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Abstract

We compute the asymptotic for the eigenvalues of a particular class of compact operators
deeply linked with the second variation of optimal control problems. We characterize this
family in terms of a set of finite dimensional data and we apply this results to a particular
class of singular extremal to get a nice description of the spectrum of the second variation.
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1 Introduction

The main focus of this paper is the study of a particular class of compact operators K on
the Hilbert space Lz([O, 1], R¥) with the standard Hilbert structure. They are characterized
by the following properties:

® there exists a finite dimensional subspace of L2([0, 1], R¥), which we call V, on which
K becomes a self-adjoint operator, i.e. :

(u, Kv) = (Ku,v) Vu,vel, (€9

® K is an Hilbert-Schmidt operator with an integral kernel of a particular form, namely:
t

K@@ = / V@, Du(@dr, ve L0, 11, RY), )
0

where V (¢, T) is a matrix whose entries are L? functions. We call the class of operator
satisfying this last condition Volterra-type operators.

The main results of this paper are a fairly general study of the asymptotic distri-
bution of the eigenvalues of K when restricted to any subspace V which satisfies (1)
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(Theorem 1) and a characterization result for operators satisfying the two properties stated
above (Theorem 2).
The first result is proved in Section 3. We first restrict ourself to operators K of the form:

t
K@) (1) = — f 0(Zeve, Z;-)dx. A3)
0

Here, Z, is an analytic in ¢, 2n x k matrix and o the standard symplectic form on R?" (see
Remark 1). A similar asymptotic formula was proved in [3, Theorem 1], it was shown that
if we consider {,(K)}ncz the decreasing (resp. increasing) arrangement of positive (resp.
negative) eigenvalues of K we have either:

§

= +0nP) or a(K)=0mn"?), )
an

hn(K) =

for n € Z sufficiently large and for some & > 0. The number § is called capacity and
depends only on the matrix Z; in the definition of K.

If &£ = 0, we go further with the expansion in (4). We single out the term giving the

principal contribution to the asymptotic representing the quadratic form associated to K as:

1 t k—1

O@) = (v, Kv) = —/0 /0 0(Z,ve, Zeug)drdt = Qi(v) + Rr(v).

i=1

The result mentioned above corresponds to the case Q1 # 0; in Theorem, 1 we give the
asymptotic for the general case.

From the point of view of geometric control theory, Theorem 1 can be seen as an asymp-
totic analysis of the spectrum of the second variation for particular classes of singular
extremals and a quantitative version of some necessary optimality conditions.

Precise definitions will be given in Section 5. Standard references on the second variation
are [7, Chapter 20] and [1]. For now, it is enough to know that the second variation Q of
an optimal control problem on a manifold M is a linear operator on L2([0, 1], R¥) of the
following form:

1 1 pt
(Qu,u) = —f (Hpvr, uy) —/ / 0(Zcve, Ziug)drdt, &)
0 0 JO

where H; is a symmetric k x k matrix, o is the standard symplectic form on 7,,7*M and
Z, R > T,(T*M) is a linear map with values in the tangent space to a fixed point
neT*M.

For totally singular extremal, the matrix H; appearing in (5) is identically zero and the
second variation reduces to an operator of the same form as in (3).

In Section 4, we prove Theorem 2. We first show that any K satisfying (1) and (2) it
is completely determined by its (finite rank) skew-symmetric part A and can always be
represented as in (3). Then we relate the capacity of K to the spectrum of A.

In Section 5, we recall some basic notions from control theory and we reformulate The-
orem 2 in a more control theoretic fashion, and use it to characterize the operators coming
form the second variation of an optimal control problem. Moreover, we give a geometric
interpretation of the capacity & appearing in (4) in terms of the Hessian of the maximized
Hamiltonian coming from Pontryagin Maximum Principle.
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2 Overview of the Main Results

We begin this section recalling some general facts about the spectrum of compact operators,
then we fix some notation and give a precise statement of the main results. Given a com-
pact self-adjoint operator K on an Hilbert space H, we can define a quadratic form setting
Q) = (v, K(v)). The eigenvalues of Q are by definition those of K and we will denote
¥4 (Q) the positive and negative parts of the spectrum of Q.

By the standard spectral theory of compact operators (see [12]), the non-zero eigenval-
ues of K are either finite or accumulate at zero and their multiplicity is finite. Consider the
positive part of the spectrum of O, £, (Q) and A € X4 (Q). Denote by m;, the multiplicity
of the eigenvalue A. We can introduce a monotone non-increasing sequence {A, },en index-
ing the eigenvalues of K, requiring that the cardinality of the set {A,, = A} = m;, for every
A€ X ().

This will be called the monotone arrangement of X, (Q). We can perform the same
construction indexing by —n, n € N, the negative part of the spectrum X_(Q). This time
we require that the sequence {A_,},cn is non-decreasing. Provided that ¥ (Q) are both
infinite, we obtain a sequence {A,},cz.

Definition 1 Let Q be a quadratic form Q on a Hilbert space H and j € N

e if jis odd, Q has j—capacity & > 0 with reminder of order v > 0 if ¥ (Q) and
Y._(Q) are both infinite and:

_ ¢

 (n))

e if jiseven, Q has j—capacity ({4, &_) of order v > 0 if both ¥4 (Q) and X_(Q) are
infinite and:

n +0m™"77) as n— oo,

A==t 4 0m™") as n— +oo,

(mn)J

Ay = (f;)_,- +0n") as n— —oo,

where £+ > 0 or if at least one between X (Q) and X_(Q) is infinite and the relative
monotone arrangement satisfies the corresponding asymptotic relation;

e if the spectrum is finite or A, = O(n~") as n — oo for any v > 0, we say that Q has
oo—capacity.

The behaviour of the sequence {A,},cz is closely related to the following counting
functions:

1 -1
S Y=l
The requirement of Definition 1 for the j—capacity can be translated into the following
asymptotic for the functions CjF (n):

&+

—n
T

C;“(n):#{leN:0< <n} C;m)=#leN:—n> > 0}

C;,—r(n) = +0@®'™) as n— +oo

We illustrate here some of the properties of the j—capacity. The proofs are given in
Section 3, Proposition 3. Without loss of generality we state the properties for the positive
part of the spectrum, analogue results hold for the negative one.

® (Homogeneity) if Q1 and Q, are quadratic forms on two Hilbert spaces H; and H; of
J—capacity & and & respectively with the same remainder v, then a Q1 has j—capacity
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a&; and the sum Q1 & Q2 on H; @ Hs has j—capacity (/& + 1/5)1 both with
remainder v.

®  (Independence of restriction) If YV C H is a subspace of finite codimension then Q has
Jj—capacity & with remainder v if and only if its restriction to } has j—capacity & with
remainder v.

® (Additivity) if Q1 has j—capacity & with remainder v and Q> has 0 j—capacity with
remainder of the same order v, then their sum Q| 4+ Q> has the same capacity with

G+vG+Dh

. ,
remainder v’ = o

The remaining part of this section will be dealing with quadratic forms Q coming from
operators of the form given in (3). Suppose that Z; is a 2n x k matrix which depends
piecewise analytically on the parameter ¢ € [0, 1] and define the following 2n x 2n skew-

symmetric matrix:
_( 0 —Id,
/= ( Id, 0 ) ' ©

As Q consider the following quadratic form on L%([0, 1], RF):

1 pt
Q) = (v, K(v)) =/ / (Zv(t), JZv(2))dTdt. @)
0 JO

Remark I The operator K and the bilinear form Q(u, v) = (4, K (v)) are not symmetric.
However, the operator:

t
K(v):/ ZJZ v(t)dr,
0

satisfies (1) and becomes symmetric on a finite codimension subspace V. It is enough to

require that the integral fol Z,v(t)dt lies in a Lagrangian subspace of (R*", ') forany v € V.

For instance, if we consider the fibre (or vertical subspace), i.e. the following:
={(p,0): peR"} cR™ (®)

Here, o denotes the standard symplectic form on R2" defined as o (x, x') = (Jx, x').

k p
Let f be a smooth function on [0, 1] and let k € N, denote by f® = ‘27{ the k—th
derivative with respect to z. For j > 1 define the following matrix valued functions:

(20) 920 it j =21
Aj(1) = €))

*
(zf’“”) JZ® if j =2k
We use p; to denote any eigenvalue of the matrix A (7). If j = 2k, define:
I'LiZk = Z Z«k/ 123 M;Zk = Z 2Vk [0
pripr>0 pr:pr <0
For odd indices, Ap;—1 is skew-symmetric and thus the spectrum is purely imaginary. So

we define the function:
He2k—1 = Z o —ipy.

pri—ip>0
We are now ready to state the first main result of the section.

Theorem 1 Let Q be the quadratic form in (7). Q has either co—capacity or j—capacity

with remainder of order v = 1/2. More precisely, let j > 1 be the lowest integer such that
A (t) is not identically zero, then
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® jfj=2k—1, the 2k — 1)—capacity & is given by:

. 2%—1
§= (/ Mz,zk—ldt> ,
0

and thus for n € Z sufficiently large:

(f] J 2k—1
0 Mt,2k—1 t)
= G O +1/%),

n

® fj =2k, the 2k—capacity (£, &_) is given by:

1 2k
e[

and thus for n € Z sufficiently large:

2%
1+
(fo Mf’z’fdt) —2k—1/2
Ap = (7'[117)2]( + O(I’l )

® ifA;(t) =0 forany j then Q has oco—capacity.

Remark 2 1t is worth remarking that in Theorem 1 of [3] the order of the remainder for the
1—capacity was a little better, 2/3 and not 1/2.

The proof of this result is given in Section 3. The next theorem gives a characterization
of the operators satisfying (1) and (2) and a geometric interpretation of the 1—capacity.

Before going to the statement let us introduce the following notation. Let A denote the
skew-symmetric part of K:

1
A=-(K—-K%).
L (k- k%)
Let T be the spectrum of .4 and Im(A), the image of A.

Theorem 2 Let be K an operator satisfying (1) and (2). Then, A has finite rank and
completely determines K. More precisely, if A has rank 2m and is represented as:

1 1
AW (1) := EZ;"AO/ Z:v(1)dt,
0
for a skew-symmetric 2m x 2m matrix Ay and a 2m x k matrix Z; then:
t
Kw)(@®) =f ZF Ao Z,v(t)dr. (10)
0

Let ¥ be the spectrum of A, if the matrix Z, can be chosen to be piecewise analytic the
1—capacity of K can be bound by

§<2ym [ Y —prs2dm )y ol

peX:—ip>0 peX:—ip>0
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3 Proof of Theorem 1

Before going to the proof of Theorem 1 we still need some auxiliary results. We start with
Lemma 1 to single out the main contributions to the asymptotic of the eigenvalues of Q (the
quadratic form defined in (7)). The first non-zero term of the decomposition we give will
determine the rate of decaying of the eigenvalues (see Proposition 4).

Before showing this and prove the precise estimates, we need to carry out the explicit
computation of the asymptotic in some model cases, namely when the matrices A; are
constant. Then, we have to show how the j—capacity behaves with respect to natural oper-
ations such as direct sum of quadratic form or restriction to finite codimension subspaces
(Proposition 3).

Let us start with some notation:

t
w(t) = / s (Ddr. () = () € LA(0, 1, R™)
0

Suppose that the map ¢ — Z; is real analytic (or at least regular enough to perform the
necessary derivatives) and integrate by parts twice:

1 t
o) 2/ (Ztv(t),/ JZv(v)dT)dt
0 0
1 t
:/ (Z,v(t),JZ,vl(t))—(Z,v(t),/ JZTvl(t)dr)dt
0 0

1
= /0 (Zo(1), JZeor (1)) + (Zo1 (1), T Zevy (1)dt +

1 t 1 1
+/ (Zivr (1), J/ Z',v](r)dwdz—[(/ Z,v(t)dt,J/ Ztv](t)dt):|
0 0 0 0

If we impose the condition fo] vdt = 0 (<= v1(1) = 0), the term in brackets vanishes:

1

1 1 1 1
<f Zo(t)dt, J/ Z,vl(t)dt):(/ Zv(t)dt, lev1(1)>—</ Z,v(t)dt, Jf Zo(t)dt)
0 0 0 0 0

and we can write Q as a sum of three terms

Q) = Q1(v) + Q2(v) + Ri1(v)

In analogy, we can make the following definitions:
1 1
(k—1) (k—1)
Q2%—1(v) 2/ (Z7 o1 (0, JZ7 o) = | {ve—1 (1), Ask—1 (D) vr (1))

0 0

! (k=1) *) !
Oxu(v) = / (Z;" (1), JZ; v (1)) dt :/ (v (1), A (D) vk (1))dt
0 0

1 t
Ry =/ (ZOv (), J/ Z® v (1)dt)dt
0 0
Vi = {v e L*([0, 1, R™) : v (1) = 0, VO < [ < k}

Here, the matrices A (¢) are exactly those defined in (9).
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Lemma 1 Forevery j € N, on the subspace V;, the form Q can be represented as
2j
Q) = Q) + R;(v) (11

k=1

The matrices Aoy (t) are symmetric provided that %AZk—l (t) = 0. On the other hand A1
is always skew symmetric.

Proof 1t is sufficient to notice that Ry (v) has the same form as Q (v) but with v; instead of v
and Z, instead of Z,. Thus, the same scheme of integration by parts gives the decomposition.

Notice that A (t) = A3, (t) + %Ayﬁl (1); thus, the skew-symmetric part of Ao () is
zero if Api_1 is zero or constant. Api_1(#) is always skew-symmetric by definition. O

Now, we would like to compute explicitly the spectrum of the Q ; when the matrices A ;
are constant. Unfortunately, describing the spectrum with boundary conditions given by the
V; is quite hard. Already for Q4 the equation determining it cannot be solved explicitly.

We will derive the Euler-Lagrange equation for Q ; and turn instead to periodic boundary
conditions for which everything becomes very explicit and show how to relate the solution
for the two boundary value problems we are considering. Let us write down the Euler-
Lagrange equations for the forms Q ;. If j = 2k integration by parts yields:

1
02 (v) — All)* = /0 (e (), Agrvr (1)) — A{vo(2), vo(r))dt

1
_ /0 (Wo(), (= D Agwae (1) — Avo(D)di +

k—1
+ 3 D" [ (1), Askvir1(0)]g
r=0

Notice that the boundary terms vanish identically if we impose the vanishing of v; for
1 < j < k at boundary points.

We change notation and define w(t) = vy (¢) and wW(@) = ;Tjj(w(t)). The new
equations are:

Ty
w® (1) = %Aka(I)

We can perform a linear change of coordinates that diagonalizes Ay to reduce to m
1—dimensional systems. Imposing periodic boundary conditions, we are thus left with the
following boundary value problem:

(=Dfu j j :
w (1) = — ) w(0) = wW (1) for0 < j <2k —1 (12)

The case of odd j is very similar, in fact Qz;_1(v) can be rewritten as:

1
Q21 (v) — Aljv|]* = /0 (V—1(8), Azk—1vr(2)) — A{wo(2), vo(2))dt

1
- /0 (00(0)s (=1 Asg_ a1 (1) — Avo)dt + bt

Here, by b.t. we mean boundary terms as the one appearing in the previous equation.
They again disappear if we assume that v; € V;. Thus, we end up with a boundary value
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problem similar to the one we had before with the difference that now the matrix Ap;_1 is

skew-symmetric.
k—1

—1
WD () = %A%_lwm

If we split the space into the kernel and invariant subspaces on which Az;_1 is non-
degenerate, we can decompose Qox—1 as a direct sum of two-dimensional forms. Imposing
periodic boundary conditions, we end up with the following boundary value problems:

2k—1 —_1)*=D i j
{w§ V(1) = — Dy, {wgﬂ@ =wl(1),

. . for0 < j <2k —2. (13)

A
2k—1 —1*-D
wg )(t) ( ))L l/vwl

Lemma 2 The boundary value problem in (12) has a solution if and only if
uw
€{-——7:reN;.
{ @’ }
Moreover, any such A has multiplicity 2. In particular, the decreasing sequence of A for
which (12) has solutions satisfies:
Qrr/21)%*  (wr)*
Similarly, the boundary value problem in (13) has a solution if and only if:
|l
AeEj—F— 1€’
{ Qury—1 "

and any such A has again multiplicity 2. The monotone rearrangement of A for which there
exists a solution to the boundary value problem is:

[l [l —(2k)
b= G2 T T et O (). rez

+0G™ ), reN

r

TV

Proof Any solution of the equation w®®(r) = %w(t) can be expressed as a

combination of trigonometric and hyperbolic functions with the appropriate frequencies.
Without loss of generality we can assume @ > 0, we have to consider two separate cases:

Case 1: kevenand ) > 0 or k odd and » < 0

In this case, the quantity (—l)k,u)fl > 0. If we define a** = (—D¥ur=! > 0fora > 0,
we have to solve:

w1y = a*w(@), w0) =wP (1), 0<j <2k (14)

A base for the space of solutions to the O DE is then {e®'9" + » = ¢'™/¥}. For us, it will
be more convenient to switch to a real representation of the space of solutions. Notice the
following symmetry of the even roots of 1, if n is a root of 1 different form +1, i then
{n, n, —n, —n} are still distinct roots of 1 (this is also a Hamiltonian feature of the problem).

If we write n. = n1 + inp, this symmetry implies that the space generated by
{e, e e~ ¢~} is the same as the space generated by

{sin(n2¢) sinh(n1), sin(n2t) cosh(n11), cos(nzt) sinh(n1), cos(nzt) cosh(n1)}.

Let us rescale these functions by a (so that they solve (14)) and call their linear span U,
we then define U; to be the span of {sinh(¢), cosh(¢)} and U; = {sin(¢), cos(¢)}. Note that
U; appears if and only if & is even.
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Thus, the solution space for our problem is the space EB,’ U, where 1 ranges over the set
E={n:%(m = 0,30 = 0,n* = 1).

Now, we have to impose the boundary conditions. Notice that, if & is even then U; is made
of periodic functions, so they are always solutions. We can look for more on the complement
,,2; Uy- Suppose by contradiction that w is one of such solutions. Write w = >, w,
with w;, € Uy, and let b be the sup{9t(n) : n € E, wy, # 0}. It follows that either sinh(d at)
or cosh(b at) is present in the decomposition of w. It follows that:

w(r)

w(t) = sinh(bat) ————— =sinh(bat)g(t), 0% |g(t)| < C for ¢ large enough
sinh(b at)

and so |w| is unbounded as t — 400 (or —oo) and thus w is not periodic. It follows that
there are periodic solutions only if k is even (and thus A > 0) and a = 27r = z\k/g Notice

that we have two independent solutions, so if we arrange the solution in a decreasing order,

we have:
"

~ @afrjap*
Case 2: koddand A > 0Qork evenand A <0

- reN

In this case, we have to look at the roots of —1 but the argument is very similar. If & is
even there are no solutions, since you lack purely imaginary frequencies. If k is odd, set
|ur~1| = a*, then the boundary value problem is:

w @) = —adwe) w0 =w? (1), 0<j <2k

The roots of —1 are just the roots of 1 rotated by i. Now, the space of solutions is
6971 ~1 Un. We find again two independent solutions; if we arrange them in order, we get:

n
A = o
(2 [r/21)
Notice that positive p gives rise to positive solutions. Thus, if we consider u < 0, we get
the same result but with switched signs.
We can reduce the odd case (13) to the even one. Consider the 1—dimensional equation
of twice the order, i.e.:

reN

2

2(2k—1 13
wl( )(l) = —A—zwl

Now, the discussion above tells us that there are exactly two independent solutions with
periodic boundary conditions whenever A satisfies -} ﬁ = 2rm. It follows that again
there are two independent solutions, this times for both signs of A. If we arrange them in
order, we get:

I w

= @l P Gy TN

r

O

Proposition 1 Let 1 > 0 and s € (0, +00), denote by n; the number of solutions of (12)
with A greater than s and similarly denote by wg be the number of solutions with A bigger
than s of:
—1)k . .
w® (1) = %wm, w0 =w (1) =0, k<j<2%—-1 (15

Then, |ws — ng| < 2k. The same conclusion holds for (13).
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Proof The result follows from standard results about Maslov index of a path in the Lagrange
Grassmannian. References on the topic can be found in [2, 5, 6]. Let us illustrate briefly the
construction. Let (X, o) be a symplectic space, the Lagrange Grassmannian is the collection
of Lagrangian subspaces of X and it has a structure of smooth manifold. For any Lagrangian
subspace L, we define the train of L to be the set: Ty, = {L Lagrangian : L N Ly #
(0)}. Ty, is a stratified set; the biggest stratum has codimension 1 and is endowed with a
co-orientation. If y is a smooth curve with values in the Lagrangian Grassmannian (i.e. a
smooth family of Lagrangian subspaces) which intersects transversally 77, in its smooth
part, one defines an intersection number by counting the intersection points weighted with
a plus or minus sign depending on the co-orientation. Tangent vectors at a point L of the
Lagrange Grassmannian (which is a subspace of X) are naturally interpreted as quadratic
forms on L. We say that a curve is monotone if at any point its velocity is either a non-
negative or a non-positive quadratic form. For monotone curves, Maslov index counts the
number of intersections with the train up to sign. For generic continuous curves, it is defined
via a homotopy argument.

Denote by Miy,(y) the Maslov index of a curve y and L be another Lagrangian
subspace. In [2], the following inequality is proved:

dim(Z
MiL, () — Mig, ()] < S (16)

2
Let us apply this results to our problem. First of all let us produce a curve in the Lagrange
Grassmannian whose Maslov index coincides with the counting functions w; and 7. The

right candidate is the graph of the fundamental solution of w® (1) = %w(t).

We write down a first order system on R?* equivalent to our boundary value problem, if
we call the coordinates on R x j» set:

NG . . . _(_l)kﬂ
xjp(@®) =wV (@) =xj=xj4forl <j<2k—1, xzk—Txl.

1)k . . .
For simplicity call % = a, the matrix we obtain has the following structure:

0 a

10
Ay =

10
This matrix is not Hamiltonian with respect to the standard symplectic form on R?* but is
straightforward to compute a similarity transformation that sends it to an Hamiltonian one
(recall that we already used that Aj has the spectrum of an Hamiltonian matrix). Moreover,
the change of coordinates can be chosen to be block diagonal and thus preserves the sub-
space B = {x; = 0,k < j}, which remains Lagrangian too. Since later on we will have
to show that the curve we consider is monotone, we will give this change of coordinates

explicitly. Define the matrix § setting S; x—i+1 = (— 1)i~1 and zero otherwise. It is a matrix
that has alternating +1 on the anti-diagonal. Define the following 2k x 2k matrices:

10 -1 (1 0 A -1
G (OS) G —(0 (_1)k5> Ay =GA,G
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Set N to be the lower triangular k x k shift matrix (i.e. the left upper block of A, above)
and E the matrix with just a 1 in position (1, k) (i.e. the left lower block of Aj). The new
matrix of coefficients is:

; < N a(-1)*ES

Av=(gp "y ) ES = diag(0,...,0,1), SE = diag(1,0,...,0).

Now, we are ready to define our curve. First of all, the symplectic space we are going to use
is (R*, 0 @(—0)) where o is the standard symplectic form, in this way graphs of symplectic
transformation are Lagrangian subspaces. Sometimes, we will denote the direct sum of the
two symplectic forms with opposite signs with ¢ © o too. Let @, be the fundamental
solution of & = A; @ at time = 1. Consider its graph:

Y i D@ =T (@), A€ (0,+00)

Once we prove that y is monotone, it is straightforward to check that Migx g (¥ |[s,4+00))
counts the number of solutions to boundary value problem given in (15) for A > s and
similarly Mir 7y (¥ |(s,+o00)) counts the solutions of (12) for A > s. Here, I'(/) stands for the
graph of the identity map (i.e. the diagonal subspace).

Let us check that the curve is monotone. As already mentioned, tangent vectors in the
Lagrange Grassmannian can be interpreted as quadratic forms. Being monotone means that
the following quadratic form is either non-negative or non-positive:

0y) (&) = 0 (028, ,D28), & e R*
We use the ODE for @, () to prove monotonicity:

La
o (DyE, 8, DsE) = fo o (0 (D4&, 3, ®L8)) dt + o (DVE, 9, P)E)

1
= / o (AL DLE, & DLE) + o (DLE, (8AA)\ @+ A,\E)ACD’A) £)dt
0

1
_ f o (BLE, 35 Ay, B E)dt
0

where we used the facts that 9, ®) = 8, 1/d = 0 and that A; is Hamiltonian and thus J A; =
—Aj{] to cancel the first and third term. It remains to check J 8,\13 - It is straightforward
to see that it is a diagonal matrix with just a non-zero entry; thus, it is either non-negative
or non-positive. So 9,y is either non-positive or non-negative being the integral of a non-
positive or non-negative quantity (the sign is independent of &).

Now, the statement follows from inequality (16). O

We are finally ready to compute the asymptotic for O ; when the matrix A; is constant.
The next Proposition translates the estimate on the counting functions 7, and w; defined in
Proposition 1 to an estimate for the eigenvalues.

Proposition 2 Let Q ; be any of the forms appearing in (11).

®  Suppose j =2k and Qo (v) = fol (Ao Vg, vi)dt with Ao symmetric and constant and
let Yoy be its spectrum. Define

J J
o= Y. Ym| ade = > | .

ME Xk, >0 HEXok, <0
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Then, Qo has capacity (&4, £_) with remainder of order one. Moreover, if Aoy is mxm
andr €N, forr > mk

§+ > A, > $+
7 (r = 2mk = p(r)) =" T wi(r + 2mk + p(r)]

A7)

where p(r) =0 ifr isevenor p(r) = 1 ifr is odd. Similarly for negative r with &_.
®  Suppose j = 2k+1and Qopy1(v) = fol (A2k+1Vk—1, Vk)dt with Ajp41 skew-symmetric
and constant and let Yoy be its spectrum. Define

- v
HEXk41,—i >0

Then, Qok+1 has capacity & with remainder of order one. Moreover; if Aok is m X m
andr € 7, for |r| > mk

7 (r — 2mk — p(r))J 7 (r +2mk + p(r))!

(18)

Proof First of all we, consider 1—dimensional system and we write the inequality |ns — wy|
as an inequality for the eigenvalues. Notice that if we have two integer valued function
f, & : R — N and an inequality of the form:

g(s) = #{) solutions of (15) : A > s} > f(s),

it means that we have at least f(s) solutions bigger than s and at most g(s). This implies
that the sequence of ordered eigenvalues satisfies:

Afs) Z 8, hgs) 5.

Now, we compute this quantities explicitly. In virtue of Proposition 1, we can take as

upper/lower bounds for the counting function g(s) = ns + 2k and f(s) = ny — 2k. We
"

choose the point s = Ik It is straightforward to see that:

po=olien: > H L _o
@an)] Qrl)) — Qmr)l

UK

s=

And thus we obtain:

%
M-k = > A4k <

"
(27'rr)j (27‘[}")] ’

Now, if we change the labelling, we find that , for [ > k:

L >l >
Qr( —k))/ Qr +k))/
By definition Ay; > A;41 > Aoy42 and thus we have a bound for any index r € N.

Now, we consider m —dimensional system; notice that we reduced the problem, via diag-
onalization, to the sum of m 1—dimensional systems. Thus, our form Q; is always a direct
sum of 1— dimensional objects. We show now how to recover the desired estimate for the
sum of quadratic forms.

First of all, observe that counting functions are additive with respect to direct sum. In
fact, if Q = @2, Q;, A is an eigenvalue of Q if and only if it is an eigenvalue of Q; for
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some i. We proceed as we did before. Suppose that Q, is 1—dimensional and Q,(v) =
fol,ualvk(t)lzdt. Let us compute 7, in the point so = (31", J/mi)’ /@nl):

9 TR O R /710) GPY S /LR
" Qur) ~ Qrl)J (X, ) T
Set for simplicity ¢, = (Zmi%’ it is straightforward to see that the cardinality of the
i=1 1

above setis #{r € N : r < ¢,l} = |c4l]. Now, we are ready to prove the estimates for the
direct sum of forms. Adding everything we have:

" . g
2Z(Lcalj +k)># {elgenvalues of Q0 > (an)]} = ZZ(LcaZJ —k)

a=1 a=1

Itis clear that ) 0" ¢, = 1 and that [ +mk > Y 7" | (Lcal] + k), similarly Y " (Lcal] +
k) > 1 —m(k 4 1) since |c4l] > ¢4l — 1. Rewriting for the eigenvalues with [ > mk we

obtain: . .

(i, Jm)’ > s > (XL, i)’

Qrd —mkyi =2 = @+ mh)i
It is straightforward to compute the bounds in (17) and (18) observing again Ay > Ap41 >
Aol42. O

Remark 3 The shift m appearing in (17) and (18) is due to the fact we are considering the
direct sum of m quadratic forms. It is worth noticing that this does not depend on the fact
that we are considering a quadratic form on L2([0, 1], R™) and the estimates in (17) and
(18) hold whenever we consider the direct sum of m 1—dimensional forms with constant
coefficients. This consideration will be used in the proof of Theorem 1 below.

Now, we prove some properties of the capacities which are closely related to the explicit
estimate we have just proved for the linear case. As done so far, we state the proposition for
ordered positive eigenvalues. An analogous statement is true for the negative ones.

Proposition 3 Suppose that Q is a quadratic form on an Hilbert space and let {\,},eN be
its positive ordered eigenvalues. Suppose that:

¢

)\.:74
n n]

+0n 77" v>0,jeNasn — +oo.
1. Then, for any such Q; on a Hilbert space H;, the direct sum Q = @

SN2
An:<z .

i=1

1 Qi satisfies:

J
) +0mn77") v>0,jeNasn — +oo.

2. Suppose that U is a subspace of codimension d < oo then

¢

ni

¢

= 4+0m ™),
nt

MQly) == +0n7") <= Mm(Q) =

asn — +o0.
3. Suppose that Q and Q are two quadratic forms. Suppose that Q is as at the beginning
of the proposition and Q satisfies:

Mm(0) = 0mItH)y >0, asn — +oo.
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Then, the sum Q' = Q + Q satisfies:
¢ Ly . jtn . ;
Q) ==+0@™), V= S 1), .
n(Q") nl+ (/) v mln{j+u+l(]+ )]+V}

Proof The asymptotic relation can be written in terms of a counting function. Take the jth
root of the eigenvalues of Q;, then it holds that

#{n€N|O§{/%7 gk} = Jcik+ 0(k'™)

So summing up all the contribution we get the estimate in 7).
The min-max principle implies that we can control the nth eigenvalue of Q|y with the
nth and (n + d)th eigenvalue of Q i.e.:

M (Qlu) = A(Q) = An—a(Qlu) = An—a(Q)

So, if the codimension is fixed, it is equivalent to provide and estimate for the eigenvalues
Q or for those of Q|y.

For the last point we use Weyl law. We can estimate the i + jth eigenvalue of a sum of
quadratic forms with the sum of the ith and the jth eigenvalues of the summands. Write, as
in[3], Q' as Q+0 and Q as Q'+(— Q). and choose i = n — [n®] and j = |n®] in the first
caseandi =nand j = [7® ] in the second. This implies:

D18 (Q) A+ Ao (D) < 2n(Q') < D8 (Q) + A s (Q)
The best remainder is computed as v’ = maxse(,y min{(j +u)8, j+1—38,j+v}. O

Collecting all the facts above we have the following estimate on the decaying of the
eigenvalues of Q ;, independently of any analyticity assumption of the kernel.

Proposition 4 Take Q; as in the decomposition of lemma Eq. 1. Then, the eigenvalues of

Q satisfy:
)\n(Qj):()(%) asn — +oo

Moreover, for any k € N and for any 0 < s < k, the forms Qo1 and Qo have the same
first term asymptotic as the forms:

1
Ooses1,5(v) = (—1)S/0 (Aky1Vks145 (1), vi—s(2))dt

1
Qox,s(v) = (—l)S/O (A Vit5 (1), vk—s (1) )d1

Proof Let us start with even case, j = 2k. It holds that:

1 1
|Qok (V)| = I/O (Arv (1), v ()dt] = C/o (e (@), v (1))dt

where C = max, ||A;||. By comparison with the constant coefficient case, we get the bound.
Suppose now that j = 2k — 1. As before there is a constant C such that

1
Qo (V)| = I/ (Ao (1), ver1(D)dt] < Cllugllzlvesllz
0
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Consider now the following quadratic forms on L2([0, 1], R¥):

1 1
Fow) = / o )12d = o3 Fepr(v) = / o1 (O] 2dr = logsr I3
0 0

Define V,, = {vy, ..., vy} where v; are linearly independent eigenvectors of F associated
to the first n eigenvalues Ay > --- > A,. Similarly define U, = {uy,..., un}l to be the
orthogonal complement to the eigenspace associated to the first n eigenvalues of Fyp. It
follows that:

M (Q2k+1) < max  Cllogll2llvi+1ll2 < C max [Jvg|l2 max [lvgt1l2
veVpUy veVy, velU,

We already have an estimate for the eigenvalues of Fj and Fj4; since we have already
dealt with constant coefficients case. In virtue of the choice of the subspace V,, and U, the
maxima in the right hand side are the square roots of the nth eigenvalues of the respective
forms. Thus, one gives a contribution of order n~* and the other of order n*~! and the first
part of the proposition is proved.

For the second part, without loss of generality suppose that j = 2k. The other case is
completely analogous.

1 1 t
02 (v) —/0 (vk,szk>dt=f0 (vk,fo Arvp—1(0) + Agvg()de)de

1 1
= —/0 (vk+1(t)vAtvk—](f)+/0 (Vi1 (2), Aoe(2))dt

The second term above is of higher order by the first part of the lemma and so iterating the
integration by parts on the first term at step s we get that:

1 1
fo (Vs (1), Agvps ()dt = — fo (V1 (6), Arvis_1 (O)dt

1
+ /0 (Va1 (1), Arvp_s (D)1

The second term of the right hand side is again of order n2**!; this can be checked in the
same way as in the first part of the proposition. This finishes the proof. O

Now, we prove the main result of this section:

Proof of Theorem 1 Suppose that j = 2k is even. We work on V = {v € L2([0, 1], R™) :
v;(0) =v;(1) =0, 0 < j <k}. Then

1
0(W) = 02 (V) + Re(v) = /0 (A1), v (D)t + Re(v)

Since the matrix A; is analytic, we can diagonalize it piecewise analytically in ¢ (see
[11]). Thus, there exists a piecewise analytic orthogonal matrix O, such that O A, O; is
diagonal. By the second part of Proposition 4, if we make the change of coordinates v;
O;v; we can reduce to study the direct sum of m 1— dimensional forms. Without loss of
generality, we consider forms of the type:

1 1
O (v) = fo arllok(0)])2dt = fo arvr(0)*dt

where now a; is piecewise analytic and vy a scalar function.

@ Springer



674 Stefano Baranzini

For simplicity, we can assume that @, does not change sign and is analytic on the whole
interval. If that were not the case, we could just divide [0, 1] in a finite number of intervals
and study Qo separately on each of them.

Suppose you pick a point 7y in (0, 1) and consider the following subspace of codimension
mk in Vi:

ViD VP ={veViivj(0)=v,t) =v;(1)=0,0< j <k}

For t > tg, define v;O = ft(t) v}o_l (t)dt and vg = v € Vj. It is straightforward to check

that on tho the form Qo splits as a direct sum:

fo 1
O (v) = /0 (Ao (), v (1)) drt + / (A (1), v (1))dr
fo

Now, by Proposition 3 (points (i) and (ii)), we can introduce as many points as we want
and work separately on each segment and the asymptotic will not change (as long as the
number of point is finite).

Now, we fix a partition IT of [0, 1], [T = {f9 = 0,¢#1...#—1,11 = 1}. Consider the
subspace Vi1 = {v € L2 | vs(t;) = vs(tiv1) = 0,0 < s < k, t; € I1} which has codi-
mension equal to k|T1|. Set @; = minye;, 1@ and a;" = max;e(y, 4,1 a;. Finally, define
vit) = f; - [T v(o)dt ... dTiy. Tt follows immediately that on Vii:

it fit1
> ar / v (0%dr < Qo (v) < ) at f v ()7dt
i K i f

Now, we already analysed the spectrum for the problem with constant a; on [0, 1]. The
last step to understand the quantities on the right and left hand side is to see how the
eigenvalues rescale when we change the length of [0, 1].

If we look back at the proof of Lemma 2, it is straightforward to check that the length
is relevant only when we impose the boundary conditions, we find that the eigenvalues are:
A= % and again double.

In particular, the estimates in (17) and (18) are still true replacing p; with al.:tﬂzk .

If we replace now £ by |t; 11 — t;| and sum the capacities according to Proposition 3, we
have the following estimate on the eigenvalues on Vp, for n > 2k|I1|:

2k 2k
L@ = \" o (B G =10
T+ 200k + payy ) =R =\ T 221k — p(n))

Moreover, the min-max principle implies that, for n > k|I1|:

M (Q2k vy ) < dn (Q2) < A (Q2k v )

In particular, for n > 3k|I1|, we have:

@ E G =)\ @O EG =0\
( A AN ) 5An<sz>5( AU ) (19)

w(n+ 2|k 4+ p(n)) w(n — 3|k — p(n))

We address now the issue of the convergence of the Riemann sums. Set I;E =

N
> (aii) ® (i1 —t;) and I, = folaﬁdt. It is well known that IX — I, as long as
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sup; |t; — t;+1| goes to zero. We need a more quantitative bound on the rate of convergence.
Using results from [9] for and equispaced partition, we have that:

L1 Clakd)

IL,—If<cC =
o = 1ol = M|~ codim(Vp)

where C(a, k, £) is a constant that depends only on the function a and on k and the
inequality holds for |IT| > ng sufficiently large, where ng depends just on a and k.

Consider the right hand side of (19), adding and subtracting (ﬂ;ﬁ, we find that for
n > max{ng, k|I1|}:

I, \ % I+ 2k 1\
A”(szB(E) +(n(n—amuc—p(n))) _<E> '

A simple algebraic manipulation shows that there are constants C1, Cz and C3 such that
the difference on the right hand side is bounded by

Cin?K ||~ + o — TR (n/ 11| — 1)%)
C3(n — 3k|I1))2kn2k

for n > max{3k|I1|, n|I1|, no} where n; is a certain threshold independent of |IT|.

The idea now is to choose for n a partition IT of size |TI| = [n®] to provide a good
estimate of A,(Q). The better result in terms of approximation is obtained for § = %
Heuristically this can be explained as follows: on one hand the first piece of the error term
is of order n=2k=%  comes from the convergence of the Riemann sums and gets better as
8 — 1. On the other hand the second term comes from the estimate on the eigenvalues and
get worse and worse as n® becomes comparable to 7.

A perfectly analogous argument allows to construct an error function for the left side of
(19) which decays as n=2*=1/2 for n sufficiently large.

We have proved so far that, for one dimensional forms, Qi has 2k—capacity &y =
( jol ik/aTdt)Zk. Now, we apply point (i) of Proposition 3 to obtain the formula in the state-
ment for forms on L?([0, 1], R™). Finally notice that by Proposition 4 the eigenvalues of
Ry (v) decay as n=2k=1 If we apply point (iii) of Proposition 3, we find that Q 2k (v)+ Ry (v)
has the same 2k—capacity as Qy; with remainder of order 1/2.

Now, we consider the case j = 2k — 1. The idea is to reduce to the case of j = 4k —2 as
in the proof of Lemma 2 and use the symmetries of Qz;—; to conclude. In the same spirit as
in the beginning of the proof let us diagonalize the kernel Ay;_;. We thus reduce everything
to the two dimensional case, i.e. to the quadratic forms:

1
0 —a
0(v) :/ (v (9), ( 0: ) Ve—1(1))dt  a; = 0 (20)
0 A
It is clear that the map vp — Owvp where O = 10 is an isometry of L%([0, 1], R?)
and Q(Ovp) = —Q(vp) and so the spectrum is two sided and the asymptotic is the same

for positive and negative eigenvalues.
Now, we reduce the problem to the even case. Let us consider the square of Q1. By
proposition Eq. 4 Qx—1 has the same asymptotic as the form:

1
Q-1 = (—=DFF! /0 (A1 (), vo))dt — F(uo)(t) = (—=D* T Ajuy1(1)

@ Springer



676 Stefano Baranzini

So we have to study the eigenvalues of the symmetric part of F. It is clear that:
(F+F*? F24 FF*4 F*F + (F*)?
4 4
Thus, we have to deal with the quadratic form:
4Q(v) = ([2F% + F*F + FF*](v), v)
= 2(F(v), F*(v)) + (F*(v), F*(v)) + (F (v), F (v))

The last term is the easiest to write, it is just:

1
(F(v), F(v)) :/o (—A2vpp_1 (1), vap—1 (1))dt

which is precisely of the form of point (i) and gives % of the desired asymptotic. The
operator F* acts as follows:

* k+1 Lo n
F*() = (=1) / / / Ayvo(t)dty .. .diy
0 JO 0

Using integration by parts one can single out the term A;vpx—1. To illustrate the procedure,
for k = 1 one gets:

t
F*(v) = A;v1() —/ Agvi(n)dT
0

1

1 t
(F*(v), F*()) = / (—A201 (), v () d +2 / (A1 (1), / Agvi(©)dn)di +
0 0 0

1 t t
+[ (/ A'fvl(‘L')dr,/ Arvi(z)dT)dr
0 0 0

The other terms thus do not affect the asymptotic since by Proposition 4 they decay at
least as O (n3). The proof goes on the same line for general k.

The same reasoning applies to the term (F(v), F*(v)). Summing everything one gets
that the leading term is fol (—Atzvyc,l (1), vak—1(2))dt and so this is precisely the same case
as point (7). Recall that A; is a 2 x 2 skew-symmetric matrix as defined in (20); thus, the
eigenvalues of the square coincide and are atz. It follows that, for n sufficiently large, the
square of the eigenvalues of 0 satisfy:

4k—2
<f012 4k—2, a?dl)

. 1
Mn(Q) = =232 + 0™

4k—2 4k—2
(fo2 " Ragar)” ™ (fy *Yaar)
(rn)3k—2 - (rn/2)%=2

that the spectrum of Qyx—_1 is double and any couple A, —A is sent to the same eigenvalue

2%—1
2.2. Thus, the (2k — 1)—capacity of Qa_1 is (fol Zk*\'/cTtdt) .

. This mirrors the fact

It is immediate to see that

. b2
Moreover, given two sequences {a,},en and {b,},eN, ,/a,zl +b% = a,,/1+ é ~

a, (1 + Z—”: + 0 (2—2)) so the remainder is still 2k — 1 + %

Arguing again by point (i) of Proposition 3 one gets the estimate in the statement.

The last part about the co—capacity follow just by Proposition 4. If A; = 0 for any j
then for any v € R, v > 0 we have A,n’ — 0 asn — Fo0. O

@ Springer



Operators Arising as Second Variation of Optimal Control Problem:s... 677

4 Proof of Theorem 2

Proof of Theorem 2 The proof of the first part of the statement follows from a couple
of elementary considerations. In the sequel, we will use the short-hand notation A for
Skew(K).

Fact 1:  Equation (1) holds if and only if A has finite rank

Suppose that K |y, is symmetric. Consider the orthogonal splitting of L2[0, 1]as V@ VL.
Equation (1) can be reformulated as A()) € V*, thus Im(A(L?[0, 1])) € V+ + AV
which is finite dimensional.

Conversely, if the range of A is finite dimensional, we can decompose L?[0, 1] as
Im(A) @ ker(A), where the decomposition is orthogonal by skew-symmetry. Thus, on
ker(A), K is symmetric.

Fact 2: A determines the kernel of K

It is well known that, if K is Hilbert-Schmidt, then K* is Hilbert-Schmidt too. Since we
are assuming (2) it is given by:

1
K*(v)(t) :f V*(r, Hv(r)dr.
t

So we can write down the integral kernel A(z, 7) of A as follows:

1 .
sV, r)yift <t
A(t,r):{z )

—%V*(r, Hifr <.

The key observation now is that the support of the kernel of K is disjoint form the support
of the kernel of K*. Thus, the kernel of A determines the kernel of K (and vice versa).

Now, since we are assuming that A4 has finite dimensional image, we can present its
kernel as:

1
At 1) = EZ;“AOZI,

where Ay is a skew-symmetric matrix and Z; is a dim(Im(A)) x k matrix that has as rows
the elements of some orthonormal base of Im(A). Without loss of generality we can assume
Ao = J. In fact, with an orthogonal change of coordinates, .49 decomposes as a direct
sum of rotation with an amplitude A;. Rescaling the coordinates by /A; yields the desired
canonical form J.

The first part of the statement is proved so we pass to second one. First of all notice that,
now that we have written down any operator satisfying (1) and (2) in the same form as those
in (3), we can apply all the results about the asymptotic of their eigenvalues. In particular,
if we assume that the space Im(A) C L2([0, 1], R¥) is generated by piecewise analytic
functions, the ordered sequence of eigenvalues satisfies:

£

Ap = —
n

+ 0(n’5/3), asn — £00.

Notice that we are using a better estimates on the reminder (for the case of the
1 —capacity) then the one given in Theorem 1 that was given in [3]. We denote by M = M*
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the conjugate transpose. Set 2m = dim(Im(A)), since the map ¢ —> Z, is analytic, there
exists a piecewise analytic family of unitary matrices G; such that:

[ ici@)

_ (1)
G7:12,G, = —ig1(1)

—ig ()
0

Without loss of generality we can assume that the function ¢; are analytic on the whole inter-
val and everywhere non-negative. Recall that the coefficient £ appearing in the asymptotic
was computed as £ = fol (Hdt = /01 ZLU gi(tdt.

Let us work on the Hilbert space L2([0, 1], C*y with standard hermitian product. Notice
that G : Lz([O, 1], (Ck) — L2([0, 1], (Ck), v — G,v is an isometry; thus, the eigenvalue of
Skew(K) = A remains the same if we consider the similar operator G~ ! o Ao G which
acts as follows:

1 1
G loAoG) = G Tz /Z,Grv(t)dr

To simplify notation let us forget about this change of coordinates and still call Z; the
matrix Z,G,. Write Z; as:

i@

z = | 2n®
Xy )
X (1)
We introduce the following notation: for a vector function v; the quantity (v;); stands for
Jjth component of v;.

We can now bound the function ¢(¢) in terms of the components of the matrix Z;:

m k
2(1) = Z](Z IZ055| = 30310 Gi = 0 G0

i=1 j=1

.

m k

k m
Zzum((x,-),-(y,»)m <Y D 2060100, =Y 2l i)

i=1 j=1 i=1

Il
ii Ms

where the vector |v| is the vector with entries the absolute values the entries of v. Integrating
and using Holder inequality for the 2 norm, we get:

1 m
£ = fo cyde = |lxill2 |1yill2-
i=1

The next step is to relate the quantity on the right hand side to the eigenvalues of .A. The
strategy now is to modify the matrix Z, in order to get an orthonormal frame of Im(A).
Keeping track of the transformations used we get a matrix representing .4, then it is enough
to compute the eigenvalues of the said matrix.
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We can assume, without loss of generality that (x;, x;);2 = §;;. This can be achieved
with a symplectic change of the matrix Z;. Then, we modify the y; in order to make them
orthogonal to the space generated by the x;. We use the following transformation:

Y\ (LMY (Y _( Y+ MX

Xt 0 1 X[ B XZ‘
where M is defined by the relation [} Y, X7 + MX,X}dt = [} Y,X}dt + M = 0. The
last step is to make y; orthonormal. If we multiply ¥; by a matrix L we find the equa-

tion Lfol Y, Y}dtL* =1,s0 L = (fo1 Y, Y,*dz)’%. Thus, the matrix representing A in this
coordinates is one half of:

A — Lbo/o-1\(/LT'-M\_( O L!
0=\ —m* 1 10 0 1 ) \—-L'M—Mm

If we square Ay and compute the trace, we get:

1 1 1 m
——tr (A%)) —tr(L72) — ~tr(M* — M)?) > tr / vvgde) = i3
2 2 0 i=1
Call X (A) the spectrum of A, since A is skew-symmetric it follows that:

1
— (A = 4 > —ur=o

neX(A),—ipn>0

Recalling that ||x;|| = 1 and putting all together we find that:

<> vl < vm

i=1

D o lyill3 =2vm > -

i=1 neX(A),—ipn>0

m

Example 1 Consider a matrix Z; of the following form:

&) &) * _ 0 —=&&@0)
Z"[ 0 szm] Zf”"[szsm 0 }

The capacity of K is given by ¢ = fol |£1&>|(t)dt. We can assume that (&7, &3) =
0 and [|&]| = 1. A direct computation shows that the eigenvalue of SkewK are
%\/ (11€111% + ||€31|2). This shows that the two quantities behave in a very different way. If
we choose &, very close to & and &3 small, capacity and eigenvalue square are compara-
ble. If we choose &3 to be very big, the capacity remains the same whereas the eigenvalues
explode. In particular, there cannot be any lower bound of ¢ in terms of the eigenvalues
of K.

Remark 4 There is a natural class of translations that preserves the capacity. Take any path
®; of symplectic matrices (say L? integrable), the operators constructed with Z; and ®; Z,
have the same capacity (but the respective skew-symmetric part clearly do not have the same
eigenvalues).
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Set K®(v) = féZ;*JCDfl &, Z;v.dt and (K ®) the set of eigenvalues of Skew (K ®)
satisfying —io > 0. It seems natural to ask if:

C(K)=2 inf > —o?

O,eSp(n)
e cesH(KP)

Take for instance the example above and suppose for simplicity that & and &, are positive
and never vanishing. Using the following transformation we obtain:

7! — %J% |:§1 §3j|_|:\/§1§2 0 :|
' 0 \/E 0 & 0 Va&

1 =
&

and in this case the eigenvalue became % (&1, &2), precisely half the capacity.

5 The Second Variation of an Optimal Control Problem

We start this section collecting some basic fact about optimal control problems, first and
second variation. Standard references on the topic are [3, 4, 7, 10] and [8].

5.1 Symplectic Geometry and Optimal Control Problems

Consider a smooth manifold M, its cotangent bundle T*M is a vector bundle on M whose
fibre at a point ¢ is the vector space of linear functions on T M, the tangent space of M at g.

Let 7 be the natural projection, & : T*M — M which takes a covector and gives back
the base point:

m:T"M —> M, () =gq.

Using the the projection map we define the following 1—form, called tautological (or Liou-
ville ) form: take an element X € T (T*M), s;(X) = A(w:X). One can check that
o = ds is not degenerate in local coordinates. We obtain a symplectic manifold considering
(T*M, o).

Using the symplectic form we can associate to any function on 7*M a vector field.
Suppose that H is a smooth function on 7*M, we define H setting:

o(X, H) =d H(X), VX e T (T*M)

H is called Hamiltonian function and H is an Hamiltonian vector field.

On T*M we have a particular instance of this construction which can be used to lift
arbitrary flows on the base manifold M to Hamiltonian flows on 7*M. For any vector field
V on M consider the following function:

hy() = (A, V), *reT*M.

It is straight forward to check in local coordinates that w,hy = V.

The next objects we are going to introduce are Lagrangian subspaces. We say that a
subspace W of a symplectic vector space (X, o) is Lagrangian if the restriction of the sym-
plectic form o is degenerate, i.e. if {v € £ : o (v, w) =0, Vw € W} = W. An example of
Lagrangian subspaces is the fibre, i.e. the kernel of .. More generally we can consider the
following submanifolds in 7*M:

AN)={reT*M: MX)=0,VX € TN, 7(A) € N}
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where N C M is a submanifold. A(N) is called the annihilator of N and its tangent space
at any point is a Lagrangian subspace.

Suppose we are given a family of complete and smooth vector fields f;, which depend
on some parameter # € U C R¥ and a Lagrangian, i.e. a smooth function ¢(u, ¢) on
U x M. We use the vector fields f;, to produce a family of curves on M. For any function
u € L°°([0, 1], U) we consider the following non-autonomous O DE system on M:

q=fun(@), q0)=qoeM 2n
The solution are always Lipschitz curves. For fixed go, the set of functions u €
L*([0, 1], U) for which said curves are defined up to time 1 is an open set which we call
Upy,. We can let the base point g vary and consider U = Ugy,epmly, . It turns out that this set
has a structure of a Banach manifold (see [6]). We call the L°° functions obtained this way
admissible controls and the corresponding trajectories on M admissible curves.

Denote by y, the admissible curve obtained form an admissible control u. We are
interested in the following minimization problem on the space of admissible controls:

1
min J(u)= min / @(u(t), yu(1))dt (22)
u admissible u admissible J(

We often reduce the space of admissible variations imposing additional constraints on
the final and initial position of the trajectory. For example, one can consider trajectories that
start and end at two fixed points gg, g1 € M, or trajectory that start from a submanifold
Np and reach a second submanifold Nj. More generally we can ask that the curves satisfy
(7(0),y(1) e NS M x M.

We often consider the following family of functions on 7*M:

hy :T*M = R,  h,(A) = (A, fu) +vo(u, T(L)).

We use them to lift vector fields on M to vector fields on 7*M. They are closely relate with
the function defined above and still satisfy . (h,) = f,.

In particular, if y is and aglmissible curve, we can build a lift, i.e. a curve *in T*M such
that 7 (A) = ¥, solving A = h,(1). The following theorem, known as Pontryagin Maximum
Principle, gives a characterization of critical points of 7, for any set of boundary conditions.

Theorem (PMP) Ifa controlu € L*([0, 11, U) is a critical point for the functional in (22)
there exists a curve A : [0, 1] — T*M and an admissible curve q : [0, 11 — M such that
for almost all t € [0, 1]

1. X@)isaliftof q(1):
q(t) = w(A(1));
2. \(t) satisfies the following Hamiltonian system:
di
dt
3. the control ui is determined by the maximum condition:

M@y (A(1)) = max h, (A(r)), v <0;
uel

= R (M)

4. the non-triviality condition holds: (A(t),v) # (0, 0);
5. transversality condition holds:

(—=2(0), A(1)) € A(N).

We call q(t) an extremal curve (or trajectory) and A(t) an extremal.
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There are essentially two possibility for the parameter v, it can be either O or, after
appropriate normalization of A;, —1. The extremals belonging to the first family are called
abnormal whereas the ones belonging to second normal.

5.2 The Endpoint Map and its Differentiation

We will consider now in detail the minimization problem in equation (22) with fixed
endpoints.

As in the previous section we denote by Uy, C L*([0, 1], U) be the space of admissible
controls at point go and define the following map:

E' Uy — M, ur> y(0)

It takes the control u and gives the position at time ¢ of the solution of (21) starting from ¢q.
We call this map Endpoint map. It turns out that E” is smooth, we are going now to compute
its differential and Hessian. The proof of these facts can be found in the book [7] or in [1].
For a fixed control & consider the function i;(A) = hj()(A) and define the following
non-autonomous flow which plays the role of parallel transport in this context:

d - - o ~
77 &1 = ha(®0) Qo =1d (23)

It has the following properties:

i) It extends to the cotangent bundle the flow which solves ¢ = fﬁ’ (g) on the base. In

particular, if A; is an extremal with initial condition Ao, n(&),()»o)) = q;(t) where gj;
is an extremal trajectory.

ii) @, preserves the fibre over each ¢ € M. The restriction ®, : /M — Tg (q)M is an
t

affine transformation.

We suppose now that A(#) is an extremal and i a critical point of the functional 7. We
use the symplectomorphism ®; to pull back the whole curve A(7) to the starting point . We
can express all the first and second order information about the extremal using the following
map and its derivatives:

bl () = (h}, — h%) 0 &, (2)

Notice that:
o () luciry = 0 = dig bl luicr) by definition.
® bl lumiiry = O (h; ) d~>,) lu=i(ry = 0 since A(r) is an extremal and i the relative

control.

Thus, the first non-zero derivatives are the order two ones. We define the following maps:

Z = 3B, 00 lumir(ry : RE = TayU — To(T*M)

H; = 93b; (h0)lu=iiqr) : RN = Ty U — ;U = R

(24)

We denote by I1 = kerm, the kernel of the differential of the natural projection 7 :
T"M — M.
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Proposition 5 (Differential of the endpoint map) Consider the endpoint map E* : Uy, —
M. Fix a point i and consider the symplectomorphism @, and the map Z; defined above.
The differential is the following map:

t
d,;E(v,) = dk([)ﬂ Odkgq)t (/ vafd‘l.'> € Tq[M
0

In particular, if we identify T, (T*M) with R?" and write Z; = < ))(]t ), i is a regular
t

point if and only if v; fot X v, dr is surjective. Equivalently if the following matrix is
invertible:

t
T, = / X X*dT € Maty(R), det(T;) # 0
0

If d; E? is surjective, then (E’ )~ (g;) is smooth in a neighbourhood of # and its tangent
space is given by:

t
Ti(EY (g = {v e L™([0, 1], R : / Xcvedtr =0}
0
t
= {v e L®(0,1],R") : / Z.vedt € T1)
0

When the differential of the Endpoint map is surjective a good geometric description of
the situation is possible. The set of admissible control becomes smooth (at least locally) and
our minimization problem can be interpreted as a constrained optimization problem. We are
looking for critical points of 7 on the submanifold {u € U : E' (1) = q1}.

Definition 2 We say that a normal extremal A(z) with associated control #(t) is strictly
normal if the differential of the endpoint map at # is surjective.

It makes sense to go on and consider higher order optimality conditions. At critical points
is well defined (i.e. independent of coordinates) the Hessian of 7 (or the second variation).
Using chronological calculus (see again [7] or [1]) it is possible to write the second variation
of J onkerd E! € L*([0, 1], R¥).

Proposition 6 (Second variation) Suppose that (A(t), it) is a strictly normal critical point

of J with fixed initial and final point. For any u € L°([0, 1], R¥) such that fol Xudt =0
the second variation of J has the following expression:

1 1 pt
dgj(u):—/ (H,ut,u,)dt—/ /U(ZTMT,Z,M,)d‘L'dt
0 0 JO

The associated bilinear form is symmetric provided that u, v lie in a subspace that projects
. . 1
to a Lagrangian one via the map u + fO Ziudt.

1 1 pt
d;j(u,v):_/ <qut,vt>dz—/ /o(zruf,zzvadrdt
0 0 JO
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One often makes the assumption, which is customarily called strong Legendre condition,
that the matrix H; is strictly negative definite and has uniformly bounded inverse. This

guarantees that the term:
1
| = i v
0

is equivalent to the L? scalar product.

Definition 3 Suppose that the set U C R is open, we say that (A(?), &) is a regular critical
point if strong Legendre condition holds along the extremal. If H; < 0 but (A(¢), ) does
not satisfy Legendre strong condition, we say that (A(z), i) is singular. If H; = 0 we say
that it is fotally singular.

Even if the extremal (A(¢), i) is abnormal or not strictly normal it is possible to produce
a second variation for the optimal control problem. To do so, one considers the extended
control system:

f(v,u)(CI) = ((p(u}q(;)—l— U) cR x TqM

and the corresponding endpoint map E’ : (0, +00) x Uy — R x M. To differentiate it,
we use the same construction explained above and employ the following Hamiltonians on
R* x T*M:

huwW, 1) =, fu) +v(e, ) +v)

One has just to identify which are the right controls to consider, PMP implies that v = 0,
v < 0 and v = 0. In the end, one obtains formally the same expression as in Proposition
6 involving the derivatives of the functions fz(v,u) and recover the same expression as in
Proposition 6 for strictly normal extremals (see [7, Chapter 20] or [8]).

5.3 Reformulation of the Main Results

In this section, we reformulate Theorem 2 as a characterization of the compact part of the
second variation of an optimal control problem at a strictly normal regular extremal (see
Definitions 2 and 3).

Theorem 3 Suppose V C L2([0, 1], R¥) is a finite codimension subspace and K and oper-
ator satisfying (1) and (2). Then, (K, V) can be realized as the second variation of an
optimal control problem at a strictly normal regular extremal. To any such couple, we can
associate a triple (2, o), I1, Z) consisting of:

®  q finite dimensional symplectic space (X, 0);
® a Lagrangian subspace Il C X;
® alinearmap Z : L2([0, 1], R*) = X such that Im(Z) is transversal to the subspace T1.

This triple is unique up to the action of stabr (X, o), the group of symplectic transforma-
tions that fix T1. Any other triple is given by (¥, 0), I, ® o Z) for ® € stabr (X, o).

Vice versa any triple (2, o), 1, Z) as above determines a couple (K, V). We can define
the skew-symmetric part A of K as:

(Au, v) = 0 (Zu, Zv), Yu, v € L*([0, 1], R"),

A determines the whole operator K and its domain is recovered as ¥V = Z~(IT).
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Proof The proof is essentially a reformulation of Theorem 2. Given the operator we con-
struct the symplectic space (X, o) taking as vector space the image of the skew-symmetric
part Im(A) and as symplectic form (A-, -).

The transversality condition correspond to the fact that the differential of the endpoint
map is surjective.

The only thing left to show is uniqueness of the triple. Without loss of generality we can
assume that the symplectic subspace (¥, 0) = (R?" ¢) is the standard one and that the
Lagrangian subspace IT is the vertical subspace. In this coordinates

1 Ly
Z() = / Zividt = / (Xt ) vedt.
0 0 t

Define the following map:
F 1 L*([0, 1], Mat, ¢ (R)) — L>([0, 1]%, Maty < (R)), Y, > ZF¥JZ; = XY, — Y X,.

It is linear if X, is fixed. To determine uniqueness, we have to study an affine equation thus
is sufficient to study the kernel of F. Suppose for simplicity that X, and Y; are continuous
in t. We have to solve the equation:

F(Y)=2'JZ; =0(Z;,Z;) =0.

Consider the following subspace of R>"

1
yio1 = !Z Zyvi v eRE 1 €00, 10,1 € N} C R™
i=1

It follows that F(Y;) = 0 if and only if the subspace V%!l is isotropic. Since we are in
finite dimension, we can consider a finite number of instants #; to which we can restrict to
generate the whole V%!, Call I the set of this instants. Without loss of generality we can
assume that {}°;.; X, vi, v; € RF 1 € 1} =R".

This is so since the image of Z is transversal to IT and thus I' = fol X, X}dt is non-
degenerate. In fact, if the subspace {Zle X, vilvi € R, 1 e N} were a proper subspace
of R", there would be a vector u such that (u, X,;v) = 0, Vt € [0, 1] and Vv € R". Thus,
an element of the kernel of I'. A contradiction.

Now, we evaluate the equation F(Y;) = 0 < Y X, = XY, atthe instants t = 1;
that guarantee controllability. One can read off the following identities:

* — * L.
Y'v; = X/c;

where the v;.s are a base of R" and c; free parameters. Taking transpose we get that ¥; =
GX;.
It is straightforward to check that, if ¥; = G X;, G must be symmetric, in fact:

ZiJZ: =Y} X, — XY, = XH(G* - G)X, =0 < G =G"*

And so uniqueness is proved when X; and Y; are continuous.

The case in which X, and ¥; are just L? (matrix-)functions can be dealt with similarly.
One has just to replace evaluations with integrals of the form ftlj: Z.vdt and fttj: X vdt
and interpret every equality ¢ almost everywhere.

The only thing left to show is how to construct a control system with given (K, )) as
second variation. By the equivalence stated above it is enough to show that we can realize
any given map Z : L2([0, 1], R¥) — X with a proper control system. We can assume
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without loss of generality that (3, o) is just R%" with the standard symplectic form and IT
is the vertical subspace. With this choices the map Z is given by :

1 1
V> f Ztvzdt:/ <tht )dt
0 0 Xivy

The operator K is then given by K (v) = f(;Zt*JZvadr and V = [v|f01X,vtdt = 0].
Consider the following linear quadratic system on R":
1
ful@) = B gy (x) = SJul® + (Quu, x),
where B; and €2; are matrices of size m x k, the Hamiltonian in PMP reads:

1
hu(h, x) = (A, Bru) — 5|u|2 —(Qu, x)

Take as extremal control u, = 0, it easy to check that the re-parametrization flow &, defined
in (23) is just the identity and the matrix Z; for this problem is the following:

So it is enough to take Q2; = Y; and B; = X;. O
We can reformulate also the second part of Theorem 2 relating the capacity of K and the
eigenvalues of .A. We make the following assumptions:

1. the mapt — Z, is piecewise analytic in ¢;
the maximum condition in the statement of PMP defines a C? function Iflt w =
max, gt A, (1) in a neighbourhood of the strictly normal regular extremal we are
considering.

Under the above assumptions the following proposition clarifies the link between the
matrices Z; and H; and the function H;. A proof can be found either in [7, Proposition 21.3]
or [1].

Proposition 7 Suppose that (\(t), it) js an extremaj and the function I:I, is C%, using the
flow defined in (23) define H;(A) = (H; — hj()) o ®;(X). It holds that:

Hess),(H;) = JZ; Hle;kJ

Define R, = max,epet jjyj=1 [1Z¢v|| and let {:I:izj(t)}lj=l be the eigenvalues of i Z; J Z,
as defined in Section 4. We have the following proposition.

Proposition 8 The capacity & of K satisfies:

1
£ < W\/ / tr(Hesso (H))d1
0

and in particular, if we arrange the functions {;(t) in a decreasing order, they satisfy

0<¢@®) <= RAj(®), jell,...[}

where ) (t) are the eigenvalues of Hess),(H,) in decreasing order.
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Proof We give a sketch of the proof. Without loss of generality we can assume H, = —Id,
otherwise, we can perform the change of coordinate on L2([0, 1], R¥) v > (—Ht)’% v and
redefine Z; accordingly.

In this notation Hessy,(H;) corresponds to the matrix JZ,;Z}J. If we square A; =
Z}JZ; we obtain:

AfA ==Z}IZZ}JZ, = —=ZF (JZ,Z}J) Z; = —Z[ Hess;,(H) Z,

Observe that £ () is an eigenvalue of A, if and only if —;“]2 (¢) is a eigenvalue of A} A;. The
equation above relates the restriction of Hess),(H,) to the image of the maps Z; : RF —
R?" with the square of the functions ¢ (t) defining the capacity.

The idea is to use Cauchy interlacing inequality for the eigenvalues of Hess;,(#;) and
its restriction to a codimension 2n — k subspace. If {A; (t)}?" | are the eigenvalues of the

Hessian, taken in decreasing order, and {ju; (t)}?"z_lk the eigenvalues of its restriction we
have:

Ajron—k(@) < pj(t) < A1)

In our case, Z; are not orthogonal projectors but we can adjust the estimates considering
how much the matrices Z; dilate the space, and thus we have to take in account the function
R; defined just before the statement. Denote by () the jth eigenvalue of —AZ, putting
all together we have:

0< (1) <R Aaj(0) je(l,...k}

where we shifted the index by one since pox—1(f) = ok (¢) for all k < [. Taking square
roots and integrating we have:

1 1
/Oé“j(t)dIS/O Riy/haj(t)dt

Summing up over j we find that:

: 1! kIR 1
52/0 ij(t)df =< 5/0 ZR; Aoj(t)dt < «[”21”2\//(; tr(Hess),(H:))
J J

O

We turn now to Theorem 1; we can interpret it as a quantitative version of various nec-
essary optimality conditions that one can formulate for certain classes of singular extremals
(see [7, Chapter 20] or [4, Chapter 12]). Moreover, leaving optimality conditions aside,
Theorem 1 gives the asymptotic distribution of the eigenvalues of the second variation for
totally singular extremals (see definition 3).

As mentioned in the previous section, we can produce a second variation also in the non-
strictly normal case which is at least formally very similar to the normal case. However, a
common occurrence is that the matrix H; completely degenerates and is constantly equal
to the zero matrix. This is the case for affine control systems and abnormal extremal in
Sub-Riemannian geometry, i.e. systems of the form:

!
Ju = Z fiui + fo,  fi smooth vector fields
i=1
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In this case, Legendre condition H; < 0 (see the previous section) does not give much
information. One, then, looks for higher order optimality conditions. This is usually done
exactly as in Lemma 1: the first optimality conditions one finds are Goh condition and
generalized Legendre condition which prevent the second variation from being strongly
indefinite.

In the notation of Lemma 1, Goh conditions are written as Q; = Oie. Z;JZ; = 0. It
can be reformulated in geometric terms as follows, if A; is the extremal then

Ae[Bu fu(@(D)V1, By fu(@()v2] = 0, Yy, vy € RF

From Theorem 1, it is clear that if Q1 0, the second variation has infinite negative index
and that eigenvalues distribute evenly between the negative and positive parts of the spec-
trum. Then, one asks that the second term (Q; is non-positive definite (recall the different
sign convention in Proposition 6); otherwise, the negative part of the spectrum of —Q»
becomes infinite. In our notation, this condition reads

ZMY*17, <0 &= o(zVv, Zv) <0, Vv e R-.

Again, it can be translated in a differential condition along the extremal; however, this time,
it will in general involve more than just commutators if the system is not control affine.

If O, = 0, one can take more derivatives and find new conditions. In particular, using
the notation of Lemma 1, one has always to ask that the first non-zero term in the expansion
is of even order and that the matrix of its coefficients is non-positive in order to have finite
negative index.
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