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On the heights of a product of cyclotomic polynomials.

Francesco Amoroso

Abstract.
Let ®,,(z) be the n-th cyclotomic polynomial and define F(z) = [[ ®,(z). In this
n<N

paper we study the relations between the asymptotic behaviour of some “heights” of Fiy

and the Prime Number Theorem.

§1 Introduction.

Given a finite subset S C (0, 1] define its local discrepancy ps: R — R as the periodic

function

Ps (t) = Z U(t - O{),

aEeS

where v(t) =t — [t] — 1/2. It is worth remarking that

pS(t):Z(t—a—%)—FZ(t—a—F%)

a€eS a€eS
a<t a>t

=dt— Card({a € S, a <t})+¢(95)

for any t € [0,1), t ¢ S, where d = Card(S) is the cardinality of S and ¢(S) = > (3 — ).
a€esS

Let now N be a positive integer and define the N-th Farey set A = Ay as the set

of rationals a/b with 0 < a < b < N and (a,b) = 1. In 1924 Franel [F] and Landau [L]

discovered a nice relation between the L'-norm of the local discrepancy of the Farey set

and the Riemann Hypothesis (RH). They proved that the infimum of real A for which

1
[ 1oy 0] dt < ¥
0

is the supremum of the real parts of the zeros of the Riemann zeta-function.

1



On the heights of a product of cyclotomic polynomials.

More recently, Niederreiter [N] has remarked that the Prime Number Theorem (PNT)

Let us consider the polynomial
Fu(z) = [ @n(2)
n<N
where ®,,(2) is the n-th cyclotomic polynomial. Then

log |Fy (e)] = Z u(f — 2ra),

a€EAN
where u(0) = log |1—e®|. An elementary geometrical argument shows that the conjugate of
u(0) is wv(0/2m), whence by linearity, the conjugate of log |Fn (e”?)[ is wp, (0/27). From
classical theorems of harmonic analysis, we know that the L,-norms of two conjugate
functions are closely related, so it seems possible to find relations between the RH (or the
PNT) and some suitable “heights” of Fiy.

Let us define the maximum norm of a polynomial F' € C|[z] as
|F| = max |F(2)|.
|z|=1
This maximum norm is equivalent to the usual height, i.e. to
H(F) = max |coefficients of F|,

in the sense that H(F) < |F| < (deg F'+ 1)H(F).

In [A] we also introduce the height

- 1 [T .
)= = / log™ | F(c**)] do,

27 J_ .
where log™ 2 = max{log z,0}. For the relations between log |F| and h(F) we refer to [A].

If F splits as F(z) =a(z —aq) -+ (2 — aq) (a # 0), its Mahler’s measure is

d

M(F) = fa ol 1) = exp (51 [ 1o (e a9)

Jj=1
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(the last equality is easily deduced by Jensen’s Formula). If M(F) =1 we have

. 1 [7 1 I if

—T —

Let M(z) = Z p(k), where p(k) is the Mobius function. The following results (see
k<z
[A], section 5) relate the growth of M(x) to the behaviour of h(Fl).

Theorem 1.

Theorem 2.

2

%/_7; (1og [Fx (¢)))* db = T3~ Z%‘?) 3 M

m=1 \ k|lm n<N/m

Let A € (0,1) and assume M(z) < z*. Then it is easy to see that for any ¢ > 0 we

have )
N
(k) M(N/nm) 2A+2
(o) ( 3 MO e
m=1 \ k|lm n<N/m

Moreover, by Holder’s inequality,

N 1 /" . 1/1 [™ o 1/2
h(FN):_/ |10g|FN(€w)Hd9§§(%/ (log |En (")) d‘g) '

4 T —

Hence M(z) < * implies h(Fy) < N <. Since the infimum of A for which M(z) < z*
is the supremum of the real parts of the zeros of the Riemann zeta-function, we find the

following analogue of Franel and Landau’s result:

Corollary 1. Let A < 1. The following two assertions are equivalent:
1) For any € > 0 the Riemann zeta function does not vanish for Rz > X + ¢;

2) For any € > 0 we have h(Fy) < N e,
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Niederreiter’s theorem also has an analogue in terms of the usual height of Fly:

Theorem 3. There exist two constants ci, ca > 1 such that
C]1V S |FN| S Cév.

Moreover, for any € > 0 we can take ¢y = e — € provided that N > Ny(e).
It would be nice to prove that log|Fy| ~ N as N — +o0.

The advantage of having conditional results on the heights of Fly instead of the above
assertions on the discrepancy of the Farey set is that the analytic theory of polynomials is
fairly rich in results. Some of these can be possibly used to give bounds for the heights of

F. For example, in Section 4 we prove

Theorem 4. Let G be a polynomial with complex coefficients and assume that G splits as
G = G --- G, where Gy, ...,G), are square-free polynomials (not necessarily coprime)
of degrees dy,...,d; and of Mahler’s measure 1, and where e1,..., e, are integers (not

necessarily positive). Moreover, assume that

1
i=1,....k (1.1)

win 1G)(0)] = & ]

Gj(a)=0 7

for some constants C; > 1/ djz.. Then

k
~ 3 9
(@) < 5 X lesllox(245C;)
J:

If we apply Theorem 4 with G = Fy and k =1 we find :
Corollary 2. Let A < 1 and assume that
log |[Fiy (¢)] > —N*

for every root of unity ( of order < N. Then for any ¢ > 0 the Riemann zeta function

does not vanish for Rz > A + <.
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§2 Bounds for h(Fy): proofs of Theorems 1 and 2.

As is remarked in section 1, the conjugate of log |F (¢*)| is wp, _(6/2m). Therefore,

it is possible to prove Theorem 2 simply by using Franel’s original result and the equality
™ 0 9 1
i _ 2
e (log|Fn(e™)])” dt = 7'('/0 Pay (1) dt.
However, we prefer to give a direct proof. We begin with the Fourier expansion of the
periodic function log|Fy (¢*)|. Since
2" —1= H@d(z),
d|n

the Mobius Inversion Formula gives

©,(2) = [J(z* = Dr/ 9,

d|n
Hence
N
Fy(z) = [[(z" = MO/, (2.1)
n=1
Now, using the well-known Fourier expansion
<X cosvh
1 0 - _
ogle” —1|=-3 ——,
v=1
we obtain
log |Fiy (ew)\ = Zc,, cos vf (2.2)
v=1
where

1 (" : L (" :
c, = —/ log |F (e?)] - cosvf dt = Z M(N/n)—/ log |e™? — 1| - cos vf df
7-(- us 7T T

— n<N —

= —% Z nM(N/n). (2.3)

n<N
nlv

In particular, ¢; = —M(N); on the other hand
L[ i0 7
1| S; |log |Fn (e")|| d§ = 4h(Fn).
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M(N)

sl 4 9

Hence h(Fy)

Theorem 1. We now prove Theorem 2. From (2.2),
(2.3) and Parseval’s formula, we have:

1 (7 2 1 <X
I=- (log [Fn(e®)))” do=2
™ J_

v=1

niM(N/ny)naM(N/n
~3 3 3 mM )

v=1 n1<N no<N
nylv no|v

Putting d = (n1,n2), n; =dl; (j =1,2) and v = dlyl2k, we get

1 M(N/dly) M N/dlg
I= 9 Z Z I1ls Z L2

d<N 11,l2<N/d
(l1,12)=1

72 M(N/dly)M(N/dl
12 l1lo

which becomes, with the change of indices m = kd and dl; = mn;,

2 k M(N/mni)M(N/mnq
I:TZZZMIE;Q) 3 (N/ nzm(/ )

m<N k|m ni1,n2<N/m
2
m? p(k) M(N/mn)
Ty (e (5 e
m<N/m \ k|m n<N/m

§3 Bounds for |Fy|: proof of Theorem 3.

Let R > 1 be a positive real number. From (2.1) and from the maximum principle we

obtain
log |Fn| < log lrnax |Fn(2)] < |H|1ax |log | Fiv(2)]]

< Z!M N/n|max’log|z 1]|
n<N

= Y [IM(N/n)| max {log
n<N

Now choose R =1+ 1/N. Since

1 n
T 1,10g(R +1)}.

log(R" +1) <log2+nlogR <log2+ %
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and
1 N
1+n/N)—1 %8

1 L <1
oan_l_og( n’

we have

log |Fy| < Y |[M(N/n)|log(N/n).

n<N

The Prime Number Theorem, in the form |M(z)| < x/(logz)3, shows that
> IM(N/n)|log(N/n) < N.
n<N
Therefore, log |Fy| < N.
It remains to prove that |F| > ¢l for some ¢; > 1. To do this, let Gy = (z—1) "1 Fy.

Then (2.1) gives

Gn(z) = Y M(N/n)log

n<N

FAE |
z—11

Hence

log | Fiy(1)] = log |Gn (1) = ) M(N/n)logn =)  A(n)

n<N n<N

where A(n) is the Von Mangoldt function. By the Prime Number Theorem

> A(n) ~N.

Therefore log |F\ (1)| ~ N. Using Bernstein’s inequality |F’| < (deg F') | F'| we obtain

log |Fn| > (1+0(1))N.

4 Two Lemmas of Hayman and the proof of Theorem 4.

The following two Lemmas are due to Hayman (see [H], Lemma 2.1 and Lemma 2.2).
Lemma 1. Let z be a complex number, C' > 0 and ¢ € (0, min{1, C'}|]. Put

E={0¢c (—mmn); |e? -2 <e}.
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Then
/logL.degm—: 10g€+1 .
B |z — €| €

Proof. We can assume z > 0. Hence e’ —z| > |sinf] and E C [0y, 6], where 6, € (0, 5]

is the smallest root of the equation sin #y = . Therefore,

C %0 C b rC xC
log —— df < 2 ] do < 2 log — df = 20, [ log — +1 4.1
R Y s TEL -y A

Since fp < F¢e and 20 (log ¢ 4 1) is an increasing function for § < 7C'/2, the expression

(4.1) is bounded by 7e (log €4+1).

Lemma 2. Let zq,...,2, be complex numbers and define
5(0) = min [ — 2.
j=1,....n

Then for any C > 1/n,

1 [7 C 3
— 1 — l 2
o /_7r og™ 50) do < —log(2nC).

Proof.
Let € € (0,min{1,C}] and, for j =1,...,n

E;={0¢c (—m,m); |e¥ — 2| < e}
Then § € E = U;j<, E; if and only if §(0) < e. Moreover, for § € E,

1 +
o 57 < ot

where

loo. 2 — logz, if x> C/e;
S0 = 0, otherwise.

Therefore, using Lemma 1,

C
| —d9 I dg < log— +1]).
/Eog E / og ———— 619 P _n7r€<0g 8 + >
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On the other hand,

/ log™ £d9</ 1ogg d0§27rlogg.
(—m,m)\E 5(9> -7 € €

Hence,

—T

Choosing € = 1/n we obtain:

l\.')l»—t
[\

—/ log™ % df < §log(nC’)

Proof of Theorem 4.
We start by the well-known Lagrange interpolation formula: for any square-free poly-

nomial F' we have

= —F(Z) z z
1 _F%::O o FE) C© C, F(z) #0.

Applying this formula to Gy, ..., Gy we have, by (1.1),

| 4,0,
< :
|G(e™)] ~ 6;(6)
where §;(0) = Gr?i)n_o le? — a|. Now, using Lemma 2,
- - y 1 /(7 1
MG < S e, (G) = |e~|—/ logt — - dp
2 G = D ey | e gy
k
1 (" d;C;
S;Lﬁ]%/_ﬂloy jd0< Z|e]|log (2d7C;).
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