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Abstract

This document presents an elementary approach using e-Poincaré inequality to prove generation of LP-
bounds, p € (1, 00), for the homogeneous Landau equation with moderate soft potentials y € [—2,0).
The critical case y = —2 uses an interpolation approach in the realm of Lorentz spaces and entropy. Al-
ternatively, a direct approach using the Hardy-Littlewood-Sobolev (HLS) inequality and entropy is also
presented. On this basis, the generation of pointwise bounds p = oo is deduced from a De Giorgi argument.
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1. Introduction

The spatially homogeneous Landau equation describes the evolution of a density distribution
f = f(t,v) > 0 of a plasma of particles having velocity v € R? at a time 7 > 0. It is given by

W, v)=9(f, f), =0, veR?, (1.1)

where the collision operator is given by

Qf. =+ [ o= vl = v £.5F - £V 1. o, (1.2)
G
with the usual shorthand f := f(v), fs := f(vs) and T1(z) = 1d — % The Landau equation
(1.1) is supplemented with initial condition
ft=0,v)= fin(v), veRY. (1.3)

Results regarding a priori energy estimates involving L”-norms, mainly in the moderately soft
potential case —2 < y < 0, are revisited.

The spirit of this paper combines techniques of [23] and [16] bringing a more direct proof
and improved estimates of those of [23] which include generation of norms with specific rates
and better long time behavior. It also includes the pointwise estimation, the case p = oo, of
solutions for both norm creation and propagation using a De Giorgi’s type of approach, see
[9] for an original implementation in the classical parabolic context. In the kinetic context of the
spatially homogeneous Boltzmann equation refer to [3] and for the homogeneous Landau-Fermi-
Dirac to [4]. The main tools used are the e-Poincaré inequality and an interesting interpolation
in Lorentz spaces that deal with the critical case of y = —2. Lorentz interpolation is used to
circumvent the problematic application of the HLS inequality in L' — L” case. As noticed in
[23], entropy propagation can be added to the argument to properly control the size of the most
singular term. In addition, we present an alternative proof to the aforementioned approach using
Hardy-Littlewood-Sobolev inequality in a way that avoids the L' — L? case. This later approach
involves fewer interpolation steps giving explicit constants in the control of the most singular
term. Entropy is also needed to control the size of such term.

We mention that an alternative approach to obtain pointwise bounds is developed in [21]
using techniques for parabolic equations in non-divergence form. The technique is used in the
context of classical solutions of the equation using a quantitative maximum principle approach
in the spirit of Aleksandrov-Bakelman-Pucci. The estimates obtained using this method are quite
sharp, yet solutions are assumed in the classical sense. This is an important difference with the
spirit of the techniques brought here that work in the realm of weak solutions which presumably
simplify the rigorous implementation of an approximation scheme for the equation.

1.1. Notations
Define the Lebesgue space LY (R?), with s € R and p € [1, 00), through the norm
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1
P

Il i= | [lrof wran] o L@ ={r RIS Ry <o)
R<

where (v) :=+/1+ |v|%.

Definition 1.1. We say that f € Yo(fin) if f € Lé(Rd) and

1 1 0
/f(v) v dv:/fin(v) v dv =: ou , (1.4)
Rd vf? Ré vf? dob + olul*

and H(f) < H(fin) where

H(f) = / F)log f(w)dv.
Rd

By a simple scaling argument, there is no loss in generality to assume that
o=0=1, u=0. (1.5)

We introduce for i, j € {1,---,d}

0@ = (@), with 4@ =1l (5, - 2F),
bi(2) = Yy deain(@) = —(d — Dzilal”,
c(@) = Y4 0hak1(@)=—d - Dy +d) 2|

1

24y (R?), we define the matrix-valued mapping A[ f] by

Forany feL
AL = (Ai L), = (aij * f),; -
In the same way, define the vector-valued mapping b f] and the scalar mapping c, [ f] given by

BIF1 = (Bilf1), = (bi* f),. and ¢, [f1(0) = (c* £)().

The dependency with respect to the parameter y in ¢, [ f] is stressed since, in several places, we
apply the same definition with y + 1 replacing y.
With these notations, the Landau equation can then be written alternatively under the form

{ Wf =V-(ALfIVS =blf1f)=Tr(AIfID*f) — ¢y [ f1f. 06
; .

=0 = fin,

where D? f is the Hessian matrix of f (for two matrices A = (Aij), B=(B;j), Tr(AB) =
> i AijBji).
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Let us make precise the notion of weak solution we consider in this paper.

Definition 1.2. Consider —2 < y < 0. Let fiy € L}(RY) N Llog L(R?). We say that f is a weak
solution to the Cauchy problem (1.6) if the following conditions are fullfilled:

() f>0with f € €([0, 00); D'(RY)) N L>®([0, 00); L} N Llog L(RY)).
(2) Forany t >0

/f(l, v)@(v)dv=/fin(v)<ﬂ(v)dv for @) ={1,v, v’}
d d

and

/ £t v)log £, v)dv < / Fin()10g fin(v)dv.

R4

(3) Forany ¢ € €' ([0, 00); €°(R%)) and ¢ > 0,

/f(t vV)e(t, v)dv—/fm(v)go(O v)dv—i—//f(r v)o;p(t,v)dvdr
0 R4
d t
Z / / FE@ ) fE v ai =) [87 ;0(t,v) + 87 jo(t, v,) | dvdos
i=lo R4 xRd
d t
+3 [ar [ reose b ) e - e ).,

=10 RaxRd

NIH

In the case of moderately soft potentials y € [—2, 0), C. Villani proved in [22] the existence
of global weak solutions to (1.6). Some useful properties of these solutions are gathered in Ap-
pendix A.

1.2. The role of the -Poincaré inequality

In the work [16], the role played in showing L? a priori bounds by a variant of the so-called
Poincaré inequality has been emphasized. It is common, to derive energy estimates for solution
to (1.6), to investigate for smooth functions f = f(v) the properties of the inner product

1
O = / FO(f)du= / ALFIV -V fav 5 [ 151 7.
RY d RY

The function —¢, [ f] > 0 acts as a potential interacting with the diffusive part involving A[ f].
In particular, the coercivity of —Q(f) amounts to
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/A FIVF-Vfdy> —l/cy[f]fdv

]Rd

A weaker inequality would be enough to deduce a control of the growth of solutions to (1.6), say

/A fIVf- Vfdv+Cff2dv —lfc,,[f]f dv.

R4

A refined version of such inequality has been obtained for —2 < y < 0 in [16] showing that, for
smooth ¢ and f € Vo (fin), for any ¢ € (0, 1) there exist A(¢) > 0 such that

/ ¢, [f1¢*dv < / A[f1V¢ - Vpdv + A(e) / $*dv. (1.7)
R4

The proof of (1.7) in [16] uses tools from harmonic analysis, namely Muckenhoupt A ,-weights.
We present here a path to show inequality (1.7) using classical estimates of the Riesz potential in
Lorentz spaces deriving a version that holds up to the critical case y = —2, see Proposition 2.2. In
fact, we actually provide an alternative proof of the inequality using Hardy-Littlewood-Sobolev
inequality. In both procedures the key is to find a way around the problematic L' — L? case to
the HLS inequality and use entropy to control the size of the most singular term.

1.3. Main results
The following version of the e-Poincaré inequality holds for weak solutions to (1.6).

Theorem 1.3. Let —2 <y <0 and T > 0 and a nonnegative initial datum fi, € Lé(Rd) N
Llog L(R?) be given satisfying (1.5) and consider any global weak solution f(t,v) to (1.6) with
initial datum fin. Then, for any € > 0, there exists C > 0 such that for any smooth function ¢,

—/¢2cy F0]d /)v (v))‘ dv+C/¢ Ydv, Vie[0,T], (1.8)
R4 R4

where C depends on ¢, y, fin and T. Moreover, if y € (—2,0), one has C = Cy (1 —l—eﬁ)
where Cy only depends on ||fin||L£.

Let us note that, in the above theorem, the initial datum is only assumed to satisfy natural
(physical) bounds. In the case y = —2, the de la Vallée Poussin Theorem [19] is used in order
to avoid extra assumptions on moments of the initial datum. The e-Poincaré inequality result
is stated on a finite time interval. For —2 < y < 0, it actually holds on [0, 00). For y = -2, it
can be extended to [0, co) by assuming some additional finite moments for the initial condition.
Indeed, combining the linear growth of moments and the large time behavior enables then to
control additional moments uniformly in time. This is what we need in order to extend this result
to [0, 00).
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We subsequently use the above e-Poincaré inequality in combination with a De Giorgi argu-
ment to show the derivation of pointwise bounds for solutions to (1.6). Such bound was the scope
of the work [16] for the case —2 < y < 0 providing an estimate of the form

1 % d
fw, 1)< Co (1 + ;) (1+op2t.

The estimates presented here include y = —2 and will not deteriorate as the velocity increases.
This allows us to recover results obtained in [21] which, by methods borrowed from the nonlin-
ear parabolic equations theory, L. Silvestre derived for —2 < y < 0 the appearance of pointwise
bounds for strong solutions to (1.6). We provide here a different approach which seems more
direct and does not require any knowledge about parabolic equations. We mention that for
the homogeneous Landau-Fermi-Dirac equation, a quantum correction of the Landau equation,
pointwise estimates have been obtained in [4] using similar techniques (for y > —2). Typically
our main pointwise estimates can be stated as follows;

Theorem 1.4. Let —2 <y <0 and T > 0. Let a nonnegative initial datum fi, € L;(Rd) N
Llog L(R?) satisfying (1.5) be given. Let f(t,-) be a weak-solution to (1.6). Let us assume that
fin € le (R?) for some s > %|y|. Then, for any T > t, > 0, there exists Ct > 0 depending on
T > 0 and fi, such that

sup £ ()]~ < Crmax (1,.7)., (1.9)

telty,T)
for some explicit B > 0 depending on s,d, y.

A precise statement is given in Theorem 3.6 for —2 < y < 0 and Theorem 3.8 for y = -2
where the precise expression of the constant C¢ and the parameter 8 > 0 can be found. As said,
the method of proof is based upon the implementation of a De Giorgi type argument [9]. The
method relies into two main steps:

e First, we use the e-Poincaré inequality to show the appearance of suitable L”-bound, p < oo
(see Theorem 3.2 for a precise statement).

e Second, a modification of the original De Giorgi argument proposed in [3] for the study of
the Boltzmann equation without cut-off and implemented in [4] for the Landau-Fermi-Dirac
equation, allows to show that the L”-bounds derived in the previous steps can be upgraded
into L°°-bounds. Such a typical L” — L argument in the spirit of [9] has already proved to
be useful, even in the context of spatially inhomogeneous kinetic equations [18,6].

1.4. Related literature

The study of the spatially homogeneous Landau equation has a long history and the case
of hard potentials, corresponding to y > 0 has been thoroughly investigated in [12] showing
existence, uniqueness, appearance of smoothness and of moments. The convergence towards
equilibrium is also known to hold at some exponential rate and similar results hold true for the
case of Maxwell molecules corresponding to y = 0.

74



R. Alonso, V. Bagland and B. Lods Journal of Differential Equations 395 (2024) 69—105

Regarding the case of moderately soft potentials y € [—2, 0), the situation is not too different
as far as the Cauchy theory is concerned and the main differences are related to:

(i) moments which are no longer created but are only propagated with a growth which is at
most linear in time.

(i) Convergence to equilibrium which is not exponential anymore but only algebraic. Notice
that “stretched exponential” convergence rate can be proven under some restrictive assump-
tions on the initial datum [7,4].

We refer to [23,10,13] for a precise description of the existing results as well as the work [1] for
a complete review of the Landau equation with moderately soft potentials which are the main
object of the present paper.

The situation changes drastically in the case of very soft potentials for which —d < y < —2
(including the Coulomb case y = —d) for which the Cauchy theory is much more involved.
Indeed, only weak solutions (including H-solutions) are known to exist whereas uniqueness is
an open problem [10]. Notice that stretched exponential convergence to equilibrium still holds
[8]. As far as regularity of solutions is concerned, it is possible to get a bound on the Hausdorff
dimension of the times in which the solution might be singular [14,15]. Various perturbative
results are also available in the literature and in particular local-in-time solutions for large data
and global-in-time solutions for data close to equilibrium have been recently obtained in [11]. In
the case —d < y < —2, the global well-posedness of (1.6) for general initial data is still an open
question and, in the most recent years, several important conditional results have been derived.
We refer the reader to [5] for a more complete description of the literature in this case as well as
with new conditional results under some Prodi-Serrin like criterion.

1.5. Organization of the paper

The proof of Theorem 1.3 is given in Section 2 where the two different cases —2 <y <0
and y = —2 are treated separately. The consequences of the above e-Poincaré inequality are then
given in Section 3. The appearance of L”-norm for 1 < p < co are given in Section 3.1 resulting
in Theorem 3.2. The L? — L argument of De Giorgi is then given in Section 3.2 with a full
proof of Theorem 1.4 where again we distinguish the two cases —2 <y <0 and y = —2. In
Appendix A we recall some known results about weak solutions to the Landau equation whereas
Appendix B recalls some results about Lorentz spaces used in the core of the text.
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2. The e-Poincaré inequality extended

We recall here inequality (1.7) in the known case —2 < y < 0 and provide the extended proof
valid for the critical case y = —2. The proof uses elementary knowledge of Lorentz spaces whose

main properties are given in Appendix B.
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2.1. Case -2 <y <0
We first show the e-Poincaré inequality in the case —2 < y < 0.
Proposition 2.1. Assume that —2 < y < 0 and let a nonnegative mapping fin € Lé(Rd) N

Llog L(R?) satisfying (1.5) be given. There exists Co > 0 depending only on ||fin||L% such that
forany € >0, any [ € Yo(fin) and any smooth function ¢,

—/qbzcy[f]dvggf‘v(<v>%¢(v))‘2dv+co(1+s%)/¢2<v)ydv. 2.1)
R4 R4 R4

Proof. Let f € Vo(fin) be fixed. For a given nonnegative ¢ set

I[¢]:=— / ¢*ey[fldv=(d — 1) (y +d) / v — v|” $ (v) f () dvdv, .
R4 RIxR4

For any v, v, € R4, if [V — vy < %(v), then (v) < 2(v,), and we deduce from this, see [2,
Eq. (2.5)], that

v —ve]” <277 () <l{vv*|2(”>} + (V) Vv — U*|y1{|vv*|<(;)}> .

2

Therefore,

IP1<277d—-D(y+d) (1 + 1) (2.2)
with
I ::/(U)V¢2(v)dv f f(ve)dvy,
R4 v—v, >4

and = / ()77 f (v)dus / v — vs|” (V) $? (v)dv.

R4 lv—vel<5(v)
Setting ¥ (v) = (v)%qb(v) and F(v) = (v)~Y f(v) one has that
< finll 11172 (2.3)

and

I < / |v — va|¥ F(vs) Y2 (v)doduy, =: J .
R4 xR4
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We observe that

1= [ TiF1i o,
Rd

where, for any « € (0, d), Z,[g] denotes the Riesz operator

T.[g](v) = f| g(v*ﬁl _dv,,  ae(0,d).

Then, using the Holder inequality in Lorentz spaces it holds that

1
2 —
J<||Id+y[F]Hq,OO Hw H[)J, 5—’-;—1

Recall that Z,, is a bounded operator from L' to L9 if 1 = 7+ é which means that, choosing

q= M p = ——, there exists C; = C(d, y) such that
|Za4y [F] 400 SCUd P F Il
Y
and
J<Ci(d 2,1 =Ci(d 2 -4
SCid, Y IFI v=lipa =Cold, ) IIFN 1112, 2 p= .
d+vy
Since —2 <y <0, note that 2 < 2p < =5. Then, using Young’s inequality together with (B.3)
shows that for any § > 0,
Ci(d, J/)III//IIzpz Ca(d, V)S__Illlfllzz-i-(?lllﬂll 24 5
where % =04+ (1— ) 2 thatis 6 = 2+V . Since L>? = L2, this means that
Y
IS Cod S TT NN W72 +SIFIL 1V 1% -
Furthermore, Sobolev inequality in Lorentz spaces, see Theorem B.5, gives that
IVl 2a o S CallVlL2. (2.4)
Consequently, it follows that
<, 7/)52” IIFIILllllﬂlle +3Ca|lFlip IIViﬂlle, V6 >0. (2.5)

Notice that || finll;1 < [Flip1 < ||fin||Lé since —y < 2. Putting together with (2.2) and (2.3),
after choosing e =277 (d — 1) (y +d)Cyl| F| 118, there exists C = C(d, y, ||fin||L%) > 0 such
that
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1$1< Ce7? W72+ eIVl +277d - 1)()/+d)||f1n||L1|I¢||Lz, Ve >0,

o . . Y
which is the desired result recalling that = (-)2¢. O
2.2. Casey =—-2

This is a critical case for which the aforementioned Sobolev inequality does not leave a nec-
essary room to introduce a small parameter €. To overcome this issue, we resort to Lorentz space

and fully exploits the fact that entropy is bounded.

Proposition 2.2. Let y = —2 and let a nonnegative mapping fin € L%(Rd) N Llog L(R?) satis-
fying (1.5) be given. We assume that there exists W € € ([0, 00)) such that

my(f) = f o)W (|v|2> dv < o0 (2.6)
d
and
. W)
lim = 400. 2.7
r—00 r

Then, for any ¢ > 0, there exists C > 0 depending only on ¢, ”f”Lé’ an upper bound of my(f)
and an upper bound of H(f) such that for any smooth function ¢,

/qs e, [f1dv < /‘v (u)) dv+C/¢ (v)’dv. (2.8)
R

Proof. The proof is quite similar to the aforementioned for y € (-2, 0). In particular, estimates
(2.2) and (2.3) hold. Moreover, still with the notations

F)= ()77 f(0) = ()’ f (), V) =) 1) =(v) P,

and

J= / [V — vy 2P (0)2 F (v5)dvgdo,

R4 xR4

the computations previously performed show that

2 d d
S < CallFllp 1722 P=gy = a2

Now we are in the situation in which the exponent 2p = d2d2 is precisely the Sobolev exponent

that, using again (2.4)

J<CallFllp VY13,
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which gives

I2[¢] = —/¢26—2[f]dv <Ca(IFIL 1VUI3 + 1 A1 1) -
R4

To create room here and make the coefficient in front of ||V1/f||i2 small we use the entropy.
Indeed, split the integral defining J according to |[v —vy| >l and [v—v,| < 1ltoget J = J1 + J»
with

Jy = / v = vl 2F @Y )dvdvs < IFIl I < FI Iz
[v—vy|>1

and

Jr = / [v — vy 2 F (v) ¥ (v)dvduy .

[v—vy|<1

For any R| > 0, one further splits

F=Fg +Fg, Fi =Flp.g,, Fp =Flpgg,
therefore,
B < I I3
with
Ig, = / Fp (0)|v — vy 7292 (v)dvdu,
[v—v4|<1

Observe that
- 2 -2 2 -2
Jig <R / V2w = v, 2dvdv, < R )2, sup / v — v, du,,
v
[v—v4| <1 [v—o,|<1
where this last integral is independent of v and given by

|Se=1

1
|v—v*|72dv*=|Sd71|/rd73dr= PR
0

[v—v4<1

Thus,
I3 g <Ca RV,
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We estimate now the most singular term J2+ R To do so, we use the estimate in Lorentz spaces
as

Sy < [ Taal F 100 < CalRacal 1 g 121 e,
Rd
so that,

+ + Aot 2
Hr SCAlFG L I 2, < CalFf o VY17

d=2

Combining all this estimates, we end up now with
I2[¢1 < Call Fl 1V 1172 + CaRillw I T2 + Cal FR Nt IVl 72 YRI>0.  (29)

Using my(f) and the entropy estimate the term Cq ||F1J{1 Iz1 is small as R; is sufficiently large.
Indeed, for any R, > 0, we have

i = [ rowies [ e
{F>R1.f>~/R1} {F>R1,f<JRi}
<+ Ry / ot [P
{F>Ry. f2J/R1.v[*< Ry} {lv]>>Ry}
+ / () (v)2dv.
{(v)2>/R1}

Since f satisfies (2.6) with a bounded energy and a bounded entropy, we obtain

1+ Ry 1/ )

Filn<2——=H — d

Il Fg Nl Tog(R)) (f)JrR2 df(v)lvl v
R

r 1+r
+my(f) sup —— +my(f) sup (2.10)

r=Ry W (r) r>JRi—1 W(r) -

We then deduce from (2.7) the existence of R, > 0 such that

~ 1 r &
Cal|l — | fWIvPdv+mu(f) sup — | < =,
Ry ;>R U0 | T2

Rd

and then the existence of R; > 0 such that

é (2 14+ Ry H() + ) su 147 <8
m < -
“\” log(R) Y r>JTIT—1 ¥(r) 2

It thus follows from (2.9) and (2.10) that (2.8) holds with C = Cy ”f”L; + C4R;. O
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Remark 2.3.If f € L; (R?) with s > 2, one can of course choose W(r) = r3in Proposition 2.2.
In such a case, one checks that

2 1
sup ‘I’r =R, and sup REAP sup =2(+/Ry — 1)
r>R, ¥(r) r>JVR— I‘I’(F) r> VR — l‘I’(r)

for any R > 4. Therefore, in the above proof, one can take
Ry =max [ 224 [ o, (4% mw(f)) .
Rd
and

2
~ ~ 2
Ry =max | 4, exp (M H(f)), <% m\l/(f)) +1

One deduce then the following version of the e-Poincaré inequality valid for solutions to the
Landau equation (1.6).

Corollary 24.Let y = —2, T > 0 and let a nonnegative initial datum fi, € L;(Rd) N
Llog L(RY) satisfying (1.5) be given. Let f(t,-) be a weak solution to (1.6). Then, for any ¢ > 0,
there exists C > 0 depending only on ¢, fin and T such that, for any smooth function ¢ and any
tel0,T]

—/¢2(v)cy[f](t,v)dv<8/ ‘v(<v>%¢(v))‘2dv+C/¢2(v)<v>ydv. @.11)
d d d

Proof. Since | - |2 e LY(RY, fin(v)dv), we deduce from the de la Vallée Poussin Theorem (see
[19, Theorem 8]) that there exists a convex function ¥ € €°°([0, +00)) such that ¥(0) =
¥’ (0) =0, ¥ is a concave function, ¥/ (r) > 0 for r > 0,

. Y)
lim = hm Y (r) =+o0,

r—>4oo r r—+400

and

/ﬁnw) ¥(jv]?) dv < . (2.12)

Let us show that the bound (2.12) propagates over time for the associated solution f (¢, -) to (1.6).
Multiplying (1.6) with ¥(|v|?) and integrating over R, we get, after some integrations by parts,

—ff(t v) ¥(jv*)dv =4 //ff*lv—v*l 2 Aw(v, v,) du,dv, (2.13)
R R?
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where

d—1
Aw(v, v = = [0a = P [ Qo) + [[oP el = - 00| /(0.

First, a symmetry argument combined with the convexity of W enables to obtain that

f/fﬁkw—ukl—2 (102 = 2] /(0P do,do

R4 R4
=//ff*|v—v*|_2 [|v|2—|v*|2]\Il’(|v*|2)dvdv*
R4 R4
1
=—5//ff*|v—v*|’2 (101 = e ) [0 = W (v, ) | dvdv, <0,
R4 R4

Thus, (2.13) becomes
d 2 -2 2,12 21 w1012
T f (@, v)¥(jv[)dv < 4 f felv — vl [Ivl [0 " = (v - vy) ] ¥ (v]7) dvydv.
R4 R4 R4
Now, since ¥’ is concave, W” is nonincreasing. This implies, with the convexity of W, that
0< ¥ (r) < W (0) for r>0.
The above inequality with the estimate 0 < |v]?|vx|*> — (v - v4)? < |v]? |[v — v4|? leads to
d
E/f(t,v) W(|v[?) dv <4‘I’”(O)//ff*|v|2dv* dv <4‘I’N(O)||fin||u||fin||L£- (2.14)
R4 R4 R4

Consequently, for any ¢ € [0, T'],

/ £, 0) (v < f Fin () W0 2)dv + 4T ") finll 1| fil -
R< R4

Applying Proposition 2.2 to f (¢, -) with ¢ € [0, T'] then completes the proof. O

Remark 2.5. If we assume that f;, € L} (R?) N Llog L(R?) for some s > 2, then, denoting by
f a global weak solution to (1.6) associated to fi,, we deduce from Theorem A.2 that

sup /f(t,v)|v|sdv<oo.
1€[0,T]
R4

In this case, Proposition 2.2 immediately implies that (2.11) holds.
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The above results allow to prove the main result in the Introduction:

Proof of Theorem 1.3. The proof of Theorem 1.3 is a simple consequence of the e-Poincaré in
the various cases. The case y = —2 corresponds to Corollary 2.4. If —2 < y < 0, the result just
comes from Proposition 2.1 and the fact that solution f(¢) € Yo(fin) forany t € [0, T]. O

We end this Section dedicated to the e-Poincaré inequality by a simpler proof of Proposi-
tion 2.2 in the case d = 3. We state the result in the simplified case in which f € L } (R?) with
s > 2. The alternative proof is based upon the Hardy-Littlewood-Sobolev inequality in dimension
d=3.

Proposition 2.6. Assume that y = —2, d = 3 and let a nonnegative mapping fin € Lé(Rd )N
Llog L(R?) satisfying (1.5) be given. There exist Co > 0 depending only on || fin ;1 and Cy >0
depending only on ||fin||L£ and H ( fin) such that, for any s > 2, any ¢ > 0 and any f € Yo(fin),

_[f2c),[f]dvgs/‘V((U)%f(v)>‘2dv
R3 R3

+Co (1 +exp (Cle—% ms(f)%)) / F)d,

]R3

where, for any s > 0, the statistical moment mg(f) is defined as

my(f) = / () F(0)dv.

R3

Proof. Being the proof quite similar to that of Proposition 2.2, let us describe only how HLS
inequality provides an alternative way to estimate the most singular term. Define, for any function

¢,

Jg = / L r(We)|v — vi| 2% (v)dvdu,, R>1.

lv—vil <1
Applying then Hardy-Littlewood-Sobolev [20, Theorem 4.3] with 1 < p, r < 00, it holds

1

1 2
2 —
JrR < Cuisl f1r>rlizellol ;4‘5—2—;-

We choose then p = 2r which amounts to p = ?T (notice that, for d > 3, the choice of p = 2r
would amount to r = 43—5 < 1 which is not admissible). Using then Lebesgue’s interpolation,

1 2 1 2
£ skl s STO2Fpsrl IO T e el g STOB1, 01670l

In addition, for 6y, =1 — %, for s > 2, it holds that
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||flogf||y>0{

1052 VS AR [0 Py Il W3 VY R 1O L ”S( o2 (R)

Overall,

¢ = 2o =1 i E =l
TR < ———— ICY I I g FILATEG) "I YT £l s 1) @l 6
log(R) ¥

When considering f € Vo ( fin) with moment s > 2 (and entropy bounded), this implies for ¢ = f
that

C m» C n»
Ja< SR o pp  CUD) ooy 2.
log(R) 3 log(R)*

where we used Sobolev inequality and C( fin, ) depends on || f|| Ll H (fin) and energy. Then,
for any ¢ > 0, one obtains

TR <ellV(() I3 >0,
by taking R > 1 sufficiently large so that R > exp ((C(fm, 1)/e)%s ) |

3. Appearances of L?-norms in the soft potential case

We investigate here the regularizing effects induced by the e-Poincaré inequality and in par-
ticular the appearance of L”-norms (p > 1).

3.1. LP-estimates for 1 < p < o0

More precisely, for any weak solution f (¢, -) to (1.1), we introduce the notation

M@= [ £6.0)7 ()t spm—/ v(wirfew) e e
d

where p € (1, 00) is fixed in all the sequel and s € R. We also set

mx(t)sz(t,v)(v)sdv, t>0,5s eR.
d

One has the following evolution of M ,(¢).

Proposition 3.1. Let —2 <y <0 and T > 0. Let a nonnegative initial datum fi, € L;(Rd) N
LlogL(Rd) satisfying (1.5) be given. Let f(t,-) be a weak-solution to (1.6). Given s > 0 and
1 < p < oo, there exists some positive constant C p.y,s(fin) depending on p, y, s, T and fin,
such that
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d Ko(p—1) _
M (0 + %Dw,pm < Cpysfihmesy (1) (3.2)

holds for any t € [0, T].

Proof. One checks easily that, for any s > 0,

1d ‘ :
@ fp(t,v)(vfdv:/(v)éfpfl(lvv)v-(A[f]Vf—b[f]f)dv
g R4 R4
=—(p— 1)/(U)Sfp_2A[f]Vf Vfdv+(p - 1)/(v>sfp_lb[f] -Vfdv
R4 R4

—s f 2 P ALFIVS) - vdo + 5 f ()*2£Pb[f] - vdv

R4 R4
where we used that V f?~! = (p — 1) fP72V f, V(v)* = s(v)*~2v. Then, noticing that
4 4 P2 )
A[f]sz-Vf2=If” ALFIVS -V f

and using the uniform ellipticity of the diffusion matrix A[ f] (recall Proposition A.1), we deduce
that

=1 [ Ay vias FUEZD foper|ortfa.
R4 g R4
Moreover, writing
V(0T ) = Tt S )2t
from which
o+ p2 1 str p\2 1 2, \s+y—2
[V >3 |V (0 5[ = S+ P, (3.3)
and
2K —1 sty p\ |2
=1 [ A9 s Ve 2D 19 (0% ) a
R4 P R4
_ 2
_ Ko(p 11?)2(54‘7/) f(v)5+y_2fp(t,v)dv-

]Rd
We also have
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/ () FPUBLF] -V fdu = —% f 779 - (LA 10)" )
R4 Rd

N

1
=2 [wr2praosis oo - [ rave .
) P,
Therefore, we get

Ko(p—1)

d 2Ky
EMs,p(t) + T]DH}/,p(t)

<—(p-1 / () FP (. v ey LF1dv +5 / 2P, v) BLFT - v) do
R4 R4

L Kolp =D+ ¥)?
P

/ (T2 £P (1, v)dv — sp / Y 2P ALFIVE - v) dv.
R4 R4

Let us investigate more carefully the last term. Integration by parts shows that
—sp / 2P ALFIV vy do = = / V7 (AL ) 0) do
R4 R4

=s/fpV- (A[f] (v)“zv)dv.
R4

Using the product rule
V- (AU 20) = @) 2B f1 v + Trace (ALF1 - Dy ((0)720)),
where Dv((v)s_zv) is the matrix with entries 9, ((v)s_zvj), i,j=1,..., d, or more compactly,
Dy((v)*?v) = (1) *A) |
where A(v) = (v)2Id + (s — 2) v ® v, v € R%. We obtain

d 2Ko(p —1
_Ms,p(t) + M

” Dsty,p() < —(p — 1)/<v)50y[f(t)](v) P v)dv
R4

_ 2
-i—s/(v)‘_zf”(t,v) BLF] - v)dv + 0P 2““’) /(v)“+y—2f”(t,v)dv

R4 R4

+s/(v)s_4fp Trace (A[ f]1- A(v))dv. (3.4)
R4
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We denote by 11, I», I3, 14 the various terms on the right-hand-side of (3.4) and we control each
term separately. Applying Theorem 1.3 with ¢ = (-) 3 f 5 (t,v), we deduce that, for any § € (0, 1),

[LHI<(p—1) (81Ds+y,p(t) + CIIMs-i-y,p(t)) >
where C| is defined in Theorem 1.3. For the term I, it holds that
Bl <s [0 @10
Rd

<s(d—1) /<v>“fp<t,v)|v — " f(, v)dvsdo.
RZ:I

Therefore, if y + 1 < 0, applying Theorem 1.3 with ¢, 1[ f ()] instead of ¢, [ f(¢)] and ¢r =
()P (), we get

N
|| < m (5 ]Dx—i-y,p(t) +C ]Ms-i-y,p(t)) ,

whereas, if y 41 > 0, one has obviously |I>| < s(d —D)|| (')V“f(t) | .1 M4, p (2). In both cases,
for any § > 0,

1L <sCd,y) (8 Dysy, p(t) + C1 Mypy (1)) .

Clearly,
Ko(p — D(s +y)?
|13| < Ms+y,p(t)~
P
For the term 14, one checks easily that, for any i, j € {1, ...,d},
LA <P % f0 A )] <s)?,
and

|14] < d*s? f WY T2 FP (1, v) v — v |V T2 £ (2, ve)dudus.
R2d

One has, since y +2 > 0,

[Lal <2 A2 ()2 Ol T PO =52 d ()2 F Ol Mgy, ().
Overall, recalling mass and energy conservation to estimate all the weighted L'-terms, one sees
that, for any 6 € (0, 1), there is some positive constant Cp, 5., ( fin) depending on fiy, ¥, 6 and p

such that

87



R. Alonso, V. Bagland and B. Lods Journal of Differential Equations 395 (2024) 69—105

d 2Ko(p—1)
_Ms, (t) + —]DS s (t)
T p e (3.5)

< Cpisy (fin) (145 Myyy p (1) + (sCd. ) + p)SDs 1y p (1) -

Picking then § € (0, 1) such that (sC(d, y) + p)8 < w one deduces that

Ko 1 1
EMs,p(t) + ?]Ds—t-y p(l) p y, s(ﬁn)Ms+y p(t) 520, ; + ; =1, (3.6)
for some positive constant c p.y,s(fin) depending only on p, y, s and fi;. We now estimate the

right-hand-side M., ,(¢) by suitable interpolation between L'-moment of f and Dy, p(@).
First, observe that Sobolev inequality reads

sty 1P stv p |2 pd
|07 r| L, =0T 7] <CsaDosyp. a=5 (3.7)
Now, recall the interpolation inequality
1) gl <N glgn 1)l (3.8)
with
1 6 1-6
-=—+ , a=60a1+(1—-0)a, 6€(,1).
roor r

Applying this with r = p, r; =1, rz_q—d >p(sothat9_d( 1)Jrz)anda—al_az—

STV we deduce

d(p—Dp
2 N For=ie:
]Ms+y,p(t) < Msty (£)dP=-DF2 (NP f p
L4
. 3.9
el . _dp_
< Csob Mty (1) 4P=D+2 Dy, ,(2) 4P=D+2
P

where we used (3.7) in that last estimate. Now, Young’s inequality implies that there is C > 0
such that, for any « > 0,

d(p=1)

]Mﬁ—y,p(t) <Ca™ " 7 msty (1) +Ol]Ds+)/,p(t)~
[7

Choosing now « > 0 such that ap,yys(fin)a = %};1)

, we end up with

Ko ~
aMs,p(t) + Z]Ds+%17(t) < Cp,y,s (fln)mH'TV (t)p .
This shows (3.2). O

The above result provides the following appearance for M p(-).
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Theorem 3.2. Let -2 <y <0, 520, p>1and T > 0. Let a nonnegative initial datum fi, €
L%(Rd) N Llog L(RY) satisfying (1.5) be given. Assume additionally that

2s —yd(p—1)
fin €Ll @R, uls, p) = — (3.10)

and let f(t,-) be a weak-solution to (1.6). Then, there exists a constant ¢y, p( fin) such that

d(p—
M (t) < ¢5.p.p( fin) Max (1,r = ”), 1e(0,T). 3.11)
Proof. Let us pick s > 0. Recall estimate (3.2)

d Ko(p—1) ]
My, (1) + 2L D (1) < Cpys (fidmsy ()P, £ 0.
dt Zp P

We resort again to the interpolation inequality (3.8) to estimate now M ,, (t) in terms of moments

of fand Dsy, ,(¢). Namely, applying (3.8) withr =p,ri =1, =q = d 2,16 6= m,
a= % and ay = ¥ we see that
_2s—yd(p—1)
= o
and, as in (3.9), we obtain
d(ﬂ D —1)
M, (£) < C;((,ﬁ 1)+2ma1 (1) d(p SIS Dyyy, p([)d(p 1)+2
Thus,
__2p d(p—1)+2
Dy, p(t) = Ca pmas—yap-n () 4@=D M ,(¢) 4@=D (3.12)
2p

which, with (3.2), results in the inequality valid for any ¢ > 0

d(p—DH+2

__ 2
Ms’p(t) + Cd,,,Kom 257;/;1(;;71) (¢) 4»-D IM (l) Tdlp-h Cp v, s(finym Y+y ®?f. (3.13)
P

Now, let us note that %{E”_l) > % If %}5‘”_1) < 2, we clearly have
sup max (m 2—ydp-1 (1), ms+v(l‘)> < finll 1
te[0,T] 2p P 2
Otherwise, we deduce from the assumption (3.10) and Theorem A.2 that there exists Cs,,, (p)

depending on s, y, p and fi, such that

sup max (mzY yd(p—1) (1), Moty (t)> < Csy(p).
1€[0,T] 2
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Therefore, there exist a;( fin) and ks ( fin) depending on y, p, s, T and fi, such that

d(p—1)+42
E]Ms,p(l) + a5 (fin) My, (1) 70=D° < ks (fin) 1[0, T]. (3.14)

The conclusion then follows by a comparison argument. Namely, one shows that (3.11) holds
true with

d(p—1) d(p—1)_

dip—1 2 dp=_ (kg d( e

Cs,)/,p(fin) = max (M> , 2(1(,,1_71)4,2 ( (fm)) 1’ +
@5 (fin) a;(fin)

by simply resuming the arguments of [4, proof of Proposition 3.12]. O
3.2. De Giorgi’s approach to pointwise bounds

We now show how the above appearance of L”-norms implies the appearance of L* bounds.
For parabolic equations, the passage from L? to L™ is made through the so-called De Giorgi-

Moser iteration procedure [9] and such an approach has been introduced in [3] for spatially
homogeneous kinetic equations. We introduce, as in [3], for any fixed £ > 0,

Sfe(t,v) = (f(,v) =0, 7@ v) = folt, V)1 (>0

To prove an L*° bound for f (¢, v), one looks for an L2-bound for fe. We start with the following
estimate.

Proposition 3.3. Let —2 <y <0 and T > 0. Let a nonnegative initial datum fi, € L;(Rd) N

Llog L(R?) satisfying (1.5) be given. Let f(t,-) be a weak-solution to (1.6). There exist co, ko >
0 depending only on y, T and fi, such that, for any £ > 0, any t € [0, T],

d 2
sl O e [ |9 (0 e w)[
R4
(3.15)
<woll() 2 fFD13, ¢ / ey [ f1(2,v) ;7 (1, v)dv.
Rd

Proof. Given ¢ > 0, one has 3 (f;")> =29, f;" =28, f and V f;" =1{ ;54 V f, s0 that

o R, =— / AVF .V fHdv+ / FBLF1-V £ dv

R4

/AVfL, dv—i—/fb[f]-Vf;“dv.
d

Now, one easily checks that
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V=3V + eVt
Therefore
d
muf;(r)niz + / AV SV fid=—1 / ey [F10f,5)2dv — ¢ / ¢, [£1£,} dv.
d R4 R4

It then follows from Proposition A.1 that

fAVfZ Vv > Kofw IV £E @, vy

f‘v f[“(t,v))‘ du—KO/(fj(t,v))z‘v((u)%)rdv

Rd

K y 2 . ,
270/‘V((U>7fg+(t,v))‘ dv— CKoll ()2 fF )3, .
d

We finally deduce from (1.8) with ¢ = f," and & = £ that (3.15) holds with ¢y := £¢ and
Ko 1= %C + é'Ko, where C is defined in Theorem 1.3. O

Inspired by De Giorgi’s iteration method introduced for elliptic equations, the crucial point
in the level set approach of [3] is to compare some suitable energy functional associated to f[r
with the same energy functional at some different level f,:r. The key observation being that, if
0<k <¢,then

fi
0SfI< S and 10 < 7 £ r
This implies in particular that (see [3,4] for details)
fF<e—n" (" vazo0,  0<k<t. (3.16)

On this basis, we need the following interpolation inequalities which are independent of the
equation (1.6).

Lemma 3.4. There exists C > 0 such that, for any 0 < k < £, one has (for all nonnegative f for
which the terms are defined),

Y 4
IEFH IR <Ce—ki AN (3.17)

\Y ((.)%f;) i2

For p e [l, T= 2), there is C,, > 0 such that, for any 0 < k < £ (and all nonnegative f for which
the terms are defined),
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_(2_d-=4 2 +4 2d
107 e < e~ T D | (0 )L s e
Moreover, for any q € (2(1;2 2d+4) there is ¢, > 0 such that, for any 0 < k < £ (and all non-

negative f for which the terms are defined),

) ¢q ‘ 20— 2a’+2) v 2
115 < gz 1A L iy v (0 )], e
with s = —% > —%y. Finally, for s > 2, there exists c¢s > 0 such that, for any 0 <k < £
(and all nonnegative f for which the terms are defined),
+12 < 025 R, 4 52 —1 )| 9
LI 0 et =075 [ Lo |V (07 1)), (3.20)

Proof. The proof of this result follows the paths of the analogous one [4, Lemma 4.2]. However,
since the latter was restricted to the case d =3 and —2 < y < 0, we give a full proof here to agree
on the various exponents. The basic argument is the interpolation inequality (3.8). Moreover, for
the special case r| = dzdz, mn=2a =% 5 and r € (2,r;), thanks to Sobolev embedding, the

identity will become

18l < G |V (036)[, 12l
(3.21)
L_d-2 —6L1a-0 0€(0,1) €(2,r1)
; = 2d . a = ) as, 5 ) r »T1)-

With these tools at hands, one has for 0 < k < £ and r > 2, writing r =2 4 2« with (3.16),
Y
12 £0117, = / W)Y (fF ¢, v)*dv
d

<=k / W) (0P P de = =)D | (7 £

]Rd

so that (3.21) gives, witha = £,

I3

r(1-0)

)1 <~k 2 v (0E o) Tom s,

with 6 = d(r2;2) and ap = g;d'fzdirdrr One picks then r = # so that ap =0 and rf = 2, to

obtain (3.17). One proceeds in the same way to estimate || ()" fl k4 1»- Namely, for r > p,

g R Sl Il

and, with 7 > 2p, imposing in (3.21) ao =0 and a = ££, we get 6 = 2” and
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r—2p

Pl VP

107 771 < ce ke v (05 0|

which gives (3.18) when r =2 + 47” (notice that r > 2p since p < dde)'
Let us now prove (3.19). Let us consider first ¢ > 2 and use (3.8). One has

V
lgllze < I6) gl gl ) gllff%, (3.22)

with 6; > 0 (i =1, 2, 3) such that

O +0+0,=1, s0,+0-0,+Loy=0, L B =2 1
1+02+03=1, 1 2+ 50=0, 1 ) W g
Imposing g63 =2, this easily yields
2d + 4 2d +2
0=——q, h=2{qg———),
qo1 = P q q92 (CI d )
. yd . 2d+2 2d+4
~ 2d+4-—qd’ d ' d '
Using Sobolev inequality, this gives, for any g € (Zdjz 2d+4) the existence of a positive con-
stant C > 0O such that
244 5 2d+2 5 d
q s a 4 ( z — 4
lglfs <Cgl, T gl HV( ) | P LT

Using then (3.16), for any ¢ > 2, one has ||fe+||i2 < —k)ra ||fk+||{£q for 0 < k < £, and the
above inequality gives the result.
It remains to prove (3.20). We deduce from (3.16) with o > O that,

2(1
||f;||2% € -k £ (Jf.‘i)

Then, imposing o€ (O, %) one may apply (3.22) with y = -2, g =

20—1 _ 1
Tta ’ 93 1+o¢’ s = Ta and obtain

d(1+a) , 0 IT 6, =

2(1-a) 20201 - 2
ST el I

L2

”f‘f+”iﬁ YO S il [0S Al

Since ¢ =1 — %, (3.20) follows directly from the above inequality and the Poincaré inequal-
ity,. O

Let us now introduce, for any measurable f := f (¢, v) > 0 and £ > 0, the energy functional

t
1 2
sty = s (S0l e [ [v(0f o) el o<n<n

telT1,T2) 7
]
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where ¢ is defined here above. From now on, we distinguish between the two cases =2 <y <0
and y = —2 since they lead to different kinds of estimates for the integral involving ¢, in (3.15).

3.2.1. Case -2 <y <0
We then have the fundamental result for the implementation of the level set analysis.

Proposition 3.5. Let —2 <y <0 and T > 0. Let a nonnegative initial datum fi, € L%(Rd) N
Llog L(R?) satisfying (1.5) be given. Let f(t,-) be a weak-solution to (1.6). Then, for any

el—,3 S‘>—|]/|
K K K
Py / 2

there exist some positive constants C1, Co depending only on s, || finll L and H (fin) such that,
forany times0< T <Th <T and 0 < k < ¢,

vl

— (ﬂ—k)‘”i”[ sup ms(f(t))} EuT, 1) E

(1, T) <

‘KE[T| ,T]

s, -0 ) wp omy (@)

€[N, T]

2 2 9 1—-L
x(€+[(6—k)"y LU — k)Y }&(TI,T) Pv). (3.23)

Proof. Letus fix 0 < T < T» < T. Integrating inequality (3.15) over (¢1, t2), we obtain that
[5)
1 y 2 1
S @72 +co / [V() 2 5 @) [2dr < SI£7 @I
n

t 5]
+ Ko / 1) £ (@12 dT — € / dr / ey [ f1(r,v) £ (x, v)dv.
n 1 R4

Thus, if T1 <t < T < < T, one first notices that the above inequality implies that
4]
v 2 1
—||f6 )12, + co / [V(6)F 7 @) 12w < S5 @0l

A f 1% SO adr — ¢ / d [ e, 111w £ v,

T R4

and, taking the supremum over t; € [T, T'], one gets
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T
1 Y
(T2, T) < SIFF (10172 +K0/ 162 ;7 ()17 2d7

T
—E/dr/cy[f](t, v) f," (z, v)dv, vt € [Ty, T»].

T R4

Integrating now this inequality with respect to #; € [T}, T»], one obtains

T

&(Tz,T)\ T)/”f( ()l 2d[1+KO/||<'>%fg+(f)”izdf

T

—E/dr/cy[f](t, v) £, (z, v)dv.

T R4

Therefore, applying [4, Proposition 2.4] withA =y <0, g = f and ¢ = f;, we see that

T T
1 v
6T T) < 53— T/ I £, (OII3 2d7 + ko T/ 1602 £, ()17 ,d7
1

T T
TCrp, SUD iy (f(©) / 1) £ (@)l prdT + f 16 fF@lperdr |, (3.24)
telT, T
for p, > 1 such that —y g, <d, where ot = = 1. We resort now to Lemma 3.4 to estimate

the last three terms on the right-hand s1de of . 24) Applying (3.17), one first has

T

2
[0 s @ e <ce- k)"/Hv o),

T T

|/E @l d

<(€Lk)jtes%p TGIK / v (5 @) e

Since

telT,, T

; 2
sup 117 ol <eammi wd [ |v(0fro)],a<qtan.n,
T

by definition of the energy functional, we get
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T

[ 108 s @Rae < Goe— e 1 (3.25)
T

for some positive constant Co depending only on || finll; ! and H (fip). Similarly, using (3.18)
first with p =1 and then with p = p, > 1, one deduces that

-ty (i) / 16 £ @lpidr < Cote — k)~ F &1y, )T

T
(3.26)
+ - -5 -4 L2
Cy.p, (fin) / 1YY fr @ llerrdr < Co€ —k) “7r @ &I, T)rr ¢
T
Regarding the first term in the right-hand side of (3.24), one uses (3.19) with ¢ = 2d+4 +1

N

observing that g € (Zdjz 2d+4) to get
c 2d+4 g
1@ dt < —L— sup () fr @I, & x
/ R €=k 2 .qrn kL
z 2d+2
2( __+)
< [ @i v (0 o)L

¢q 2d+4 _ e
W sup ||<->sfk+(r>||Lf’ 16.(T), T~ T,
telTy, T

for some positive constant ¢, > 0. Thus

2d+4
d

q
/Ilfe (®72d7 < W (tesup ]ms(f(f))> E(T1, T~ F (3.27)

Gathering (3.24)—(3.26)—(3.25)—(3.27) gives the result recalling that g = 2dd—+4 + % O
One deduces from this the following theorem.

Theorem 3.6. Under the assumptions of Proposition 3.5, let f(t,-) be a weak-solution to (1.6).
Let us assume that fi, € L; R?) for some s > %|y|. Then, forany T > t, > 0,

)
t o] ds
sup | f(D)llpe < Cép (5* T) ( sup ms(f(t))> max <1 I 4s+dy) 7 (3.28)
telty,T) t€[0,T]

for some explicit C > 0, o1, .
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Proof. Let us first prove the appearance of the L°°-norm. In all the proof, for notations simplic-
ity, we will denote by C any positive constant depending on fi, which will change from line
to line. Let us fix 7 > t, > 0 and let K > 0 (to be chosen sufficiently large). We consider the
sequence of levels and times

1 1
ZnZK(l—z—n> tnzzt*(l—ﬁ), neN.

We apply Proposition 3.5 with the choices

k=L, <lyp1=¢, =ty <tyt1=T12, E, :zgl,,(tn’ T),

sothat ¢ —k = K271, T,—T = £,27"=2 and we conclude that

s+d7 2(n+1)4s+dy L 1+23+dV

Ep < Cr12"P2K =7 a5y Ep
(2 _d-4) W 2 _d-4) -L42 1] 4 2
Lok e () gt | g Fpern(1+d) gl

Iyl
where we set y; = sup,c[o,71ms(f (7)) and used that £, < K for any n and m,, (1) < ys* , by
Holder’s inequality since s > %|y| |y| and || f(¢)||;1 =1 for any ¢ > 0. Let us note that the

assumption fi, € L; (R) together with Theorem A.2 ensure that y, < co. Then, rearranging the
terms, we deduce that

25+d
1+257

)E!

vl 4r+dy 1+4‘+dV
En1 <Cys 1K™ 2”(

vl 2 ,d—4 n(l d—4

d—4 d—4 =+ 4] 2
voyd kTG T R oy f ki ()Y (309

Notice that

t 1
Eo=é(2.1) <t sup IOl +co/ [v(0Ero)|
2 2 re[%.,T)
%
We may apply Theorem 3.2 with s = 0 and p = 2 since, in this case, ©«(0,2) = VTd < #.

Thereby, we deduce that

sup [ ()7, < o.
te[%.T)

Moreover, integrating (3.2) over (’7*, T), still for s = 0 and p = 2, we obtain that
T
v 2
[ 1o o) ae <o
tx
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Hence, Ey is finite. We now look for a choice of the parameters K and Q > 0 ensuring that the
sequence (E}), defined by

E;:=EyQ™", neN,

satisfies (3.29) with the reversed inequality. Notice that

B 4s+dy 4S+‘1V
Ep > Oy i () (i

vl

23+dy
(Ex)
o e i s

d—4 _d— 1,2 IV\ 2
2"\ )(E,;) v T4 Cyy k20 )(E;)”d, (3.30)
is equivalent to
vl s 4s+d 2s+dy s
13y} t;1K74;;1y2n(1+ dsy)EOd o 2y
W 2 a4 (2 a4\ L4211 o2
+Cyss Kl py+ d Zn(PV d )E(;”y d Q1 n<pV+d l)
Irl 4 2
Loyt ki () g grnd
which we can rewrite as

vl

1>Cyy 17K~

s 2s+dy s 5
dody E,* [21+4 dy Q—z_;rsdy]n
W 5 2 4 L4297 2 44 (1 n n
+Cyy K AE [ ( l)] ey Ko dEd [21+dQ"]
We first choose Q in such a way that all the terms [

.- ]" are smaller than one, i.e

dps iy M-dny
Q:max 272 72 2s+dy ’2 —(d=2)py

dl |
s> —|y|.
> 14
With such a choice, (3.30) would hold as soon as
dy tdy vl 5, 2 _4 L2 14} 2
1 Cyé +)/ +Cysy K2 Py dE(;)/ d +Cysx ngE(;i

(3.31)
This would hold for instance if each term of the sum is smaller than 3 and a direct computation
shows that this amounts to choose

K > K(t*v T) = maX{Kl(t*s T)v KZ(I*, T)s K3(t*7 T)}
with

2s+dy dlyl _ _ds
ds+dy _ 4s+dy 4s+dy
Kl(t*vT)ZCE Ys Iy

’

lylpyd
2s(d— d—2
Ka(t,, T) = CEzy N

dly|
) K3(t*a T) »

(3.32)
Cys

ST

E
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By a comparison principle (because Eg = E}), one concludes that £, < E}, forall » € N and in
particular, since Q > 1, lim, E, = 0. Since lim,, t, = ¢, and lim, £,, = K, this implies that

sup I fE@ll2=0
telty,T)

for K > K (t,, T) and, in particular,

| fOllre < K(t, T), O<t,<t<T.

Recall that K (t, T) = max{K;(¢«, T),i = 1, 2, 3} as defined in (3.32). We estimate it roughly
by the sum of these terms, i.e. K(#,, T) < Z?:l K (., T), and notice that the dependence with
respect to 7 and ¢, is encapsulated in the terms Eo, # ! and y,. O

3.2.2. Casey =—-2
In that case, the fundamental result for the implementation of the level set analysis reads.

Proposition 3.7. Let y = —2 and T > 0. Let a nonnegative initial datum fi, € Lé(Rd) N
Llog L(RY) satisfying (1.5) be given. Let f(t,-) be a weak-solution to (1.6). Then, for any s > d
and any o € (%, 1), there exist some positive constants C1, Ca, C3 depending only on s, T and
fin such that, for any times 0 < T <Th < T and 0 <k < ¢,

(d+2)s—=2d +2)J

E(1r, T) <

C B s
=k ds”’[ sup ms(f(t))} G(T.T) &

T€[T1.T]

4 d+2
+C(—k)"d&(N,T) @

2(1—a)
+C3£(E—k)_2°‘< sup m_1_ (f(t))) &(T1, T)*. (3.33)

te[T,T]

Proof. Proceeding as in the proof of Proposition 3.5, we still have

T

2
1 _
&(Tz,T)émT/IIfZ(tl)IlizdtHrKo/||<-> L@ dr
1

T

T
—e/dr/c,z[f](r, v) f;" (x, v)dv,

T R4

and it follows from (3.25) and (3.27) that

(d+2)r 2d

E(Ty.T) < ITI(Z—M‘“&?"[ sup ms(f(t))} &(T\.T)

T€[Ty.T]
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T
L O —k)"T E(T, T T —ﬁ/dr/c,z[f](r, v) £ (z. v)dv.

T R4

Therefore, it only remains to estimate the last term. First, by [5, Lemma 2.2], we have

—colf1< —eal f1].
Then, we deduce from the Hardy-Littlewood-Sobolev inequality that

+ + + 1.1 2
=€ | c2[f1(z,v) f," (r,v)dv < CULf leall £ Nz c—1+—=2—3-

r
]Rd

Withg =r = di and (3.16), it becomes, forany 0 < k </ and o > 0,

/ oL FI(E ) £ (e 00 < CLE =0 IS
R

Applying now (3.22) with

d(l 4+ a) l—« 20 — 1 1 1
=—, 01 = , 0 = , 03 =
d—1 14+« 14+« 14+«

and the Sobolev inequality, we obtain for any « € (% l),

/c 2 f1(@v) i (T 0)de < CE — k)72 () e fH20 ) 11230 1O
R4

<Cue—o2 0T N AET Y (7 ) 12

As in the proof of Proposition 3.5, it follows from the definition of the energy functional that

T
—Z//c_z[f](t, v) f,F (z,v)dvdr

T) R4

2(1—a)

<G| sup m 1 (f() G(T1, )™,
1e[T,T]

for some positive constant C3. This completes the proof of (3.33). O

Theorem 3.8. Under the assumptions of Proposition 3.7, let f(t,-) be a weak-solution to (1.6).
Let us assume that fin € LJ, (R?) for some s > d. Then, for any T > t,, > 0,
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1y aq o2 __ds
sup [[f(Dllg~ < Cé& (—, T) sup my(f(¢))] max <1, L 4“‘”) , (3.34)
reltT) 2 (e[T).T]

for some explicit C > 0, o1, ar.

Proof. We proceed here as in the proof of Theorem 3.6. Therefore, we only give the main steps.
Let us fix 7 > t, > 0 and let K > O (to be chosen sufficiently large). We consider the sequence
of levels and times as in Theorem 3.6 and get

2 as—2d pf14%8524) (422
Enti <Cy§t* lK ) ( ds )En ds

—{-CK_JZd E1+d +Cy2(1 Ol)Kl —2a 22an EZa (3.35)

where notations are those of Theorem 3.6 and « to be chosen later on. As before, Eg = &) (%*, T)

is finite. We now look for a choice of the parameters K and Q > 0 ensuring that the sequence
(E}), defined by

Er:=EyQ™", neN,

satisfies (3.35) with the reversed inequality. This amounts to satisfying

25—2d
Cy; 2d [21+ ds Q ZSdZd]

2 n "
ser-iad o] rertor e e T,

I—a

We first choose Q in such a way that all the terms [- - - ]” are smaller than one, i.e.

0 =max (22557 257) . sod. we(31)
- ’ 25 .

With such a choice, (3.36) would hold as soon as

2 T 21
1>Cyl ] KT E, °E +CK—aEd+Cy Y S oy

T—a

This would hold for instance if each term of the sum is smaller than % Therefore, we choose

P> K(t*’ T) = maX{Kl (t*, T)1 KZ([*y T)s K3(l*, T)}
with

S— d d 2(1—a)

Kt T) = CEFyZ %7, Ky, T)=CYEy, Kzt T)=Cy ' Ey.
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Here above, since s > d > 2, one may choose « € (% 1) such that ﬁ =s. As in the proof of
Theorem 3.6, we then conclude that (3.34) holds, where K (¢, T') can be roughly estimated as
K., T)< Z?:l Ki(t.,T). O
Data availability

No data was used for the research described in the article.

Appendix A. Known results about solutions to the Landau equation

We collect here several mathematical known results about the solutions to the Landau equation
in the range of parameters we are dealing with here, i.e.

-2y <0.

The results in this Appendix are meant to serve as a mathematical tool-box for the core of the
paper. One begins with the following coercivity estimate for the matrix A[ f].

Proposition A.1. Let 0 < fiy € L;(Rd) N Llog L(R?) be fixed and satisfying (1.5). Then, there
exists a constant Ko > 0, depending on H(fin) and || finll ! such that

D Ajf1w) & & > Ko €17, Vv, £ eRY,
i,j

holds for any f € Yo(fin).

We next recall the main result from [8] concerning the propagation of polynomial moments
of solutions to (1.6).

Theorem A.2 (Lemma 7 of [8]). Assume that —2 < y < 0. Let a nonnegative initial datum fi, €
LJ, NLlog L(RY) (s > 2) be given satisfying (1.5) and consider any global weak solution f(t,v)

to (1.6) with initial datum fi,. Then there exists Cs , > 0 depending on s, y, and ”fin”L; such
that

ms(t)<ms(0)+cs,yt7 t>0.
Appendix B. Elements of Lorentz spaces
We collect here elementary properties of Lorentz spaces that are used in the core of the paper.
A main reference for the results is [17]. Let (X, F, n) be a given measure space. In practice, we

consider the case X = R? endowed with the Borel o -algebra and the Lebesgue measure. For a
measurable mapping

f:X—>R
define the distribution
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ds(s) = p ({x eRY; | F(0)] > s}) . seR*.
We introduce then the decreasing rearrangement of f as the function
f*: Rt R*
defined as
5@ :=inf{s>0; df(s)gt}, t=>0.
One has f* is nonincreasing and supported in [0, 1 (X)). Moreover,
(117" =(f)".  0<p<oo

and

e ¢]

A7, = f () de, N fllLe = £50).

0

Definition B.1. Let f : X — R be measurable and 1 < p, ¢ < 00. One defines
o0
GO
- ) q <00,
||f||pq = 9 t (B.1)
1
sup,..of” f*(1), g = oo.
The Lorentz space L”9(X, ) is the space of all measurable f : X — R for which || f| .4 < 00.
Remark B.2. One has

A, =1y, 7 >0.

Moreover, || f|lp,q =0if and only if f =0 p-a.e. on X and it can be shown that
o
q ds
I fllp.q =P Sdf(S) T (B.2)
0
If X = R? is endowed with the Borel o-algebra and the Lebesgue measure, we simply denote

the corresponding L”-9(X, u) space as L9 (RY).

Remark B.3. Notice that, for 1 < p < oo and 1 < g < oo, the space (Lp X, ), - p, q)
then a quasi-Banach space, i.e. it is complete for the quasi-norm || - | p.4. Moreover,

LPP(X, ) =LP(X, ), IfllLe =1 fllp.ps VfeLP(X, .
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A version of Holder inequality is known to hold in Lorentz spaces.

Proposition B.4. Let 1 < p < 0o and 1 < g < co. We define p’, q' by é l/ =1, %—i— % =1.1If
feLPiI(X, ) and g e LV (X, ) then fg e L'(X, u) and
/fgdu SHFllpgligllp g -
Moreover, if | < p1 < p < pa <00,
1
1fllp.q < pgp 1 77 A S A £ (B.3)
1

We also recall the following refined version of Sobolev inequality.

Theorem B.5. For d > 3 and 1 < q < d, there exists Cq 4 > 0 such that

1fllgrq < Cag IV flle,  q"=——

for any compactly supported function f : R4 — R and where || - lg*,q denotes the (quasi)-norm
on L9 (RY).
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