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Abstract
In this article, we present a new numerical algorithm to detect the kernel shape parameter and the subdomain radius size
within a partition of unity method for scattered data interpolation. Since an adaptive search of such hyperparameters is quite
expensive from the computational point of view, we propose the use of a leave-one-out cross-validation (LOOCV) technique
combinedwith univariate global optimization tools from the class of Lipschitz derivative-freemethods. Conventional LOOCV
methods often suffer from ill-conditioning, particularly in high-dimensional settings, leading to computational inefficiencies.
To address these issues, we consider efficient global optimization strategies characterized by optimistic and pessimistic
improvements. The resulting algorithm allows us to improve the performance of the standard approach in terms of both
accuracy and efficiency. Numerical results deriving from the study of some test cases and an application to real-world data
support our analysis.

Keywords Kernel interpolation · Radial basis function · Shape parameter · Global optimization

1 Introduction

In the community of Radial Basis Function (RBF) or radial
kernel-basedmethods the selectionof a suitable shapeparam-
eter has been a big problem for many years. Indeed, the
predictive capacity of a RBF method depends greatly on
the value of its shape parameter. The proper detection of
this latter is therefore essential for getting reliable and
accurate results, in particular when we have to deal with real-
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world problems or applications in which the true solution
is generally not available. This fact motivates the search of
parametrization or optimization techniques thatmay allow us
to determine optimal values using just the data at our disposal
(see Fasshauer and McCourt 2015).

Since our knowledge about the function to be optimized
is limited and, therefore, the objective function can be
(and usually is) non-differentiable and multiextremal, global
optimization techniques are a natural tool to apply in this
case. Global optimization methods, such as Lipschitz-based
derivative-free methods, provide a framework for efficiently
exploring complex parameter spaces where local optimiza-
tion techniques would fail due to the presence of multiple
extrema and non-differentiability. In our work, these meth-
ods ensure that we can reliably determine the optimal shape
parameter, leading to significant improvements in accu-
racy and computational performance. Unlike local methods,
which risk converging to suboptimal solutions, global tech-
niques guarantee the discovery of the true global minimum,
thus enhancing the robustness of the RBF-based framework.
In contrast to local optimization algorithms, global methods
are designed (see, for example, Archetti andCandelieri 2019;
Floudas and Pardalos 2009; Grishagin et al. 2018; Sergeyev
et al. 2024; Paulavičius and Žilinskas 2014) in a way ori-
ented towards finding the global solution to the problem.
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A very promising class of methods (sequential and paral-
lel) actively used in engineering applications is the class
of Lipschitz global optimization methods (see, for example,
Barkalov et al. 2016; Barkalov and Strongin 2018; Calvin
and Žilinskas 1999; Gergel et al. 2015; Sergeyev and Kvasov
2017; Sergeyev and Grishagin 1994; Strongin and Sergeyev
2000, 2003). Their success is explained by a good fitting
with engineering applications because, in fact, they are con-
structed specially for non-differentiable and multi-extremal
functions (see, for instance, Famularo et al. 1999; Kvasov
and Sergeyev 2015; Lera et al. 2024, 2021; Sergeyev et al.
1999, 2020).

In our previous paper (Cavoretto et al. 2021) we consid-
ered the problem of finding the optimal shape parameter in
global RBF interpolation. Precisely, we proposed the use of
a popular version of cross validation, known as Leave-One-
Out Cross Validation (LOOCV) (Rippa 1999), associated
with univariate global optimization methods that involve
some remarkable strategies of Global Optimization with
Pessimistic Improvement (GOPI) and Global Optimization
with Optimistic Improvement (GOOI) (see Sergeyev et al.
2016). The combination of LOOCV with these two global
optimization methods allowed us to obtain the so-called
LOOCV-GOPI and LOOCV-GOOI algorithms. However,
though the proposed algorithms are very effective in several
(even real) situations, the global RBF interpolation method
for its intrinsic nature is not appropriate – and sometimes
even unable—to solve interpolation problems that demand a
very large amount of data. This inadequacy is mainly caused
by the (potential) severe ill-conditioning of the interpolation
(or kernel) matrix and the high computational cost asso-
ciated with the solution of a linear system of large size.
Recent studies have explored scaling techniques to address
this issue. For instance, scaling strategies, as shown in Lars-
son and Schaback (2024), help reduce error and improve
accuracy by carefully selecting the scale parameter based
on the properties of the function. Additionally, a novel
approach using the evaluation condition number, introduced
in
Noorizadegan and Schaback (2024) provides a means to
assess and improve the conditioning of RBF-based inter-
polation methods, offering better control over the balance
between error minimization and conditioning stability (see
also Cavoretto et al. 2024a; Noorizadegan et al. 2024). For
further details on the optimization techniques known in liter-
ature and a discussion on the advantages of the optimization
methods used in this work, the reader can refer to Cavoretto
et al. (2021, 2024d).

For this reason our next step enforces us to consider a
“local” RBF method, such as the Radial Basis Function Par-
tition of Unity (RBF-PU) method, which is able to provide
global approximations based on partial contributions com-
ing from local fits. This approach is particularly effective

and computationally efficient, since it allows us to decom-
pose a large problem in many smaller subproblems. Indeed,
the basic idea of this interpolationmethod consists in decom-
posing the domain into several subdomains, which often are
of spherical shape or identified as balls, forming a covering
of it. Then, on each subdomain a local RBF interpolant is
constructed. Originally, the RBF-PU method has been intro-
duced in the context of partial differential equations (Babuška
and Melenk 1997; Melenk and Babuška 1996), but later it
has become a powerful numerical tool used in various fields
of applied mathematics, scientific computing and numeri-
cal analysis (see e.g. Arefian and Mirzaei 2022; Cavoretto
and De Rossi 2020a; Cavoretto 2021; Cavoretto et al. 2021,
2024b, c; Safdari-Vaighani et al. 2015; Wendland 2005).

Although the RBF-PU method is designed for processing
large amount of data, it is evident that—when the data are
very irregularly distributed—is paramount to adapt our par-
tition of unity structure constructing subdomains of variable
radius, and then locally finding an optimal shape parame-
ter by some predictive technique as LOOCV does. Thus, in
this work, we propose a new numerical method that enables
us to identify a radius of minimum size, i.e. such that each
subdomain contains at least a prescribed minimum number
of points, and determines the optimal values of RBF shape
parameters. Since this search process can be quite expen-
sive from a computational standpoint, for the detection of
these two parameters (radius and shape parameter) we make
use of efficient optimization methods that enable us to find
those values for which the interpolation error is the smallest
possible. In fact, the use of parametrization techniques is par-
ticularly important when an optimization algorithm must be
applied to minimize some objective function characterized
by various parameters.

The rest of the paper is organized as follows. Section2
introduces the interpolation problem and discusses ker-
nel methods. Section3 focuses on the adaptive selection
of hyperparameter using LOOCV and global optimization.
Section4 describes the algorithms implemented. Section5
presents the numerical results, subdivided into test cases that
demonstrate the efficacy of our approach and its applica-
tion to real-world data, showcasing the practical relevance
of our research. The paper concludes with Sect. 6, where we
summarize our conclusions and propose directions for future
work, setting the stage for subsequent advancements in the
field.

2 Interpolation problem and kernel methods

2.1 RBF interpolation

Let� ⊆ R
s be a bounded and connected domain with s ≥ 2,

whose boundary is at least of Lipschitz type. We assume that
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the (distinct) data points or nodes are denoted by the set Xn =
{x1, . . . , xn} ⊆ �, while the data values corresponding to
xi , i = 1, . . . , n, are given by yi ∈ R. Sometimes, the data
values are obtained by sampling some (unknown) function
f at the nodes, i.e., yi = f (xi ), i = 1, . . . , n.
Thus, given data {(xi , yi )}n

i=1 with xi ∈ R
s , yi ∈ R, we

can formulate a scattered data interpolation problem which
consists in finding a (continuous) function s such that

s(xi ) = yi , i = 1, . . . , n. (1)

In the RBF framework we can define an interpolant s :
� → R assuming that it is expressed as a linear combination
of radial (or isotropic) kernels, i.e.,

s(x) =
n∑

i=1

ci�(x, xi ), x ∈ �, (2)

where � : � × � → R is a Strictly Positive Definite (SPD)
and symmetric kernel

�(x, z) = φε(||x − z||2) = φε(r) := φ(εr), ∀ x, z ∈ �,

(3)

which is associated with a SPD RBF φ : R+
0 → R depend-

ing on a shape parameter ε > 0, while || · ||2 denotes the
Euclidean norm on R

s . Some examples of popular SPD
RBFs are shown in Table 1. For details we refer the reader to
Fasshauer (2007); Fasshauer and McCourt (2015).

The coefficients ci in (2) are found by enforcing the inter-
polation conditions (1). This leads to a linear system of
equations of the form

Kc = y (4)

where the entries of the interpolation matrix K are given by

Kki = �(xk, xi ), k, i = 1, . . . , n,

c = (c1, . . . , cn)T , and y = (y1, . . . , yn)T . Since the ker-
nel � is SPD and symmetric, the interpolation matrix K
is positive definite, and therefore invertible. The solution
uniqueness in (4) is thus ensuredBuhmann (2003); Fasshauer
(2011).

Remark 1 For the kernel � there exists a Hilbert space
N�(�), i.e. the so-called native space. The symmetric ker-
nel� satisfies the reproducing property (�(x, ·), f )N�(�) =
f (x), that is the reproducing kernel acts as a point evalua-
tion functional for all functions f ∈ N�(�), (·, ·) being
the associated inner product. Thus, we consider H�(�) =
span{�(·, x), x ∈ �}, equipped with the bilinear form

(·, ·)H�(�). Since H�(�) is a pre-Hilbert space with repro-
ducing kernel �, the native space N�(�) of � is then
its completion with respect to the norm || · ||H�(�), i.e.
|| f ||H�(�) = || f ||N�(�), for all f ∈ H�(�). For further
details and error estimates for RBF-based interpolation, see
e.g. Fasshauer (2007); Wendland (2005).

2.2 RBF-PU interpolation

Let� ⊆ R
s be an open and bounded domain. Given a mildly

overlapping covering {� j }d
j=1 ⊇ � of subdomains � j of

the region �, we choose a partition of unity, i.e. a family
of compactly supported, nonnegative and continuous weight
functions w j : � j → R such that supp(w j ) ⊆ � j and

d∑

j=1

w j (x) = 1 x ∈ �. (5)

The term “mildly overlapping” refers to subdomains whose
radii overlap by approximately 10–15%, ensuring that each
point is covered by at least one neighboring subdomain. This
overlap helps in maintaining a good balance between local
approximation accuracy and computational efficiency, while
avoiding excessive redundancy between subdomains.

Then, for each subdomain� j we define a local RBF inter-
polant s j : � j → R of the form

s j (x) =
n j∑

i=1

c j
i �(x, x j

i ), (6)

where n j represents the number of nodes in � j , and x j
i ∈

Xn j = Xn ∩ � j , i.e. the points x j
i ∈ � j . The RBF-PU

interpolant is thus expressed as follows

s(x) =
d∑

j=1

s j (x)w j (x), x ∈ �. (7)

Since the local interpolants (6) satisfy the interpolation con-
ditions s j (x

j
i ) = y j

i , i = 1, . . . , n j , the global interpolant
(7)—due to partition of unity property (5)— also inher-
its the interpolation property of the local interpolants, i.e.
s(x j

i ) = y j
i . The coefficients c j

i in (6) are thus obtained by
solving the local linear system

K j c j = y j , (8)

where

K j
ki = �(x j

k , x
j
i ), k, i = 1, . . . , n j ,
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Table 1 Examples of SPD
RBFs with their orders of
smoothness

RBF φε(r)

Gaussian C∞ (GA) e−ε2r2

Inverse MultiQuadric C∞ (IMQ) (1 + ε2r2)−1/2

Matérn C6 (M6) e−εr (ε3r3 + 6ε2r2 + 15εr + 15)

Matérn C4 (M4) e−εr (ε2r2 + 3εr + 3)

Matérn C2 (M2) e−εr (εr + 1)

Wendland C6 (W6) max(1 − εr , 0)8(32ε3r3 + 25ε2r2 + 8εr + 1)

Wendland C4 (W4) max(1 − εr , 0)6(35ε2r2 + 18εr + 3)

Wendland C2 (W2) max(1 − εr , 0)4 (4εr + 1)

c j = (c j
1 , . . . , c j

n)T , and y j = (y j
1 , . . . , y j

n )T . Even in this
case existence and uniqueness of the solution of the system
(8) is guaranteed by the use of a SPD kernel �, which gen-
erates an invertible local kernel matrix K j .

In order to be able formulate an error estimate for the
global interpolant (7), we give some further conditions of
stability and regularity forweight functions {w j }d

j=1 and cov-

ering {� j }d
j=1 (see Wendland 2005).

Definition 1 Let � ⊆ R
s be a bounded set, and {�}d

j=1 be
an open and bounded covering of �. This means that all
� j are open and bounded and that � is contained in their
union. A family of nonnegative functions {w j }d

j=1 withw j ∈
Ck(Rs) is called a k-stable partition of unity with respect to
the covering {� j }d

j=1 if:

(a) supp(w j ) ⊆ � j ;
(b)

∑d
j=1 w j (x) ≡ 1 on �;

(c) for every α ∈ N
s
0 with |α| ≤ k there exists a constant

Cα > 0 such that

||Dαw j ||L∞(� j ) ≤ Cα

�
|α|
j

, 1 ≤ j ≤ d,

where � j = diam(� j ) = supx,z∈� j
||x − z||2.

Remark 2 A family of PU functions w j satisfying all condi-
tions of Definition 1 is given by Shepard’s weights

w j (x) = ϕ j (x)
∑d

k=1 ϕk(x)
, j = 1, . . . , d, (9)

where the functions ϕ j are assumed to be the W2 of Table 1.

Now we need to introduce a common data distribution
indicator, namely the so-called fill distance

h Xn ,� = sup
x∈�

min
xi ∈Xn

||x − xi ||2, (10)

which indicates how well the data fill out the domain �.
Moreover, we also introduce the concept of interior cone
condition (Wendland 2005).

Definition 2 A set � ⊆ R
s is said to satisfy an interior cone

condition if there exists an angle θ ∈ (0, π/2) and a radius
ρ > 0 such that for every x ∈ � a unit vector ξ(x) exists
such that the cone

C(x, ξ(x), θ, ρ)

= {x + λ y : y ∈ R
s , || y||2 = 1, yT ξ(x) ≥ cos θ, λ ∈ [0, ρ]}

is contained in �.

Definition 3 Let� ⊆ R
s bebounded, and Xn = {x1, . . . , xn}

⊆ � be given. An open and bounded covering {� j }d
j=1 is

called regular for (�, Xn) if:

(a) for every x ∈ � the number of subdomains � j with
x ∈ � j is bounded by a global constant K ;

(b) every subdomain � j satisfies an interior cone condition;
(c) the local fill distances h Xn j ,� j are uniformly bounded by

the global fill distance (10).

At this point, if we consider the space Ck
ν (Rs) of all func-

tions f ∈ Ck with derivatives of order |α| = k such that
Dα f (x) = O(||x||ν2) for ||x||2 → 0, we can also provide an
error bound for the interpolant (7); for details, see (Fasshauer
2007, Theorem 29.1 and Wendland 2005, Theorem 15.9).

Theorem 1 Let � ⊆ R
s be open and bounded, and Xn =

{x1, . . . , xn} ⊆ � be given. Let � ∈ Ck
ν (Rs) be strictly

conditionally positive definite of order m. If {� j }d
j=1 is a

regular covering for (�, Xn) and {w j }d
j=1 is k-stable for

{� j }d
j=1, then the error between f ∈ N�(�) and its PU

interpolant (7) is bounded by

|Dα f (x) − Dαs(x)| ≤ Ch(k+ν)/2−|α|
Xn ,� | f |N�(�),

for all x ∈ � and all |α| ≤ k/2.
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3 LOOCV-based global optimization tools

In the RBF-PU method the choice of suitable shape param-
eters and subdomain radius sizes is important, because all
these “local” parameters highly influence the method perfor-
mance in terms of both accuracy, stability and efficiency.
This fact turns out to be particularly relevant when we
need to solve interpolation problems characterized by very
irregularly distributed data. In this context the construction
of adaptive schemes allows us to automatically select all
involved parameters in the numerical algorithm. Moreover,
this computation can be carried out much more efficiently
by means of the use of optimization routines. In this work,
we focus on the choice of the shape parameters ε associ-
ated with radial kernels. Since this value of ε concerns the
specific case of isotropic RBFs, it is therefore natural to
consider subdomains of spherical shape or balls. Accord-
ingly, the detection of the radii δ of such subdomains also
becomes a crucial task. Thus, here we propose a method that
enables us to identify for each subdomain � j , j = 1, . . . , d,
a couple of values (ε j , δ j ), which from one hand guarantees
an (adequate) minimum number of data points within each
subdomain for interpolation purposes and from the other pro-
duces good shape parameter values for optimization ones.
More precisely, to get much efficient results, we propose the
use of the LOOCV technique in combination with efficient
strategies of univariate global optimization with pessimistic
and optimistic improvements, as described in the following
subsections.

3.1 Choosing shape parameters via LOOCV

Over the last decades in literature several techniques have
been presented in order to determine optimal values of the
RBF shape parameters. In the past, people who worked in
RBF community decided either to a priori fix a value of ε

(eluding in practice the issue of its optimal choice) or use
a strategy that can guide them in making an appropriate
decision. Based on our previous experience (Cavoretto et al.
2021) we follow the latter route with the target to finding
an optimal shape parameter for each of the PU subdomains.
This procedure is quite different fromwhat commonly occurs
within global RBF methods. In those situations, indeed,
one usually finds a single shape parameter on the whole
domain, and only rarely one is able to determine a suitable
shape parameter that varies spatially (see e.g. Driscoll and
Heryudono 2007; Fasshauer 2011; Golbabai et al. 2015).
However, there exist also some approaches that can give
us a prediction of ε via an error estimate. The most com-
monly used techniques oriented to address this issue are
based on power function, cross validation andmaximum like-
lihood estimation criteria (see Cavoretto and De Rossi 2023;
Fasshauer and McCourt 2015; Scheuerer 2011).

The technique we consider in this work is a particular
case of cross validation, called LOOCV. The formula and
the associated algorithm, proposed by Rippa (1999) in RBF
interpolation, corresponds to one of its possible variants. This
method is rather popular in statistical literature, and nowa-
days it is commonly used in several fields of science and
engineering such as numerical analysis, mathematical mod-
eling, optimization and machine learning (see e.g. Cavoretto
andDeRossi 2020b, c; Cavoretto et al. 2022;Cavoretto 2022;
Ling and Marchetti 2022; Marchetti 2021; Sanyasiraju and
Satyanarayana 2013; Trahan and Wyatt 2003; Uddin 2014).
Now, since the shape parameter ε introduced in (3) strongly
affects the basis functions in (6), this choice of ε reflects on
the condition number of the kernel matrix K j in (8) and, con-
sequently, on the accuracy of the RBF-PU interpolant (2).
Indeed, it is well-known that the shape parameter controls
the flatness of the kernel. In particular, as ε → 0, the RBF
becomes increasingly flat, and in this limit the interpolation
systems (8) may become highly ill-conditioned. Unfortu-
nately, this is also the specific case in which the best level of
precision is generally obtained (Kindelan et al. 2016). It is
therefore evident how is paramount to accurately select the
ε-values.

A good way to select a shape parameter ε in the RBF-
PU method is to apply the LOOCV approach within every
subdomain � j , j = 1, . . . , n j . The basic idea to use locally
the LOOCV is to separate the data of each subdomain into
two different sets:

• the training set T j = { y j
1, . . . , y

j
k−1, y

j
k+1, . . . , y

j
n},

• the validation set V j = { y j
k }.

It is therefore clear that V j contains only the value left out
from the set T j . Then, for a fixed k ∈ {1, . . . , n j } and fixed
ε, one can compute a partial local RBF interpolant on the
subdomain � j , i.e.,

s[k]
j (x) =

n j∑

i=1, i �=k

c j
i �(x, x j

i ), (11)

whose coefficients c j
i are found by interpolating the n j − 1

training data such that

s[k]
j (x j

i ) = y j
i , i = 1, . . . , k − 1, k + 1, . . . , n j .

To assess the quality of this try, it is possible to calculate the
error

e j
k (ε) = y j

k − s[k]
j (x j

k ) (12)

which is committed at x j
k , i.e. at the one validation point

not used in the construction of the partial interpolant (11).
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Acting in this manner, we can find the optimal ε-value of the
subdomain � j , i.e.,

ε∗
j = argminε||e j (ε)||∞, (13)

where e j (ε) = (e j
1(ε), . . . , e j

n j (ε))
T represents the error

vector, and || · ||∞ denotes the ∞-norm.
However, instead of computing the error via (12), we can

find the components e j
k of error vector e j inverting the kernel

matrix K j in (8) by the rule

e j
k (ε) = c j

k

(K−1
j )kk

, (14)

where c j
k is the kth coefficient of the full localRBF interpolant

s j in (6) and (K−1
j )kk is the kth diagonal element of thematrix

K−1
j (Fasshauer 2011). The terms of vector e j can therefore

be computed simultaneously via (14) by locally solving a
single interpolation system of size n j × n j .

Based on previous formulas (13) and (14) we can deter-
mine the optimal value of ε byminimizing the following cost
function

LOOCV j (ε) = ||e j (ε)||∞ = max
k=1,...,n j

∣∣∣∣∣
c j

k

(K−1
j )kk

∣∣∣∣∣ . (15)

3.2 Choosing subdomain radii

In order to organize data efficiently in an adaptive algorithm
the selection of suitable subdomain radii play a crucial role.
Since we have to define the local RBF interpolant (6), we
require a sufficient number of points that lie inside the sub-
domain. Practically, this is done by first adaptively selecting
the radii δ of each subdomain, and then ascertaining the opti-
mal shape parameter ε that corresponds to the RBF. This
two-step process ensures the precision of local interpolants
within the RBF-PU framework, utilizing LOOCV, LOOCV-
GOOI and LOOCV-GOPI for validation and optimization.
This stage necessitates the strategic organization of all data
points to facilitate rapid identification within their respective
subdomains. Should the initial radius of a subdomain prove
inadequate-lacking a sufficient quantity of points-the subdo-
main size must be expanded to encompass additional points.
This adjustment is crucial for maintaining the integrity of the
local RBF interpolants and is seamlessly integrated with the
adaptive selection of subdomain radii and the determination
of optimal shape parameters, as previously discussed.

To initiate, we establish a covering of the domain �,
assigning to each subdomain � j , for j = 1, . . . , d, an initial

radius δ defined as (Cavoretto 2021):

δ := δ
(0)
j = 1

dPU
, (16)

where dPU is determined by:

dPU =
(
1

2

√
n

)
, (17)

This expression sets the count of PU centers along a single
axis of �. Consequently, the domain � is divided into d =
d2

PU subdomains, with their centers positioned on a point
grid.

Remark 3 The relationship between δ and d as defined in
(16)–(17) ensures that varying d adjusts the granularity of the
partitioning: a larger d results in a finer structure with smaller
subdomains, and vice versa. This interplay guarantees the
formation of a comprehensive covering of �.

When data points are uniformly distributed, the initial
choice of δ is generally appropriate. The uniform distribu-
tion guarantees that each subdomain � j inherently contains
an adequate number of points, thereby obviating the need for
iterative adjustments to δ (Cavoretto 2021). Nonetheless, we
introduce a prescribed minimum number of points, nmin , to
formalize the requirement that each subdomain must encap-
sulate a sufficient quantity of data points, henceforth denoted
by n j (which should not be less than nmin) defining a robust
local RBF interpolant. This ensures that, despite the unifor-
mity, the radius δ consistently meets or exceeds the threshold
set by nmin , without necessitating further modifications.

3.3 Univariate global optimization

Numerous disciplines are centered around optimization chal-
lenges, where the aim is to minimize or maximize an
objective function or cost function. Here, in general, we have
a function h : H → R, where H represents its domain. In
this context, Lipschitz optimization methods are considered
to seek to find an optimal solution ε ∈ H with low (or high)
values of h(ε), while using as few evaluations of h as possi-
ble. In a Lipschitz setting, the function h is treated as a black
box that only returns the output h(ε) for any given input
ε ∈ H . For example, h could be a complex simulation code,
whereas the domain H can be finite, countably infinite, or
continuous.

Aswas alreadymentioned, in recent years,many researchers
from different optimization fields, such as multi-objective.
multiextremal, non-convex, and convex optimization using
both deterministic and stochastic techniques (see, for exam-
ple, Archetti and Candelieri 2019; Floudas and Pardalos
2009; Paulavičius and Žilinskas 2014; Sergeyev and Kvasov
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2017; Strongin and Sergeyev 2003; Hansen et al. 1991;
Munos 2014; Bubeck 2015; Brochu et al. 2010) pay a lot
of attention to the global optimization statements of practi-
cal problems. This happens because global solutions can be
much more efficient with respect to local ones provided by
traditional local algorithms.

To find the best shape parameter ε for the RBF-PU inter-
polation by locally employing theLOOCVscheme explained
in Sect. 3.1, it is necessary to determine the optimal value of
ε corresponding to each subdomain i.e.� j , j = 1, . . . , d. To
achieve this, an optimization problem (15) needs to be solved
for every� j . Basically, here the univariate optimization tools
are used to find the minimum or maximum of a continuous
function of one variable over a given interval, i.e.,

LOOCV∗
j = LOOCV j (ε

∗) = min LOOCV j (ε),

ε ∈ H = [0, εmax ] ⊂ R, (18)

LOOCV j (ε) being the function which we are optimizing.
It is generally considered to be a non-differentiable, mul-
tiextremal function that cannot be evaluated easily (see,
e.g., Barkalov et al. 2016; Paulavičius and Žilinskas 2014;
Sergeyev andKvasov 2017; Žilinskas andZhigljavsky 2016).
Also it is assumed that this function is Lipschitz-continuous
on the interval H . This assumption stems from the smooth
nature of the RBF kernels with respect to ε, which ensures
that small changes in ε result in smooth changes in the inter-
polant. Since the LOOCV function is computed based on
the interpolation error across subdomains, its behavior is
influenced by the kernel’s smoothness, leading to a bounded
variation in LOOCV j (ε). This property aligns with standard
assumptions in global optimization and ensures that efficient
minimization can be performed over H , i.e.

|LOOCV j (ε1)−LOOCV j (ε2)|≤ L|ε1−ε2|, ε1, ε2 ∈ H ,

(19)

where L is the Lipschitz constant which satisfies 0 < L <

∞. Notice that Lipschitz functions can be non-differentiable.
Numerous algorithms utilizing a number of deterministic and
stochastic approaches (including evolutionary algorithms)
have been developed for tackling the problem (18)–(19) (see,
for example, Barkalov et al. 2016; Kvasov and Sergeyev
2015; Paulavičius and Žilinskas 2014; Sergeyev et al. 1999;
Sergeyev and Kvasov 2017; Žilinskas and Zhigljavsky 2016;
Küdela and Matoušek 2023) and references given therein).

In our earlier work (Cavoretto et al. 2021) we introduced
two deterministic techniques for choosing the optimal shape
parameter in global RBF interpolation, which is crucial for
getting the most possible reliable results within the approx-
imation process. The algorithms utilized in this study were
derived from geometric (see a comprehensive description of
the methodology in the monograph Sergeyev and Kvasov

2017) and information (see the fundamental book Strongin
and Sergeyev 2000) global optimization techniques, which
are adept at addressing univariate global optimization issues
involving Lipschitz derivatives or functions. Additionally,
we created new locally-biased versions of these algorithms
that can adjust to the local Lipschitz constants and improve
search performance. In the present research, we expand our
work by using these algorithms in a different RBF interpola-
tion method, i.e. the RBF-PU method, which is particularly
effective when wanting interpolating a large number of scat-
tered data points. This approach combines the benefits of the
PU method, such as local support and flexibility in deter-
mining the shape parameters, with the advantages of RBFs,
such as high accuracy and meshfree interpolation. Together
with several numerical results carried out on a range of test
functions, in Sect. 5 wewill also present the enhanced perfor-
mance of the proposed method in comparison to the standard
LOOCV-RBF one. Specifically, we will demonstrate that the
new method is more reliable and efficient than the conven-
tional approach, even when dealing with data sets coming
from real-world applications.

4 Algorithms

Our goal is to find some approximate solutions on a set of
points Xn = {xi , i = 1, . . . , n}, and their corresponding
data values yi . To achieve this, we have applied the standard
LOOCV method, and the LOOCV-GOOI or LOOCV-GOPI
techniques. The latter rely on geometric and information-
based Lipschitz global optimization algorithms, minimizing
the search interval by taking use of the function Lipschitz
property. We refer to RBF interpolation on domain � for
simplicity, indicating that the same procedure can be gen-
eralized to RBF-PU interpolation on each subdomain � j of
the covering�d

j=1 ⊇ �. The whole process consists of three
algorithms each contributing uniquely towards the proposed
technique.

Algorithm 1 begins by partitioning the domain into subdo-
mains, each with a set number of data points. If a subdomain
� j does not have enough data points, its radius δ is expanded
to encompass more until the minimum threshold nmin , i.e.
the minimum number of interpolation nodes, is found within
each subdomain. This ensures that each subdomain has a
sufficient number of data points to get an accurate approxi-
mation. Once the subdomains are established, the algorithm
employs a LOOCV-based method, as discussed in Algo-
rithm 2, to fine-tune the shape parameters of the RBF, which
are used to locally minimize the cost function within each
subdomain. These local approximations are then seamlessly
stitched together using Shepard’s weights, resulting in a
global interpolant that provides an approximation of the
entire (unknown) surface. The adaptability of this algorithm
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allows it to handle complex problems with varying data den-
sities, making it a robust tool for multivariate approximation.

Algorithm 1 Adaptive LOOCV-PU Scheme
Step 1: Initiate a covering of domain � with subdomains � j having

radius δ
(0)
j

Step 2: Fix nmin as a minimum threshold for data points in each
subdomain � j
Step 3: Identify all data points within each� j through a range search
process
Step 4: While n j < nmin , with j = 1, . . . , d

1. Determine the radii δ j for each subdomain, enlarging � j if nec-
essary

2. Find additional points of � j (range search)

Step 5: Compute the local RBF shape parameter ε j via LOOCV (call
Algorithm 2)
Step 6: Calculate local RBF interpolants (6) and Shepard’s weights
(9)
Step 7: Get the RBF-PU interpolant (7)
Step 8: Compute error and CPU time

Algorithm 2 is a procedure that uses the LOOCV-based
global optimization techniqueswith optimistic or pessimistic
improvement to compute the errors between the interpolated
and given data values. This method updates the PU inter-
polant, which is a combination of local RBF interpolants on
each data subdomain, and provides some error estimates.
Subsequently, it incorporates local improvements through
either a pessimistic approach (i.e. GOPI), which cautiously
adjusts the model parameters to avoid overfitting, or an opti-
mistic approach (i.e. GOOI), which aggressively adapts the
model to closely fit the data points.

Algorithm 2 LOOCV-based Global Optimization Methods
Step 1: Choose the LOOCV-based optimization method:

’p’ for GOPI, ’o’ for GOOI (call Algorithm 3)
if method = ’p’ then

Apply LOOCV-GOPI for pessimistic local improvements
else if method = ’o’ then

Apply LOOCV-GOOI for optimistic local improvements
else

Continue with standard LOOCV
end if
Step 2: Get predictions from the selected LOOCV strategy

Algorithm 3 minimizes the error function in order to
determine the optimal shape parameter ε, for the RBF inter-
polation. The search interval is gradually narrowed down to
a smaller neighborhood of the best value found in each iter-
ation from a wide starting point of [0, εmax ]. It restricts the
search to a subinterval [εimin , εimax ] that contains the optimal
value of ε, and excludes the values that are too large or too
small. This reduces the computational cost and improves the
accuracy of the search. It stops the search when the subinter-

val length is smaller than a predefined threshold τ , which is
a measure of the desired precision of the optimal value of ε.

Algorithm 3 Error Function Minimization via LOOCV
Step 1: Define cost function (15) and εmax
Step 2: Set the maximum search limit to εmax
Step 3: Search ε over [0,εmax ]

1. Refine ill-conditioned region by local search and combine the
results.

2. Restrict the search of ε in a subinterval [εimin , εimax ] ⊂ [0, εmax ]
Step 4: Stop if subinterval length < τ

Step 5: Determine the optimal shape parameter ε∗

In particular, to get the value ε∗ from (18), we explicitly
refer to Step 3 of Algorithm 3 and apply a search procedure
comprised of the following five stages:
Stage 1. Initial Exploration: We consider a global opti-
mization algorithm from Sergeyev et al. (2016) and run it
throughout the interval [0, εmax ], with at most nmax

1 trials.
This will yield nmax

1 values for εi,1, i = 1, . . . , nmax
1 :

0 = ε1,1 < ε2,1 < · · · < εnmax
1 ,1 = εmax .

Stage 2.Refinement of Ill-conditionedRegion:Whenwe
have ε very close to 0 then the error function is nearly flat
and it could be ill-conditioned, we apply the algorithm for
the same problem at the search interval [0, ε2,1], using nmax

2
maximum number of trials and generating nmax

2 values εi,2,
i = 1, . . . , nmax

2 .

0 < ε1,2 < ε2,2 < · · · < εnmax
2 ,2 < ε2,1.

Stage 3. Aggregation: We unify both sets of trials to one
set

0 = ε1 < ε2 < · · · < εnmax
2

< · · · < εnmax
1 +nmax

2
= εmax .

Stage 4.Restriction of the Search Interval: Determine the
best obtained value εi with the smallest error after nmax

1 +
nmax
2 trials.

Stage 5.Main Search:We conduct a global search within
the locally biased interval [εimin , εimax ], utilizing all the pre-
viously obtained values of εi , i = imin, imin + 1, . . . , imax .
We continue this search until a stopping criterion is met.

5 Numerical experiments

In this section, we present the numerical results including
approximation error and computational time of our compari-
son between the standard LOOCV method and the proposed
LOOCV-GOOI and LOOCV-GOPI methods, which are both
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applied in the RBF-PU method (7) to select the optimal val-
ues of ε for the local RBF interpolants. Hereinafter, for the
sake simplicity andmaking our notationmore compact,when
we want to mention both LOOCV-GOOI and LOOCV-GOPI
methods, wewill use the acronymLOOCV-GO instead of the
previous ones. The algorithm is executed inMATLABonline
version and runs on a laptop with an Intel® Core i5-6300U
CPU 2.50GHz processor and 8.00GB RAM.

5.1 Test cases

Weutilized the adaptive PU algorithm fromCavoretto (2021)
and modified it accordingly for our methods. We performed
this analysis using RBF-PU interpolation method, with sev-
eral kernels like GA, IMQ, W4, W6 and M6 (see Table 1).
As data points for our interpolation process, we have consid-
ered some sets consisting of n = 1000, 2000, 4000, 8000,
16, 000 low discrepancy Halton nodes in the unit square
� = [0, 1]2 ⊂ R

2. Furthermore, we ensured that for each
subdomain the search of ε has been carried out in the interval
H = [0, εmax ], with εmax equal to 20, while the minimum
number of data points in each subdomain is nmin = 20.
We stopped the LOOCV-GO algorithm when the difference
between two consecutive subintervals of ε-values is less than
0.03, i.e.wefix the stopping criteria τ =0.03.Thevaluesnmax

1
and nmax

2 have both been standardized to 10.
For the data values we considered two test functions,

namely Franke’s function f1 Lazzaro andMontefusco (2002)
andValley function f2 (Bozzini et al. 2010), whose analytical
representations are respectively given by:

f1(x1, x2) = 3

4
exp

[
− (9x1 − 2)2 + (9x2 − 2)2

4

]

− 1

5
exp

[
−(9x1 − 4)2 − (9x2 − 7)2

]

+ 1

2
exp

[
− (9x1 − 7)2 + (9x2 − 3)2

4

]

+ 3

4
exp

[
− (9x1 + 1)2

49
− 9x2 + 1

10

]
,

f2(x1, x2) = 1

2
x2

[
cos(4x21 + x2 − 1)

]4
.

We measured the accuracy of the LOOCV-GO methods
by calculating the Maximum Absolute Error (MAE), which
is defined as

MAE = max
1≤i≤neval

| f (ξ i ) − s(ξ i )|, (20)

where the ξ i , i = 1, . . . , neval , are the neval = 40×40 points
forming an evaluation grid. We also compared the compu-
tational efficiency of the methods in terms of CPU time (in
seconds).We find that the LOOCV-GO algorithmswith local
improvement achieve higher accuracy and lower CPU time
than the basic LOOCV method.

Tables 2, 3, 4, 5, 6 depicts the performance metrics (i.e.
MAEandCPU time) forRBF-PU interpolationwith different
kernels on the function f1. These tables compare the new
proposed techniques with standard LOOCV method.

From the analysis of numerical results we obtained that
the MAE decreases as n increases for all kernels indicating
that the accuracy of interpolation improves with more data
points but on the other hand, the CPU time increases as n
grows.

Table 2 shows that for GA kernel in case of standard
LOOCV we have MAE ranging between 10−5 and 10−3,
while for LOOCV-GO it ranges in the interval [10−7, 10−4].
This points out that our proposed methods give much more
accurate results than the standard approach. In terms of CPU
time the most efficient and fastest method among all three
methods is the LOOCV-GOOI as this algorithm applies a
local bias to the information global optimization algorithm,
which uses a “Maximum-Additive” local tuning strategy and
an optimistic local improvement criterion. The main benefit
of this approach over the original information global opti-
mization algorithm is that it refines and narrows down the
search interval in regions where the objective function is ill-
conditioned (see Algorithm 3).

Table 3 provides the numerical results of RBF-PU interpo-
lation using the IMQ kernel on f1 performing well as shown
by the MAE values. The proposed method has lower MAE
than the standard LOOCV, and also reduces the computa-
tional cost, as measured by the CPU time.

The performance of other kernels including M4, M6 and
W6 highlights a similar pattern, as displayed in Tables 4, 5,
6, respectively. The trend of the numerical results show that
the proposed methods have lower MAE than the standard
LOOCV for all kernels and sample sizes. This indicates that
the proposedmethods can achieve better accuracy and stabil-
ity of the interpolation. Moreover, the LOOCV-GO methods
also have lower CPU time than the standard LOOCV. This
implies that the proposed methods can reduce the computa-
tional cost and complexity of the interpolation process.

To further validate the effectiveness and precision of our
proposed methods, we applied all the five kernels that are
mentioned previously to the test function f2 as well. The
outcomes in terms of MAE and CPU time for GA, IMQ,M4,
M6 and W6 are presented in Tables 7, 8, 9, 10, 11. Our pro-
posed methods outperform the standard LOOCV method in
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Table 2 Performance metrics for RBF-PU interpolation with GA kernel on f1

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 4.36e−03 3.26e−04 3.27e−04 6.66e+00 1.10e+00 1.45e + 00

2000 4.97e−04 4.17e−05 4.17e−05 1.35e+01 1.92e+00 2.64e+00

4000 8.41e−05 5.74e−06 5.74e−06 2.76e+01 3.84e+00 7.45e+00

8000 3.63e−05 2.57e−06 2.57e−06 5.99e+01 8.09e+00 1.87e+01

16,000 2.85e−05 6.86e−07 6.59e−07 1.30e+02 1.60e+01 5.30e+01

Table 3 Performance metrics for RBF-PU interpolation with IMQ kernel on f1

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 7.40e−04 2.40e−04 2.40e−04 5.32e+00 7.75e−01 1.01e+00

2000 1.39e−04 4.14e−05 4.14e−05 1.18e+01 1.66e+00 2.22e+00

4000 3.31e−05 3.57e−06 3.57e−06 2.38e+01 3.13e+00 4.61e+00

8000 1.88e−05 3.50e−06 3.50e−06 4.95e+01 6.48e+00 1.10e+01

16,000 1.62e−05 1.59e−06 6.33e−07 1.13e+02 1.33e+01 2.86e+01

Table 4 Performance metrics for RBF-PU interpolation with M4 kernel on f1

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 4.87e−03 4.81e−03 4.81e−03 5.91e+00 1.02e+00 1.35e+00

2000 3.28e−04 2.52e−04 2.52e−04 1.26e+01 1.83e+00 2.75e+00

4000 1.38e−03 4.56e−04 4.56e−04 2.45e+01 3.78e+00 6.08e+00

8000 4.57e−03 1.82e−05 1.82e−05 4.97e+01 7.68e+00 1.35e+01

16,000 9.84e−04 1.35e−05 1.35e−05 1.03e+02 1.63e+01 2.70e+01

Table 5 Performance metrics for RBF-PU interpolation with M6 kernel on f1

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 2.84e−03 9.43e−04 9.65e−04 6.39e+00 1.02e+00 1.63e+00

2000 2.21e−03 8.72e−05 8.72e−05 1.34e+01 2.26e+00 3.49e+00

4000 1.43e−03 3.10e−05 3.10e−05 2.83e+01 4.56e+00 8.85e+00

8000 1.38e−04 1.01e−05 1.01e−05 5.79e+01 9.36e+00 2.00e+01

16,000 3.38e−05 1.46e−06 1.46e−06 1.24e+02 1.99e+01 4.90e+01

Table 6 Performance metrics for RBF-PU interpolation with W6 kernel on f1

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 9.87e−04 9.46e−04 9.46e−04 6.36e+00 1.10e+00 2.17e+00

2000 1.08e−04 5.40e−05 5.44e−05 1.34e+01 2.37e+00 4.97e+00

4000 2.31e−04 2.59e−05 2.59e−05 2.70e+01 4.75e+00 9.06e+00

8000 1.71e−05 1.08e−05 1.08e−05 5.37e+01 9.71e+00 1.94e+01

16,000 7.29e−06 1.13e−06 1.13e−06 1.11e+02 1.88e+01 4.17e+01
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Table 7 Performance metrics for RBF-PU interpolation with GA kernel on f2

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 1.80e−02 3.26e−03 3.26e−03 5.98e+00 1.08e+00 1.59e+00

2000 2.70e−03 1.16e−03 1.16e−03 1.34e+01 2.02e+00 3.16e+00

4000 7.70e−05 7.74e−05 7.74e−05 2.74e+01 3.92e+00 7.94e+00

8000 2.97e−02 3.10e−05 3.10e−05 5.76e+01 7.54e+00 1.88e+01

16,000 3.52e−04 2.20e−06 2.03e−06 1.27e+02 1.59e+01 4.92e+01

Table 8 Performance metrics for RBF-PU interpolation with IMQ kernel on f2

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 2.31e−01 2.49e−03 2.58e−03 5.10e+00 7.09e−01 9.44e−01

2000 9.00e−04 7.31e−03 7.31e−03 1.12e+01 1.53e+00 2.15e+00

4000 4.84e−05 1.21e−04 1.21e−04 2.27e+01 2.98e+00 4.66e+00

8000 3.60e−04 2.71e−05 2.71e−05 4.86e+01 6.15e+00 1.20e+01

16,000 2.08e−05 1.29e−05 1.32e−05 1.07e+02 3.13e+01 3.13e+01

terms of accuracy and efficiency, as shown by the numeri-
cal results. Indeed, the latter illustrate that our methods also
achieve better MAE and CPU time on the test function f2 for
different choices of kernel.

5.2 Application to real data

In this section we test our adaptive algorithm on a real-world
data set. Specifically, in this application we refer to a sub-
set of the Black Forest elevation data set (Bracco et al. 2017;
Davydov andZeilfelder 2004) consisting of 4739 data points,
which belong to a mountain area in the neighborhood of
Freiburg (Germany). It represents a specific case of scat-
tered data with highly varying density as shown in Fig. 1
(left to right). The region has a difference in height of 991.38
m, while minimum and maximum heights are 395.5 m and
1386.88 m, respectively.

Since in this real context we do not have any exact (or
true) solution, we assess reliability of our numerical results
by considering a technique that is generally used in applica-
tions. Thus, starting from the 4739 elevation data points, we
split this set into two subsets: firstly, we randomly select
n = 4658 nodes for the RBF-PU interpolant; then, we
reserve the remaining neval = 81 evaluation points to apply
a cross validation process. The search interval H is set to
[0, εmax ] = [0, 20]. This choice is made due to the nature of
the real dataset we are considering, since it actually neces-
sitates a broader search range to ensure the comprehensive
exploration of ε values. The other parameters employed in
the computational process are: nmin = 20, nmax

1 = 10,
nmax
2 = 10, τ = 0.03 and neval = 40 × 40.

In Table 12, we report the numerical results in terms of
MAE and CPU time obtained by applying our adaptive algo-
rithm on the real data set obtained from the Black Forest
elevation data set. From Table 12 it could be observed that
both GA and IMQ kernels exhibit relatively higher MAE
values as compared to all other kernels for both standard
LOOCV and LOOCV-GO methods which indicates that
these provide less accurate approximation as compared to
other kernels. This is because of the fact that these twokernels
are considered as high regularity kernels with smoothness
C∞ and the dataset, which we are interpolating, is not regu-
lar (see Fig. 1). On the other hand, the other kernels like M2,
M4, M6, W2, W4 andW6 which have moderate smoothness
(between C2 and C6) consistently produce more accurate
approximation with lower MAE. In terms of computational
costs the observations from CPU time evident that M2, M4
andW2kernels aremore efficient as these are providingmuch
accurate approximation in less time. In terms of MAE we
obtained almost same results for both standard LOOCV and
LOOCV-GO but the proposed method reduced the compu-
tational cost by obtaining same accuracy in less time. So for
large scale irregular real-world data it is practical to consider
these kernels for RBF-PU approximation with LOOCV-GO
methods.Notice that, even if theMAE is larger than that given
in Sect. 5.1, they are consistent with the previous results, tak-
ing into account that in this real-world case the error (20) is
measured in meters.

Having examined theMAE in the preceding table, we now
turn our attention to the Relative Maximum Absolute Errors
(RMAE), which provide a normalized perspective of the pre-
dictive deviations. This normalization is particularly useful
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Table 9 Performance metrics for RBF-PU interpolation with M4 kernel on f2

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 1.34e−02 1.34e−02 1.34e−02 5.53e+00 8.70e−01 1.15e+00

2000 1.15e−02 1.15e−02 1.15e−02 1.18e+01 1.80e+00 2.61e+00

4000 8.06e−04 8.18e−04 8.18e−04 2.41e+01 3.80e+00 5.73e+00

8000 6.81e−03 1.48e−03 1.48e−03 5.04e+01 7.26e+00 1.22e+01

16,000 2.90e−04 2.47e−04 2.47e−04 1.00e+02 1.53e+01 2.55e+01

Table 10 Performance metrics for RBF-PU interpolation with M6 kernel on f2

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 5.57e−03 4.43e−03 4.43e−03 6.57e+00 1.04e+00 1.57e+00

2000 4.20e−03 1.48e−03 1.48e−03 1.37e+01 2.14e+00 3.26e+00

4000 9.14e−04 3.44e−04 3.44e−04 2.76e+01 4.28e+00 8.46e+00

8000 1.55e−04 5.30e−05 5.30e−05 5.65e+01 8.83e+00 2.01e+01

16,000 6.36e−05 4.50e−05 4.49e−05 1.24e+02 1.84e+01 5.04e+01

Table 11 Performance metrics for RBF-PU interpolation with W6 kernel on f2

n MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

1000 4.18e−03 4.22e−03 4.21e−03 5.96e+00 1.07e+00 1.83e+00

2000 1.22e−03 8.63e−04 8.63e−04 1.30e+01 2.46e+00 4.00e+00

4000 2.95e−04 3.07e−04 3.07e−04 2.58e+01 4.58e+00 8.25e+00

8000 3.28e−04 3.29e−04 3.29e−04 5.29e+01 8.72e+00 1.60e+01

16,000 4.82e−05 4.76e−05 4.76e−05 1.10e+02 1.83e+01 3.74e+01

Fig. 1 2D and 3D view of the real-world data sets coming from the Black Forest (left to right)
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Table 12 MAE and CPU time for different kernels on the Black Forest elevation data

Kernel MAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

GA 1.88e+03 8.22e+02 5.18e+03 5.57e+01 4.23e+00 1.61e+01

IMQ 2.93e+02 2.38e+02 1.41e+02 4.37e+01 3.41e+00 7.13e+00

M2 2.47e+01 2.47e+01 2.47e+01 4.94e+01 4.55e+00 7.14e+00

M4 1.40e+02 3.11e+01 3.16e+01 4.95e+01 3.92e+00 5.41e+00

M6 5.63e+02 1.23e+02 3.17e+01 5.73e+01 6.02e+00 1.33e+01

W2 2.47e+01 2.47e+01 2.47e+01 5.42e+01 6.59e+00 1.19e+01

W4 3.27e+01 3.27e+01 3.27e+01 5.53e+01 5.58e+00 8.84e+00

W6 2.20e+01 2.66e+01 2.66e+01 7.28e+01 5.93e+00 6.77e+00

Table 13 RMAE and CPU time for different kernels on the Black Forest elevation data

Kernel RMAE CPU time (s)

LOOCV LOOCV-GOOI LOOCV-GOPI LOOCV LOOCV-GOOI LOOCV-GOPI

GA 1.38e+00 6.01e−01 3.79e+00 5.64e+01 4.30e+00 1.66e+01

IMQ 2.14e−01 1.74e−01 1.03e−01 4.58e+01 3.31e+00 7.13e+00

M2 1.80e−02 1.80e−02 1.80e−02 5.25e+01 4.55e+00 6.93e+00

M4 1.02e−01 2.27e−02 2.31e−02 5.26e+01 3.92e+00 5.35e+00

M6 4.12e−01 8.98e−02 2.32e−02 5.81e+01 4.21e+00 1.34e+01

W2 1.81e−02 1.81e−02 1.81e−02 5.47e+01 5.21e+00 1.22e+01

W4 2.39e−02 2.39e−02 2.39e−02 5.74e+01 5.20e+00 9.56e+00

W6 1.61e−02 1.94e−02 1.94e−02 5.80e+01 5.00e+00 8.69e+00

for comparing the performance of models across datasets
of varying scales and magnitudes. Table 13 presents the
RMAE and CPU time metrics for various kernels, facilitat-
ing a comparative analysis between the standardLOOCVand
the proposed methods. It could be observed that in terms of
RMAE values there is notable concentration of errors falling
within the range of [10−2, 10−1]. The CPU time required for
our proposed methods is significantly lower than that of the
standard LOOCV, indicating enhanced computational effi-
ciency. This reduction in processing time, coupled with the
competitive RMAE values, underscores the practical advan-
tages of LOOCV-GO in real-world applications where both
accuracy and efficiency are required.

Figure2 illustrates the LOOCV error variations with
the shape parameter ε for two different kernels applied
to real-world data. The left graph, using the IMQ kernel,
displays multiple minima and significant oscillations for ε

values between 0 and 5. After this region, the error steadily
decreases, stabilizing around ε ≈ 12 and remaining flat up to
17, with a slight rise as ε approaches 20. On the right, theM6
kernel shows a rapid error drop up to ε ≈ 3, followed by a
broad, stable region that extends to ε = 20. The IMQ kernel
highlights amore complex error structure due to the presence
of multiple minima, while the M6 kernel exhibits smoother,

more stable behavior. These trends emphasize the effect of
kernel choice on the optimization of ε in kernel-based regres-
sion. The graphs presented here are obtained from a generic
subdomain, used as an example to illustrate typical behavior,
rather than focusing on any specific subdomain.

6 Conclusions

This paper extends our earlier research (Cavoretto et al. 2021)
by proposing the investigation of optimal shape parameters
in RBF-PU interpolation using the previously introduced
LOOCV-GOOI and LOOCV-GOPI methods. We have uti-
lized efficient global optimization tools within the partition
of unity framework. Specifically, these numerical tools are
integrated into the adaptive LOOCV-based global optimiza-
tion methods. This integration is pivotal as it allows for
the adaptive search of hyperparameters, which is essen-
tial for enhancing the accuracy and efficiency of scattered
data interpolation. The experiments conducted using vari-
ous kernels on both test functions and real-world elevation
data demonstrate that our proposed method performs excep-
tionally well. In the test cases the MAE of LOOCV-GOOI
and LOOCV-GOPI lies in the interval [10−7, 10−4], while
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Fig. 2 LOOCV error trends by varying the shape parameter on a generic subdomain of the RBF-PU method with local IMQ (left) and M6 (right)
kernels for Black Forest elevation data

with very irregularly distributed real-world data (for not too
smooth kernels) the RMAE is observed to fall within the
range of [10−2, 10−1]; moreover, the CPU time of the new
techniques is lower than standard LOOCV, thus ensuring that
our methods are more efficient and so less costly from the
computational standpoint.
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