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We investigate the evolution of cosmological perturbations in models of dark energy described by
a time-like unit normalized vector field specified by a general function F(K), so-called Generalized
Einstein-Aether models. First we study the background dynamics of such models via a designer
approach in an attempt to model this theory as dark energy. We find that only one specific form
of this designer approach matches ACDM at background order and we also obtain a differential
equation which F(K) must satisfy for general wCDM cosmologies. We also present the equations of
state for perturbations in Generalized Einstein-Aether models, which completely parametrize these
models at the level of linear perturbations. A generic feature of modified gravity models is that
they introduce new degrees of freedom. By fully eliminating these we are able to express the gauge
invariant entropy perturbation and the scalar, vector, and tensor anisotropic stresses in terms of
the perturbed fluid variables and metric perturbations only. These can then be used to study the
evolution of perturbations in the scalar, vector, and tensor sectors and we use these to evolve the
Newtonian gravitational potentials.
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I. INTRODUCTION

The nature of dark energy remains one of the biggest unsolved problems in cosmology. Numerous models of dark
energy and modified gravity theories have been constructed [I] in an attempt to describe cosmological observations
[2H4], with varying degrees of success. Perhaps the simplest and most successful of these is the cosmological constant
which is remarkably consistent with recent observations [B, [6]. However, other models must be studied in case they
provide a more suitable description or otherwise to rule them out all together, both theoretically and observationally.
With the advent of surveys such as DEEH [, Euclicﬂ [8HIO], LSS’IE| 11l 12], and SKAE| [I3H16], observational
constraints on these models will undoubtedly become tighter.

An obvious way to modify gravity is to introduce a new field other than the metric and make dark energy a dynamical
component. These models typically introduce scalar fields and many of these are encompassed by Horndeski [I7], 18],
the most general scalar-tensor theory that gives rise to second-order equations of motion. This class of models include
Quintessence [19H21], k-essence [22] 23], Kinetic Gravity Braiding (KGB) [24], f(R) gravity [25H27], and many more.
Indeed, it has already been shown that it is possible to achieve a dark energy fluid with w = —1 exactly in, for
example, Quintessence and k-essence [28], and for so-called ‘designer f(R)’ [29]. However, there is no reason not to
consider the new field to be a vector and indeed such vector-tensor theories have been shown to be able to give rise to
a period of accelerated expansion even without potential terms [30H38], and therefore provide an interesting avenue
of research. In this paper we study so-called Einstein-Aether theories at background and perturbative order, where
the vector field is constrained to be of time-like unit norm. First studied in [34], it was shown that the model would
in fact slow the expansion of the universe [39]. However, more recently, modifications to this theory have been shown
to allow it to describe dark energy and still be compatible with observations [36H38]. This is done by introducing
non-canonical kinetic terms parametrized by a free function F(K), where IC determines the kinetic terms for the vector
field. In principle this could take on any functional form and in previous work in this area specific forms were chosen
to work with. However, as with designer f(R), we will choose a background evolution of the universe and allow that
to dictate the form of F(K) in a ‘designer F(K)’ model.

At background order, despite the many complex models of dark energy all of these can be parametrized by specifying
a single function of time, the equation of state parameter, wqe = Pie/pde- Exactly how wqe behaves as a function of
time will of course depend on the theory, but at this order there is nothing else to measure which will tell us about the
nature of dark energy, provided FRW spacetime symmetries are respected. At the level of linear perturbations various
approaches have been developed in order to try to parametrize different theories [40H50]. In this paper, we work with
the Equation of State for perturbations (EoS) approach [47H49]. A generic feature of modified gravity models is that
new degrees of freedom arise at the level of perturbations. The EoS approach packages the parametrization into the
gauge invariant entropy perturbation, I', and anisotropic stress, II%, by eliminating these degrees of freedom in favour
of the perturbed fluid variables and metric perturbations. The perturbed conservation equation, 6(V,T#,) = 0, gives
two evolution equations for the density perturbation, dp, and divergence of the velocity field, 8. For example, in the
synchronous gauge they are given by

/
L — k295 — lh/ _ ﬂwf, (1)
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where primes denote conformal time differentiation and #H is the conformal Hubble parameter. The metric pertur-
bations, h and 7, are evolved via Einstein’s equation. However, the forms of II° and T' are not known and hence
and are not closed. If we can somehow specify I' and II° as linear functions of the perturbed fluid variables,
metric perturbations, and their derivatives only, these equations close, i.e. we wish to write I' = I'(§,0°, 1/, ), ...)
and T1° = II9(6,0°,h',n,...), or equivalently in terms of the dark energy (de) and matter (m) fluid variables,
=" (6de,9§e,6m7¢9§1) and II° = II° (6de,9§e,(5m,9§1). Our approach is to eliminate the internal degrees of free-
dom describing the dynamics of the modified gravity theory, via expressions for ¢ and 6°, supplemented by the
equation of motion for the vector field. In principle, the equations of motion and hence the perturbed fluid variables
have already been derived in [306] [37], for example, although the equations of state have not been computed. However,
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Theory ‘ Scalar anisotropic stress, wIl® ‘ Entropy perturbation, wI’
Minimally coupled scalar fields 0 (cf — %) [6+3H(1+ w)6°]
KGB 0 Arb + A20° + Ash/ + Ash”

EDE S (w—c2)[6—3(1+4 w)n] 0

TABLE 1. Expressions for I' and IT° in terms of the dark energy perturbed fluid variables and metric perturbations for some
dark energy models and modified gravity theories, in the synchronous gauge.

in most of the previous work the so-called ‘acceleration’ term has not been included, corresponding to the ¢4 term
n [35]. This term is often either completely ignored or argued that a transformation of the coefficients can remove
it. However, we discuss later why this isn’t true in general and so keep the ¢4 term in our subsequent analysis. In
particular, we extend on previous work done by including the ¢4 term for F(K) theories in so-called Generalized
Einstein-Aether, as well as using the EoS formalism.

Although in this paper we use a specific Lagrangian to work with, one of the advantages of the EoS approach is
that it allows the computation of cosmological perturbations in a model independent way. In [49] this approach was
applied to generic scalar-tensor theories by specifying only the field content of the Lagrangian and nothing specific
about its functional form. This approach also provides a set of modifications that are, in principle, easy to insert into
numerical codes. Equations of state have already calculated for various different classes of theories, for example, the
elastic dark energy (EDE) [51], which was shown to be equivalent to Lorentz violating, massive gravity theories [52].
They have also been calculated for general scalar-tensor theories [49] and in particular Quintessence, k-essence, KGB,
and Horndeski theories [I8]. In these cases, the degree of freedom to be eliminated is related to the perturbed scalar
field, d¢p, and its derivatives. This was also shown to be the case for f(R) gravity and was studied in [53]. In this
paper we apply the EoS approach to Generalized Einstein-Aether theories. The expressions for I' and II° are shown
in jTable 1) for some of these theories, in the synchronous gauge, where {A4;} are functions of background quantities
and ¢ = dP/dp is the squared sound speed of scalar perturbations. We do not provide the expressions in f(R) gravity
here as they are quite complicated, however they are presented in [53].

This paper is organized as follows. In[section Il we present the model for Generalized Einstein-Aether and derive the
equations of motion. We also briefly mention sub-cases to this model that have been studied previously. We then study
the theory at linear perturbative order in the scalar, vector, and tensor sector and present expressions for
the perturbed fluid variables in both the conformal Newtonian and synchronous gauges. We then proceed to derive
the gauge invariant equations of state for perturbations by eliminating all the internal degrees of freedom
that arise from introducing the vector field. From these we also study the evolution of the Newtonian gravitational
potentials. We then conclude in and discuss future steps.

Natural units are used throughout with ¢ = A = 1 and the metric signature is (—, +, +, +).

II. GENERALIZED EINSTEIN-AETHER FIELD EQUATIONS
II.1. Field equations

The Lagrangian for Generalized Einstein-Aether is [36]
167GLA = MP*F(K) + Mgu A A + 1), (3)

where we introduce the vector field A, which is known as the Aether field. The scalar I is defined by

1
K = WKQBWVQA“VBA” (4)

and the rank-4 tensor is defined by
K, = c19°P g + 26000 + ¢3056) 4+ c4A“AP g, (5)

Here, {c;} are dimensionless constants and M has dimensions of mass. The ‘kinetic tensor’, K% ,,, determines the
derivative squared terms of the Aether field. Similar to generalization of Quintessence to k-essence, the kinetic terms



have been modified to an arbitrary, dimensionless function F(K). An important feature of Einstein-Aether models is
the presence of the Lagrange multiplier A. This will constrain the Aether field to have a time-like unit norm. As we
will see, this will also have an effect on the propagating degrees of freedom at the perturbative level.

The full action that we will study is then

_ 4 — 1
5_/dx\ﬁg<16ﬂGR+£A + S, (6)

where the action for the matter fields, Sy, does not couple directly to the Aether field. The equations of motion can
now be obtained by varying @ with respect to each degree of freedom i.e. A\, A*, and g"”. Variation with respect to
A yields the constraint g,,,, A* A” = —1. The equation of motion for the Aether field, A*, is

Va(]:IC']a;L) - C4FICAavo¢AVvuAV = /\A;u (7)

where we define J¢, = K B wV gAY and Fx = ‘fl%, and variation with respect to the metric gives Einstein’s equation
in the form

G =81GT,, + Uy, (8)

where T, is the energy-momentum tensor for the matter fields only. All contributions from the Aether field are
included in U, which takes the form

1
Uag = Viu [Fic (Ja" Ap) = J" (@A) = J(ap)A")] + Mads + M Fgap
+ c1Fx (VMAQV“Ag — VQAMVBA“) + C4.7:;(;A“AVVMAO¢VVA5, (9)

where brackets around indices denote symmetrization, i.e. Jig) = % (Jap + JBa)-
Using to eliminate A, we find that

Uap = Vi (Fic [Ja" Ap) = J" (0 Ap) = Jap) A"])
+ 1 Fx (VMAQV“Aﬂ — VQA”V5AIL) + C4.FKA”AVVNAQVZ,A,3
1
+ [caFx AF AN ATV A — AYV (Fic )] AaAp + §M%fgaﬁ. (10)
The first line arises due to the metric variation in the Christoffel symbols [39, [54], the second line comes from the

variation in the ¢; and ¢4 terms of , and the third line is due to the variation of the Lagrange multiplier and /—g
terms.

I1.2. Background dynamics

We will assume a background cosmology described by the FRW metric,
ds? = —dt? + a(t)?6;;dx"da?, (11)
and that A* = (1,0,0,0). The reason for this choice of A* is to satisfy the unit norm constraint and to be compatible

with the symmetries of FRW. Taking U,,, to be the energy momentum tensor of a perfect fluid, then from Uy and
U;; we find that the background energy density and pressure are

]_‘
_ 2 _
pa = 3aH <]—";C 2/c> : (12)
N . .
Pa=oa 3H° (D = Fic | = FicH = FicH |, (13)

where a = ¢; 4+ 3¢y + ¢3, over-dots denote differentiation with respect to cosmic time, ¢, and

_ 3aH?

K="




Note that we have absorbed a factor of 87G into U,,,. We can also check that P4 and p4 satisfy the energy conservation
equation

pa=—3H(pa+ Pa), (15)

as they should by construction of . Note that the ¢4 term plays no role in the background dynamics.
The time-time component of Einstein’s equation gives the modified Friedmann equation as

1 81G
(1~ aF)H? + cFM? = ”Tpm. (16)
If we were to demand that the theory is indistinguishable from a cosmological constant at background order, then
from we obtain the differential equation

dF 1 A
Kk =327 = e (17)

where we have substituted H? for K via . The solution to this equation is

12 2A

(18)
depending on the sign of K and where B is an arbitrary integration constant. The case of a general power law has been
studied in [36H38] as well as more exotic forms, for example see [54] [55]. Indeed, the functional form of F(K) must
be specified at some point to make observational predictions. However, since F(K) could in principle be anything, it
would be ideal if the form of F(K) could be found by specifying more standard parameters describing the background
dynamics e.g. Wde, (2de,0, €tc. Since any new dark energy model will at least have to be compatible with ACDM
‘globally’, it makes sense to demand that Generalized Einstein-Aether must yield a ACDM cosmology and in turn,
this will restrict the form of F(K). Since the background evolution of this model will be identical to ACDM, the
effects of perturbations will become very important as it is only the dynamics at the perturbative level which will be
able to distinguish this model from ACDM.

Let us now demand that the Aether field energy density and pressure obey a more general equation of state i.e.
Pa = wgepa, where wqe is constant. Since current observations do not yet sufficiently constrain anything other than
constant wgqe this is a reasonable assumption to make, however this may change in the near future. We can rewrite

@) s
Py =—pa—a(2KFkx + f;(;)H (19)

and so,
(1 + wae) M? (IC}',C — ;]-'> = —a(2KFicx + Fr)H, (20)

where we have written H? in terms of K. If we can write H = H(K), then will give us a differential equation to
solve for F(K) satisfying a certain value of wge.
We write the Friedmann equation as

H\’ Qim0 Qde,0
(Ho) T T gt 1)

where we have defined 87Gpgqe = pa, 4 = ?Tgpi, and for this section only the subscript ‘m’ refers to matter with
P,, = 0. Differentiating this and combining with to eliminate 40,0 gives

) .
(14 wqe) (;) + ;521 . (22)

We can also use the Raychaudhuri equation, given by

1 1
ad  Waem,0

: 47 G
H+H? = - [pm + (1 + 3wae) pae) - (23)



Inserting we have that

H H\? Qo M2 1
4 (=) =2 = (1 - - 24
a2 + (H0> 58 6H02( + 3wae) (IC}‘;C 2?) , (24)
and so using we find that
. M? [K 1
H(]C):—T |:a+'UJde (KFK—2F>:| (25)
Therefore, the differential equation we must solve is then
1
(1 +wae) 2KFx — F) = 2K Fki + Fx) {IC + 50 Wde (2K Fx — ]—')} . (26)
For wqe = —1, then this reduces to
1
(2K Fkx + Fx) [/C — 5@ (2K Fc — .7:)} =0, (27)
for which there are two branches of solutions,
2 1/2
F = EIC + D(£K)/=, (28)
F=B(*K)"?+C, (29)

again depending on the sign of K and where B,C and D are integration constants. If we insert into we
find that the Friedmann equation becomes p, = 0 and therefore we ignore this branch of the solution. For the
other branch, we see that is what we obtained before from demanding a cosmological constant, which sets
C = —2A/M? = —6HZQn0/M?. Therefore, the only functional form for F which gives rise to an exact ACDM
cosmology, at background order, is . More generally, we see that the initial conditions are related via , such
that if we specify that today F(Kg) = Fo, then it must be that

Qaco  Fo
= 2 30
J K,0 o + 2’C0’ ( )
where Fi o = Fi(Ko) and Ko = K(a = 1). Applying these initial conditions to (29) we find that
B 6H2Qa00\ [ K\?  6H2ue0

At background order, we appear to have 5 parameters {wge, {2de,0, Fo, M, a} which we must specify in order to
compute F. Varying a will vary the domain over which F varies as a function of K. It may also seem that o will
affect the functional form of F, as it appears explicitly in . However, note that this is somewhat misleading
because K  « and the explicit dependence of « in is removed under a rescaling K — K/a. This can also be
seen from and , where the factor of « is removed under the same rescaling. Therefore, o can take on any
value for the purposes of the background evolution and so we will fix & = 1 for the rest of this section.

The evolution of F for different {wge, Fo, M} is shown in We will fix Qge,0 = 0.691 and Hy = 2.132 x
10~*2h GeV, where h = 0.678 [5]. To study the effect of varying Fy we will look to the analytical solution for wqe = —1
in , with M = Hy. The evolution of F will be such that it will be driven to Fy at a = 1, as shown in
The parameter Fy is similar to designer f(R) theories where the analogous parameter in [53] was called By. We see
that in the past F is approximated well by a pure power law, corresponding to the behaviour of the first term in
, since this terms dominates in the past. For Fy > 6HZQqe0/M?, this power law behaviour persists into the
dark energy dominated era as F — Fo. If Fo < 6HZQqge0/M? then for (K/Ko)1/2 > 1 the first term still dominates
in and we still observe the power law behaviour. However, as (K/ Ko)l/ > 5 1 the second term in becomes
comparable to the first and so the power law behaviour is broken as F — Fo, as seen in

We note that the variation of the mass scale, M, also has a similar effect to varying Fy, as the behaviour of F will
depend on the relative size of Fy and 6 HZQqe 0/M? from . Similar to «, varying M will also change the domain
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FIG. 1. Top left panel: Comparison of the evolution of F due to varying Fo. In these models M = Hy and wqe = —1 are fixed.
Top right panel: Comparison of the evolution of F due to the variation of M, as a multiple of Hp. In these models Fy = 1 and
wge = —1 are fixed. Bottom left panel: Comparison of the evolution of F for varying wqe close to —1. In these models Fp =1
and M = Hy are fixed. Bottom right panel: Comparison of the evolution of M2F for varying M? and Fo, with M2Fy/Hg = 1
and wqe = —1 fixed.

of F. It may seem that M should not influence the evolution of F as it does not appear explicitly in . However,
similar to «, the M dependence is hidden via K oc M ~2. Under a rescaling X — M?2IC, we see that there is in fact
a M dependence in . However, if we instead work with the combination M2F, then under the rescaling we find
that becomes independent of M. Indeed, note that F appears as M2F in the Lagrangian and from we
can write this as

K 1/2
MQJ: = (MZ]:O + 6H§Qde,0) (’CQ) — 6H§Qde,0~ (32)

Hence, we see that any change in M can be offset with a change in Fy, i.e. M and Fy are degenerate, as seen in
Figure 1l As expected, the choice of M does not affect the functional form of M2F. We will therefore fix M = Hy,
corresponding to the approximate mass scale dark energy begins to dominate, and keep Fy as a free parameter.

For solutions close to wge = —1, we do not expect to see large deviations from the analytical solution. Indeed, the
previous discussion about the power law behaviour still holds for solutions with wq. sufficiently close to —1, as seen in
Although unfavoured by current observations, dark energy models with wge. # —1 have not been completely
ruled out and so we will allow for this in the subsequent analysis.

To summarise, for the background evolution we have 3 free parameters {wqe, Qde,0, Fo} to specify, not 5, since « has
no effect on the background evolution, other than a rescaling of the domain as a function of /C, and M? is degenerate
with Fo. While the background evolution only requires us to specify {wde, Qde,0, Fo, M}, as we will see in
at the level of linear perturbations the value of o and the other {¢;} coefficients will be important.



I1.3. Sub-classes to Generalized Einstein-Aether

There are a number of interesting sub-classes of the Generalized Einstein-Aether model that have been studied
previously which we will mention here.

11.3.1. Linear Einstein-Aether

The first is perhaps the most obvious simplification to this model, other than the absence of the Aether field, and
that is to set F(K) = K, and indeed this is the form of Einstein-Aether that was originally proposed in [34].
In this case, the equations of motion become

Vo (J70) — caA®V,AYV A, = A, (33)
and
Uap = Vi (Ja"' Ag) = " (0 Ap) = Jap)A") + 1 (VA V! Ag = Va A,V g A)
e AP AV ALY Ag + (AP AYN ATV A — AYY,TP,) AgAp + %/Cgaﬁ. (34)

The energy density and pressure are then

pa = gaH2, Py = —gaH2 —aH. (35)

For a universe dominated by a fluid species with equation of state P = w;p the scale factor is a oc t2/30+wi)  We

therefore have that

P4 2H
A e = —

i.e. the equation of state parameter for Aether field in linear Einstein-Aether matches that of other fluids present
in the universe [39]. This behaviour prevents linear Einstein-Aether, F(K) = K, from being a dark energy candidate
and is one of the motivations for its generalization.

I11.3.2.  Generalized Einstein-Aether with c4 =0

As already mentioned, many previous studies of Einstein-Aether models set ¢4 = 0. It is often argued that this can
be done via a redefinition of the coefficients. However, we will see in the next section that this can only be achieved
after a specific choice of A* which has further consequences at the level of linear perturbations. In this case, the
equations of motion become

Vo (Fied¥ u) = A, (37)
and
Uap = Vo (Fi [Ja"Apy — T* (0 Ap) — Jap A")| + 1 Fic (VuAaVFAg — Vo A,V g AF)
— Ag A AN (Fred™y) + %MQfgag. (38)

11.3.3. The Khronometric model

The Khronometric model [56] 57] is a version of Einstein-Aether where the Aether field is constrained via a scalar
field, ¢, called the Khronon. In this case, the field is defined as

b /9P dapdsp



and so the time-like unit norm constraint is satisfied automatically. In doing so, the Aether is restricted to be
orthogonal to a set of space-like surfaces defined by . At background order we assume ¢ = ¢(t) and so from we
have that A* = (1,0,0,0), which is the same as before. Therefore, the choice of the Khronon definition has no effect
on background dynamics.

The khronometric model was first proposed in [56], where ¢ sets a preferred global time coordinate. It was
discussed how this model describes the low energy limit of the consistent extension of Horava gravity, a quantum
theory of gravity. At low energies, this reduces to a Lorentz-violating scalar-tensor gravity theory. For more details
see [56H59].

For this choice of the Aether field, the ¢y, c3 and ¢4 terms are no longer independent. The twist vector is defined as
[60]

Wo = Eaﬁul/ABv'uAyv (40)
where €43, is the 4-dimensional Levi-Civita symbol, and w, = 0 if A* is hypersurface orthogonal. If w, = 0 then
W we = 0 = eapue® 7 AP A VHAYY J A, = —5307 AP A VR AYY A, (41)
where 6%(; is the generalized Kronecker delta. Therefore,

—A"ANV,ANPAT — AA N, ANTAP — APAN AV AT
+ATA NV, ANTAP + APAN ,AGVTAT + ATA NV, AVPAT = 0. (42)
From A,VPAY = VP(A,AY) — AYVPA,, applying the unit norm constraint gives A,V*AY =0, and so
APA NV, ,ANTA? =V, A VAP -V ,A, VP A, (43)

Note that the left-hand side of is the ¢4 term in . Since the terms on the right-hand side of are related to
the ¢; and c3 terms, we are able to absorb ¢4 into the other coefficients effectively setting ¢4 =01i.e. ¢ = ¢} =¢1—cq
and c¢g — ¢ = c3 + ¢4 giving

K, = 19" g + 02(5365 + 035355. (44)

We therefore see that it is possible to set ¢4 = 0, but only if the choice is made that A* is also hypersurface orthogonal.
While this has no effect at background order, we will see later that differences arise at the level of linear perturbations
for the vector sector. Furthermore, this is not the only choice we can make as also allows a redefinition which
could remove ¢ or c3 instead.

IIT. LINEAR PERTURBATIONS

We will present results for perturbations in the scalar sector in both the synchronous and conformal Newtonian
gauge. We perturb the metric as

Guv = Guv + 0Guw = a2(7)<7hw + hw)a (45)
such that
ds® = a®(7) [—(1 4 2W)dr> + (8;; + hij)dz'dz’] (46)
where we now work in conformal time, 7. In the synchronous gauge we set ¥ = 0 and decompose h;; into [61], 62]

by = Jilosh + (z;iz;j _ ;5) 6 + 2k (0115 + 0V )+ (1, = i, ) + 0% (L = ).

where the unit vectors {/AC, ) , Th} form an orthonormal basis in k-space. Here, h and 7 are the scalar perturbations,

AVT and h"? are the vector perturbations, and At and A* are the tensor perturbations. In the conformal Newtonian
gauge we set hf;alar = —2®4;;, while the vector and tensor perturbations are as before in the synchronous gauge.
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We also perturb the Aether field as [3§]
_ 1 . .
AP = AF 4 6AH = ~(1+ X,0'V +1iB"), (47)
a

where V is the longitudinal scalar mode and B? is the transverse vector mode such that k;B* = 0. The unit norm
constraint demands that X = —¥ and so

1 ) .
SAM = = (~0, 8V +iBY). (48)

a

Hence, we see that the time-like unit norm constraint means that there is only one scalar degree of freedom, V', along
with a transverse vector mode, B*. In what follows, we will suppress over-bars to denote background order quantities.

The perturbed energy momentum tensor is given by

0Uap =0 (Vi [Fi (Ja" Ap) = T" (aAp) — J(ap)A")])
+ 1 FreicoC (VHAQVHAB — VQA#VBA“) + c1 Fxcd (V#AQV“AB — VQAHVQA”)
+ s Fic 6K AFAYN AV Ag + ca Ficd (AR AV LAV L Ap)
46 (JeaFe AP AV L ATV Ay — AV W (Ficd )] AaAp)

1
+ 5M2 (Fdgap + gapFrdk). (49)
For a general energy-momentum tensor, E,,,,, we can decompose its perturbations as [61]
SE*, = (6p+ 6P)utu, + §PO*, + (p + P)(0utu, + du,u*) + PIT*,, (50)

where ut = %(17 0,0,0), dut = %(0, v?) and TI#,, is the anisotropic stress, with the properties u*1I*, = 0, IT*,, = I, *,
and II*, = 0. Projecting out the perturbed fluid variables, we find that

SE°y = —dp,

SE°; = (p+ P)us,
SE'y = —(p + P)ui,
§E'; = PII; + 6P6' ;.

Similar to h,;, we can decompose v; and II;; into scalar, vector, and tensor parts. They are given by [63]

v; = Vi + VYV 4+ VY00, (55)

. 1 R R . . R
I, = (k:kj - 351-]-) TS + 2k (HVlzj) + H‘/%j)) It (zizj - mmj) + 11 (zimj - zjmi) , (56)
whereas the transverse vector, B;, only has vector modes i.e.

B; = BV, + BV, (57)
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In a general gauge, the perturbed fluid variables from in k-space are then

a’p = [3?,@@5/6%2 + FrcH (;h’ — KV — 3%@)] + ey Fick2(V + HV + 1), (58)

1 1
a?6P = aFx {H\Il’ +(2H +H*) ¥ - G (W +2HR) + §k2 V' + QHV)]

— aFkk [(H’ +2H% + ];_CK'CIC’H> 0K 4+ 0K'H — éic’ (12H¥ + 2k°V — h’)] , (59)
KK

1
a2(p + P)’Ui = ix |:(]:IC (7‘[2 - H’) - ]:ICICIC/,H) 61 — 2]{32sz| +1 (202 + Cl) ]:KkQBi

+icws [Fie (& +2HE + (H +H?) & + bV + HkO) + FiexcK! (€] + HE + k1)) (60)

. , 1. 4 1. ,
a2PIT; = c13 {]—",C,CIC’ (k’kjv - 2/#/) + Fickik; (V! + 2HV) — Fic <2h1j” + th)
. ,
+ & (Frxk! (W = 2k2V) + Fic (W' + 2HR) = 2Fck* (V' + 2HV)) 8
1 ) ) 1 : ;
- (J-';cH - 2f1c1clcl> (K'Bj +k;B') + 5 Fie (K'B;' + ij“)} ) (61)

where primes denote conformal time differentiation, c13 = ¢1 +c¢3, ¢14 = ¢1 — ¢4, €123 = ¢1 +c3+c3, and & = k;V + B;.

III.1. Scalar sector

The scalar components of v; and I1?; are obtained via V< = kiv; and IS = 3 (l%zl;] — %55) H; If we further define

0° =iV /k = ik'v; /k?, then we have that

a*(p+ P)0° = a [Fic (H —H?) + FixcK'H] V
—cu [Fe V421V + (H + H) V + V' + HE) + FeeK' (V + HV + 0)], (62)
9 a1 , 1. , 1. A
gazPHS =ci3 <kik5 — 355) {}'}C;CIC’ <k’k'jV - 2h”j> + Fick'kj (V! + 2HV) — Fc <2h’”j + thlj>:| . (63)
Note that the expression for IT° will simplify further once we specify the gauge. We further define the entropy

perturbation, I', as
0P dP
Wl = ( - ) 5 (64)

It should be noted that whatever gauge we choose to work in, both IT° and I' are gauge invariant. The perturbed
Aether field equation of motion is obtained from perturbing . Taking the i-component, the k? direction will yield
the equation of motion governing the perturbation V', given by

Tain . 1
¢ [v” +2HV + (2H? + )V + U 4+ 2HT — lekjhf/} + ¢ {(1& +3H? = 3H) V + 3HY — oI
Toain .
+c3 [(k2 +HP-H)V +HY — lekjhn'} —cy [V +2HV + (H' + 1)V + U + 1Y
— = (@bKH + K [aHV — c1a(VI + HV + 0)]) =0, (65)

where we have substituted in for \.
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II1.1.1. Conformal Newtonian gauge

In the conformal Newtonian gauge, where the metric perturbations are parametrized via ¥ and ®, we have that

a’6p = [3Fiic0KH? — FcH (K*V + 3HY + 39)| + craFick*(V/ + HV + 1), (66)

1
a’?dP = aFx [H\If’ + (2H +H*) U + " +2HD' + §k2 (V' + 27{1/)}

— aFkx KH’ +2H% + %K’H) 0K + 6K'H — %/c’ (6HW + 39" + k2v)} ; (67)
KK

a*(p+ P)0° = a [Fic (H — H?) + FiexK'H) V
— ey [Fic (V/+2HV + (H + H?) V + ' + 1) + FiecK' (V/ + HV + 1)), (68)
a?PTI® = c13 [Ficc K'YV + Fick? (V! + 2HV)] . (69)
The perturbed Aether field equation of motion reads

o [(7—[2 —H +E)V+HY+ P — % (6KH + IC’?-[V)]
K

]:ICIC,C/

+ 14 [V” +2HV + (H2 +H )V + U + HT + =
K

(V' +HV + fo)} —26k*V = 0. (70)

1I1.1.2.  Synchronous gauge

In the synchronous gauge, where h;; is decomposed into h and 7 as in , we find that

a?dp=a {3&&5/@{2 + FrcH (;h’ - k2v)} + e Fick2 (V! + HV) (71)

1 1
a*6P = oy [sz (V! +2HV) = Jh" — ”Hh’}

— aFxx K”H +2H? JZC’C’CICH) SK + 6K'H — éIC’ (' +2k*V) |, (72)
KK

a*(p+ P)0° = a [Fic (H —H?) + FixcK'H] V
— e [Fic (V" +2HV + (H' + H?) V) + FiecK' (V! + HV)] (73)

a®PII® = ¢35 [J—'K,CIC’ (k2v - % (h+ 617)) + Fick?* (V! + 2HV)
1
—Fx (2 (R +6n")+H (W + 67;’)” . (74)

The perturbed equation of motion for the Aether field reads

a {(7—[2 W LRV - % (W +4n) — % (GKH + IC’”HV)}
K
+c14 [V” +2HV + (P +H) + %K’(V’ + HV)} + ¢ (W + 617" — 2k°V) = 0. (75)
K
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II1.2. Vector and tensor sectors

In the vector and tensor sectors, the vector and tensor modes of v; and II; can be computed via vVl = Zivi,
Aoal L 1 /-~ . )
vt = k;l’11%, and nt = 5 (lilj — mimﬂ) IT;. Equivalent expressions also exist for the V2 modes and I1*. Also,

analogous to 0, we can define §V! = iVV1/k = il'v; /k and so we have that

1
a*(p+ P)k6"! = o [Fic (H' — H?) + FrexcK'H] BV + 5(cs = 1) Fick*BY!

—ew [Fi (B +2UBYY + (W +H2) BYY) + Fek (BY 4+ 1BV, (76)
2 Vi 1 V1 vi1’ 1 ’ Vi v
a?PIIV! = ¢4 5& (kB —h ) + [ FxeH + §fzc1clc (k:B —h ) ; (77)
2 + 1 + 1 / +/
a“PII"™ = —cy3 ifkh + | FxH + if)gc/c h . (78)

The time-time and traced ij-components are zero in the vector and tensor sectors since dp and §P only have scalar
modes. N
The equation of motion for the Aether field in the {* direction is given by

1 ’ ’
o {(’H,Q —H') B! — 51<;hV1 - I’C’CIC’HBVI} + i k?BY! + gchh“

Fk
+eu {BW +2HBYY + (K +H?) BV + %K’ (BW + HB‘“)} —0. (79)
K

Note that the two vector and tensor modes are interchangeable. From here on we will not discriminate between them
and denote them simply as 8V, IIV and II7.

II1.3. Vector modes in the Khronon

If we restrict ourselves to the case where the Aether field is defined by the Khronon in , then we find that

6 /
JA, = % |:—3M(5(p + 0, (\If + g‘j)} : (80)

where dp is the perturbed Khronon field. The time component is then dAy = aW¥, which is a consequence of the
time-like unit norm constraint, as in (48). However, if we calculate the spatial component we find that

a
1
i.e. there is no propagating transverse vector mode. Therefore, if we redefine — ;5 = 9;V then we obtain the results

from Therefore, the scalar sector for Generalized Einstein-Aether and the Khronon are completely
equivalent [57], up to a redefinition of the coefficients discussed previously.

IV. EQUATIONS OF STATE FOR PERTURBATIONS
IV.1. Scalar sector

We now derive the equations of state, I' and II**V>", in terms of the other perturbation variables by fully eliminating
the internal degrees of freedom introduced by the theory i.e. V', B*, and their derivatives. In the scalar sector we do
this via the expressions for 6p and 6°. Let us first work in the conformal Newtonian gauge. Initially it may not seem
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possible to eliminate the degrees of freedom as we have that 6% = 0% (V, V', V") and §p = 6p(V, V'), i.e. we have three
unknowns and only two equations. However, we can use the perturbed Aether field equation of motion to reduce
the dimensionality of the problem. Using this to eliminate V" in and gathering terms in V' and V', we find that

a’dp = craFck*V' — [a}',g —c1aFk + W} HE?V
+ c14Fick*U — 30K <f;< + w> (HY + @), (82)
a®p(1 + wqe)0° = {cmf,c + %} E*V +a (J—';c + %) (HY + @), (83)
where we have substituted in for I from and
6K = —520‘7]\7;2(1@21/ + 3HT + 39"). (84)

So we see that in fact #° = 0°(V). Note that we can already see the emergence of the gauge invariant combination,
HYU + &', in the Oi-component of Einstein’s equation that was used in [43}-H45].
We can then write this system of equations as

2 5/7 12 A B \%4 D
()0 (0)-2)

with
A= c14Fx, (86)
B = [ - azic - T gy (87)
C= {0123]% + 20‘2&?]\2/[];’“} ’ (88)
D = c14 Fick*V — 3aH <]-";< + W) (HY + @), (89)
E=a <]—";C + %) (HY + @). (90)

In [49] the ABC matrix in was dubbed the activation matrix, as it determines which degrees of freedom are
present, or activated, in the perturbed fluid variables. Inverting this then yields expressions for V and V' in terms of
dp, 65, the metric perturbations, ¥ and ®, and their derivatives. Eliminating for these in IT° , we find that we
can write

waell® = A0 + Ax(1 +w)0° + Azk®U + Ay (HY + @), (91)
where
A =23 (92)
C14
3c1sHM { 2AH — H?) ol + 272>]
Ay = 1+ + , 93
? 30123 + 20{'72 HQ T2 C14 ( )
2c13m
Ag = ————2— 4
T 3aHI (2 - 1) (94)
2c1371 (1 + 292) [ <013 (H' —H?) ) ]

Ay = o (22 R ) -1 95
T OH (@2 — 1) (Beizs + 2a72) c14 TR (95)

and we define the dimensionless functions
KFx _ KFicx _ IC]:IC)CIC. (96)

712?7 72 Fr 3 Frx
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Variable Conformal Newtonian Synchronous
T oy 0
1474 X' —en(X+Y) X' —en(X+Y)
X w2 +Y w2 +Y
Y LG 5T +euT
Z ) n—"T
A 5+ 3H(1 4+ w)o* 5+ 3H(1 + w)o®
6 3H(1 + w)o® 3H( +w)0° +3(1 +w)T
op 5P §P+ P'T

TABLE II. Combinations of the metric perturbations and perturbed fluid variables are now written in terms of the dimensionless
variables given in this table, in both the conformal Newtonian and synchronous gauges.

In the parlance of [53], we write in terms of a set of dimensionless variables given in(Table I where h = h+6n,

K =k/H, and eg = 1 — H'/H?. Note that these new variables are gauge invariant except 7', which we be important
in the synchronous gauge. From this we can write as

’wdeHS =cnal + Cneé +enx X + CnyK2Y, (97)
where
cria = 22, (98)
C14

C13 C13
=— [1-2 — 1, 99
e 3c123 + 2ay2 [ (eryg T )] %9

14
2c1371(1 + 272) [ <013 ) ]
c = 2( — +e€ -1/, 100
T (29— 1) (3erzs + 2072) PV (100)
2c13m
= — 101
M 31— o) (101)
In a similar fashion, we can eliminate V' and V' in § P and hence write the entropy perturbation as
wael' = cralA + cre® + crwW + erx X + ery K%Y, (102)
where
a(l+2vy) dP
_ _ 4 103
CrA 3014 dp ) ( )
« 2613 2 dP
o=—————|[1— 142v)—6 1+ = — 104
T = 3(3c1as + 2072) [( c14 >( ) EH%( " 373)] Ty (104)
271 (1 + 272)
= “'Z 105
c‘rw 3 (271 — 1) ) ( )
rx = day, [(1 + 013) (14 295)% + 2618 (1 + 27, {1 —en (1 + 2%)} )] : (106)
3(2v1 — 1) (3c123 + 2a72) c14 @ 3
271 (1 + 272)
== 107
YT 91— 2y (107)

Note that in and ([102)) the perturbed fluid variables are those for the dark energy fluid.

In order to ensure these results are truly gauge invariant, we must do the same calculation in the synchronous
gauge. However, as mentioned previously, we now have an extra variable, T, to deal with. Therefore, let us suppose
that in the synchronous gauge we find that

wdeHS = CHAA + CH@(:‘) + CnxX + Cr[yK2Y + CHTT, (108)

waol = cral + cre® + crwW + erx X + ery K2Y + eprT, (109)
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with crp, crp # 0. If this was the case, IT° and I' would not be gauge invariant due to the presence of 7' and so it
must be that cpp = cpr = 0. Note that this was not necessary in the conformal Newtonian gauge as T' = 0 from
We also require that in both gauges the coefficients are identical i.e. cgl\% = c%%?c, because A, é, W, X, and
Y are gauge invariant. Indeed, doing this calculation in the synchronous gauge we find that this is the case, and
hence and constitute the gauge invariant equations of state for the perturbations and are both presented
simultaneously in the conformal Newtonian and synchronous gauges via For details of this calculation in
the synchronous gauge see Appendix [A]

To ensure that no coefficient diverges we require that «, c14, 71, 271 — 1, and 3c123 + 22 do not equal zero. If
a = 0 then K = 0, removing the dynamics of Einstein-Aether completely, and so this must be excluded. As we will
see later, to prevent a diverging sound speed for perturbations we must have that ¢4 # 0 from . The solution
for 1 = 0 is constant F, which is just the case of a cosmological constant with no Einstein-Aether and therefore has
no perturbations, while setting 2v; — 1 = 0 yields p,, = 0 from the Friedmann equation. The case for disallowing
3ci23 + 2ay2 = 0 is more subtle. If this was true it would set the coefficient of &2V in to zero and hence the
activation matrix would be singular, i.e. we would be unable to eliminate the degrees of freedom V and V' from our
equations using 6°. However, we note that this is not a strict condition and could in principle be true for some models
as there is nothing that physically prevents this. For the designer F(K) in this is non-zero and so all the ¢
coefficients are well behaved.

Additionally, we can eliminate the metric perturbations in favour of the perturbed fluid variables for matter and
dark energy as done in [I8] for the Horndeski theory. This will allow us to write and as

WaoIT5, = cria,, Ade + oy, Ode + cia,, Am + cio,, Om + cmm,, 115, (110)
Waelde = cray. Ade + croy, Ode + cra, Am + cre,, Om + crr,, T, (111)

where we now make explicit distinction between the perturbed fluid variables for matter and dark energy. In the
notation of [Table IIl the perturbed Einstein equations take the form [53]

30 Py, R 30 Pye .
oW = O, ( + 2w, 115 — 3@m> + Qqe < p 4 4 2w II5, — 3@de> : (112)
m de

2X = 0000 + Q4cOue, (113)
2

—§K2Y = O (A — 2wnITS) + Qe (Ade — 2waeITS,), (114)
2

—§K2Z = QA + QgeAde. (115)

Substituting for these in yields

3 1 A
(1 — 3eny Qe )wae I, = (CHA - 2CHYQde> Age + (Cne + 2CHXQde> Ode

3 1 A
— iclijmAm + §CHXQm@m + 3CHmemeISrll, (116)

Similarly, the entropy perturbation becomes

3 3 dP
1— —crwQqe | wael'ae = | cra + zerwQae ——
2 2 dp

3 3 dP
— —cry Q) A Q. —_—
. 2CFY de) de + 5 <CFW dp

- CFY> Am

m

3 dP
+ [Cre - §CFWQde <1 + — 5

dp

1 ~
) + CFXQde:| ®de
de

1 dP
+ 3 [CFX — 3crw (1 + —

A 3
3 dp >:| QmOm + 56rwﬂm’wm1—‘m. (117)

m

Note that (116)) and (117]) are completely general and not specific to Generalized Einstein-Aether. If for any theory
waeI1® and wqel' can be written as (97) and (102), then (I16)) and (I17) will also be true automatically.

From these expressions we can derive the sound speed for scalar perturbations. Starting from the perturbed
conservation equations, and , we can deduce that

8"+ -+ k’ci6 = F(h,n,...). (118)
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Therefore, extracting the coefficient of k2§ we find that

1 2
2
= +Z . 11
Cy 14 (6123 304’)/2) ( 9)

In general, the sound speed of scalar perturbations varies with time due to F. To ensure subluminal propagation and
stable growth of perturbations, we require that 0 < i (0123 + %a’yg) <1

From here, we could attempt to obtain constraints on the {¢;} coefficients by appealing to the behaviour of pertur-
bations in the limit of Minkowski space, as in [64]. However, as we have directly coupled the evolution of F to a(t)
via a designer approach, we argue that no sensible Minkowski limit exists for this theory once this connection has
been made. For a brief discussion of this see Appendix [B] In the context of the Equation of State approach, in the
limit of H — 0 we see that p, P — 0 from and . Therefore, the expressions for wgeII® and wgeI' cannot be
computed since wgII® appears as PII® from the perturbed energy momentum tensor and wqyel' can be written

as weepl = (% — %) ap.

IV.2. Special cases
IV.2.1. wge =—1

Consider the case where we have exactly wqe = —1, equivalent to ACDM. From we have an analytical
solution given by and in this case the cp and cr coeflicients reduce to

C13 1 C13 C13 M2.7:0 H
= =—-(1 - T :07 =——11 775 - |, 120
CIIA s crie 5 (1+eqm) 11 619'¢ ciy 300 ( + 6Qde,OHg> <H0> (120)
and also
dP
cra = —Cre = i =1, crw =crx =cry =0, (121)

and hence I' = §. Here we see that from cry, as with the background evolution, M and Fy are degenerate.

This case is indistinguishable from ACDM at background order, but at the level of linear perturbations they are not
the same. Therefore, geometrical cosmological tests such as SNe and BAOs would not be able to observe a difference
between ACDM and Generalized Einstein-Aether with wgqe = —1, whereas probes which are sensitive to perturbations,
such as weak lensing, will be different and can in principle distinguish between them.

From we note that the ACDM limit is when Fy = —6H2Qqe,0/M? and so F = —6HQqe.0/M? . This case
corresponds to the cosmological constant in the Friedmann equation. Indeed, this also is reflected at the level of linear
perturbations since Fi = 0 and so all the perturbed fluid variables and the equation of motion for V' in
are zero, as in ACDM. However, it seems that there is a discontinuity in taking the limit of Fy — 76H§Qde70/M2,
since in this limit the cr,r coefficients become

Cc13 1 C13
cia=—, ce=-(1+€eg)——, cnx=cny =0 (122)
C14 2 C14
and
cra=—cre =1, crw =crx =cry =0 (123)

i.e. II° and T are non-zero in this limit, but are zero if Fy = —6H20q900M? exactly. This is a property shared by
f(R) models in the limit of By — 0.
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1V.2.2.  Power law

For a general power law with F o« (£K)" as studied in [36H38], the coefficients become

ema = 23 (124)
C14

e = ——A3 [12<6H(n1)613)], (125)

(2n 4+ 1)a — 6¢2 C14
271613 2013
= —1+2 -1 126
enx (2TL + 1)0& — 662 |: C14 +sen (n ):l ’ ( )
271613
=" 127
cny 30[(1 — 27’1)’ ( )
and
2n—1)aa dP

= — — 128
ra 3c14 dp’ (128)

(2n — 1N« c13 dpP
o= 1—2ep(n—1)— 23] 4 &2 129
e =3 [(2n + 1)a — 6cs] eu(n—1) c14 * dp (129)

2
crw = gn, (130)
4n a(2n —1)(c13 + c14) 2
= 3 1—-= -1 131
rx =3 [(2n + 1) — 603] { s +9c13 3€H(” )| (131)
2
Cry = ——n. (132)
9

Note that cpy is singular for the case of n = 1. Although F oc (£K)'/? is also a solution to (26), inserting this into

the Friedmann equation shows that this case corresponds to an absence of dark energy at the level of background
cosmology.

IV.3. Dynamics of linear perturbations in the scalar sector

The dynamics of scalar perturbations can be computed via the perturbed fluid equations in and . We will
use the designer F(K) model via . Following the notation of [Table II| we rewrite these equations as

A = 3wA + gger® — 2wIT® = 3(1 + w)X, (133)
6+3 (‘Zj —w+ ;)EH) @—3%A—2w1’[5 — 3wl = 3(1 +w)Y, (134)

where gx = 1 + % and, for this section only, over-dots denote differentiation with respect to the logarithmic scale

factor, loga. For a cold, pressureless matter fluid with wy, = ITS = I';, = 0 and assuming wg, constant, (133) and
(134) yield 4 differential equations for the dark energy and matter perturbed fluid variables, given by

A + gren®Om = 3X, (135)

Om + €O = 3Y, (136)

Ade = 3waeAde + grenOde — 2wae IS, = 3(1 + wae) X, (137)

Ode + €1Oue — BWwae Ao — 2wgelT3, — Bwaelae = 3(1 + wae)Y. (138)

With these, the dynamics of the Newtonian gravitational potential, Z = ®, can_be computed directly from the
perturbed Einstein equation in (115 or via Z = X — Y from the definition of Z in[Table I Note that in [Table IIf the
variables and derivatives are in conformal time, not the scale factor. To solve these equations we will opt to specify
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FIG. 2. Left panel: The spectrum of ®/¥, or Z/Y, at a = 1 as a function of scale for varying Fo and wae = —1. Right panel:
The spectrum of ®/¥ at a = 1 as a function of scale for a General Einstein-Aether fluid with wge varying around —1 and
Fo=1.
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FIG. 3. The evolution of the effective Newton’s constant, Geg /G, is shown for varying wqe around —1.

ng and I'ge terms of the perturbed fluid variables for dark energy and matter, given in and . The variables
X and Y are also specified in terms of the perturbed fluid variables via the perturbed Einstein equations in (113|)
and . We note that this is not the only way to proceed. For example, instead of the perturbed fluid variables
we could have opted to work with the metric perturbation variables W, XY, and Z. For more details see [53]. We
set the initial conditions as described in [53]. They are set at z = 100 such that Ay, = Ode = 0, QAL = —%K2Z,

QO = 2X ,and X =Y = Z. Since the behaviour of the perturbations will also depend of the specific choice of
{¢;} and not just «, we will fix ¢ = 1, ¢g = 1, ¢3 = 1, and ¢4 = —3. This choice is somewhat arbitrary, other than
ensuring the subluminal propagation of the perturbations .

We investigate how the ratio of the Newtonian potentials vary with scale. From we see that at @ = 1, the
large scale behaviour of ®/¥ is highly dependent on JFy, while this is less so for wq, near —1. We see that ®/¥ tends
to a constant in both the large and small Ky regimes. In all cases the small scale behaviour is such that ® = ¥ and
so this indicates a vanishing wdeH(‘?e for small scales. Note that K, = 1 corresponds to a scale of 3.35 x 10~*h Mpc ™.

In the regime K > 1 we find that the {(:)Z} are negligible and so we can write wdeﬂgc ~ Ay Ade + cia,, Am.
From equations ((135)) to (138)) we compute the second order differential equations for {A;}, given by

. . 3 3
Ap + (2 —€m)Am — §QmAm = igdeAde; (139)
. . 2 2
Age + (5 — em)Age + chAdeKQAde = fchAmKQAm, (140)

where we have also used the Einstein equations for X (113)) and Y (114), with wge = —1. Note that in (139]) the
secondary source term arising from wdeﬂge is subdominant compared to Q4.Aq4e and so we have neglected this. From
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(113)) and (114]), for small scales we have that

Yy _ 1 2Qqe(cnag Ade + cria,, Am)
Z QdeAde + QmAm ’

(141)

where the second term must be negligible from In order to explain this, note that from (140]) we must have
that the solution tends to the particular solution

CHAdeAde = _CHAmAmo (142)

Hence, the second term in is always negligible regardless of what the {cra,} are. Therefore, a vanishing
anisotropic stress at small scales is a generic feature of these designer F(K) models.

Using in , we find that this becomes the standard differential equation for the matter overdensity with
Newton’s constant replaced with an effective Newton’s constant, Geg, given by

Get _ | Slaecna,
G QmCHAde

(143)

and the evolution of this is shown in We see that the ratio Geg/G is always of order unity but that for our
choice of {¢;} it decreases to Geg ~ 0.78G at a = 1, which should lead to a suppression of structure at late times
compared to ACDM. We leave this as a matter for future investigation. We also observe that increasing wq. causes
G /G to decay faster at early times, while the opposite is true for decreasing wqe. It is interesting to note that the
value of Geg/G for different wye initially diverge and then converge again at a = 1. Note that what we have called
Gt is different to that in [37], for example, which is derived from the modified Poisson equation.

We also investigate the evolution for the Newtonian potential, ®, as a function of a and this is shown in
We see that for a designer F(K) model which mimics a ACDM background the evolution is now sensitive to the scale,
where Ko = k/Hy, unlike the case of a cosmological constant. The amplitude of ® grows with respect to ACDM
for large scales, while for smaller scales the amplitude is suppressed. For scales Ky < 1, we see that ® initially
grows before reaching a maximum and then decays due to the increasing contribution from dark energy. A similar
feature was also observed in [37] for their power law model of F. We note that this is very similar to other models
which introduce a new cosmological fluid with a negative squared sound speed, ¢ = §P/5p. We solve the differential
equation governing the evolution of ® [65] 66]
d*® 1dH 4 2\ d® 2 dH 1 9 c2k?
da? (H da +a 3a> da Lﬂ-[ da +a2(1+365)+a27{2 ®=0, (144)

provided there is zero anisotropic stress and so ® = ¥. In models where ¢2 < 0 we observe the same behaviour for ®
rising to a maximum before decaying, as seen in In these models, the initial growth is due to an imaginary
c? causing an unstable growth of perturbations. However, as dark energy begins to dominate ® decays as in ACDM.
This feature is enhanced for smaller scales until the effect of dark energy in unable to overcome the unstable growth
of perturbations and ® grows exponentially as seen for Ky = 100 in While a fluid with ¢2 < 0 is unphysical,
it is interesting to note that this feature appears in a designer F(K) universe without the need for ¢ < 0. Indeed, the
{¢;} coeflicients were chosen to avoid this. Moreover, we see that for designer F(K) the opposite occurs compared to

ACDM and that as we go to smaller scales this feature is suppressed rather than enhanced.

IV.4. Vector and tensor sectors
We can also calculate the equation of state for the vector sector. In this case, the function we specify is IIV =
1V (6V). Since we only have one function, 8V, to eliminate the vector degree of freedom, B, it may not seem possible

as 8V = HV(BV,BV/,BV”), as seen from (76). However, in a similar process to the scalar sector, we can use the
perturbed equation of motion (79) to eliminate derivatives of BY. In doing so, (76) becomes

1 /
a®p(1 +wqe)0V = iclgf;c(kBV —n"). (145)

Inserting this into , we obtain the equation of state for perturbations in the vector sector as

waeIlY, = [(1 = 3wae) (1 + wae)H] Y. + (1 + wae)6Y. . (146)
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FIG. 4. Top left panel: The evolution of the Newtonian potential, ®, in ACDM (black solid line) and for different scales in a
designer F(KC) model (dashed and dotted lines) for 7o = 1 and wge = —1. Note that the potential for the ACDM model is
scale independent. For comparison we also show the evolution of ® with the presence of a dark energy fluid with wge = —1
and a constant negative squared sound speed of ¢Z = —1072 (red lines), calculated using (144). Top right panel: The evolution
of ® in a Generalized Einstein-Aether universe with varying Fo for wge = —1 and Ko = 1 fixed. Bottom panel: The evolution
of @ for a General Einstein-Aether fluid with wqe varying around —1, with o = 1 and Ko = 1 fixed.

Note that this is exactly the same as the perturbed conservation equation and is, therefore, a tautology. To proceed
we use the vector Einstein equations, given by

1 /
—ﬁhv = 871G pm (1 4 W )0 + pae(l + wae )0, (147)

1 " 1 ’
Whv @hv = Qmmem + Qdewdende. (148)

Differentiating (147) and eliminating for 9(‘{6/ and the metric perturbations in (146)), we find that

Om
wao Iy, = H(1 + wae)0Y, + o [H(1+ Wy )0 — wmﬂm . (149)

For the tensor sector, since there are no new tensor degrees of freedom, II” can only be a function of A7 and its
derivatives. Therefore, immediately constitutes the equation of state for tensor perturbations and is given by

]_— 1 / 1 1
3aH? (f;c - 2IC> waellj, = — c13 (f;c?-[ + 2]:ICIC’C’) BT _ 5C1:3-7L-1chT . (150)

We can, therefore, derive the modification to the propagation speed of gravitational waves, due to the presence of the
Aether field. Projecting out the tensor mode of the ij-component of the Einstein equation yields

a® (17 — ingid)3GE = KT + 2HKT + kKT = (I, — g )0U} = 24> PIIT (151)
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assuming that the matter energy-momentum tensor contributes zero anisotropic stress. Hence, from (150) we find
that

123 ]_ ’
(1+ c13F)hT +2 [7—[ + c13 (]-",C”H + zf,c,dc’ﬂ RT 4 k2hT =0 (152)

and so gravitational waves propagate with speed
U
Y 1+ e Fr
We see that, in general, the propagation speed of gravitational waves is time dependent via F. This is consistent with
the result in [37]. It is often argued that on the grounds of causality that we should constrain cgray < 1, as was said
for the scalar perturbations (119). Indeed, this is the standard argument that was often made in previous work, for
example see [64] and Appendix [B| However, if gravitational waves were to propagate subluminally we would expect
the existence of gravitational Cherenkov radiation, of which very stringent constraints have been placed [67]. See also
[36] for a discussion. It was also noted in [67] that the constraint for cgay > 1 were much weaker. Moreover, given
that this is already a Lorentz violating theory it could be argued that cgav > 1 may not be a problem, however we
do not discuss this further.

(153)

V. DISCUSSION AND CONCLUSIONS

In this paper the background dynamics of Generalized Einstein-Aether are studied using a designer approach. We
find that only one form of F gives rise to a fluid species with wqe = —1 exactly for a ‘designer’ F(K) model.
However, we see that at the level of linear perturbations this model is not the same as ACDM. We obtain a differential
equation for general values of constant wge (26]), which is solved numerically to see how this model behaves as we
vary the parameters in the theory, shown in We also find that the background evolution is independent of
the choice of {¢;}. For wge = —1 there is an analytical solution for F given by (31)).

We have also provided expressions for the perturbed fluid variables in Generalized Einstein-Aether models, in the
scalar, vector, and tensor sectors. These vector-tensor theories have non-canonical kinetic terms and are modified by
a free function, F(K). While some work has been done on these theories, the ¢4 term in is often set to zero. It
is often argued that this can be done via a redefinition of the coefficients, which is true only if the Aether field is
hypersurface orthogonal i.e. as in the Khronometric model . A consequence of this is that no transverse vector
mode propagates at the level of linear perturbations. To keep things more general we keep the ¢4 term in our analysis.

The EoS approach to cosmological perturbations provides a way of parametrizing dark energy models and modified
gravity theories via the gauge invariant entropy perturbation and anisotropic stresses. This is done by fully eliminating
the internal degrees of freedom introduced by this theory. In this paper, we have provided expressions for these
in terms of linear functions of the perturbed variables and metric perturbations, ng = ng(Ade,(%de,X,Y) and
Tage = Tde(Ade, @de, W, X,Y), given in @ and . They have been expressed in an explicitly gauge invariant
form thanks to a new set of notation. Furthermore, via the Einstein equations, we are also able to specify them in
terms of the perturbed fluid variables for dark energy and matter only i.e. ng = ng(Ade, A, Ode, Om, I1;,) and

Tae = Tde(Ade, Am, @de, ém, I'm), given by and . We note that there seems to be a discontinuity in taking
the ACDM limit in a designer F(K) model. From these, we solve for the evolution of the Newtonian gravitational
potentials via the perturbed fluid equations for varying parameters, shown in [Figure 2| and [Figure 41 In a designer
F(K) we find that wqeI15, — 0 for K > 1, independent of the choice of {¢;}. We also provide expressions for ITV:7
in the vector and tensor sectors, given by and .

Of course, the motivation for this analysis is to obtain observables in cosmology and see how they compare to
ACDM. We have now provided the necessary expressions in order to solve the perturbed fluid equations and obtain
spectra. In principle, this should be easy to incorporate into existing numerical codes. Similar to [47H49)], we would
like to explore a broader class of vector-tensor models, without ever having to specify a specific model. What if we
know nothing about the background Lagrangian other than its field content? Can anything be said more broadly
about general vector-tensor theories of gravity and their application to dark energy? This is similar to work done
n [50], but instead adopting a covariant approach as was done in [49] for scalar-tensor theories. We leave this as a
matter for future work.

ACKNOWLEDGEMENTS

We would like to thank Boris Bolliet for very helpful discussions and comments. DT is supported by an STFC
studentship. FP is supported by an STFC postdoctoral fellowship.



23

Appendix A: Equations of state for perturbations in the synchronous gauge

In the synchronous gauge, we have that

1
a’dp =Fi | cuak®V' + (c1a — a(l + 272)) HE*V + 5047'[(1 +272)h |, (A1)
1
a’p(1+ wde)es :éf}g [(2k2V — h')(3c1a3 + 2ary2) — 1201377'] , (A2)
where
_2aH (1., o,
oK = S <2h kV). (A3)

We can then write this system of equations as

Sp L (A B\ [V D
- <p(1 +wde)9s> =K (0 C) <V) * <E> ’ (A1)

with
A = c1aFx, (A5)
B = [e1a — a1+ 2y2)] HFx, (A6)
C = %]—';c(?)cwg + 2ay2), (A7)
D = oM Fe(l+ 2, (AS)
E= —é]—";c [(3c123 + 2ary2) W + 12¢137] . (A9)

Inverting this will give us expressions for V and V' in terms of dp, #°, the metric perturbations, h and 7, and their
derivatives. Eliminating for these in IT° , we find that we can write as

wll® = cnal + CH@é +cnx X + CnyK2Y, (AIO)

where the ¢y coefficients are given in to (101). In order to show this, we use the conservation equation (L5]) to
find that

291 (1 + 22)

1 e) =
3( +wd) €H 9y — 1

(A11)

and replace for this in 3(1 4+ w)T', arising from © in [Table IIl From this it can be shown that the coefficient ey = 0,
as discussed previously.
Similarly, we do the same for the entropy perturbation by eliminating V' and V' in § P and hence find that

wl' = CFAA+CF@é+CFWw+CpxX+CFyK2K (A12)

where the cr coefficients are as before in (103) to (107)). To show this, we note that there is a term proportional to
dpP
3(1+ wde)d—T. As before, we use (A11]) to replace 3(1 + wqe) and also compute that
p

dP  a*P' 279 2 2 e’
o _ - 14 2 ey —1— : Al13
dp ~ azp M (1 + 272) ( " 373) T3 3Hen (AL3)

After substituting in for these it can be shown that c¢pr = 0. Hence, and (102)) constitute the gauge invariant
equations of state for the perturbations.
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Constraints Reason
(a) 0< % <1 Non-tachyonic and subluminal propagation of scalar modes
(k) 0< CCT14 <1 Non-tachyonic and subluminal propagation of vector modes
(¢) c13>0 Subluminal propagation of gravitational waves
(d) c1a<O No ghosts
(e) c123 <0 (a) and (d)
(f) c1<0andcs >0 (b) and (d)
(g) c2<0 (c) and (e)
(h) e3>0 (c) and (f)
(i) <0 (e) and (g)

TABLE III. Summary of the constraints on the {c¢;} coefficients, obtained from Minkowski space and gravitational waves.

Appendix B: Constraints on coefficients in Minkowski space

We would like to obtain constraints on the {¢;} coefficients by studying the behaviour of perturbations in Minkowski
space. We largely follow the procedure defined in [64], extending their results to include ¢4 # 0. The Lagrangian
which governs the perturbations is obtained by perturbing the degrees of freedom in the background Lagrangian to
quadratic order. This would then give rise to linear equations of motion for the perturbations. Schematically, we
are computing £ — £ + 0L + §2L, where §2L denotes the Lagrangian quadratic in perturbations. Again suppressing
over-bars to denote unperturbed variables, from we have that

8L = M? (Ficc(6K)? + Fic6°K) + 2A*5 A0, (B1)

since A = 0 in Minkowski space.
Perturbing the Aether as A* — A* + 0A* = (1,0,0,0) + v* and assuming the metric to be flat, we can compute
M?82IC by perturbing the Aether field and expanding out to quadratic order, to give

M?26%K = c10,v" 0" v, + 02(8#1)“)2 + 30,07 00" 4 c4 AP AV 0, 0P 0 v, + 20 A AP v, (B2)

Similarly we can calculate M2§K to be
1
SMEK = 10, A0, + 20, A" D" + s A O + ey AR, AP, A,y + L AP A APDy0 (B3)

From this we see that in Minkowski space dKC = 0 since 0, A" = 0, which will also be true for the unperturbed value
of IC. The second order Lagrangian is therefore given by

6L = Fic [—c1a®? 4+ 10,07 0"v; + c2(01v")? + e30,07 ;0] (B4)

where 02 = v%0; and we have used v = 0. By analogy to the cosmological perturbations, we decompose the

perturbation into a scalar and vector part,
v =0V +iB' = S" + T, (B5)

such that k'T; = 0. Inserting this into (B4), we find that we can write it as the sum of two uncoupled Lagrangians
for the fields S* and T", since any cross terms are zero by the scalar-vector decomposition of the perturbation. They
are given by

Ls = F [%1452 + 108798, + c2(9;87)? + csaisjajsi} : (B6)

L1 = Fx {—C14T2 + ClaiTjaiT]} . (B7)
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Here we see the problem with the Minkowski limit for the the designer model, with F = B(K)'/2 4+ C. Since K o H?,
in the Minkowski limit where KL — 0 we have that Fx — oo and hence the second order Lagrangian is not well defined.
Constraints can still be obtained for the {c¢;} coefficients, but not for the designer model. To compare with results
from [64] [68] we will set Fx = 1.

Hence, the equations of motion from and are then given by

S — IBaig.s; =0, T— Laio,T, =0, (BS)

C14 C14

where we have used 9;S; = 0;5; from the definition in (B5). Therefore, we see that S; and T; propagate with sound

c c

speeds ci =2 and ci =21 respectively. Imposing that the propagation speeds are less than ¢ and to avoid them
C14 C14

being imaginary, leading to an exponential growth in perturbations, we require

0<9% <1 and 0< <1 (BY)
C14 C14

Also, following the process of [64], considerations of the quantum Hamiltonian gives an additional constraint of
c14 < 0 to prevent ghosts. Heuristically we can see this from , as c14 < 0 ensures that the kinetic term is the
correct sign, however see [64] for a full treatment of the quantization of this theory.

Let us summarise the constraints we have obtained. As in [64], we can also infer further constraints from those
already obtained, allowing us to get more useful constraints on the individual coefficients and also combinations of
them that appear frequently. They are are shown in and are also consistent with those obtained in [6§].
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