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ARTICLE INFO ABSTRACT

Communicated by Radu Balan We introduce new frames, called metaplectic Gabor frames, as natural generalizations of Gabor
frames in the framework of metaplectic Wigner distributions, cf. [7,8,5,17,27,28]. Namely, we

TZSCCl: 5 develop the theory of metaplectic atoms in a full-general setting and prove an inversion formula
42B35 for metaplectic Wigner distributions on R?. Its discretization provides metaplectic Gabor frames.
42A38 Next, we deepen the understanding of the so-called shift-invertible metaplectic Wigner distribu-

tions, showing that they can be represented, up to chirps, as rescaled short-time Fourier trans-
Keywords: forms. As an application, we derive a new characterization of modulation and Wiener amalgam
Frames spaces. Thus, these metaplectic distributions (and related frames) provide meaningful definitions
Time-frequency analysis of local frequencies and can be used to measure effectively the local frequency content of signals.

Modulation spaces

Wiener amalgam spaces
Time-frequency representations
Metaplectic group

Symplectic group

1. Introduction

Frames were originally introduced by Duffin and Schaeffer in [11] and today they have become popular in many different fields,
such as sampling theory, phase retrival, operator theory (they almost diagonalize several classes of pseudodifferential and Fourier
integral operators), PDE’s, nonlinear sparse approximation, wireless communications, signal processing, quantum mechanics and
computing (cf. [1,2,6,10,19-21,23,25,27,28] and references therein). Any environment may require a suitable frame, tailored for the
matter, so that the main concern is to find the right atoms to represent a function.

For a fixed window g € L2(R?) \ {0}, define M, g(t) := e*"*'g(1), & € R?, and T, g(t) = g(t — x), x € R¢, the modulation and the
translation operator, respectively. Their composition #(z) = M.T,, z = (x,£), is called a time-frequency shift. Let A be a sequence of
points in R?“ (that is, a discrete set in R2?). Then the Gabor system generated by g and A is the set of time-frequency shifts

(8, M) = {7(Dg} sen-
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The Gabor system is a Gabor frame if it is a frame: namely, if there exist A, B > 0 such that the inequalities

AlFI3 < Y KFa(hg)? < BIFI1Z M

VIS

hold for every function f € L>(R?). This implies the reproducing formula

f=Yf2g)x Ay, @)
AEA
for a suitable function y € L2(R9) (called dual window).
Observe that the elements of a Gabor frame are simply generated by time-frequency shifts of a single window function and are
called Gabor atoms. They arise naturally from the discretization of the short-time Fourier transform (STFT), defined as

V f(x.)=(f.MT,g).  (x.5) €R™. ©)

In fact, the STFT decomposes a signal f € L%(R?) as integral superposition of the time-frequency shifts z(x, &) as follows:

f=—— [ Vs onx.0vdxde,  fe 2R, )
(r.8) )
R

where g,y € L*(R?), y,g € L*>(R?) satisfy (7, g) #0, and the integral is intended in the weak sense of vector-valued integration.

In the practice, integrals are approximated by the partial sums of their Riemann sums, so that, using the equality |V, f(4)| =
[{f,7(A)g)|, the Gabor reproducing formula in (2) can be viewed as a discretization of (4). Equivalently, it expresses f as a discrete
superposition of fundamental atoms.

In this paper we are mainly concerned with the characterization of the fundamental spaces in time-frequency analysis: modulation
and Wiener amalgam spaces. They were introduced by H. Feichtinger in the 80’s [13] (cf. Galperin and Samarah [16] for the quasi-
Banach setting) and have become popular in the last twenty years, since they have been proved to be the right environment for many
different topics: signal analysis, PDE’s, quantum mechanics, approximation theory [3,6].

Let m be a v-moderate weight, see Section 2.1 below for details. We say that a tempered distribution f belongs to the modulation
space M2I(RY), 0 < p,q < oo, if V.f€ L9(R2?). Consequently, these spaces are used to measure the local time-frequency content of
signals in terms of Lebesgue (quasi-)norms.

Differently from the framework of L? spaces, where the convolution is not even well-defined for L? functions with 0 <p< 1,
discrete convolution inequalities hold also in the quasi-Banach setting. These facts, together with Gabor theory, are used to prove
the atomic decomposition of modulation spaces [18,16]. Namely, if G(g, A) is a Gabor frame, formula (2) holds with unconditional
convergence in M2Y(R?) (0 < p,q < o) and with weak-* convergence in M ]";U([Rd ) otherwise. Moreover,

”f”M,f;JI = ”(ng()“]aiz))(/ll,/lz)e/\||f,”r{4(/\)

a/p\!/4
= Z(Z |ng(/11,/12)|f’m(/11,,12)1’> .

A\ A4

In this paper we extend the characterization above to more general frames, including the Gabor ones. As well as Gabor frames
arise as discretization of the reproducing formula for the STFT, we introduce frames that come from discretizations of a more general
class of TF-representations, including the STFT. Namely, the latter representation, as well as the z-Wigner distributions (see Section 2.3
below), are examples of the so-called metaplectic Wigner distributions, introduced in [7] and studied in [8,5,17].

For a fixed metaplectic operator A € M p(2d, R), the metaplectic Wigner distribution W, is defined by

Wa(f.e)=Af®8. f.geLl’*R". )

We refer to Section 2.5 for the definition of metaplectic operators. If the pointwise evaluations W (f,g)(x,£), x,& € R¥, are well
defined, W (f,g)(x,-) can also be used to represent the local frequency content of the signal f at time x differently and more
suitably, according to the context. For this reason, it is important to establish whether a metaplectic Wigner distribution can be used
to measure the local frequency content of signals or, stated differently, when

1/ gz = WG @)l . ®)

For any metaplectic Wigner distribution W, there exists a matrix E , € R?**?? such that

W (m(w)f,8)2)| = IW4(f,8)(z— E w)l, weRrR™,

and W, is shift-invertible if E, € GL(2d,R). It was shown in [4] that if W is shift-invertible and E 4 is upper-triangular, then (6)
holds for all 1 < p, q < 0. Nevertheless, the nature of shift-invertible Wigner distributions was still poorly-understood and no explicit
characterization of them was provided.
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In the attempt to prove (6) for the quasi-Banach setting 0 < p,q < oo, the question arises whether an equivalent of (4) can be
proved for metaplectic Wigner distributions. Roughly speaking, Moyal’s identity:

(WA, Wal@.0)={foXg.7r), [.g.0.v €L R,

implies that

1 —
(f,<p)=—/WA(f,g)(Z)WA(fp,y)(Z)dZ- )
(%@RM

This suggests to define the metaplectic atoms z 4(z), z € R¢, implicitly on S(RY) as the distributions characterized by:

(0. m4D7)=Wal@.1)(2),  @eSRY,
so that (7) becomes the vector-valued integral:

1
f= ) / WL(f,8)(2)r 4 (2)ydz.
R2d

A metaplectic Gabor system of L>(R?) is defined as the family

G N)= {74 (Dg}en-

with g € L2(R9) and A c R* a discrete set. If the family above is a frame, that is, it satisfies the inequalities in (1) with z ,(A)g in
place of z(4)g, we call it a metaplectic Gabor frame.

In this work, we develop the theory of metaplectic Gabor frames, showing that the related frame operator enjoys similar property
to the Gabor one. In particular, in Theorem 6.4 below, under the shift-invertibility assumption of W, it is shown the equivalence of
the following statements:

(1) G (g, N) is a metaplectic Gabor frame with bounds A, B;
(i) G(6 48, E;tlA) is a Gabor frame with bounds | det(E 4)|A, | det(E 4)|B;

with 5;4 being a suitable metaplectic operator called deformation operator, see Definition 4.5 in the sequel.
Special instances of metaplectic Gabor frames are the i-Gabor frames introduced by M. de Gosson in [9], see Example 6.3 in
Section 6. This result generalizes [9, Proposition 7] because in our case E 4 needs not to be symplectic.

Another outcome of this manuscript is given by the characterization of the shift-invertibility property of W . We prove that W, is
shift-invertible if and only if W, is, roughly speaking, a STFT up to linear change of variables and products-by-chirps (Corollary 4.4
in Section 4):

W , is shift-invertible if and only if, up to a sign, for any f,g € L*(RY)
WA(/.8)(2) = |det(E I Py (B} Ve f(EL'2). zeR¥,

where @y ()= e™"Nal| t € RY, with an appropriate matrix N 4.

This characterization shows that the property of measuring local time-frequency content of signals is basically a typical feature
of the STFT.

As application, we complete the characterization of modulation and Wiener amalgam spaces started in [8,5,4], cf. Theorem 7.1
below. This result shows that, under the shift-invertibility assumption, the characterization in (6) holds for every 0 < p,q < c0.

Outline. This work is divided as follows. We present preliminaries and notation in Section 2. Section 3 is devoted to metaplectic
atoms, defined implicitly as in (7), and to an equivalent of inversion formula (4) for metaplectic Wigner distributions. In Section 4,
we characterize shift-invertible Wigner distributions in terms of the STFT. We compute the metaplectic atoms of the distributions
which belong to the Cohen’s class in Section 5. In Section 6 we define metaplectic Gabor frames, characterizing those related to
shift-invertible distributions. In Section 7 we complete the characterization of modulation spaces and Wiener amalgams in terms
of shift-invertibility. We devote the Appendix to the proof of an intertwining formula between metaplectic operators and complex
conjugation, which is used to obtain the expression of the adjoint of metaplectic atoms in Section 3.

2. Preliminaries

Notation. We denote xy = x - y (scalar product on R?). The space S(RY) is the Schwartz class, which is a Frechét space with
seminorms

Pap(f) = sup [x*DPf(x)], @ feEN,
xeRd

whereas its dual S’ (Rdﬁ the space of tempered distributions. The brackets (f, g) denote the extension to S’(R¢)x S(R?) of the inner
product (f,g) = [ f(t)g(t)dt on L*(R) (conjugate-linear in the second component). We write a point in the phase space (or time-
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frequency space) as z = (x,&) € R*?, and the corresponding phase-space shift (time-frequency shift) acts on a function or distribution
as

(@) fO) =" f(t—x), teR. ®)
In the following, we will use the composition law of time-frequency shifts: for all z = (z, z,), w = (w;, w,) € R*,

2(2)m(w) = e 2 (2 + w). 9
Trivially #(0) = id;» and it is easy to verify that

()™ = a(2)* = e 2 1(=2), (10)
Time-frequency shifts are isometries of L2(R?). If t € R?, the Dirac delta distribution 6, € S’(R?) is characterized by

(5,9) i=p()  @eSRY).

The notation f < g means that there exists C > 0 such that f(x) < Cg(x) holds for all x. The symbol <, is used when we stress that
C=C(@).If g< f Sg or, equivalently, f S g S f, we write f < g. For two measurable functions f,g : R? — C, we set f ® g(x,y) :=
f()eg(y). If X,Y are vector spaces, X ® Y is the unique completion of span{x ® y : x € X,y € Y}. If X(RY) = L2(R?) or S(R?), the
set span{f ® g : f,g € X(R?))} is dense in X(R*). Thus, for all f,g € S’(R?), the operator f ® g € S’(R?) is defined by its action on
» ®w € S(R*) by

(f®ge@w)=(f,p)g. W)

extends uniquely to a tempered distribution of S’ (R24).
GL(d,R) denotes the group of d x d invertible matrices.

2.1. Weighted mixed norm spaces

We denote by v a continuous, positive, even, submultiplicative weight function on R, i.e., v(z; + z,) < v(z,)v(z,), for all z;,z, €
R2¢. We say that w € M,(R??) if w is a positive, continuous, even weight function on R?? that is v-moderate: w(z; + z,) S v(z;)w(z,)
for all z,,z, € R*. Fundamental examples are the polynomial weights

vy (z)=(1+z])), seR, zeR¥. an
Two weights m,,m, are equivalent if m; = m,. For example, v,(z) < (1 + |z|?)*/2.
If me M,(R*?), 0< p,q <0 and f : R?? — C measurable, we set

q/p Va

I|f||L5;41=//If(x,y)l”m(x,y)”dx dy|  =lly= ILFCymE g

R4 d

with the obvious adjustments when min{p, g} = co. The space of measurable functions f having || f||,»¢ < co is denoted by L%7(R??).
We recall the following partial generalization of the results in [15], which gathers the content of [4, Theorems A2 and A3]:

Proposition 2.1. (i) Consider A, D € GL(d,R), B€ R%*¢ and 0 < p,q < . Define the upper triangular matrix

A B
S=(ded D>. 12

The mapping T : f € LP(R?*) — | det(S)|'/% foS is an isomorphism of LP4(R>?) with bounded inverse T ¢_;.
(i) Let m € M, (R*?), S € GL(2d,R) and 0 < p,q < co. Consider the operator (Z),, : f € LEI(R>) — | det(S)|'/2foS. If moS = m, then
I : LPIRM) - LP9(R?) is bounded if and only if (Z),, : L5 (R?*) — LEI(R??) is bounded.

2.2. Fourier transform

In this work, the Fourier transform of f € S(R?) is defined as

f(§)=/f(X)e_2”i‘§'xdx, FeRY.
R4

If f € S’(R?), the Fourier transform of f is defined by duality as the tempered distribution characterized by

(f.oy=(f.9). @eSRY).
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We denote with 7/ := f the Fourier transform operator. It is a surjective automorphism of S(R?) and S’(R?), as well as a surjective
isometry of L?(R?).

If f € SR¥), we set F, f(x,n) := /Rd f(x,y)e~27nydy, the partial Fourier transform with respect to the second variables, which
is a surjective isomorphism of S(R?) to itself. This definition extends to L?(R%¢) by density and to S’(R2?) by duality. Namely, if
[ eS'RM),

(Faf.@)=(f.F;'0),  @eS®R¥).
2.3. Time-frequency analysis tools

The short-time Fourier transform of f € L*>(R?) with respect to the window g € L*(R?) is the time-frequency representation defined
as

Vo f(x,8) = / fglt—x)e " dr,  (x,6) eR¥.
R4

This definition extends to (f,g) € S’(R?) x S(R?) by antilinear duality as Vo f(x,8) =(f,n(x,&)g). The reproducing formula for the
STFT reads as follows: for all g,y € L>(R¢) such that {(g,y) #0,

f=—1 /%f(x,ff)ﬂ(x,i)rdxd-f, (13)
(r.8) ’
R2

where the identity holds in L?>(RY) as a vector-valued integral in the weak sense (see, e.g., [6, Subsection 1.2.4]).
In high-dimensional complex features information processing r-Wigner distributions (r € R) play a crucial role [26]. They are
defined as

Wo(f,8)(x,6) = / fe+tgx—(1-n)ne>™dt,  (x,&) R, ¢)
R4
for f,g € L*>(RY). The cases r =0 and 7 = 1 are the so-called (cross-)Rihacek distribution
Wolf,8)(x.6) = f(0§(©e ™%, (x,6) eRY, (15)

and (cross-)conjugate Rihacek distribution
Wi(f.8)(x.8) = f(©)g(x)e™™ ™,  (x,&) eR’. (16)
2.4. Modulation spaces [3,12,13,18,16,22,24]

Fix 0 < p,q < 0, m € M,(R*?), and g € S(RY) \ {0}. The modulation space ME?(R?) is classically defined as the space of tempered
distributions f € S’(R9) such that
I pgea 2= Ve flippa < oo.

If min{p,q} > 1, the quantity ||-||,,»« defines a norm, otherwise a quasi-norm. Different windows give rise to equivalent (quasi-)norms.
Modulation spaces are (quasi-)Banach spaces and the following continuous inclusions hold:
if0<p; <p,<00,0<q; <qp <00 and my, my € M,(R??) satisfy m, Sm;:

SR & MR & MP2EPRY) < S'RY).

In particular, M!(R?) & M}¥(R?) whenever m € M,(R*?) and min{p,q} > 1. We denote with M5?(R) the closure of S(R?) in
MP4(R?), which coincides with the latter whenever p, g < co. Moreover, if 1 < p,q < oo, (MZI(RY)) = M‘l”;’z/(le), where p’ and ¢/
denote the Lebesgue conjugate exponents of p and g respectively. Finally, if m; < m,, then M ,f’,’l"(Rd )=M ,f;z"([Rd ) for all p,q.

2.5. The symplectic group Sp(d,R) and the metaplectic operators

A matrix § € R??*?¢ is symplectic, we write .S € Sp(d,R), if

STys=J, 17)
where the matrix J is defined as
Ouxa  Luxa )
J= . (18)
( —Iixa  Oaxa

In this work, 1,,, € R% is the identity matrix and 0, is the matrix of R¥*¢ having all zero entries.
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We represent .S € Sp(d,R) as a block matrix

A B
s:(c D) (19)

with A4, B,C, D € R¥, It is straightforward to verify that S € R2¥*?¢ is symplectic if and only if the following conditions hold:

(R1) ATc=cCTa4,
(R2) B'D=D"B,
(R3) ATD-CTB=1I,,,

and it can be proved that det(.S) = 1 and the inverse of S is explicitly given in terms of the blocks of .S as

_ pT BT
s = (—CT o > (20)
For E € GL(d,R) and C € R?*¢, C symmetric, we define
E~' 0, I 0
Dg := xd d Vo= %@ . 21
£ (ded ET ) a ¢ < C Idxd ( )

J and the matrices in the form V. (C symmetric) and Dy (E invertible) generate the group Sp(d,R).

Let p be the Schrodinger representation of the Heisenberg group, that is

p(x,&;7) = HM e ME X 1 (x, £),

for all x,& € RY, 7 € R. We will use the following tensor product property: for all f,g € L2(R?), z = (z{, z,), w = (w;, w,) € R*,

Pz ) f @ p(w;T)g = €™ p(z1, Wy, 29, 103 T)(f @ 8.
For all S € Sp(d,R), pg(x,&;7) 1= p(S(x,€);7) defines another representation of the Heisenberg group that is equivalent to p, i.e.,
there exists a unitary operator S : L2(R?) — L%(R9) such that

Spx,& )87 = p(S(x,€37), x,EER!, TER. (22)

This operator is not unique, but if $’ is another unitary operator satisfying (22), then $’ = ¢.$, for some constant ¢ € C, |¢| = 1.
The set {$ : S € Sp(d.R)} is a group under composition and it admits a subgroup that contains exactly two operators for each
S € Sp(d,R). This subgroup is called metaplectic group, denoted by M p(d,R). It is a realization of the two-fold cover of Sp(d,R)
and the projection

aMP . Mp(d,R) - Sp(d,R) (23)

is a group homomorphism with kernel ker(z™?) = {—id;>,id;>}.
Throughout this work, if § € M p(d,R), the matrix .S (without the caret) will always be the unique symplectic matrix such that
Mr(8)=S.

Proposition 2.2. [14, Proposition 4.27] Every operator S € M p(d,R) maps S(R?) isomorphically to S(R?) and it extends to an isomor-
phism on S’(RY).

For C € R%*4 define

O (1) =™ reRY. (24)

If we add the assumptions C symmetric and invertible, then we can compute explicitly its Fourier transform, that is

B¢ =|det(C)| D_c-1. (25)

Example 2.3. For certain S € M p(d,R), the projection S is known. Let J, D; and V. be defined as in (18) and (21), respectively.
Then,

@ =Mr(F)=1J;

(i) if Tp :=|det(E)|'/? f(E-), then zMP(T ) = Dp;
(i) if pcf =D f, then zMP(pc)=V;
() if yo =F@_cF~!, then zMP(yc)f =V
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(v) if F, is the Fourier transform with respect to the second variables, then #M?(F,) = Apr,, where App, € Sp(2d,R) is the 4d x 4d
matrix with block decomposition

Iixa Ouxa  Oixa  Oaxa
Osxa Oaxa  Oaxa Laxa | (26)
Ouxa  Oaxa  Laxa Oaxa
Ouaxa  —Laxa Oaxa Oaxa

Apra 1=

2.6. Metaplectic Wigner distribution
Let A € Mp(2d,R). The metaplectic Wigner distributions associated to A is defined for all f,g € L2(R9) as

Wu(f.8)=A(f ® ).

All the time-frequency representations of Section 2.3 are metaplectic Wigner distributions. Namely, V, f = Agr(f ®%) and W,(f,g) =
A (f ® g), where:

Lixa  —lixa Oaxa  Oaxd
Agp = Oixa  Ouxa  Laxa  Laxa 27
Oixa  Oixd  Ouxa —laxd
—lyxi  Oaxa  Oaxa  Ouxa

and
A= yeg tlixg  Oaxa Oxa
A, = O4sa Ogxa  Tlixa —(1 =D gxq ) (28)
O0yxa Ouxa  Laxa Lixa
—1yxq Lixa  Oaxa Oxa

We recall the following continuity properties.

Proposition 2.4. Let W, be a metaplectic Wigner distribution. Then,
@ W, : LX(RY) x L2(RY) » L*(R*?) is bounded;

(i) W, : SR x S(RY) —» S(R*?) is bounded;

(i) W, : S'(R?) x S'(RY) — S"(R*?) is bounded.

Moreover, since metaplectic operators are unitary, for all £, f5,g,,g, € L>(R9),

WA(f1512)- Wa(g1,82)) = (f1,81){/2-82)- (29)

The projection of a metaplectic operator .A € M p(2d,R) is a symplectic matrix .4 € Sp(2d,R) with block decomposition

Ay Ap A Ay
A= . (30)

For a 4d x 4d symplectic matrix with block decomposition (30), relations (R1) - (R3) read as:

(Rla) AT Ay + AT Ay = AT Ay + AT Ay,
(R1b) AT Ay + AT Ay = AT Ay + Al Ay,
(Rle) Al Ay + AT Ay = AT Ay + AL Ay,

(R2a) AT Ay + AT A= AT A3+ AL Ay,
(R2b) AT Ay + AT Ay = AT Ay + AL Ay,

(R2¢) AT Ay + AT Ay = AT Ay + AT Ay,

(R3a) AT Ay3+ A] Ay — (AT A+ AL Agy) = gy,
(R3b) AT Asy+ AT Ay = AT Ay + AT Ay,
(R3¢) AT Ay + Al Az = AT A3+ Al An,
(R3d) AT, Asq+ AT, Ay — (AL A+ AL Asy) = Lyy.

We identify four 2d x 2d submatrices of 4d x 4d symplectic matrices. Namely, if A € Sp(2d, R) has block decomposition (30), we set:
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Ay A13> <A31 A33>
E, = . Fy= . (31)
A <A21 Ay AT\ Ay Ay

App A14> <A32 A34>
E = , Fyu= . (32)
A <A22 Agy A7\ 4y Ay

A simple comparison shows that relationships (R1a) — (R3d) read, in terms of these four submatrices, as

and

EVF —F'E, =1,
ENF -Fle =7, (33)
EVF, - FlE4=04y

We will also consider

Ap Hgwa — Ay
BA=<1, S 2 ~ 34)
2 tdxd 11 21
Finally, the following matrices will appear ubiquitously throughout this work:
I = <0d><d Lysa > and P= (ded Tysa ) ) (35)
Tysa Oaxa Ouxca  Ouxa

Lemma 2.5. Let A € Sp(2d,R) have block decomposition (30) and E 4, F 4, € 4, F 4 be defined as in (31) and (32). Let L be defined as in
(35).

If E, € GL(2d,R), then,

D FA=EFiEy

(i) the matrix G 4 := LE;':E'A is symplectic;

(iii) €4 € GL(2d,R) and det(€ 4) = (—1) det(E ).

If £, € GL(2d,R), then,

(iv) F = SETT’;EA;

(v) the matrix ® , = Lé‘;llEA is symplectic;

(Vi) E 4 € GL(2d,R) and det(E 4) = (~1)? det(€ ,).

In particular, E 4 is invertible if and only if £ , is invertible.

Proof. Relation (i) follows directly from the third equation in (33), using the invertibility of E 4.
Item (ii) is a consequence of (33) and (i). For, observe that LJ L =—J, so that:

—1 -1 - -1
GlJG, =(LE'e )T IWE €)= E(LILEL'E,
=—ENETIE € = ET(FIE, - ENFOEL €y
=ENWETFY - F A ENE = ENETFIE ) — (EVF ENE,
=ENF -Fle =1
Finally, (iii) follows directly from (ii). Items (iv)-(vi) are proved analogously. []
3. Metaplectic atoms
We start by generalizing the definition of time-frequency shifts. Differently from the classical theory, where time-frequency shifts
are defined in terms of translations and modulations, and then used to define the STFT, we define them implicitly from metaplectic

Wigner distributions.

Definition 3.1. Let W, be a metaplectic Wigner distribution and z € R*. The metaplectic atom r 4(z) is the operator defined by
its action on all f € S(R?) as

(Q.m4(2f) = Wa(@. )2,  @eSRY.
Observe that if £, € S(RY), W (@, f)(z) is well-defined for all z € R?, by Proposition 2.4.
Remark 3.2. Definition 3.1 says that metaplectic atoms play the game of time-frequency shifts for the STFT.

Metaplectic atoms map S(R?) to S’(R?), see Proposition 3.8 below. We put this detail aside and take it for granted in favor of
some prior example.
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Example 3.3. The metaplectic atoms associated to the STFT are the time-frequency shifts. In fact, for all f, ¢ € S(RY) and all z € R*?
(0,745, (D) =V;0(2) = (@, 7(2) ).

This implies that = Asr (DS and 7(z)f are tempered distributions with the same action on S(R?), i.e. = A (Df =m(D)f.

Example 3.4. For & > 0, consider the time-frequency representation defined for all f,g € L*(R?) by

VIfx=(f.Qah)y 2" (x.0g),  (x.H)ERM,

where 7" (x, &)g(?) : = e/€~¥¢/D/hg(t — x). These are essentially the time-frequency representations considered by M. de Gosson in [9].
For all 7> 0, up to a sign,

VI f(x.8) = Quhy PR Y, <x, i) . (OERY fge’®RY),
2zh

so that Vghf =W, (f.8), where

Idxd _Idxd ded ded
A, = Oixa Ogsa 27Ifh1dxd 27[lhld><d (36)
h Oxd 04xa EIdxd _Eldxd
1 1
—ganlaxa  —plixa  Oixa Ogxa

In this case, we observe that

Iixa  Ouxa
E, = x x . 37
A < Oyxa  2mhlgyg @7

The metaplectic atoms associated to V" are
_ayp ke ¢ i ixE
4, (x.E)g = Qah) 2™ 2 1 <x, ﬁ> g =det(E )| 7/?e™" 0 (B} (x. &),
(x,&) eR¥, g€ S(RY).

Example 3.5. We compute the metaplectic atoms associated to the z-Wigner distribution W, (0 < 7 < 1). For, let z = (x,£) € R* and
.o € SR?). Then,

W, (@, [)(x,6) = / @(x+ 1) f(x — (1 — D)) 271 qt

R4

4 [ b
Rd

= / o) f (lx - 1:S>e—2ﬂi€~§ezmg.§ d_j
4 T

T
R4

= (p.74, (2.0,

. 1=7)d/2 1—
where, if T, f(1) = r;/)Z f (—Trt),

”Az(x’g)f(t):Tide—zm%ezmréf«_l—r) o x))

— ;6—2”%5
Td/2(1 _ ’r)d/2

1

Observe that AT

=|det(E, )|™'/2, s0

_1/2 —2zixt 1 1
7a (.8 = [det(E, )72 n( v ng) T s

T
= |det(EAr)|_l/2e_2”ix_f (E (x,E)Z. f.
Example 3.6. Consider the (cross)-Rihacek distribution W, defined for all f,g € L2(R?) as

Wo(f,8)(x,&) = f()g(E)e >, (x,&) e R¥,
Then, if z=(x,&) e R, f, g€ S(RY),
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(0.7, (D) = 0()f ©) > = (. FOPT T, 5). (38)

Observe that z 2, (6 f = F(&)e*™EXT 6, is a tempered distribution that does not define a function.

Example 3.7. Let $ € Sp(d,R) with § = zM?(S) having block decomposition

A B
s:(c D) 39)

and consider the metaplectic Wigner distribution defined in [4, Example 4.1 (ii)] as

U, f(2) =V (81)(2) = W4(f8)2) = (f. 8 m(2)g) = (£, m(S~' )5 g),
f.g € LXRY), x,& € RY, where

A g B Oyeg
C  Oyxg D Ipyy

Ouca  Ouxa  Ouxa —Taxa |
—A  Opg  —B Oyxy

A=

Clearly, E, = S and 7 4(z)g = 2(S~'2)S~!g for all z € R*.

As aforementioned, in the previous examples we took on trust that metaplectic atoms map S(R?) to S’(R¢). This technicality,
along with the linearity of metaplecitc atoms, is proved in the proposition that follows. Nevertheless, Example 3.6 shows that in
general 7 4(2)f, f € S(R?), is a tempered distribution that is not induced by any locally integrable function.

Proposition 3.8. Let W be a metaplectic Wigner distribution. For all z € R, 7 4(2) is a well-defined linear operator that maps S(R?) to
S’ (RY).

Proof. Let f € S(RY). By definition, for any ¢,y € S(RY) and « € C,
(@@ +y,7m4(2)f)=Wylap +w, )z) = Alap +y) ® f)(z)
=Alap® f+v ® )2)=aA(p® /)z) + Aly ® f)(2)

=aW (¢, )2+ W (w, f)(2) = (@, 4 (2) f) + (W, m4(2) f).

Then, we need to prove that z4(2)f : ¢ € SR?) - (@, 7 4(2)f) € C is continuous. Using the boundedness of W : SR?) x S(RY) —
S(R),

K@, w42V ) =W 4 (0, )2 < NIW 40, /)| Lo w2y = po.o(W 4(@, 1))
N M N
SCY a5, (@) X0y, (N =C Y pu g, (@).
j=1 Jj=1 Jj=1
Thus, it remains to check the linearity of z 4(z). For, let a € C, f,g € S(R?). For every ¢ € S(R?),

(@. 7 4(2)af +8)) = Wylp,af +8)(2) =A@ ® (af +8)(2)
=2d(@® @)+ Alp ®2)(2)
=aW (@, /)(2) + Wy(@.8)(2)
= (.74 (2)f) +{p. 7 4(2)g)
={p,an(2)f + 71 (2)8).
This concludes the proof. []

The first question that we address is the validity of an equivalent of the inversion formula (13) for metaplectic Wigner distribu-
tions.

Theorem 3.9. Let W, be a metaplectic Wigner distribution and f,g € L*(R?). If y € S(RY) satisfies (y,g) #0, then

/= 1g> / WA(f2) (D)7 o (2)ydz (40)
Rd

(r
2
where the integral must be interpreted in the weak sense of vector-valued integration.

10
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Proof. We use the definition of vector-valued integral. For ¢ € L2(R?), using (29),
1 1
— [ Walf.8)(D)7m4(2)ydz, =—/W(,)(Z)7r(2), dz
(<y’g>_2/d u(f.g A4(2)rdz, @) <y’g>2,, A, 8274 (27, 9)
R R

1
(r.8)

1g> /WA(f,g)(Z)WA(w,J/)(Z)dZ= (WA(f8), Wale,1))
RZd

(r.8)

=L (fo@n=( 0.
(v.8)

This shows (40). [
In what follows, we use the definitions of the submatrices E 4, F,, £, and 7,4 given in (31) and (32).

Lemma 3.10. Let W, be a metaplectic Wigner distribution. Then, for z € R*?, f,g € L*(R?), we have

WA(F(Z)ﬁg) = ‘D_MA(Z)”(EAZ, F 2)W(f,8),

where, if A =zMP(A) has block decomposition (30), M 4 is the symmetric matrix

B (AIT1 Ay + AT Ay AT A +ALA23> @)

M, =
AT Ay + AT Ay AT Ay + AT Ay

Proof. We use formula (41) in [4]. By definition of metaplectic operator, for all r € R, z = (x,&) € R%?,

Alp(z:7)f ® §) = Alp(x,0,£,0;7) f ® 8)
= p(A(x,0,£,0;1)A(f ® 2)
=p(E z, Fyz; )W (f,8).
The assertion follows using that z(x, &) = '™ p(x, £; 0):
Wix(x,8)f.8) = WA(ei”x“fﬂ(x,é;O)f,g)
=" p(E 4 (x,8), F 4 (x, £ OW 4 (f. )
= me eI EATACD OO 1 (| 4 (x,8), Fp(x. EDW (S . 8).
Using the definitions of E 4 and F 4, as well as the matrix L in (35), so that we rewrite the scalar product as
x-&=L(x,&) - (x,9),
we infer
piTxE e—inEft FA0-(x8) _ =inM 4 O
where

M= <A|T1A31 +AT Ay Al Asz +AJ Ay — 1d><d>
4= .

A]T3A31 + A§3A41 A1T3A33 + A;A43

The relations (R1a), (R2a) and (R3q) imply that M , is symmetric and it can be written as in (41). [

Remark 3.11. We stress that (41) introduces a new matrix associated to W ,. Throughout this work, if E, and F, are defined as in
(31), whereas P is the matrix given in (35), M , denotes the symmetric 2d X 2d matrix defined as M , = EEF W —P.

Theorem 3.12. Let A € Mp(2d,R), A =zMP(4) and W, be the associated metaplectic Wigner distribution. Consider the matrix A, €
Sp(2d,R) defined in (76) below. Then, for every z € R%4,

(T2 f,8) = (f w4, (2)g), V[.g€SRY.

In particular, if z 4(z) extends to a bounded operator on L%(RY), then
T2 =1y (2), zERXM. (42)

11
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Proof. It is an immediate consequence of Corollary A.3 below. In fact, for all f, g € S(R?),
(A (D f,8) = W48, )2 =W, (f.8)2)=(n4,(2)g. [)=(f.74,(2)g). O
4. Shift-invertibility unmasked

Among all metaplectic Wigner distributions, shift-invertible Wigner distributions are known to play a fundamental role in time-
frequency analysis. It was proved in [8,4] that they can be used to replace the STFT in the definition of modulation spaces M27(R%),
for 1< p,q < oo and m € M,(R*) satisfying some inoffensive symmetry condition. In [4] it is observed that shift-invertibility is
necessary for this characterization to hold, otherwise not even the M?(R¢) spaces can be defined in terms of shift-invertible Wigner
distributions. In this section, we investigate the properties of metaplectic atoms related to shift-invertible metaplectic Wigner distri-
butions and characterize them in terms of the matrices E 4, F,, £4, F4 and M 4 defined in (31), (32) and (41), respectively.

Take any metaplectic Wigner distribution W, and z, w € R*. Then Lemma 3.10 entails the equality
W (x(w) f,8)(z) = P_yy  (W)n(E g0, Fg)Wu(f.8)(2),  f.g € LAR™)
so that |W(z(w)f,g)(2)| = IW(f,8)(z — E w)|.
Definition 4.1. A metaplectic Wigner distribution W, is shift-invertible if £, € GL(24,R).

We shall need the following lifting-type result, proved in [4, Theorem B1]:

Lemma 4.2. Let S, S, € M p(d,R) have block decompositions

A. B,
S = ( i B )
TNG D
(j = 1,2). Then, the bilinear operator
T(f.8)=$/ ® S8

extends to a metaplectic operator S € M p(2d,R), where

A Oy By Ogyg
Osxa Az Oyg By

S = (43)
Cl ded Dl dea’
ded C2 ded D2
IfSeMpd,R)and T(f ® g)=f ® Sg, we set
Lift(S) = zMP(T) € Sp(2d,R), (44

the corresponding matrix in (43).

Theorem 4.3. Let W, be a shift-invertible metaplectic Wigner distribution and G 4 = LE;IS ' 4 be the matrix of Lemma 2.5, with L as in
(35). Then,
A=D1 Vy V] Lift(G ),
A

where Lift(G 4) is defined in (44).

Proof. We use the matrix

Idxd ded 0d><d ded
i o= |Qixd Oaxa Lixa Oaxa
ded Idxa’ ded ded
ded ded ded Idxd

that permutes the central columns of 4d x 4d matrices. This yields the following block decomposition of A:

A= (B4t e
Fp Fyu

Since E 4 € GL(2d,R), we can write

12



E. Cordero and G. Giacchi Applied and Computational Harmonic Analysis 68 (2024) 101594
o Ex Ousog) [ Daxa E;E4 _ Dysoa  EF'E4
A= 0 pasers T 7 K=Dp- T 4 K.
hasea B ETF, EVF, A \ETF, E'F,
We proved in Lemma 3.10 that the matrix M 4 = E; F 4 — P is symmetric, where P is defined as in (35). Therefore, V3, is a symplectic
matrix and we have:

1
A=D,, (Ide2d 02a’><2d> <[2d><2d . E €4 . )IC
A\ M,y Ly P ETF -MLE]E,

Lysoa EE,
=D, A K.
£ VMs < P ETF,-M,E]'E,

= A
e matrix is symplectic, since A’ =V_ is the product of symplectic matrices. Getting rid of K, we obtain
Thi trix A’ is symplect: A'=V_y Dg  Ais the product of symplect t Getting rid of K bt

Ipg Al Ogeg A
A= Oyxa A’n Lyxa A’24
Ousa A% Iyxa Ay |
0d><d A ded A
for suitable matrices AI’.j, i=1,2,3,4, j =2,4. Observe that
_ Al Al
erea=(4e ).
2 o4
The symplectic relations (R1b), (Rlc), (R2b), (R2¢), (R3b), (R3c) and (R3d) for A’ € Sp(2d,R) read respectively as
S A;z =04xd>
1 T 41 r T 41— 40 T g 1 T 41
(52) Ay Ayt Ay Ap =457 A+ A, Ay,

=A

(53) A=Al

44°
T T T T
(S4) A’14 Ag4+A’24 A44=A’34 A]4+AQ4 Ay
(85) Ay =04y
1o 4!
(56) Ap =4y
T T T T
(ST) Ay Ay + A Al — (AL A+ Ay Ay) =T
The others being trivially satisfied. This yields:
Tixa Ay Oga A
A = Opxa Ay Iaxa A,
ded ded Idxd ded
Oy Aty Ogea Al

Observe that
A Al _
< 2 24>:LEA1£A:GAv (45)
which is symplectic by Lemma 2.5. A simple computation shows that A’ = V[ Lift(G 4), as desired. [

The characterization of shift-invertible Wigner distributions is straightforward.

Corollary 4.4. Let W, be a metaplectic Wigner distribution. Then, W 4 is shift-invertible if and only if, up to a sign,

Wil &) =Ty 1V, Jo [18€ LA(RY), (46)

where

—~

g;g = Fag, 47)
and G, is the metaplectic operator defined in Proposition A.2 below. In particular, if W4 is shift-invertible then, up to a sign,

7a(2) = | det(E )| 0_y (B} (B} 2)6,. zeR¥, (48)

and

13
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(i) 7 4(z) is a surjective quasi-isometry of L*>(R¢) with

742 f 2 = | det(EOI 2N fllp /€ LA®RY);

(i) 7 4(z) is a topological isomorphism on S(R%);
(iii) 7 4(z) is a topological isomorphism on S'(R?).

Proof. By Theorem 4.3, A is shift-invertible if and only if
A=D1V, V] Lift(G ).
Let Agy be the symplectic matrix associated to the STFT, cf. (27). Observe that

Agr = V—LVLTAFTzs

where A, is the symplectic matrix associated to the partial Fourier transform with respect to the second variable defined in (26).
Then,

A=Dpi Vi, (VL V_ V] (Apra Appy Lift(G 4) = Dy Vit + 1 AsTApp, LIft(G ).

Therefore, up to a sign,

W2 = Af ® 8)2) =Dy Vi, VILITUG,)(f ® )(2)
=Dy Varar Ast T3 LG @ D))

= det(E )" 2@y 41 (B3 DA (f @ (F7 G @)(EL 2).

Let G_A be the symplectic operator such that C’;:tg' = G_Ag, cf. Proposition A.2. Then,
P"GAg = T'_lG_Ag = T’G_Ag =:048.

Therefore,

WA(f . 8)(2) = | det(E )1 2@y 41 (B 2V F(EL'2),

which can also be restated as:

Wu(f.8)(2) = ([, m4(2)8),

where 7 4(z) is the operator in (48). Items (i) - (iii) are trivial consequences of (48). [

The metaplectic operator defined in (47) plays a crucial role in the characterization of metaplectic Gabor frames for shift-invertible
metaplectic Wigner distributions. For this reason, it is worth giving it a name, in the spirit of the terminology used by M. de Gosson
in [9]:

Definition 4.5. We call the metaplectic operator g; in (47) the deformation operator associated to W ,.

Example 4.6. -Wigner distributions can be rephrased as rescaled STFT, up to chirps, as in (46). Precisely, for 0 <z <1, set T _g(r) =

Y _ . .
(1122/ g(—lTTt) as in Example 3.5. We proved in the same Example that

W oma={fi——L (2 S)a 49)
TSR T 7d4/2(1 — 7)d/2 1-7'7z)""
for all f,g € L?>(R?) and x,& € RY. Consequently, we retrieve the expression of W, as a rescaled STFT:
_ 1 27 X€ X ¢
Wf(f’g)(x"f)_Td/z(l_r)d/ze V‘I,,gf<1_1_7r>-

We proved that metaplectic atoms of shift-invertible Wigner distributions are surjective isometries of L2(R?) and their adjoints
are the atoms associated to W,_, where A, is the matrix defined in the statement of the Theorem 3.12.
We conclude this section with the explicit computation of z 4(z)~! and = 4(z)* for shift-invertible Wigner distributions.

Theorem 4.7. Let W, be a shift-invertible Wigner distribution and 5; the related deformation operator, cf. (47). Consider the matrices L
and P defined as in (35) and the following matrices:

14
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0= ((I)dxd O;lxd ):—LJ,
dxd  ~1dxd

by=—E'£,40. (50)
Then, for every z € R*?, up to a sign, the inverse = 4(z)~' and the adjoint z ,(z)* operators can be explicitly computed as
~-1
7427 = [det(E )2 @y p o (ER' 2P o (67 )0 205, (51)
and
74(2)" = |det(E )| 7 427 (52)

Proof. We use the explicit expression of metaplectic Gabor atoms for shift-invertible W, in (48), which yields
1 _ 1/2 I Nl B S|
7427 = det(E DI 2@y o (B 26,4 m(EL )7 (53)
By (10), if E3'z=((E}'2)1,(E}'2)),

r(ER 2y = 2 EL Dl =0 (B (- ER 2).
Also, by (22), for all z€ R* and 7 € R,
1 1. & —1 -1
64 p(—E, z;71)6,=p(=6, E, ;7).
Using the definition of p, for = =0 this is equivalent to
5o a(— B 2) = R DR D i L G e ey (54)

where 5;‘1E;tlz = ((5;1 E;t‘z)l , (6;‘1 E;tl z),). We compute explicitly the matrix 5;‘1E;1. For, let us denote with
A B
G, =
(e 2)
the block decomposition of the symplectic matrix G 4, so that
pT -BT — A -B e AT -cT
-1 _ _ _ -
G, _<—CT AT ) GA_<_C D ) and G =G, _<—BT or |
By definition, 5 , = zM?(5 ;) = #MP(FG ,), so that
6,4=JG,.
— —T
This, together with G ,JG, =J and G4 = LE;I &, yields to:

—1 —T
SLEL =(-G, NDWLGLEN=(=TG NLGLED,

where the invertibility of £ is guaranteed by Lemma 2.5. We use the block decompositions of the matrices at stake to get:
0 -1 AT —CT\ (0 I
sV E-l = ( dxd d><d> < ) < ixd  dxd ) G &7
ATA Lyq ded -BT DT Lyxa ded 4
-D" > <ded Tyxa ) -1
G/ E
< —CT ) \Iysa Ouxa) 74
DT .
(2 e

—Iyxa Ouxa > -1 -1 -1
G, G E, ==-0&.
Ota Taxa) A 74 A

This proves (50). A simple computation shows that

G EL 2D -6 EY 2, = (067 ), - (0 20, =—(£' 2), - (€3 2. (55)
that entails

@ EL 6 EL 2y _ (e (€ 2 q’L/z(“:;\lZ)
Plugging all the information in (53), we find

—~-1
74(2)7" = | det(E )| @ ML (B 2P p (B )@ o€ 2)n(QE L 2)6 4

15
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This proves (i).
To prove (ii), we prove that r 4(z)* is expressed by (53), up to the determinant factor. For, let f,g € L*(R?) and z € R*. By (48),

(ma(2)" f.8) =(f . m4(2)8)
= (/. |det(E )| ?®_y, (B3 Dm(E7' 2)5 1)
= (Jdet(E )17 20y (EZ' 260 w327 1)
=(ldet(E )| ' m4(2)"" /. 8)

and the assertion follows. []
5. Atoms of covariant metaplectic Wigner distributions

In this section we derive the expression of metaplectic atoms of covariant metaplectic Wigner distributions. We recall their
definition, cf. [8]

Definition 5.1. A metaplectic Wigner distribution W, is covariant if

W (2)f,2(2)g) =T, W4(f,8)
holds for every z € R?? and all f,g € L>(R?).

The following result summarizes [8, Proposition 2.10 and Theorem 2.11] and states that covariance characterizes the Cohen’s
class of metaplectic Wigner distributions.

Proposition 5.2. Let A € M p(2d,R) and W, be the associated metaplectic Wigner distribution. The following statements are equivalent:
() W is covariant.
(ii) The matrix A = zMP?(_4) has block decomposition

Ay Igxg —An Agz Agz
T T

A= Ay —A Lixa =AY —4y i (56)
ded ded Idxd Idxd
—1yxa Lyxa Oxa Oxa

with A3 = AT, and A, = A],.
(iii) W 4 belongs to the Cohen’s class, namely

Wuf.©) =2« W(f.8),  f.g€L*RY), (57)
where = 4 = F‘ltb_BA, with B 4 defined as in (34).

Theorem 5.3. Let W, be a covariant metaplectic Wigner distribution, A and B 4 be as in (56) and (34), respectively. Then,
(i) for every z € R*,
!
7 4(2)g S / Fdp, (2= w)®_p (w)rw)Igdw, (58)
R2d
where 1g(t) = g(—t) and the integral must be interpreted in the weak sense of vector-valued integration.

(i) If also B, € GL(2d,R), then, for every z € R,

w4(2)8 s:/ 2d / (D_B;tl (z = w)P_y; (w)rRw)Igdw, ge S(Rd) (59)

R2d

holds in the weak sense of vector-valued integration.
(iii) If A, is the matrix defined in (76), then Wy, is covariant with B 4, =By and, consequently,

U
T2 =24 / Fo_p (- w)®_,, (w)rQu)Igdw,
R2d
for all g € S(R?) and every z € R*. If B , is invertible, then
U
7(2)'g B / D, 1 (z— w)P_y; (W) Qw)Igdw,
A
R2d

or every g € S(RY) and z € R,
Ty

16
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Proof. (i) By Proposition 5.2, for all ¢, g € S(RY) and all z € R,

(@, m4(2)g) = W4 (@, 8)(2)

=Z,*W(p.2)(2)

- / %4z - W)W (@, g)w)dw

R2d
= / FCDBA (z — wXo, frAI/z(w)g)dw
R2d
= <<p, / Fop, (z- w)”Al/z(w)gdw>,
R2d

where we used that 7~ 1d_ B, = F®p, . Consequently,

7w (2)g = / FCDBA(Z - w)ﬂAl/z(w)gdw.
R2d
Plugging = = 1/2 in (49), we infer the explicit metaplectic atom of the Wigner distribution: for w = (x,&) € R*,
7ay, (6, O)g(1) = 297 n(2x,26) Lg(1) = 2Dy ()7 (2u0) L5 (0).
Expression (58) follows consequently.

(ii) If B 4 is invertible, then 7@ B, = () and (59) holds in the weak sense of vector-valued integration.

—_B- 1>
A
(iii) By (76) and (56), it follows that
Ijxa—An Ay —Ap —Ag;3
A= —Ay Ay Al Al =L .
Ouxa Ouxa  Laxa Lyq
“lixa Lixa  Oaxa Ogxa

Therefore, W4, is covariant by Proposition 5.2 (ii), with

1
B, = —Ap 3 Laxa = Uaxa = A1)
4,7\ 1
3 Laxa = Uaxa =AD" A
1
_ =43 A= 3 luxa
= 1
A7 - 2 laxa Ay
=-B,.

So, (iii) follows by (i) and (ii). [
6. Metaplectic Gabor frames

Definition 6.1. Let W, be a metaplectic Wigner distribution such that every z,(z) extends to a bounded operator on L?(R¢)
(zeR?). Let g € L2(RY) and A c R?? be a discrete subset. We call the set

QA(g,A) = {”A(A)ghe/\
a metaplectic Gabor system. We call metaplectic Gabor frame (of L?(R?)) any metaplectic Gabor system G 4(g, A) such that the

following property holds: there exist A, B > 0 such that

AIFIR < Y WA (£ W < BISIZ, (60)

JEA
for all f € L*(R?).
Remark 6.2. By Remark 3.2, (60) is equivalent to

AlFIE< Y KF a2 <BIFIZ, Vf € L2RY).

A€A

Stated differently, a metaplectic Gabor frame is a frame for L?(R?).
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Example 6.3. In [9], M. de Gosson introduced #-Gabor frames as follows. Consider g € L2(R¢) and A a discrete subset of R?. Under
the same notation of Example 3.4, a family G,(g, A) = {7"(4)g} e, is a h-Gabor frame if

AlFIR S Y KA A" D) < BIFIZ,  Vfe LR,
AEA

for A, B > 0. The time-frequency representation z ~ (f,z"(z)g) is, up to the constant (2z#)~¢/2 (which is necessary to obtain a
metaplectic operator in Example 3.4), the metaplectic Wigner distribution V", as defined in Example 3.4. Hence, metaplectic Gabor
frames G 4 Y and h-Gabor frames are basically the same objects. Namely, G, (g, A) is a h-Gabor frame with frame bounds A, B if and
only if G4 (g, A) is a metaplectic Gabor frame with frame bounds (2z7)™¢ A and (2z7)~? B.

Metaplectic Gabor frames associated to shift-invertible Wigner distributions are completely characterized by the following conse-
quence of Corollary 4.4.

Theorem 6.4. Let W, be shift-invertible and g; be the corresponding deformation operator (see Definition 4.5). Let g € L*(R) and A C R??
be a discrete subset. The following statements are equivalent:

(1) G 4(g,A) is a metaplectic Gabor frame with bounds A, B;

(i) Q(ag, E;tlA) is a Gabor frame with bounds | det(E 4)|A, | det(E 4)|B;

(iii) G(g, —Qg;tlA) is a Gabor frame with bounds | det(E 4)|A, | det(E 4)|B.

Proof. Consider f € L?>(R?). We use the representation of 4 in (48):

D fma D= Y IS | det(E I 2 x(EZ ) 48)1

AEA AEA

=ldetE I D0 fm(wi gl
yEE;tlA

This proves the equivalence (i) < (ii). Now, using (22), we can write

ldet(E 017" Y, Kf.2(d gl = det(E I Y [(f. 6,75 we)l
yeE;‘ A yeE;l' A

~-1
=|det(E I Y K84 frx64 7 we)l
MeE;‘A

=ldet(EpI™" )] RO

ves TNESIA

; “1p-1_ -1
Observing that & L EL=-0E,

ldet(E )17 Y, Kfon(ndagl? =det(E 1T Y (63 f,xwg)™

-1 _ —1
uGEA A vE QSA A

Therefore, G (g, A) is a metaplectic Gabor frame with frame bounds A4 and B if and only if

AlFIE<ldetEDIT Y 65 Forwe)* < BIFIS.  feLP®RY). (61)
ME—Qé’;tlA

Since 5;4 is a unitary operator on L*(R?), it follows that (61) holds for all f € L*(R?) if and only if

ldetEIANfIES Y, Kf (e < | det(EIBISI
Me—Qf;l]/\

holds for every f € L>(R?). This proves the equivalence (i) & (iii). []

Remark 6.5. For 7-Gabor frames, Example 6.3 shows that Theorem 6.4 applied to the metaplectic Wigner distributions of Exam-
ple 3.4 recovers [9, Proposition 7].

We now introduce the metaplectic Gabor frame operator and related properties.

First, consider a lattice A ¢ R?? and a metaplectic Gabor frame G 4 (g, A) = {7 4(1)g} ;ea for L2(R?). We compute the expressions
of coefficient, reconstruction and frame operators, see, e.g., [6, Definitions 3.1.8 and 3.1.13]. The coefficient (or analysis) operator
C, @ LA(R?) — £2(A) is given by

Caf =(f 7 4DENsen = Wu(f,8)(MDens [ € LPRY). (62)
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Its adjoint D , = ijt : £2(A) = L*(R?) is called the reconstruction (or synthesis) operator: for any sequence ¢ = (c;) en € 2(N),
Dyc= Z c;m4(A)g. (63)
Fr=TN
The frame operator is defined as S, = D ,C, : L>(RY) » L*(R%):
Sqf= Z(f,ﬂA(/l)gMA(/l)g = Z Wu(f. &) Dz 4(A)g. (64)
JEA AEA

Let us compute = A(M)_l S 47 4(n), for y € A. We make use of the explicit expression of the inverse and the adjoint of the metaplectic
atom (48) in (51), and (52), respectively. Observing that the phase factors cancel, we obtain

TA W S f = Y g S, m D)) 4 (g

AEA
= D (fm AW 74 (D)7 4 (1) 7 4 (A)g
AEA
=[det(E)I™" Y (frma ™ m (D)) 74 (Dg

AEA

= |det(E,01 ™ Y (1,50 w(E W (B Dosg)
AEA

—~-1 —~
X6, mEL W a(EL )5 8

= et Y (f. 50 wE (= u)bag)bn w(EZ (- w)bag
AEA

~—-1 —~ ~-=1 o~
=|det(EA)|"Z(f,5A T(E')o,8)5,4 n(E' )68

AEA
—~-1 —~-1

=Y (f64 mAD4 maDE

AEA

—~ —~-1

= Y (G 74 (D)o, ma(DE

AEA

~-1 o~
=064 Su04f.

since 3;4_* = g;.
The equality

_ ~=1 ~ _
AW S =8, Sudama)”!
yields

—~-1 —~
Sy m=mwé, S35 4.

Hence the canonical dual frame of G (g, A) is still a metaplectic Gabor frame

GAW 4 N) = {74 (DY 4} sen ©3
with canonical dual window
—~-=1 —~
ra=064 S;8. (66)

Consequently, if G 4(g,A) is a frame with bounds 0 < A < B, then every f € L2(R?) possesses the expansions

EDNIEAOIIENCIN 67)
AEA

= YL maDra) T4 (Vg (68)
AEA

with unconditional convergence in L(R¢). Besides, we have the norm equivalences

ANFIB < Y Ifma(Dg))* < BIFI?

AeA

BTUSIP< Y Kfomar )P < ATMIFIS.

AEA
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7. Characterization of time-frequency spaces

A direct application of the theory developed so far is the whole characterization of modulation spaces. Namely, the issue below
generalizes Theorem 1.1 in [4] to the quasi-Banach space setting, extending the indices p,q € [1,0] to 0 < p,q < co. Whenever p # g
we need the assumption E 4 upper-triangular, that is, the 2 x 1 block of E 4 in (31) satisfies A,; =0,,,. This requirement is needed
for the use of Proposition 2.1.

Theorem 7.1. Fix a non-zero window function g € S(R?). Consider 0 < p,q < co, W, shift-invertible and a weight m € M, (R?*?) with
m= moE;tl. Then
(i) For 0 < p < oo and we have

FEMIRY) &  W,(f.g) €L RM), (69)

with equivalence of norms.
(ii) If we add the assumption that E , is upper-triangular, then

fEMMRY) &  W,(f.g) e LPIRY), 70)

with equivalence of norms.

Proof. Take f € M2(R?). From the equality (46) we infer
[WAf @)(z)= |5521 (DMAJrLVagfl(Z) = |5521 Vagfl(z)
_ 12\ -1
= | det(E )72V,  SI(ES' 2).
Since 5; : S(R?) - S(RY), we can choose the window 3:48 € S(R?) to compute the modulation space norm so that

IWACS @)l e < WV SEZ ) pa

The conclusion follows from Proposition 2.1. []
In what follows we generalize [4, Corollary 3.12] to the quasi-Banach space setting 0 < p, g < .

Theorem 7.2. Fix a non-zero window function g € S(R?). Consider 0 < p,q < oo, W, shift-invertible and m;,m, € M, (R?) such that
my < Tm,, with Tmy(x) = my(—x). Fix g € S(RY)\ {0} and define
E =JE J, 71)

with the symplectic matrix J defined in (18). (Observe that E;‘l is lower triangular if and only if E , is upper triangular). If m; ® m, <
(m ® m2)°E;11 and E 4 is lower triangular, then

/ 1/
iz, g = ([ ([ W oormeras) monax) ™,
Rd R4

with the analogous for max{p,q} = co.

Proof. As in the proof of Corollary 3.12 in [4], assuming m,(—x) = m,(x), we can write
alp 1/q AL
([ ([ wacrowormeras) meomax) " < 1w, ol .
MI -
Rd Rd

—Ayp Ay Ay —Ap
Ay = Az —Au —An A |

—Ap A Ay —Ap

Az —Ay —Ay Ay

sothat E, =E 4,- The conclusion is due to Theorem 7.1 [J

If p = q the additional assumption E;tl lower triangular is not needed. Observe that in this case || / hwere 12y =< lpe , and
my my my@my

the norm equivalence follows from Theorem 7.1 above. In fact, notice that
(m) @ my)oE7' < (Imy @ m)) @ £
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Consider a metaplectic Gabor frame G 4(g, A) and assume

m =< mo E:ll s (72)

then, for any f € ME(R?) we can use (48) to express the coefficient operator’s entries

ICAf D] = [(f 74 (Dg)] = | det(E) ™21 f 7w (EZ D 18-

Observe that g; g € S(RY) for g € S(R?), by Theorem 6.4 (ii); furthermore, g((ﬁg, E;tl A) is a Gabor frame with coefficient operator
C satisfying ||C f|| a1 p) S I llppa, sO that the equivalence of weights in (72) gives
m (B m

ICAS Nl epacny = 1detCE DI 2IC N ppapi ) S 1 gz

that is the boundedness of C, : MLI(RY) — £09(A).
Using the relation between 7 4(4) and the time-frequency shift 7r(E;‘l 4) displayed in (48), and the equivalence of weights in (72),
for any sequence c; € £},%(A), the sequence ¢, :=c Eu®@m i+ (W) € f,‘:,’"(E;tlA) so that

= Z c';zr(E;t'/I)ﬁAg
My RY) |[ueEL A

PRFAC

VISIN

”DACA”M,’;#(RJ) =

MydRY)
< ”(q)llfﬁ;q(g;ll/\) = ”(CA)”/!’:{Q(A).

For the Banach space case p,q € [1,+], the window class can be extended from S(R?) to M Ll (R%). In fact, under the assumption
(72), the metaplectic operator 3; and its inverse are bounded on M!(R?), cf. [15, Theorem 4.6]. Hence, g € M}(R?) <> g;g 1=
M!(®Y). Arguing as for the Schwartz class and using the results for Gabor frames [18, Chapter 12] we infer that the coefficient
operator C 4 is bounded from M%?(R?) to #57(A) and the other way round for the reconstruction operator D ,.

The observations above, together with the characterization of modulation spaces via Gabor frames (see, e.g., [6, Theorem 3.2.37]
and [16]) yield an equivalent discrete norm for modulation spaces in terms of metaplectic Gabor frames. Namely,

Theorem 7.3. Consider G 4(g,A) a metaplectic Gabor frame for L2(R?) with bounds 0 < A < B, with g € S(R?) and canonical dual window
¥4 in (66). Assume W, shift-invertible and m € M, (R>?), with m < moE;ll. Then,
() For every 0 < p,g < oo, C4 : MEYRY) - £59(A) and D 4 : £5:4(A) — MLY(RY) continuously. If f € M54 (R?), then the expansions in

(67) converge unconditionally in M7 for 0 < p, q < oo, and weak*-M 1"‘/’U unconditionally if p= oo or g = oo.

(ii) The following (quasi-)norms are equivalent on M2?(R%)
A”f”M,‘;"’(Rd) < ”((f,”Au)g>)ﬁe/\||f,’;"(/\) < B”f”M,’;""(Rd)s (73)
B_l ”f”M,’,’,"’(IR”) < ”((fs ”A(l)YA»/leA”ﬂ’:q(A) < A_l ”f”Mﬁ{‘l(Rd)‘ (74)
Remark 7.4. Assume g,y € M}(R?) with v satisfying (72) and such that

2md
Spgy=DuyCueg=1, on L7 (RY).

For p,q € [1, ], the statements of the previous theorem hold in the larger window class MUI(Rd ), with the canonical dual window y 4
replaced by y.
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Appendix A

In [8], the authors proved the following result, cf. [8, Proposition 2.6]:
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Proposition A.1. Let A € Mp(2d,R) and W , be the corresponding metaplectic Wigner distribution. Then, there exists Zt\* € Mp2d,R) such
that for all f,g € L*(R%),

Wa(g. ) =W (f-8) 75)

up to a sign.

In what follows we shall improve Proposition A.1, carrying over the explicit expression of the projection A, in (75). First, we
need to compute the intertwining relation between complex conjugation and metaplectic operators.

Proposition A.2. Let S € M p(d,R) be a metaplectic operator and S = zM?(S) have block decomposition (19). Define

()

Then, for all f € L*(R?),

Proof. Let T the operator defined by

Tr=87, feLl*RY).

Since S is a unitary operator on L%(R?), T is a unitary operator on L2(R¢). We have to prove that T satisfies the intertwining relation
in (22) for A= S. For, let z = (x,£) € R% and take 7 € R. Then,

Tp(z;0)f =Sp(z;70)f
= Sp(x,—~&—0)f
= p(S(x.~£): D)8 ]

— e—ZIire—in(Ax—Bg)~(Cx—D§)”(Ax — BE,Cx — D§).§f_

= Q2T gmin(AX=BE(-Cx+DE) A\ _ Be _Cx +D§)S'_f

=p(S(x. ;)T f,
as desired. []

Corollary A.3. Under the assumptions of Proposition A.1, we have

A, =AD;
with the matrix L defined in (35). Namely, if A has block decomposition (30), A, is given by

Ap  Ap —Ay —Ap

A= Ap Ay —Ay —Ap| 76)
—Azp —Az Ay Ay

—Ap —Ay Ay Ap

Proof. Observe that D, F(x,y) = F(y,x), so that, for every f,g € L2(R%),

g® f(x.y)=f(M(x)=f ®gr.x)=f ® D, (x.9) =D, (f ® &)(x.y).
By Proposition A.2, it follows that, up to a sign,

~

WA =Af®D=A/®=AT®=AD,(g® /) =W, (& ).
Assuming that A exhibits the block decomposition (30), a straightforward computation yields (76). This concludes the proof. [
Remark A.4. A straightforward computation shows that 5 =57.In fact, if .S has block decomposition (19),

—T AT _CT
S )
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whereas

AT cT —_( AT -CcT\ _—<r
ST=(BT DT>’ so that sT=(_BT DT):S.
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