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On the heights of a product of cyclotomic polynomials.

Francesco Amoroso

Abstract.

Let Φn(z) be the n-th cyclotomic polynomial and define FN (z) =
∏
n≤N

Φn(z). In this

paper we study the relations between the asymptotic behaviour of some “heights” of FN

and the Prime Number Theorem.

§1 Introduction.

Given a finite subset S ⊂ (0, 1] define its local discrepancy ρS :R→ R as the periodic

function

ρS (t) =
∑
α∈S

v(t− α),

where v(t) = t− [t]− 1/2. It is worth remarking that

ρS (t) =
∑
α∈S
α<t

(t− α− 1

2
) +

∑
α∈S
α>t

(t− α+
1

2
)

= d t− Card({α ∈ S, α ≤ t}) + c(S)

for any t ∈ [0, 1), t 6∈ S, where d = Card(S) is the cardinality of S and c(S) =
∑
α∈S

( 1
2 −α).

Let now N be a positive integer and define the N -th Farey set Λ = ΛN as the set

of rationals a/b with 0 < a ≤ b ≤ N and (a, b) = 1. In 1924 Franel [F] and Landau [L]

discovered a nice relation between the L1-norm of the local discrepancy of the Farey set

and the Riemann Hypothesis (RH). They proved that the infimum of real λ for which

∫ 1

0

|ρΛN
(t)| dt� Nλ

is the supremum of the real parts of the zeros of the Riemann zeta-function.
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More recently, Niederreiter [N] has remarked that the Prime Number Theorem (PNT)

with a suitable remainder term implies

N � max
t∈R
|ρΛN

(t)| � N.

Let us consider the polynomial

FN (z) =
∏
n≤N

Φn(z),

where Φn(z) is the n-th cyclotomic polynomial. Then

log |FN
(
eiθ
)
| =

∑
α∈ΛN

u(θ − 2πα),

where u(θ) = log |1−eiθ|. An elementary geometrical argument shows that the conjugate of

u(θ) is πv(θ/2π), whence by linearity, the conjugate of log |FN
(
eiθ
)
| is πρΛN

(θ/2π). From

classical theorems of harmonic analysis, we know that the Lp-norms of two conjugate

functions are closely related, so it seems possible to find relations between the RH (or the

PNT) and some suitable “heights” of FN .

Let us define the maximum norm of a polynomial F ∈ C[z] as

|F | = max
|z|=1

|F (z)|.

This maximum norm is equivalent to the usual height, i.e. to

H(F ) = max |coefficients of F |,

in the sense that H(F ) ≤ |F | ≤ (deg F + 1)H(F ).

In [A] we also introduce the height

h̃(F ) =
1

2π

∫ π

−π
log+ |F (eiθ)| dθ,

where log+ x = max{log x, 0}. For the relations between log |F | and h̃(F ) we refer to [A].

If F splits as F (z) = a(z − α1) · · · (z − αd) (a 6= 0), its Mahler’s measure is

M(F ) = |a|
d∏
j=1

max(|αj |, 1) = exp

(
1

2π

∫ π

−π
log |F (eiθ)| dθ

)
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(the last equality is easily deduced by Jensen’s Formula). If M(F ) = 1 we have

h̃(F ) =
1

2π

∫ π

−π
log+ 1

|F (eiθ)|
dθ =

1

4π

∫ π

−π

∣∣ log |F (eiθ)|
∣∣ dθ.

Let M(x) =
∑
k≤x

µ(k), where µ(k) is the Möbius function. The following results (see

[A], section 5) relate the growth of M(x) to the behaviour of h̃(FN ).

Theorem 1.

h̃(FN ) ≥ M(N)

4

Theorem 2.

1

2π

∫ π

−π

(
log |FN (eiθ)|

)2
dθ =

π2

12

N∑
m=1

∑
k|m

µ(k)

k2

 ∑
n≤N/m

M(N/nm)

n

2

Let λ ∈ (0, 1) and assume M(x) � xλ. Then it is easy to see that for any ε > 0 we

have
N∑
m=1

∑
k|m

µ(k)

k2

 ∑
n≤N/m

M(N/nm)

n

2

� N2λ+2ε.

Moreover, by Hölder’s inequality,

h̃(FN ) =
1

4π

∫ π

−π
| log |FN (eiθ)|| dθ ≤ 1

2

(
1

2π

∫ π

−π

(
log |FN (eiθ)|

)2
dθ

)1/2

.

Hence M(x)� xλ implies h̃(FN )� Nλ+ε. Since the infimum of λ for which M(x)� xλ

is the supremum of the real parts of the zeros of the Riemann zeta-function, we find the

following analogue of Franel and Landau’s result:

Corollary 1. Let λ < 1. The following two assertions are equivalent:

1) For any ε > 0 the Riemann zeta function does not vanish for <z ≥ λ+ ε;

2) For any ε > 0 we have h̃(FN )� Nλ+ε.
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Niederreiter’s theorem also has an analogue in terms of the usual height of FN :

Theorem 3. There exist two constants c1, c2 > 1 such that

cN1 ≤ |FN | ≤ cN2 .

Moreover, for any ε > 0 we can take c1 = e− ε provided that N ≥ N0(ε).

It would be nice to prove that log |FN | ∼ N as N → +∞.

The advantage of having conditional results on the heights of FN instead of the above

assertions on the discrepancy of the Farey set is that the analytic theory of polynomials is

fairly rich in results. Some of these can be possibly used to give bounds for the heights of

FN . For example, in Section 4 we prove

Theorem 4. Let G be a polynomial with complex coefficients and assume that G splits as

G = Ge11 · · ·G
ek
k , where G1, . . . , Gk are square-free polynomials (not necessarily coprime)

of degrees d1, . . . , dk and of Mahler’s measure 1, and where e1, . . . , ek are integers (not

necessarily positive). Moreover, assume that

min
Gj(α)=0

|G′j(α)| ≥ 1

Cj
, j = 1, . . . , k (1.1)

for some constants Cj ≥ 1/d2
j . Then

h̃(G) ≤ 3

2

k∑
j=1

|ej | log(2d2
jCj)

If we apply Theorem 4 with G = FN and k = 1 we find :

Corollary 2. Let λ < 1 and assume that

log |F ′N (ζ)| � −Nλ

for every root of unity ζ of order ≤ N . Then for any ε > 0 the Riemann zeta function

does not vanish for <z ≥ λ+ ε.
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§2 Bounds for h̃(FN ): proofs of Theorems 1 and 2.

As is remarked in section 1, the conjugate of log |FN
(
eiθ
)
| is πρΛN

(θ/2π). Therefore,

it is possible to prove Theorem 2 simply by using Franel’s original result and the equality

1

2π

∫ π

−π

(
log |FN (eiθ)|

)2
dt = π

∫ 1

0

ρΛN
(t)2 dt.

However, we prefer to give a direct proof. We begin with the Fourier expansion of the

periodic function log |FN
(
eiθ
)
|. Since

zn − 1 =
∏
d|n

Φd(z),

the Möbius Inversion Formula gives

Φn(z) =
∏
d|n

(zd − 1)µ(n/d).

Hence

FN (z) =

N∏
n=1

(zn − 1)M(N/n). (2.1)

Now, using the well-known Fourier expansion

log |eiθ − 1| = −
+∞∑
ν=1

cos νθ

ν
,

we obtain

log |FN
(
eiθ
)
| =

+∞∑
ν=1

cν cos νθ (2.2)

where

cν =
1

π

∫ π

−π
log |FN (eiθ)| · cos νθ dt =

∑
n≤N

M(N/n) · 1

π

∫ π

−π
log |einθ − 1| · cos νθ dθ

= −1

ν

∑
n≤N
n|ν

nM(N/n). (2.3)

In particular, c1 = −M(N); on the other hand

|c1| ≤
1

π

∫ π

−π

∣∣ log |FN
(
eiθ
)
|
∣∣ dθ = 4h̃(FN ).
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Hence h(FN ) ≥ M(N)
4 , which proves Theorem 1. We now prove Theorem 2. From (2.2),

(2.3) and Parseval’s formula, we have:

I =
1

2π

∫ π

−π

(
log |FN (eiθ)|

)2
dθ =

1

2

+∞∑
ν=1

c2ν

=
1

2

+∞∑
ν=1

∑
n1≤N
n1|ν

∑
n2≤N
n2|ν

n1M(N/n1)n2M(N/n2)

ν2
.

Putting d = (n1, n2), nj = dlj (j = 1, 2) and ν = dl1l2k, we get

I =
1

2

∑
d≤N

∑
l1,l2≤N/d
(l1,l2)=1

M(N/dl1)M(N/dl2)

l1l2

+∞∑
k=1

1

k2

=
π2

12

∑
d≤N

∑
l1,l2≤N/d

M(N/dl1)M(N/dl2)

l1l2

∑
k|l1
k|l2

µ(k).

which becomes, with the change of indices m = kd and dlj = mnj ,

I =
π2

12

∑
m≤N

∑
k|m

µ(k)

k2

∑
n1,n2≤N/m

M(N/mn1)M(N/mn2)

n1n2

=
π2

12

∑
m≤N/m

∑
k|m

µ(k)

k2

 ∑
n≤N/m

M(N/mn)

n

2

.

§3 Bounds for |FN |: proof of Theorem 3.

Let R > 1 be a positive real number. From (2.1) and from the maximum principle we

obtain
log |FN | ≤ log max

|z|=R
|FN (z)| ≤ max

|z|=R
| log |FN (z)||

≤
∑
n≤N

|M(N/n)| max
|z|=R

∣∣ log |zn − 1|
∣∣

=
∑
n≤N

|M(N/n)|max

{
log

1

Rn − 1
, log(Rn + 1)

}
.

Now choose R = 1 + 1/N . Since

log(Rn + 1) ≤ log 2 + n logR ≤ log 2 +
n

N
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and

log
1

Rn − 1
≤ log

1

(1 + n/N)− 1
= log

N

n
,

we have

log |FN | �
∑
n≤N

|M(N/n)| log(N/n).

The Prime Number Theorem, in the form |M(x)| � x/(log x)3, shows that

∑
n≤N

|M(N/n)| log(N/n)� N.

Therefore, log |FN | � N .

It remains to prove that |FN | ≥ cN1 for some c1 > 1. To do this, let GN = (z−1)−1FN .

Then (2.1) gives

GN (z) =
∑
n≤N

M(N/n) log

∣∣∣∣zn − 1

z − 1

∣∣∣∣ .
Hence

log |F ′N (1)| = log |GN (1)| =
∑
n≤N

M(N/n) log n =
∑
n≤N

Λ(n)

where Λ(n) is the Von Mangoldt function. By the Prime Number Theorem

∑
n≤N

Λ(n) ∼ N.

Therefore log |F ′N (1)| ∼ N . Using Bernstein’s inequality |F ′| ≤ (degF ) |F | we obtain

log |FN | ≥
(
1 + o(1)

)
N.

§4 Two Lemmas of Hayman and the proof of Theorem 4.

The following two Lemmas are due to Hayman (see [H], Lemma 2.1 and Lemma 2.2).

Lemma 1. Let z be a complex number, C > 0 and ε ∈ (0,min{1, C}]. Put

E = {θ ∈ (−π, π) ; |eiθ − z| ≤ ε}.
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Then ∫
E

log
C

|z − eiθ|
dθ ≤ πε

(
log

C

ε
+ 1

)
.

Proof. We can assume z > 0. Hence |eiθ−z| ≥ | sin θ| and E ⊂ [−θ0, θ0], where θ0 ∈ (0, π2 ]

is the smallest root of the equation sin θ0 = ε. Therefore,∫
E

log
C

|z − eiθ|
dθ ≤ 2

∫ θ0

0

log
C

sin θ
dθ ≤ 2

∫ θ0

0

log
πC

2θ
dθ = 2θ0

(
log

πC

2θ0
+ 1

)
. (4.1)

Since θ0 ≤ π
2 ε and 2θ

(
log πC

2θ + 1
)

is an increasing function for θ ≤ πC/2, the expression

(4.1) is bounded by πε
(
log C

ε + 1
)
.

Lemma 2. Let z1, . . . , zn be complex numbers and define

δ(θ) = min
j=1,...,n

|eiθ − zj |.

Then for any C ≥ 1/n,

1

2π

∫ π

−π
log+ C

δ(θ)
dθ ≤ 3

2
log(2nC).

Proof.

Let ε ∈ (0,min{1, C}] and, for j = 1, . . . , n,

Ej = {θ ∈ (−π, π) ; |eiθ − zj | ≤ ε}.

Then θ ∈ E = ∪j≤nEj if and only if δ(θ) ≤ ε. Moreover, for θ ∈ E,

log+ C

δ(θ)
≤

n∑
j=1

log0

C

|eiθ − zj |

where

log0 x =

{
log x, if x ≥ C/ε;
0, otherwise.

Therefore, using Lemma 1,∫
E

log+ C

δ(θ)
dθ ≤

n∑
j=1

∫
Ej

log
C

|eiθ − zj |
dθ ≤ nπε

(
log

C

ε
+ 1

)
.
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On the other hand,∫
(−π,π)\E

log+ C

δ(θ)
dθ ≤

∫ π

−π
log

C

ε
dθ ≤ 2π log

C

ε
.

Hence,

1

2π

∫ π

−π
log+ C

δ(θ)
dθ ≤ nε

2

(
log

C

ε
+ 1

)
+ log

C

ε
.

Choosing ε = 1/n we obtain:

1

2π

∫ π

−π
log+ C

δ(θ)
dθ ≤ 3

2
log(nC) +

1

2
≤ 3

2
log(2nC).

Proof of Theorem 4.

We start by the well-known Lagrange interpolation formula: for any square-free poly-

nomial F we have

1 =
∑

F (α)=0

F (z)

(z − α)F ′(α)
, z ∈ C, F (z) 6= 0.

Applying this formula to G1, . . . , Gk we have, by (1.1),

1

|Gj(eiθ)|
≤ djCj
δj(θ)

,

where δj(θ) = min
Gj(α)=0

|eiθ − α|. Now, using Lemma 2,

h̃(G) ≤
k∑
j=1

|ej |h̃(Gj) =

k∑
j=1

|ej |
1

2π

∫ π

−π
log+ 1

|Gj(eiθ)|
dθ

≤
k∑
j=1

|ej |
1

2π

∫ π

−π
log+ djCj

δj(θ)
dθ ≤ 3

2

k∑
j=1

|ej | log(2d2
jCj).
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