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ON THE STRUCTURE OF BESSE CONVEX

CONTACT SPHERES

MARCO MAZZUCCHELLI AND MARCO RADESCHI

Abstract. We consider convex contact spheres Y all of whose Reeb orbits
are closed. Any such Y admits a stratification by the periods of closed Reeb
orbits. We show that Y “resembles” a contact ellipsoid: any stratum of Y
is an integral homology sphere, and the sequence of Ekeland-Hofer spectral
invariants of Y coincides with the full sequence of action values, each one
repeated according to its multiplicity.

1. Introduction

We recall that a contact manifold is a (2n−1)-dimensional manifold Y equipped
with a one-form α, called the contact form, such that α ∧ (dα)n−1 is nowhere
vanishing. The associated Reeb flow ψt : Y → Y is obtained by integrating the
Reeb vector field R, which is defined by α(R) ≡ 1 and dα(R, ·) ≡ 0. Reeb flows
generalize, for instance, the geodesic flows on the unit tangent bundle of Riemannian
manifolds.

A contact manifold (Y,α) is called Besse when every orbit of the Reeb flow is
closed. In the Riemannian case, this reduces to the notion of Riemannian manifold
all of whose geodesics are closed, a topic of great interest in Riemannian geome-
try, see for example the influential monograph by Besse [Bes78] after whom these
spaces are named, and more recent developments [Pri09, LS17, RW17, ABHSa17,
MS18,MS22]. In the general setting, Besse manifolds were first studied by Thomas
[Tho76], who extended earlier work of Boothby-Wang [BW58] and called them
almost regular contact manifolds.

In this paper, we focus on contact manifolds Y that are convex spheres. These
are the smooth boundaries of convex compact neighborhoods B ⊂ R2n of the origin,
and come naturally equipped with the contact form α = λ|Y that is the restriction
of the 1-form on R2n given by

λ =
1

2

n∑

i=1

(
xi dyi − yi dxi

)
.

The only known examples of Besse convex contact spheres are the rational ellipsoids

E(a1, . . . , an) =

{
z = (z1, . . . , zn) ∈ Cn

∣∣∣∣
n∑

i=1

|zi|2

ai
=

1

π

}
,
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2 MARCO MAZZUCCHELLI AND MARCO RADESCHI

where a1 ≤ a2 ≤ . . . ≤ an are positive real numbers with ai
aj

∈ Q for all i, j = 1 . . . n.

The results in this paper show that a general Besse convex contact sphere Y always
“resembles”, in several aspects, a rational ellipsoid.

The first resemblance concerns the stratification induced by the Reeb flow. We
recall that, on any Besse contact manifold Y , a theorem due to Wadsley [Wad75]
guarantees that the Reeb flow ψt is itself periodic, that is, ψτ = id for some
minimal common period τ > 0. Therefore, ψt defines a locally free circle action on
Y . However, different orbits may have different minimal periods: for any positive
integer k > 0, the subspace

Yk := fix(ψτ/k) =
{
z ∈ Y

∣∣ ψτ/k(z) = z
}

is a (possibly empty) closed contact submanifold of Y . A priori, Yk may be dis-
connected, and different connected components may have different dimension. The
family of subspaces Yk defines a stratification of Y .

On the ellipsoid E = E(a1, . . . , an) ⊂ R2n ≡ Cn, the Reeb flow is given by

ψt(z1, . . . , zn) = (ei2πt/a1z1, . . . , e
i2πt/anzn).

If E is a rational ellipsoid, the least common period τ of the periodic Reeb orbits
is precisely the least common multiple of a1, . . . , an, and the strata Ek = fix(ψτ/k)
are the sub-ellipsoids

Ek =
{
(z1, . . . , zn) ∈ E

∣∣ zi = 0 if τ
kai

(∈ N
}
.

Our first result describes the topology of the strata of general convex contact
spheres.

Theorem A. Let Y be a Besse convex contact sphere. For each k ∈ N, the stratum
Yk is either empty or an integral homology sphere, i.e. H∗(Yk;Z) ∼= H∗(S2d+1;Z),
where 2d + 1 = dim(Yk).

To the best of our knowledge, it is unknown whether the same result is true
for a general locally free S1 action on a sphere Y . The classical Smith theorem
[Bre72, Th. III.5.1] implies that, if k is a power of a prime p, then the subspace
Yk, being the set fixed by the cyclic subgroup Zk ⊂ S1, is either empty or a Zp

homology sphere (i.e. H∗(Yk;Zp) ∼= H∗(Sd;Zp) for some d ≥ 0). On the other hand,
there are examples of manifolds equipped with a smooth action by a finite cyclic
group whose fixed point set is not an integral homology sphere [Sch82], although
it is not known if these examples can arise as strata of smooth locally free circle
actions.

The second resemblance to ellipsoids regards the Ekeland-Hofer spectral invari-
ants [EH87]

c0(Y ) ≤ c1(Y ) ≤ c2(Y ) ≤ . . . ,

which are suitably selected elements of the action spectrum

σ(Y ) =
{
τ > 0

∣∣ fix(ψτ ) (= ∅
}
.(1.1)

The first such value c0(Y ) is the systole of Y , namely the minimum element of the
action spectrum σ(Y ). We will recall the definition of the higher ones in Section 2.2.
A joint result of the first author with Ginzburg-Gürel [GGM21] implies that these
spectral invariants determine the Besse property: a (2n − 1)-dimensional convex
contact sphere Y is Besse if and only if ci(Y ) = ci+n−1(Y ) for some i ≥ 0.
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Let us recall the computation of the Ekeland-Hofer spectral invariants for ellip-
soids E = E(a1, . . . , an). The action spectrum σ(E) is the set of multiples of the
parameters ai. Let σ1 < σ2 < σ3 < . . . be the elements of σ(E) listed in increasing
order. For each i ≥ 0, we denote by di the number of aj ’s such that σi/aj ∈ N.
These numbers are indeed related to the dimensions of the subsets fix(ψσi) ⊂ E,
i.e.

di := (dim(fix(ψσi)) + 1)/2.

The Ekeland-Hofer spectral invariant ci(Y ) is the (i+1)-th element in the sequence

σ1, . . . ,σ1︸ ︷︷ ︸
×d1

,σ2, . . . ,σ2︸ ︷︷ ︸
×d2

,σ3, . . . ,σ3︸ ︷︷ ︸
×d3

, . . . ,

see, e.g., [GGM21, Section 3.7]. Our second theorem shows that the computation of
the Ekeland-Hofer spectral invariants of Besse convex contact spheres is the same
as the one of ellipsoids.

Theorem B. Let Y be a Besse convex contact sphere with Reeb flow ψt. Let
σ1 < σ2 < σ3 < . . . be the elements of the action spectrum σ(Y ) listed in increasing
order. The Ekeland-Hofer spectral invariant ci(Y ) is the (i + 1)-th element in the
sequence

σ1, . . . ,σ1︸ ︷︷ ︸
×d1

,σ2, . . . ,σ2︸ ︷︷ ︸
×d2

,σ3, . . . ,σ3︸ ︷︷ ︸
×d3

, . . . ,

where1 dj = (dim(fix(ψσj )) + 1)/2.

We point out that in dimension 3, there are essentially no Besse contact spheres
(convex or not) beside the rational ellipsoids. This is a consequence of existing
results in the literature, which we summarize in the following statement. We recall
that two contact manifolds (Y1,α1) and (Y2,α2) are strictly contactomorphic when
there exists a diffeomorphism φ : Y1 → Y2 such that φ∗α2 = α1.

Theorem 1.1 ([GL18,CGM20]). Every Besse contact 3-sphere (S3,α) is strictly
contactomorphic to an ellipsoid.

Proof. Let τ > 0 be the minimal common Reeb period of the Besse (S3,α). We
denote by σp(S3,α) the simple action spectrum, which is the set of those a > 0 that
are minimal periods of some Reeb orbit of (S3,α). The Reeb flow ψt defines an S1 =
R/τZ action on S3, and the quotient projection S3 → S3/S1 is a Seifert fibration
whose base is oriented by the 2-form π∗dα (this push-forward is well defined since
ψt preserves α). The classification of Seifert fibrations [GL18, Lemma 4.1] implies
that there are at most two distinct periodic Reeb orbits whose minimal period is
strictly less than τ . Therefore, σp(S3,α) contains at most three elements, one of
which is τ . If σp(S3,α) contains at least two elements, we call a1 < a2 the two
smallest elements of σp(S3,α); if instead σp(S3,α) = {τ}, we set a1 = a2 = τ . In
both cases, we conclude that σp(S3,α) is also the simple action spectrum of the
Besse ellipsoid E(a1, a2). Finally, by [CGM20, Theorem 1.5], two diffeomorphic
Besse contact 3-manifolds are strictly contactomorphic if and only if they have the
same prime action spectrum. !

1The statement implicitly uses the fact that fix(ψσj ) is path-connected, which follows from
Theorem A.
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In higher dimensions, Theorem 1.1 does not hold: Ustilovsky [Ust99] proved that,
for each n ≥ 3 odd, there exist infinitely many Besse contact spheres (S2n−1,αi),
with i ∈ N, that are pairwise not contactomorphic, meaning that for each pair of
distinct positive integers i1 (= i2 there is no diffeomorphism φ : S2n−1 → S2n−1

satisfying dφ(kerαi1) = kerαi2 . Since all ellipsoids of dimension 2n− 1 are contac-
tomorphic to one another, infinitely many Ustilovsky spheres (S2n−1,αi) are not
contactomorphic to ellipsoids, let alone strictly contactomorphic.

A closed contact manifold all of whose Reeb orbits are closed and have the same
minimal period is called Zoll. We remark that Ustilovsky’s contact spheres are
not Zoll. It is not known whether there exist two non-strictly contactomorphic Zoll
contact spheres of some dimension larger than or equal to 5. A celebrated related
problem is the uniqueness (up to diffeomorphism) of the symplectic form with unit
volume on complex projective spaces, which is known for CP2 by a result of Taubes
[Tau95], but open in higher dimension.

The proofs of the main results in this paper (and the very definition of the
Ekeland-Hofer spectral invariants) are based on the Clarke action functional Ψ,
which provides a variational principle for the periodic Reeb orbits of convex contact
spheres. It is well known that, for Besse convex contact spheres, Ψ is Morse-Bott
non-degenerate. The technical core for the proof of Theorems A and B is the
following.

Theorem C. The Clarke action functional of a Besse convex contact sphere is
perfect for the rational S1-equivariant cohomology.

In this statement, perfect must be understood in the sense of Morse theory: for
any b > a > 0, the inclusions induce a short exact sequence

0 → H∗
S1(Ψ−1(0, b),Ψ−1(0, a);Q) → H∗

S1(Ψ−1(0, b);Q) → H∗
S1(Ψ−1(0, a);Q) → 0.

Namely, in the S1-equivariant Morse theory of Ψ, there are no cancellations among
the critical manifolds.

Theorem C will require two main ingredients, which turn out to always hold
under the Besse assumption: the orientability of the negative normal bundle of
any critical manifold (Proposition 3.4), and the vanishing of the S1-equivariant
rational cohomology of any critical manifold in odd degree (Proposition 4.3). Both
statements are inspired by analogous results for Besse geodesic flows due to the
second author and Wilking [RW17], which were employed to establish the high-
dimensional Berger conjecture: every Besse geodesic flow on the unit cotangent
bundle of a Riemannian n-sphere with n > 3 is actually Zoll (the conjecture is still
open for n = 3, while it was earlier proved by Gromoll-Grove [GG81] for n = 2).

Recent results in the literature [AK22, Iri19] seem to indicate that the Ekeland-
Hofer spectral invariants of a convex contact sphere may coincide with its corre-
sponding Ekeland-Hofer capacities [EH89,EH90] (this is indeed known for the first
one c0(Y ), see [Sik90]). Unlike the spectral invariants, the Ekeland-Hofer capacities
can be associated to any compact subset of symplectic vector spaces; when associ-
ated to a restricted contact-type hypersurface Y or to its compact filling, they take
value inside its action spectrum σ(Y ). It is an open question whether Theorems A
and B (with the capacities instead of the spectral invariants) continue to hold for
general restricted contact-type spheres in symplectic vector spaces.
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1.1. Organization of the paper. In Section 2, we provide the background con-
cerning the Clarke action functional. Section 3 is devoted to the proof of the
orientability of the negative normal bundles of the critical manifolds of the Clarke
action functional in the Besse case. In Section 4, we prove that the Clarke action
functional of a Besse convex contact sphere is perfect for the S1 equivariant ratio-
nal cohomology, and use this fact to establish Theorem C, and then Theorems A
and B. Finally, in Appendix A we compute the Euler class of a suitable fibered
sum of circle bundles, which is employed in Section 4.

2. The Clarke action functional

2.1. The functional setting. A convenient variational principle for the study
of periodic Reeb orbits in a convex contact sphere is given by the Clarke action
functional [Cla79]. Such functional appears in the literature under different, al-
though equivalent, formulations; here we present the one in the L2 setting, following
Ekeland-Hofer [EH87].

Let Y ⊂ R2n be a convex contact sphere. We embed its Reeb flow ψt : Y → Y
into a Hamiltonian flow φt

H : R2n → R2n so that φt
H(λz) = λψt(z) for all t ∈ R,

λ > 0, and z ∈ Y . We recall that φt
H is the flow of a Hamiltonian vector field

XH on R2n defined by ω(XH , ·) = −dH, where H : R2n → R is the associated
Hamiltonian, and ω = dλ is the standard symplectic 2-form of R2n. We denote by
J the standard complex structure of R2n, which is defined by 〈J ·, ·〉 = ω, and we
remark that XH = J∇H. The Hamiltonian whose flow extends the Reeb flow as
above is the unique function such that H|Y ≡ 1 and H(λz) = λ2 for all λ > 0 and
z ∈ Y . In particular, H is a convex 2-homogeneous function smooth outside the
origin, and so is its dual

H∗ : R2n → [0,∞), H∗(w) = max
z∈R2n

(
〈w, z〉 − H(z)

)
.

We consider the space of L2 curves with zero average

L2
0(S

1,R2n) =

{
ζ ∈ L2(S1,R2n)

∣∣∣∣
∫

S1

ζ(t) dt = 0

}
,

where S1 = R/Z. Notice that every element in L2
0(S

1,R2n) is the first derivative γ̇
of some element γ ∈ W 1,2(S1,R2n). We consider the symplectic action functional

A : L2
0(S

1,R2n) → R, A(γ̇) =

∫

S1

γ∗λ =
1

2

∫

S1

〈Jγ(t), γ̇(t)〉 dt.

The expression of A involves a primitive γ, but the value A(γ̇) is independent of
its choice.

We next consider the functional

G : L2
0(S

1,R2n) → [0,∞), G(γ̇) =

∫

S1

H∗(−J γ̇(t)) dt.

Notice that G(0) = 0, G is positive away from the origin, and G(λγ̇) = λ2G(γ̇) for
all λ > 0 and γ̇ ∈ L2

0(S
1,R2n). We set

Λ := G−1(1) ∩ A−1(0,∞).

The Clarke action functional is defined by

Ψ : Λ → (0,∞), Ψ(γ̇) =
1

A(γ̇)
.
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The associated variational principle allows to characterize the closed Reeb orbits of
Y as follows.

Theorem 2.1 (Clarke variational principle). The critical points

γ̇ ∈ crit(Ψ) ∩Ψ−1(c)

are precisely those curves admitting a (unique) primitive γ ∈ C∞(S1,R2n) such
that γ̇ = cXH(γ) = cJ∇H(γ) and H(γ) ≡ c−2 > 0. Namely, the curve t 0→ c γ(t/c)
is a (possibly iterated) c-periodic Reeb orbit of Y . !

2.2. Spectral invariants. The Clarke action functional Ψ satisfies the Palais-
Smale condition (see [EH87]). Moreover, Ψ has a remarkable feature that is lacking
in most of the other symplectic functionals: it is uniformly bounded from below.
This allows to detect the closed Reeb orbits on Y corresponding to the global
minimizers of Ψ; the period of such Reeb orbits, sometimes called the systole of Y ,
is thus

c0(Y ) := minΨ ∈ σ(Y ),(2.1)

where σ(Y ) is the action spectrum (1.1).
Consider the classifying space BS1. Given a topological space X equipped with

a continuous S1-action and a coefficient ring R, the S1-equivariant cohomology

H∗
S1(X; R) := H∗(X ×S1 ES1; R)

is an H∗(BS1; R)-module with scalar multiplication

f · k := (π∗f) " k, ∀f ∈ H∗(BS1; R), k ∈ H∗
S1(X; R).

Here, π : X ×S1 ES1 → BS1 is the quotient-projection. The Euler class of the
universal principal S1-bundle ES1 → BS1 induces a generator

e ∈ H2(BS1; R).

With a common abuse of notation, we still denote by e the element e·1 ∈ H2
S1(X; R),

which is the cohomology class induced by the Euler class of the principal S1-bundle
X × ES1 → X ×S1 ES1.

The Hilbert space L2
0(S

1,R2n) is equipped with the S1-action given by the time-
translation

t · γ̇ = γ̇(t + ·) ∈ Λ, ∀t ∈ S1, γ̇ ∈ Λ.

Notice that A and G are S1-invariant, and so is the Clarke action functional Ψ. We
denote its open sublevel sets by

Λ<a := Ψ−1(0, a), a ∈ (0,∞].

For each integer i ≥ 0, the i-th Ekeland-Hofer spectral invariant is defined by

ci(Y ) := inf
{
c > 0

∣∣ ei (= 0 in H∗
S1(Λ<c;Q)

}
∈ σ(Y ).

In the right-hand side, the non-vanishing of the cohomology class ei is often ex-
pressed in the literature by saying that Λ<c has Fadell-Rabinowitz index [FR78]
larger than or equal to i. The notation ci(Y ) is consistent with the above one in
Equation (2.1): c0(Y ) is the systole of Y .
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2.3. The Morse index. Since the Hamiltonian H and its dual H∗ are not C2 at
the origin, the Clarke action functional Ψ is not C2 neither. Nevertheless, it is C1,1,
and the finite dimensional reduction provided in [EH87] allows to treat it as a C2

functional in the applications.
Let us consider a critical point γ̇ ∈ crit(Ψ) ∩Ψ−1(c). We set

Φ := A|Λ =
1

Ψ
.

The Hessian bilinear form of the Clarke action functional at γ̇ is given by

〈∇2Ψ(γ̇)η̇, ζ̇〉L2 = − 1

Φ(γ̇)2
〈∇2Φ(γ̇)η̇, ζ̇〉 = − 1

Φ(γ̇)2

∫

S1

〈Jη, ζ̇〉,

where η̇, ζ̇ ∈ Tγ̇Λ. The Hessian ∇2Ψ(γ̇) is a self-adjoint bounded operator on
Tγ̇Λ. By Theorem 2.1, γ̇ admits a primitive γ satisfying Hamilton’s equation
γ̇ = cJ∇H(γ), and dually c γ = ∇H∗(−J γ̇). Notice that Tγ̇Λ = Tγ̇G−1(1). Since

dG(γ̇)η̇ =

∫

S1

〈∇H∗(−J γ̇),−J η̇〉 dt = c

∫

S1

〈Jγ, η̇〉 dt, ∀η̇ ∈ L2
0(S

1,R2n),

the tangent space Tγ̇Λ is precisely the space of those η̇ ∈ L2
0(S

1,R2n) such that
∫

S1

〈Jγ, η̇〉 dt = 0.

The Morse index ind(Ψ, γ̇) is defined as the supremum of the dimension of
those vector subspaces of Tγ̇Λ over which ∇2Ψ(γ̇) is negative definite. The nul-
lity nul(Ψ, γ̇) is defined as the dimension of ker∇2Ψ(γ̇). Notice that ind(Ψ, γ̇) =
ind(−Φ, γ̇) and nul(Ψ, γ̇) = nul(−Φ, γ̇) = nul(Φ, γ̇).

To compute the index of a critical point of Ψ, consider the functional

Θ : L2
0(S

1;R2n) → R, Θ(ζ̇) = −A(ζ̇) + c−1G(ζ̇).

The critical points of Θ are precisely those ζ̇ admitting a primitive ζ such that

ζ̇ = cJ∇H(ζ).

Every critical point ζ̇ ∈ crit(Θ) belongs to a cylinder of critical points

(R+ × S1) · ζ̇ =
{
ρ ζ̇(t + ·)

∣∣ ρ > 0, t ∈ S1
}
,

and the only critical value of Θ is 0, because Θ is positively homogeneous of degree 2.
Since Θ|Λ = c−1 −Φ, we infer that our γ̇ ∈ crit(Ψ) ∩Ψ−1(c) is also a critical point
of Θ. The Hessian of Θ at γ̇ is given by

〈∇2Θ(γ̇)η̇, ζ̇〉 = −
∫

S1

〈Jη, ζ̇〉 + c−1

∫

S1

〈∇2H∗(−J γ̇)J η̇, J ζ̇〉 dt

=

∫

S1

〈η + c−1∇2H(γ)−1J η̇, J ζ̇〉 dt.

This expression readily implies that η̇ ∈ ker(∇2Θ(γ̇)) if and only if η̇ admits a
primitive η such that η̇ = cJ∇2H(γ)η. Namely,

η(t) = dφct
H(γ(0))η(0), ∀t ∈ [0, 1].

We recall that η is a smooth 1-periodic curve, being the primitive of the zero-average
curve η̇. Therefore, the nullity of Θ at γ̇ is given by

nul(Θ, γ̇) = dim ker(dφc
H(γ(0)) − I).
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The computation of the Morse index is slightly more involved, but according to a
theorem of Ekeland [Eke90, Theorem I.4.6] turns out to be analogous to the one for
geodesic arcs in Riemannian manifolds: it is given by a count of conjugate points.
The formula is the following2

ind(Θ, γ̇) =
∑

t∈(0,1)

dimker(dφct
H(γ(0)) − I).(2.2)

Since Tγ̇Λ = Tγ̇G−1(1) and dG(γ̇)γ̇ = 2G(γ̇) = 2, the space L2(S1,R2n) splits as a
direct sum

L2
0(S

1,R2n) = Tγ̇Λ⊕ span{γ̇}.

Notice that
∇2Θ|Tγ̇Λ = −∇2Φ.

Since Θ is positively 2-homogeneous, we have

∇2Θ(γ̇)γ̇ = ∇Θ(γ̇) = 0.

The last two equations readily imply that

ind(Ψ, γ̇) = ind(−Φ, γ̇) = ind(Θ, γ̇),

nul(Ψ, γ̇) = nul(−Φ, γ̇) = nul(Θ, γ̇) − 1.

Finally, since γ̇ belongs to a circle of critical points S1 · γ̇ of Ψ, we have

∇2Ψ(γ̇)γ̈ = d
dt

∣∣
t=0

∇Ψ(t · γ̇) = 0,

and therefore the nullity nul(Ψ, γ̇) is always at least 1. From now on, we will simply
write

ind(γ̇) = ind(Ψ, γ̇), nul(γ̇) = nul(Ψ, γ̇).

Summing up, we have the following statement.

Lemma 2.2. The Morse indices of a critical point γ̇ ∈ crit(Ψ) ∩Ψ−1(c) are given
by

ind(γ̇) =
∑

t∈(0,c)

dim ker(dφt
H(γ(0)) − I),

nul(γ̇) = dim ker(dφc
H(γ(0)) − I) − 1.

Let us now assume that our convex contact sphere Y is Besse with common
Reeb period τ . For any critical value c of Ψ we have c/τ = m/k for some relatively
prime positive integers m and k. The associated critical set crit(Ψ) ∩ Ψ−1(c) is
diffeomorphic to the stratum Yk := fix(ψτ/k), which is a closed contact submanifold
of Y . The following statement summarizes the results in [GGM21] that are relevant
here. We remark that the Morse indices in [GGM21] are referred to the Clarke
action functional in the Lp setting with p ∈ (2,∞), but turn out to coincide with the
Morse indices in the L2-setting Λ employed here, see [Eke90, Prop. I.7.5]. Indeed,
for any p ∈ (2,∞), there is a correspondence between the critical points of the
Clarke action functionals in Lp and in Λ, and the Morse indices of corresponding
critical points coincide.

2Notice that the formula (2.2) does not directly correspond to the Morse index formula for
closed geodesics in Riemannian manifolds. The index of a closed geodesic is indeed given by a
count of conjugate points plus the so-called concavity.
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 9

Lemma 2.3 (Ginzburg-Gürel-Mazzucchelli [GGM21]). Assume that Y is a Besse
convex contact sphere. Any path-connected component K ⊂ crit(Ψ) has even Morse
index ind(K) and odd nullity nul(K) = dim(K). In particular, K is a non-
degenerate critical manifold of Ψ in the Morse-Bott sense. !

Let K1, . . . , Kr be the path-connected components of crit(Ψ) ∩ Ψ−1(c). We
recall that the negative bundle of Ki is the vector bundle E−

i → Ki whose fiber
at γ̇ ∈ Ki is the direct sum of negative eigenspaces of ∇2Ψ(γ̇). Let U−

i ⊂ E−
i be

compact neighborhoods of the 0-sections, and U− = U−
1 ∪ . . . ∪ U−

r their disjoint
union. If ε > 0 is small enough, the sublevel set Λ<c+ε is homotopy equivalent to
Λ<c−ε ∪F U−, where F : ∂U− → Λc−ε is a suitable attaching map. If the negative
bundles E−

i → Ki are all orientable, then the excision and the Thom isomorphism
imply

h∗(Λc+ε,Λc−ε) 5 h∗(U−, U− \ K) 5
⊕

i

h∗−ind(Ki)(Ki),

where h∗ denotes either the S1-equivariant or the ordinary cohomology with coeffi-
cients in a ring. This will be recalled with more details in the proof of Lemma 3.5.

3. Orientability of the negative bundles

The goal of this section is to prove that the negative bundles of the critical
manifolds of the Clarke action functional Ψ are all orientable.

3.1. The index form. We consider the symmetric bilinear form

hA,τ : L2
0([0, τ ],R2n) × L2

0([0, τ ],R2n) → R,

hA,τ (ζ̇, η̇) =

∫ τ

0
〈ζ(t) + A(t)J ζ̇(t), J η̇(t)〉 dt,

where τ ∈ (0, 1] and A : [0, 1] → Sym+(2n) is a smooth path of positive-definite
symmetric matrices. The associated bounded self-adjoint operator

HA,τ ∈ L(L2
0([0, τ ],R2n)),

which satisfies hA,τ (ζ̇, η̇) = 〈HA,τ ζ̇, η̇〉L2 , is given by

HA,τ ζ̇ = −Jζ − JAJ ζ̇ +

∫ τ

0

(
Jζ + JAJ ζ̇

)
dt,

where ζ is any primitive of ζ̇. One can show that the spectrum of HA,τ consists of
eigenvalues. For each λ ≤ 0, the eigenspace

EA,τ (λ) := ker(HA,τ − λI)

is the vector space of those ζ̇ admitting a primitive ζ such that
{
ζ̇ = J(A − λI)−1ζ,

ζ(0) = ζ(τ ).

In particular, EA,τ (λ) has dimension at most 2n. It turns out that HA,τ has only
finitely many negative eigenvalues, and therefore has a finite dimensional total
negative eigenspace

E−
A,τ :=

⊕

λ<0

EA,τ (λ).
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10 MARCO MAZZUCCHELLI AND MARCO RADESCHI

The Morse index ind(hA,τ ) := dim(E−
A,τ ) is the largest dimension of a vector sub-

space over which hA,τ is negative definite. If we denote the nullity by nul(hA,τ ) :=
dim(EA,τ (0)) = ker(HA,τ ), then ind(hA,τ ) + nul(hA,τ ) is the largest dimension of a
vector subspace over which hA,τ is negative semidefinite. The inclusions

L2
0([0, τ1],R

2n) ↪→ L2
0([0, τ2],R

2n) ∀τ1 < τ2 ≤ 1

readily imply that the functions τ 0→ ind(hA,τ ) and τ 0→ ind(hA,τ ) + nul(hA,τ ) are
monotone increasing. Actually, these functions are completely determined by the
linear symplectic path ΓA : [0, τ ] → Sp(2n) defined by

Γ̇A(t) = JA(t)−1ΓA(t),

ΓA(0) = I.

Indeed, there are canonical isomorphisms

E−
A,τ

∼=
⊕

t∈(0,τ)

ker(ΓA(t) − I),(3.1)

EA,τ (0) = ker(HA,τ ) ∼= ker(ΓA(τ ) − I).

We refer the reader to Ekeland’s monograph [Eke90, Section I.4] for more back-
ground concerning the indices of hA. In Section 3.3, we shall need the following
fact.

Lemma 3.1. Let As : [0, 1] → Sym+(2n) be smooth paths, smoothly depending on
s ∈ R. Assume that ker(ΓA0(τ )−I) (= {0} for some τ ∈ (0, 1). Then, for each ε > 0,
there exists δ > 0 such that, for each s ∈ (−δ, δ), we have ker(ΓAs(t) − I) (= {0}
for some t ∈ [τ − ε, τ + ε].

Proof. We set

ι(s, t) := ind(hAs,t),

ν(s, t) := nul(hAs,t) = dim(ker(ΓAs(t) − I)),

κ(s, t) := ι(s, t) + ν(s, t),

so that, by our assumption, ν(0, τ ) > 0. By (3.1), we have ι(0, τ + ε) > κ(0, τ − ε).
The function ι is lower semicontinuous, whereas the function κ is upper semicon-
tinuous. Therefore, for all t ∈ [τ − ε, τ + ε] and for all s sufficiently close to 0 we
have ι(0, t) ≤ ι(s, t) and κ(0, t) ≥ κ(s, t). Let us assume by contradiction that there
exists a sequence sn → 0 such that ν(sn, t) = 0 for all t ∈ [τ − ε, τ + ε]. By (3.1),
we have κ(sn, τ − ε) = κ(sn, τ + ε) = ι(sn, τ + ε). But this implies

κ(0, τ − ε) ≥ κ(sn, τ − ε) = ι(sn, τ + ε) ≥ ι(0, τ + ε) > κ(0, τ − ε),

which gives a contradiction. !

In the following, we will set τ = 1, and remove it from the notation:

hA := hA,1, EA(0) := EA,1(0), E−
A := E−

A,1.

Remark 3.2. With the notation of Section 2.3, the bilinear form hA is the Hessian
of the functional Θ at a critical point γ̇ when A(t) = c−1∇2H(γ̇(t))−1. In this case,
the symplectic path ΓA is given by ΓA(t) = dφct

H(γ(0)). The vector space E−
A,τ is

the negative eigenspace of the Hessian ∇2Θ(γ̇), as well as the negative eigenspace
of the Hessian of the Clarke action functional ∇2Ψ(γ̇). !
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 11

3.2. A remark on the eigenvalues of positive symplectic paths. We will
need a variation of [Eke90, Prop. I.3.1] from symplectic linear algebra.

Lemma 3.3. Let A : R → Sym+(2n) and Γ : R → Sp(2n) be smooth paths
satisfying

Γ̇ = JAΓ, Γ(0)k = I

for some positive integer k. Then Γ(t) has no real eigenvalues for all t (= 0 suffi-
ciently close to 0.

Proof. Let us assume by contradiction that there exist sequences tn → 0 and λn ∈
σ(Γ(tn))∩R. Since the eigenvalues of Γ(0) are k-th roots of unity, up to extracting
a subsequence we must have λn → λ ∈ {1,−1}. Since Γ(0) is a k-th root of
the identity, its real eigenvalue λ is semi-simple. If 2m = dim ker(Γ(0) − λI), the
eigenvalue λ ∈ σ(Γ(0)) branches into the 2m eigenvalues µ1(t), . . . , µ2m(t) ∈ σ(Γ(t))
for all t sufficiently close to 0, where every µi(t) depends continuously on t and
admits a left and right derivative at t = 0 (see, e.g. [Tex18, Prop. 3.3]). Therefore,
up to extracting a subsequence, we have a finite limit

λ′ := lim
n→∞

λn − λ

tn
∈
{
µ̇i(0

±)
∣∣ i = 1, . . . , 2m

}
.

Let vn ∈ R2n be an associated sequence of unit eigenvectors, i.e. Γ(tn)vn = λnvn

and ‖vn‖ = 1. Once again, up to extracting a subsequence, we have vn → v, where
‖v‖ = 1 and Γ(0)v = λv. Notice that λ = λ−1 and Γ(0)−1v = λv. Therefore

−〈A(0)v, v〉 = 〈J Γ̇(0)Γ(0)−1v, v〉 = λ〈J Γ̇(0)v, v〉

= λ lim
n→∞

〈
J
Γ(tn) − Γ(0)

tn
vn, v

〉

= λ lim
n→∞

(
λn

tn
〈Jvn, v〉 − 1

tn
〈JΓ(0)vn, v〉

)

= λ lim
n→∞

(
λn

tn
〈Jvn, v〉 − 1

tn
〈Jvn,Γ(0)−1v〉

)

= λ lim
n→∞

(
λn

tn
〈Jvn, v〉 − λ

tn
〈Jvn, v〉

)

= λ lim
n→∞

λn − λ

tn
〈Jvn, v〉 = λλ′〈Jv, v〉 = 0.

This contradicts the fact that A(0) is positive definite. !

3.3. Orientation of the negative eigenspaces. The following statement pro-
vides the orientability of the negative bundles of critical manifolds of the Clarke
action functional of Besse convex contact spheres. An analogous statement for
geodesic flows was proved by the second author and Wilking in [RW17, Section 2].

Proposition 3.4. Let k be a positive integer and A : S1 × [0, 1] → Sym+(2n) a
smooth map, which we see as a loop of paths of symmetric positive definite matrices
As(t) = A(s, t), such that s 0→ dim E−

As
is constant and ΓAs(1)k = I for all s ∈ S1.

The family of negative eigenspaces form a vector bundle

π : E− → S1, π−1(s) = E−
As

(3.2)

that is trivial.
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12 MARCO MAZZUCCHELLI AND MARCO RADESCHI

Proof. We consider the spaces

G≤1 =
{
(M,λ) ∈ Sp(2n) × (0, 1]

∣∣ dimker(M − λI) ≤ 1
}
,

G1 =
{
(M,λ) ∈ Sp(2n) × (0, 1]

∣∣ dimker(M − λI) = 1
}
,

Sp≤1(2n) =
{
M ∈ Sp(2n)

∣∣ (M,λ) ∈ G≤1 ∀λ ∈ (0, 1]
}
,

equipped with their standard topology. The space G≤1 is open in Sp(2n) × (0, 1].
By [RW17, Appendix A], G1 is a smooth hypersurface in G≤1 with boundary

∂G1 = (Sp≤1(2n) × {1}) ∩ G1.

Moreover, the complement Sp(2n) \ Sp≤1(2n) is a stratified manifold whose top-
dimensional stratum has codimension 3.

We denote by C = S1 × [0, 1] the cylinder, by int(C) = S1 × (0, 1) its interior,
and set

Γ0 : C → Sp(2n), Γ0(s, t) = ΓAs(t).

By the properties mentioned in the previous paragraph, we can smoothly extend
Γ0 to a homotopy Γr : C → Sp(2n), r ∈ [0, 1], such that:

(i) each Γr is C∞ close to Γ0,
(ii) Γr|∂C = Γ0 for all r ∈ [0, 1],
(iii) Γ1(int(C)) ⊂ Sp≤1(2n),
(iv) ψ : int(C) × (0, 1] → G≤1, ψ(s, t,λ) = (Γ1(s, t),λ) is transverse to G1.

Condition (i) guarantees that each symmetric matrix

Br(s, t) = −J(∂tΓr(s, t))Γr(s, t)
−1

is positive definite (being close to As(t)). Condition (ii) implies that the function

r 0→ dim(E−
Br(s,·))

is constant. Therefore, the vector bundle (3.2) extends to a vector bundle

π : Ẽ− → [0, 1] × S1, π−1(r, s) = E−
Br(s,·).

The vector bundles Ẽ−|{0}×S1 = E− and Ẽ−|{1}×S1 are isomorphic. Therefore, it
is enough to prove the proposition for B1 instead of A. In order to simplify the
notation we will just assume that A = B1, and thus Γ := Γ1 = Γ0.

Notice that Γ|∂C takes values inside the subspace of symplectic roots of the
identity I. Therefore, by Lemma 3.3, there exists an open neighborhood U ⊂ C of
∂C such that, for each u = (s, t) ∈ U \∂C, the matrix Γ(u) has no real eigenvalues.
This, together with the transversality condition (iv), implies that the preimage
W := ψ−1(G1) is a compact surface embedded in C × (0, 1] with boundary ∂W =
W ∩ (C × {1}).

We denote the Morse index of hAs by

i := dim E−
As

,

which is independent of s ∈ S1 by assumption. Since Γ(int(C)) ⊂ Sp≤1(2n), for
each s ∈ S1 there exist 0 < τ1(s) < . . . < τi(s) < 1 such that

ker(Γ(s, τj(s)) − I) (= {0}, ∀j = 1, . . . , i.
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 13

Namely, for each s ∈ S1, the intersection ∂W ∩ ({s} × [0, 1] × {1}) has precisely i
elements given by

W ∩ ({s} × [0, 1] × {1}) =
{
(s, τj(s), 1)

∣∣ j = 1, . . . , i
}
.

By Lemma 3.1, the functions s 0→ τj(s) are continuous. Therefore, the boundary
∂W = W ∩ (C × {1}) is the disjoint union of i embedded circles T1 ∪ . . .∪Ti, where

Tj =
{
(s, τj(s), 1)

∣∣ s ∈ S1
}
, j = 1, . . . , i.

Since the circles Tj are smooth, the functions s 0→ τj(s) are smooth as well. Notice
that, since τj(s) < τj+1(s), every circle Tj is enclosed by the subsequent one Tj+1.

Now, we consider the real line bundle

π : R → W, π−1(s, t,λ) = ker(Γ(s, t) − λI).

For each j = 1, . . . , i, we define rj ∈ {0, 1} as

rj :=

{
0, if R|Tj → Tj is orientable,

1, otherwise.

Since W is a compact surface embedded in C × [0, 1] with boundary ∂W = T1 ∪
. . . ∪ Ti ⊂ C × {1}, it must be orientable, and therefore r1 + . . . + ri is even. For
each j = 1, . . . , i, we introduce the diffeomorphism

θj : S1 ∼=−−→Tj , θj(s) = (s, τj(s), 1),

and consider the vector bundle

N := θ∗1R ⊕ . . . ⊕ θ∗kR → S1.

Notice that every fiber of this bundle is isomorphic to the corresponding fiber of the
negative bundle E− → S1 of Equation (3.2) via the canonical isomorphism (3.1).
Therefore, N → S1 and E− → S1 are isomorphic vector bundles. Finally, N is
the direct sum of real line bundles, r1 + . . . + ri of which are non-orientable. Since
r1 + . . . + ri is even, N is orientable, and thus a trivial vector bundle. !

3.4. Critical sets of Besse convex contact spheres. As we mentioned, Propo-
sition 3.4 guarantees that the negative bundles of the critical manifolds of the
Clark action functional are always orientable under the Besse assumption. A stan-
dard argument from Morse theory thus implies that the critical manifolds are all
homologically visible. More precisely, we have the following statement. Given a
topological space X, we denote as usual by π0(X) the family of its path-connected
components.

Lemma 3.5. Let Y be a Besse convex contact sphere. We denote by h∗ either the
S1-equivariant or the ordinary cohomology functor with coefficients in a ring R.

(i) If an interval [a, b) ⊂ R contains a unique critical value c of Ψ, then the
critical set Kc = crit(Ψ) ∩Ψ−1(c) has local cohomology

h∗(Λ<b,Λ<a) ∼=
⊕

K∈π0(Kc)

h∗−ind(K)(K).

If h∗ is the S1-equivariant cohomology with coefficients in R, this is an
isomorphism of H∗(BS1; R)-modules.
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14 MARCO MAZZUCCHELLI AND MARCO RADESCHI

(ii) Let [a, b) ⊂ R be an interval, and d ≥ 0 an integer. If

hd−ind(K)(K) = 0, ∀K ∈ π0(crit(Ψ) ∩Ψ−1[a, b)),

then hd(Λ<b,Λ<a) = 0.

Proof. Even though the Clarke action functional Ψ may only be C1,1 for our Besse
convex contact sphere Y , the finite dimensional reduction provided in [EH87] allows
to treat it as a C2 functional in the applications. The Besse assumption implies
that Ψ is Morse-Bott (Lemma 2.3). Any connected component K ⊂ crit(Ψ) is a
closed manifold. We consider the negative bundle π : E− → K, which is the vector
bundle of rank ind(K), whose fibers π−1(γ̇) are the negative eigenspaces of the
Hessian ∇2Ψ(γ̇). We also consider the positive bundle π : E+ → K, whose fibers
π−1(γ̇) are the infinite-dimensional positive eigenspaces of the Hessian ∇2Ψ(γ̇). The
direct sum E+ ⊕ E− → K is isomorphic to the normal bundle NK → K. Given
sufficiently small S1-invariant open neighborhoods U± ⊂ E± of the 0-section, the
Morse Lemma allows to identify U+⊕U− ⊂ E+⊕E− with an S1-invariant tubular
neighborhood U ⊂ Λ of K; under such an identification, the 0-section of E+ ⊕ E−

corresponds to the critical set K, and the Clarke action functional takes the form

Ψ(x, y) = c − ‖x‖2
L2 + ‖y‖2

L2 , ∀(x, y) ∈ U− ⊕ U+ ≡ U,

where c = Ψ(K) is the critical value. We denote by U<c := {u ∈ U | Ψ(u) < c} the
critical sublevel set of Ψ|U . Since the functional Ψ|U is a non-degenerate quadratic
form in the normal directions to K, the inclusion (U−, U−\{0}) ↪→ (U, U<c) admits
an S1-equivariant homotopy inverse, and in particular induces an isomorphism

h∗(U, U<c)
∼=−→h∗(U−, U− \ {0}).(3.3)

By Proposition 3.4, the negative bundle E− → K is orientable. Therefore, the cup
product with the Thom class τ ∈ hind(K)(U−, U− \ {0}) induces an isomorphism

h∗−ind(K)(K)
!τ−−→∼= h∗(U−, U− \ {0}).(3.4)

Notice that, when h∗ is the S1-equivariant cohomology with coefficients in a ring
R, both (3.3) and (3.4) are isomorphisms of H∗(BS1; R)-modules.

Assume now that the interval [a, b) contains a unique critical value c of Ψ. Since
Ψ satisfies the Palais-Smale condition, the critical set crit(Ψ) ∩Ψ−1(c) has finitely
many path-connected components K1, . . . , Kr. Let Ui ⊂ Λ<b be an S1-invariant
tubular neighborhood of Ki given by the Morse lemma. We require the Ui’s to be
small enough so that they are pairwise disjoint, and we set U := U1 ∪ . . . ∪ Ur.
The inclusions Λ<c ∪ U ↪→ Λ<b and Λ<a ↪→ Λ<c admit S1-equivariant homotopy
inverses that can be constructed by pushing with the anti-gradient flow of Ψ. In
particular, we have the isomorphisms induced by the inclusion

h∗(Λ<b,Λ<a) h∗(Λ<b,Λ<c) h∗(Λ<c ∪ U,Λ<c).
∼=∼=

The excision property of cohomology, and the isomorphisms (3.3) and (3.4) give

h∗(Λ<c ∪ U,Λ<c)
r⊕

i=1

h∗(Ui, U
<c
i )

r⊕

i=1

h∗−ind(Ki)(Ki).
∼= ∼=

When h∗ is the S1-equivariant cohomology with coefficients in a ring R, all the
arrows are isomorphisms of H∗(BS1; R)-modules. This proves point (i).
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As for point (ii), we fix a sequence of real numbers a = a0 < a1 < a2 < . . . ≤
b such that each interval [aj , aj+1) contains at most one critical value of Ψ. If
b < ∞, we require this sequence to contain finitely many elements, say k + 1, and
ak = b; Otherwise, the sequence is an infinite one and aj → ∞. Assume now that
hd−ind(K)(K) = 0 for each connected component K ∈ π0(crit(Ψ) ∩ Ψ−1[a, b)), so
that hd(Λ<aj+1 ,Λ<aj ) = 0 according to point (i) of the lemma. For each j1 < j2 <
j3, we have a long exact sequence

. . .−→h∗(Λ<aj3 ,Λ<aj2 )−→h∗(Λ<aj3 ,Λ<aj1 )−→h∗(Λ<aj2 ,Λ<aj1 )−→ . . .

which, together with the vanishing of hd(Λ<aj+1 ,Λ<aj ) = 0, readily implies that
hd(Λ<aj2 ,Λ<aj1 ) = 0 for all j1 < j2. This proves point (ii) when b is finite. When
b = ∞, the statement follows by taking the inverse limit of hd(Λ<aj ,Λ<a0). !

4. Perfectness of the Clarke action functional

4.1. Topology of the domain of the Clarke action functional. One of the
main ingredients for the proof of Theorem C is the fact that the Clarke action
functional Ψ : Λ → (0,∞) of a Besse convex contact sphere is perfect in the sense
of Morse theory for the S1-equivariant rational cohomology. In order to prove this
fact, we first need the following statement concerning the topology of Λ, which is
certainly well known to the experts.

Lemma 4.1. The space Λ is S1-equivariantly homotopy equivalent to the unit
sphere of a separable complex Hilbert space. In particular, Λ is contractible and its
S1-equivariant cohomology ring is given by

H∗
S1(Λ;Z) = Z[e],

where e ∈ H2
S1(Λ;Z) is the Euler class of the S1-bundle Λ× ES1 → Λ×S1 ES1.

Proof. The Hilbert space L2
0(S

1,R2n) splits as an orthogonal direct sum decompo-
sition E− ⊕ E+, where

E± =
⊕

±k>0

Ek,

Ek = span
{
t 0→ exp(2πktJ)v

∣∣ v ∈ R2n
}
.

Notice that the S1-action on L2
0(S

1,R2n) is a diagonal action on each factor Ek. The
functional A is a non-degenerate quadratic form of zero signature on L2

0(S
1,R2n),

for

A(γ̇) =
∑

k *=0

1

2πk
‖γ̇k‖2

L2 .

Here, we have written γ̇ according to the above orthogonal direct sum decomposi-
tion as

γ̇ =
∑

k *=0

γ̇k,

with γ̇k ∈ Ek. The inclusion Λ ↪→ A−1(0,∞) is an S1-equivariant homotopy
equivalence, whose homotopy inverse is the time-1 map r1 : A−1(0,∞) → Λ of the
S1-equivariant deformation retraction

rs : A−1(0,∞) → A−1(0,∞), rs(γ̇) = (1 + s(
√

G(γ̇) − 1))−1γ̇.
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16 MARCO MAZZUCCHELLI AND MARCO RADESCHI

Clearly, the inclusion E+\{0} ↪→ A−1(0,∞) is an S1-equivariant homotopy equiva-
lence as well, and so is the inclusion of the unit sphere S(E+) ↪→ E+\{0}. Summing
up, we have an S1-equivariant homotopy equivalence f : Λ → S(E+), which induces
an isomorphism

f∗ : H∗
S1(S(E+);Z)

∼=−→H∗
S1(Λ).

The infinite dimensional sphere S(E+) is contractible, and therefore the Gysin
sequence

Hd+1(S(E+);Z)−→Hd
S1(S(E+);Z)

!e−−→Hd+2
S1 (S(E+);Z)−→Hd+2(S(E+);Z)

implies H∗
S1(S(E+);Z) = Z[e]. Here e ∈ H2

S1(S(E+);Z) is the Euler class of the
principal S1-bundle S(E+)×ES1 → S(E+)×S1 ES1. Finally, by the naturality of
the Euler class, f∗(e) is the Euler class of Λ× ES1 → Λ×S1 ES1. !

4.2. Torsion of the cohomology of iterated S1-spaces. In the proof of the
perfectness of Ψ, surprisingly a crucial role is played by the p-torsion of the S1-
equivariant cohomology of the sublevel sets of Ψ for a large enough prime p. Such a
role is governed by Proposition 4.2, which was proved by Radeschi-Wilking. Even
though in the original source [RW17, Prop. 5.3, 5.8] the statement is phrased for
the manifolds of closed geodesics of a Besse Riemannian manifold, the proof goes
through in a general abstract setting, and we provide full details for the reader’s
convenience. In the statement and later on, we will adopt the following notation:
if X is a space equipped with an S1-action (t, x) 0→ t · x, for each q ∈ N we denote
by Xq the same space equipped with the S1-action (t, x) 0→ qt · x. Notice that the
S1-equivariant rational cohomologies of X and Xq are isomorphic, for

H∗
S1(X;Q) ∼= H∗(X/S1;Q) ∼= H∗(Xq/S1;Q) ∼= H∗

S1(Xq;Q).

However, with integer coefficients, the S1-equivariant cohomologies can be different.

Proposition 4.2 (Radeschi-Wilking [RW17]). Let p be a prime number not dividing
the order of any torsion element of H∗

S1(X;Z). Then:

(i) If Hd
S1(Xq;Z) has non-trivial p-torsion for some d and q, then q/p ∈ N

and Hd−2m
S1 (X;Q) (= 0 for some m ≥ 0.

(ii) If Hd
S1(X;Q) (= 0 and Hd+2

S1 (X;Q) = 0 for some d ≥ 0, then Hd+2m
S1 (Xp;Z)

has non-trivial p-torsion for every m > 0.

Proof. We fix, once for all, a prime number p not dividing the order of any torsion
element in H∗

S1(X;Z). Since we are only interested in the p-torsion, we shall
consider singular cohomology groups with coefficients in the ring

R :=
{

a
b

∣∣ a, b ∈ Z, b
p (∈ Z

}
⊂ Q.

Notice that H∗
S1(X; R) is torsion-free.

We employ a trick that will allow us to relate the S1-equivariant cohomology
of Xq with the one of X by means of a suitable Gysin sequence. We consider the
space

Y :=
(X × ES1)q × ES1

S1
,

where S1 is understood to act on (X × ES1)q × ES1 by

t · (x, v1, v2) = (qt · x, qt · v1, t · v2).
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 17

The S1-equivariant projection map Y → Xq ×S1 ES1, [x, v1, v2] 0→ [x, v2] is a
fibration with contractible fibers homeomorphic to ES1. In particular, it is an
S1-equivariant homotopy equivalence, and induces an isomorphism

H∗
S1(Xq; R) ∼= H∗(Y ; R).(4.1)

We now consider the space

Z :=
(X × ES1)q × ES1

S1 × S1
=

X × ES1

S1
× ES1

S1
= (X ×S1 ES1) × BS1,

where S1 × S1 here acts on (X × ES1)q × ES1 by

(t1, t2) · (x, v1, v2) = (qt1 · x, qt1 · v1, t2 · v2).

Notice that Z is independent of q. If we equip Y with the S1 action

t · [x, v1, v2] = [qt · x, qt · v1, v2] = [x, v1,−t · v2], ∀t ∈ S1, [x, v1, v2] ∈ Y,

the projection map π : Y → Z is a principal S1 bundle. By Lemma A.1, its Euler
class e ∈ H2(Z; R) is given by

e = e1 ⊗ 1 − q · 1 ⊗ e2,

where e1 ∈ H2
S1(X; R) and e2 ∈ H2(BS1; R) are the Euler classes of X × ES1 →

X ×S1 ES1 and ES1 → BS1 respectively. By (4.1), the Gysin long exact sequence
of π : Y → Z reads

. . .
π∗−−→H∗−2(Z; R)

e!−−→H∗(Z; R)
π∗

−−→H∗
S1(Xq; R)

π∗−−→H∗−1(Z; R)
e!−−→ . . . .

We recall that H∗
S1(BS1; R) = R[e2], and in particular it vanishes in odd degrees

and is isomorphic to R in every even degree. By the Künneth formula, we have

H∗(Z; R) ∼= H∗
S1(X; R) ⊗ H∗(BS1; R),

that is, every cohomology class in Hd(Z; R) is a linear combination of terms of the
form k ⊗ ei

2, where 0 ≤ i ≤ 8d/29 and k ∈ Hd−2i
S1 (X; R).

We can now prove point (i). Let us assume that there exists a non-zero coho-
mology class k ∈ Hd

S1(Xq; R) such that pk = 0. Since H∗(Z; R) is torsion-free, we
must have π∗k = 0. The above Gysin sequence implies that k = π∗k′ for some non-
zero k′ ∈ Hd(Z; R). Since H∗(Z; R) is torsion-free, this proves that the rational
cohomology Hd(Z;Q) is non-trivial, and therefore that Hd−2m

S1 (X;Q) is non-trivial
as well for some m ≥ 0. It remains to show that p divides q.

Let us assume by contradiction that q/p (∈ N, so that we can always divide by q
in the ring R. Since π∗pk′ = 0, the above Gysin sequence implies that pk′ = e " k′′

for some k′′ ∈ Hd−2(Z; R). The cohomology classes k′ and k′′ can be uniquely
written as

k′ =

+d/2,∑

i=0

k′
i ⊗ ei

2, k′′ =

+(d−2)/2,∑

i=0

k′′
i ⊗ ei

2,
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18 MARCO MAZZUCCHELLI AND MARCO RADESCHI

where k′
i ∈ Hd−2i

S1 (X; R) and k′′
i ∈ Hd−2−2i

S1 (X; R). Let r ≤ 8(d − 2)/29 be the
largest integer such that k′′

r (= 0. The identity pk′ = e " k′′ can be rewritten as

pk′
r+1 = −q k′′

r ,

pk′
r = e1 " k′′

r − q k′′
r−1,

...

pk′
1 = e1 " k′′

1 − q k′′
0 ,

pk′
0 = e1 " k′′

0 .

This readily implies that k′′
r = −p q−1k′

r+1. Let us now prove by induction that
every k′′

i is divisible by p: if this holds for k′′
r , k′′

r−1, . . . , k
′′
i+1, the identity

k′′
i = −p q−1k′

i+1 + q−1e1 " k′′
i+1

implies that it holds for k′′
i as well. Therefore k′′ = pk′′′ for some k′′′ ∈ Hd−2

S1 (Z; R),
and since pk′ = e " pk′′′ = p(e " k′′′), we have k′ = e " k′′′. However, the above
Gysin sequence gives the contradiction

0 (= k = π∗k′ = π∗(e " k′′′) = 0.

We now set q = p, and assume that Hd
S1(X;Q) (= 0 and Hd+2

S1 (X;Q) = 0. By our
choice of p, the same holds if we employ the singular cohomology with coefficients in
R. Therefore, we can find a non-zero w ∈ Hd

S1(X; R) of infinite order, not divisible
by p, and such that e1 " w = 0. For all integers m ≥ 1, we have

e " (w ⊗ em−1
2 ) = −p w ⊗ em

2 (= 0.

We claim that w ⊗ em
2 is not in the image of the map y 0→ e " y that appears in

the above Gysin sequence. Indeed, if

y = y0 ⊗ 1 + y1 ⊗ e2 + y2 ⊗ e2
2 + . . . + yh ⊗ eh

2

with yh (= 0, the cohomology class e " y is the sum of −pyh ⊗ eh+1
2 and of other

terms of the form zi ⊗ ei
2 with i ≤ h. If w ⊗ em

2 = e " y, then h + 1 = m and
w = p ym−1, contradicting the fact that w is not divisible by p. The above Gysin
sequence implies that

π∗(w ⊗ em
2 ) (= 0, p π∗(w ⊗ em

2 ) = π∗(p w ⊗ em
2 ) = −π∗(e " (w ⊗ em−1

2 )) = 0.

In particular Hd+2m
S1 (Xp; R) has p-torsion for all m ≥ 1, and so does Hd+2m

S1 (Xp;Z).
!

4.3. Cohomology of the critical sets. For each γ̇ ∈ Λ and m ∈ N, we denote
by γ̇m ∈ Λ the m-th iterate of γ̇, which is defined by

γ̇m(t) = γ̇(mt).

Notice that, according to the Clarke variational principle, γ̇ ∈ crit(Ψ) if and only
if γ̇m ∈ crit(Ψ) for all m ≥ 1.

We assume that our convex contact sphere Y ⊂ R2n is Besse. Let τ > 0 be the
minimal common period of its closed Reeb orbits. There are finitely many integers
1 = ks < ks−1 < . . . < k1 such that each quotient τ/kh is the (not necessarily
minimal) period of some Reeb orbit. We set

Ph := crit(Ψ) ∩Ψ−1(τ/kh), h = 1, . . . , s.
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ON THE STRUCTURE OF BESSE CONVEX CONTACT SPHERES 19

Theorem A will imply that each Ph is a path-connected component of crit(Ψ), but
for now we only know that it is a finite union of such path-connected components.
If we denote by ψt the Reeb flow of Y and by Ykh

:= fix(ψτ/kh) the kh-stratum of
Y , there is an equivariant diffeomorphism

Ph
∼=−→Ykh , γ̇ 0→ τ

kh
γ(0).(4.2)

Here, γ is the unique primitive of γ̇ such that t 0→ τ
kh

γ
(
tkh
τ

)
is a closed Reeb orbit

of Y (see Theorem 2.1). The equivariance in (4.2) intertwines the S1 action on Ph

and the R/(τ/kh)Z-action on Ykh . Notice that Ps is diffeomorphic to the whole
contact sphere Y , and in particular is path-connected.

We enumerate the critical values of Ψ (that is, the elements of the action spec-
trum σ(Y )) in increasing order as σ1 < σ2 < σ3 < . . ., and denote by

Kj := crit(Ψ) ∩Ψ−1(σj)

the corresponding critical set. Notice that Kj = Pj for all j = 1, . . . , s, and more
generally each Kj is of the form

Kj = P
mj

hj
=

{
γ̇mj

∣∣ γ̇ ∈ Phj

}

for some hj ∈ {1, . . . , s} and mj > 0. Since the S1 action on the Kj ’s is locally free,
their rational S1-equivariant cohomology is nothing but the rational cohomology of
their quotient by S1. This implies

H∗
S1(Kj ;Q) ∼= H∗(Kj/S1;Q) ∼= H∗(Phj/S1;Q) ∼= H∗

S1(Phj ;Q).(4.3)

We denote by π0(Kj) the family of path-connected components K ⊂ Kj , and we
set

ι0(j) := min
{
ind(K)

∣∣ K ∈ π0(Kj)
}
,

ι1(j) := max
{
ind(K) + nul(K) − 1

∣∣ K ∈ π0(Kj)
}
.

We recall that, by Lemma 2.3, the indices ι0(j) and ι1(j) are all even. We also recall
that nul(K) = dim(K) for each K ∈ π0(Kj), since the Clarke action functional Ψ
is Morse-Bott.

We choose a sequence of positive real numbers bj , for j ≥ 0, such that

0 < b0 < σ1 < b1 < σ2 < b2 < σ3 < b3 < . . . ,

and we set
Λj := Λ<bj = Ψ−1(0, bj).

Lemma 3.5(i) implies that the S1-equivariant local cohomology of the critical sets
Kj is given by

H∗
S1(Λj ,Λj−1;Z) ∼=

⊕

K∈π0(Kj)

H∗−ind(K)
S1 (K;Z).

Theorem C will be a consequence of Proposition 4.3. In the case of Besse
Riemannian geodesic flows, an analogous statement was established in [RW17,
Prop. 5.4]. In the following, we shall denote by Hodd

S1 the cohomology in odd
degrees, i.e.

Hodd
S1 (·) :=

⊕

d≥0

H2d+1
S1 (·).

Proposition 4.3. For each j ≥ 1 we have Hodd
S1 (Kj ;Q) = 0.
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20 MARCO MAZZUCCHELLI AND MARCO RADESCHI

Proof. By (4.3), it is enough to show that Hodd
S1 (Ph;Q) = 0 for all h = 1, . . . , s. We

will prove the proposition by contradiction: let us assume that

Hodd
S1 (Pk;Q) (= 0(4.4)

for some k ∈ {1, . . . , s}. We fix the minimum such k, so that if k > 1 we have

Hodd
S1 (P1;Q) ∼= . . . ∼= Hodd

S1 (Pk−1;Q) = 0.

At every degree d, the S1-equivariant cohomology groups Hd
S1(Ph;Z) are finitely

generated. If d is larger than the maximal dimension of Ph, the ordinary cohomology
groups Hd(Ph;Z) vanish, and the cup product with the Euler class e in the Gysin
sequence

Hd(Ph;Z) Hd−1
S1 (Ph;Z) Hd+1

S1 (Ph;Z) Hd+1(Ph;Z)

0 0

!e
∼=

is an isomorphism. Therefore, H∗
S1(Ph;Z) is finitely generated as a ring, and in

particular any prime number larger than some p0 does not divide the order of any
torsion element of H∗

S1(Ph;Z) for all h = 1, . . . , s.
Let us consider the critical manifold Pk satisfying (4.4). We fix a compact

neighborhood [c − δ, c + δ] ⊂ (0,∞) of its critical value c := σk = Ψ(Pk) that does
not contain other critical values of Ψ. Notice that P p

k ⊆ Kr for the integer r such
that

σr = pc,

and the inclusion is an actual equality if p is a large enough prime. We fix the
prime number p > p0 to be large enough so that P p

k = Kr and

p(c − δ) ≤ σr1 < σr < σr2 ≤ p(c + δ),

for some critical values σr1 and σr2 that are multiples of the common period τ .
The proof of the proposition will be based on a rather subtle analysis of the p-

torsion of the cohomology groups H∗
S1(Λj ;Z), which will produce some non-trivial

cohomology Hd
S1(Λ;Z) in degree d = ι1(r2) + 1; since d is odd, this will contradict

Lemma 4.1. It will therefore be convenient to discard all the torsion of order that
is not divisible by p. We will do it by considering the coefficient ring

R :=
{

a
b

∣∣ a, b ∈ Z, b
p (∈ Z

}
⊂ Q.

Notice that, since p > p0, each H∗
S1(Ph; R) is torsion-free, and in particular vanishes

in degrees larger than or equal to the maximal dimension of Ph. From now on, all
the cohomology groups will have coefficients in R unless we specify otherwise, and
we will remove R from the notation.

Since σr1 and σr2 are multiples of the common period τ , the associated critical
manifolds Kr1 and Kr2 are both diffeomorphic to Y , and r1 < r < r2. In particular,
Kr1 and Kr2 are path-connected, and we have

ι1(r1) − ι0(r1) = ι1(r2) − ι0(r2) = dim(Kr1) − 1 = dim(Kr2) − 1 = 2n − 2.

The Morse index formulas of Lemma 2.2 imply:

(a) If j < r1 then ι1(j) + 2 ≤ ι0(r1),
(b) If r1 < j < r2 then ι1(r1) + 2 = ι0(r1) + 2n ≤ ι0(j) and ι1(j) + 2 ≤ ι0(r2),
(c) If j > r2 then ι1(r2) + 2 = ι0(r2) + 2n ≤ ι0(j).
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By Proposition 4.2(i), every critical set Kj = P
mj

hj
with j ∈ {1, . . . , r2}\{r} satisfies

one of the two following conditions:

• mj/p ∈ N, and therefore hj < k, Hodd
S1 (Kj ;Q) ∼= Hodd

S1 (Phj ;Q) = 0, and
Hodd

S1 (Kj) is torsion-free;
• mj/p (∈ N, and therefore H∗

S1(Kj) is torsion-free.

In both cases, Hodd
S1 (Kj) is torsion-free. Since

rankR H2d+1
S1 (Kj) = rankQ H2d+1

S1 (Kj ;Q) = rankQ H2d+1(Kj/S1;Q),

and since all Morse indices are even, we infer

H2d+1−ind(K)
S1 (K) = 0, ∀j ∈ {1, . . . , r2} \ {r}, K ∈ π0(Kj), 2d + 1 > ι1(j).

This, together with Lemma 3.5(ii) and the inequality (a), implies

H2d+1
S1 (Λr1−1) = 0, ∀ 2d + 1 ≥ ι0(r1) − 1.

As for the ordinary cohomology, the inequality (a) implies

Hd−ind(K)(K) = 0 ∀j ∈ {1, . . . , r1 − 1}, K ∈ π0(Kj), d ≥ ι0(r1),

which, together with Lemma 3.5(ii), provides Hd(Λr1−1) = 0 for all d ≥ ι0(r1).
Therefore, in the Gysin sequence

. . .−−→H∗
S1(Λr1−1)

!e−−→H∗+2
S1 (Λr1−1)−−→H∗+2(Λr1−1)−−→ . . . ,

the cup product with the Euler class e is a surjective homomorphism

H2d
S1(Λr1−1)

!e−−→→H2d+2
S1 (Λr1−1), ∀ 2d ≥ ι0(r1) − 2.

Here and in the following, we denote by a two-head arrow −→→ a surjective homo-
morphism.

Since Kr1
∼= S2n−1, the Gysin sequence

H∗+1(S2n−1;Q)−→H∗
S1(Kr1 ;Q)

!e−−→H∗+2
S1 (Kr1 ;Q)−→H∗+2(S2n−1;Q)

readily implies that H∗
S1(Kr1 ;Q) ∼= Q[e]/(en), where the Euler class e is the gen-

erator of H2
S1(Kr1 ;Q). Since mr1/p (∈ N, Proposition 4.2(i) allows us to draw the

same conclusion with the coefficients in R, i.e.

H∗
S1(Kr1) ∼=

R[e]

(en)
,

where e is now the generator of H2
S1(Kr1). Clearly, all the assertions of this para-

graph hold for Kr2 as well.

By Lemma 3.5(i) we have H∗
S1(Λr1 ,Λr1−1) ∼= H∗−ι0(r1)

S1 (Kr1), and in particular

Hodd
S1 (Λr1 ,Λr1−1) = 0.

For each 2d ≥ ι0(r1)− 2 the long exact sequence of the inclusion Λr1−1 ⊂ Λr1 gives
a commutative diagram

H2d−ι0(r1)
S1 (Kr1) H2d

S1(Λr1) H2d
S1(Λr1−1) 0

H2d+2−ι0(r1)
S1 (Kr1) H2d+2

S1 (Λr1) H2d+2
S1 (Λr1−1) 0

!e !e !e
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whose rows are exact, and whose first and third vertical homomorphisms are sur-
jective. Simple diagram chasing allows us to conclude that the second vertical
homomorphism is surjective as well, i.e.

H2d
S1(Λr1)

!e−−→→H2d+2
S1 (Λr1), ∀ 2d ≥ ι0(r1) − 2.

For every j > r1 and for every path-connected component K ∈ π0(Kj), the
inequality (b) implies ι0(r1) − 1 − ind(K) < 0. By Lemma 3.5(ii), we infer

Hι0(r1)−1
S1 (Λ,Λr1) ∼=

⊕

j > r1

K ∈ π0(Kj)

Hι0(r1)−1−ind(K)
S1 (K) = 0,

and thus we have a surjective homomorphism

Hι0(r1)−2
S1 (Λ)−→→Hι0(r1)−2

S1 (Λr1).

By fitting this homomorphism into the commutative diagram

Hι0(r1)−2
S1 (Λ) Hι0(r1)+2d−2

S1 (Λ)

Hι0(r1)−2
S1 (Λr1) Hι0(r1)+2d−2

S1 (Λr1)

!ed

∼=

!ed

we infer that the right vertical homomorphism is surjective, i.e.

H2d
S1(Λ)−→→H2d

S1(Λr1), ∀ 2d ≥ ι0(r1).(4.5)

Since c is the only critical value of Ψ in [c − δ, c + δ], if r1 < j < r2 and j (= r
we must have mj/p (∈ N. Therefore H∗

S1(Kj) is torsion-free, and for each path-
connected component K ∈ π0(Kj) the cohomology H∗

S1(K) must vanish in degrees
larger than or equal to dim(K). In particular, the inequalities (b) and (c) imply

Hd−ind(K)
S1 (K) = 0, ∀j ∈ {r1 + 1, . . . , r2 − 1} \ {r}, K ∈ π0(Kj), d ≥ ι0(r2) − 1,

and Lemma 3.5(ii) provides

Hd
S1(Λr−1,Λr1) ∼= Hd

S1(Λr2−1,Λr) = 0, ∀d ≥ ι0(r2) − 1.(4.6)

The vanishing of the first of these two cohomology groups implies that we have an
isomorphism

Hd(Λr−1)
∼=−−→Hd(Λr1), ∀d ≥ ι0(r2) − 1,

and together with (4.5), this implies that we have a surjective homomorphism

H2d
S1(Λ)−→→H2d

S1(Λr−1), ∀ 2d ≥ ι0(r2).

This homomorphism factorizes through H2d
S1(Λr), i.e.

H2d
S1(Λ) H2d

S1(Λr−1)

H2d
S1(Λr)
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Therefore, we have a surjective homomorphism

H2d
S1(Λr)−→→H2d

S1(Λr−1), ∀ 2d ≥ ι0(r2).

We now consider the “anomalous” critical manifold Kr, which is of the form
Kr = P p

k . Since Hodd(Pk;Q) (= 0, Proposition 4.2(ii) implies that, for some path-
connected component K ′ ∈ π0(Kr),

H2d+1
S1 (K ′)tor (= 0, ∀2d + 1 ≥ dim(K ′).

Here, the subscript “tor” denotes the torsion subgroup. We fix the odd degree

d := ι1(r2) + 1.

The inequality (b) implies d − ind(K ′) ≥ dim(K ′), and thus

Hd−ind(K′)
S1 (K ′)tor (= 0.

Since

Hd
S1(Λr,Λr−1) ∼=

⊕

K∈π0(Kr)

Hd−ind(K)
S1 (K)

according to Lemma 3.5(i), the long exact sequence

Hd−1
S1 (Λr) Hd−1

S1 (Λr−1)
⊕

K∈π0(Kr)

Hd−ind(K)
S1 (K) Hd

S1(Λr)
a∗

readily implies that a∗ is injective, and in particular

Hd
S1(Λr)tor (= 0.

Notice that Hd
S1(Λr2−1) ∼= Hd

S1(Λr) according to (4.6). Moreover,

Hd
S1(Λr2 ,Λr2−1) ∼= Hd−ι0(r2)

S1 (Kr2) = 0,

Hd+1
S1 (Λr2 ,Λr2−1) ∼= Hd+1−ι0(r2)

S1 (Kr2) = 0.

Therefore Hd
S1(Λr2) ∼= Hd

S1(Λr2−1). Overall, we showed that

Hd
S1(Λr2)tor (= 0.

Let us finally consider the higher critical sets Kj , for j > r2. Inequality (c)
implies ι0(j) > d, and therefore

Hd
S1(Λj ,Λj−1) ∼=

⊕

K∈π0(Kj)

Hd−ind(K)
S1 (K) = 0,

Hd+1
S1 (Λj ,Λj−1) ∼=

⊕

K∈π0(Kj)

Hd+1−ind(K)
S1 (K) ∼= R ⊕ . . . ⊕ R︸ ︷︷ ︸

×qj

,

where qj is the number of path-connected components K ∈ π0(Kj) such that
ind(K) = d + 1. Notice in particular that Hd+1

S1 (Λj ,Λj−1) is torsion-free. We
claim that Hd

S1(Λj)tor (= 0 for all j ≥ r2. Indeed, we already know that this holds
for j = r2. Assume that it holds for degree j, and consider the long exact sequence

Hd
S1(Λj+1,Λj) Hd

S1(Λj+1) Hd
S1(Λj) Hd+1

S1 (Λj+1,Λj),

0

δ
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Since Hd+1
S1 (Λj+1,Λj) is torsion-free, the torsion subgroup Hd

S1(Λj)tor is in the
kernel of the connecting homomorphism δ, and therefore the inclusion induces an
isomorphism

Hd
S1(Λj+1)tor

∼=−→Hd
S1(Λj)tor (= 0.(4.7)

Consider now the inverse limit of the groups Hd
S1(Λj) as j → ∞, and recall that

the cohomology admits a surjective homomorphism

H∗
S1(Λ)−→→ lim←−H∗

S1(Λj),(4.8)

see, e.g., [Hat02, Theorem 3F.8]. Equations (4.7) and (4.8) imply that Hd
S1(Λ) is

non-trivial in the odd degree d, contradicting Lemma 4.1. !

4.4. Proof of the main theorems. By Lemma 3.5(i), we have isomorphisms of
H∗(BS1;Q)-modules

H∗
S1(Λj ,Λj−1;Q) ∼=

⊕

K∈π0(Kj)

H∗−ind(K)
S1 (K;Q).(4.9)

Since every Morse index ind(K) is even, Equation (4.9) and Proposition 4.3 imply
that

Hodd
S1 (Λj ,Λj−1;Q) ∼= Hodd

S1 (Kj ;Q) = 0.(4.10)

This allows us to apply Morse’s lacunary principle, which proves Theorem C: the
long exact sequences of the inclusions Λj−1 ⊂ Λj split in short exact sequences

0−→H∗
S1(Λj ,Λj−1;Q)−→H∗

S1(Λj ;Q)−→H∗
S1(Λj−1;Q)−→ 0.

Therefore

H∗
S1(Λj ;Q) ∼=

⊕

1≤k≤j

H∗
S1(Λk,Λk−1;Q).

By Equation (4.9), the local cohomology Hd
S1(Λj ,Λj−1;Q) vanishes for d < ι0(j).

Since ι0(j) → ∞ as j → ∞, for any degree d and for any large enough j the
inclusion induces an isomorphism

Hd
S1(Λj+1;Q)

∼=−→Hd
S1(Λj ;Q).

Therefore,

H∗
S1(Λ;Q) ∼= lim←−H∗

S1(Λj ;Q) ∼= lim←−
⊕

j≥1

H∗
S1(Λj ,Λj−1;Q).(4.11)

By Lemma 4.1, we have H∗
S1(Λ;Q) = Q[e], where e ∈ H2

S1(Λ;Q) is the Euler class.
This, together with (4.11), implies that each local cohomology group in a given
even degree H2d

S1(Λj ,Λj−1;Q) has rank at most one, and conversely for every even
degree 2d there exists a unique j such that H2d

S1(Λj ,Λj−1;Q) (= 0, and it must be
H2d

S1(Λj ,Λj−1;Q) ∼= Q.
Consider the path-connected components K ′

j , K
′′
j ∈ π0(Kj) such that

ι0(j) = ind(K ′
j),

ι1(j) = ind(K ′′
j ) + nul(K ′′

j ) − 1 = ind(K ′′
j ) + dim(K ′′

j ) − 1.
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We have not proved yet that the critical sets Kj are path-connected; a priori,
K ′

j and K ′′
j may be distinct path-connected components. Equation (4.9) and the

conclusion of the previous paragraph imply that

Hι0(j)
S1 (Λj ,Λj−1;Q) ∼= H0

S1(K ′
j ;Q) ∼= Q,

Hι1(j)
S1 (Λj ,Λj−1;Q) ∼= H

dim(K′′
j )−1

S1 (K ′′
j ;Q) ∼= Hdim(K′′

j )−1(K ′′
j /S1;Q) ∼= Q.

Therefore

eι1(j)/2 (∈ ker
(
H∗

S1(Λ;Q) → H∗
S1(Λj ;Q)

)
,(4.12)

but

eι0(j)/2 ∈ ker
(
H∗

S1(Λ;Q) → H∗
S1(Λj−1;Q)

)
.(4.13)

We set

dj :=
ι1(j) − ι0(j)

2
+ 1.

Lemma 4.4. Every critical set Kj is path-connected, dj = (dim(Kj) + 1)/2, and
H∗

S1(Kj ;Q) = Q[e]/(edj ), where e ∈ H2
S1(Kj ;Q) is the Euler class.

Proof. We consider the commutative diagram

Hι0(j)
S1 (Λj ,Λj−1;Q) Hι0(j)

S1 (Λj ;Q) Hι0(j)
S1 (Λj−1;Q)

Hι1(j)
S1 (Λj ,Λj−1;Q) Hι1(j)

S1 (Λj ;Q) Hι1(j)
S1 (Λj−1;Q)

a∗

!edj−1

b∗

!edj−1

c∗ d∗

whose rows are exact. Equations (4.12) and (4.13) imply that eι0(j)/2 ∈ ker(b∗)\{0},
and therefore

eι0(j)/2 = a∗(ẽ)

for some ẽ ∈ Hι0(j)
S1 (Λj ,Λj−1;Q). The diagram implies that

c∗(edj−1 " ẽ) = eι1(j)/2.

In particular

ed " ẽ (= 0 in Hι0(j)+2d
S1 (Λj ,Λj−1;Q), ∀d = 0, . . . , dj − 1.

Under the H∗(BS1;Q)-modules isomorphism (4.9), the cohomology class ed " ẽ is
mapped to ed ∈ H2d

S1(K ′
j ;Q) for each d = 0, . . . , (ι1(j) − ι0(j))/2. This, together

with (4.10), implies that

H∗
S1(K ′

j ;Q) =
Q[e]

(edj )
.

In particular dim(K ′
j) = 2dj − 1 = ι1(j) − ι0(j) + 1. The critical set Kj must

then be path-connected, and thus coincide with K ′
j . Indeed, if there were another

path-connected component K ∈ π0(Kj) with K (= K ′
j , its even Morse index would

satisfy
ι0(j) ≤ ind(K) ≤ ι1(j);

however, both H0
S1(K;Q) ∼= Q and H ind(K)−ι0(j)

S1 (K ′
j ;Q) ∼= Q would contribute to

the local cohomology

H ind(K)
S1 (Λj ,Λj−1;Q)
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via the isomorphism (4.9), contradicting the fact that H ind(K)
S1 (Λj ,Λj−1;Q) has

rank 1. !

We recall once again that the non-empty strata Yk = fix(ψτ/k) are closed contact
submanifolds of Y , and in particular are orientable. Every such Yk is equivariantly
diffeomorphic to its corresponding critical set Kj , with σj = τ/k, via the map (4.2).
Therefore, in Theorem A, we can equivalently replace Yk with the critical set Kj .

Proof of Theorem A. Since Kj is a path-connected orientable closed manifold, we
have

H0(Kj ;Z) ∼= Hdim(Kj)(Kj ;Z) ∼= Z.

Analogously, Hdim(Kj)(Kj ;Q) ∼= Q. Lemma 4.4, together with the Gysin sequence

. . .−→H∗+1(Kj ;Q)−−→H∗
S1(Kj ;Q)

!e−−→H∗+2
S1 (Kj ;Q)−−→H∗+2(Kj ;Q)−→ . . . ,

implies that Kj is a rational homology sphere of dimension dim(Kj) = 2dj − 1, i.e.

H∗(Kj ;Q) ∼= H∗(Sdim(Kj);Q).

Since Kj is path-connected, we have

ι0(j) = ind(Kj), ι1(j) = ι0(j) + dim(Kj) − 1.

Equations (4.12) and (4.13) imply that ι0(j + 1) > ι1(j), and therefore

ι0(j + 1) = ι1(j) + 2.

By Lemma 3.5(ii), the local cohomology Hd(Λj ,Λj−1;Z) can be non-trivial only if
ι0(j) ≤ d ≤ ι1(j) + 1, and

Hd(Λ,Λj ;Z) ∼= Hd(Λj−1;Z) ∼= 0, ∀d ∈ {ι0(j) + 1, . . . , ι1(j)}.

This, together with Lemmas 3.5(i) and 4.1, implies

Hd(Kj ;Z) ∼= Hd+ι0(j)(Λj ,Λj−1;Z) ∼= Hd+ι0(j)(Λ;Z) ∼= 0,

∀d ∈ {1, . . . , dim(Kj) − 1}.

Summing up, we proved that H∗(Kj ;Z) ∼= H∗(Sdim(Kj);Z). By the universal
coefficient theorem, this is equivalent to H∗(Kj ;Z) ∼= H∗(Sdim(Kj);Z) !

Proof of Theorem B. For each j ≥ 1, Equation (4.12) implies that cι1(j)/2(Y ) ≤ σj ,
whereas Equation (4.13) implies that cι0(j)/2(Y ) > σj−1. Overall,

σj = cι0(j)/2(Y ) = cι1(j)/2(Y ) < c1+ι1(j)/2(Y ),

and, by Lemma 4.4, dj = 1 + (ι1(j) − ι0(j))/2 = (dim(Kj) + 1)/2. Therefore, the
sequence of Ekeland-Hofer spectral invariants c1(Y ), c2(Y ), c3(Y ), . . . is precisely

σ1, . . . ,σ1︸ ︷︷ ︸
×d1

,σ2, . . . ,σ2︸ ︷︷ ︸
×d2

,σ3, . . . ,σ3︸ ︷︷ ︸
×d3

, . . . . !
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Appendix A. Euler class of fibered products

Let S1 ⊂ C be the unit circle in the complex plane. If X is a space equipped
with an S1 action (eiθ, x) → eiθ ·x, for any integer q > 0 we denote by Xq the same
space equipped with the S1 action (eiθ, x) → eiqθ ·x. In the proof of Proposition 4.2,
we will need the following elementary fact.

Lemma A.1. Consider two principal S1 bundles C1 → B1 and C2 → B2, an
integer q > 0, and the fibered product Cq

1 ×S1 C2 equipped with the S1-action

eiθ · [c1, c2] = [eiqθc1, c2] = [c1, e
−iθc2], ∀eiθ ∈ S1, [c1, c2] ∈ Cq

1 ×S1 C2,

so that the quotient projection Cq
1 ×S1 C2 → B1 × B2 is a principal S1-bundle. Its

Euler class is

e1 ⊗ 1 − q · 1 ⊗ e2 ∈ H∗(B1 × B2;Z),

where ei ∈ H2(Bi;Z) is the Euler class of Ci → Bi.

Proof. The statement is a bundle version of the following linear algebra remark.
Consider the fibered product (S1)q ×S1 S1 equipped with the S1-action

eiθ · [eis, eit] = [ei(qθ+s), eit] = [eis, ei(−θ+t)],

for all eiθ ∈ S1 and [eis, eit] ∈ (S1)q ×S1 S1. Next, consider the tensor product
C⊗ C⊗q, where the complex conjugacy means that

z ⊗ 1 ⊗ . . . ⊗ 1 = 1 ⊗ z ⊗ . . . ⊗ 1 = . . . = 1 ⊗ 1 ⊗ . . . ⊗ z, ∀z ∈ C.

The unit circle S ⊂ C⊗C⊗q is diffeomorphic to (S1)q×S1 S1 via the S1-equivariant
map

ψ : (S1)q ×S1 S1 ∼=−→S, ψ([eis, eit]) = eis ⊗ eit ⊗ . . . ⊗ eit.

Let Vi → Bi be the complex line bundle having Ci → Bi as unit-circle sub-
bundle. By the remark in the previous paragraph, the principal S1-bundle Cq

1 ×S1

C2 → B1×B2 is isomorphic to the unit-circle sub-bundle of the complex line bundle

V1 ⊗ V2
⊗q → B1 × B2.

Finally, we recall that the Euler class of a unit-circle sub-bundle is the first Chern
class of the ambient complex line bundle. Since the first Chern class changes sign
under complex conjugation of the bundle, and is additive under tensor products of
bundles, we readily obtain our assertion. !
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