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Abstract. By means of the Hamiltonian approach to two-dimensional
wave motions in heterogeneous fluids proposed by Benjamin [1] we derive
a natural Hamiltonian structure for ideal fluids, density stratified in four
homogenous layers, constrained in a channel of fixed total height and
infinite lateral length. We derive the Hamiltonian and the equations of
motion in the dispersionless long-wave limit, restricting ourselves to the
so-called Boussinesq approximation. The existence of special symmetric
solutions, which generalise to the four-layer case the ones obtained in [11]
for the three-layer case, is examined.

Keywords: Hamiltonian structures, stratified fluids, Boussinesq approx-
imation.

1 Introduction

Density stratification in incompressible fluids is an important aspect of fluid
dynamics, and plays an important role in variety of phenomena occurring in
both the ocean and the atmosphere. In particular, displacement of fluid parcels
from their neutral buoyancy position within a density stratified flow can result
in internal wave motion. Effective one-dimensional models (in particular, their
quasi-linear limit) were introduced to study these phenomena, and were the
subject of a number of investigations (see, e.g., [16, 7, 8, 14, 9, 10, 13, 6] and refer-
ences therein). Although most of the theoretical and numerical results that can
be found in the literature are focussed on the 2-layer case, multiply-layered fluid
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Fig. 1: Four-layer rigid lid setup and relevant notation: ζi are the surface heights and
ηi are the layer thicknesses.

configurations appear as effective models of physical phenomena, e.g., in the at-
mosphere or in mountain lakes. The extension to the n > 2 layers case can also
be seen as a refined approximation to the real-world continuous stratification of
incompressible fluids.

The focus of the present paper is on the dynamics of an ideal (incompressible,
inviscid) stably stratified fluid consisting of 4 layers of constant density ρ1 < ρ2 <
ρ3 < ρ4, confined in a channel of fixed height h (see Figure 1 for a schematic of
our setup), and, in particular, on its Hamiltonian setting. This will be obtained
by a suitable reduction of the Hamiltonian structure introduced by Benjamin [1]
in the study of general density stratifications for Euler fluids in 2 dimensions.

We shall follow the approach set forth in our recent paper [4], where the
3-layer case was considered by extending to the multiple layer case a technique
introduced in [3]. In particular, after having discussed in details the construc-
tion of the Hamiltonian operator for an effective 1D model, we shall consider the
so-called Boussinesq limit of the system, and blue explicitly determine its Hamil-
tonian structure and Hamiltonian functional, as well as point out the existence
of special symmetric solutions.

Our mathematical model is based on some simplifying hypotheses. At first,
we assume that an inviscid model suffices to capture the essential features of the
dynamics since the scales associated with internal waves are large, and conse-
quently the Reynolds number is typically high (> 105). Although in the ocean
and the atmosphere (as well as in laboratory experiments) the density stratifi-
cation arises as a consequence of diffusing quantities such as temperature and
salinity, we can neglect diffusion and mixing since the time scales associated
with diffusion processes are far larger than the time scale of internal wave prop-
agation. Finally, we use the rigid lid assumption for the upper surface since the
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scales associated with internal wave-motion are greatly exceeding the scales of
the surface waves (see, e.g., [17] for further details on these assumptions).

The Hamiltonian 4-layer model herewith discussed is a natural extension of
the 2 and 3-layer model. Indeed, when two adjacent densities are equal (and as
a consequence the relative interface becomes meaningless) we fully recover the
dynamics of the 3 layer model (see, e.g., [11, 4]). Similarly, the 3-layer model
reduces to the ordinary 2-layer model when two mass densities coincide.

The layout of the paper is the following. In Section 2 we briefly review the
Hamiltonian representation for 2-dimensional incompressible Euler fluids of [1].
Section 3 is devoted to a detailed presentation of our Hamiltonian reduction
scheme, which endows the dynamics of the set of 4-layer stratified fluids with a
natural Hamiltonian structure. In Section 4 we compute the reduced Hamilto-
nian and the ensuing equations of motion, confining ourselves to the case of the
so-called Boussinesq approximation. In Section 5 a class of special evolutions,
selected by a symmetry of the Hamiltonian, is found and briefly examined.

2 The 2D Benjamin model for heterogeneous fluids in a
channel

Benjamin [1] proposed and discussed a set-up for the Hamiltonian formulation
of an incompressible stratified Euler system in 2 spatial dimensions, which we
hereafter summarize for the reader’s convenience.

The Euler equations for a perfect inviscid and incompressible but heteroge-
neous fluid in 2D, subject to gravity −gk, are usually written for the the density
ρ(x, z) and the velocity field u = (u,w) as

Dρ

Dt
= 0, ∇ · u = 0, ρ

Du

Dt
+∇p+ ρgk = 0 (2.1)

together with appropriate boundary conditions, where, as usual, D/Dt = ∂/∂t+
u · ∇ is the material derivative.

Benjamin’s contribution was to consider, as basic variables for the evolution
of such a fluid, the density ρ together with the “weighted vorticity” Σ defined
by

Σ = ∇× (ρu) = (ρw)x − (ρu)z. (2.2)

The equations of motion for these two fields, ensuing from the Euler equations
for incompressible fluids, are

ρt + uρx + wρz = 0

Σt + uΣx + wΣz + ρx
(
gz − 1

2 (u2 + w2)
)
z

+ 1
2ρz
(
u2 + w2

)
x

= 0 .
(2.3)

They can be written in the form

ρt = −
[
ρ,
δH

δΣ

]
, Σt = −

[
ρ,
δH

δρ

]
−
[
Σ,

δH

δΣ

]
, (2.4)
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where, by definition, the bracket is [A,B] ≡ AxBz −AzBx, and the functional

H =

∫
D
ρ

(
1

2
|u|2 + gz

)
dxdz (2.5)

is simply given by the sum of the kinetic and potential energy, D being the fluid
domain. The most relevant feature of this coordinate choice is that (ρ,Σ) are
physical, directly measurable, variables. Their use, though confined to the 2D
case with the above definitions, allows one to avoid the introduction of Clebsch
variables (and the corresponding subtleties associated with gauge invariance and
limitations of the Clebsch potentials) which are often used in the Hamiltonian
formulation of both 2D and the general 3D case blue (see, e.g., [18]).

As shown by Benjamin, equations (2.4) are a Hamiltonian system with re-
spect to a Lie-theoretic Hamiltonian structure, that is, they can be written as

ρt = {ρ,H}, Σt = {Σ,H},

for the Poisson bracket defined by the Hamiltonian operator

JB = −
(

0 ρx∂z − ρz∂x
ρx∂z − ρz∂x Σx∂z −Σz∂x

)
. (2.6)

3 The Hamiltonian reduction process

As mentioned in the Introduction, we shall consider special stratified fluid con-
figurations, consisting of a fluid with n = 4 layers of constant density ρ1 < ρ2 <
ρ3 < ρ4 and respective thicknesses η1, η2, η3, η4, confined in a channel of fixed
height h. We define, as in Figure 1, the locations of the interfaces at z = ζk,
k = 1, 2, 3, related to the thickness ηj by

ζ3 = η4, ζ2 = η4 + η3, ζ1 = η4 + η3 + η2. (3.1)

The velocity components in each layer are denoted by (ui(x, z), wi(x, z)), i =
1, . . . , 4. By means of the Heaviside θ and Dirac δ generalized functions, a four-
layer fluid configuration can be described within Benjamin’s setting as follows.
First, the 2D density and velocity variables can be written as

ρ(x, z) = ρ4 + (ρ3 − ρ4)θ(z − ζ3) + (ρ2 − ρ3)θ(z − ζ2) + (ρ1 − ρ2)θ(z − ζ1)

u(x, z) = u4 + (u3 − u4)θ(z − ζ3) + (u2 − u3)θ(z − ζ2) + (u1 − u2)θ(z − ζ1)

w(x, z) = w4 + (w3 − w4)θ(z − ζ3) + (w2 − w3)θ(z − ζ2) + (w1 − w2)θ(z − ζ1) .

(3.2)

Thus, the density-weighted vorticity Σ = (ρw)x − (ρu)z can be computed as

Σ =

3∑
j=1

(ρj+1Ωj+1 − ρjΩj) θ(z − ζj) + ρ4Ω4

+

3∑
j=1

(
(ρj+1uj+1 − ρjuj) + (ρj+1wj+1 − ρjwj)ζjx

)
δ(z − ζj) ,

(3.3)
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where Ωi = wix − uiz for i = 1, . . . , 4 are the bulk vorticities.
Next, we assume the bulk motion in each layer to be irrotational, so that

Ωi = 0 for all i = 1, . . . , 4. Thus the density weighted vorticity is explicitly given
by

Σ = ((ρ4u4 − ρ3u3) + (ρ4w4 − ρ3w3)ζ3x) δ(z − ζ3)

+ ((ρ3u3 − ρ2u2) + (ρ3w3 − ρ2w2)ζ2x) δ(z − ζ2) (3.4)

+ ((ρ2u2 − ρ1u1) + (ρ2w2 − ρ1w1)ζ1x) δ(z − ζ1) .

A further assumption we make right from the outset is that of the long-wave
asymptotics, with small parameter ε = h/L � 1, L being a typical horizontal
scale of the motion such as wawelength. This assumption implies (see, e.g., [8]
for further details) that at the leading order as ε→ 0 we have

ui ∼ ui , wi ∼ 0 ,

i.e., we can neglect the vertical velocities wi and trade the horizontal velocities
ui with their layer-averaged counterparts,

ui =
1

ηi

∫ ζi−1

ζi

u(x, z)dz, where ζ0 ≡ h, ζ4 ≡ 0 . (3.5)

Hence, from (3.4) and recalling the first of (3.2), we obtain

ρ(x, z) = ρ(x, z) = ρ4 +

3∑
i=1

(ρi − ρi+1) θ(z − ζi)

Σ(x, z) =

3∑
i=1

σi δ(z − ζi) ,

(3.6)

where, hereafter,
σi ≡ ρi+1ui+1 − ρiui (3.7)

is the horizontal averaged momentum shear. We remark that field configurations
of the form (3.6) can be regarded as defining a submanifold, which will be denoted
by I, of Benjamin’s Poisson manifold M described in Section 2.

The x and z-derivative of the Benjamin’s variables given by equations (3.6)
are generalized functions supported at the interfaces {z = ζ1} ∪ {z = ζ2} ∪ {z =
ζ3}, and are computed as

ρx =−Σ3
i=1(ρi − ρi+1)δ(z − ζi)ζix

ρz =Σ3
i=1(ρi − ρi+1)δ(z − ζi) ,

(3.8)

and

Σx =−Σ3
i=1σiζixδ

′(z − ζi) +Σ3
i=1σixδ(z − ζi)

Σz =Σ3
i=1σiδ

′(z − ζi) .
(3.9)
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To invert the map (3.6) we choose to integrate along the vertical direction z. To
this end, we define the two intermediate isopycnals

ζ12 =
ζ1 + ζ2

2
, ζ23 =

ζ2 + ζ3
2

. (3.10)

Remarking that ζ12 lies in the ρ2-layer and ζ23 in the ρ3-layer (see Figure 2),
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Fig. 2: Choice of the isopycnals: ζi are the surface heights and ζ12, ζ23 the intermediate
isopycnals.

by means of this choice we can introduce on I the “projection” π by

π (ρ(x, z), Σ(x, z)) ≡ (ξ1, ξ2, ξ3, τ1, τ2, τ3)

=

(∫ h
0

(ρ(x, z)− ρ4) dz,
∫ ζ12
0

(ρ(x, z)− ρ4) dz,
∫ ζ23
0

(ρ(x, z)− ρ4) dz,∫ h
0
Σ(x, z)dz,

∫ ζ12
0

Σ(x, z)dz,
∫ ζ23
0

Σ(x, z)dz

)
(3.11)

which maps Benjamin’s manifold of 2D fluid configurations to the space of effec-
tive 1D fields S, parameterized by the six quantities (ζk, σk). A straightforward
computation shows that the relations

ξ1 = (h− ζ1)(ρ1 − ρ2) + (h− ζ2)(ρ2 − ρ3) + (h− ζ3)(ρ3 − ρ4)

ξ2 =
ρ2 − ρ3

2
(ζ1 − ζ2) +

ρ3 − ρ4
2

(ζ1 + ζ2 − 2ζ3)

ξ3 =
1

2
(ρ3 − ρ4)(ζ2 − ζ3)

τ1 = σ1 + σ2 + σ3, τ2 = σ1 + σ2, τ3 = σ3

(3.12)

hold.
To obtain a Hamiltonian structure on the manifold S by reducing Benjamin’s

parent structure (2.6), we have to perform, as per the Hamiltonian reduction
scheme of [15], the following steps:
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1. Starting from a 1-form on the manifold S, represented by the 6-tuple

(α1
S , α

2
S , α

3
S , α

4
S , α

5
S , α

6
S) ,

we construct its lift to I, that is, a 1-form βM = (βρ, βΣ) satisfying the
relation∫ +∞

−∞

∫ h

0

(βρρ̇+ βΣΣ̇) dxdz =

∫ +∞

−∞

6∑
k=1

αkS ·
(
π∗(ρ̇, Σ̇)

)k
dx , (3.13)

where π∗ is the tangent map to (3.11) and (ρ̇, Σ̇) are generic infinitesimal
variations of (ρ,Σ) in the tangent space to I.

2. We apply Benjamin’s operator (2.6) to the lifted one form βM to get the
vector field (

ρ̇

Σ̇

)
=

(
Y

(1)
M

Y
(2)
M

)
= JB ·

(
βρ
βΣ

)
. (3.14)

3. We project the vector (Y
(1)
M , Y

(2)
M ) under π∗ and obtain a vector field on S.

The latter depends linearly on {α(i)
S }i=1,...,6, and defines the reduced Poisson

operator P on S.

As in the three layer case of [4] this construction essentially works as in the
two-layer case considered in [3], provided one subtle point is taken into account.
Thanks to the relations (3.6) and the definition of π, we have that, for tangent
vectors (ρ̇, Σ̇),

π∗

(
ρ̇

Σ̇

)
=



∫ h
0
ρ̇dz∫ ζ23

0
ρ̇dz + ζ̇23 (ρ(x, ζ23)− ρ4)∫ ζ12

0
ρ̇dz + ζ̇12 (ρ(x, ζ12)− ρ4)∫ h

0
Σ̇ dz∫ ζ23

0
Σ̇ dz + ζ̇23Σ(x, ζ23)∫ ζ12

0
Σ̇ dz + ζ̇12Σ(x, ζ12)


. (3.15)

Note that in this formula we have an explicit dependence on the variations ζ̇12
and ζ̇23. To express these quantities in terms of ρ̇, which is needed to perform
the abovementioned steps of the Poisson reduction, we can use the analogue of
relations (3.8), that is

ρ̇ = Σ3
i=1(ρi+1 − ρi)ζ̇iδ(z − ζi) . (3.16)
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Integrating this with respect to z on the relevant intervals [0, h], [0, ζ12] and
[0, ζ23] yields ∫ h

0

ρ̇dz = (ρ4 − ρ3)ζ̇3 + (ρ3 − ρ2)ζ̇2 + (ρ2 − ρ1)ζ̇1 ,∫ ζ12

0

ρ̇ dz = (ρ4 − ρ3)ζ̇3 + (ρ3 − ρ2)ζ̇2 ,∫ ζ23

0

ρ̇ dz = (ρ4 − ρ3)ζ̇3 .

(3.17)

Solving the linear system (3.17) with respect to the ζ̇k’s, we can obtain ζ̇12 and

ζ̇23 in terms of integrals of ρ̇ along z, and thus trade equation (3.15) for

π∗

(
ρ̇

Σ̇

)
=



∫ h
0
ρ̇dz

c1
∫ h
0
ρ̇dz + (1 + c3 − c2)

∫ ζ12
0

ρ̇dz − c3
∫ ζ23
0

ρ̇dz

c2
∫ ζ12
0

ρ̇dz +

(
1

2
− c2

)∫ ζ23
0

ρ̇dz∫ h
0
Σ̇ dz∫ ζ12

0
Σ̇ dz∫ ζ23

0
Σ̇ dz


, (3.18)

where, for the sake of compactness, we use the notation

c1 =
1

2

ρ2 − ρ4
ρ2 − ρ1

, c2 =
1

2

ρ3 − ρ4
ρ3 − ρ2

, c3 =
1

2

ρ2 − ρ4
ρ3 − ρ2

. (3.19)

We now have at our disposal all the elements to perform the Poisson reduction
process.
Step 1: The construction of the lifted 1-form (βρ, βΣ) satisfying (3.13), i.e.,∫ +∞

−∞

∫ h

0

(ρ̇ βρ + Σ̇ βΣ) dxdz =

∫ +∞

−∞
Σ6
k=1α

k
Sπ?(ρ̇, Σ̇)kdx , (3.20)

yields

βρ = α1
S +

(
c1 + (1 + c3 − c1)θ(ζ12 − z)− c3θ(ζ23 − z)

)
)α2

S+(
c2θ(ζ12 − z) + (

1

2
− c2)θ(ζ23 − z)

)
α3
S

βΣ = α4
S + θ(ζ12 − z)α5

S + θ(ζ23 − z)α6
S .

(3.21)

In this equation, Heaviside θ’s appear and enable the computation of integrals
from the bottom to the chosen isopycnals ζ12 and ζ12 along the full channel
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[0, h].
Step 2: The computation of the vector fields (Y 1

M , Y
2
M ) from the relation(

Y
(1)
M

Y
(2)
M

)
= JB ·

(
βρ
βΣ

)
=

(
0 ρx∂z − ρz∂x

ρx∂z − ρz∂x Σx∂z −Σz∂x

)
·
(
βρ
βΣ

)
(3.22)

is greatly simplified by the specific dependence of the lifted 1-form (βρ, βΣ) of
(3.21) on z and and on the crucial fact that the inequalities

ζ3 <
ζ3 + ζ2

2
= ζ23 < ζ2 < ζ12 =

ζ1 + ζ2
2

< ζ1

hold in the strict sense, so that the terms ρx∂z and Σx∂z when acting on (βρ, βΣ)
generate products of Dirac δ’s supported at different points, which vanish qua
generalized functions. Moreover,

Σz · ∂x(βΣ) = (Σ3
i=1σiδ

′(z − ζi))
(
α4
S + θ(ζ12 − z)α5

S + θ(ζ23 − z)α6
S

)
x

= (Σ3
i=1σiδ

′(z − ζi))
(
α4
S,x + θ(ζ12 − z)α5

S,x + θ(ζ23 − z)α6
S,x

)
+ (Σ3

i=1σiδ
′(z − ζi))

(
δ(ζ12 − z)ζ12,xα5

S + δ(ζ23 − z)ζ23,xα6
S

)
= (Σ3

i=1σiδ
′(z − ζi))

(
α4
S,x + θ(ζ12 − z)α5

S,x + θ(ζ23 − z)α6
S,x

)
,

(3.23)

still due to the above observation about the supports of the Dirac δ’s. Denoting
by ∆(2) this term, we can write (3.22) as

Y
(1)
M = −ρz(βΣ)x, Y

(2)
M = −ρz(βρ)x −∆(2) . (3.24)

We obtain

Y
(1)
M =

(
3∑
k=1

(ρk − ρk+1)δ(z − ζk)

)
α4
S,x

+

(
3∑
k=2

(ρk − ρk+1)δ(z − ζk)

)
α5
S,x + (ρ3 − ρ4)δ(z − ζ3)α6

S,x ,

(3.25)

as well as the more complicated formula for Y
(2)
M ,

Y
(2)
M = (

3∑
i=1

(ρi − ρi+1)δ(z − ζi)) (α1
S,x +K2α

2
S,x +K3α

3
S,x)−∆(2) , (3.26)

where

K2 = c1 + (1 + c3 − c1)θ(ζ12 − z)− c3θ(ζ23 − z)

K3 = c2θ(ζ12 − z) +

(
1

2
− c2

)
θ(ζ23 − z) .

(3.27)
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Step 3: The computation of the push-forward under the map π∗ of the vector

field (Y
(1)
M , Y

(2)
M ), to obtain the six-component vector field (ξ̇k, τ̇k) on S is a

direct but tedious task. Thanks to the explicit expressions (3.19) and (3.27),
substituting in (3.18) and noticing that, due to the presence of the z-derivatives
of the Dirac δ, ∆(2) is in the kernel of π∗, yields

ξ̇1 = α4
S,x(ρ1 − ρ4) + α5

S,x(ρ2 − ρ4) + α6
S,x(ρ3 − ρ4)

ξ̇2 =
1

2
(ρ2 − ρ4)α5

S,x + (ρ3 − ρ4)α6
S,x

ξ̇3 =
1

2
(ρ3 − ρ4)α6

S,x

σ̇1 = (ρ1 − ρ4)α1
S,x

σ̇2 = (ρ2 − ρ4)α1
S,x +

1

2
(ρ2 − ρ4)α2

S,x

σ̇3 = (ρ3 − ρ4)α1
S,x + (ρ3 − ρ4)α2

S,x +
1

2
(ρ3 − ρ4)α3

S,x .

(3.28)

Thus, the Poisson tensor P on the manifold S in the coordinates (ξ1, ξ2, ξ3, τ1, τ2, τ3)
becomes

P =

(
0 A
AT 0

)
∂x , where A =


ρ1 − ρ4 ρ2 − ρ4 ρ3 − ρ4

0
ρ2 − ρ4

2
ρ3 − ρ4

0 0
ρ3 − ρ4

2

 .

Recalling relations (3.12), a straightforward computation shows that in the co-
ordinates (ζ1, ζ2, ζ3, σ1, σ2, σ3) the reduced Poisson operator acquires the partic-
ularly simple form

P =


0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0

 ∂x . (3.29)

Remark 1. According to the terminology favored by the Russian school, for
Hamiltonian quasi-linear systems of PDEs the coordinates (ξl, τl) and, a for-
tiori, the coordinates (ζl, σl), are “flat” coordinates for the system. In view of
the particularly simple form of the Poisson tensor (3.29), the latter set could be
called a system of flat Darboux coordinates.

Remark 2. In [4] we conjectured that in the n-layered case, with a stratification
given by densities ρ1 < ρ2 < · · · < ρn and interfaces ζ1 > ζ2 > · · · > ζn−1, a
procedure yielding a natural Hamiltonian formulation for the averaged problem
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was to consider intervals

I1 = [0, h], I2 =

[
0,
ζ1 + ζ2

2

]
, I3 =

[
0,
ζ2 + ζ3

2

]
, . . . , In =

[
0,
ζn−2 + ζn−1

2

]
.

(3.30)
We explicitly proved it here for n = 4, together with the conjecture that the
quantities

(ζ1, ζ2, ζ3, σ1, σ2, σ3), (3.31)

where σk = ρk+1uk+1 − ρkuk, are flat Darboux coordinates for the reduced
Poisson structure.

4 The reduced Hamiltonian under the Boussinesq
approximation

The energy of the 2D fluid in the channel is just the sum of the kinetic and
potential energy,

H =

∫ +∞

−∞

∫ h

0

ρ

2

(
u2 + w2

)
dxdz +

∫ +∞

−∞

∫ h

0

g(ρ− ρ0)z dxdz , (4.1)

where ρ0 is the reference density fixed by the far field constant values of the

layers’ thicknesses. In our case we have ρ0 =
∑4
i=1 ρiη

(∞)
i , where η

(∞)
i are the

asymptotic values of the ηi’s as |x| → ∞.
The potential energy is thus readily reduced, using the first of (3.2), to

U =

∫ +∞

−∞

1

2

(
g (ρ2 − ρ1) ζ1

2 + g (ρ3 − ρ2) ζ2
2 + g (ρ4 − ρ3) ζ23

)
dx+ U∆ , (4.2)

where U∆ contains constant and linear in the ζk’s terms, which ensure the con-
vergence of the integral, but that do not affect the equations of motion in view
of the form (3.29) of the Poisson tensor.

To obtain the reduced kinetic energy density, we use the fact that at or-
der O(ε2) we can disregard the vertical velocity w, and trade the horizontal
velocities with their layer-averaged means. Thus the x-density is computed as

T =
1

2

(∫ ζ3

0

ρ4u
2
4 dz +

∫ ζ2

ζ3

ρ3u
2
3 dz +

∫ ζ1

ζ2

ρ2u
2
2 dz +

∫ h

ζ1

ρ1u
2
1 dz

)

=
1

2

(
ρ4ζ3u

2
4 + ρ3(ζ2 − ζ3)u23 + ρ2(ζ1 − ζ2)u22 + ρ1(h− ζ1)u21

)
.

(4.3)

The so-called Boussinesq approximation consists of the double scaling limit

ρi → ρ̄, i = 1, . . . , 4, g →∞ with g(ρj+1 − ρj) finite, j = 1, 2, 3. (4.4)

where

ρ̄ =
1

4

4∑
i=1

ρi
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denotes the average density. This approximation then consists of neglecting den-
sity differences in the inertia terms of stratified Euler fluids, while retaining these
differences in the buoyancy terms, owing to the relative magnitude of gravity
forces with respect to those from inertia. This results in the Boussinesq energy
density

E =
ρ̄

2

(
ζ3u

2
4 + (ζ2 − ζ3)u23 + (ζ1 − ζ2)u22 + (h− ζ1)u21

)
+

1

2

(
g (ρ2 − ρ1) ζ21 + g (ρ3 − ρ2) ζ22 + g (ρ4 − ρ3) ζ23

)
.

(4.5)

To express this energy in terms of the Hamiltonian variables (ζi, σi), i = 1, 2, 3,
we use the dynamical constraint

(h− ζ1)u1 + (ζ1 − ζ2)u2 + (ζ2 − ζ3)u3 + ζ3u4 = 0 , (4.6)

as well as the definitions (3.7) that, in the Boussinesq approximation, are turned
into

σk = ρ̄(uk+1 − uk) . (4.7)

We get

u1 = −ζ1σ1 + ζ2σ2 + ζ3σ3
hρ̄

,

u2 = −ζ1σ1 + ζ2σ2 + ζ3σ3 − hσ1
hρ̄

,

u3 = −ζ1σ1 + ζ2σ2 + ζ3σ3 − hσ1 − hσ2
hρ̄

,

u4 = −ζ1σ1 + ζ2σ2 + ζ3σ3 − hσ1 − hσ2 − hσ3
hρ̄

.

(4.8)

Hence, from (4.5), the Hamiltonian functional acquires its final form in the
Boussinesq approximation as

HB =

∫
IR

(
1

2hρ̄

(
σ2
1ζ1 (h− ζ1) + σ2

2 (h− ζ2) ζ2 + σ2
3 (h− ζ3) ζ3+

2σ1σ2ζ2 (h− ζ1) + 2σ1σ3ζ3 (h− ζ1) + 2σ2σ3ζ3 (h− ζ2)) +
g

2

(
(ρ2 − ρ1)ζ21 + (ρ3 − ρ2)ζ22 + (ρ4 − ρ3)ζ23

))
dx .

(4.9)
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Thanks to the simple form of the Poisson tensor (3.29), the ensuing equations
of motion can be written as the conservation laws

ζ1t +

(
σ1ζ1 (h− ζ1)

hρ
+
σ3ζ3 (h− ζ1)

hρ
+
σ2ζ2 (h− ζ1)

hρ

)
x

= 0

ζ2t +

(
σ2 (h− ζ2) ζ2

hρ
+
σ3 (h− ζ2) ζ3

hρ
+
σ1ζ2 (h− ζ1)

hρ

)
x

= 0

ζ3t +

(
σ3 (h− ζ3) ζ3

hρ
+
σ2 (h− ζ2) ζ3

hρ
+
σ1ζ3 (h− ζ1)

hρ

)
x

= 0

σ1t +

(
(h− 2ζ1)σ2

1

2hρ
− σ1σ2ζ2

hρ
− σ1σ3ζ3

hρ
+ g (ρ2 − ρ1) ζ1

)
x

= 0

σ2t +

(
(h− 2ζ2)σ2

2

2hρ
− σ2σ3ζ3

hρ
+
σ1σ2 (h− ζ1)

hρ
+ g (ρ3 − ρ2) ζ2

)
x

= 0

σ3t +

(
(h− 2ζ3)σ2

3

2hρ
+
σ2σ3 (h− ζ2)

hρ
+
σ1σ3 (h− ζ1)

hρ
+ g (ρ4 − ρ3) ζ3

)
x

= 0 .

(4.10)
The Hamiltonian formalism easily shows the existence of the eight conserved
quantities

Zj =

∫ +∞

−∞
ζj dx, Sj =

∫ +∞

−∞
σj dx, j = 1, 2, 3 ,

K =

∫ +∞

−∞

3∑
k=1

ζkσk dx and HB given by (4.9).

(4.11)

Remark 3. The first six quantities are Casimir functionals for the Darboux Pois-
son tensor (3.29), while the seventh one, K, is the generator of x-translations.
Note that, formulas (4.8) imply that the total linear momenta of the individual
layers are conserved quantities. This is consistent with the fact that the dis-
persionless limit of the N -layer equations are conservation laws for the averaged
momenta, and no pressure imbalances can arise in the Boussinesq approximation
[2].

Remark 4. The steps leading to the computation of the effective Hamiltonian
(4.9) can be performed also by dropping the assumptions (4.4) of the Boussinesq
approximation. In this case, the kinetic energy acquires a non trivial rational
dependence on the density differences ρi − ρi+1, and the equations of motion
become much more complicated (as already seen in the 2 and 3-layer cases).
However, they are still Hamiltonian equations of motion that preserve, together
with their Hamiltonian, the quantities Zj , Sj , j = 1, 2, 3 and the generator of
x-translations K of eq. (4.11). Note that, as shown in [2] and further discussed in
[4], once beyond the Boussinesq approximation pressure imbalances can appear.
Hence the individual layer momenta are no longer conserved quantities and K
does not even coincide with the total horizontal momentum.
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5 Symmetric solutions

Symmetric solutions of the three-layer configurations were ingeniously found in
[11] by a direct inspection of the equations of motion (written in velocity –
thickness coordinates). They exist provided a certain relation is enforced on the
density differences of the individual layers, and were interpreted in [4] as the
fixed point of a suitable canonical involution of the phase space of the 3-layer
model.

Here we shall adopt the latter point of view, and identify an involution of the
phase space of the 4-layer model above that leads to the existence of a family of
symmetric solutions. First, we focus on the kinetic energy part of the Boussinesq
model (4.9),

TB =
1

2hρ̄

(
σ2
1ζ1 (h− ζ1) + σ2

2 (h− ζ2) ζ2 + σ2
3 (h− ζ3) ζ3+

2σ1σ2ζ2 (h− ζ1) + 2σ1σ3ζ3 (h− ζ1) + 2σ2σ3 (h− ζ2) ζ3

)
.

(5.1)

This expression is clearly invariant under the involutive map

ζ1 → h−ζ3, ζ2 → h−ζ2, ζ3 → h−ζ1, σ1 → −σ3, σ2 → −σ2, σ3 → −σ1 .
(5.2)

If we assume that the densities ρk fulfill the relations

ρ4 − ρ3 = ρ2 − ρ1 ≡ ρ∆ , (5.3)

the Hamiltonian density (4.9) is invariant as well, up to the addition of linear
terms in the ζ’s, that is, up to constant terms and Casimir densities of the Poisson
tensor P of (3.29) which do not affect the equations of motion. A straightfor-
ward computation shows that the Poisson tensor (3.29) is left invariant by the
above involution. Hence, the manifold F of fixed points of the involution (5.2)
is invariant under the Hamiltonian flow (4.10).

The above statement can be cast in a more geometrical light. Suppose that we
are given a Poisson manifold (M,P ) with Hamilton equations written generically
as

zt = P dH , (5.4)

and suppose that z → ϕ(z) is an involution preserving P , i.e.,

i) ϕ ◦ ϕ = Id

ii) ϕ∗ P ϕ
∗ = P , where ϕ∗ is the (Fréchet) derivative of ϕ, and ϕ∗ is its pull-back

(from the linear algebra perspective, the adjoint map).

Then

ϕ(z)t = ϕ∗zt = ϕ∗P dH = ϕ∗Pϕ
∗ϕ∗dH = Pϕ∗dH = Pdϕ∗H . (5.5)

Hence, if z satisfies ϕ(z) = z we have ϕ(z)t− zt = 0 so that initial data fixed by
the involution ϕ remain on the invariant submanifold during the time evolution.



A Hamiltonian set-up for 4-layer density stratified Euler fluids 15

In our case, the invariant manifold can be explicitly described as the submanifold
of S characterised by the constraints

ζ1 + ζ3 − h = 0 , ζ2 −
h

2
= 0 , σ1 + σ3 = 0 , σ2 = 0 , (5.6)

and is parametrized by two of the remaining variables, for instance the two
quantities

σ ≡ σ3 , ζ ≡ ζ3. (5.7)

The reduced equations of motion on F in these variables are
ζt −

2(ζ2σ)x
hρ̄

+
(ζσ)x
ρ̄

= 0

σt +
1

2

((h− 4ζ)σ2)x
hρ̄

+ 2gρ
∆
ζζx = 0

, (5.8)

while the restriction of the Hamiltonian (4.9) is

HF =

∫
IR

(
ζ (h− 2ζ)σ2

hρ̄
+ gρ∆ζ

2

)
dx . (5.9)

One can readily check the equations (5.8) are the Hamiltonian equations of

ρ3  

  

ζ3(x,t)

 

z

x

 

 

 

ρ2=ρ1+ρΔ

ρ1

ζ2(x,t)=h/2

h

ρ4=ρ3+ρΔ

ζ1(x,t)=h-ζ3(x,t)

0

u2(x,t)

u3(x,t)

Fig. 3: Example of a symmetric solution.

motion (
ζt

σt

)
= PF

(
δζHF

δσHF

)
with PF =

 0 −1

2
∂x

−1

2
∂x 0

 . (5.10)
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The appearance of the factor 1/2 in the expression of PF is readily explained
within Dirac’s theory of constrained Hamiltonian systems. Indeed, if we consider
the constraints (5.6), we notice that, renaming the constraint densities as

Φ1 = ζ1 + ζ3 − h , Φ2 = ζ2 − h/2 , Φ3 = σ1 + σ3 , Φ4 = σ2 , (5.11)

the sixtuple (ζ = ζ3, σ = σ3, Φ1, . . . , Φ4) is clearly a set of coordinates. The
Poisson tensor in these coordinates is given by the block matrix

P = −∂x
(
A BT

B C

)
, (5.12)

with

A =

(
0 1
1 0

)
, B =


0 1
0 0
1 0
0 0

 , C =


0 0 2 0
0 0 0 1
2 0 0 0
0 1 0 0

 . (5.13)

In this formalism, Dirac’s formula [12] for the 2 × 2 reduced tensor PD with
respect to the pair of coordinates (ζ, σ) on the constrained manifold is

PD =
(
A−BT · C−1 ·B

)
∂x , (5.14)

by which we recover the tensor PF of (5.10).
As a final remark, we notice that the symmetric solutions might appear

somewhat trivial, especially in view of the constraint that fixes the intermediate
height ζ2 to be at the middle of the channel. However, one should remark that
the additional requirement (5.3) on the densities reads ρ3 = ρ4 − ρ2 + ρ1. Thus
in general ρ3 6= ρ2 and, in the non-Boussinesq case, the constraint σ2 = ρ3u3 −
ρ2u2 = 0 generates a velocity shear along the flat interface ζ2.

6 Conclusions and discussion

Building on our previous paper [4], we have considered the reduction of a natu-
ral Hamiltonian structure from the space of 2D general stratified configurations
for an Euler incompressible, non-homogeneous fluid, to an effective 1D model
of a four-layered sharply stratified fluid, in the long-wave dispersionless approx-
imation. We have applied a general scheme for reducing Hamiltonian structures
and constructed a set of natural Darboux coordinates on the reduced space of
sharply stratified configurations. We then constructed an effective Hamiltonian
in the Boussinesq approximation setting, which basically retains density differ-
ences only in the buoyancy terms. We finally pointed out the existence of a
special family of symmetric solutions to the effective equations of motion which
generalize their 3-layer counterpart and can serve to illustrate the expected dif-
ferences and analogies between the general cases of odd and even number of
layers. Symmetric solutions in the 3-layer case were introduced in [11] as a nat-
ural setting for the so-called mode 2 internal waves, that is, internal waves with
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out-of-phase pycnocline displacements. We have geometrically shown that four
layer stratifications can support a similar family of waves, with the notable pecu-
liarity that such “opposite” disturbances in the pycnocline displacement happen
in the first and fourth layer only. While the middle interface ζ2 is forced to be
flat and at the middle of the channel, velocity shears along this interface are
not ruled out. Analytical and numerical properties of these 4-layers solutions
(e.g., stability and well-posedness) are currently under investigation and will be
communicated elsewhere.
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