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Abstract

In this paper we consider a class of p-evolution equations of arbitrary order with variable coefficients
depending on time and space variables (¢, x). We prove necessary conditions on the decay rates of the
coefficients for the well-posedness of the related Cauchy problem in Gevrey spaces.
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1. Introduction

The main concern in this paper is the Gevrey well-posedness of the Cauchy problem

Pu(t,x)=0, (,x)el[0,T]xR, (LD
ul@0,x)=¢x), xeR '

where, for a fixed p € N, p > 2, P is a non-kowalewskian linear evolution operator of the form

p .
P =D, +a,t)D! + Za,,_j(t,x)Df‘f, (t,x)€[0,T1 xR, D=—id. (1.2)
j=1

We assume that a, € C([0, T];R), a,(t) #0 Vt € [0,T] and a,_; € C([0, T]; B*R)), j =
1,..., p, where B*(R) stands for the space of complex-valued functions bounded on R to-
gether with all their derivatives. The operator P is known in the literature as a p-evolution
operator with real characteristics (cf. [15]). To point out some outstanding particular cases,
we recover a Schrodinger-type operator when p = 2 and linearized KdV-type equations when
p =3, cf. [1]. Also for higher values of p the linearizations of several dispersive evolution equa-
tions can be written using an operator of the form (1.2), see e.g. [16] and the references therein.
The Cauchy problem (1.1) for (1.2) has been intensively investigated and well understood in
H®R)=,,cg H"(R), see [4,5,8,11-13] and in the Schwartz spaces . (R), .7’ (R), see [6].

In fact, our assumption a,(¢) € R agrees with the necessary condition for well-posedness in
H*(R) given by Theorem 3 on page 31 of [15]: Ima,(¢) <0Vt € [0, T]. Under this condition,
if the coefficients a; of the lower order terms are all real-valued, then the problem (1.1) is L?
well-posed; well-posedness of (1.1) may fail if Ima; # 0 forsome 1 < j < p — 1.

A necessary condition on the coefficient a,—1(z, x) of the subprincipal part of P for well-
posedness in H°°(R) has been given in [11] when p =2 and in [5] for general p > 3; it reads as
follows:
if (1.1) is well-posed in H**(R), then there exist M, N > 0 such that

o
o min T/Imap,l(t,x + pap(1)0)dd < Mlog(l+0)+ N, Yo>0, VxeR. (1.3)
<r<i<
-0

We recall that dealing with one space dimension, for p = 2 condition (1.3) is also sufficient
for H*® well-posedness and with M = 0 it is necessary and sufficient for L well-posedness,
cf. [12].

The condition (1.3) clearly implies that if a,_; does not depend on x, the problem (1.1) is
not H* well-posed. On the other hand, x-dependent coefficients with bounded primitive are
allowed. For instance, the operator D, + D)% + icosx D, fulfills (1.3) with M = 0 and the
associated Cauchy problem is L? well-posed, cf. [15]. Nevertheless, if we test condition (1.3)
on the model operator

D+ D +i(x) DY (k) =1+ 22, (1.4)
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we immediately realize that for o € (0, 1) H* well-posedness does not hold. In other words,
if a,_y is vanishing for |x| — oo, then its decay must be fast enough to hope for H* well
posedness.

In the study of sufficient conditions for the H*> well-posedness of (1.1) it is customary to
impose some pointwise decay conditions as |x| — oo on the coefficients a,_;(f,x), 1 < j <
p — 1, see [8,13] for p =2 and [4] for general p > 3. These decay conditions are of the form

_p=i
T
)

[Ima,_;(t, x)| <Cr{x) 1, 1<j<p-—1,

matched with suitable decay conditions on the x-derivatives of a;.

Coming now to well-posedness in Gevrey type spaces, the known results are restricted to the
case p = 2 for necessary conditions, see [9,10], and to the cases p =2 and p = 3 for suffi-
cient conditions, see [13] and [2] respectively. Concerning sufficient conditions, as in the H*
case, they are expressed as decay conditions for |x| — oo on the coefficients of the lower order
terms. As far as we know, there are no results concerning necessary conditions for Gevrey well-
posedness for p > 3. The above mentioned results are settled in the following class of Gevrey
functions:

1
HP(R) = U H‘?;@(R), H/?;@(]R) ={ueL*R): &7 %E) e L2(R)}
p>0

endowed with the norm

el o,y = le” " TO 2Ry,

where p > 0 and u denotes the Fourier transform of u. The space Hg°(R) is related to the class
of Gevrey functions in the following sense:

G)(R) C HP(R) C G*(R),
where G?(R) denotes the space of all smooth functions f such that for some C > 0

sup sup |9% f(x)|C%a!™? < +o0,

aeNpxeR

and Gg(R) is the space of all compactly supported functions contained in G?(R).

The definition of well-posedness in ’Hgo (R) for the Cauchy problem (1.1) reads as follows:

Definition 1. We say that the Cauchy problem (1.1) is well-posed in Hg°(R) if for any given
po > 0 there exist p > 0 and C := C(p, T) > 0 such that for all ¢ € HSO,G(IR) there exists a

unique solution u € C'([0, T1; HS'H(R)) and the following energy inequality holds

t, - <C , Vtel0,T].
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To explain the available results in the literature in a simple way it is convenient to use the
model operator (1.4) for p =2 and p = 3 with o € (0, 1). For results concerning the more
general operator (1.2) we refer to [13, Theorem 1.1] in the case p =2 and to [2, Theorem 1] in
the case p = 3.

e By [10] and [13], for the operator D; + D)% +i{x)~% D, we have:

1
ce(0,)andl —0 < g < well-posedness in Hy°(R), 6 > 1.

In the limit case 1 — o = é we have local in time well-posedness, whereas when 1 — o < é

we get it on the whole interval [0, T]. The number 1/(1 — o) works so as a threshold for the
Gevrey indices 0 for which well-posedness results can be found. The case 1 — o > % has
been also investigated in [7], where under additional exponential decay conditions on the
datum g a solution in suitable Gevrey classes has been obtained.

e By [2], for the operator D, + D; +i{x)™° D)% we have:

1 1
o€ <§, 1) and 2(1 — o) < ) = well-posedness in’Hgo(]R{), 0 >1.
Again, in the limit case 2(1 — o) = % we have local in time well-posedness, whereas when
2(1—o0) < é we get it on the whole interval [0, T'].

Thus, in the case p = 3 the following two questions arise:

Q1) What happens when the decay rate o is less than or equal to %?
Q2) What happens when 2(1 — o) > é?

The main goal of this manuscript is to answer the two above questions, and at the same time
to generalize both the questions and the answers to the more general operator (1.2). Namely, we
give a necessary condition on the Gevrey index 6 and on the decay rates of the imaginary parts

of the coefficients of (1.2) for the well-posedness of the Cauchy problem (1.1) in Hg°(R), 6 > 1.
Our main theorem reads as follows.

Theorem 1. Let 6 > 1. Let P be an operator of the form (1.2) with a, € C([0,T];R) and
ap(t) #0Vt € [0, T, and assume that the coefficients a,_ ; satisfy the following conditions:

(i) there exist R, A>0ando,_;€[0,1], j=1,..., p—1, such that
Ima, ;(t,x) >A{(x)" %77, x>R(orx<-R),te[0,T],j=1,...,p—1;
(ii) there exists C > 0 such that for every 8 € N:

108a,_;(r,x)| < CPB1x)P, xeR,tel0,T], j=1,...,p.
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If the Cauchy problem (1.1) is well-posed in Hg® (R), then

1
E:= maxil{(p—1)(1—ap,j)—j+1}§5. (1.5)

.....

Remark 1. Notice that in the case p = 2, the condition i) in Theorem 1 is equivalent in one space
dimension to the slow decay condition assumed in [10].

Remark 2. Let us notice that since (p — 1)(1 — o, 1) > 0 we always have E > 0. We also point
out the following inequalities

~ p—1-]

(p_l)(l_apfl)_]—i_lzl<:>O'p,]§ﬁ,
j rP—J
(p—DU—-0p_j))—j+1<0 = U”_"Z_p—l'

Therefore, as a consequence of (1.5), when 6 > 1 we conclude the following:

o Ifo, ; < ”;:j for some j =1,..., p — 1, the Cauchy problem is not well-posed in
He® (R);
o Ifo, ;> % for some j =1,..., p — 1, then the power o,,_; has no effect on the #°
well-posedness;
o Ifo, ;€ (p;le, Z%{) for some j =1,..., p — 1, then the power o,,_; imposes the re-
striction
. 1
(p—D—-0p_j)—j+1= 0

for the indices § where H° well-posedness can be found.

In particular, we conclude that a first order coefficient of the type a; (¢, x) =i{x)~°!, 01 € (0, 1)
cannot affect the Hg" well-posedness of (1.1) for all 6 > 1, whereas a,_;(t,x) = i{x) -,
Jj=1,..., p—2, can compromise well-posedness provided that o, _; is close enough to zero.

Remark 3. We also notice that if at least one of the coefficients a,_;(t, x) decays less rapidly
than any negative power of (x), e.g. if ap_; (¢, x) = i (log(v/2 + x2))~! for some J.thena,_;
fulfills the assumption (ii) for any o, ; > 0. So, for any fixed 6 > 1 we can find o, ; € (0, 1)
sothat (p — D1 —o0p—;)—j+1> 6~1. Hence, there is no well-posedness in Hg°(R), 6 > 1in
this case. This opens the new question of finding a suitable functional setting where the Cauchy
problem is well-posed in this situation.

Considering the model operator D; + D?C +i{x)™° D)%, o € (0, 1), from Theorem | and the
above remark we obtain the answer to the two questions posed before.

Al) There is no well-posedness in Hg°(R) of the Cauchy problem for D, + D; +i{x)™°¢ D)%

when o < %
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A2) If o € (1/2, 1), the Cauchy problem associated with D; + Di +i{x)™° D)% is not well-posed
in Hg°(R) when 2(1 — o) > é. Thus, 2(1 — o) is the threshold for the Gevrey indices 6 for
which well-posedness results in Hg°(R) can be obtained.

Remark 4. By the known results for p = 2,3 and by Theorem 1, we conjecture that we can
obtain well-posedness for (1.1) in 7—[30 (R) forall § € (1, 27 1) for a generic p. Notice that the
latter interval becomes more and more narrow as p increases. We intend to treat this problem in
a future paper.

The paper is organized as follows. In Section 2 we recall some classical definitions and pre-
liminary results that will be needed for the subsequent parts of the work. Section 3 is devoted to
define the principal tools for the proof of Theorem | and to explain the strategy we will follow to
prove it. Section 4 contains several technical estimates needed to obtain our main result. Finally,
in Section 5, we present the proof of Theorem 1.

2. Preliminaries

In this section we fix some notation and recall the basic definitions and results we will employ
in the subsequent sections. Throughout the paper we shall denote respectively by (-, -) and || - ||
the scalar product and the norm in L>(R). For functions depending on (7, x) appearing in the
next sections, (-, -) and || - | will always denote the scalar product and the norm in L%(R,) for a
fixedt € [0, T].

Given m € R, we denote by Si';(R) the space of all functions p € C % (RR?) such that for any
a, B € Ny the following estimate holds

10g0F p(x. &) < Cap(€)"

for a positive constant C, g. The topology of the space S(’)'fO(R) is induced by the following
family of seminorms

ply" = max_sup [0l p(x.E)(E)™. peSPy(R). £ €Ny

a<t,f=< x,EcR
As usual we associate to every symbol p € S (R) the continuous operator on the Schwartz

space of rapidly decreasing functions p(x, D) : (R) — . (R), known as pseudodifferential
operator, given by

p(x, Dyu(x) = / S p(x, E)AE)AE, ue S (R),

where d§ := % Sometimes we will write p(x, D) = op(p(x, £)). The next Theorem 2 gives the

action of operators coming from symbols Sy’ (R) in the standard Sobolev spaces H*(R), s € R,
defined by

H'(R) :={u e R): (€)°uE) e PR}, Nullgsw) = 1€ ull.
We recall that, when s is a positive integer we can replace ||u|| ys(r) by the equivalent norm
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S
. J
lully =Y 1 DYul.
rd

Theorem 2. [Calderon-Vaillancourt] Let p € Si'((R). Then for any real number s € R there
exist £ :=L(s,m) € No and C := Cs > 0 such that

IpC, Dyuell sy < ClplS Null gsommys  Yu € HF(R).
Besides, when m = s = 0 we can replace | p|§m) by

max_sup 3298 p(x,€)|.
@B=2, reR & 9%

For a proof of Theorem 2 we address the reader to Theorem 1.6 on page 224 of [14]. Now
we consider the algebra properties of ngO(IR) with respect to the composition of operators. Let

pj € Sy o(R), j = 1,2, and define

4(x.6) = Os — / / eV 1 (x, &+ ) pa(x + v, E)dyd @1

&2

:slgl%)// e p1(x,E + ) pax 4y, E)e e dydn.

Then we have the following theorem (for a proof see Lemma 2.4 on page 69 and Theorem 1.4
on page 223 of [14]).

Theorem 3. Let p; € S(%(IR), Jj =1,2, and consider q defined by (2.1). Then q € Sg?(1)+mz (R)
and q(x, D) = p1(x, D)pa2(x, D). Moreover, the symbol q has the following asymptotic expan-
sion

1
g0, 6) =) — 0 pr(x, DY pa(x, ©) +r(x, £),
a<N

where

1

1—g)N-! iy

e, =N [ S0 05— [[ 0 piexis oD pata 4. £)dvan e,
0

and the seminorms of ry may be estimated in the following way: for any £y € Ny there exists
L1 :=4£1(€y) € Ng such that

+
Irnlgy ' < Ceo02 pilgy 10 pal(r®

The last theorem that we recall is a version of the so-called sharp Garding inequality which
takes into account the polynomial behavior at infinity on |x| of the symbol. To state this result
it is convenient to introduce the SG symbol classes. Given m, my € R, we say that a smooth
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function p € C*®°(R?) belongs to the class SG™"2(R?) if for every a, B € Ny there exists a
positive constant Cy g > 0 such that

1097 p(x,&)| < Cap(€)™ ¥ (x)"™ P,
Let p € SG™1"2(R?), then we consider the following special type of Friedrichs’ symmetrization
pFL(x,§)=Os — // e M prp(E +n,x +y,E)dydn, (2.2)
where

prE.x 8 = / FO & Op( OF (€. 0)d;,  x'.E.& €R,

F(xL£.0) =q((X)2 ()72 E — 0))E) 3 ()i, x.£.¢€eR,

for some even cutoff function g € Cf)’o (R) such that f q2 =1 (cf. Definition 11 of [3]). Then we
have the following result (see Theorem 4 and Proposition 6 of [3]).

Theorem 4. Let p € SG"V"2(R) and let moreover pr.1 be the symbol defined by (2.2).
Then prp € SG""™2(R) and p — pr,L € SGml_l’mz_l(R). Moreover, if p(x,&) > 0 then
(pr.L(x, D)u,u) >0 for allu € /(R).

3. Idea of the proof

To prove our result we follow an argument inspired by [10]. We shall prove that if the Cauchy
problem (1.1) is well-posed in Hg°(IR), then the denial of (1.5) leads to a contradiction. With
this idea in mind let us start by defining the main ingredients to get the desired contradiction.
Consider a Gevrey cutoff function & € Gg" (R) for some 6, > 1 close to 1 such that

1 <1
w2 1 =
0, [|x[=1.

For a sequence {vi} of positive real numbers such that vy — oo as k — 0o, we define the follow-

ing sequence of symbols
x — P! E—
we(x,§) =h | ———— || T ). 3.1)
Vi 1Yk

Note that wg (x, &) is a symbol localized around the bicharacteristic curve of £” passing through
the point (0, v) at some fixed time ¢ (in this case t =4/ p). Indeed, the bicharacteristic curve of
£P (usually called Hamilton flow generated by the operator D; 4+ DY) passing through a point
(x0, &) € R?, is the solution of

{x’(:) = pE)P™!, x(0) = xo, 32

§'(1)=0, £0) =éo,
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that is (x(1). £(1)) = (xo + pt&l ™" &).

Remark 5. On the support of wi(-, -) we have that £ is comparable with v, and x is comparable
with v,f_l. Indeed, if & € supp wy (x, -) then

1 3vk Svg
— < — —_—< < —
13 Vk|_41)k<=> 4_5_4,
for all k € Ny. Similarly, if x € supp wi (-, £) then

—1 —1
= 3 <x =<5,

|x —4v£_l| < v,f
for all £ € Ny.

Consider now ¢ € G?(R) such that

$(§) — 6—200(,5)?17 ,

for some pg > 0 and define ¢r(x) = Pp(x — 4v,f_1) for all k € Ny. From the assumed #p°
well-posedness, let uy € clqo, 11: HS;G(R)) be the solution of (1.1) with initial datum ¢y €

H/())O, P (R). Then for A € (0, 1) and 0; > 6, (still close to 1) to be chosen later, we define

2

Ny = v (3.3)

and then we introduce the energy

1 .
OE D DI lw? e Dyt )= Y Erap®). (B4

a<Ng,B<Ni a<Ng,B<Ng

where

p—1
0 (x,£) = h@ (222 oo (£ )
v,f_l %Vk

The next lemma, whose proof follows from Remark 5 and a simple computation, gives esti-
mates for the norms of wy.

Lemma 1. Let «, 8, y, 8, 1, £ € No. Then wlgaﬁ) € Sg\o(]Rz) and there exists C := C(0y) such
that '

0 —y . —8(p—1
I%-/Aafagwl((aﬁ)(x’sﬂé ) < C01+ﬂ+7/+5+ll+€+1 (a|ﬁ|y|8’£'2)9},v£ Vvk (p )
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Assuming that the Cauchy problem (1.1) is Hg° well-posed, by the energy estimate for the
solution (see Definition 1) we simply obtain a uniform upper bound for the energies Ey(¢) with
respect to both k € Ng and 7 € [0, T]. Indeed, the Calderén-Vaillancourt theorem implies (for the
same constant C of Lemma 1) that

Erap(t) < CTHPHH @) lup ()] < CHPH @B uk (0] o ,
P,
and then from the Hg° well-posedness

Epap) < CT,pOCOlH3 (o{!,B!)Oh—Gl "(pk”HBOﬂ(R) 3.5)
=Cr.p C* P (@Bl o )
Pp-0
= Cr1.py. COTP (! g1 01,

Recalling that 61 > 6;, we conclude that

Ex(t)<Crppg Y, CP@p) " <Crpp Y CP@ph® "  (3.6)
a<Ni,B<Ni o,f>0

=CiCr .9, Y1€I0,T] ke No.

The idea to get a contradiction is to use the energy method to obtain an estimate from below
for Ex(t), t € [0, T'], of the type

Er(t) > f(v),

where f(vr) — 400 if (1.5) does not hold. Obtaining such estimate is the most involving part of
the proof, so we shall dedicate the next section to deal with this problem.

4. Estimates from below for E(¢)

We denote

v (1, x) = w P (x, Dy (1, x). A.1)

Then we have
o = Puy +1P, w g = 1P, w g = ),
——
=0
and therefore
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1
1o 10,107 = Eaz{nvff"‘"’ %) (4.2)

=Re (30", v\*")

P
=Re (i k(aﬁ) v,&aﬂ)) —Re (iap(t)va,Eaﬁ) v,ﬁaﬁ)) —ZRe (iap,j(t,x)Df_]vlgaﬁ), v,‘:ﬁ)
=0 j=l

p—1
> — 1AM 1 = Y Reliap—j (0, x) DY v 0Py — Cop 0P 12,
j=1

The terms Re (iap—; (t,x)fojv,Ea’g), vliaﬁ)) (j=1,...,p— 1) will provide the contradic-
tion, whereas || fk(aﬂ )|| will be negligible in some sense. Being more precise, we shall obtain
estimates from above for || fk(aﬁ ) || and absorb them into an estimate from below for the terms

Re(ia,—j(z, x)foj vlgaﬁ), v,iaﬁ)). In the next two subsections we shall discuss these estimates.
4.1. Estimate from below for Re (ia,_(t, x)Df_j v,iaﬂ), v,iaﬂ))

For j=1,..., p—1 we write

—Re (iap_; D!~y @)

=Re(Ima,_ ;DY 70" Py _Re (iRe a,_ ;DI o\ [P

j—1

_‘ 17 —j i
=Re(lma,;D{ 'y o)+ 5 37 (p )(in T Re ap_ i DI o).
s
s=0
Then we consider the following cutoff functions
E—y x —4vP7!
w@=h{>5—]. w@=h|l—7—). (4.3)
7 Vk 3v;
Note that on the support of ¥ (x) xx(§) we have the following
k Tvk
— <oy = —<E<—,
1§ — vil k 1 <é=< 2
=4 <3 e T <<

for all k € Ny. Therefore,

Y _
(. §) € SuppYr (0 a(§) = &7 = s ()T =TT T (@)
Denoting
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7 %p—j

Cp—j = A4p——] (45)

’

where A is the constant appearing in condition i) of Theorem I, we decompose the symbol of
Ima,_;(t,x)DY "/ as follows
Im ap_j(t,x)ép_j
=cpy ) 4 (I a1 087 = cp o)
—1,— . —7 i 1
=y 0 T T o (I (10067 = ey (o T T Y e ©)

+ (Im apj(t, )P~ —cp_j(wP ™y Or- v,f‘j) (1 — Y (0) xk (8)) -

Using assumption (i) we get for k sufficiently large

-1

Ima,_j(t, )€ > cp j 0PV 0Pl L, E) 4+ T i (1, X, 6), (4.6)

where

Ip-jax,§) = (A6 =y s 0 ) e ©), (“7)

Tyt ) = (Im @y (1,208 = oy 077000 T (1 =Y e®) . 48)

Let us immediately notice that by (4.4), (4.7) and the choice (4.5) of ¢, ; we have
Ip_ji(x,£) >0, V(x,§&eR (4.9)

Hence

(aB) (0113))
» Uk

Re (Ima,_ (1, x)DY /v S S Y R S PR T()

> Re(cp—jlv;

+Re (L1 (x, DY v) + Re (4, (1, x, DYu™” v

p—W—o,_;j p—iy. (@B)2
=cpj (vl )OIl 1

+Re (Ip—j 1 (x, DI vy 4 Re (Jp—j it x, DY o)

H(1- 1
26‘177]2 Op— //2 (P ) —Op— j) Jj+ ” (D{ﬁ)”

FRe {lp—j(x, D)v(aﬁ) u ) 4+ Re (Jpj it x, D v P).

From now on, we shall denote by C a positive constant independent of k, «, 8, Nj but possibly
depending on ¢, pp, T and on the coefficients a,_;.
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Lemma 2. If (1.1) is well-posed in Hg°(R), then for any M € N the following estimate holds:
”Dr ﬁ)” < Cvkllv(“ﬁ)ll + C“+ﬂ+M+l{a!ﬁ!}0"M!w"_lv;’M

for some C > 0 independent of k.

Proof. We split the symbol of D’ as

g =& x® +& {1 — ()}

Using the properties of the support of x; (§ comparable with v;) and the Calderén-Vaillancourt
theorem we obtain

105 x (Do I < Cof o). @.11)
Since the supports of w;, ﬁ)(x &) and of 1 — x4 (&) are disjoint, recalling (4.1) we get

op (6"(1 — x(®)}) w™ (v, D) = r) (x, D), (4.12)

where, defining gy (6) = £ {1 — xx (£},
1—6 M—1 )
e (6. 8) = f ( ) Os — f f MM i (& + 0 DM w (x + y, &)dydn db.

We write 8?’1 g in the following way:

0 qi (&)
! M! !
{1—xk(5)}—M),s"M— X e w®F M),sf—MZ, M=<r,
_ ” M‘&f’iT
- oM () — g, M>r.
M1+§2MM'M' § (r — M>)!

My<r

(4.13)
If M > r we see that supp aé” qk C supp xk, SO we can estimate the seminorms of "l‘:‘;v[ as follows:
for every £ € Ny there exists £1 := £1({g) such that

0 0
Ir (”"S)Q())scuzo)—laS ailg) 10 w1,

From Lemma 1 we get
|a)lc\/lwliaﬁ) |é(l)) < C€1+0!+/3+M+161 !29;, {(X‘,B'M'}Hh vk_M(F_l).
On the other hand (using the support of x;) we have
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0 _
02 g (@)1 < ChrEMHLgy oh g Py =M.
Therefore

| (Olﬂ)|(0) < CO(+;3+M+] {Ol!ﬂ!}eh M!29h71 U]:—ka_M(p_l).

When M < r, from (4.13) we have 82 gx (§) = {1 — xx (§)}r!(r — M) 7€M 4 by (&) where

supp br C supp xk. Since the part of r( ) involving by can be estimated as before, we only

explain how to treat the part regarding {1 — e Er\(r — M)!71E"=M which will be denoted by

a,(caﬁ) in the following. Writing

—-M
Eromy =3 Mgy

ey 112!
integration by parts gives
r! r— M) [ (M-
A (5. €) T —M) 2 rilra! M/ w7
ritr=r—M 0

Os = // e — xi}(E +6n) DY P (x 4y, £)EN dyandb.

In this way, for any o € Ny there exists €1 := £1(£o) such that

r'M
o@Dl <5 2 Olgn DM (3 )|
rr—r—M "
r'M 1 —(p=
=TT Y Gl iy DO
Y ribramr—M ryir!
+B+M+1 -1,r—M —(p=DHM
< M g gy p 20ty My (=DM
Thus, we also have
0 — —pM
I < CotPME g g p 2=ty @19

when M < r. Therefore, from (4.1), (4.12), the Calderén-Vaillancourt Theorem, (4.14) and the
energy estimate for u; (coming from the assumed Hg°(R) well-posedness) we get

ID%(1 = xa (D) P || < CoHPHM+L g1 g1y pgi20n =1 =PM. (4.15)

From (4.11) and (4.15) we conclude the desired estimate. O
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4.1.1. Estimate of Re (I, (x, D)v(aﬂ) ]Eozﬁ))
The symbol 1, x defined by (4.7) belongs to SGP~/»~%»-i (R?) and its seminorms are uni-

formly bounded with respect to k. Indeed, since x is comparable with v,f ~and & is comparable
with vg on the support of 1 (x) xx (§) we obtain

|a§a;§1p7,-,k<x,s>|

=2
Y1tv2=
81 +32—5

X |9y 21/fk(x)3 x®)l

=2

Y1t¥2=
81 +82=5

— Cep—] —1,— - p—1
, Ve J/2'81'32 |8V1851{A< ) gl ]_C!’—./(V!{7 ) Upijvlf i

+81+1 —j—- ) +8+1.,46 Op ., —v2—8(p—1)
o n! V2'61!82 — e O T S E) T T ) T TR O TR P gy Py

< CYHFL I8N () PV ()T 0
Thanks to (4.9), we can apply Theorem 4 to I,,_; x(x, D) to get the following decomposition
Ip—jx(x,D)=pp—ji(x,D)+rp—ji(x, D),
where p,_; «(x, D) is a positive operatorand r,j x € SGP~i=1.=op-j=1(R?). In addition, since
the seminorms of I, are uniformly bounded with respect to k, the same holds for the semi-

norms of 7,_; . In this way we conclude that

Re (I, (x, D) 0Py > Re (rpj i (x, DY (@)

—Re (rp_j £ (x, D){x)7r-i+] (x)—ap—j—lvliaﬂ)y Uliaﬂ)>

order p—j—1

= —C1x) ™o ey o
oy @)
> =Cllo 1 Y D)~ iy Y
r=0

To handle with the terms || D;{(x)’(’ﬁ*f’lv,i“ﬁ )}|| we first write
" (r
Dy{(x) vy = 3 (r,> DY (x)~or-i= 1 prry @B
r'=0
On the support of D'~ r (aﬂ ) we have that x is comparable with v,f - , SO

Doy i+1
R Y ot ’”Z(r—IID’

) x—r U]((aﬂ) ” .

r'=0

234



A. Arias Junior, A. Ascanelli and M. Cappiello Journal of Differential Equations 405 (2024) 220-246

Applying Lemma 2 for M = N; we obtain
A e T o R Pl

a+B+Ni+1 2 20,—1. —(p—D(op—j+1) r—N;
+C FHa!l B Ny, vy .

Hence,
Re (I, ;4 (x, DY @) > — o P70 7T B2 (4.16)

_ C(x+/3+Nk+1{a!IB!}9h Nk !29h—1vk7(P71)Up7j7j*Nk ”v]({ﬂtﬂ) ” .

4.1.2. Estimate of Re (J,_j (¢, x, D)v(aﬂ) (aﬂ)>
Since the supports of 1 — ¥ (x) x (€) and of w; ™ (x, £) are disjoint, we may write

Tpeji(t,x, D)w™ (x, D)= R ‘“’3) (,x,D),

where

 \Ne—1
R(aﬁ)k(txé)—N/wOS

- f/ e M T it x, & +0m DY w (x + y, £)dydn db.

The seminorms of R,Eaﬁ ) can be estimated in the following way: for every £o9 € Ny there exists
21 =4£1(£o) such that

0 0
|R(aﬁ) |( ) <C )_|aE ka i k|[1)|8Nk (aﬂ)l( )
From Lemma 1 we get
|a)/(Vk w]((“ﬂ)&?) < C€1+Ot+/3+Nk+1£1!29h {Ol'ﬂ'Nk'}gh vk_Nk(P_l).

On the other hand, with similar computations as in (4.13) and since there is no harm into assum-
ing Ni > p (because vy — 400 and Ny is defined by (3.3)),

O Ty jk(t, x.8)

1

Ny! .
=— Z 8N‘{Imap,j(t,x)ép_/—Cpfj(;ﬁ7 )y~r-ivy ]}1//k(x)8 *xk(®)

NiIN,y! €

Nj+Npy=Ny
Ni=p—j

hence
N; 0 L1+ Ni+1 26, 6 —Jj—N
10 Tyt x, )1 < CHFNe gy 20 NPT =0k
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Therefore
|R1(:Of])',k|2) < Coz+/3+Nk+1{a!IB!}9h Nk!ZGh—IUIf—j_Nk vk_Nk([’_l)’
which allows us to conclude
1Tkt x, D)Ul(caﬂ)” < Ca+ﬁ+Nk+1{a!ﬂ!}ehNk!zah—lv,ffijkkaNk(pfl)_
So,

Re <Jp7j,k(ta X, D)U;{aﬂ), U]Eaﬂ)) > _Ca+/5+Nk+1{a!'3!}9h Nk!29h—ll}]€7*]‘*Nk Uk*Nk(P*I) ”vlgﬁlﬂ) ”
4.17)

4.1.3. Estimate Ofo:_Oj_l (p;j)(in_j_S Re a,_jDy U/(caﬂ)7 Ul(caﬁ))

From assumption (ii), the support of D} v,iaﬂ ) and Lemma 2 we get,fors <p—j—1,

ID? /™ Re ap—; Div )|
< Cvk—(P—j—S)(P—l) ” D;&; U]Eaﬁ) ”
< CUI:(P*].*S)(P*I){CU;: ” vlgaﬁ) ” + Ca+/3+Nk+l (0[!,3!)9]1 Nk!zgh_lv[iiNk}

< Cvk_/ ”vliaﬁ) ” + Ca+ﬁ+Nk+1 (a!ﬁ!)eh Nk!zehil Vk_j_Nk.

Hence

1P, L
=0

> _Cv];j ”U](caﬂ) ”2 _ Ca+ﬂ+Nk+l(Ol!ﬂ!)9h Nk!20h—lvk*j*Nk ||U1£aﬂ) “

From (4.10), (4.16), (4.17) and (4.18) using the fact that vy — +00 we obtain the following
lemma.

Lemma 3. If (1.1) is well-posed in Hg°(R), then for all k sufficiently large the estimate

p—1
- ZRe <l.(1p,j([, X)D)I;ij U/Eaﬂ), U;:ﬂ> > Clka‘ ”vlgaﬁ) ”2
Jj=1

Ni+1 6, 20,—1, —1—N, (ap)
— COHPENH (g1 g1y N 1200y Nk By

holds for some c1 > 0 independent of k, a, B and N, where E is defined by (1.5).
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4.2. Estimate from below of f, (@f)

We start recalling that

p
7P =P, w Ny = D; 4+ a,t) DL, w*P] uk+Z[apfj(t,x)Df7’,w,ﬁ“ﬁ)]uk-
j=1

In the sequel we shall explain how to estimate the above commutators.

4.2.1. Estimate of [D; + D?, w/iaﬁ)]

(aB) -

Since w; " is independent of # we have

[D; +a,(t)D?, w} ’”]_a,,()z '(p Dlw Dl
Now we use the formula
» ey . .
f)D g(x) =D (=) (j) D'~ (g(x)D’ f (x)) (4.19)
j=0

for smooth functions f, g, and the following elementary identities:

p P (—I)Z—H £ (_1)(—5
ZZCV’jaV+j_Z chi s (G, 7V=Zﬁ’

j 2! s1e —s)!
y=1j=0 =1 —l

to deduce that

[D: +a, ()DL, w™]

SN (=Dip! L\ | (@+r+)B)
=a,(t) : — DYV o, VTP (x| D)
? ;}; ylilp —y — )\ (iv,fl> ! k

. S (=Dt p! 1 lefl (@+0B) (. p
‘“1’()2 L5 [-oi \gpr) PF oD

s=1

P )4
e+1(P 1 =t (@+0)p)
B @(F) e e

k
Thus, from Lemma 2 and using the fact that a,(¢) is continuous on [0, T'] we get
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(aB)

I[D: +ap(t)Dx’wk Ju |

5CZ( )( ) | DY@ 08

(a+0)8) a-+B+N+1 O A7 126i—1. p—1—Ni
<CZ p(e o v I+C @B N g . (4.20)

4.2.2. Estimate of [ia,—;(t, x)Df_j, w,iaﬁ)]uk
We first observe that

pP—J
liap—j(t, )DL wP = ia, @, x) ( )DV P (x, DyDI /Y (4.21)
y=I1
Ni—1 1
—i Z D ap—j(t, )8 w (x, DYDY~ j+r;aﬁ}’k(t,x,D),
y=I
where
(1_ )Nk 1
r) s>——szf7

x Os — // e_iynaév"w,({aﬁ)(x,é—i—@n)D;Vkap,j(t,x + y)EP I dydnde.

(ﬁ)

To estimate ro_ik We need to use the support properties of w( P , then we write

p—J . 4
=@ +on—on’ =3 (p . )(& +0m) (=omPI".

=0

Now, integration by parts gives

Os — / / e M (x & +0m)DNa, (1 x + y)EP I dydn
p—j .

=3 (7)o
=0 ¢

x 05 — / f DY e maMw® (x, &+ 0m)(E + 0m) DYray-j(t.x + y)dydn

B p—]J _ —i—¢
(T

=
~.

o~
Il
=}
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—iyn o Ni (@B) £y Netp—j—¢
x Os — //e 9w (& + O E + O DT a1, x + y)dydy.

(aB) -

Hence, using assumption (ii), we estimate the seminorms of r, " in the following way

CNk+p I Y 0) | 1y Nk+p—j—t 0
| (05/3) |([?O Z|$e k (Otﬁ)|( )ID ktp—Jj— a,— ](l .X)|()

< Ca+ﬁ+Nk+l {O{!‘B!}Gh Nk!20h—l v]i’*j*Nk ,
which allows to conclude (using the assumed Hg° well-posedness) that

Iy, Dyugl] = COHPENF gy N 2=ty I (422)
Now we consider the second term in (4.21), and by (4.19) we write

Ni—1 )
Z —DYa,_j(t.0)8} w (x. D)DI™

y=l1
R T EAYEA Y : ,
= 2 —) (=) DYap—jt. )DL 0wy Dy,
y! K Vk v,f 1

y=1 s=0
Using the support of DY s vlg(aﬂ)(ﬁ ) and the assumption (ii) we get

” D)J:ap j(t’ x)fojfx vli(a‘i’s)(ﬂ‘i’y)) ” < C}/+1 y!vk*V(Pfl) || fojfs U;E(aﬂ)(ﬁﬂ)) ” .

Now, applying Lemma 2 with M = N; — y we obtain

”DVaP j(t’ x)fojfs U]i(a‘i’s)(ﬂ‘i’)/)) ” < CV+1V!V;y(p71)V£7j7S ||v]£(a+5)(ﬂ+}’)) ”

+ C)/+l,y!vk_V(P_l)C(x-i-S-‘rﬁ-FNk{a!ﬂ!s!y!}9h (Nk _ y)!zgh—lvlf_j_s_(/vk_l/).

Hence

Nkl

Z —Diap_ (. 03] w B (x, DYDY | < (4.23)

—j Ng—
Z Z —(P—./')(S-i-y—l)—.i(s-‘ry) ||U((06+S)(/3+V))”
k
s=0 y=1

+B+Ni+1 0 20, —1 1—j—Ni
+ COPN 1 g1y N1 20Ty .

239



A. Arias Junior, A. Ascanelli and M. Cappiello Journal of Differential Equations 405 (2024) 220-246

Finally, for the first term in (4.21), we follow the same steps of Subsection 4.2.1 to get

i( >D" (aﬁ>( D)D” j=v

—J .
—J 1 —j—t ¢
Z 1)f+1< ' ) — KDJICJ J o w]g(a‘i' )}3)()6’ D),
(=1 (l Uk )

and therefore

(4.24)

P—J .
ia, j(t,x) Z <p ]>D,}C/wlgaﬂ)(x, DYDYy
— 14
y=1
1 (@+0)B) B+ N+ O 7. 126n—1 . 1= j—Ni
SCZWH% |+ CHFPTNE g1 g1y N 1200 =y 7T
Gathering (4.22), (4.23) and (4.24) we obtain

p .
> lliap—j(t, ) DY wi P g | < (4.25)
j=1

i Nj—1
Z CVVk_(p Dis+y—1)— j(r+)/)|| ((a+s>(ﬂ+y))”

"3
\

IA
aQ
R

1

~.
Il
©
Il
(=}

y=

r p—Jj

E 1 +¢ o
+C Zmllviw B || 4 cotBHNe (1 8110 N 120 v )

j=1¢=1 Yk

p—1 Ny—
E Z }/v (p—Ds+y—D— (S‘H/)” ((aﬂ)(ﬂﬂ/))”
s=0 y=1
p—1
+C ((a+0)B) ” 4 Ca+,3+Nk+l{a!IB!}9h Nk!zehflvlf_l_Nk.

REICEY Il
=1 Vg

Now, combining (4.20) and (4.25) we can summarize the computations of Subsection 4.2 in the
following lemma.

Lemma 4. If (1.1) is well-posed in ’Hgo (R), then

p—1N—1
2: +£ —(p—D(s+y—1)—s— +: +
”f(aﬂ)” <C p([ 5 |v((0‘ B | +C E E Cyvk (p—=D(s+y—D—s }’”vl(c(a $)(B V))”
=1V s=0 y=I

+ C0l+,3+Nk+1 ((X‘ﬁ')eh Nkzzeh—l V]f_l_Nk
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for some constant C > 0 independent from k, a, f and Nj.
4.3. A lower bound estimate for 0; Ey(t)

Lemmas 3, 4 and (4.2) give the following

p
+o
o = e I | = Calo = € Y s o7
e=1 Yk
p—1 Ne—1
—-C Z Z Cyvk—(p—l)(s+y—1)—s—y ||vlg(a+S)(/3+y))”
s=0 y=1
_ Ca+ﬂ+Nk+1(Ol!,3!)9h Nk!zeh_lvlf_l_Nk,
Therefore
1
WE(N= Y. Watuv(“ﬁ)(r I (4.26)
a<Ng,B<Ny
1 g
= Z W{Clvi— aO}”v(aﬁ)”
a<Ng,B<Ny =
| ! (@+DB)
_CZ pE—1) Z (@!g)o Il I
=1 Yk a<Ng,B<N; "
p—1 Ng—1 1
_ v, —(p=D+y—D—s—y ((a+s)(B+Yy))
€2 2.y Y ||
s=0 y=1 a<Ng,B<Ni
1 1
+B+Ne+1 O a7 126n—1 p—1—Ni
- > B CoOHPHNH (1 1) Ny 12001 .
a<Np,B<Ny 7

In the sequel we shall discuss how to treat all the terms appearing in the above summation.
For the first one, by (3.4) and (4.1) we simply have

1 - -
Y gy e~ Cal I = fenvf = CapbEn(r). @.27)
a<Ng,B<Ny = "'

For the second one we proceed as follows

P P 0
¢ 1 (@+0)p) C (a + )1
Z p—1) Z (oz',B')91 ”Uk I'= Z p—1) Z Qo Eravep

e=1 Y a<Ng,B<N; - e=1 Yk a<Ng,B<Nj

w]
_Z p(z 1){Ek+ Z ZEkcx+£ﬁ}

a=Ny—L+1 B<Nj
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Recalling (3.5) we get the upper bound

Eratep = CPH @ + 0180770,
so, since a + £ > Ny, we obtain
u P 6,

! (@+0p) CN Ni+1 py 184—0
Z p(l D ) (a!ﬂ!)el||vk <> s | Bkt TN

=1 <Ny, B<Nk e=1 Vk

A
Now we use the definition of Ny := Lu,f‘ | and the inequality N,fv" < ek N1 to conclude that

SNe 1 (@+0)p) 408
Z vp(E—l) Z (oe!ﬁ!)91 ”vk ” ( . )
=1 Yk <Ny, B<Ni
ZA K(9h991)Nk
Ni+1 Nk(eh 91) 1
SCZ (/z ) Ex+C
Vi
Z "/fk Ny+1. C—cN,
K+ —CNg
SC;—UWZ_UE;(+C v N
=1 Yk

where, from now on, ¢ > 0 shall denote a constant independent from k.
For the third term in (4.26) we recall the following inequality

B+y)! iy

Al <B+p) <N < r”(v )Y, provided thatB +y <rNg,r € N,

thus, since A € (0, 1), for k sufficiently large so that C v,i‘_l < 1 we have

p—1 N1
vy, —(p=DG+y—D—s—y ((a+s)(B+y))

Z Z C7vy Z !ﬁ')el vy I
s=0 y=1 otSNk,ﬂSNk

p—1N;—1 0
_ —(p=D(s+y—D—s—y [ @+ B+ y)!
2353 DI MR (o

s=0 y=1 a<Np—s <N, B<Ny e

B<Ny—y  a+s>NiorpB+y>N;

p*l Nkfl
— —(p—D(s+y—1
= Z { Z + Z ](CV]iL ])V+Svk (P=bisty )Ek,a+s,ﬁ+1/

s=0 y=1 a<Ni,B<Ny a<Nj—s <Ny, B<Ny
B<Nyr—y  a+s>NiorpB+y>Ni

p—1 N¢—1
< |:Ek + Z Z Z Ca-‘rs+/5+)/+l{(a +5)I(B _I_y)!}911—01j|

s=0 y=1 a<Ny.B<Ny
a+s> Ny or B+y > Ni
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< Ej + CNeF N 0=,
A

From the definition of Ny := Lv,f_l | we obtain

p—1Ng—1

—(p=D(s+y—D—s— 1 +5)(B+ +1. C—cN,
Z Z Cyvk (p—D(s+y—1)—s—y Z (a‘ﬁ')gl ”U]E(a s)(B V))” < Ek+cNA+ vk CN
s=0 y=1 a<Ng,B<Ny =

(4.29)

for all k large enough, where C, ¢ are positive constants independent of k.
A
Finally, for the last term in (4.26), using the definition of Ny := Lv,flj and recalling that

01 > 0, we easily conclude that

Z ( ‘;')91 Ca+ﬁ+Nk+] (a,ﬂ,)(-)h Nk!zehflvlf_l_]vk S CNk+1VkC_CNk. (430)
a.p.
a<Ng,B=Ny

From (4.27), (4.28), (4.29) and (4.30) we obtain the following proposition.

Proposition 1. If (1.1) is well-posed in H° (R), then for all t € [0, T] and k sufficiently large the
inequality

b 28
£ L C—cN,
0E D) 2 [cwk -C :ﬁ]Ek(n — Nt el
=1 "k

holds for some C, ¢ > 0 independent from k and Ny.
5. The proof of Theorem 1
We are now ready to prove our main result.

Proof of Theorem 1. Denote by

14 178
= vV C—cNy
Ag =] —CE % Ry = CNitly -=e, (5.1
e=1 Yk

By Proposition | we have 0; Ex(t) > Ay Er(t) — Ry.

Choosing the parameter A < min{Z, 1}, then we have (¢ — 1)(A — p) + L <A < E, and so
L) — p(£—1) < E, and this means that the leading term in Ay is the first one; so for k sufficiently
large we obtain

k > 1
4 —)
2

~m

In the next estimates we shall always consider k sufficiently large. Applying Gronwall’s in-
equality we obtain
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t
Ei(r) > e Ek(O)—Rk/e’A”dr > ! T (Ep(0) = tRy), 1€(0,T]. (5.2)
0

Now we need to estimate properly the term Ry from above and E;(0) from below. Recalling
A

that Ry =C vkcf':Nk and Ny := I_ng_‘ | we may estimate Ry from above in the following way

X
oy

Ry <Ce "k . (5.3)

The estimate for Ej(0) is more involved. We have
x —4vP! D—v
k k
Yk 4tk L2R,)
x— P! E—vp\~
= Hf[h (,,7_’;)} &) xh (1— i (€)
Vi 1Yk

Er(0) > [[wk(x, D)l 2w, =

L2(R¢)

=" e“”i”sﬁ(v,{"ls)*h(g—l_ Vk)e%fl%(@
Atk L2Re)
hence
2
2(p— ~ n—vk\~
E{(0) = v "™ / / hof ‘(s—n»h( T >¢(n)dn ds.

R;: R, e

We choose the Gevrey cutoff function % in such a way that 7;(0) > 0 and ﬁ(é) >0 for all £ e R.
Then we get an estimate from below for E,% (0) by restricting the integration domain. Indeed, we
set

Vi Vi —p Vi —p Vi
Gl,k=[w¢—§,w¢—§+”k ]U[Wﬁ‘g‘% »Vk‘i‘g],

_ Vk -p Yk —-p Vk -p Yk -p
Gz,k—[vk—g—vk ,Vk—§+vk ]U[vk+§—vk ,vk+§+vk ]

Then | — vi| <8 vy forall n € Gy x and u,f“ & —n| <2v; ! forall n € Gy and all £ € Gox.
Now, if (§,1) € Gox x G, then v,f_l(g — 1) is close to zero at least for k large enough,
and so by the choice #(0) > 0 and A (&) > O there exists a positive constant C such that for

k large enough we have /h\(v,f_l(é — 1)) > C. Moreover, if n € G| then h <%> =1, and

7 Vk

1
finally using the fact that ¢ (1) = e~2? 7 but 5 is comparable with v, on G x, we can write
1

N o ... . . ..
() > e “m" for a positive constant c,, depending on pg. Summing up, by restricting the
domain of integration we have
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2

1
E,f(O)sz,f(”‘”e*ZCﬂo”f/ /dn d§
Gk |Gk

1
— 2
= Cvy PP 2

In this way we get the following estimate

1
E(0) > Cvp PP (5.4)

From (5.2), (5.3) and (5.4) we conclude that for all ¢ € (0, T']

A

1 A
c] B _ ] [
Ei(t) > Ce! 3F |y PP ememl —gemen |, (5.5)

provided that & < min{E, 1} and k being sufficiently large.
Suppose now that (1.1) is Hg°(R) well-posed and assume by contradiction that % < E. Then we
take A = % + & with &€ > 0 small so that A < E and A < 1. After that, we choose 6 very close to

1 to get g‘—l > %. In this way (5.5) implies for k sufficiently large

|
sz _x .§
Er(t) > Cre 0V e 0% |

Thus, for k sufficiently large

Ek(t)zC3e70"kE — o0 for k— oo.

The latter inequality provides a contradiction, since the assumed Hg°® well-posedness implies
that the energy E(¢) is uniformly bounded from above, see (3.6). O

Data availability
No data was used for the research described in the article.
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