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Abstract

We study the Boussinesq hierarchy in the geometric context of the theory of bi-
Hamiltonian manifolds. First, we recall how its bi-Hamiltonian structure can be obtained
by means of a process called bi-Hamiltonian reduction, choosing a specific symplectic leaf
S of one of the two Poisson structures. Then, we introduce the notion of bi-Hamiltonian
S—hierarchy, that is a bi-Hamiltonian hierarchy which is defined only at the points of the
symplectic leaf S, and we show that the Boussinesq hierarchy can be interpreted as the
reduction of a bi-Hamiltonian S—hierarchy.

1 Introduction

One of the most important class of (systems of) integrable PDEs is given by the Gelfand—
Dickey (GD) equations [18, 11]. They belong to a hierarchy of systems of n equations in n
fields, in (141) variables, reducing to the Korteweg—de Vries (KdV) hierarchy for n = 1 and
possessing soliton solutions (see, e.g., [1, 11, 27]). For n = 2, by eliminating one of the two

fields, one obtains the Boussinesq equation [3],

1
g(_“wm + 4u§ + dutyy ), (1.1)

Utt =

which is still the object of several papers (see [2] and references cited therein).

The equations of the GD hierarchy are bi-Hamiltonian (as first noticed in [22] for the
KdV case), that is, they can be seen in two different ways as Hamiltonian systems, with
respect to compatible (see below) Hamiltonian structures. A geometric setting for the study
of bi-Hamiltonian systems was introduced in [24] by means of the notion of bi-Hamiltonian
manifolds, which are manifolds endowed with two different Poisson brackets, compatible in the
sense that any linear combination is still a Poisson bracket. Generalizing the GD construction,
Drinfeld and Sokolov showed in [14] that for any simple Lie algebra g it is possible to construct
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an integrable hierarchy, the case g = sl(n + 1) corresponding to the GD hierarchy. They
defined a bi-Hamiltonian structure on the loop—algebra & = C>°(S*, g) of C*°-functions from
the unit circle S* to the simple Lie algebra g and, by means of the famous Drinfeld—-Sokolov
(DS) reduction, they obtained a bi-Hamiltonian structure and bi-Hamiltonian vector fields
on a suitable reduced manifold. It has been shown in [8, 29] that the (reduced) DS structure
can be recovered by means of a general reduction procedure (valid on any bi-Hamiltonian
manifold and called bi-Hamiltonian reduction, see [6]). The final result is the same (see [13]
for an extension of this result to the so-called generalized DS structures [9, 15]), but the
intermediate steps are different. In the case of the bi-Hamiltonian reduction, a crucial point
is the choice of a symplectic leaf S of one of the two Poisson structures.

The aim of this paper is to show that, from the point of view of the bi-Hamiltonian
geometry, there is a remarkable difference between the KdV and the Boussinesq hierarchies.
The former can be obtained as the reduction of a bi-Hamiltonian hierarchy defined on the
whole bi-Hamiltonian manifold C>°(S*,5[(2)) (except a singular locus), while the Boussinesq
hierarchy comes from a hierarchy of 1-forms defined only at the points of a symplectic leaf
S of the bi-Hamiltonian manifold C°*°(S*,s((3)). For this reason, we use in this paper a
generalization of the concept of bi-Hamiltonian hierarchy, called bi-Hamiltonian S—hierarchy.
This generalization was already applied in [17] to the study of the Harry Dym hierarchy.

The paper is organized as follows. In Section 2 we recall the bi-Hamiltonian reduction
theorem and we give the definition of bi-Hamiltonian S—hierarchies. We also recall the partic-
ular class of bi-Hamiltonian manifolds given by loop—algebras on a simple Lie algebra, that is,
& = C>(S%, g), with g a simple Lie algebra. Following [7], in Section 3 we recall some results
about the g = sl(2) (i.e., KdV) case, such as the definition of the matriz KdV hierarchy. This
hierarchy projects, accordingly to the bi-Hamiltonian reduction process, on the usual scalar
KdV hierarchy. The same analysis is carried out for the g = s[(3) case in Section 4, with
the introduction of the matriz Boussinesq hierarchy, which is an example of bi-Hamiltonian
S—hierarchy. The final Section 5 is devoted to some concluding remarks.

2 Bi-Hamiltonian manifolds, hierarchies, and reduction

In this section we recall the main ideas of the bi-Hamiltonian approach to integrable systems.
The central point is to replace the family of first integrals in involution (usually considered
in the theory of integrable systems) with a second Poisson bracket. This gives rise to the
notion of bi-Hamiltonian manifold, which is a natural geometric setting to study Hamiltonian
integrable systems. We refer to [20, 32] for the basic notions of Poisson geometry.

Let M be a manifold endowed with two Poisson brackets, {-,-}o and {-,-}1. These brackets
are said to be compatible if any linear combination

{fag}(k) :{fag}lf)‘{fhg}o (21)

is still a Poisson bracket. A bi-Hamiltonian manifold is a manifold M endowed with two
compatible Poisson brackets. In this case the bracket {-,-}(\) (or the Poisson tensor P,y =
Py, — \Py) is called the Poisson pencil defined by {-,-}o and {-,-}; on M.



A vector field X on a bi-Hamiltonian manifold (M, Py, Py) is said to be a bi-Hamiltonian
vector field if it is Hamiltonian with respect to both Py and P;, that is, if there exist two
functions h and k such that

X = Pydh = Pydk. (2.2)

A bi-Hamiltonian hierarchy is a sequence {hy}r>o of functions on M fulfilling the Lenard
recursion relations

{hetito = { i, k >0, (2.3)

and the additional condition {-, ho}¢o = 0. In terms of Poisson tensors, we have that Pydhy11 =
Pydhy,, with hg a Casimir function of Py. A bi-Hamiltonian hierarchy immediately gives rise
to an infinite sequence of bi-Hamiltonian vector fields,

&), = Pydhisy = Pydhy. (2.4)

It is well-known that the functions of a bi-Hamiltonian hierarchy are in involution with
respect to both brackets, so that such functions are integrals of motion in involution for every
vector field @, and these vector fields commute. More generally, if {hy} and {lx} are two
bi-Hamiltonian hierarchies on the same bi-Hamiltonian manifold, then

{hi, i} = {hi,lj}o =0 Vk,j>0. (2.5)

We remark that the additional condition {-, ho}o = 0 is not needed to prove that the functions
of a single bi-Hamiltonian hierarchy are in involution, but it has to be fulfilled by at least one
of the two bi-Hamiltonian hierarchies in order to prove (2.5).

Notice that if {hj} is a bi-Hamiltonian hierarchy, then

h(A) =Y A" (2.6)

k>0

is a Casimir function of the Poisson pencil {-,-} ). Vice versa, if h()) is a Casimir function
of {-,-}(,) which can be developed in a Laurent series, h(A) = >, hxA™* with a suitable
n, then the coefficients {hy} form a bi-Hamiltonian hierarchy.

Now we recall a reduction process that can be performed on any bi-Hamiltonian manifold,
referring to [6, 23] for details and proofs. We just point out that it is a particular case of the
Marsden—Ratiu reduction [25] for Poisson manifolds, applied to the generic element {-, -}( ")
of the Poisson pencil.

Theorem 1 Let S be any symplectic leaf of Py, and let the distribution D be given by D =
{P1dkq | ko a Casimir function of Py}. Then the distribution D is integrable, and the same
is obviously true for the distribution E = D NTS induced by D on S. Suppose the foliation
induced by E to be sufficiently regular, so that the quotient set N = S/FE is a differentiable
manifold. Then N is a bi-Hamiltonian manifold, whose Poisson pencil {-, }g) s given by

{f.g}%) om = {F.G}Y o1, (2.7)

where i: S < M is the immersion, 7: S — N is the projection on the quotient, F', G are
functions on M extending f o, gom, and their differentials dF, dG vanish on D.



Since in the applications it is easier to compute the reduced Poisson tensors rather than the
reduced brackets, it is worthwhile to state the previous theorem in terms of Poisson tensors.
To construct the reduced Poisson pencil P(J}\[) starting from the Poisson pencil P(Jf\’% on M, we
have to conform to the following scheme:

1. We start from a covector v € TN,

2. We fix a point s € § such that 7(s) = n, and we observe that there exists a covector
vM € T* M such that

WM 3 = WV, dr(s)s) YV seT,S

3. Since P(/;\/; (DY) C TS, we have that (P(’;\’;)svf/‘ € TS.

4. The projection of (P(/;\’;)Sv?’l does not depend either on the choice of v, or on the
point s on the fibre. This projection is (P(/}())HUN

The proof of following result can also be found in [6].
Proposition 2 Let {H;} be a bi-Hamiltonian hierarchy on M. Then:

1. the functions Hj o4 are constant along the distribution E, and therefore they give rise
to functions HJN on N;

2. the functions HJN form a bi-Hamiltonian hierarchy with respect to the reduced pencil,
henceforth called the reduced hierarchy;

3. the vector fields ®; = PydH 11 = PydH; are tangent to S and project on N';
4. the projected vector fields ¢; are the vector fields associated with the reduced hierarchy.

In order to study the Boussinesq hierarchy we will need a more general definition than the
one of bi-Hamiltonian hierarchy. The point is that, once we have fixed a symplectic leaf S of
Py, it is not always possible to determine a hierarchy which is defined on a neighbourhood
of S. In other words, there could exist singular leaves for the hierarchies of a bi-Hamiltonian
manifold. Nevertheless, it is sometimes possible to define hierarchies which are defined only
at the points of S, as stated in the following

Definition 3 Let M be a bi-Hamiltonian manifold, and S a symplectic leaf of Py. A S—
hierarchy is a sequence {Vi}, k > 0, of applications from S to T*M,

Vie: s Vi(s) € Th M, (2.8)
with the following properties:

1. Vi restricted to T'S is an exact 1-form, that is, there exist a function Hy on S such that
Vilrs = dHyg;

2. PV, = PyVi41 for k >0, and moreover PyVy = 0.



It is not difficult to generalize all the results stated for bi-Hamiltonian hierarchies to S—
hierarchies. We observe that, in a trivial way, every bi-Hamiltonian hierarchy defined in a
neighbourhood of § gives rise to an S—hierarchy. On the contrary, we will see in Section 4
that the matrix Boussinesq hierarchy is an example of S—hierarchy that does not derive from
any bi-Hamiltonian hierarchy.

We end this section with a review of a very important class of bi-Hamiltonian manifolds,
which is fundamental for the geometric interpretation of soliton equations. We refer to [30]
for the basic notations concerning simple Lie algebras.

Let & = C>°(S!, g) be a loop—algebra on the finite—dimensional simple Lie algebra g, that
is to say, the Lie algebra of C'°°—functions from the unit circle S* to g. First of all, we suppose
that &* can be identified with & by means of the bilinear form

V,U) = /Sl(V(rz:),U(x)),3 dz, UV e, (2.9)

induced by the normalized Killing form (-,-)q of g. Then we endow & ~ &* with the bi-
Hamiltonian structure given by the Poisson pencil

(P()\))UV:VL—F[V,U—F)\A], UE@,VGTE@ETUﬁﬁﬁ, (210)
where A is a fixed element in &. The Poisson tensors are thus

(Po)y V = [A,V] (2.11)
(P)y V=V, +[V,U], (2.12)

so that the corresponding pencil of Poisson brackets is

{F7 G}(A)(U) = {Fv G}l(U) - /\{F7 G}O(U) =

=o(dF(U),dG(U)) + (U, [dF(U),dG(U)]) + MA, [dF(U),dG(U)]), (2.13)
where
d
o(Vh, Vo) = /Sl(Vl, %Vg) dx. (2.14)

The symplectic leaves of Py are constructed as follows. Since Ker Py = &4 (the isotropy
algebra of A) and Im Py = (Ker Py)* = &%, where the orthogonality relation is defined
with respect to the bilinear form (2.9), one has that the symplectic leaves S of Py are affine
subspaces modelled on &%, that is, S = B + &%, with B an arbitrary element of &. In the
Drinfeld—Sokolov case [14], one chooses A # 0 in the center of n_ and B = erinlkg E;, where
the E; are the vectors of the Weyl basis that generates n;. In the case g = sl(n), this means
that

0 0 0 1 0

A 7 s (2.15)
0 0 1
1 0 0 0 0



3 Matrix and scalar KAV hierarchies

In this section we recall from [7] the study of the bi-Hamiltonian manifold M = C>°(S!,s((2)),
leading to the KdV case. The aim is to make easier the reading of Section 4, where the line
of thought is similar, but the computations are heavier.

Following the notations of the previous section, we will denote by U the generic point of
the manifold M:

U= : (3.1)
q —p

where p, ¢ and r are functions from S! to R. We will write the generic tangent vector as

U= , (3.2)
q —p

and, thanks to the identification between & and &*, the generic covector as

We recall that the valuation of V on the tangent vector U is given by

(V,U) = /Sl(V(x), U(x))gde = /Sl(2pv1 + qug + Tv3)dx, (3.4)

since in this matrix representation the normalized Killing form coincides with the trace of the
product. We have seen that M is a bi-Hamiltonian manifold, with Poisson tensors (2.11-2.12)
and

A= . (3.5)
1 0
Now we will perform the bi-Hamiltonian reduction on this bi-Hamiltonian manifold, following
the steps below.

First step. We have to choose a symplectic leaf of Py, and precisely the symplectic leaf
S = &4 + B. Since

0 0 L N p 0 L
Ga= | we C™®(SR) = Oxy=ImP) = | p,¢g € C*°(S*,R)
w 0 qg —-p
(3.6)
and
01
B = , (3.7)
0 0



we have that the elements of S have the form
S = . (3.8)

Second step. Now we have to find the distributions D = Py (Ker Py) and E = DNTS. In this
particular case, it can be easily checked that P;(Ker Py) C TS, so that the equations defining

—w 0 L
E=D= | we C™®(SR) (3.9)
Wy + 2pw  w

can be written as
p=—w, 4 = wg + 2pw. (3.10)

By eliminating w, we obtain the projection 7: S - N = S/FE,
u=m7(8)=7(p,q) = pz +p* +4, (3.11)

where the function u is the “coordinate” on the quotient space N.

Third step. To compute the reduced Poisson tensors on N, i.e., the reduced Poisson pencil,
we follow the scheme described in Section 2. For any covector v on A (that is, a function
from S' to R), we have to find the matrices V € D° such that (V,$) = (v, dn(S)) for all S.
Since

dn(S) = pa +2pp + 4 (3.12)
and the elements of DY at S are
1
—5V2z + PU2 ()
2 7 (3.13)
U3 %sz — pv2
we find that
1
—5Ug + PU v
v=| ? : (3.14)
V3 %vw —pv

with vs arbitrary, which will not enter the reduction process. The reduced Poisson pencil is

given by P(Jf\f)v = dﬂ'(P(/;\/; V), where, as usual, P(/;\/; = P; — \Py. Explicitly, we have that

PXV = ]? O_ : (3.15)
q —p
with
P=—3Vee + (PV)z+ (@ +Nv—v3, ¢ =13, +2pv3+ (¢ + ) (ve — 2pv). (3.16)
Therefore
PXJv = dn(PEV) = po + 209 + 4 = — 3000 + 2(u+ \)vg + ugv, (3.17)



which is the well-known Poisson pencil of the KdV hierarchy. In other words, the reduced
Poisson tensors are

Pévv = —2u,, PlN = —%vmm + 2uv, + ugv. (3.18)

We observe that the Poisson bracket associated with (3.17) is given by

{f1, fa oy = w(vi,v2) + (U, [v1, va]ar) + A(L, [v1, v2] ), (3.19)
where v; = df; and

[V, 02|y = V1vas — V2v1, (3.20)

W(’Ul, UZ) = % fSl Ula:UZ:czdx~ (321)

Thus the reduced pencil is completely similar to the unreduced pencil (2.13), after replacing
the cocycle o by w, and the matrix commutator by the commutator (3.20), defining the
Virasoro algebra (of vector fields on S'). As well known, in the Boussinesq case, although
one starts from a structure of the type (2.13), the reduction gives rise to a nonlinear structure
(see next section).

The problem we are going to treat now is the search for hierarchies of the bi-Hamiltonian
manifold M = & = C°°(S1,51(2)). As we have already chosen a symplectic leaf S of Py, we
are interested only in the hierarchies which are defined at the points of this submanifold. As

it is shown in [7], such a hierarchy exists. Indeed, it can be proved that

Ko = /S 27 dz (3.22)

is an iterable Casimir function of Py, in the sense that there exists a bi-Hamiltonian hierarchy
starting with K. Moreover, one can prove that Ky is the unique iterable Casimir function of
Py. We observe that K| is not differentiable on the symplectic leaf Sy corresponding to r» = 0,
and that this implies that the vector fields of the hierarchy are not defined on this leaf. Hence
we can say that Sy is a singular leaf for the unique hierarchy of the bi-Hamiltonian manifold
M. This fact is not important in the study of the KdV hierarchy, because we chose S, which
is not singular. On the contrary, in the next section, in order to get the Boussinesq hierarchy,
we will be compelled to choose a singular leaf. Nevertheless, we will be able to determine
S—hierarchies on this singular leaf, in the sense of Definition 3, and this will suffice to obtain
bi-Hamiltonian hierarchies on the quotient space. Since the aim of this section is to help to
read the next one, we will forget the existence of the iterable Casimir function (3.22), and
we will look for the S—hierarchies on the symplectic leaf S. Looking for such S—hierarchies is
equivalent to looking for the solutions of the equation

VN:+[V(N),S+ XA =0 (3.23)
of the form
V)= Viah (3.24)
E>—1



We remind that it is not sufficient to find a solution of the kind (3.24), but one has to be
sure that there exists a solution representing, once restricted to T'S, an exact 1-form. One
immediately finds that the solutions of (3.23) are

—11)97 + pv v
V(A S) = 2 7 (3.25)
_%Umw + (pv)e + (g + Mo %U:z: —pv
where v(A, u) is a solution of

—%vmw + 2(u 4+ Nvg + uzv = 0. (3.26)

Therefore to determine a matrix V' in the kernel of the Poisson pencil P(y) (at the points of
8S) it suffices to construct a covector v in the kernel of the reduced pencil on N'= S§/E. To
solve (3.26), we note that the following identity holds:

v (—%vwm +2(u+ N, + u,;v) = % (ivf — %vvm + (u+ /\)02) ) (3.27)

Hence v(A,u) is a solution of (3.26) if

10,2 = Tovg, + (u+ Ao = a(), u), (3.28)
with p
%a()\, u) = 0. (3.29)

We observe that this last condition does not prevent a(\, «) from depending explicitly on w.
For example, it can be that a(u) = u(z), with Z € S' fixed, or a(u) = [g u(x)dz. Anyway,
(3.28) can be solved recursively, once we have developed v(A, u) and a(A, u) as Laurent series.
We can choose

vhu) =Y oA, a(hu) =Y ad T (3.30)
§=0 §=0
so that the first equations are

'Ug:a()

108, — Vov0za + uve? + 20901 = ay (3.31)

$V02V1e — 5 (V0Vlze + V10V0zz) + 2uvov1 + v12 + 209v2 = ag
If ag # 0, once we have fixed the sign of vy, we can uniquely determine all the coefficients vy.
There is still the exactness problem, that is the problem of finding conditions on a(\,u) so
that V', constructed with v on account of (3.25), represents an exact 1-form (once restricted
to T'S). In other words, there must exist a function H (S, A), defined on S and depending on
A, such that

(dH(S),S) = (V,8) VY SeTsS. (3.32)

To solve this problem, we note that

V2(), S)
2 bl

Loe? — Lovg, + (u+ )\)02 =Tr

2 (3.33)



and hence that (3.29) simply says that the spectrum of V' must be independent of x (this
could be also argued from (3.23)). We are going to show that, if the spectrum of V' does
not depend even on the point of S (that is, if @ does not depend on u), then V is exact (in
the sense specified above). In fact, in this case there exists a constant matrix A (for example
the diagonal matrix of the eigenvalues of V') and an invertible matrix K (for example the

eigenvectors matrix) such that
V(\) = KAK ™. (3.34)

Proposition 4 Let us introduce the matrix

M=K'S+M)K - K 'K,. (3.35)
Then the function
H=(M,A) = / (M, A), da (3.36)
Sl

satisfies equation (3.82).

Proof. It can be found in [7], but we report it here for completeness. Since V and S + \A
satisfy (3.23), the matrices A and M satisfy the equation A, +[A, M] = 0, that is, [A, M] = 0.
Now, if S is any tangent vector to S, then

(H(S), ) = L H(S+9) 1o = (L M(S+18) 1m0, A) = / (K-'8K + M. KK A) do.
St g

dt dt
(3.37)

where we have integrated by parts and set K = %K(S+t5)|t:0. Using [M, A] = 0, we finally
obtain

(dH(S),S):/ (K—lsK,A)gdxz/ (S,KAK‘l)gda::<V,S>, (3.38)
g1 g1

so that equation (3.32) is satisfied. O

Hence we can conclude that V' defines an S—hierarchy on the symplectic leaf S. In order
to recover the usual KdV hierarchy we have to choose
V2

Trg =X (3.39)

Indeed, we are going to show that this normalization leads (by means of the bi-Hamiltonian
reduction theorem) to the usual KdV hierarchy. According to (3.39), A can be chosen as

Az 0 0 1
A= oralso A= . (3.40)
0 —\z A0

We call the S—hierarchy defined by the matrix V' the matrix KdV hierarchy. It is the unique
(up to a sign) solution V() of equation (3.23) such that V(\)? = AI. The vector fields of the
matrix KdV hierarchy are thus defined only on &, and are given by

Sk = Vi, + Vi, S] = [A, Vieya]- (3.41)

10



The matrix KdV hierarchy can be projected on the quotient manifold N. The projected
hierarchy (henceforth referred to as the scalar KdV hierarchy) is the usual KAV hierarchy.
The Hamiltonians H; ﬁf of the scalar hierarchy are obtained by projecting the potentials Hy of
Vi|Ts, that turn out to be constant along the fibers of the projection. For example, we find
that V(A) = VoA + Vo + ViAt + ..., with

0 0 p 1
V,l =A= y VO = )
1 0 5(pa+q—p*) —p
(3.42)
1pes + 30 — 50° — 3pg —2(pe +q+ %)

V =
— iPedq+ gpa” + it + pp%a — 5

One can easily check that

Ho(S) = Holp) = [ (a+2P)dn, Hi(S) = Hip) == [ (a+2 + po)dn, (349

so that 1
HY (u) = / wdz,  HN (u) =—3 / u? d. (3.44)
St St

The first three vector fields of the hierarchy (on S) are

0, o
gy = 1 5 =Dba +q+1°
9q _ o 09 _ 1y 4 loon 3
o = 2p 5tc = 3Dax + 3% —qp — D
3.45)
o (
S = §Psox + §0ee — 10°Px — 3P2q + {PPax — 5P — 31" — 3070 — 24°
0 5 5 :
Tg = %pxmcx + é%cx;c - szpa:x - prx2 - %pqm - %px%c - %pxa:q - %‘Fh"’
—10%4: + §0° + 300 + Spe?
The first one projects on the zero vector field, since it belongs to F. Explicitly,
Ju dp dp dq
= +2 + =0. 3.46
at_, (87&_1)96 Poc_, T ot_, (346)

By means of similar calculations one verifies that the second vector field projects on g—;g = Uy,

while the projection of the third one is

ou 1
that is, the well-known KdV equation. It is easily checked that

) )
67"“; = pNag = PNdmy, aTZ = PNafV, (3.48)

as expected.

11



We close this section by pointing out an easier method to construct the matrix KdV
hierarchy. It is a slight modification of the method of dressing transformations [33], used
also by Drinfeld and Sokolov. We have emphasized the geometric aspects, having assumed
as starting points the basic concepts of bi-Hamiltonian manifold and hierarchy. Instead of
solving directly equation (3.23), we look for an invertible matrix K (depending on S € S)
such that M = K1 (S 4+ A) K — K~'K, is diagonal. It is easy to check that a possible
choice is

1 1 h(z) 0
K= , M = , (3.49)
h(z) —p h(=z)—p 0 h(=2)
where 22 = X\ and h(z) is the unique solution of the equation
hey +h?> =q+p>+ps +A=u+\ (3.50)

admitting the expansion h(z) = z+ Y_,5, h;z~". Notice that the h; can be computed alge-

braically by recurrence. One finds

1 1 1 )
hi = §u7 hy = —ium hs = g(um —u®), (3.51)

and so on. If we now define

z 0
V =KAK™! where A = , (3.52)
0 —=z
then
Ve +[V,S+ ] =K (A, + [A,M]) K~™' =0, (3.53)
so that V' is a solution of (3.23), satisfying the normalization condition (3.39). Moreover, the
function
HO) = (M, A) = / (M, A), dz = / (2h(2) — 2h(—2)) dz = 2/ (At B+ hsA™! - ) de
51 51 51

(3.54)
is the potential of V restricted to T'S (this shows that V depends on A = 22). Indeed, we can
repeat verbatim the proof leading to (3.38). In conclusion, we can generate all the conserved
densities of the matrix and scalar KdV hierarchy according to equation (3.50). (See [19]
for another explanation of this fact.) It is easily checked that Hj = 2 f g1 haky1dz, so that
(3.43-3.44) can be recovered from (3.51).

We close this section by pointing out that a characterization of the polynomial conserved
densities of KAV has been given in [31]. See also [12], where the necessary condition has been

extended to the Boussinesq equation, and [26] for an alternative proof.

4 Matrix and scalar Boussinesq hierarchy

In this section we analyze, following the scheme of the previous section, the bi-Hamiltonian
manifold M = C* (S, s1(3)), endowed with the Poisson structures (2.11-2.12).
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First of all, we apply the bi-Hamiltonian reduction theorem, in such a way to obtain the
usual bi-Hamiltonian structure of the Boussinesq equation (we follow [29], where an explicit
comparison with the DS reduction is performed). The notations are the same as in Section 3.

First step. We consider the symplectic leaf S = &+ + B of Py. Since

00 0 01 0
A=10 0 0|, B=|0o 0 1]/: (4.1)
10 0 00 0

we have that the elements of &4 = Im P, are

p1 O 0
g1 ¢2 —D1

and therefore the elements S of S have the form

p 1 0
S=1ps 0 1 . (4.3)
Q. q2 —p1

Second step. We determine the distribution D = P;(Ker Py) and its restriction to T'S, that
is, E=DNTS. Since the elements of Ker Py have the form

a 0 O
Vo=1b —-2a 0], (4.4)
c d a
we have that the vectors in D are
Gz — b 3a 0
by + p1b — 3p2a — ¢ —2a, +b—d —3a |> (4.5)

Cx +2p1c+pad — q2b  dp +c+3qa+pid ap+d

so that P, (V) € TS <~

00 0
Vo=1d 0 o]- (4.6)
c d 0

13



Hence the distribution F is formed by the vectors

—d 0 0
dy +prd —c 0 0], (4.7)
Ccz+2pic+pd—qad dy+c+pid d
that is, by
P = —d
P2 =dy +prd—c

g1 = €z + 2p1c+ pad — god

G2 = dg +c+prd

The results of Section 2 entail the integrability of this distribution. The coordinates on the
quotient space are obtained by eliminating ¢ and d in (4.8). For example, we can calculate ¢
and d from the first two equations,

d= 71.)13 ¢ = 7132 +d; +p1d7 (49)
and plug them in the other equations to obtain

d1 + P2z + Piaea + P1.D1 + P1D12 + P1D2 + P1(D2 + 2P12 + 2p1P1 + G2) — P1Ge + P1p2 — q2p1 =0
D2 + 2P1e + 2p1p1 + g2 =0,

(4.10)
that is,
d d 2
a(ch + P24 + Pilge + D101 + D102 — P1g2) =0, @(m +2p1, +p1 +q2) =0, (4.11)
Hence a possible choice for the coordinates on the quotient manifold A is
Uy = q1 — P1g2 + P12 + P1P1a + P2z + Pleas Uz = G2 + P2 + 2p1a + P (4.12)

Third step. As in the KdV case, to find the reduced Poisson tensors on N we have to look
for the matrices V € D° such that

/(Vv, S)g dr = /(wlﬂl + wg’l'l,g)dl‘ VS, (413)

where (@1, U2) = dr(S), and (wy,ws) represents the generic covector on the quotient manifold
N. If V has the form

U1 V2 U3
vy —U1 + U5 Vg s (414)
v U8 —Us

14



then one finds that V belongs to D° and satisfies equation (4.13) if and only if
Vg = P1wi + W2 — Wiy

1
Vs = —g(p%UM + 2pow; — qawi + 3p1wa + wip1, — 3wa, + Wigy)

1
v = g(pfwl + pawi — 2gaw1 + 3p1we — W1p1, — 3P1W1, — 3W2, + 2Wi4y) (4.15)

1
Vg = U4 — P1P2W1 — P1G2W1 — P2W2 + qaW2 — §(4p1w1p1w + wip2, + wi1qe, — QP%U)M

+ 4p2w1w + qew1, + 5p1xw1w + leplxa: + 3p1wlacx - wlxmw)a

with v4 and v; remaining undetermined (they do not enter the reduction process). Therefore
the reduced Poisson pencil, given by

P (w1, ws) = dm o Py (V(wr, w2)), (4.16)
is
up = %’Llechx - %Uz'LUl;caca: — U9 W1ge + (%u% + 2uq, — 2u2xac)wla:
+(_%u2xzx + %U2U2x + Ulmm)ﬂ)l — Woggzr + U2Wory + 3UIWoy + Ui Wo + AWy

’1'1,2 = Wiggrx — U2Wigx + (3’&1 - 2u2a:)w1w + (2u1z - u2a:a:)w1 - 2w29:a::r + 2u2w2w + U2, W2

+3A\w1g,

(4.17)
where we have set (i1, 1) = PN (w1, ws) — AP (wy, wq) = P(f:\[)(wl, ws). We note that P}V is
not linear, and therefore cannot be seen as a Poisson tensor associated with a cocycle. This
fact represents a fundamental difference between the KdV and Boussinesq example. In the
first case we start from a linear structure, and the reduction conserves linearity, while in the
second case linearity gets lost through the reduction process. In relation to the study of the
reduced structures of Boussinesq (and of the other Gelfand-Dickey hierarchies, corresponding
to sl(n)), algebraic structures, called W-algebras, have been introduced in [34, 10]. See [5]
for a bi-Hamiltonian perspective on this topic.

As a closing remark on the reduction procedure, we point out that an algorithm for the
computation of the reduced Poisson tensors, using a submanifold of S which is transversal
to the distribution E, is described in [8]. This simplifies many of the calculations we made
above.

Now we look for bi-Hamiltonian hierarchies on M = C>°(S%,s5((3)), that is, for iterable
Casimir functions of Py. Let

p1+ 71 ) T3
U = P2 —2’1”1 Ta (418)
q1 q2 —p1+71

be the generic point of M, where we have chosen coordinates that are adapted to the symplec-
tic leaves of Py. It can be shown (the calculations are cumbersome, and will not be reproduced
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here) that, if Ky is an iterable Casimir of Py, then

Ko =KV = /S 2rde or Ko= K = /S 32+ rarary e, (4.19)
so that the corresponding differentials are
0 0 0 1 0 0
viV=1 o o of. V=] 3t -2 ol (4.20)
7“3_1/2 0 0 737“27"47'3_2 37"27'3_1 1

Therefore the Casimir functions (4.19) are not differentiable on the symplectic leaf S we chose
above, since this leaf corresponds to the choice ro = r4 = 1, r; = r3 = 0. Consequently, the
vector fields of the resulting hierarchies are not defined on S. For example, we have

1/2

—T3 0 0
Pl‘/()(l) — —7’47"3_1/2 O 0 . (421)
7%703”3—3/2 + 2p17"3_1/2 7'27’3_1/2 r§/2

We can conclude that there do not exist bi-Hamiltonian hierarchies of M, which are defined
on (an open neighbourhood of) S. This represents the fundamental difference between the
bi-Hamiltonian study of the KdV and Boussinesq equations.

Remark 5 We point out that the (bi-Hamiltonian) reduction is regular (as opposed to sin-
gular, see [28] and the references therein) both in the KdV and in the Boussinesq case. The
point is that the Hamiltonian functions of the hierarchies have singularities (in the Boussinesq
case) on the chosen symplectic leaf S. Nevertheless, it is still possible to find S—hierarchies
on S, in the sense of Definition 3.

Looking for such S—hierarchies is equivalent to searching for the solutions of

VN)a+[V(N),S +AA] =0 (4.22)
of the form
V)= Vit (4.23)
k>—1

representing exact 1-form (once restricted to §). Keeping in mind what we wrote at the
end of Section 3, we can look for an invertible matrix K (depending on S € §) such that
M = K1 (S+XA)K — K 'K, is diagonal. To simplify the following formulas, let us
introduce the Faa di Bruno polynomials (see, e.g., [4])

pO+D — pB) 4 et RO =1, (4.24)

where h is a given function. One can check that a possible choice for K and M is

1 1 1 h(z) 0 0
K=1hnz)—-p1 h(wz)—p1 hw?)—p | M=/ 0 hw?) 0 , (4.25)
¥(2) P(wz) h(w?z) 0 0 h(w?2)
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where 2% = \, w = exp(27i/3), ¥(2) = hP(2) — p1h(2) — p1, — p2, and h(z) is the unique
solution of the equation
h®) = ugh 4+ uy + A (4.26)

admitting the expansion h(z) = z+3 ;5 hiz~%. Notice that (uy,us) are precisely the coordi-
nates on the quotient space N given in (4.12). As in the KdV case, the h; can be computed
algebraically by recurrence. One finds
h1 =
hy =

Uz, ho = L(u1 — ugy,), hs = §(2ug,, — 3u1,), (4.27)

Ol W=

(_Uszx + 2”11’:6 - 2u2u2x + U1U2)7

and so on.

If A is any diagonal matrix and V = KAK ™!, then the same proof as in the KdV case
shows that V,, + [V, .S + AA] = 0 and that H = (M, A) is a potential of (the restriction to S
of) V. If we choose

A=10 wz 0 [, (4.28)

then V = KAK~! depends only on A and its potential is

HY () = (M, A) = /

(2h(2) + wzh(wz) + wzh(w?z)) dz = 3/ (b1 +haA ™!+ ) da.
Sl

Sl
(4.29)
This provides a first S—hierarchy, satisfying V3 = AI. A second one is given by V2 = KA2K 1,
whose potential is

H?()\) = (M,N?*) = / (2%h(2) + w?2*h(wz) + w2’h(w?z)) dz
51 (4.30)
:3/ (A oA + hsA™> + - ) da.
Sl

We call these S—hierarchies the matriz Boussinesq hierarchies. As seen in Section 2, they
both can be projected on the quotient manifold A'. The projected hierarchies (henceforth
referred to as the scalar Boussinesq hierarchies) are the usual Boussinesq hierarchies.

Now we set, with a slight change of notations with respect to (4.23),

VOO = VA, VR = S Vaiaa T, (4.31)

j>—1 j>—1
and, as far as the vector fields of the hierarchies are concerned,
Sk = Vi, + [Va, S] = [A4, Viss). (4.32)

The Hamiltonians of the scalar hierarchies are obtained by projecting the potentials of V|rs,
which are constant along the fibers of the projection. The densities of such functions can be
computed by solving (4.26), see (4.27).
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Now we are going to show the first members of the matrix hierarchies. Resuming the
calculations done previously, we find that V(A) = V_o A+ V] + VA + ..., with

P1 1 0
0 0 0 L 5
3(—pi + 2p2+ 0 1
Vao=A4=10 0 0of, Vi= — o+ pia)
10 0 3(—pip2 + 21+ %(_p%_pz-i- -
+ P1q2 +p2:r - q2:c) + QQ2 +plz)
(4.33)
Consequently, we have that the first vector field S_y of the first hierarchy is given by
I Opo oq 0q2
:O7 :_1’ :2 R = 1, 4.34
ot ot o, TV (4:34)
while the second vector field 5'1 is
6p1 1 2
0 _ - 212
o, 5 (P + P2+ g2+ 2p12)
0 1
ﬂ = *(—2}71612 + q1 — pi) — P1Pizx +p2z +p11$)
aty 3
9q 1 (4.35)
671 = g(—3pfp2 — P53 =211 + 3pig2 + @ + P1p2e + 2012 — Prdas + P2ea — Q2ra)
0 1
B o (~2pip2 — 1 — P — Pipre + G2 + Pros)-
oty 3
The first vector field projects on the zero vector field, and the second one projects on
ouq Oug
T, 2 = ug,. 4.36
o, " o, (4.36)
The starting point of the second hierarchy is
0 0 0
Voi=11 0 ol. (4.37)
010
The first vector field S_; also projects on zero, while the second one, S, projects on
3u1 2 2 aUQ
Yy T zx — o UW2zzxs = = 2U1; — U2 4.38
Ot 3122 i 32 Ot e U2 ( )

From these equations we can obtain a single equation for wue, differentiating with respect to
to the second one and plugging the result in the first one. We obtain
82UQ 1

52 = 3 U2eee + dus, + dugusgy), (4.39)
2

that is the Boussinesq equation (1.1).
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5 Conclusions

In this paper we studied the Boussinesq hierarchy from the point of view of bi-Hamiltonian
geometry. We introduced the matrix Boussinesq hierarchy on the symplectic leaf S (see (4.3)).
We showed that such hierarchy can be projected on the quotient space N, giving rise to the
usual (scalar) Boussinesq hierarchy. To compare our results with the well known Drinfeld-
Sokolov (DS) reduction, a few comments are in order.

1. It was shown in [29] that (for any simple Lie algebra g) the DS reduction gives the
same result of the corresponding bi-Hamiltonian reduction, even though the intermediate
submanifolds are different. (Notice that also the projections are different: with respect to
the action of a suitable subgroup in the DS case, with respect to the distribution F in the
bi-Hamiltonian case.) In the Boussinesq case, instead of the symplectic leaf S, Drinfeld and
Sokolov consider the submanifold S’ whose elements are

P1— h 1 0
ps 2h 1 . (5.1)
q1 @ —-p1—h

Such submanifold can be seen as the union of symplectic leaves of the Poisson tensor Fj.

2. An interesting generalization of Theorem 1 was presented in [13]. Instead of choosing a
symplectic leaf S of Py (i.e., fixing the values of all Casimir functions of Pp), one can choose a
union of symplectic leaves, fixing the values of some of the Casimir functions. It was shown in
[13] that the DS reduction coincides (in all its steps) with such a generalized bi-Hamiltonian
reduction.

3. An advantage of the bi-Hamiltonian reduction is that the intermediate submanifold S is a
symplectic manifold. Since the vector fields of the hierarchies (restricted to S) can be shown
to be Hamiltonian, one can use all the tools of symplectic geometry to study the equations
associated to such vector fields.

4. There are example of integrable hierarchies that cannot be described in the DS framework,
but can be obtained as particular instances of the general bi-Hamiltonian scheme presented
in this paper. We already mentioned the Harry Dym hierarchy and its bi-Hamiltonian inter-
pretation [17], in terms of S—hierarchies, in the Introduction. Another important example is
the Camassa-Holm hierarchy. It was shown in [16, 21] to be the bi-Hamiltonian reduction of
a matrix hierarchy defined on the same manifold as the KdV (matrix) hierarchy.
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