentation X =G /H for some closed subgroup G C
Aut(X,g).

Notation. Henceforth, with a slight abuse of notation, we denote by g both the

Hermitian metric on X and its pullback on the universal cover X.

Definition 3.4. A complexr model geometry of dimension n is a pair ()Z,G) given
by a connected, simply connected, n-dimensional complex manifold X and a real

connected Lie group G such that:

e (G acts properly, transitively and almost-effectively by biholomorphisms on X ;
e (G contains a discrete subgroup I' C G with F\X’ compact.

If G is a minimal group with such properties, then the complex model geometry is

said to be minimal.

Let (X,G) be a complex model geometry. A Hermitian manifold (X,g) has
geometric structure of type ()Z' ,G) if X is the universal cover of X and the pulled-

back metric g on X is invariant under the action of G. Of course, if (X,g) has a
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geometric structure of such a type, then it is locally homogeneous. On the other hand,
any compact locally homogeneous Hermitian manifold admits a geometric structure

(X, @G) for some minimal complex model geometry (X, G).

By the Riemann Uniformization Theorem, it is known that there exist exactly

three minimal complex model geometries of dimension 1, that are
(C,C), (CP',SU(2)), (CH!,SU(1,1)).

Here, the group G acts on the respective space X in the standard way.
Subsequently, in [130, 131] Wall classified all complex model geometries of di-

mension 2. In particular, we have

Theorem 3.5 ([130, 131]). If (X,G) is a minimal complex model geometry of di-

mension 2, then one of the following cases occurs:

(i) (X,G) = (X1 x Xa,G1 x Gy) is the product of two complex model geometries

of dimension 1.

(ii) (X,G) = (CP?,SU(3)) or (X,G) = (CH?,SU(2,1)), both considered endowed
with the standard action of G on X.

(iii) X = (G,J) where G acts on itself by left translations and J is a left-invariant

complex structure.

Remark 3.6. If (X, G) is one of the model geometry listed in (i) or (ii) above, then

any Hermitian G-invariant metric on X is necessarily Kéahler-Einstein.

3.1.2 Gromov-Hausdorff convergence

We collect here some basic facts about the Gromov-Hausdorff convergence of compact

metric spaces. We refer to [15, Sec. 7.3.2] and [101] for more details.

Let Z = (Z,dz) be a metric space and X,Y C Z two compact subsets. The
Hausdorff distance between X and Y is given by

dist?(X,Y) :==inf {e > 0: X C B(Y), Y C B(X)},
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where B(X) :={zx € Z :dz(z,X) < €} is the e-tube of X in Z. The pair
({compact subsets of Z}, distg )

is also a metric space and it is compact if and only if Z is compact as well.
Let now X = (X,dx), Y = (Y,dy) be two compact metric spaces. The Gromouv-
Hausdorff distance between X and Y is defined as

dist, (X, Y) == inf {dist? (¢1(X), d2(Y))} ,

where the infimum is taken with respect to all metric spaces Z and all pairs (¢1, ¢2)
of isometric embeddings ¢; : X — Z and ¢2 : Y — Z. Letting X denote the set of
isometric classes of compact metric spaces, it turns out that (X, dist,,) is a complete
metric space. Therefore, given a one-parameter family {Xt}te[o,T) and an element Y

both in X, whenever lim; ,p- dist, (X;,Y) = 0 we write
X £;—H—> Y ast—>T"

and we say that X; convergences in the Gromov-Hausdorff topology to Y.

Finally, a GH e-approximation between two metric spaces X,Y € X, with ¢ > 0,
is a pair of non-necessarily continuous maps ¢ : X — Y and ¢ : Y — X satisfying

for any z,2’ € X and 3,3/ € Y

|dx (z,2") — dy (¢(z), o(z')| <€, dx(z,(Yop)(z)) <e,
\dy (y,4) — dx (), ¥y )| < e, dy(y,(por)(y) <e.

Remarkably, if there exists a GH e-approximation (¢,) between X and Y, then
dist, (X,Y) < 3¢ (see e.g. [101, Lemma 1.3.3)).

3.2 The HCF tensor on complex model geometries

The aim of this section is to compute the HCF tensor of any 2-dimensional complex
model geometry ()N( , G) endowed with an invariant metric g. By means of Remark 3.6,

we restrict our discussion to those minimal complex model geometries arising from
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(iii) in Theorem 4.25. Hence, following [12, Sec. 2.2], we list below all the connected,
simply connected, real 4-dimensional Lie groups which admit a left-invariant complex
structure, their compact quotients according to Enriques-Kodaira classification and
their HCF tensors. We mention that all the computations were made with the help

of the software Maple.

Let (G,J) be a simply connected, 4-dimensional real Lie group equipped with
a left-invariant complex structure. Given a fixed left-invariant (1,0)-frame {Z;, Z2}
and its dual frame {¢!,¢?}, any left-invariant Hermitian metric g on (G,J) can be
written as

g=z('ol+ylol+:ol+z¢ 0, (3.1)

with z,y € R and z,y > 0, 2 € C and zy — |2|? > 0.

Complex tori

The Lie group is G = R*, which is abelian and admits a unique left-invariant com-
plex structure Jg. In this case, the HCF tensor of any left-invariant metric on

C? = (R4, Jy) is just K = 0. Compact quotients of C? are complex tori.

Hyperelliptic surfaces

The Lie group is G = @(2) x R, where §]/E(2) is the universal cover of the special
Euclidean group SE(2) := SO(2) x R2. It admits a unique left-invariant complex

structure J and the structure constants p of its complexified Lie algebra are
(21, Z2) = Zy 1(Z1,22) = —Z1 .

The HCF tensor of a left-invariant Hermitian metric on (SA]:](Q) x R, J) is given by

o 22y

2,2
ez
& e Be= ey
(zy — [2) (zy — [2[*)

Kij=——"1__ K=
U Gy PR 2
Compact quotients of (@(2) xR, J ) are hyperelliptic surfaces, which admit Kéahler

metrics.



3.2. The HCF tensor on complex model geometries 101

Hopf surfaces

The Lie group is G = SU(2) x R. It admits a one-parameter family of left-invariant
complex structures Jy, where A € R, and with respect to Jy the structure constants

1 = uy of its complexified Lie algebra are
(21, Za) = Zo, (21, Z2) = —Z3,
wW(Za, Z) = (=1 +V—1N)Z1 + (1 + V=1 Z; .
The HCF tensor of a left-invariant Hermitian metric on (SU(2) x R, J)) is given by

B o1+ 22 + |22(22% + |2]?)

K.~ —
H (zy — [2]*)?
oo (X222 + 2(xy — [21)° + |22y + 2/2°) — 2(1 + N*)a?(zy — |2[*)
. (zy — [2[*)?
rz(A22% + (2 +y)?
K, _ Tt (@ )

(zy — |2[?)?

Compact quotients of (SU(Z) xR, J )\) are Hopf surfaces, which are non-Kahler.

Non-Kahler properly elliptic surfaces

The Lie group is G = §£(2,R) x R, where §I/4(2,]R{) is the universal cover of SL(2,R).
It admits a one-parameter family of left-invariant complex structure Jy, where A € R,
with respect to which the structure constants p = )y of its complexified Lie algebra

are

(21, Z2) =N =121, 1wW(Z1, Z9) = =121,
W2y, Z1) = (A +V-1)Zy + (A +V-1)Z,.
The HCF tensor of a left-invariant Hermitian metric on (é\I:(Z, R) x R, JA) is given
by
L+ A2z = 2wy — [2*)% + |22 (2 — 2|2%) — 2(1 + X))y (zy — |2])

K1 =

(zy — [2?)?
Nyt + (P = [27)?
Koz = 2)2
(zy — |2[?)
Yz )\2y2 +(x—y 2
K, OB+ @ = y)?)

(zy — |2[?)?
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Compact quotients of (é\fJ(Q,R) xR, J ,\) are non-Kéahler properly elliptic surfaces.

Primary Kodaira surfaces

The Lie group is G = R x H3(R), where H3(R) is the three-dimensional real Heisen-
berg group. It admits a unique left-invariant complex structure J and the structure

constants p of its complexified Lie algebra are
[L(Zl, Zl) =/ *1(Z2 + ZQ) .
The HCF tensor of a left-invariant Hermitian metric on (R x Hg(R), J) is

—902(zy — |22 20,2 4 3
K, = yley =[P+l oy y’z

) — T 2\ 2 Kp=—"55"
(zy — [2[?)? 2 (ay — |22 B (ay — |2)?

Compact quotients of (R x H3(R), J ) are primary Kodaira surfaces, which are non-
Kahler.

Secondary Kodaira surfaces

The Lie group is G = R x H3(R). It admits two different left-invariant complex

structures J1 and the structure constants p = p4 of its complexified Lie algebra are
W21, Z2) = €2y, w21, 22) = —eZ1, (21, 21) = —V—1e(Za + Za),

with e = £1. The HCF tensor of a left-invariant Hermitian metric on (RIX H3(R), Ji)

is given by

_ |Z|2($2+y2)f2y2(:€y—|z\2) y4+|z|4 Ko yz(x2+y2)
Y 1 9vo 12 — 7 | 1oN\o °
(zy — [2]*)? (zy — [2]?)? (zy — [2]*)?

Compact quotients of (]R x Hs(R), Ji) are secondary Kodaira surfaces, which are

Ky =

non-Kéahler.

Inoue surfaces of type S°

The group G = Solé is a solvable 4-dimensional real Lie group which admits a two-

parameters family .J, j of left-invariant complex structures, where a,b € R, and with
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respect to J,, the structure constants p = pi, 5 of its complexified Lie algebra are
(21, Z2) = —(b+v—1la)Zy, (21, Za) = (b+V—1a)Z1,
M(ZQ, ZQ) = —2v —1a(Z2 + ZQ) .
The HCF tensor of a left-invariant Hermitian metric on (Solé, Ja,b) is given by

2?22 (b + 9a?)

I Ty T
Ky — |z[4(a? + b?) + 16|z|*a?zy — 8a’z?y? '
(zy — |2[?)?
- z?yz(b* + 9a?)
P (ay — 2?2

Notice that (Solé‘, Ja,b) does not always admit a co-compact lattice. When such a
lattice does exist, the quotient is an Inoue surface of type SY, which is non-Kihler.

Inoue surfaces of type S*

The group G = Sol‘ll is a solvable 4-dimensional real Lie group which admits two
different left-invariant complex structures .Ji 2. The structure constants u = py of

the complexified Lie algebra of (Sol‘f, Jl) are
M(ZLZQ):_ZQy M(ZDZQ) :_Z27 M(Zl)Zl):_Zl+Zl

and the HCF tensor of a left-invariant Hermitian metric on (Sol‘ll, J1) is given by

212(z — 2)2
=3 |(x|y(— \ZI%2
2(, _ 5)2
N R F
2(2%2 — 22) — 2zy(Z — 2
PR a RS TLED)

On the other hand, the structure constants u = pus of the complexified Lie algebra
of (Sol‘ll, Jg) are

(21, 2s) = —Zo, w(Zr,Z2) = =2y, W(Z1,21)=—Z1+ Z1+ Zs— Zs
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and the HCF tensor of a left-invariant Hermitian metric on (Sol‘ll, Jg) is given by

P+ 2)? + 22 (wy — |27) — 9?2

= (wy — |-P)
2((y — 5)2 _ 42
fos =~
2(2% — 2%) — 22y(Z2 — 2 22
o = Y =) By 4P

Compact quotients of (Solil, Jl) are Inoue surfaces of type ST, while compact quo-
tients of (Sol‘ll, Jg) are Inoue surfaces of type ST. In both cases, these surfaces are

non-Kahler.

3.3 The HCF on locally homogeneous surfaces

In this section we study the behaviour of locally homogeneous solutions to the HCF
on the family of compact complex surfaces we listed in Section 3.2. Furthermore,
whenever a solution to the HCF is immortal, we determine the Gromov-Hausdorff

limit of its normalization (1+t)~'g; as t — +o0.

Let X be a compact complex surface covered by a connected, simply connected,
4-dimensional real Lie group G and I' C G a co-compact lattice such that X = I'\G.
By construction, all left-invariant tensor fields on G factorize through X. This yields
a one-to-one correspondence between locally homogeneous solutions to the HCF on

X and solutions to the corresponding ODE on G

%gt = —K(gt), Gty = 905
where gg denotes the pull-back of the starting metric on G and K the HCF tensor
given in (2.3). Moreover, since the standard left-action of G on itself does not always
factorize through X = T'\G, the quotient I'\G is not globally G-homogeneous in

general.

Notation. Any left-invariant Hermitian metric g on (G, J) will be considered in the

form of (3.1). For the sake of shortness, we set D := 2y — |z|? and u := |z|%,
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3.3.1 Hyperelliptic surfaces
The HCF on (SAE(2) x R, J) reduces to the following ODEs system:

z2u . u? . x2yu

ﬁ’ y:_ﬁ7 u:—27D2 .

Proposition 3.7 ([88]). Let go be a locally homogeneous Hermitian metric on a

T=—

hyperelliptic surface X. Then, the solution g; to the HCF starting from gg exists for
allt > 0. Moreover

(X, (1—|—t)_1gt) GH, {point} as t — co.
Proof. A direct computation yields that
- Tu
D=—2>0
D — ?

that is the determinant of ¢, is always increasing. On the other hand, since x,y,u

decrease, the first claim follows. The last claim follows directly from the fact that
(14+t)ta(t), (14+1) y(t), 1+ u(t) =0
as t — +o00. O

It is easy to show that a left-invariant metric g on (@(2) xR, J ) is Kéhler if and

only if z = 0 and in that case it is also flat. Hence, we have the following

Corollary 3.8 ([88]). Any locally homogeneous solution g; to the HCF on a hyper-

elliptic surface X converges exponentially fast to a flat Kahler metric goo-

Proof. We recall that g; is immortal and D(t) > 0, z(t) < xo, y(t) < yo, u(t) < ug
for any t > 0. Moreover

u
uw < —2—,
Yo

2
which implies u(t) < uge %" for all ¢ > 0. Finally, since

lim D(t) = Do € (D, +00),

t——4o00

it follows that x(t) — s € (0,2¢) and y(t) — yso € (0,70) as t — +oo. O
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3.3.2 Hopf surfaces

The HCF on (SU(2) x R, Jy) reduces to the ODEs system

et u(22 4 )

D2
) 2c¢2’D — cx’u — u(y? + 2u)
y=-2+ D2 > (32)
o _2xu(c:1:2 + 2zy + 12)
D2

with ¢ := 1+ \2.

Proposition 3.9 ([88]). Let go be a locally homogeneous Hermitian metric on a Hopf
surface X. Then, the solution g; to the HCF starting from gog develops a finite time
singularity T < oo and (X, g¢) collapses ast — T~

Proof. Let T' € (0,+0o0] be the maximal existence time of the flow. Then for any
t €[0,T) we have

Cca =2z + (dz + y)u
D ’ (3.3)
<0, u<0 = z(t)<zo, u(t)<ug.

D

Let us suppose by contradiction that 7' = +o0o. Under this assumption, it necessarily
holds
2

o : >\2 2?4
tilgloox(t)_o — t£+moo(c_1)<f) _t£+moo D =0

.. o 228 2 ' Ty (3.4)
00— e (5) - g (S50 -0
On the other hand
jo= 2er’D- Cﬁj; u(y? +2u) _ 26:;2 . 20;52; u
and so by means of (3.4)
im g(t) < -2

which is absurd. Thus g; develops a finite time singularity T < co.
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In order to prove the last claim, let us suppose by contradiction that D — oo as
t — T~. Then

lim #(t) =0 and lim y(t) < -2,
t—T~ t—T~

this in turn imply lim;,_,7— D # oo, which is not possible. On the other hand, since
the solution cannot be extended over t = T', the limit lim;_,7— D cannot be positive

and finite. Therefore, lim;_,7— D = 0 and the thesis follows. O

Next, we exhibit an explicit solution to the HCF starting from a diagonal metric
on (SU(2) x R, Jy).

Example 3.10 ([88]). Let gop be a left-invariant diagonal Hermitian metric on
(SU(2) x R, Jy). Then, the ODEs system (3.2) reduces to
x , y—cx

T=—c—, y=-2
y? Y

(3.5)
It is worth noting that

2
3 3
= 740% (y - icx) ) = +4C% (y — §cx> : (3.6)
Now suppose that yg = %cmo and that the solution to (3.5) starting from gg satisfies

y(t) = %cm(t) , foralltel0,T).

Then, by means of (3.6), we would get

which in turn implies
w(t) = xo+kt, y(t) = Scwo+ Sckt (3.7)

for some k£ € R. A direct computation yields that (3.7) solves (3.5) if and only if

k= —%. Notice that the maximal existence time for this solution is T' = %c:co .
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3.3.3 Non-Kahler properly elliptic surfaces

The HCF on (éi(ZR) x R, J,\) reduces to the ODEs system

2cy’D — cy®u — ux? + 2u?

i =2+

D2
4_ 9.2 2
_ W —2yutu : (3.8)
D2
o — 2yu(:£2 — 22y + cy?)
D2

with ¢ := 1+ \2.

Proposition 3.11 ([88]). Let gy be a locally homogeneous Hermitian metric on a
non-Kdhler properly elliptic surface X. Then, the solution g; to the HCF starting
from go exists for allt > 0. In particular, x(t) ~ 2t and y(t) < yo, u(t) < ug for any
t> 0.

Proof. Let T € (0,+0c] be the maximal existence time of the flow. Then, for any
t €[0,T), we have
cy® + 2y(D — u) + zu

D ’ (3.9)

D=

We now prove that D(t) > 0 for any ¢ € [0,T). Let us suppose by contradiction that
there exists t, € [0,T) such that D(t,) < 0. Then using (3.9) we get

—a(tulte) = ey(t:)® — 2y(t) (u(ts) — D(t)). (3.10)
On the other hand, since D(t) = z(t)y(t) — u(t) and u(ts) < 0, it necessarily holds
(te)y(ts) + x(ts)y(ts) < 0. (3.11)
Moreover, by means of (3.10), a straightforward computation yields that
D(t.)%@(t)y(ts) > 4D () y(te) + 3ey(t.)* D(t.) (3.12)

and
D(t)*a(t:)(te) > dy(tu(te) D) — ey(t)’ D(L) . (3.13)
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Finally, (3.11), (3.12) and (3.13) imply
AD(t)y(ts) + 2cy(t)? + dy(t)u(ts) < D) (@ (H)y(t) + 2(t)y(t)) <0,
which is not possible. Hence the determinant D satisfies
D>0 = D(t)>Dy, foralltel0,T). (3.14)

On the other hand, it holds

2cy%D + 2u?
D2

b <2(1+c48 4 10)
- - Dy D%
which implies
o (t) §2<1+cy8+u(2])t+xo, (3.15)
Dy ' D2

and hence from (3.9), (3.14) and (3.15) we get T' = +o0.
We are now ready to prove the second part of the proposition. To do this, we
use again a contradiction argument. Let us denote with
Uoo 1=l u(t), yoo:= lim y(t),

and suppose by contradiction that us, > 0. Since

22 —
o : (YN L o, Y u
lim g(t)=0 = lim (c 1)( ) lim o) 0,

t——400 t——+o0 D t—400
2,2 — N2
. . . . uw, vy % T —Y _
tlg—noou(t) =0 tlgrnoo y(c 1)(D> tlg-noo yu( D ) 0’

we have, by means of (3.9), that

oyle—y) o yP-u
t£+moo D _t—lg-noo D =0
and hence
¥y _ u 1—¥
. T T r
t£+mool—ﬂ—t£+mool—l_0' (3-16)
Yy Ty

In view of (3.16), we have two cases depending on whether lim;_,oc |1 7= is bounded

or not. If we suppose that lim;_,o |1 — ﬁ| < 00, then

lim 2y = ueo and lim D=0.
t—+o00 t—+o0
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On the other hand, if lim;_,o |1 — :7“1/| = 00, then

lim zy =0 and lim D= —uy.
t—+o00 t—+o00

Since both cases lead to an absurd, it comes
Uso = 0. (3.17)

Finally, we use (3.17) to prove that z(t) ~ 2t as ¢ — oco. Let us suppose by con-
tradiction that z(t) = zo < 400 as t — +oo. Under this assumption, we have
D(t) = Doy = ToolYoo € (Do, +0) as t — 400, and hence it must holds z, > 0.
Moreover, by means of (3.9), it follows

lim D(t):() — cygo—i—ZyooDoo:O = Yoo=0 =— D=0

t——+o0

which is not possible. Therefore, we must have z(t) — oo as ¢ — co. On the other

hand, since

2 9 2 2
. Y Y ux u
a:zQ—{—Qc——cu(B) ﬁ+2ﬁ
and ) ) )
Y Y2 UL U
50 w(p) 20 [0 5o
the thesis follows. O

In view of this result, we have the following

Proposition 3.12 ([88]). Let X be a non-Kdhler properly elliptic surface and g; be
a locally homogeneous solution to the HCF on X. Then

(X7 (1+t)_lgt) _G—H_> (Ca gKE) ast — oo,

where C is the base curve of X and gy, is the Kdhler-Einstein metric on C' with

R‘ic(gKE) = ~Y9kg-

The proof of this statement follows the same argument used in [120, Thm 1.6

(c)]. For this reason, we just recall the main points.
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Proof. By definition, a properly elliptic surface is a compact complex surface X with
Kodaira dimension x(X) = 1 and odd first Betti number b (X), which admits an
elliptic fibration 7 : X — C over a compact complex curve C' of genus g(C) > 2.
Moreover, by the Riemann Uniformization Theorem, C' admits a unique Kahler-
Einstein metric g, with Ric(g,,) = —gx,- Note that, this metric also satisfies
Ty = 2¢1 ® ¢

On the other hand, the fibers of the elliptic fibration 7« : X — C' are spanned
by the real and imaginary parts of Z,, which shrinks to zero along (1+t)~'g; as
t — oo. Therefore, if we consider a not necessarily continuous function f : C — §
satisfying m o f = id, then for any € > 0 there exists t.(e) > 0 such that (7, f) is
a GH e-approximation between (X, (1+t)"'g;) and (C, g,.,) for any ¢ > t,(e). This

concludes the proof. O

3.3.4 Primary Kodaira surfaces

The HCF on (R x H3(R), J) reduces to the ODEs system

LDy oyt Y
L= D2 Y= D2’ U= D2

Proposition 3.13 ([88]). Let gy be a locally homogeneous Hermitian metric on a

(3.18)

primary Kodaira surface X. Then, the solution g to the HCF starting from gg exists
for all t > 0. Moreover,

(X, (1+t) " g) SH, {point} ast— oco.

Proof. Let T' € (0,400 denote the maximal existence time of the flow. Then, for

any t € [0,T), it holds that

X 3
D=%>0 = D@ >Dy,

D (3.19)
y<0, <0 = y(t) <y, ut)<wuo

3
Dg%’ —  D(t) < \/2ty3 + D2,

2 (3.20)

. 0 2y(2)
< 2= = x(t)g — |t +xq.
Dg

and hence
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Therefore, the long-time existence of the solution follows from (3.19) and (3.20). For

the second claim, we notice that

lim §(t)=0 = lim L =0,

t—+o0 t—+o0 D3 (3.21)
m () — i LU
tilgloo u(t) =0 — tilgrnoo D2 =0

Now, let us suppose by contradiction that @ﬁ—g — 6 > 0, as t - +oo. Then, from

this assumption and (3.21), it follows that

and hence there exist 0 < ¢’ < ¢ and ¢, > 0 such that, for any ¢ € [t,, +00), we have
P< -8 = () <-t+z(t),

which is not possible. As a consequence, we get that @(t) — 0 as t — +o00. Now,
from this last claim, arguing again by contradiction, we also get (1+t)~!z(t) — 0 as

t — +oo and the claim follows. O

3.3.5 Secondary Kodaira surfaces

The HCF on (R x Hs(R), J) reduces to the ODEs system

22D —u(a? 42 . P2 4ud yu(z® + y*)
T = , y=- , U= —27¥7—————.
D2 D2 D2

Proposition 3.14 ([88]). Let gy be a locally homogeneous Hermitian metric on a

(3.22)

secondary Kodaira surface X. Then, the solution g; to the HCF starting from go

exists for all t > 0. Moreover
-1 GH .
(X, (1+¢)"'g) — {point} ast— oco.

Proof. Let T € (0,4+0c] be the maximal existence time of the solution. Then, for
any t € [0,T) it holds
3
. Y+ zu
D =
D

<0, u<0 = yt)<w, ult)<uo.

>0 = D(t)ZDo,
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Moreover, since
29> _ 25 2y
D — Dy Dy

it follows that T = +o00. For the second claim, we firstly suppose by contradiction

< = x(t)g( >t+xo,

that u(t) = use > 0 as t — +oo. Thus, since

o YU
tilinooy(t) =0 - tkgloo D B tilgloo D N O’
e (3.23)
tl}—l—moou(t) =0 = tlg-noo l)2 - O’
we have
0<® < 50 — lLm D{#)=+4c0 = lim z(t)yt) =+
- D ~ D 100 - troe TNIYAE) = OO
On the other hand, it follows by (3.23)
z2yu 1 1 0 — U L
= . u . —_ m
D? - y—4 YT

which is not possible, and hence u(t) — 0 as t — +oc.
Finally, let us assume by contradiction that “”%“ — 0 >0 ast — 4+00. Then we

get
z?u

D2
and so there exist 0 < ¢’ < § and t, > 0 such that, for any ¢ € [t., +o0), we have

T~ ast — o0

< -0 = zt)<-dt+ax(t),
which is absurd. Consequently, it follows @(¢) — 0 as ¢ — +oo. Arguing again by
contradiction, we finally get (1+¢)~!z(t) — 0 as t — +oc. O
3.3.6 Inoue surfaces of type S°

The HCF on (Solé, Ja,b) reduces to the ODEs system

. .’E2U
xr = —(9a2 + bQ)ﬁ
. 2 2 NS
a2 . 3.24
y=28a"— (9a” +b )(D) (3.24)
:1:2u

o= —2(9a% + b2)ﬁy



114 Chapter 3. HCF on complex locally homogeneous surfaces

Proposition 3.15 ([88]). Let go be a locally homogeneous Hermitian metric on an
Inoue surfaces X of type SO. Then, the solution g; to the HCF starting from go exists
for all t > 0. In particular, y(t) ~ 8a®t and x(t) < zq, u(t) < ug for any t > 0.

Proof. Let T' € (0,400] denotes the maximal existence time of the solution. For any
t €[0,T) we have

u
D
<0, u<0 = =z(t)<zo, ut)<ug.

D:8a2x+(9a2+b2) >0, = D(t)> Dy,

Moreover, since
8a’x 8a’x
j < Y < 0Y
D Dy

with k& := —390__ it follows that T = +oo.

zoyo—|z0]?’
u

For the second claim, let us assume by contradiction that 5 — ¢ > 0, ie.
U — U > 0 and D — Dy, < 0o. Then, there exists a finite time ¢, > 0 and a
constant k; > 1 such that, for any ¢t > t,,

—kx(t)® < @(t) < —a(t)?

and hence

1 <o) < 1
>~T =~
kl(t—t*)+ﬁ kfll(t—t*)—i-ﬁ

(3.25)

Up to enlarge t., we can also assume that there exists k2 > 1 such that

—kox(t) < u(t) < —k—tx(t) for any t > t.

and so, by means of (3.25)

m(t—t) + 5y "2kt — t) + 15

for any t > t.. This leads us to

u(te) — kikalog (U5 (t — 1) + 1) < u(t) < u(ts) — g3 log (kra(t)(t — ) + 1),
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for any ¢t > t,, and hence lim;_, o u(t) = —o0, which is not possible. Therefore,
- — 0 must hold and we have

y(t) — 8a*
as t — 4-o00. 0
Then, in view of this result, we have

Proposition 3.16 ([88]). Let X be an Inoue surface of type S° and g; be a locally
homogeneous solution to the HCF on X. Then

(X, (1—|—t)_1gt) LS (@) as t — oo,
where Sl( ) {Z eC:|z| = fa} is the circle of length 2v/2a.

In order to prove this statement, we begin recalling the underlying geometry of
the Inoue surfaces of type S°. Let a,b € R, with a > 0 and b # 0, and A € SL(3,7Z)

be a matrix with eigenvalues

2v/2a e\/i(faJr\/jlb) 7 eﬁ(faf\/jlb) )

€ 9

The pair G = (Solé, Ja,b) can be realized as the group of complex 3 x 3 matrices

of the form

65\/5(*@+\/jlb) 0 p+ \/jlq
Ga,b = M(p,q,r, 8) = 0 682\/5(1 r oD, s € R
0 0 1

Indeed, let {E;} denote the standard basis of gl(3,C). Then, the Lie algebra of G,
Bab C g[(3, C)
is the R-span of

X, :=(1-+v-1)Ei, Xy:=(01++V-1)Fi, X3:=F2,
X4 :=V2(—a+V—1b)E] +2V2a F3 .
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Since the structure constants of g, with respect to {X;} are given by
(X1, X4] = V2aX1-V20X,,  [Xa,X4] = V2bX1+V2aX,, [X3,X4] = —2V2aX3,

setting
7. X1 —v-1Xy X3 —V-1Xy
1- \/§ Y \/ﬁ Y
we obtain the structure constants given in Section 3.2. Let now (vq,v2,v3)" € R? and

(w1, ws, ws)! € C3 be the eigenvectors of e2V2a apd eV2-atv —10)  respectively, and

ZQI

consider the lattice I';;, C G generated by

eVA—atV=I) g 10 w
hg = 0 62\/22 0 . h;i= 01 v , 1=1,2,3.
0 0 1 00 1

Then, the left action of Iy, on G, is explicitly given by the matrix multiplication

of h; with M(p,q,r,s), and the quotient
X = I‘a,b\(;a,b
is an Inoue surface of type S°.

Proof of Proposition 3.16. Let X =T',3\Gqyp be an Inoue surface of type 59 and g;
a locally homogeneous solution to the HCF on X. By the left action of I'y; on Ggp,
the projection

Ga,b%Ra M(p,q,T,S)'—)S

factorizes to a map m : X — S! = R/Z, which is a fibration with standard fiber T3
(see [55]). On the other hand, the path

R— Ggp, s+ M(0,0,0,s)
factorizes to a section 7 : S' = R/Z — X whose length with respect to g; is

lg,(v) = Vy(t) . (3.26)
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Notice also that, by Proposition 3.15

_1 - 0 O
(14t) gt = Joo = 0 842 ast — oo .
a

Moreover, in analogy with [120, Lemma 5.2], the kernel of g, is the integrable
distribution D spanned by X7, Xo, which is dense inside any fiber of 7. Finally, the
claim follows by (3.26) and this last observation (see e.g. [12, Cor 3.18]). O

3.3.7 Inoue surfaces of type S*

The HCF on (Solf‘, J1) reduces to the ODEs system

ab:g_w’ y:_ZP’ZD_QZ‘Q’ u:_2xy2‘Dz2—z]2. (3.27)
Proposition 3.17 ([88]). Let go be a locally homogeneous Hermitian metric on an
Inoue surfaces X of type ST obtained by (Solil, Jl). Then, the solution g; to the HCF
starting from go exists for allt > 0. In particular, x(t) ~ 3t and y(t) < yo, u(t) < up

for any t > 0.

Proof. Let T € (0,+0c] be the maximal existence time of the flow. Then, for any
t €[0,7T), we have

(3.28)

§g<0, <0 = y(t)<wyo, u(t)<up.

On the other hand
ulz — z|?
- D2

and the long-time existence follows, i.e. T' = 4+00. Finally, to conclude the proof it

=3 <3 = z(t) <3t+uxo

is enough to show
lim |z~ 2] =
t—o00 D

0. (3.29)

Let us assume by contradiction that % — € > 0. Then, by the means of (3.27)
and (3.28), there exists ¢, > 0 and a constant k1 > 1 such that

1
—ky(t)? < g(t) < —k—y(t)2 for any t > t, .
1
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This in turn implies, for any ¢ > t,,

! <y(t) < !
S Y = .
kl(t—t*)+ﬁ %(t—t*)+ﬁ

(3.30)

Besides, up to enlarge t,, there also exists a constat ko > 1 such that

—kay(t) <a(t) < —gy(t)  for any t > t,.

Therefore, since (3.30) holds, for any ¢ > ¢, we have
1 1 1

—ka <at) < —-—

R (=) + Fa ka(t = t) + 5y

and
y(ts)

u(ty) — krkalog | == (t —t+) + 1) < wu(t) < wu(ty) — log (k1y(t«)(t —ts) + 1) .

k1 k1Ko
Nonetheless, this would imply lim;,~ u(t) = —oo, which is not possible. Hence,
(3.29) holds and x ~ 3t follows. O

The HCF on (Sol‘ll, J2) reduces to the ODEs system

N ulz + 2|2 + 2¢°D — y*u

2 _12 2
. y*(lz — 2| +y°)
j=— 2 (3.31)
o 2y (z]z — 22 4+ yu)
U= — s

Proposition 3.18 ([88]). Let go be a locally homogeneous Hermitian metric on an
Inoue surfaces X of type ST obtained by (Sol‘ll, Jg). Then, the solution g; to the HCF
starting from go exists for all t > 0. In particular, x(t) ~ at for some a > 3 and

y(t) < yo, u(t) < ug for any t > 0.
Proof. Let T € (0, +0o0] denote the maximal existence time of the solution. Then, a

direct computation yields that

- y(lz — 21> + )
D=3y+ 53 >0,

y<0, 41<0 = y(t)gy(h u(t)<u0

(3.32)
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On the other hand, since

22 uZ 22
P<34 — 427 <340 707
T < +D2+D_+D§+Do
we have T' = 400 and the first part of the claim follows. To conclude the proof it is

enough to show that

. ulz+ 22+ 292D — y*u
lim
t—o00 D2

is necessarily non negative. By the means of (3.32), we can have either

:k’

lim D(t) = 40 or lim D(t) < +o0,

t—4o00 t—+o00

but the former case directly implies & = 0, while the latter implies y(¢t) — 0 for
t — 00. Thus k& > 0 and the claim follows. O

In view of the above results, we have

Proposition 3.19 ([88]). Let X be an Inoue surface of type ST and g; be a locally
homogeneous solution to the HCF on X. Then

(X, (1+t) 'q) GH, SY(p) ast— oo,
where SY(p) = {z € C: |z| = p} is the circle of length 2mp, for some p > §

We briefly recall the construction of Inoue surfaces of type ST. Let N € SL(2,7Z)
be a unimodular matrix with real positive eigenvalues given by A and A~!, with

A > 1. Tt is well known that any ST surface can be realized as the quotient of the

group

1 uw
Gy =S Mi(r,q,u,u):=10 q r : ruv,ueR, geRy
0 01

by a lattice T'y := (fo, f1, f2, f3), where f; € G4 are defined starting from N (see
[55]).
Inoue surfaces of type ST enjoy nearly the same properties of surfaces of type

SY (see [55]). In particular, they do not contain complex curves and any ST surface
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is diffeomorphic to a bundle over S'. Moreover, since any S~ surface admits an
unramified double cover given by a ST surface, it is enough to prove the statement

for Inoue surfaces of type ST.

Proof of Proposition 3.19. Let X = I';\G4 be an Inoue surface of type ST and g; a
locally homogeneous solution to the HCF on X. The application

lo,
G+ - R7 M+(r,q,v,u) = 105?\

factorizes to a map m : X — S, which is a locally trivial fibration (see [55]). On the
other hand, the path
R—>G+, S’—>M+(O,)\S,O,O)

factorizes to a section 7 : S' — X whose length with respect to g; is

Now, in view of the above results

1 _ a 0
(14+t) " gt = Goo := - ast — 0o |

for some o > 3. Again, the kernel of g, is the integrable distribution D spanned
by the real and imaginary part of Z,, which is dense inside any fiber of 7 (see [120,
Lemma 6.2]). In analogy with the case of S surfaces, the claim follows by setting

p::‘;—f. [

We are now in a position to prove Theorem 3.1 and Theorem 3.2.

Proof of Theorem 3.1 and Theorem 3.2. Let X be a compact complex surface and gg
a locally homogeneous non-Kéhler metric on X. Then, by Theorem 3.5 and Remark
3.6, X is a quotient of the form I'\G, where G is one of the Lie groups listed in

Section 3.2, i.e.

SE(2)xR, SU(2)xR, SL(2,R)xR, RxH;3(R), RxH;s(R), Soli, Sol?,

and I' C GG is a co-compact lattice.
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Let us now denote by T' € (0, +00| the maximal existence time of the HCF solu-
tion starting from gg. Then, by means of Proposition 3.7, Proposition 3.9, Proposi-
tion 3.11, Proposition 3.13, Proposition 3.14, Proposition 3.15, Proposition 3.17 and
Proposition 3.18, we have that T' < oo if and only if G= SU(2) x R and this in turn
implies Theorem 3.1.

Finally, Theorem 3.2 directly follows by Proposition 3.7, Proposition 3.12, Propo-
sition 3.13, Proposition 3.14, Proposition 3.16 and Proposition 3.19. O






Chapter 4

The Anomaly flow on a class of

nilpotent Lie groups

In this last chapter, we investigate the behaviour of the Anomaly flow on 2-step nilpo-
tent Lie groups. In particular, we show that under some assumptions the Anomaly
flow always reduces to a prescribed model problem, which allows us to predict the
behaviour of the flow when it starts from left-invariant initial data.

The results of this chapter, obtained with Luis Ugarte, will be included in [99].

4.1 The Anomaly flow

The Anomaly flow is a coupled flow of Hermitian metrics introduced by Phong,
Picard and Zhang in [92] and further investigated in [33, 35, 93-96].

Let (X,wp) be a compact 3-dimensional Hermitian manifold equipped with a
nowhere vanishing (3,0)-form ¥ and a complex vector bundle E — X. Let Hy be
a Hermitian metric along the fibers of E. The Anomaly flow is the coupled flow of

Hermitian metrics (w¢, Hy) given by

/

O (0]l 7) = 700w, — az (tr(R{ A R{) — tr(Af A A7)

2 K
_ wi NA
H'o,Hy = 1,
Wi

(4.1)

123
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with initial conditions wy|, = wo and Hy, = Hop. Here, R™ and A" are the curvature
tensors of Gauduchon connections V™ on (X,w) and V* on (E, H), o € R is the

so-called slope parameter, and

U AT
w3

e

The Anomaly flow is a fundamental tool in the study of the Hull-Strominger
system [52, 53, 115]
AH/\W2:0, (AR)ZO:(AK)OQ:O,

/

- @
i 00w = T (tr(RT A RT) —tr(A® A A7) (4.2)
d([[ 9], w?) =0,
where w is a Hermitian metric on X and H is a Hermitian metric along the fibers of
E, since its stationary points are solution to the system (see the Introduction).
In an attempt to understand the general behaviour of the Anomaly flow (4.1),

in [93] Phong, Picard and Zhang proposed a simplified version of the Anomaly flow

considering just the evolution equation of the metric w;, namely

/

d EaYaY « T T
%(H\IIH(W wtz) = 100w; — T tr(R] A R}). (4.3)

In the following, we investigate the behaviour of the Anomaly flows (4.1) and
(4.3) on 2-step nilpotent Lie groups with first Betti number b; > 4, admitting a left-
invariant non-parallelizable complex structure. In particular, we assume the trace

tr(Af A AY) to be of special type.

4.2 Preliminaries on 2-step nilpotent Lie groups

4.2.1 Adapted basis

Let G be a 6-dimensional Lie group equipped with a left-invariant complex structure
J and a left-invariant Hermitian metric w. Let {Z;, Za, Z3} be a left-invariant (1,0)-

frame on G and let {¢!,¢?,¢3} be its dual frame. Then, we can always write

2w:i<r2cli+82g2i+k2€33)+UC1§—ﬂC2i+UC23—@C3§+ZC13—2<317 (44)
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where r, s,k € R*, u,v,z € C,
r2s? > ul?,  s2kE > v, kR > 2P, (4.5)
and
8i detw = 25%k? + 2 Re(iuvz) — k2|u|? — r?v)? — s%|z|* > 0. (4.6)

Here
. irt wu U
detw = 3 det | —u is? v

-z —T ik?

It follows from [124] that, if G is a 2-step nilpotent with first Betti number b; > 4
and J is not complex parallelizable, then there exists a left-invariant (1,0)-coframe

{¢7}3_, on G satisfying
¢t =d® =0, d¢®=p¢+ M AP D, (4.7)

where D € C, A € R with A > 0, and p € {0,1}.

Our next result shows that we can always find a preferable (real) left-invariant

coframe {e!, ... €%} on G associated to any left-invariant Hermitian structure (J,w).

Proposition 4.1 ([99]). Let G be a 2-step nilpotent Lie group of dimension 6 with
first Betti number by > 4. Let J be a left-invariant non-parallelizable complex struc-
ture on G and w a left-invariant J-Hermitian metric. Then, there exists a (real)

left-invariant coframe {e',... €%} on G, which we call adapted basis, such that

(a) Jet = —e?, Je3 = —¢et, Je® = —eb and w = e'? 4 34 4 %6,

(b) The coframe satisfies the following structure equations

de' =de? = de® = de* = 0,

de® :g—z (p+ ) el — ﬁ‘; (p— ) e* + QAkge (rZy — Auer) e,

de® = — % e? + 27%6&21 e + rgkze (r2(p — A) + 2uep) ™ (4.8)
+ 5 (r2(p+A) = 2uep) € 4 2R e,
_ é’geg ( Yo = Ar?ue +ud + uEQ) e,
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where x+iy =: D € C, A\ € R with A > 0, and p € {0,1}. Here, the coefficients

Tes Ses Key Uel, Ue2 € R satisfy

r2 2 k2 >0 and r?s? >ud +uly,

e’r~er’ve

2 _ 2
while A =: \/r2s2 — u2, — u,.

(c) The 4—f0rm 234 s q positive multiple of (1212, i.e.

27 detw 5
1234 _ €1212
k2

where {1, (2, (3} satisfies (4.7).
(d) Ifv=2=01n (44), thenre =71, Se = 8, ke = k and u, = u.

(4.9)

Proof. Let {¢', ¢2, ¢3} be a left-invariant (1,0)-coframe satisfying (4.7) and w a

Hermitian metric given by (4.4). Then, the left-invariant (1,0)-coframe
oli=(l g2=¢2 o 3243—%C2—%C17
preserves the structure equations (4.7), i.e
do! = do? =0,
do? =po'? + ol 4 \o2 4+ D022,
and the fundamental form w can be written as
2w =it + 5202 4 k2 0% 4, 0 — w502,

with new metric coefficients

'rz. :—rQ—;j;, sg :—52—‘;;’22, kg. =k, u, ::u—i:—;,
satisfying by means of (4.5)
r2, 82, k2 >0 and 252 > |ug|?.
Let us now consider the left-invariant (1,0)-coframe
7l —7"0(7 + &02, 2= &02, = kga?’,

o 7ﬂO’

(4.10)

(4.11)
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with A, = /r2s2 — |us|?. Then, a direct calculation yields that w can be written

as
T 47 1 o5 1 a3
we= L e 133

2 2 2

and, by using (4.10), the structure equations become

drt = dr? =0,
drs = p z—‘; T2 4 %’ 1y T?f&; (iug + Ar2) 12 _ i’%‘%‘: 721 (4.12)
+r§£§ (Juo|? — ir2tgA + 2 D) 722,
Finally, let us consider the real left-invariant coframe {e',...,e5} given by
thi=et+ie?, 2= 4iet, 0 :=e’+iel. (4.13)

Then, with respect to this coframe, (a) follows.

Now, let us set D := x + iy and uy, := ugs1 + 7 ug2. Then, a direct computation
by means of (4.12) yields that the structure equations in terms of {e!,... e} are

given by
de! = de? = de® = de* =0,

ded = ﬁ—z(p+)\) 613—2—‘;@—)\) 624—1—2Akg (rZy — Aug1) €34,

6 — _ 2k 12 4 2kous 13 4 ko (.2 14
de® = —SFe + rgxal e’ + 2R (r2(p — A) + 2uq2) e

+r?f&, (T?r(P +A)— 2u02) e23 & 2%7% 024

2k 4 2 2 2
—ﬁ (7“0 T — A\riugo + uiy + ugg) e

34
Therefore, setting r. 1= 74, Se = Sg, ke = ko, Uel = Uyl and Uz 1= Uyo WE getb
(4.8), and (b) follows.

In order to prove (c), it is enough to notice that

461234 — 7_1212 _ Ag <1212,

where A2 = 1252 — |u, |2 = % (r25%k2 + 2 Re(iuvz) — k2Jul? — r2Jo[? — s%|2|?) > 0.
Then, (4.9) directly follows.

Finally, (d) is a direct consequence of (4.11). O
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4.2.2 Trace of the curvature

Let G be a 6-dimensional Lie group equipped with a left-invariant complex structure
J and a left-invariant Hermitian metric w. Let {e!,...,e®} be an adapted basis to

the Hermitian structure, i.e.
Jelz—eQ, Je3:—e4, Jed = —¢b and w:el2+e34+e56,

and let {ej,...,es} be its dual.

Definition 4.2. The connection 1-forms (07)2 associated to a canonical Hermitian

connection V7 are given by
(UT)é(ek) =w(Ve, e, Jei);

or, equivalently, Vie; = (07)}(X) ey +---+ (O‘T)?(X) €6-
Definition 4.3. The curvature 2-forms (RT)é associated to a canonical Hermitian
connection V7 are given by
(R =d(o)i+ > ()i A(0T)k.
1<k<6

Then, the trace of the 4-form R™A R™ can be defined via

tr(RTART) = > (R)iA(RD)S. (4.14)
1<i<;j<6
Remarkably, the connection 1-forms (O'T)g associated to a canonical connection
V7 in Gauduchon family can be explicitly obtained as follows. Let us denote by cfj
the structure constants of {e!,...,e%}, i.e.
deF = Z ck e, k=1,...,6.
1<i<j<6

Then, a direct computation by using (1.2) yields that

; ; 1—71 1+7
(07)5(er) =(0")i(ex) — — Tleiej en) — ——Cleisej, ex)
1, j 1—71 1+7
:i(cz-k — cfj + ) — TT(ei,ej,ek) — Cles, ej,€er)

1, . ; 1-— 1
:i(c;-k - cfj + ;) + TT dw(Je;, Jej, Jey) — %dw(Jei,ej,ek) ,
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where (aLc)g- are the connection 1-forms of the Levi-Civita connection satisfying

(0")i(ex) = — % (—w(Jes, [ej, ex]) +w(Jer, [ei, e5]) — w(Jej, [ex, €i]))
=+%<c§-k—cfj+c,ii> .

We are now in a position to compute the trace of R” A R” for our class of nilpo-

tent Lie groups. To simplify the computations, we will work with an adapted basis
{el,... €5}

Proposition 4.4 ([99]). Let G be a 2-step nilpotent Lie group of dimension 6 with
first Betti number by > 4. Let J be a left-invariant non-parallelizable complex struc-
ture and w a left-invariant Hermitian metric on G. Moreover, let {¢', (2,3} be a

left-invariant (1,0)-coframe satisfying (4.7). Then, for any Gauduchon connection
V7, it follows

2(r — 1) k*
tr(R™ A R7) :—M{

|:(p—)\2+51’)(54—2)\32u2+21’|u\2)—3)\2x(u%—u%)—ﬁz\uly(s2—)\ug)+6y2\u\2

+7(p+A2—22) (s —2Xs%uz+2x|u|?)

+72 ((72p+:p)(5472)\32u2+2:p\u\2)f)\Qx(uffug)fQ)\uly(sQf/\u2)+2y2|u|2)]

+ 7“2 A [(p—/\2+21’)(>\s2—2uga:—2u1y)—6ug(x2+y2)
+7(p+A2—22) (As2 —2uax—2u1y)

+72 (72p(/\s272u2x72u1y)72u2 (w2+y2)>}

21 det w
k2

Proof. Let {e',...,e5%} be an adapted basis of (w,.J) obtained by Proposition 4.1.

+r(2? + ) [(P—A2+5x)+7 (p+A2—2) 472 (_2p+x)} } 1212

Since V7 is compatible with the U(3)-structure (w,.J), the non-zero connection 1-

forms o7 satisfy the relations (07)3»

that

= —(JT)g . Moreover, a direct computation yields
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where
(07)3 =~ -1’
(07)3 :ﬁﬁ*l) e’ + W;#w(ffl) el
(7)) =~ gt e,
(07) =— gz(r+ne' + Mﬁ(pr2(7—1)+(u2—)\7"2)(7’+1)) e — M%W(TH) e*,
(UT)é :%(74’1) e? — W%(T+l) e3 + Wﬁ (prQ(Tfl)f(uzfArQ)(rJrl)) e ,
(07)i=- %ﬁ(r—l) e’ — k(lﬂ:lj(;?gf_ﬂ@fg?)“‘w) (-1 €®,
(07 = - TR ¢ e <~ MR e
+ 50 et
(=t Mol ¢ K
+ Bl ) (et
Finally, by means of (4.9) and (4.14), the result follows. O

As a consequence of this proof, we get

Corollary 4.5 ([99]). The connection V7, with T # 1, is compatible with the SU(3)-
structure (w, J, V), with

U= (e +ie®) A(e2Hie')A(e® +ied),

if and only if
E(r—1)

252 — |uf?

0= ((A uy — r2y) €® + (52 — Aug + r’z) 66),

which is equivalent to require the metric w to be balanced.

4.3 Evolution of w; on 2-step nilpotent Lie groups via

the Anomaly flow

Let G be a 6-dimensional 2-step nilpotent (real) Lie group with first Betti number

b1 > 4 equipped with a left-invariant non-parallelizable complex structure J. Fix a
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left-invariant (1,0)-coframe {¢’ ?:1 on G satisfying (4.7) and let w; be a smooth
curve of left-invariant Hermitian metrics on G. Then, according to the notation

introduced in (4.4), we can express w; as

=2 (r0PCT 4 5(02C7 4 M) + gu(t) ¢ — () ¢ -
+50() ¢~ o P+ 2(t) ¢ - L

Lemma 4.6 ([99]). We have
100w, = %k(t)Q()\Q _ (D4 D)+ p)c22,
where D € C and p € {0,1} arise from (4.7).
Proof. By using (4.7) and (4.15), we have
D0y = %k;(t)Q(é(S AOCE — OC3 A BCY) = %k(t)2(—x2 +(D+ D) — p)ct2i2,
and the claim follows. O]

From now on, let ¥ be a left-invariant complex volume form on G. Moreover, let

us assume that one of the following two conditions hold:
1) wy solves the Anomaly flow (4.3) with respect to the Gauduchon connection
V’T.
2) there exists a curve of left-invariant Hermitian metrics H; on F such that

(wy, Hy) solves the Anomaly flow (4.1), and tr(Af A Af) is a multiple of the
(2,2)-form (1212,

Under these assumptions, Lemma 4.6 and Proposition 4.4 directly imply the following

Proposition 4.7 ([99]). We have

d .
pralid wi) = K(t,d 7, 8) P12, (4.16)

where K(t,a/, 7, k) also depends on the structure equations of G.
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Since
W = 5 (PPt — (D)) €272 = & (r(0)0(t) i 2(2)ul)) 2
45 (Cultlt) +i50720) ¢ 4+ L (v + i u(t)2(0)) 7
b5 (PR — 2()) 513 — L (k(t)u(t) i 2(0(D)) ¢
- % (u(t)v(t) +i s(t)Qz(t)) (212 4 % (k(t)2@ +i v(t)%) (2313
+ 5 (s(PR() — o0)) %,
we have that (4.16) can be written as
% (12l (r(1)5(5)* — [u(t)]?)) = K (t, 0/, 7, 5), (4.17)
and
G I (rOPROP = 20F) =0 = r(0Ph(e? = o) = i (419)
G (e (sOPROP = ) =0 = s(0h(e)* o) = = (419)
d N PRy iy 3
= (M (r(820() = i 2(0u() ) = 0 = r(®)%0(t) = i 2(t)u(t) = B (420
d , C4
7 (||\Il||wt(s(t)2z(t) + zu(t)v(t))) =0 = 3(t)2z(t) +iu(t)v(t) = T (4.21)
d NI PRy Cs
= (19 (@)Pu(t) = i 2(1)0(8) ) =0 = k(H)*u(t) i 2()u(t) = o (2

for some constants c1,co € R, ¢1,c0 > 0 and c3,cq,c5 € C.

Proposition 4.8 ([99]). If wy is balanced, then wy remains balanced.
Proof. In view of [124, Prop. 25|, a left-invariant Hermitian metric

Q0w = i (TQCH i SQCZQ 4 k2€33> +u§1§ _ @Cﬂ 1 UCQE _ TJC?’Q 4 z§13 _ 2(31
on G (with {¢7 }?:1 satisfying (4.7)) is balanced if and only if

P2~ o D (P — [+) = A (i1 — 02) (4.29
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Now, the relations (4.18)—(4.22) imply that if wg satisfies (4.23), then w; remains

balanced and the claim follows. O

3

By means of Proposition 4.1, up to change the coframe {Qj}jzl, we may always

assume wy to be almost diagonal, i.e.

i : 5 N 1 o5 1 e
wo= 5 (13! + 8B ¢+ KEC™) + Suo 2 - Saao ¢

Theorem 4.9 ([99]). The Anomaly flows (4.1) and (4.3) preserves the almost diag-

onal condition. Moreover, if wg is almost diagonal, then w; evolves as

i 0011, €2 0.3 C1ea—|es|® 53\ | les o435 1T o o1

— —(r@t 2ot e 1 ~D ot _ D
wi 2<7“()C +Cl7"()€ + ¢ +2017"()C 261?“()@“7
(4.24)

where c1,co > 0 and c5 € C satisfy c1 co > \05\2, and

861

v = .
H Hwt (Cl cy — ‘05‘2) r(t)2

Proof. Since equations (4.20) and (4.21) hold, the functions v(¢) and z(t) satisfy

_ c3s(t)? +icqult)
1|, (r(£)%s(£)* = u(t)[?) °

_ —icgu(t) + car(t)?
10 | (r(£)25(2)% — Ju(t)[?)

for any t in the defining interval. On the other hand, by vy = zg = 0 it follows

v(t)

z(t)

c3=1c4 =0,

and hence v(t) = 0 and z(t) = 0. Thus, the solution remains almost diagonal.

Let us now focus on the second part of the statement. As a direct consequence
of (4.18), (4.19) and (4.22), it follows

~cpeg — |es)?
(r(t)?s(t)* = u(t)|*)k(t)* = W ,

which implies
2
cica — |cs)

2 _
||\I’||wt - (’I“(t)QS(t)2 _ |u(t)|2)k‘(t)4 )
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with c1co — |c5|? > 0 by the positive definiteness of the metric. Moreover, by the

definition of || ¥||2 , we have

2 _
P, = (r(t)2s(t)? — |u(t)|?)k(t)?

C1C2 — |C5|2
k(t) = ’/T

is constant. Finally, by means of (4.18), (4.19) and (4.22), we have

and hence

0= car(t)?k(t)? — 1 s(t)%k(t)? = (car(t)? — c1 s(t)?)k(t)?
and
0=cs57(t)%k(t)* — cru(t)k(t)? = (c57(t)? — ey u(t))k(t)?,

which respectively imply

s(t)2 == r(t)2 and u(t) = — r(t)g,
c1 C1

and the claim follows. O

When the initial metric wg is diagonal, that is ug = vg = 29 = 0, the above result

simplifies to

Corollary 4.10 ([99]). The Anomaly flows (4.1) and (4.3) preserves the diagonal

condition. Moreover, we have

wi= (PP + 2 ()R 4+ 2
2 C1 8
where c1,co > 0, and
8
Ul, =——.
Mol = =
4.3.1 Evolution of w; via (4.3)

In the following, given a family of left-invariant Hermitian metrics w; on G solving

(4.3), we improve the results stated above.
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In our setting, by means of Theorem 4.9 and Proposition 4.7, it follows that the

coefficient r(t) of w; in (4.24) evolves as

d 2_0]_ /
ﬂr(t) =3 K(t,o', 1),

where the right-hand side is given by

/

K(t, o, 7) 122 = 90w, — O‘Z tr(RT A RY).
On the other hand, by Lemma 4.6 and Theorem 4.9, we have

100w, = K (12 é;

while, by means of Proposition 4.4, it follows

K __
tr(R{ A R}) = ¢,
r
for some constants K 1 K5 € R. Therefore, we get

Theorem 4.11 ([99]). The Anomaly flow (4.3) is equivalent to the “model problem”

4
dt

r(t)? = K| + 75)24 : (4.25)

where K1, Ko € R are constants depending on K1 = Ki(wp) and Ko = Ko(wp, o/, 7).
Remark 4.12. In view of [58, Lemma 3.7] and [58, Prop. 3.8], in our setting

(i) wp balanced implies K; > 0.
(ii) wp pluriclosed implies K7 = 0.

(iii) wo locally conformally Kéhler implies K; < 0.

Now, we investigate the qualitative behaviour of the model problem (4.25), which
can be rewritten as
) Ky
ht) =K+ —2 .  ht)>0. 4.26
0 =Ki+gcsz. A (4.26)
Note that, when either K1 = 0 or Ky = 0 the ODE (4.26) can be solved explicitly,

otherwise we work as follows
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e {1 >0and Ky >0

Proposition 4.13 ([99]). Any solution h(t) to (4.26) is immortal. In particular,
h(t) ~ K1 -t ast — +o0.

Proof. Let h(t) be a solution to (4.26). Since

Ky

h(t) :Kl—l-w

>0,

it follows that h(t) > h(0), for every ¢t € [0,7%). On the other hand,

h(t)ﬁKwﬁf)?

and the long-time existence follows, since h(t) < ct + h(0) with ¢ := K; + %.

Let us now assume by contradiction that i(t) — 0 as t — +oo. Then, this would

imply

=0,
which is not possible since K7, Ko > 0. Therefore, we have

lim A(t) = K,

t—o00

and hence h(t) ~ Ky -t as t — +oo. Finally, a similar argument shows that if the

solution exists backward in time for all ¢ < 0, then

h(t)~ K-t ast— —o0,
which is not possible since h(t) > 0. O
e {1 >0and Ky <0

Let us denote by hg := \/—K3/K;. Then, we have

Proposition 4.14 ([99]). Let h(t) be a solution to (4.26):

(i) if h(0) = hg, then h(t) = h(0);
(i1) iof h(0) > hg, then h(t) is eternal and h(t) ~ K; -t as t — 400;
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(iii) #f h(0) < ho, then h(t) is ancient.
Furthermore, h(t) tends to hg as t — —o0.

Proof. Let h(t) be the solution to (4.26). Then, a direct computation yields that hg
is the unique stationary point to the flow, and hence the first claim follows.

Now, let us suppose h(0) > hg. Then, there exists ¢ > 0 such that

Ky
h(0) =4/ ——
(0) e +e
This implies
. eK?
h(0) = ! 0,
( ) —KQ + 8K1

and hence h(t) > 0, for every t € (T, T,). On the other hand,

ht)< K1 = h(t) < Kit+h(0) forany t>0,
and the long-time existence follows. Moreover, since h(t) is always increasing and hy
is the unique stationary point to the flow, it follows h(t) — hg as t — —oo. Thus,
the solution h(t) is eternal. Finally, let us assume by contradiction that /(t) — 0 as

t — +o00. Then, this would be equivalent to require

. K>
A KLt e =0,

which is not possible since h(0) > hg, and hence

lim h(t) =K

t—00

/| K
h(O): —F?—€<h0,

for some ¢ > 0. Then, a direct computation yields that

proves the second claim.

Now, let us assume

2
—eKj

h0) = —— 21—
() —K2+€K1

<0, (4.27)
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which implies h(t) < 0, for every t € (T, T;). On the other hand, it follows

—eK?
h(t) < ———L ¢+ h(0),
() < —Ko + €Ky +h(0)
for any ¢t > 0, and hence Ty < +00. Moreover, since h(t) is decreasing, we have

; K>
lim A(t) = lim K; + —<5 = —c0. 4.2
A O = g Bt e = o 2

Finally, since the solution is always decreasing and there exists a unique stationary

point to the flow, we have h(t) — hg ast — —o0, and hence the last claim follows. []

Remark 4.15. As far as we know, the Anomaly flow is the second example of a metric
flow admitting invariant solutions both with 7'y < +o0o0 and 7} = 400 on the same
homogeneous space (the first example was found by Arroyo and Lafuente for the
pluriclosed flow [6]).

e {1 <0and Ky <0

Under these assumptions, we have

Proposition 4.16 ([99]). Any solution h(t) to (4.26) is ancient. In particular,
h(t) ~ —Kj -t as t — —o0.

The proof of this result can be obtained by using the same argument as in Propo-
sition 4.13.
e i <0and Ky >0
Arguing in the same way of Proposition 4.14, we get
Proposition 4.17 ([99]). Let h(t) be a solution to (4.26). It follows that

(i) if h(0) = ho, then h(t) = h(0);
(ii) if h(0) > ho, then h(t) is eternal and h(t) ~ —K; -t as t = —oo;
(iii) if h(0) < ho, then h(t) is immortal.

Furthermore, h(t) tends to hy as t — +0o0.
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4.4 An explicit example

In this section we study the Anomaly flow (4.1) on the simply-connected Lie group N,

which admits a left-invariant (1, 0)-coframe {¢/ ?:1 satisfying the structure equations

¢t = d¢? =0,

o (4.29)
d<3 — CH _ <22 )

This is the unique Lie group in the class we are considering which admits a solution
to the Hull-Strominger-Ivanov system (see e.g. [306]).

In this case, we assume that the holomorphic vector bundle E is given by 70N
and that the initial left-invariant Hermitian metrics (wo, Hp) are both diagonal, i.e.

1

wo 5

(3¢ + s8¢+ K3 ¢P)
and »
B s e
Hy = = (r% M4 222 C33) '
Our first result is the following

Proposition 4.18 ([99]). The metrics wy and H; remain diagonal along the flow

and the coefficients of H; evolve via

(4 L 5 : k(t)2
G T = 305 2+ DI (OPRO? +enlk — D(er = 02”“(”2] ()17 ()2
. L - N N k(t)?
- 5(t)? = Tores 25+ 1)*r()%h()° = e1(s = 1) (er = 62)8@)2} r(33(0)2
d - . . k(1)°
RO = 33@ EGR NGO s(t)“)} r(t)%g;%(t)‘*

To prove our statement, we need the following lemma.

Lemma 4.19 ([99]). Under the hypotheses of Proposition 4.18, we have

(A A A) = Co (212,
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where Cy = Cy(wo, Ho, k) is a constant depending both on the Hermitian structures

and the connection V*.

Proof. In view of Subsection 4.2.2, the connection 1-forms (a’*)% associated to the

connection V* are given by

Veuds = (0™)1(@R) &+ + (")) & -

S

where {€}9_, is the basis dual to the adapted basis {&'}%_, of (J, Hy) (see Proposi-
tion 4.1). On the other hand, if {e'}%_, is the adapted basis associated to (wp,J),
{e/}9_, is its dual basis and M = (M jP ) denotes the change-of-basis matrix from {e; }
to {é&}, i.e.

€j=M7e,, foreveryl<j<6,

then we have

Ve 5 = vM,f ep(Mgg eq) = My, M]g N} (Uﬁ)é(ep)éia

where N := M~!, and hence

(0")5(8r) = 9(Ve, &5, &) = My M Nj (6%)g(ep) (4.31)

Now, in view of (4.13), the following relations hold

et +ie2 =ro(t, Foll =et+ié?,
e +iet=s0(?, S0(?=¢8+iét,
ed+iel =k, ko=@ +iél.

Therefore, the change-of-basis matrix M from {e;} to {e;} is given by the diagonal

matrix

and, by means of (4.31), we get

(0")i(ex) = M N NE (0")5 (),
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or, equivalently,
(0%); = M} NJ Ni (0")%(éx) e .

Moreover, since the 1-forms (J")?

are given in the proof of Proposition 4.4, we have

that -, -
(== (k= 1), (0= (1) !
ko 78 2ko 78 ’
(Uﬁ)(li = k(2)~2 (k+1) e? , (0”)2 = k8~2 (k—1) el ,
2 ko7 ko 55 (4.32)
@R = B (e, (0 o (e 1)
2 ko 53 ’ 2 ko 53 ’
(") =(0")i = (6")5 = (") = (")§ =0,
together with the following relations
(03 =—(0T)g. (@NF=(0")s, (o7)5=—(0T)§, (07)s=(07)3
Thus, by means of (4.3), the connection 2-forms A" of V" are given by
(Af-e)l _ (’i + 1)2T(2)I;:E4) — 4(” - 1)]{:(2]?(2)%8 el?
2 2r3k3 g
00”0
+1)2k4
AR — (r 0(,13, ,24
( )3 4k3f%§% (6 +e ) )
AR — G 0(14 _ 23
(A%)4 41{587:(2)58 ( e™),
2 1)];,4
ARV — _ (% 0,26
( )5 ngfé ’
2 74
Ky 1 (5° = kg 16
(A%)g = — 2 , (4.33)
2 — 1)kZ52R2 (K + 1)k — 4(rs — 1)k353 ) K
(AF)3 05070 12 34
_ — e
: rek3 sy 252k2 50 ’
2 1)];4
AR — _ (k 0 46
: R
AR — _ (% 0 26
( )6 21{785% )
(A%)3 = (5 + 1)*r380kG 15, (k+1)*s5rokg 34
0 2r3k27 338 253k275 58 ’
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together with the following relations
(A3 = —(A)}, (A%)i=
(A%)5 = —(A")5, (A%)5 = (A7)3.

Finally, in view of (4.14) we have

tr(A% A A7) = (”_216)]6“61{ — (e = 1) (7 + 5 ) K37
2k57050 (4.34)
(1) (587 + 7838 ) kG } €212,

which implies the claim. O

Proof of Proposition 4.18. Let us focus on the evolution of H; via

2 /\AI{
H7'9 H, = S (4.35)
t

We first show that there exists 7' > 0 such that H; holds diagonal for any ¢ € (0, T),

for which is enough to prove that w? A (Af);— =0 for any i # j and t = 0. Let H and

w be two left-invariant diagonal Hermitian metrics on G given by

H:%<f2cﬂ+§2<2§+%2<3§) : 2220,
and .

W — % <r2 2022 2 <33> 7 222 >0
If we consider {e!,...,e®} a left-invariant coframe on G such that

o1¢t=el —iJ(el), 6t =e—iJ(e), 65 =€ —ild(ed),

with 01 = r, o = s and d3 = k, then we get

"L ! rye! (AR oy (€ PNICE
A7) = 0;0; ((A Jor +9 (A% (s — (A )ej(e '+(4 )Jgef))) ;

where (A“):j are the curvature 2-forms of V" explicitly computed in the proof of

Lemma 4.19. Thus, the only non-zero entries in the right-hand side of (4.35) are
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given by
w2 /\w(;l“)i _ 1127148?;?4 [r252/%2(/£ 1) 4 AR (e — 1)(r? — 32)} ’
= Aw(;m% - 112r43§122§4 {7252[%20@ T AR - 1) (- 82)} , (439)
w? /\w(;l'f)g _ 112r432§;1f4§4 [_ (5 + 1)2r282 (74 + §4)} 7

and hence our claim follows, since wy and Hy are both diagonal.

On the other hand, by means of Lemma 4.19 and Corollary 4.10, there also exists
T > 0 such that w; holds diagonal for any ¢ € [0, f] Thus, by the existence of T>0
and T > 0, it follows that w; and H; hold diagonal for any ¢ along the flow.

Finally, the evolution equations in (4.30) are a direct consequence of (4.36) and
Corollary 4.10. O

Remark 4.20. Under the assumptions of Proposition 4.18, we have that

tr(AF A AF) = Cy (112,

where Cy = Ci(wy, Hy, k) is a one-parameter function depending both on the Hermi-

tian structures and the connection V*.

Now, let us consider the setting of Proposition 4.18 in the special case k = 1, i.e.

V* is the Chern connection on (T'9N, H;). Then, we have

Theorem 4.21 ([99]). If k = 1, then the coefficients of wy and H; evolve via the
ODFEs system

C2C c3 62 62
d .o 8 k@
it = e e

o (4.37)

d S0 = 8 k(t)
dt 3crep r(t)25(t)2 7
d- 5 8 [ _ k(t)°®
o k() = “3ecs (T(t)4 + 5<t>4) ()27 (6)35(1)
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Moreover, if wyg and Hy are both balanced, then Hy; evolves as

7 Toko

IEYRCISS: 22 | 33
Ht - §T(t) C + ( ) C T(t)4 C )
where the function 7(t)? satisfies
d o 8 r(0)%k(0)*
@ = 320 (4.38)

In particular, for any connection VT with T # 1 (i.e. different from the Chern

connection), there exists a convenient choice of @' such that the solution to the system
is given by wy = wo and #(t) = VAt + B, with A = 165020 and B = 72
€1To

Proof. By means of Proposition 4.7, the first equation of the Anomaly flow (4.1)
reduces to
d
() = % K(t,o,7), (4.39)
where K (t,a/,7) is given by

_ . /
K(t,of,7) (22 = 90w, — O‘Z (tr(R A R]) — tr(A} A AD)
By Corollary 4.10 and Proposition 4.4, a direct computation yields that

97, €€ 1212
laaWt = ? C N

A+c c i3
tr(RT AR]) = (1t — 1)(72 — 27+ 5) 127 2r(t)4cl212’

while, by means of (4.34), we have tr(A} A A}) = 0. Therefore, by using (4.39) and
(4.30) for k =1, p =y =0 and x = —1, one gets the ODEs system (4.37).

Let wy and Hp be both balanced. By means of (4.23) and (4.18)—(4.22), the

balanced condition implies that
co =1 and 52 =78,

The latter equality, together with the fact that the functions 7(¢)2 and 5(t)? satisfy
similar equations in (4.37), leads to 5(t)? = #(t)2. Therefore, the ODEs system (4.37)
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reduces to

(d 2 C:f / 2 i
el _ 1 _ —9 1
g r(t) 55 +a(1—7)(7 T+5) ST ()1 °
d _ o, 8 k@)*
Z )= —
" = s (440)
d - 16 k(t)S
O e 10 0

( dt 3ct r(t)?r(t)*

By considering the quotient of %f(t)Q with %l;:(t)Q, we get

Vo2 L[ L re
/f(tﬁdr(t) - 2/12:@)? dk(®)",

which implies

and hence (4.38) follows.
Finally, for any value of 73 and 7 # 1, there exists a convenient the value of o
making the right hand side of the first equation in (4.40) equal to zero. In this case

we can explicitly solve the system with

F(t) = VAt+ B,

1678 k4
where A = —%30
€170

and B = ?%2. O

In the same spirit, we now consider the setting of Proposition 4.18 in the special
case k = —1, i.e. when V* is the Bismut connection on (T'°N, H;). In this case, if

wp is balanced, it turns out that (H, A; ') is an instanton with respect to wy, i.e.
ATV AW =0, (A7)0 = (42 =0,

Moreover, there also exists a solution to the Hull-Strominger-Ivanov system, that
is, a solution (wy, Ht) to the Hull-Strominger system (4.2) for which w; is also an

instanton.
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Theorem 4.22 ([99]). If kK = —1, then the coefficients of wy and H; evolve via the
ODEs system

~

Grr =02+ - -2+ LA o MO L0,
0P = o (o) M
.-
\% k(t)? =
(4.41)

If the initial metric wy is balanced, then Hy = Hy is constant, its Bismut connection

V! is an instanton with respect to any ws, and the Anomaly flow reduces to the

ODE
—r(t) =K+ — 4.42
a0 IR (4.42)
where K1 = Ki(wo, o/, Hy) and Ko = Ka(wp, o/, 7) (see (4.43) bellow).

Moreover, when wq is balanced, we have the following

(i) If o/ <0, then there exists a stationary point to the Anomaly flow which solves
the Hull-Strominger system with non-trivial instanton, for any Gauduchon con-

nection with ™ < 1.

(ii) If &' > 0, then Hy can be conveniently chosen in order to obtain K1 < 0, =0
or > 0 in (4.42). Moreover, there always exists a convenient choice of Hy such
that the Anomaly flow admits a stationary point solving the Hull-Strominger
system with non-trivial instanton.

(iii) If o # 0 and 7 = —1 (i.e. V7 is the Bismut connection of (Ns,wy)), then
(we, Ry 1) s an instanton with respect to wy. Therefore, there exists a stationary
point to the Anomaly flow which solves the Hull-Strominger-Ivanov system with

non-trivial instanton.

Proof. The first part of the statement follows the same argument of Theorem 4.21.

We just mention that by means of (4.34) for k = —1, p =y =0 and z = —1, we
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have (1) + 3(0)
r(t)* + s(t
tr(A; A A7) = —g ) T
r(A; i) () %5(0)*
Hence, the ODEs system (4.41) is obtained from (4.30).
Now, let us assume wy balanced. By means of (4.23) and (4.18)-(4.22), we have

];:(t)4 C12i§ )

c1 = C2,

and hence the ODEs system (4.41) reduces to 7(t), 5(t), k(t) constant (i.e. H; = Hp),

and
L2 = Ky 22
AU TR
with
2 T4 A 302, .2
cic2 c1 ko(Tg + 35) ci(ef +¢3)
K = 715 —q/ = 200 T 20/ fi~4 ol Ko :=a (1-7)(r?=27+5) 12+ __27 111 22 (4.43)
2 2 T950 2

Therefore, we get that w? A A=! = 0 for any t € (T_,Ty) and, moreover, by means
of the curvature forms given in the proof of Lemma 4.19, a direct computation yields

that the curvature of the Bismut connection satisfies
(A0 =AU =0. (4.44)

Hence, V™! is an instanton for any wy, with t € (T_, T} ).

Finally, the last three claims are a direct consequences of (4.43), (4.44) and

Section 4.3.1 arguments. O
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