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QUANTITATIVE RESULTS FOR FRACTIONAL OVERDETERMINED
PROBLEMS IN EXTERIOR AND ANNULAR SETS

GIULIO CIRAOLO AND LUIGI POLLASTRO

ABSTRACT. We consider overdetermined problems related to the fractional capacity. In
particular we study s-harmonic functions defined in unbounded exterior sets or in bounded
annular sets, and having a level set parallel to the boundary. We first classify the solu-
tions of the overdetermined problems, by proving that the domain and the solution itself
are radially symmetric. Then we prove a quantitative stability counterpart of the sym-
metry results: we assume that the overdetermined condition is slightly perturbed and we
measure, in a quantitative way, how much the domain is close to a symmetric set.

1. INTRODUCTION

In the present paper we prove quantitative symmetry results for overdetermined problems
involving the fractional Laplacian in unbounded exterior sets or bounded annular sets.
These problems originate from the study of capacity of a set and relative capacity which,
in the classical setting, are given by

cap(f2) := inf{%/ |Vol?dz : v e CP(R™), vlg > 1} ,
Rn

and
cap(Q; D) := inf {%/ \Vol2dz : v e C(Q), vy = 1} ,
D

respectively; here D and € are bounded open sets, with D C Q C R®, n > 3, and Vv is
the gradient of the function v.

Instead of the classical notion of capacity, in this paper we consider the capacity in a frac-
tional setting. For a parameter s € (0,1), the fractional capacity of order s (or s-capacity)
of the set Q is defined as follows:

cap,(Q) := inf{[v])? | v € C(R"), v, > 1}, (1)
where [v]s is the Gagliardo seminorm of v which is defined by
2 [o(z) —v(y)”
= ——=—dzxdy .
2= [ B dady
Analogously, one can define the relative fractional capacity of order s of the couple of sets
(€2, D) by

cap,(Q; D) := inf{[v]? | v € C°(), v, > 1}. (2)
1
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The Euler-Lagrange equations associated to ({l) and (2) are both related to the so-called
fractional Laplacian of order s (or s-Laplacian), which is denoted by (—A)® and it is given
by

510 u(z) — u(z)
(—A) ’LL(II}‘) =Cns P.V. /Rn mdz,
for u € C°(R™), where
_n2L(n/2+5) 3)
r'2-s)
(see for example [DNPV12|). It can be proved that cap,(€2) and cap,(€2; D) are uniquely
achieved by two functions uq, ug p € H*(R™) which satisfy

Cns =s(1 —s)dsm

(—A)Pun =0 in R™\ Q,
ug =1 in Q, (4)
ug(x) =0 as x| = 400,
and
(=A)’uqp =0 in A:=Q\D,
un,p =1 in D, (5)
unp =0 in R"\ Q,

respectively. The function ugq is sometimes called the s-capacitary potential.

Overdetermined problems for (4) and (B) have been considered in [SV19] where the
overdetermined condition is given on the normal s-derivative at the boundary, which is
assumed to be constant in the spirit of Serrin’s overdetermined problem.

In this paper we consider a somehow discrete version of Serrin’s overdetermined condition
and we instead assume that the solution is constant on a surface parallel to the boundaryjj
In this setting, our main results can be considered as the generalization of the results in
[CDP™23] to exterior and annular domains.

In order to clearly state our results, we recall that the Minkowski sum of two sets A and
B is defined by

A+B={z+y|zecAye B}

Our first result deals with solutions of problem (4]) with the overdermining assumption
that the solution is constant on a surface parallel to 9€2.

Theorem 1.1. Let Q be a bounded domain in R™. Let R > 0 and assume that G := Q+ Bpg
is such that OG of class C*. Then, there exists a solution u € H*(R™) N C(R"™) of (@) such
that

u=c on 0G (6)

for some constant c if and only if G and 2 are concentric balls and u is radially symmetric.

1Regarding problem (), it is more precise to say that the solution is constant on each connected com-
ponent of the parallel surface, see Theorem [I.3] below.



3

We will prove Theorem [[.1] by using the method of moving planes. Once symmetry is
established, one can investigate the quantitative stability result for Theorem [[LIl The idea
is to assume that the overdetermined condition ([6)) is replaced by a weaker condition which
implies that the solution is close to a constant on OG. In this direction, it is useful to
consider the Lipschitz seminorm [u]r of u on I' = 9G, which is given by

[U]F — sup |u($) — u(y)|
z,y€el, x#y |$ - y|
and the parameter
p(Q) == inf{|t — s| | Ip € Q such that Bs(p) C Q@ C Bi(p)}, (7)

which controls how much the set Q differs from a ball (clearly, p(©2) = 0 if and only if € is
a ball).

Another relevant quantity which we need to quantify the stability results is the radius of
the touching ball condition. More precisely, given a set E we denote the optimal exterior
and interior radii in the touching ball condition by t% and t%, respectively.

Hence, our main goal is to obtain quantitative bounds on p(2) in terms of [u]s¢, as done
in the following theorem.

Theorem 1.2. Let Q be a bounded domain of R™ with 02 of class C?. Let R > 0 and let
G = Q + Bg be such that OG is of class C?. Let u € C*(R") be a solution of [{@). Then,
we have that

1

p() < Ci [ulpss (8)
with Cy = Cy(n, s, R, diam(Q), |Q, ) > 0, where diam(Q) and |Q2| denote the diameter and
the volume of ), respectively, and g, is the radius of the exterior touching ball condition at

Q.

In the second part of the article we consider an overdetermined problem involving annular
sets. More precisely, let D, C R™ be bounded open domains such that D C 2, set

A:=0\D, (9)

and we consider solutions to (B). It is clear that, since 9Q and 9D do not touch, we have
that

d :=dist(D,R"\ Q) > 0. (10)
By choosing a positive parameter R < d/2 we have that the set
4 :={z € A| dist(z,0A) = R} (11)
can be written as
r4=rlurg, (12)

with
'R .= {z € A| dist(z,0D) = R},
2= {x e A| dist(x,09Q) = R},

2Notice that T = 8((Q° + Br) \ (D + Bg)).
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with Fg NTZ = 0. On each of these hypersurfaces we assume that the solution satisfies the

overdetermined condition
uU=a on TE,

uw=_ on 'Y,

where a and 3 are two positive constants.

(13)

We have the following symmetry result.

Theorem 1.3. Let A and F}% be given by @) and (), respectively, where R is such that
F’é is of class C*.

Let u € H*(R™) N C(R™) be a solution of () satisfying the overdetermined conditions
(@3). Then, D and Q2 are concentric balls and w is radially symmetric.

Now we describe the quantitative stability result that we obtain for Theorem 3l In
this case, we replace the overdetermined condition (B by assuming that the solution has
small Lipschitz seminorm on each connected component of I‘é. For this reason we define
the following deficit

defa(u) i= max{[ulpp., [ulpg ) (14)

and we have the following result.

Theorem 1.4. Let A and I's be given by @) and (II)), respectively, and assume that OA
and F‘}% are of class C?.
Let uw € C*(R™) be a solution of (Bl). Then

p(D) + p() < Cydef o (u) 57 , (15)

with p given by (D) and Cyx = Cy(n, s, R, diam(Q), ||, |D],t%,,t4) > 0, where t$, and v are
the radius of the uniform exterior touching ball to D and of the interior touching ball to €,
respectively.

Theorems and [[4] are the main results of this paper, and they are obtained by using
a quantitative approach to the method of moving planes, which was originally developed
in [ABRO9| (see also [CV1S], [CMS16], [CMS15], [CEMNTIS|, [CDP*23|). This approach
presents many differences when applied in a classical local settings and in a fractional
framework, and in this paper we prefer to tackle fractional problems. We mention that
all the symmetry and quantitative symmetry results in this paper have their classical local
counterpart, which can be still attacked by using the method of moving planes and it will
be considered in a future work.

We finally notice that, in Theorems [LTHT.4l we assumed that 2 and D are domains and
then they are connected. The connectedness assumption is not necessary and it can be
easily removed, and hence our results can be extended in that setting. However, this has
a cost in managing the notation and it would worsen the presentation and clarity of the
paper. For this reason, we preferred to assume that 2 and D are connected.

The paper is organized as follows. In Section 2 we present some preliminary notions and
results, including a weak maximum principle for s-harmonic functions in an unbounded
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domain. Section 3 is devoted to the results for exterior sets and includes the standard
machinery for the method of moving planes. In Section 4 we consider the problems involving
annular domains.

Acknowledgements. The authors have been partially supported by the “Gruppo Nazionale
per I’Analisi Matematica, la Probabilita e le loro Applicazioni” (GNAMPA) of the “Istituto
Nazionale di Alta Matematica” (INdAM, Italy). The authors thank the anonymous referee
for the valuable comments and suggestions.

2. PRELIMINARIES AND NOTATION

In this section we introduce some notation and recall some results which will be useful
in the rest of the paper.
We recall that given two functions u,v € H*(R"™) the Gagliardo seminorm of u is defined

= u@) = wlw)
o Jan \x— \n+2s 4

and the scalar product in H S(Rn between w and v is defined as

DE) ),

|l‘ _ |n+2s ’

as

n n

where ¢, s is given by ().

In order to write a Hopf’s boundary point lemma in a quantitative form, it is useful to
consider the solution ¥p () to the fractional torsion problem in a ball of radius r > 0
centered o, i.e. ¥p (4,) satisfies

{(—A)S%.(xo) —1 in By(x) 16)
VB, (o) = 0 in R™\ B(zo) ,
and it is given by

VB, (w0) (£) 7= s (12 = |2 — w03 (17)

for any x € R", where v, s is a constant depending only on n and s.
Lemma 2.1. Let Q C R™ be an open set and let u € H*(R™) be a solution of
{(—A)su >0 in €,
u>0 in R™\ Q.
Let g € Q and r > 0 be such that B,(xz¢) C Q. Let K C R™ be a compact set such that
|K| >0, dist(K,By(z9)) >0, essinfgku>0.

Then
u 2 CH 1/}37-(:00) m BT('I'O) )

where
| K| essinfgu

Cn,s (2r + dist(K, B (z9)) + diam(K))n+2s’

Ch = (18)



with cn.s and Pp, (zq) given by @) and [T), respectively.

Lemma 2] was already proved in [GS16] and [ROSI14]. Here, inspired by [FJ15] and
[CDP™23], we give a proof which allows us to explicitly write the constant Cy given by
(I8), and to show its dependency on the parameters which are relevant in our problem.
This will be useful when we will prove the quantitative results.

Proof of Lemmal21. We consider the barrier function
w(z) = Yp(r) + I xK(x),

where B = B,(z¢), xk is the characteristic function of K C R"™ and 6 > 0 is a constant
that will be chosen later.
Let ¢ € H§(Q2) be a nonnegative test function. We have

) = Epo0) +0 € ) = [ o—dens [ [ P ayan <
B Kk JB T =1yl

<(1-00) / ®,
B
which is less or equal than zero if we choose § > C~! with

1
C=cnslKl 0 oy
By setting
7 := essinfgu/J = Cessinfgu
and applying the weak maximum principle for s-harmonic functions to
vi=u—Tw,

we get that

| K| essinfgu )
(diam(B) + dist(K, B) + diam(K))"+2s Yp B,
which is the desired result. O

u > Cn,s

Since our approach is based on the method of moving planes, a particular attention must
be given to antisymmetric s-harmonic functions. More precisely, we will have to consider
functions which are antisymmetric with respect to a hyperplane which can be chosen to be
{z1 =0} (up to a translation and rotation).

In order to list these results, we need to introduce some notation: we set H* := {z; > 0},
H™ :={x; <0} and T := {z; = 0}. Let

Q:R" =R, y—=y =(—yny2.-,Yn),
be the reflection with respect to T and, for a given set E we call E* := EN H* and
E-=ENH".

The first result is a weak maximum principle for s-harmonic antisymmetric functions,

which is stated in [FJ15, Proposition 3.1] on domains that are bounded, although for
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homogeneous equations this condition is not needed. We report this proposition here and
we sketch a proof.

Lemma 2.2 (Weak maximum principle for antisymmetric functions). Let Q@ C R™ be a
compact set and let w € H*(R™) be an antisymmetric (w.r.t. T = {x1 = 0}) solution of
(—A)*u=0 in Q°,
u>0 in QF.

Then, u>0 a.e. in HT.

Proof. Since u is s-harmonic in Q¢ then for every ¢ € H§(2¢) we have
E(u,p) =0. (19)

Let ¢ = u_xpg+ € H{(Q°), where xp+ is the characteristic function of HT. Following
the same computations as in [FJ15, Proposition 3.1] we get

0 < E(u,p) < —Elp,9) = —[0]2, (20)
which immediately implies that ¢ = 0 a.e. and hence u_ =0 a.e. in H™T. U

An analogous weak maximum principle holds for nonnegative functions in H*(R™). More
precisely we have

Lemma 2.3 (Weak maximum principle). Let Q C R™ be a compact set and let u € H*(R™)
be a solution of

(—A)*u=0 in Q°,

u>0 mn Q.
Then, u > 0 a.e. in R™.

Proof. The proof is analogous to the one of Lemma [2.2] since it is enough to consider
Y =1u_. U

As an immediate consequence we have the following comparison principle for s-capacitary
functions.

Corollary 2.1. Let E C F C R" be open bounded domains, and let ug and ur be the corre-
sponding capacitary functions, i.e. the solutions to (Al for Q@ = E and Q = F, respectively.
Then we have

ugp § ugr (21)
mn R™.
Proof. Since ug is a s-capacitary function, from [Warl5, Lemmas 2.6 and 2.7| we have that

0 <up < 1in R"\ E. Then, by applying Lemma 23] to v := up — ug we obtain the
result. (]

From Lemma [2.2] we can also recover a quantitative version of the Hopf lemma for
antisymmetric functions as proved in [CDP™23|, that we recall below.
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Lemma 2.4 (Lemma 4.1 in |[CDP*23|). Let Q be an open set in H~ and B C  a ball of
radius R > 0 such that dist(B,H') > 0. Let v € H*(R™) be antisymmetric and a solution

of

(—A)*v >0 in Q,
v>0 mn H™.

Let K C H™ be a set of positive measure such that K C (H~ \ B) and essinfxv > 0. Then
we have that

v > C[dist(K, H") |K|essinfgv]yp in B, (22)
with
2(n + 2s) C(n, s) dist(B, HT)"+2s+1
(dist(B, Ht)"+28 + ~, s C(n, s) |B| R?®) (diam(B) + diam(K) + dist(Q(K), B))n+2s+2°
Remark 2.1. Lemma 4.1 in [CDPT23| actually requires that v € C*(2), but it is straight-

forward to verify that the proof is still valid if one assumes v € H*(R™). For this reason we
omit the proof of Lemma 241

It is clear that Lemma [2.4] provides a quantitative version of the strong maximum prin-
ciple for antisymmetric s-harmonic functions, which still holds when €2 is not bounded, as
already noted in [SV19, Proposition 2.1].

Lemma 2.5 (Strong maximum principle for antisymmetric functions). Let Q be an open
set with Q@ C H™ and let v € C(Q) be antisymmetric and a solution of

(—A)*v >0 in Q,
v>0 mn H™.
Then, either v > 0 in Q orv =0 in R™.

Proof. From the weak maximum principle in Lemma we have that v > 0 in 2. Now
assume there exists xo € 2 such that v(zp) = 0 and choose a ball B centered in zy and
such that B C Q. Let K C Q be a compact set such that dist(B, K) > 0 and |K| > 0. If
we furthermore choose B and K such that infx v > 0, by applying Lemma 2.4] we have

v > C[dist(K,H") |K| i%ffu]wB in B,
and in particular v(xzg) > 0, which is a contradiction. (]

Another tool from |[CDPT23| that we will need in our proof is the boundary Harnack
inequality for s-harmonic antisymmetric functions that we report here for clarity.

Lemma 2.6 (Lemma 2.1 in [CDP*23]). Let u € C%(Bg) N C(R™) be a solution of
(—A)°u=0 in Bp,

u(z') = —u(x) for every x € R™,
u>0 in HT.
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There exists a constant K > 1 only depending on n and s such that, for every z € BE/2
and for every x € Bps(2) N BE we have

1 u(z)  u(x) u(z)
E,Zl S I SK,Zl. (23)

3. EXTERIOR SETS

In this section we consider the exterior overdetermined problem and prove Theorems [I.1]

and

3.1. The method of moving planes: notation. We introduce some notation in order
to exploit the moving planes method. Given e € S*! a set E C R and A € R, we define

T\=Ty={zeR"|z-e=\} a hyperplane orthogonal to e,
Hy=H{={zeR"|z-e>\} the “positive” half space with respect to T)
Ey=EnNH, the “positive” cap of F,
rh=x—-2x-e—Ne the reflection of x with respect to T),
Q=05:R"—>R" z— x/)\ the reflection with respect to T).

If E C R™ is an open bounded set with boundary of class C! then we define
Ac :=sup{z-e|x € E}

and

Ae = inf{\ € R| Q(E5) C E,for all X € (\,A.)}.

From this point on, given a direction e € S"~1, we will refer to Ty, = T° and E\, = E as
the critical hyperplane and the critical cap with respect to e, respectively, and will call A,
the critical value in the direction e. We now recall from [Ser71] that, for any given direction
e, at least one of the following two conditions holds:

Case 1 - The boundary of the reflected cap QG(E) becomes internally tangent to the
boundary of E at some point P & T*;

Case 2 - the critical hyperplane T becomes orthogonal to the boundary of E at some
point @ € T*.

3.2. The symmetry result. We start with the symmetry result given in Theorem [Tl

Proof of Theorem [I1l. Let e € S*™! be a fixed direction. Withouth loss of generality we
assume e = e. We recall that we are considering a solution u € C*(R"™) of () satisfying
@) and that G = Q + Bg, with dG of class C*.

We apply the method of moving planes described in Subsection B.1] by letting £ = G.
Without loss of generality, we can assume that A\, = 0 (that is, the critical hyperplane
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T goes through the origin), and we simplify the notation by setting H~ := {z; < 0},
Q™ := H~ N and considering

v(z) == u(x) —u(Q(x)) for zeR",
where Q : R® — R" z + 2’ is the reflection with respect to 7. We have

(—A)*v=0 in H-\ Q™

v>0 in Q°

v(Q(x)) = —v(x) for every x € R™.

By using Lemma 2.2l we know that v > 0 in H~ and then Lemma 2.5] tells us that either
v>0in H-\ Q™ or v =0 in R". Now we show that if we assume that v > 0in H~ \ Q~
then we obtain a contradiction.

Case 1 - Let P be a critical point on dG. Since both P and its reflection P’ belong to
OG and (@) holds, we immediately get

v(P) = u(P) —u(P) =0,

which is a contradiction.

Case 2 - In this case e; is tangent to 0G at a point QQ € 0G, and therefore we have that
01v(Q) = 0. On the other hand, since @) is far away from the boundary 02, we can use
Lemma [2.6] to show that 01v(Q) < 0, which is a contradiction.

Indeed, setting z = (—R/4,Qq,...,Qn) and x = xy = (—1,Q2,...,Qn) € Brjs(z), with
0 <t < R/8, we have that

v(xy) 4
>__
—t — RKU(z)’ (24)
where K > 1 is a constant only depending on n and s. Being z € H~ \ Q7, we have that
v(z) > 0, and the claim follows from (24]) by letting ¢t — 0T, O

3.3. Almost symmetry in one direction. Now we consider the quantitative stability
result and prove Theorem This will be done in two subsequent steps: we first prove
the quantitative stability estimate in one direction and then, in the proof of Theorem
we will sketch a general idea of how to use the result in one direction to obtain the final
quantitative estimate; the proof can be found in details in Section 6 of [CDPT23].

We start by proving a preliminary result which gives the behaviour of the solution to (4))
close to the boundary.

Lemma 3.1. Under the assumptions of Theorem [I.2, let u be a solution of () and let
v:i=1—wu. For any r <t we have

v(z) > Ceqp (dist(z,00))°  in (24 B,)\ Q, (25)

where
Cnys Vn,s Wn s
4 (2r + ro diam(§2))n+2s

and rg > 0 is a constant depending on n and s.

Ceap =



11

Proof. Without loss of generality, we can assume that the origin O is contained in 2 and
consider the s-capacitary solution 4 of the ball Bgjam(q) centered at the origin and of radius
diam(92):

(=A)*a=0  inR"\ Bgiam(),

u=1 in Bdiam(Q)7

a(z) =0 as |z| = +oo.

Since 0 < @ < 1 and @ is radial, non-increasing and continuous (see for instance [SV19l
Theorem 1.10], there exists a radius R = R(diam(£2)) > 0 such that

@<1/2 in R"\ Bg.
Moreover, from Corollary 2.l we have that @& > u in the whole space. From this we get that

v=1-u>1-a>1/2 inR"\ B (26)

We now choose K = Btg((}? +1t5) e1). For g € 0N, we now apply Lemma 2] to v with
B = By (29) and K and get

Cn,s Tn,s Wn RS
v(z) > —=—= -
2 (4R + dist(K, B))+2s
We now repeat the same argument on the whole boundary 9 by keeping each time the

same fixed set K. We notice that in every case we have dist(K, B) < 2R, and by using the
previous inequality we obtain (25]), where the constant Ceq), > 0 can be written as

(R—|z|)* in B.

Cn,s Tn,s Wn Rn+s
4 (2R + R)n+2s ’

Ceap =
In order to complete the proof, we show how R depends on diam(£2). We consider the
solution up, to the capacitary problem (@) with Q = By, and we set
ro = inf{ |z| | up, (x) < 1/2}.
By scaling properties, it is clear that R =r diam(2). This completes the proof. O

With this result at hand, we can prove a quantitative estimate which involves the measure
of Q7 \ 9(9).

We fix a direction e € S*'. Without loss of generality, we can assume that e = e; and
that the associated critical hyperplane is T = {x; = 0}, with Q : R" — R", z — 2’ the
reflection with respect to T. For the proof of the next lemma we will use the following
notation: we set for ¢ > 0

O =Q+ B(0), Q:=UNHY, Q =0nNH U :=090().
Note that G = Qg.
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Lemma 3.2. Given P € Ug with B = Bps(P) such that dist(B,0Uy) > R/8, for § > 0,
we have that R ~
27\ Q@) | <€ HIu(P) +9), (27)
where C' > 0 is a constant depending only on n, s, R, t§ and diam((2).
Proof. We set Ky := (2~ \ Q(Q)) \ (Es U Fy), where
Es = Q(As) N (Q~\ Q(Q)) with As := {z € Q° | dist(z, Q) < 4},
Fy:={z € Q \ QQ)|dist(z,T) < 5}.
Using Lemma 2.4l with B := Bp/3(P) and K := K we obtain

v > C [dist(Ks, H") | Ky i}r{lfv}%g in B,
5

*
where C' > 0 is an explicit constant depending on n, s, R and diam(2). Here we used that,
in the present situation, we have K C  and that dist(B,Up) < R.

Since K5 C (= \ Q(Q)) \ Fy, then
dist(Ks, HT) > 6.

We now point out that in K5 we have v = u—u' = 1—/; we can therefore apply Lemma

B and get
v(x) > Cegp(n, s,15) 0° = Crqp 6°  for every z € K.

Moreover, we have
|Ks| = 127\ Ur| — |Es U Fs| = [ \ Ur| — (|Es| + |Fs])- (28)
By definition of Fj, we have that

|Fs| < diam(Q)" 6. (29)
By using Lemma 5.2 in [CDP"23|, since Es C As, we have
2n|Q|
Es| < d. 30
il < | 2] (30)

Putting together ([28)), (29) and (30) we get
| K5 > [Q7 \ Ur| — &4,
where ¢ is a positive constant depending on n, diam(2) and t§.

Hence we have proved that

*
v(P) > C Ceqp (R/g)zs 'Yn,s(51+s(’Q_ \ Ugr| — 55) ,
and, by choosing
~ 2s
C := max 87 ¢y,

we get the desired inequality (27]). O
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Once Lemma is proved we can follow |[CDPT23| to get the almost symmetry in
one direction and, with the same reasoning as in [CDPT23| Section 6|, obtain the same
quantitative stability estimate required for the proof of Theorem For this reason we
only sketch the main ideas in the following proof.

Proof of Theorem [I.2. Once we have inequality (27), we can argue as in Lemma 5.6 of
[CDP™23| to obtain the estimate for the almost symmetry in one direction, namely

~ 1
97\ Q)| < Clulse, (31)
where C := max{1,diam(Q), K (R/2)} C, with C as in 27) and K = K(n,s) > 1 is the
constant that appears in the boundary Harnack inequality in Lemma
Now, up to a translation we can assume that the critical hyperplanes with respect to the

N coordinate directions T coincide with {z; = 0} for each j = 1,..., N, that is, they all
intersect at the origin.

The idea is then the following: for a given direction e € S"~1 we slice ), in (a finite
number of) sections depending on the critical value A\, and consider their measure, namely

mp:=[{zeQ|2k-—1)A<z-e<(2k+1)A\}]|, fork>1.

Since (2 is bounded, my > 0 only up to an index kg which behaves like the inverse of A..
The key observation is that, by reflecting with respect to the origin and using (B1I), one has

1
mi=[{zeQ| —A <z e<A}| < (n+3)Clulid (32)

moreover, by the moving plane procedure, m; < mj for every k up to kg and therefore one
can then write the expression

ko
— 1 1
. <> mp <kgmy < (n+ 3)diam(Q) C [l (33)
k=1 ¢

Inequalities (33) and some further calculations (see section 4 in [CDP™23|) yield

diam(Q) = <15
o Clulps’ (34)

Now it remains to establish a relationship between |A.| and p(Q2). We set ppin =
min,esq |2|, Prmaz = Max,coq |z| and choose x,y € 9Q such that |x| = pmin and |y| = pmaz-
We then consider the unit vector

Al < 4(n+3)

_*t~y
|z —y]
and the corresponding critical hyperplane 7. By construction, we know that dist(x,7°¢) >
dist(y, T°) and therefore some simple calculations lead to
P(Q) < Pruas — prmin = Iyl — ] < 2dlist(0,7) = 2|2 (35)

Combining ([34) and (B3] leads to (). It is worth pointing out that the new constants
appearing in ([32)) and onward only depend on the dimension n, the diameter diam(£2) and
the volume |9 O

€.
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4. ANNULAR SETS

In this section we consider annular domains and prove Theorems [[3] and [[.4. The
strategy that we use is still via the method of moving planes and it is similar to the
previous one; nevertheless, the method has to be carefully adapted to this situation. We
recall that we are considering solutions to (5], where A = Q\ D, with D C € bounded open
domains.

Now for a fixed direction e and a parameter A € R we let T, Hy, Q) be as in the previous
section. We now consider

Sy = (QN Hy) \ Ox\(D)

which is the cap of the annulus Q \ D. Moreover, for a given set E, we define

dp:=inf{\eR | T,NE =0}
Ag := inf{\ < dg | for every p>XN(ENH,)" C(ENHY) and v(z)-e>0VeeT,NIE},

and the critical parameter ) is given by
A :=max{\p, Ao}

We mention that both the function u and its reflection v/ are s-harmonic in Xy, as we
are going to use in in the proof of Theorem [[.3] We also notice that, thanks to our choices,
) is the critical value for A with respect to the direction e, and now the critical position
can occur in four possible cases (namely, Cases 1 and 2 in Subsection 3] for both D and

Q).

In order to avoid further technicalities we ask for the domains D and §2 to be regular
(namely, with boundaries G and 952 of class C?); the proof works in the same way if we
instead assume that 0A is just of class C', and Fg and F% of class C2.

4.1. Symmetry result. With this setting, we are now ready to give a proof of the sym-
metry result for annular sets.

Proof of Theorem [1.3. We fix a direction e = e; and reach the critical value A\. Without loss
of generality, we assume that 7' = {e; = 0} and define the function w(z) := u(z) — u(z’)
for every x € R". To simplify the notation we set @ = Q. Our aim is to show that
w is actually identically zero in Q(Xy). This implies that both the function w and the
set A itself are symmetric with respect to direction e; since the direction e can be chosen
arbitrarily, the proof is then complete.
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Hence we have to show that w = 0 in Q(Xy). We notice that the function w is antisym-
metric with respect to e = e; and

(—A)’w(z) =0 for x € Q(X5),
w(r) =u(r) —u@) =1—-u2) >0 forz € DN Q(Q),
w(z) = u(r) —u(@’) =u(x) >0 for z € Q7 \ Q(ﬁ),
w(z) =0 forze H-\ Q.

In particular, the last three inequalities tell us that w > 0 in H~ \ Q(Xy). The weak
maximum principle for antisymmetric solutions in Lemma implies that w > 0 in Q(3y);
then, from the strong maximum principle in Lemma 2.5 we get that either w > 0 in Q(3y)
or w=0in Q(Xy).

In order to conclude, we notice that in this case we have four possible critical cases,
all of which can be treated as in the proof of Theorem [[LTI The conclusion then follows
straightforwardly. O

4.2. Almost symmetry in one direction. In order to prove almost symmetry in one
direction for the annular set, we need to make use again of the quantitative Hopf’s type
lemma (JCDP™23, Lemma 4.1]) and adapt it to the current problem.

We start with a lemma which gives the behaviour of the solution u of () inside the
annulus A with respect to the distance from the boundary. We start with a simple remark.

Remark 4.1. If u € C*(R") solves (@) with A € C!, then we have
O<u<l1 in A. (36)

Indeed, applying the maximum principles for an s-harmonic function in A we get that
u has to be strictly positive in A. By using the same argument for 4 := 1 — u we get the
latter part of (30).

We have the following lemma.
Lemma 4.1. Under the assumptions of Theorem (L4), let u be a solution of (Bl); then
min{u, 1 —u}(x) > C* (dist(z,0A))° in A, (37)

where

(o Cnatne D] minfel, €5, /2)°
T ognt2s+1 diam(Q)n+2s

Proof. We first prove (37)) for the function u. This inequality follows by an application of
Lemma 2.1l and therefore we fix a compact set K1 C D such that |K;| = |D|/4. Since K
is compact and D is open, then dist(K7,9D) > 0.

Let z € A. Assume dist(z, 0A) = dist(z, 92) and let T € 9Q be such that dist(z,dQ) =
dist(z,T) =: r. We apply Lemma 2. with K = K; and B = B,(x) and get

‘Kl‘ ian1 u .
(27 + dist(K1, By(z)) + diam(K7))n+2s VB, (z) in B,(x). (38)

u > Cn,s
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Since u =1 in K7 and
2r + dist(K71, By (z)) + diam(K7) < 4diam(€2),
by evaluating ([B8) at = we have

( ) Cn,s Tn,s |D| 25 _ Cn,s Tn,s |D|
u\r) = gn+2s+1 diam(Q)n+2s T gn+2s+1 diam(Q)n+2s

dist(z, 0Q)%. (39)

Up until now we didn’t make use of the interior radius of the touching ball condition t’@ >
0. If dist(x, 0Q) > t’Q the equation (39) immediately gives (37). If instead dist(z, 09) < )
we set r1 := min{ty, d/2}, £ € A such that T € 0Q N IB,, (%) and apply Lemma 2.1] for
K = K, and B = B,, (%) to get

Cn,s In,s ‘D’ ~1\s ~1\s
u(x) > An+2s+1 diam(Q)"+25 (Tl + "T - ‘T‘) (Tl - "T - x’) > (40)

which together with the fact that r; — |z — Z| = dist(z, 09Q) gives (B7).

Assuming now dist(z,0A) = dist(z,dD) we can now repeat the same arguments with
ro := min{t},, d/2} in place if 71 and we obtain ([@0) with r; replaced by 7.

The proof of ([B1) for v := 1 — u can be carried out in the same way; we only have to fix
a compact set Ko C R™ \ © such that

dist (K7, Br(x)) + diam(K;) < 2diam(€2),
and |Ko| = |D|/4, and then apply Lemma 2.1 with K = K5 as done before. O
We are now ready to state a version of Lemma 3.2 for the annulus, under the assumptions
of Theorem [[L4l The ball B will be chosen inside of a set where the antisymmetic function
w := v — v is s-harmonic (this time, it will be Q(Xy)); in this case, the compact set K
consists of two components, in such a way that we can take into account the symmetric

differences between the sets 2 and G and their respective reflections via the moving plane

method. We define

We have the following lemma.

Lemma 4.2. Given P € Q(¥y) with B = Bpg(P) such that dist(B, Q(Xy)) > R/8 and
given & > 0, we have that

K| < C(6~UF)y(P) 4 0), (41)

where C > 0 is a constant depending only on n, s, R, 6, th), diam(2), |D| and |€|.
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Proof. We set K5 := K \ (E5 U F5) where
Ey:=[{z € Q| dist(z,00) < 6} N (2~ UQQ))] U [G~\ QG + By))],
Fs:={x € Q| dist(z, H") < 6}.

We apply Lemma 2.4 with B := Bg/s(P) and K := K; to get ([22), i.e.

v > C [dist(Ks, HY) |Ks| i}l{lf@]l/}g in B. (42)
5
By arguing as done for (28], (29) and (30) we get that
K5 2107\ Q@) + 167\ Q(@)] - &9, (43)
and plugging @3) into [@2), together with Lemma ] and the fact that dist(Ks, H) >
we get (4T]). O

The way to use Lemma (1] to establish almost symmetry in one direction and then
prove Theorem [[.4] is again the one sketched in the proof of Theorem We just need to
highlight some minor differences with the annular case, that we report below.

Proof. The first goal is to obtain the almost symmetry in one direction from (4I]). While in
the proof of Theorem [[.2l we need to take into account the two possible critical Cases 1 and
2 for the moving plane method, with the first one being further divided into cases la and
1b, now the critical position can be reached for both the set D and the set €2, resulting in
a total of six possible critical cases. Nonetheless, they are tackled in the same exact way;
the only thing that we need to point out is that in each of the critical cases we can write

v(P) < ¢, max{[u]rg, [u]Fg} = ¢, defy(u), (44)
where ¢, := max{1, diam(Q2), K R/2}. From (44]) we can then recover the inequality
97\ Q)|+ 167\ QO)] < Tdefsw) 742, (45)

where C = ¢,C. The slicing of the two sets can then be performed in the same way, which
leads to an estimate of type

diam(92)

€

where now again the bound depends on the seminorms on both of the parallel surfaces.
We now only need to make sure that formula (B3] still applies. Again, for the set Q we
define ppin = min,coq |2|, Pmazr = Max.coq |z|, choose x,y € I such that |z| = pmin
and |y| = pmae and consider the direction e = y — x up to normalization with its critical
hypeplane T¢. Since we are now in the annular case \° = max{)\i), )\6} and therefore the

moving plane might stop before reaching the cricial position for the set €2 itself. However
we can still write

P(Q) < prmaz — pmin = |yl — || < 2dist(0,T°) = 23| < 2[Xq|. (47)
Combining (6] and (7)) and repeating the same argument for G lead us to (I3)). O

M| <4(n+3) Cdef a(u) 72, (46)
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