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ON THE STRUCTURE OF BESSE CONVEX
CONTACT SPHERES

MARCO MAZZUCCHELLI AND MARCO RADESCHI

ABSTRACT. We consider convex contact spheres Y all of whose Reeb orbits
are closed. Any such Y admits a stratification by the periods of closed Reeb
orbits. We show that Y “resembles” a contact ellipsoid: any stratum of Y
is an integral homology sphere, and the sequence of Ekeland-Hofer spectral
invariants of Y coincides with the full sequence of action values, each one
repeated according to its multiplicity.

1. INTRODUCTION

We recall that a contact manifold is a (2n — 1)-dimensional manifold ¥ equipped
with a one-form «, called the contact form, such that a A (da)”~! is nowhere
vanishing. The associated Reeb flow ¢' : Y — Y is obtained by integrating the
Reeb vector field R, which is defined by a(R) = 1 and da(R,-) = 0. Reeb flows
generalize, for instance, the geodesic flows on the unit tangent bundle of Riemannian
manifolds.

A contact manifold (Y, «) is called Besse when every orbit of the Reeb flow is
closed. In the Riemannian case, this reduces to the notion of Riemannian manifold
all of whose geodesics are closed, a topic of great interest in Riemannian geome-
try, see for example the influential monograph by Besse [Bes78] after whom these
spaces are named, and more recent developments [Pri09,[LS17[RW17,[ABHSal7,
MS18,MS22]. In the general setting, Besse manifolds were first studied by Thomas
[Tho76], who extended earlier work of Boothby-Wang [BW58] and called them
almost regular contact manifolds.

In this paper, we focus on contact manifolds Y that are convex spheres. These
are the smooth boundaries of convex compact neighborhoods B C R?" of the origin,
and come naturally equipped with the contact form « = A|y- that is the restriction
of the 1-form on R?" given by

1 n
A= §Z($zdyz_yzdxz>

i=1

The only known examples of Besse convex contact spheres are the rational ellipsoids

E(ay,...,an)=42=(21,...,2,) €C"
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2 MARCO MAZZUCCHELLI AND MARCO RADESCHI

where a; < as < ... < a, are positive real numbers with Z—; eQforalli,j=1...n.
The results in this paper show that a general Besse convex contact sphere Y always
“resembles”, in several aspects, a rational ellipsoid.

The first resemblance concerns the stratification induced by the Reeb flow. We
recall that, on any Besse contact manifold Y, a theorem due to Wadsley [Wad75|
guarantees that the Reeb flow ! is itself periodic, that is, ¥ = id for some
minimal common period 7 > 0. Therefore, ¢ defines a locally free circle action on
Y. However, different orbits may have different minimal periods: for any positive
integer k > 0, the subspace

Yy, o= fix(W/*) = {z e Y | v7/*(2) = 2}

is a (possibly empty) closed contact submanifold of Y. A priori, Y3 may be dis-
connected, and different connected components may have different dimension. The
family of subspaces Y defines a stratification of Y.

On the ellipsoid E = E(ay, ..., a,) C R?® = C", the Reeb flow is given by

W21,y 20) = (€272 2T 00 ),

If F is a rational ellipsoid, the least common period 7 of the periodic Reeb orbits
is precisely the least common multiple of aq,...,a,, and the strata E; = ﬁx(wT/k)
are the sub-ellipsoids

Epy={(21,---,2a) € E | ; =01if ;= ¢ N}.

a;
Our first result describes the topology of the strata of general convex contact
spheres.

Theorem A. LetY be a Besse convex contact sphere. For each k € IN, the stratum
Y}, is either empty or an integral homology sphere, i.e. H,(Yy;Z) = H,(S*t1,7),
where 2d + 1 = dim(Yy).

To the best of our knowledge, it is unknown whether the same result is true
for a general locally free S! action on a sphere Y. The classical Smith theorem
[Bre72, Th. ITL.5.1] implies that, if k is a power of a prime p, then the subspace
Y}, being the set fixed by the cyclic subgroup Zj C S!, is either empty or a 7z,
homology sphere (i.e. H,(Yy; Z,) = H.(S% Z,) for some d > 0). On the other hand,
there are examples of manifolds equipped with a smooth action by a finite cyclic
group whose fixed point set is not an integral homology sphere [Sch82], although
it is not known if these examples can arise as strata of smooth locally free circle
actions.

The second resemblance to ellipsoids regards the Ekeland-Hofer spectral invari-
ants [EH8T]

oY) <alY)<el)<...,

which are suitably selected elements of the action spectrum
(1.1) o(Y)={r>0]fix(y7) # o}.

The first such value ¢o(Y) is the systole of Y, namely the minimum element of the
action spectrum o(Y). We will recall the definition of the higher ones in Section[2.2]
A joint result of the first author with Ginzburg-Giirel [GGM21] implies that these
spectral invariants determine the Besse property: a (2n — 1)-dimensional convex
contact sphere Y is Besse if and only if ¢;(Y) = ¢;4n—1(Y") for some ¢ > 0.
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Let us recall the computation of the Ekeland-Hofer spectral invariants for ellip-
soids E = E(ay,...,ay). The action spectrum o(E) is the set of multiples of the
parameters a;. Let 01 < 03 < 03 < ... be the elements of o(F) listed in increasing
order. For each i > 0, we denote by d; the number of a;’s such that o;/a; € IN.
These numbers are indeed related to the dimensions of the subsets fix(y)7") C E,
ie.

d; := (dim(fix(y7%)) + 1) /2.
The Ekeland-Hofer spectral invariant ¢;(Y") is the (i 4 1)-th element in the sequence
01y...,01,02,...,02,03,...,03,...,
—_— —— —
xXdq X do Xd3

see, e.g., [GGM21] Section 3.7]. Our second theorem shows that the computation of
the Ekeland-Hofer spectral invariants of Besse convex contact spheres is the same
as the one of ellipsoids.

Theorem B. Let Y be a Besse convex contact sphere with Reeb flow ¢*. Let

o1 < 09 < 03 < ... be the elements of the action spectrum o(Y) listed in increasing
order. The Ekeland-Hofer spectral invariant ¢;(Y') is the (i + 1)-th element in the
sequence
01y...,01,025...,02,035...,03,5...,
—_———— — —— ——
xdy X dg xdg

wherd] d; = (dim(fix(¢77)) + 1)/2.

We point out that in dimension 3, there are essentially no Besse contact spheres
(convex or not) beside the rational ellipsoids. This is a consequence of existing
results in the literature, which we summarize in the following statement. We recall
that two contact manifolds (Y1, 1) and (Y2, ae) are strictly contactomorphic when
there exists a diffeomorphism ¢ : Y7 — Y5 such that ¢*as = ag.

Theorem 1.1 ([GLI8ICGM?20]). Every Besse contact 3-sphere (S3,a) is strictly
contactomorphic to an ellipsoid.

Proof. Let 7 > 0 be the minimal common Reeb period of the Besse (53, ). We
denote by o,,(S3, ) the simple action spectrum, which is the set of those a > 0 that
are minimal periods of some Reeb orbit of (S2, ). The Reeb flow ¢! defines an S =
R/7Z action on S3, and the quotient projection S* — S2/St is a Seifert fibration
whose base is oriented by the 2-form 7.da (this push-forward is well defined since
' preserves ). The classification of Seifert fibrations [GLIS, Lemma 4.1] implies
that there are at most two distinct periodic Reeb orbits whose minimal period is
strictly less than 7. Therefore, ap(S3, «) contains at most three elements, one of
which is 7. If 0,(9%, ) contains at least two elements, we call a; < a2 the two
smallest elements of o,,(S3, a); if instead o,(S3,a) = {7}, we set a1 = az = 7. In
both cases, we conclude that o,(S%, a) is also the simple action spectrum of the
Besse ellipsoid E(aj,as). Finally, by [CGM20, Theorem 1.5], two diffeomorphic
Besse contact 3-manifolds are strictly contactomorphic if and only if they have the
same prime action spectrum. (I

IThe statement implicitly uses the fact that fix(1)°) is path-connected, which follows from
Theorem [A]
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In higher dimensions, Theorem[L.1ldoes not hold: Ustilovsky [Ust99] proved that,
for each n > 3 odd, there exist infinitely many Besse contact spheres (S?"~! ),
with ¢ € IN, that are pairwise not contactomorphic, meaning that for each pair of
distinct positive integers i; # i there is no diffeomorphism ¢ : §27~1 — §2n—1
satisfying d¢(ker oy, ) = ker a;,. Since all ellipsoids of dimension 2n — 1 are contac-
tomorphic to one another, infinitely many Ustilovsky spheres (52"~ ;) are not
contactomorphic to ellipsoids, let alone strictly contactomorphic.

A closed contact manifold all of whose Reeb orbits are closed and have the same
minimal period is called Zoll. We remark that Ustilovsky’s contact spheres are
not Zoll. It is not known whether there exist two non-strictly contactomorphic Zoll
contact spheres of some dimension larger than or equal to 5. A celebrated related
problem is the uniqueness (up to diffeomorphism) of the symplectic form with unit
volume on complex projective spaces, which is known for CIP? by a result of Taubes
[Tau95], but open in higher dimension.

The proofs of the main results in this paper (and the very definition of the
Ekeland-Hofer spectral invariants) are based on the Clarke action functional W,
which provides a variational principle for the periodic Reeb orbits of convex contact
spheres. It is well known that, for Besse convex contact spheres, ¥ is Morse-Bott
non-degenerate. The technical core for the proof of Theorems [A] and Bl is the
following.

Theorem C. The Clarke action functional of a Besse convex contact sphere is
perfect for the rational S'-equivariant cohomology.

In this statement, perfect must be understood in the sense of Morse theory: for
any b > a > 0, the inclusions induce a short exact sequence

0— Hz (T7H0,0),¥70,a); Q) — Hi(P1(0,b); Q) — H%: (¥(0,a); Q) — 0.

Namely, in the S'-equivariant Morse theory of ¥, there are no cancellations among
the critical manifolds.

Theorem [C will require two main ingredients, which turn out to always hold
under the Besse assumption: the orientability of the negative normal bundle of
any critical manifold (Proposition [B.4)), and the vanishing of the S'-equivariant
rational cohomology of any critical manifold in odd degree (Proposition[4.3). Both
statements are inspired by analogous results for Besse geodesic flows due to the
second author and Wilking [RW17], which were employed to establish the high-
dimensional Berger conjecture: every Besse geodesic flow on the unit cotangent
bundle of a Riemannian n-sphere with n > 3 is actually Zoll (the conjecture is still
open for n = 3, while it was earlier proved by Gromoll-Grove [GG81] for n = 2).

Recent results in the literature [AK22,Iri19] seem to indicate that the Ekeland-
Hofer spectral invariants of a convex contact sphere may coincide with its corre-
sponding Ekeland-Hofer capacities [EH89,[EH90] (this is indeed known for the first
one ¢o(Y), see [Sik90]). Unlike the spectral invariants, the Ekeland-Hofer capacities
can be associated to any compact subset of symplectic vector spaces; when associ-
ated to a restricted contact-type hypersurface Y or to its compact filling, they take
value inside its action spectrum o(Y'). It is an open question whether Theorems [A]
and [B (with the capacities instead of the spectral invariants) continue to hold for
general restricted contact-type spheres in symplectic vector spaces.
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1.1. Organization of the paper. In Section 2] we provide the background con-
cerning the Clarke action functional. Section [3 is devoted to the proof of the
orientability of the negative normal bundles of the critical manifolds of the Clarke
action functional in the Besse case. In Section 4] we prove that the Clarke action
functional of a Besse convex contact sphere is perfect for the S* equivariant ratio-
nal cohomology, and use this fact to establish Theorem [C, and then Theorems [A]
and [B. Finally, in Appendix [A]l we compute the Euler class of a suitable fibered
sum of circle bundles, which is employed in Section [4l

2. THE CLARKE ACTION FUNCTIONAL

2.1. The functional setting. A convenient variational principle for the study
of periodic Reeb orbits in a convex contact sphere is given by the Clarke action
functional [Cla79]. Such functional appears in the literature under different, al-
though equivalent, formulations; here we present the one in the L? setting, following
Ekeland-Hofer [EHST].

Let Y C R?" be a convex contact sphere. We embed its Reeb flow ¢' : Y — Y
into a Hamiltonian flow ¢t, : R?® — R?" so that ¢} (\z) = \pi(2) for all t € R,
A >0, and z € Y. We recall that ¢} is the flow of a Hamiltonian vector field
Xy on R?" defined by w(Xg,) = —dH, where H : R?*" — R is the associated
Hamiltonian, and w = d\ is the standard symplectic 2-form of R?". We denote by
J the standard complex structure of R?", which is defined by (J-,-) = w, and we
remark that Xz = JVH. The Hamiltonian whose flow extends the Reeb flow as
above is the unique function such that H|y =1 and H(\z) = A? for all A > 0 and
z € Y. In particular, H is a convex 2-homogeneous function smooth outside the
origin, and so is its dual

H*:R* = [0,00),  H'(w)= max ((w, 2) — H(z)).

We consider the space of L? curves with zero average
C(t)d = o} ,
Sl

where S = R/Z. Notice that every element in L3(S!, R?") is the first derivative
of some element v € W12(S! R?2"). We consider the symplectic action functional

AsTHS' R SR AG) = [ A= [ s

L3(S", R*") = {c € L*(S", R*")

2
The expression of A involves a primitive 7, but the value A(%) is independent of
its choice.
We next consider the functional
G:Ly(SYR*) = [0,00),  G(§) = [ H*(=J5(t))dt.
Sl

Notice that G(0) = 0, G is positive away from the origin, and G(\y) = \2G(¥) for
all A > 0 and § € L3(S*, R?"). We set

A:=G"11)NnA0,00).
The Clarke action functional is defined by

U:A—(0,00), U(y) = ——.
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6 MARCO MAZZUCCHELLI AND MARCO RADESCHI

The associated variational principle allows to characterize the closed Reeb orbits of
Y as follows.

Theorem 2.1 (Clarke variational principle). The critical points
4 € crit (W) N (c)

are precisely those curves admitting a (unique) primitive v € C*(S1, R*) such
that = cXg(v) = ¢JVH(y) and H(y) = ¢~ 2 > 0. Namely, the curve t — cv(t/c)
is a (possibly iterated) c-periodic Reeb orbit of Y. O

2.2. Spectral invariants. The Clarke action functional W satisfies the Palais-
Smale condition (see [EH87]). Moreover, ¥ has a remarkable feature that is lacking
in most of the other symplectic functionals: it is uniformly bounded from below.
This allows to detect the closed Reeb orbits on Y corresponding to the global
minimizers of ¥; the period of such Reeb orbits, sometimes called the systole of Y,
is thus

(2.1) co(Y):=min¥ € o(Y),

where o(Y") is the action spectrum (L.IJ).
Consider the classifying space BS!. Given a topological space X equipped with
a continuous S'-action and a coefficient ring R, the S'-equivariant cohomology

H% (X;R) := H (X xg ES'; R)
is an H*(BS'; R)-module with scalar multiplication
k= (n"f) >k, Vf e H*(BSYR), k€ Hi(X;R).

Here, 7 : X xg1 ES' — BS' is the quotient-projection. The Euler class of the
universal principal S'-bundle ES' — BS! induces a generator

e € H*(BSY; R).

With a common abuse of notation, we still denote by e the element e-1 € H gl (X;R),
which is the cohomology class induced by the Euler class of the principal S'-bundle
X x ES' =+ X xg1 ES'.

The Hilbert space LZ(S*, R?") is equipped with the S!-action given by the time-
translation

t-y=5(t+) €A, vte St 4 eA.

Notice that A and G are S'-invariant, and so is the Clarke action functional ¥. We
denote its open sublevel sets by

A< = U10,a), a € (0,00].
For each integer 7 > 0, the i-th Ekeland-Hofer spectral invariant is defined by
¢i(Y):=inf{c>0]e #0in HH (A5 Q)} € o(Y).
In the right-hand side, the non-vanishing of the cohomology class e’ is often ex-
pressed in the literature by saying that A<¢ has Fadell-Rabinowitz index [FRTS]

larger than or equal to i. The notation ¢;(Y) is consistent with the above one in
Equation (2.1): ¢o(Y) is the systole of Y.
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 7

2.3. The Morse index. Since the Hamiltonian H and its dual H* are not C? at
the origin, the Clarke action functional ¥ is not C? neither. Nevertheless, it is C1!,
and the finite dimensional reduction provided in [EH87] allows to treat it as a C?
functional in the applications.

Let us consider a critical point 4 € crit(¥) N ¥=1(c). We set

N
1
@:A|A:$

The Hessian bilinear form of the Clarke action functional at + is given by
; 1 : 1 :
VU1 = ~ g (VR =~ g [ (0,
where 7,( € TsA. The Hessian V2¥(5) is a self-adjoint bounded operator on
T;A. By Theorem 2.1l 4 admits a primitive v satisfying Hamilton’s equation
4 = c¢JVH(y), and dually ¢y = VH*(—J¥). Notice that T4A = T,G~!(1). Since
a9 = [

S1

(V' (~03),~Ji)dt =c [ (Fi)de, i€ L(ST R,
Sl
the tangent space T4 A is precisely the space of those 1) € L3(S*, R?") such that

/ (Jy,m)dt = 0.
Sl

The Morse index ind(¥,4) is defined as the supremum of the dimension of
those vector subspaces of T4 A over which V2W(¥) is negative definite. The nul-
lity nul(¥,+) is defined as the dimension of ker V2W(%). Notice that ind(¥, %) =
ind(—®,%) and nul(¥, %) = nul(—®,%) = nul(P, ).

To compute the index of a critical point of ¥, consider the functional

O: Li(SHR™) = R, O(0) = —AQ) + ¢ 1G(0).
The critical points of © are precisely those ( admitting a primitive ¢ such that

¢ =c¢JVH(().
Every critical point C € crit(©) belongs to a cylinder of critical points
Ry x 81 - C={pC(t+) | p>0, te S},

and the only critical value of © is 0, because © is positively homogeneous of degree 2.
Since O[5 = ¢! — @, we infer that our % € crit(¥) N ¥~1(c) is also a critical point
of ©. The Hessian of © at  is given by

(v20(3)i. &) = = [ (nd+e [ (P05 ar

= [ VG TG
Sl

This expression readily implies that 7 € ker(V2O(%)) if and only if 1 admits a
primitive n such that 7 = ¢JV?H (y)n. Namely,

n(t) = def (v(0))n(0), Vvt e [0,1].
We recall that 7 is a smooth 1-periodic curve, being the primitive of the zero-average
curve 7). Therefore, the nullity of © at % is given by

(0, 4) = dim ker(d¢$, (7(0)) — I).
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The computation of the Morse index is slightly more involved, but according to a
theorem of Ekeland [Eke90, Theorem 1.4.6] turns out to be analogous to the one for
geodesic arcs in Riemannian manifolds: it is given by a count of conjugate points.
The formula is the followin

(2.2) ind(©,9) = Y dimker(dgf(v(0)) — I).
tc(0,1)
Since T4A = T5G1(1) and dG(§)y = 2G() = 2, the space L*(S',R*") splits as a
direct sum
LE(S*, R*™) = Ty A @ span{4}.
Notice that
V?0|r,a = —V70.
Since © is positively 2-homogeneous, we have
V20(9)§ = VO(%) = 0.
The last two equations readily imply that
ind(¥,4) = ind(—-®,4) = ind(0, ¥),
nul(¥,4) = nul(—P, %) = nul(O, %) — 1.
Finally, since 4 belongs to a circle of critical points S* -4 of ¥, we have
VAU(I)F = | VE(E-5) =0,

and therefore the nullity nul(¥,4) is always at least 1. From now on, we will simply
write

ind(§) = ind (¥, ¥), nul(¥) = nul(P,4).
Summing up, we have the following statement.

Lemma 2.2. The Morse indices of a critical point 4 € crit(¥) N W=1(c) are given
by

ind(§) = Y dimker(de (v(0)) = 1),
t€(0,c)
nul(¥) = dimker(d¢% (v(0)) — I) — 1.

Let us now assume that our convex contact sphere Y is Besse with common
Reeb period 7. For any critical value ¢ of ¥ we have ¢/7 = m/k for some relatively
prime positive integers m and k. The associated critical set crit(¥) N ¥=1(c) is
diffeomorphic to the stratum Y}, := fix(¢p™/ k), which is a closed contact submanifold
of Y. The following statement summarizes the results in [GGM21] that are relevant
here. We remark that the Morse indices in [GGM21] are referred to the Clarke
action functional in the L setting with p € (2, 00), but turn out to coincide with the
Morse indices in the L2-setting A employed here, see [Eke90, Prop. 1.7.5]. Indeed,
for any p € (2,00), there is a correspondence between the critical points of the
Clarke action functionals in LP and in A, and the Morse indices of corresponding
critical points coincide.

2Notice that the formula (2.2) does not directly correspond to the Morse index formula for
closed geodesics in Riemannian manifolds. The index of a closed geodesic is indeed given by a
count of conjugate points plus the so-called concavity.
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 9

Lemma 2.3 (Ginzburg-Giirel-Mazzucchelli [GGM21]). Assume that Y is a Besse
convex contact sphere. Any path-connected component K C crit(V) has even Morse
index ind(K) and odd nullity nul(K) = dim(K). In particular, K is a non-
degenerate critical manifold of ¥ in the Morse-Bott sense. ([

Let Ki,..., K, be the path-connected components of crit(¥) N ¥=1(c). We
recall that the negative bundle of K; is the vector bundle E;” — K; whose fiber
at 4 € K; is the direct sum of negative eigenspaces of V2 (¥). Let U7 C E; be
compact neighborhoods of the 0-sections, and U~ = U; U... U U their disjoint
union. If € > 0 is small enough, the sublevel set A<¢*¢ is homotopy equivalent to
A<c=¢Up U™, where F' : U~ — A° € is a suitable attaching map. If the negative
bundles E; — K; are all orientable, then the excision and the Thom isomorphism
imply

W (AT AT) = hH(U, U\ K) ~ P h ) (K;),

where h* denotes either the S'-equivariant or the ordinary cohomology with coeffi-
cients in a ring. This will be recalled with more details in the proof of Lemma [3.5

3. ORIENTABILITY OF THE NEGATIVE BUNDLES

The goal of this section is to prove that the negative bundles of the critical
manifolds of the Clarke action functional W are all orientable.

3.1. The index form. We consider the symmetric bilinear form

ha.r: L3([0, 7], R*) x LZ([0,7], R?") — R,
B (C1) = / C(Ct) + AW TE(), i) dr,

where 7 € (0,1] and A : [0,1] — Sym™(2n) is a smooth path of positive-definite
symmetric matrices. The associated bounded self-adjoint operator

HA,T € ﬁ(Lg([O, TL R2n))a
which satisfies ha - (C,7) = (Ha-C,n) 2, is given by

HaC=—J— JAJC + /T (J¢+ JAJC) dt,
0

where ¢ is any primitive of (. One can show that the spectrum of A,r consists of
eigenvalues. For each A\ < 0, the eigenspace

Ear(\):=ker(Ha,—A)
is the vector space of those ( admitting a primitive ¢ such that
C=J(A=AD)7IC,
{<<o> — ¢(n).
In particular, E4 (\) has dimension at most 2n. It turns out that H 4 r has only

finitely many negative eigenvalues, and therefore has a finite dimensional total
negative eigenspace

Ey. = Ea:(\).

A<0
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10 MARCO MAZZUCCHELLI AND MARCO RADESCHI

The Morse index ind(hy ;) = dim(ElT
space over which h 4 , is negative definite. If we denote the nullity by nul(ha ;) :=
dim(E 4 ,(0)) =ker(Ha ), then ind(ha ) +nul(hy ) is the largest dimension of a
vector subspace over which hy4 , is negative semidefinite. The inclusions

LE([0,71], R?™) < L3([0, ], R*™) V<1 <1

) is the largest dimension of a vector sub-

readily imply that the functions 7+ ind(h4 ) and 7 +— ind(h4 -) +nul(ha ;) are
monotone increasing. Actually, these functions are completely determined by the
linear symplectic path I'4 : [0, 7] — Sp(2n) defined by

La(t) = JA()"'Ta(t),

r4(0)=1.
Indeed, there are canonical isomorphisms
(3.1) Ey, = @ ker(Ta(t) - 1),
te(0,7)

Es-(0)=%ker(Har,) Zker(Ta(r) —1I).

We refer the reader to Ekeland’s monograph [Eke90, Section 1.4] for more back-
ground concerning the indices of hy. In Section [B.3] we shall need the following
fact.

Lemma 3.1. Let A, : [0,1] — Sym™(2n) be smooth paths, smoothly depending on
s € R. Assume thatker(T 4, (7)—1) # {0} for some T € (0,1). Then, for eache > 0,
there exists & > 0 such that, for each s € (=9,9), we have ker(T'4_(t) — I) # {0}
for somet € [T —e, 7+ €.

Proof. We set

(s, t) :==ind(ha, ),

v(s,t) :==nul(ha, ) = dim(ker(I'4,(t) — I)),

K(s,t) = 1(s,t) + v(s,t),
so that, by our assumption, v(0,7) > 0. By (8.1), we have ¢(0,7 +¢) > k(0,7 — ¢).
The function ¢ is lower semicontinuous, whereas the function k is upper semicon-
tinuous. Therefore, for all t € [T — €, 7 + €] and for all s sufficiently close to 0 we
have ¢(0,t) < «(s,t) and k(0,t) > k(s,t). Let us assume by contradiction that there
exists a sequence s, — 0 such that v(s,,t) =0 for all ¢ € [T — ¢, 7 + ¢]. By (8.1)),
we have k(sp, T —€) = Kk(Sp, T+ €) = t(Spn, T + €). But this implies

k(0,7 —€) > K(Sp, T —€) = t(Sp, T+ €) > (0,7 +€) > k(0,7 —¢),

which gives a contradiction. O

In the following, we will set 7 = 1, and remove it from the notation:
hA = hA71, EA(O) = EAJ(O), EZ = EZ,l'

Remark 3.2. With the notation of Section 2.3] the bilinear form h 4 is the Hessian
of the functional © at a critical point 4 when A(t) = ¢ *V2H (¥(¢))~!. In this case,
the symplectic path I'4 is given by I'4(t) = d¢%(v(0)). The vector space By, is
the negative eigenspace of the Hessian V2O(¥), as well as the negative eigenspace
of the Hessian of the Clarke action functional V2W(%). O
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 11

3.2. A remark on the eigenvalues of positive symplectic paths. We will
need a variation of [Eke90, Prop. 1.3.1] from symplectic linear algebra.

Lemma 3.3. Let A : R — Sym™(2n) and T' : R — Sp(2n) be smooth paths
satisfying

[=JAT, T@O*=1
for some positive integer k. Then I'(t) has no real eigenvalues for all t # 0 suffi-
ciently close to 0.

Proof. Let us assume by contradiction that there exist sequences t,, — 0 and \,, €
o(T'(t,)) NR. Since the eigenvalues of I'(0) are k-th roots of unity, up to extracting
a subsequence we must have A\, — A € {1,—1}. Since I'(0) is a k-th root of
the identity, its real eigenvalue A is semi-simple. If 2m = dimker(I'(0) — A\I), the
eigenvalue A € ¢(I'(0)) branches into the 2m eigenvalues p1(¢), . . ., fiom (t) € o(I'(¢))
for all ¢ sufficiently close to 0, where every p;(t) depends continuously on ¢ and
admits a left and right derivative at ¢t = 0 (see, e.g. [Tex18, Prop. 3.3]). Therefore,
up to extracting a subsequence, we have a finite limit

N = lim
n—oo

—X e {f(0%) | i=1,....2m}.

n

Let v, € R?” be an associated sequence of unit eigenvectors, i.e. T(tn)vn = Apoy,
and ||v,|| = 1. Once again, up to extracting a subsequence we have v,, — v, where
|lv]| =1 and T'(0)v = Av. Notice that A = A~! and T'(0)"'v = Av. Therefore

—(A(0)v,v) = (JT(0)T'(0) " tw,v) = AMJT(0)v, v)
_ : F(tn) B P(O)
= A lim <J—t Umv>

n—oo

. >\n
A 1
= A lim (—" U, v) —<Jvn,F(O)1v>)
n—oo \ t, tn
/\n A
= A lim (— JUp, V) — —<Jvn,v)>
n—oo \ t, tn
o Ap — /
=\ lim <Jvn, v) = AN (Jv,v) = 0.
n—oo n
This contradicts the fact that A(0) is positive definite. O

3.3. Orientation of the negative eigenspaces. The following statement pro-
vides the orientability of the negative bundles of critical manifolds of the Clarke
action functional of Besse convex contact spheres. An analogous statement for
geodesic flows was proved by the second author and Wilking in [RW17], Section 2].

Proposition 3.4. Let k be a positive integer and A : S* x [0,1] — Sym™(2n) a
smooth map, which we see as a loop of paths of symmetric positive definite matrices
Ay(t) = A(s,t), such that s — dim E is constant and T a,(1)* = I for all s € S*.
The family of negative eigenspaces form a vector bundle

(3.2) n:E" — S 7 (s) = Ey.

that is trivial.
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12 MARCO MAZZUCCHELLI AND MARCO RADESCHI

Proof. We consider the spaces
G<1={(M,)) € Sp(2n) x (0,1] | dimker(M — AI) <1},
Gy = {(M,)) € Sp(2n) x (0,1] | dimker(M — XI) =1},
Sp<1(2n) = {M € Sp(2n) | (M,\) € G<1 VA€ (0,1]},

equipped with their standard topology. The space G<; is open in Sp(2n) x (0, 1].
By [RW17, Appendix A], G is a smooth hypersurface in G<; with boundary

8G1 = (Sp§1(2n) X {1}) n Gl.

Moreover, the complement Sp(2n) \ Sp<;(2n) is a stratified manifold whose top-
dimensional stratum has codimension 3.

We denote by C' = St x [0, 1] the cylinder, by int(C) = S* x (0,1) its interior,
and set

Ty : C — Sp(2n), Lo(s,t) =Ta,(t).

By the properties mentioned in the previous paragraph, we can smoothly extend
Iy to a homotopy I',. : C'— Sp(2n), r € [0, 1], such that:

(i) each I', is C* close to Iy,
(ii) T'ylapc =T for all r € [0, 1],
(ili) Ty (int(C)) C Sp<1(2n),

(iv) ¥ :int(C) x (0,1] = G<1, ¥(s,t,A) = (T'1(s,t), A) is transverse to Gy.

Condition (i) guarantees that each symmetric matrix
B,(s,t) = —=J (0T (5,t))T(s,8) "
is positive definite (being close to As(t)). Condition (ii) implies that the function
T dim(El;T(s’_))
is constant. Therefore, the vector bundle (8.2]) extends to a vector bundle

m:E- —0,1] x 8, 7 (r,s) = Ep (s
The vector bundles Ei|{o}x51 = FE~ and E*\{l}xsl are isomorphic. Therefore, it
is enough to prove the proposition for B; instead of A. In order to simplify the
notation we will just assume that A = By, and thus I' :=T'; = T'.

Notice that T'|sc takes values inside the subspace of symplectic roots of the
identity I. Therefore, by Lemma [3.3] there exists an open neighborhood U C C of
OC such that, for each u = (s,t) € U\ 0C, the matrix I'(u) has no real eigenvalues.
This, together with the transversality condition (iv), implies that the preimage
W :=~1(G}) is a compact surface embedded in C' x (0, 1] with boundary OW =
W N (Cx{1}).

We denote the Morse index of h4, by

i=dimE}

which is independent of s € S by assumption. Since I'(int(C)) C Sp<;(2n), for
each s € S! there exist 0 < 71(s) < ... < 7;(s) < 1 such that

ker(I'(s,7;(s)) — I) £ {0},  Vj=1,...,i.
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 13

Namely, for each s € S!, the intersection OW N ({s} x [0,1] x {1}) has precisely i
elements given by

W ({s}x[0,1]x{1})={(s,75(s),1) | j =1,....i}.

By Lemma [B.1] the functions s — 7;(s) are continuous. Therefore, the boundary
OW =W N (C x {1}) is the disjoint union of ¢ embedded circles T} U...UT;, where

Ty ={(s,7i(s),1) | s€ S}, j=1,....i

Since the circles T; are smooth, the functions s — 7;(s) are smooth as well. Notice
that, since 7;(s) < 7j41(s), every circle T} is enclosed by the subsequent one Tj1.
Now, we consider the real line bundle

m:R—=W, 7w s,t,\) =ker(I'(s,t) — \I).
For each j =1,...,i, we define r; € {0,1} as

0, if R|y, — T} is orientable,
T o=
! 1, otherwise.

Since W is a compact surface embedded in C x [0, 1] with boundary OW = T; U
...UT; C C x {1}, it must be orientable, and therefore vy + ...+ r; is even. For
each j =1,...,4, we introduce the diffeomorphism

0,: 5" —==T;,  0;(s) = (s,7(s),1),
and consider the vector bundle
N:=0R®...®0;R— S

Notice that every fiber of this bundle is isomorphic to the corresponding fiber of the
negative bundle £~ — S! of Equation (3.2) via the canonical isomorphism (3.1)).
Therefore, N — S' and E~ — S! are isomorphic vector bundles. Finally, N is
the direct sum of real line bundles, 1 + ...+ r; of which are non-orientable. Since
r1+ ...+ r; is even, N is orientable, and thus a trivial vector bundle. O

3.4. Critical sets of Besse convex contact spheres. As we mentioned, Propo-
sition [3.4] guarantees that the negative bundles of the critical manifolds of the
Clark action functional are always orientable under the Besse assumption. A stan-
dard argument from Morse theory thus implies that the critical manifolds are all
homologically visible. More precisely, we have the following statement. Given a
topological space X, we denote as usual by m(X) the family of its path-connected
components.

Lemma 3.5. LetY be a Besse convex contact sphere. We denote by h* either the
S1-equivariant or the ordinary cohomology functor with coefficients in a ring R.

(i) If an interval [a,b) C R contains a unique critical value ¢ of ¥, then the
critical set K, = crit(¥) N U=1(c) has local cohomology

h*(A<b,A<a) ~ @ h*_ind(K)(K).
Kemo(Kc)

If h* is the S'-equivariant cohomology with coefficients in R, this is an
isomorphism of H*(BS'; R)-modules.
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14 MARCO MAZZUCCHELLI AND MARCO RADESCHI

(ii) Let [a,b) C R be an interval, and d > 0 an integer. If
pd—mdE) () =0, VK € mo(crit(¥) N ¥ a,b)),
then h4(A<b A<2) = 0.

Proof. Even though the Clarke action functional ¥ may only be C':! for our Besse
convex contact sphere Y, the finite dimensional reduction provided in [EH87] allows
to treat it as a C? functional in the applications. The Besse assumption implies
that ¥ is Morse-Bott (Lemma [2.3). Any connected component K C crit(¥) is a
closed manifold. We consider the negative bundle 7 : E~ — K, which is the vector
bundle of rank ind(K), whose fibers 7~ 1() are the negative eigenspaces of the
Hessian V2W(¥). We also consider the positive bundle 7 : E* — K, whose fibers
7~ 1(¥) are the infinite-dimensional positive eigenspaces of the Hessian V2W(¥). The
direct sum E* @ E~ — K is isomorphic to the normal bundle NK — K. Given
sufficiently small S'-invariant open neighborhoods U* C E?* of the O-section, the
Morse Lemma allows to identify Ut @ U~ c E+ @ E~ with an S'-invariant tubular
neighborhood U C A of K; under such an identification, the 0-section of E* & E~
corresponds to the critical set K, and the Clarke action functional takes the form

U(z,y) =c—lzlliz +llylz-,  V(z,y) eU-@UT =T,

where ¢ = U(K) is the critical value. We denote by U<¢ := {u € U | ¥(u) < ¢} the
critical sublevel set of ¥|y;. Since the functional ¥|y is a non-degenerate quadratic
form in the normal directions to K, the inclusion (U~,U~\{0}) < (U, U<¢) admits
an S'-equivariant homotopy inverse, and in particular induces an isomorphism

(3.3) KU, U<¢) =5 h* (U, U~ \ {0}).

By Proposition [3.4] the negative bundle E~ — K is orientable. Therefore, the cup
product with the Thom class 7 € AU~ U~ \ {0}) induces an isomorphism

(3.4) R ndE) () — WU, U\ {0}).

Notice that, when h* is the S'-equivariant cohomology with coefficients in a ring
R, both ([3.3) and (3.4) are isomorphisms of H*(BS!; R)-modules.

Assume now that the interval [a, b) contains a unique critical value ¢ of ¥. Since
U satisfies the Palais-Smale condition, the critical set crit(¥) N ¥~1(c) has finitely
many path-connected components K, ..., K,. Let U; C A<’ be an S'-invariant
tubular neighborhood of K; given by the Morse lemma. We require the U;’s to be
small enough so that they are pairwise disjoint, and we set U := U; U ... U U,.
The inclusions A<¢ UU < A<? and A<® < A<¢ admit S'-equivariant homotopy
inverses that can be constructed by pushing with the anti-gradient flow of ¥. In
particular, we have the isomorphisms induced by the inclusion

R (A<, A<9) = h* (AP, A<C) —= R*(A<CUU,AS0).
The excision property of cohomology, and the isomorphisms (3.3) and (8.4) give
h* (A<c U U, A<C) =~ @ h*(Ui, Ui<C) = @ h*—ind(Ki)(Ki).
i=1 i=1

When h* is the S'-equivariant cohomology with coefficients in a ring R, all the
arrows are isomorphisms of H*(BS*; R)-modules. This proves point (i).
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 15

As for point (ii), we fix a sequence of real numbers a = ap < a; < as < ... <
b such that each interval [a;,a;41) contains at most one critical value of ¥. If
b < 0o, we require this sequence to contain finitely many elements, say k£ + 1, and
a = b; Otherwise, the sequence is an infinite one and a; — co. Assume now that
hi—nd(K)(K) = 0 for each connected component K € mo(crit(¥) N ¥~*[a, b)), so
that h?(A<%+1 A<%) = 0 according to point (i) of the lemma. For each j; < j, <
j3, we have a long exact sequence

o RS A2 ) s B (ASUs A1) — B (A2 A< ) —

which, together with the vanishing of h%(A<%+1 A<%) = 0, readily implies that
hd(A<@> A<%1) = 0 for all j; < jo. This proves point (ii) when b is finite. When
b = oo, the statement follows by taking the inverse limit of h%(A<%, A<%), O

4. PERFECTNESS OF THE CLARKE ACTION FUNCTIONAL

4.1. Topology of the domain of the Clarke action functional. One of the
main ingredients for the proof of Theorem [C] is the fact that the Clarke action
functional ¥ : A — (0, 00) of a Besse convex contact sphere is perfect in the sense
of Morse theory for the S'-equivariant rational cohomology. In order to prove this
fact, we first need the following statement concerning the topology of A, which is
certainly well known to the experts.

Lemma 4.1. The space A is S'-equivariantly homotopy equivalent to the unit
sphere of a separable complex Hilbert space. In particular, A is contractible and its
S1-equivariant cohomology ring is given by

Hi (N Z) = Ze],
where e € Hgl(A; Z) is the Euler class of the S'-bundle A x ES* — A xg1 ES!.

Proof. The Hilbert space L3(S', R*") splits as an orthogonal direct sum decompo-
sition E_ & E, where

By, = span{t — exp(2mkt.J)v ‘ veR™}.

Notice that the St-action on L3(S?, R?") is a diagonal action on each factor Ej,. The
functional A is a non-degenerate quadratic form of zero signature on L2(S*, R?"),
for
. 1.
AR =D = Ill=
2rk
k#0

Here, we have written ¥ according to the above orthogonal direct sum decomposi-

tion as
Y= An
k0

with 4, € Ejp. The inclusion A — A71(0,00) is an S'-equivariant homotopy
equivalence, whose homotopy inverse is the time-1 map 71 : A71(0,00) — A of the
Sl-equivariant deformation retraction

et ATH0,00) = ATH0,00),  re(d) = (14 5(v/G(H) — 1)) 4.
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16 MARCO MAZZUCCHELLI AND MARCO RADESCHI

Clearly, the inclusion E4 \ {0} — A~1(0, 00) is an S'-equivariant homotopy equiva-
lence as well, and so is the inclusion of the unit sphere S(F;) — E;\{0}. Summing
up, we have an S'-equivariant homotopy equivalence f : A — S(E, ), which induces
an isomorphism

F* i Hi (S(By); Z) = Hii (A).
The infinite dimensional sphere S(E,) is contractible, and therefore the Gysin
sequence

H"N(S(B4 )i Z) — H§: (S(EB4 ) Z) — HG P (S(E4); Z) — HY2(S(B4); Z)

implies H%, (S(E4); Z) = Zle]. Here e € HZ,(S(E4);Z) is the Euler class of the
principal S'-bundle S(E,) x ES' — S(E}) x g1 ES'. Finally, by the naturality of
the Euler class, f*(e) is the Euler class of A x EST — A x g1 ES?L. O

4.2. Torsion of the cohomology of iterated S!-spaces. In the proof of the
perfectness of U, surprisingly a crucial role is played by the p-torsion of the S'-
equivariant cohomology of the sublevel sets of W for a large enough prime p. Such a
role is governed by Proposition [4.2] which was proved by Radeschi-Wilking. Even
though in the original source [RW17, Prop. 5.3, 5.8] the statement is phrased for
the manifolds of closed geodesics of a Besse Riemannian manifold, the proof goes
through in a general abstract setting, and we provide full details for the reader’s
convenience. In the statement and later on, we will adopt the following notation:
if X is a space equipped with an Sl-action (t,x) + t -z, for each ¢ € IN we denote
by X the same space equipped with the S'-action (¢,2) — gt - x. Notice that the
Sl-equivariant rational cohomologies of X and X9 are isomorphic, for

H5(X;Q) = H*(X/S' Q) = H*(X/S' Q) = H5 (X9 Q).
However, with integer coefficients, the S!'-equivariant cohomologies can be different.

Proposition 4.2 (Radeschi-Wilking [RW17]). Let p be a prime number not dividing
the order of any torsion element of Hg, (X;Z). Then:
(i) If Hgl (X% 7Z) has non-trivial p-torsion for some d and q, then q/p € N
and HgTQW(X; Q) # 0 for some m > 0.
(il) IfHZ,(X;Q) #0 and HE?(X;Q) = 0 for somed > 0, then HE™(XP; Z)
has non-trivial p-torsion for every m > 0.

Proof. We fix, once for all, a prime number p not dividing the order of any torsion
element in HY,(X;7Z). Since we are only interested in the p-torsion, we shall
consider singular cohomology groups with coefficients in the ring

Ri={¢|abeZ L¢Z}CQ

Notice that HZ, (X; R) is torsion-free.

We employ a trick that will allow us to relate the S'-equivariant cohomology
of X7 with the one of X by means of a suitable Gysin sequence. We consider the
space
(X x ESY)? x ES?

St ’
where S is understood to act on (X x ES')? x ES* by

Y =

t-(x,v1,v2) = (qt - x,qt - v1,t-va).
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 17

The S'-equivariant projection map Y — X9 xg1 ES', [x,v1,v3] = [z,v9] is a
fibration with contractible fibers homeomorphic to ES!. In particular, it is an
Sl-equivariant homotopy equivalence, and induces an isomorphism

(4.1) H (X% R) = H (Y R).
We now consider the space

(X xESY!x ES" X xES' ES!

Z = o1 51 T X o = (X xg1 ES') x BS*,

where S' x S' here acts on (X x ES')4 x ES' by
(t1,t2) - (z,01,v2) = (gt1 - x, gty - v1, T2 - V2).
Notice that Z is independent of q. If we equip Y with the S' action
t-[z,v1,09) = [qt -, qt - v1,v9] = [z, 01, —t - V3], vt € St [x,v1,v0] €,

the projection map 7 : Y — Z is a principal S' bundle. By Lemma[A.T, its Euler
class e € H?(Z; R) is given by

e=e1®1—q-1Reo,

where e; € H2,(X; R) and e; € H?(BS*; R) are the Euler classes of X x ES' —
X xg1 ES! and ES' — BS! respectively. By (1)), the Gysin long exact sequence
of m:Y — Z reads

IS HX(ZR) S HY(Zy R) s Hi (X9 R) = HN(Z;R) = ..

We recall that H}%, (BS'; R) = Rle,], and in particular it vanishes in odd degrees
and is isomorphic to R in every even degree. By the Kiinneth formula, we have

H*(Z;R) = H% (X; R) ® H*(BSY; R),

that is, every cohomology class in H%(Z; R) is a linear combination of terms of the
form k ® e}, where 0 < i < |d/2] and k € Hay *(X; R).

We can now prove point (i). Let us assume that there exists a non-zero coho-
mology class k € Hgl (X% R) such that pk = 0. Since H*(Z; R) is torsion-free, we
must have 7w,k = 0. The above Gysin sequence implies that k = 7*k’ for some non-
zero k' € HY(Z; R). Since H*(Z; R) is torsion-free, this proves that the rational
cohomology H%(Z; Q) is non-trivial, and therefore that Hg, ™ (X; Q) is non-trivial
as well for some m > 0. It remains to show that p divides q.

Let us assume by contradiction that ¢/p € IN, so that we can always divide by ¢
in the ring R. Since 7*pk’ = 0, the above Gysin sequence implies that pk’ = e « k"
for some k" € H%=2(Z;R). The cohomology classes k’ and k” can be uniquely

written as
Ld/2] ' [(d—2)/2] .
K=Y Ko, k=Y kcd,
i=0 i=0
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18 MARCO MAZZUCCHELLI AND MARCO RADESCHI

where k] € Hgl_%(X;R) and k] € Hgl_Q_%(X;R). Let r < [(d — 2)/2] be the
largest integer such that &/’ # 0. The identity pk’ = e « k" can be rewritten as

Pkl = —qk),

phy = e1~ k= qk]y,

pki =e1 — K — qkj,
pki = e1 — k.

This readily implies that k7 = —pq~'k. +1- Let us now prove by induction that
every ki is divisible by p: if this holds for k;',k'_,,... Kk}’ |, the identity

royVp—1>»
k= —pq ki +q ter Ky
implies that it holds for &/’ as well. Therefore k" = pk’ for some k"’ € Hgl_z(Z; R),

and since pk’ = e « pk”’ = p(e « k"), we have k' = e — k"’. However, the above
Gysin sequence gives the contradiction

0#£ k=7 =n"(e - k") =0.

We now set ¢ = p, and assume that Hgl (X;Q) #0and HgTQ(X; Q) =0. Byour
choice of p, the same holds if we employ the singular cohomology with coeflicients in
R. Therefore, we can find a non-zero w € HZ, (X; R) of infinite order, not divisible
by p, and such that e; —« w = 0. For all integers m > 1, we have

ev(w@el ™ =—pweel £0.

We claim that w @ e5" is not in the image of the map y — e — y that appears in
the above Gysin sequence. Indeed, if

Y=y @1ty Qe +ya@es+...+y, el

with y, # 0, the cohomology class e « y is the sum of —py, ® 6}2L+1 and of other

terms of the form 2z; ® e with i < h. If w® el = e — y, then h + 1 = m and
W = PYm—1, contradicting the fact that w is not divisible by p. The above Gysin
sequence implies that

Twee) A0, priwsd) = (puee) = —r'(cv (wo e ) = 0.

In particular Hngm (XP?; R) has p-torsion for all m > 1, and so does Hgfrzm (X?, 7).
O

4.3. Cohomology of the critical sets. For each ¥ € A and m € IN, we denote
by 4™ € A the m-th iterate of +, which is defined by

Y™ (t) = A(m).
Notice that, according to the Clarke variational principle, % € crit(¥) if and only
if 4™ € crit(¥) for all m > 1.

We assume that our convex contact sphere Y C R?" is Besse. Let 7 > 0 be the
minimal common period of its closed Reeb orbits. There are finitely many integers
1 =ks < ks—1 < ... < ky such that each quotient 7/kj; is the (not necessarily
minimal) period of some Reeb orbit. We set

Py, = crit(W) N (1 /kp), h=1,...,s.
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 19

Theorem [A] will imply that each P, is a path-connected component of crit(¥), but
for now we only know that it is a finite union of such path-connected components.
If we denote by 1! the Reeb flow of Y and by Yy, := fix(¢)"/*n) the kj,-stratum of
Y, there is an equivariant diffeomorphism

(4.2) I TR (U}

Here, 7y is the unique primitive of 4 such that ¢ — ﬁw(t’%) is a closed Reeb orbit
of Y (see Theorem 2.1)). The equivariance in (4.2) intertwines the S action on P,
and the R/(7/kp)Z-action on Yy, . Notice that Py is diffeomorphic to the whole
contact sphere Y, and in particular is path-connected.

We enumerate the critical values of ¥ (that is, the elements of the action spec-

trum o(Y")) in increasing order as o1 < 03 < 03 < ..., and denote by
K = crit(¥) N ¥ (o;)
the corresponding critical set. Notice that K; = P; for all j = 1,...,s, and more

generally each K is of the form
K; =B ={y" | ¥ € P}

for some h; € {1,...,s} and m; > 0. Since the S! action on the K;’s is locally free,
their rational S!-equivariant cohomology is nothing but the rational cohomology of
their quotient by S'. This implies
(43)  Hu(K;Q) =H'(K;/S%Q) = H (P, /8" Q) = Hg: (Pry; Q).
We denote by mo(K;) the family of path-connected components K C K, and we
set

to(j) == min {ind(K) | K € mo(K;)},

11(j) :=max {ind(K) +nul(K) — 1 | K € mo(K;)}.
We recall that, by Lemmal2.3] the indices ¢o(j) and ¢1(j) are all even. We also recall
that nul(K) = dim(K) for each K € my(K), since the Clarke action functional ¥

is Morse-Bott.
We choose a sequence of positive real numbers b;, for j > 0, such that

O<bgp<or<bi<oa<by<oz<by<...,

and we set
Aj = A=Y =070, b;).
Lemma [3.5(i) implies that the S!-equivariant local cohomology of the critical sets
K; is given by
Hu(Aj, N2y 2 P Hy ™ (K3 2).
Keng(K;)

Theorem [C] will be a consequence of Proposition 3l In the case of Besse
Riemannian geodesic flows, an analogous statement was established in [RW17,
Prop. 5.4]. In the following, we shall denote by Hg‘fd the cohomology in odd

degrees, i.e.
HA (. @szﬂ
d>0

Proposition 4.3. For each j > 1 we have H34(K;; Q) = 0.
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20 MARCO MAZZUCCHELLI AND MARCO RADESCHI

Proof. By (3], it is enough to show that Hg?d(Ph; Q)=0forallh=1,...,s. We
will prove the proposition by contradiction: let us assume that

(4.4) HE(P; Q) # 0
for some k € {1,...,s}. We fix the minimum such k, so that if k¥ > 1 we have
HYY(P;Q) ...~ H (P, 1;Q) = 0.

At every degree d, the S'-equivariant cohomology groups Hg.l (Pr;Z) are finitely
generated. If d is larger than the maximal dimension of Py, the ordinary cohomology
groups H?%(Py;7Z) vanish, and the cup product with the Euler class e in the Gysin
sequence

HYPy;Z) — Hi (P Z) —— Hel'(Py;Z) —— HY(Py Z)

I I
0 0

is an isomorphism. Therefore, H§,(Py;Z) is finitely generated as a ring, and in
particular any prime number larger than some py does not divide the order of any
torsion element of HY, (Pp;Z) for all h = 1,...,s.

Let us consider the critical manifold Py satisfying (4.4). We fix a compact
neighborhood [c — §, ¢+ 0] C (0,00) of its critical value ¢ := o}, = ¥(Py) that does
not contain other critical values of W. Notice that Plf C K, for the integer r such
that

Oy = PC,
and the inclusion is an actual equality if p is a large enough prime. We fix the
prime number p > pg to be large enough so that PP = K,. and

plc—90) < opy <op <0opy <ple+9),

for some critical values o,, and o,, that are multiples of the common period 7.

The proof of the proposition will be based on a rather subtle analysis of the p-
torsion of the cohomology groups H, (A;;Z), which will produce some non-trivial
cohomology HZ,(A;Z) in degree d = 11(r3) + 1; since d is odd, this will contradict
Lemma [4.1] It will therefore be convenient to discard all the torsion of order that
is not divisible by p. We will do it by considering the coefficient ring

R:={¢|abeZ L¢7}CQ.

Notice that, since p > po, each H, (Py; R) is torsion-free, and in particular vanishes
in degrees larger than or equal to the maximal dimension of P,. From now on, all
the cohomology groups will have coefficients in R unless we specify otherwise, and
we will remove R from the notation.

Since o, and o,, are multiples of the common period 7, the associated critical
manifolds K,, and K,, are both diffeomorphic to Y, and 71 < r < r3. In particular,
K,, and K,, are path-connected, and we have

t1(r1) — wo(r1) = t1(ra2) — to(re) = dim(K,,) — 1 = dim(K,,) — 1 = 2n — 2.
The Morse index formulas of Lemma [2.2] imply:

(a) If j <7y then ¢1(j) +2 < 19(r1),
(b) If ry < j <rg then t1(r1) +2 = to(r1) + 2n < 1o(j) and ¢1(5) + 2 < 1p(ra),
(c) If j > ro then t1(r2) +2 = 1o(r2) + 2n < 1p(j)-
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 21

By Proposition[4.2(i), every critical set K; = P;:_j with j € {1,...,r2}\{r} satisfies
one of the two following conditions:
e m;/p € N, and therefore h; < k, Hg.‘lid(Kj;Q) = Hg‘fd(Phj;Q) = 0, and
H(K;) is torsion-free;
e m;/p ¢ N, and therefore H}, (K;) is torsion-free.
In both cases, H3{4(K]) is torsion-free. Since
rankp H2{ ' (K;) = rankq H2{T (K3 Q) = rankg H* (K, /S Q),
and since all Morse indices are even, we infer
Ha T gy =0, Wie (.., \ [}, K emo(K;), 2d+1>u()).
This, together with Lemma [3.5(ii) and the inequality (a), implies
HZN (A, 21) =0, V2d+1>1o(ry) — 1.
As for the ordinary cohomology, the inequality (a) implies
HME ()Y =0 Vie{l,...,r1 =1}, Kem(K;), d>o(r),
which, together with Lemma [B.5(ii), provides H¥(A,, 1) = 0 for all d > to(r1).
Therefore, in the Gysin sequence
oo Hu (A1) — = HEP2 (A 1) —— H P2 (A 1) ——

the cup product with the Euler class e is a surjective homomorphism

HE (A1) —= H2PP(Ap 1), V2d > 00(ry) — 2.
Here and in the following, we denote by a two-head arrow — a surjective homo-

morphism.
Since K,, = S?"~1 the Gysin sequence

H*+1(52"_1; Q) N H§1 (Krl : Q) i> H;—I&-2(KT1 : Q) N H*+2(s2n—1; Q)

readily implies that H, (K, ; Q) = Q[e]/(e™), where the Euler class e is the gen-
erator of HZ,(K,,; Q). Since m,, /p ¢ IN, Proposition [4.2i) allows us to draw the
same conclusion with the coefficients in R, i.e.

Rle]

(en)’

where e is now the generator of Hz,(K,,). Clearly, all the assertions of this para-
graph hold for K,, as well.

By Lemma [3.5(i) we have H%, (A, Ay, 1) = H;;LO(”)(KTI), and in particular

HY(A,,, A1) = 0.

For each 2d > 1o(r1) — 2 the long exact sequence of the inclusion A,, 1 C A, gives
a commutative diagram

H;q (Krl) =

HY UK, ——— HH (M) ——— H2E (A1) —— 0

lve Jve lve
H§?+27L0(r1)(Kr1) E— Hg’(liJr?(Arl) — Hg’(liJr?(ATl*l) — 0
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22 MARCO MAZZUCCHELLI AND MARCO RADESCHI

whose rows are exact, and whose first and third vertical homomorphisms are sur-
jective. Simple diagram chasing allows us to conclude that the second vertical
homomorphism is surjective as well, i.e.

HE (M) —= H22(A,,), V2d > 1g(ry) — 2.

For every j > 7 and for every path-connected component K € my(Kj), the
inequality (b) implies ¢o(r1) — 1 — ind(K) < 0. By Lemma [3.5(ii), we infer

HE™ 7 A A = D o™ T ) =0,

Jj>nr
K e 7\'0(Kj)

and thus we have a surjective homomorphism
Hgol(Tl)—Q(A) N H;O1(T1)_2(AT1)'

By fitting this homomorphism into the commutative diagram

ved L r —
HOI2 () — == gt
d
HOTIT2 (A, —s BT,

we infer that the right vertical homomorphism is surjective, i.e.
(4.5) HEH(A) —» HZ (M), V2d 2 00(r).

Since ¢ is the only critical value of U in [c — §,c+ 4], if 11 < j < ro and j # r
we must have m;/p ¢ IN. Therefore H¥, (K;) is torsion-free, and for each path-
connected component K € mo(K;) the cohomology HY, (K) must vanish in degrees
larger than or equal to dim(K). In particular, the inequalities (b) and (c) imply

HE™E Ky =0, Vie{n+1,...,r— 1\ {r}, K € mo(K;), d > 1(r2) — 1,
and Lemma [3.5(ii) provides
(4.6) HE (A1, Ap) = HE (A, 1, M) =0, Vd > 1o(r2) — 1.

The vanishing of the first of these two cohomology groups implies that we have an
isomorphism

HY(Apoy) —— HY(Ay,),  Vd > w(r2) — 1,
and together with (4.5), this implies that we have a surjective homomorphism
HZ(A) — HZ(A, 1),  V2d > 1(ra).

This homomorphism factorizes through Hgff (A), ie.

Hl(A) — HEl (A1)

|

HE (Ar)
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 23

Therefore, we have a surjective homomorphism
H2(A) —» H2E(Ar—1),  Y2d > 19(r2).

We now consider the “anomalous” critical manifold K., which is of the form
K, = P}. Since H°d(Py; Q) # 0, Proposition E.2/(ii) implies that, for some path-
connected component K’ € mo(K,),

HETH (K or #0,  V2d+1 > dim(K").
Here, the subscript “tor” denotes the torsion subgroup. We fix the odd degree
d:=11(r2) + 1.
The inequality (b) implies d — ind(K’) > dim(K"), and thus
Hgl nd (< )( K')tor # 0.
Since

HL (A A )2 P HG™MP(K)

Kemo(K,)

according to Lemma [B.5[1), the long exact sequence
HEYA,) — HE (A ) — @ HE ™M (K) — HL(A,)
Kem(K,)
readily implies that a* is injective, and in particular
H: (Ar)ior # 0.
Notice that HZ, (Ar,—1) = HZ, (A,) according to (4.6). Moreover,
HE (Arys Apyy) = HG U (K) = 0,
HEY Ay, Avyor) = HE0U(K,) = 0.
Therefore H¢, (A,,) = HZ,(A,,—1). Overall, we showed that

Hg‘ll (ATQ)tor 7é 0

Let us finally consider the higher critical sets K, for j > ry. Inequality (c)
implies ¢o(j) > d, and therefore

HA(Aj M) 2 @ BHE™MOE) =0,

KEW()(K)
~ d+1—ind(K ~
HE (A A) 2 P HE ™M (K)~Re.. oR,
Kemo(Kj) Xq;

where ¢; is the number of path-connected components K € mo(K;) such that
ind(K) = d + 1. Notice in particular that Ha/'(A;,A;_1) is torsion-free. We
claim that H Sl( i)tor # 0 for all j > r5. Indeed, we already know that this holds
for j = rs. Assume that it holds for degree j, and consider the long exact sequence

Hé (Ajr, Ay) —— H(Aj1) —— HE(A)) —— HE (A0, A)),

|
0
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24 MARCO MAZZUCCHELLI AND MARCO RADESCHI

Since Hgfl(AjH,Aj) is torsion-free, the torsion subgroup Hgi(A;)¢or is in the
kernel of the connecting homomorphism §, and therefore the inclusion induces an
isomorphism

(47) Hgl (AJ+1)tOr—>HS1( )tor 7& 0.

Consider now the inverse limit of the groups HZ,(A;) as j — oo, and recall that
the cohomology admits a surjective homomorphism

(4.8) HE: (A) — Jim H3 (A;),

see, e.g., [Hat02, Theorem 3F.8]. Equations (4.7) and (8] imply that HZ, (A) is
non-trivial in the odd degree d, contradicting Lemma .11 O

4.4. Proof of the main theorems. By Lemma [B.5(i), we have isomorphisms of
H*(BS'; Q)-modules

(4.9) Hu(M A—5Q) 2 P Hy ™Mk Q).
Ken(K;)

Since every Morse index ind(K) is even, Equation (4.9) and Proposition 3] imply
that

(4.10) HEY (A, A 15Q) = HEY(K;;Q) = 0.

This allows us to apply Morse’s lacunary principle, which proves Theorem [C: the
long exact sequences of the inclusions A;_; C A; split in short exact sequences

0—>H;1(A AJ 1,Q)—)H;1(Aj;Q)—)H;1(Aj71;Q)—>0.
Therefore
H5(A;5Q) = @ Hi (A, Ar-1:Q).

1<k<j

By Equation (.9)), the local cohomology Hgl(A A;_1; Q) vanishes for d < ¢o(j).
Since tp(j) — oo as j — oo, for any degree d and for any large enough j the
inclusion induces an isomorphism

HE (Aj113Q) — HE (A5 Q).
Therefore,
(4.11) Hg (A Q) = lim Hi: (A5 Q) = lim @) HE: (A, A5 15 Q).
i>1

By Lemma [4.1] we have H%, (A; Q) = Q[e], where e € H2,(A; Q) is the Euler class.
This, together with (4.11)), implies that each local cohomology group in a given
even degree Hgl (Aj,A;-1;Q) has rank at most one, and conversely for every even
degree 2d there exists a unique j such that Hg‘f(A A;_1;Q) # 0, and it must be
HZ(Aj,A-1;Q) = Q.
Consider the path-connected components K7, K7 € mo(K;) such that
LO(.j) = lnd(Kj/)v
01(j) = ind(K7) +nul(K}) — 1 = ind(K7) + dim(K}) — 1.
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 25

We have not proved yet that the critical sets K, are path-connected; a priori,
K} and K7 may be distinct path-connected components. Equation (£.9) and the
conclusion of the previous paragraph imply that

HSP (A5, Aj-1:Q) = HYQ (K5 Q) = Q,

Ll ~ dim Kj 1 ~ im (K" )— ~
SO, Ay Q) = Ho M T (K7 Q) = B (K7 /51 Q) = Q.
Therefore
(4.12) e /2 & ker (Hz (A Q) — Hi (A Q)),
but
(4.13) e0U/2 ¢ ker (Hz: (A Q) — Hii(Aj—1;Q)).
We set

n(j) = w)
2
Lemma 4.4. Every critical set K; is path-connected, d; = (dim(K;) +1)/2, and

H% (K;;Q) = Qle]/(e%), where e € H2,(K;; Q) is the Euler class.

Proof. We consider the commutative diagram

Y J)(A Aj_y; Q) - HLO(J)(A]-;Q) HLo(J)(Aj_l;Q)

L1(J)(A A] 1 Q) HLI(])(AJ';Q) dr Hbl(J)(Aj_l;Q)

whose rows are exact. Equations ([{.12) and (.13) imply that e*0()/2 € ker(b*)\{0},
and therefore

e (/2 = g (&)
for some € € Hgf’l(j)(Aj, A;_1; Q). The diagram implies that
el v @) = en)/2,
In particular
e~ é#£0in HLO(])Hd(A Aj—1;Q), Yd=0,...,d; —1.

Under the H* (BS L Q) modules isomorphism (IED the cohomology class e? < € is
mapped to e € HZ{(K}; Q) for each d = 0,...,(¢1(j) — wo(j))/2. This, together
with (4.10]), 1mphes that

Qle]

(e)

In particular dim(K?) = 2d; — 1 = 11(j) — to(j) + 1. The critical set K; must
then be path-connected, and thus coincide with K J’ Indeed, if there were another

path-connected component K € mo(K;) with K # K7, its even Morse index would
satisfy

H (K55 Q) =

to(7) < ind(K) < 11(j);

however, both HY, (K;Q) = Q and Hmd(K) to(J )(K’ Q) = Q would contribute to
the local cohomology

Hisnld(K) (Aj,A-1;Q)
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26 MARCO MAZZUCCHELLI AND MARCO RADESCHI

via the isomorphism (4.9)), contradicting the fact that Hisnld(K)(Aj,Aj_l;Q) has
rank 1. (I

We recall once again that the non-empty strata Y;, = fix(1/7/*) are closed contact
submanifolds of Y, and in particular are orientable. Every such Y} is equivariantly
diffeomorphic to its corresponding critical set K, with o; = 7/k, via the map ([4.2).
Therefore, in Theorem [A] we can equivalently replace Y, with the critical set K.

Proof of Theorem [Al Since K is a path-connected orientable closed manifold, we
have

HY(K;;7Z) = H"™5)(K;,Z) = Z.
Analogously, HI™) (| ;3Q) = Q. Lemma[4.4] together with the Gysin sequence
o H K Q) — H (K3 Q) —— HEP (K3 Q) — H 2 (Kj5Q) — . .
implies that K is a rational homology sphere of dimension dim(K;) = 2d; —1, i.e.
H*(Kj; Q) = H*($9U9); Q).
Since K is path-connected, we have
w(j) =ind(K;),  0(j) =wo(j) +dim(K;) — 1.
Equations (4.12]) and ({.13]) imply that ¢o(j + 1) > ¢1(j), and therefore
w(@@+1)=u(j)+2.

By Lemma [3.5(ii), the local cohomology H%(A;,A;_1;7Z) can be non-trivial only if
to(j) <d < u1(4)+ 1, and

Hd(AvAj; Z) = Hd(Aj—l; Z) =0, vd € {LQ(]) +1,..., ['1(])}
This, together with Lemmas [B.5(i) and [4.1] implies
HUK};Z) = HF0U Ay, Aj_y; Z) = HIH 0O (A; 7) =0,
Vd e {1,...,dim(K;) — 1}.

Summing up, we proved that H*(K;;Z) = H*(84m(K;): 7). By the universal
coefficient theorem, this is equivalent to H.(K;;7Z) = H,.(S4mKi); 7) O

Proof of Theorem [B. For each j > 1, Equation (4.12) implies that c,, (jy/2(Y) < 0y,
whereas Equation (4.13]) implies that ¢, (;)/2(Y) > o;_1. Overall,

0j = CLo(j)/2(Y) = Cbl(j)/2(Y) < 61+L1(j)/2(y)7

and, by Lemmald4] d; =1+ (01(j) — wo(j))/2 = (dim(&;) + 1)/2. Therefore, the
sequence of Ekeland-Hofer spectral invariants ¢;(Y), c2(Y), c3(Y),. .. is precisely

01y:...,01,02,...,02,03,...,03,.... O
N N—— N——

X dy X dg X d3
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APPENDIX A. EULER CLASS OF FIBERED PRODUCTS

Let S* C C be the unit circle in the complex plane. If X is a space equipped
with an S' action (e, ) — €% -z, for any integer ¢ > 0 we denote by X7 the same
space equipped with the S! action (e?,2) — ¢%?-z. In the proof of Proposition [.2]
we will need the following elementary fact.

Lemma A.l. Consider two principal S bundles C; — B; and Cy — B, an
integer ¢ > 0, and the fibered product C{ x g1 Ca equipped with the S*-action

e . [c1,co] = [6iq661,C2] = [cl,efwcﬂ, Vel € ST, [c1,co) € CF x g1 Oy,

so that the quotient projection C} x g1 Co — By X By is a principal S*-bundle. Its
FEuler class is

61®1—Q-1®€2€H*(31 XBQ;Z),
where e; € H*(B;; Z) is the Euler class of C; — B;.

Proof. The statement is a bundle version of the following linear algebra remark.
Consider the fibered product (S1)? x g1 S* equipped with the S*-action

6‘ . [eis,eit] _ [ei(q9+s)’eit} _ [eis’ei(79+t)]’

for all € € S! and [e%, €] € (S1)? xg1 S'. Next, consider the tensor product
C ® C®4, where the complex conjugacy means that

zR1®..91=1Q02®...01l=..=101®...Q0%, Vz € C.

The unit circle S C C®C®? is diffeomorphic to (S1)? x g1 St via the S-equivariant
map

(S xg ST58, Y[, e]) = e’ ®... @€

Let V; — B; be the complex line bundle having C; — B; as unit-circle sub-
bundle. By the remark in the previous paragraph, the principal S'-bundle C{ x g1
Cy — B X By is isomorphic to the unit-circle sub-bundle of the complex line bundle

% ®V2®q — B; x Bs.

Finally, we recall that the Euler class of a unit-circle sub-bundle is the first Chern
class of the ambient complex line bundle. Since the first Chern class changes sign
under complex conjugation of the bundle, and is additive under tensor products of
bundles, we readily obtain our assertion. O
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