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Scattering amplitudes in the high-energy limit can be described in terms of their singularity
structure in the complex angular momentum plane, consisting of Regge poles and cuts. In QCD,
gluon Reggeization has long been understood as a manifestation of a Regge pole, but until recently
Reggeization violation remained largely obscure. New methods, based on iterative solution of
rapidity evolution equations, facilitate direct computation of components of the amplitude which
are mediated by multi-Reggeon exchange, a manifestation of Regge cuts. Upon disentangling the
Regge cut from the pole we are now able to extract the pole parameters from state-of-the-art fixed-
order computations (3 loops) and make predictions regarding certain components of the amplitude
to higher loop orders. In this talk I review the key ideas which led to this progress, describe where
we stand in exploring the structure of 2 → 2 and 2 → 3 amplitudes in the (multi-) Regge limit,
and comment on the interplay between this research and the study of infrared factorization.
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Regge poles and cuts and the Lipatov vertex Einan Gardi

1. Introduction

The Regge limit has been a prominent topic in the study of scattering amplitudes since the days
of Regge theory, and remains of key interest in unravelling QCD dynamics. While the subject has
fascinating non-perturbative aspects, it is tremendously rich already at the perturbative level. Recent
progress in fixed-order computations of 2 → 2 amplitudes, which are now known to three loops [1–
3], and 2 → 3 amplitudes, which have recently been computed in full to two loops [4–7], combined
with the development of an effective description of high-energy scattering in terms of Reggeon
fields using rapidity evolution equations [8–15], has led to significant progress: it is now possible
to understand in detail and determine explicitly three towers of logarithms involving one, two and
three Reggeon exchange. This allows us to make all-order predictions of higher-loop corrections
with a given logarithmic accuracy, make direct contact with the notions of Regge pole and Regge
cut in 2 → 2 scattering, and use the Regge-pole parameters in 2 → 3 scattering to determine the
Lipatov vertex at two loops. This information can then be further used to predict higher-point QCD
amplitudes in multi-Regge kinematics, where all emissions are ordered in rapidity, and step towards
computing third-order corrections to rapidity evolution equations.

Over the past 15 years there has been major progress in understanding the multi-Regge limit at
any multiplicity in planar N = 4 super-Yang-Mills theory (see e.g. [16–19]). One of the key features
of the planar theory is that 4-point and 5-point amplitudes are entirely free of Regge cuts. Higher
multiplicity amplitudes do develop Regge cuts, but only in particular kinematic regions, which can
be reached by analytic continuation. In contrast, the full, non-planar theory — be it super-Yang-
Mills or QCD — has a much richer structure in the Regge limit, already at low multiplicities. It is
this structure which we aim to explore.

In this talk I will first review the notion of Regge factorization in the context of 2 → 2
QCD scattering (Section 2), and explain how it is violated starting from next-to-next-to-leading
logarithmic (NNLL) accuracy due to multiple-Reggeon exchange. Next, in Section 3, I will briefly
outline how the use of non-linear rapidity evolution equations [9–15], following the work of Simon
Caron-Huot [8], has transformed our ability to make predictions regarding multi-Reggeon exchange
contributions to partonic amplitudes. In Section 4 I will show an application of these techniques and
explain how Regge-pole and Regge-cut contributions can be disentangled at NNLL. In Section 5
I will turn to discuss 2 → 3 scattering and present new results for multi-Reggeon exchange we
obtained using the techniques of Section 3, which facilitate extracting the Lipatov vertex at two
loops from recent amplitude computations.

2. 2 → 2 amplitudes: Reggeization and its breaking

QCD scattering amplitudes simplify drastically in the Regge limit. The simplest example is
2 → 2 scattering, 𝑔𝑔 → 𝑔𝑔, 𝑞𝑞 → 𝑞𝑞 or 𝑞𝑔 → 𝑞𝑔, in the limit 𝑠 ≫ −𝑡 ≫ ΛQCD, where the leading
power in the −𝑡/𝑠 → 0 expansion is given by the helicity-conserving configuration, and is governed
(at tree level) by a 𝑡-channel gluon exchange, as illustrated in figure 1. The dominance of gluon
exchange is a manifestation of the general prediction from Regge theory [20, 21], that scattering
amplitudes behave in this limit as 𝑠ℓ , where ℓ is the spin of the particle exchanged in the 𝑡 channel.
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Impact factor

Reggeized gluon

Figure 1: Regge (pole) factorization in 2 → 2 scattering. Here the wavy line represents a Reggeized gluon
exchanged in the 𝑡 channel, while the scattered particles (𝑖 and 𝑗) may be quarks or gluons. The impact
factors 𝐶𝑖/ 𝑗 represent the effective vertex for single Reggeon emission.

More profoundly, power-like growth of partonic QCD amplitudes persists to loop level:
at leading-logarithmic (LL) accuracy the amplitude behaves as (𝑠/(−𝑡))1+𝛼𝑔 (𝑡 ) where 𝛼𝑔 (𝑡) is
the gluon Regge trajectory. This amounts to all-order exponentiation of rapidity logarithms,
ln(𝑠/(−𝑡)) [22]. This, so-called gluon Reggeization phenomenon, is a manifestation of a Regge
pole in the complex angular momentum plane, corresponding to a Reggeized gluon exchange in the
𝑡 channel.

At one loop the gluon Regge trajectory in dimensional regularization (𝐷 = 4 − 2𝜖) is:

𝛼𝑔 (𝑡) = −𝛼𝑠T2
𝑡 (𝜇2) 𝜖

∫
𝑑2−2𝜖 𝑘⊥
(2𝜋)2−2𝜖

𝑞2
⊥

𝑘2
⊥(𝑞 − 𝑘)2

⊥
=
𝛼𝑠

𝜋
T2
𝑡

(
𝜇2

−𝑡

) 𝜖
𝑟Γ

2𝜖
+ O(𝛼2

𝑠) , (1)

where T2
𝑡 is the quadratic Casimir operator representing the colour charge carried across the 𝑡

channel, and where

𝑟Γ ≡ 𝑒𝜖 𝛾𝐸
Γ2(1 − 𝜖)Γ(1 + 𝜖)

Γ(1 − 2𝜖) = 1 − 𝜁2
2
𝜖2 − 7𝜁3

3
𝜖3 + . . . . (2)

Note that having extracted the large logarithm, ln(𝑠/(−𝑡)), the remaining loop integration in (1)
is in the transverse momentum plane. We will see below that this is a hallmark of the effective
description of the high-energy limit using Reggeons. Recently, the gluon Regge trajectory 𝛼𝑔 (𝑡)
has been determined to three-loop order in QCD [2, 3, 14, 15]. This will be briefly discussed in
Section 4.

In Regge theory the asymptotic behaviour of the amplitude at large 𝑠 is directly linked to their
analytic structure in the complex angular momentum plane. This formalism is based on expressing
the 𝑡-channel amplitude as a sum over states with a given angular momentum ℓ, and analytically
continuing to the 𝑠 channel. This procedure requires separating between even and odd values of ℓ,
leading to amplitudes of even and odd signature, respectively, which are symmetric (antisymmetric)
with respect to the interchange of the 𝑠 and 𝑢 Mandelstam invariants:

M (±) (𝑠, 𝑡) = 1
2

(
M(𝑠, 𝑡) ±M(−𝑠 − 𝑡, 𝑡)

)
. (3)

Interestingly, signature can be associated with reality properties (see [9] and refs. therein): using
a Mellin transform of the spectral representation of the amplitude one finds that the even and odd
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amplitudes, respectively, can be written as

M (+) (𝑠, 𝑡) = 𝑖

∫ 𝛾+𝑖∞

𝛾−𝑖∞

𝑑𝑗

2 sin(𝜋 𝑗/2) 𝑎
(+)
𝑗

(𝑡) 𝑒 𝑗𝐿 , M (−) (𝑠, 𝑡) =
∫ 𝛾+𝑖∞

𝛾−𝑖∞

𝑑𝑗

2 cos(𝜋 𝑗/2) 𝑎
(−)
𝑗

(𝑡) 𝑒 𝑗𝐿 ,

(4)
where 𝐿 ≡ log

�� 𝑠
𝑡

�� − 𝑖 𝜋2 = 1
2

(
log −𝑠−𝑖0

−𝑡 + log −𝑢−𝑖0
−𝑡

)
.

The reality property of the spectral density functions implies
(
𝑎±
𝑗∗ (𝑡)

)∗
= 𝑎±

𝑗
(𝑡), hence eq. (4)

shows that the expansion coefficients of M (+) (𝑠, 𝑡) in powers of 𝐿 are purely imaginary, while those
of M (−) (𝑠, 𝑡) are purely real. The asymptotic behaviour of M (+) and M (−) are therefore distinct
and have been studied separately.

Fundamental to our understanding of the behaviour of QCD amplitudes in the Regge limit is
the notion of colour flow. Since a Reggeon, like a gluon, transforms according to the antisymmetric
octet representation of the colour group, it is convenient to decompose colour-dressed amplitudes
in 𝑡-channel colour basis (see e.g. [9, 23]). While tree-level scattering is a pure octet exchange, loop
corrections populate other components in the 𝑡-channel basis. Given the classification into odd and
even signature (symmetry under 𝑠 ↔ 𝑢), it is natural to classify the colour representations according
to their symmetry under a similar swap between initial and final state particles, on either the target
side or the projectile side. The correspondence with signature for gluon-gluon scattering is simple:
Bose symmetry implies that M (−) consists of odd colour representations (8𝑎 ⊕ (10 ⊕ 10)), while
M (+) even ones (0 ⊕ 1 ⊕ 8𝑠 ⊕ 27).

While the aforementioned Reggeization phenomenon seen at LL accuracy corresponds toM (−)

having a simple Regge pole, more generally, both M (+) and M (−) also feature Regge cuts:

𝑎
(±)
𝑗

(𝑡) ≃ 1
( 𝑗 − 1 − 𝛼(𝑡))1+𝛽 (𝑡 ) ⇒ M (±) (𝑠, 𝑡) |Regge cut ≃

𝜋

sin 𝜋 𝛼(𝑡 )
2

𝑠

𝑡

1
Γ (1 + 𝛽(𝑡)) 𝐿

𝛽 (𝑡 ) 𝑒𝐿 𝛼(𝑡 ) ,

(5)
where subleading powers and subleading logarithms have been neglected.

In QCD, since the Reggeon has odd signature under the exchange of the initial with the final
states, M (−) receives contributions from the exchange of an odd number of Reggeons, while M (+)

an even number. The signature-even amplitude M (+) (𝑠, 𝑡) begins at next-to-leading logarithmic
accuracy (NLL), and is generated by the 𝑡-channel exchange of two Reggeized gluons, which form
a Regge cut. This tower of logarithms has been studied in detail in refs. [10–12], where explicit
computations have been carried out up to very high loop orders. This was possible thanks to the
fact that the two-Reggeon wavefunction admits the BFKL equation [24–27].

In this talk we focus on the signature-odd sector, where a single Reggeon exchange continues
to dictate the structure of higher-loop corrections at NLL [28–30]. M (−) (𝑠, 𝑡) at NLL is thus still
described by a simple Regge pole. The octet component of the amplitude then factorises as in
figure 1,

M (−) pole
𝑖 𝑗→𝑖 𝑗 = 𝐶𝑖 (𝑡) 𝑒𝛼𝑔 (𝑡 ) 𝐶𝐴 𝐿 𝐶 𝑗 (𝑡)Mtree

𝑖 𝑗→𝑖 𝑗 , (6)

so NLL corrections manifest themselves both as two-loop corrections to the gluon Regge trajectory
𝛼𝑔 (𝑡), or as one-loop corrections to the impact factors 𝐶𝑖/ 𝑗 (𝑡) (see figure 1). In contrast, at next-
to-next-to-leading logarithmic accuracy (NNLL), in addition to single Reggeon exchange, new
contributions arise from triple Reggeon exchange. These effects, which we shall briefly review in
Section 4, give rise to a Regge cut, and break the Regge-pole factorization structure of eq. (6).
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The breakdown of Regge-pole factorization at NNLL accuracy can be detected already at two
loops, the first order at which three gluons can be exchanged in the 𝑡 channel. Ref. [31] has shown
that the three two-loop amplitudes, 𝑔𝑔 → 𝑔𝑔, 𝑞𝑞 → 𝑞𝑞 and 𝑞𝑔 → 𝑞𝑔 (in the octet channel) cannot
be simultaneously consistent with the factorization formula (6). Non-factorizable terms in M (−)

𝑖 𝑗→𝑖 𝑗
have then been singled out in ref. [32–34] based on the infrared singularity structure. Ultimately,
identifying contributions that originate in multiple Reggeon exchange requires an independent
computation of these effects in terms of Reggeons. A framework to do that has been developed
in recent years [9, 13–15], based on the pioneering paper by Simon Caron-Huot [8], which makes
use of non-linear rapidity evolution equations to describe partonic scattering in the high-energy
limit. We briefly introduce the key idea in the next section. We comment that an alternative
Feynman-diagram-based approach has been developed by Fadin and Lipatov [35–37].

3. Multi-Reggeon exchange computations from rapidity evolution

In the shockwave formalism [8, 9, 14, 38–41] one describes the projectile as a product of (an
indefinite number of) Wilson-line operators, 𝑈 (𝑧1⊥)𝑈 (𝑧2⊥) . . ., each of which extends over the
infinite + lightcone direction and located as a distinct transverse position 𝑧⊥:

𝑈 (𝑧⊥) = P exp
[∫ ∞

−∞
𝑇𝑎𝐴𝑎+ (𝑥+, 𝑥− = 0, 𝑧⊥)𝑑𝑥+

]
. (7)

The Wilson lines (7) have rapidity divergences, so the operators 𝑈 (𝑧1⊥)𝑈 (𝑧2⊥) . . . admit evolution
equations in the rapidity 𝜂, taking the form

− 𝑑

𝑑𝜂
[𝑈 (𝑧1⊥)𝑈 (𝑧2⊥) . . .] = 𝐻 [𝑈 (𝑧1⊥)𝑈 (𝑧2⊥) . . .] , (8)

known as the Balitsky-JIMWLK equations [38–41]. The leading-order Hamiltonian is

𝐻 =
𝛼𝑠

2𝜋2 𝜇
2𝜖

∫
𝑑2−2𝜖 𝑧0

𝑧0𝑖 · 𝑧0 𝑗(
𝑧2

0𝑖𝑧
2
0 𝑗
)1−𝜖

(
𝑇𝑎𝑖,𝐿𝑇

𝑎
𝑗,𝐿 + 𝑇𝑎𝑖,𝑅𝑇

𝑎
𝑗,𝑅 −𝑈𝑎𝑏adj (𝑧0) (𝑇𝑎𝑖,𝐿𝑇𝑏𝑗,𝑅 + 𝑇𝑎𝑗,𝐿𝑇

𝑏
𝑖,𝑅)

)
, (9)

where 𝑧0𝑖 ≡ 𝑧0 − 𝑧𝑖 . Here we used functional derivative operators, which generate colour rotation:

𝑇𝑎𝑖,𝐿 ≡ 𝑇𝑎𝑈 (𝑧𝑖)
𝛿

𝛿𝑈 (𝑧𝑖)
, 𝑇𝑎𝑖,𝑅 ≡ 𝑈 (𝑧𝑖)𝑇𝑎

𝛿

𝛿𝑈 (𝑧𝑖)
. (10)

Crucially, the Hamiltonian acts exclusively in the 2−2𝜖 dimensional transverse plane. The action of
the Hamiltonian 𝐻 on the product of Wilson lines involves an additional Wilson line in the adjoint
representation, 𝑈𝑎𝑏adj (𝑧0), generated through the interaction with the target shockwave. Thus, this
system of equations is non-linear and each iteration of the evolution involves an increasing number
of Wilson lines.

The non-linear nature of the equation has been shown to be essential in capturing the transition
into the high-gluon density saturation regime in hadronic or heavy-ion scattering. The context in
which we use the equation is however, different: we are interested in the perturbative regime where
fields are weak, and each Wilson 𝑈 (𝑧⊥) is close to unity. The dynamics is then best described in
terms of 𝑊 , defined via [8]

𝑈 (𝑧⊥) = 𝑒𝑖𝑔𝑠T𝑎𝑊𝑎 (𝑧⊥ ) . (11)
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A key observation [8] is that field 𝑊 can be identified as sourcing a single Reggeon, which
is exchanged in the 𝑡 channel. Wilson lines 𝑈 (and products thereof) can be thus described
perturbatively, order by order in 𝑔𝑠 as an expansion in 𝑊 fields, all at the same transverse position,

𝑈 = 𝑒𝑖𝑔𝑠𝑊
𝑎T𝑎

= 1 + 𝑖𝑔𝑠𝑊
𝑎 T𝑎 −

𝑔2
𝑠

2
𝑊𝑎𝑊𝑏 T𝑎T𝑏 − 𝑖

𝑔3
𝑠

6
𝑊𝑎𝑊𝑏𝑊𝑐 T𝑎T𝑏T𝑐 + · · · (12)

where 𝑛 fields 𝑊 source 𝑛 Reggeons.
Next one needs to establish how the Hamiltonian (8) acts on products of Reggeon 𝑊 fields. To

this end one must first expand the colour rotation operators in (10) in 𝑊 fields. This yields a matrix
Hamiltonian of the form [9, 14]

𝐻

©«
𝑊

𝑊𝑊

𝑊𝑊𝑊

· · ·

ª®®®®¬
≡
©«
𝐻1→1 0 𝐻3→1 . . .

0 𝐻2→2 0 . . .

𝐻1→3 0 𝐻3→3 . . .

· · · · · · · · · · · ·

ª®®®®¬
©«

𝑊

𝑊𝑊

𝑊𝑊𝑊

· · ·

ª®®®®¬
∼
©«

𝑔2
𝑠 0 𝑔4

𝑠 . . .

0 𝑔2
𝑠 0 . . .

𝑔4
𝑠 0 𝑔2

𝑠 . . .

· · · · · · · · · · · ·

ª®®®®¬
©«

𝑊

𝑊𝑊

𝑊𝑊𝑊

· · ·

ª®®®®¬
(13)

where the first matrix expression defines the components of the Hamiltonian 𝐻𝑘→𝑚 mediating
between a state with 𝑘 Reggeons and one with 𝑚 Reggeons, where transitions between odd and
even number of Reggeons are forbidden. The second matrix expression indicates the order in 𝑔𝑠 at
which each such component of the Hamiltonian begins. In this way the perturbative expansion of
the Wilson lines in effect linearises the non-linear evolution, and upon working to a given order in
the coupling, the system involves a restricted number of Reggeons.

To construct a scattering amplitude we need to express the scattering partons in terms of states
with a definite number of Reggeons. At leading order

|𝜓𝑖⟩ =
∞∑︁
𝑛=1

|𝜓𝑖,𝑛⟩ = 𝑖𝑔𝑠 T𝑎𝑖 𝑊
𝑎 (𝑝) |0⟩ −

𝑔2
𝑠

2
T𝑎𝑖 T𝑏𝑖

∫
𝑑2−2𝜖 𝑞

(2𝜋)2−2𝜖 𝑊
𝑎 (𝑞)𝑊𝑏 (𝑝−𝑞) |0⟩

−
𝑖𝑔3
𝑠

6
T𝑎𝑖 T𝑏𝑖 T𝑐𝑖

∫
𝑑2−2𝜖 𝑞1

(2𝜋)2−2𝜖
𝑑2−2𝜖 𝑞2

(2𝜋)2−2𝜖 𝑊
𝑎 (𝑞1)𝑊𝑏 (𝑞2)𝑊𝑐 (𝑝−𝑞1−𝑞2) |0⟩ + . . .

(14)

where 𝑛 counts the number of Reggeon fields 𝑊 . The 2 → 2 amplitude in the high-energy limit is
then obtained by evolving the target to the rapidity of the projectile or vice versa, fixing the rapidity
difference 𝜂 to be 𝐿, defined below eq. (4). The amplitudes then takes the form

𝑖

2𝑠
M𝑖 𝑗→𝑖 𝑗 = 𝑍𝑖𝑍 𝑗𝐶

(0)
𝑖

𝐶
(0)
𝑗

⟨𝜓 𝑗 |𝑒−𝐻𝐿 |𝜓𝑖⟩ , (15)

where 𝐶 (0)
𝑖/ 𝑗 are the leading-order impact factor and 𝑍𝑖/ 𝑗 restore the collinear singularities.

The predictive power of this approach is due to the fact that towers of energy logarithms 𝐿 can be
obtained by expanding the evolution operator 𝑒−𝐻𝐿 and then repeatedly applying the Hamiltonian
on the scattered parton states. At a given logarithmic accuracy, there is an upper limit on the
number of Reggeons 𝑊 that can be exchanged, which in turn restricts the relevant components in
the Hamiltonian (13). Importantly, the action of the Hamiltonian is strictly in the transverse space
(Euclidean, 2−2𝜖 dimensional space), so the integrals do not require any additional regulator. This
may be contrasted with the alternative effective descriptions of the high-energy limit using Glauber
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Soft-Collinear Effective Theory [42–44], where integrals do still involve the longitudinal degrees
of freedom, and require rapidity regulators. In the next two sections we will present applications of
the effective Reggeon formalism, first to 2 → 2 scattering and then to 2 → 3 scattering.

4. Disentangling Regge pole and cut at NNLL

Let us now focus on the NNLL tower of corrections to the signature-odd 2 → 2 amplitude
following refs. [9, 13–15]. As discussed in section 2, this is the first logarithmic order where a
Regge cut appears, in addition to the Regge pole. As anticipated there, the cut reflects the exchange
of three Reggeized gluons, which first contributes at two loops. The formalism of section 3 allows
us to characterize and compute explicitly all multiple-Reggeon exchange contributions. At NNLL
accuracy these are limited to three Reggeon exchanges and their evolution, as well as as their mixing
with a single Reggeon.

The NNLL tower of corrections was first studied using this formalism in ref. [9] through
three loops. Subsequently, its all-order structure has been elucidated in refs. [13–15], which
also extended the explicit computation to four loops. Following this work, in order to com-
pactly present the structure of the NNLL tower it is useful to define a reduced amplitude by
M̂𝑖 𝑗→𝑖 𝑗 ≡

(
𝑍𝑖𝑍 𝑗

)−1
𝑒− T2

𝑡 𝛼𝑔 (𝑡 ) 𝐿M𝑖 𝑗→𝑖 𝑗 , effectively removing the effect of a single Reggeon ra-
pidity evolution. Using (15) one has 𝑖

2𝑠M̂ = 𝑒− T2
𝑡 𝛼𝑔 (𝑡 ) 𝐿 ⟨𝜓 𝑗 |𝑒−𝐻𝐿 |𝜓𝑖⟩ ≡ ⟨𝜓 𝑗 |𝑒−�̂�𝐿 |𝜓𝑖⟩, where the

reduced Hamiltonian is defined by �̂�𝑘→𝑘+2𝑛 = 𝐻𝑘→𝑘+2𝑛 + 𝛿𝑛0T2
𝑡 𝛼𝑔 (𝑡). Expressing both the target

and the projectile as an expansion in terms of states of a definite number of Reggeon field 𝑊 as in
(14), and considering the evolution in rapidity through repeated application of the Hamiltonian (13),
one finds [13] that the entire tower of NNLL corrections is given by

𝑖

2𝑠
M̂ (−) ,NNLL

𝑖 𝑗→𝑖 𝑗 =

(𝛼𝑠
𝜋

)2
{
⟨ 𝑗1 |𝑖1⟩NNLO + 𝑟2

Γ𝜋
2

∞∑︁
𝑘=0

(−𝑋)𝑘
𝑘!

[
⟨ 𝑗3 |�̂�𝑘

3→3 |𝑖3⟩

+ Θ(𝑘 ≥ 1)
[
⟨ 𝑗1 |�̂�3→1�̂�

𝑘−1
3→3 |𝑖3⟩ + ⟨ 𝑗3 |�̂�𝑘−1

3→3�̂�1→3 |𝑖1⟩
]

+ Θ(𝑘 ≥ 2) ⟨ 𝑗1 |�̂�3→1�̂�
𝑘−2
3→3�̂�1→3 |𝑖1⟩

]LO}
,

(16)

where we defined the 𝑛 Reggeon states of (14) as |𝜓𝑖,𝑛⟩ ≡ (𝑟Γ𝛼𝑠) (𝑛−1)/2 |𝑖𝑛⟩ and the expansion
parameter 𝑋 ≡ 𝑟Γ𝛼𝑠𝐿/𝜋. Here 𝐿 is the symmetric logarithm of eq. (4) and 𝑟Γ was defined in eq. (2).

The first term in eq. (16), ⟨ 𝑗1 |𝑖1⟩NNLO, represents the single Reggeon (SR) exchange, which
factorizes as in eq. (6) and figure 1. All remaining terms in eq. (16) involve multiple-Reggeon (MR)
exchange. The first of these is the pure three-Reggeon exchange contribution ⟨ 𝑗3 |�̂�𝑘

3→3 |𝑖3⟩. For
𝑘 = 0 these are the two-loop diagrams associated with triple exchange in the 𝑡 channel (with any
permutation of the colour generators). At higher orders, 𝑘 = 1, 2, . . . these three Reggeons interact
through the action of the 3 → 3 Hamiltonian �̂�3→3; each such action adds a rung, building up a
three-Reggeon ladder. A four-loop example is shown in figure 2a. Similarly, the terms in the second
line of eq. (16) correspond to diagrams where a single Reggeon on the target side evolves into three
Reggeons on the projectile side, or vice versa. Such terms contribute starting from three loops.
A four loop example of such a term is depicted in figure 2b. The third line in eq. (16) shows the
final type of contribution, which shows up starting from four loops; here a single Reggeon evolves
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Tx1 Tx2 Ty2

Ta Tb Tc

k
1

k
2

q2

q1

k
3

(a) 3 → 3 Reggeon exchange

Ta
i Tb

i T
c
i

Td
j

(b) 1 → 3 Reggeon exchange

Tb
j

Ta
i

Tb
j

Ta
i

(c) 1 → 3 → 1 Reggeon exchanges

Figure 2: Multi-Reggeon exchange in 2 → 2 scattering: four loop examples

into a three-Reggeon state, and then back again into a single Reggeon. Examples of such four-loop
diagrams are shown in figure 2c.

A key property of the multi-Reggeon contribution to the signature-odd NNLL tower of correc-
tions (16) is that it is proportional to (𝑖𝜋)2. Another key property is that the contributions to (16)
that are leading in the large-𝑁𝑐 limit are in fact factorizable on a Regge pole1, as in (6). Indeed, it
is known that in 2 → 2 scattering, Regge cut contributions are entirely due to non-planar diagrams
and must be subleading at large 𝑁𝑐. This suggests the following prescription for disentangling
between Regge pole and cut contributions at NNLL [14, 15]:

M (−)
𝑖 𝑗→𝑖 𝑗 = M (−) SR

𝑖 𝑗→𝑖 𝑗 + M (−) MR
𝑖 𝑗→𝑖 𝑗

���
planar︸                           ︷︷                           ︸+ M (−) MR

𝑖 𝑗→𝑖 𝑗

���
nonplanar

= M (−) pole
𝑖 𝑗→𝑖 𝑗 +M (−) cut

𝑖 𝑗→𝑖 𝑗 .

(17)

The availability of three-loop results for partonic scattering in QCD [1–3] along with the multi-
Reggon calculation reported above, allow us to implement the separation of eq. (17) and explicitly
determine the Regge-pole parameters governing the singature-odd tower of corrections to all orders
through NNLL accuracy. The newly determined parameters are the two-loop impact factors through
O(𝜖2) for both quarks and gluons and the three-loop gluon Regge trajectory [3, 15]. One may then
express the signature-odd amplitude as follows [14, 15]

M (−)
𝑖 𝑗→𝑖 𝑗 = 𝐶𝑖 (𝑡)𝐶 𝑗 (𝑡)

[(−𝑠
−𝑡

)𝐶𝐴𝛼𝑔 (𝑡 )
+
(−𝑢
−𝑡

)𝐶𝐴𝛼𝑔 (𝑡 )
]
Mtree

𝑖 𝑗→𝑖 𝑗 +
∞∑︁
𝑛=2

𝑎𝑛𝐿𝑛−2M (±,𝑛,𝑛−2) cut , (18)

where the first, factorized term (in blue) represents the Regge pole through NNLL accuracy, while
the remaining, factorization-violating term (in red) represents the Regge cut, which originates in the
non-planar component of the multi-Regge exchange diagrams of eq. (16). Here the impact factors
𝐶𝑖/ 𝑗 (𝑡) = 𝑍𝑖/ 𝑗 (𝑡) �̄�𝑖/ 𝑗 (𝑡) where 𝑍𝑖/ 𝑗 (𝑡) capture the collinear singularities and �̄�𝑖/ 𝑗 (𝑡) are finite.
The remaining singularities in the Regge-pole part are contained in the gluon Regge trajectory, and
remarkably, are directly proportional to the integral over the lightlike cusp anomalous dimension,
𝛼𝑔 (𝑡) = − 1

4

∫ 𝜇2

0
𝑑𝜆2

𝜆2 𝛾𝐾 (𝛼𝑠 (𝜆2)) + O(𝜖0), as originally observed at two loops in Ref. [45, 46].

1Note that compatibility with Regge-pole factorization amounts to a highly-constrained structure of the corrections in
eq. (16) in the planar limit: at leading order in 𝑁𝑐 the corrections to 𝑔𝑔 → 𝑔𝑔, 𝑞𝑞 → 𝑞𝑞 and 𝑞𝑔 → 𝑞𝑔 must be identical,
and they must vanish at four loops and beyond. Both these properties have been seen to hold through four loops [14, 15].
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Ref. [14, 15] found that this relation remains true at three loops (and conjecturally beyond), despite
the fact that additional singularities are present in the cut contribution in eq. (18). The latter, in
turn, are sensitive to quadruple corrections to the dipole formula, namely soft singularities that
correlate between four Wilson lines at three loop and beyond [14]. In this way the calculations
done in the Regge limit at four loops, provide a strong constraint on the four-loop soft anomalous
dimension [14, 15].

5. Towards determination of the Lipatov vertex from 2 → 3 amplitudes

Gluon Reggeization applies, and holds to NLL accuracy [47], not only for 2 → 2 scattering, but
also to higher-point amplitudes in the so-called multi-Regge kinematics (MRK), see e.g. [19, 24–
27, 48]. This limit is taken such that all final-state particles are strongly ordered in rapidity, while
the transverse momenta are generic. The simplest example is 2 → 3 scattering, where the MRK
limit is defined in figure 3a.

P1

P2 P3

P4

P5

s12 = s
x2

s45 = s1
x

s34 = s2
x

s15 = t1

s23 = t2j

i

g

Q2

Q1

j′

i′

(a) Multi-Regge Kinematics (MRK): 𝑥 → 0 (b) Regge-pole factorization

Figure 3: The MRK limit in 2 → 3 scattering and the corresponding factorization in the octet-octet channel.
We work in the frame where 𝑃1 =

√
𝑠12
2 (1, 0, 0,−1), and 𝑃2 =

√
𝑠12
2 (1, 0, 0, 1).

One new feature compared to 2 → 2 scattering is that signature needs to be defined separately
for the target and for the projectile, hence one has four signature components in total, which we
denote by M (±,±)

𝑖 𝑗→𝑖′𝑔 𝑗′ . Regge-pole factorization hold only for M (−,−)
𝑖 𝑗→𝑖′𝑔 𝑗′ , and specifically, for the

colour component of the amplitude where an octet representation flows across both 𝑡 channels
(dabbed the octet-octet component). For this component the amplitude indeed factorises as shown
in figure 3b and it can be expressed as

M (−,−)
𝑖 𝑗→𝑖′𝑔 𝑗′

���1-Reggeon
= 𝑐𝑖 (𝑡1) 𝑒𝐶𝐴 𝛼𝑔 (𝑡1 ) 𝐿1 𝑣(𝑡1, 𝑡2, p2

4) 𝑒
𝐶𝐴 𝛼𝑔 (𝑡2 ) 𝐿2 𝑐 𝑗 (𝑡2) Mtree

𝑖 𝑗→𝑖′𝑔 𝑗′ . (19)

Here 𝐿1 = log( 𝑠45
𝜏
) − 𝑖 𝜋4 and 𝐿2 = log( 𝑠34

𝜏
) − 𝑖 𝜋4 where 𝜏 is a factorization scale, which we may

choose as p2
4, and 𝑐𝑖 (𝑡1) and 𝑐 𝑗 (𝑡2) represent radiative corrections to the impact factors,𝐶𝑖 = 𝑐𝑖𝐶

(0)
𝑖

.
These impact factors and the Regge trajectory 𝛼𝑔 (𝑡𝑘) are the same as in 2 → 2 scattering, while the
emission of a real gluon (𝑃4) at mid rapidity is described by the so-called Lipatov vertex [22, 48–
52]. The vertex 𝑣(𝑡1, 𝑡2, p2

4) = 𝑣(𝑧, 𝑧) is a complex function (encoding the polarization of the
emitted gluon) of a complex pair of variables, 𝑧 and 𝑧, which are defined in terms of ratios of two-
dimensional transverse momenta: 𝑧 ≡ −p3/p4 and 1 − 𝑧 ≡ −p5/p4 (defined such that momentum
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conservation is admitted), where the relations with the four-dimensional momentum components
are p5 = 𝑃𝑥5 + 𝑖𝑃

𝑦

5 and p3 = 𝑃𝑥3 + 𝑖𝑃
𝑦

3 .
Currently the Lipatov vertex is known at one loop [48–52]. The availability of recent two-loop

2 → 3 QCD amplitudes calculations [4–7], opens the way to determine the Lipatov vertex at two
loops. This has several independent motivations. First, it allows for a rare analytic insight into
the structure of two-loop 5-point results. Second, with the Lipatov vertex at hand one can predict
the MRK limit of higher-point amplitudes. Finally, the two-loop Lipatov vertex is a key ingredient
in determining the BFKL kernel at the next perturbative order. The fundamental challenge in
extracting the two-loop vertex from two-loop 2 → 3 is the presence of multi-Reggeon exchange
contributions, which much like in the case of 2 → 2 scattering, break the simple Regge-pole
factorization structure of eq. (19). Here we report for the first time on the computation of the
multi-Reggeon exchange contributions needed to extract the Lipatov vertex. The full results for the
vertex will soon be published [53].

The effective description of the high-energy limit using the shock-wave formalism discussed
in section 3 can be extended to the 2 → 3 case as follows [8, 53, 54]. One needs to evaluate

𝑖

2𝑠12
M𝑖 𝑗→𝑖′𝑔 𝑗′ = 𝑍𝑖𝑍 𝑗𝐶

(0)
𝑖

𝐶
(0)
𝑗

〈
𝜓 𝑗

��𝑒−𝐻𝐿2 𝑎4(𝑝4) 𝑒−𝐻𝐿1
��𝜓𝑖〉, (20)

where 𝑎4(𝑝4) is an annihilation operator for the gluon emitted at mid rapidity with momentum 𝑝4.
Taking into account such an emission, requires extending the set of effective vertices as illustrated in
figures 4 and 5. At one loop one finds three possible multi-Reggeon exchange diagrams (figure 4),
including a two-Reggeon exchange across the entire 𝑡 channel, and ones where two Reggeons
are emitted from the target (projectile) side but only one Reggeon reaches the projectile (target).
These three contribute respectively to M (+,+)

𝑖 𝑗→𝑖′𝑔 𝑗′ , M
(+,−)
𝑖 𝑗→𝑖′𝑔 𝑗′ and M (−,+)

𝑖 𝑗→𝑖′𝑔 𝑗′ , but have no impact
on the M (−,−)

𝑖 𝑗→𝑖′𝑔 𝑗′ component, and specifically, at this order the octet-octet colour flow component
of the amplitude is entirely driven by a single Reggeon exchange, and admits the factorization of
eq. (19).

(a) (b)(a) 𝑅2𝑔𝑅2(a) (b)(b) 𝑅2𝑔𝑅

2 → 3 amplitudes at one loop: multi-Reggeon contributions

• A new feature compared to 2 → 2 scattering: even and odd signature mix

<latexit sha1_base64="ibOo0dIxJz4bGdfi0di2hxhuTKk="></latexit>

MMR (1)
ij!i0gj0 = M(1)

R2gR2 + M(1)
RgR2 + M(1)

R2gR

=
i⇡

4

⇢
1

✏

�
T(��) + T(+�) + T(�+)

�

+ log
p2
4

p2
3p

2
5

T(��) + log
p2
3

p2
4p

2
5

T(�+) + log
p2
5

p2
3p

2
4

T(+�) + O(✏)

�
Mtree

ij!i0gj0

(a) (b)(a) (b)

(a) (b)

• But as in 2 → 2 scattering, at one loop multi-Reggeon exchanges  
do not affect the dispersive (odd-odd signature) part of the amplitude.

(c) 𝑅𝑔𝑅2

Figure 4: Multi-Reggeon exchange at one loop in 2 → 3 scattering

A new feature at two loops, which is illustrated in figure 5, is that theM (−,−)
𝑖 𝑗→𝑖′𝑔 𝑗′ component, and

specifically, the octet-octet colour flow component of the amplitude, also receives multi-Reggeon
contributions, and thus eq. (19) does not hold: factorization-violating terms exist. As in the case of
2 → 2 scattering, these are expected to arise only from non-planar diagrams, so the factorization-
violating terms must be subleading in the large-𝑁𝑐 limit.

The contributions to M (−,−) (1)
𝑖 𝑗→𝑖′𝑔 𝑗′ at one and two loops can be summarised as follows:

M (−,−) (1)
𝑖 𝑗→𝑖′𝑔 𝑗′ = M (1)

R𝑔R , M (−,−) (2)
𝑖 𝑗→𝑖′𝑔 𝑗′ = M (2)

R𝑔R +M (2)
R𝑔R3 +M (2)

R3𝑔R +M (2)
R3𝑔R3 . (21)
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This implies that the triple Reggeon exchange contributions in figure 5 must be computed in order
to extract the Lipatov vertex. Here we briefly summarise the final results of these calculations,
delegating the details to [53].

(a) (b)

Figure 5: Multi-Reggeon exchange of Odd-Odd signature at two loop in 2 → 3 scattering

First we note that the colour factors arising from the diagrams in figure 5 (and the target-
projectile symmetric counterpart) are

𝐶R3𝑔R3 =



(
𝑁2

𝑐

72 + 1
2

)
𝑐 [8𝑎 ,8𝑎 ] −

√
𝑁2

𝑐−4
4 𝑐 [10,10]1 for 𝑔𝑔(

𝑁2
𝑐

72 − 1
12 + 1

4𝑁2
𝑐

)
𝑐 [8,8]𝑎 for 𝑞𝑞(

𝑁2
𝑐

72 + 1
12

)
𝑐 [8𝑎 ,8]𝑎 for 𝑔𝑞(

𝑁2
𝑐

72 + 1
12

)
𝑐 [8,8𝑎 ]𝑎 for 𝑞𝑔

(22)

𝐶R𝑔R3 =



(
𝑁2

𝑐

24 + 3
2

)
𝑐 [8𝑎 ,8𝑎 ] − 3

√
𝑁2

𝑐−4
4
√

2
𝑐 [8𝑎 ,10+10] for 𝑔𝑔(

𝑁2
𝑐

24 + 1
4

)
𝑐 [8,8]𝑎 for 𝑞𝑞(

𝑁2
𝑐

24 + 1
4

)
𝑐 [8𝑎 ,8]𝑎 for 𝑔𝑞(

𝑁2
𝑐

24 + 3
2

)
𝑐 [8,8𝑎 ]𝑎 − 3

√
𝑁2

𝑐−4
4
√

2
𝑐 [8,10+10] for 𝑞𝑔

(23)

The colour tensors 𝑐 [𝑅1,𝑅2 ] are defined in the 𝑡-channel colour flow basis where 𝑅1 is the repre-
sentation flowing into the 𝑝1,𝑝5 vertex while 𝑅1 into the 𝑝2,𝑝3 vertex (See [53] for details). As
anticipated, the octet-octet component receives non-vanishing contributions for any 𝑖 𝑗 → 𝑖′𝑔 𝑗 ′

scattering process. Next we note that, as expected, the terms that are leading in the large-𝑁𝑐 limit
are identical for all scattering processes. This means that they can be absorbed into the Regge-pole
factorized expression (19), as expected. In contrast, the subleading terms in 𝑁𝑐 are non-universal,
and hence do indeed break Regge-pole factorization.

Finally, performing the 2 − 2𝜖 dimensional loop integrals in the diagrams of figure 5, isolating
the octet-octet component, and summing over the multi-Reggeon contributions in eq. (21), we find:

M (2) , [8,8]
MR =

(𝑖𝜋)2

72

(
𝜇2

|p4 |2

)2𝜖

M (0) , [8,8] ×



(𝑁2
𝑐 + 36)𝐹fact(𝑧, 𝑧) for 𝑔𝑔

𝑁2
𝑐𝐹fact(𝑧, 𝑧) + 𝐹

𝑞𝑞

non-fact(𝑧, 𝑧) for 𝑞𝑞

𝑁2
𝑐𝐹fact(𝑧, 𝑧) + 𝐹

𝑞𝑔

non-fact(𝑧, 𝑧) for 𝑞𝑔

(24)
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where we expressed the kinematics using the complex-conjugate pair of momentum fraction vari-
ables 𝑧 and 𝑧, defined below eq. (19). For the three functions defined in eq. (24) we obtain:

𝐹fact(𝑧, 𝑧) =
1
𝜖2 − 1

2𝜖
log |𝑧 |2 |1 − 𝑧 |2 + 3 𝐷2(𝑧, 𝑧) − 𝜁2 +

5
4

(
log2 |𝑧 |2 + log2 |1 − 𝑧 |2

)
− 1

2
log |𝑧 |2 log |1 − 𝑧 |2 (25)

while

𝐹
𝑞𝑞

non-fact =
9
𝜖

log |𝑧 |2 |1 − 𝑧 |2 + 9
2

(
12𝐷2(𝑧, 𝑧) − log2 |𝑧 |2 |1 − 𝑧 |2

)
+ 9
𝑁2
𝑐

(
1
𝜖2 − 2

𝜖
log |𝑧 |2 |1 − 𝑧 |2

− 6𝐷2(𝑧, 𝑧) + 2 log2 |𝑧 |2 + log |𝑧 |2 log |1 − 𝑧 |2 + 2 log2 |1 − 𝑧 |2 − 𝜁2

)
(26)

𝐹
𝑞𝑔

non-fact =
27
2𝜖2 − 9

𝜖

(
2 log |𝑧 |2 − 3 log |1 − 𝑧 |2

)
+ 9

2

(
24𝐷2(𝑧, 𝑧)

+ 5 log2 |𝑧 |2 − 4 log |𝑧 |2 log |1 − 𝑧 |2 − 3𝜁2

)
(27)

where
𝐷2(𝑧, 𝑧) = Li2(𝑧) − Li2(𝑧) +

1
2

ln
(
1 − 𝑧

1 − 𝑧

)
ln(𝑧𝑧) (28)

is the Bloch-Wigner dilogarithm. Upon subtracting the subleading terms in 𝑁𝑐 in eq. (24), with
the functions given in eqs. (25), (26) and (27), from the octet-octet component of the 𝑖 𝑗 → 𝑖′𝑔 𝑗 ′

amplitude, we isolate the Regge-pole contribution. Then, using the factorization formula (19) to
divide the Regge-pole contribution by the corresponding 𝑐𝑖 and 𝑐 𝑗 impact factors and Reggeized
gluon factors known from 2 → 2 scattering, we readily obtain the two-loop Lipatov vertex. Doing
this for each of the three channels 𝑔𝑔 → 𝑔𝑔𝑔, 𝑞𝑞 → 𝑞𝑔𝑞 and 𝑞𝑔 → 𝑞𝑔𝑔 provides a robust check.

6. Conclusions

We have described our research programme, aimed at understanding scattering amplitude in
the (multi) Regge limit. A key element, which facilitated much of the progress reported here, is the
use of iterated solutions of rapidity evolution equations to characterise and compute multi-Reggeon
exchange. This framework provides an effective description of the Regge limit, entirely in terms
of Reggeon degrees of freedom that live in the transverse space. Calculations in this framework
have been done in recent years for three different applications, the signature-even NLL tower of
corrections in 2 → 2 scattering [10–12], based on the BFKL equation, and the signature-odd
NNLL towers in both 2 → 2 and 2 → 3 scattering [9, 13–15, 53], based on the Balitsky-JIMWLK
equations. In this talk we focused on the signature-odd sector, where we were able to systematically
separate between the factorizable Regge-pole and the non-factorizable Regge-cut contributions to
partonic amplitudes. This, in combination with state-of-the-art multi-leg amplitude computations,
led to major progress in determining impact factors and the gluon Regge trajectory, and soon-to-
be-published, the Lipatov vertex.
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For completeness we point out that there are other approaches to describe partonic scattering
in the Regge limit, which we have only mentioned here in passing. This includes a Feynman-
diagram based approach to describe multi-Reggeon interactions, which has been developed and
advocated in refs. [35–37], and a radically different approach based on Glauber Soft-Collinear
Effective Theory [42–44], which makes no direct use of Reggeons. There has been recent progress
in these directions as well and it would surely be interesting to compare these approaches to ours.
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