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Summary

Vascular pathologies are abnormal conditions of the blood vessel and repre-
sent the dominant component of cardiovascular diseases, the leading cause of death
globally. The pathogenesis of vascular diseases is modulated by a complex inter-
play between several systemic risk and local factors. Among them, it has long been
recognized that hemodynamic factors regulate several aspects of vascular patho-
physiology, leading the thorough understanding of hemodynamics in human vessels
to be of great interest. In this context, the Wall Shear Stress (WSS), the frictional
force exerted by the streaming blood flow on the vascular luminal surface, has been
recognized as a major hemodynamic factor involved in vascular homeostasis. Due
to this, peculiar WSS phenotypes have been identified over the years as potential
indicators of flow disturbances, associated with aggravating biological events.

Despite the growing research interest in studying hemodynamics, the mechanis-
tic link between WSS and vascular disease is still not completely clarified. Improv-
ing the current understanding of the association between local altered hemodynam-
ics and clinical observations is one of the important challenges in hemodynamics
research. Recent studies suggest that the WSS vector field topological skeleton of
cardiovascular flows could be a promising tool for this challenging task. Based on
dynamical system theory, the WSS topological skeleton is composed by a collection
of fixed points, focal points where WSS locally vanishes, and unstable/stable mani-
folds, consisting in contraction/expansion regions linking fixed points. The interest
in WSS topological skeleton analysis is supported by circumstantial evidence about
the capability of WSS topological features to reflect cardiovascular complexity, with
direct links to flow features like flow stagnation, separation and recirculation, which
are known to be associated with adverse vascular biological events. Besides, WSS
topological skeleton features affect biotransport processes, with important implica-
tions in many cardiovascular processes, including the initiation of atherosclerosis,
and thrombogenesis.

iii



Lagrangian-based techniques have been recently proposed to analyse WSS topo-
logical skeleton in cardiovascular flows. Although Lagrangian approaches are typ-
ically preferred to detect time-dependent topological structures in complex flows,
their application might have some practical limitations, such as the high compu-
tational effort and the poor control over the flow region of interest. Stimulated
from this scenario, the main objective of this work is to propose a fast and simple
Eulerian-based method for identifying the topological skeleton of the WSS vector
field in complex vascular geometries. We introduce a novel application of the Vol-
ume Contraction theory in cardiovascular flows, demonstrating that the divergence
of the WSS gives practical information about the associated dynamical system. The
presented methodology aims at speeding up studies on the physiological significance
of WSS topological skeleton features in cardiovascular flows to investigate on the
still-poorly-explored mechanisms by which such peculiar WSS features influence
vascular biology.

The second objective of this work concerns the exploration of the possible in-
volvement of WSS topological skeleton features in processes leading to vascular
dysfunction and the identification of direct links between WSS topological skele-
ton and markers of vascular disease from real-world clinical longitudinal data. To
do that, we apply the proposed Eulerian approach on personalized computational
hemodynamics models of human aorta, intracranial aneurysm, carotid bifurcations,
ascending thoracic aortic aneurysm, stented coronary arteries, and pig-specific com-
putational hemodynamics model of coronary arteries. Furthermore, clinical follow-
up data of carotid intima-media thickness, personalized in vivo estimates of the
local aortic stiffness and pig follow-up data of coronary artery wall thickness are
used as markers of vascular disease from real-world data aiming at relating WSS
features to vascular remodelling.

The presented Eulerian-based method for WSS topological skeleton analysis
and the findings related to its application to cardiovascular flows might help in
clarifying the role played by local hemodynamics in vascular pathophysiology.
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Chapter 1

Introduction

1.1 Clinical Motivations

The cardiovascular system is a closed, internal flow loop with branches where the
blood circulates. The normal blood flow inside arteries is mainly laminar, with sec-
ondary flows generated in correspondence of branches and curves. The responses of
arteries to local altered hemodynamic conditions can cause an abnormal biological
response, leading to pathological disease. Systemic and local factors are responsible
for modulating the pathogenesis of the disease, among them, it is well recognized
that local hemodynamics plays an important key role in the development, diagnosis
and treatment of vascular disease, leading the thorough understanding of hemody-
namics in human vessels to be of great interest.

Recent advances in medical imaging, modelling, and Computational Fluid Dy-
namics (CFD) has allowed to model local blood flow patterns in realistic, person-
alized cardiovascular models aiming at (1) improving the current understanding of
the role played by the local hemodynamics in vascular pathophysiology, and in a
wider perspective (2) demonstrating how some clinical information can be derived
from computational simulations. In this regard, the coupling of medical imaging
and CFD is employed in this work to obtain highly resolved in space and in time 4D
blood flow patterns in personalized cardiovascular models. The objectives of this
work concern the exploration of peculiar near-wall flow features in healthy and dis-
ease cardiovascular districts. In the near-wall region, blood flow interacts directly
with the vessel wall and imparts mechanical shear stress on the endothelium, which
in turn regulates important developmental, homeostatic and adaptive mechanisms
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in arteries [1].Markers of vascular disease from real-world clinical longitudinal data
are used in this work aiming at improving the current understanding of the link be-
tween disturbed flows and clinical observations. The underlying clinical motivation
is to provide specific hemodynamic descriptors that could be adopted as biomarkers
of vascular disease for diagnostic and prognostic purposes within a clinical context.

1.2 Anatomy and Pathologies of cardiovascular
districts

1.2.1 Blood and Vessels

Blood is a fluid tissue that transports nutrients, oxygen and metabolic wastes.
The main blood components are: plasma, Red Blood Cells (RBCs), White Blood
Cells (WBCs) or leukocytes and platelets. The plasma is a complex solution, com-
posed by water, proteins, salts, hormones and lipids, in which RBCs, WBCs, and
platelets are suspended and it performs several functions, such as regulating the
body water and salts, irrigating tissues, providing a protection against infections
and coagulating blood. RBs are small, flexible and oval biconcave disks without nu-
cleus that carry oxygen throughout the body. WBCs are involved in protecting the
body against infections. Platelets are cells without nucleus smaller than RBs and
WBCs that play a role in blood coagulation, by initiating blood clots formation.
Blood flows through the vessels, which are biologically active organs maintaining
their own integrity and homeostasis through mechanisms regulated within the ves-
sel wall. The structure of an arterial blood vessel is composed of three layers. The
tunica adventitia is the outer layer, mainly composed of collagen that anchors the
vessel to nearby organs. The tunica media is the middle layer, composed of elastic
tissue and smooth muscle cells. The tunica intima is the inner layer, composed of
a monolayer of the Endothelial Cells (ECs), known as endothelium, which provides
a barrier to keep plasma and blood cells in the lumen. ECs are directly in contact
with the blood flow, acting as a lining inside the arteries. The ECs, sitting at the
interface between vessel and flowing blood, regulate exchanges between the blood
flow and the surrounding tissues and are the biosensors of biochemical and fluid
dynamic stimuli induced by flowing blood flow.
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The cardiovascular districts considered in this thesis are the carotid artery bi-
furcation, the thoracic aorta and the coronary artery (Figure 1.1).

The carotid artery bifurcations are located along the right and left sides of the
neck and they bring oxygenated blood from the heart to each side of the head (Fig-
ure 1.1A). The right and left Common Carotid Arteries (CCA) originate in the neck
from the brachiocephalic trunk and in the aortic arch in the thorax, respectively,
and follow symmetrical courses. At the level of the third or fourth cervical verte-
bra, the CCA bifurcates into an Internal Carotid Artery (ICA), which supplies the
brain, and an External Carotid Artery (ECA), which supplies the face and neck.
The carotid sinus is a dilated area at the base of the ICA and the artery wall in
the sinus region would experience flow disturbance in the near-wall velocity. It is
known from clinical practice that the region of the carotid artery bifurcation more
sensitive to the arteriosclerotic plaques onset and progression is the carotid sinus
in the ICA.

The aorta is the largest blood vessel in the body and it delivers the oxygenated
blood to the whole body through systemic circulation (Figure 1.1B). The aorta can
be divided into four sections: the ascending aorta, the aortic arch, the thoracic
descending aorta and the abdominal aorta. The ascending aorta arises from the
left ventricle, it travels with the pulmonary trunk in the pericardial sheath and it
passes obliquely upward, forward, and to the right, in the direction of the heart’s
axis, describing a soft curve in its course. The only branches of the ascending aorta
are the two coronary arteries which supply the heart. The aortic arch links the
ascending aorta with the descending aorta and there are three branches arising
from it: the Brachiocephalic Artery (BCA), which divides into the right common
carotid and right subclavian arteries, the Left Common Carotid Artery (LCCA)
and the Left Subclavian Artery (LSA). These three branches are responsible to
supply with oxygenated blood head, neck and arms. The thoracic descending aorta
is located in the thorax. It begins at the level of the fourth thoracic vertebra and it
ends in front of the lower border of the twelfth thoracic vertebra, in the diaphragm.
The abdominal aorta is a continuation of the thoracic descending aorta, it travels
down the posterior wall of the abdomen, anterior to the vertebral column and
terminates by bifurcating into the right and left common iliac arteries that supply
the lower body.

The coronary arteries are the arterial vessels responsible for transporting oxy-
genated blood to the heart muscle, wrapping the entire heart (Figure 1.1C). The

3



Introduction

coronary arteries are composed of the left main coronary artery and Right Coronary
Artery (RCA). The left main coronary divides into two branches: Left Anterior De-
scending Artery (LAD) and Left Circumflex Artery (LCX). The LAD passes behind
the pulmonary artery and reaches the anterior interventricular sulcus, supplying the
anterolateral myocardium, apex, and interventricular septum. The LCX follows the
left part of the coronary sulcus and reaches nearly as far as the posterior longitudi-
nal sulcus, supplying the posterolateral left ventricle and the anterolateral papillary
muscle. The RCA passes through the right coronary sulcus, towards the crux of
the heart, supplying oxygenated blood to the right atrium, the right ventricle, and
the posterior third and inferior end of the interventricular septum.

Figure 1.1: A) Schematic of the carotid artery bifurcation. B) Schematic of aorta.
BCA=Brachiocephalic Artery; LCCA= Left Common Carotid Artery; LSA=Left
Subclavian Artery. C) Schematic of coronary arteries

1.2.2 Vascular Pathology

Atherosclerosis is a chronic inflammatory disease of the arterial system char-
acterized by a progressive lipid accumulation (i.e., atherosclerotic plaques) in the
intima layer of the arterial walls. The atherosclerotic plaques cause stenosis, i.e.,
abnormal narrowing in a blood vessel, and their rupture can occlude an artery
downstream to the plaque causing, e.g., myocardial infarction or stroke.
Hyperlipidemic states, diabetes mellitus, cigarette smoking, hypertension and obe-
sity are some of the well-identified risk factors involved in the pathogenesis of
atherosclerosis. The exact mechanisms involved in the onset and progression of
atherosclerosis are still not completely understood. It is established that atheroscle-
rosis begins with damage to the inner lining of the artery, i.e., the endothelium [2],
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leading WBCs to gather at the site of injury. ECs product adhesion molecules, lead-
ing monocytes, i.e., the largest type of WBCs playing a fundamental role in the
inflammatory process, to roll, adhere and traverse the endothelium. After that, the
monocytes become engorged with oxidized lipids and form foam cells, causing an
inflammatory immune response that provokes further arterial wall damage. Toxic
Low-Density Lipoprotein (LDL) cholesterol molecules can then penetrate into the
wall and they become oxidized, because of the presence of free radicals, produced as
a product of the immune response. Oxidized LDL aggravate the injury by releasing
toxins into the wall. This results in recruiting more WBCs, which in turn further
harm the arterial wall, causing more LDL to penetrate the wall. LDL molecules,
toxins and WBCs form a lipid foam, the building block of atherosclerotic plaques
deposits. This process is considered to be the first step of atherosclerotic plaques
formation, and afterward, the disease slowly progresses.

Cerebral Aneurysm is the second vascular pathology considered in this thesis. A
cerebral aneurysm is an abnormal dilatation of an artery in the brain, formed when
the artery wall becomes thin and weakens. The cerebral aneurysm can (1) exert
excessive pressure on the nerves or brain tissue, (2) burst or rupture, causing hem-
orrhage by spilling blood into the surrounding tissue. The rupture of an aneurysm
in the brain can cause serious health problems, such as hemorrhagic stroke, brain
damage, coma, and even death. The main risk factors that contribute to aneurysm
formation are: hypertension, cigarette smoking, genetic predisposition, infection,
and injury or trauma to blood vessels. Although the exact pathogenesis of cerebral
aneurysms development and growth is still not completely understood, extracellular
matrix defects and degeneration, hemodynamic forces, and inflammatory responses
have been suggested playing a key role in process leading to structural fragility in
the arterial wall.

The Ascending Thoracic Aortic Aneurysm (ATAA) is another vascular pathol-
ogy considered in this thesis. The ATAA is a chronic degenerative pathology con-
sisting of an unphysiological localized dilatation of the aorta at the ascending seg-
ment. Typically, the ATAA grows in a silent manner and most of them remain
undetected unless incidentally discovered. The main catastrophic risks for patients
with an ATAA are dissections and improvised rupture. Ascending thoracic aor-
tic dissection occurs when the inner layer of the aorta becomes compromised and
treats. This results in a new layer formed between the intima and the media, filled
with blood. Ascending aortic dissection represents a surgical emergency, because
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if the false lumen ruptures through the outside aortic wall, aortic dissection could
be fatal. Rupture of an ATAA occurs because of a weakness of the wall inside the
pericardial sac or in the thoracic cavity, producing intense chest pain, hypoten-
sion, shock, and sudden death. As opposed to other aortic aneurysms that are
associated with atherosclerotic plaques formation, ATAA is mostly associated with
connective tissue diseases, e.g., Marfan syndrome, and cystic medial degeneration.
The latter process affects the middle layer of the aorta by varying degrees of elastic
fibre fragmentation. Consequently, the aortic wall loses its normal strength and
elasticity.

1.3 Hemodynamic factors in vascular disease

In studying cardiovascular flows, it is well established that the vessel geometry,
the mechanical property of the wall of the vessel, pressure gradients, and blood
properties contribute to dictate the blood flow dynamics within the vessel. It is
widely documented in the literature that flow features like flow stagnation, separa-
tion, reattachment, recirculation, stasis, jet-like flow and turbulence represent flow
features linked to aggravating biological events relevant in the context of vascular
pathophysiology [3]. Blood flow characterized by such flow features is often referred
to as "disturbed" flow, describing a near-wall flow changing direction substantially
during the cardiac cycle and commonly exposing the wall to relatively low friction
forces induced by the blood. Contrarily, the expression "undisturbed" flow is used
to described unidirectional and minimally reversing blood flow.

1.3.1 Effect of shear stress on endothelial cells

The velocity of the blood flow in the vessels decreases from the centre to the
wall, generating a shearing effect between adjacent layers of the flowing fluid and
between the fluid and the vessel wall. The tangential force per unit area exerted
by the flowing fluid on the endothelial cells lining the intimal surface of the vessel
is referred to as the Wall Shear Stress (WSS). The magnitude of WSS depends on
how fast the blood velocity increases when moving from the vessel wall toward the
centre of the vessel.
It is well established that WSS plays an essential role in maintaining the normal
functionality of vascular system, since arteries tend to adapt to long-term WSS
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variations. Arteries attempt to re-establish a physiological level of WSS by remod-
elling to a larger/smaller diameter in the presence of increased/decreased WSS,
respectively [4].
When ECs are subjected to WSS action, their activities, functions and phenotype
could be altered [5]. The response of ECs to the action of WSS differs according to
the magnitude, directionality and temporal variation of WSS. In particular, WSS
action can change the morphology and orientation of the endothelial cell layer. In
vivo [6] and in vitro [7] studies have demonstrated that ECs exposed to a laminar
flow with high WSS values tend to elongate and align in the direction of flow and
high uniform shear stress exerts protective effects. By contrast, in areas charac-
terized by disturbed flow, ECs remain more rounded without a clear orientation,
with a lack of organization of the cytoskeleton and intercellular junctional proteins
[8] and low and/or oscillatory WSS promotes inflammatory activation and apopto-
sis of ECs. Besides, WSS plays a fundamental role in proliferation and migration
processes of ECs. Evidence suggests that high and unidirectional WSS increases
EC migration [9] and low and/or oscillatory WSS causes cell loss and migration
of ECs away from areas with large WSS gradients [10]. Furthermore, the shear
stress forces exerted by the streaming blood flow on ECs affect the permeability of
endothelium, thus facilitating the transport of biochemicals into the subendothelial
layer [11].

1.3.2 Hemodynamic wall parameters

Over the years, an arsenal of WSS-based descriptors of the near-wall hemody-
namics has been proposed as potential indicators of flow disturbances associated
with aggravating biological events. Hemodynamic wall parameters take into ac-
count WSS magnitude and direction, spatial and temporal WSS gradient e varia-
tion of WSS vector with respect to its cycle-average o nominal direction. Among
all proposed WSS-based descriptors, the most widely employed parameters are re-
ported:

• Time Average WSS (TAWSS):

TAWSS = 1
T

∫︂ T

0
|τ |dt, (1.1)

where τ is the WSS vector field and T the cardiac cycle duration. Low
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values of TAWSS are associated with intima-media complex thickening and
stimulate a proatherogenic endothelial phenotype [1], physiological values of
TAWSS appear to induce endothelial quiescence, and high TAWSS values
lead to endothelial trauma.

• Oscillatory Shear Index (OSI):

OSI = 0.5(1 − |
∫︁ T

0 τdt|∫︁ T
0 |τ |dt

). (1.2)

OSI identifies regions on the luminal surface of an artery characterized by
highly oscillating WSS along the cardiac cycle. According to eq. (1.2), OSI
ranges from 0, i.e., when instantaneous WSS is collinear with cycle-average
WSS vector along the cardiac cycle, to 0.5, i.e., when the instantaneous WSS
vector deviates from the main flow direction in a large fraction of cardiac
cycle. Regions on the luminal surface of an artery exposed by low values of
OSI are characterized by minimal flow disruption, whereas regions exposed
by high values of OSI are associated with bifurcating flows, vortex formation
and local flow reversal, known to be promoting factors for vascular diseases
[12]. However, it has been demonstrated using histological data that only
the simultaneously presence of low and oscillating WSS, usually correlated
with vortexes formation [13, 14]. In addition, Himburg et al. [15] stated
that it seems unlikely that endothelial cells sense OSI per se, suggesting that
OSI descriptors might be better used in combination with other WSS-based
descriptors, rather than as a stand-alone index of the disturbed flow.

• Relative Residence Time (RRT):

RRT = 1
TAWSS(1 − 2OSI) = T

|
∫︁ T

0 τdt|
. (1.3)

RRT descriptor is a combination of TAWSS and OSI parameters, inversely
proportional to the magnitude of the cycle-average WSS vector field.

Additionally, we report an emerging descriptor of multidirectional shear:

• Transversal WSS (transWSS):

transWSS = 1
T

∫︂ T

0
|τ · (n ×

∫︁ T
0 τdt

|
∫︁ T

0 τdt|
)|dt, (1.4)
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where n is the unit vector normal to the arterial surface. TransWSS is a recent
descriptor of WSS multidirectionality, defined as the average WSS component
acting orthogonal to the cycle-averaged WSS vector direction [16].

The WSS-based descriptors are summarized in Table 1.1.

Table 1.1: Definition of WSS-based hemodynamic descriptors of “disturbed flow”.

WSS-based hemodynamic descriptors

Time Average WSS (TAWSS) TAWSS= 1
T

∫︁ T
0 |τ |dt

Oscillatory Shear Index (OSI) OSI=0.5(1 − |
∫︁ T

0 τdt|∫︁ T

0 |τ |dt
)

Relative Residence Time (RRT) RRT= 1
TAWSS(1−2OSI) = T

|
∫︁ T

0 τdt|

Transversal WSS (transWSS) transWSS= 1
T

∫︁ T
0 |τ ·(n×

∫︁ T

0 τdt

|
∫︁ T

0 τdt|
)|dt

1.3.3 Wall shear stress topological skeleton

It has been recently highlighted that the complex hemodynamic milieu endothe-
lial cells are exposed to can by only partially described by low and oscillatory WSS
paradigm [17, 18], as confirmed by a large body of literature reporting from poor-
to-moderate associations between low and oscillatory WSS and vascular disease
[17, 18, 19]. These evidence suggest that an in-depth analysis aiming at closing the
gap of knowledge currently limiting the use of WSS-based descriptors as biomark-
ers for diagnostic and prognostic purposes is needed [20]. In order to improve the
current understanding of the link between local altered hemodynamics and clinical
outcomes, the topological skeleton of WSS vector field at the luminal surface of
a vessel is receiving increasing interest [21, 22, 23]. Briefly, the WSS topological
skeleton is composed of a collection of fixed points and unstable/stable manifolds
that connect them. A fixed point is a focal point where the vector locally vanishes
and unstable/stable manifolds identify contraction/expansion regions linking the
fixed points. The link between WSS topological skeleton features and vascular cell
biology lies in (1) their ability to quantify the complex and highly dynamic features
of the WSS field, (2) their strong link with flow features like flow stagnation, sep-
aration, and recirculation, known to be promoting factors for vascular disease. In
addition, it has been recently demonstrated that WSS topological skeleton governs
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the near-wall biochemical transport in arteries [23, 22, 24, 25], a process linked to
e.g., endothelium-mediated vasoregulation, thrombosis, and atherosclerosis [26].

State of the Art

In studying hemodynamics, several studies have analysed the WSS fixed points
in the context of cardiovascular flows. Fixed points were considered in idealized
computational hemodynamic models of coronary bypass grafts to study flow sepa-
ration [27], in personalized computational models of cerebral aneurysm [28, 29, 30,
31], and to study the impact of cerebral aneurysm coiling [32]. WSS fixed points
were also identified in computational hemodynamic models of aortic coarctation
[33]. A co-localization between WSS fixed points and wall thinning in cerebral
aneurysm domes was reported [34, 35]. Moreover, Ge and Sotiropulos [36] hypoth-
esized a link between WSS fixed points observed on the aortic side of the aortic
valve leaflet and the focal distribution of calcification lesions in the valve. Inter-
estingly, previous investigations have demonstrated how focal pathological vascular
responses might be triggered by WSS fixed points[21].

Concerning WSS manifolds analysis in the context of cardiovascular flows, it
has been demonstrated that WSS manifolds are linked to near-wall mass transport
[23, 22, 21], with implications in atherosclerosis initiation and in general in vascular
dysfunction [11]. As will be extensively clarified in the following, previous studies
addressing the WSS manifolds in the context of cardiovascular flows are mostly
based on Lagrangian approaches [37, 22, 23, 21, 25]. In general, Lagrangian-based
approaches start from the processing of Eulerian data, which represent the typi-
cal output of current in vivo (e.g., Phase-Contrast Magnetic Resonance Imaging
(PC MRI)), in vitro (e.g., particle image velocimetry), and computational meth-
ods used for the investigation of cardiovascular flows. Lagrangian approaches are
effective and useful to reveal the global organization of time-dependent vector field
and characterize its evolution along time, making the relevant features easy to
detect by visual inspection as they offer effective three-dimensional (or even four-
dimensional, i.e., including time) visualizations. On the other hand, Lagrangian-
based approaches might face some practical limitations. In particular, Lagrangian
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techniques are based on integrated particle trajectory information, requiring suffi-
ciently resolved data in both time and space, thus making such methods compu-
tationally expensive and time-consuming in principle [38]. Moreover, adopting a
Lagrangian approach may result in a poor control over the zone of investigation,
which is determined by particle motion and accumulation. For this reason, it can
also be difficult to get a complete picture of the flow at specific time instants. Fur-
thermore, the influence of particle distributions and of particle seeding schemes on
quantities of interest is poorly investigated.

1.4 Aim of the study

Stimulated from (1) the recent interest on the role of the WSS topological
skeleton in vascular dysfunction, and (2) the consideration that Eulerian-based
approaches usually simplify the data analysis workflow and are characterized by a
reduced computational cost, the aims of the present thesis can be summarized as
follows:

• to propose a Eulerian-based method for identifying the topological skeleton
of the WSS on the luminal surface of 3D vessels, aiming at simplifying and
at speeding up studies on the physiological significance of WSS topological
skeleton in cardiovascular flows;

• to test the robustness of the proposed Eulerian-based method and to verify
its ability to correctly identify WSS topological features;

• to identify direct associations between WSS topological skeleton and markers
of vascular disease from real-world clinical longitudinal data, aiming at inves-
tigating on the still-poorly-explored mechanisms by which WSS topological
skeleton features influence vascular pathophysiology.

This thesis is structured as follows:

Chapter 2: Theoretical concepts

In this chapter, a theoretical background is reported for a better understand-
ing of the mathematical theory supporting the proposed method. Moreover, an
overview of the Lagrangian-based methods for WSS topological skeleton analysis
currently adopted in the literature is presented and discussed.
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Chapter 3: Eulerian-based Method for Wall Shear Stress Topological
Skeleton Identification

In this chapter, the steps of the proposed Eulerian-based method to identify
WSS topological skeleton on the luminal surface of an artery are described and
detailed.

Chapter 4: Benchmarking

This chapter focuses on verifying the ability of the proposed Eulerian-based
approach to correctly identify WSS topological features, by considering an analyt-
ical two-dimensional vector field and the WSS vector field defined on the luminal
surface of a three-dimensional complex geometry.

Chapter 5: Wall Shear Stress Divergence as a Template of Near-Wall
Mass Transport in Aortic Flow

Personalized computational hemodynamics is a promising tool to clarify and
predict the association between low density lipoproteins (LDL) transport in aorta,
disturbed shear stress and atherogenesis. However, properly modelling mass trans-
fer to the wall requires the use of high-resolution grids, which increase the com-
putational costs associated to this approach. Recent studies have demonstrated
that Lagrangian Wall Shear Stress (WSS) structures are able to provide a template
for near-wall transport. In this chapter, the proposed Eulerian-based method is
applied to compute WSS topological skeleton in a patient-specific computational
model of human aorta, and its ability to properly describe LDL wall transfer is
tested.

Chapter 6: Analysis of the Unsteady Nature of Wall Shear Stress Topo-
logical Skeleton Features

In this chapter, the proposed method is applied to personalized computational
hemodynamics models of one carotid bifurcation and one intracranial aneurysm
aiming at providing an in-depth analysis of the time dependence of the WSS topo-
logical skeleton along the cardiac cycle, enriching the information obtained from
cycle-average WSS.
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Chapter 7: Wall Shear Stress Topological Skeleton Predicts long-term
Restenosis Risk after Surgery in the Carotid Bifurcation

The aim of this chapter is to identify direct associations between WSS topolog-
ical skeleton features and markers of vascular disease from real-world clinical longi-
tudinal data of long-term restenosis after carotid endarterectomy (CEA), a process
deemed to present similarities with primary atherosclerotic lesion formation. To do
that, the Eulerian-based analysis of the topological skeleton of the WSS vector field
was carried out on personalized computational hemodynamics models of a cohort
of 12 asymptomatic patients who underwent 13 CEA interventions (i.e., one pa-
tient with bilateral CEA), and its ability in predicting post-intervention restenosis
was explored using clinical follow-up data of intima-media thickness (IMT) at 60
months after CEA.

Chapter 8: Deciphering Ascending Thoracic Aortic Aneurysm Hemody-
namics in Relation to Biomechanical Properties

The degeneration of the arterial wall at the basis of the Ascending Thoracic
Aortic Aneurysm (ATAA) is a complex multifactorial process, which may lead to
clinical complications and, ultimately, death. In this chapter, the disruption of
the hemodynamic environment in the ATAA is investigated by integrating patient-
specific computational hemodynamics, CT-based in vivo estimation of local aortic
stiffness and Eulerian-based WSS topological skeleton analysis. The final aim is
investigate the links between arterial wall degeneration and hemodynamic insult.

Chapter 9: Wall Shear Stress Topological Skeleton Features in Image-
Based Stented Coronary Bifurcation Models

This chapter focuses on the exploration of the WSS topological skeleton features
in image-based computational fluid dynamics stented coronary artery models, aim-
ing at investigating the possible role of WSS topological features in the process
leading to sent failure, e.g., in-stent-restenosis.
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Chapter 10: The Variability of the Shear Stress Contraction/Expansion
Action Contributes to Wall Thickness Change in Coronary Arteries

The aim of this chapter is to investigate the significance of WSS topological
skeleton in the onset and progression of atherosclerotic plaques in coronary ar-
teries. To do that, the proposed Eulerian approach to analyze WSS topological
skeleton features is applied to pig-specific computational hemodynamics models
of 9 coronary arteries. In particular, the ability of WSS topological skeleton and
related quantities to predict temporal changes in coronary artery Wall Thickness
(WT), a hallmark of atherosclerotic plaque progression, is investigated.

Chapter 11: Conclusions and Future Works

In this chapter, concluding remarks of each chapter are reported and suggestions
for future research and ongoing applications are provided.
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Chapter 2

Theoretical concepts

In this chapter, we report the theoretical and methodological basis supporting
the Lagrangian-based methods currently applied in literature for the analysis of the
WSS topological skeleton. Moreover, this chapter provides theoretical background
for a better understanding of the theory behind the proposed method, with partic-
ular emphasis on the Volume Contraction Theory. For a broader overview of this
topic, we refer to [39].

2.1 Topological Skeleton of a vector field

Topological features of a vector field have been largely studied in the context of
dynamical systems theory. A dynamical system is defined as a set of n differential
equations:

ẋ = u(x, t), (2.1)

where t ∈ R+ is the time and and x0 ∈ Rn the initial position at time point t0,
i.e., x0 = x(t0). Given the initial condition x0 ∈ Rn, a unique solution of eq. (2.1)
exists, called trajectory, given by:

x(t) = x0 +
∫︂ t

t0
u(x(s), s)ds, (2.2)

Associated with the dynamical system defined in eq. (2.1), the so-called flow
map can be defined as follows::

Φt
t0 : x0 → x(t), (2.3)
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providing the expression of all the system trajectories at time t. In general, the
topological skeleton of the vector field u is recognized to provide the organizing
structures of the system itself.
In steady-state conditions (i.e., when vector field u (x, t) in eq. (2.1) does not
explicitly depend on time), the topological skeleton of a vector field consists of a
collection of fixed points (Figure 2.1A) and the associated stable and unstable man-
ifolds connecting them (Figure 2.1B). A fixed point is a point xfp ∈ Rn where the
vector field locally vanishes. The nature of fixed points can be stable or unstable. A
stable fixed point is characterized by a sink configuration and it attracts the nearby
trajectories, while an unstable fixed point is characterized by a source configuration
and it repels the nearby trajectories (Figure 2.1A). A fixed point can be classified
as a saddle point, node or focus (Figure 2.1A): (1) a saddle point is a point at-
tracting and repelling nearby trajectories along different directions (i.e., where the
streamlines of the vector field intersect themselves); (2) a stable/unstable node is
characterized by converging/diverging streamlines; (3) a focus is characterized by
spiraling trajectories and it can be attracting or repelling.

Technically, the exact location of fixed points in a domain of interest can be iden-
tified by computing the Poincaré index [40], a topological invariant index quantify-
ing how many times a vector field rotates in the neighbourhood of a point. For the
sake of simplicity, we consider the dynamical system in eq. (2.1) under steady-state
conditions and lying in a 2D space, i.e., u(x) = (X(x(t), Y (x(t)), with x ∈ R2. An
explanatory example of how to calculate the Poincaré index can be then provided.
Let xfp ∈ R2 be an isolated fixed point of u with a neighbourhood N such that
there are no other fixed points in N that xfp, and let γ be a closed curve inscribing
N . Then, the Poincaré index I (γ,u) of the curve γ relative to u is the number of
the positive field rotations while travelling along γ in positive direction:

I (γ,u) = 1
2π

∫︂
Γ

dθ = 1
2π

d arctan Y

X
, (2.4)

where θ is the vector field angular variation. The Poincaré index is equal to -1
at saddle point locations (Figure 2.1A), 1 at node or focus locations (Figure 2.1A)
and 0 otherwise. The Poincaré index allows to identify fixed points locations, but it
does not provide information about the fixed points nature. Therefore, a criterion
to distinguish between a node or a focus and between the attractive or repelling
nature of a fixed point is needed. In light of this, the vector field u around the
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fixed point xfp can be expressed by linearization as:

u(x) = u(xfp) + J(xfp)(x − xfp), (2.5)

where J is the Jacobian matrix of u. The fixed point classification can be thus
performed by computing the eigenvalues of the Jacobian matrix J , as summarized
in Table 2.1. In detail, two real eigenvalues with different signs identify a saddle
point. Two real eigenvalues with the same sign identify a node, whose nature
is characterized as attracting or repelling (i.e., stable or unstable, respectively)
according to their sign (negative or positive, respectively). Complex conjugate
eigenvalues identify a stable or unstable focus, according to the sign of the real
part (negative or positive, respectively).

Table 2.1: Classification of fixed points based on the eigenvalues of the Jacobian
matrix.

λ Fixed point Poincaré index

λ1 < 0 < λ2 Saddle point −1
λ1, λ2 > 0 Unstable node 1
λ1, λ2 < 0 Stable node 1
λ1,2 = α ± βi Unstable focus 1
λ1,2 = −α ± β Stable focus 1

The stable and unstable manifolds associated with a fixed point xfp are com-
posed by all initial conditions x0 ∈ Rn such that the trajectories initiated at these
points x0 approach the fixed point xfp asymptotically. By construction, stable and
unstable manifolds act as separatrices of the vector field, portioning regions of dif-
ferent behavior and dynamics. In particular an unstable manifold attracts nearby
trajectories, as opposed to the stable manifold, which repels nearby trajectories
(Figure 2.1B). In mathematical terms, an unstable manifold W u associated with
the generic fixed point xfp is defined as follows:

W u(xfp) = {x0 ∈ Rn : Φ(x0, t) → xfp as t → +∞}, (2.6)

while a stable manifold W u can be expressed as:

W s(xfp) = {x0 ∈ Rn : Φ(x0, t) → xfp as t → −∞}. (2.7)
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When the vector field u(x, t) in eq. (2.1) is time-dependent, solutions can be
complex and chaotic, making difficult (or even misleading) the interpretation of the
topological skeleton made of W u,W u and xfp. In general, two different perspec-
tives have been proposed to identify manifolds of a vector field. The Lagrangian
perspective considers individual particles, tracking their motion along their paths
as they are advected by the flow field. By contrast, the Eulerian perspective con-
siders the properties of the vector field under-analysis at each fixed location in
space and time. In the following sections, a brief theoretical background is re-
ported for a better understanding of the theory supporting the Lagrangian and
Eulerian approaches to analyse vector field topology, with particular emphasis on
the application to cardiovascular flows.

Figure 2.1: A) Classification of fixed points in a vector field. B) Stable and unstable
manifolds associated with fixed points of a vector field connecting fixed points,
denoted as W s and W u, respectively.

2.2 Lagrangian approach

2.2.1 Lagrangian Coherent Structures

The need to robustly define intrinsic structures governing fluid/mass trans-
port under unsteady-state conditions has led to the development of the concept
of Coherent Structures (CS). Technically, CS are defined as emergent patterns
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influencing the transport of tracers/mass in time-dependent flows [41]. In this con-
text, Lagrangian Coherent Structures are coherent structures identified by applying
methods based on a Lagrangian approach. The theory supporting the concept of
LCS is based on methods inspired by non-linear dynamics, chaos theory and fluid
dynamics.
From a mathematical perspective and in relation to fluid mechanics, LCS can be
defined as material surfaces in the flow field which are dominant in attracting or
repelling neighbouring fluid elements over a defined time interval [42, 43]. These
material surfaces are able to localize where the flow field experiences the largest and
the smallest stretching [38]. In detail, material surfaces in the flow field attracting
trajectories more strongly than any other nearby material surface are referred to
as attracting LCS. On the contrary, material surfaces repelling trajectories more
strongly than any other nearby material surface are referred to as repelling LCS.
The detection and visualization of LCS is usually performed by applying two dif-
ferent Lagrangian-based approaches. Both approaches are based on particle paths
information derived from post-processing velocity data obtained by CFD simula-
tions, or by in vivo (e.g., Phase-Contrast Magnetic Resonance Imaging (PC MRI))
and in vitro (e.g., particle image velocimetry) measurements. The workflow of the
Lagrangian-based approaches to visualize LCS is sketched in Figure 2.2.

The first approach to characterize unsteady flows and to understand transport
topology is the Lagrangian particles tracking, performed by seeding with tracer par-
ticles the domain of interest and by visualizing their motion (Figure 2.2). The aim
is to reveal coherent features revealing how the flow under analysis is organized.
From a mathematical perspective, the position of a tracer particle is governed by
the differential equation reported in eq. (2.1). To obtain the position of such par-
ticle at a desired time t, eq. (2.1) is numerically integrated from t0 to t. The direct
integration of tracer particles allows for an in-depth understanding of how trac-
ers are transported through the domain of interest. In detail, attracting LCS will
be generally distinguishable since tracer particles are attracted to and along these
surfaces (Figure 2.3). Analogously, repelling LCS will be distinguishable from ad-
vection of tracer particles by reversing time (Figure 2.3). Attracting LCS are traced
out with forward time integration of particles, while repelling LCS are traced out
with backward time integration of particles.

Lagrangian particle tracking represents a Lagrangian-based technique aiming
at overcoming issues related to standard approaches used for topological skeleton
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Figure 2.2: Workflow of the Lagrangian-based approaches to visualize attracting
LCS starting from a cluster of particles at time t0 over the domain of interest. The
same procedure applies for repelling LCS by considering reversing time. FTLE:
finite time Lyapunov exponent.

extraction of vector field with unsteady-state conditions. However, the resulting
tracer particles motion complexity could obscure the interpretation of vector field
topology.
For this motivation, the second approach consists in the computation of the finite
time Lyapunov exponent (FTLE) (Figure 2.2). Based on theory, a LCS can be
defined as the material surface that locally maximizes the FTLE [42, 44], being the
Lyapunov exponent a measure of the sensitivity to initial position of a dynamical
system. Technically, the finite time Lyapunov exponent σ(x0, t0, t) [42, 43, 45, 46,
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Figure 2.3: Explanatory sketch of attracting and repelling LCS over time interval
[t0, t]. A sphere of tracer particles released at time t0 will spread out along the
attracting LCS at time t. The opposite occurs for the repelling LCS, considering
reversing time.

47, 48] is defined as:

σ(x0, t0, t) = 1
|t − t0|

ln
√︂

λmax(C(x0, t0, t)), (2.8)

where λmax is the maximum eigenvalue of the right Cauchy-Green strain tensor
C(x0, t0, t):

C(x0, t0, t) = ∇Φt
t0(x0)T ∇Φt

t0(x0), (2.9)

where ∇Φt
t0(x0)T denotes the transpose of the gradient of the flow map in eq.

(2.3). By a physical point of view, C(x0, t0, t), in eq.(2.9) represents the material
deformation of infinitesimal volume elements and it is a symmetric and positive-
definite matrix. Roughly speaking, the FTLE σ defined in eq. (2.8) measures
the rate of separation of initially close vector field trajectories. Let δ0 be a small
distance between two materials points at time t0, as depicted in Figure 2.4, then
it can be demonstrated [41] that the separation δt after the time interval |t − t0|
satisfies the inequality:

||δt|| ≤ eσ(x0,t0,t)|t−t0|||δ0||, (2.10)

where equality holds if the initial distance δ0 is aligned with the eigenvector of
C(x0, t0, t) associated with λmax.
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Figure 2.4: Explanatory sketch of separation of nearby particles, released at the
same time t0 due to the flow map Φt

t0 , during time interval |t − t0|.

The algorithm for LCS identification based on FTLE computation starts with
the initialization of a cluster of massless elemental particles at time t0 over the
domain of interest (Figure 2.2). Then, particles are numerically integrated by the
velocity field in eq. (2.1) from t0 to t and their trajectories are calculated. The flow
map Φt

t0 (eq. (2.3)) is obtained from the final position of each particle trajectory
at time t in the domain and subsequently its gradient ∇Φt

t0(x0) can be computed.
For a structured grid, ∇Φt

t0(x0) can be calculated by finite differencing, e.g., using
central differencing as follows:

∇Φt
t0(x0) ≈

⎡⎢⎢⎢⎢⎣
x(i+1)jk(t)−x(i−1)jk(t)

x(i+1)jk(t0)−x(i−1)jk(t0)
xi(j+1)k(t)−xi(j−1)k(t)

yi(j+1)k(t0)−yi(j−1)k(t0)
xij(k+1)(t)−xij(k−1)(t)

zij(k+1)(t0)−zij(k−1)(t0)
y(i+1)jk(t)−y(i−1)jk(t)

x(i+1)jk(t0)−x(i−1)jk(t0)
yi(j+1)k(t)−yi(j−1)k(t)

yi(j+1)k(t0)−yi(j−1)k(t0)
yij(k+1)(t)−yij(k−1)(t)

zij(k+1)(t0)−zij(k−1)(t0)
z(i+1)jk(t)−z(i−1)jk(t)

x(i+1)jk(t0)−x(i−1)jk(t0)
zi(j+1)k(t)−zi(j−1)k(t)

yi(j+1)k(t0)−yi(j−1)k(t0)
zij(k+1)(t)−zij(k−1)(t)

zij(k+1)(t0)−zij(k−1)(t0)

⎤⎥⎥⎥⎥⎦
(2.11)

Once the flow map gradient is obtained, Cauchy-Green strain tensor C(x0, t0, t)
can be computed according to eq. (2.9).
Finally, the maximum eigenvalue λmax(C(x0, t0, t)), and the FTLE σ(x0, t0, t) as
well, can be computed according to eq. (2.8) (Figure 2.2). The obtained σ(x0, t0, t)
value for each particle is assigned to the particle position at time t0. This proce-
dure is repeated varying the timet0 (e.g., within the cardiac cycle in cardiovascular
applications) aiming at providing the time series of FTLE values and ultimately
the time history of LCS movements (Figure 2.2). Positive integration times reveal
repelling LCS in the FTLE field and negative integration times reveal attracting
LCS in the FTLE field.
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In general, the computation of the spatial variation of FTLE filed requires the ve-
locity field to be interpolated in both time and space and high-order integration
and interpolation schemes are needed to ensure accuracy of results. Furthermore,
the mesh used to compute FTLE distribution over the domain of interest is more
resolved than the velocity mesh, aiming at correctly detecting LCS.

2.2.2 LCS application to intravascular flows

Lagrangian-based approaches have been largely applied to identify LCS in in-
travascular flows. Indeed, Lagrangian particle tracking has been massively applied
to explore the complexity of intravascular flows, e.g., to provide a measure of stasis
in idealized computational bifurcation models [49], or to study vortices generation
and their potential role in thrombogenesis in idealized aneurysm models [50, 51].
Several studies have applied particle tracking to identify flow disturbances in e.g.,
carotid bifurcation models, contributing to provide a deeper understanding of the
hemodynamics-driven processes underlying atherosclerosis onset/progression [52,
53, 54, 55]. Moreover, particle tracking has been used to study the hepatic perfu-
sion in the Fontan circulation [56, 57], identify the optimal left ventricular assist
device cannula outflow configurations [58], obtain a deeper understanding of the
dynamics of embolic particles within arteries [59], and identify peculiar intravas-
cular helical flow patterns in the aorta from in vivo 4D flow MRI data [60, 61].
As regards the FTLE-based analysis of the flow field, its extension to intravascular
flows is relatively recent, motivated by the fact that LCS are determined by blood
flow structures associated to adverse vascular events including flow stagnation, sep-
aration and recirculation. Among the main contributions, here we mention that
Shadden and Taylor [46] used LCS to quantify the extent of flow stagnation, to
determine where flow separates and to understand how flow is partitioned to down-
stream vasculature in computational hemodynamic models of large vessels. LCS
have been proposed as a powerful method to capture vortex transport in blood
flow. In this regard, Arzani and Shadden [62] used LCS to characterize the hemo-
dynamics in Abdominal Aortic An-eurysm (AAA) models, suggesting the AAA
intravascular flow topology is dictated by the systolic vortex propagation through
the abnormal vessel. Arzani et al. [63] computed FTLE fields and associated LCS to
capture a large coherent vortex in AAA computational models. Furthermore, LCS
have been applied to identify left ventricle (LV) blood flow features during heart
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filling. In detail, Gharib et al. [64] used LCS to demonstrate the existence of a link
between the vortex ring formation inside the LV and ejection fraction. Charonko
et al. [65] quantified the vortex ring volume by computing LCS from in vivo LV
phase contrast magnetic resonance imaging data of healthy and diseased patients.
Töger et al. [66] extracted LCS from in vivo LV phase contrast magnetic resonance
imaging data to measure the vortex ring volume during rapid filling of the LV. The
identification of attracting and repelling LCS from LV Doppler-echocardiography
data was adopted as a criterion to discriminate between healthy and diseased pa-
tients [67]. Other studies applied LCS to characterize the flow field through heart
valves. In particular, LCS were extracted to delineate the boundaries of the outflow
jet downstream of aortic valves, used as a measure of the severity of valve’s stenosis
[68, 69]. In a very recent study [70], FTLE-based LCS detection on computational
hemodynamics models of aortic bicuspid and mechanical heart valves was used to
study those mass transport processes that might be related to valve disease. The
analysis of the fluid dynamics in the neighborhood of blood clots was another ef-
fective application of LCS to hemodynamics which allowed to highlight how blood
is transported close to a clot [71]. In addition, FTLE-based analysis was adopted
to highlight the hemodynamic impact of flow diverter stents in the treatment of
intracranial aneurysms [72, 73]. We refer the interested reader to the ref. [45] for a
broader, detailed overview of Lagrangian methods used in post-processing velocity
data in cardiovascular flows.

2.2.3 LCS application to near-wall flow features

Recently, in studying cardiovascular flows the concept of LCS has been extended
to analyze the near-wall flow topology, i.e., the topology of the flow field close to the
luminal surface of arteries. The rationale is in the well-established involvement of
WSS and near-wall mass transport in most of the processes concurring to determine
vascular pathophysiology [74]: in the near-wall region, blood flow regulates the local
bio-transport processes and imparts mechanical shear stress on the endothelium,
which in turn regulate important developmental, homeostatic and adaptive mecha-
nisms in arteries, as well as susceptibility to and progression of atherosclerosis [75].
Based on theory, it has been demonstrated [76] that the WSS vector field can be
scaled to provide a first-order approximation for the near-wall blood flow velocity
vector field uπ ∈ R3 as follows:
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uπ ≃ τ δn

µ
+ O(δn2), (2.12)

where τ ∈ R3 represents the WSS vector field, µ is the dynamic viscosity and δn is
the distance from the wall where the velocity is evaluated. From a mathematical
perspective, the WSS vector τ can be defined as:

τ = µ(∇u + ∇T u) · n − (µ(∇u + ∇T u) · n) · n, (2.13)

where n is the outward unit vector.
As demonstrated elsewhere [76], the near-wall velocity uπ in eq. (2.12) is predom-
inantly tangential to the wall (the additional component of the velocity normal to
the wall being second order in δn, can be considered to have less a lesser degree of
importance in the analysis).
By construction, the vector field in eq. (2.12) is defined on the luminal surface of
the vessel and it represents the near-wall velocity, as the velocity is zero on the
surface itself due to the no-slip condition. The LCS underlying theory described
in Section 2.2.1 can be extended to analyse the near-wall flow topology, by using
the expression of near-wall velocity uπ (given by eq. (2.12)) in eq. (2.1). Such
near-wall Lagrangian structures, computed from WSS vector field, are referred to
as WSS LCS [23].
Computationally, WSS LCS can be identified on the luminal surface of the vessel by
numerically integrating a high number of luminal surface tracer particles, applying
the procedure described in the first part of Section 2.2.1. In particular, attracting
and repelling WSS LCS can be traced out with forward and backward time inte-
gration of surface tracer particles based on the near-wall blood flow velocity (eq.
(2.12)), respectively.
The recent interest in WSS LCS by the cardiovascular fluid mechanics research
community was driven by their ability to highlight blood flow features associated
with vascular disease initiation and progression like flow stagnation, separation,
and recirculation, flow impingement, the interaction of vortex structures with the
vascular wall, which are usually classified as “aggravating flow events” [12, 21]. An
example of attracting WSS LCS on the luminal surface of a patient-specific compu-
tational hemodynamic model of human carotid bifurcation model [20, 77, 19, 78] is
presented in Figure 2.5. In this specific case, luminal surface tracer particles (Fig-
ure 2.5A) are numerically integrated in forward time. The resulting LCS is located

25



Theoretical concepts

at the carotid bulb, a region characterized by flow disturbances (slow, recirculating
blood flow) promoting atherosclerosis [12, 79]. In detail, the attracting WSS LCS
provides the boundary at the luminal surface of the slow vortex structure formed
inside the carotid bulb (Figure 2.5C, where the recirculation region is highlighted
visualizing the streamlines of the cycle-average velocity vector field).

Figure 2.5: A) Initial tracer particles position on the luminal surface of a carotid
bifurcation model. B) Attracting WSS LCS traced out from forward time integra-
tion of WSS trajectories. C) Streamlines of the cycle-average velocity vector field,
coloured by cycle-average velocity magnitude.

In addition, the shear forces exerted by the streaming blood flow in the near-
wall region on the endothelium affect biotransport processes, i.e., the transport of
biochemicals through the subendothelial layer [11]. Biotransport is of paramount
importance in many cardiovascular processes, including the initiation of atheroscle-
rosis, endothelial cell vasoregulation, and thrombogenesis [26]. In general, cardio-
vascular mass transport is investigated in silico by coupling the governing equations
of motion, the Navier-Stokes equations, with the advection-diffusion equation, given
by:

dC

dt
+ u · ∇ − D∇2C = 0, (2.14)

where C is a non-dimensional concentration,u is the fluid velocity vector, and D is
the mass diffusion coefficient of the species transported in the fluid domain. How-
ever, high computational cost are associated with the class of numerical simulations
used to accurately solve the near-wall transport and blood-wall transfer [80, 81],
making such approach prohibitively expensive in hemodynamics applications. To
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overcome this limitation, and based on the well-established role that WSS plays in
conditioning the permeability of the endothelium and the near-wall mass transport
process as well, recent studies [23, 22] have brilliantly demonstrated that WSS LCS
can be used as a template of near-wall mass transport, thus reducing the compu-
tational effort needed to solve the full transport problem represented by eq. (2.14)
[23]. In particular, it has been demonstrated that attracting WSS LCS attract bio-
chemicals, leading to high near-wall concentration in their neighbourhood, whereas
repelling WSS LCS have been shown to act as near-wall transport barriers [23, 22,
21].
In the context of cardiovascular flows, it has been recently demonstrated that at-
tracting/repelling WSS LCS on the luminal surface of an artery match the unsta-
ble/stable manifolds of the steady cycle-average WSS vector field [23, 22], defined
as:

τ̄ = 1
T

∫︂ T

0
τ (x, t)dt, (2.15)

where τ is the instantaneous local WSS value and T is the time duration of the
cardiac cycle. Technically, the first steps in the topological analysis of cycle-average
WSS at the luminal surface of a vessel is the identification of WSS fixed points.
The extract position of WSS fixed points can be identified by computing, e.g., the
Poincaré index, as explained in Section 2.1. Then, the cycle-average WSS field
around a fixed point xfp, according to eq. (2.5), by linearization can be expressed
as:

τ̄ (x) = τ̄ (xfp) + J(xfp)(x − xfp), (2.16)

where J is the Jacobian matrix of τ̄ . The identified WSS fixed points can be clas-
sified according to their nature (saddle, node or focus, Figure 2.1A) by analyzing
the eigenvalues of the Jacobian matrix J of τ̄ (Table 2.1), as described in Section
2.1. Note that WSS vector field is embedded in a three-dimensional space, even if
it lies in a two-dimensional space (the luminal surface of a vessel). To perform a
two-dimensional analysis, two strategies are possible. In the first strategy, a projec-
tion of the vector field into two orthogonal directions (hence, in a two-dimensional
space) is needed. In the second one, avoiding the projection of the vector field (and
thus reducing the computational steps), a three-dimensional analysis can be per-
formed, thus obtaining three eigenvalues of the Jacobian matrix, with one of them
having value close to zero. Then, the eigenvalue-based analysis for the WSS fixed
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points classification can be performed by considering the two eigenvalues different
from zero. Saddle-type fixed points are of particular interest since typically a stable
or unstable manifold starts from a saddle point and varnishes into a source or sink,
respectively, as depicted in Figure 2.1B. Saddle point locations (where Poincaré
index is -1 and the eigenvalues are real with different sign) are perturbed along the
positive eigenvector of J in two opposite directions obtaining two initial conditions
[22, 31]. Unstable manifolds can be traced out by numerically integrating τ̄ from
these initial conditions in forward time until trajectories reach a stable fixed point
(sink configuration) or leave the domain. Similarly, stable manifolds are delineated
by integrating τ̄ in backward time starting from the perturbation of saddle point
location along the negative eigenvector of J until trajectories reach an unstable
fixed point (source configuration) or leave the domain.
An example of unstable manifolds of cycle-average WSS on the luminal surface of
a patient-specific computational hemodynamic model of human carotid bifurcation
model [20, 77, 19, 78] is presented in Figure 2.6. WSS fixed points were identified
by computing Poincaré index (Figure 2.6A) and subsequently unstable manifolds
were traced out by applying Runge Kutta 4-5 numerical integration scheme (Figure
2.6B). By visual inspection of Figure 2.6C it can be appreciated that cycle-average
WSS unstable manifolds co-localize with attracting WSS LCS, confirming the ca-
pability of the latter to identify critical lines of the WSS field.

The analysis of cycle average WSS fixed points and manifolds has been applied
to analyze cardiovascular flows. Arzani et al. [22] computed WSS LCS from sta-
ble and unstable manifolds of cycle-average WSS on patient-specific computational
hemodynamics models of AAAs, carotid arteries, cerebral aneurysms and coro-
nary aneurysm to characterize near-wall flow topology and biochemicals transport.
Farghadan et al. [24] used WSS topology and magnitude analysis to predict surface
concentration patterns in cardiovascular transport problems by computing WSS
LCS from manifolds of cycle-average WSS in image-based coronary and carotid
artery models. Mahmoudi et al. [25] studied the near-wall transport of some of the
prominent biochemicals contributing to the initiation and progression of atheroscle-
rosis in computational hemodynamics models of coronary artery, highlighting the
strength of cycle-average WSS LCS as a template of luminal surface concentration
and flux patterns of biochemicals transported with blood.
Summarizing, the Lagrangian approach for identifying near-wall topological fea-
tures is summarized in Figure 2.7, where the link between attracting/repelling WSS
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Figure 2.6: A) Cycle-average WSS fixed points on the luminal surface of a carotid
bifurcation model. B) Unstable manifolds of cycle-average WSS (blue lines) traced
out by integrating cycle-average WSS vector starting from saddle point positions.
C) Cycle-average WSS unstable manifolds superimposed on the attracting WSS
LCS. Vectors are normalized for visualization.

LCS with unstable/stable cycle-average WSS manifolds, respectively, is highlighted.
In addition, Figure 2.7 presents a briefly summary of the link between Lagrangian-
based near-wall flow topology and mass transport. For a more in-depth analysis,
the interested reader could refer to recent literature [23, 21, 22, 25]where the link
between WSS LCS, cycle-average WSS manifolds and biochemical transport in car-
diovascular flows is unambiguously documented.

2.3 Eulerian approach

2.3.1 Volume Contraction Theory

The Volume Contraction theory provides a simple alternative way to analyse
the behaviour of a dynamical system from a Eulerian perspective. Contrarily to
Lagrangian-based approaches, the Eulerian perspective considers vector field prop-
erties at each point in space and time. The presented Volume Contraction theory,
based on fluid mechanics and differential geometry, is focused on the temporal
change of an elemental volume (of fluid, for the case of interest) in the phase space
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Figure 2.7: Workflow for the near-wall Lagrangian structures identification. The
link between WSS LCS and cy-cle-average WSS manifolds and their role in near-
wall flow topology and near wall mass transport is highlighted.

of a dynamical system (fluid flow, for the case of interest). Let V (t) be an arbitrary
volume in the phase space of the dynamical system defined in eq. (2.1). Let S(t)
be a closed surface enclosing the volume V (t), i.e., such that S(t) = δV (t). S(t)
evolves during the time interval dt resulting in an expansion or contraction of the
volume, as depicted in Figure 2.8. The rate of volume variation, that we will call
volume contraction rate from now, as a consequence of the application of the Gauss
theorem can be expressed as follows:

dV (t)
dt

=
∫︂ ∫︂

S
u · ndS =

∫︂ ∫︂ ∫︂
V

∇ · udV, (2.17)

where u is the vector field defined in eq. (2.1) and n is the unit normal to the
surface S (Figure 2.8).
Shrinking the near-wall volume V to zero, it can be written:

lim
V →0

1
V

dV (t)
dt

= lim
V →0

1
V

∫︂ ∫︂ ∫︂
V

∇ · u dV = (∇ · u), (2.18)
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Figure 2.8: Explanatory sketch of A) volume contraction and B) volume expansion
in the phase space of a dynamical system.

Eq. (2.18) clearly shows that in the limit as V approaches zero, the local value of
vector u divergence is equal to its total flux per unit volume.
In general, in non-conservative dynamical systems the volume of phase space is
not preserved as it can contract or expand. Thus, trajectories tend to a lower-
dimensional subset of phase space. From eq. (2.18), the volume contraction rate
Γ(x, t) of a n-dimensional system, representing the rate of separation of infinitesimal
close trajectories, can be obtained as:

Λ(x, t) = ∇ · u(x, t) = trJ(u) =
n∑︂

i=1
λi, (2.19)

where trJ(u) is the trace of Jacobian matrix and λi are its eigenvalues. In terms
of physics, the Jacobian matrix describes how a small change at a starting point
x0 propagates to the final point of the flow map Φt

t0(x0) in eq. (2.3), which is like
to say that eq. (2.19) is the same as the sum of Lyapunov exponents in eq. (2.8).

2.3.2 Volume Contraction Theory in cardiovascular flows

Here we demonstrate that the application of the Volume Contraction theory to
cardiovascular flows allows to easily analyse the WSS topological skeleton on the
luminal surface of a vessel through the direct calculation of the WSS divergence.
Let Ω ⊂ R3 be a bounded domain representing the lumen of a vessel. For each
x ∈ Ω abd time t, we denote by uπ(x, t) the tangential component of the velocity
close to the luminal surface. Let Vπ(t) be an elemental volume near the wall, as
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depicted in Figure 2.9. Let x̃w + δn ∈ Ω be a point inside the volume Vπ(t) and let
x̃w be a point on the luminal surface such that the distance in the normal to the
wall direction between the two points is δn (Figure 2.9).

Figure 2.9: Explanatory sketch of an elemental volume Vπ(t) near the wall. x̃w +δn
is a point inside the volume and x̃w is a point on the wall.

Shrinking the near-wall volume Vπ to zero, we obtain:

lim
Vπ→0

1
Vπ

dVπ(t)
dt

= lim
Vπ→0

1
Vπ

∫︂ ∫︂ ∫︂
Vπ

∇ · uπdVπ = (∇ · uπ)|x̃w+δn. (2.20)

Using eq. (2.12) in eq. (2.20) and assuming Newtonian behaviour for the fluid,
it follows that:

(∇ · uπ)|x̃w+δn ≃ (∇ · δn

µ
τ )|x̃w ≃ δn

µ
(∇ · τ )|x̃w , (2.21)

meaning the WSS divergence gives practical information about the near-wall
velocity dynamics and can be adopted to analyse WSS topological skeleton. Note
that in general the WSS vector field defined at the luminal surface of a vessel is
not conservative, even in the case of incompressible flows.
In general, the application of the volume contraction theory to the analysis of a
dynamical system faces one limitation in cases where the distance between two
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neighbouring trajectories increases/decreases in spite of a negative/positive value
of divergence, respectively. As WSS divergence depends by construction upon the
algebraic summation of the magnitude of the single gradients of WSS vector compo-
nents, in some cases, it might fail to properly identify WSS expansion/contraction
configuration patterns, giving rise to situations as the ones depicted in the schemat-
ics in Figure 2.10. In fact, these regions describe specific directional arrangements
of the vectors, but both variations in magnitude and in direction are accounted for
in the divergence. To overcome this limitation, which could markedly affect the
application of the Eulerian-based approach to study WSS manifolds in cardiovas-
cular flows, the use of the divergence of the normalized WSS vector field has been
considered:

DIVW = ∇ · (τu) = ∇ · ( τ

∥ τ ∥2
), (2.22)

where τu is the WSS unit vector. DIVW , neglecting the vector field magnitude
variation, allows the unambiguous identification of vector field direction variation
only (Figure 2.10). Then, luminal surface regions characterized by negative values
of DIVW are referred to as contraction regions and approximate unstable mani-
folds. Similarly, regions at the luminal surface characterized by positive values of
DIVW are referred to as expansion regions and approximate stable manifolds. In
summary, the divergence of normalized WSS can be used to localize the WSS spa-
tial contraction/expansion configuration patterns at the luminal surface of a vessel,
and thus it can be used to approximate WSS unstable/stable manifolds.

Figure 2.10: Comparison between the divergence of different vector field configu-
ration (top) and divergence of different normalized vector field configuration (bot-
tom).
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Non-Newtonian models

Note that in eq. (2.21), Newtonian behaviour for the fluid has been assumed
(i.e., constant viscosity µ). Considering the blood as a non-Newtonian fluid, the
dynamic viscosity is dependent on the shear rate γ̇, defined as:

γ̇ =
√︂

2D(u) : D(u) =
√︂

2tr(D(u)2), (2.23)

where D(u) = ∇u+∇uT

2 is the rate of deformation tensor and (:) indicates the
double dot product.
Using a Taylor series expansion in space of the the near-wall tangential velocity, we
obtain:

uπ(x̃w + δn, t) ≃ uπ(x̃w, t) + (x̃w + δn − x̃w)δuπ

δn
|x̃w + O(δn2), (2.24)

where uπ(x̃w, t) is equal to zero due to the non-slip condition.
Now considering the definition of the WSS:

τ = µ(γ̇)δuπ

δn
|n=0 (2.25)

we obtain:
δuπ

δn
|x̃w = τ

µ(γ̇) |x̃w . (2.26)

Substituting eq. (2.26) into eq. (2.24), it follows that:

uπ(x̃w + δn, t) ≃ δn
τ

µ(γ̇) |x̃w + O(δn2), (2.27)

Now eq. (2.21) can be modified as follows :

(∇ · uπ)|x̃w+δn ≃ (∇ · δn

µ(γ̇)τ )|x̃w ≃ δn(∇ · τ

µ(γ̇))|x̃w . (2.28)

However, it is trivial to show that:

∇ · (
τ

µ(γ̇)

∥ τ
µ(γ̇) ∥2

) = ∇ · ( τ

∥ τ ∥2
) = DIVW , (2.29)

meaning that the quantity used to identify WSS contraction/expansion regions (eq.
(2.22)) can be used assuming the blood as a non-Newtonian fluid too, maintaining
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the same physical significance.

Remark. In order to ensure regularity properties of the WSS divergence, we assume
the velocity u(x, t) to be in the Sobolev space Hs(Ω), which is the space of square
integrable functions (i.e., of functions in L2(Ω) such that all partial derivatives of
order up to s belong to L2(Ω) as well.
The WSS vector is computed from the trace of velocity gradients (∈ Hs−1/2(Ω))
and the divergence operator of this vector belongs to Hs−3/2(Ω), leading to consider
s ≥ 3/2.
We refer the interest readers to references [82, 83] for a detailed overview of the
functional setting of the governing equations of fluid motion (the Navier-Stokes
equations).
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Chapter 3

Eulerian-based Method for Wall
Shear Stress Topological Skeleton
Identification

The workflow of the proposed Eulerian-based approach for the WSS topological
skeleton identification is provided in Figure 3.1. Briefly, the WSS manifolds are
approximated through the divergence of the normalized WSS and WSS fixed points
are identified and classified by the Poincaré index and Jacobian matrix analysis,
respectively. The single steps of the method are described and detailed in the
following sections.

3.1 Wall Shear Stress manifolds identification: Wall
Shear Stress divergence

The here proposed Eulerian-based approach to identify WSS topological skele-
ton requires the computation of the divergence of the WSS data defined on the
triangle mesh (i.e., the surface of the tetrahedral volume mesh) obtained from
CFD simulations. It is known that polygonal meshes are piecewise linear surfaces
and thus the differential operators cannot be directly applied. In this regard, the
aim of the Discrete Differential Geometry Theory is to provide robust algorithms
to compute approximations of differential operators directly from the mesh data
[84]. In particular, based on Discrete Differential Geometry Theory, the gradient of
a vertex-based representation of a vector field defined on a triangle mesh embedded
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Figure 3.1: Workflow of the proposed Eulerian-based approach for the topological
skeleton of the WSS vector identification.

in a 3D space is a constant tangent vector in each triangle element [84].
In detail, given a generic surface mesh triangle Tη (η = 1, .., N , where N is the
number of mesh triangles), we consider a vertex-based representation of the WSS
vector field τ where xζ ∈ R3 is the location of the generic vertex ζ (ζ = i, j, k).
The first step of the algorithm is the discretization of the vector field through a
piecewise constant vector per mesh triangle face representation.
To do that, the vector field components (τx)ζ , (τ y)

ζ
, (τ z)ζ defined on each vertex

mesh in a Cartesian reference frame, are interpolated in a generic position inside
mesh triangle Tη using barycentric coordinates using piecewise linear basis functions
Bζ :

τx(p) = (τx)iBi(p) + (τx)j Bj (p) + (τx)k Bk (p)
τy (p) = (τy)i Bi (p) + (τy)j Bj (p) + (τy)k Bk (p)

τz (p) = (τz)i Bi (p) + (τz)j Bj (p) + (τz)k Bk (p) , (3.1)

where p = (x, y, z) ⊂ Tη. The basis functions Bζ are of the form (Figure 3.2):
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Figure 3.2: Piecewise linear basis function Bi

Bi (p) = Ai

AT

, Bj (p) = Aj

AT

, Bk (p) = Ak

AT

(3.2)

where, AT is the surface area of triangle mesh Tη, and Ai,Aj,Ak are the surface
areas of the triangles of coordinates{p,xj,xk}, {p,xi,xk}, {p,xj,xj}, respectively
(Figure 3.2). By construction (Figure 3.2),

Bi(xi) = Bj(xj) = Bk(xk) = 1 and Bi(xj,k) = Bj(xi,k) = Bk(xi,j) = 0.

By differentiating the basis functions Bζ , the gradient of τx in p can be expressed
as:

∇τx (p) = (τx)i ∇Bi (p) + (τx)j ∇B
j
(p) + (τx)k ∇Bk (p)

∇τy (p) = (τy)i ∇Bi (p) + (τy)j ∇B
j
(p) + (τy)k ∇Bk (p)

∇τz (p) = (τz)i ∇Bi (p) + (τz)j ∇B
j
(p) + (τz)k ∇Bk (p) , (3.3)

where ∇Bζ (p) is the steepest ascent direction perpendicular to the opposite edge,
expressed as:

∇Bi (p) = nT η × ejk

2 AT

∇Bj (p) = nT η × eki

2 AT

∇Bk (p) = nT η × eij

2 AT

, (3.4)

where nT η is the unit vector normal to the triangle surface Tη and ejk, eki, eij

denote the edges opposite to vertex i, j, k, respectively (Figure 3.2).
Combining eq. (3.3) and eq. (3.4), the divergence of WSS vector field in p ⊂ Tη
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can then be obtained:

∇ · τ (p) = ∇τx (p) · x̂ + ∇τy (p) · ŷ + ∇τz (p) · ẑ . (3.5)

The value of ∇ · τ at each vertex ζ of the mesh triangle Tη is calculated as the
average value of the WSS divergence over all triangles of the mesh the considered
vertex ζ belongs to:

(∇ · τ )ζ =
∑︁

Tχ∼ζ (∇ · τ )Tχ∼ζ

#Tχ

, (3.6)

where #Tχ is the total number of surface mesh triangles the vertex ζ belongs to.

3.2 Wall Shear Stress fixed points identification
and classification

Typically, computational data are available as discrete samples at the vertices
of a mesh, and the direct application of the theory of dynamical system to sampled
data could lead to consistency loss [85].
Here, identification of fixed points location on the luminal surface of a vessel is
performed using the Poincarè index, as briefly introduced in Section 2.1. The
relevance of this topological index lies in its mesh-independent and topologically
invariant proprieties. As an explanatory definition that may help the better under-
standing of the mathematical concept, the Poincaré index for a 2D arbitrary vector
is provided in eq. ((2.4)) (Section 2.1) and displayed in Figure 3.3.

Figure 3.3: Unstable node, saddle point and fixed point free region configuration
for a arbitrary 2D vector field. While travelling along the closed curve γ in positive
direction, the Poincaré index is the number of the positive fields rotations.

Detection methods of isolated fixed points in analytical or 2D vector fields have
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been already proposed by several authors [86]. Less work has been done on fixed
points detection on vertex-based representations of 3D vector fields defined on un-
structured triangle meshes representing the boundary of complex geometries (as
blood vessels are). In the present study, the numerical method for fixed points
detection proposed by Bhatia [85] and reworded by Wang [87] was implemented
because of its demonstrated numerical robustness, which minimizes the risk of
identification of incorrect topological structures due to numerical instabilities. The
algorithm is based on the following theorem [87]:

Theorem 1. Let {x1,x2,x3} be the vertexes of a triangle of a triangulated surface
with vectors {τi, τj, τk}, applied at the vertexes i, j, k, respectively, in a Cartesian
three-dimensional reference system. There is a fixed point in the interior of the
considered triangle if and only if the following determinants have all the same sign:

det[τi, τj,n], det[τj, τk,n], det[τk, τi,n] (3.7)

where n is the unit vector normal to the triangle face.
Moreover, if a fixed point is located in the interior of the considered triangle, the
Poincaré index is given by:

Sign(det[τi, τj,n]). (3.8)

Using Theorem 1, fixed points of a 3D vector field can be identified.
The fixed points identified by the Poincaré index are classified according to their

nature, as briefly introduced in Section 2.1. The full classification of fixed points
can be carried out using the largely adopted approach based on the analysis of the
eigenvalues of the Jacobian matrix over each triangle face containing a fixed point
[31]. The eigenvalues-based fixed point classification of a vector field is summarized
in Table 2.1 in Section 2.1. In detail, three eigenvalues of the Jacobian matrix, with
one of them having value close to zero, are obtained. Then, the eigenvalue-based
analysis for the WSS fixed points classification can be performed by considering
only the two eigenvalues different from zero.

An explanatory sketch of the complete topological skeleton of the WSS vector
field at the luminal surface of an artery is presented in Figure 3.4
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Figure 3.4: Explanatory sketch of the topological skeleton of a vector field. Con-
figuration of each fixed point-type and contraction/expansion regions, colored by
blue/red, are displayed.

3.3 Wall Shear Stress topological skeleton descrip-
tors

The proposed practical approach for the identification and the analysis of man-
ifolds and fixed points of the WSS vector field at the luminal surface of an artery
is applied in a two-step strategy. In the first step, the cycle-average WSS vector
field at the luminal surface of 3D vessels, defined in eq. (2.15), is analyzed. It has
been already suggested that cycle-average WSS vector field τ̄ fixed points and their
associated manifolds influence the near-wall intravascular transport [23].
In the second step, the unsteady nature of WSS fixed points and manifolds along
the cardiac cycle is analysed. To do that, a measure of instantaneous WSS fixed
points residence times along the cardiac cycle is introduced. In detail, the fraction
of cardiac cycle (General Residence Time, RT ) spent by a specific fixed point of
specific nature inside a generic surface triangle is calculated as follows:

RT xfp
(e) = Ā

Ae

1
T

∫︂ T

0
Ie (xfp, t), (3.9)
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where:

Ie (xfp, t) =

⎧⎪⎨⎪⎩1 if xfp(t) ∈ e

0 otherwise.

In eq. (3.9) xfp (t) is the WSS fixed point position at time t ∈ [0, T ], e is the generic
triangular element of the superficial mesh of area Ae and Ā is the average surface
area of all surface triangles of the mesh characterizing the luminal surface of the
vessel. Eq. (3.9) quantifies the fraction of cardiac cycle spent by a WSS fixed point
inside the generic mesh surface element e.
Moreover, a modified version of eq. (3.9) is proposed, where the residence time
of a fixed point in a triangular mesh surface element is weighted by the abso-
lute value of the instantaneous WSS vector divergence. Physically, this Weighted
Residence Time (RT∇xfp

(e)) gives a measure of the strength of the local contrac-
tion/expansion action of local shear forces:

RT∇xfp
(e) = Ā

Ae

1
T

∫︂ T

0
Ie (xfp, t)|(∇ · τ )e|dt, (3.10)

where (∇ · tau)e is the instantaneous WSS divergence computed in the surface
triangle e containing the instantaneous WSS fixed point.
The difference between RTxfp

(e) and RT∇xfp
(e) resides in the term |(∇·τ )e|, that

has been incorporate into eq. (3.10) to measure the contraction/expansion strength
acting on the wall. Roughly speaking, with respect to eq. (3.9), in eq. (3.10) the
contribution of those fixed points surrounded by a marked local contraction or
expansion action, even for a small fraction of the cardiac cycle, is emphasized.
Finally, a measure to compute the fraction of the cardiac cycle (Specific Residence
Time, RT xfp

(︂
eτ̄fp

)︂
) that the surface triangle containing a cycle-average WSS fixed

point hosts an instantaneous WSS fixed point is here presented:

RT xfp

(︂
eτ̄fp

)︂
= Ā

Ae

1
T

∫︂ T

0
Ieτ̄fp

(xfp, t)dt, (3.11)

where eτ̄fp
is the specific surface triangle of the superficial mesh containing a cycle-

average WSS fixed point.
The proposed WSS fixed points residence time measures, namely the General Res-
idence Time (eq. (3.9)), the Weighted Residence Time (eq. (3.10)) and the specific
residence time (eq. (3.11)) are summarized in Figure 3.5.
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In addition, based on the physical meaning of eq. 2.22, we proposed the quantity
Topological Shear Variation Index (TSV I) aiming at quantifying the amount of
variation in the WSS contraction and expansion action exerted on the endothelium
along the cardiac cycle. The TSV I index is defined as the root mean square devi-
ation of the divergence of the normalized WSS with respect to its average over the
cardiac cycle:

TSV I = { 1
T

∫︂ T

0
[∇ · (τu) − ∇ · (τu)]2} 1

2 = { 1
T

∫︂ T

0
[DIVW − DIVW )]2} 1

2 , (3.12)

where T is the cardiac cycle period. It is an integral measure of the local unsteady
nature of the WSS vector field manifolds along the cardiac cycle, without differen-
tiating between a contraction or expansion action of WSS at the endothelium.

Figure 3.5: Three different formulations, namely General Residence Time, Weighted
Residence Time and Specific Residence Time to quantified the WSS fixed points
residence times along the cardiac cycle.
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Figure 3.6: A) Definition of TSV I index; B) Blue, red and grey arrows indicate
the WSS vector field instantaneous streamlines in the neighbourhood of the generic
point (yellow circle) on the luminal surface at different time points along the cardiac
cycle.
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Chapter 4

Benchmarking

4.1 2D analytical vector field

An analytical 2D vector field, described by the following autonomous system:⎧⎪⎨⎪⎩ẋ = x − x3

3 − y

ẏ = x − 2y,
(4.1)

is used here for benchmarking and testing the proposed method.
The analytical 2D vector field described by eq. (4.1) is characterized by the pres-
ence of a saddle point configuration in the origin of the cartesian reference system,
and two symmetrical stable foci at cartesian coordinates

(︂
±2

√︂
3
8 ; ±

√︂
3
8

)︂
.

To trace out the unstable manifold, the classical method was applied considering
perturbed coordinates of the saddle point as initial condition [31, 22]. The nu-
merical integration was carried out by applying the Runge Kutta Fehlberg 4 − 5
numerical scheme and integration was continued until the trajectory reached the
other fixed point. On the same vector field (1) the divergence of normalized vector
field was computed to identify contraction/expansion regions and (2) the Poincaré
index was used to identify fixed points. For an in-depth benchmarking, the re-
cent trajectory-free method proposed by [88] was here applied on the autonomous
system of eq. (4.1) to find attracting and repelling invariant manifolds using the
trajectory divergence rate ρ̇ defined by:

ρ̇ = nT S n, (4.2)
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where n is the unit vector normal and S the rate-of-strain tensor.
The autonomous system of eq. (4.1) is presented in Figure 4.1, where the position
of the three fixed points is highlighted and the unstable manifold (corresponding
to a saddle-type fixed point and calculated according to [31, 22]), is delineated.
It can be observed that the map of the divergence of the normalized vector field
perfectly encases the unstable manifold within the contraction region (blue color in
Figure 4.1, panel B) according to theory: regions of negative divergence correspond
to converging vectors and unstable manifolds tend to attract nearby trajectories
(the distance between points belonging to unstable manifolds decreases producing
a converging point series).
Finally, the results obtained implementing the trajectory-free method proposed
elsewhere [88] on the autonomous system of eq. (4.1), reported in Figure 4.1 panel
C, clearly show that the divergence of normalized vector map captured the unsta-
ble manifold of the system as well as the trajectory divergence rate ρ̇. Notably,
although both the divergence-based methods provide a scalar measure to quantify
the attraction/repulsion of nearby trajectories, the here proposed divergence of the
normalized vector field captured the unstable manifold only, as opposed to the tra-
jectory divergence rate ρ̇, that highlighted also regions of the phase space that are
not an unstable manifold (Figure 4.1, panel C).
The results of the application of the approach proposed here to practically identify
manifolds and fixed points to the autonomous system of eq. (4.1) confirm that
the method is able to: (1) correctly approximate manifolds without resorting to
the numerical integration schemes; (2) correctly identify and classify fixed points
(Figure Figure 4.1), confirming the numerical robustness of the Poincaré Index.

4.2 3D complex geometries

A further analysis aiming at testing the ability of the proposed Eulerian-based
approach to correctly identify (1) Lagrangian WSS structures and (2) WSS mani-
folds is performed on a 3D complex geometry of a carotid bifurcation model. De-
tails on geometry reconstruction, meshing and CFD simulation where extensively
reported in Section 6.2.1, Section 7.2.2 and elsewhere [89, 90, 19]. WSS LCS are
identified by numerically integrating high number (≈ 300 000) of luminal surface
tracer particles (depicted in Figure 4.2A) seeded on the luminal surface of the
carotid bifurcation model based on the near-wall blood flow velocity, as described
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Figure 4.1: Panel A: Fixed points (green circles) and attractive manifold (blue line).
Vector field is normalized for visualization and colored based on its magnitude.
Panel B: Divergence of the normalized vector field. Panel C: Trajectory divergence
rate field

in Section 2.2.3. In particular, attracting WSS LCS are traced out with forward
time integration of surface tracer particles for 40 cardiac cycle, exploiting the pe-
riodicity of WSS vector field, used to compute the blood flow velocity near the
wall. Emerging attracting WSS LCS, displayed in Figure 4.2A LCS is located at
the carotid bulb, a region characterized by flow disturbances. On the same carotid
bifurcation model, unstable manifolds of the cycle-average WSS vector field are
traced out by applying the classical method consisting in the integration in forward
time of the vector field, starting from perturbed coordinated of saddle point posi-
tions and in the directions of the positive eigenvectors. Finally, on the same carotid
bifurcation model, cycle-average WSS contraction regions are identified by negative
values of the normalized cycle-averag WSS divergence (depicted in Figure 4.2C),
according to the proposed method. For the present analyses, Runge Kutta 4-5 nu-
merical integration scheme was used to be consistent with previous studies [46].

Figure 4.3 shows the cycle-average WSS contraction regions at the luminal sur-
face of the carotid bifurcation model, superimposed on the attracting WSS LCS
(4.3A) and on cycle-average WSS unstable manifolds (4.3B).
By visual inspection of Figure 4.3, it can be appreciated that cycle-average WSS
contraction regions co-localize with attracting WSS LCS and with cycle-average
WSS unstable manifolds, confirming the ability of the Eulerian-based approach to
identify Lagrangian structures.
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Benchmarking

Figure 4.2: A) Initial tracers position on the luminal surface of a carotid bifurca-
tion model and the emerging attracting WSS LCS traced out from forward time
integration of surface tracers. B) Unstable manifolds (blue lines) and fixed points
of cycle-average WSS traced out by integrating cycle-average WSS vector starting
from saddle point positions. C) Topological skeleton of the cycle-average WSS vec-
tor. Blue and red color define contraction and expansion regions, respectively.

Figure 4.3: A) Qualitatively co-localization between cycle-average WSS divergence-
based contraction regions and attracting WSS LCS. B) Qualitatively co-localization
between cycle-average WSS divergence-based contraction regions and cycle-average
WSS unstable manifolds WSS LCS.
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Chapter 5

Wall Shear Stress Divergence as a
Template of Near-Wall Mass
Transport in Aortic Flow

A version of this chapter has been published in:
Pàtron Editor, Congress of the National Group of Bioengineering 2020, ISSN: 2724-2129
"Eulerian-based Wall Shear Stress Topological Skeleton Analysis and Near-wall
Transport in Aortic Flow."
G. De Nisco, V. Mazzi, K. Calò, R. Ponzini, G. Rizzo, D. A. Steinman, D. Gallo,
U. Morbiducci

5.1 Introduction

Mass transport plays a key role in vascular disease. In the past, it has been
suggested that the accumulation of high molecular weight solutes in the arterial
intima might promote early atherosclerosis [74], and observations have reported
that high plasma levels of low-density lipoproteins (LDL) are causally related to
the development of atherosclerotic lesions [91]. Among the complex and non-linear
mechanisms regulating blood-arterial wall mass transfer [26, 92], the shear forces
exerted by the streaming blood on endothelial cells (ECs) have been identified to
play a key role, because of their influence on the permeability of the endothelial
lining [11]. The complexity of the scenario has markedly limited in vivo studies
on the biomechanical role exerted by the wall shear stress (WSS) on blood arterial

51



Wall Shear Stress Divergence as a Template of Near-Wall Mass Transport in Aortic Flow

wall mass transfer. Aiming at filling this gap of knowledge, in the last decade,
computational fluid dynamics (CFD) has been proposed to study the impact that
local hemodynamics has on LDL transport and on their blood-to-wall transfer in
realistic models of human aorta [93, 94, 95], a cardiovascular district characterized
by intricate local hemodynamics [61]. These studies have demonstrated that re-
gions at the luminal surface where LDL concentration is high in general co localize
with low shear regions.
However, cardiovascular mass transport problems are characterized by high Peclet
number (≈108 for LDL), indicating the relative predominance of advective vs. dif-
fusive transport. Therefore, highly resolved computational grids are needed to
accurately solve the near-wall transport and blood-wall transfer [80]]. Due to that,
high computational costs are usually associated with this class of numerical simu-
lations [81].
To overcome this limitation, a marked interest has recently emerged on using WSS
Lagrangian Coherent Structures (WSS LCS) to study mass transport in cardio-
vascular flows. In detail, WSS LCS have been brilliantly proposed to provide a
template for near-wall transport, with reduced computational costs compared to
a full transport problem [23, 22]. In addition, previous studies have proved the
capability of the LCS in identifying WSS topological skeleton features, i.e., WSS
manifolds, which in turn have been demonstrated to be connected with near-wall
mass transport [23, 22].
Here we briefly remind that the WSS topological skeleton consists in fixed points
and stable/unstable manifolds connecting them. In detail, a fixed point is a point
where the WSS vector field vanishes, and the WSS manifolds identify the strength
and the nature of the WSS contraction/expansion imparted on the endothelium.
This study is based on the considerations that the use of LCS might have some
practical limitations, namely the poor control over the flow region of interest and
the application of higher-order integration schemes [96]. The aim of the present
study is to test the ability of the proposed Eulerian method for WSS topological
skeleton analysis based on WSS vector field divergence to provide an affordable
template of the LDL blood-wall transfer in patient-specific computational hemo-
dynamic models of human aorta. Such endeavour would identify a methodology
faster and less computationally expensive than both Lagrangian-based techniques
and full 3D continuum problems to solve mass transport in cardiovascular flows.
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5.2 Computational haemodynamics

An overview of the study methods is provided in Figure 5.1.

Figure 5.1: Overview of the proposed approach to study near-wall LDL transport
and WSS topological skeleton. Explanatory examples of contours of the 4D flow
MRI-derived axial velocity component, applied as inflow BCs, averaged along sys-
tole and diastole are also displayed.

The geometry of an ostensibly healthy human aorta was reconstructed from 4D
flow MRI images, by applying a multiple step procedure into the Vascular Mod-
eling Toolkit environment (VMTK). MRI image acquisition and aortic geometry
reconstruction are extensively described elsewhere [60, 97, 98].
To model LDL transport in the streaming blood, the governing equations of fluid
motion (the Navier-Stokes equations) were coupled with the advection-diffusion
equation under unsteady flow conditions. In detail, LDL was modelled as a passive
non-reacting scalar, transported in the flowing blood according to the advection-
diffusion equation:

dC

dt
+ u · ∇C − DLDL∇2C = 0 (5.1)

where C is the LDL concentration, u is the velocity vector, and DLDL is the dif-
fusivity of LDL in blood, set to 5.98 · 10−12 m2s−1. Blood was assumed to be
an isotropic, incompressible, homogeneous, Newtonian viscous fluid with density
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equal to 1060 kg/m3 and dynamic viscosity equal to 0.0035 Pa s. The finite vol-
ume method was applied to solve the coupled Navier-Stokes and advection-diffusion
equations in their discretized form. The general purpose CFD code Fluent (ANSYS
Inc., USA) was used on a computational mesh-grid with 30 layers of high-quality
prismatic cells near the wall and structured tetrahedral elements in the lumen re-
gion [81]. The instantaneous measured (with 4D flow MRI) 3D velocity profiles
were prescribed as inflow boundary condition (BC) at the ascending aorta (AAo)
inlet section (Figure 5.1) [98]. The strategy applied at the outflow boundaries is
the same as in previous studies [98]. Briefly, at the outflow sections of the supra-
aortic vessels (BCA - brachiocephalic artery; LCCA - left common carotid artery;
LSA - left subclavian artery) and of the descending aorta (DAo) measured flow rate
ratios were imposed as BCs. Arterial walls were assumed to be rigid with no-slip
condition at the wall.
To solve the governing equation of mass transport (Eq. (5.1)) a constant LDL
concentration C0 equal to 2.86 · 10−9 mol/m3 (corresponding to the physiological
LDL concentration in whole blood) [99] was prescribed at the inlet section, and
the stress free condition was applied at each outlet. To be consistent with previous
studies [81, 23, 22], the LDL blood-to-wall transfer was modelled by prescribing
Eq. (5.2) at the luminal surface [81]:

CW vW − DLDL
dC

dn
|W = 0 (5.2)

where CW is the LDL concentration at the vessel wall, vW the water filtration
velocity through the wall, dC

dn
is the concentration gradient normal to the wall.

To be consistent with previous studies using WSS LCS to identify mass transfer to
the arterial wall [23, 22] a null LDL concentration was applied as initial condition
to the whole domain (with the exception of the inflow section, as detailed before).
Details on the applied numerical schemes and convergence criteria are extensively
provided elsewhere [81].
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5.3 WSS topological skeleton and Co-localization
analysis

The proposed Eulerian method to identify and analyse the topological skeleton
of the WSS vector field was considered. Briefly, the divergence of the WSS vector
field allows to encase the connections between WSS fixed points, i.e., the WSS
manifolds.
Consequently, the divergence of the normalized WSS vector field was here computed
according to eq. (2.22). In detail, negative values of DIVW identify contraction
regions, approximating the unstable manifolds, while positive DIVW values identify
expansion regions, approximating the stable manifolds, on the luminal surface of a
vessel.
To complete the WSS topological skeleton analysis, the Poincaré index was con-
sidered to identify WSS fixed points on the luminal surface. Once identified, the
Jacobian analysis was carried out to classify fixed points, distinguishing between an
attractive or repelling nature of fixed points. Poincaré index values and eigenvalues
of the Jacobian matrix for each fixed point-type are summarized in Table 2.1.
The Eulerian-based WSS topological skeleton analysis was here applied to the cycle-
average WSS vector field τ̄ (x) at the aortic luminal surface, according to eq. (2.15).
The analysis of the extent of the co-localization between luminal WSS contrac-
tion/expansion regions and local LDL uptake was carried out according to schemes
proposed elsewhere [81, 20]. In detail, an objective threshold for the normalized
LDL concentration at the aortic luminal surface (CW /C0) was identified as the
80th percentile value of (CW /C0) distribution. The surface area (SA) exposed to
normalized LDL concentration values higher than the defined threshold was then
quantified and denoted as LDL80.
As for WSS topology, luminal contraction regions were identified by determining
the 20th percentile value of normalized WSS divergence and computing the SA ex-
posed to DIVW values lower than this threshold. The latter area was denoted as
DIV20. No threshold was set for identifying the luminal expansion regions, because
no co-localization was observed with high LDL uptake regions, by visual inspection.
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5.4 Results

A qualitative comparison between normalized LDL wall distribution at the lu-
minal surface and cycle-average WSS topological skeleton is provided in Figure 5.2
(panel A and B, respectively).
WSS contraction regions are coloured by blue, while WSS expansion regions are
presented in red colour.
Interestingly, it can be observed that only one unstable node of cycle-average WSS
vector is identified at the luminal surface of the investigating thoracic aorta. The
unstable fixed point, repelling near-wall trajectories, is located at a point at the
ascending aorta luminal surface characterized by a low value of LDL concentration.
Contrarily, all the stable fixed points of cycle-average WSS vector are located in
luminal regions where the normalized LDL concentration assumes high values (>
15%, Figure 5.2).
As for WSS manifolds, a marked co-localization between high LDL luminal concen-
tration and WSS contraction regions clearly emerges from Figure 5.2: the regions at
the luminal surface where the divergence of the normalised WSS vector is negative
are characterized by LDL concentration polarization. This is particularly evident
in three main regions along the aortic wall, i.e., the inner part of the BCA, the
intrados of the aortic arch and the DAo segment.
A direct co-localization analysis between LDL concentration polarization and WSS
contraction regions at the aortic luminal surface is provided in Figure 5.3, where
LDL80 (yellow-coloured regions) and DIV20 (blue contour lines) luminal SAs are
displayed. The figure shows a marked spatial overlap between LDL80 and DIV20,
with the contour lines of DIV20 mostly encasing luminal regions with high LDL
concentration. Their co-occurrence is less evident only locally at the AAo and at
the proximal DAo.
The latter results suggest that WSS contraction regions lead to high LDL uptake
in their surroundings, in accordance to previous findings linking the WSS topolog-
ical skeleton to near-wall mass transport using a Lagrangian approach [23]. The
maps in Figures 5.2 and 5.3 prove the ability of the Eulerian-based WSS topolog-
ical skeleton analysis to provide an affordable template of the LDL concentration
polarization at the luminal surface of the aorta.
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Figure 5.2: A: LDL wall concentration. B:Cycle-average WSS topological skele-
ton. Blue and red color define the contraction and expansion regions, respectively.
Vector field is normalized for visualization LDL wall concentration (two different
views).

Figure 5.3: Distribution of LDL80 (yellow-coloured regions) and DIV20 (blue con-
tour lines) luminal SAs (two different views).

5.5 Discussion

Recent studies [23, 22] have demonstrated that WSS LCS can be used as a
template of near-wall mass transport, allowing to reduce the computational effort
needed to solve the full transport problem. In particular, it has been demonstrated
that attracting WSS LCS attract biochemicals, leading to high near-wall concen-
tration in their neighbourhood, whereas repelling WSS LCS have been shown to
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act as near-wall transport barriers.
In this study the here proposed Eulerian-based method is applied to compute WSS
topological skeleton in a patient-specific computational model of human aorta, and
its ability to properly describe LDL wall transfer is tested.
This study demonstrates that the proposed Eulerian-based method to identify WSS
topological skeleton efficiently provides a template of the LDL blood-to-wall trans-
fer. The methodology, requiring less computational efforts with respect to a fully
3D simulation of mass transport in cardiovascular flows, as well as less computa-
tional efforts than LCS-based strategies, candidates as an effective tool enriching
the analysis of cardiovascular flows with relatively low computational effort [81].
The plausibility of the here reported findings finds a physical explanation in the
theory of dynamical systems [39], affirming that near-wall trajectories are attracted
by WSS contraction regions and they accumulate around these structures, thus pro-
ducing high surface concentration.
In addition, recent studies have demonstrated the marked impact of the prescribed
LDL concentration initial conditions on the results of mass transport simulations
[81]. Moving from this consideration, future studies investigating the effects of the
imposed LDL initial conditions on the relation between WSS topological skeleton
and LDL transfer are warranted and encouraged.
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Chapter 6

Analysis of the Unsteady Nature
of Wall Shear Stress Topological
Skeleton Features

A version of this chapter has been published in:
Biomechanics and Modeling in Mechanobiology; 19:1403-1423. doi: 10.1007/s10237-
019-01278-3, 2020
"A Eulerian method to Analyze Wall Shear Stress Fixed Points and Manifolds in
Cardiovascular Flows"
V. Mazzi, D. Gallo, K. Calò, M. Najafi, M. O. Khan, G. De Nisco, D. A. Steinman,
U. Morbiducci

6.1 Introduction

A marked interest recently emerged on WSS fixed points and the stable and
unstable manifolds that connect them [23, 21], forming the topological skeleton of
the WSS vector field. Previous studies mostly focused on the cycle-average WSS
topological skeleton [22, 100], highlighting that the cycle-average WSS topological
skeleton is strongly linked to arterial near-wall mass transport and could explain
luminal surface concentration patterns of, e.g., low density lipoprotein or oxygen
[22, 100], which are involved in the atherosclerosis initiation processes. However,
WSS fixed points patterns is markedly instantaneous by nature, with fixed points
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appearing, moving, disappearing and changing their nature at predisposed loca-
tions at the luminal surface of a vessel, along the cardiac cycle. In light of this, a
practical method for an in-depth analysis of the instantaneous WSS fixed points
along the cardiac cycle is needed. The proposed Eulerian-based practical method
can be easily adopted to focus on WSS topological skeleton analysis along the car-
diac cycle. An in-depth analysis of the time dependence of the WSS topological
skeleton along the cardiac cycle is provided, enriching the information obtained
from cycle-average WSS. The proposed methods are applied here to personalized
computational hemodynamic models of one carotid bifurcation and one intracranial
aneurysm to explore their potential usefulness on cardiovascular districts charac-
terized by distinguishable "disturbed" flow features.

6.2 Methods

6.2.1 Computational hemodynamics

The vascular geometries considered here are part of two broader studies. In de-
tail, one carotid bifurcation model from the Vascular Aging-The Link That Bridges
Age to Atherosclerosis (The VALIDATE Study) [19] and one intracranial aneurysm
model from the Toronto Western Hospital aneurysm clinic were considered.
Carotid bifurcation geometry and inlet/outlet flow boundary conditions were ex-
tracted from contrast-enhanced angiography and phase-contrast MRI, respectively.
Details on geometry reconstruction, meshing and CFD simulation where extensively
reported elsewhere [89, 90, 19]. Briefly, the lumen geometry was reconstructed from
its brachiocephalic origin to well above the bifurcation using the open-source Vas-
cular Modelling Toolkit (VMTK, www.vmtk.org). A quadratic tetrahedral mesh of
cardinality 1160048 was generated using ANSYS ICEM-CFD software and pulsatile,
patient-specific flow waveforms were imposed as boundary conditions at the CCA
inlet and ICA outlet sections. Computational fluid dynamics simulation was carried
out using a finite element-based in-house solver [101] and using up to 4800 time steps
per cardiac cycle. As regards intracranial aneurysm model, details regarding geom-
etry reconstruction, meshing strategy and CFD settings were presented elsewhere
[102]. In particular, VMTK software was used to generate a tetrahedral mesh of
cardinality 3315791. Simulation was performed using a minimally-dissipative solver
developed within the open-source finite-element-method library FEniCS [103] and
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using up to 10000 time steps per cardiac cycle. A fully developed Womersley ve-
locity profile was applied at the inlet, and outflow division was based on a splitting
method presented elsewhere [102].
The considered intracranial aneurysm model was characterized by the presence of
cycle-invariant flow instabilities [104].

6.2.2 WSS topological skeleton

The WSS topological skeleton analysis was carried out applying the proposed
Eulerian-based method, following the scheme summarized in Figure 3.1.
First, the WSS topological skeleton of the cycle-average WSS vector field τ̄ (eq.
(2.15)) at the luminal surface was analysed. Subsequently, the unsteady nature of
the WSS fixed points along the cardiac cycle was characterized using the WSS fixed
point residence time measures, namely the General Residence Time RT defined in
eq. (3.9), the Weighted Residence Time (RT∇xfp

(e)), defined in eq. (3.10) and
the Specific Residence Time RT xfp

(︂
eτ̄fp

)︂
, defined in eq. (3.11).

6.3 The physiological significance of the cycle-
average Wall Shear Stress vector fixed points

It has been already suggested that cycle-average WSS vector field τ̄ fixed points
and their associated manifolds influence the near-wall intravascular transport [23].
However, a cycle-average WSS vector field (τ̄ ) fixed point would have never been a
null vector along the cardiac cycle, i.e., it would have never been a real fixed point.
This is also confirmed by the explanatory example in Figure 6.1, where it is shown
that the fact that τ̄ = 0 at a point at the luminal surface of the vessel does not
necessarily implies that at the same point the TAWSS, i.e., the cycle average value
of the magnitude of vector τ (t,x), is null. In fact, from the Integral Inequality
Absolute Value it follows that:

|τ̄ (x)| = | 1
T

∫︂ T

0
τ (t,x)dt| ⩽ 1

T

∫︂ T

0
|τ (t,x)|dt = TAWSS(x), (6.1)
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suggesting that a null value for |τ̄ | does not necessarily imply the same for TAWSS.
Moreover, it can be easily demonstrated that:

TAWSS(x) = 0 ↔ |τ (t,x)| = 0 ∀t ∈ [0, T ] , (6.2)

since |τ (t,x)| is a non-negative function ∀t ∈ [0, T ]. Eqns (6.1) and (6.2) call into
question the real physical meaning of fixed points of the cycle-average WSS vector
field at the luminal surface. In particular, eq. (6.2) clearly states that a fixed point
of the cycle-average WSS vector field at a specific location at the luminal surface is a
real fixed point if and only if the WSS vector at that location is always a fixed point
(i.e., is always a null vector), along the cardiac cycle. The intricate near-wall and
intravascular hemodynamics establishing in most healthy and diseased vessels make
this a rarely satisfied condition in the arterial system. Notably, in the presence of
a real, physically meaningful fixed point of the cycle-average WSS vector field as
the one identified by the condition of eq. (6.2), the definition of other WSS-based
descriptors measuring WSS directionality (see 1.1) such as the Oscillatory Shear
Index (OSI) [105], and the transverse Wall Shear Stress (transWSS) [16] become
meaningless.
This result has stimulated a more detailed investigation, focused on the time de-
pendence of WSS fixed points and manifolds location and nature along the cardiac
cycle.

6.4 Results

6.4.1 Cycle-average Wall Shear Stress topological skeleton
analysis

In this section the results obtained applying the proposed Eulerian-based ap-
proach to realistic vascular models are presented, and cycle-average WSS topolog-
ical skeleton is analyzed.
The normalized WSS vector maps, emphasizing the structure of the vector field,
allows for a clear interpretation of the results, confirming that fixed points are prop-
erly identified at the luminal surface of the carotid bifurcation (Figure 6.2) and of
the intracranial aneurysm (Figure 6.3). As for the carotid bifurcation model, four
saddle-type cycle-average WSS fixed points and three stable foci are identified on
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Figure 6.1: Comparison between |τ̄ | and TAWSS in three different flow environ-
ments at the luminal surface of an artery. The black arrows depict WSS vectors at
various times along cardiac cycle.

the luminal surface, all located at the carotid bulb. In particular, two saddle points
are identified on the carotid sinus (Figure 6.2), one (AC) at the outer wall of the
proximal internal carotid artery (ICA), and one (DC) at the proximal external
carotid artery (ECA). The other two saddle points (CC , EC) and the stable foci
(BC , FC , GC) are identified immediately upstream of the maximum cross-sectional
expansion of the carotid bulb (Figure 6.2). All the identified fixed points locations
of the cycle-average WSS vector field belong to the bifurcation region characterized
by slow, recirculating and disturbed flow that, based on the so-called hemodynamic
hypothesis, promotes atherosclerosis [79, 12].
Four saddle points, two stable foci and one unstable node are identified and clas-
sified at the luminal surface of intracranial aneurysm model (Figure 6.3). Among
them, two saddle points (BA, FA), the two stable foci (AA, GA) and the unstable
node (CA) are identified on the aneurysm sac, thus reflecting the intricate aneurys-
mal hemodynamics. Interestingly, one stable focus is identified on the dome (AA),
consistently with previous results [31, 106]. One saddle point (BA) and the unsta-
ble node (CA) are identified close to the neck region (Figure 6.3). The other two
identified saddle points (DA, EA) are located at the luminal surface of the parent
artery, in regions characterized by an intricate hemodynamics (i.e., immediately
upstream of the aneurysm and close to a bifurcation, respectively).
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The complete topological skeleton of the cycle-average WSS vector field at the lu-
minal surface of carotid bifurcation and intracranial aneurysm models is presented
in Figures 6.4 and 6.5, respectively. The contraction and expansion patterns, high-
lighted by the divergence of the normalized cycle-average WSS vector field, identify
where unstable and stable manifolds are located.Moreover, the WSS divergence-
based approach allows the separation of the luminal surface in regions representing
the basins of attraction for the stable fixed points associated with manifolds (i.e.,
WSS vector trajectories starting in these areas are bound to stay in these regions,
attracted to the associated stable fixed points). The effectiveness of the proposed
approach in highlighting contraction/expansion regions, and partition of the lumi-
nal surface in regions with different WSS vector field behavior emerges from Figures
6.4 and 6.5. Notably, all cycle-average WSS vector stable field fixed points identified
at the luminal surface of the carotid bifurcation (Figure 6.4) and of the intracranial
aneurysm (Figure 6.5) are located within contraction regions, thus confirming the
appropriateness of the proposed approach. On the opposite, as expected by the
theory, the unstable node identified at the luminal surface of the aneurysm model,
is located within an expansion region (Figure 6.5).

Figure 6.2: Different type of cycle-average WSS fixed points in carotid bifurcation
model. Vector field is normalized for visualization. Two different views and a total
of 7 insets are displayed to appreciate the vector field arrangement around the fixed
points.
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Figure 6.3: Different type of cycle-average WSS fixed points in intracranial
aneurysm model. Vector field is normalized for visualization. Two different views
and a total of 7 insets are displayed to appreciate the vector field arrangement
around the fixed points.

Figure 6.4: Topological skeleton of cycle-average WSS vector field in carotid bi-
furcation model. Blue and red color define the contraction and expansion region,
respectively, linking the fixed points.
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Figure 6.5: Topological skeleton of cycle-average WSS vector field in intracranial
aneurysm model. Blue and red color define the contraction and expansion region,
respectively, linking the fixed points.

6.4.2 Instantaneous Wall Shear Stress topological skeleton
analysis

For an in-depth comprehension of the physiological significance of the WSS vec-
tor field fixed points, here their time of residence and nature along the cardiac cycle
is investigated. The quantity RT xfp

(e) as defined in eq. (3.9) allows the evaluation
of the fraction of cardiac cycle each generic surface triangle mesh element is hosting
instantaneous WSS fixed points. For visualization purpose, regions of interest Rfp

(including cycle-average WSS fixed points locations, as identified before in Figures
6.2, 6.3) are highlighted at the luminal surface around high RT xfp

(e) regions (Fig-
ures 6.6A,6.7A).
For the carotid bifurcation model, the map of RT xfp

(e) highlights that there are
preferential regions at the luminal surface where instantaneous WSS saddle points
and/or stable foci appear and reside for longer fraction of the cardiac cycle (Figure
6.6A). In detail, in regions REC

and RGC
fixed points residence times is up to 30%

of the cardiac cycle (Figure 6.6A).
Interestingly, most of the long fixed points residence time regions at the luminal
surface of the carotid bifurcation fall within cycle-average low WSS regions identi-
fied by TAWSS20 and TAWSS10 maps (Figure 6.6A), where TAWSS20 (TAWSS10)
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represents the luminal surface area exposed to TAWSS below the 20th (10th) per-
centile. The value of 20th and 10th percentile of TAWSS are imposed according to
threshold values proposed elsewhere [19].
The quantity RT∇xfp

(e) defined in eq. (3.10) measures not only the time of res-
idence, but also the strength of the vector field contraction/expansion around an
instantaneous WSS fixed point. The luminal surface around the bifurcation apex of
the carotid bifurcation model (Figure 6.6B) presents high RT∇xfp

(e) values. This
is mainly the consequence of the markedly high instantaneous values of WSS diver-
gence in that region, as also confirmed by the fact that instantaneous WSS fixed
points reside for a small fraction of cardiac cycle there (Figure 6.6A). To complete
the picture, high RT∇xfp

(e) spots around the apex are not located in low TAWSS
regions (Figure 6.6). Contrarily, at locations at the bulb where fixed points reside
for a longer fraction of the cardiac cycle, and where TAWSS is low (e.g., REC

and
RGC

, Figure 6.6A), RT∇xfp
(e) is barely lower than the apex, because of the mod-

erate strength of the contraction/expansion of the WSS vector field, as quantified
by instantaneous WSS divergence values there (Figure 6.6B).
Finally, a more detailed analysis carried out using the quantity RT xfp

(︂
eτ̄ fp

)︂
as de-

fined in eq. (3.11), highlights the nature and residence time of instantaneous fixed
points at locations of the luminal surface where cycle-average WSS vector field
fixed points were identified (see Figure 6.2). The results summarized in Table 6.1
clearly show that: (1) in general, instantaneous WSS fixed points reside for small
fractions of the cardiac cycle (range 0.0 − 14.5%, average 6.4%) in cycle-average
WSS fixed points identified locations at the luminal surface; (2) in regions RDC

,
REC

and RFC
instantaneous WSS fixed points are of the same type as cycle-average

WSS fixed points; (3) it emerges that at position CC where a cycle-average WSS
saddle point is located (Figure 6.2), the instantaneous WSS vector never qualifies
as a fixed point along the cardiac cycle (Figure 6.6A), thus questioning the physical
significance of WSS fixed points on cycle-average WSS vector fields; (4) weighting
the time of residence of WSS fixed points at the luminal surface with the absolute
value of the WSS divergence corresponds to put more emphasis on the strength of
the expansion/contraction of the WSS vector field in the closest range, which is
higher in regions of the carotid bifurcation such as the apex, which are known to
be scarcely atherosusceptible.
The results of the analysis of instantaneous WSS fixed points along the cardiac
cycle at the luminal surface of the intracranial aneurysm model are summarized
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in Figure 6.7 and in Table 6.2. It can be observed that in regions REA
and RDA

,
identified at the luminal surface of the parent artery, the WSS fixed points resi-
dence time RT xfp

(e) reaches 70% of the cardiac cycle, meaning that instantaneous
WSS fixed points spend a large fraction of the cardiac in the same position, while
in regions belonging to the aneurysmal sac fixed points residence time is up to
40% of the cardiac cycle (in region RCA

, Figure 6.7A). Interestingly, the long fixed
points residence time locations at the luminal surface of the intracranial aneurysm
model are part of the cycle-average low WSS regions identified by TAWSSth map,
where TAWSSth represents the luminal surface area exposed to TAWSS below the
threshold value, set according to previous studies [107] as the 10% of the value of
the mean TAWSS over the parent artery (Figure 6.7A), the sole exception being
represented by region RAA

on the aneurysm dome.
In the aneurysm model, the analysis based on a combination of time of residence
and strength of the WSS vector field contraction/expansion around instantaneous
WSS fixed points (RT∇xfp

(e)) highlights that: (1) high RT∇xfp
(e) values are lo-

cated on the neck (RCA
and RDA

, Figure 6.7B), and on the dome of the aneurysmal
sac (RAA

, Figure 6.7B); (2) contrary to what observed for the carotid bifurcation,
these higher RT∇xfp

(e) value locations on the aneurysmal neck and dome present
high instantaneous values of WSS divergence and, at the same time, moderate-
to-high WSS fixed points times of residence (Figure 6.7A); (3) RT∇xfp

(e) spots
outside regions of interest Rfp identified on the aneurysmal sac are not observed;
(4) at locations (RBA

, REA
, RFA

and RGA
) where WSS fixed points reside for a

sensible fraction of the cardiac cycle, (e.g., REA
Figure 6.7A ) very low RT∇xfp

(e)
values are observed, because of the weak contraction/expansion of the WSS vector
field there.
Also in the case of the aneurysm model, the nature and residence time of instan-
taneous fixed points is investigated with respect to cycle-average WSS vector field
fixed points (Figure 6.3) using the quantity RT xfp

(︂
eτ̄ fp

)︂
.

The results of the analysis for the intracranial aneurysm are summarized in Table
6.2, from which emerges that: (1) instantaneous WSS fixed points reside for large
fractions of the cardiac cycle (58.2% and 46.2%) in cycle-average WSS fixed points
locations at the luminal surface of the parent vessel; (2) considering cycle-average
WSS fixed points on the aneurysmal sac (AA, BA, CA, FA, GA, Figures 6.3 and
??A), instantaneous WSS fixed points reside at those locations for moderate frac-
tions of the cardiac cycle (range 3.6−21.3%, average 11.4%); (3) the instantaneous
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WSS fixed points are always of the same nature as cycle-average WSS fixed points;
(4) at position AA where a cycle-average WSS stable focus is identified (Figure 6.3),
the instantaneous WSS vector qualifies always as a stable focus for the 10.3% of
the cardiac cycle (Table 6.2), but this location does not fall within cycle-average
low WSS regions identified by TAWSSth map, thus questioning again the physical
significance of WSS fixed points on cycle-average WSS vector fields; (5) elevated
values of the strength of the expansion/contraction of the WSS vector field around
instantaneous WSS fixed points are observed on the aneurysmal dome and close to
the neck region, reflecting the intricate hemodynamics characterizing these regions.
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Figure 6.6: Panel A: Map of fixed points residence time RT xfp
(e) on the carotid

bifurcation model. Two views and seven insets are displayed, zooming on the
locations of cycle-average WSS fixed points. Yellow points denote the presence of
a saddle point, while green points indicate a stable focus. In the right panels, the
exposure to low TAWSS is visualized. Red and black areas denote TAWSS values
below respectively the 20th and 10th percentile of the TAWSS distribution. Panel
B: Map of measure RT∇xfp

(e) on the carotid bifurcation model. Two views are
displayed. Dashed lines delimit regions RAC

, RBC
, RCC

, RDC
, REC

, RFC
, and RGC

.
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Figure 6.7: Panel A: Map of fixed points residence time RT xfp
(e) on the intracra-

nial aneurysm model. Two views and seven insets are displayed, zooming on the
locations of cycle-average WSS fixed points. Yellow points denote the presence of
a saddle point, green points indicate a stable focus, red points indicate unstable
nodes. In the right panels, the exposure to low TAWSS is visualized. Red area
denotes TAWSS values below the fixed threshold (10% of the value of the mean
TAWSS over the parent artery). Panel B: Map of measure RT∇xfp

(e) on the in-
tracranial aneurysm model. Two views are displayed. Dashed lines delimit regions
RAA

, RBA
, RCA

, RDA
, REA

, RFA
, and RGA

.
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6.5 Discussion

Unlike previous studies focusing on the cycle-average WSS topological skeleton
[22, 100], here the Eulerian-based practical approach has allowed to easily analyze
the unsteady nature of WSS fixed points along the cardiac cycle. In general, it
emerged that WSS fixed points patterns is markedly instantaneous by nature, with
fixed points appearing, moving, disappearing and changing their nature at predis-
posed locations at the luminal surface of a vessel, along the cardiac cycle. More
in detail, on the carotid bifurcation model, it was observed that (1) most of the
instantaneous WSS fixed points reside in low cycle-average WSS regions (Figure
6.6A); (2) expansion/contraction of the WSS vector field is strong around those
fixed points located in the bifurcation apex, a scarcely atherosusceptible region
(Figure 6.6B); (3) instantaneous WSS fixed points co-localize with cycle-average
WSS fixed points for small fractions of the cardiac cycle (Table 6.1).
As for the intracranial aneurysm model, it emerged that: (1) both the aneurysmal
dome and the neck region are characterized by a marked WSS expansion/contraction
action (Figure 6.7B); (2) an instantaneous focus is present on the aneurysm dome
throughout the cardiac cycle, as a consequence of the interaction with the wall of the
dynamic vortex structures developing in the sac (Figure 6.7A); (3) instantaneous
WSS fixed points co-localize with cycle-average WSS fixed points locations for mod-
erate fractions of the cardiac cycle on the aneurysmal sac, and for large fractions on
the parent vessel (Table 6.2). Furthermore, the present analysis highlights the im-
portance of considering the unsteadiness of WSS fixed points and manifolds along
the cardiac cycle. The consideration of WSS fixed points analysis along the cardiac
cycle enriches the information that can be obtained when considering cycle-average
WSS topological skeleton [22, 100, 21]: with respect to previous studies mainly
focusing on cycle-average WSS topological skeleton, the present findings underline
the physical significance of WSS fixed points dynamics along the cardiac cycle.
More in detail, it emerged that: (1) on the carotid bifurcation model, the location
on the luminal surface where a cycle-average WSS saddle point is located never
hosts instantaneous WSS fixed points along the cardiac cycle (Table 6.1); (2) on
the intracranial aneurysm model, a persistent instantaneous WSS focus moves over
a confined surface area of the sac which is not co-localized with the cycle-average
low WSS region (Table 6.2).
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Chapter 7

Wall Shear Stress Topological
Skeleton Predicts long-term
Restenosis Risk after Surgery in
the Carotid Bifurcation

A version of this chapter has been published in:
Annals of Biomedical Engineering; 48: 2936-2949, doi.org/10.1007/s10439-020-02607-
9, 2020
"Wall shear stress topological skeleton independently predicts long-term restenosis
after carotid bifurcation endarterectomy"
U. Morbiducci, V. Mazzi, M. Domanin, G. De Nisco, C. Vergara, D. A. Steinman,
D. Gallo

7.1 Introduction

Extensive research has investigated the mechanisms through which the hemo-
dynamic environment at the carotid artery bifurcation influences the origin and
progression of cardiovascular diseases [12]. In particular, Wall Shear Stress (WSS)
has been recognized as atherogenic [12], with previous evidence demonstrating that
exposure to low [19] and oscillatory [108] WSS is a significant independent risk fac-
tor for identifying individuals at greater susceptibility for carotid atherosclerosis.
The exposure to low WSS appears promising also in terms of predicting the risk
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of long-term restenosis after carotid endarterectomy (CEA), a surgical intervention
consisting in the removal of the plaque on both symptomatic and asymptomatic
patients with moderate to severe carotid stenosis [109].
Long-term restenosis, an important complication affecting CEA outcome leading
to development of cerebral symptoms or even carotid occlusion and stroke, presents
similarities with native carotid artery stenosis[110, 109] when the absence of post-
CEA residual atherosclerosis and short-term restenosis (i.e., > 6 months and <
24 months [111, 110]) are accounted for. Thus, the mechanisms underlying both
atherosclerosis and long-term restenosis are mechanistically influenced by the hemo-
dynamic environment. However, the specificity of the currently considered hemo-
dynamic features based on low and oscillatory WSS, which are significant but only
moderate predictors of disease localization [19, 110], and their clinical added value,
hampered by the practical challenges of including hemodynamic information from
computational modelling in large prospective clinical studies [112], have been ques-
tioned [19, 110].
To improve, refine and extend our current understanding of the association be-
tween local hemodynamics and vascular disease, an increasing interest has been
recently dedicated to the analysis of WSS vector field topological skeleton,[23, 21]
composed by fixed points and the stable/unstable manifolds connecting them. At
a fixed point, the WSS vector field focally vanishes, and manifolds identify re-
gions where the WSS vector field exerts a contraction/expansion action on the
endothelial cells lining the luminal surface. It can therefore be presumed that WSS
topological skeleton features influence vascular pathophysiology. This presumption
is supported by the fact that the WSS topological skeleton is determined by blood
flow structures associated to adverse vascular response at the carotid bifurcation,
including near-wall flow stagnation, separation and recirculation [21]. Moreover,
the fluid-phase mass transport of solutes near the wall has been demonstrated to
be governed by the cycle-average WSS topological skeleton [23, 24]. However, the
exact mechanisms by which the WSS topological skeleton and related descriptors
influence vascular pathophysiology are still underexplored.
The present study investigates the association between the WSS topological skele-
ton and markers of vascular disease at the carotid bifurcation from real-world, lon-
gitudinal clinical data. To do that, a cohort of 12 asymptomatic patients submitted
to 13 CEA interventions [113] was adopted. A recently proposed Eulerian-based
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analysis of the topological skeleton of the WSS vector field was applied to patient-
specific computational hemodynamic models of the carotid bifurcation at 1 month
after CEA. Intima-media thickness (IMT) was clinically measured at 60 months
after CEA to provide an indicator of vascular response and detect the presence of
long-term restenosis. Additionally, to explore how the CEA intervention impacts
local hemodynamics and, ultimately, the clinical outcome, the WSS topological
skeleton analysis was carried out on the pre-CEA (i.e., stenotic) carotid bifurcation
models.
For the purpose of contextualization of the results, the WSS topological skeleton
analysis was (1) extended to a computational hemodynamics dataset of 46 osten-
sibly healthy carotid bifurcation models, and (2) complemented with the analysis
of the exposure to low WSS, which was previously demonstrated to be directly
associated to adverse vascular responses on the same post-CEA dataset adopted
here [113].

7.2 Methods

7.2.1 Patient population data

Endarterectomy procedures were performed on 13 carotid arteries in 12 patients
at the Vascular Surgery Operative Unit of Fondazione IRCCS Ca’ Granda, Ospedale
Maggiore Policlinico in Milan. All of the 13 carotid arteries had diameter stenosis
of greater than 70 %. As detailed elsewhere,[114, 115] all cases were asymptomatic,
one case had contralateral occlusion of the internal carotid artery (ICA), and three
cases were previously submitted to contralateral CEA. Age, sex, location of carotid
stenosis, diameters of ICA and risk factors are listed in Table 7.1. The study was
approved by the I.R.C.C.S. Fondazione Policlinico Ethics Committee according to
institutional ethics guidelines, and participants provided informed consent. After
endarterectomy, patch graft angioplasty was performed in 9 cases (PG1-9) using
a polyester collagen-coated patch (Ultra-thin Intervascular®, Mahwah,NJ U.S.A),
and 4 cases underwent primary closure, i.e. without patch graft (PC1-4). Further
details about the surgical cohort are reported elsewhere[113].
All patients were then submitted to Doppler ultrasound (DUS) follow-up at 3, 24
and 60 months. Cases of restenosis were defined by a peak systolic velocity (PSV)
of > 130 cm/s as measured by DUS (an indicator of the presence of a diameter
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stenosis greater than 50 %,[116] according to the European Carotid Stenosis Trial
standard). No sign of restenosis and no symptoms of cerebrovascular ischemia
emerged in any patient from follow-ups at 3 and 24 months. During the follow-up
period, one patient died for myocardial infarction (PG4), and one for pancreatic
carcinoma (PG8). All eligible patients were submitted to DUS follow-up at 60
months. Intima-media thickness (IMT) was measured using a Philips iU22 ultra-
sound scanner with linear 8 MHz probe (Philips Ultrasound, Bothwell, U.S.A) and
automatically extracted offline with the clinical software Qlab (Philips Ultrasound,
Both-well, U.S.A) at the following locations: ICA distal to the carotid bulb (CB);
CB; distal end of the common carotid artery (CCA), i.e., the flow divider (FD);
CCA at 1 cm and 2 cm from the distal end of the CCA (FD- 1cm and FD-2cm,
respectively). As previously proposed, [113] the maximum value of IMT found in
the bifurcation region was also considered.

Table 7.1: Age, classification of sex (F female; M male), clinical risk factors (HTN:
presence of hypertension, DIAB: diabetes, DYSLIP: dyslipidemia, SMOKE: smok-
ing), location of the carotid stenosis (CCA Common carotid artery; CB Carotid
bulb; ICA Internal carotid artery; ECA external carotid artery), peak systolic ve-
locity (PSV) measurements at the stenosis, and diameter measurements at CCA,
CB, ICA and ECA. * Cases PG1 and PG2: respectively, right and left carotid of
the same patient.

Patient Age
(years)

Sex Clinical Risk Factors Stenosis
Location

ICA
(mm)

PG1* 65 F HTN CCA, CB 5.00
PG2* 65 F HTN CB 5.40
PG3 81 F HTN, SMOKE CB, ICA 4.20
PG4 82 F HTN CB, ICA 4.00
PG5 72 M HTN, DIAB, SMOKE ICA 4.50
PG6 68 F HTN, SMOKE CB 4.50
PG7 71 F HTN CB, ICA 4.90
PG8 76 M HTN, SMOKE CB 4.00
PG9 67 M HTN, DIAB, DYSLIP,

SMOKE
CB, ICA 4.80

PC1 81 F HTN, DYSLIP, SMOKE CB, ICA 4.74
PC2 79 M DIAB, DYSLIP CB, ICA 5.00
PC3 79 M HTN, DIAB, DYSLIP,

SMOKE
CCA, CB, ICA 7.00

PC4 61 M HTN, DYSLIP CB 6.60
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7.2.2 Computational Hemodynamics

Magnetic resonance angiography (MRA) acquisitions were performed before
and within a month after surgery to obtain the pre-CEA and post-CEA 3D ge-
ometry of the carotid bifurcations with a level set approach using the Vascular
Modeling Toolkit software (VMTK, www.vmtk.org), as detailed elsewhere [113,
117]. Blood was modelled as an incompressible homogeneous Newtonian fluid [118,
119], under laminar flow and rigid wall assumptions [115, 117]. The governing
equations of fluid motion were solved numerically using the finite element library
LifeV (http://www.lifev.org) in discretized fluid domains discretized with tetrahe-
dral meshes [117]. Patient-specific flow rate waveforms were extracted at the CCA
and ICA before and after CEA from echo-color DUS and imposed as boundary con-
ditions in the numerical simulations. At the external carotid artery (ECA) outlet
section, a traction-free condition was imposed. Details on image acquisition, mesh
refinement study and computational settings are extensively described elsewhere
[115, 113, 117].
To characterize the WSS topological skeleton features of the physiological carotid
artery hemodynamics, and provide objective thresholds for quantitative analysis of
the WSS topological skeleton descriptors introduced in the following, the topolog-
ical skeleton analysis was performed on a previously characterized computational
hemodynamics dataset of 46 ostensibly healthy carotid bifurcation models [19, 20]
denoted with the prefix He (He1–He46). Briefly, the 3D geometry of 46 carotid
bifurcations was reconstructed from contrast enhanced MRA30 with a level set
approach using the VMTK software and the governing equations of fluid motion
were solved numerically using a validated in-house finite element solver [19] with
the same assumptions as the CEA dataset. Patient-specific flow rate waveforms
were extracted from cine phase contrast magnetic resonance acquisitions at the
CCA and ICA and imposed as boundary conditions in the numerical simulations,
while at the ECA outlet section a traction-free condition was imposed [19]. Fur-
ther information on image acquisition, mesh refinement study and computational
hemodynamic simulation of the ostensibly healthy carotid bifurcations is detailed
elsewhere [19, 20, 120].
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7.2.3 WSS Topological Skeleton Analysis and Quantitative
Description

Starting from the WSS vector distribution at the luminal surface, the WSS
topological skeleton analysis was carried out applying the proposed Eulerian-based
method (Figure 3.1).
As a first step, the WSS topological skeleton of the cycle-average WSS vector field
at the luminal surface was analysed. Subsequently, the WSS topological skele-
ton dynamics along the cardiac cycle was characterized. In order to measure the
amount of variation in the WSS contraction/expansion action exerted at the carotid
luminal surface along the cardiac cycle, here we adopted the quantity Topological
Shear Variation Index (TSV I), defined in eq. (3.12).
The unsteady nature of the WSS vector field fixed points along the cardiac cycle
was characterized using the WSS fixed point weighted residence time (RT∇xfp

(e))
along the cardiac cycle, defined in eq. (3.10).
In order to perform a quantitative analysis of the WSS topological skeleton, each
pre-CEA, post-CEA and healthy carotid bifurcation was split in its CCA, ICA and
ECA branches [121]. The bifurcation region was delimited by sections located at 3, 5
and 2 radii along the CCA, ICA and ECA, respectively [122] (denoted CCA3, ICA5
and ECA2). According to a previously employed threshold-based approach for the
identification of regions at the luminal surface exposed to disturbed shear, [113,
20, 123] here the exposure to large variations in the WSS contraction/expansion
action was quantified by the relative surface area exposed to high values of TSV I,
considering as threshold value the 80th percentile of the pooled TSV I distribution
of the healthy models in the CCA3-ICA5-ECA2 region. This variable, denoted as
Topological Shear Variation Area (TSVA), defines the relative area exposed to high
normalized WSS divergence variability. Similarly, the exposure to the action of in-
stantaneous WSS fixed points was quantified by the relative surface area exposed
to non-null values of RT∇xfp

(e), i.e. considering the luminal surface area where
fixed points occurred along the cardiac cycle in the CCA3-ICA5-ECA2 region. This
variable is denoted as weighted Fixed Points Area (wFPA).
To complement the WSS topological skeleton characterization, the luminal distri-
bution of Time-Averaged Wall Shear Stress (TAWSS) magnitude along the cardiac
cycle was also evaluated, as the exposure to low TAWSS values was previously
linked to an increased long-term restenosis risk [113]. The exposure to low TAWSS
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values was quantified by the relative surface area exposed to TAWSS values below
a threshold value, corresponding to the 20th percentile of the pooled TAWSS dis-
tribution of the healthy models in the CCA3-ICA5-ECA2 region. This variable is
denoted as Low Shear Area (LSA). Oscillatory WSS was not considered here as a
previous investigation on the post-CEA cohort reported a not significant association
with IMT [113].

7.2.4 Statistical analysis

Differences among the three cohorts (i.e., pre-CEA, post-CEA and healthy) in
terms of WSS features were evaluated with a Wilcoxon rank sum test, with sig-
nificance assumed for p < 0.05. The relationships between the relative exposure
to high TSV I, RT∇xfp

(e) and low TAWSS (respectively, TSVA, wFPA and LSA)
were assessed with linear regression analysis. The quality of the regression was
evaluated with the coefficient of determination R2. Significance was assumed for
p < 0.05. Successively, the nature of the relationship (if any) between WSS topolog-
ical skeleton descriptors and clinical follow-up data was explored in the post-CEA
dataset to test the physiological significance of WSS topological skeleton. Lin-
ear regression analysis was used to identify relationships between WSS topological
skeleton descriptors with the measured IMT values. The quality of the regression
was evaluated with the coefficient of determination R2. Significance was assumed
for p < 0.05.

7.3 Results

7.3.1 Cycle-Average WSS Topological Skeleton Analysis

As a preliminary step, an exploration of the cycle-average WSS vector field
topological skeleton was carried out to identify its main integral features on pre-
CEA, post-CEA and healthy cohorts. Cycle-average WSS contraction/expansion
regions, highlighted by the divergence of the normalized cycle-average WSS vector
field, are presented in Figure 7.1. In pre-CEA models, a WSS contraction region
was located in correspondence of the cross-sectional area reduction at the stenosis,
while for the post-CEA and healthy cohorts contraction and expansion regions
were mainly located at the carotid bulb (Figure 7.1). A WSS expansion region
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was identified around the bifurcation apex as a feature common to all the carotid
models (Figure 7.1). As for the cycle-average WSS fixed points, saddle points,
stable foci and unstable nodes were present on the carotid luminal surface of most
of the carotid models, independent of the cohort, but at different locations: (1)
in the pre- CEA cohort, cycle-average WSS fixed points were mostly located in
proximity to the stenosis; (2) on post- CEA models, cycle-average WSS fixed points
were located at the carotid bulb, in general with similarities to the cycle-average
WSS topological skeleton of healthy carotid bifurcations (Figure 7.1). A detailed
analysis on the occurrence of cycle-average WSS fixed points for pre-CEA, post-
CEA and healthy cohorts is reported in the Supplementary Material, highlighting
that the healthy cohort presented on average the largest number of saddle points
and unstable nodes in the bifurcation region (Fig. 7.8, Supplementary Material).
Furthermore, the complete topological skeleton of the cycle-average WSS vector
field can be better appreciated on selected representative cases for pre-CEA, post-
CEA and healthy cohorts in Figure 7.9 of the Supplementary Material.

7.3.2 WSS Topological Skeleton Dynamics Along the Car-
diac Cycle

WSS topological skeleton was then analyzed along the cardiac cycle to account
for its dynamics. The visualization of the TSV I luminal distributions in the pre-
CEA and post-CEA cohorts (Figure 7.2) was extended beyond the bifurcation re-
gion delimited by sections CCA3-ICA5-ECA2 to include in the pre-CEA models
possible distal ICA/ECA stenoses.

For the pre-CEA cohort, TSV I maps highlighted that the highest variations in
the contraction/expansion action exerted by the WSS on the endothelium along the
cardiac cycle were located mainly immediately downstream of the stenosis, where
recirculating flow is expected. In the post-CEA cohort, high TSV I regions were
observed at the cross-sectional enlargement in correspondence of the bifurcation, a
known promoter of disturbed flow [124, 113], and extended downstream in the ICA
and ECA. Considering the TSV I luminal distributions in the healthy cohort (Fig-
ure 7.2), the regions undergoing large variation in the WSS contraction/expansion
action were in general located at the cross-sectional enlargement in the CCA, at
the bulb in the ICA and around the bifurcation apex.
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Figure 7.1: Topological skeleton of cycle-average WSS vector in pre-CEA (Pre),
post-CEA (Post) and healthy cohorts. The topological skeleton in pre-CEA and
post-CEA cohorts is extended beyond the bifurcation region (delimited by sections
CCA3- ICA5-ECA2) to include in the pre-CEA models possible distal stenoses.
Blue and red color define contraction and expansion regions, respectively. The
WSS vector field is normalized for visualization.

In terms of TSV I averaged over the bifurcation region, marked differences in
the distributions as well as significant differences emerged between the healthy and
both pre- and post-CEA cohorts (p < 0.001), as highlighted by the violin plots in
Figure 7.3.

To further characterize the high variations in the contraction/expansion action
exerted by the WSS on the endothelium along the cardiac cycle, TSVA values were
also evaluated in the three cohorts: (1) markedly different distributions were ob-
served among the three cohorts (Figure 7.3); (2) statistically significant differences
emerged between post-CEA and healthy cohorts (p < 0.05, Figure 7.3); (3) the
post-CEA cohort exhibited the lowest intra-variability with respect to the other
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Figure 7.2: Luminal distribution of the Topological Shear Variation Index (TSV I)
in pre-CEA (Pre), post-CEA (Post) and healthy cohorts. The TSV I distribution
in pre-CEA and post-CEA cohorts is extended beyond the bifurcation region (de-
limited by sections CCA3-ICA5-ECA2) to include in the pre-CEA models possible
distal stenoses. The 80th percentile value of the pooled TSV I distribution of the
healthy cohort in the bifurcation region is reported in the legend.

cohorts for both mean TSV I and TSVA (Figure 7.3).
The analysis of the luminal surface distribution of WSS fixed points weighted res-
idence time along the cardiac cycle highlighted their focal nature on the luminal
surface of the carotid bifurcations, giving origin to a scattered distribution of non-
null RT∇xfp

(e) (Figure 7.4).
In pre-CEA carotid models, the highest RT∇xfp

(e) were located immediately
downstream of the stenosis, differing from the carotid models in the post-CEA
and healthy cohorts, the latter exhibiting the lowest RT∇xfp

(e). Moreover, a
marked co-localization can be observed between high TSV I and high RT∇xfp

(e)
regions at the luminal surface (Figures 7.2 and 7.4, respectively). Considering the
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Figure 7.3: Violin plots of the mean value of the Topological Shear Variation Index
(TSV I) and the Topological Shear Variation Area (TSVA) in the bifurcation region
(delimited by sections CCA3-ICA5-ECA2) for pre-CEA (Pre), post-CEA (Post)
and healthy cohorts. The distribution, median and quartile range are displayed for
each cohort. Differences among the three cohorts are evaluated with a Wilcoxon
rank sum test.

values of RT∇xfp
(e) averaged over the bifurcation region, also in this case marked

differences emerged in the distributions for the three cohorts (Figure 7.5), as well
as statistically significant differences between the healthy and both pre- and post-
CEA cohorts (p < 0.01, Figure 7.5). The exposure to high values, quantified by
wFPA, resulted significantly different between post-CEA and healthy cohorts only
(p < 0.05, Figure 7.5).

For each investigated carotid bifurcation model, the visualization of the surface
area exposed to low TAWSS (LSA), highlighting wide interindividual variability, is
reported in Figure 7.6.

The distribution of the values of TAWSS averaged over the bifurcation region
in the three cohorts was markedly different between the pre-CEA and both post-
CEA and healthy cohorts, as highlighted by the shape of violin plots in Figure 7.7
and confirmed by the statistically significant differences between the healthy and
both pre- and post-CEA cohorts (p < 0.01, Figure 7.7). Statistically significant
differences in LSA values in the bifurcation region emerged between the pre CEA
and both post-CEA and healthy cohorts (p < 0.05 and p < 0.01, respectively,
Figure 7.7), whereas the LSA in the bifurcation region for the post-CEA and healthy
cohorts was not significantly different (Figure 7.7).
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Figure 7.4: Luminal distribution of WSS fixed points weighted residence time
(RT∇xfp

(e)) in pre-CEA (Pre), post-CEA (Post) and healthy cohorts. The
RT∇xfp

(e) distribution in pre-CEA and post-CEA cohorts is extended beyond
the bifurcation region (delimited by sections CCA3-ICA5-ECA2) to include in the
pre-CEA models possible distal stenoses.

7.3.3 Relationships Among WSS Features

The coefficients of determination R2 between each couple of WSS-based descrip-
tors are summarized in Table 7.2. As for the WSS topological skeleton, significant
direct associations emerged between wFPA and TSVA for all three cohorts, ranging
from R2 = 0.463 (p < 0.05) in the post-CEA cohort to R2 = 0.646 (p < 0.01) in
the pre-CEA cohort (Table 7.2). For all three cohorts LSA was not associated to
either wFPA or TSVA (Table 7.2), indicating that those WSS topological skeleton
descriptors represent statistically independent variables with respect to the com-
monly adopted exposure to low TAWSS as a main indicator of disturbed shear in
arteries [113, 19, 12].
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Figure 7.5: Violin plots of the mean value of WSS fixed points weighted residence
time (RT∇xfp

(e)) and weighted Fixed Points Area (wFPA) in the bifurcation
region (delimited by sections CCA3-ICA5-ECA2) for pre-CEA (Pre), post-CEA
(Post) and healthy cohorts. Distribution, median and quartile range are displayed
for each cohort. Differences among the three cohorts are evaluated with a Wilcoxon
rank sum test.

Table 7.2: Pairwise correlations among the Topological Shear Variation Area
(TSVA), the weighted Fixed Points Area (wFPA), and the Low Shear Area (LSA).
(‡ p < 0.001)

Pre Post Healty
R2 TSVA LSA TSVA LSA TSVA LSA
wFPA 0.646‡ 0.075 0.463‡ 0.292 0.554‡ 0.001
TSVA 0.193 0.164 0.011

7.3.4 Wall Shear Stress vs. Clinical Outcome

Linear regressions revealed significant associations between the WSS topological
skeleton descriptors and IMT at 60 months follow up. In detail, a significant asso-
ciation emerged between maximum IMT and both TSVA (R2 = 0.505, p < 0.05)
and wFPA (R2 = 0.534, p < 0.05), as reported in Table 7.3. A significant associa-
tion was observed also between LSA and maximum IMT (R2 = 0.619, p < 0.001,
Table 7.3). These associations, albeit slightly weaker (p < 0.05), were also observed
considering the IMT values at the CB (Table 7.3). In the ICA distally to the CB,
wFPA and LSA were significantly associated with the local IMT values (respec-
tively, R2 = 0.541, p < 0.001 and R2 = 0.530, p < 0.05, Table 7.3), whereas TSVA
was not.
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Figure 7.6: Luminal surface area exposed to low Time-Averaged Wall Shear Stress
(TAWSS) as expressed by the Low Shear Area (LSA), in pre-CEA (Pre), post-
CEA (Post) and healthy cohorts. The LSA in pre-CEA and post-CEA cohorts is
extended beyond the bifurcation region (delimited by sections CCA3-ICA5-ECA2)
to include in the pre-CEA models possible distal stenoses. Red areas represent
TAWSS value below the 20th percentile of the pooled TAWSS distribution of the
healthy models in the bifurcation region.

7.4 Discussion

WSS topological skeleton features reflect cardiovascular flow complexity [23, 22,
21] with direct links to arterial flow patterns like near-wall flow stagnation, separa-
tion and recirculation, which are known to be promoting factors for cardiovascular
disease [21, 12]. In this sense, the role of WSS topological skeleton in vascular
pathophysiology is currently based on circumstantial evidence documenting how
the complex flow features associated to the WSS topological skeleton induce a
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Figure 7.7: Violin plots of the mean value of Time-Averaged Wall Shear Stress
(TAWSS) and Low Shear Area (LSA) in the bifurcation region (delimited by sec-
tions CCA3-ICA5-ECA2) for pre-CEA (Pre), post-CEA (Post) and healthy cohorts.
Distribution, median and quartile range are displayed for each cohort. Differences
among the three cohorts are evaluated with a Wilcoxon rank sum test.

Table 7.3: Relationship between the hemodynamic variables TSVA, wFPA or LSA
and intima-media thickness (IMT) measurements.).
(Maximum IMT, IMT measured at the bifurcation level (flow divider FD), CCA
at 2 cm and 1 cm proximal to the FD (FD-2 cm and FD-1 cm), at the CB, at the
ICA downstream of the CB. CCA: common carotid artery, CB: carotid bulb, FD:
flow divider, ICA: internal carotid artery.)
(∗ p < 0.05, † p < 0.01, ‡ p < 0.001)

Coefficient of determination R2 TSVA wFPA LSA
Maximum IMT 0.505∗ 0.534∗ 0.619‡
IMT at FD-2 cm 0.116 0.108 0.006
IMT at FD-1 cm 0.004 0.271 0.046
IMT at FD 0.032 0.161 0.272
IMT at CB 0.474∗ 0.425∗ 0.421∗
IMT at ICA 0.090 0.541† 0.530∗

focal vascular response [21]. At the carotid bifurcation, the extent of flow recir-
culation has been shown to correlate with atherosclerotic biomarkers [125], while
flow stagnation and separation at the carotid bulb have been associated to endothe-
lial dysfunction [19] and intimal thickening [79], respectively. In addition, further
circumstantial evidence about the role of the WSS topological skeleton in vascular
disease has been provided by previous studies demonstrating that the cycle-average
WSS topological skeleton governs the near-wall mass transport in arteries [23, 21,
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24], a process linked to the onset and progression of early atherosclerosis [11].
Here, we directly link the WSS topological skeleton to the vascular response after 60
months follow-up, defined by clinical IMT measurements. The IMT measurements
additionally provide an indicator of restenosis, a common adverse event of CEA
procedures [109]. As a main finding of the study, we report that the investigated
WSS topological descriptors TSVA and wFPA were associated with the IMT mea-
surements at 60 months follow-up after CEA in the CB and in the ICA (R2 up to
0.541,p = 0.009 as presented in Table 7.3). Albeit the strength of these associations
is moderate, it is comparable to the strength of the correlation between exposure
to low WSS and IMT measurements at 60 months follow-up (Table 7.3).
Distilling these correlations into mechanistic implications, the here-proposed topo-
logical skeleton analysis suggests that exposure to (1) high temporal variation of
WSS contraction/expansion action on the endothelium (quantified by TSVA) and
(2) high residence times of fixed points at the luminal surface, weighted by WSS
contraction/expansion strength (quantified by wFPA), may act as biomechanical
triggers of long-term restenosis after CEA, a process anecdotally anticipated to
vascular surgeons by the presence of flow disturbances [109]. In other words, our
findings support the hypothesis that the WSS topological skeleton features here con-
sidered could contribute to promote long-term restenosis, which represents recurrent
atherosclerosis [110, 109]. This is corroborated by the fact that, in post-CEA co-
hort: (1) within 3 months of CEA no sign of lesions (which would represent residual
atherosclerosis rather than restenosis [109]) was reported; (2) short-term restenosis,
developing between 6 and 24 months postoperatively subsequently to neointimal
hyperplasia [109], was not observed clinically after 24 months from CEA. Therefore,
the approach presented here potentially contributes to a deeper understanding of
the hemodynamics- driven processes underlying long-term restenosis development
in the carotid bifurcation and could be extended to the study of biomechanical
triggers of atherosclerosis and vascular disease.
To investigate more in depth the physiological significance of the WSS topologi-
cal skeleton features, the analysis was extended to a dataset of ostensibly healthy
carotid bifurcation models. By comparing the pre- CEA, post-CEA and healthy
cohorts, it was possible to understand to what extent the pathological pre-CEA
near-wall hemodynamics can be restored towards a more physiological condition
as a result of the CEA intervention. Interestingly, on average it emerged that dif-
ferences in WSS topological skeleton features with respect to the healthy carotid
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bifurcations persisted after the CEA intervention (Figs. 7.3 and 7.5). Moreover,
the contribution of saddle points and foci to the wFPA was associated to maximum
IMT, IMT values at the CB and at the ICA distally to the CB (R2 up to0.557,
p < 0.01 as reported in Table S1, Supplementary Material), while the contribution
of nodes to the wFPA was weakly associated to IMT values measured at 2 cm from
the distal end of the CCA (R2 = 0.390 p < 0.05, Table S1, Supplementary Mate-
rial). This suggests an influence of the type of WSS fixed point on the associations
between wFPA and IMT measurements at 60 months.
On the same post-CEA cohort adopted here, a significant direct association be-
tween the exposure to low WSS (quantified by LSA) with maximum IMT at 60
months follow up after CEA was previously reported [113]. An exact understand-
ing of the mechanistic process underlying the development of carotid restenosis after
CEA has not yet been achieved; however, the present findings expand the current
hypothesis that larger LSAs lead to an increased long-term restenosis risk [113],
by demonstrating that other hemodynamic features besides low shear are indepen-
dently linked to long-term restenosis. These features are obtained starting from
the WSS topological skeleton and quantified by the WSS topological descriptors
wFPA and TSVA. The statistical independence between both wFPA and TSVA
and LSA in all three examined cohorts (reported in Table 7.2) suggests that these
WSS topological skeleton features and low WSS represent different hemodynamic
stimuli, possibly impacting differently the vascular response. Consistently, the co-
localization of high TSV I and high RT∇xfp

(e) regions with low cycle-average
WSS regions was moderate for the post-CEA and healthy cohorts, and poor for
the pre-CEA cohort (Figs. 7.2, 7.4 and 7.6), where a severe stenosis might induce
a marked flow recirculation characterized by large variations in the WSS contrac-
tion/expansion action, high fixed points residence time, but concurrently relatively
high cycle-average WSS. As a consequence of these observations, in principle the
prediction of the long-term restenosis risk by hemodynamic analysis might be im-
proved by taking into account not only the amount of time-averaged low shear [113],
but also the introduced descriptors based on WSS topological skeleton. As previ-
ously reported on the same post-CEA cohort adopted here [113], the exposure to
oscillatory WSS was not associated to IMT, thereby suggesting differences in the
vascular response to focal (i.e., point-based) WSS oscillatory directional changes
with respect to directional changes in the neighborhood of a point leading to vari-
ations in the contraction/expansion action.
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On the other hand, although the different physical meanings underpinning the two
WSS topological skeleton descriptors wFPA and TSVA (i.e., exposure to non-null
values of the residence time of a fixed point, weighted by the local WSS contrac-
tion/expansion action vs. exposure to high normalized WSS divergence variability,
respectively), a significant association between them emerged in all three cohorts
(Table 7.2). This was consistent with the observed co-localization between lumi-
nal surface areas exposed to high TSV I and RT∇xfp

(e) in all models (Figs. 7.2
and 7.4, respectively), with the former encompassing the latter. Consequently,
fixed points occurred in regions where normalized WSS divergence variations were
high (Fig. 7.2) and the contraction/expansion regions connecting fixed points were
characterized by both high normalized WSS divergence absolute values and high
normalized WSS divergence variations (Fig. 7.2). At 60 months after CEA, resteno-
sis occurred in post-CEA carotid models PG1 and PG2, with diameter stenosis >
70 % and > 50 % respectively [113]. Notably, in the post-CEA cohort, PG1 was
characterized by the highest wFPA value, while PG2 had the highest TSVA value
(Figs. 7.2 and 7.4). Those two cases were also characterized by the highest LSA
values in the post- CEA cohort, as can be seen in Fig. 7.6 and as previously re-
ported [113], although using a different TAWSS threshold value to define LSA. A
marked intima-media thickening was also observed [113] at 60 months follow-up
in post-CEA patients PG3 and PC2 at the FD, PG6 in the CCA (FD-2 cm), in
correspondence of either low cycle-average WSS (PG3, Fig. 7.6) or large variations
in the WSS contraction/expansion and weighted fixed point residence times ( 7.2
and 7.4, respectively).
This study faces possible limitations. Among them, we mention differences between
the CEA patients and healthy cohorts, mainly in terms of cohort size and mean
age (72.8 ± 7.2 vs. 58.7 ± 11.8, respectively). These differences can be partially
ascribed to the clinical real-world nature of the data adopted for the CEA cohorts,
which however allowed to address the typical challenges related to longitudinal
studies (e.g., long time-scale of the vascular pathophysiology processes, patients’
recruitment and follow-up). Moreover, randomization was not performed for the se-
lection of the CEA patients, and the exact extension of the region that underwent
CEA surgical intervention (either with or without graft) could not be extracted
from the imaging data. The relationships here reported might be influenced by
the uncertainties (e.g., reconstruction errors) and assumptions/idealizations (e.g.,
Newtonian viscosity, rigid walls, as widely discussed elsewhere [126, 112]) affecting
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computational hemodynamics. Because of these limitations, future investigations
are warranted to further confirm the validity of the relationships presented here.
Further investigations detailing and elucidating the effects of the WSS topologi-
cal skeleton on vascular pathophysiology are encouraged. In this regard, the here
applied Eulerian-based method for topological skeleton analysis confirms its poten-
tial as an effective biomechanical tool for increasing the chance of elucidating the
mechanistic link between flow disturbances and clinical observations.

7.5 Supplementary Material

In violin plots of Figure 7.8, the distribution, median and quartile range are
presented for the occurrence of cycle-average WSS fixed points in the bifurcation
region for pre-CEA, post-CEA and healthy cohorts. In general, in the bifurcation
region delimited by sections CCA3-ICA5-ECA2, the distribution of the different
fixed points types in the three cohorts was markedly different, except for unstable
nodes in pre- and post-CEA models (as highlighted by the shape of violin plots
in Figure 7.8). More in detail, no cycle-average WSS fixed point was observed in
two pre-CEA models (PG4 and PG8, Figure 7.1andFigure7.8) and in one healthy
model (He4, Figure 7.1 and Figure 7.8), while all post-CEA models presented at
least one cycle-average WSS fixed point. Focusing the analysis on the occurrence
of saddle points, three pre-CEA models did not present any saddle point in the
bifurcation region (PG4, PG7 and PG8, Figure 7.1 and Figure 7.8), while in the
post-CEA cohort all models presented at least one saddle point. Considering the
carotid bifurcations in the healthy cohort, on average they exhibited a higher num-
ber of saddle points in the bifurcation region than the other two cohorts (median
number of saddle points in pre-CEA cohort: 1, post-CEA cohort: 3, healthy cohort:
4, Figure 7.1). Statistically significant differences emerged among the three cohorts
in terms of occurrence of saddle points (Figure 7.8). Concerning the presence of
cycle-average WSS stable foci in the bifurcation region, five pre-CEA models did
not exhibit any (PG4, PG5, PG8, PC3 and PC4, Figure 7.1 in the main article and
Figure 7.8). In consequence of the CEA, the number of stable foci in the bifurcation
region increased or remained constant in eleven models, while it decreased to zero
for two models (PC1 and PC2). Cycle-average WSS stable foci were observed in all
but two healthy carotid models (He4 and He7). Statistically significant differences
in the occurrence of stable foci emerged between the pre-CEA and healthy cohorts
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(p = 0.026, Figure 7.8). Unstable nodes were identified in the bifurcation region of
one pre-CEA model only (PC1, Figure 7.1 ). After CEA, cycle-average WSS unsta-
ble nodes appeared in models PG1, PG6, PC4, and disappeared in model PC1. In
the healthy cohort, unstable nodes were observed in a relatively larger number of
models (39 out of 46) with respect to the other two cohorts. Consequently, statis-
tically significant differences in the occurrence of unstable nodes emerged between
the healthy cohort and both pre-CEA and post-CEA cohorts (Figure 7.8).

Figure 7.8: Violin plots of the occurrence of cycle-average WSS fixed points in the
bifurcation region (delimited by sections CCA3-ICA5-ECA2) for pre-CEA, post-
CEA and healthy cohorts. Differences among the three cohorts are evaluated with
a Wilcoxon rank sum test.
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Figure 7.9: Topological skeleton of cycle-average WSS vector in selected pre-CEA
(Pre), post-CEA (Post) and healthy cases. The topological skeleton in pre-CEA
and post-CEA cohorts is extended beyond the bifurcation region to include in the
pre-CEA models possible distal stenoses.
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Figure 7.10: Luminal surface area exposed to high Topological Shear Variation
Index (TSV I) value, as expressed by Topological Shear Variation Area (TSVA), in
pre-CEA, post-CEA and healthy cohorts. The TSVA in pre-CEA and post-CEA
cohorts is extended beyond the bifurcation region to include in the pre-CEA models
possible distal stenoses. Red areas represent a TSV I value above the 80th percentile
of the pooled TSV I distribution of the healthy models in the bifurcation region.
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Chapter 8

Deciphering Ascending Thoracic
Aortic Aneurysm Hemodynamics
in Relation to Biomechanical
Properties

A version of this chapter has been published in:
Medical Engineering & Physics; 82: 119-129 , doi.org/10.1016/j.medengphy.2020.07.003,
2020
"Deciphering ascending thoracic aortic aneurysm hemodynamics in relation to biome-
chanical properties"
G. De Nisco, P. Tasso, K. Calò, V. Mazzi, D. Gallo, F. Condemi, S. Farzaneh, S.
Avril, U. Morbiducci

8.1 Introduction

Ascending thoracic aortic aneurysm (ATAA) is an unphysiological localized bal-
looning of the aorta at the ascending segment proximal to the brachiocephalic trunk,
which can grow in size and eventually rupture, leading to serious complications
and death. The common clinical treatment of ATAA consists in surgical repair
by replacing the diseased aortic segment with a synthetic graft. Due to significant
mortality rates associated to prophylactic surgery (3-5 %) [127], indications for
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surgical treatment depend on the estimated maximum aortic diameter, with a sug-
gested critical threshold value of 5.5 cm (except for patients with Marfan syndrome)
[128, 129, 130]. However, the diameter-based criterion for surgical intervention has
been widely recognized as inadequate [131, 132]. To find complementary or alter-
native markers of ATAA risk of rupture, a plethora of studies have focused on, e.g.,
genetic, biological, structural and biomechanical factors involved in the ATAA wall
dilatation/degeneration[133, 134, 135, 136, 137, 138, 139].
However, current evidence is still insufficient to rely on biomechanical factors alone
[136, 138], and rather suggests a possible relation between ATAA hemodynamics
and wall mechanical properties, which might better explain the complexity of ATAA
development and progression. In particular, the analysis of aortic hemodynamics,
with the as- sessment of distinguishable intravascular flow features and wall shear
stress (WSS) distribution on the luminal surface as obtained from in vivo [140,
141, 142, 143] and patient-specific computational studies [144, 145, 146, 147, 148],
has been suggested to derive markers of rupture risk, giving the supposed link be-
tween hemodynamic features and ATAA wall mechanical properties. For instance,
previous follow-up studies reported a significant association between the luminal
exposition to relatively low WSS values and ascending aorta wall weakening and
dilatation in ATAA patients [147, 149, 150]. In this context, we propose a frame-
work combining patient-specific computational fluid dynamics (CFD), advanced
fluid mechanics analysis and personalized in vivo estimates of the local aortic stiff-
ness.
The aims are to interpret the complex role played by local hemodynamics in ATAA
and to decipher the existing links between near-wall features and ATAA wall stiff-
ness. More specifically, changes in hemodynamics associated with pathologic aor-
tic dilatation were analyzed by applying a recently proposed methodology on two
subject-specific (1 healthy - 1 diseased) CFD models. The approach relies on the
analysis of WSS vector field topological skeleton, essentially consisting of a col-
lection of critical points (i.e., locations at the luminal surface of the vessel where
the WSS vanishes), and special lines which separate the luminal surface into areas
of different WSS behavior, ultimately identifying where an expansion/contraction
action is exerted by WSS on the endothelium (which is expected to have biologi-
cal relevance) [21]. Finally, ATAA local stiffness was obtained through a recently
proposed inverse method based on gated CT scans [151]. Spatial correlations with
WSS features were extracted from the topological skeleton analysis to ultimately
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associate ATAA complex hemodynamic features and wall mechanical properties.

8.2 Methods

One 36 years old healthy subject with no history of cardiovascular diseases,
and one 59 years old subject with bicuspid aortic valve (BAV), moderate aortic
valve insufficiency and a 6.03 cm x 5.95 cm ATAA were enrolled in the study after
informed consent. An overview of the methods applied in this study is provided in
Figure 8.1 and detailed onwards.

Figure 8.1: The diagram shows how imaging data contribute to define vessel ge-
ometry, hemodynamic variables and wall mechanical properties. BCs: boundary
conditions; CFD: computational fluid dynamics; ATAA: ascending thoracic aorta
aneurysm.
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8.2.1 Medical imaging, geometry reconstruction and in vivo
aortic wall stiffness estimation

The two subjects were imaged by a 3T MR scanner (Siemens Magnetom Prisma)
without contrast agent, using the same 4D flow MRI protocol exhaustively detailed
elsewhere [148]. Based on 4D flow MRI images, the 3D geometries of each sub-
ject were reconstructed using CRIMSON (CardiovasculaR Integrated Modelling
and SimulatiON) [152]. The resulting geometries included the ascending thoracic
aorta, the aortic arch, the descending thoracic aorta and the supra-aortic vessels
(brachiocephalic artery - BCA, left common carotid artery - LCCA, and left sub-
clavian artery - LSA, as shown in Figure 8.1). Additionally, the diseased subject
underwent ECG gated CT imaging in order to identify ATAA wall local stiffness
with a re- cently proposed inverse method [151] detailed below.
A recently proposed non-invasive inverse approach was ap- plied here to identify
aortic wall stiffness for the diseased subject. Briefly, ATAA geometries at ten
phases along the cardiac cycle, including diastolic and systolic phases, were (1) re-
constructed from gated CT scans (resolution: 512 ×512, slice thickness = 0.5 mm)
using MIMICS (v.10.01, materialise NV), and (2) meshed ensuring a set of nodes
attached to the same material points at all the recorded cardiac phases [151]. Based
on the Fourier series analysis of temporal changes in position of each node, the lo-
cal strain distribution was reconstructed and the wall stiffness at every location
was derived by satisfying the local equilibrium equation under the acting tensions.
The strategy applied to estimate local wall stiffness in vivo is exhaustively detailed
elsewhere [151].

8.2.2 Computational haemodynamics

The finite element-based code SimVascular (https://simvascular.github.io/) was
adopted to solve the governing equations of fluid motion in the two models. In
detail, the Navier–Stokes equations, in their discretized form and under unsteady
flow conditions, were solved using a stabilized finite element method supporting
the use of linear tetrahedral elements (P1–P1) in the SimVascular flow solver for
velocity and pressure[153]. Newtonian blood rheology (with prescribed constant
density and dynamic viscosity respectively equal to 1050 kg m−3 and 0.0035 Pa s)
and rigid wall with no-slip condition were assumed. To ensure a grid-independent
solution, based on a mesh sensitivity analysis, an average tetrahedral element size
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of 1.05 · 10−3 m with a near- wall refinement consisting of 12 tetrahedral boundary
layers with a decreasing ratio of 0.90 was adopted. The resulting computational
grids consisted of 4.13 and 7.97 million elements for healthy and diseased model,
respectively. Boundary conditions were prescribed using patient-specific 4D flow
MRI measurements. In detail, measured fully 3D phase velocity data were extracted
along the cardiac cycle and imposed in terms of Dirichlet inflow boundary conditions
(BCs) at the ascending aorta (AAo) inlet section (as detailed in our earlier work
[98]). As regards outflow BCs, 4D flow MRI measured flow rates were prescribed
at the supra-aortic vessels [97] in terms of fully developed velocity profiles. A three
element Windkessel model was prescribed as BC at the descending aorta (DAo)
outlet section, by applying a 3D-0D coupling scheme [148, 152].
The three element Windkessel model components (i.e., the impedance −ZC , the
distal resistance −R , and the capacitor −C) were tuned as described by elsewhere
[148], obtaining patient specific values for the healthy ( ZC= 1.36·107 kg m−4 s−1 ; R

=2.28·108 kg m−4 s−1 ; C = 1.50·10−8 kg−1 m4 s2 ) and the pathologic subject (ZC=
5.32 ·106 kg m−4 s−1 ; R =9.02 ·107 kg m−4 s−1 ; C = 3.18 ·10−8 kg−1 m4 s2 ). On the
simulated flow fields in the healthy and diseased models, advanced post-processing
tools, implemented with MATLAB ® (The MathWorks, Inc.) and Python, were
applied to better decipher the aortic hemodynamics complexity.

8.2.3 WSS topological skeleton analysis

The proposed Eulerian method was here considered to analyze the topological
skeleton of the WSS vector field across the aortic luminal surface. WSS manifolds
were captured using the divergence of the normalized WSS vector, according to eq.
(2.22). In details, negative values of DIVW identify contraction regions, approxi-
mating attracting manifolds; positive values of DIVW identify expansion regions,
approximating repelling manifolds.
For the complete WSS topological skeleton extraction, the identification of WSS
fixed points location at the luminal surface was performed by computing the Poincaré
index. Then, the identified fixed points were classified using the eigenvalues of the
Jacobian matrix, which provide information about fixed points nature. Technically,
the adopted eigenvalue-based criterion allowed to distinguish between fixed point
node or focus configurations (Table 2.1).
As a first step, here the WSS topological skeleton of the cycle-average WSS vector
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field τ̄ at the luminal surface of both the healthy and diseased model was analyzed.
The unsteady nature of the WSS vector field fixed points along the cardiac cycle
was investigated using the WSS fixed points weighted residence time along the car-
diac cycle RT∇xfp

(e), according to eq. (3.10).
Additionally, here the quantity based on WSS divergence, named Topological Shear
Variation Index (TSV I), was computed to measure the amount of variation in WSS
contraction and expansion action exerted at the luminal surface of the vessel, ac-
cording to eq (3.12).

8.2.4 canonical WSS-based hemodynamic descriptors

In addition to the WSS topological skeleton analysis, flow disturbances were
evaluated here also in terms of canonical WSS-based descriptors (Table 1.1), namely
the Time Average Wall Shear Stress (TAWSS), Oscillatory Shear Index (OSI) [108],
and Relative Residence Time (RRT) [15]. Moreover, a descriptor of WSS multidi-
rectionality was considered (Table 1.1), i.e., the transversal WSS (transWSS) [16],
defined as the average WSS component acting orthogonal to the time-averaged
WSS vector direction.

8.2.5 Aortic hemodynamics vs. wall stiffness

To investigate the existence of possible relations between ATAA hemodynam-
ics and the mechanical properties of the aortic wall, an analysis of co-localization
between exposure to “disturbed” hemodynamics vs. wall stiffness was carried out
according to schemes proposed elsewhere [154, 155, 20]. More specifically, ob-
jective thresholds for WSS-based hemodynamic descriptors and for wall stiffness
were identified as the 2nd tertile of the respective luminal distribution (1st tertile
for TAWSS). The co-localization of luminal surface areas (SAs) characterized by
stiffness and each one of OSI, RRT, transWSS, or TSV I values higher (lower for
TAWSS) than the respective thresholds was quantitatively assessed by the similar-
ity index (SI) [20]

SI = 2(SAhigh stiffness ∩ SAj)
SAhigh stiffness + SAj

, (8.1)

with j indicating a generic WSS-based hemodynamic descriptor. SI ranges between
0 (the SAs have no spatial overlap) and 1 (the SAs are equivalent and perfectly
spatially overlapped).
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8.3 Results

8.3.1 ATAA wall stiffness in vivo estimation

The in vivo estimated local wall stiffness distribution on the AAo of the diseased
subject is presented in Figure 8.2. Consistent with previous observations [156, 156],
local variations in the wall mechanical properties are evident in the investigated
model, where the highest values of the stiffness are observed at the outer AAo wall.
For this reason, in order to investigate the possible role played by hemodynamic
features in the development and progression of aneurysm disease, the analysis was
here focused at the proximal AAo outer wall of both healthy and diseased models,
where the biomechanical wall alteration mainly occurred in the ATAA subject.

Figure 8.2: Estimated wall stiffness distribution at the luminal surface of ATAA
model .

8.3.2 WSS topological skeleton analysis

Here the analysis of the WSS vector field topological skeleton at the aortic
luminal surface was applied in a two-step strategy. As a first step, the aortic
cycle-average WSS vector field topological skeleton was identified and analysed
(Figure 8.3) aiming at identifying integral topological features differences between
the healthy and ATAA model. It emerged that on both models a line of marked
WSS expansion was located at the proximal AAo outer wall, as identified by positive
DIVW values.
However, the healthy aorta only presented there an unstable node. Moreover,
marked contraction lines characterized the WSS topological skeleton on the ATAA
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outer wall, but they were not present on the luminal surface of the healthy aorta.
In the second step, the impact of the WSS vector field dynamics (along the cardiac
cycle) on topological skeleton features was analysed. The analysis of the luminal
surface distribution of fixed points weighted residence time (RT∇xfp

(e), Figure
8.3b) highlighted the presence of a wide region at the AAo outer wall of the diseased
model where instantaneous WSS fixed points appear and reside for a longer fraction
of cardiac cycle. Such region is surrounded by luminal regions with a high local
WSS contraction/expansion strength. On the other hand, a completely different
distribution was observed on the outer wall of the healthy model (Figure 8.3b),
mainly characterized by low RT∇xfp

(e) values.
The analysis of the TSV I luminal distributions (Figure 8.3c) highlighted that: (1)
the highest local variations in the contraction/expansion action exerted by the WSS
on the endothelium along the cardiac cycle are located at two distinct regions of
the AAo outer wall luminal surface, in both healthy and diseased models; (2) in the
diseased model, high TSV I and high RT∇xfp

(e) regions are markedly co-localized
on the outer wall luminal surface.

8.3.3 Aortic hemodynamics vs. wall stiffness

Here we assess the co-localization of the in vivo estimated wall stiffness at AAo
outer wall of the ATAA model with the WSS topological skeleton-based quantities,
and with canonical WSS-based descriptors of disturbed shear. A visual inspection
of Figure 8.4 suggests that an association might exist between instantaneous WSS
fixed points dynamics at the luminal surface and the aortic stiffness. Interestingly,
instantaneous WSS fixed points undergo longer combinations of residence time and
marked contraction/expansion strength of the WSS vector field (as expressed by
the quantity RT∇xfp

(e)) on those ATAA luminal surface areas where stiffness is
high (Figure 8.4).
To explore more in depth the possible connections between peculiar WSS features
and the altered biomechanical properties of the diseased aortic wall, the extent of
the co-localization of high aortic wall stiffness regions with SAs exposed to pre-
sumably disturbed shear was quantified. By visual inspection of Figure 8.5a, it
emerged that high stiffness co-localizes with high TSV I better than with canonical
WSS-based descriptors. Of note, it was observed that SAs exposed to low TAWSS
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Figure 8.3: Aortic luminal distributions of (a) cycle-average WSS topological skele-
ton, (b) WSS fixed points weighted residence time RT∇xfp

(e), and (c) TSV I. The
ATAA and healthy aortic models are displayed in the top and bottom panel, re-
spectively

poorly co-localize with high stiffness regions. These observations were quantita-
tively confirmed by the SI values (Figure 8.5b), remarking the stronger capability
of the WSS vector field divergence-based quantity TSV I as indicator of altered
arterial wall mechanical properties, than the canonical WSS- based descriptors. In-
deed, TSV I co-localizes with ATAA wall stiffness 206% more than TAWSS, 15%
more than OSI and transWSS, and 45% more than RRT.

8.4 Discussion

Wall dilatation/degeneration of the ascending aorta is a complex multifactorial
process promoted by a unique bio-chemo-mechanical environment, which may ul-
timately lead to aortic wall dissection/rupture [133, 134, 135, 136, 137, 138, 139].
Despite a large body of literature focused on the role played by individual bio-
logical, chemical, or biomechanical factors in the ATAA development [138], the
heterogeneity characterizing ATAA disease cannot be exhaustively explained by
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Figure 8.4: Contour maps of estimated wall stiffness (left) and WSS fixed points
weighted residence time at the luminal surface of ATAA model. The black contour
line represents the 2nd tertile of stiffness luminal distribution at the ATAA outer
wall.

Figure 8.5: (a) Co-localization maps of high stiffness and disturbed shear; (b)
similarity indices quantifying the co-localization of luminal SAs characterized by
high stiffness and each descriptor of deranged hemodynamics (i.e., low TAWSS;
high OSI, RRT, transWSS, TSV I ).

individual features and the analysis of their complex interplay is still poorly inves-
tigated [136, 137, 138, 139]. In this context, here we aim to highlight the possible
links between ATAA hemodynamics, obtained by CFD simulations and explored
with advanced method, and in vivo estimated wall mechanical properties, inversely
derived from gated CT scans [151]. The findings of this study confirm, on the
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basis of an in-depth quantitative exploration, that the near-wall hemodynamic en-
vironment characterizing the ATAA model markedly differs from the healthy aorta.
More in detail, the analysis of the WSS topological skeleton highlighted peculiar
features on the ATAA outer wall, which are not or are poorly present on the luminal
surface of the healthy ascending aorta (Figure 8.3), i.e.: (1) the presence of localized
marked WSS contraction regions; (2) the appearance and persistence of instanta-
neous WSS fixed points along the cardiac cycle (as quantified by RT∇xfp

(e), which
additionally weights the strength of the local contraction/expansion action exerted
by the WSS); (3) a large luminal surface area undergoing marked variation in the
WSS contraction/expansion action on the endothelium over the cardiac cycle (as
indicated by TSV I).
The evidence emerged from the WSS topological skeleton analysis support the hy-
pothesis that a complex interplay exists between hemodynamic features, aortic wall
dilatation and its degradation in terms of wall mechanical properties. This state-
ment is supported by the main finding of the study, i.e., that in the distal AAo outer
wall of the ATAA model, extended high stiffness regions (indicating a degradation
of the mechanical properties of the wall), co-localize with luminal surface areas of:
(1) high instantaneous WSS fixed points residence time (weighted by WSS diver-
gence value) (Figure 8.4); (2) large variations in the WSS contraction/expansion
action exerted by the flowing blood along the cardiac cycle, here quantified by
TSV I (Figure 8.5). It is worth noting that the cross-sectional nature of this study
does not allow to establish whether the observed hemodynamic features are re-
sponsible for wall dilatation and degradation, or whether they are consequence of
the dilated geometry. However, previous studies suggested that altered aortic flow
predisposes the ascending thoracic aorta to wall dilatation/degradation [147, 149]
as a consequence of the purported role of endothelial shear in the pathogenesis of
ATAA [157]. It is well known, in fact, that WSS has a relevant role in endothelial
cells (ECs) function, gene expression and structure. Several studies have shown
that WSS magnitude influences ECs morphology and orientation [157, 8] and may
induce alteration of cellular functions regulating vascular homeostasis [8, 1]. Highly
oscillatory patterns of WSS are also known to induce migration, proliferation and
activation of transcription factors, as documented by in vitro studies [158, 159, 17].
Interestingly, previous investigations have also suggested how the WSS contrac-
tion/expansion action on the endothelium, highlighted by WSS manifolds, induces
mechanical changes in ECs permeability [160] and could trigger focal pathological

107



Deciphering Ascending Thoracic Aortic Aneurysm Hemodynamics in Relation to Biomechanical Properties

vascular responses [21]. However, the role of WSS in the mechanical and rupture
properties of the aortic wall in ATAA patients is still widely debated. Michel et
al. [157] reported that low WSS values may promote the advection of plasma pro-
teins through the aortic wall, which could eventually result in a decrease of elastic
properties. On the other hand, low WSS has been associated to a decreased risk of
ATAA rupture [161]. Moreover, previous evidences established that valve-mediated
flow disturbances in ATAA patients with valvulopathy induce high peak WSS val-
ues on the outer aortic wall, potentially promoting adverse vascular remodeling
[137, 162]. In particular, several studies reported associations between high WSS
at the AAo and (1) elastin loss and regional aortic dysregulation of extracellular
matrix [150], (2) elastic fiber thinning [140], and (3) higher concentration of cir-
culating biomarkers (an hallmark of degradation of the extracellular matrix and
increased wall stiffness) such as matrix metalloproteinase [163]. In this context, the
findings of this study contribute to better elucidate the link between WSS and ECs
biological response in ATAA disease, suggesting that future studies addressing the
role of hemodynamics in the ascending thoracic aorta wall dilatation/degradation
should include descriptors based on the WSS topological skeleton, such as TSV I

(Figure 8.5). In fact, such descriptors show a higher co-localization with regions at
the aortic wall characterized by high stiffness than canonical WSS-based descrip-
tors. The hemodynamic quantities presented here may improve the prediction of
ATAA development and progression and contribute to a deeper understanding of
the underlying hemodynamics-driven processes. In general, the use of advanced
method as the one here applied to better decipher the aortic hemodynamics can be
extended to all cardiovascular flows to further elucidate the possible link between
flow disturbances and vascular mechanobiology.
Several limitations could weaken the findings of this study. The main limitation is
that the present analysis is based on only one ATAA model and one healthy aorta
model. For this reason, we acknowledge that the here reported association between
the WSS topological skeleton-based descriptor TSV I and ATAA wall weakening in-
dicator should be confirmed on a larger dataset. The inverse approach here adopted
to estimate local wall stiffness in vivo does not take into account the presence of
surrounding tissue. Such simplification may lead to an overestimation of the local
stiffness [151, 164, 165, 166] especially where the aortic wall radial motion is ma-
jorly constrained, like in the region where the AAo inner wall is in close contact
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with the pulmonary artery. Due to the potential unreliability of the stiffness esti-
mation in this region, the AAo inner wall was not considered for the analysis. The
adopted stiffness estimation technique is also based on the assumption that the
aortic wall behaves as a membrane with no through-thickness shear[151, 167]. The
regions near the supra-aortic branches may not satisfy such assumption and were
therefore excluded from the wall stiffness analysis. Moreover, in the perspective of
extending the analysis of aortic stiffness at different stages of ATAA growth, an
extensive use of the inverse approach may be limited by the use of X-ray during the
gated CT scans procedure. In this regard, other techniques, such as ultrasounds
[168] or MRI [169], may be adopted as a source of dynamic images of the aortic
wall during the cardiac cycle. Finally, the main limitation regarding the numerical
settings of the CFD study is represented by the rigid wall assumption. However,
recent observations have demonstrated that aortic wall motion has a minor impact
on WSS-based descriptors of disturbed shear, and on intravascular flow topology.
Concerning the latter, for example, similar helical fluid structures have been ob-
served in vivo [60, 61, 170] and in vitro both in rigid and distensible aortic phantoms
[171, 172]. Therefore, we believe that the assumption on aortic wall distensibility
does not entail the generality of the present results.
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Chapter 9

Wall Shear Stress Topological
Skeleton Features in Image-Based
Stented Coronary Bifurcation
Models

9.1 Introduction

Coronary stents are tube-shaped devices expanded inside an atherosclerotic
coronary artery aiming at restoring the correct blood flow to the heart. The im-
plantation of the coronary stent leads to a new local fluid dynamics generated by
the protrusion of the stent struts inside the lumen. A large body of literature has
highlighted that local blood flow disturbances may play a fundamental role in the
pathophysiological trajectories leading to stent failure, e.g., in-stent restenosis [173,
174]. The Wall Shear Stress (WSS), the frictional force per unit area exerted by
the streaming blood on the luminal surface, has been shown to be an important
factor in the pathobiology of in-stent restenosis [175]. In vitro experiments have
demonstrated a direct action of the WSS on endothelial cell morphology, function
and orientation [176]. Moreover, it has been recognised that WSS action on the
endothelium represents a stimulus to neointimal hyperplasia process, i.e., the exces-
sive growth of tissue inside the stented region, through the production of abnormal
stresses on the endothelial cells[177].
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Notwithstanding the growing research interest in stented artery hemodynamic fea-
tures as predictors of stent failure, how local hemodynamics influence flow-related
processes leading to in-stent restenosis is still not completely understood. In this
context, to improve and extent the current understanding of the association between
local hemodynamics and vascular diseases, a marked interest recently has emerged
on Wall Shear Stress (WSS) vector field topological skeleton analysis. Based on
dynamical system theory, the topological skeleton of the WSS is composed by fixed
points and their connections, called stable/unstable manifolds [22, 21]. A fixed
point is a focal point where the WSS vanishes, and unstable/stable manifolds are
contraction/expansion regions linking fixed points. Such an interest arises from
the ability of WSS topological skeleton features to reflect cardiovascular complex-
ity, with direct links to near-wall flow stagnation, separation, and recirculation,
flow features which are usually classified as disturbed flow, known to be promoting
factors for vascular diseases onset and progression, such as in-stent restenosis in
coronary arteries [21].
The present study explores the WSS topological skeleton features in image-based
computational fluid dynamics (CFD) stented coronary artery models replicating
the complete clinical procedure of stent implantation performed in clinical practice
[174]. The final aim is to investigate the possible involvement of WSS topological
skeleton features in the processes leading to stent failure. To do that, the here
proposed Eulerian-based method for the analysis of the topological skeleton of the
WSS vector field is applied.

9.2 Computational haemodynamics

The two cases (i.e., CASE A and B) of pathologic Left Anterior Descending
(LAD) artery with bifurcations treated with the provisional stenting technique
considered here have been already partially presented elsewhere [174]. In CASE A,
a Xience Prime stent by Abbott Vascular (nominal diameter of 3 mm, length of
28 mm and strut thickness of 81 µm), was implanted. In CASE B, two Endeavor
Resolute stents by Medtronic (nominal diameter of 2.75 mm, length of 15 mm and
strut thickness of 91 µm) were implanted. Pre-operative vessels were reconstructed
combining conventional angiography and computed tomography angiography data
[174], and structural finite element analyses replicating the clinical stenting proce-
dures were used to obtain the post-operative, stented fluid domains [174]. A hybrid
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discretization strategy using both tetrahedral and hexahedral elements was adopted
[174], aiming at reducing computational time. In detail, an internal cylinder, cre-
ated inside both models following the centre line of the main branch, was discretized
using hexahedral elements. Tetrahedral elements were used to discretize the region
between the cylinder and the wall, and a layer of pyramidal elements was created at
the interface between the two meshes. Transient CFD simulations were performed
using a finite-volume based code, applying a pulsatile flow waveform representative
of the human LAD as inflow boundary condition. The non-Newtonian nature of
the blood flow was taken into account considering the Carreau model and rigid
wall with the no-slip boundary condition was assumed. Additionally, two transient
simulations in the two non-stented geometries were performed. Exhaustive details
on the computational settings are provided elsewhere [174].

9.3 WSS topological skeleton analysis

The WSS topological skeleton analysis was performed by considering the pro-
posed Eulerian-based method. Briefly, based on Volume Contraction theory, it
has been demonstrated that the divergence of the normalized WSS vector field,
as defined in eq. (2.22), can be used to easily identify the connections between
WSS fixed points, i.e., WSS manifolds. Technically, negative values of DIV W iden-
tify contraction regions approximating attracting manifolds, while positive values
of DIV W identify expansion regions approximating repelling manifolds. To com-
plete the WSS topological skeleton analysis, WSS fixed points were identified and
classified by computing Poincaré index and eigenvalues of the Jacobian matrix re-
spectively, according to the scheme described in Section 3.2.
First, the WSS topological skeleton of the cycle-average WSS vector field at the
luminal surface of was analysed.
Subsequently, the unsteady nature of WSS fixed points and manifolds along the
cardiac cycle was characterized. The quantity based on WSS divergence, named
Topological Shear Variation Index (TSV I), i.e., the root mean square deviation of
the divergence of the normalized WSS with respect to its average over the cardiac
cycle, as defined in eq. (3.12) in Section 3.3, was here adopted. Roughly speaking,
TSV I measures the local amount of variation in WSS contraction/expansion ac-
tion exerted along the cardiac cycle on Endothelial Cells (ECs) lining the luminal
surface of a vessel.

113



Wall Shear Stress Topological Skeleton Features in Image-Based Stented Coronary Bifurcation Models

In addition, the unsteady nature of the WSS fixed points along the cardiac cycle
was here analysed by computing the WSS fixed points weighted residence time
(RT∇xfp

(e)), according to eq. (3.10) in Section 3.3. Roughly speaking, (3.10)
measure allows to quantify the fraction of cardiac cycle a generic triangle mesh
surface element on the vessel luminal surface hosted a fixed point, weighting the
residence time by the strength of the local contraction/expansion action.

9.4 Results

The geometry of the two stented coronary artery models analysed in the present
study is presented in Figure 9.1, where two insets are displayed aiming at zooming
the malapposition region for CASE A and the overlapping zone between two stents
for CASE B. It is recognised that (1) a malapposed stent strut, i.e., when it is not
in contact with the vessel wall, can affect local blood flow and WSS profile [178]
and (2) stent overlap is associated with increased risk of adverse clinical outcome
[179].The cycle-average WSS topological skeleton, the TSV I distribution and the
RT∇xfp

(e) distribution along the luminal surface for stented CASE A and B are
displayed in Figures 9.2 and 9.3, respectively. In both cases, cycle-average WSS
fixed points were mostly located at the luminal surface in correspondence with
stent peaks. Moreover, cycle-average WSS fixed points were located at the luminal
surface close to all strut connectors in CASE A (Figure 9.2A) and in the overlap-
ping region between the two stents in CASE B (Figure 9.3A). Both stented cases
were characterized by cycle-average WSS contraction regions, identified by negative
DIV W values, located at immediately upstream struts regions and WSS expansions
regions, identified by positive DIV W values, located at immediately downstream
struts regions. Interestingly, a completely reverse DIV W distribution can be ob-
served in the stent malapposition region for CASE A (Figure 9.2A) and in the
overlapping zone between two stents for CASE B (Figure 9.3A). TSV I maps high-
lighted that marked variations in the WSS contraction/expansion action exerted on
the endothelium along the cardiac cycle were mainly located at the luminal surface
in correspondence with stent peaks and close to all the struts in both models. The
highest TSV I values were located at the bifurcation, in the stent malapposition
region and close to stent connectors for CASE A (Figure 9.2B), and at the stents
overlapping region for CASE B (Figure 9.3B). The analysis of the luminal surface
distribution of instantaneous WSS fixed points weighted residence time along the

114



9.4 – Results

cardiac cycle (Figure 9.2C for CASE A and Figure 9.3C for CASE B) suggested
that instantaneous WSS fixed points appear and reside for a longer fraction of car-
diac cycle at the luminal surface in correspondence with stent peaks. A marked
co-localization can be observed between high values of RT∇xfp

(e) (Figure 9.2C
for CASE A and Figure 9.3C for CASE B) and location of cycle-average WSS
fixed points (Figure 9.2A for CASE A and Figure 9.3A for CASE B), suggesting a
quasi-static behaviour of the WSS fixed points along the cardiac cycle. In fact, no
instantaneous WSS fixed points appear inside each repeating stent cell along the
cardiac cycle for both cases.
To appreciate the hemodynamic impact of the stenting procedures, the cycle-
average WSS topological skeleton, the TSV I and the RT∇xfp

(e) distribution along
the luminal surface of the non-stented model CASE A and CASE B are displayed in
Figure 9.4A and in Figure 9.4B, respectively. In non-stented models cycle-average
WSS saddle points, cycle-average WSS contraction/expansion regions, high TSV I

values and high RT∇xfp
(e) values were located only at the bifurcation regions, and

in the proximal region CASE A, where the vessel presents marked curvature and
tortuosity.

Figure 9.1: Geometry of the two stented coronary artery models. CASE A is
displayed in the left panel and CASE B in the right one. Regions where the stent
struts are in contact with the wall are black colored. The malapposition region for
CASE A the overlapping zone between two stents for CASE B are highlighted.
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Figure 9.2: A) Cycle-average WSS topological skeleton, B) TSV I and C)
RT∇xfp

(e) distribution on the luminal surface for CASE A with stent. Regions
where the stent struts are in contact with the wall are black colored.

Figure 9.3: A) Cycle-average WSS topological skeleton, B) TSV I and C)
RT∇xfp

(e) distribution on the luminal surface for CASE A with stent. Regions
where the stent struts are in contact with the wall are black colored.

9.5 Discussion

The present study aims to improve the current understanding of the impact of
local hemodynamics on the flow-related processes leading to restenosis in coronary
arteries, by applying a WSS topological analysis on two image-based stented coro-
nary artery models. Here, we investigated for the first time the role of the WSS
topological skeleton features in processes leading to in-stent restenosis in coronary
arteries by applying a Eulerian-based WSS topological analysis.
From the present study, it emerged that WSS topological skeleton features are
mostly located at the luminal surface in correspondence with stent peaks, close to
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Figure 9.4: Cycle-average WSS topological skeleton and TSV I and RT∇xfp
(e)

distribution on the luminal surface for A) CASE A and for B) CASE B without
the presence of stent.

all strut connectors, in the stent malapposition zone, and in the overlapping zone
between two stents, suggesting that these regions are more prone to the risk of
restenosis. Moreover, the findings of this analysis suggest that WSS topological
skeleton features could represent a hemodynamic cue promoting coronary in-stent
restenosis, in addition to the well-established low WSS. In detail, the luminal expo-
sure to the high variability in the contraction and expansion action exerted by WSS
(biomechanically described by TSV I) could induce a recurring variation in intra-
cellular tension (acting e.g., on cell roundness) [180] and intercellular tension (e.g.,
increasing propagation of tension acting on junctions directionality)[181], with con-
sequences on the endothelium permeability. Moreover, WSS contraction and expan-
sion regions surrounding the stent struts could be linked to the EC migration and
accumulation process observed in experimental studies [182], with WSS contraction
action co-localized with ECs migration upstream from stent struts and WSS ex-
pansion action co-localized with ECs accumulation immediately downstream from
stent struts [182].
In conclusion, the presented approach might contribute to a deeper understanding
of the hemodynamics-driven processes underlying in-stent restenosis in coronary
arteries.
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Chapter 10

The Variability of the Shear Stress
Contraction/Expansion Action
Contributes to Wall Thickness
Change in Coronary Arteries

This study has been performed in collaboration with Erasmus University Med-
ical Center.

10.1 Introduction

There is ample evidence that a complex interplay of biological, biomechanical,
and systemic factors is at the basis of coronary atherosclerosis onset and devel-
opment [75, 12]. In particular, among the biomechanical factors, local hemody-
namics is recognized as a major promoter of the initiation and progression of the
atherosclerotic disease in coronary arteries, although its role is still not completely
understood [183]. A large body of literature has supported the consistency of the
‘hemodynamic risk hypothesis’ in coronary disease, emphasizing the crucial and
multifaceted role played by wall shear stress (WSS) in conditioning the initiation,
localization, and growth of coronary lesions [184, 185]. In this scenario, an arse-
nal of hemodynamic descriptors has been proposed as markers of flow disturbances
[186, 187, 188], aiming at quantifying the impact of different WSS features in pro-
moting coronary atherosclerosis initiation/progression, inducing focal endothelial
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dysfunction and inflammation [185], and affecting local blood-to-wall mass transfer
rates [189, 190]. Low/oscillatory WSS has become the consensus hemodynamic
mechanism for coronary atherosclerosis [75, 12, 183, 74, 108], with recent evidences
attributing a role for multidirectional WSS in coronary plaque progression and
changes in plaque composition [191, 192]. However, these WSS features may de-
scribe only partially the biomechanical stimulus affecting coronary atherosclerosis
evolution. Moreover, the emerged weak-to-moderate capability of low, oscillatory
or multidirectional WSS to identify/predict coronary lesion localization and devel-
opment may indicate that a more complex mechanistic action of the shear forces
on the endothelium is likely. In addition to this incomplete picture, a very recent
study suggested a role for the shape of WSS time histories in the biological events
leading to coronary atherosclerosis [193].
In this regard, a marked interest has recently emerged on the topological skele-
ton analysis applied to WSS vector field [21]. The WSS vector field topological
skeleton consists of fixed points, where the WSS vector vanishes, and the regions
connecting them (WSS manifolds), where the WSS vector field contracts or ex-
pands. The interest in such analysis is dictated by the fact that: (1) it is instru-
mental in identifying flow features usually classified as biomechanical events (e.g.
flow stagnation, recirculation and separation), in the sense that they have been
put in relation with “aggravating” biological events involved in atherosclerosis ini-
tiation/progression [21]; (2) it can be used to quantify the contraction/expansion
action exerted by the WSS on the endothelium.
This study tests the ability of WSS topological skeleton features to predict the tem-
poral evolution in coronary artery wall thickness (WT), a hallmark of atherosclerosis
development, in an atherosclerotic pig longitudinal study [192, 154, 155]. To do
that, WSS topological skeleton features were obtained from personalized computa-
tional hemodynamics simulations, adopting the proposed Eulerian-based method,
and compared to changes in WT over time, measured in vivo. The final aim is to
probe whether fluid mechanic quantities giving a direct measure of the variability
of the contraction/expansion action exerted by the blood flow on the endothelium
are capable to account for longitudinal local WT changes, by virtue of the theoreti-
cally robustly link to those flow disturbances deemed responsible for atherosclerosis
initiation and progression.
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10.2 Materials and Methods

An overview of the methods is provided in Figure 10.1

10.2.1 Animal population and imaging

Adult familial hypercholesterolemia Bretoncelles Meishan mini-pigs (N=3) with
a low-density lipoprotein receptor mutation were put on a high fat diet to trig-
ger atherosclerosis development. The three main coronary arteries (Left Anterior
Descending (LAD), Left Circumflex (LCX), and Right Coronary Artery (RCA)).
CCTA and IVUS acquisitions were performed at 3 months (T1, considered as the
baseline in this study), at an average of 8.6 months (T2, respectively 9.8, 8.3, and
7.8 months for pig A, B and C in Figure 10.2), and at an average of 10.6 months
(T3, respectively 14, 9.4, and 8.5 months for pig A, B and C) after the start of
the diet. Combowire Doppler (Volcano Corp., Rancho Cardova, CA, USA) flow
velocity measurements were acquired in each artery at the inflow section and im-
mediately upstream and downstream of each side branch, at T1 and T2, as reported
in detail in previous studies [192, 154, 155]. The study, performed according to the
National Institute of Health guide for the Care and Use of Laboratory animals
[194], obtained the ethical approval from the local animal ethics committee of the
Erasmus MC (EMC nr. 109-14-10).

10.2.2 Plaque growth measurements

Quantitative analysis of wall thickness (WT) was carried out using the QCU-
CMS software (version 4.69, Leiden University Medical Centre, LKEB, Division
of Image Processing). In detail, for each coronary vessel (3 LAD, 3 LCX and 3
RCA), maps of local WT were obtained on IVUS images at T1, T2, and T3 by
using a semi-automatic method for the lumen and vessel wall contour detection
[192, 155]. Technically, WT was locally measured by subtracting the distance value
between lumen centroid and lumen contour to the distance value between lumen
centroid and outer wall contour (Figure 10.1). WT measurements were averaged
over 3mm/45 degrees sectors of the luminal surface, to analyse their possible rela-
tion with hemodynamics, according to previous studies [192, 155].
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Figure 10.1: Schematic diagram of the study design, showing how imaging data
contribute to define vessel geometry, hemodynamic variables, and wall thickness
measurements. CCTA: coronary computed tomography angiography; IVUS: in-
travascular ultrasound; WT: wall thickness; LNH: local normalized helicity; rh:
right-handed helical blood structure; lh: left-handed helical blood structure.
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Figure 10.2: Geometry of the 9 swine coronary artery models at T1 and T2 of the
follow-up time. Labels from A to C identify a single swine. For each swine, LAD,
LCX and RCA geometries were reconstructed.

10.2.3 Computational hemodynamics

The 3D geometry of each coronary artery was reconstructed at T1 and T2
(N=18) by aligning the segmented (using Mevislab, Bremen, Germany) IVUS lu-
men contours along the centreline extracted from the corresponding 3D geometry
reconstructed from CCTA. The resulting geometries are displayed in Figure 10.2.
The three animals were named as pig A, B and C. Details on 3D geometry recon-
struction are extensively reported elsewhere [154]. The reconstructed geometries
were discretized, and unsteady-state CFD simulations were performed to character-
ize coronary hemodynamics (Figure 10.1). The governing equations of fluid motion
were numerically solved by using the finite volume method. Blood was assumed
as an incompressible, homogeneous, non-Newtonian fluid [195]. No-slip condition
was assumed at the arterial wall. Individual in vivo ComboWire Doppler velocity
measurements were used to derive personalized boundary conditions according to
the following strategy: (1) the inlet flow rate was estimated from the most proxi-
mal Doppler velocity measurement, and prescribed as inlet boundary condition in
terms of time-dependent flat velocity profile; (2) the perfusion of side branches was
quantified as the difference between Doppler velocity-based flow rate measurements
taken upstream and downstream of each side branch and applied as outflow con-
dition in terms of measured flow ratio. If velocity-based flow measurements were
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inaccurate or not available, a diameter-based scaling law [196] was applied to es-
timate the flow ratio at the outflow section [192, 154]. Descriptive notes on CFD
settings are extensively detailed elsewhere [192, 155], are briefly reported in the
Supplementary Materials.

10.2.4 WSS topological skeleton analysis and helical flow
features

The WSS vector field (τ ) at the luminal surface of each coronary model, ob-
tained as an output of the CFD simulations, was analysed. In particular, the fea-
tures of the WSS topological skeleton were investigated by applying the proposed
Eulerian-based approach. We briefly remind that the WSS topological skeleton con-
sists of fixed points, i.e., points where WSS is equal to zero, and stable/unstable
manifolds linking fixed points. Translating the content of the dynamical systems
theory to cardiovascular flows, stable/unstable manifolds identify patterns of the
WSS vector field exerting an expansion/contraction action onto the luminal surface
of the vessel. As described in Section 3.1, the WSS spatial contraction/expansion
configuration patterns were here identified through the divergence of the normal-
ized WSS vector, according to eq. (2.22). The Poincaré index was considered
for WSS fixed points identification. Then, the eigenvalues of the Jacobian matrix
were used to classify the fixed point as: (1) a sink, if it attracts nearby trajecto-
ries; (2) a source, if it repels nearby trajectories; (3) saddle point, if it attracts
and repels nearby trajectories along different directions. In addition, based on the
demonstrated physical meaning of eq. (2.22), the amount of variation in the WSS
contraction and expansion action exerted on the endothelium along the cardiac cy-
cle was here quantified by adopting the quantity Topological Shear Variation Index
(TSV I), defined as the root mean square deviation of the divergence of the nor-
malized WSS with respect to its average over the cardiac cycle, according to eq.
(3.12).
To complement the analysis of the WSS topological skeleton, the luminal distribu-
tion of time-averaged wall shear stress (TAWSS) magnitude along the cardiac cycle
was also evaluated (according to eq. (1.1)), as the exposure to low TAWSS values
is widely recognized as a promoter of atherosclerotic disease [183]. In Figure 10.3
explanatory examples of different flow environments at the luminal surface of an
artery are depicted aiming at highlighting differences between TSV I and TAWSS
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descriptors. In particular, the figure shows that: (1) the TAWSS value computed in
a point at the luminal surface depends solely on the magnitude of the WSS vector
applied to such point along the cardiac cycle; (2) the TSV I value computed in
a point depends on the instantaneous WSS vector field configuration in a neigh-
bourhood of such point along the cardiac cycle. The WSS-based quantities were
averaged over the same 3mm/45 degrees sectors at the luminal surface as the WT
data.
Finally, as suggested by evidences on the atheroprotective role played by helical
blood flow [154] and on its beneficial impact on atherosclerotic plaque development
[197], a possible link between the WSS topological skeleton and helical flow features
was qualitatively investigated. The intention was to clarify whether WSS topolog-
ical skeleton features reflect the presence of intravascular flow patterns inversely
associated with low WSS and WT in coronary arteries [154, 155]. To do that, the
local normalized helicity (LNH) [198], given by:

LNH = v · ω
|v| · |ω|

= cosγ, (10.1)

where γ is the angle between local velocity v and vorticity ω vectors, was used to
visualize right- and left-handed helical blood flow patterns (positive and negative
LNH values, respectively [197, 98]) inside the coronary artery models [60].

10.2.5 Statistical analysis

The existence of possible relations between near-wall hemodynamic features and
measured WT data was investigated in terms of odds ratio, a statistical measure of
the strength of the association between two events. More in detail, we classified as
hemodynamically relevant the luminal surface sectors exposed to low or high values
of the WSS-based hemodynamic descriptors, identifying, as artery-specific thresh-
olds, the 20th and the 80th percentiles of the WSS-based descriptors distribution,
respectively. The combination of WSS-based descriptors pairs was also investigated
by considering the luminal surface sectors where both descriptors were classified as
hemodynamically relevant. To determine the odds ratio, coronary artery WT val-
ues were divided into low, mid or high based on a vessel-specific tertile division
[192, 154, 155]. Statistical significance was assumed for p < 0.05 .
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Figure 10.3: Six different flow environments to which an EC could be exposed.
Black arrows represent instantaneous WSS vectors (τ ) applied to a generic point
(yellow circle) on the luminal surface at different time points (grey arrows) along
the cardiac cycle, concurring to TAWSS determination in that point. Blue and red
arrows indicate the WSS vector field instantaneous streamlines in the surroundings
of the generic point (yellow circle) on the luminal surface at different time points
along the cardiac cycle, concurring to TSVI determination in that point.

10.3 Results

The variation of the WSS contraction/expansion action along the cardiac cycle,
expressed in terms of TSV I luminal distribution at T1 and T2, is presented in
Figure 10.4 for three explanatory coronary models (LAD, LCX, and RCA of pig A
in Figure 10.2) together with the distribution of measured WT at time points T1,
T2 and T3. It can be observed that in general: (1) luminal surface regions exposed
to high TSV I values co-located with high WT values; (2) luminal surface areas
exposed to high TSV I values at T1 co-locate with regions of WT progression in
the time interval T2-T1 and T3-T1; (3) albeit moderately, luminal surface areas
experiencing an increase in TSV I from T1 to T2 co-locate with regions of WT
growth over time (as can be seen along the LAD and RCA, and at the proximal
part of LCX shown in Figure 10.4); (4) albeit moderately, luminal surface areas
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experiencing a decrease in TSV I from T1 to T2 co-locate with regions of WT re-
gression in the time interval T3-T2 (see e.g., the distal part of LCX of pig A in
Figure 10.4).
From a parallel analysis of TAWSS luminal distribution at T1 and T2 (Figure
10.4)), it can be observed that in general: (1) luminal surface regions exposed to
low TAWSS values present with high WT values; (2) luminal surface areas experi-
encing low TAWSS values at T1 present with WT values at T2 and T3 higher than
at T1; (3) luminal surface areas exposed to an increase in TAWSS from T1 to T2
only partially co-localize with regions of WT regression in the time interval T3-T2
(see e.g., the distal part of LCX of pig A in Figure 10.4)).
The analysis is presented in terms of odds ratio (Figure 10.5a) as well as in terms
of percentage increase in the odds of the adverse outcome (Figure 10.5b). For this
analysis, high WT (>66th percentile) was considered as the adverse outcome. The
exposure to high TSV I (>80th percentile) or to low TAWSS (<20th percentile)
largely predicted the same connections to adverse outcome. Looking at the data
longitudinally first, both low TAWSS and high TSV I at earlier time points were
good predictors of later thickening. Specifically, low TAWSS was a slightly stronger
predictor than high TSV I (increase in the odds of later adverse outcome in the
ranges of 88-325% and 99-206%, respectively), except at T2, where high TSV I was
stronger predictor of high WT at T3. The combination of low TAWSS and high
TSV I was an even stronger predictor of adverse outcome at T3 (174% increase in
the odds) than low TAWSS or high TSV I alone (88% and 118% increase in the
odds, respectively, Figure 10.5). Now looking at the data transversally, both low
TAWSS and high TSV I at T1 and T2 also co-localized with high WT at their
respective time points, with low TAWSS more strongly co-localized at T1 (256%
vs. 163% of increase in the odds) and high TSV I at T2 (99% vs. 34% of increase
in the odds). Locations experiencing contemporaneous low TAWSS and high TSVI
at T1 presented with increased odds of high WT at T1 (362%), markedly higher
than single quantities (256% and 163% increase in the odds, respectively, Figure
10.5).
Mirroring the analysis for adverse outcome, here we applied the same approach
to favourable outcome, here defined as low WT (<33rd percentile). The exposure
to low TSV I (<20th percentile) or to high TAWSS (>80th percentile) and their
association with low WT is presented in Figure 10.6. From the longitudinal anal-
ysis it emerged that high TAWSS at earlier time points was a stronger predictor
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of favourable outcome than low TSV I (increase in the odds of later favourable
outcome in the ranges of 64-211% and 70-121%, respectively). To be noted, low
TSV I at T2 was not a strong predictor of low thickening at T3 (Figure 10.6). The
combination of high TAWSS and low TSV I at T1 was an even stronger predictor
of favourable outcome (301% and 259% increase in the odds at T2 and T3, respec-
tively) than high TAWSS or low TSV I alone (Figure 10.6). The same combination
at T2 was unable to predict low thickening at T3. Looking at the data transver-
sally, only high TAWSS at T1 co-localized with low WT at the same time point
(157% increase in the odds of favourable event, Figure 10.6). Locations experienc-
ing contemporaneous high TAWSS and low TSVI at T1 presented with increased
odds of low WT at the same time point (113%), but lower than single quantity
high TAWSS (113% vs. 157% increase in the odds, respectively, Figure 10.6).
To clarify whether WSS topological skeleton features reflect intravascular helical
flow patterns, which have an atheroprotective role in coronary arteries [154, 155],
an explanatory coronary model (LAD of pig A) is presented in Figure 10.7. By
visual inspection, it emerged that both at time T1 and T2 the luminal surface ar-
eas experiencing high variation in the WSS contraction/expansion action along the
cardiac cycle (expressed in terms of TSV I) enclose the separation region between
counter-rotating helical blood flow patterns (highlighted by red and blue cycle-
average LNH isosurfaces in Figure 10.7). The latter is emphasized by displaying
TSV I and LNH (and, for sake of completeness, TAWSS) distributions at explana-
tory luminal cross-sections along both the proximal and distal arterial segments in
Figure 10.6. In general, those observations are common to all the coronary models
involved in the study.

10.4 Discussion

In previous studies, coronary atherosclerotic plaque development is linked to
local time-varying hemodynamic features, such as the local WSS along the cardiac
cycle, oscillatory changes in its direction and multidirectionality [75, 12, 183, 74,
108]. Currently, it is unclear which are the consequences of the spatial configuration
of the shear forces acting in the neighbourhood of a given point, i.e., as opposed to
local WSS features, in terms of atherosclerosis initiation/progression. The spatial
configuration patterns can be interpreted as a contraction/expansion action exerted
by of the shear forces acting on the endothelium and can be identified by the
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Figure 10.4: Luminal distributions of measured WT, TSV I and TAWSS at several
time points along the follow-up time for the coronary artery models of pig A. The
distributions of WT, TSV I and TAWSS are only shown along the IVUS segment
of the main vessel. The side branches are not shown. The regions of interest
identified along each vessel are emphasized by solid black circle if experiencing
plaque progression over time or dashed black circle if experiencing plaque regression
between T2 and T3.

WSS vector field divergence, which represents the rate of separation of close WSS
trajectories. In terms of biomechanics, the contraction/expansion action exerted by
shear forces on ECs is responsible for both intracellular and intercellular tension,
which in turn may impact on e.g. shrinking/widening of cellular gaps, ultimately
leading to wall thickening due to atherosclerosis [199, 200].

The most striking results to emerge from this study are that: both investigated
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Figure 10.5: Predictive ability of hemodynamic descriptors for high WT. (a): Odds
ratios with associated confidence interval for hemodynamic events vs. high WT
at the various time points. (b): Graphical sketch of the identified significant as-
sociations between hemodynamic and biological events. The adverse (high WT)
biological events are indicated in yellow. Red and blue indicate high TSV I and
low TAWSS, respectively. Associations are represented by black lines whose thick-
ness is proportional to the indicated percent increase in odds of high WT (p-values
also shown). Solid vs. dashed lines indicate associations for hemodynamic events
at T1 vs.. T2, respectively.

hemodynamic stimuli at the endothelial level – high variations in the WSS con-
traction/expansion action on the endothelium along the cardiac cycle (quantified
by TSV I) and low time-average WSS magnitude (quantified by TAWSS) – were
associated with WT growth, accounting for different hemodynamic effects portend-
ing atherosclerosis; (2) TSV I and TAWSS values in a physiological range appeared
to play an atheroprotective role on ECs; (3) high variations in WSS manifolds dy-
namics along the cardiac cycle corresponded to intravascular regions of separation
between left- and right-handed helical flow patterns.
Present findings expand the impact of local hemodynamics on the onset/development
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Figure 10.6: Predictive ability of hemodynamic descriptors for low WT. (a): Odds
ratios with associated confidence interval for hemodynamic events vs. low WT at the
various time points. (b): Graphical sketch of the identified significant associations
between hemodynamic and biological events. The favourable (low WT) biological
events are indicated in green. Blue and red now indicate low TSV I and high
TAWSS, respectively. Associations are represented by black lines whose thickness
is proportional to the indicated percent increase in odds of high WT (p-values also
shown). Solid vs. dashed lines indicate associations for hemodynamic events at T1
vs. T2, respectively.

of coronary atherosclerosis, suggesting that, in addition to low WSS [183, 201], also
the high variability in the action exerted by the WSS vector field in the neighbour-
hood of a generic position at the luminal surface represents a relevant hemodynamic
cue in coronary artery disease. Results from this study indicated that the WSS
manifolds dynamics along the cardiac cycle (here quantified in terms of TSV I) is
linked to WT in coronary arteries, with a relationship with future WT patterns.
This relation is explained by the fact that WSS manifolds dynamics along the car-
diac cycle markedly reflects those near-wall flow disturbances [21] which are known
to condition the natural history of coronary atherosclerosis [12].
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Figure 10.7: Distribution of intravascular helical blood flow features and TSV I and
TAWSS at the luminal surface of the LAD of pig A at T1 (left) and T2 (right) of the
study. Right-handed (LNH>0) and left-handed (LNH<0) helical blood structures
are displayed by red and blue, respectively. The luminal distributions of TSV I and
TAWSS are also shown. Only the main vessel is displayed; the side branches are
not depicted. One explanatory luminal cross-section per model is reported. The
lumen contour is markedly thick for a better visualization of TSV I and TAWSS
values at the luminal cross-section edge.

This study confirms the recently emerged evidence that WSS topological skele-
ton features influence vascular pathophysiology [21]. The main novelty of the study,
i.e., the emerged association of TSV I with WT, can be interpreted by linking
biomechanics to possible biological mechanisms involved in atherosclerosis. In de-
tail, on the one hand an ostensibly normal variability of the contraction/expansion
action exerted by the WSS on the endothelium during the cardiac cycle is ex-
pected to maintain ECs in a quiescent state, with a fusiform shape and with stable
intercellular junctions [202, 3] stimulating the expression of atheroprotective and
antithrombogenic genes contributing to prevent atherosclerotic plaque initiation
[3]. On the other hand, the luminal exposure to markedly variable WSS manifolds
dynamics during the cardiac cycle may mechanically induce recurring variations in
ECs intracellular as well as intercellular tensions (e.g. acting on cell junctions in-
clinations) [203, 181, 204], with consequent alteration of the mechanism of tension
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propagation not only within the cell, but also from cell to cell. The latter may mod-
ulate ECs translation and transcription, thus affecting their pro-atherogenic suscep-
tibility [205]. A plausible consequence for changes in directionality and magnitude
of cellular tensions is, indeed, the shrinking/widening of ECs junctions, which in-
fluences the endothelium permeability to atherogenic species such as lipoproteins
[3, 160], and/or promotes endothelium proinflammatory phenotype enhancing EC
oxidative state [3, 206]. Moreover, it may impact ECs quiescence and obstruct
physiological ECs fusiform shaping. On top of that, in turn, all these biological
mechanisms are recognized to stimulate EC atherogenic genes expression as well,
thus potentially promoting atherosclerosis initiation and faster progression [202, 3,
207, 160, 183]. Although the luminal exposure to high TSV I may induce similar
pro-atherogenic biological effects compared to low TAWSS, the two hemodynamic
events are different from a mechanistic viewpoint.

The widely recognized role played by WSS magnitude (biomechanically de-
scribed by the canonical indicator TAWSS) in coronary atherogenesis and develop-
ment [183, 208, 1] was here confirmed: high WT was observed along the follow-up
time at luminal sectors exposed to low TAWSS (Figure 10.5). However, according
to previous studies revealing its weak-to-moderate ability to predict lesion localiza-
tion and development [18, 201] or endothelial disfunction [19] at the early stage, our
findings suggest that low TAWSS per se does not fully characterize the WSS fea-
tures promoting coronary atherosclerosis onset/progression. A possible explanation
for this evidence may have to do with the mechanistic meaning of TAWSS that,
stricto sensu, measures the local cycle-average WSS magnitude and thus its low
value reflects (1) a locally weak shear force on the endothelium and, in general, (2)
a thickened diffusive boundary layer for blood-wall mass transfer. As expected by
its definition, TSV I, reflecting the variability of the fluid forces generating endothe-
lial intracellular and intercellular tensions, allows the identification of peculiar flow
disturbances linked to biological events that cannot be captured by low TAWSS. A
confirmation is given by the observation that, considering the luminal sectors where
high TSV I or low TAWSS co-localized with high WT, the co-localization of the two
WSS-based metrics was observed in only the 14.2% of the sectors. Therefore, low
TAWSS and high TSVI account for different hemodynamic effects, both linked to
WT changes. In support of this, the explanatory examples presented in Figure 10.8
for two different vessels, where polar plots were used to analyze the cross-sectional
distribution of WT, TAWSS and TSV I as well as the observable co-localization for
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those quantities. In detail, Figure 10.8 shows the cases when: (1) high TSV I and
low TAWSS co-localize with high WT (Figure 10.8, panels a, b); (2) low TAWSS
only co-localizes with high WT (Figure 10.8, panel c); (3) high TSV I only co-
localizes with high WT (Figure 10.8, panel d). Therefore, the analysis in Figure
10.8 further supports the hypothesis that high TSV I is to be intended as not in
competition with low TAWSS, but as able to integrate the characterization of the
WSS features involved in the onset/progression of coronary atherosclerosis.
Of note, the findings of this study also confirm the atheroprotective role of physi-
ological WSS, while suggesting that also physiological values of TSV I protect the
coronary arteries from plaque progression.

Finally, the findings of this study highlight that a link exists between the luminal
TSV I distribution and intravascular helical flow patterns (Figure 10.7), since high
TSV I values were in general found in correspondence of the separation between
counter-rotating helical structures. This recapitulates the known beneficial influ-
ence of helicity in suppressing flow disturbances in main arteries and, in particular,
its atheroprotective role in the context of coronary atherosclerosis [155]. Further-
more, these findings enforce previous suggestions on the use of helical flow-based
quantities as in in vivo surrogate marker of atherosclerotic plaque onset/progression
in coronary arteries [155]. In the next future, the advances in phase-contrast mag-
netic resonance imaging are expected to make the in vivo quantification of arterial
helical flow feasible also in small vessels [209, 210], as coronary arteries, allowing
the non-invasive in vivo prediction of atherosclerosis progression based on helical
flow descriptors.

This study faces some possible limitations. As main limitation of the numerical
simulations, vascular walls were assumed to be rigid. However, it has been reported
that the vascular wall motion does not markedly affect the distribution of canonical
WSS-based quantities [211], and we expect a similar result for TSV I. In addition,
the cardiac-induced motion of coronary arteries was neglected, based on previous
findings demonstrating the moderate effect of myocardial motion on coronary flow
and WSS distribution [212, 213]. Moreover, the generality of the presented study
might be limited by the small number of coronary artery models used in the analysis
(N=9). However, here we considered multiple sectors within each coronary artery
and this allowed for statistically significant relations to emerge, revealing the ex-
isting links between local hemodynamics, WT, and WT progression. In addition,
the different temporal extension of the time periods T2-T1 and T3-T2 may affect
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Figure 10.8: Polar plots showing TSV I, WT, and TAWSS cross-sectional distribu-
tions at several time points along the follow-up time for the LAD of pig B (top)
and the RCA of pig A (bottom). The distributions of TSV I, WT and TAWSS over
the follow-up time are shown at two explanatory cross-sections per vessel (coloured
by black) along the IVUS-imaged segment. Colormaps are normalized by the max-
imum value of each descriptor.

findings on the relation between hemodynamics and WT progression. To limit its
effect on the study we normalized measured WT growth with respect to follow-up
time. Finally our findings are based on a pig model; however, such models, because
of the similar anatomy with human coronary arteries, are widely used in studies of
coronary artery diseases [214].
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10.5 Supplementary Materials

10.5.1 Medical Imaging and Geometry Reconstruction

The three main coronary arteries (Left Anterior Descending (LAD), Left Cir-
cumflex (LCX), and Right (RCA), coronary artery) of each animal model were
imaged by computed coronary tomography angiography (CCTA) and intravascular
ultrasound (IVUS) at two time points in the follow-up study (baseline and T2). An
in-house developed algorithm was uses to trigger offline IVUS images and to remove
the heartbeat artefact. The CCTA images were triggered in diastole. Both IVUS
and CCTA images were then used to reconstruct the pig-specific coronary artery
geometries at T1 and T2. In details, at each time point IVUS images were seg-
mented into lumen contours with QCU-CMS software (Leiden, The Netherlands),
and then aligned along the 3D centerline extracted from CCTA images using the
Mevislab software (Bremen, Germany). As previously reported [215], IVUS and
CCTA images were matched using side branches as anatomical landmarks. The
resulting geometries are displayed in Figure 10.2.

10.5.2 Numerical Settings

The finite volume method was applied to numerically solve the Navier-Stokes
equations in their discrete form. To do that, the computational fluid dynamics
(CFD) code Fluent (ANSYS Inc., USA) on fluid domains discretized in ICEM
(ANSYS Inc., USA), by means of tetrahedrons and 5-layers prismatic boundary
layer. Blood was modelled as a non-Newtonian fluid using the Carreau model with
density ρ equal to 1060 kg/m3 and dynamic viscosity defined as:

µapp(γ̇) = µ∞ + (µ0 − µ∞)(1 + (λγ̇)2)n−1
2 , (10.2)

where, γ̇ is the shear rate, and µ∞ = 0.0035 kg m−1s−1, µ0=0.25 kg m−1s−1, λ=25
s, n=0.25 [195].
As for the applied boundary conditions (BCs), for each coronary model, the most
proximal in vivo ComboWire Doppler measurement-based flow rate was applied in
terms of time-dependent flat velocity profile at the inlet section. Based on Doppler
measurements availability, measured or estimated flow ratio was prescribed at the
outlet section of each side branch. Second order accuracy was set to solve both the
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momentum equation and pressure with the COUPLED pressure-velocity scheme.
A fixed time increment was set for time integration, by applying the backward
Euler method. Each cardiac period consisted of 100 time-steps. Convergence was
achieved for continuity and momentum residuals lower than 10−5. All CFD setting
(including mesh element size) were based on a sensitivity analysis, allowing only
differences in terms of WSS lower than 1%.
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Chapter 11

Conclusions and Future Works

11.1 Summary and conclusions

Understanding the nature of the blood flow behaviour in vessels is one of the
important challenges in hemodynamics research. The need for the identification of
unfavourable hemodynamic patterns in blood vessels is dictated by the so-called
hemodynamic risk hypothesis, suggesting a key role of flow disturbances in vas-
cular pathophysiology [12]. The action of blood flow forces on the endothelial
mechanosensing and biochemical machinery has been historically explained in terms
of WSS, massively involved in the development, growth, remodelling, and mainte-
nance of the vascular system [1, 79]. However, only poor-to-moderate and some-
times contradictory links between vascular disease and WSS-based metrics have
emerged until now [17, 18, 19], motivating a more in-depth analysis to close the
gap of knowledge currently hampering the use of WSS as a biomarker for diagnos-
tic and prognostic purpose [20]. In this regard, the ability of the WSS topological
skeleton to capture flow features associated with adverse vascular response and re-
flecting cardiovascular flow complexity [21] has recently attracted a strong research
interest. Besides, recent studies have demonstrated that the cycle-average WSS
topological skeleton governs the near-wall biochemical transport in arteries [22, 23,
25, 24], which plays a fundamental role in e.g., endothelium-mediated vasoregula-
tion, thrombosis, and atherosclerosis[11].

Previous studies addressing the WSS topological skeleton analysis in cardio-
vascular flows are mostly based on Lagrangian techniques [22, 23]. Although
Lagrangian-based approaches are useful in the detection of topological structures in
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complex and time-dependent flows, they require a high number of Lagrangian trac-
ers to be seed in the domain of interest, the application of higher-order integration
schemes, and generally a high computational effort [96, 38].

Stimulated from this scenario, the here proposed Eulerian method for WSS
topological skeleton identification on 3D complex geometry has the potential of
simplifying the WSS topological analysis in cardiovascular flows. Such presented
methodology is intended to facilitate the reproducibility and comparability of re-
sults from WSS topological skeleton analysis among different studies, aiming at
increasing the chance of elucidating the role that peculiar WSS features play in
vascular pathophysiology. In fact, the described approach can be easily imple-
mented: it requires only the single snapshots of the WSS vector field, e.g., as
output from the CFD simulation, and the post-processing algorithms, based on
a robust theory, are easy to be reproduced. This approach does not require the
Lagrangian surface transport computation and numerical integration schemes, as
needed for Lagrangian-based and integrated trajectory-based methods [96], thus
reducing computational costs and time. In addition, it is physically intuitive and
does not require a high level of experience or knowledge. Finally, it is characterized
by modularity, in the sense that the method can be applied only for the purpose of
fixed points identification and/or classification, or only for contraction/expansion
regions identification.

The proposed Eulerian-based approach allowed the exploration of the possible
involvement of WSS topological skeleton features in processes leading to vascular
dysfunction, by applying the method on personalized computational hemodynamics
models of healthy and pathologic cardiovascular districts. The findings of this work
confirm what has been inferred in previous studies [22, 21] on the WSS topological
skeleton: WSS topological skeleton features are associated to markers of vascular
disease. In particular, findings of this thesis suggest a direct link between WSS
topological skeleton features and e.g., late restenosis in endarterectomized carotid
arteries, aortic wall stiffness, and atherosclerotic plaque onset and progression in
coronary arteries.

In conclusion, the biomechanical analysis presented in this thesis and the find-
ings from this work may increase the chance of clarifying the cause-effect relation-
ships at the basis of the links between flow disturbance and clinical outcomes when
applied to real-world clinical data.
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11.1 – Summary and conclusions

The principal contributions from each chapter of this thesis are summarized in
the following.

Chapter 1: Introduction

The introductory chapter reports a review of the physiological and hemody-
namic background for motivating the work presented in this thesis.

Chapter 2: Theoretical concepts

Lagrangian-based methods for WSS topological skeleton identification currently
adopted in the literature are presented and the theory supporting the here proposed
Eulerian-based approach is provided.

Chapter 3: Eulerian-based Method for Wall Shear Stress Topological
Skeleton Identification

In this chapter, algorithms for WSS topological skeleton features identification
based on the here proposed approach are extensively described.

Chapter 4: Benchmarking

Results from this chapter confirm the ability of the here proposed method to
correctly approximate Lagrangian structures and manifolds of the WSS vector field
without restoring to numerical integration schemes, as required for Lagrangian-
based approaches.

Chapter 5: Wall Shear Stress Divergence as a Template of Near-Wall
Mass Transport in Aortic Flow

In this chapter, the ability of the proposed Eulerian method for WSS topo-
logical skeleton analysis to provide an affordable template of the LDL blood-wall
transfer in patient-specific computational hemodynamic models of human aorta is
tested. Findings from this chapter demonstrate that the Eulerian approach pro-
vides a close representation of the LDL wall uptake, with a significative reduction
of computational costs with respect to classical mass transport simulations and
Lagrangian-based techniques.
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Chapter 6: Analysis of the Unsteady Nature of Wall Shear Stress Topo-
logical Skeleton Features

From the analysis of the time dependence of the WSS topological skeleton
along the cardiac cycle in personalized computational hemodynamics models of
one carotid bifurcation and one intracranial aneurysm, it emerged the importance
of considering the unsteadiness of WSS fixed points and manifolds along the cardiac
cycle, underlining the physical significance of WSS fixed points dynamics along the
cardiac cycle.

Chapter 7: Wall Shear Stress Topological Skeleton Predicts long-term
Restenosis Risk after Surgery in the Carotid Bifurcation

This study confirms that WSS topological skeleton features are direct associated
to markers of vascular disease. High variability in the WSS contraction/expansion
and high WSS fixed points weighted residence times at 1 month after CEA are corre-
lated to IMT measurements at 60 months follow-up as markers of vascular disease at
the carotid bifurcation. Moreover, the findings of this study may help in clarifying
the role played by hemodynamics in the mechanisms underlying the development
of long-term carotid restenosis after CEA (and, by extension, of atherosclerosis),
demonstrating that WSS topological skeleton features might represent a different
hemodynamic cue with respect to low WSS.

Chapter 8: Deciphering Ascending Thoracic Aortic Aneurysm Hemody-
namics in Relation to Biomechanical Properties

In this study, the integration of computational hemodynamics, in vivo stiff-
ness estimation and advanced fluid mechanics methods allowed to explore more in
depth the existence of links between the altered hemodynamics in the ATAA and
the wall biomechanical degradation. Despite the exploratory nature of the study,
advanced methods of analysis of the aortic blood flow have shown their very strong
potential to decipher the links between local hemodynamics and the degradation
of the mechanical properties of the aortic wall. In this sense, findings of the study
candidate WSS topological skeleton features as promising indicators of local wall
degeneration.
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Chapter 9: Wall Shear Stress Topological Skeleton Features in Image-
Based Stented Coronary Bifurcation Models

With the intent to explore the involvement of WSS topological features in the
processes leading to stent failure, findings from this analysis suggest that WSS topo-
logical skeleton features could represent a hemodynamic cue promoting coronary
in-stent restenosis. The approach presented in this chapter might contribute to
a deeper understanding of the hemodynamics-driven processes underlying in-stent
restenosis in coronary arteries.

Chapter 10: The Variability of the Shear Stress Contraction/Expansion
Action Contributes to Wall Thickness Change in Coronary Arteries

This chapter confirms the existence of links between WSS topological skeleton
and markers of vascular disease in coronary arteries, contributing to the picture
about the role of WSS in vascular pathophysiology. Through a mechanistic inter-
pretation of the action exerted by the WSS vector field on the endothelium, this
study may contribute to improve the current understanding of the impact of local
hemodynamics on the onset and progression of coronary atherosclerosis. In general
terms, the findings from this work suggest that the quantified variability in the
contraction/expansion action exerted by the WSS on the endothelium along the
cardiac cycle (1) is associated with the progression/regression of biologically rele-
vant vascular events, and (2) represents a hemodynamic cue that well-established
local WSS-based descriptors are unable to fully capture.

11.2 Future works

Based on the evidence emerged from this thesis about the physiological signif-
icance of WSS topological skeleton in cardiovascular flows, the application of the
proposed Eulerian-based approach in future studies, including longitudinal data,
biological mechanism and mechanobiology studies will be carried out.

Moreover, as a possible next step, future in-depth investigations could be car-
ried out aiming at exploring the relationship (if any) between WSS topological
skeleton features and atherosclerotic plaque morphology and composition. The ra-
tionale for this possible future line of research is that accurate information about
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atherosclerotic plaque morphology and composition is necessary to identify the vul-
nerable plaques, which in turn could be useful to identify the vulnerable patient at
risk for subsequent cardiovascular events. In this context, it has been shown that
when atherosclerotic plaques start to intrude into the lumen, in regions surround-
ing plaque location the WSS changes substantially, increasing tensile stress at the
plaque shoulders. The different actions exerted by the WSS on the luminal surface
can lead to focal differences in plaque composition and to variations in the suscepti-
bility to plaque rupture and atherosclerosis progression [216, 217]. Besides, several
multidirectional WSS features have been recently found to contribute significantly
to changes in coronary plaque composition [218]. This scenario leads to raising the
hypothesis that WSS topological skeleton features could be involved in processes
that govern atherosclerotic plaque morphology and composition.

Finally, a further line of research could consist in ad hoc in vitro studies aiming
at analysing the WSS topological features biological effects. In particular, the ex-
ploration of the mechanical effect of marked variation in the contraction/expansion
action exerted by the shear stress (biomechanically described by high TSV I) on
an endothelial cells culture will be object of future studies.
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