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Dissipative solitons in optical microcavities have attracted significant attention in recent years
due to their direct association with the generation of optical frequency combs. Here, we address
the problem of dissipative soliton breathers in a microresonator with second-order nonlinearity,
operating at the exact phase-matching for efficient second-harmonic generation. We elucidate the
vital role played by the group velocity difference between the first and second harmonic pulses for the
breather existence. We report the dissipative breather gas phenomenon, when multiple breathers
propagate randomly in the resonator and collide nearly elastically. Finally, when the breather gas
reaches an out-of-equilibrium statistical stationarity, we show how the velocity locking between first
and second harmonic is still preserved, naming such phenomena turbulence locking.

I. INTRODUCTION

Ultra-high Q-factor optical cavities, such as whisper-
ing gallery modes (WGMs) microresonators, offer a com-
pact and power-efficient platform for generating various
types of spectrally broadband waveforms, including dis-
sipative Kerr solitons [1, 2], Turing patterns [3], soliton
molecules [4], and soliton crystals [5]. Spectra of these
waveforms are associated with optical frequency combs.
Recent developments have shown that a similar range of
effects happens in microresonators with the second-order,
χ(2), nonlinearity [6–10]. Coherent and equidistant mi-
croresonator combs can be used for various applications
such as, e.g., precision spectroscopy, optical clocks, and
search for exoplanets [11–13].
One of the prerequisites for the efficient operation of a
soliton-based microresonator device is the stability of dis-
sipative solitons. Hence, the accurate knowledge of the
parameters responsible for instabilities is a fundamental
problem relevant to technological applications. On the
other hand, understanding soliton instabilities enable the
experimental realisation of breather combs [14–16] and
also opens up the possibility of using microresonators as a
platform to investigate the interplay between dissipative
solitons, multi-mode chaos and turbulence [17–19]. The
study of dissipative breathers in χ(2) microresonators has
so far been restricted to the regime of optical parametric
down conversion [20, 21], where dissipative solitons be-
come Hopf unstable leading to the breather formation.
This work will investigate whether this scenario takes
place as well in a χ(2) microresonator set for second har-
monic generation (SHG).
Assuming that the second-harmonic is far from the
phase-matching conditions, the nonlinear interactions re-
semble the four-wave-mixing (cascading regime), and one
can expect the existence of dissipative breathers simi-
lar to those observed in Kerr microresonators. How-
ever, it remains an open question whether dissipative
breathers can also exist at the exact phase-matching

(SHG breathers). This question is not limited to mi-
croresonators, but it also extends to bulk crystals. Re-
cent studies have demonstrated breather solutions only
in the cascading regime, and brought up close analogies
with the Ahkmediev and Kuznetsov-Ma breathers [22–
25]. In this work, we show that dissipative solitons at the
phase matching point (SHG solitons) are linearly stable,
provided that the group velocity walk-off is zero, and,
therefore, SHG breathers do not exist. Inducing a non-
zero walk-off, which is practically unavoidable in experi-
ments, opens up a window of instability not only for the
continuous-wave (cw) solution [26], but also for the soli-
tons and, consequently, triggers SHG breathers. In addi-
tion, our findings give evidence that the walk-off-induced
instability can also lead to the generation of multiple ran-
domly moving and quasi-elastically interacting dissipa-
tive breathers. We will refer to such a state as SHG dis-
sipative breather gas and we will compare it with its SHG
dissipative soliton gas counterpart. Furthermore, we find
that when the light inside the resonator reaches a sta-
tistically stationary turbulent state, the locking between
the first and second-harmonic components of the chaoti-
cally moving, disappearing, and emerging pulses remains
intact. We refer to this phenomenon as the turbulence-
locking regime.

II. MODEL

In this work, we will consider a WGM LiNbO3 ring mi-
croresonator as the one recently used to experimentally
generate second harmonic frequency comb [7]. By pump-
ing ordinary polarised light with cw-laser at 1065 nm, it is
possible to achieve natural phase matching and generate
extraordinary polarised second harmonic light. Disper-
sion relations around the first harmonic cavity mode mp

and second harmonics cavity modems = 2mp are defined
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as

ωe
µ = ωmp

+ µD1p +
1

2
µ2D2p (1)

ωo
µ = ωms

+ µD1s +
1

2
µ2D2s. (2)

Here ωmp
and ωms

denote the cold cavity resonant fre-
quencies, respectively, while µ = 0,±1,±2, . . . represents
the mode number offset with respect to mp,s. The group
velocity dispersion coefficients D2p/2π = −100 kHz and
D2s/2π = −200 kHz are both normal, while the repeti-
tion rate is D1p/2π = 21 GHz. The walk-off parameter
U = (D1p − D1s) is of the order of 1 GHz at the phase
matching point, 2ωmp

= ωms
. Throughout this work we

will treat the walk-off as a free parameter. The equations
governing the evolution of the first and second harmonic
envelops ψp,s are given by

i∂tψp =
(
δp − iD1p∂θ − 1

2D2p∂
2
θ

)
ψp − i

κp
2
ψp + h

−γpψsψ
∗
p, (3)

i∂tψs =
(
δs − iD1s∂θ − 1

2D2s∂
2
θ

)
ψs − i

κs
2
ψs

−γsψ2
p, (4)

formal derivation can be found in [27]. Here,
δp = ωmp

− Ω represents the detuning of the cw-pump
laser frequency Ω from the cold cavity resonance
frequency ωp. Similarly, δs = ωms

− 2Ω denotes the
detuning of the second harmonic. From the detuning
definitions it is possible to rewrite the second harmonic
detuning as δs = 2δp − ε where ε = 2ωmp

− ωms
is the

frequency mismatching parameter. The linewidths are
given by κp/2π = 1 MHz and κs/2π = 4 MHz, setting
the resonator finesse F = D1p/κp ∼ 104. The nonlinear

coefficients are defined as γp,s/2π = 300 MHz W−1/2.
The power of the cw-laser W is related to the pump
parameter h = iκp/2

√
η/πFW, where η is the coupling

coefficient, η = 0.5.

III. QUADRATIC DISSIPATIVE SOLITONS
AND WALK-OFF-INDUCED INSTABILITY

One of the main effects that the walk-off has on dissi-
pative quadratic solitons is the fact that localised struc-
tures cannot travel with linear group velocity, but their
velocity is selected by the dissipative effects. The value
of the velocity at which the first and the second har-
monic solitons are locked together is such that the linear
momentum M is conserved in time, i.e.,

d

dt
M = −(κpMp + κsMs) = 0, (5)

where

M =Mp +Ms (6)

Mp = γs/i

∫ π

−π

(
ψ∗
p∂θψp − c.c

)
dθ (7)

Ms = γp/(2i)

∫ π

−π

(ψ∗
s∂θψs − c.c) dθ. (8)

The functional form of (7) and (8) is such that Mp+Ms

is conserved in time in the Hamiltonian limit, κp,s = 0,
see [28]. Note that the momentum is not, in general,
a conserved quantity, given the presence of dissipation,
however, the system can support travelling wave solu-
tions moving with the common velocity V if the rhs of
Eq. (5) vanishes.
A natural question that arises is how to estimate the
value of such velocity. In order to answer this, it is in-
structive to consider the case when κp,s = 0. In such
Hamiltonian limit, soliton solutions are not limited to a
single value of velocity locking, but V can span a con-
tinuous range of values [28]. Since an analytical solution
for second harmonic χ2 cavity solitons does not exist, to
our knowledge, it is useful to start identifying the range
of possible velocities at which a solitary travelling wave
can propagate in microresonator. To do so, one can relies
on the so-called band gap analysis already introduced in
[29].
The idea behind the band gap analysis is the following:
a localised/solitary waves moving with velocity V in an
optical cavity can exist on the top of a homogeneous cw-
solution ψ0

p,s only if the condition

V ̸= ωµ

µ
(9)

is true for each µ in the cavity, where ωµ represents the
dispersion relation for weakly nonlinear waves propagat-
ing on the top of the cw-solution. Such dispersion re-
lation can be found performing standard Bogoliubov-de
Gennes analysis. In order to emphasise the role of the
walk-off parameter, we will work in a frame of reference
moving with angular velocity D1p. One can now substi-
tute the ansatz

ψp,s = ψ0
p,s + up,se

iµθ+λt + v∗p,se
−iµθ+λ∗t (10)

with λ ∈ C, in Eqs. (3) and Eqs. (4) and solve the eigen-
value problem

MA = λA (11)

arising after linearising with respect to the small am-
plitude perturbations |up,s| and |vp,s|, where A =
(up, vp, us, vs)

T and

M =


Lp − iκp −γpψ0

s γp(ψ0
p)

∗ 0
γp(ψ0

s)
∗ −L∗

p − iκp 0 γpψ0

−2gsψ0 0 Ls − iκs 0
0 2gs(ψ0

p)
∗ 0 −L∗

s − iκs

 , (12)

where κp,s = 0 and with the following definitions: Lp ≡
(δp + 1/2D2pµ

2) and Ls ≡ (δs + 1/2d2sµ
2 + Uk). Fig-
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FIG. 1. Numerically evaluated phase speed for small ampli-
tude waves on the top lower branch cw-solution obtained for
the following parameters: δp/2π = −26.64 MHz, δs = 2δp
and W = 260 mW. In panel (a) walk-off parameter U is zero,
while in (b) U/2π = −5 MHz

ure 1 shows the four phase speed branches ωµ/µ for low
amplitude waves numerically computed in the frame of
reference moving with angular velocity D1p. Note that
ωµ corresponds to Im(λ). Dash lines in the plot high-
light a band gap: a range of velocities such that small
amplitude waves cannot propagate and, hence, where it
possible to prevent energy transferring from solitonic so-
lutions to small amplitude waves.
We can now focus on the role of the walk-off parameter
in the band gap analysis. One of the main effect of the
walk-off is presented in Fig. 1(b) where it is shown how
non-zero walk-off in the system modifies the dispersion of
linear waves, leading to the narrowing of the band gap.
As we increase the walk-off parameter beyond a critical
value, Uc, the band gap completely closes, thereby im-
peding the existence of soliton solutions.
The presence of walk-off also has a significant impact on
the behaviour of SHG solitons, specifically with respect
to the velocity at which the first and second harmonic
solitons become locked together. As already mentioned,
by reintroducing losses in the system, first and second
harmonic solitons will travel at a speed such that the rhs
of Eq. (5) vanishes. Such value will be in general selected
by the values of dissipation parameters κp,s, as discussed
in the appendix , and it will lie within the range esti-
mated using band gap analysis. The specific value of
velocity locking can be evaluated numerically, with a ve-
locity selective Newton-Raphson method, see red circles
in Fig. 9 in the appendix. Alternatively, it can be analyt-
ically shown that for small values of walk-off, the locking
velocity, V, depends linearly on U :

V = αU . (13)

Derivation of the α coefficient can be found in the ap-
pendix, see Eq. (A.6), where a comparison between the
velocity locking values obtained numerically and analyt-
ically is shown in Fig. 10(b).

FIG. 2. Existence region for soliton solutions for different
values of detuning and cw-laser input power, in the absence of
walk-off (a) and with in the presence of walk-off (b). Existence
region is studied up to -30 MHz although it can extend beyond
such value. Stability and instability region are denoted by
green (light gray) and orange (dark gray) colour respectively.
Bistability line denotes where the homogeneous cw solution
becomes multivalued.

IV. QUADRATIC DISSIPATIVE BREATHERS

After presenting the influence of the walk-off on the
velocity and the existence of SHG soliton solutions, we
will now examine its impact on their stability and how it
contributes to the transition from solitons to breathers.
It is well known that breather solutions can exist in the
integrable NLS equations in the form of time [23, 24]
and space [25] periodic solutions. In the case of quadratic
nonlinearity, similar solutions have been found only in the
cascading regime limit, where four wave mixing is dom-
inant [22]. In our work, such a limit would correspond
to the case of δs ≫ δp. For Kerr optical cavities, where
driving and dissipations are added to the standard NLS
equation (aka Lugiato Lefever equation [30]), breathers
can exist when solitons undergo a Hopf instability [20].
Numerical and experimental results concerning dissipa-
tive breathers can be found in [16, 31]. The main problem
concerning finding SHG breathers in the phase-mathcing
regime consists in the stability of SHG solitons. In or-
der to study linear stability of soliton solutions, one can
modify Eq. (12) substituting the soliton profile instead
of the cw-background solution, considering small ampli-
tude perturbations being generic functions of θ, up,s(θ)
and vp,s(θ), and redefining Lp ≡ (δp − 1/2D2p∂

2
θ − iV∂θ)

and Ls ≡ (δs − 1/2D2s∂
2
θ − i(V − U)∂θ). Differently

from dissipative solitons in the Kerr case, SHG solitons
appear to be stable for all values of detuning and/or driv-
ing power, see green (light gray) region in Fig. 2(a), as
long as the walk-off parameter is neglected. Note that,
moving away from the ideal scenario of perfect group ve-
locity matching (zero walk-off) makes it harder to find
SHG solitons, due to the closure of the band gap. Only
recently has been proven existence of quadratic dissipa-
tive soitons (DSs) with large walk-off, but limited to the
cascading regime [10]. However, it is possible to alter
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the stability of SHG solitons by considering a value of
the walk-off parameter large enough to trigger a Hopf in-
stability, see orange (dark gray) region in Fig. 2(b), but
less than the critical value, Uc responsible for the closure
of the existence gap. By selecting detuning or cw-input
power within the orange region in Fig.2(b), one can in-
vestigate the effects of such instability in the dynamical
evolution of the SHG soliton. Figure 3(a) shows how the
instability is responsible for the soliton-breather transi-
tion. The figure shows the dynamics of the first harmonic
component of the SHG soliton in a co-moving frame of
reference. This choice was made to emphasise how, after
a few thousand of round trip times, the soliton starts ra-
diating dispersive waves and stabilises at a new velocity.
The system reaches a meta stable state characterised by
random velocity shifts as highlighted by white circles in
Fig. 3(a). Meta stability has been tested numerically for
up to 4 × 106 round trip times. Given the finite size of
the system, the emitted dispersive waves cannot escape
but they keep travelling within the cavity. We stress that
this is not a numerical artefact, but an intrinsic property
of microresonators. This process will trigger a continu-
ous emission and re-absorption of the waves causing the
breathing of the soliton [32]. The coherence of such state
can be observed in the space-time Fourier analysis of the
dynamics. Specifically, from Fig. 3(b) it is possible to
see how the dissipative breather is formed by the super-
position of several coherent structures, all moving with
the same velocity. The crossing of the breather signal,
with the weakly nonlinear dispersion, see white dash line
in Fig. 3(b), causes the resonant emission of dispersive
waves with characteristic wavenumber µr ∼ 22, see white
circle in Fig. 3(b). Note that weakly nonlinear dispersion
is the same as the one plotted in Fig. 1(b) but in a frame
of reference co-moving with the soliton. Spectra evalu-
ated after 2.6×106 round trip times are shown in the inset
of Fig. 3(c) for both first and second harmonic. In the
first harmonic spectrum, aside from the main peak associ-
ated to the cw-pumping, a smaller secondary peak is also
present at µ = 22. In order to evaluate the oscillation pe-
riod of the SHG breather, one can evaluate the dominant
frequency in the system trough the so-called rf-spectrum,
evaluated as Ft[⟨ψ|ψ⟩θ], where Ft represents the Fourier
transform with respect to time and ⟨ψ|ψ⟩θ =

∫
|ψ|2dθ.

Such a plot is shown in Fig. 3(c) where a peak is ob-
served at 0.01 GHZ. Such value is remarkably close to
half of the gap size, as pointed out in recent literature on
dissipative Kerr breathers [33].

V. DISSIPATIVE BREATHER GAS

The effects of the walk-off induced instability on soli-
ton dynamics can be further studied by examining the
transition from a SHG soliton to a turbulent state This
transition can be achieved by increasing the growth rate,
Re(λ), of the linearly unstable eigenstates responsible for
the soliton instability, for instance, by maintaining the

same detuning as shown in Fig. 3 while increasing the
input cw-power W. Figure 4(a) displays the time evo-
lution of the first harmonic component of an unstable
SHG soliton inside the resonator. Due to the walk-off in-
duced instability, the soliton first transforms into an SHG
breather, then into a state characterized by an increasing
number of breathers before finally settling into a turbu-
lent state similar to the Kerr spatiotemporal chaos ob-
served in [5]. This state is referred to as SHG dissipative
breather gas, a term adopted from the integrable turbu-
lence community [34]. Unlike integrable systems where
solitons or breathers can only interact elastically with
each other, our system can reach an out-of-equilibrium
stationarity characterized by a multitude of pulses con-
tinuously emitting dispersive waves. The loss of co-
herence typical of a turbulent state is evident in both
Figs. 4(b) and (c), where there is no longer a clear signal
associated with a coherent structure, nor a well-defined
peak in the rf-spectrum.
A question that arises naturally concerns the difference
between SHG dissipative breather and soliton gas. As al-
ready pointed out, differently from dissipative solitons in
the Kerr case, SHG solitons are not affected by Hopf-type
instability; as long as the walk-off parameter is negligible,
this result is independent of the detuning value and the
initial power. Therefore, we can exploit this feature to
generate a gas of SHG dissipative solitons. To engineer
such a state, we start by considering an initial condition
characterised by 15 solitons in both harmonics, which we
will refer to it as a soliton crystal. Figures 5(a) and (b)
display a portion of the crystal obtained numerically us-
ing a Newton-Raphson method. These figures allow for
a visual comparison between the crystal, see black line,
and the single soliton solution, see orange (gray) line, for
the first harmonic component. Figure 5(c) demonstrates
that the velocity locking of the crystal remains consistent
with that of the single SHG soliton solution for different
values of the walk-off parameter. Additionally, Fig. 5(c)
confirms the linear trend as predicted in Eq. (13). A
substantial difference between the crystal and the single
SHG soliton solution concerns their linear stability. In
Figure 5(d) we plot the dimensionless value of total mo-
mentum for the system with respect to different values of
walk-off. Despite sharing the same velocity, the crystal
exhibits higher momentum due to its higher power inten-
sity. Dash and solid lines in Fig. 5(d) denotes unstable
and stable solutions, respectively. More specifically, the
crystal is unstable for small walk-off values, differently
from the single soliton, see black and orange (gray) lines,
respectively. By increasing the walk-off value, the crystal
stabilizes and then de-stabilizes again, experiencing the
same type of walk-off-induced instability experienced by
the single SHG soliton which led to the formation of a
SHG breather, as discussed in the previous section. The
different nature between the two instabilities affecting the
crystal can be understood by considering the spectrum
associated with the most linearly unstable eigenstates of
the crystal, see Figs. 5(e) and (f). In case of a small walk-
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FIG. 3. (a) Dynamical evolution of unstable soliton solution. Detuning parameters and cw-laser power are δp/2π = −26.64
MHz, δs = 2δp, W = 870 mW and V = −1.62 MHz. (b) Space-time Fourier transform of breather dynamics. Space-time
Fourier transform within the time interval [2.5, 2.6]× 106 round trip times. Weakly nonlinear dispersion relation superimposed
using white dash line. (c) rf-spectrum for first harmonic. Inset in (c) shows first and second harmonic spectra, black and orange
(gray) line respectively, of the dissipative breathers after 2.6× 106 round trip times.

FIG. 4. (a) Dynamical evolution of unstable soliton solution. Detuning parameters and cw-laser power are δp/2π = −26.64
MHz

, δs = 2δp, W = 910 mW and V = −1.63 MHz. (b) Space-time Fourier transform within the time interval [3, 5]× 104 round
trip times. (c) rf-spectrum evaluated as in Fig. 3(c)

off, the instability leads to the formation of a secondary
comb with different periodicity, while for large walk-off
values, the instability leads to the creation of sidebands
around the primary comb. As a final remark, the insta-
bility for small values of walk-off appears in the form of
a single positive real eigenvalue λ, while for large walk-
off it appears in the form of a pair of complex conjugate

eigenvalues with positive real parts [35].
We will now study the long term effects of these two dif-
ferent types of instability on the temporal dynamics of
the crystal. Figure 6(a) shows the first harmonic compo-
nent of a collection of spectra obtained from the dynami-
cal evolution of stationary crystal states for different val-
ues of walk-off parameter. Each spectrum is measured
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FIG. 5. Space profile of stationary DS solution and soliton crystal, orange (gray) and black line respectively, in case of (a) zero
walk-off and (b) U/2π = −5 MHz. (c) Plot of velocity locking for both single DS and soliton crystal versus walk-off. (d) Total
linear momentum in dimensionless units versus walk-off. Dash lines highlight unstable solutions. Fourier spectrum of soliton
crystal, black lines, superimposed to Fourier spectrum of unstable crystal eigenstates, green (gray) lines, for (e) zero walk-off
and (f) higher walk-off, |U|/2π = 5 MHz. For each panel detuning and cw-input power are the same as the one used in Fig. 4.

FIG. 6. (a) Collection of spectra from dynamical evolution of stationary crystal states for different values of walk-off parameter.
Each spectrum is measured after 5× 105 round trip times. Time evolutions of soliton crystal for (b) |U|/2π = 1 MHz and (c)
|U|/2π = 5 MHz. For each panel detuning and cw-input power are the same as the one used in Fig. 4.

after 5 × 105 round trip times. As predicted from the
linear stability analysis, see dash lines in Fig. 5(d), the
crystals exhibit instabilities in two separate walk-off re-
gions, denoted by (I) and (II) in Fig. 6(a). Boundaries
of such regions are highlighted by white dash lines. An
example of the dynamical evolution of the first harmonic
component of the crystal for each unstable region is pre-
sented in Figs. 6(b) and (c), respectively. The instability
present in region (I) causes the breaking of the crystal

into its individual constituents, which are, however, sta-
ble according to the linear stability analysis presented in
Fig. 2(a). For this reason, in Fig. 6(a) it is still possible
to identify the trajectories of the individual solitons and
their interaction. This type of dynamics is, on contrary,
not present in the dynamics associated with region (II),
where the crystal seems to transition into a state similar
to the one already reported in Fig. 4(a). For this reason,
we are led to identify the type of turbulence character-
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FIG. 7. Probability density function or the waves ampli-
tude for many realisation of: (a) dissipative soliton gas, when
walk-off is zero; (b) dissipative breather gas, when walk-off is
U/2π = −5 MHz. Dark gray and light gray histograms are
associated to first and second harmonic respectively. (c) En-
semble average of time evolution of first harmonic peak counts
higher than 0.04 W.

ising region (I) as a SHG dissipative soliton gas, while
the one characterising region (II) as a SHG dissipative
breather gas. To compare these two different types of
dissipative gases in a more quantitative way, it is possi-
ble to study the probability distribution function (PDF)
for the field amplitudes. To do this, we repeat the sim-
ulations presented in Figs. 6(b) and (c) considering the
same initial conditions but affected by different random
noise. To construct a PDF, we follow a process that in-
volves generating a histogram. In this histogram, each
bin value, denoted as vi, is determined using the for-
mula vi = ciN/wi, where ci represents the number of
elements within the bin, N denotes the total number of
data points in the histogram, and wi represents the bin
width, which is set at 1 mW. From the PDF associated to
region (I), plotted in Fig. 7(a), one can see how the first
harmonic has a peak around 0.05 W, while the second
harmonic has a peak around 0.03 W, see dark gray and
light gray histogram respectively. Such peaks correspond
to the amplitude of the single SHG soliton solution, see
Fig. 5(a), justifying the assumption of a SHG dissipa-
tive soliton gas. Note the presence of a peak for low
power too, which can be associated to the homogeneous
cw-background onto which the solitons lie. Differently,
the PDF for region (II), plotted in Fig. 7(b), appears to
be flat for both harmonics. The absence of well defined
peaks is due to the multitude of low amplitude disper-
sive waves constantly emitted by the breathing mecha-

FIG. 8. Plot of the ratio between ensemble average of the
linear momentum for first and second harmonic over different
times. tch stand for the initial time when the system fully
transits into a turbulent state. tRT denotes the round trip
time 1/FSR

nism and by the fact that each SHG breather has am-
plitude which oscillates between |ψp|2 ∈ [0.2, 0.8] W and
|ψs|2 ∈ [0.1, 0.5] W for the first and second harmonic, re-
spectively. To make sure that the difference in the PDFs
is not simply a consequence of a different number of high
amplitude pulses present in the system, one can mea-
sure the number of peaks having amplitude higher than
a fixed threshold. Figure 7(c) displays the temporal evo-
lution of the peak count for the first harmonic dynamics
in regions (I) and (II). The peak count is averaged over
25 different realisations characterised by different white
noise in the initial condition. A threshold value of 0.04
W is selected, slightly lower than the peak power of the
single SHG soliton solution. Figure 7(c) reveals that dur-
ing the initial stage of the dynamics, both regions exhibit
an equal number of peaks. However, due to the crystals
instability, a sudden increase in peak count is observed
specifically in the dynamics associated with region (II).
This phenomenon can be attributed to the influence of
walkoff, resulting in an asymmetric shape within the soli-
tons forming the crystal. This asymmetry is manifested
by a minor amplitude bump (as depicted in Fig. 5 (b)) on
the right side of each peak within the crystal. Over time,
the Hopf instability amplifies this small bump, giving rise
to the generation of multiple pulses within the resonator.
Consequently, for a brief period, the number of these
pulses seems to be twice the count of peaks characteris-
ing the crystal. However, after this transitional phase,
both the SHG dissipative breather and soliton gas settle
around an average peak count, which becomes compara-
ble.

VI. TURBULENCE LOCKING

As a final remark, we will focus on the SHG dissipative
breather gas, showing how the system reaches a statisti-
cally stationary equilibrium. This can be seen by mea-
suring the ensemble average of the rhs of Eq. (5) over
many realisations each characterised by a different ini-
tial random noise, see Fig. 8. For this system, statistical
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stationarity implies that

⟨Mp⟩
⟨Ms⟩

= −κs
κp
, (14)

where ⟨·⟩ stands for the ensemble average over many re-
alisations. As pointed out in the appendix, if there is no
walk-off the single SHG the solution is quiescent, V = 0.
This means that both Mp and Ms are equal to zero, as
shown in Fig. 9(a). The same idea can be applied to the
case of statistical stationarity. If U is zero, then the en-
semble averages ⟨Mp⟩ and ⟨Ms⟩ are also zero. On the
other hand, when U is not zero, both ⟨Mp⟩ and ⟨Ms⟩ are
non-zero, and their ratio is fixed by the dissipation value.
In our system, where κp/κs = 4, Fig. 8 shows how the
ratio Mp/Ms oscillates around the value -4. This obser-
vation suggests that despite the chaotic state, the first
and second harmonics remain still locked together and
move with a non-zero average velocity. We refer to this
phenomenon as turbulence locking.

VII. CONCLUSIONS

We presented a study of the impact of walk-off on the
stability of second harmonic generated soliton-comb in
a realistic quadratic WGM microresonator. We showed
that SHG breathers can be obtained in microresonator
cavities away from the cascading regime. The soliton-
breather transition can indeed be achieved away from
the cascading regime due to the instability caused by
the walk-off between the first and second harmonic light
fields. Soliton instability is shown to be responsible also
for the transition into a turbulent regime where a mul-
titude of breathers coexists with dispersive waves. A
study of the PDF for the wave amplitude confirms the
presence of a walk-off-induced SHG dissipative breather
gas. Dissipative breather gas is then compared to its
SHG dissipative soliton counterpart. Further analysis on
the statistical average of the linear momentum showed
the presence of locking between the turbulent state in
the first and second harmonic. Finally, a semi-analytical
method is presented in order to estimate the velocity at
which second harmonic induced combs move in the pres-
ence of walk-off. In parallel with this work, experimental
observations of the SHG breathers were reported in mi-
croresonators made of thin-film lithium-niobate [36].
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Appendix: Velocity Locking

In this appendix we present an analysis on the veloc-
ity at which solitons are locked together. We start by
evaluating numerically soliton solutions in the Hamil-
tonian limit. For numerical reason it is easier to cast
Eqs.(3) and (4) in dimensionless units by performing the

following transformations: Ap,s = ψp,s/
√
W, τ = D1pt,

d2p,2s = D2p,2s/D1p, ∆p,s = δp,s/D1p, kp,s = κp,s/D1p,

gp,s = γp,s
√
W/D1p and h = H/

√
W. In order to find

soliton solutions moving with velocity V = V/D1p in the
presence of walk-off U = U/D1p we will make use of a
root-finding Newton-Raphson method to find stationary
solution in a moving frame of reference,

θ → θ − (D1p − V)t, (A.1)

for the system of equations

(
∆p − iV ∂θ − 1

2d2p∂
2
θ

)
Ap − gpAsA

∗
p + h = 0(

∆s − i(V − U)∂θ − 1
2d2s∂

2
θ

)
As − gsA

2
p = 0.(A.2)

We would like to stress that such a procedure can be eas-
ily applied in the Hamiltonian limit since for each value
of walk-off parameter soliton solutions admit a contin-
uous range of velocities. From Figure 9(a) and (b) it is
possible to see how the linear momenta for each harmonic
Mp,s vary for different velocities. Even if we are dealing
with an Hamiltonian limit, one can still extract further
information concerning the locking velocity in the dissi-
pative case by noticing that Eq. (5) forces moments to
have opposite signs:

Mp(V )

Ms(V )
= −κs

κp
. (A.3)

From Figure 9(a) it clear that in the case of zero walk-
off Eq. (A.3) is never satisfied unless both Mp and Ms

vanish, which is the case only when V = 0. Differently,
when U ̸= 0, Eq. (A.3) can be verified for a range of ve-
locities, such as the one highlighted in yellow (light gray)
in Fig.9(b). From Eq. (A.3) one can see how the rela-
tion between dissipation coefficients allows one to select
a specific value of velocity locking. For example, Fig.9(b)
shows the velocity at which the soliton will move con-
sidering the value of the ratio κs/κp equal to 1 and 4
respectively. The estimated velocity is remarkably close
to the one obtained numerically making use of a veloc-
ity selective Newton-Raphson method, see red circles in
Fig.9(b).
We will now reintroduce dissipation in the system and
present a semi-analytical method to estimate the value
of the velocity locking. Such a method requires only
the knowledge of the dissipative soliton solution A0

p,s =
Ap,s(V = 0, U = 0) which is in the case of zero walk-off
is easy to evaluate numerically since, as shown already,
the locking velocity vanishes too. Starting from the case
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FIG. 9. (a) Plot of linear momentum for first (black/dark
gray line) and second harmonic (orange/light gray line) with
respect to different soliton velocities in absence of walk-off.(b)
Ratio of linear momenta vs soliton velocity for non zero walk-
off, U/2π = 5 MHz. Red circle indicates numerically eval-
uated velocity selection for dissipation ratio κs/κp = 4 and
κs/κp = 1. Detuning parameters and cw-laser power are the
same as the one used in Fig.1 (b).

when U = 0 and V = 0, one can assume that by introduc-
ing a small walk-off in the system, U ∼ ϵ, the solutions
will modify accordingly, Ap,s = A0

p,s+ ϵ(A
r
p,s+ iA

I
p,s), re-

sulting in first and second harmonic moving at non-zero
locking velocity V ∼ ϵ. Considering Eqs. (A.2) under
such conditions and separating real and imaginary part,
one can write the first order in ϵ as

MA+ V ∂θA
0 = U∂θA

(0), (A.4)

where each column vectors contains real and imaginary
part of the first and second harmonic components such
thatA = (Ar

p, A
i
p, A

r
s, A

i
s)

T . Note that matrixM is given
by

M =


−kp − gp(A0

s)
i Lp + gp(A0

s)
r gp(A0

p)
i −gp(A0

p)
r

−Lpgp(A0
s)

r −kp + gp(A0
s)

i gp(A0
p)

r gp(A0
p)

i

−2gs(A0
p)

i −2gs(A0
p)

r −ks Ls

2gs(A0
p)

r −2gs(A0
p)

i −Ls −ks


(A.5)

where we used the following definitions Lp ≡ (∆p −
1/2d2p∂

2
θ ) and Ls ≡ (∆s − 1/2d2s∂

2
θ ). By noting that

η ≡ ∂θA
0 corresponds to the neutral eigenvector of L,

such that Mη = λη with λ = 0, it is possible to derive
the following equation [28]

V = U
⟨ϕ|Pη⟩
⟨ϕ|η⟩

(A.6)

where Pη = (0, 0, ∂Ar
s, ∂A

i
s)

T , ⟨·|·⟩ defines the scalar
product and ϕ corresponds to the neutral eigenvector
of M†. Figure 10(a) shows the first harmonic compo-
nents of η and ϕ respectively. Despite the fact that
Eq. (A.6) was derived in the limit of small walk-off,
our semi-analytical formula provides excellent results for
all possible values of walk-off where solitons exists, see
Fig. 10 (b) where percent error is plotted in function of
the value of walk-off parameter.
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https://doi.org/ 10.1038/nphoton.2013.343
https://doi.org/ 10.1038/nphoton.2013.343
https://doi.org/ 10.1038/s41467-018-04046-6
https://doi.org/ 10.1038/s41467-018-04046-6
https://doi.org/ 10.1103/PhysRevX.7.041002
https://doi.org/ 10.1038/s41467-020-15720-z
https://doi.org/ 10.1038/s41467-020-15720-z
https://doi.org/ 10.1038/s41567-019-0635-0
https://doi.org/ 10.1038/s41567-019-0635-0
https://doi.org/10.1364/OL.43.005745
https://doi.org/10.1364/OL.43.005745
https://doi.org/ 10.1103/PhysRevLett.124.203902
https://doi.org/ 10.1103/PhysRevLett.124.203902
https://doi.org/ 10.1364/OL.44.004443
https://doi.org/10.1364/OE.476436
https://doi.org/10.1364/OE.476436
https://doi.org/10.1103/PhysRevA.104.013520
https://doi.org/10.1103/PhysRevA.104.013520


10

R. J. Fasano, T. M. Fortier, Y. S. Hassan, D. B. Hume,
D. Kedar, C. J. Kennedy, I. Khader, A. Koepke, D. R.
Leibrandt, H. Leopardi, A. D. Ludlow, W. F. McGrew,
W. R. Milner, N. R. Newbury, D. Nicolodi, E. Oelker,
T. E. Parker, J. M. Robinson, S. Romisch, S. A. Schäffer,
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