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CONSTRUCTION AND EVALUATION OF PH CURVES IN
EXPONENTIAL-POLYNOMIAL SPACES *

LUCIA ROMANI AND ALBERTO VISCARDIf

Abstract. In the past few decades polynomial curves with Pythagorean Hodograph (for short
PH curves) have received considerable attention due to their usefulness in various CAD/CAM areas,
manufacturing, numerical control machining and robotics. This work deals with classes of PH curves
built-upon exponential-polynomial spaces (for short EPH curves). In particular, for the two most
frequently encountered exponential-polynomial spaces, we first provide necessary and sufficient condi-
tions to be satisfied by the control polygon of the Bézier-like curve in order to fulfill the PH property.
Then, for such EPH curves, fundamental characteristics like parametric speed or cumulative and
total arc length are discussed to show the interesting analogies with their well-known polynomial
counterparts. Differences and advantages with respect to ordinary PH curves become commendable
when discussing the solutions to application problems like the interpolation of first-order Hermite
data. Finally, a new evaluation algorithm for EPH curves is proposed and shown to compare fa-
vorably with the celebrated de Casteljau-like algorithm and two recently proposed methods: Wozny
and Chudy’s algorithm and the dynamic evaluation procedure by Yang and Hong.

Key words. exponential-polynomial curves, B-basis, evaluation, stability, pythagorean hodo-
graph
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1. Introduction. Ordinary polynomial curve segments with the Pythagorean-
Hodograph (PH) property have been extensively studied [3], and their construction
has been satisfactorily extended also to spaces spanned by algebraic-trigonometric
polynomials [2, 5, 6, 10, 11]. Although spaces spanned by algebraic-hyperbolic poly-
nomials have close analogies with the ones spanned by algebraic-trigonometric poly-
nomials (see section 2), on the one hand they offer unexpected advantages and, on the
other hand, their handling might require some additional caution which is important
to underline. Indeed, in the remainder of this manuscript we first show (see sections 3
and 4) that the constraints to be satisfied by the control points of the algebraic-
hyperbolic Bézier curve segments in order to achieve the PH property, mimick very
closely the necessary and sufficient conditions known in the polynomial and algebraic-
trigonometric cases. In addition, also the computed expressions for their fundamental
characteristics (parametric speed or cumulative and total arc length) sound to be
very similar. But, when used in application contexts like solving first-order Hermite
interpolation problems (see section 5), algebraic-hyperbolic Bézier curves offer the
crucial advantage of being always able to provide regular curves without undesired
loops or self-intersections. For instance, when considering the planar Hermite data of
Figure 1, none of the solutions provided by the ordinary polynomial PH quintics are
free of loops. Instead, when the same Hermite problem is solved by using algebraic-
trigonometric PH (for short ATPH) curves, for a suitable choice of the free parameter
one good solution exists (see Figure 1 bottom). The further advantage offered by EPH
curves (or algebraic-hyperbolic PH curves) is clearly shown in Figure 2: depending
on the selected value of the exponential shape parameter w we can obtain different
good solutions and, for small values of w, we can also recover the shape of the solution
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provided by the ATPH. In other words, even if ATPH curves are also equipped with
a shape parameter « (see [10, 11]), they can achieve a more limited number of shapes
than algebraic-hyperbolic PH (hereafter also called EPH) curves. This is of course a
practical reason that motivates the study of EPH curves. An additional reason that
prompted us to investigate algebraic-hyperbolic PH curves arises from the observation
that, even if the hyperbolic cosine and sine are just the opposite side of the exponen-
tial coin from the trigonometric cosine and sine, the normalized B-basis (also known
as Chebyshevian Bernstein basis) of the underlying Extended Chebyshev (EC) space
is known to be affected by numerical instability when large exponential shape param-
eters are selected [12]. Thus, one of the main goals of this work is also to suggest a
stable formulation of the normalized B-basis of the two exponential-polynomial spaces
(or, more precisely, algebraic-hyperbolic spaces) that are most frequently encountered
when working with non-polynomial PH curves, so that numerical instabilities are
avoided. Furthermore, for such spaces, we aim at proposing a novel evaluation algo-
rithm that is stable for a wide range of the exponential shape parameter, in contrast
to the dynamic evaluation procedure in [15], and has a lower computational time (see
section 6), compared with the de Casteljau-like B-algorithm [1, 7, 8, 9] (analogue of
the de Casteljau algorithm for classical polynomial Bézier curves), and with the algo-
rithm introduced by Wozny and Chudy in [13].

2. PH curves in exponential-polynomial spaces: EPH curves. Let m €
Ng and w € Rt where Ny = NU {0} and R* denotes the set of positive real numbers.

DEFINITION 2.1 (Exponential-polynomial spaces). We define, in terms of m and
w, the following spaces of exponential polynomials

EPy = span{ {1,t} U U{ek“’t,efkm} },
k=1

and

OEPy, = span{ {1,t} U U{e(%_l)“t,e_(%_l)“t} }
k=1

We observe that
OEPy = EPG = span{l,t}, OEPY = EPY = span{1,t,e" e "},

but, for m > 1, OEP;, < EPs,,_1. Moreover, denoting with D the differential
operator d/dt, it is easy to check that

DEPE, = span{ {1} U U{ek‘”t,ek“’t}} c &Py,
k=1

D2EPY = Span{ U{ek“’t,e_k‘”t}} C DEPL,,
k=1

and similarly

DOSP% — span{ {1} U U{e(%—l)wt7e—(2k—1)wt}} I ng‘ﬁw
k=1
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FiG. 1. Top: The four planar PH interpolants to the points ro = (0,0), r5 = (0.55,0.25) and
associated first derivatives d; = (4,1), dy = (4,1) (here plotted with a scale factor of 1/5 to fit into
the picture). Bottom: The four planar ATPH interpolants to the same Hermite data, obtained with

the shape parameter oo = w/6 (see [11]).

D2OEPY, = span U{e(2k_1)‘“t7e_(2k_1)“t} C DOEP;,.
k=1
Again, we observe that
DOEP; = DEPG = span{l}, DOEPY = DEPY = span{ 1, ', ™'},
D2OEPY = D*EPY = {0}, D2OEPY = D2EPY = span { e**, e~}
but, for m > 1, DOEPY, C DEPY,,_1 and D2OEPY, C D?EP, ;.

DEFINITION 2.2 (PH curve in EPY). A parametric curve r : [0,1] — R?, d €
{2,3}, is called a PH curve in EPY, if and only if one of the following holds
e (planar EPH curve) d =2, r(t) = (z(t),y(t)), x,y € EPL,, with

(2.1)

for some exponential polynomials a1, as.
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F1G. 2. Planar EPH interpolants to the points ro = (0,0), r5 = (0.55,0.25) and associated first
derivatives d; = (4,1), dy = (4,1) (here plotted with a scale factor of 1/5 to fit into the picture).
Top: the four solutions obtained with the exponential shape parameter w = 0.5. Bottom: the four
solutions obtained with the exponential shape parameter w = 8.

(z(t),y(t), 2(t)), =y, 2 € EPy,, with

~—
|

o (spatial EPH curve) d =3, r(t

2(t) = ao(t)® + ar1(t)® — a2(t)? — as(t)?,
(2.2) y'(t) = 2(ai(t)as(t) + ao(t)as(t) ),
Z(t) = 2(ar(t)as(t) — ao(t)as(t) ),

for some exponential polynomials ag, a1, as, as.

Remark 2.3. The curves defined via (2.1) and (2.2) are regular if and only if the
exponential polynomials ay do not have a common root in [0,1] (see, e.g., [3]).

In what follows we only consider the case d = 3, i.e., spatial curves: planar curves
(d = 2) can be easily obtained setting ao(t) = a3(t) = 0 since this condition and (2.2)
imply (2.1) along with z(¢) = 0. From (2.2) then, it is easy to get

202 + (1) + (1) = (ao(t)® + ar(t)® + as(t)® + ag(t)?)?
Thus, the defining characteristic of a PH curve in P4, is the fact that the coordi-

nate components of its derivative (or hodograph) comprise a Pythagorean d-tuple of
functions in DEP;, - i.e., the sum of their squares coincides with the perfect square



EXPONENTIAL PYTHAGOREAN HODOGRAPH CURVES 5

of a function in DEP;,. By virtue of this remarkable property, the parametric speed
of the curve o(t) = |r'(t)| satisfies

o(t) = ag(t)® + a1(t)® + ao(t)?* + az(t)>

Clearly, a plethora of combinations of exponential polynomials ay exists so that (2.1)
and (2.2) identify PH curves in EP;,,. In order to simplify both the analysis and the
construction, it is easier to identify spaces so that for every choice of the exponential
polynomials ay belonging to such spaces we can guarantee the resulting curves to be
PH curves in EPZ..

PROPOSITION 2.4. Let Ay, be either DEPY,, /5| or D2O€PT(/73L+1)/2J' Then, for

every ag, a1, az, az € AY,, equation (2.2) defines a PH curve in EPL,.

m’

Proof. From (2.2), since DEP;,, is a linear space, we only need to prove that

(PPt ) € DEPs ad (DP0EPY, L) C DEPS.

Consider then, for ay, B € R, k= —|m/2],...,|m/2],

lm/2] |m/2]
S age™t N Bre™t € DEPY,, o).
k=—|m/2] k=—|m/2]

We have
[m/2] w [m/2] w _ [m/2] ] w w
(k2L oy et ) (AL oy Beet) = YR oy s et € DEPY,

since —m < —2|m/2| <j+k <2|m/2] <m.
Similarly, for ag, fr € R, k=1—[(m+1)/2],...,|(m+1)/2], and

[(m+1)/2] . [(m+1)/2] . P
—w 2EZ 2 w
> age T @, 3 Bre = < € DOEPYr 1y o
k=1—[(m+1)/2] k=1—[(m+1)/2]
we have
[(m+1)/2] . L(m+1)/2] _—
age 2 wt Z ﬁke —wt _
k=1—[(m+1)/2] k=1—[(m+1)/2]
[(m+1)/2] _
= > ;B Thmbet ¢ pepw
J.k=1—[(m+1)/2]
since —m <1-2[(m+1)/2] <j+k—-1<2[(m+1)/2] -1 <m. O

Examples of major interest that we consider in the following are:

em = 1: r(t)is a PH curve in EPY = span{l,t,e“t, e“}, its hodograph
r'(t) is in DEPY = span{l,e*t, e~“'} and AY is either DEPE = span{l} or
DZC’)EPT/Q = span{e“t/? e~wt/?},
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e m = 2: r(t) is a PH curve in EPS = span{l,t, et e« 2t e=2wt}  its
hodograph r'(t) is in DEPY = span{l, et e~ 2%t e~24!} and AY is either
DEPY = span{l, et e~} or D2OEPY/? = span{ewt/2 e=wt/2},

For m = 1, AY = DEPY corresponds to trivial line segments. Similarly, for m = 2,
Ay = DZC’)EPT/Q leads to PH curves in EPY C EP5. In general, for m odd, A%, =

DEPY,, o) describes curves which actually live in EPy,_;, while, for m even, this is

the case for A% = DQOEPT(/T 2 +1y/2)- Therefore, from now on we only consider

(2:3) D2OEP/? if m odd,

DEPS, s if m even,
A;Un «——
(m+1)/2°

for which dim(A%) = m + 1. Starting from {ay}3_, in A%, (2.2) defines univocally
Z'(t), y'(t) and 2’(¢t) that belong to DEP;, and finally, by integration, one can obtain
the analytic expressions of z(t), y(t) and z(t) in EPS,. Then, for a fixed m, three
spaces need to be considered. For each of these spaces a B-basis (see [8]) is defined in
what follows using the notation summarized in Table 1. According to Definition 2.2,

TABLE 1
Notation used for the exponential-polynomial spaces and their respective B-basis.

space AL DEP;, EP,,
dimension m+1 2m+1 2(m+1)
B-basis | {7m}io [ {¢5m}i% [ {65m}7%"

Remark 2.3, Proposition 2.4 and (2.3), four functions ag, a1, as,as in A%, having no
common roots define a PH curve r(t) = (x(t),y(t), 2(t)) in EP;,, as in (2.2). Such a
curve can thus be associated to a function from the interval [0, 1] to the quaternions
in a natural way as follows.

DEFINITION 2.5. The function
A(t) = ao(t) + al(t)i + ag(t)j =+ ag(t)k,

where i,j,k denote the so-called fundamental quaternion units (see, e.g., [3], Section
5.8), is called the preimage of r(t).

Expanding the coefficients of the preimage with respect to a B-basis of AY as ax(t) =
Z?:O ak,jzb;fm(t), k €{0,...,3}, for some aj ; € R, we can rewrite

(24) A(t) = Y _Aj%,,(t)  where  Aj = ag; + aiji + az;j + asjk.
§=0

Moreover, we can compactly write the hodograph r/(t) = (z/(t),y'(¢), 2/ (t)) of r(¢)

with the pure vector quaternion

(2.5) r'(t) = A(t)iA*(1).

Here and in the following, with an abuse of notation, we identify vectors in R?® and pure
vector quaternions via the natural bijection (z,y,z) +— i+ yj+ zk. Accordingly,
in view of (2.5), the parametric speed of r(¢) has the quaternionic representation

(2.6) o(t) = [f'(O)] = [A@IA“ (1) = [AD)]F = A()A™ ().



EXPONENTIAL PYTHAGOREAN HODOGRAPH CURVES 7

3. PH curves in EPY.

3.1. The normalized B-basis of the space £P{. On the interval [0,1] the
non-negative exponential functions

w _ e80-b_-%0-n  sinh(g-%t)
(3.1) Uga(t) = e?—e 2 T sinh(g)
) @ (1) = oSt _o—%t _ sinh(%t)

LIV e%_e% 7 sinh(%)

define a B-basis of the extended Chebyshev space AY = D%’)E’Pw/2 = span{e3t e 5t}
However, note that {4 ,(t),4% ()} is not normalized since ¢, (t) 4+ 1%, (t) # 1 for

€ (0,1). By squaring an arbitrary function f € A we obtain a function f2 that be-
longs to the exponential space DEPY = span{l,e“t, e~ “}. Since we assume w € R,
DEPY is an extended Chebyshev space that, on the interval [0, 1], admits a normalized
B-basis of the form

Fa(t) = ot = e,
w —wt_g “”S—eW e“+1 cosh(w)—cosh(wt)—cosh(w—wt)+1
(3'2) 901,1(t) = - )( ( 1))2 L) = ) co(sh(i))—l ( - )
w o (e¥t—1)? e“’ 1=t cosh(wt)—1
902,1(t) - (ew—1)2 ~ cosh(w)—1"

The exponential functions {¢f 1 (t), ¥% 1 (t), »5 1 (t)} satisty the following relationships
with the exponential functions {§; (), (t)}:

7/1&1(t)2 = 90‘6),1@)7 7/18),1(75) 7/"1”,1(75) = % co(w) 50‘1),1(07 Lf,1(t)2 = @3),1(0’
(3.3)

; _ 2 _ 1
with c¢o(w) = Tre T T won(d)

The antiderivative of f2 € DEPY is an exponential-polynomial function that be-
longs to the order-4 exponential-polynomial space EP{ = span{l,t,e“* e”“'}. The
exponential-polynomial functions

w e _emw(-D_9,(1—¢) _ sinh(w—wt)—w(1—t)
(b[) 1( ) ev—e~w —2w - sinh(w)—w ’
" (e7¥—1) ((w+176“)e”f+((w71)e“+1)e““<1*“ +(ev—1) (w(2t+(67”+e“)(17t))+67”7e”>
¢1s1(t) = (w+2+ev (w—2)) (e¥ —e~* —2w)
—wt—w(1—t) cosh(w)+w cosh(w—wt)+sinh(w)—sinh(wt)—sinh(w—wt)
(w coth(%)72)(wfsinh(w)) ’

(e7¥—1) ((w+1—eW)e“<1*”+((w—1)e“+1)e“t +(ev—1) <u(2(1—t)+(e*“+e“)t)+e*“—e“)

¢L511(t) = S+2+e‘“ w—2)) (e¥ —e~“ —2w)
—w(1—t)—wt cosh(w)+w cosh(wt)+sinh(w)—sinh(w—wt)— >mh(wt)
(wcoth( ) 2)(w—sinh(w))
¢§d’1(t) o e¥l—e ¥t 2wt slnh(wt) wt

ev —e~w —2w sinh(w)—w

define a normalized B-basis of the extended Chebyshev space EPY{ on [0, 1]. For later
use we observe that for the antiderivatives of the basis functions of DEPY we can
write

Jo @81 (@)dz = er (W) 1 (6) + (er(w) + ea(w)) (651 (1) + 951 (1) + 951 (£))

(35) Ji@ta(@)de = —e1() (65200 + 011 (0) + (—er(w) + 29 (851(0) + 65.(1)
Jo ¢81(@)de = ex(w)d5, (8),

with

09 o) ==L (§). o= S TR oL
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3.2. Geometric properties of Bézier-like curves in EPY.

DEFINITION 3.1 (Bézier-like curves in EPY). Given a control polygon with ver-

ticest; € R4, i =0,...,3, the associated Bézier-like curve in EPY is defined as

3
(3.7) r(t) =Y ri¢fi(t),  telo1].
1=0

PROPOSITION 3.2 (Properties of Bézier-like curves in EPY).

The Bézier-like curve in (3.7) has the following properties:

(a) Convex hull property and geometric invariance property. The entire curve
lies inside the convex hull of its control points and its shape is independent of
the coordinate system, i.e., it is scale and translation invariant.

(b) Symmetry. The control points rg, r1, ra, s and rs, ra, r1, ro define the same
curve with respect to different parameterizations, i.e.,

3

3
Dowidi(t) = > rsidf(1-t),  te[01].
=0

=0

(¢) Derivative formula.

2

d w w

%r(t) = ; 01 Ar; o (1), t€0,1],
where, for alli=0,1,2, Ar; =r;11 —1r; and

1 w (cosh(w)—
58)71 =1/ fo @8’,1(0 dt = :Einh(ug)lwl)’
£ tanh(%)

w 1 w
(3.8) 1= 1 fo et dt = 2 coth(2) -1’

2

w 1 5 w (cosh(w)—
52,1 =1/ fo 802,1(t) dt = s(inh(u(;)zwl)'

(d) Endpoint conditions.

r(0) = ro, r'(0) = d51(r1 —ro) = ;55 (r1 — o),
r(l) = rs, r'(1) = 651(r3 —ra) = %(I‘g*rz).
Proof. Appendix A. ]

3.3. Control polygons of PH curves in EP{. To construct a PH curve in

EPY, the functions ag, a1, ag, az are chosen in AY and thus

ap(t) = ak70¢8171(t) + ak71¢‘1"71(t), ke {O, . ,3},

for some a0, ar,1 € R. Consequently, the associated preimage is

(3.9) A(t) = Aoyga(t) + A1y (t)

where

(310) Aj = ap,; + aLji + ag,jj + agyjk, 7 =0, 1.
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PROPOSITION 3.3. A PH curve r(t) in EPY can be expressed in the Bézier-like
form r(t) = Z?:o r; ¢, (t), with Bézier-like control points v;, i = 1,...,3 given in
terms of the freely chosen integration constant ro, of the numbers in (3.6) and of the
coefficients of the preimage A(t) in (3.9) and (3.10) by

ry = rg + c2(w) AoiAS, rs = r; + Cg((,«})%(x&oix&i< —|—A1iA6),
(3.11)
rs = rp + C2 (CLJ) AliAT
Proof. Appendix B. ]

Remark 3.4. Since, from (3.6), lim,_0c2(w) = limy,_0c3(w) = 1/3, (3.11) re-
cover the well-known results of the cubic polynomial case when w — 0, see [3].

3.4. Parametric speed, cumulative and total arc length in EPY.

PROPOSITION 3.5. The parametric speed of r(t) is a function in DEPT with the

explicit expression o(t) = Z?:o oipf(t), where

(312) gy = |A0|2, g1 = Co(W)%(A1A6+AOA>{), g9 = |A1|2.

Proof. Appendix C. 0

PROPOSITION 3.6. The arc length function of r(t) is a function in EPT having
the expression s(t) = Z?:o sip¢ 1 (t), where

so = (00 —o1)e1(w), 81 =80+ 00c2(w), S2=581+01———=, S3= 82+ 02c2(w).

Proof. Appendix D. ]

COROLLARY 3.7. For a given £ € [0, 1], the cumulative arc length of r(t) is
5€) = (€)= s(0) = Tiysi (¢51(6) — #41(0))
= 50 (05106 —1) + 5107,(6) + s2051(E) + s30%,(6)

and, exploiting the properties of the normalized B-basis {(b;-*jl}?:o at 0 and 1 (see [12,
equations (6)-(8)]), the total arc length assumes the simplified expression

S(1) = s3—s0 = (00 +02)c2(w) + 01 ca(w)

co(w)

(3.13)

c2(w) ([Aol” +[A1]%) + c3(w) 5 (A1AG + AgAT).

Remark 3.8. When w — 0, the total arc length formula in (3.13) yields S(1) =
(|Ao* 4+ |A1]?) /34 (A1Af+ AgAY)/6, thus recovering the well-known result of the
cubic polynomial case [3].

4. PH curves in EP5.

4.1. The normalized B-basis of the space £P5. By squaring an arbitrary
function f € Ay = span{l,e“!, e}, we obtain a function f? that belongs to the
exponential space DEPY = span{l,evt et 2t e=24)  Since A4y = DEPY we
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can choose ¥¥5(t) = ¢%;(t), j € {0,1,2} as in (3.2). Then, DEPY is an extended
Chebyshev space that, on the interval [0, 1], admits a normalized B-basis of the form

P o(t) = Vgo(t)?, OFo(t) = 2085 (t)YT 5 (1),
w5o(t) = 77[13‘),2(15)2 + 2985 (8)Y8 (1),
80?,2@) = 2¢f2(t)¢§,2(t)a Sﬂff,z(t) = 1/’5“,2(t)2~

The inverse relationship between the exponential functions {go‘jf”z(t)};*:o and the ex-
ponential functions {1/¥5(t) ?:0 is instead given by

7/’8),2@)2 = 90‘6),2(15)’ 7//8},2@)7/1‘1”,2(75) = %@Lfg(t)y
(f,z(t)Z = QO(W)QO(é],z(t)a 7/’(‘3},2(75)7/1‘2”,2(75) = %%(W)Satﬁj,z(t)a

(4.1)
Wﬂz(t)?/’gg(t) = %@gg(t)a ¢§J,2(t)2 = SOZJ,Q(t),
. h(w)+1
with qo(w) = nghagIZ’ (h(w) = cosh(lw)+2'

The antiderivative of a function in DEPS is an exponential-polynomial function
that belongs to the order-6 exponential-polynomial space EP5. The exponential-
polynomial functions

GFalt) = L gry(t) = gu(w)sinh (3) (sinh? (2520) — sinh (5) ©Lgen),
(42) $5(t) = g2(w) (—16sinh® (2521) sinh () + g1(w)go(w) sinh® (252L) — g1 (w) sinh* () go(w — wt)),
§2(t) = g2(w) (—16sinh® (%) sinh (2521) + g1 (w)go(w) sinh* (%) = g1(w) sinh* (%) go(wt)) ,
995(t) = g1(w)sinh (5) (sinh® (1) —sinh’ (5) L), gg,(0) = 200,
with

9o ((.U) = 3w+ sinh(w) (COSh(UJ) - 4)’ 9 ((U) = sinh( % )(cosh(w)4 3w coth(4)+5 )’

sinh(%)
3 (3 sinh(w)—w(cosh(w)+2)) ’

g2(w) =

define a normalized B-basis of the extended Chebyshev space EP3 on [0, 1]. For later
use we observe that for the antiderivatives of the basis functions of DEPS we can
write

Jy #82(0)de = po(@)a(t) + (po(w) +aa(w)) Ty 685 (0),

Jy #a(@)dz = pr(@)(@Fa(t) +672(0) + (p1() + a5(w)) Ty 65(0),
(43)  [lesa(@)dr = pa() T2y 62500) + (pole) + 29) T2 g (1),

Jy 5a(@)de = ps(w) Yo 6a(t) + (p3(w) + a3(w)) (652(8) + 85, (1)),

Jo ¥22(@)de = g2(w)985(0),
with

pol) = RSN, pi(e) = G,

(4.4)

3sinh(w) (cosh(w)+2 sinh(w
b2 (w) = 2w((co)s§1(w)—(1;2 ) ’ p3(w) = = u.;(cosh(ug))—l)2 ’
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and
_ (w) _ 5sinh(w)—3w+(sinh(w)—3w) cosh( )
(4.5) ©W) = mhw-n B0 = TEEGawo
’ w(2+cosh(w))—3 sinh(w
CI4(W) = ( w(cos(h()u)J)fl)2 ( )

4.2. Geometric properties of Bézier-like curves in EP5.

DEFINITION 4.1 (Bézier-like curves in EP5). Given a control polygon with ver-

ticest; €RY, i =0,...,5, the associated Bézier-like curve in EPY is defined as
(4.6) r(t) = Y ri¢fy(t),  tel[01].
i=0

PROPOSITION 4.2 (Properties of Bézier-like curves in EP3).
The Bézier-like curve in (4.6) has the following properties:

(a) Convex hull property and geometric invariance property. The entire curve
lies inside the convex hull of its control points and its shape is independent of
the coordinate system, i.e., it is scale and translation invariant.

(b) Symmetry. The control points ro, r1, ..., r's and rs, ..., r1, ro define the same
curve with respect to different parameterizations, i.e.,

5 5

Doridts(t) = > rs_idfy(1-t),  te[01].

=0 =0

(¢) Derivative formula.

4
d w w
%r(t) = Z €52 95 (1), te0,1],
=0
where, for all i =0,...,4, Ar; =141 —1; and €y are given by
w 1 - 4w (cosh(w)—1)2
€2 = 1/f0 900,2(75) dt = 6w Fsinh(2w)—8sinh(w)
w 1w — w (cosh(w)—1)
12 = ]'/ fO ¥1,2 (t) dt = 5sinh(w)7coscho(w) (Bwfsinh(w))f&u’
w 1 _ w (cosh(w)—1)?
(47) 62,2 - 1/ fo @272 (t) dt = (cosh(w)+2) Cw+w cosh(w) 3sinh(w))’
w 1 o . w (cosh(w)— 1)
€32 = 1/ fO 90372@) dt = 5 sinh(w)—cosh(w) ng sinh(w))—3w’
w 1 & 4w h 1)
€12 = 1/ fo <P4,2(t) dt = 6w+sn§lcl(();w()W)851nh( )

(d) Endpoint conditions.

0) = o, r(0) = efalri—r0) = ks (r o),
r(l) = rs, r'(1) = efy(rs —ryg) = ﬁ(mfm).
Proof. Appendix E. ]

4.3. Control polygons of PH curves in £P3. To construct a spatial PH curve
in EPY, the functions ag, a1, as, ag are chosen in A% and thus ay(t) = Z?:o ar,j V5o (),
k€ {0,...,3}, for some a; ; € R. Consequently, the associated preimage is

(4.8) A(t) = Y70 Aju,(1)
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where

(49) Aj = ap,; + alﬁji + az’jj + (Lg,jk, 7=0,1,2.

PROPOSITION 4.3. A PH curve r(t) in EP5 can be expressed in the Bézier-like
form r(t) = Z?:o r; ¢y (t), with Bézier-like control points v;, i = 1,...,5 given in
terms of the freely chosen integration constant rq, of the numbers in (4.1) and (4.5)
and of the coefficients of the preimage A(t) in (4.8) and (4.9) by

ry = rog + QQ((,U) AoiAS, ro = r; + Q3(w)%(AQiAT +A1iA8),

(4.10) rs =10 + quw) (%(AoiA§+A2iA(’j)+ ) AliA;),

ry = rsg + q?,(w)%(AllA;—‘rAglAi), r's = rq + QQ(W) A21A§

Proof. Appendix F. 0
Remark 4.4. Since, from (4.1) and (4.5),

. qo(w) : o 1 . _ 1
I =2 Il = e =5 md o) -

15’

(4.10) recover the well-known results of the quintic polynomial case when w — 0, see
[3].
4.4. Parametric speed, cumulative and total arc length in £P5.

PROPOSITION 4.5. The parametric speed of r(t) is a function in DEPY having
the expression o(t) = Z?:o oipfe(t), where

ogp = |A0‘2, g1 — %(AlAS-l-AoAT),
(4.11) oy = qo(w)[A1]? + q1(w) 5 (A2Af + AgAj),
o3 = 3(A1A3 + AsAY), o1 = |Ay|%

Proof. Appendix G. 0

PROPOSITION 4.6. The arc length function of r(t) is a function in EPY having
the expression s(t) = Z?:o 875 (t), where

3
50 = Z‘ijj(w)7 s1 = 50 + 00g2(w), s2 = s1 + o1g3(w),
j=0
qa\W
s$3 = s + 02 a ), 54 = 53 + o3qz(w), s5 = sS4 + 04q2(w).
a1 (w)
Proof. Appendix H. ]

COROLLARY 4.7. For a given & € [0, 1], the cumulative arc length of r(t) is

S = s(6) —s(0) = X7 g5 (625(€) — ¢2,(0))
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and, exploiting the properties of the normalized B-basis {¢{'y}_o at 0 and 1 (see [12,
equations (6)-(8)]), the total arc length assumes the simplified expression

S(l) = S5 — S0 = (00+U4)q2(w) —+ (01+U3)q3(W) + O.Q‘MEUJ;

(4.12) = (W) (| A0]? + [A2]?) + qa(w) LS| A1 + g5(w) 3 (A1AG + AgA})

q1(w)
+ g3(W)3(A1AS + AsAT) + qu(w) 5 (A2AG + ApA3).

Remark 4.8. When w — 0, the total arc length formula in (4.12) yields

2 1
S(1) = (1A +]A2) + AP + 15 (A1AG + AgAY)

(S =

1 1
+ E(A1A§+A2Af) + %(A2A3+A0A3)7

thus recovering the well-known result of the quintic polynomial case, see [3].

5. First-order Hermite interpolation by EPH curves. PH curves in EPY
are of great practical interest since they are the simplest EPH curves that can match
first-order Hermite data. The problem of interpolating first-order Hermite data con-
sists in constructing EPH curves that interpolate prescribed end points rg, r5 and first
derivatives at these end points, hereinafter denoted by d;, df, respectively. For the
sake of conciseness, we also introduce the following abbreviations that do not specify
the dependence on w:

1 1 w
Iy = ¢2(w), I = §Q3(w)7 I = 5Q4(w)7 I3 = (Jo(w) qa(w).

PROPOSITION 5.1. The PH curves r(t) in EP5 solving the first-order Hermite
interpolation problem r(0) = rg, r'(0) = d;, r(1) = r5, r'(1) = dy, have control
points given by (4.10) with

Ay = v |d;] \iiwl\ exp(moi), Ay = ‘df| ﬂ%ﬁexp(mi),

(5.1)

A, = 7%(A0+A2) + \/ILCT ‘:ile exp(mi),

(52) Cc = 13(1‘5—1‘0) + (112—10]3) (dz+df) + (112—[2]3) (AoiAS—FAQiAS),

o (N pinvi), (Mg i, vp), (e, oo, Ve) are the direction cosines of d;, dy and c,
respectively;

o w; = Ni+ pij+uvk, wp=Ari+ppj+rvrk, we = A+ pcj + vk are unit
vectors in the directions of d;, df and c, respectively;

e 1o, M1, N2 are free angular variables in [—7/2,7/2].

Proof. In view of (2.5) and (4.8), interpolation of the end-derivatives yields the
equations

(5.3) AgiA? = d;,  AsiAj = dyj,
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for Ay and A,, where d; and dy are known pure vector quaternions. Moreover,
interpolation of the end points ry and rj gives the condition

Jy A(£)iA*(t)dt = r5— 10
(5.4) — IpAgiAf + 11 (ApiAT + A1iAY) + [(AoiAj + AsiAy)
+ I3A AT + T (A1iAS + AiAT) + InALiAj.

Recalling the result in [4, Section 3.2], the quaternion equations (5.3) can be solved
directly obtaining

(5.5) = /|d;] ‘:ivv:'j‘ exp(noi) and Ay = /|dy] ﬁixlf" exp(nai).

Knowing Ay and A, the solution of (5.4) for A; may appear more difficult. However,
by using (5.3) and making appropriate rearrangements, (5.4) can be rewritten as

(5.6) (I1Ag+ I3sAy + 1 Ag)i(11Ag + I3A1 + [1Ag)" =
= I3(rs —vo) + (If — IoI3) (d; +dy) + (I7 — IoI3) (AgiAj + AsiAy).

Equation (5.6) is of the form AiA* = ¢ (exactly as (5.3)) where
(5.7) A = Ay + I3A; + T A,.

Note that c is a known pure vector quaternion. Exploiting (5.5) we can write

AgiAS + AsiAG = \/(L+ M)[dil(L+ Ap)ldyl(asi + ay + azk),

where (atag +vivy) cos(An)+( )sin(An)
_ wipgtvivy) cos(An)+(pivy—prr;) sin(An
aq = cos(An) = TEEEEE LA
_ picos(An)—v; sin(An) g cos(An)+vy sin(An)
ay = [EDY + 1+, ;
_ vicos(An)+pu; sin(An) vy cos(An)—p s sin(An)
a- = 1+ + [EDY ;

with An :=ny —no. Finally, writing ¢ = ¢,i + ¢,j + ¢k, the solution of (5.6) for A;
is

Ar = —DB(Ag+Ag) + Y v i),

which concludes the proof. O

An example about the application of Proposition 5.1 for planar Hermite data is shown
in Figure 2.

Remark 5.2. When w — 0 the result of Proposition 5.1 gets back the well-known
result of the quintic polynomial case treated in [4].

6. Evaluation of EPH curves. In order to evaluate EPH curves two consider-
ations have to be done. On the one hand, looking at the expressions of the normalized
B-basis (3.4) and (4.2), it is clear that they are not suited for computations when w
is large. The strategy to avoid this problem is to express all the functions involved as
a ratio of exponential polynomials, simplifying the dominant growth term. Unfortu-
nately, the resulting expressions are very long. For this reason they are not presented
here, but they can be found in Appendix J.
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On the other hand, computational problems also arise for small values of w.
Unfortunately, this issue cannot be solved like the previous one with an analytic
trick. A way to proceed in this case is to consider for each basis function gZ);fm(t) its
corresponding Taylor expansion 137, (t) at w = 0 up to a certain order, and then to
rely on an efficient algorithm for polynomial evaluation. This is a fair strategy, even
from a theoretical point of view, since, for w — 0, the considered EPH spaces become
exactly polynomial spaces. In our numerical computations we considered 5" order
Taylor expansions which, for completeness, can be found in Appendix I.

Here we propose a new ad hoc point-wise evaluation algorithm and we compare it
with the de Casteljau-like B-algorithm [7] and the recent method proposed by Wozny
and Chudy in [13]. For the sake of brevity, we only provide a sketch of these two
algorithms in Algorithm 6.1 and Algorithm 6.2, where the auxiliary functions AY;
and h¥,, are constructed following the strategies detailed in [7] and [13], respectively.
In order to implement the methods, we recall that all the functions involved must be
rewritten in a stable form as the basis functions in Appendix J.

Each of these methods has a different running time and a different behavior as
w approaches 0. As it is shown in this section, the newly proposed algorithm yields
the best results on both fronts and therefore we suggest it as the go-to evaluation
algorithm for EPH curves.

Algorithm 6.1 de Casteljau-like
Acquire rd := 1o, r{ =1y, ..., r%mH = Tomatd, i
for k=1,....,2m+1do
for:=0,...,2m+1—-k do
rf — (1— A omt1—km(t) ri !+ )\ZQm-l-l—k,m(t)r']:—:ll
end for
end for

return rgmﬂ

Algorithm 6.2 Wozny-Chudy
Acquire qo :=Tg, T1, ..., Tomy1, ©
for k=1,...,2m+ 1 do
ar — (L=hg 0 em) Qe-1 + "y g (OTR
end for
return qo,41

We recall that, fixed d € {2,3} and m € {1, 2}, our interest here is to evaluate the
curve r(t) = E?foﬂ ri(bzfm(t), at a given t € [0, 1], for a set of control points r; € R?,
i =0,...,2m + 1. The de Casteljau’s algorithm finds the value of r(f) computing
recursively 2m + 1 new sets of points, {rf}fﬂ’o“*k, k=1,...,2m+1, each having one
fewer point than the previous one. At each level k, the new set of points is obtained
as a convex combination of two consecutive points in the previous level. Instead of
computing smaller and smaller sets of control points, Wozny and Chudy’s method
consists in 2m + 1 convex combinations, each of them adding the contribution of one
of the initial control points. A graphical layout of the algorithm can be seen in the
first row of Figure 3.

The new algorithm proposed here fuses in a way both de Casteljau’s and Wozny-

Chudy’s approaches. The idea is to first compute a new set of control vertices, {r}}?™
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T2 r3
Q2

1 _

ro

F1G. 3. Geometrical comparison between Wozny-Chudy’s evaluation algorithm (first row) and
the new proposed method (second row) when applied to a curve in EPY (first column) and a curve
in EPY (second column).

starting from the initial control points, similar to a de Casteljau’s step. These new ver-
tices are computed such that the associated polynomial Bézier curve of degree 2m has
the same evaluation as r(t) at the desired point £ € (0,1), i.e., () = 3277 v} B; o (£),
where the right-hand side can be efficiently computed via Wozny-Chudy’s for poly-
nomial curves, which is much faster than its specialized version for EPH curves. The

detailed steps of the method are described in Algorithm 6.3, where, for m = 1,
sinh(w (t—1)) —w (t—1)

() = ,
(%) (w — sinh (w)) (¢ —1)°
w N w cosh(w sinh(w (t—1 sinh(t w sinh(w o
() = ¢ — sinh (w) + 2( ) - ( 2( ) 4 2( ) 4 2( ) _ ¢sinh (W)7
’ w — 2sinh (w) + w cosh (w) t (t—1) (w— 2sinh (w) 4+ w cosh (w))
sinh (tw) —tw
() = Sl

t? (w — sinh (w))
and, for m = 2,

6w+ 8sinh (w (t — 1)) —sinh (2w (t —1)) — 6tw

T(L)’J,z(t) = 1 B X ’
(t—1)" (6w + sinh (2w) — 8sinh (w))

w " o t-1 3sinh (%) — 6sinh (7“’ (2571)) — 2sinh (7“’(2;73)) + sinh <7“" (42173)) — 6w cosh (%) + 6w cosh (%)
at) = - (1 —1)° (Osink (2) + sinh (22) — 6w cosh (2)) :
T (t) —  (t+1)(t—1) sinh(w (2t—1))—4sinh(w (¢ — 1)) — 4sinh (tw) + 3sinh (w) + 2w (cosh (w) +2) (t —1)

2,2 62 612 (t —1)* (4w — 6sinh (w) + 2w cosh (w)) ’

3sinh(%)+6sinh( 2D )42 sinh( L EAD ) _ginp (A1) 6t w cosh(y ) _p
w Qsinh(%)—&-sinh(%“)—ﬁwcosh(%)
t) = 1
75(t) 413 (t—1) L
2sinh (tw) (cosh (tw) —4) +6tw
oy = 1o 20 (coshr) ) ¢

t* (6w + 2sinh (w) (cosh (w) —4))

As for the basis functions, the stable expressions for 7;m exploited in our implemen-
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tation can be found in Appendix K. A graphical layout of the algorithm can be seen
in the second row of Figure 3.

Algorithm 6.3 New proposal

Acquire rg, ..., Tomi1, t
for j=0,...,2m do

I'; — ij( ) (177’ (t))rj+1
end for

1—¢
t

q0<—r(1), ho «— 1 and D <+—
for k=1,...,2m do

—1
hk — (1—’_%) and qr < (1—hk)qk71 + h,kr]lc

end for
return qo,

6.1. Comparing the three evaluation methods. We start comparing the
behaviour of the three methods as w goes to 0. In order to do so, we computed,
for 500 equispaced values of w € (0,2], the maximum over 100 curves with random
control points uniformly distributed in (0, 1)? of the relative error in the infinity norm
committed by each method in approximating the 5 order Taylor expansion of the
curve at w = 0. In other words, in Figure 4, one can see, for d = 3 and m € {1,2},
the behaviour of the function

| S e, 0| - S e, o) |
(6.1)  pagm(w) = max z

S N BT

(e8]
3

where R is a collection of 1()0 random sets of 2m + 2 control points in (0,1)4,
z = [k/50013%, and 277 v ¢ ()|, is computed with each of the three consid-
ered methods. From a theoretlcal point of view, as w gets closer and closer to 0, an
exact evaluation of the curve should approach the evaluation of the polynomial curve
obtained substituting each basis function ¢y, with its corresponding Taylor polyno-
mial, and thus we should get pg m(w) — 0 for w — 0. Since stability for small w is
not achievable, we have that, for each method, the value of pg4,,(w) decreases until
a certain threshold is met, under which pg,(w) starts to increase and the method
becomes unreliable. In particular, from Figure 4 it is possible to see how the newly
proposed algorithm is the one that can get the closest to 0 without having numerical
issues. For the sake of completeness the points of minimum found for each graph are
reported in Table 2

TABLE 2
Estimated @ = argmin pg,m(w) for pam(w) in (6.1) with d = 3 and m € {1,2} for the three
we(0,2]
considered methods.

m | de Casteljau-like | Wozny-Chudy | New proposal
1 0.2760 0.2200 0.0960
2 1.1160 0.3800 0.1840

Concerning the running time of the three algorithms, fixed d = 3 and m €
{1,2}, for each w € {0.0960 + 2*}3° . we evaluated 10000 random curves at 501
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de Casteljau de Casteljau
W -Chudy Wozny-Chudy
10° new

1070

1072 1070
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

F1G. 4. The function pgm(w) in (6.1) for d =3 and m € {1,2} computed with three different
methods: the de Casteljau-like B-algorithm, Wozny-Chudy’s algorithm and the new proposed method.

de Casteljau P de Casteljau
Wozny-Chudy s Wozny-Chudy

35 new = i new

10° 10° 10" 10'® 10° 10° 10%° 10'°
m =1 m =2

FiG. 5. Running times in seconds of the three considered methods for the evaluation of 10000
random curves, varying w in {0.0920 + 28} . for d =3 and m € {1,2}.

equispaced points in [0, 1]. The results are visible in Figure 5, where again the new
proposed algorithm is the best performing one in both scenarios and for every value of
w considered. We observe that the slope around w = 103 is due to the fact that most
of the exponential functions involved in the computations become very small and thus
are set to 0, speeding up most computations. All numerical experiments were done
in MATLAB 2021a on a laptop equipped with an Intel Core i7-10870H CPU and 32
GB RAM.

6.2. A note on a fourth algorithm. We conclude this section with a short
discussion about the dynamic evaluation algorithm presented in [14, 15] which, al-
though can be specialized for EPH curves, presents stability issues for large values
of w. To explain why this is the case, we begin with a brief review of the method.
First, it must be that det ([r2m—d+2,---,T2m+1]) # 0. Then the method evaluates
r(t) in k € N\ {1} equispaced points over [0, 1], finding y; = r(ih) € R? where
h = 1/(k —1). Once the matrices Ry := [ro,...,rgm_dH] € RI*(@m=d+2) gnq
Ry = [rgm_d+2, .. ,I'gm_;,_l} € R4 are defined, the problem is lifted to dimension

Ry, Ro ] c
Iom—d+2, O@m—dt2)xd

REMA2)x(2m+2) where Iom—d42 is the (2m — d + 2)-dimensional identity matrix and
O (2m—d4+2)xad 1s a (2m —d+2) x d matrix of zeros. It is easy to see that R is invertible

(0] | Y
. -1 _ (2m—d+2)xd> 12m—d+2
with R™ = [ R, R.1 R,

2m+2, where the new control points are the columns of R := [

|. Now consider the following recursion:

(62) Z():].:{el7 z; :Mzi,1 ZMiZO, iZl,...,k—L
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where e, = [51,]] , 5i,j being the Kronecker delta, M = RC‘,‘{’mel, and Gy, €
REm+2)x(2m+2) ig the unique matrix such that
0, m(t + h) ((A)),m (t)
: - Cy,, : ., 0<t+h<1,telo1].
¢3)m+17m(t + h) ¢§}m+1,m(t)
Then y; = [Id7 de(2m+2)] z;, 1 =0,...,k — 1. In other words, once we have the

evaluations of the lifted curve {zi}f;()l7 we only need to consider the first d components
to find the solution for the initial low-dimensional problem.

Let us now focus on the space EPY. To use the previous method we need to
compute the matrix C} ;. Since

G1(t) 1 1 1 1
o) ¢ _ 0 cow) 1—co(w) 1
af’l(t) =B ewt | with B = 1 1 —1—w?c1(w) cosh (w)
‘§’:1(t) et 0 welw) w (1 — CQ(W)) sinh (w)
and
1 1 1 0 0 0
t ~w t . ~w h 1 0 0
ew(t-i—h) = Ch,l ewt | with h,1 — 0 0 ewh 0 )
e—w(t-i—h) e—wt 0 0 0 e—wh
we have that
¢50 1(t+h) 1(t)
(t + h) _ w 1(t) .
(t+h) h,1 1(t) 5 with hil = BC
¢3 1(t+h) (1)
In particular, it can be shown that
w sinh(w(1+h)) — w(1l+h ew(+h) _ o—w(l+h) _ 9,14k
Ch 1(4 4) = ( s(inh(uz; — w( ) = ew —e~ v — 2w ( :
= ewh 1o 6172:0:1: = gig::(Hh) = O(evh) for w — 400,

since h € (0,1]. This fact propagates to M and its powers during the recursion (6.2)
which ends with M*~1 having an element that is O(e¥), making the computations
numerically unstable already for w of order 10'. In a similar way it is possible to
check that the same happens for the space EP5. Thus, it is not advisable to use this
evaluation method in the context here described.

Appendix A. Proof of Proposition 3.2.

Proof. (a) is a consequence of the fact that ¢;(t) > 0 for all ¢ € [0,1] and
S0 ¢y (t) =1 forall t € [0,1];
(b) is due to the fact that ¢¢, (1) = ¢%_, (1 —t) for all t € [0,1],7=0,...,3;
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(c) follows from the fact that
HO51(0) = =051 981 (1),
%(?5?,1(75) = 07119 1a() — 071 @74 (1), =12

%qﬁl(t) = 55},1 %05,1(t)§
(d) is a consequence of (c).

Appendix B. Proof of Proposition 3.3.
Proof. By substituting (3.9) into (2.5) we obtain

r'(t) = AciAjYg(t)? + (AoiAT + AiAL) U, (YT (1) + AlIAT¥F, (1)

and thus, in light of (3.3),
ok w - caay L w CaA o w
(B.1)  r'(t) = ApiAgeg () + (AoiAT + A11A0)§CO(W)<P1,1(t) + A1iATp5 (1)

Since r(t) = rg + fot r'(z)dz, by integrating the expression in (B.1) exploiting the
formulae in (3.5) and (3.8), we obtain the Bézier-like form of r(¢) with control points
in (3.11). O

Appendix C. Proof of Proposition 3.5.
Proof. Since o(t) = A(t)A*(t), in light of (3.9) we can write

a(t) = [Aol*¥51 () + (A1AG+ AcADYG, (UF (1) + [Al¥i, (1)

Then, exploiting (3.3), the claimed result is obtained. |
Appendix D. Proof of Proposition 3.6.
Proof. Since

2

sw=fmm=lik%wmzsz%wm

=0

then, recalling formulae (3.5) we arrive at

s(t) = o2ca(w)ds (1)

+ o (—61(w) (051(t) +671(1) + (—61(w)+cg(w)> ( 5,1(t)+¢§,1(t))>

co(w)
+ 00 (aW)dg (1) + (c1(w) +e2(w)) (871() +65.1() + 65.(1) )
and, by collecting the coefficients of each basis function qb;‘jl(t), 1=0,...,3, we get

the claimed result. 0

Appendix E. Proof of Proposition 4.2.

Proof. (a) is a consequence of the fact that ¢¢,(t) > 0 for all ¢ € [0,1] and
S #s(t) =1 for all t € [0,1];
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(b) is due to the fact that ¢y(t) = ¢, o(1 —¢) for all £ € [0,1], i =0,...,5;
(c) follows from the fact that

%Q%J,Q(t) = *6‘6),2 805,2(15),
%szz(t) = 6?}—1,2 ‘Pf—l,Q(t) - 51{?2 90‘{?2(75)’ 1=1,...,4
£655(1) = 29%2(0);

(d) is a consequence of (c). 0

Appendix F. Proof of Proposition 4.3.
Proof. By substituting (4.8) into (2.5) we obtain

2

V() = 3 AGATE (0 + (ActAf + AiAG) U, (U, (t)
=0

+ (ALAS + AgiAT) YT, (1)Y55(1) + (AoiAs + AriAg) ¥5 s (1)15,(t)

and thus, in light of (4.1) and (4.7),

Ak W A X oA K 1 w
(F.1) r'(t) = AoiA§wia(t) + (AoiAT + AiAg) 5901,2(15)
. e ]
+ (AriATao) + (A0iA] + AQIAO>5 0(©) ) 00

+ (A1iA5 + A21A*) 5¥3, 32(1) + AQiAS @7, (t).

Since r(t) = ro + fo x)dz, by integrating the expression in (F.1) exploiting the
formulae in (4.3) and (4 7) we obtain the Bézier-like form of r(¢) with control points
n (4.10). d

Appendix G. Proof of Proposition 4.5.
Proof. Since o(t) = A(t)A*(t), in light of (4.8) we can write

2

a(t) = D A PUE ()7 + (ALAG + AgA]) Uf (015 (t)

§=0
T (A1AZ + A2 A U7 (0)Y55(1) + (A2Ag + AoA3Z) Y52 ()13 (1).
Then, exploiting (4.1) and (4.7) we obtain the claimed result. o

Appendix H. Proof of Proposition 4.6.

Proof. Since

t t 4 4 t
s(t) = /0 o(x)dr = /0 Zamfz ZO’Z/O o (w
i=0

=0
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recalling formulae (4.3), we then arrive at

s(t) = o0 (po(@)éa(t) + (Po(@) + g2l Z¢ ®)
5
+ 01 (P (@5(1) + 652(0) + (1) + aa()) 3 62(0)

2 G4\ ¢
+ o5 (pz(w) D dra(t) + (Pz(w) + ql(w)) ;‘bfz(t))

=0

3

+ 05 (ps(0) 3 622(6) + (p() + 45(@)) (67(1) + 652(1)) + 04 a2(w)E (1)

i=0

By collecting the coefficients of each basis function ¢¢5(t), i = 0,...,5, we get the
claimed result. 0

Appendix I. 5*" order Taylor expansions at w = 0 of {¢;’7m(t)}?fgr1, m €

{1,2}. For {¢%, ()},

Téﬁ(t) = T?fl(l - t)7 T1w,1(t) = T2Lf1(1 - t)a

w 042 (30t* —40t>+23t% —12¢t—3)w?* + 420(3t>—2t+1)w? + 25200
I3(t) = 3t° (1 1) 25200 g

w _ 43 (10t =212 411)w? 4 420(42 —1)w? +8400
Tga(t) =t 8400

and, for {qﬁ ()j 0

T&z(t) = Tng(l—t), le,z(t) = Tzfz(l_t)v Tzw,z(t) = ng(l_t)a

- 3 2 (245t*—392t34+253t% —82t+3)w? + 420(10t2 —8t+3)w? +35280
T5(1) 10°(1 - ¢) 35280

w k4 (245t* —196t> —96t> 444t —1)w* 4 840(5t%—2t—1)w? +35280
Tio(t) = 5tH(1—1) 35280

w _ 45 (49t*—100t°4+51)w* + 840(t*—1)w? + 7056
Tgo(t) =t 7056

Appendix J. Stable expressions of {¢f7m(t)}§fgrl, m € {1,2}, for large w.
Form =1,

B61(t) = ¢5.(1—1), P71(t) = ¢5.(1—1),

w —2wt —wt __
g5u) = NORW ey o et — L ey
’ Dd"ﬁﬁ ’ e~2w 4+ Quwew — 1
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2 2 2 2
D¢5, = <+1) e 3 — (—5—2w) e — (+5—2w> e + ——1,
’ w w w w

and, for m = 2,

P o(t) = ¢5o(1—1), Ta(t) = ¢7o(1—1), 50(t) = ¢5,(1—1),

" N§ o (t) N NeFo(t) oo
P30(t) = 73’5 ) 1o(t) = 44’3* e =1,
Doy, DoF 5

et — Bem ! — 12wte 4 8e7t —1 4 4
€ )
e~ — 8e=3w — 12we=2w + 8e~w — 1

$5a(t) =

where

3 4 1 2
Nqbg’g(t) _ ( +2t> e—5w _ 7ew(t—5) + 76w(2t—5) — 4 ( + 1) e—w(t+4)
’ w w w w
1
+ (9 —2(5t — 6)) e — 4 < + 3) et 4 (3 + 4) 2 (t=2)
w w w
+ <5 + 2) e w23 4y (1 — 1) e @) _ g <3 — 5t) e 3w
w w w
ca (3 1) et (2 o) w3 _ (D o) e Ly (3 _q) gt
w w w w
1
-4 (3 + 5t> e 44 ( + 1) =2 4 (5 - 2) e (t=1)
w w w

1
+ (3 - 4) e WD _ gy ( - 3> et 4 <9 + 2(5t — 6)> e v
w w w

— 4 g_l ew(t—l) + ie—th _ ée_Wt + § — 92t
w w w w ’



24 L. ROMANI, AND A. VISCARDI

2 1
D¢3, = 2 [(3 + 1) e ™+ (7 + 31 +6w> ) (5 — 23— 15w> e 3
, w w w
15 27 3
-2 <+23—15w> e 4 <—31+6w> e‘“’—&——l},
w w w

No§o(t) = 207D 4 3(1 4 2wt)e I+ — G5 4 (79 — ge-w(3+4)
— 20720042 _ 3(9 4 10wt)e HY) 4 3ge 4w — 7wt
— (14 6w)e 30D 4 94(1 4 w)e ) 4 12(2 4 w(5t — 3))e D)
— 8(7T—3w)e™ + 3(3—2w)e“ ™3 4 3(34 2w)e B2 _ §(7 4 3w)e 2w+
+ 12(2 — w(5t — 3))e 2 L 24(1 —w)e > — (1 — 6w)et=2)
— Te @B 4 3w _ 3(9 — 10wt)e @D — 9e7v
— 2t T30t g2t L 3(1 — 2ut)e ¥t + 2,

D¢y = e ™ 4+ (1+6w)e ™ — 27(3 4 2w)e™™ + (79 — 156w — T2w?)e ™
+ (79 4+ 156w — T2w?)e 3 — 27(3 — 2w)e > + (1 —6w)e ™ + 1.

Appendix K. Stable expressions of {77, (t) ?’:”0, m € {1,2}, for large w.
For m =1,

() = e 2 2 (t—1)we @ —et¥ ) = N7y (t)
01 (t—1)2 (2% +2we—w —1) b Dy (t)’

e 29 — et L of (t—1) we W 4 ¥ (1) — 42
12 (729 + 2we™w — 1) ’

€

2 2
Dryy(t) = 2¢ (t—1) (e7¥ +1) <( + 1> ey — =+ 1) ,
’ w w
and, for m = 2, 7%(t) = N75%(t)/D755(t), j = 0,..., 4, where
N7gla(t) = —e2w(=2) 4 gew(t=3) _ 19 (t—1)we ¥ — e w(Hl) 4 g=2tw,

Drgy(t) = (t—1)" (—e ™ + 8e73¢ 4+ 12we™2¥ — 8e™@ + 1),
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NTyy(t) = (t—l)4 e 3w _ 2ew(t=3) 4 w(2t-3)
+ 3(3t'—12¢3 +184% — 12t 4+ 2+ 2tw (£ — 4> + 6t —3) ) e ¢
_ 6€w(t—2) 4 6e—w(t+1)

—3(3t"—1282 +188* —12¢ +2 — 2w (t* — 4t + 6t —3) ) e
— eT2tw 4 geTtw (t—1)4,

Drey(t) = 4t —1)° (e + 32w +3)e™ + 3(2w—3)e™ — 1),

( 36t —16¢3 +12¢2 — 1)
w

+ 24(3t3 — 812 + 61— 1) ) e 2%

4 2w _ Lowe-y _ 4 —wer

w

e

+ 8t (3t> =82 +6t—1) e

+ éew(tfl) + lef2tw o éeftw

w w w

3(6tt —1613 + 1212 -1
_ 3 w+ )+2t(3t3—8t2+6t—1),

Drgy(t) = 1242 (¢ —1)° < <3+1) e7?Y + dev — 3 + 1)7
7 " :

NT§,(t) = 2 (3t —4) 2% + 27« (F2)
+ 3(2tw—8tPw+6tTw —12¢° +9t* + 1) e2¥
_ 66w(t—2) + e2w(t—1) _ e—w(2t+1) + 66—w(t+1)
+ 3(2tw—8Pw+6ttw+ 1263 —9t* —1) e
— 2ev 1) 3 (31 —4),

D7gy(t) = 483 (t—1) (e3“ + 32w +3)e 2 + 32w—3)e ™ — 1),

Nrio(l) = — et 4 §the=39 4 o204 _ go-w(td
F 12t (B —1) we2% 4 §ev (7D _ 2wl _ gptemw 4o
Drih(t) = t4(—e_4‘“ + 8e73Y 4+ 12we ¥ — 8e ¥ + 1).
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