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Abstract

The future of high-energy particle physics will be soon characterised by a rapid increase in
experimental data precision as it approaches the upcoming high-luminosity phase of the
Large Hadron Collider. To maximise the potential for uncovering new physics phenom-
ena, it is crucial to establish a solid theoretical framework capable of providing highly-
accurate predictions, thus facilitating the identification of any unforeseen deviations from
the Standard Model background. Since strong interactions dominate physical processes
at high-energy particle colliders, perturbative corrections in Quantum Chromodynamics
(QCD) play a central role in this endeavour. In this thesis, we introduce a novel subtrac-
tion scheme designed for the systematic and universal cancellation of higher-order infrared
singularities in massless QCD, paving the way for a general analytic solution to the next-
to-next-to-leading-order (NNLO) infrared problem. Built upon the Local Analytic Sector
Subtraction framework, we first present the construction of a next-to-leading-order (NLO)
subtraction scheme, covering both initial- and final-state radiation. We explain key fea-
tures of the method, including an optimisation procedure to improve numerical stability
without adding analytic complexity, followed by a comprehensive numerical validation.
In the second part of this work, we extend this strategy to construct analytic expressions
implementing a fully-local infrared subtraction at NNLO, applicable to generic coloured
massless final states. We rigorously verify the cancellation of all explicit infrared poles
and analytically evaluate finite contributions using ordinary polylogarithms up to weight
three. The resulting subtraction formula can be readily implemented in any numerical
framework containing the relevant matrix elements up to NNLO.
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Introduction

Walking through a vintage market in the streets of Turin, I came across a forgotten copy
of Le Scienze, the Italian edition of Scientific American, dated back to 1973. Within the
pages of this magazine, an educational article by A. M. Litke and R. Wilson [3, 4] was
reported, addressing the following topic:

ELECTRON-POSITRON COLLISIONS

When the electron and its antiparticle collide, they can annihilate each
other and give rise to radiation or other particles. Such processes are

currently studied with opposed beams of electrons and positrons

Herein, the authors discuss the technology employed in high-energy particle colliders, and
explore the advantages that these experiments offer as unique and controlled environments
that enable researchers to test theoretical predictions in physical domains that would
otherwise be inaccessible through any other means. The enthusiasm surrounding particle
discoveries and the vibrant pursuit of a unified explanation of the observed phenomena can
be clearly perceived, especially in the research area devoted to the production of strongly-
interacting nuclear particles called hadrons. At that time, a comprehensive predictive
theory for this class of events was still in its early stages of development.

As we fast forward to the present day, high-energy physics has made remarkable strides
in our understanding of the fundamental laws of Nature over the past 50 years. One of the
monumental achievements has been the completion of the Standard Model (SM) of particle
physics, the quantum field theory describing elementary constituents of matter and their
interactions [5]. This milestone has been the result of several decades of collaborative
theoretical and experimental efforts, which culminated with the discovery of the last
missing piece, the Higgs boson, in July 2012 at the Large Hadron Collider (LHC) [0, [7].

While the Standard Model has been remarkably successful in describing the behaviour
of known particles and forces, demonstrating an impressive agreement between theoretical
predictions and experimental data, there are clear indications implying that this is not the
final answer. The limitations it presents in explaining certain astrophysical observations,
such as the existence of dark matter, or in addressing fundamental questions like the
origin of neutrino masses and the hierarchy problem, have motivated the development of
numerous innovative theories beyond the Standard Model (BSM), which aim to offer a
more exhaustive understanding of these phenomena.

1



2 Introduction

Eleven years after the discovery of the Higgs boson, ongoing experimental searches for
hints of physics beyond the Standard Model at modern energy-frontier colliders have not
yet uncovered any clear indication of new particles or interactions. As a result, various
proposed BSM scenarios have been ruled out. This implies that if new physics does indeed
exist within the currently accessible energy ranges, its effects would likely be extremely
tiny, possibly requiring a large volume of experimental data to become evident. To detect
these effects, which are expected to manifest as small deviations from SM predictions, it
results imperative to enhance our control over Standard Model background processes.

To maximise the potential for discoveries on the experimental front, a significant up-
grade is scheduled for the LHC, expected to take place around 2029. This upcoming
phase, known as High Luminosity LHC (HL-LHC), will boost the integrated luminosity
of this hadron collider by a factor of 10 compared to its previous design, resulting in a
substantial reduction in statistical uncertainties due to the vast amount of collected data.
Meanwhile, the field of particle physics is actively exploring another promising avenue of
research: the development of future lepton colliders [8/14]. Thanks to the cleaner en-
vironment resulting from the collision of elementary particles, these experiments enable
highly precise measurements and offer a significant reduction in background noise when
compared to the more intricate hadron interactions. Long-term projects for future hadron
colliders [15] are also under consideration.

In light of this forthcoming experimental progress, the availability of highly-accurate
theoretical predictions covering a wide spectrum of scattering processes and relevant col-
lider observables becomes of paramount importance. This precision is definitely crucial
for enabling meaningful comparisons with ever-more precise experimental data, thereby
ensuring their reliable interpretation. Within the context of high-energy colliders, where
physical processes are primarily dominated by strong interactions, Quantum Chromody-
namics (QCD) assumes a central role. In this theoretical framework, physical observables
are evaluated as perturbative expansions in the strong coupling constant ag, and missing
higher-order corrections in the corresponding computations stands out as one of the pri-
mary source of theoretical uncertainties. While leading-order (LO) calculations offer little
more than rough estimates for physical observables, next-to-leading-order (NLO) correc-
tions are essential for assessing scale dependence and obtaining reliable results. However,
calculations at this perturbative order frequently struggle to achieve the level of precision
required by current data. Consequently, predictions at the next-to-next-to-leading order
(NNLO) in the strong coupling are rapidly becoming the standard for meeting the few
percent-level precision demanded by collider measurements.

The computation of higher-order QCD corrections for fully-differential observables
relies on the existence of effective and automated methods for handling infrared (IR) sin-

gularities that manifest in quantum field theories beyond the Born approximation. These
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singularities, which stem from long-distance interactions such as soft or collinear emis-
sions of massless particles, impact intermediate stages of the calculation and must be
systematically removed to recover a finite and physically meaningful result. During the
1990s, an improved understanding of the universal infrared behaviour of scattering ampli-
tudes paved the way for the development of general frameworks aimed at addressing the
singularity problem at NLO in perturbation theory [16-21]. These frameworks, or rather
subtraction schemes, played a pivotal role in the accuracy revolution that significantly
contributed to the high-energy physics programmes at the LHC and other experiments.

The scenario takes a significant turn at NNLO, where tackling the infrared-subtraction
problem becomes an extremely demanding task, driven by a sharp increase in technical
complexity. Beyond the NLO regime, calculations of QCD perturbative corrections are
hindered by two primary sources of complexity: a rapid proliferation of overlapping singu-
lar regions and the intricate interplay between virtual poles and phase-space singularities.
Consequently, endeavours to attain the same degree of universality and computational
efficiency achieved at NLO have spanned nearly two decades. The availability of two-loop
amplitudes and the technology for producing differential NNLO calculations, established
by a number of methods belonging to the large spectrum of proposed algorithms [22-57],
have led to the successful computation of all relevant 2 — 2 processes at the LHC, thereby
extending the current theoretical frontier towards NNLO predictions for 2 — 3 reactions
[58167]. Furthermore, recent progress has streamlined the calculation of N3LO predictions
for benchmark processes (for state-of-the-art reviews, see Refs. [68, [69]). Although the
fundamental mechanisms underlying the cancellation of infrared singularities are concep-
tually straightforward and well-understood, the concrete technical implementation of such
approaches typically entails significant computational intricacy. As a result, a universal
solution to the infrared-subtraction problem beyond NLO is still missing.

This thesis presents the development of a novel subtraction scheme for the systematic
and universal treatment of infrared singularities in fully-differential predictions at higher
orders in perturbative QCD. The ambitious goal of this programme is to establish the
groundwork for a fully-general, analytic solution to the infrared problem at NNLO.

The structure of this thesis is outlined as follows. Chapter [I| sets the stage by de-
lineating the issue this manuscript aims to solve. We start by introducing Quantum
Chromodynamics and its fundamental properties, we then delve into the computation of
physical predictions for hadronic processes, with a particular emphasis on the origin of
infrared and collinear singularities arising in QCD perturbative calculations. An overview
of existing methods for removing infrared divergences at NLO and NNLO accuracy is
provided, highlighting their accomplishments and limitations. We conclude this Chapter
by presenting our proposed strategy for the formulation of a general, analytic, and local

solution to the infrared-subtraction problem.



4 Introduction

In this thesis, we focus on developing and validating our algorithm in two distinct sce-
narios. First, we apply our strategy to formulate a subtraction scheme at NLO accuracy
in massless QCD, capable of handling both initial- and final-state radiation. Chapter
provides a thorough account of the construction of this scheme. This step plays a fun-
damental role in assessing the algorithm’s performance, mitigating potential instabilities,
and devising optimisations that can be readily extended to higher-order implementations.

With this experience in hand, in Chapter [3| we address the construction of a novel sub-
traction scheme at NNLO precision. A detailed description of all ingredients is presented,
as well as a guided procedure showcasing their intricate interplay. The outcome of this
extensive effort is a fully-analytic and universal formula which achieves the cancellation
of NNLO infrared singularities in processes involving an arbitrary number of colourful (as
well as colourless) final-state particles in massless QCD. On the phenomenological side,
this result paves the way for a deeper analysis of theory-data comparisons in current (and
future) ete™ colliders, enabling for example the calculation of the NNLO-accurate cross
section for four-jet production.

Chapter {4} is finally dedicated to the validation of our algorithms. We present both in-
tegrated and differential results obtained employing our NLO subtraction formula, which
have been implemented in MADNKLO, an automated Python framework built upon
MADGRAPHS AMCQ@NLO. While ongoing efforts are directed towards the low-level im-
plementation and optimisation of MADNKLO, particularly in the view of computationally-
demanding NNLO computations, a detailed example illustrating how the cancellation of
NNLO infrared divergences is achieved within our algorithm, is presented in a non-trivial
case study.

The construction of these subtraction schemes, as described in Chapter [2| and Chap-
ter 3], rely on a considerable number of lengthy expressions, which we provide in a series of
Appendices: Appendix [A] offers a quick reference for the general notations used through-
out this thesis, Appendix [B] contains all the relevant NLO material, and Appendix [C|
collects all building blocks entering our NNLO subtraction formula.

In the Conclusions, we provide a summary of the outcomes of this thesis work and
explore potential directions for future developments and applications of our algorithm.



Chapter 1

Collider predictions facing infrared

singularities: a brief overview

This first Chapter offers a brief overview aimed at introducing the reader to the funda-
mental concepts necessary for a comprehensive understanding of this thesis work.

To achieve this, we will first present the theoretical framework of Quantum Chromo-
dynamics (Section and provide insights into how calculations are performed within
this context. We will then place particular emphasis on predictions for hadron colliders,
delving into the issue of infrared singularities that affect them (Section . To fur-
ther assist the reader in situating our work within the broader theoretical landscape of
collider phenomenology, we will provide an overview of the current state-of-the-art al-
gorithms developed and employed for the cancellation of infrared singularities at higher
orders (Section . This will include an introduction to the strategy underlying our own
proposed subtraction method.

For those interested in delving deeper into these topics, we recommend referring to
standard textbooks of quantum field theory, such as Refs. [T0H72], and specific lecture

notes [73, [74], which offer more extensive coverage of the subject matter.

1.1 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is the gauge field theory describing the strong inter-
actions among coloured quarks and gluons. In Section we provide an overview of
its fundamental properties. Since the interactions of strongly interacting particles play
a dominant role in high-energy collider experiments, our attention turns to perturbation
theory. Within this framework, the calculation of scattering amplitudes is organised in
terms of Feynman diagrams. When going beyond the leading-order representation, this
approach involves the evaluation of closed loops of partons, which are plagued by ultra-
violet divergences stemming from the integration over arbitrarily-large loop momenta.

These infinities can be reabsorbed into a redefinition of the parameters of the Lagrangian
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through the renormalisation procedure discussed in Section [I.1.2] As a result, the cou-
pling constant ag acquires a scale-dependent behaviour, and in Section [1.1.3, we delve

into the running of ag and its important implications.

1.1.1 Basics

The dynamics of quarks and gluons is encoded in the QCD Lagrangian density, given by
n . n a Aa 1 a v
L = Z%‘,i(W“au - mf)wf,i + wa,i( - gs’Y“tijAu)l/Jf,j T FWF(QL ) (1.1)
! f

where summation over repeated indices is understood. The first contribution to Eq.
represents the kinetic propagation term for the fermion fields. Specifically, 1, is the
quark field, of flavour f and mass m, defined to transform under the triplet (fundamental)
representation of the SU(3) gauge group (the corresponding color index i runs from 1 to
N.=3). The sum over f runs over the six quark flavours included in the Standard Model,
while v#* are the Dirac y-matrices connecting the spinor representation of the quark fields
to the vector representation of the Lorentz group. The second quantity in Eq. is
the fermion-gauge boson interaction vertex that couples the quark fields to the gluon
field Af by means of the SU(3) generators t{;, hermitian and traceless matrices in the
fundamental representation. An explicit expression for these generators is given by the
eight 3 x 3 Gell-mann matrices [72], defined as t}; = A?;/2, with the following standard

normalisation

1
Tr [t4t%] = Tro* = 3 5. (1.2)

The coupling constant of the strong interaction is gg, which is also commonly expressed
as as = g2/4m, where ag is the parameter on which the perturbative expansion of QCD is
based. The last term of Eq. (1.1)) contains the contraction of field strength tensors FJ;,,
defined as

Fp, = 0,A% = 0,A% — gsfane AL AT, (1.3)

where A7, represents the gluon field, the gauge field of SU(3), in the adjoint representation
(with color index a running from 1 to N?—1 = 8), and fu. are the real and anti-symmetric
structure constants of SU(3), appearing in the commutation relation defining the group
algebra:

[t 8] = ifanet°. (1.4)

The expansion of the contraction between tensors in Eq. (1.3]) reveals a kinetic term for
gluons and self-interaction contributions among gauge bosons, in the form of triple-gluon
vertex (proportional to gs) and four-gluon vertex (proportional to ¢2), arising from the
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fact that gluons are force mediator which carry colour charge themselves, differently from
the QED electrically-neutral mediator, the photon.

The structure of the QCD Lagrangian in Eq. is constrained by the requirement
of invariance under SU(3) local gauge transformations, i.e. independent redefinitions of
quark and gluon fields at every point in space and time have not to change the physics
content of the theory. A generic element of this group, the unitary matrix U, can be
written in exponential form in terms of the generators t* of the Lie-algebra and the real

phase parameters of the local gauge transformation w, = w,(z), as
U = ewat” (1.5)

One can verify that with the following transformation properties of quark fields, gluon

fields, and strength tensor, namely

wf,i_) ijf,]7 .

a pa a Aa 77— ? _

trAS — Ut" AL U 1+g—(8ﬂU)U '

a ra a a —1

1°FS, — UL*Fe, U, (1.6)

the QCD Lagrangian density is left unchanged, thus proving its gauge invariance.

In order to perform perturbative calculations, the classical Lagrangian has to be
supplemented by a gauge-fizing (GF) term, without which the propagator for the gluon
field could not be defined. A possible class of gauge choices, denoted as

Lop = mAT)? (1.7)

:
2€
are the covariant gauges with gauge parameter £. In non-abelian gauge theories as QCD,

the covariant gauge-fixing term ((1.7)) requires the inclusion of a ghost Lagrangian, as

Eghost = —c"o" (a,ufsab + gsfabcA;) Cb . (18)

The Faddev-Popov ghosts, denoted by ¢?, are anti-commuting scalar fields in the adjoint
representation which interact with the gluon fields, and remove unphysical degrees of
freedom which would otherwise appear in covariant gauges.

For future convenience, we introduce here the colour-charge vector T;, associated with
the emission of a gluon from a coloured particle i, acting on the colour space as T; = T |a).
The components of this vector are n x n matrices whose dimension depends on the nature
of the particle ¢: if ¢ is a gluon, T = if.m with n = 8, while if ¢ is a quark, n = 3

a

and Ty = t%5 (in the case of emitting antiquark one has Tjgy = #%5 = —t4,). Applying
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colour-algebra relations, one can derive that the scalar products obey
T, -T, =T, -T,, it i#7, (1.9)

which indicates that the respective matrices act on different spaces; while, for ¢ = j, one
obtains

T, T, = (T,)* = C},, (1.10)

where CY, is the Casimir operator taking value C, = Cp if i is a quark (antiquark), and

Cy, = Uy if i is a gluon. Specifically,

N2 -1 -3 4
Zt tk‘j CF i with CF < M 5,

Zfabc]cabd 5cd with CA — Nc B . (111)
a,b

The colour factor C'r is associated with the gluon emission from a quark, while the colour
factor C'y is associated with the gluon emission from a gluon. The factor Tk introduced
in Eq. is connected to the process of a gluon splitting into a ¢g pair. We refer the
reader to Ref. [18] for more details on the colour-charge algebra.

1.1.2 Ultraviolet renormalisation

Starting from the Lagrangian density given by Eq. , along with Egs. —, one
can deduce the Feynman rules of QCD (as detailed for instance in Ref. [71]). These rules
provide analytical expressions for computing scattering amplitudes A in perturbation
theory, which are subsequently used in the calculation of physical observables.

However, going beyond the tree-level approximation, the evaluation of loop corrections
to scattering amplitudes gives rise to divergences of ultraviolet (UV) origin, as a conse-
quence of the integration over virtual loop momenta which can become arbitrarily large,
since not constrained by any physical condition. To restore the predictive power of the
theory, we first need to introduce a regulator to isolate and quantify the singularities, so
as to work with finite quantities in the intermediate stages of the calculations. Dimen-
sional regularisation [75] is by far the most commonly used approach, as it preserves the
Lorentz and gauge invariance of the theory. Basically it consists in shifting the number
of space-time dimensions from 4 to d = 4 — 2¢, and taking the limit ¢ — 0 just at the
end of the calculation. In this framework, UV divergences manifest as isolated e poles,
schematically as

d*k dk o
2 2 2 o 221
9s J (271')4 — Gs K J (27T)d gs K [ P + co + O(G)] . (112)
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Notice that the introduction of an arbitrary mass scale p is necessary to maintain the
correct dimensionality of the integral. Since physical observables must be independent
of €, we need to reabsorb the effects of UV degrees of freedom in a redefinition of the
unobservable parameters of the theory, as masses, fields and couplings of the original
(bare) Lagrangian. This procedure is known as renormalisation, and ultimately leads to
the systematic cancellation of UV divergences order by order in perturbation theory. The
definition of a renormalised Lagrangian capable of providing finite predictions involves
the introduction of a multiplicative constant Z for each bare parameter (denoted with the
label bare), explicitly as

@Dll‘)are _ Zi}/2 wi’ AZare _ Z;/QA Cbare _ ZE/QC’ abare _ Zas as, (113)

Mo S

which divergent parts are fixed by the requirement of matching the UV divergences.
On the other hand, the inclusion of finite constants within the Z factors is completely
arbitrary. Different prescriptions for the finite parts result in different renormalisation
schemes: the solely subtraction of the pole content corresponds to the Minimal Subtrac-
tion (MS) scheme, whereas the addition of a finite term given by the universal factor
In(47) — vg defines the Modified Minimal Subtraction (MS) scheme.

The renormalisation procedure introduces a new arbitrary mass scale, known as renor-
malisation scale g, which generally defines a separation between the energy accessible
by experiments and the effects of UV physics. The regularisation scale p in Eq.
and the renormalisation scale ji are usually chosen to coinciddl}

1.1.3 The running coupling constant

In the context of perturbative QCD, predictions for physical observables are formulated
in terms of the renormalised strong coupling as = as(u?), whose value depends on the
renormalisation scale p at which ag is evaluated. This running of the coupling constant

is governed by a renormalisation group equation,

B e (114

where the pu-dependence is encoded in the QCD S-function. This function can be expressed

as a power series in ag(p?), as

[ee}
Blas) = —ag Y byal™ = — (boad + bl + baad + -+ ) (1.15)
n=0

'In this thesis we set ur = i, and we adopt u to identify the renormalisation scale.
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where in particular

1Ca—4ATpN; _ 17C3 = NyTe(10Cs + 6Cr)
) 1 =

bn —
0 127 2472 ’

(1.16)
are the one-loop (by) and the two-loop (b;) coefﬁcientsﬂ Here Ny is the number of active
light flavours, defined as the quark flavours with mass smaller than the scale ur. Beyond
two loops, the b,, coefficients become scheme-dependent, and they are currently known up
to five loops [T6-78].

The solution to the renormalisation group equation in Eq. (1.14]) can be obtained
iteratively. Retaining the first order in the 8 expansion, the analytic solution for the
running of ag reads

2
a
2 S(MO) (117)

as(p”) = )
’ 1 —I—as(ug)boan—g

where 11 is an initial scale at which ag(p2) is known or measured. We observe that
the slope of ag(p?) is controlled by the sign of the S-function: for a sufficiently small
number of active flavours Ny, as it is the case for QCD, the coefficient by is positive and
the strength of the coupling constant decreases with increasing energies. This behaviour,
known as asymptotic freedom |79, 80], is a fundamental feature of QCD. The small value
of ag allows for reliable perturbative calculations in the high-energy regime, where the
resulting predictions are expected to converge with the inclusion of just a few expansion
terms. Eq. can be equivalently written in terms of the non-perturbative scale A, or

AQCD7 as
1

as(ﬂ2) = m7

(1.18)

at which the strong coupling diverges. The value of Agcp is not precisely defined as it
depends on the definition of ag, which in turn is determined by the scale pg, the renor-
malisation scheme, and the order considered for the S-function within the renormalisation
group equation. This scale, which order of magnitude is around 200 MeV, is indicative
of the energy domain where non-perturbative effects become relevant, QCD is strongly
coupled, and perturbation theory ceases to be applicable. This property is consistent
with the phenomenon known as confinement, according to which colour-charged quarks
and gluons are constrained to form colourless observable hadrons. Ultimately, our ability
of making predictions for processes in hadronic colliders relies on factorisation theorems,
which play a crucial role in separating the impact of non-perturbative dynamics from the
high-energy domain, where employing perturbation theory is allowed. We will discuss this
point in more detail in Section [1.2.2]

2The definition of by in Eq. 1) and [y in Appendix |A|are linked by the relation by = Bo/4m.
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1.2 Hadronic processes in perturbative QCD

The first theoretical approach for calculating cross sections in generic hadronic collisions
was built upon the parton model |81}, 82], a QFT-based framework grounded on the obser-
vation that, in high-energy scattering processes, hadrons (or more specifically, protons)
can be effectively treated as loosely-bound collections of point-like partons, namely mass-
less quarks and gluons. In hadron-initiated reactions, these partons are the actual particles
that partecipate in the hard, short-distance interaction, carrying a fraction x of the lon-
gitudinal momentum of the respective parent hadron. The probability of extracting a
parton of flavour ¢ with energy fraction z is encoded in a parton distribution function
(PDF), fi(z). Since these distribution functions parametrise our knowledge of the inter-
nal dynamics of hadrons, of intrinsic non-perturbative nature, they cannot be computed
using perturbation theory. Conversely, they must be determined from experimental data
through global fits. Due to their universality, once obtained they can be employed to
describe various processed’] The cross section for a scattering process initiated by two

hadrons with momenta p; and p, can be written as
1
o(p1,p2) = Z J dz1dzy fol1) fo(22) Oap(z1p1, 22p2) + O((Aqen/Q)F) . (1.19)
0

where the sum runs over all flavours of the incoming partons a and b carrying momenta
Do = T1p1 and p, = xops, respectively, while Q) is the relevant hard scale of the processﬁ.
The quantity 6, is the partonic cross section, encoding the hard, short-distance dynamics
of the colliding partons. Given a partonic centre-of-mass energy s = ¢, with ¢* = p~+p},
it may be specifically evaluated as

A 1
alpasin) = 5 [ 0 [ Mase, (1.20)

where 2s is the flux factor, X, indicates a generic m-particle final state, and d®,, repre-

sents the corresponding differential phase-space measure, explicitly reading

m d
APy, = (276 (q - sz) [1 % S(p? —m?) o) | (1.21)

3In this PDF definition, we are neglecting transverse momentum components of the colliding partons that
would have originated from hadron-internal motions. An alternative formulation, known as Transverse Momen-
tum Dependent (TMD) PDFs, has been developed to include non-perturbative information on intrinsic transverse
momentum and polarization in parton distributions, which are essential in QCD predictions of multi-scale, exclu-
sive collider observables (see e.g. [83] for a review on this topic).

1Eq. is easily generalised to describe lepton-hadron and lepton-lepton scattering processes by setting the
hadronic PDFs to unity. Actually, electron and muon PDFs [84H86] have also been developed in view of a direct
application in future lepton colliders.
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with Lorentz-invariant factors enforcing momentum conservation and positive-energy mass-
shell condition. The matrix element M gives the transition probability for obtaining a
final state X,, from the scattering of the two incoming states a and b. The expression for
the matrix elements squared in Eq. includes appropriate sums/averages over colour
and spin states of the involved particles. Within the framework of perturbative QCD, it
can be expressed as a perturbative expansion in the small coupling constant, as

o0
Mapox,, = D ol Mgy, (122)
i=0
where the sum index 7 indicates the increasing loop order. As a result, the partonic cross
section can be computed order-by-order in perturbation theory as

0
Gap = Z&,} =60 460 6% 4 (1.23)

where the first term in Eq. (1.23)) is known as the leading-order (LO) correction, the sec-
ond term as the next-to-leading-order (NLO) correction, and so forth. When considering
a LO process of order o, each component in the expansion incorporates an extra power

of the strong coupling, according to af*.

The size of subsequent contributions is ex-
pected to steadily decrease at higher orders, and ultimately improve the comparison with
experimental results. The last quantity in Eq. accounts for non-perturbative power
corrections that go beyond this perturbative scattering picture. These contributions are
expected to scale as (Aqep/Q)?, where the exponent p > 1 depends on the specific observ-
able under consideration. For instance, recent studies have been dedicated to quantifying
the effects of linear (p = 1) power corrections in collider observables [87-91].

Nowadays, the parton model is recognised as providing merely an approximation of
the lowest-order perturbative description of collider observables in QCD. As we will see,
this approach does not survive when QCD radiative corrections are taken into account.
In Section [I.2.1] we will analyse the infrared divergent behaviour of next-to-leading order
corrections, specifically arising in the evaluation of real-emission and virtual one-loop con-
tributions. This will be crucial in determining which observables are ultimately insensitive
to these singularities, thus reliably calculable in perturbative QCD. We will find a class of
divergences, originating from initial-state collinear emissions, which do not cancel in the
sum of the separately divergent NLO corrections, effectively making Eq. no more
applicable. The solution to this problem will be given in Section where we employ a
collinear factorisation procedure for reabsorbing these divergences into the PDFs, in the
spirit of the UV renormalisation performed in Section[I.1.2] As a consequence, PDFs will
acquire a dependence on the factorisation scale ppr, which in turn implies the presence of a

renormalisation group equation. This latter is known as the DGLAP evolution equation,
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and it will be discussed in Section [[.2.3]

1.2.1 Origin of infrared and collinear singularities

Two different categories of events contribute to the NLO correction in the perturbative
expansion of a total cross section ([1.23): the real emission of an extra gluon in the
final state of the corresponding tree-level process, and the one-loop virtual correction
(interfered with the Born amplitude), where a virtual gluon is exchanged between two
partonic legs. When attempting the evaluation of such O(ag) corrections, we inevitably
face the presence of infrared (IR) divergences, which appear to hinder the computation of
meaningful predictions beyond the LO approximation. In the following we will identify
the origin of these divergences and assess their impact on perturbative calculations.

We start by analysing the behaviour of the real-radiation correction in a simple sce-
nario, as the tree-level ¢qq pair production in e"e™ annihilation. The cross section for the
real-emission process ete” — qq + ¢ is given by

1

IR = 5 qu)qtig Mgyl (1.24)

We are interested in the hadronic side of the real amplitude M,;,, whose relevant diagrams

are illustrated in Figure [I.1]

J41 J41
* *
k, €
k, e
D2 D2

Figure 1.1. Gluon emission off a final-state quark (left) and a final-state antiquark (right).

q4q9>

The analytic expression for these contributions explicitly reads

H iecﬂ“v(ﬁb) + ﬂ(Pl) ieq/yu _(;(2?%—;)@ igsyftav(pg) : (125)

Mgy = ul(pr) igsgt”
where the two terms in the sum correspond to the gluon emission from a quark and the
gluon emission from an antiquark, respectively. Here @(p;) and v(py) are the spinors of the
massless final-state quark and antiquark, € is the gluon polarisation vector, and e, iden-
tifies the quark electric charge. In the expression above, the colour indices of quarks are
omitted, but they will be later reintroduced in the matrix element squared. Additionally,
h= b,y*. Beginning with Eq. and working in the soft gluon approximation, which
assumes that the gluon energy is significantly smaller than the total available energy, the
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calculations simplify. This yields a squared real matrix element summed over colour and

polarisations, which finally reads

2p1- P2
(p1- k) (p2- k) '

The quantity M, is the scattering amplitude for the underlying Born process ete™ — ¢q,

soft
|Mqtig|2 - |Mqti|29§ Cr (1.26)

whereas the remaining terms constitute the eikonal factor, a universal structure depending
on colour charges and kinematic invariants that factorises from scattering amplitudes in
soft limits. Next, our attention turns to the real phase-space measure, which takes on the
factorised form

soft &Pk E,dE,dcos 6 d

APy L5 dbyy 1 = dd,
s 2 E,(2m)° “ToRrp

(1.27)

described by the polar (6) and azimuthal (¢) angles of the gluon with respect to the
direction of the emitting quark. In the centre-of-mass frame, where quarks are in a back-

to-back configuration, the combination of Eq. (1.26)) and Eq. (1.27)) leads to

. (1.28)

Jsoft = op 2aSCFJdEg dcost '
R E, (1 —cosf)(1+ cosb)

This resulting cross section, albeit obtained in the soft gluon approximation, contains all
the interesting features. Specifically, the integral in Eq. is affected by non-integrable
divergences originating in two distinct limits. First, it diverges when the energy of the
emitted gluon F, becomes vanishingly small, which is referred to as the soft singularity.
Second, it also diverges when the angle 6 between the gluon and quark (or antiquark)
momenta approaches zero (or 7), resulting in a nearly collinear configuration, thus known
as collinear singularity]

Despite the simplicity of the chosen example, the presence of soft and collinear infrared
divergences is a common characteristic of QCD calculations. These infinities are associated
with long-range interactions that occur over time scales significantly longer than those
of the hard scattering event. Therefore, predictions for total cross sections should, in
principle, remain unaffected by them. This is indeed the case when we account for the
one-loop virtual correction as well, whose contribution also exhibits the same kind of non-
integrable singularities that emerge (with a negative sign) as the loop momentum explores
infrared kinematic regions. Consequently, in the sum of the real and virtual corrections
these divergences cancel out, ultimately enabling the calculation of finite predictions. The
Bloch-Nordsieck theorem [92], initially formulated within the framework of QED, and its
later generalisation to QCD by Kinoshita, Lee, and Nauenberg (KLN) [93, 94|, ensure

5Note that when dealing with massive quarks, the mass acts as a regulator for collinear singularities, specifically
as (p+ k)* = 2E,E4(1 — Bcos ), with 8 = /(1 — m2/E2), while soft divergences still remain.
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that this cancellation takes place when summing over all initial and final degenerate
states, namely those states that appear physically indistinguishable with respect to a
specific detector resolution. This theorem is particularly relevant for a specific class of
observables referred to as infrared and collinear (IRC) safe, which possess the property
of being essentially insensitive to the effects of soft and collinear long-distance dynamics.
As a result, they can be reliably calculated within the framework of perturbative QCD.
Concretely, this property implies that when we evaluate a given observable O,,; with an
(n + 1)-body kinematics, its behaviour smoothly approaches that of the corresponding
O,, observable, schematically as

Opar(br, - kiyeee kngn) 2= Onlky, - ki hipn, o koet)
killk;
On+1(k17"' 7ki7kja"' 7kn+1) *H‘J_) n(klv"' 7kl+kj7 7kn+1)7 (129)

where, on the right-hand side, O, is evaluated with n-body kinematics obtained either by
removing a soft gluon momentum, or by replacing the collinear particles k;, k; with their
combined momenta.

The KLN theorem, however, does not apply to hadronic collisions, as the non-perturbative
nature of hadrons prevents the summation over initial degenerate states. This leads to the
presence of initial-state collinear singularities that cannot be canceled, thereby affecting
the parton model description of hadron-initiated cross sections, as shown in Eq. .
We can make this issue evident when considering a generic process involving an initial-
state hadron, and focusing on the combination of the real-emission correction, given by
the radiation of a final-state gluon off an incoming quark p, as depicted in the first panel
of Figure [1.2] and the respective one-loop virtual contribution, as in the second graph in
Figure 1.2

(I-2p=k
p 2p P éGGD% P
> > o (0)(2p) > >

G(0)(P)

Figure 1.2. Gluon emission off an incoming quark (left) and one-loop virtual correction (right).

The real contribution to the partonic cross section can be expressed as

. 1
OrR.(1) = 3 Jd<1>(p; k) (M), (1.30)

where the phase-space measure is understood to depend on the incoming momentum p,
and to be integrated over the outgoing momentum k of the emitted gluon. It is convenient
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to examine the divergent behaviour of the real matrix element My in the specific con-
figuration where the quark and gluon become collinear, denoted as p || k. To this end, we
employ the so-called Sudakov parametrisation to decompose the gluon momentum along
the relevant directions, as

ki

L M k
o (p+k)

2
2 _ K1

o= (1—2)p"+ k) — 1 ;
—z

(1.31)
where p, is an arbitrary massless on-shell vector necessary to define the gluon transverse
momentum k; (with k2 < 0), satisfying k,-p = k, - p, = 0. The variable z represents the
longitudinal momentum fraction, defined as z = (p — k)- p,/p - p,. In this framework, the
radiative phase-space measure is given by

dk?  dz

Ad(p: k) b dd(2p) —L 2
(p;i k) (zp)16ﬁ2(1__z),

(1.32)

while, after some manipulations (for explicit calculations, see e.g. Ref. [73]), the matrix

element squared in the limit of small emission angles takes the following form

coll. 292 1 1+ Z2
Ml (M+2P;<1—Z Moy (zp)|?, (1.33)

where the notation M g)(2p) indicates that the Born-level amplitude should be calculated
using zp as the four-momentum associated with the incoming quark. Combining all the

ingredients in Eq. (1.32) and Eq. ([1.33)), one obtains

. asC . 14 22\ dk?
OR,(1) = ;WF JU(O)@'P) < - z) k:_fdz' (1.34)

When one combines this result with the contribution from the virtual one-loop correction,
the final outcome can be expressed as follows:

. . asC . . 1+ 22\ dk?
Or,1) +0v,a) = ;TF f [0'(0)<2:p) — 0(0)(p)] < T, ) k—; dz. (1.35)
1

In this equation, the soft singularity at z — 1 cancels out between the real and virtual
terms, as the content of the square brackets vanishes. On the other hand, the collinear
singularity associated with the limit of small k; does not cancel. Specifically, the inte-
gration over the transverse momentum is not bounded from below, and as a result, the

integral exhibits a logarithmic divergence as k; approaches zero.

1.2.2 Collinear factorisation

The problem of initial-state collinear singularities spoiling the interaction picture pro-
posed by the parton model can be solved through a collinear factorisation procedure.
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This approach involves quantifying the divergent contributions that affect the partonic
cross section and reabsorbing them into a redefinition of universal (bare) objects as the
parton distribution functions. We will now illustrate how this process works in a simple
scenario, and then extend the concept to create an improved parton-model formulation
for describing hadronic interactions within perturbative QCD.

Let us consider a scattering process involving one initial-state hadron with momentum
p, initiated at the hard-interaction level by a quark carrying momentum p = yp. The naive

prediction for the total cross section at next-to-leading-order can be written as
o) = [dysPatw) = [ 0w (G0 + o). 130)

where fq(o) represents the bare quark PDF, which solely depends on the longitudinal frac-
tion y, 0(g) is the leading-order partonic cross section, and &1y collects the contribution
from the corresponding radiative corrections, schematically depicted in Figure[I.2] As pre-
viously discussed, the computation of these corrections, as given in Eq. , displays
a logarithmic singularity arising from the integration over the transverse momentum. To
regularise this divergence, we introduce an infrared cutoff A, which represents the unknown
dependence on low-scale dynamicsﬁ. Integrating over k; now leads to

Q2 2 rl 2 pl
o 1o} dk . ) o Q . .
0(1)(]?) = ﬁ - kzl L dz Pyy(2) U(O)(Zp> = 2_; IOgﬁL dz Pyy(2) 0(0)(217)» (1.37)
T

where () defines a characteristic hard scale of the process, and P, is the regularised ¢ — qg
splitting function, given by

1+ 22
P,(z) = Cp ( 1 > . (1.38)
The plus distribution introduced above provides a method to regularise an integral that
would otherwise diverge at z = 1, and it is defined as

1

j dx [g(x)], f(x) = J dz g(x) (f(z) — F(1)) (1.39)

0 0
The complete expression for the partonic cross section can then be written as
1

5(5) = 610)(B) + 6 (D) = f 022 Q%) 610y (25) (1.40)

5Despite the introduced cutoff, there are various methods for regularisation. Dimensional regularisation,
already adopted for dealing with ultraviolet divergences, can also serve as an alternative technique in this context.



18 Chapter 1. Collider predictions facing infrared singularities: a brief overview

with the distribution I" defined as

Q2

5 Pul2). (1.41)

[(z,Q% = 6(1—2)+ & log

2m
In Eq. one may notice a certain analogy with the parton model formula, suggesting
that even partons have a substructure that depends on the scale at which they are probed.
By substituting Eq. back into the hadronic cross-section formula in Eq.
and using the identity {dzd(z — zy) = 1, we can absorb the contribution from gluon
emission into the bare parton density, essentially returning to a parton model-like formula.

Specifically, one has
1 1 1
= | de| dy | dzfOy)T(2,Q%6 S(x —
o) = [ do | dn | s 10T @Y o) 6 21)
1
- JO dz fq(x,QQ) &(0)(95]9), (1.42)
with
1 1
@) = [y [ dz 10T (0 0w - ). (1.43)
0 0

We can then apply a similar procedure to reabsorb the singular collinear behaviour of the
partonic cross section into the universal PDF. To do this, we first isolate the divergence
by introducing in the integration over the transverse momentum in Eq. an inter-
mediate scale ur, known as factorisation scale, thus separating the singular contributions
originating from any emissions characterised by k; < u% from the finite part of the ra-

diative correction. At the integrated level, this amounts to divide the logarithm resulting

in Eq. (1.41)) into two parts, as

? ’ %
logﬁ = logE +logﬁ, (1.44)
and consequently rewrite Eq. (1.40) as
Al ! 2 O Q2 A A
o(p) = | dz |T(z,pp) + 5= log — Fy(2) | 60)(2D) , (1.45)
0 2m HE

where the initial-state collinear divergence has been subtracted from the last term in the
right-hand side and now embedded in I'(z, u%). Therefore, by redefining the bare parton
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density fq(o) a

fols i) = f dy j 0z O () T(z, 12 6(z — 2)

2 1
IOV f 4y oy p (F L4
fq (1’) + 2'/T Og )\2 y fq (y) q9 y ’ ( : 6)

T

the hadronic cross section can be finally written in the following factorised form:

1
o(0) = | do i) o) (147
0

The product of the modified parton distribution with the finite short-distance cross section
6 (zp, u%), this latter defined as

. L Q* -
6 (b, 1y) = 60 (D) + 5 log —5 | dz Pug(2) 6(0)(2D) (1.48)
n HE
can be demonstrated to reproduce Eq. (1.36)), up to O(a?) terms.
The generalisation of the factorisation discussed above to the context of hadron-hadron
collisions results in the QCD-improved parton model formula, reading

1
o(p1,p2) = Z L daydxsy folay, pi) fo(@2, 1) ap(1p1, T2p2, 1) + O((Aqep/Q)Y) -
a,b
’ (1.49)

The main difference with the analogous formula in Eq. ((1.19) lies in the explicit depen-
dence on the factorisation scale pg. In this context, the modified parton distributions
presented in Eq. (1.46]) are consistently extended to include any kind of partonic collinear

emissions, as

X

Qg 2 Yd
o) = 100 + 5205 5[ 00 Re() (1.50)

Here, the summation involves all initial-state particles labeled with flavour ¢ that have
the potential to undergo a collinear splitting, resulting in the emergence of an incoming
particle a that actively participates in the hard process, represented as a < c.

The non-cancellation of initial-state collinear singularities serves as a strong example
of the crucial role played by general factorisation theorems [96] in our ability to provide
theoretical descriptions of collider processes. These theorems enable a clear separation
between the short-distance, high-energy physics governing parton interactions and the
long-distance, low-energy behaviour of QCD degrees of freedom.

It is possible to reabsorb arbitrary finite contributions into the PDF definition. Different choices lead to
different factorisation schemes. The PDFs are usually defined in the MS scheme, already introduced in Sec.
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1.2.3 The DGLAP evolution equation

The (physical) parton distribution functions f,(z, %) in Eq. are universal non-
perturbative quantities whose value and z-dependence have to be extracted from exper-
imental data. However, their additional dependence of the factorisation scale ur can
be predicted within perturbative QCD. Starting from the fundamental requirement that
fixed-order physical predictions should, up to higher-order contributions, remain indepen-
dent of the arbitrary choice of the factorisation scale, we can derive a renormalisation
group equation that characterises the scale evolution of the PDFs. By taking the deriva-
tive of Eq. (L.50)), we obtain the following general expression

Ofalx, %) s ,u J (J;)
2 ' HF ) ) P,
HE o1 E ,UF Y

- ‘“S“‘ 5 [Pac®fc] (w43, (1.51)

27

which is known as the DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi) [97H99] evolu-
tion equation. Note that the symbol ® represents convolutions over momentum fractions,
and the value of the strong coupling is calculated at the scale pup. Here P,.(z, u%) are the

regularised all-order Altarelli-Parisi kernels, which can be perturbatively expanded as

Pulaaid) = Y (“S 2 ) P(a). (1.52)

n=0

At leading order, they are given byﬂ

14+ 22
P - ()
+

1—=2

PO(z) = Ty (mﬂ T (11— x)2> ,

Pg(g)(w) =Cp —1 i (1x_ x>2 )
Pg(g)(:p)ZQOAl<1 :Bl,) +1;1‘ —|—:E(1—:E)]+(5(1—x)%7 (1.53)
— )4

with By = (11C4 — 4Txr N¢)/3. The next-to-leading splitting functions pt )( ) have

ij
been computed in Refs. [I00, 10I], while comprehensive results for the next-to-next-to-

leading coefficients P( )(2) can be found in Refs. [102, 103]. Recent studies are actively

8For a generic initial-state branching ¢ — a + b, with b being a final-state particle, the LO splitting functions
listed in Appendix are defined using subscripts that indicate the particle flavours resulting from the splitting,
such as ab. This is in contrast with the notation used in Eq. , where the parent particle and the particle
entering the hard scattering process are identified, as ac.
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contributing to expanding our understanding of four-loop splitting functions, with some

partial information already available, as presented in Refs. [T04-1T10].

1.3 Cancellation of infrared singularities at higher orders

The calculation of higher-order QCD corrections to collider observables is of utmost im-
portance to produce theoretical predictions accurate enough to enable a meaningful com-
parison with the increasingly-precise data obtained in current (and future) energy-frontier
programmes. These days, achieving NNLO accuracy in the strong coupling is becoming
the standard requirement for fixed-order predictions for hard scattering processes at the
Large Hadron Collider (LHC). To compute differential distributions beyond the leading

order, it is essential to employ an efficient and automated method for handling infrared

singularities. As shown in Sections [1.2.1| and [1.2.2] these singularities must either cancel

between virtual corrections and the phase-space integrals of unresolved final-state radia-
tion, or be universally factorised in the case of collisions involving hadrons in the initial
state. From the theoretical viewpoint, the origins and characteristics of the infrared be-
haviour of perturbative QCD corrections are well understood (see Ref. [I11] for a recent
review). When dimensional regularisation is employed, IR singularities in virtual correc-
tions manifest as explicit € poles that are known to factorise from scattering amplitudes
in terms of universal functions [I12-123]. The anomalous dimensions required for this
infrared factorisation are fully known up to three loops [124, 125]. Real-radiation matrix
elements have also been shown to factorise in soft and collinear limits, and the corre-
sponding real-radiation splitting kernels have been computed at order o? [126-131], with
extensive information also available at o2 [132/145].

Despite the existence of general theorems applicable in perturbation theory [92-96],
which guarantee the cancellation (or factorisation) of infrared divergences when consider-
ing infrared-safe observables, the practical implementation of procedures to efficiently re-
move these singularities remains a non-trivial task. Indeed, as we explore high-multiplicity
processes and consider typical collider observables, the complexity of phase-space con-
straints rapidly grows to a point where analytic integration becomes impractical. Con-
sequently, the use of numerical tools is essential to handle this complexity effectively.
However, since virtual and real contributions are separately divergent quantities in d = 4
space-time dimensions, numerical Monte Carlo techniques cannot be directly employed to
handle these integrations. Hence, a strategy is necessary to explicitly extract the poles
in the d-dimensional integration over the radiative degrees of freedom (once completely
decoupled from the resolved phase space), cancel them against the poles originating from
virtual corrections, and thereby enable the numerical computation of fully-differential

predictions for infrared-safe observables.
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At NLO, this problem was first approached with phase-space slicing methods [146| [147].
Given a differential real correction dop 4 with a d-dimensional phase-space measure, the

strategy can be outlined as follows:

f don g = fo ’ [df’?zppm]d,poles + L 1 [daRLﬁn +0O). (1.54)

The basic idea consists in isolating the phase-space regions where the real emission is sin-
gular by introducing a cutoff scale §, associated with a proper IR-sensitive observable. For
these singular regions, approximate expressions of the relevant matrix elements, denoted
here as dop ™™™, are introduced. The integration is then carried out analytically up to the
slicing parameter, thus exposing the poles, while the leftover terms are finite quantities
that can be numerically evaluated in d = 4 dimensions. The slicing parameter ¢ must be
chosen sufficiently small to ensure that the final result becomes ultimately d-independent.
Although conceptually simple, this method requires careful control over the residual de-
pendence on the slicing parameter, as it has the potential to introduce significant power
corrections spoiling the convergence of the calculation.

An alternative strategy that avoids the extra dependence on a slicing parameter is the
subtraction method. This technique involves defining local counterterms that reproduce
the singular behaviour of the real matrix element across all regions of phase space. By
subtracting these counterterms from the full real-radiation matrix elements and then

adding back their exact integrals, one schematically obtains

fdaR,d = J [daR — dact]47 . + f [dUCt]d, s (1.55)

This yields a finite, numerically-integrable subtracted real contribution, identified by the
first square brackets in the r.h.s., while the d-dimensional analytic integration of the coun-
terterms exposes the implicit € poles. In contrast to slicing schemes, subtraction is a local
and exact procedure that is not affected by issues related to cutoffs and power corrections.
On the other hand, constructing effective subtraction terms can be a challenging task:
indeed, they have to be designed so as to mimic infrared singularities overlapping in the
phase space, while, at the same time, their structure has to remain simple enough to allow
for analytic integration.

Starting from the mid-90s, the automated cancellation of infrared singularities in NLO
predictions has been achieved and generalised by two pioneering subtraction schemes,
which we review in Section [L3.J] The situation is however rather different at NNLO
accuracy, where efforts to achieve the same level of universality and efficiency as was at-
tained at NLO have been ongoing for nearly two decades. In Section [1.3.2] we provide
a brief overview of the various approaches that have been proposed and pursued during
this time, encompassing both slicing and subtraction methods. These algorithms cover
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a wide spectrum, ranging from primarily numerical to predominantly analytic tools, and
they can be applied to distinct classes of processes of high phenomenological significance.
Recent developments have also enabled the computation of N3LO predictions for LHC
benchmark processes. The construction of such methods, however, has proven to be ex-
tremely challenging due to a substantial increase in technical complexity, arising either
at the level of the analytic integration of counterterms, or at the level of numerical im-
plementation. As a consequence, a comprehensive solution to the infrared-subtraction
problem beyond NLO remains elusive. Thus, aware of the fact that there is still room for
improvement in the universality, versatility and efficiency of existing algorithms, we have
developed a novel approach to the cancellation of infrared singularities called Local Ana-
lytic Sector Subtraction, aiming at a solution of the NNLO QCD subtraction problem for
generic processes. We present the framework and the specific features of this subtraction
algorithm, which will constitute the central core of this thesis work, in Section [1.3.3]

We reserve a special mention to a different category of algorithms that aim at ad-
dressing the infrared-singularity problem by combining the real and virtual corrections
in an alternative way with respect to the subtraction approach presented so far. These
recently-proposed techniques [52H57, [148] are based on the Loop-Tree Duality (LTD) the-
orem [149-152], which allows for a fully local cancellation of IR singularities directly at
the integrand level. Several ongoing endeavours are dedicated to automating and extend-
ing these methods, especially towards the application to higher-order calculations (for a
recent review, see Ref. [153]).

1.3.1 Subtraction schemes at NLO

In this Section we briefly present the relevant features of the three main subtraction algo-
rithms that handle the cancellation of IR divergences at NLO accuracy in full generality.

The first process-independent algorithm to appear was the Frixione-Kunszt-Signer
(FKS) subtraction [16,17]. This method relies on the introduction of sectors, namely par-
tition functions designed to disentangle the structure of overlapping singularities within
the radiative phase space. This partition crucially reduces the number of infrared diver-
gences that must be simultaneously addressed, effectively suppressing all but one collinear
and one soft singularity. Sectors can be treated independently, and each of them features
an adapted phase-space parametrisation. Local counterterms, identified by é-functions
and plus distributions, can be analytically integrated thanks to the use of sum rules,
which eliminate the explicit dependence of sector functions within their definitions.

A different approach to tackle the infrared problem at NLO is the Catani-Seymour (CS)
dipole subtraction [I8, [19]. In this scheme, local counterterms mimic the IRC singular
behaviour of the real-emission matrix element across the entire phase space, eliminat-

ing the need for partition functions. These subtraction terms are constructed as sums
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of universal functions, or dipoles, which interpolate between soft and collinear singulari-
ties. Within each dipole, the Born-level kinematics are determined through momentum
mappings involving only three partons, namely the emitted, the emitter and the spectator
(this latter referred to as local recoiler). While dipoles can be rather complex objects, the
simple phase-space factorisation and parametrisation achieved through these mappings
make the analytical integration of the local counterterms a straightforward task.

A more recent, viable alternative to the previous approaches is the Nagy-Soper subtrac-
tion |20, 21], firstly introduced in the formulation of an improved parton shower [154-156].
This method embraces the philosophy of Catani-Seymour method in constructing local
counterterms, but it crucially reduces the substantial number of mappings introduced in
dipole functions by a factor of n, thus improving convergence, where n represents the
massless final states in a high multiplicity process. This advantage however comes at the
price of more complex expressions for the subtraction terms, which require the use of
semi-numerical methods for the corresponding integrations.

Nowadays, some of these methods have been developed in full generality, and versions
of the corresponding algorithms have been incorporated into several fast and efficient
multi-purpose NLO event generators [I57-H169]. These implementations provide robust

solutions to the subtraction problem at the NLO accuracy level.

1.3.2 Landscape of available algorithms at NNLO (and beyond)

As we move beyond NLO, the handling of infrared singularities becomes significantly more
challenging, both conceptually and practically. Calculations of perturbative corrections at
NNLO (and beyond) are substantially complicated due to the proliferation of overlapping
divergent regions in phase space and the inclusion of mixed real-virtual contributions.
This complexity makes it evident that extending mature NLO techniques to higher orders
is unfeasible without introducing new tools to address these overlaps. Nevertheless, the
knowledge and experience gained at NLO have triggered the development of several inno-
vative strategies over the last few decades, each of which characterised by its own range
of applicability, degree of universality, and computational efficiency. Collectively, these
strategies have paved the way for the possibility of performing calculations at NNLO and
beyond.

The idea underlying the singularity-cancellation mechanism introduced by the Catani-
Seymour dipole subtraction at NLO has inspired two major generalisations at NNLO. One
of these is called antenna subtraction [23-27]. In this method, counterterms are defined
using antenna functions, which are essentially ratios of physical spin-averaged matrix el-
ements obtained exploiting the universal factorisation properties of colour-ordered ampli-
tudes [170, 171], which naturally incorporate the information about the relevant infrared
singular regions. These universal functions are almost local, except for angular correla-

tions, which are removed by averaging over azimuthal angles. This non-locality is cured
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by increasing the number of numerical evaluations. Although antennae exhibit complex
and large expressions, analytic integration for all counterterms can be achieved through
integration-by-parts (IBP) identities [172, [I73] and the reduction to a small set of master
integrals. The antenna subtraction method is applicable to both hadronic initial and final
states and is implemented in the private parton-level event generator NNLOJET [174],
providing efficient predictions for jet production processes at NNLO. Ongoing studies aim
at extending the construction of antenna functions to higher-order calculations [T75-179].
In addition, a reformulation of the antenna subtraction approach taming former limita-
tions while facilitating the application to high-multiplicity processes has been recently
proposed [28].

The CoLoRFulNNLO method [29-38| is another approach rooted in the dipole sub-
traction philosophy. In this framework, local subtraction terms are defined using universal
singular kernels, and the associated momentum mappings involve the momenta of all out-
going particles. The integration of counterterms is performed analytically for the infrared
poles, while numerical methods are employed for evaluating the finite parts. This sub-
traction scheme has been fully worked out for processes involving hadronic final states,
and has been partially extended to the treatment of initial-state radiation.

The FKS subtraction scheme has in turn stimulated the development of various al-
gorithms that recognise the phase-space partition as an effective strategy for separat-
ing overlapping singularities, thus enabling the implementation of less intricate subtrac-
tion mechanisms. The sector-improved residue subtraction [39-442] is a fully numerical
framework that combines a phase-space partition with the sector decomposition tech-
nique [180]. Counterterms are generated through iterated subtractions, and unlike some
other schemes, it does not introduce kinematic mappings. Instead, it relies on specific
phase-space parametrisations that facilitate effective numerical cancellation. Counterterm
integrals are first analytically decomposed in their e-expansion in dimensional regularisa-
tion, and the resulting coefficients, sector functions included, are integrated numerically.
Subtraction is then made on the fly, on a process-by-process basis. The sector-improved
residue subtraction applies to initial- and final-state radiation. Currently implemented
in the non-public code STRIPPER, the numerical efficiency of this procedure is expected
to outperform schemes based on Catani-Seymour subtraction, because of the presence of
sectors.

Expanding upon the ideas of the sector-improved residue subtraction method, the
nested soft-collinear subtraction [43] optimises the algorithm by reducing sector redun-
dancy, resulting in a more physically-transparent approach. This method employs color
coherence to iteratively extract soft singularities from the double-real process, and sub-
sequently regulates collinear singularities by partitioning the angular phase-space into
sectors. It is a fully local scheme that provides analytic expressions for integrated sub-
traction counterterms. As of now, its applications have been limited to processes involving
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only two external color-charged particles at the tree level. However, ongoing efforts are ac-
tively focusing on extending the method to processes with an arbitrary number of coloured
partons, starting from the production of N-gluon final states in ¢g annihilation [44] [181].

While local subtraction schemes tend to outperform slicing methods in terms of pre-
cision and numerical efficiency at NLO accuracy, slicing methods regain competitiveness
at NNLO. This resurgence is attributed to factors such as the enhanced understanding
of the analytic structure of matrix elements and the increased availability of computa-
tional power. The gr-subtraction method [45] is a non-local subtraction implemented
as a slicing procedure that achieves the cancellation of infrared singularities in colour-
singlet production. Given the transverse momentum (gr) of the generic colour-singlet
system V', the NNLO infrared divergences associated with gr # 0 configurations cor-
respond to the NLO singularities in the process with a final state involving V + jets.
These NLO singularities can be regularised employing any available subtraction scheme.
The remaining NNLO divergences due to the ¢ — 0 limit are treated with an addi-
tional counterterm, constructed by exploiting the universal behaviour of real emissions
in the transverse-momentum distribution, which is known via resummation techniques.
Neglecting the subtracted contribution below the cutoff, a residual dependence on this
parameter remains in the form of power-suppressed contributions whose size determines
the efficiency of the computation. Procedures have been recently developed to account for
linear power corrections, thus improving numerical convergence and reducing systematic
uncertainties [I82, [183]. This formalism has been extended to processes with a pair of
massive coloured particles [46] [184) [185], and alternative slicing variables for jet processes
are being explored [186]. NNLO predictions obtained via gr-subtraction are collected in
the public framework MATRIX [187].

Another algorithm that incorporates a phase-space slicing procedure is the subtraction
method based on the N-jettiness event-shape variable [47-749], which fully captures the
singularity structure of QCD amplitudes for processes involving final-state jets. In this
framework, soft-collinear effective theory (SCET) [188-192] is employed to derive the
behaviour of the infrared singular contributions of jet cross sections in the limit as the N-
jettiness parameter (7y) approaches zero. The N-jettiness subtraction method has been
implemented, and results for various processes are available in the publicly-accessible
parton-level Monte Carlo program called MCFM [193-196]. In addition to the methods
briefly described in this discussionﬂ, a variety of additional strategies have been explored,
see e.g. Refs. [22] 50, [51].

The availability of two-loop amplitudes and the technology for producing differential
NNLO calculations, established by some of the methods belonging to the broad spectrum
of available schemes, resulted in the successful computation of all relevant 2 — 1 and 2 — 2

processes at LHC. This achievement has pushed the frontier towards NNLO predictions

For a more detailed review on IR-subtraction methods, see Ref. [197].
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for 2 — 3 collider processes, for which many results started to appear [58-67]. Some of
the previously cited algorithms have also been extended and applied to the calculation
of a selection of simple 2 — 1 benchmark processes at N3LO accuracy, involving only
coloured singlets in the final state. We refer the reader to Refs. [68, 69] for thorough
reports on state-of-the-art QCD predictions. It is worth emphasising that as of today,
obtaining generic NNLO calculations is still not a straightforward task. In fact, these
latter are typically computationally demanding and can be performed either using private
codes, or with a limited number of publicly-accessible computer programmes as Refs. [187,
195], which usually offer predefined sets of available processes. Recently, there have been
developments in the form of the HIGHTEA web platform [198], which aims to provide
easy access to the analysis of NNLO predictions for a specific collection of precomputed

events, obtained using Monte Carlo methods at a fixed level of statistical precision.

1.3.3 Local Analytic Sector Subtraction: the framework

The vast number of approaches proposed to address the local cancellation of infrared sin-
gularities at NNLO, some of which were briefly introduced in Section and reviewed in
Refs. [68, 197], provides a clear picture of the intricacy of the problem at hand. The con-
siderable complexity arising in the development of such techniques explains why research
groups are still actively working on possible optimisations to streamline the structure
and/or broaden the applicability of existing schemes. The absence of a completely com-
prehensive and satisfactory solution to the NNLO problem, especially when compared to
the well-established NLO strategies, fuels further investigation into this area. Specifically,
the trade-off between the complete locality of subtraction terms and their analytical in-
tegrability, which appears to be a defining characteristic of existing local methods, serves
as a promising starting point for a fundamental re-examination of the subtraction mech-
anism.

The in-depth analysis of such a criticality has resulted in the development of a novel
subtraction scheme, which ambitiously aims to lay the foundations for a fully general an-
alytic solution to the cancellation of NNLO infrared singularities. We call this framework
Local Analytic Sector Subtraction [1I, 2, [199]. The fundamental idea driving this method
is to address the NNLO infrared problem by making full use of the freedom available to
define local counterterms, in order to ultimately identify the simplest possible structure
that optimises the process of subtracting infrared singularities at every step of the cal-
culation. In practical terms, to achieve this simplicity we construct local counterterms
by drawing upon key concepts that have been successfully applied at NLO accuracy. A
fundamental ingredient of our method is the implementation of a phase-space partition,
in the spirit of FKS subtraction [I6]. Each sector within this partition is carefully de-
signed to isolate a minimal subset of soft and collinear singularities, allowing in turn for

the construction of a minimal local counterterm that has to reproduce the behaviour of
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the real-radiation amplitude squared only in those sector-relevant singular limits. These
sector functions must further obey a set of sum rules, which facilitate the recombination
of different sectors and their removal from local counterterms. As a result, this simplifies
the subsequent process of analytical integration. Another crucial ingredient of our scheme
is a flexible family of momentum mappings, akin to those introduced by Catani-Seymour
subtraction [I8]. These kinematic mappings can be tailored to the specific counterterms
or even be adapted to different contributions within a given counterterm. The obtained
phase-space factorisation and corresponding parametrisation, which adjust to the various
singular kernels, significantly enhance the simplicity of the required analytical integra-
tions [200]. The final outcome of such a programme is a completely general and analytic
formula that can be implemented within any existing numerical framework without any
additional work, thus enabling the production of NNLO phenomenological results. Its
applicability to multi-particle processes will be primarily constrained by computational
resources and the availability of multi-loop matrix elements (see for instance Ref. [201]).
The central core of this thesis will be dedicated to implementing this strategy in prac-
tice, specifically providing a comprehensive step-by-step explanation of the process that
culminates in the construction of a fully analytic subtraction formula for the treatment
of infrared singularities at NNLO accuracy.

The implementation of this method is accompanied by a second line of investigation,
which delves into more formal aspects of subtraction, specifically focusing on factorisa-
tion [202, 203]. This line of research aims to explore the connection between the structure
of local counterterms for real radiation and the structural simplification resulting from
the factorisation of gauge-theory amplitudes, with the hope of improving the construc-
tion of minimal and process-independent counterterms, with a specific emphasis on the
organisation of strongly-ordered singular limits, which become relevant for the first time
at NNLO.



Chapter 2

Local Analytic Sector Subtraction
at NLO

In the mind of the reader who learned in Section [L.3.1] about the existence of well-
established algorithms which have efficiently removed next-to-leading-order infrared sin-
gularities since the ’90s, the necessity and practical significance of developing another
subtraction scheme at this perturbative order may be questioned. In our case, testing the
strategy proposed in Section by implementing a general fully-fledged subtraction in
a simpler NLO playground represents an instrumental step towards the construction of
a universal cancellation procedure for the more involved and demanding NNLO scenario.
Indeed, this offers a valuable opportunity to address potential criticalities, fine-tune the
methodology, and assess the numerical performance of our scheme, away from higher-order
complexity.

We therefore present in this Chapter the details of the construction of a general analytic
formula for the cancellation of NLO infrared singularities, developed within the framework
of Local Analytic Sector Subtraction. This formulation applies to processes featuring
initial- and final-state massless QCD radiation, thus covering all kinds of particle colliders.

The outline is as follows. We provide an overview of the architecture of our method
in Section [2.1] introducing the relevant notations and the ingredients required for an in-
frared subtraction at NLO, for massless initial and final states. We devote Section [2.2] to
the detailed construction of our local counterterm K: we put at work the strategy out-
lined in Section [1.3.3] analysing its pros and cons; we then turn to the validation of our
approach by testing the locality of the subtraction, while implementing various optimi-
sations. In Section we perform the integration of the designed counterterm over the
single unresolved radiation parametrised according to tailored momentum mappings, and
recast the outcomes into Born-level kinematic quantities. Corresponding results are col-
lected in Appendix [B.3 Finally, Section shows the explicit cancellation of virtual and
collinear-factorisation poles. We then present the finite remainders of our computations,

which result in a very compact and completely analytic NLO formula.

29
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2.1 Generalities

Let us consider a generic scattering reaction that at Born level features n massless coloured
partons (as well as an arbitrary number of massless or massive colourless particles) in the
final state, with up to two massless coloured partons in the initial state. We denote with
A, (k;) the relevant scattering amplitude, which can be expanded in perturbation theory

as
A (ki) = A9 + AV (k) + AD (k) + ..., (2.1)

where Aﬁf) denotes the k-loop correction, and includes the appropriate power of the strong
coupling constant. In this notation, we define ¢« = 1,...,n for final-state particles, and
i = a,b for initial-state particles. For such a process, we consider a generic IRC-safe
observable X, and we write the corresponding differential distribution as

do - dO‘LO dUNLo n dUNNLO

dX  dX dX dX

(2.2)

The formulation of the Born contribution in terms of Eq. (2.1 allows to express the LO
coefficient of Eq. (2.2)) as

doro

dX

- fd@nBan(X), with B = [A0[" . (2.3)
By also specifying the real emission, and (MS-renormalised) virtual contributions, as

2
0
R = ‘./47(7)1‘

, V =2Re[AD*AV], (2.4)

we write the standard expression for the NLO term as the combination

d 3
Zg;o = lim Ud@nV(Sn(X) +Jd<1>n+1R5n+1(X) + J dd™ C(z, 1) 6n(X)], (2.5)
where §,,(X) = 0(X — X,,), X,, standing for the observable computed with m-body
kinematics, d®,, = d®,,(k,, ky) denotes the Lorentz-invariant phase-space measure for
m massless final-state particles, including suitable polarisation sums/averages and flux
factors; the convolution phase space d®*®, defined as

1 174
J dP;" = J B f = f d®n(Tha, Ths) (26)
o T Jo ¥

shows a dependence on rescaled initial-state partonic momenta zk, and zk;,, where 0 <

z,Z < 1. The PDF collinear counterterm C(z, &), encoding the full ur dependence of the
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partonic cross section, is defined in MS scheme as

(NQ >€ [Pa($) §5(1 —2) + Py(2)6(1 — x)] B(zka, 2ky), (2.7)

1 TE )€
F

T 2w el(1—¢

where P;(z) represent the lowest-order four-dimensional regularised Altarelli-Parisi split-
ting kernels (for their explicit expressions, see Appendix [B.1)).

While the finiteness of the comprehensive NLO correction in Eq. is ensured by
the KLN theorem [93, 04] supplemented with PDF renormalisation, as well as by the
IRC-safety of X, the n-body and (n + 1)-body contributions are manifestly divergent
when considered separately, thus preventing a straightforward numerical evaluation. In
dimensional regularisation, where amplitudes are evaluated in d = 4 — 2¢ space-time di-
mensions, such divergences appear at NLO as double and single 1/ poles in the expression
of V. On the other hand, the real contribution R, which is finite for ¢ — 0, features IRC
phase-space singularities which translate into double and single 1/¢ poles upon integration
over the radiative phase space.

The procedure of infrared subtraction enables the explicit cancellation of such poles,
while avoiding analytic integration of the full real-radiation amplitudes. This is accom-
plished by adding and subtracting to Eq. a counterterm cross section

dUNLO

dX

= f AP, .1 K 6,(X)

ct

= fdd)n I16,(X) + fdcbﬁf J(2,2) 0,(X) . (2.8)

The local counterterm K is designed so as to reproduce the singular IR behaviour of the
real-radiation matrix element R locally in phase space, and at the same time, it is expected
to be simple enough to be analytically integrated in the phase space of the unresolved
radiation (once a parametrisation of the radiative phase space is in place). The outcome
of this integration can be recast into the sum of an (x, Z)-independent contribution / and
an (x, z)-dependent contribution J, which exhibit the same € - pole content (with opposite
signs) as V and C(x, &), respectively. It is now possible to rewrite Eq. identically as

doxro

dX

= Jd@nvsub(X) + fdcpn+1 Row(X) + Jd@ff” Con(X), (2.9)
with

Van(X) = (V + 1) 6,(X), (2.10)
Ran(X) = R 6p1(X) — K 6,(X), (2.11)
Con(X) = C(2,2) 6,(X) + J(2,2) 6,(X). (2.12)
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Each contribution in Egs. ([2.10))-(2.12)) is now separately finite in d = 4 dimensions, and
therefore well-suited for numerical evaluations of the corresponding phase-space integrals.
In particular, the subtracted real matrix element R, (X) is free from phase-space singu-
larities by construction, Vi, (X) is finite as € — 0 as a consequence of the KLN theorem,
and Clg,,(X) contains just (z,z)-dependent non-singular remainders. Notice once again
that the IRC safety of the observable X is necessary for the cancellation, which requires
that d,,41(X) turns smoothly into d,(X) in all unresolved limits.

It is worth emphasising that the points discussed above equally apply to lepton-hadron
collisions, up to the formal substitutions

A 1d
Jd@ff - Jd@ﬁ - f ﬁfch)n(:cka),
0o T

. as 1 (67E)€ //62 € —
C S O) = 22 (2 p(x)B(zk,), 2.13
(@08 = C) = 3 pi—g () Pola) Bk (213)
which, as a consequence, necessitate the definition of a single-argument counterterm J(x)
instead of J(x,z). In lepton-lepton collisions, the structure further simplifies because of
the absence of z-variable dependencies (the collinear term of Eq. (2.5)) vanishes), and the

integration of the counterterm K reduces to

Jd@m K o,(X) — fd(l)n 16,(X). (2.14)

2.2 The subtracted real contribution R

sub

In this Section we approach the step-by-step construction of the local counterterm K
within the context of Local Analytic Sector Subtraction, such as to enable the definition
of an integrable real correction R,,,. As outlined in Section [1.3.3] the strategy we propose
is based on the introduction of a unitary phase-space partition (Sec. 2.2.1)), which helps to
disentangle the overlapping structure of singularities, and consequently to sketch a first
minimal candidate counterterm (Sec. 2.2.2)). However, this formulation suffers from the
presence of Born-level matrix elements potentially evaluated with unphysical n-body kine-
matics. This issue can be solved through appropriate phase-space mappings (Sec. .
At this stage, we are finally able to design a proper local counterterm (Sec. , and
thanks to a detailed analysis testing the actual locality of the subtraction, we can claim
the construction of a real-radiation correction R, which is finite and integrable in the
whole phase space. Lastly, we explore two different types of optimisations for the local
counterterm K, with the aim of laying the foundations for an efficient implementation of
our subtraction algorithm in a numerical framework. The first optimisation introduces a
symmetrised phase-space partition (Sec. , reducing the overall number of sectors and
limits that need to be evaluated in a NLO computation. The second suggestion modifies
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singular kernels with damping factors (Sec. 2.2.6)), such as to constrain the counterterm
contribution away from the singular phase-space regions, thus preventing potential insta-

bilities in the cancellation between R and K.

2.2.1 Sector functions

First, we define projection operators S, and C,;; that extract from the real-radiation
squared matrix element R its singular behaviour in soft and collinear limits. In practice, it
is necessary to pick specific phase-space variables in order to perform the projection, and
we opt for Lorentz-invariant quantities. More precisely, we introduce the dimensionless

variables
55 1 —cosb;;

; g = — 2.15
e o w;j — 5 ; (2.15)

associated with the energy of the parton ¢ and the angle between ¢ and j particles in the
centre-of-mass frame, respectively; moreover, s is the centre-of-mass energy with partonic
centre-of-mass four momentum ¢* = (4/s, 6), sij = 2k;-kj and sq = 2q-k;. We proceed by
defining S; as extracting the leading power in ¢;, and C;; = Cj; as extracting the leading
power in w;;. It is straightforward to verify that, with this definition, the two operators
commute when acting on the squared matrix element, S, C;; R = C;; S; R.

Local Analytic Sector Subtraction builds upon the well known idea [16, [17] of dividing
the radiative phase space into regions, each of which tied to the IRC singularities stemming
from an identified set of partons (two at NLO). This can be achieved by introducing a
unitary phase-space partition,

DW= 1, (2.16)

LT

defined by sector functions, W;;, namely a set of kinematical weights smoothly dampening
all radiative singularities but those due to particle ¢ becoming soft, or becoming collinear

to a second particle j, as

SiWa = 0, Vi#a, (2.17)
Cij Wab = 0, YV ab ¢ {Z], jZ} . (218)

We formulate our sector functions in terms of Lorentz invariants. Specifically, we defind]

U] s Uz‘j = = s (219)

Wy = <29
J
Dkl Ol €iWij

'Eq. 1) generalises the definition of sector functions firstly proposed in [I99] to processes involving partonic
initial states.
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where the symbol ¢ is 1 or 0 if condition C is or is not fulfilled, so that O,cp (04e1)
enforces parton a to belong to the final (initial) state. These sector functions have the

further defining property of satisfying the following sum rules, namely

Si ZWm = bicr, Cyj (Wij +sz‘) = 1—0ict0jcr, SiCiyWy = bicr, (2.20)

ki
which express that the sum over all sectors that share a given soft or collinear singularity
still forms a partition of unity. Eq. (2.20) not only guarantees that, upon summing over
sectors, the full soft and collinear singularities will be recovered, but it also allows to
eliminate sector functions upon suitable combination of particle labels, which will prove

crucial in view of analytic counterterm integration.

2.2.2 Candidate local counterterm

Considering now one partition at a time, we can readily identify a combination which is
by construction integrable in the radiative phase space: this is achieved by collecting the
singular limits which are relevant within each real contribution RW;;, and subsequently
subtracting them from it. Indeed, in sector (7))

(1-S:)(1—Cy) RW;; = RW;; — LY RW,; — integrable, (2.21)
where we defined the set of projectors

as the incoherent sum of soft and collinear limits, corrected by the —S; C;; term which
removes the double-counting of soft-collinear configurations. We stress here that the
operators S; and C;; are defined to act on all elements located to their right: therefore,
when denoting a generic singular limit as L, the relation L RW;; = (L R) (LW;,) is
understood. Performing the sum over sectors, we get to the expression for our candidate

local counterterm, namely
MY LPrRW, = 3 [si +Cy(1 - si)]RWij , (2.23)
i j#i i g

which satisfies the requirement of reproducing the singular behaviour of the real matrix
element in all soft and collinear regions of phase space. In particular, when such soft and
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collinear projection operators act on sector functions as defined in Eq. (2.19)), one obtains

1/w;;
SiWij = bicr =——
W] er Z ]_/le
I#i
e
Cij Wij = Oicr (@‘eF%el + ejeI) )
i T €
S; Cij Wij = Oier (2.24)

which clearly strictly depend on the specific definition introduced for W;;. Conversely, the
singular parts of the QCD matrix elements for real emission can be singled out in a general
way by using the factorisation properties of soft and collinear radiation. Despite the well-
known structure of such universal process-independent singular kernels, we report below
the soft and collinear factorised expression for R written in terms of Lorentz invariants
and in a manifestly flavour-symmetric notation, that we will later adopt for defining our
NLO counterterm.

Soft limit

The real matrix element squared can be expressed in the soft limit S; as

SiR=—-MND> Y &Y Ba({k)) . (2.25)
c#t d#i,c
where the eikonal kernel,
ED = Oip oy, — (2.26)
cd ig Sic Sid ?

is non-vanishing only if the final-state parton i, with flavour f;, is a gluon. Note that no
constraints on particle (initial or final) position have been placed on the sums running
over ¢ and d in Eq. (2.25). The soft kinematics {k}; represents the set of real-radiation
momenta after removal of soft momentum k;. The colour-correlated Born matrix element

is schematically defined as
Beg = AD* (T, Ty) AV, (2.27)

where A,, is understood as a ket in colour space [I8] which undergoes non-trivial trans-
formations under the action of the SU(N,) generators T,. Lastly, the coefficient N reads

2,7k \ €
Ni = Srag (“46 ) . (2.28)

™
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Collinear limit

The kinematics of a pair of final-state particles ¢ and j subjected to a collinear split-
ting [ij] — @ + j in the C;; limit can be described with the introduction of a Sudakov

parametrisation of momenta, as

w b T 1 %1% w 7. T 1 %PZ“
ki = zikp o+ kp — — kX kY = zi k.. — kp — ———Fk! (2.29)
i [ig] Fooo g " J J ™ ig] Foo g T
i S [ig]r J oliglr
kip) = K+ K S[ijlr = Sir + Sjr Kij) = Kpa — ﬁ kv, r=riy,

where massless vector /Z:f;j] identifies the collinear direction, while k* represents a light-like
reference vector whose prescription r = r;; enforces r to be any particle different from
t,7, chosen according to the rule defined in Eq. (in this case it means that the
same 7 must be chosen for the pair ij and for the pair ji). The z; variable represents the
longitudinal momentum fraction of the k; momenta, and %ﬁ the transverse momentum of
parton ¢ with respect to the collinear direction, which respectively read

Sir

2z = , K=k — 2 ki — (1—22) i

| (2.30)

S[ig]r Z S[ig]r
satisfying the conditions z; + z; = 1, %F : l_c[ij] = EF -k, = 0. In the alternative case in
which the collinear configuration involves an outgoing parton ¢ and an incoming parton
7, described with the splitting j — [ij] + ¢, the final-state momentum k! is parametrised

in terms of its transverse momentum kj" and the longitudinal momentum fraction z;, as

~ 1R
K= g B - =L (2.31)
T Sjr
where
Sir T I p_ Sij
z = ko= K-kt — Lk (2.32)
Sjr Sjr

satisfying xp;) + z; = 1, EI -k, = %I - kj = 0. The collinear direction is identified by
R = g K — . Lﬁku (2.33)
il B i 1 ro :
Wl T Tfij) Sir

The universal un-regularised (d-dimensional) Altarelli-Parisi splitting kernels [97-99] are

matrices in spin space which encode the collinear behaviour of R, and can be compactly
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written as

o e
fﬁkmxf)=<meﬂ€)(—9“0%—QdmmA§)[—g”“+01—2) L. *], (2.34)

k2

*

where £ represents the longitudinal momentum fraction of splitting parton a, and the
dependence on * = I, F will be specified in a momentﬂ We also make the dependence
of such kernels on the reference vector r explicit in the subscript ab(r), as it enters the
definition of the longitudinal fraction £ (see Egs. and ) In a manifestly
flavour-symmetric notation, the spin- averaged components Py () of Eq. read

§ 1-¢ 26(1-¢)
&Wﬂ@=5m@w2a4ﬁ§+—?—+§U—§J+5m&Mﬂﬂ{1——T—?—(2%)
§ 1—¢
+ 0fata.d0g CF QH (I-e)1=8 |+ 0790 fo{a.qy CF QT +(1—-€f],
where we introduced flavour delta functions as
Ofufadt = 0fua + 0fazs  OtfufiMoa) = 0ua0fa + 0£aq Ofq > (2.36)

which, respectively, specify the cases in which a particle a is a quark or anti-quark, or the
particles ab are a quark/anti-quark pair of the same flavour. According to QCD helicity
conservation, the collinear azimuthal kernels Qg «(§) are non-zero only when the virtual
parton participating in the splitting is a gluon: the expression for Q). (§) thus depends
on whether the virtual gluon is the outgoing splitting parent (» = F),

26(1-¢
Qav(r).F(§) = = 07,9079 2Ca (L = &) + s itaay TR %6) » (2.37)
or the incoming splitting sibling (x = I),
1—¢ 1—¢
Qab(r),1 (&) =- 0fug0f,92Ca - 6fa95fb{q7‘j} 2CF ¢ (2.38)

This notation is indeed reminiscent of the fact that at NLO the two cases are relevant to
final- and initial-state splittings, respectively.

2Note that the formulation of the Altarelli-Parisi kernels in Eq. (2.34) is analogous to the one reported in
Eq. (C.8) when restricted to final-state particle splittings.
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In terms of such kernels, the collinear C;; limit of the real matrix element can be
written as

CyR= o Oicr Ojcr Py 5(2) B ({k}1, kpigy)
Pw'/]i(r),l(x[ij])

+ Oicr ejeI [ BMV({k}ij’x[ij]kj)

[i]
Ao

+ 0jer Oier
Lji]

Buy({k‘}ﬁ,x[ﬁ]ki) s (239)
where B, is the spin-correlated Born amplitude obtained by stripping the gluon polari-
sation vectors from the matrix element and from its complex conjugate, while ({k}, k.)
is the real-radiative kinematics with k, and k;, removed and replaced by k.. Note that the
factorised structure in Eq. shows an overall symmetry in ¢ <> 7 index exchange. In
particular, the first two lines of Eq. can be pictorially represented in the left and
right panels of Figure 2.1] respectively, while the third line is obtained from the second
upon ¢ < j exchange.

Figure 2.1. Final-state (left) splitting and initial-state (right) splitting.

Soft-collinear limit

In the soft-collinear S; C;; limit, an outgoing gluon ¢ exhibits both soft and collinear
behaviour with respect to an initial- or final-state parton j. The corresponding kernel is

S;Ci; R = CjSiR = N, 20y, €Y B({k},) (2.40)

where Cy, = C4 05,9 + Cp 0y,44y is the SU(N,) Casimir operator associated to flavour f;;
moreover, in this case f; = f;; since the ¢y, function within the eikonal kernel
forces 7 to be a gluon.

For later convenience, we define the hard-collinear version of the Altarelli-Parisi kernels
in Eq. , which are obtained by removing their respective soft limits: for a final-state
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splitting, both collinear siblings 7 and j can induce a soft singularity, thus
Pty p(z) = (1= Si = 8;) Py(=)

222
= 059970 2Ca 2 2j + Otsip)(any TR (1 1= Z)

+ 5fz‘{q,t?}5fjg CF(l — 6) Zj + 5fi95fj{q,¢j} Cp(l — 6) Zi (2.41)

while, in an initial-state splitting, just the outgoing sibling ¢ can potentially be soft, so

P (i)
hc _ [eg]e(r) \Lig]
Bijliery 1(2gi51) = 2ig) (1 - Si) e - ’ (2.42)
= fuaOfis 2CA[x —+ x[ij]flfi] + g fiHan) TRll B ]
[i5] €

Z;
+ 0514001019 Cr(1 — €) i + p,160 14,0y CF l%[‘ }] +(1—e) :z:[m] -
ij

In analogy with Eq. (2.34), we introduce the compact notationf]
P;w, hc _ Phc v N7 d ) %5 %11\'/ 243
ab(r),x (é) — Lab(r),* (5) (_g ) + Qab(T),* (5) —g + ( - ) %2 . ( . )

*

2.2.3 Phase-space mappings

Although the candidate counterterm in Eq. locally reproduces all phase-space sin-
gularities of the real matrix element, it cannot yet be used directly in Eq. : in fact,
the Born matrix elements which factorise in the soft and collinear limits result evaluated
with n-body kinematics that either do not satisfy momentum conservation (in the soft
case, {k}; in Eq. (2.25)), or feature an off-shell leg (in the collinear case, ({k}, k.) in
Eq. ) outside the relevant singular region of phase space.

Conversely, it is essential for the Born matrix elements appearing in counterterms to
have a physical (i.e. on-shell and momentum conserving) n-body kinematics for all choices
of the n + 1 radiative momenta, and not only for specific singular configurations. For this
purpose, we must introduce a set of mappings that relate the (n + 1)-particle momenta
{k} to the n-particle momenta {k}, preserving at the same time the soft and collinear
limits at leading power. A convenient way of achieving this is through the adoption of
the Catani-Seymour mappings [18], which generally involve a triplet of massless momenta
ko, ky, and k. (the emitted, emitter, and recoiler parton, respectively) and map them onto
a dipole of Born-level momenta l;:éabc) and l%&“bc). Based on the position of the chosen
triplet of real momenta, we employ distinct mapping prescriptions:

3Eq. lb coincides with Eq. 1} when restricted to final-state particle splittings.
4This prescription does not apply to the initial-initial case in the third panel of Figure where all final

states are shifted by the defined mapping (see Eq. (2.51) below).
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e For three final-state momenta k,, ks, k. (all different), as in leftmost configuration

of Figure 2.2 we construct the n-tuple
abc (abc) 7.(abe
(R} — L g B R (2.44)
with

) _ 1
LSRN NN (2.45)
-y

and all other momenta left unchanged /?;Z-(abc) = k;, i # a,b,c (for ¢ running from 1 to

n + 1), where we defined the kinematic variables y and z as

y = 2o y = _Sac (2.46)

) )
Sabe Sac t Sbe

such that 0 <y, z < 1.

For two different final-state momenta k,, k;, and an initial-state momentum k., as in

the central panel of Figure (2.2)), we construct the n-tuple

{l{?} (abe) __ {{k}¢¢¢7 (abc) ]_C (abe) } (247>
with

fflgabC) = ka + kb - (1 - .CIZ') kca ];:(abC) =T kcv (248)

C

and all other momenta left unchanged (k (@be) _ i # a,b, ¢); here we introduced

the kinematic variables x and z as

Sac T Sbe — Sab Sac
g o= Jae e Pab e (2.49)
Sac t Sbe Sac + Sbe

such that 0 < z,2 < 1.

For one final-state momentum k, and two different initial-state momenta k, k. (last

configuration in Figure , we construct the n-tuple

73 (abc 7 (abc) 7 (abe
(R = {{hh g, B R} (2.50)

where ky = {k;} er, j2a stands for the collection of all final-state momenta different

from k,; in this setting,

2]{5f'(K—|-[_() — 2k3f

]_C(abc) _ k Ig(abc) — ks — T K K
b T " (K 1K) (K +K)+ =7

; K, Vf+#a,

(2.51)
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where the momentum k. is left unchanged (k" = k.), and

K = ky+ ke — kg, K = k™ 4 flabe) (2.52)

The kinematic variables adopted in this case, satisfying 0 < z,v < 1, are

Sbe — Sab — S S
r = be ab ac , v = ab ‘ (253)
She Sab T Sac
a a b
b c a
c b c

Figure 2.2. Final-final (left), final-initial (middle), and initial-initial (right) dipoles.
All kinematic mappings listed above satisfy the on-shell requirement,
(F@N? =0, m =1,...,n, (2.54)

as well as the momentum-conservation condition, according to

Oucr Oper Oecr © k) + K9 = k4 Ky + ke

Oucr Oper Oecr © K — KL = Ky + ky — ke

Oack Opet Ocer = Y k) — ™) — K = N kit ko — ky — k. (2.55)
iiF @'iF

One easily verifies that the sets of momenta reported in the left- and right-hand sides of
Eq. respectively coincide when k, vanishes (i.e. it goes soft), and when k, becomes
collinear to ky.

In turn, each of these mapping operations lead to the factorisation of the (n + 1)-body
phase space d®,, ., into a remapped n-body phase space d®, times a single-radiative
measure d®,,q: this factorisation can be exact when just final-state particles are involved,
or it may feature an additional convolution with respect to the variable x defining the
boost applied to the initial-state momentum, as in Egs. and . In both cases,
the resulting phase-space factorisations enable the independent analytic integration of the
radiative degrees of freedom at fixed underlying Born kinematics. More details will be

given when approaching the counterterm integration in Section [2.3]
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2.2.4 Local counterterm with improved limits

Finally, we can promote the candidate counterterm to a local counterterm K: all
we need to do is to make use of the factorised expressions for soft and collinear limits of
R, and evaluate the corresponding Born-level squared matrix elements with well-defined
mapped n-body kinematics. To achieve this, we introduce improved versions of our limit
operators S; and C;;, which are defined at NLO to project on leading-power soft and
collinear limits (as was the case for their bare formulation), while simultaneously apply-
ing the selected phase-space mappings. Furthermore, the freedom left in this procedure of
defining the action of the improved singular limits allows also for the potential introduc-
tion of modifications in the kernel structures, which may turn out to be instrumental in
minimising the structural complexity of the counterterm, and possibly curing undesirable
spurious effects.

In practice, there is considerable flexibility in how to associate mappings to singular
kernels, as long as they do not compromise the locality of the subtraction (more details on
this specific requirement will be given shortly): in particular, the choice of the mapping
dipoles can be adapted to the identity of the partons involved in the singular configuration.
In the soft limit, each eikonal kernel Ec(jl) leads reasonably to the choice (icd) or (idc),
where the momentum of the first particle in the triplet (i.e. 7) is the one vanishing in
the soft limit; on the other hand, the most natural mapping for collinear limits involves
the splitting partons and the recoiler, as (abc) = (ijr) or (abc) = (irj). Denoting with a
bar the improved limits S; and Cij which convey in their action the kinematic mappings

according to the aforementioned prescription, we thus define the soft counterterm to be

S;R=-2MN Z Z 551) [(chl Oger + Ocer Oger + Ocer 9deF) B(Effd) + Ocer Oger B,Efidc)] ,(2.56)

c#i d#1
d<c

where the colour-correlated Born matrix elements B(?) = B ({k}(®°)) are evaluated with

mapped momenta, and are therefore also denoted with a bar and with a label identifying
the specific mapping to be employed. As for collinear and soft-collinear kernels, we define

-~ N v n(ijr
Cij R = _1 lgzeF QjeF ]DZ‘L]L(T)J:(Z) B;(uz )
ij
P @)
+ Oier Ojer —Lglin, (x)’I <07"€F B/(jzfj) + Orer B}ﬁ”)
P (@)
+ Ojer i % (QreF Bl(fy”) + 0,1 Bfﬁfr)>] ) (2.57)

SiCyR =N 20 €Y

o Orcr i o
Oicr B 4+ 0,01 (1 LB 4 g, (1) BW)) , (2.58)
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where the rule r = r;; applies for both expressions. Note that the soft-collinear coun-
terterm in Eq. features extra kinematical factors multiplying the singular kernels,
which are written in terms of the variable z (defined as in Eq. for the 0;c10,er
term) and the variable v (defined as in Eq. for the 0;c10,a term)ﬂ, which serve
the purpose of reconstructing the hard-collinear kernels of Eqgs. (2.41) and (2.42)) in the

following compact form,

_M

ij

v, he H(ijr
[ez‘eF Ojer P;;‘(r),}:‘(z) B,L(ng :
uv, he

Pl () o o
+bicr Ot~ (0,00 BED + 0,00 B

Pt () - -
+ ejeF eieI []Z]]% <9reF B,SJVTZ) + greI B,(fylr)> ’ (259)

where we have defined §j Eij = §j Eji.

At this stage, the definition in our local counterterm still lacks one final ingredient to be
complete, which is the specification of how the improved projectors, denoted collectively
with L = S;, éij, S, Eij, operate on sector functions. The simplest and straightforward
option is to set

LW, = LWy, (2.60)

essentially leaving unchanged the action of the improved limits L with respect to the
un-improved operators L (see Eq. for explicit expressions). However, there is
nothing that actually prevents us from redefining their structure in order to meet certain
conditions.

The combination of all the ingredients discussed so far finally leads to define the sought

local counterterm K as

K = ZZKU 5 Ki]’ = [gz + Ei]’ - gz C”] RWU 5 (261)

R E

where again L RW;; = (L R) (L W,;). As mentioned earlier, the entire construction and
consequent validity of the counterterm K is crucially subjected to the stringent require-
ment that the improved operators must preserve the correct soft and collinear limits of R

in order to guarantee the locality of the subtraction procedure. In practise, this condition,

We emphasise that the definitions of the z, x, and v variables in the previous equations are mapping-
dependent: for instance, one should correctly interpret the notation f(z)(0rer Bp(f,,”) + Orer Bfflfr)) to mean

Orcr f(x()) Bff;j) + Orer f(x(P7) Bffyjr), and similarly for the other terms.
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explicitly as

RW,;; — K;j = RW,;; — (Si+C;; — S, Cy;;) RW;; — integrable, (2.62)

translates into the verification of a set of consistency relations. Specifically, for Eq. (2.62)
to be true, it must be checked that the leading divergences cancel under the primaryﬂ
limits S; and C;

R

Si [R Wij - (gz + ij — gz CU) RWZ]] — integrable,

Ci; [R Wij — (gi +C;; — S, Eij) RWij:l — integrable, (2.63)
leading to
S;S:Ci; RW;; = S;Cij RW;, Ci;;SiC;j RW,;; = C;;Cy; RW,;. (2.64)

Under the assumption (2.60)) for sector functions, these expressions easily reduce to

S;S;R = S, R,

S,S;C;; R = S;C; R, C; §

O
OI OI
D:J

i = Cyj
i = Cyj

CDI

R (2.65)

Once these relations are satisfied, they provide evidence of the correctness of our mapping-
adaptation procedure and further redefinitions of singular structures, ultimately ensuring
the cancellation of phase-space singularities. It can be checked (see Appendix that the
consistency relations in Eq. are verified by the definitions of the soft and collinear

counterterms in Egs. (2.56])-(2.59)).

Instabilities within counterterms

However, the freedom we are exploiting to rework singular kernel definitions through im-

proved limits can prove to be a double-edged sword: in fact, despite the local cancellation

being checked by consistency relations, the quantity K;; defined in Eq. contains a

subtlety, which must be analysed with care. Let’s consider, for example, the ﬁnal—statem

DGLAP kernels PZ‘]”(’T)F reported in Eq. 1} which are written in terms of the invariants
Sip Sir

() Sir + Sjr ) J Sir + Sjr ’ ( )

5The adjective primary pertains to the singular limits selected by sector functions, to be distinguished from
the auxiliary limits, which we will elaborate on in the next Section.
"The following discussion holds equally for initial-state Altarelli-Parisi splitting kernels.
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as opposed to the energy fractions e;/(e; +¢;), e;/(e; +¢€;). This is a useful choice in view
of analytical integration, and a legitimate one since x; and z; reduce to e; and e; in the
collinear limit C;;. This choice, however, introduces spurious singularities in the collinear
limits C;, and Cj,., which are generated by the denominators of the Altarelli-Parisi kernels,
and are not present in RW,;. As a result, the combination (1 —S;)(1 — C;;)RW;; is not
integrable in those limits. Nevertheless, the problem can be solved by using our freedom
to define the action of the improved operators S; and Cij on the sector functions W;;,
whose structure has been so far left unchanged within the local counterterm. These new
definitions we introduce as (r = r;;)

1/ww
ZGF Z 1/w1l

l#1

. €. /LUAT
Cij Wij = bicr (QjeF# + Qjel) )

€; Wipr + Gj wjr

§i Wij =

§i az‘j Wij = Hz‘eF ) (267)

in fact represent a modification of Eq. (2.24). The presence of the angular factors w;,
and wj, vanishing in the C;, and C;, limits respectively, allows to satisfy the following

auxiliary consistency relations

Cj. { 1,S,;, 6 ., S, C;; }RWM — integrable, (2.68)

on top of the standard ones, corresponding to Eq. (2.65), which now need to be written

explicitly including also sector functions. More compactly, one has
Si{ ( _) C,; ( ) }RWM — integrable,
Cy{(1-Cy), S,

Recall that in Eq. (2.68]) the index r labels the reference vector used to define the collinear
kernel Ph” b(r) - in fact, all collinear projection operators C,, should properly be labelled

(1-Cyj) | RW;; — integrable. (2.69)

with the index r, which in general we omit for brevity. Notice also that our definition of
improved limits of sector functions, Eq. , is not symmetric under ¢ < j exchange.
As a consequence, the two lines of Eq. are not identical: in the first line, only the
combination éij(l — S;) gives an integrable result in the ir collinear limit, when acting
on RW,; (which is sufficient for our purposes), while in the second line Eij and S; Eij
give separately integrable contributions in the jr collinear limit.

With the definitions provided in Eqs. — supplemented by Eq. , we can
build the local counterterm K, as presented in Eq. , which is sufficient to construct a
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fully functional subtraction algorithm at NLO. Finally, the subtracted real matrix element

squared is given by

Ran(X) = Y RI(X), RJ(X) = RWjj0pi1(X) — Kij (X)) . (2.70)
i,j#i
In the previous Sections, we have presented what can be considered the basic imple-

mentation of our counterterm. However, we are of the opinion that there is good potential

to introduce optimisations in the various stages of the formulation.

2.2.5 Room for optimisation: symmetrised phase-space partition

We acknowledge that sector functions W;; are a valuable tool to identify the improved
limits to be defined, and the consistency relations they must satisfy, but we are also
aware of the fact that the stability of numerical integrations generally improves when
sectors involving the same parametrisations are combined (specifically, in our case, sector
functions sharing a collinear singularity would be parametrised in the same way in a

numerical code). To pursue this idea, we introduce symmetrised sector functions as
Zi; = Wij + Wi, (2.71)
whose corresponding improved limits read
S 1/w; 1/w;

Zo—= . Y S. Z. =0, n—1""_
Sz i Zerl/wil’ S] 1 ]eFZl/wjl7

1#i 1#]
Cij Zij = 1= biabja, SiCij Zij = bier S;Cij Zij = Ojcr - (2.72)

This symmetrised phase-space partition reduces the overall number of sectors and singular
limits to be evaluated, thus simplifying the scheme (to some extent) and enhancing its
numerical efficiency. In fact, the counterterm K, with symmetrised sector functions, can

be written as

K = ) Ky, Kuj = (Si+S; +HCy)RZy;, (2.73)

i,j>i

recalling that HC,;; = C;;(1 —S; — S;). The subtracted real contribution can now be

written as

Raun(X) = Y RUM(X),  RUR(X) = RZi;0,(X) — Ky 0a(X) . (2.74)

i,j>i
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A third expression for the NLO countertermf] is obtained by summing over all sectors.
Using sum rules in Eq. (2.20)), one can then write

Ruw(X) = R 6pir(X) — K 6,(X), (2.75)
with
i ij>i

Here K results purely defined as a collection of universal soft and collinear NLO kernels.
This last formulation is particularly well-suited for counterterm integration: not only
this avoids analytically integrating over the (arbitrarily complicated) sector functions,
but it also eliminates the necessity to recompute the integrated counterterms I and J
(see Eq. ) upon redefinition of the sectors themselves, provided the sum rules in
Eq. are preserved. Conversely, the expression for R (X) in Eq. (2.74), with
symmetrised sector functions, is to be preferred for the numerical implementation, since
it allows to parallelise the contribution of different sectors, and to independently optimise

their numerical evaluation.

2.2.6 Room for optimisation: damping factors

Since the subtraction procedure is necessary only in the infrared corners of the phase
space, one has the flexibility to adjust the counterterm contribution in the non-singular
regions, thereby reducing potential numerical instabilities. This is customarily achieved
in the literature by introducing parameters (such as the a parameter in CS [204], and
the § and .., parameters in FKS [16]) that impose a hard boundary to the phase space
allowed for counterterms. The improved numerical stability of this procedure generally
comes at the cost of a more cumbersome analytic counterterm integration, which may
become untenable at NNLO.

What we propose, instead, is to multiply the local counterterms in Egs. —
with smooth damping factors (as opposed to hard step functions) in order to gradually
suppress their contribution away from the singular regions. Although there is some flexi-
bility in constructing such damping factors, provided the validity of Eqs. and
is not spoiled, it is highly convenient to define them as powers, with tunable exponents,
of the kinematic invariants proper of the chosen phase-space parametrisation. This ap-
proach allows controlled inclusion of subleading power terms in the normal variables used
to write the IRC kernels. As a result, the presence of damping factors does not impact the
complexity of the analytic integrations, which is crucial for exporting this optimisation to

8We already provided the counterterm definition (2.61)) in terms of W;; functions, and the expression (2.73))
in terms of Z;; functions.
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higher perturbative orders. The explicit dependence of (the finite part of) the integrated
counterterms upon the damping parameters, namely the tunable exponents mentioned
above, must cancel against an analogous dependence in the local counterterms, which is
known to offer a powerful handle to verify the numerical implementation of the subtraction
method.

We start by including damping factors in the soft counterterm, Eq. :

gi R = — 2N1 Z 2 50(2){0061?‘ (1 - Z)a [Qdep (1 - y)a + QdeI xa]BglCd)

c#i d#£1
d<c

+ ecel x [edeF (1 - z)a BgidC) + edel B,EZCd)] } ) (277>

where a = 0, and the kinematic variables z, y, z are those associated to the (icd) or (idc)
phase-space mappings, i.e. they are different for each term in the eikonal double sum. In
detail, they are defined as in Eq. (2.46), Eq. (2.49), Eq. for (ed) = FF,FI/IF, 11,
respectively. The case with no damping, Eq. , is simply obtained by setting a = 0.

As far as collinear and soft-collinear contributions are concerned, we modify Eq.

and Eq. (2.58) as
_M

Sij

CuR { Orcr Ojer Pl p(2) | Orer (1= )" + b 2” | BU

Plz“/z'r (.I') — — .
+bier s 6,0 (1= 2 B + 6,0 (1—0) B
Ny

PEC (@) o o
+ Hjep ‘91‘61 % I:QT‘EF (]_ - Z)A/ B;(le/TZ) + 97‘61 (1 - U)’y B;(L]l/”):l }, (278)

SiC,; R = N2}, 53(?{ O;er (1 — 2)° [ereF (1- )%+ brar xﬁ]g(ijr)

+0a2” Orep (1= 2) 7 BED 46,0 (1 - U)WBW)]} . (279)

where a is the same exponent appearing in the damped soft counterterm, Eq. ,
while 3,7 = 0 are relevant for final- and initial-state collinear splitting, respectively. The
kinematic variables defining the damping factors depend on the mapping appearing in
the relevant Born matrix element, similar to the soft case. The un-damped limits can be
retrieved by setting a = =7 = 0.

By following the same steps outlined in Appendix [B.2] it can be checked that the
damped counterterm definitions in Egs. — correctly satisfy the consistency
relations in Eqs. and . Furthermore, it will be shown in Section that, as
expected, the e poles of the integrated counterterms do not exhibit any dependence on
the arbitrary parameters a, 3, v, which thus appear only in the finite part O(e”). While in
Section [4.1] we will provide a first numerical validation of such damped local counterterms
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at both integrated and differential level.

We point out that the structure of the local counterterm K and of its sector compo-
nents K;; and Ky, as given in Eqs. (2.61}[2.73,[2.76)), is not affected by the presence of
damping factors and remains formally valid for any value of o, 3, . The damped HC;; R

counterterms can still be expressed in terms of the hard-collinear kernels PZ.?(CT) , as

= Oicr 0jer HCyjp R + Oierp Ojer mij,l R+ Ojcr O mﬂ,l R, (2.80)

with
HC;r R = /\f1[ rep ( f 4 0pera” ]
Puuhc ‘ )
[ B + 2| el (1-(1-2)°) + CreP (1 )]B(W)]
MVhC
HC ?, x i i 1 —2% -, .
HC;;i R =N [ rer ( ( i )Bff,ff) + 20, €92 B(zm)>
X Sij5 1—=2

phe (2) .
+ 0t (1—0)? (MB(T)+2%8}?(1—xa)(l—v)B(”r))], (2.81)

T 845

which will be integrated in the next Section.

2.3 Integration of the real-radiation counterterm

In order to analytically integrate the counterterm K, it is convenient to start from
Eq. (2.76)), relying on the kernel definitions in Eqs. and (2.80). The counterterm
expression is summed over sectors, as its integral must reproduce the poles of the virtual
matrix element, which is not partitioned. For future convenience, we split K into the

corresponding soft, final-state hard-collinear and initial-state hard-collinear contributions

K = K + Kpep + K, (2.82)
defined as
K.=) SR, (2.83)
th,F = ZZ: Z Oier ejeF mij,F R, (2‘84)
i j<i
Kiex = ) ) |bicr 050 ACy; R + e 0t AIC;1, R (2.85)

i j<i
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Phase-space parametrisations

We start by introducing precise definitions of the phase-space measures used for inte-
gration. As detailed in Section [2.2.3] we have three possible mapping prescriptions to
parametrise the unresolved phase space. We examine them in turn.

The ﬁrst mapplng {k} (abe) with final-state momenta kq, ky, k. (all different), presented

in Eqgs. (2.44)) and ( , induces the exact factorisation

qu)nJrl = il qu)glabC) J‘dq)rzgc ) (286>

Sn

where we explicitly extracted the ratio of the relevant symmetry factors ¢, and ¢,, and

dq)glabc) = dq)n ({%}(abC)) ’ d@ e - dq)rad (Sl()CcLbC Y, 2, ¢) ' (287>

rad

The radiative measure of integration is

[anter = i) (se) ™ [ oy [ay [az o1 - a1 =] (-0 259

where the expression of the invariants composed by k,, ky, k., written in terms of the

integration variables, are

Sgp = Y EZ(fCle) , Sae = 2(1 =) EI(,ZbC) , spe = (1—2)(1—v) EI(fClbc) . (2.89)

such that sgpe = Sap + Sac + Spe = Eézbc). Finally, we define

(471')6_2
VAT(3—€)
The second mapping {k}(®°) with final-state momenta k,, k; (all different) and an

initial-state momentum k., as in Eqs. (2.47) and (2.48)), leads to the following phase-
space convolution,

N(e) = (2.90)

J d®,, (k) = o+t J fd@ (k) dD% (2.91)
with
dq)glabc)(xkc) = do,, ({l};}(abc)) : dq)§ZZC) = dd,.q (sl()t;bc :E,Z,Cb)- (2.92)

Indeed, in this case, achieving exact factorisation is not possible due to the residual

dependence on the variable x associated to the rescaled momentum of the initial-state

parton, over which we are not integrating. As a function of the reference invariant sgabc) =



2.3. Integration of the real-radiation counterterm 51

2/515““) ke = 2/_~c,§abc) - Jlabe) /x, the relevant dot products read

Sap = (1 —1x) EZ(JZbC) , Sqe = ZEIE';bC) , Spe = (1 —2) 51(;21)0) ) (2.93)

The single unresolved phase space in terms of the kinematic variables results in

Jd@fgﬁf) — N(e) (5},‘;“))1_6 J:dqﬁ (sing) 2 fo d fo s [(1—2)2(1—2)]. (2.94)

The third mapping configuration {k}(®°) with final-state momentum k,, and two dif-
ferent initial-state momenta ky, k., as reported in Eqs. (2.50|) and (2.51]), conveys a similar

convolution,

fdﬂbnﬂ(krb,k:c) - Snil f fdcp,(fbc)(xkb,kc) A (2.95)
Sn
where
A0\ (ky, ko) = dD, ({k}@)) ,  do'™) = d®,q(5\";2,0,0),  (2.96)

leading to the explicit expression

f Aol = N(e) (sgg‘”))“ L do (sing) L pr L pr [(1— 2)20(1 —0)] (1 — ). (2.97)

With respect to the invariant 51(;;})0) = 2ky - k. = 2E£abc) . flebe) /x, we express the dipole

Invariants as

s = (1=2)v5™ | s = (1—2)(1—0)5", s =57 (2.98)
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Integration of soft and collinear counterterms

We start with the integration of the soft counterterm K in Eq. (2.83), which leads to

‘[d®n+1§¢R _ (2.99)
= —2M Y [ cer Baer (dcbffcd) f dole? (1—y)*(1 = 2)" €5 B
N et d#i
d<c

1 Ouer Oger f dDUD (zkg) dDUY 2 (1 — 2)* £ Bl

J

( X
B o f 4D (k) dBU) 12 (1 — ) €9 B

J

+ Ocer Oaer Jf AU (zk,, kq) dD (icd) agc( zcd)]

rad

= g"“ZZ{ ceF Oaer f ot 1isd. BYy?
Sn i dei

e 9“ B mf _xf AP} (zke) (@ >] B

d e
+96610d61Ud<1> ied)( . ky) ZH*J xfd(l) ke, ka) Tz )]B d>}.

The integrals I{%, and J/%), () are reported in Appendix , where the latter (former)
collect z-(in)dependent contributions.

Moving to the hard-collinear counterterms K., in Egs. —, we notice that
the azimuthal contribution multiplying Q. in the collinear kernels vanishes upon in-
tegration (see Appendix . Therefore, only unpolarised Altarelli-Parisi kernels need to
be integrated. For a final-state j, relevant to Ky, the result is as follows:

qu)nﬂmij,p R =
= A [ reF qu) T f a7 (1 Pt Ore JJdCD 9 (zk,) dOUIT) 2 ]
P (Z) o
[ ]SF [ij jr( —(1-2)* )+Cflf(j (1-=z )]]B(J)
ij

— Sn+1 [ereFqu) ijr) (]zchF + IlJ T + [gcz,rFF>
QT‘EIJ\dé ( cFI + sc, FI + Igg,rFI)

td . ’ _
+ 0,1 f | dols J;@fﬂ( )+ J i (x )+Jggj’FI(x))]B<W>.(2.100)

0o T
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The contributions proportional to 6,cr or 6,.¢; correspond to different prescriptions for the

position of the recoiler particle. Similarly, integrating the constituents of Ky, yields
JdCDnH HC;;1 R = (2.101)

phe (1 o\
‘Mw[’““”d@ (oky) d (i) (1~ >”<—[””’I(-) 20,505 Z>BW

T Sij

N Phe. (x . o
b f j Ao (why, ky) A (1-v)" (L” + 20sz§?<1—xa><1—v>) BW)]

T Sij

§n+1{ reFlL Jd@ (xk;) ffCJIF( ) + J;:JIF( )) + Jd@g“)(k )Izm ]B irj)
Yd g U
+9Tellf : f Ao (zky, k )(Jﬁﬂn( )+ J (= )) + fd@gfﬁ)(k’mkr) Iéi,’il]B(“”}_

All integrals Iﬁ‘f/’sc ., and Jfl‘gl/’sc ..(x) appearing in the previous equations are collected in

Appendix [B.3.2]

Notice that, thanks to the procedure we implemented to construct our local countert-
erm, which combines a unitary phase-space partition with a smart mapping adaptation,
all necessary integrations turn out to be surprisingly straightforward, and the resulting
integrals involve nothing more complex than logarithms of kinematic invariants (see Ap-

pendix [B.3).
Rearranging the outcomes

To obtain the final integrated counterterms / and J, two last steps are required. First,
all various Born-level parametrisations are identified, as the corresponding phase spaces
have identical support. This process entails the following relabelings:

(kY — (K}, Aol — do,, B B (2.102)

Next, sums over (n + 1)-body labels must be converted into Born-level sums. When

removing a final-state gluon ¢, which is relevant to the soft case, one has

LN 5 = 1 (2.103)

on el
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when two final-state particles ¢ and j are replaced by the parent particle p, the sums over

¢ and j can be reorganized as a sum over p according to

s ZZ 5{fzfj}{qq} = Ny Z 5fpgv

n

1€F jeF peF
j<i
Sn+1
g D2 BriaaOno + 0st0a0ra) = X, Onptaat
" ieF jeF peF
Jj<t
Sn+1
ZZ 5fzg 5f79 = Z 6fpga (2104)
Sn i€k jek peF
j<i

where Ny denotes the number of light active flavours; in the case of a final-state particle i
and an initial-state particle j replaced by the resulting initial-state particle a, the relevant

relations are

il 22 5{fu filadt = Z 0fug »

Sn gk jel ael
Sn+1
ZZ 5f[ij]{qﬂl?} 6fig = Z 6fa{q,‘?} )
Sn ieF jel ael
Sn+1
D e Oritads = D, Otetadt
Sn ieF jel ael
Sn+1
- 22 5f’Lj 5f19 = Z 6fa9 (2105>
Sn el jel ael

After such a procedure, all integrals mentioned above are naturally written in terms of

Born-level quantities. For » = F, I, one has

[salii - [s,** (Sbc) ) J:lii( ) - Js,** (Sbcax) )
I8, — 20, L (S5e) Je (@) = 2C, Jsun (Sbes ) (2.106)
abc 1 2 0 1
Ii5es = O | 5 Theis (s¢) + Ny L5 (s10) ] + O pyta D (50c) -
Jabe (z) > 6 _1 28 ( )+ N 7 08) ( )|+ 65000 ge) ( )
he,Fx fvg 9 he,Fx Sbe, L I “he,Fx Sbes L fo{0,@} Yhe,Fx Sbe, L)
abc [ 2 1
Jh(l:)I*( ) - 5fbg J}(lci)* (Sbw ) + Jhc Ix (81)67 I)] + 5fb{Q:§} J}(lc,gl)* (Sb07 .T) ) (2107)

where, on the right-hand sides, b and ¢ are Born-level labels. The quantities Is/sc/nc ()
and Jg /e, (S, ) appearing in the above identifications are collected in Appendices m

and [B.3.2
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2.4 The subtracted virtual V., and collinear C,, contributions

sub

We are now at the stage of verifying that the integrated counterterm correctly repro-
duces all virtual e poles, thus providing a valid local subtraction formula for generic NLO
processes without massive colourful particles. We separately analyse the three distinct
cases of 0, 1, 2 initial-state QCD partons, relevant to lepton-lepton, lepton-hadron, and
hadron-hadron collisions, respectively. For these three process categories, we label the
counterterm K as Ky, Kir, and Kpp, respectively.

To properly define the hard-collinear contributions of these counterterms, it is essential
to establish a rule for assigning the recoiler particle, denoted as r, to each splitting pair
1 and 7. Our approach is to associate r with an initial-state particle whenever possible;
otherwise, we assign it to a final-state particle. In the following discussion, we emphasise
the assignment of r using theta factors like 6,¢,, which have no purpose other than enabling
a more straightforward interpretation of the equations.

Final-state radiation

We define the counterterm for leptonic processes as
KF = Ks + QT’EF KhC,F ) (2108)

where K and Ky are defined in Egs. and . The notation underlines the
fact that the emitting dipole jr appearing in the hard-collinear kernels is bound to belong
to the final state.

The integration over the radiative phase space in Eq. , up to O(e), yields

IF = [poles + Iﬁn,F 5 (2109)

wherd’]

ag| 1
Lpotes = ﬁl? Ny B+ - (Z% B+ Y Lu Bcd>] (2.110)
J

c,d#c

o 1
Iﬁn,F = ﬁ{ [ 2 ¢/€ - Z/thc Ljr] B+ Z Lcd (2 - 5 Lcd> Bcd
keF j c,d#c

c,

+2 As(a [Z Cp Ly B+ Y Lea Bua| + 2,945 A

c,d#c keF

+[A2(a) (AQ(a) - 2A2(6)> - Ag(a)] pe B} . (2.111)

9The expressions in Egs. include sums running on final-state labels only, >, 1, as well as on
final- and initial-state labels, such as Z and D <axc- Although in leptonic collisions the distinction is 1mmaterlal
as Cy, = v, = 0 for initial-state partlcles such a notation enables the direct unmodified use of Eq. ) for
hadronic collisions as well.
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We have introduced some short-hand notation for logarithms, denoted as Lq, = In(sq/p?),

and for anomalous dimensions,

3 1 .
Yo = 5 Cr0staq) + 500059 Ve =y, —2Cy,,

G = ? Cr0f.(qq + gﬁo Ofug + (g - ;Q) Cra s (2.112)
where Cy = N,, Cp = (N?—1)/(2N,), T = 1/2, and By = (11Ca—4Tx Ny)/3 is the first
coefficient of the QCD beta function. The functions A, (z) are specified in Appendix .

The poles collected in Eq. are correctly independent of the damping parameters
« and 3, and can be checked to exactly match those of virtual origin, see for instance
[116], thus verifying the cancellation of singularities in Eq. . As a consequence, we

can write the subtracted virtual contribution in an integrable form, as
Vsub(X) = (V;‘in + Iﬁn,F) 6n(X) y (2113)

where Vg, stands for the finite remainder of the one-loop correction. As for the finite
contribution in Eq. (2.111)), the second and third lines collect the full dependence upon

the damping parameters, and cancel out as a = 3 = 0.

Initial-state radiation: one initial-state QCD parton

The relevant local counterterm for a reaction with one incoming QCD parton is
Kip = Kg+ Oret Knep + Orer Kier (2.114)

where the singular kernels are listed in Eqgs. —. In K1, a final-state recoiler
is assigned since the only initial-state coloured parton is identified with j, the initial-
state splitting particle. As for K., assigning a final-state recoiler is only possible if the
process features at least one massless colourful parton in the final state at Born level, in
addition to the final-state emitter j. On the other hand, identifying the recoiler with the
initial-state colourful parton is always allowed.

The integration over the radiative phase space up to O(e) gives

J d®, .1 Ky — Jd@n(k:a) (IF + Iﬁn,l) + L 1 i—x f A, (vky) Ji(z),  (2.115)

where [y is the same as in Eq. (2.109), while I, is a purely finite contribution, which
can be expressed as

Ty = ‘2"—% 20, l1 + % ~ Ay(@) (Al(v) ~ () — 1) + Ag(a)} B, (2.116)
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where a labels the initial-state coloured parton. The z-independent integral on the right-
hand side of Eq. (2.115)) once again successfully reproduces the general pole structure of
the virtual contribution. The remaining integral Ji(z), reading

ﬁ@):g%{—(l—mame+fﬁ£@y_<ﬂw) Z]@?—QCﬁAxw)

€ 1l—=z +

+ QOfal (%l— (1 f x)JrAl(W)
-+(ffi)fAﬂv»—Aﬂa)—l—rm)]}B

1+a
as (:’3 ) 3 2Ly Bur, (2.117)

2r \1 —=x + =

with Pé}ﬁ)n (x) defined in Appendix |B.1} is instrumental to tame the single pole stemming
from collinear factorisation, as contained in Eq. . It is straightforward to check
that the sum C.,,(X) = (C(z) + Ji(z)) 6,(X) is finite in d = 4, and exhibits a leftover
logarithmic dependence upon the factorisation scale pg, in the form

a@+u@3—%hmwy@3, (2.118)
which cancels the O(as) DGLAP pp dependence from the PDF.

Initial-state radiation: two initial-state QCD partons

The local counterterm for a process involving two incoming colourful partons is
Kup = Ks + 0,a1 (th,F + th,l) ; (2.119)

where the selection of an initial recoiler r is dictated by the general availability, for this
class of processes, of an extra initial-state QCD parton regardless of the position of the
emitter j.

Counterterm integration up to O(e) gives
Ydo (di . .
Jd@n+1 KIIF = Jd@n(ka, k‘b) <[F+ Iﬁn7H> + J ? f ? qu)n<l'ka, Jﬁkb) JH(SC, x) (2120)
0 0

As above, Ip refers to Eq. (2.109), reproducing the general virtual-pole content. The
remaining z-independent contributions are collected in

T = 52 |2+ 4 3u(0) — sl (2400) — 2.429) + )| (G + € B

+ 4(@ 14 Ag(a)) Bab} , (2.121)
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with a, b labelling the two incoming coloured partons.

The contribution Ji(z, %) = Jou(zr) (1 — %) + J,u(Z)6(1 — x) accounts separately
for the configurations in which the initial-state colourful parton a or b, respectively, enters
the Born-level amplitude with rescaled momentum. Since none of our mappings features
a simultaneous rescaling of both initial-state momenta, the simultaneous dependence on
both x and Z is trivial in Jy(x, ). Explicitly, for i = a, b, one has

@Sl )\p @ (g (2 he _
Jin(z) = 2%{ (e Llr>Pz(x) + Pign(2) (1 . H; (”Yk 2Cy, Az(a)>

+2Cy, [2 <—xli(i;x>)+ - <x1+a11n_(1x— x)>+ B (1 f x>+ A7)
(22 (- 1))}
] () (22) fpsren o)

1+
as (:’3 ) 3 2Ly Ba. (2.122)

2r \1 —=x + =

The same considerations regarding collinear-pole cancellation and ppr dependence apply
as in the case of single initial-state QQCD parton, therefore concluding the proof of €-pole
cancellation by means of the Local Analytic Sector Subtraction procedure.



Chapter 3

Local Analytic Sector Subtraction
at NNLO

The implementation of our general analytic formula to address the NLO QCD subtrac-
tion problem, as detailed in Chapter [2| has provided valuable insights into the underlying
mechanisms of our approach. In particular, this effort has demonstrated that optimis-
ing the counterterm structure throughout all stages of the calculation, by systematically
leveraging all available degrees of freedom, offers substantial advantages in terms of sim-
plifying the required integrations. The discussion in Section and the explicit results
presented in Appendix underscore the effectiveness of this strategy.

The achieved computational simplicity is an encouraging result that strongly motivates
the extension of this method to address the subtraction problem beyond NLO. Exporting
this simplicity to higher perturbative orders is highly desirable, especially considering
that practical implementations of algorithms producing state-of-the-art predictions often
encounter substantial computational complexity. This complexity has, so far, hindered
the community endevours to reach the same degree of universality and efficiency as was
accomplished at NLO (see Section [1.3.2).

In this Chapter we present the extension of the subtraction procedure developed within
the framework of Local Analytic Sector Subtraction to address the treatment of NNLO
infrared singularities. The final outcome of this algorithm is a completely analytic sub-
traction formula, which provides the NNLO contribution to the differential distribution
for any infrared-safe observable built out of massless coloured final states (along with
an arbitrary number of massive or massless colourless final-state particles). It only re-
quires as input the relevant matrix elements, which include the double-virtual correction
to the Born-level process, the one-loop correction to the single-radiation process, and the
tree-level expression for the double-real-emission contribution.

This Chapter is structured as follows. We start by introducing the framework of our
algorithm in Section [3.1], which expands upon the discussion outlined in Section by
introducing the essential ingredients for a NNLO subtraction. In Section [3.2] we imple-
ment the strategy proposed in Section[I.3.3]to construct three distinct local counterterms,

99
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labelled as the single-unresolved, uniform double-unresolved and strongly-ordered double-
unresolved subtraction terms, specifically designed to reproduce all double-unresolved
phase-space singularities. The resulting outcome is a subtracted double-real contribu-
tion that is integrable over the entire radiative phase space. At this level, the multiplicity
of singular configurations and of their overlaps will lead to long and intricate expressions:
therefore, detailed formulas for NNLO soft and collinear kernels, and for the relevant
improved limits, will be presented in the Appendices and [C.2] Section organ-
ises the integration procedure for all counterterms associated with double-real radiation,
expressing the necessary integrals in terms of a small set of constituent integrals, which
are collected in Appendix [C.5] These integrals have all been computed analytically [200],
requiring only standard techniques. Section presents the subtracted real-virtual cor-
rection, providing an explicit expression for the real-virtual counterterm. By combining
together the real-virtual correction with its local counterterm, and the integrals of the
single-unresolved and the strongly-ordered counterterms, we build an expression that is
both free of infrared poles and integrable in the radiative phase space. Next, we discuss in
Section the integration of the real-virtual counterterm, which again can be organised
in terms of simple integrals. Lastly, Section introduces the subtracted double-virtual
contribution, which is free of infrared poles. This finally completes our subtraction pro-
gramme for generic massless QCD final states.

3.1 Generalities

The NNLO contribution to the differential cross section in Eq. (2.2)) when QCD radiation
is limited to the final state can be written as

d
(;N;(Lo - }zini ljd@n VV,(X) + fdd)nu RV 6,41(X) + qu)”” RR 5n+2(X)] , (3.1)
where
2
RR = ‘AgLOJ)rQ‘ )
RV = oRe[AD AL vV = ADProRe [ADAZ ] 32

In this case, the MS-renormalised double-virtual contribution V'V exhibits IR poles up
to €7, the double-real RR contains up to four phase-space singularities, and the MS-
renormalised real-virtual term RV has poles up to €2 and up to two phase-space singu-
larities. In order to rewrite Eq. as a sum of finite contributions, we introduce four
local counterterms, denoted as KM, K K12 and K®Y) The counterterm K V) is
designed to reproduce all phase-space singularities of RR where a single particle becomes

unresolved, while K () addresses situations where two particles become unresolved at the
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same rate. The two sets of singularities overlap, and K (1?) is responsible for subtracting
the double-counted overlap region. Finally, K®Y) is defined to subtract the phase-space
singularities arising from the single-real radiation in RV .

In order to integrate these counterterms, we need to introduce phase-space parametri-
sations factorising single and double radiation. In this case we will require the factorisa-
tions

Sn+2
dq)nJrQ = = dq)nJrl dq)rada
Sn+1

ADoiy = 24D, Ay,  dPpy; = 2 dD, dDy . (3.3)

n gn

Once a parametrisation yielding Eq. (3.3)) is in place, one can define integrated countert-
erms as

10 = (4B k®, 10 = [ KO,

112 = f A®,q K12 J®Y) = fd(l)rad K®V) (3.4)
We are now ready to present the master formula for our subtraction at NNLO: in practice,
we aim to construct an expression of the form

doxnro

dX

= fd@n VVan(X) + Jd@nﬂ RV (X) + Jdtbnﬁ RRown(X), (3.5)

where each one of the three contributions is finite in € and is free from phase-space
singularities.

Using the previously introduced local counterterms, and their integrals over the radia-
tive degrees of freedom, the subtracted matrix elements V'Vg,,, RV and RRgy, can be
expressed as

VVe(X) = (VV + 13 + I®V)) §,(X), (3.6)
RV (X) = (RV + IM) 6,41 (X) — (KB 4+ 102) 5,(X), (3.7)
RR(X) = RRy42(X) = KW 5,4 (X) — (K® — K1) 5,(X). (3.8)

Egs. (3.5) and (3.6)-(3.8) provide an identical rewriting of Eq. (3.1]), and their logic is as

follows:

e in Eq. (3.8)), RRsun(X) term must be integrated in the full phase space ®,, .2, and it
is built out of tree-level quantitiesﬂ7 therefore has no explicit IR poles. It is also free
from phase-space singularities, since single-unresolved contributions are subtracted

We have implicitly assumed that the underlying Born reaction is associated with tree-level diagrams; however,
in case of loop-induced processes, all arguments and techniques presented in this Chapter carry over.
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by K (M, double-unresolved contributions are subtracted by K (¥ and their double-
counted overlap is reinstated by adding back K (2.

e in Eq. , RV must be integrated in ®,,,1, and is affected by both explicit IR
poles and phase-space singularities. The IR poles arising from the loop integration
in RV are removed by the integral I ™), by virtue of general cancellation theorems,
making the first parenthesis finite. However, both terms are singular in the phase
space of the radiated particle. By construction, the phase-space singularities of 7™
are cancelled by I 2 while K®VY) is designed to cancel the phase-space singularities
of RV. Nevertheless, this does not guarantee that explicit IR poles will cancel in the
second parenthesis. Anyway, one can fine-tune the definition of K®)_ by including
explicit IR poles not affecting the phase-space singularity cancellation with RV, in
order to make the second parenthesis finite as well. At this point, Eq. is both
finite and integrable.

e The complete cancellation of real and virtual singularities in Eq. (3.7)) and Eq. (3.8))
guarantees then, as a consequence of the KLN theorem, that Eq. (3.6]), which is to
be integrated over the Born-level phase space ®,,, will be free of IR poles.

3.2 The subtracted double-real contribution RR

sub

In this Section we provide a detailed construction of the subtracted matrix element squared
for double-real radiation, RRg,. As noted in Eq. (3.8)), this will require the definition
of three distinct local counterterms. This task represents the most intricate part of the
NNLO-subtraction programme from a combinatorial viewpoint, due to the large number
of overlapping singular limits affecting double-real radiation. In analogy to Section 2.2 we
will proceed as follows: first, in Section [3.2.1], we will identify the relevant singular limits,
which can be single- or double-unresolved; next, we will introduce a set of sector functions,
smoothly partitioning the (n + 2)-particle phase space so as to minimise the number of
singular configurations to be considered in any given sector (Sec. . These sectors will
naturally be grouped into three different topologies, corresponding to the specific structure
of the limits relevant to each sector. In Section [3.2.3] we will identify specific combinations
of limits that yield integrable contributions in each topology, in the spirit of Eq. ([2.21));
we will then construct a family of phase-space mappings in order to properly factorise
the double-radiative phase space in all relevant configurations (Sec. . Finally, in
Section [3.2.5 we will introduce improved limits appropriate for each topology, discuss the
required consistency relations, and then use those improved limits to write an expression
for the subtracted double-real contribution RR,,. As was the case at NLO for single-real
radiation, it is possible to improve upon the resulting expression for RR ., by introducing

symmetrised sector functions in order to optimise the subsequent numerical integration
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(Sec. [3.2.6). We note that the construction presented in the following sections differs
slightly in some technical choices from the one given in Ref. [199]: we will stress the

differences as we go along.

3.2.1 Singular limits

Double-real squared matrix elements are characterised by a variety of overlapping singular
limits. It is important, from the outset, to select a complete set of limits, in order to
study (and then subtract) their overlaps, preventing double counting. Clearly, single-
unresolved soft and collinear limits are relevant also for double radiation, so our list must
include the limits S; and C;; introduced in Section [2.2.1} Next, we collect all possible
double-unresolved limits. Importantly, when two particles become unresolved, one needs
to distinguish uniform limits, where two particles become unresolved at the same rate,
and strongly-ordered limits, where one particle becomes unresolved at a higher rate with
respect to the second one. Obviously, this distinction becomes significant starting at
NNLO. Our set of fundamental uniform limits consists of four independent configurations.
First, two particles ¢ and j can become soft at the same rate, a limit which we denote
by S;;; second, a single hard particle can branch into three collinear ones, i, j and k, a
limit which we denote by C;ji; third, two hard partons can independently branch into
two collinear pairs, which we denote by C,jz, with (4,75) and (k,[) labelling the two
independent pairs; finally, a particle ¢ can become soft while another pair of particles, j
and k, become collinear at the same rateﬂ, which we denote by SC;j;;. In these four limits,
the double-real-radiation squared matrix element factorises, with the universal relevant
kernels derived and presented in Ref. [129]. Given these uniform limits, the strongly-
ordered ones can be reached by acting iteratively: for example, the strongly-ordered
double-soft limit, with particle ¢ becoming soft faster than particle 7, can be reached by
computing S; S;;,while the strongly-ordered double-collinear limit, with particles 7 and
j becoming collinear faster than the third particle k£, will be given by the combination
C,; Cijr. All singular configurations can be reached in this way.

In order to proceed, we need to characterise the limits in terms of phase-space variables.
As was the case at NLO, we choose to define the limits in terms of Mandelstam invariants,
and we pay attention to the fact that all limits must commute when applied to the double-
real radiation squared matrix element. Using the variables e; and w;; given in Eq. ([2.15),
the definitions of the independent single- and double-unresolved limits are specified in
Table 3.1} Importantly, our choice of independent limits is related to how we choose to
define sector functions, which will be tuned so that only a minimal pre-defined set of the
chosen limits will contribute in each sector.

*In Ref. [199], two strongly-ordered soft-collinear limits were considered, instead of the uniform one chosen
here.
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S; e; — 0 (soft configuration of parton )
Cij wij — 0 (collinear configuration of partons (i, j))
Sij ei,e; — 0 and e;/e; — constant

(uniform double-soft configuration of partons (i, 7))

Cijk Wij, Wik, Wik — 0 and wjj/wig, wij/wik, wig/wj; — constant

(uniform double-collinear configuration of partons (i, j, k))

Cijr | wij, wp — 0 and w;j/wy — constant
(uniform double-collinear configuration of partons (i, j) and (k,1))

SCiji | €, wjr — 0 and e;/w;, — constant
(uniform soft and collinear configuration for partons i and (j, k))

Table 3.1. Definitions of the single-unresolved singular limits S;, C;; and of our set of basic independent
double-unresolved singular limits S;;, Cyj;x, Cijri, SCijk-

3.2.2 Sector functions and topologies

We now introduce a smooth unitary partition of the double-real-radiation phase space,
in the spirit of Ref. [16]. Since at most four particles can be involved in singular infrared
limits at NNLO, we label the sector functions with four indices, and denote them by W;;;.
We reserve the first two indices to label the single-unresolved configurations assigned to
the chosen sector. In particular, we will design the sector (ijkl) to be non-zero in the
limits S; and C;; (thus we take j # ¢). We then need to distinguish sectors involving
only three distinct particles from sectors involving four distinct particles. In sectors
where only three particles are involved, the double-unresolved limit C;j;;, will be relevant;
furthermore, a second particle (besides i) may become soft in these configurations, and
it can be particle j or particle k. Correspondingly, we will have distinct sector functions
Wijik and Wi, where we take the third index to indicate the second particle that can
become soft. Similarly, if the four indices are all different, we take W;;x; to identify the
sector where particles i and k can become soft, while the possible collinear pairs are (i, j)
and (k,[). Notice that in all cases the last three indices j, k and [ are distinct from ¢, and
k # 1. We will refer to the three allowed combinations of sector indices, (ijjk), (ijkj) and
(1jkl) as topologies, and we will denote them collectively by 7 = abed € {ijjk,ijkj,ijkl}.
It is now necessary to introduce a precise definition of NNLO sector functions, which
will enable us to list all the fundamental limits contributing to each topology. In analogy
with NLO case (see Eq. (2.19)), we define NNLO sector functions as ratios of the type

Wabcd = Ja;iCda o = Z Z Oabed » (39)

a,b#a c#a
d+#a,c

so that

DT> Waea = 1. (3.10)

a,b#a c#a
d+#a,c
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Such a partition allows us to rewrite the double-real squared matrix element RR as

RR =Y > > RRWyu = >, . {RR Wik + RR Wi + Y| RR Wijkl] (3.11)
i j#i ki 1#ik i j#i ki 11,5,k

In particular, our choice for the functions oap.f) is given by

1 1
Ogbed = a>1. (312)

(ea wab>a (ec + 6bc ea) Wed 7

Having specified Eq. (3.12]), we can list which of the fundamental limits discussed in
Section affect each topology. One finds that the combination RR W; is singular in
the limits listed below.

RR Wi+ Si, Gy, Si, Cir, SCy;
RR Wi = Si, Gy, Si, Cir, SCyk, SCpij; (3.13)
RR Wi = Si, Ciy, S, Ciu, SCiu, SCuy.

In analogy with the NLO sum-rule requirements in Eq. , also NNLO sector functions
which share a given singular configuration must form a unitary partition. This is a crucial
feature in order to minimise the complexity of the counterterm structure in view of analytic
integration. The choice of the functions o g in Eq. guarantees that the required
partial sums reduce to unity. As an example, we report the sum rules for the double-
unresolved limits in Table [3.1 which read

Sik <Z Z Wivka + Z 2 szbid) =1, (3.14)

b#i d#i,k b#k d#k 3
zyk‘ Z abbc + Wabcb) = 17 (315)
abce w(ijk)
z]kl Z abcd + chab) =1 ) (316)
abem(ij)
cdem(kl)
SCiji < ZWz'dab + ZWabid> =1, (3.17)
d#i d#i,a
abETl'(jk‘) abew(jk)

where by 7(ij) and 7(ijk) we denote the sets {ij, ji} and {ijk,ikj, jik, jki, kij, kji}, re-
spectively.
In order for the double-real contribution to properly combine with the real-virtual

3This choice corresponds to setting o = 8 in the NNLO sector functions introduced in Ref. [T99].
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correction, we further require NNLO sector functions to factorise into NLO-like sector
functions under the action of single-unresolved limits. As discussed in Ref. [199], and
below in Section [3.4], this ensures the local cancellation of integrated phase-space singu-
larities with the poles of the real-virtual correction, sector by sector in the single-radiative
phase space: indeed RV needs to be partitioned with NLO-like sector functions, since it
involves a single-real radiation. As an easy check, one may verify that the sector functions
for the topology (ijjk) satisfy

SiWijse = Wi W,
Cij Wijjr = Wiijie Cij Wi(]('l) )
S; Ciy Wi = Wi S; Cy WYY, (3.18)

where Wi, is the NLO sector function defined in the (n + 1)-particle phase space in-
cluding the parent parton [ij] of the collinear pair (4, j), and we introduced the NLO-like,
a-dependent sector functions

(@)
o (@) 1

we = 4 o = — a>1, (3.19)
T S ENCT

so that ordinary NLO sector functions are given by W;; = WZ-(;). Similar relations hold
for the other two topologies.

3.2.3 Candidate local counterterms

As listed in Eq. (3.13)), a limited number of products of IR projectors is sufficient to collect
all singular configurations of the double-real squared matrix element in each topology.
Since the action of the relevant limits on both RR and on the sector functions does not
depend on the order they are applied, the following combinations are by construction
integrable in the whole phase space:

(1 — Sz)(l — CZ])(l — Szy)(]- — Cz]k)<1 — SC”k) RR Wijjk - integrable,
(1 — Sl)(l — CZ])(l — Sm)(l — ka)(l — SCZ]k)<1 — SC]ﬂJ) RR Wijkj - integrable,(3.20)
(1 — Sz)(l — Cw)(l — Szk>(1 — kal)<1 — Sczkl)(l — SC;W) RR Wijk:l d integrable.

Note that, in analogy to the definition used for NLO projection operators, if we take L to
be any one of the singular limits in Table , the relation L RRW,peq = (L RR) (L Wapea)
is understood for all topologies.

Applying directly Eq. to construct local counterterms would be quite cumber-
some, as the three lines generate a total of 160 terms. Fortunately, the resulting combina-

tions of limits are not all independent, and several non-trivial relations can be obtained
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exploiting the symmetries of the limits under exchanges of indices, as well as the actual
definitions of the various limits involved as projection operators on singular terms of RR.
Consider for example, in four-particle sector Wi, the projection (1—S;;) RRWijx. This
will contain only terms in RR that are not singular in sector (ijkl) when the uniform soft
limit is taken for particles ¢ and k. As a consequence, if further projections involving both
the 7 and k soft limits are taken, the result will be integrable. We conclude, for example,
that

SCikl SCkw(l — Szk) RR Wz'jkl - integrable . (321)

Working in this way, topology by topology, we can write a set of finite relations, which
help us remove redundant configurations contributing to Eq. (3.20]). They read

Ci; SCijk(1 —S;)(1 — S;;)(1 — Cyjx) RR W;j;, — integrable,
Si SCij(1 — Six)(1 — Cyjx) RR W;j; — integrable,

C;; SCiji(1 —S;)(1 — Sik)(1 — Cyjx) RR Wji; — integrable,
Cy; Sir(1 — S:)(1 — SCyij)(1 — Cyji) RR Wy, — integrable,
SC,jk SCyij (1 — Six) RR W;ji; — integrable,

S;SCyii(1 — Sik)(1 — Cyjp) RR Wjp — integrable,

S: Cijri(1 — Sik)(1 — SCixr) RR Wijn

Cij SCZkl(l — SZ)(l — Slk)(l
—SChij)(1 -
Sczkl SCkzg(

Ukl RR Wijkl

—Six) RR Wiji

Cijr Sir(1 — SCiy) RR Wj
Czjk:l Szk(l — SC]ﬂ] RR Wijkl - integrable.

)
)
)
Ciji) RR Wij
)
)
)

— integrable, (3.22)
— integrable,
— integrable
— integrable,

— integrable,

These relations considerably simplifies Eq. (3.20]), leading to the integrable expression

RRW, - (L} + 1

_ L§12>> RRW. — integrable,

(3.23)

which is the NNLO equivalent of Eq. (2.21)) for double-real radiationlﬂ. In Eq. (3.23) we

distinguished, for each topology 7, the single-unresolved limit L;;
unresolved limit ng), and the strongly-ordered double-unresolved limit L;

(1), the uniform double-

(12). Their ex-

plicit expressions for each topology, in terms of the projectors discussed in Section [3.2.1]

4Note that there is no ambiguity in the notation: we denote by (i) the first two indices of the sector, which

are common to all three topologies.
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are
LY =8,+C;(1-S),

L) = S, 4+ SCii (1 —Sy;) + Cyjp (1 —Si;) (1 — SCyj)

ijjk

L3 = Si + (SCyji + SChij) (1 — Si) + Cije (1 — Sit) (1 — SCyjp — SChyj)

Lglzl = Sik + (SCiky + SCrij) (1 — Six) + Cijir (1 + Sir, — SCigy — SClyj)
L1? _ g [Sij +SCyji (1 = Sy5) + Cijr (1 = Sy5) (1 — SCz‘jkz)] (3.24)

ijjk
+Cij (1= 8) [Siy + Cin (1= 8y) |

(z) _
LY - s

<.

Sik + Scijk (1 - Sik) + Cijk (1 - Sik) (1 - SCijk)]

+Cy(1—8) [SCuy + Cui (1 — sc,m-j)] ,

L = 8, Sy + SCu (1 — Sik)] +Cy(1-S)) [sckij + Cij (1— sc,ﬂ»j)] .

<.

The projection operators appearing in Eq. are organised so as to display, in order,
the soft (S), the uniform soft and collinear (SC) and the collinear (C) singular contri-
butions. Upon summing over sectors, Eq. and Eq. build up the equivalent
at NNLO of Eq. and Eq. ([2.23)), for double-real radiation: indeed, applying the
limits defined in Eq. on RR and on the sector functions gives the starting point
to determine the form of the counterterms for each sector, since the limits contain all
phase-space singularities of RR in a given sector, without double counting. In order to
promote them to actual counterterms, it is now necessary to introduce phase-space map-
pings, allowing to properly factorise the (n + 2)-body phase space into an (n + 1)-body
phase space times a single-radiation phase space for L& and L% and into an n-body
phase space times a double-radiation phase space for L) as shown in Eq. . We now
turn to the discussion of these mappings.

3.2.4 Phase-space mappings

There is considerable freedom in defining phase-space mappings for double-real radia-
tion (see for example [205]). We have chosen to use nested Catani-Seymour final-state
mappings, which involve a minimal set of the (n + 2) momenta, and are built in terms
of Mandelstam invariants. This choice simplifies both the factorised expression for the
(n + 2)-body phase space and the dependence of the counterterms on the integration
variables of the radiative phase spaces. In this framework, the mappings to factorise the
(n + 2)-body phase space into an (n + 1)-body phase space times a single-radiation phase
space, required for L™ and L can be constructed using the same procedure as fol-

lowed at NLO. This leads us to Eq. (2.45)) and Eq. (2.54)), with ¢ running from 1 to n + 2,
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and m from 1 ton + 1.

For the construction of an on-shell, momentum conserving n-tuple of massless mo-
menta in the (n + 2)-particle phase space, necessary for L), we report in the following
three of the possible choices.

e For six final-state massless momenta k,, ks, k., ka, k., ks (all different), we construct
the n-tuple (without k, and k)

{ylacdbef) _ {{k}¢l5¢d¢f7 Flacdef) placdbel) placdbef) kj(cacd,bef)} 7 (3.25)
with
Eéacd,bef) _ ka+kc— Ssac kd, l*{((iacd,bef) _ Mk’d,
[ac]d Slac]d
Rlacdbel) _ gy — e g loedbef) _ Zhel o (3.26)
S[be] Slbelf

while all other momenta are left unchanged (k (aedbef) _ =k,,n#ab,cde,f) Here

and in the following spujc = Sac + Spe-

e For five final-state massless momenta k,, ky, k., kq, k. (all different), we construct
the n-tuple (without k, and k)

(Jp}lacdbed) _ { {1 g, Rl Flacdbed) Ffacd bed} ’ (3.27)
with
Flacdbed) _ f g, — e g, pleetbed _ <1+ Sy Sbe )kd,
Slac]d Slac]d S[beld
Egacd,bed) _ kb+ke_ Sbe kd7 (328)
S[beld

(acd,bed) -k

while all other momenta are left unchanged (k n, N # a,b,c d e).

e For four final-state massless momenta k,, ky, k., kq (all different), we construct the
n-tuple (without k, and k)

{E}(acd,bcd) _ {]%}(abc,bcd) _ {];,}(abcd {{k};zilﬁ da abcd) kabcd}’ (329)

with

_ s _ S
kbl = Fy 4 Ky + ke — b kg, kD = Pl kg, (3.30)
Sad T Sbd T Sed Sad T Sbd T Sed

while all other momenta are left unchanged (k" = k,, n # a, b, ¢, d).
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Other possibilities for the construction of nested mappings, like the combinations (abc, deb)
or (abc, deb), are achieved by iteratively applying NLO final-state mappings (see Eq. (2.45)).
With these tools, we are now fully equipped to construct improved infrared projectors,
with a proper factorised structure, and we can use them to define our local counterterms.

3.2.5 Local counterterms with improved limits

To write explicitly the counterterms we introduce improved versions of the projection
operators in Table

gm 6aba Sab7 Eabcy Cabcd; %abc .

Similarly to the logic already discussed in Section [2.2.4] these new limits should be inter-
preted as operators which, not only extract the corresponding singular limit on the objects
they act on, but also convey a specific mapping of momenta, to be defined a case-by-case
basis. They may be further refined (for example by tuning their action on sector func-
tions) in order to ensure the local cancellation of singularities after the implementation
of phase-space mappings.

Once given the definitions of the improved limits (to be discussed below), we can formu-
late the expression for RR g, in the following way. First, we define the improved version
of the various L operators which correspond to the un-improved limits in Eq. ,
denoting the improved operators by L. Next, for each topology 7 = ijjk,ijkj,ijkl, we
define our local counterterms as

KM =TVRrRW,,  K®=TPRRW,, K™ -T"RRW,  (331)

T

Explicit expressions for these counterterms are reported in Egs. (C.138)), (C.151)) and
(C.165)), topology by topology. The subtracted double-real squared matrix element for
arbitrary topology 7 can then be written as

RR3™(X) = RR W, bn42(X) = KV 6,0(X) = (K@ = K(9)6,(X).  (3.32)

Summing now the contributions from all sectors, we finally build the complete RR g, (X)

of Eq. (3.5)) reading

RRw(X) = > ) {RR;;ka(X)+RR:?;,§j(X)+ > RRE;,E}(X)]. (3.33)
i, j#1 k#i,j 1#1,5,k
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The structure of Eq. (3.8) with no sector functions is then recovered by using Eq. (3.11)),
and by defining

1
K(): Z Z KZJJk+KZJkJ+ZKZJkl]
i,j#i k#ij & I#i,5,k
(2) _ (2)
K B Z Z Kl]]k + K@ka + Z Kzgkl]
i,j#i k#ij - I#i,3,k
(12
i,j#i k#ig b 1#1,5,k

We stress that the definitions of the counterterms in Eq. are actually complete only
after specifying both the action of improved limits on the double-real matrix element,
L RR, as well as the action on sector functions, L W,. We report in Appendix the
detailed descriptions of all improved limits, which are written in terms of the soft and
collinear kernels listed in Appendix[C.1], multiplying appropriate versions of the Born-level
matrix element squared, expressed in terms of mapped momenta.

To provide the readers with an insight into the kind of expressions that emerge from
this procedure, we present here two representative examples. First, consider the uniform
double-unresolved double-soft improved limit S, (i # k), which can be written as

Suhit=) {0 3 | % ey pi

c#ik e#i,k,c,d “ f#i,k,c,d,e

d+i.k,c
+2&Wglk) glicdked) | c0k) g z“”}, (3.35)

where the NLO eikonal kernel Sc(zl) and the NNLO eikonal kernel €C(2k) are reported in
Eqgs. and , and for the colour-correlated Born terms we employed six-, five-
and four-particle mappings, according to the numbers of particles involved. Note in
particular that all eikonal dipoles are mapped differently, which is essential to ease the
respective analytic integration. This concept is discussed in Ref. [200] and in Section
below.

On the other hand, we can express the strongly-ordered double-unresolved double-soft
improved limit S; Sy, (i # k) as follows:

N2 7 (ic (icd,ke (ic icd, ke
Fx{e] 3 ( mepe s saspenu)

c#ik e#i,k,c,d #i,k,c,d,e
d+#i,k,c

S:Sir RR

)(ide (ide,ked) & (k) (icd (icd,ked (icd,ked
+2 Z g )Bcded +2 5£d)( )<B(Edcd "+ Cy Béd )>]
e#i,k,c,d

ick ick,ked 1) a(k)(ikd) p(ikdked
ﬂﬂ@@”ﬁ H%%“%dﬂ}(m)
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Despite the more intricate combinatorics, the complexity of the kernels has diminished
with respect to Eq. , as might be expected: note indeed that the expression solely
features NLO eikonal factors. Unlike the previous example, here we used mapped mo-
menta also in the eikonal kernels corresponding to the least-unresolved particle k.

It is important to stress that, while there appears to be considerable flexibility in
the definitions of the improved limits, there are also stringent constraints that must be
satisfied. Specifically, the improved limits L RR must preserve the same symmetries under
index exchange which are carried by the corresponding unimproved countertparts, so that
the improved collections f(l) , f(z) , f(m) are still consistent with Eq. (3.24)), whose content
relies on the validity of the integrable relations listed in Eq. (3.22). Within the limitations
of this requirement, there is still a residual freedom to adjust how the improved limits

act on both RR and sector functions, compared to the outcomes obtained with their
bare unimproved version. However, it is essential to ensure that this procedure does
preserve the locality of the cancellation of singularities, or, analogously, the finiteness of
RRf;ljbk, RRZS;,'% and RR?}-‘,?Z, in Eq. (3.33)). To this end, we proved the consistency of the
improved limits listed in Appendix [C.2] by analytically verifying that, for any topology
7, the corresponding RR5'™ is in fact integrable in all singular limits of that tolopogy.

Concretely, this process involved the analytical verification of the following consistency

relations:
{Si, Cij, Sij, Ciji, SCijr} RR3)S, — integrable,
{Si, Cij, Sit, Ciji, SCiji, SCkij}RRfﬂfj — integrable
{Si, Cij. Sik, Ciji, SCii, SCuij} RR3p — integrable. (3.37)

As was the case at NLO (see Section [2.2.4), also NNLO-relevant collinear kernels of
Appendix display spurious collinear singularities involving the reference momentum
k., which are not always screened by the respective sector functions when evaluated in
those specific limits. Once the action of the improved limits on such sector functions
has been tuned by the introduction of angular factors (explicitly in Appendix [C.2.2)), we
analytically verified that also the following relations hold

{Cir, Cjr, Cij,n} RR%‘}% — integrable,

{Cm Crr, Cikr} RR?;,?J. — integrable

{Cir, Ckr} RR?;,Z — integrable . (3.38)
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To complete this analysis, we also consider it necessary to verify that RRS™ is integrable

in what we refer to as secondary limits, such as

S, for topology 7 = ijjk, S, for topology 7 = ijkj,ijkl,

C;, for topology 7 = ijjk,ijkj, Cy; for topology 7 = 15k, (3.39)

where the word secondary identifies those singular limits that are suppressed by the full
sector function in RRW,, but that can still lead to divergent terms when acting on
counterterms, where sector functions are taken in specific limits, thus no longer complete.
The singular limits appearing in Eq. are also a consequence of the definition of W.,.
For the interested reader, we have collected in Appendix a detailed catalogue of all
the consistency relations outlined in Eqs. , , and . These relations are
broken down into lists of minimal conditions among counterterms, which provide valuable
insights into the singularity-cancellation mechanism at the core of our scheme.

Having passed these tests, we can claim that the local counterterms presented in
Eq. , assembled according to Eqs. —, and constructed with the improved
limits listed in Appendix [C.2] provide a fully local subtraction of phase-space singulari-
ties for the double-real-emission contribution to the cross section, and Eq. is indeed
integrable in the (n + 2)-particle phase space. We now go on to investigate a different

(optimised) construction for RRg,, based on symmetrised sector functions, similarly to
what was done in Section 2.2.5] at NLO.

3.2.6 Local counterterms with symmetrised sector functions

The partition of the (n + 2)-particle phase space by means of the sector functions Wipeq
that we introduced in Section [3.2.2]is not the only possible way forward. Analogously to
what has been discussed at NLO (see Section , this sector structure can be adapted
to meet certain symmetry conditions that reduce the actual number of sectors: in par-
ticular, since sectors sharing the same double-collinear singularities would naturally be
parametrised in the same way in a numerical implementation, grouping such sectors in
a single contribution is expected to improve numerical stability. Exploiting the symme-
tries of the improved limit Cijk, we thus collect the 6 permutations of i, j, k in sectors

Wijik, Wijk; introducing the symmetrised sector functions

Zijk = Wigik + Wikkj + Wik + Wikki + Wiaij + Whjji
+ W,‘jk]’ + Wikj]g + Wjik:i + ijik + W/m'ji + ijij . (3.40)

Similarly, within four-particle sectors W;;u, we can leverage the symmetries of the im-
proved limit Gz‘jkl to sum up the 8 permutations 17kl 150k, jikl, jilk, klig, klji, lkig, [kje,
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and define
Zijkt = Wijkl + Wijie + Wikt + Wiak + Wiaij + Whagi + Wikis + Wigi - (3.41)

We also find it useful to introduce some notation for the NLO-type symmetric sector

functions, based on Wi(ja) definition in Eq. (3.19)), reading

zl = wo Wy, oz, =20, (3.42)

v

and the corresponding soft limit,

1
«@

ws
ij

28 =8,z = s, v Zw =z (3.43)

I#i 4
By employing Z;;, Z;jr functions and consequently reducing the number of sectors, the
expression of the counterterms further simplifies. In fact, deriving the action of the generic
improved limit L on the new sector functions (which can be directly obtained from the
L W,pea definitions in Appendix , we verify that, thanks to their symmetries, any
improved limit involving either the operator Eijk, or the operator Eijkl, reduces Z;j, or

Zi;ki, to unity, according to

where the ellipsis denotes a generic sequence of improved limits.
In analogy with Eq. (3.31)), we now define our local counterterms with symmetrised

sector functions by

=L RRZ,, K2 =L RRzZ,, K =T ' RRZ,, (345

K (o

}

where o € {ijk,ijkl} denotes the symmetrised topologies, and the limits f{a} are sym-
metrised versions of the limits in Eq. , to be presented below. The subtracted
double-real contribution for a given symmetrised sector, in analogy with Eq. , is
then given by

REJP(X) = RR 2, 8,55(X) = K3 001(X) = (K& = KJP) 6,(X),  (3.46)

and finally the full expression for RRg.,(X) of Eq. (3.5) is obtained by summing the
contributions from the symmetrised sectors Z;j, Ziju. It reads

RRn(X) = ). lz RR{(X)+ >0 > RR{R, (X ] (3.47)

i,5>i L k>j Ilz#q llséz],g
>1 1>
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This expression can be written in the form of Eq. (3.8) by specifing the complete coun-

terterms KW, K (® and K 2 in terms of symmetrised sector functions, as

1) _ (1)
] ij !
DN DI DIPI
1,7>1 - k>j k#j 1#1,5
k>i 1>k
(2 _
1J 1J ’
N ISR W )
1,7>1 “k>j k#7 l#1,)
k>i I>k
(12) _ (12) (12)
KO = D01 20 K + 20 20 Ky |- (3.48)
1,7>1 “k>j k#j l#1,5
k>i I>k

The collections of improved limits required to compute the symmetrised counterterms
defined in Eq. can be derived from the limits designed for the W,;.4 sector functions,
which were presented in Eq. before improvement. The symmetrisation must be
done carefully, in order not to overcount singular configurations. We adopt the following
procedure. First, we expand all products in Eq. , and we express the corresponding
lists of improved limits as flat sums running over the respective sets of relevant singular

projectors. For example, we write

= Z l, where Eé;) = {ga, Co, _gaéab}v
Zeﬂ(l)
LchZbc - Z € where ‘Ca(fb)c = {gaba %abca _@abcgaln Cabm _gab 6abc’

(2)
le ‘C'abbc

- @abc aabcy %abc §a,b 6abc} ’ (349)

and similarly for the remaining limits given in Eq. (3.24]). Next, we introduce the index
sets

a = {ij, ji, ik, ki, jk, kj} B = {ij, ji, kL, Ik},
v = {ijjk, ikkj, jkki, jiik, kiij, kijiy, e = {ijkj, ikjk, jkik, jiki, kiji, kjij)
§ = {ijkl,ijlk, jikl, jilk, klij, klji, lkij, Ukji}, (3.50)

which enumerate the permutations that will need to be summed in order to perform
the required symmetrisations. The collections of limits L{U}, f{g} and f{(;}z ! can now be
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defined by sums running over unions of the sets L. Specifically, we define

(1) )
Ly = 2,0, where £V = | ] LY,

Zeﬁ(l ab€ea

LW 7 (1) (1)
Zeﬁél) abe

=(2) = 2

C- T0 e 2o | e lol Yo,
tect® abbce abeh€ v

2) i 2 2

L{Um} = 2 l, where ﬁ(g( ) = U Eébgd. (3.51)

Zeﬁgm abed € 6

Similarly, the strongly-ordered double-unresolved limits f{(;}z ) are obtained by analogous
sums, where for ¢ = ijk the sum runs over the collection £§12), and, for o = ijkl, the
sum runs over the collection ﬁéu), defined as in the last two lines of Eq. 1) with
the replacement (2) — (12). While assembling the set unions introduced in Eq. (3.51)),
one must be careful in counting only once all limits that coincide by symmetry: thus, for
example, one should use the fact that Eij = Cﬁ, and %ijk = %ikj. To further illustrate
the procedure, we make explicit the first line of Eq. , which becomes

. +S; + S, +C;j + Cy + Cyy,
~§,GC,;-S,C;~S,C;,—S,Ci —S,C,, — S;
+ g Sk + HCZJ + HC,;, + HC]k; (352)

A

properly including all relevant singular regions without double counting.

The explicit results for the sums in Eq. appear rather cumbersome at first sight,
but in fact they result in relatively compact expressions when the limits are evaluated.
Indeed, thanks to the symmetry properties of Z;j; and 2y, it is possible to merge subsets
of singular limits which factor identical combinations of symmetrised sector functions.
One finds then that only certain combinations of singular limits survive in the result. In
detail, all single-unresolved collections E{(;}) can be written explicitly as sums of single-soft
limits S, plus hard-collinear combinations HC,,, defined in Eq. (C.48)). Furthermore, it
is useful to introduce a soft-subtracted version of the uniform double-unresolved limit

SC,s., which is given by

SHCu. = SCape (1 — Sab — Sae) - (3.53)

This combination appears only when attached to either the S, or Cg. limits: indeed, in
any other case, the operators SC . and S,;, SC,. do not share the same sector functions
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in the limit. Similarly, considering the double-unresolved improved collinear limit Cgpe,

we can distinguish three useful combinations, defined by

, (3.54)

which reflect three different possible strategies for removing soft singularities from the
triple collinear kernel. The superscripts (s) and (c) in the second and third line of
Eq. refer to the fact that the (s) combination can appear only in association with
a single-soft limit Sy (with d € {a,b,c}), while the (c) combination can appear only in
association with single hard-collinear limits HCy,, with de € {ab, ac, bc}. Finally, for the
four-particle double-collinear improved limit Ezjkl we introduce

H_Cabcd = aabcd (1 + §ac + gbc + gaol + §bd - %acd - %bcd - @cab - @dab) )
HCyyos = Carea (1 ~5Cuws ~ SCun) . (3.55)

where again the notation (c) refers to the fact that the combined limit in the second
line of Eq. can only appear in association with the hard-collinear single-unresolved
limits HC,;, and HC,,.

With these preliminary definitions in place, we can formulate explicit expressions for

the symmetrised improved limits defined in Eq. (3.51). They are as follows:

LW S;+S; + S, + HC;; + HCj;, + HCy,

ul

L{ijkl} =S, +S;+S;+S;+ HC;; + HCy,

LW = Sij + Sjr + Sir. + SCyj.(1—S;;—Six) + SCyir.(1—Si;—S;) + SChij(1—Si,—S;z)
+HCjx — Cijx(SHC,;1 +SHC;;1 +SHCy; ) ,

f{(fj)m} = Sir + S + Si + Sji + SCiss (1-Sir—Su) + SCja (1-S;6—S;1)

Cu; (1 Slk_S]k) + SC[U (1 S’Ll_Sjl) + HC”M,

S
L{ijk} = gz (gm +§' SHCijk) + § (gw +§jk+SHCjik) + §k (gzk +§jk+SHCkij)
(S:+8,+8,) HC,) + HC, (S;;+SCyyy+ AT, )

’ij

+H_jk (gjk-f-%wk-i-HC ) + H_Czk <S k-i—SC]Zk-f—Hka) , (356)

ijk
L{z’jkl} = gl (gzk + g,l) + g (gjk + §jl) + §k (gzk + gjk) -+ gl (gzl + gjl)
+S,SHC,y, +S; SHC,y, + S, SHC,,; + S, SHCy,,
+ G+ SClz]) + HCM (SCZM + SCJM) (HC” + HCkl) HCzjkl
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The actions of all these improved limits on RR and on the symmetrised sector functions
Ziik, Zij are reported in Appendix .

Comparing the collections of singular projectors relevant to W,.q sector functions in
Eq. with the ones reported in Eq. for the symmetrised case, it is immediate
to notice that the number of different non-trivial singular limits contributing to a given
sector changes, depending on the type of partition we introduce. In particular, this
number increases for our choice of Z;;, and Z;;;. Despite this, though, the ordered sums
in Eq. (3.47), building up the relevant integrable contributions, lead to a significantly more
compact final expression (in terms of the number of different objects one needs to define
and evaluate). This is a feature that will crucially translate into a gain in computational

time and resources in the numerical implementation of the method.

3.3 Integration of the double-real-radiation counterterms

In the previous Section we constructed RR g, of Eq. , a combination which is inte-
grable everywhere in the double-radiative phase space, by subtracting the local countert-
erms KM, K@ and K12 (given in Eq. , or equivalently in Eq. ) from the
double-real squared matrix element RR. These counterterms must now be added back,
after integrating out one or two emissions, yielding the integrated counterterms I "), 1 (?)
12 The integration procedure at this perturbative order involves rather intricate com-
binatorics, and generates lengthy expressions in the intermediate stages. However, all
integrals that need to be computed are remarkably simple, and in almost all cases exhibit
trivial (logarithmic) dependence on the Mandelstam invariants [200].

We will begin by introducing the relevant phase-space factorisations and parameter-
isations, derived from the nested Catani-Seymour mappings introduced in Section [3.2.4]
Then, we will report the integration of the counterterms K, K3 K02 gspecifying
how each singular contribution is treated. The resulting expressions can be simplified, by
relabelling the momenta and rewriting the flavour sums of the original (n + 2)-body phase
space. This finally enable us to recombine the contributions carrying different mappings,
resulting in relatively compact collections of integrals for (M), 1(2) 1(12) At this stage,
the results can be directly employed in the subtraction formula, Eq. .

It is natural to define I (M) as the integral of K™ in the single-unresolved radiation,
and 1@ as the integral of K in both unresolved emissions. For the strongly-ordered
counterterm K (*2) both possibilities are in principle viable. In our framework, we define
1(2) a5 the integral of K 12 in a single radiationP} corresponding to the ‘most unresolved’
radiated particle, as explicitly noted in Eq. . As a consequence, before performing

the integrations, we rewrite both K™ and K ®? by summing up the sector functions

®We note that in the context of the CoLoRFul approach to subtraction [206, 207], the strongly-ordered coun-
terterm is integrated directly in both unresolved radiations.
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related to the most unresolved radiation (the ones carrying the suffix «), while keeping
the sector functions for the second (least-unresolved) radiation untouched. Note however
that these remaining sector functions carry (n + 1)-body mapped kinematics. In this way,
it will be possible to combine directly the integrated counterterms I ™ and I 12 with the
real-virtual contribution RV, and with the real-virtual counterterm K ®Y) in Eq. ,
sector by sector in ®,,,;. For the sake of simplicity, in the following all integrations are
described using the representations of K M, K ?) and K ? in terms of symmetrised sector
functions, as provided in Eq. , but we will also present the resulting expressions for
IM 13 and 12 in terms of the W sector functions.

Phase-space parametrisations

We start by giving precise definitions for the measures of integration in the radiative phase
spaces d®,,q and dP,,q 2, according to Eq. , now focusing on the dependence on the
chosen mappings (discussed in Section , and making specific choices of integration
variables.

The single-unresolved counterterm K () contains just single mappings of the type
{k}(@d) (a,c,d all different) and is going to be integrated in the corresponding single-
radiation phase space. Conversely, K 12 and K @ are built by means of iterated mappings
of the type {k}(@dbf) (a, c,d all different and b, e, f all different). However, while K (12)
has to be integrated just in the phase space of the single radiation corresponding to the
first mapping, K ® must be integrated in the whole double-radiation phase space.

We start specifying the first term in Eq. , needed for the integration of K" and
K (2 We write

f 1B, o({k)) = 22 f 13 f 1D (3.57)
Sn+1
where we defined
A\ = AP, ({k}). (3.58)

The explicit expression for the radiative measure has already been reported in Eq. (2.88)).
The invariants composed by the momenta k,, k., k4 are related to the integration variables
y and z by

See = Y EEZCd) , Sad = 2(1 =) EEZCd) , Seqg = (1—2)(1—1) Ei?fd) , (3.59)

_(acd
so that Secq = Sac + Sad + Sed = ngc )

To parametrise the double-radiative phase space for K (?) integration (as in the second
entry of Eq. (3.3))), we employ double mappings of three different types, as discussed in
Section [3.2.4 We examine them in turn.
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The six-particle mapping {k}@%*f) (a,b, ¢, d, e, f all different) presented in Eqs. (3.25))

and ((3.26) induces the factorisation

| dniaiiy) = 22 [ aagesen |

n

Add (acd,bef)

ddlactbel) = g, ({k}edben)) (3.60)

and the resulting radiative measure of integration is

acd,be _(acd,bef) —(acd,be
fd@r(m2 D Z N(e) <S< f) glocate)

cd

)16 L 4 (sin o) L a L e L "0 (sin §) >

<[ dy [ &2 [y (L P - 21— P - 9)] (- ) - (36

with N(e) as in Eq. (2.90). The expressions for relevant invariants in terms of the inte-

gration variables are

Sae = lggtcllcd,bef) 7 She = U gi(;cd,bef) ’
Saa =2 (1 —19) EEZCd’bef) , spr =2 (1 —y) ES}Cd’bef) ,
Seq = (1= 2)(1 — ) 54cted) Sep = (1—2)(1 —y) 55, (3.62)
so that
Sucd = Sac + Sad + Sed = ggzlcd,bEf) _ ggzlcd) ’
Ster = Ste + Suy + sep = 5ep 0T =50 (3.63)

The five-particle mapping {k}©@®t® (g, b, c,d, e all different) presented in Egs. (3.27))

and ((3.28)) induces the factorisation

qu)n+2<{k}) _ Sn+2 J‘dq)q(de’bed)qu)r(ggébed),

Sn

and we write

acd,bed _(acd,bed) —(acd,bed 1—e
qu)r(ad,Q )= N*(e) <3£d : Sid ))

dq)glacd,bed) = d@ﬂ({%}(acd,bed))7(3.64>

Zl(b' (sin ¢') % L 1dy’ lez’ Lﬂd¢ (sin ¢)26f01dy

X Ldz [y’(l —y)?2 (1= 2)y(1 —y)’ 2(1 - Z)r(l —y)(1—y)?,(3.65)

with
_(acd,bed
Sac:y/(l_y)sgd )7
_(acd,bed
Sbe = Y Sgd ) )

Seq = (1 . y/)(l . Z,)<1 . y) t§gzcd,bed)

(acd,bed)

Sad = Z,(l_y,)(l_y) gcd ’

(acd,bed)

s = (1=9)2(1-y)54 ;
/ _(acd,bed)
sea=(1=y)1=2)1-y)Sy ', (3.60)
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so that the invariant Sgpede = Sap + Sac + Sad + Sae + Sbe + Sbd + Spe + Sed + See + Sqe 1S equal
_(acd,bed) 7(acd,bed) _(acd,bed) _(acd, bed)
to s Scde Scd + Sce + S Sde

Finally, we have the four-particle mapping, {k}(@dtcd = {g}(abed) " (q b ¢ d all differ-
ent), presented in Eqs. (3.29)) and (3.30)). This is the most intricate mapping, inducing

the factorisation

f 0, o ({k}) = 2 f d@é“bcd’fdéf;‘ﬁéd), 4ol = dd,({k}D)  (3.67)

n

where we write

qu>r<;§f;> = 272 N%(e) (5) . 27 du’ f dy’ f dz’ f do (sin )~ f sz (3.68)
x [w'(l—w')] Py 2o e 0-0] 0wy,

with

Sap = Y y 52D Sae = 2'(1—y)ys?, sie = (1—y)(1—2")ys ™,

sea = (1= ¢/) (1= y)(1 = 2) 5",
Saa = (1 —y) [y’(1 )1 —2) + 2 — 201 — 20y P (1 — 2)2(1 - z)] g((:?lbcd) 7

spa = (1 —y) [y’z’(l —2) + (1 =22+ 2(1 =20/ Y2 (1 — 2)z(1 — z)] Efflb‘:d) , (3.69)

_(abed
so that Supeq = Sab + Sac + Sad + Sbe + Sbd + Sed = sﬁd ),

Integration of KV, K ® and K (12

We now have all the ingredients to perform the required integrations. Our task is simpli-
fied by the fact that the integrals of the azimuthal parts of the collinear kernels vanish,
as proved in Appendix [C.4] All remaining integrals are then computed following the
techniques explained in [200].

The integration of the single-unresolved counterterm K (M) involves

fdcpmf((l) = Jdcpm{ YD ISiRRZ;+ > ) Y HCy RRZM} (3.70)

©,J 71 k1 1, 7> k#1 l;éz
k>j

The integrand on the right-hand side has been obtained from K ) of Eq. - 3.48) by
summing up the NLO sector functions with label a of Egs. (C.129)-(C.130]). As explained
in Appendix , the mapped sector functions Z;; are understood to carry the same

mapping as the matrix elements they multiply. Given that Eq. (3.70) will have to be
combined with the real-virtual contribution RV within Eq. (3.7), it becomes necessary
to express the integral in Eq. (3.70) as a sum of terms where the integration over the
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single-particle radiative phase space has been performed, a specific parametrisation for
the (n + 1)-particle phase space has been identified, and the full single-real-radiation
squared matrix element R has been factored, and computed in the chosen variables. The
outcomes for the individual components of the two terms in Eq. take the form

f 9,58, RR Zy, = — 223" N | aolisd) giet RU® 2 (3.71)

c s
n+1 c#1 d#i,c

J d®,,, TC;; RR 2y = *2 f AU gir U ZUr) e (3.72)

Sn+1

where the measure of integration dq)fffll) was defined in Eq. . The integration over
the appropriate d®,,q has been performed, yielding the integrals J¢ and J;7", whose ex-
plicit expressions are given in Eq. and in Eq. , respectively. The reference
particle r = rim # 1,7, k, 1 H in Eq. has been chosen following the rule of Eq. ,
which reflects the prescription made for HC;; RR in Eq. (C.48). Notice that this choice
causes a dependence of the integrated kernel inr on the indices k and [ of Z,Ejjr), thus
preventing the complete summation of sector functions in the second line of Eq. .

We now turn to the integration of K (2) which constitutes the most involved part of
the calculation. In this case, since I (2 hves in ®,,, as part of double-virtual correction
in Eq. -, we start from K ) in Eq. (3.48) and perform the complete sum over sector
functions by means of their sum rules (see for example Egs. —), thus removing
any dependence from the latter. This gives

Jd@nHK( fd@n+2[ > SRR+ > > SHC;, (1-Ciyi) RR

9,0>1 INE? k:;éz
+ Z Z HCijuRR + Z ZZ HCju RR] (3.73)
R I

Each of the four terms in Eq. must be written as a sum of contributions, where
the double-radiation kernels have been integrated over the parametrised radiative phase
space, and one is left with a Born-level factor, expressed in terms of mapped momenta.
To guide the eye of the reader through the following rather intricate expressions, we
emphasise that, for each one of the limits involved, the results are of the form

qu)n+2L ® RR = constant Z J dow gt BY (3.74)

colour ?
{u}

where the overall constant is related to multiplicities, the sum is over the set {u} of

5Notice that setting r = r; 5 implies the need for at least five massless partons in ®,42, namely three massless
final-state partons at Born level. A solution for the case of two massless final-state partons in the Born phase
space requires minor technical modifications.
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mappings that have been employed, the Born factor may have different colour correlations,
and J will always denote the results of the integration of the kernels appropriate to the
limit being takenﬂ. The relevant J’s will be listed in Appendix Beginning with the
integrated double-soft limit in Eq. , we find the explicit expression

I,
fd@nHSURR—Qg” 3 { l
S e#i,j,¢,d

Z qu) (icd,jef) szcdef B(zcd]ef)
cdef
f#i,3,c,d,e

fd¢(zcd Jjed) Jsz(]@csde B zcd,]ed)]

c#1,]
d#1,j,c

cded
- Jange [ g+ Béif’“’)]}, (375)

where we collected colour correlations involving four, three and two partons, and each
term has been mapped differently, to simplify the corresponding integration. The integrals
relevant for double-soft radiation are presented in Eq. . We now turn to the second
term in Eq. , and we find (with r = r;;;)

Jd¢n+2 SHC,j. (1 — Cijx) RR =

Sn+2 [ (jkryicd) gikricd R(jkrsicd) ]kr icr) yikricr B (jkricr)
G { Z qu) ' Jegie B +2Z Jighe Be
7 '7 ‘7k7 #1 B ’k
dFij ke T
N
(krjjicj) tkrjic o) p(krj,icy) q > kr] icj
+ [ > J dDFriicd) J (ka Bl B )
c#i,5,k
+ Cf[]k] p(C) qu)glkmﬂjT)Jfé{llcr B(krj,irj) + (] PN ]{;)] } , (376)

where [jk] represents the parent particle of the pair (j, k), the factors p;.?, involving
combinations of Casimir eigenvalues, are defined in Eq. , the flavour factors such as
~J‘?,§ are presented in Eq. (A.3)), and B.4 is a colour projection of the Born contribution
involving the symmetric tensor dpc, defined in Eq. ; furthermore, the phase-space
integrals Jigne are presented in Eq. (C.196). The remaining contributions to Eq. are
purely hard-collinear. For the integral of the emission of a cluster of three hard-collinear
particles we find

fdcpmmmmz = 9;*2 fdcbgjﬂm JUkr Uk e — (3.77)

"Note that, since the limit L is expressed as a sum of terms that can be mapped differently, several J’s will
contribute to each L.
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while for the emission of two distinct pairs of hard-collinear particles the integral reads

Jdcpwﬂ_cijk, RR = g’;” J d{Irkir) ke BUITK e =, (3.78)

where the integrals Jy.. and Juegne are reported in Eq. (C.192) and in Eq. (C.194)), re-
spectively.
We finally turn to the integration of the strongly-ordered counterterm K (2. As

(12) only in the phase space of the most unresolved radiation,

announced, we integrate K
so the integrals involved will be the same that appeared in the case of K (M. Starting
from the expression for K *? in Eq. (3.48)), we then sum up the NLO sector functions

with label a of Egs. (C.133)-(C.134]), and we get

f 10, ., K02 _ J d®n+2{ Y5, [ S S, RRZ, i+ Y (—SHCiijrH_Cigsk))RR]

ij#i ki, ki
k>j
+ Z Z HCij [ Sij RRZ_S,jk + 2 SC]“] RRZ_&M
i, j>1 k1,5 I#i,k

+HC RR+ Y HC) RR]}, (3.79)
I#i,j

>k
where again the mapped sector functions Z;,, carry the same mapping as the matrix
elements they multiply. No other sector functions appear in Eq. (3.79), since the use of
symmetrised sector functions has allowed to perform the corresponding sector sums in the
collinear contributions, thus replacing sector functions by unity. Once again, to highlight
the general structure of the expressions listed below, we anticipate that they are all of the
form

limit o colour

Jd@nﬂi(fz) RR = constant ) f AV g ) pleiez) (3.80)

{HLNZ}

In this case, the only integrals required for the most unresolved radiation will again be
Jim and Jff, reported in Eq. and in Eq. respectively. The contribution
K identifies either a soft or a collinear kernel associated with the second (least-unresolved)
radiation, which carries mapping (u), i.e. the first one in the nested mapping (p1, o) of
the Born matrix elements. Following in the order the content of Eq. , the integrated
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strongly-ordered double-soft limit is given by

Jd®n+ S:Sij RRZ. jx = (3.81)
§n+2 zcd ic )(icd) 1 (icd,jef) )(icd icd,jed
C { n-‘rl Js ¢ |: Z ( Z ( cdefJ + ged ) Béded] ))
n+l c#i,J e#i,j,¢,d f#i,4,¢,d,e

d#i,j,c

+ g‘éﬁl)(zcd (Bézlccc(li,jcd + CABéfiCd’de))]Z(ic-d)

S:]k
idc)  ride )(idc) ide,jed) = (idc
+ Ja@( 1) Jid E S(J éde 7 ) Zide)

S S, ]k
e#1,7,¢,d
o icj) icj gli)licj) plicj,jed) Z(icj)
CA qu)n-‘rl ‘] Ecd cd Z 5

s, jk

s s, jk

_ CA qu)nlidl Jl]d ng (ijd) B(Z]djcd) Z(ijd) } ,

and it is entirely expressed in terms of the simple NLO eikonal kernels given in Eq. (C.3)).
Next, we perform the integral (with r = ;)

JC@ME SHC,jx RR = (3.82)

P(zcd)hc,,ulz
Sn+2 (icd) 7icd ~ jk p(icd,jkr)
- Nl o Z Z dq)n—'d ‘] _(icd) B,uzz,cd
L oy 7.k d#1,j,k,c S]k

P(zyc)hc uv
ijc) yije” Jk(r ijc,kry) ije,kr .
+ qu)n-]‘rl‘]s] ;S(l‘)jc) (p;? ,U,Z ]k;j +f ;(,,5 ]k])> + (] e k)]
7k

P(;c(]))hc 1%
icj) icj " J icj,krj) (icj,kry) .
+ qu)m_]lj ]—23(”]) (pﬁ) Blejkj —i—qu B/wj]k] ) +(j < k)] } )
jk

where the hard-collinear kernels are given in Eq. (C.11). We now turn to limits involving
triple-collinear configurations. First we need

fdcbn+2 S,HC) RR - (3.83)
C. P(m)hcw L o
NI M %{ [ © JdeT:iTl J;,]r (Z])r) (Bﬁzgr,jkr)_Bszgr,krj)) + (] PN k})
Sn+1 Sik
P(zr])hc,,uu B B
o famt o B e g ]
]k

P(zgk:))hc,uu

ijk) i B (ijk,jkr .

= Pl [qu)nil Tt (k) BRI 4 (j /f)] } , T =Tk
ik
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Next we consider (again with r = 7))

fd% HC,; S, RRZ, ;i = — N} 2+ j dof) Iy EWT B 20D (3.84)

s, jk
gn—i—l c#i,j

d#i,j,c
where the choice of r different from 7, j, k, analogously to the integral of HC;; RR in
Eq. ‘} causes a dependence of the integrated kernel Jfl‘ir on the index k of the sector
(igr)

function Z_7,’. Next we have (7 ="ijp, v =Tijk )

J d®, 42 HC;; SChi; RR 2o jy = — N, 2+2 J A7) J;‘g[ 1 ERWI BT (3.85)

S+l el gk
d+#1,7,k,r’ ,c
+9 Z gcf/) zgr z]r ker’) + 9 Z g (k)( ’LjT zgr kcg)] ZS(Z?;) .
c#i,7,k,r! c#i,5,k

Finally we move to strongly-ordered hard-collinear limits. First, with a collinear cluster

of three particles we find (with r = r;)

P‘(ijr)hc,,ulz_ o
fdcpn+2 HC,; HC,; RR = N, i”*j { fdcpgi’; Jiar % BUirhkn) (3.86)
n+
jk

20y, [anln g0 (erien o).

Jar

Then, with two independent pairs of collinear particles, we obtain

P(ijr)hc,;u/_ -
qu)n-&-Z HCZJ HCz]kl RR = N szri qu)if_],’_rl J}ZIJCT kjg—])r) Bl(jgr,k:lr) s =Tkl - (387)
n+

kl

This concludes the list of all required integrals for double-real radiation.

Relabelling of momenta and flavour sums

Our next step will be to collect the results from different contributions and combine them
by relabelling mapped momenta. More precisely, in all (n + 1)-body phase spaces d@nafi
appearing in the integrals of K™ and K 1? we rename the sets of mapped momenta
{k(@e)}, | as a unique set of (n+1) momenta {k},,;. With this new labelling, the indices
of the mapped momenta refer directly to the particles of the unique (n + 1)-body phase

space, and the reference to the first mapping can be simply removed. The relabelling thus
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leads to
doly) — d®,.,, 2>z, R®I R, Bedl) , gl
gl(;zbc) sy E%o))hc,w . 51;?;,;”7 gWate) _, i), (3.88)
Similarly, in the n-body phase spaces d®{***?/) appearing in the integral of K @ the sets

of mapped momenta {k(®*©9¢/)}  are renamed as a unique set of n momenta {k},, which
in practice means performing the substitutions

Adbedel) _, g, Blabedef) _, g - glabedel) g (3.89)

ij
In particular, in the integral of SHC;j(1 — Cy)RR in Eq. (3.76), which involves a

/%]E:jkr,icd)’ l%](fjkr,icr)’ I%](‘krj,icj) and Ej(krj,ijr)

are all renamed as k,, where p is the parent particle of j and k.

collinear splitting of partons j and k, the momenta

At this stage, in all integrated counterterms, the only recollection of the particles of
the original (n + 2)-body phase space is confined to the flavour factors f, f7, f7. These

can be summed up, and, if needed, translated into flavour factors for the particles of the
(n + 1)-body and n-body phase spaces. We now provide the rules to carry out these sums.

Let us begin with the simple case in which only one particle is integrated out, which
is the case for K™ and K 2. In this context, the following rules come into play.

e When going from an (n + 2)-body phase space to an (n + 1)-body phase space by
discarding particle ¢, which happens when particle 7 is a soft gluon, the sum over
flavour factors satisfies®]

2NV -1, (3.90)

Sn+1 p

For example, if all (n + 2) particles are gluons, one has ¢, o = 1/(n + 2)! and ¢, =
1/(n + 1)!, and the sum yields the missing factor of n + 2.

e When going from an (n + 2)-body phase space to an (n + 1)-body phase space by
replacing two particles ¢, j with their parent particle p, which happens when ¢ and j
form a collinear pair, the sum over the flavour factors of particles i, j can be written

8Eq. |D is equal to Eq. (2.103|), up to the appropriate symmetry factors.
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as a sum over flavour factors for particle p according to the rulesﬂ

§n+2 Z N Z f,?a

Sn+1 ij>i
Sn+2
o LU I = <fg + 1)
1,)>1 P
Sn+2 g9 1
o =52 (3.91)
+ 1,)>1 P

As an example, consider the production of n gluons and a collinear ¢g pair. In this
case the first line of Eq. applies, and one must take into account the fact that
quark flavours must be summed, since the quark pair is integrated out. One then
has ¢,42 = Ng/n! and ¢,41 = 1/(n+ 1)!, since the new final state involves (n + 1)
gluons. For the same reason, the r.h.s. yields N¢(n + 1).

Not surprisingly, the flavour sum rules for the integrated K (® are both more varied
and more intricate. This complexity arises from integrating out two particles, either
by removing them (when they are soft), or by replacing them with their (grand)parent
particles when they form collinear sets. We consider the various cases in turn.

e When going from an (n + 2)-body phase space to an n-body phase space by discard-
ing two particles i, j, the sum over particles 7, j satisfies

ot Y= ot SN (3.92)

i J>1 i J>1

As before, the first equality is easily verified when all (n + 2) particles are gluons,
as is the second one when the final state consists of n gluons and a quark-antiquark

pair.

e When going from an (n + 2)-body phase space to an n-body phase space by replacing
two particles j, k with their parent particle p, and by discarding particle 7, the sum
over particles 7, 7, k can be written as a sum over p according to the following rules,

Sn+2 Zng o _Nfog’

INES) I]g;é]z
g"”Zng W) =D+ £,
,j;éz;;::; 110
Sn+2 Z Z fg _ 5 Z fg’ (3‘93)
R p

where it is important to pay attention to the range of the various sums.

9The sums in Eq. |D are equal to ones in Eq. (2.104)), up to the appropriate symmetry factors.




3.3. Integration of the double-real-radiation counterterms 89

e When going from an (n + 2)-body phase space to an n-body phase space by replacing
three particles 7, j, k with their grandparent particle p, the sum over particles ¢, 7, k
can be replaced by a sum over p, as

Sn+2 2 Z qqq i‘ﬁq/) = NfZ(fg"i'fg)v

TL

1, J>1 k>j
Sn+2 1 _
o 2 DU D = 5 A,
on 1, J>1 k>j p
Sn+2 Z Z iqjig — NfZ fg,
1, J>1 k>j p
Sn+2 1 _
w5 Vi 150 )= 3 S,
on 1, >t k>j ) p
<n+2 Z Z 999 _Z fg (3 94)
T = , .
Sn i,7>1 k>3 K 6 p '

where one easily recognises in the five lines the five possible partonic channels in-
volving the production of a cluster of three collinear particles: in the first line, the
final quark-antiquark pair can have any flavour (including that of the grandparent
(anti)quark, which is the same as that of the final (anti)quark ¢), while in the second
line all three (anti)quarks have the same flavour.

e The most elaborated channel for flavour sums arises when going from an (n + 2)-
body phase space to an n-body phase space by replacing two pairs of particles i, j
and k, [ with their parent particles, p and ¢, respectively. In this case, the sum over
particles 7, j, k, [ can be replaced by a sum over p and t according to the following

rules:
BT W
P 3
on 1, j>1 k#j 1#] 2 p,t#p
k>i l>k N
g +2 / —/ P f _
IR ﬁﬁ)+(fj’+fﬁ);?ﬁ]=72<,§’f+5?),
Sn 1, J>1 k#j 1#] p,t#p
k>i 1>k N
Sn+2 f
PPN RN TR W
1, j>1 i;ﬁy gii pit#p
1
S +2 _ / ~/
D IION FH R =5 D U DU+ AT,
Sn 1, J>1 k#j l#] p,t#p
k>i >k 1
Sn+2 - _
DI [ ﬁ+%g(£ﬁ+f£ﬁ)]=12<5f+£f>7
ik Pz
K
Sn+2 2 Z 2 . 1 Z g9 (3 95)
— pt - .
on 1, 7> k#j l#] 8 p,t#p

k>i >k
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We emphasise that the flavour sum rules listed in this Section apply for any final-state
multiplicity and flavour structure. We now have all the tools to assemble the complete
integrated counterterms, which will be naturally organised according to the flavour struc-
tures of the (n + 1)-particle and of the n-particle phase spaces, as needed.

Assembling the complete integrated counterterms

After summing all contributions that were differently mapped, relabelling their momenta,
and making use of the flavour rules, the resulting integrated counterterms no longer retain
any trace of the original (n + 2)-body phase space, and we can actually get full results
for 1M, [ 12 a5 defined in Eq. .

The simplest case is the integral of the single-unresolved counterterm I (M), which reads

IM=31Pw, =Y 1Pz, (3.96)

ij#i ij>i
1)
[ij :_Z,] Sed) cd+2 Jhc skr) R, r = Tijk -
c,d#c

Here R is the full squared matrix element for single-real radiation, defined in Eq. , and
R.g is its colour-correlated counterpart, defined in Eq. . The single-soft integral J
is given in Eq. , and the collinear integral J;* is reported in Eq. (C.191]). Because
of the rule 7 = rj, a dependence of Ji (sx,) on i and j is left, excluding the possibility
to sum over sectors in the hard-collinear part of I (1),

Moving to the integral of the double-unresolved counterterm, I ®, we assemble the

corresponding contributions according to
1= 1@+ 13+ L3+ L, (3.97)

distinguishing double-soft, soft-times-hard-collinear and double-hard-collinear contribu-

tions, the last of which may involve three or four Born-level particles. For IS(S2 )

we get
contributions containing Born-level colour correlations involving four, three and two par-

ticles, and we write

1
[S(SZ) = Z Z { Z l Z ®s Scd7 Sef Bcdef + 4J§(?§L(Scd7sed)Bcded] (398>

c,d#c e#c,d - f#c,d,e

Js@s(Scd)Bcdcd + 2 [2 Ny TR J9D (5.4) — Cy Js(sgg)(scd)]Bcd} ,
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where the constituent integrals are given in Eq. (C.186)). The soft-times-hard-collinear

contribution yields
== { T (k) Y Jo(Sea) Bea + T (skr) B + T30 (Sk0) Bir (3.99)
k c,d#c

+ Z [JShC Skrs Skc)BkC + ‘]skkch(Skm SCT‘)BCT]} ’ =Tk,

c#k,r

where the rule r = ry, as defined in Eq. (A.13]), prevents r from being equal to k. In
Eq. (3.99) we have introduced the following soft-times-hard-collinear integrals

Thels) = (Fi+ D {2Cr T8.(5) + Ca | T280(5) — J25.(5)] }

JLCa |2 N7 T (5) + T(s)]

7 C
T ) = (£ {2 TE5) + G| ) = T ()| - 2 T, s>}

72Ny | s) = T2 s ) | + T s) = Ts )}
TP (s = (F 1) |2 7500, 8) = 2 5585, ) |

2Ny [ s ) = T8, ) | + T s ) — L 5s, ) L (3.100)

whose constituent integrals can be found in Eq. (C.197)). Next, we turn to the double-
hard-collinear integral involving three Born-level particles, which reads

Ié?c:Z{(f;?HE) [Nﬂﬁif’(sm Lo gyt Jﬁg%sm]

k

+ f,g le Jh(lf (Sk'r) + = G Jh3g)<8kr)] } B, =Tk,

where the relevant constituent integrals are given in Eq. (C.193). Finally, we come to the

double-hard-collinear integral involving four Born-level particles, for which we obtain

[2he = Z { (FE+ O+ f7) T2 (sjrsi) (3.101)

Jl?fj
- 1
P E | Ny T o) + 5 2 (5|
1
99 | Ar2 7agqqa qagg 2888 _
+ 75 [Nf Jhe@he (Sjrslr> + Ny dheohe (Sjrslr) + ZJhc@)hc (Sjrslr)] }B, r =T,

where the constituent integrals are given in Eq. ((C.195)).
Similarly to 1™, we provide expressions for the integral of the strongly-ordered coun-

terterm, I 12 with both unsymmetrised and symmetrised sector functions, so as to make
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it straightforward to prove that I 2 compensates sector by sector the phase-space singu-

larities of (M. Starting with the expression involving the original sector functions Wij,

we write
12 12 12 12 12
W= 15, I8 = ISP Wy + 182 — 152 (3.102)
1,70
where the soft limit of sector functions W ;; is given in Eq. ((C.41]). The soft integral ]S(tf

can again be organised in terms of quadruple, triple and simple Born-level colour corre-
lations, which in this case will be multiplied by eikonal kernels for the second radiation,
and NLO-type soft and hard-collinear integrals. We find (r = rig, ' = ryj, 7" = 74j1)

(12) (%) zcd) zcd) > (idc)
]S K7 Nl Z gcd { Z J Sef cdef + Z ‘] Sd@ < cded Bcded) (3103)
c#i e#i e#i,d
d#i,c f#ie

_ CA [JS(SiC) + Js(sid) - JS(SCd)]BglCd) _ J}fc(Sir/)BéfiCd)}

—Nl Z Jhkc(skzr” |: Z S(SZ[ lCd + 9 Z (icr) +9 Z gkl) B(zck:|

k#1 c#ik,r c#i,k,r c#i,k
d;éi,c,k,r

where the component integrals are given in Eq. (C.184]) and in Eq. (C.191])). We notice that
the expression contains three different reference particles r, v’ and r”, all built according to

the rule in Eq. (A.13)). In particular, " = r;; and " = r;;;, introduce a dependence in IS(Z?)

on the particle j of the soft sector function W ;;. The collinear integral /, C(lj) in Eq. (3.102

is formulated in terms of spin-correlated Born-level squared matrix elements, which in this
case are multiplied by LO collinear kernels for the least-unresolved collinear splitting, and
times suitable combinations of the same constituent integrals as in Eq. . We find
(with r = ri;, ' = 1)

I53 = { D> Ja(sea) ch+0 iy P s (si5) BYD (3.104)
c#1,7 d#1i,j,c
+l D Tu(sic) (pZ]’B(]” + faBan. )
c#1,]

g 5 ) (B = B )+ 0 )| | W

P iy e, -
+ N — <. [‘]hc< zr) + thc(sjr)]ngr) Wc,ij(r) + M Z SJ Jhc(skr ) B/(ng ) Wc’ij(rl) ,
ij k1,5 )

where the collinear limit of sector functions W, ;; is given in Eq. (C.42)), and again two

reference particles have to be introduced. Finally, the soft-collinear integral has a similar
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structure and reads (with r = 7, ' = rii)

IS(C g 2N S {ij Z Z J SCd Z]T Cf CA J (SU) B (igr) (3105)
c#1, d#1i,5,¢
+OA|: > Tu(sic) ’” +Cy, Js(sir)(B(jTi)_B(ijr))]
c#1,]
+ (2Cy, — [ Z Js(sjc) B + Cy, Js(sjr)<g(im')_ B(ijr))]}
c#1,j

+ 2N CpEY [J}fc(sw) BT 4 7 (s,) BWJ')] 2N CLED S RE (s4) BT,

k#1,5

As already noted, a more compact expression for 7 2 can be obtained using symmetrised

sector functions. We can equivalently write

12 12
[(12) Z I{l]} ’ [{(Zj}) = [S(z]) ZS 17 + [S( ) Zs g + II'(IC Z)] 5 (3106)
7]>7/

where the soft contributions were already introduced in Eq. (3.103|), while the hard-

collinear contribution IISIC) reads (r = rij, 7' = 14j1)

12 12 12 12
II-(IC,z?j = [c( m) + [c( ) Is,(c,i)J' - IS(C,j)i (3.107)
Phc,/u/
= Z](T) { Z Z J Scd ch*‘c - (C) J(SU)BMZT)
c#1,J d#1,7,¢
+[ S Julsie) (A8 BU + T B
c#1,j

4 Cpy 2 Tulsir) (BYY — BED) + (6 o> j>H

hc,,u,zz Phc v
J z]r ij(r /) (igr’)
F NG (i) + (i) | BED + NG Y —2 gk (s10) B
ij kgt Ol

Y loflgw Filsr) (B9 = B9 + € €9 g (s,) (B0 — BW))] |

This concludes the list of integrated counterterms for double-real radiation. We now turn

to the treatment of real-virtual contributions.

3.4 The subtracted real-virtual contribution RV,

Let us review what we have accomplished up to this point. After subtracting the appro-
priate combination of the local counterterms KV, K ) and K (1 from the double-real
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squared matrix element RR, and after adding back the corresponding integrated countert-
erms, I M, T @ and I 2 we can write a partially subtracted expression for the differential

distribution in Eq. (3.1)). It reads

dUNNLo i
— | d® I@]6,(X
o Jdn[vv+ ]5n( )

A
+ | d®,.y [ (RV + 1M 5, (X) — 102 6n(X)]

[ d,s RRuw(X). (3.108)

J
Notice that no approximations have been made in reaching Eq. , since all local
terms that were subtracted from Eq. have been added back exactly in their integrated
form. At this stage, RR., given in Eq. or in Eq. , is free of phase-space
singularities in ®,,5, and (evidently) does not contain explicit poles in e. Therefore, it
can be directly integrated in four dimensions, as desired.

We can then safely turn our attention to the second line of Eq. , namely the
real-virtual correction. As discussed in Section [3.1] this contribution is affected by the
presence of phase-space singularities, due to the extra single-unresolved radiative emission,
as well as explicit poles in €, originating from its one-loop nature. These characteristics
inevitably make the devising of a strategy to remove those singularities, a non-trivial task.
We will proceed by steps. We will start by assessing the role played by the insertion of
the integrals I and T2 in the cancellation pattern (Section [3.4.1). We will however
soon realise that these contributions are not sufficient to reach our goal, as they too bring
with them further singularities that must be taken care of, in addition to those of RV. It
will be therefore necessary to introduce a fourth counterterm, K ®Y) | specifically designed
to make the full RV correction comprehensively free from € poles, and integrable in the
(n + 1)-body phase space (Section [3.4.2)). Once verified the finiteness of the second line of
Eq. , in Section we will present the formulation of the real-virtual counterterm

in terms of symmetrised sector functions.

3.4.1 Integrated contributions

By introducing the integrated counterterms I and 12 as defined in Eq. and
Eq. , we can confirm that the second line of Eq. verifies two crucial proper-
ties that follow from general cancellation theorems and from the definitions provided up
to this point. Specifically, the combination of these ingredients leads to

(1) (RV+1WM)4,41(X) — finite,
2)  I®,1(X)—T11P6,(X) — integrable. (3.109)
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The first property derives from the KLN theorem: indeed, I is the integral over the
most unresolved radiation of RR, and its IR poles must compensate the virtual poles
arising when one of the two unresolved particles becomes virtual, while the other one
remains unaffected. These are precisely the poles of RV. To check this, which provides
a test of the results obtained so far, it is sufficient to perform the e expansion of 7, as

given in Eq. (3.96]), writing

1O =18 + 1Y+ 0(). (3.110)
Performing the sum over sectors in Iéol)es, we get
1 Qg 1
Lk = 2%{ SR+ - (27R+ 3 LCdRCd)] RV, (3111
c,d#c

while keeping the complete dependence on sector functions in Iﬁ(;), we find

1 1) 1
‘[ﬁ(n) = Z ‘[ﬁ(nzj - Z ]ﬁn)zj ) (3112)
Z'vj?éz ,]>Z
Qs 1
Iﬁ(r},)w - 27T |:(E¢ o Z,Yk Lkr) R+ Z Lcd (2 - 5 Lcd) R :| = Tijk -
c,d#c

In Egs. (3.111)-(3.112)), Ly = log(se/p?), and the numerical coefficients are given in
Egs. (A.7)-(A.10). One easily verifies that I (M) natches the explicit poles of the real-

poles

virtual matrix element RV,jes, Which have the well-known universal NLO structure (see
for example [116], [146]), upon replacing the n-point amplitude with the (n + 1)-point
amplitude.

The second property in Eq. guarantees the cancellation of phase-space sin-
gularities arising from to the real-radiation matrix elements squared R present in 1™,
In order to prove it, we start from the decompositions of the integrated counterterms in
terms of the sector fuctions W;;, provided in Egs. —, which combination reads

TG, (X)) —1396,(X) =

DI 00a(X) = [I82 Wy + 182 — 1[50} (3.113)

1,J 71

The NLO sector functions W;; and W;;; are defined in Eq. (2.19)) and Eq. (C.41)) respec-
tively. The local subtraction of phase-space singularities in Eq. (3.113) is thus expected
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to occur at the level of single sectors W;;, owing to the relations

] S,ij

S, [I-(»l) Wi; — 132 Wsyij] — integrable, S, [Iéls) — [S%i)]] — integrable,

C; [ (1) Wi — 14 U)] — integrable, C;; [ O i — ]S%zl)]] — integrable. (3.114)

S,ij

For concreteness, consider the first relation. Under soft limit, the (n + 1)-particle matrix

(1)

element in [;;” returns a sum of products of eikonal factors and n-particle Born-level,

colour-correlated matrix elements, and its sector function W;; becomes equal to W ;;.
At the same time, when the operator S; acts on Is(;f), it effectively removes the phase-
space mappings, so that Eq. (3.103]) tends to the S; limit of the sum of soft and collinear

integrals in Eq. (3.96)), up to the overall sign. Similar steps show the validity of the other

relations in Eq. (3.114)).

3.4.2 Definition of the local counterterm

At this stage, we have established that the sum (RV + 1 (1)) On+1(X) is free of explicit
poles, while the combination I ™ 6,1 (X)—112 §,(X) is integrable in ®,,,;. Nonetheless,
the former expression still contains phase-space singularities arising from the real-virtual
correction RV, whereas the latter still exhibits explicit poles in €, specifically from I (12)

In order to build a fully subtracted real-virtual matrix element RV, it is necessary to

(RV)

define a real-virtual counterterm K;;™ . This counterterm, sector by sector, must satisfy

the two further properties:

(3) KZ-(;{V) + Iig»n) — finite,
(4)  RVW; 61 (X) — KTV 6,(X) — integrable. (3.115)

v

Once these conditions are met, the subtracted real-virtual contribution to the cross sec-
tion, defined in Eq. (3.7)), is manifestly finite and integrable in ®,,,;. To explicitly prove
the relations in Eq. (3.115)), we reformulate RV, as a sum over sectors, obtaining

RV (X) = Y] [(RV LYWy b (X) = (KT + 1) 5n(X)] . (3.116)
i,j#i
As sector functions W;; selects only single soft and collinear singular limits associated
with a specific pair of partons 75, the second condition in Eq. (3.115)) effectively reduces
to verify that
RV W;j 0p41(X) — K& 0,(X) — integrable in the limits S;, C;;.  (3.117)

v

(RV)

In order to find a suitable expression for K;;" ", we adopt a strategy akin to the one used

in the NLO scenario. We start by defining soft and collinear improved limits, S; and éij,
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for the real-virtual squared matrix element. As a crucial requirement, such limits must
reproduce the behaviour of RV in all singular regions of phase space. This is verified by

checking a set of consistency relationﬂ specifically
Si:{(1-8,), Ty (1-S) | RV W;; — integrable,
Cy{(1-Cy), S,

As previously mentioned, these improved limits are devised to act on the real-virtual

(1-Cy) | RVW; — integrable. (3.118)

matrix element not only by extracting its leading behaviour in the singular phase-space
regions, they also associate specific kinematic mappings to each counterterm contribution
in order to provide well-behaved (i.e. on-shell and momentum conserving) Born-level
kinematics, in the whole phase space. Moreover, such mappings can be selected to sim-
plify as much as possible the analytic integration over the corresponding radiation phase
space. Following the discussion presented at NLO, and the choices made in Ref. [200], we

introduce
SiRVW, =
— N Z g zcd) % g g(z BO zcd 2 g zcd
1 cd o cd cd 2 cd cde cde S YR
dzic e#i,c,d
ral NI v ijr Qg LY v BO iir
Cij RV Wij = y [P'u V J ) % RZ(T)_ F)Z'L;( ) Bu,f ) Wc,ijy (3119)
gi Eij RV Wij = 2./\/1 Cf7 |:(€](1Zn)‘_/(”r) - ;—; (5 + 8 BO) ”T)] s r="Ty.

The kernels 5 . and P“ l(’ ) are the eikonal and collinear kernels from tree-level factorisation,

introduced already at NLO, while Ecd , EY) g and P“ (r) AT€ the genuine real-virtual soft and
collinear kernels [128, [131]. Explicit expressions can be found in Egs. (C.3)), (C.8), (C.6)),

(C.25), respectively.

Since the combination (1 — S;)(1 — ﬁij) RV W;; is integrable everywhere in ®,,,,

one would expect to define the counterterm Ki(]R V) simply as an NLO-like collection of

improved limits, as

Kihe = |Si+Cy(1-8) | RV, (3.120)

i, naive

employing the definitions provided in Egs. (3.119)). Although such a choice preserves the
minimal structure of the real-virtual counterterm, and automatically fulfils condition (4)

10Note that these consistency relations are analogous to those introduced at the NLO level in Eq. (2.69) for
dealing with the real-emission correction, consistent with the fact that, in both cases, the phase-space singularities
to be cured arise from a single-unresolved radiation.
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of Eq. (3.115)), surprisingly, explicit computations show that it spoils condition (3) of

Eq. ( m Let us explain Rt\lfl)e reasons behind this violation.
K!

ij, naive

The pole content of is designed to match the poles of RV that are accom-

panied by phase-space singularities, as a necessary requirement to verify condition (4) of

Eq. (3.115). On the other hand, Ii§12) is the result of integrating the strongly-ordered

counterterm K 25»12)

over the phase space of the most unresolved radiation: in fact, it col-
lects precisely terms that exhibit phase-space singularities in the remaining radiation (in
the form of singular kernels multiplied by mapped Born-level matrix elements), as well
as poles that should match their virtual counterpart, given by RV. Hence, it would be

natural to expect that the poles of Eq. (3.120]) cancel those of Iigu). However, unforeseen

subtleties, stemming from the specific phase-space mappings adopted in the improved

limits entering K, (RV)

ij, naive’

The first class of mismatches we find concerns single e-pole terms that appear multiplied

or ]Z-g-u) in their integrated form, prevent this from occurring.

by kinematics-dependent coefficients within the contributions under investigation. Specif-

ically, we notice that the residues of the single poles in [ i§12) (refer to Egs. (3.103)-(3.105))

are proportional to logarithms of Lorentz invariants constructed with unmapped momenta,
i.e. with (n + 1)-body kinematics; on the contrary, the residues of the single poles in the
€ expansions of Eq. can also depend on logarithms of mapped invariants, obtained
via momentum mappings from the (n + 1)- to the n-particle phase space. This is the case,

for instance, for the virtual component of the soft limit S; RV in Eq. (3.119): the pole
content of Vc(fd) includes terms of the type,

zcd) zcd

73 ) 1 ef (icd) (cd
SR I ( 2] log =5 B + 3, log Cded’) . (3.121)
c#i e#i,c e#i,d
d#i,c f#i,ce

s kv |

poles

which cannot appear in the soft part of ]ig;z)’ where we find instead

12 Qg i 1 Sef (icd) icd
[IS(”L'j)]polesD B % 12 o ( Z 1 BCd@f T Z 1 (Eded)) ) (3122>

c#1 e;ﬁz c e#i,d
d#i,c d#i,c.e

The second category of mismatches emerges exclusively in the integrated counterterm
(12)

L

mappings appearing in the Born-level matrix elements associated with such contributions.

, and basically consists in differences of terms that would vanish if not for the different

Here is an example of such a discrepancy arising in Eq. (3.103]):

(12) Os (@) (icd) (idc)
[[S7ij ]poles - % 2N1 ; ng (62 ) Cﬁ( BCd > ' (3123)
d+#i,c

More intricate inconsistencies occur in the collinear sector, where the kinematics of the
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poles of I ) does not align with that of sz na)we outside the collinear region, regardless
of mapplngs.

The fact that all discrepancies in the single pole in € disappear in the singular regions
of phase space, as they must, gives us the possibility to refine the definition of sz na)we,
by adding back precisely the mismatched terms, thus obtaining the desired cancellation
of the Ii§12) poles, without introducing new phase-space singularities. Schematically, we

define
E®) = g®) LA, = [E +C, (1 —§i)]vaij + A (3.124)

i ij, naive
The extra term A;; appearing in Eq. (3.124) is required not to spoil condition (4) of
Eq. (3.115)), and therefore cannot have any phase-space singularity in the limits S; and
C,;. Therefore, we impose the conditions

S; A;; — integrable, C;; A;; — integrable. (3.125)

At the same time, A;; has the crucial role of matching the explicit e poles of I )

implying the finiteness of the combination Ki(;w) + 1 i§12)
of Eq. (3.115)). We introduce A;; starting from a decomposition into soft, collinear and
soft-collinear components, following the structure outlined for Iigm) in Eq. (3.102)). Using

this decomposition,

, in agreement with condltlon (3)

Aij = Ag;i Wsij + Acij — Ascyij (3.126)
the properties Eq. (3.125)) can be better detailed, and read

S; Ag; Ws;; — integrable, S, (AC,ij — ASC,U) — integrable,
Cij AC,Z’j — integrable, Cij (AS,Z' Ws,ij - ASC,ij) — integrable . (3127)

Furthermore, we can enforce the desired cancellation between Ki(jRV) and Iig;z) for each
component, specifically by requiring that

[S: RV Wy + (B + 13D Wag -0,
Jdpoles
C,; RVW S
ij ij + AC,ij + [C,ij o 0,
dpoles
[E- C,; RVW,; + <Asc,ij + Iééii) =0 (3.128)
poles
Since the pole parts of both Iig and KZ] e are explicitly known, the necessary com-

pensating terms are easily determined. An expression for the three components of A;;

can be constructed in a minimal way by considering all and only the single poles of [iglz)
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with mismatching kinematics. Given that they consist in differences of logarithms, or
differences of Born matrix elements (which vanish in the soft or collinear limit), we chose
to promote the differences of logarithms to ratios of scales, raised to a power vanishing
with e. This non-minimal structure simplifies subsequent integrations, and it only affects
finite parts, without introducing new phase-space singularities. Beginning with the soft
term Ag;, we define

1 Sef - (icd) 1 Sed - > (icd)
A = — 5 12 gcd { 2_62 Z [(S(icd)) - 1:| Befcd + = Z _(icd) -1 Bedcd

c#i e#1,c ef e;ﬁi,d ed
d#i,c f#ice
1 2 VI [ Slicd)  plide)
+l(€3 >2Cfc ](‘Bcdc _Bcdc>
/\f1 Z gl 2 ( Bl Bgf’")) , r=rg.  (3.129)
c;éz k r

Thanks to the fact that in the soft limit the mapped momenta coincide with the unmapped
ones, the first condition in Eq. is fulfilled in a trivial way. The first relation in
Eq. is less evident, but can be proven by simply performing the € expansion of
S, RV, Ag; and I, 12 For the collinear component, we define (r = 75, ' = 7;)

S,ij
o P 1 Sed ) (ijr 550\ g
o z] T C ijr Jjc T
Ao = 5. M sij €2 c;j d;c[ (E(er)) 1} B2 [1 <S[z‘j]r) ]BW’W]C

() §EZM) 767 Szrs(jM) e B(]’r‘l)
ij §(jrz‘) s(grz)sic uv,fijle

wr wr

o g(j?"i) —€ g(jri) —€ i)
qq c 1C 7 . .
T Jij [( 112 ) o ( Sic > ]Buu,[ij]c + (i & j>} Weijir)

as % e\ | D) pe Pl A

oM 2 <7 " d)’“c) B B Weisor — = B Wegion |, (3:130)
k#i,5 v v

where pgf), ijq, yhe ghc and B are defined in Appendix and W) is given in

Eq. (C.42). The third condition in Eq. (3.127) can be verified by considering that, in

the collinear limit C;;, we have

RO R0 S g RO O S, n FOm S g (3.131)
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Again, the second relation in Eq. (3.128]) can be proven upon expansion in €. Finally, for

the soft-collinear component we introduce (r = r;;, 7’ = 7j%)

Ascij =
9N, Cp g0 L 1 Yy [( Sed )6_ 1] B 49 [( Siir )6_ (gg'lcm)e ]B(wr)
2 Jgr 6207&"]’ B ggld]T) S[ig]r S[if)r [i7]
O (N (55N
Cr sU”) g, fifle
(zr (ir
2 C=Ca ' irye B(irj)
ij (WJ zrj [ij]e
2N1 Of] [ hc(SJT) 8( R (B(Z]r - Zr] )

k#i,j
By employing the latter definition, we can demonstrate the validity of the second and

fourth relation in Eq. by exploiting the colour algebra of the colour-connected
matrix elements. We can also prove the cancellation of the € poles in the third line of
Eq. . The explicit expression of the components of A;; in Eq. completes
the list of definitions required to implement the subtracted real-virtual squared matrix
element RV,,. Because of its finiteness in d = 4, we can now rephrase Eq. as

RVap(X) = ) l(RVﬁnJrIj{j)WU Snr1(X) — <K§§YJ) Iﬁ(j'f]))é (X)] , (3.133)
ij#i

where the subscript emphasises that, at this stage, all the explicit poles have already been

nij 18 given in Eq. (3.112), while Iﬁ(iz). can easily be
derived from Egs. (3.103)-(3.105). Finally, we obtain the finite contribution K (RY) by

fin zg

computing the expansion in powers of € of the sum of Egs. (3.119) and (3.129)-(3.132).
We refrain from giving here the explicit expression for the quantities in Eq. (3.133)), as we

cancelled. The finite Component Iﬁ( )

will derive a more compact result for RV, (X) in terms of symmetrised sector functions

in the next Section.

3.4.3 RVg,, with symmetrised sector functions

In analogy to the procedure applied at NLO in Eq. (2.73)), and later generalised to RR g
in Section we rewrite the real-virtual counterterm K ®VY) in terms of the symmetrised
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sector functions, which is defined as

(RV) (RV) (RV) (RV) _ (RV)

Ky =K + K, K = 3 REY) = ki) (3.134)
9, #1 ©,5>1

Starting from Eq. (3.133), it is not difficult to obtain the corresponding formulation for

Z,; functions, as

RV,(X) = {[Rvﬁn 00 |25 0 (30 = | KD + 10T 5n(X)} ,(3.135)

i,5>i

with 1Y) given in Eq. (3.112]). The remaining finite contributions collected in the right-

fin,ij

most square brackets in Eq. (3.135)) can be organised in terms of soft and hard-collinear
components, leading to the expression

(RV) (12) (RV+12) (RV+12) (RV+12)
Kﬁn Aig} + [ﬁn Aigy KS Jij ZSJ'j + Ks i Zs,jz’ + KHC Jij s (3136)

where the soft limit of the symmetrised sector functions, Z;;, is defined in Eq. (3.43)).
The finite soft counterterm in the first contribution to the right-hand side is obtained

through the combination

K — S RV + Ag, + I (3.137)

S,ij S,ij

derived from the definitions in Eqs. (3.119), (3.129) and (3.103]), dropping the explicit

poles. The result is extremely compact, and, except for the process-dependent finite

part of the single-virtual squared matrix element, it displays only simple logarithmic

dependence on the kinematics. We find (r = 7y, ' = 145, " = riji)

RV+12 i 1 plicd) —(icd)  B(ide
Ké,ij R 40{2 Z gc(d){ Z <L3f - ZLgf cdef +2 Z ed — _L <B((:ded) - Bzgded)>

Cc#1 e#i e#i,d
d#i,c f#ie
_(icd) 1 5(zcal) 5150
2 de zcd) 2 °cd  plicd) id9ie 1 (icd)
+ Z In cded B 5 In s Bcdcd —2m In 25, Bcde
e#i,d cd e#i,c,d K™ Sde

7
+ [(6 -5 g2> (S 4207, —2C1) + D 6p = Y W Ly — % L

k k#i
+Cy (6 G-I 29y S’f“’)] Blicd)
Sed Sed H=Secd
c c (ick) zkc R (icr n(irc
+40é§2( ll; _,}/’}Cl Lk?"” [ ngc< ke ) 2 (Btgr )_BIET )>]
k#i c#ik c#ik,r
+8mas Y| EY Vied (3.138)

Cc#1
d#i,c
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where Vﬁ(ifj; is the finite part of the colour-correlated, single-virtual squared matrix ele-
ment, expressed in the n-body mapped kinematics. We notice that the presence of the
reference particle ' = 7;; introduces a dependence on the particle j of the soft sector
function Z;;; which multiplies Kg;yﬂz)’ as was the case for IS(ZZ)

To conclude this section, we report the expression for the finite hard-collinear coun-
terterm introduced in the right-hand side of Eq. , which is the result of summing

Eqs. (3.119), (3.130), (3.104), (3.132), and (3.105), as

Kiei™® = HCy RV + Ancyy + 1Y — I8 — 12 (3.139)
where we introduced the shorthand notation
HC;; RV =C;;(1-S;—S;)RV,  Anc, = Acij + Acji — Ascij — Ascji - (3.140)

Explicitly we find (with r = r;;, ' = r1)

. ) uvs[igle
Sij S[U]"’ Qd;ﬂ,] c

Phc,uu g('ijr) . 1
KA = o LT S D S < ) (a2 B

c#1,j

(igr) (©) (©)
o Z [1 2 SC?” (z]r) ’01] L. B(J”) + Pji 'Cjicr B(“”J)

,w/ cr wjer 2w [ijle 2 py,[igle
c;éz , 7T
(jri) iry)
-5 Z f (‘CUCT B,uz/ [ijle 'C]zcr B,u,u [ij]e >
c;éz N
(@)
7 Plij)
- l(6 - —gg) (Zo=Crnplh) + Crn 2 (4L~ L3)
pis Py
Z] 2 Je 2 hc ijr
~ = (4L, — L) — Cf =2 5 (4L;,—L3,) + % ] B
— 4045 [2 ij 8 Cf[ Ss'j'r Biir) + (Z(—)j)]
[ig]r
Phqul/ hc,ul/ o
+ 4&5[ ZJFT‘) ( hCLzr _’_,yth ) zgr + Z l] hc Lkr’ B/(;gﬂ)
SZJ k1,7
Hhc, v he,uv
fin,ij(r) B(ijr ij(r)  r(ijr
—da? U BU" — 8 as — v (3.141)
1] )

where we introduced the shorthand notation

s Sr) Sr)

Lijer = 2In < [2 L+ msicfl . Lije = 2L [2 — Li,+1n Sicz ] . (3.142)

Sir EEiM) L
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Notice that even in Eq. (3.141]), the kinematic dependence occurs only in terms of simple

logarithms.

3.5 Integration of the real-virtual counterterm

In Eqgs. (3.124)), we have defined the counterterm K®Y) that enabled us to build
the subtracted real-virtual squared matrix element RV, integrable in the whole (n + 1)-
body phase space, and free of poles in e. The K®Y) counterterm needs to be integrated
in d = 4 — 2¢ dimensions in the radiation phase space, and then the result must be added
back, according to the subtraction structure given in Egs. —. To compute the
integrated counterterm, I'BY) as defined in Eq. (3.4)), we first sum over all sectors Wj;, so
that sector functions drop out of the calculation due to the sum rules they satisfy (refer

to those in 1' We then perform the integration over the radiative phase space with
cd)

rad )

the measure d®® naturally induced by the mapping (acd), according to

f A ({h}) = f d@%“d’fdﬂbiizd% doeh = dd,({k}D), (3.143)

n

where d@rzd is defined in Eq. |D The integration of K®Y) is carried out following

the methods described in Ref. [200], and using the fact that the spin-correlated contribu-
tions proportional to the kernels QZ’ZET) and ij”(r) vanish upon integration, as discussed in
Appendix [C.4] The formal expression for the integration of K®Y) can be written as

f i, KBV) f P, [2 (SiRV +2as:) + Y (AC, RV + AHCM»H (3.144)

i, >4

where the integrands are defined in Eqgs. (3.119) and (3.129)-(3.132)), and we used the
shorthand notations introduced in Eq. m Before integrating, we can further simplify

the expressions for Ag; and Ac;;, given in (3.129)-(3.130). In fact, since glicd) = S.r for
i 8 ef f
e, f #1,c,d, and s(” = S¢q for ¢,d # 1, 4,7, one ﬁnds that

Sef zcd) Sed p(icd)
9 Z [ ( (zcd > efcd + Z [ < zcd) ) -1 BBdCd -
67’:1 c _

e#i,d
f;r’:zce
- (icd Sed - > (icd
=2 Z [( wd) 1]Bédcd) t (W) - 1]B£dcd)7 (3145)
e#i,c,d | Sed

as well as

Secd >6
Z el 1
oy [<S£d] :

d;éi,j,c

B — 2 [( 5;";)> 1] B . (3.146)

c#1,5,r
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After integration, the soft contributions to Eq. (3.144) read

Sn+1 icd Y7 (icd) icd icd 50 (icd)
deDHHS RV = — > fd(b [JS vy —2 (J +J E>Bcd

Sn CcH#1
d+#i,c

SR IAR: ] : (3.147)

cde
e#i,c,d

while (7 = )

Jd®n+l AS,Z' = = ;_; gT:"l 2 { Jd¢SCd) [ Z JAZSd( Beilcc(il) + de Bcjiccctli)]

c#i e#i,c,d
d#i,c
1 2 hc
i) - o)
€ € €
he
. % Sn+1 Z ’yi [Jd@ erc B(zrc . qu) icr chrB icr ] ) (3148)
2m S hri €
c#ik,r

Explicit expressions for the constituent integrals Jie, Jicde, Jied©) and Ji are given
in Eq. , while the NLO integral J** is given in Eq. . We notice that
the soft integrated real-virtual counterterm in Eq. receives contributions from the
triple-colour-correlated squared matrix element B.4.. However, the pole content of such
term vanishes upon performing the appropriate colour sums (see Ref. [200] for further
details). This cancellation represents a strong test for the method: it is protected by
the fact that no singular contributions proportional to colour tripoles can arise from
double-virtual nor from double-real corrections. On the other hand, integrating the tripole
contribution to the soft real-virtual kernel requires the non-trivial procedure described in
Ref. [200], which is necessary in order to verify the pole cancellation, and to compute the
finite remainder. To complete the discussion we also report the integrated hard-collinear

component, reading (r = r;;)

J d®,,, [C;; RV = 2! J ) [J;gT GRS ;‘—S(Jgg"”— J;g’”g )BW] ,(3.149)
Sn s €



106 Chapter 3. Local Analytic Sector Subtraction at NNLO

while the compensating hard-collinear term integrates to (r = r;;, 7' = 74j1)

f AP Apicyy = 5o U [ S i BEn 4 ) J;g:CB”T] (3.150)

c#1,j,r c#1,j

iri iri,c p(Iri) irgj irj,c pirj)
+ ) l J ey Jire Bl +Jdc1>,g 7) g B[mc]

c#1,7,T
+ 2 (7’“ >l J dy " B — J o) i B””]
k#i,j
£aq (jri) Firic Rrd) _ (irg) Firj,e R(ird)
+ iqjq Z [Jdcbnj JA]hc B[ij]c fdén ’ JAhg B[ij]c]}'
c#1,j

Explicit expressions for the hard-collinear constituent integrals J", JUr, Jure Jirie,

and jAJ;"C’C are given in Eq. (C.198), while the NLO hard-collinear integral th'gr can be

found in Eq. (C.189).

Having computed all relevant integrals, we now recombine them, following a proce-
dure analogous to the one described at the end of Section 2.3] We rename the sets of

mapped momenta {k(®}, to the same set of Born-level momenta {k}, by means of the
replacements
Ao @) — 4o, B - B, B9 L B 57 o, (3.151)

where the ellipsis in the Born-level matrix element stands for a generic colour correlation.
In particular, in the integral of Apc;; in Eq. (3.150]), all momenta l;;](-”T), 1272(]”), l;;j(.l”), and
]—f(‘ijr’)

‘7 —
As a consequence of this renaming, the integrals involving By} can be recombined, and

are renamed as k,, where p is the label of the parent particle splitting into ¢ and j.

do not contribute to the integrated counterterm. Indeed,

Jani szt [amie 10w - 8152
ri) Jc (gri) Z(gri) (jri irj) T (irg) <(rg)\ pairg)
quﬂ J ( S )B[U] qu’ DS ( » Sje )Bmc

— Jd@ JC spr, spc> Bpe — qu)n j;hc(spr, spc) By, = 0.

The dependence on the (n + 1)-body phase-space particles is now limited to the flavour
factors f{, f and f7, which can be translated into flavour factors for the n-body-phase-
space particles, as was done in Section . In particular, when going from an (n + 1)-body
phase space to an n-body phase space the relations in Eq. and Eq. apply.
After performing the flavour sums, no residual dependence on the original (n + 1)-body
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phase space remains. Simplifying the colour correlations where possible, we finally get

](RV) = - Z [Js<scd) ‘/::d + JsRV(Scd) Bcd + ‘]Rv Scd cdcd + Z Jfg\f cde:|
c,d#c e#c,d

+ Z { ’]hjc SJT V + Jthv(SjT) B+ ’]hJcRAv(SjT> Bj?"

Z th]csv SJC B + ‘]thv(SjT) Bcr]

c#j,r

O W
2m €

ke

: ) EACBER-ACH] } , (3.153)

where we introduced the following combinations of constituent integrals:

Joaw(s) = — % [CA Jo(s) + @ - J(s) +2Cy, JA<§>(3)] , (3.154)
Tols) = 2 [ 12 () = 1D (5)] (3.155)

a2l 1 S Sed 1 s s
che — — 8| Zp2< p? - A Lia [ = =& @) 3.156
s 2 l 2 Sge M2 - 6 " Sde s Sde roE] )

Tia(s) = {(fq+f")[ T (s) — 20 7095 (3.157)

—CpJU® (s) = CrJE  (s)— CpJ5 ()]

12| 5 (90 = 2206 - €0 s, 6) - 20002, (9)
+N; (Jﬁ2g><s>—§—§J§2 (s) = Ca J0P, (5) = 2Ca J3L (s >)]}
T (s) = { (f+ 1) (IS5, () = T (5) = I, (5)) (3.158)
o175 (800 -2 (9) 3y (108,00 - 2o >)]},
TR (s) = {(fuf% (409, (5) + 25, () + 22, (5)) (3.159)

017 5 (10,000 4 2 00) 4y (09, 0) 2 o >)]}7
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T (s) = {(f“rfq) (08) (s) + f7 [; T2 (s) + Ny JO9) (s )]} (3.160)

All new constituent integrals appearing in the above results are listed in Appendix [C.5}
the soft integrals are presented in Eq. (C.188)), the hard-collinear integrals in Eq. (C.199)),
and the integrals arising from the compensating A;; terms in Egs. (C.200))-(C.202). We

note once again that all integrals involved are single-scale, and thus involve only simple
logarithms. Interestingly, the only exception is Eq. , with a uniform-weight-three
function featuring three scales and a single trilogarithm: this integral arises as a finite
remainder of the non-trivial integration of the tripole term.

The integrated counterterm I®Y) given in Eq. , which features Born-level kine-
matics, contains explicit poles in €, that must be combined with those of the integrated
counterterm I ®, and must, together, cancel the singularities of the double-virtual squared

matrix element.

3.6 The subtracted double-virtual contribution V'V,

sub

Finally, we turn our attention to the first line in Eq. (3.6]), which we rewrite here as
VVa(X) = (VV + 1@ 1 10V 6,(X). (3.161)

It is our task to show that the equation above is free of € poles. To verify this, we first
explicitly derive the € poles of the double-virtual correction V'V (Section 3.6.1)), and then
we provide the complete € expansion of I ? 4+ I®V) including O(e) terms, obtained by

combining Eq. (3.97)) and Eq. (3.153)) (Section [3.6.2)).

3.6.1 The pole part of the double-virtual matrix element V'V

All infrared poles of gauge-theory scattering amplitudes can be expressed in a factorised
form through the formula [116, 117, 120, 121, 123|

A(E ) = 2 (B (Hamne) (3162

where H is finite as € — 0, and Z is a colour operator with a universal form, to be dis-
cussed below. The infrared operator Z obeys a (matrix) renormalisation-group equation,
which can be solved in exponential form, with a trivial initial condition, in terms of an

anomalous-dimension matrix I'. One may write

z(% ()> 7>epr”dA ( S(A),e)], (3.163)



3.6. The subtracted double-virtual contribution V'V, 109

where the integral converges at A = 0 in dimensional regularisation thanks to the be-
haviour of the f function in d = 4 — 2¢, for ¢ < 0 (d > 4). Indeed, in dimensional
regularisation one has

da o?
® = = -2 S 3 164
o B (€, as) € (v o by + O (048) , (3.164)

whose solution implies [114] that the d-dimensional running coupling «,(u, €) vanishes at
p = 0 for € < 0, so that the corresponding initial condition is Z(u = 0) = 1, leading to
Eq. . For the purposes of NNLO subtraction (and thus at two loops for virtual
amplitudes), I" is given by the dipole formula [120, 121]

T (% a.0.) = 3 (03, 3 1n (T) T T+ 3 (es(hoe) - (3165)
In Eq. (3.165), the phases oy; are given by o;; = +1 if partons ¢ and j are either both
in the initial state or both in the final state, while o;; = 0 otherwise. For our present
final-state application, we can thus henceforth replace all phase factors using €™ = —1,
with the understanding that the logarithm is taken above the cut.

The anomalous dimensions appearing in Eq. are the cusp anomalous dimension
7k (as) and the collinear anomalous dimensions 7; («s). More precisely, in the derivation
of Eq. it has been assumed that the (light-like) cusp anomalous dimension yg)(ozs),

in colour representation r, obeys ‘Casimir scaling’, i.e. it can be written as

1 (0) = CrAK(ay) (3.166)

where C, is the quadratic Casimir eigenvalue for colour representation r, while Y5 (c) is a
universal (representation-independent) function. This assumption is known to fail at four
loops [208, 209]. The collinear anomalous dimensions +;(«ay) are related to the anomalous
dimensions of quark and gluon fields, and can be derived from essentially colour-singlet
calculations such as those of form factors.

One important consequence of the dipole formula is that the scale integration in
Eq. can be performed without affecting the colour structure (which is scale-
independent): one may therefore omit the path-ordering in Eq. , simplifying con-
siderably the necessary calculations. Expanding the various ingredients perturbatively
as
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one gets at NLO

i 1.
—VK 21 ( $J+”7>T T, +27(” 7 g)ln(A2)20f173168)

and consequently

o(n) 150, 1 (3 1Y
zO (i) = 20Kk y LT T; + =%, 5., (3.169
<u’€) 28 ¢ ¢ 8 ; 3 Tir Ty o8y |+ im g - X, (3.169)

where L;; = In(s;;/u?). Eq. (3.169) is in agreement with [116], 121], with the one-loop

anomalous-dimension coefficients given by
~ 3 |
W =4, A = =5 I+ 5T, T =20, By =D m (3.170)

where we noted that in the text we have sometimes used the notation ~; for the one-loop
coefficient denoted here by %»(1). Expanding the anomalous dimensions to two loops and
performing the relevant integrals, the NNLO result for the Z factor is

()
7z _ LUK ) o

et 128 ©
13y A1) —Si 11
+ gy e |30 + 4D, + Ak > n —a T, T,
ij#i

~(2)

~(1) :
11150y —545 +17) gl
+——[—K21n(;—2 Ti~Tj+ﬁoEv—%Zc

~(1) :
Y —S;; + 11

1,J7#1 K
(??)2 +i +i
—S;i 17 — Skl 1m
4+~ 7 1 J | T, T, T, -T
16 Z;Z n< 112 ) n( 112 ) Jj Ltk l]
kl%k
b [721 )T R (3171)

which agrees with [121I], with the anomalous dimension coefficients given in Eq. (A.12)),
and where we defined EQ) =D ”yi@). Having deduced the Z elements up to the needed
order, we can now interfere the double-virtual amplitude with the Born, and extract the
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poles. The perturbative expansion of (3.162|) yields

A — 340

AWM = % [Hu) n Z<1>H(0>] = X4

27 27 ’
2 2

A® = @7) [7—[(2) +ZWHW +Z(2)”H,(°)] = (%) A® (3.172)
implying
AP = [HOf + 22 2Re | (HO) 1O + (1) 20370 (3.173)

™

2
Qg f f l
" <%) [gRe ((Hm)) HO 4 (1) 20OHO 1 (1O) Z<2>H<o>)

+HOP + (1) (20) 20U+ 2Re (D) Z0HO) | + O(ad).

We are interested in the divergent contributions to Eq. (3.173)) at O(a?): we extract them

in turn. First, the direct contribution of the two-loop Z matrix is given by

2Re< (HO)' Z(2>H<o>> — HO(Z2® 4+ 2@ ©

1
e

1 11
[ZEB+ 52 C[( Bo + E>B+ S Ly B,
1, #1
~2)

11 ¥
+t 37 [(5027 - %EC +23> B+ (Bp+2%,) Z Lij Bij

1,571
1 z : 2
+ —2 <L7«J Lkl — T > Bijk:l

i,J 71
k,l#k

11
-2 [42 A8 L BU] : (3.174)

€
1,771

where again L;; = In(s;;/p*), and the colour-correlated Born amplitudes B;; and B;jy, are
defined in Eq. (A.5]). The square of the one-loop Z matrix contributes

11 11
HOTZO 7O - 7 2B + 5% lsz + 3 Ly Bij] (3.175)
1, 7#1T
11|, 1 )
+—21 E’YB+2EVZLU3U+52 (Liijl+7T>Bijkl

ij#i i,j#i
k,l£k

Note that in Eq. (3.174]) and in Eq. (3.175)), for simplicity, we already substituted ﬁg) =4.
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Finally, terms involving the product of the one-loop hard part and the one-loop Z matrix

give
9Re (%(mTZ(an(l) n H(lﬂza)H(m) _ 4 Of <z<1) n Zu)T)H(l)
4 H(N( ZW 4 70 )7—[(0) (3.176)

In order to make use in practice of Eq. (3.176)), it is useful to rewrite H™) in terms of the
full virtual amplitude A®M using

1D =AM _ 7Dy ©) (3.177)

Eq. (3.176]) then becomes
9Re (HwﬂZ(l)H(l) n Hu)TZ(l)H(m) _ H(oﬂ(zu) n Z<1>T)A<1>+A<1>T( 7MW 7O )Hm)
— O (z<1>2 4270z 4 Z@”Q)%(O). (3.178)

The term on the second line of Eq. (3.178)) is easily computed using Eq. (3.169) and yields

2 1 1
~HON (207 4 220'20 4+ 20T 5O — - STIB - 2%, [2 B+ Y Ly B

1] #1

1
- —[223 +2%, Y Ly Bij + = Z Li; Ly Bija | - (3.179)

1, #1 1,J#1
k,l#k

The first two terms on the r.h.s. of Eq. (3.178]) can be expressed in terms of the one-loop
virtual correction to the cross section. One finds

[H<0>T<Z<1> " Zu)T)A(l) n A(m( 70 L 70 )Hm]
(1)

— O L3y y 1 7KZLZT T+, | [AD + h.c.
624 e € J

9, #1

27r

= CV Z V—-- Z ng ‘/;]7 (3180)

1]7&2

where the colour-correlated virtual correction V;; is defined in Eq. (A.6). Combining
Eq. (3.174) with Eq. (3.175) and Eq. (3.180]), we get a complete and explicit expression
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for the pole part of the double-virtual contribution to the cross section,

2
a, L1y, 1y
VViotes = (%) {_ 6_45203 pER {( Bo —E)B— ZLijBij]

INE
~(2)
11 gl
+ 57 l(ﬂo e 223) B

4
+( ) — 4% ) > LijBij— ). Lij L BW]
1,5 #1 INEC
kl#k

11 .
-3 [4293 + AR D) Ly Bij]}

ij#i
s |1 1
- [ 5,V 4 - EV+—ZL”VW]. (3.181)
€2 S
Eq. (3.181]) can now be combined with the integrals of the double-radiative and the real-
virtual counterterms to form the subtracted double-virtual contribution to the cross sec-

tion, V' Vs, given in Eq. (3.161)).

3.6.2 Integrated counterterms for double-virtual poles
The expressions for the relevant integrated counterterms, 7 and I®V) were given in
Eq. (3.97) and in Eq. (3.153)), respectively. All we have to do now is expand these

expressions in powers of ¢, including terms up to O(e®). We define

[® 4 (V) = JEHRV) 4 25V L Oe) (3.182)
As expected, the pole part Il:()oles V) exactly cancels Eq. (3.181)):
[;()iig::“/) = = vaoles . (3183)

We note in particular that it is not necessary to compute NLO virtual corrections up
to O(€?), since the last term in Eq. (3.181)), containing virtual corrections times explicit
—2 12RY) 56 that O(e) contributions to NLO

poles

corrections never appear in our subtraction formulg'}] This was anticipated in Ref. [210]

poles up to €77, is exactly reproduced by
and emerges clearly in our approach thanks to the factorisation properties of the one-loop
amplitude, and the minimal scheme we adopt for the factorisation of virtual corrections.
The finite part derived from the sum of the integrated counterterms in Eq. (3.182) can

1This understands the technical capability by a two-loop provider to turn off the O(e) NLO virtual contribution
in the computation of VV. Were this is not the case, the evaluation of I® as well would have to be performed
with such a contribution turned on.
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be written as (r = r;, 7’ = ;)

I{gi-ﬁ-RV) _ (27T) { [ (0) + Z[ LJT 4 Z[ ny?c CL]'T/L[',-/:| B (3184)

] I#j5
[ L] B2 (1-6) 3 (- o) B

j?cij/r
Bo 1

+ Z Lcd[ od [c(;) Lg+ — D de 5 (4 — Lcd) Z fyjl_lc L]-T] B.g
c,d#c J

_|_2 l_2+C2+2C3__<4+2(1_<3) cd]Bcdcd

c,d#c

1 1
+ (1 - CQ) Z Lcd Led Bcded + Z Lcd Lefl1 - 5 Lcd (1_§Le >] Bcdef

c,d#c c,d#c
e#d e, f#e
+7TZ {lnsce 1 3k+2L13<—&)]Bcde}
d 3 Sde Sde
c,d#c
e;écd
1 fin
+ % [<E¢> - Z’YJ JT) Viin +C§CLcd ( 2Lcd> Ved ] :

where Vg, and Vi are the O(€®) terms in the virtual and colour-correlated virtual contri-
butions, which are obtained from the full virtual contributions V' and V,; by subtracting
the IR poles given explicitly by Eq. . We emphasise that the kinematic dependence
of Eq. is only through simple logarithms of kinematic invariants, with the single
exception of the trilogarithm multiplying the tripole Born-level colour correlation B4, on
the one-but-last line of Eq. (3.184). All the integral coefficients appearing in Eq.
are pure numbers, and they are collected in the following expressions:

7O —

NG [1—21—&@ §<4] e [ (——%@ 2oa) 60(Z—§C2)]
+ NG, [ (§—§<2 SGot —44) e (@ +26-2 <3+47<4)

432 3
(o o1 134)|

864
737 67 73 3
+ Ny [CFCL ( BTy + 11(3) + C,.Bo (1_6 — 3C3) + 5(2) (_ _ §<2>
2( 4289 15, 89 647 B 1
C:él ( 216 + 9 CQ 14(3 + S <4 + C, ﬁo 3 §2 12C3 ,(3185)
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19— (11 fhye, [ ( - —42) (1 - —@) 2N,
+CF<_§_4<2+2<3> +C, <——3C2+3C3> +ﬁo( ! +C2)]

+fg{ Cr G (10-7G) = NyC, fio (g—g >+N02<§—7<2) +N060<7+7g2)
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(2+

Oles ) does not depend on the reference

We emphasise that, as expected, the pole part I,
momenta r, r’; conversely, the dependence on r, r’ arising in the finite part ]f(ii+RV) is
essential for removing the corresponding explicit dependence present in the counterterms

K@) and K®Y),






Chapter 4

Numerical implementation and

validation of the scheme

With the completion of the Local Analytic Sector Subtraction programme for the can-
cellation of NNLO infrared singularities in massless QCD final states, as presented in
Chapter [3, we are now ready to approach the fundamental task of implementing and vali-
dating this algorithm at the numerical level. The universal and entirely analytic nature of
our subtraction procedure makes it naturally well-suited to be incorporated in a general
automated Monte Carlo event generator, which provides an optimal environment to fully
exploit the potential of our scheme. The development of such an event generator, cou-
pled with the extension of the algorithm to the treatment of initial-state radiation, would
result in a cutting-edge tool capable of producing fully-differential NNLO predictions.
This would be highly valuable for the wider phenomenological community, especially con-
sidering the current absence of a fully automated and publicly available code yielding
perturbative corrections beyond NLO, as discussed in Section [1.3.2]

Reaching this ambitious goal requires the successful finalisation of several intermediate
yet equally significant steps. In this Chapter we report on the progress and the current
status of the implementation of our subtraction procedure within MADNKLO, a Python-
based framework designed to automate the generation and handling of local subtraction
terms at higher orders in perturbation theory, in the spirit of the well-established MAD-
GRrRAPH5 AMC@NLO package [166, 211], on which it builds. Motivated by the logical
approach that guided the analytic construction of the scheme, we first start by imple-
menting the NLO subtraction formula developed in Chapter [2] and subsequently assess
its performances in both integrated and differential calculations. We report the results
in Section Then, in Section [£.2] we provide an update on the current progress of
the NNLO implementation. Additionally, we offer an analytic demonstration showcasing
how the cancellation of phase-space singularities is achieved within a non-trivial process
at NNLO accuracy.

117
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4.1 Testing the NLO subtraction scheme

In this Section we present numerical results obtained through the application of the Local
Analytic Sector Subtraction algorithmﬂ to the computation of NLO cross sections for real-
istic scattering processes. As previously mentioned, we choose to work in the MADNKLO
framework [212-2T5|, which provides a flexible high-level platform suitable for deploying
meta-codes that implement generic subtraction schemes for IRC divergences at higher
orders. MADNKLO builds on the MADGRAPH5 AMCQ@NLO environment [166, 211,
relying on the latter for the generation of tree-level and one-loop matrix elements| Specif-
ically, once the user specifies the scattering process and the desired perturbative order
(e.g. NLO or NNLO in QCD, and possibly mixed QCD-EW corrections), MADNKLO
identifies all the building blocks required for the corresponding computations, i.e. the
matrix elements and the local counterterms necessary for handling singular limits appro-
priately. It is a developer’s task to implement in this framework those ingredients which
are specific to a given subtraction scheme, such as the expression of the local and inte-
grated counterterms, momentum mappings, possibly sector functions, as well as functions
that generate code in low-level programming languages. In the following, we present nu-
merical results that validate our scheme both at the local and at the integrated level,
in Section and Section [.1.2] respectively. In Section [£.1.3] we also analyse dif-
ferential cross sections and verify the effectiveness of the damping factors introduced in
Section The interested reader can find details on the technical implementation of
our subtraction scheme in MADNKLO in Appendix E of Ref. [1].

4.1.1 Cancellation of IRC singularities

In this Section we showcase how the numerical cancellation of IRC singularities is achieved
for a selection of processes and of singular configurations at NLO accuracy. To carry out
this demonstration, we use the built-in testing routine provided by MADNKLO, which
allows us to examine the behavior of matrix elements and local counterterms in singular
phase-space regions. In detail, we evaluate the (n + 1)-body matrix element and the rele-
vant counterterms in a randomly-chosen phase-space point, then we progressively deform
it in order to approach a specific singular configuration (soft or collinear). The closeness
to the singular configuration is controlled by a scaling parameter, A\. For the purpose of
this Section, the reader should bear in mind that A ~ E? (A ~ 67;) in the soft S; (collinear
C,;) limit (more details on the implementation of such scaling variable can be found in
Section 6.1.1 of Ref. [212], and Appendix A of Ref. [213]).

1Specifically, we implement the version of the NLO subtraction scheme that incorporates symmetrised sector
functions and damping factors.

*We remind the reader that one-loop matrix elements in MADGRAPH5 AMC@NLO are generated by the
MapLoop module [216].
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Figure 4.1. The singular behaviour of the real-emission matrix element and counterterms for the process
ete™ — ggdd, in the sector identified by particles 3, 6. Top row: collinear configuration C(3,6); bottom
row: soft configuration S(3).

We start by showing in Figure the real channel ete™ — ggdd of the annihilation
process e*e~™ — jjj, and consider the sector identified by the first gluon and the d quark
(labelled as 3, 6 in the particle list) both in case they become collinear (top row), and in
case the gluon becomes soft (bottom row). Several quantities are displayed: the solid blue
line represents the exact (n + 1)-body matrix element, dubbed ME; thin dashed lines of
different colours indicate the collinear counterterms C(z,y), which include soft-collinear
contributions, and the soft counterterms S(z), split according to the different eikonal (or
radiating dipole) contributions Dip a-b; the subtracted matrix element, labelled with
TOTAL, is marked with a solid teal line, while the sum of all counterterms (Sum of
CTs) is displayed with a thicker dashed line. Contributions are shown either in absolute
value (left panels) or divided by the matrix element (right panels). Both sets of panels
help conveying the message that the local cancellation of singularities has been achieved.
In the left-hand plots, the A~! slope of the real matrix element and of the counterterms is
apparent, reducing to a A~%2 behaviour for the subtracted result, which in turn becomes

regular once combined with the phase-space measure. In the right-hand plots one can
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Figure 4.2. The singular behaviour of the real-emission matrix element and counterterms for the process
utt — Zgg, in the sector identified by particles 1, 5. Top row: collinear configuration C(1,5); bottom row:
soft configuration S(5).

appreciate how the various counterterms combine in such a way that their sum matches
the matrix element in the relevant singular limit.

Turning to processes initiated by coloured particles, we consider in Figure [4.2] the
real correction uut — Zgg to the reaction pp — Zj. We show the C(1,5) and S(5)
configurations (i.e. those for which the last gluon (5) is collinear to the incoming u quark
(1), or soft), in the sector identified by particles 1, 5.

Analogously, in Figure [4.3] we consider the real channel dd — ggdd of the three-
level process pp — jjj, in the C(1,3) and S(3) configurations, in the sector identified
by particles 1, 3. Such a process has as many as 11 counterterms in this configuration
(1 collinear and 10 soft dipoles), thus the displayed integrable scaling of the subtracted
matrix element provides a highly non-trivial test of the correctness of the local subtraction
mechanism.
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Figure 4.3. The singular behaviour of the real-emission matrix element and counterterms for the process
dd — ggdd, in the sector identified by particles 1, 3. Top row: collinear configuration C(1,3); bottom
row: soft configuration S(3).

4.1.2 Integrated results

We now turn to the numerical validation of our approach at the level of integrated cross
sections for a selection of processes at NLO, comparing our results against those obtained
with MADGRAPHS AMC@NLO. The two main current limitations of our MADNKLO-
based framework are the absence of a low-level code implementation, and of optimised
phase-space integration routines. In fact, the integration is steered by a code written
in Python, using VEGAS3 [IZEZI, 218] as integrator. Such a behaviour somewhat limits
the complexity of the processes that can be run within a reasonable amount of time and
computing resources; still, the processes we consider in the following cover all radiation
topologies and both leptonic and hadronic collisions, hence we reckon them a sufficient
subset for validation purposes.

The numerical setup we use is the following: processes at lepton colliders are run at
a centre-of-mass energy of 1 TeV. Hadronic processes are instead run at the LHC RunlI
energy of 13 TeV. In the latter case, the PDFALHC15 nlo 30 PDFs are employed [219],
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via the LHAPDF interface [220]. The fine-structure and Fermi constants have the values
a = 1/132.507, Gy =1.16639 - 107° GeV 2, (4.1)

while the particle masses are given byﬂ
myz = 91.188 GeV, my = 80.419 GeV, my = 4.7 GeV, my = 173 GeV. (4.2)

Renormalisation and factorisation scales are kept fixed to = pp = my.

Whenever light partons are present in the final state at the Born level, they are clustered
into jets with the anti-k; algorithm [221], as implemented in FASTJET [222], with radius
parameter R = 0.4. Jets are then required to satisfy the following kinematic cuts:

pr(j) >20GeV,  [n(j)] <5. (4.3)

The processes we consider are

ete” — jj, (4.4)
ete” — jjj, (4.5)
pp — Z, (4.6)
pp — Zj, (4.7)
pp — WHW—j. (4.8)

For these processes, we have computed the LO cross section and the corresponding NLO
correction, which are quoted in Table [4.1] In this case, no damping factors are applied.
Results from MADGRAPHS _AMC@NLO (dubbed aMC in the table) and MADNKLO are
in general very well compatible, the largest deviations being of the order of the combined

integration error, which is at or below the per-mille level.

Process aMC LO | MADNKLO LO | aMC NLO corr. | MADNKLO NLO corr.
ete” — jj 0.53209(6) 0.53208(6) 0.019991(7) 0.019991(10)
ete” — jjj 0.4739(3) 0.4740(3) -0.1461(1) -0.1463(6)

pp — Z 46361(3) 46362(3) 6810.9(8) 6810.8(4)

pp — 47 11270(7) 11258(5) 3770(6) 3776(17)

pp— WHTW =5 | 42.42(1) 42.39(2) 10.68(5) 10.53(13)

Table 4.1. Validation table with predictions for LO cross sections and NLO corrections. Numbers are
in pb. Integration errors, on the last digit(s), are shown in parentheses.

3In our model myw is derived from «, G ¢ and mz; also, the presence of a non-zero value for m; is formally
inconsistent with the employed PDF set, however this is of no relevance as far as validation is concerned.



4.1. Testing the NLO subtraction scheme 123

We also consider the case of non-zero values for the damping parameters «, 3,y pre-
sented in Section [2.2.6] For simplicity, we set the three parameters to a common value,
ranging from 0 to 2. Results for the NLO corrections are shown in Table [4.2] together
with their breakdown into n-body and (n + 1)-body contributions (the former including
virtual corrections and integrated counterterms, the latter including subtracted real emis-
sions). While the n- and (n + 1)-body terms, if consider separately, show a very significant
dependence upon the unphysical damping parameters, their sum remains stable, as ex-
pected. Results with the three different damping choices are totally compatible within the
respective integration errors, and, in turn, with the MADGRAPHS5 AMC@NLO results.

Process MADNKLO MADNKLO MADNKLO
a=F=7=0|a=F=y=1|a=8=y=2
efe” > Jj
V+I 0.02664732(9) | 0.01998531(7) | 0.00666183(2)
R-K -0.00666(1) 0.000004(6) 0.013329(6)
NLO corr. | 0.019991(10) 0.019985(6) 0.019991(6)
pp— Z
V+I+C+J 3981.5(4) -3472.7(4) -9163.2(5)
R-K 2829.3(2) 10284.3(4) 15974.1(6)
NLO corr. 6810.8(4) 6811.6(6) 6810.9(8)
pp— Zj
V+I+C+J 7172(2) 5246(2) 3624(2)
R-K -3395(17) -1469(25) 156(22)
NLO corr. 3776(17) 3777(25) 3780(22)

Table 4.2. Validation table with predictions for the NLO corrections, broken down between n and
n + 1 contributions, when different damping factors («, 3,7) are considered. Numbers are in pb. The
integration error, on the last digit(s), is shown in parentheses.

4.1.3 Validation at differential level

Finally, we validate the correctness of the damping factors at the differential level in the
simple case of ete™ — ~* — jj, at centre-of-mass energy /s = 100 GeV, with p = 35
GeV. The plots in Figure [4.4] show differential cross sections with respect to transverse
momentum and (absolute value of) pseudo-rapidity of the two hardest jets in the events
(clustered with the k; algorithm [223,224]), which are NLO-accurate observables receiving
contribution from subtraction counterterms across the whole spectrum. A comparison is
provided between predictions obtained with MADGRAPHS AMC@NLO and an in-house
implementation of Local Analytic Sector Subtraction, limited to the above-mentioned
process. Various combinations of parameters o and 3, ranging from 0 to 3, are chosen, in
order to cover different damping possibilities (7 is irrelevant for final-state radiation).
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Figure 4.4. Transverse momenta and pseudo-rapidities for the two hardest jets in eTe™ — 4* — jj at
NLO, comparing MADGRAPH5 AMC@NLO (aMC in the labels) and Local Analytic Sector Subtraction.

As evident from Figure [1.4] predictions generated using our NLO subtraction algo-
rithm for all chosen damping profiles are in excellent agreement with those obtained with
MADGRAPHS5 AMCQNLO within the numerical accuracy used for the runs. A system-
atic study of the performance of different damping choices at the differential level in more
complex processes and setups would certainly be valuable. Such an analysis is, however,
beyond the scope of this first scheme validation, and thus postponed to future work.

4.2 Testing the NNLO subtraction scheme

While the MADNKLO framework is already equipped with all the necessary structures and
routines for handling the components required for a NNLO subtraction, the highly-flexible
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Python code is not optimised for efficiently performing extensive NNLO phenomenological
computations within a reasonable runtime. In order to approach these computationally-
expensive calculations, we must first address the current limitations of our code, pointed
out in Section [4.1.2] On-going efforts are dedicated to the construction of a Fortran-
level implementation and optimisation of the code, so as to allow for a faster evaluation
of the integrands. Additionally, we are incorporating mature phase-space routines that
leverage the sector structure and kinematic mappings of our algorithm, which will further
enhance the code’s performance. Once fully developed, MADNKLO will become a versatile
automated platform, providing immediate access to the generation of state-of-the-art
specialised results for both theoretical and experimental communities, with a significant
impact on the scientific programmes of the LHC and future colliders.

In the absence, as yet, of a numerical tool to test our NNLO subtraction scheme, in
Section we provide an analytical, explicit example that illustrates the cancellation
of phase-space singularities for a selected double-real channel of the process ete™ — ¢qg.

4.2.1 Cancellation of IR singularities: a case study

In this Section we work out in detail the cancellation of IR singularities for the process
ete” — q(1)q(2)g([345]) at NNLO, focusing on the double-real-emission channel where
an extra quark-antiquark pair is emitted, namely e*e™ — ¢(1)3(2)g(3)¢’(4)7' (5) (with ¢
and ¢’ being different quark flavours).

We pick the sector Wisss as a test case. As such sector function selects Cy3 as single-
unresolved limit, the only possible underlying single-real-emission channel to be considered
is ete” — q(1)q(2) ¢'([34])7'(5). Moreover, the only double-unresolved configurations
allowed are S;; and Cus5. In Fig. m we show a sample NNLO double-real-emission
Feynman diagram contributing to this sector (left), together with its underlying NLO
single-real-emission diagram (middle), as well as the LO Born diagram (right).

9([345))

q(2) 7'([34]) q(2)

Figure 4.5. Sample Feynman diagrams for three-jet production in leptonic collisions: NNLO double-real
emission (left), NLO single-real emission (middle), Born process (right).
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The improved limits on RR relevant for W,ss3 sector are given by (see Appendix [C.1)

M _ , )
Ci RR = —1 P43(,,) RS Cuss RR = 1 Pl B
stss
Sis 2R = T Z 56(35 ciszd) 5 Si5Cuss RR = — N2 Cf3 (15) p(453r)
c#4,5
d#4,5,c
(43r)pv
_ Pisry Pt
Cs Ty iR = N2 D) Pt panionsn w9)
543 S5

The expression for the relevant kernels Sys RR and Cy3 Cuss RR, according to Egs.
and , is rather simple in this configuration. Since partons 4 and 5 are quarks,
the eikonal kernels 5521) and 8(52) vanish; moreover, since the parent parton [34] of the 34
pair is a quark, there is no azimuthal dependence in the collinear splitting kernels, hence

43( , =0, and Pﬁ’r)Rmr) = Py3 R, In the case we are considering, the reference
index r (used for collinear limits) could be either r = 1 or r = 2, without any distinction.

The subtracted double-real contribution in this sector is thus
su 2 12
RR43§3 = RRWazss — 4(35)3 <K4(35)3 - K4(353)> ) (4.10)
where the NNLO counterterms read

ral P, r . (43r) a
K3y = Cia RRWassy = Ny — RUD Wi ) (4.11)

543

K4(353 = [545 + Cuyz5 (1 — 545)] RR Wiss3

c NZ ,
Z Eud” Buy”™" (Sus Wassa) + 5 Piiyry B (Cas Wissa)

c#4,5 435
d#4,5,c
+ NP2 Cy, €57 BU) (S5 Cags Wazss)
P (43r) v 43 )
43(r 34|5(r T, r T «
K431523 = C43 C435 RR W4353 - N12 S [(4]37‘() ) B(43 35 W W (r) WC(,4;(’I“) :
43 Sy

Looking at Egs. (3.37)-(3.39), we can identify the consistency relations that must be
satisfied in order to prove the integrability of the subtracted double-real contribution

RR55E,. Those relations are given by
e primary limits: {C43, Sus, C435} RR53E, — integrable;
e auziliary limits: {Cy,, Cs,, Cus, } RR{3; — integrable;

e secondary limits: Css RR532; — integrable.
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Let us begin by showing the cancellation of the singular behaviour in the Cys limit.
We note that particle momenta in this limit obey Cys{k} = Cy3{k}**") = {k} 4 34, Which
implies that the limit taken on sector functions gives

(43r)

Cus W5 34] = Wiaq) , Cu3 WC 43(r) = = Cy3 W43 . (4.12)

This, together with the relation Cy3W,353 = C43W5[34]Wg), and with the known Cgs
limit of RR, is sufficient to show that

C43 []_ — 643] RR W4353 — integrable . (413)
Next, for the remaining contributions, we need to show that
Cu [Kggg - K;§5§>] ~ integrable. (4.14)

To this end, let us note that the double-soft kernel factorised in S5 RR is not singular
in the Cy3 limit, since the denominator of 56(35) (see Eq. ) features the sum spzq5 =
S34 + S35. The same is true for the Cys5 S45 RR limit, which is constructed with the same
double-soft kernel. As a consequence, checking the requirement in Eq. reduces to
verifying that

Ci3 Cuss [1 - 643] RRW,353 — integrable. (4.15)
As far as sector functions are concerned, it is straightforward to check that

Cu3 Cuszs Wizsz = Cuz Cyz Cuzs Wizss

(43r)

= Cus Wi Wi = Claags Wagsa Cas WiS - (4.16)

The mapped kinematics is such that the identity {k}(3°") = {£}(43n3457) holds also far
from the collinear limit. Finally, the double-collinear kernel can be written as

P 1
50) [ P4(53 R Q4 ] (4.17)

2
8345 8345 a=B3.45

It is easy to show that in the collinear limit C,3 the non-abelian contribution to this

kernel is non—singularﬁ, while the abelian part, owing to the relations z3 = s3,/s[34, and

“To this end we use the following equivalence relations in the Cas limit (k% = —kfy — k)
C43Sﬁ—C43&—C43* C43]~€§=—C43ﬁ]~€§, C43I;Z=_C43ﬁl’%g'

S45 Sar Z4 234 234
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x4 = 1 — x3, becomes

Pissr) CrTgr 2z + (1 —€)af s kskg
Cus 435( = Cy3 5 R 224+ ( )5 Sl [ 9"+ 4z5(1 — 25) = 2 ]
8345 (3415 T3 543 k3
v (43r)pv
_ o Puo Bose) _ o Pase) Plsagatr 41
- 43 - 43 7(437,,) 9 ( ° 8)
543 S[34]5 843 S(34]5

which shows that singular terms in the Cy3 limit cancel in Eq. .

Moving on to the double-soft S,5 limit, we note that its action on kinematics is
such that Sys{k} = Sus {k}**? = {k}. This consideration, together with the rela-
tion Sus Whsss = Sus Sas Wasss, and the known double-soft limit of the double-real matrix
element, immediately implies that

S45 |:1 — §45] RR W4353 - integrable . (419)

On the other hand, the single-unresolved kernel K 4(315)3 is non-singular in the Sy; double-
soft limit, as it does not feature any 1/s45 enhancement, so Sy5 K 4(35)3 = 0. The same holds
for the strongly-ordered collinear kernel Cy3 Cy35 RR, whence S5 K. 4(353 = 0. We thus are

left with the requirement
S45 6435 (1 — §45)RR W4353 - integrable . (420)

As far as sector functions are concerned, it is straightforward to verify that S5 Cyss Wisgss =
S.5 S5 Cuss Whsss, using Eq. 1) and Eq. 1) As to matrix elements, the relevant

kernel is

_ _ N2
Cus5 (1 —Su5)RR = 341 Pf%(T)B (435) o N2 Oy, 89 B3 (4.21)
35
Here, using the kinematic condition S5 {k}#35") = S;5 {k}453"), one can show that the
second term on the right-hand side precisely removes from the first one all double-soft
enhancements proportional to 1/s45, as was the case for unimproved limits. Thus, we

verify that
S45 6435 (1 — §45)RR - integrable. (422)

Next, we consider the behaviour of the counterterm K. 4(325)3 under the double-collinear

limit Cy35. First, we notice that

Cuss {k} = Cuss {75}(435” = Cu3s {75}(453” = {k}345[345] ; (4.23)
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and that, llSiIlg Eq. " and Eq. " one has C435 6435 W4353 = C435 W4353. These
relations, together with the known Cys5 limit of RR, are sufficient to show that

C435 6435 RR W4353 = C435 RR W4353 . (424)

As for the remaining part of K 4(325)3, we have

— [ — g
C435 S45 W4353 = C435 S45 C435 W4353 = 195 ) (425)

04353 1 05343 + 04553 + 05443

as can be deduced from the definitions in Eq. (C.43) and Eq. (C.98). The action of the
double-soft kernel on the matrix element, on the other hand, gives

C435 2 80(35)B§;15Cd) = 253545) 2 C435 Bgfgd) = 28:;545) Z C435 B:(;fgr), (426)

s s

c#4,5 d#4,5,3 d#4,5,3
d#4,5,¢c

where, in the last step, we used Cyss {k}**39) = Cys5 {k}***"). By performing the sum
over colours, Eq. (4.26]) becomes

28 3 Cus B = 203 647 Cs B (127)

T
d#4,5,3

which matches (with opposite sign) the kernel in Cys5 S45 RR, finally showing that
C435 §45 [1 — 6435] RR W4353 i integrable . (428)

In order to complete the proof of the cancellation of singular contributions in the Cyss

limit, it is finally necessary to show that
Cuss [Kggg) — Kﬁgfg)] — integrable. (4.29)

The sector functions appearing in K 4(31533 and K 4(31523) approach the same value under the
double-collinear limit, since Cyzs WC,5[34](T) = Cys3s W5[34]. As for the kernels, one just

needs to check that

5(43r)pv
D T 34]15(r) 5 T T
Cuzs R = Czs % B,(ﬁ/g B (4.30)
S[3415

which is indeed the case, since the C,35 double-collinear limit acts on the mapped kine-
matics as a single-collinear limit between parton 5 and the parent parton [34].

After proving the local cancellation of all phase-space singularities in sector Wisss,
we proceed by showing that the functional form chosen for the sector functions is also

capable of eliminating spurious singularities, arising from collinear kernels, as detailed
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in Eq. . To this end, we consider the Cys, limit (in fact, neither the Cy,. nor Cs,
limits generate any spurious singularities in this specific case). We introduce a common
scaling parameter \ for the invariants vanishing in this limit, s45, S4, and ss5,.. The K 4(;5)3
counterterm is non-singular in this limit, since it does not feature any isolated 1/s4,
denominator, so we focus on K 4(32533 and K 4(31523). The kernel Sy5 RR diverges as A2 in
the limit, due to denominators of type 1/s35, or 1/ss55[s5),, however the corresponding
sector function Sy5Wisss scales as A2, thus compensating the singularity. Analogously,
the counterterm Cys Cas5 RR Wisss is non-singular in the Cgs, limit. As for the remaining

counterterms, we have

~ 1 r r 2 T
Cus Cags RR = Cu5, NP 2CaTg [T (34355 i 353) I T IR
S5 S[45]35[45]r 5455[45]3S[45]r
= Cy5-S45 Cuzs RR,
_ o
Clsy Cags Wagss = Cusp ———22—— ~ X\°

04553 1 05443

= Cysr Su5 Cuzs Wisss , (4.31)

where the dependence on the parameter a emerges from the definition of the sector func-
tion, see Eq. . In this case, both Cyss RR Wisss and Sus Cuss RR Wiysss display
at most an integrable A2 singularity, which is ultimately due to the chosen sector.
However, even in a sector in which the two contributions are separately non-integrable
(for instance in Wyss3 or Whyys), the fact that both kernels and sector functions tend
to become identical prevents a singular scaling of the double-hard collinear contribution
Cls5(1 — Sus) RR Wizs3.

Finally, we analyse the secondary limit Cgs. Since the counterterms K 4(315)3, K 4(31523), and
the double-soft and soft-collinear contributions in K. fogg, are non-singular under this limit,
we are left to verify that

Cs5 RRW),353 — integrable
C35 6435 RR W4353 — integrable . (432)

Denoting with A the scaling variable associated with the vanishing invariant ss;, it can
be shown that both the double-unresolved singular kernel in C,35 RR, and the collinear

kernel resulting from

Pss(;
Css RR = N, —20) psa) (4.33)
S35
display a A7! singular behaviour. At the same time, the corresponding sector functions
evaluated in the Css limit vanish with a A®~! rate. As a result, both contributions in
Eq. (4.32)) display an overall A*~2 scaling, leading to an integrable singularity.
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This completes our analysis of this example, showing that the subtracted double-real

emission contribution under consideration is completely free of phase-space singularities.






Conclusions & Perspective

In this thesis, we addressed the challenging problem of handling infrared singularities in
higher-order perturbative calculations in massless QCD. In Chapter [I} we introduced an
innovative strategy for the formulation of a novel subtraction scheme, known as Local Ana-
lytic Sector Subtraction, which ambitiously aims to lay the foundations for systematic and
universal solutions to this long-standing issue. Inspired by successful NLO schemes, our
procedure seeks to optimise the counterterm structure across all stages of the calculation
by systematically leveraging every available degree of freedom, significantly simplifying
the required analytic integrations.

We initially applied this strategy to develop a general subtraction scheme, capable of
addressing unresolved radiation in both initial and final states within the NLO framework.
In Chapter [2| we provided a detailed construction of our local counterterm, coupled with a
comprehensive analysis of its advantages and limitations. To improve numerical stability,
we introduced an optimisation procedure to smoothly mitigate the contribution of sub-
traction terms in the non-singular regions of phase space while preserving the method’s
fundamental properties, specifically the simplicity of the involved analytical integrations.
This resulting computational simplicity stands as a highly desirable characteristic as we
look towards extending our approach to higher perturbative orders.

With these promising results in hand, in Chapter |3| we addressed the extension of our
subtraction procedure to handle NNLO infrared singularities. Herein, we provided an
exhaustive description of all essential ingredients contributing to the formulation of this
scheme, accompanied by a step-by-step explanation of their intricate combination. The
outcome of this substantial effort culminated in a fully analytic and universal formula
which achieves the cancellation of NNLO infrared singularities for a broad spectrum of
processes, involving an arbitrary number of colourful as well as colourless final-state parti-
cles in massless QCD. The cancellation of all phase-space singularities in double-real and
real-virtual contributions has been proven by the verification of all relevant consistency
checks. Furthermore, all counterterms were analytically integrated through standard tech-
niques, exhibiting singular contributions characterised by single-scale integrals with trivial
logarithmic dependence on Born-level kinematic invariants. All explicit € poles originating
from the singular part of the double-virtual contribution to the cross section have also
been shown to cancel once properly combined with the phase-space counterterm integra-
tions. We also achieved the analytic integration of all finite remainders, which manifest
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a similar level of simplicity, with the exception of a single contribution (proportional
to a colour tripole) introducing a weight-three polylogarithm depending on two physical
scales. This analytic formula, representing a significant novelty in our field, can be readily
implemented in any numerical framework equipped with the relevant matrix elements.

Finally, we dedicated Chapter [4] of this thesis to the validation of our subtraction al-
gorithms. We reported on the progress towards their numerical implementation within
MADNKLO, a Python-based framework designed to automate the generation and han-
dling of local subtraction terms at higher orders in perturbation theory. In this context,
we presented numerical results obtained by applying the NLO subtraction scheme to the
computation of cross sections for realistic scattering processes. We discussed the per-
formance of the method both at the integrated and differential level. While efforts are
underway to achieve an efficient implementation of the NNLO subtraction formula within
our numerical framework, we provided a detailed example illustrating the analytical can-
cellation of phase-space singularities in a non-trivial scattering process.

The results obtained in this thesis have direct implications in state-of-the-art phe-
nomenological studies. A clear research avenue is, for example, the analysis of theory-data
comparisons in current (and future) ete™ colliders: in this context, our subtraction for-
mula can be readily applied to the computation of NNLO-accurate predictions, extending
to quantities such as the cross section for four-jet production, as well as energy-energy
correlations in hadronic final states.

The future steps naturally following after these achievements are clearly defined.
Among the high-priority tasks is the numerical implementation and testing of the NNLO
subtraction algorithm within an automated Monte Carlo event generator. As we high-
lighted in Chapter [3| work is under way to overcome the current limitations of MADNKLO,
specifically focusing on a systematic optimisation of the numerical software to reduce the
time and CPU resources needed for the production of computationally-demanding NNLO
phenomenological results. Without a doubt, a crucial goal at NNLO is to extend the treat-
ment of unresolved radiation to non-trivial initial states, particularly in view of relevant
LHC applications. This generalisation is anticipated to involve no new major technical
obstacles: as observed at NLO, it will require the introduction of new classes of mappings
and a consistent implementation of collinear factorisation, but all of these developments
are expected to be relatively straightforward. Importantly, also new phase-space integrals
are expected to be of the same level of complexity as those presented in the final-state
scenario, suggesting that a completely analytic result is within reach. Work is in progress
also on this front. Looking ahead, another important step for generalisation is the inclu-
sion of massive QCD particles in the final state. This task will be simplified by the fact
that the number and type of singular limits associated with massive coloured particles
are limited, as collinear limits for real radiation are non-singular in this case. Since our

approach is combinatorially intensive, this simplicity is expected to be of great advantage.
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On the other hand, massive particles will require adjustments in phase-space mappings,
and will likely involve new classes of integrals, with a more intricate scale dependence.
We are, nonetheless, confident that a complete analytic expression can be derived also in
that case.

Finally, we are of the opinion that, despite the simplicity of our analytic results, there
is further room for optimisation. Specifically, we believe that extending the damping
factors, initially introduced at NLO, to NNLO accuracy could significantly enhance the
numerical efficiency of our algorithm.

In summary, we believe that our results mark a significant step towards establishing
a fully general, local, analytic, and efficient NNLO-subtraction formalism.






Appendix A

(zeneral notation

We denote by s the squared centre-of-mass energy and by ¢ = (4/s, 0 ) the centre-of-mass

four-momentum. Given two final-state momenta &;' and &%, we define

S = 2q-ki, sy = 2k;-ky, Lijzlnﬁ 62‘2@7 wij:&‘(A'l)

pe § Sqi Sqj
In addition, given four final-state momenta k%, ki, k# and £/, we define

_ _ H — I
Sabe = Sab 1+ Sbe T Sac S[able = Sac + Sbe k[ab] = kg + k'b )

Sabed = Sab T Sac T Sad T Sbe + Sbd T Scd Slabcld = Sad + Sbd + Sed - (A2>

For the sake of compactness, we define the following flavour structures:

1 1 if ¢ is a quark g ) 1 ifiisan antiquark
' 0 if 7 is not a quark ‘ 0 if ¢ is not an antiquark
[ 1 if i is a gluon
' 0 if 7 is not a gluon
S S TR 0 IR S 1 S LR TN e

which are special cases of the general rule

fl= 3 e f flil= ) sien(P) I, (A
g1,---.9n= 915--9n=
P(f17"'7fn) P( 11---7fn)
where P(fi,..., f,) is a generic permutation of indices fi, ..., fy.

We introduce a compact notation for Born-level colour correlations:
Bcd = A%O)T Tc ’ Td -/47(10) ) Bcdef = A;O)T {Tc : Tda Te : Tf} A%O) )

By = fSAVTT . Ty A9 (Ta)Bc = dapc - (A.5)
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Analogously, the colour-correlated real and virtual matrix elements are defined as
Vi = 2Re | AT T AD| Ru= AT T, A (A.6)

which are of relative order o, with respect to the corresponding Born-level terms.
We define the following combinations of Casimir operators,
Cy Cy . —Cs —C
(©) _ [ab] () _ f[ab] fa Io 2 — C A 7
Pab Crn » Plab) c, ) o Za: fa s (AT)

[ab]

and

3 - 1
Yo = SO (FI+fD+ 5 By = 2, W = %20, (AS8)
13 - 4 2 7
0o = 5 Cr(fdtfi) + 5l fi+ (§—§C2>Cfaa S6 = D% (A.9)
13 - 4 16
o = F O3 h i g O B = 2o (A0)

where the sums run over all final-state QCD partons and

1104 — 4Tx Ny

Bo 3

(A.11)

The two-loop anomalous dimensions are given by

~ 67 10 8 10
52 24{ (1_8_C2> Ca — n RNf} = (§—4C2)CA+§@J7

,%(2) _ (fzq—l—ff) CF [3 <% — Cg + 2C3) CF + (;l—é — ?Cg) CA + (% + §1C2) BO]

+fig{CA [ - 174101: + <—% - %C:a) CA] + So E Cr + (%6 - i@) OA] } (A12)

As for the labelling of particles we introduce the notation
Tiyoiy = Rp(i1, .o yip) # 01y vy in, (A.13)

to indicate a generic particle label different from 4, ...,,, defined following a specific
rule R,. Such a rule is arbitrary to some extent, and could for instance assign r;, ;.
as the smallest label different from all q,...,4,, or the largest, and so on. A crucial
feature, however, is that R,, must be symmetric under permutations of all indices i1, . . ., .,
and must be the same for all r; ; with the same n. As a consequence, the notation
Ti,..i, always refers to the rule R, (i1,...,1,), which is a symmetric function of its indices

i1, ...,10,, and just depends on n.
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NLO Appendices

B.1 Altarelli-Parisi splitting kernels

We collect here the expression for the regularised Altarelli-Parisi collinear kernels appear-
ing in the lowest-order DGLAP [97-99] evolution equations.

P,(z) B = 6y, [pgg(l,) BY 4 Pyy(x) (B@ + B(@)]

+0s0a) [qu(a:) B + qu(a:) B(fa)}v (B.1)
where
Poa) =204 |—%  +17% 4 0a S(1_ o 0 -
g (T) = A[(1_$>++ . + z( —x)]+ ( _g;)§7 (B.2)
2 02
Pyq(r) = Tr [5’724' (1_55)2] ) pqg(@ = Cr <11J::Z:) ’ qu(HT) = Cp = (1x 2 )

Ca =N, Cp=(N2-1)/(2N.), T = 1/2, By = (11C4 — 4Tg N¢)/3, and BY) denotes
the Born contribution initiated by a parton of flavour f;, stemming from the splitting of
parton a.
We also collect here finite terms arising from the integration of initial-state collinear
counterterms, see Section [2.4] which are related to the Altarelli-Parisi kernels:
pW

a,fin

(2)B =34 fag[péﬁ,) (x) B + p(2) (B@ + B@)]

qq

+ 0t [P (@) BY + ) (@) B | (B.3)

q

where A\ = 1,2,

pQ)(x) = 20, (1_7‘” + (1l — q;)) [A In(1—2x) — Al(’v)] :

p((]:;) (x) = Tg (x2 + (1 — x)2) [)\ In(l1 —x) — A1(7)] +Tr2x (1 —2x),
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pl(lz)(x) =Cr(1—12) [)\ In(l1—2)+1-— Al(’Y)] ;

14+ (1—=x)?

(N = C
Pgq () F T

[)\ In(1 — ) — Al(fy)] +Cpa, (B.4)

and A (v) is defined in Appendix [B.3]

B.2 NLO consistency relations

In this Appendix we explicitly verify the relations in Egs. (2.65) for initial- and final-state
radiation, ensuring the locality of the subtraction procedure.

This relation is trivially verified since the mapped kinematics in Eq. (2.56) reduce
to S; {k}d =S, {k}(4) = {k}, for vanishing 4, hence

SiSiR=-M> > &Y Bu({ky) = SiR, (B.5)

c#1 d#i,c

which coincides with Eq. ([2.25)).
o Cijéij R = CzJR
The key ingredients for this consistency are the limits
Cijwbicr Ojer = x(ij) bier Ojer (B.6)

as well as

Cz’j {I%}(ijr) eieF ‘gjeF = ({k}/{ja k[z]]) gz’eF gjeF )
Cij {l%}(ijr) eieF ejel ereI = Cz’j {k}(irj) eieF ejeI ereF

= <{k}1j7x[ij] ]fj) Oier Ojer (B.7)
from which one immediately deduces
_ M oo . pmw B (B
Cij Cij It = S, | VicF VieF i (%) o ({KY 17 Bei))

P (i)
ijli(r),I [i]
+ Oier Ojer IR )[ : Buv({k}ﬁw m[ij]k’j)
ij
Pw’/]j(r),l(x[ji])

+ 0 O 2 vy BBy ayak) | = Cy R, (BS)
Ji

exactly as Eq. (2.39).
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This relation is a consequence of the fact that

S;SiCyR = Nidy,2Cy, Sir B({k},) = SiCy R, (B.9)

Sij (Sir + Ojc1 Orer Sij)
having explicitly employed the soft behaviour of the Altarelli-Parisi kernels.
([ ] Cij gz Gij R = C'L’j gz R

This final relation is instead slightly subtler. The explicit action of the collinear
limit on the soft counterterm reads

Cij §Z f=- 2N1 83(;) C”{ Z [(9351 90€I+9J€F 90€I+936F gceF) l]c +9]eI eceF B](icj)]

c#i
c<j

* Z [ (Ocer Ose1+Ocer Ojer+Ocer GJEF) +9ce1 Ojer B UC)]}

c;éz
c>j

—2M EJ(:") Cij { 2 [(GJEI Ocer + QJGF eceF) B(HC)]

c#1
c<j

+ Z [(Qjel Occt + Ojecr 9ceF) B](-ZCj)]

c#i
c>j

+ Z [Qjep 0cc1 Bj(ijc) + ejeI Oker BJ('iCj)] } ) (BlO)

c#1,]

aware of the fact that the eikonal kernel C;; EJC = SJ(? is independent of ¢, thus it

can be taken out of the sum. The action of C;; on the mapped Born kinematics

reads

Cij HJGF QCEF B (ige) C’L] HJGF QCEF B(wj) = UjeF eceF Bjc({k}ijv [i7] )
Cz‘j QjeF ecel B ‘wc = ‘9jeF QCEI Bjc({k}ija k[zg]) )
ng 0]61 Ocer B (i) jel Ocer B'c({k}jjax[ij]kj) )

Cz] 9]61 9061 B (ije) Czy 9]61 eceI B (ic) = ejeI 9061 Bjc({k}{ja x[l]]k]) ) (Bll)

where the latter non-trivial equality is proven in Appendix [B.:2.1] At this point, one

can recast Eq. (B.10]) in

CySiR = —2ME) D [Qjel Bje({k} iy wijiks) + Ojer Bie({k} 1y, bgy) | -(B.12)

c#1,j
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Upon enforcing colour conservation, 4 Te=-Ty, this becomes

CiiSiR = 2N, Cy, 5}?[aeIB({k}m i1k;) + Oer B({k}i5 kpis)) | - (B.13)

Recalling that C;; 2(ird) Ojer0per = Cyj (i) Oje1brer = 0, it is straightforward to
verify that the expression in Eq. (B.10) matches the result of C;;S; C;; R for all
choices of mapping, showing the consistency relation.

B.2.1 Collinear limits on mappings with two initial-state partons

We show the last line of Eqs , namely that, under the collinear C;; limit, both
O;c1 Ocer Bj(»? and 0jc1 O.c1 B (@) tend to O;c1 Ocer B]C({k}ﬁ, [i/] ) The proof relies on the
fact that, although the two sets of momenta do not match in the limit, the colour- (as

opposed to spin-) connected Born squared amplitudes depend on kinematics only through

Mandelstam invariants, which do coincide in the C;; limit, as shown below.

Considering particles j and ¢ in the initial state, while particles ¢ and f in the final

state, we analyse the C;; limit for the mappings (ijc) and (icj).

e Mapping (ijc)

S (B.14)

ke = ke,
2ks - (K + Kq)) _ % K
kp=Fkp— — (K + K + —5— Koy,
(K +Kq)
with
‘r:Sjc_SSZ:j_Sic, K=F+ke— ki, Koy = kj + ke = ok + k.. (B.15)

jc

Denoting with F, the energy of parton a in arbitrary frame, and with r the ratio

E;/E;, in the collinear limit one has

Sij ASUN 0, Sic ASUN SieT Sif ASUN ST (B.16)
v 1or, K (- ke, Koy =5 kj(1—1) + ke,

2]{3 k’f——m%sjf(lf’l“), 2]{3 k}f~——>SCf, Qk’ k‘ ———>S]C(1*7“).
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e Mapping (icj)

ks (B.17)
k. = rk.,
_ 2k - (K + K2) _ 2ky - K —
kp = kp— = K@),
= R R ( ») + e Ko
with
= Se = % = Sie K=k +ko—k, Koy =k; + k. = kj + 2k.. (B.18)

Sjc

Denoting with F, the energy of parton a in arbitrary frame, and with r the ratio
E;/E;, in the collinear limit one has

Sij Cij, ()’ Sic _(i]_) SjeT Sif _(ii) SifT, (B19)
Cij Cij = Cij

r—> 1—r, K — ki(1—r)+k., Koy — kj+ k(1 —1),

2% Fy =5 s (L—1), 2k Ky =5 sy, 2k ke = sjo(1—7).

Invariants built with the two different momentum mappings coincide in the collinear
C,; limit. The proof of the last relation of Eq. (B.11) is completed by the fact that
Cijl’ = CUI[U] =1-—r.

B.3 Library of NLO integrals

The analytical results collected in this Section depend on the following functions

Ai(€) = vp + VO + 1),
Ay(&) = p— 1+ 0O +2) = A(€+1) -1,
A3(6) =1 -G+ U (£ 4+2), (B.20)

where € > 0, yg = 0.5772156649... is the Euler-Mascheroni constant, ¥(™(z) is the n-th

Polygamma function, namely

dn+1

T (z) = ) In[T'(2)], (B.21)

and all functions A;(§) satisfy A4;(0) = 0.
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B.3.1 Soft counterterms

For »* taking value in FF, FI,II, we define

1% = 570 I (527 (B.22)

S, %k

Jflic*(x) = 0f,g Joun (§§,Zbc), x) , (B.23)

where the relevant integrals obtained integrating the soft counterterm in Eq. (2.83) are

(B.24)

Lge(s) = =2 ( s 2)‘6 P(1-ol2+a—¢)

e21(2 4 a — 3e)

- <%) [612 n % - 71—”22 L6+ 2A2(a)<% fog Ag(a)> 4 Ay(a) + (’)(e)] ,
Ln(s) = 32 <evjﬂz )_6 1;(211‘?26);052—23)) (B.25)
= a—; <%>_6 L% + % — %2 + 4+ 2 As() (% +2+ AQ(a)) — 2 A3(a) + (’)(e)] :
Iin(s) = a—; <67;2 )_E Feglrz;irofz_zg) = Iipi(s); (B.26)
o) = 5 () Corpt e (aoaw), (27
-5 (5) [ (G5) (v o)+ (F7E72) o]
o) =52 () e (=), B2
) ) o
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B.3.2 Collinear counterterms

When a collinear splitting occurs in the final state, the relevant integrals are

[ﬁcch* = 5{fafb}{qq} Ihc F*( o ) (5fa95fb{q,t7} + 5fbg5fa{q¢7}) [l(ltlz,g];‘* (gész))

+01a90 1ug th*( be )7

O1gufoHaa) ‘]hc (50 0) + Oragbtaa + 0n0sitaay) S (G 2)
+5fag5fbg he F*( abc, )

1%, = 67,y2C, Lop (552

Jabc ( ) = 5fa920fb SCF*( abc; ) (B29)

sc,Fx be

Thewsa ()

while, if the splitting originates from an initial partonic state, one has

abc _ abe) (1g), =(abe)
Jhe. n(z) = 5{faf[ab Had} ‘]hch*(Sbc ) ) + 5fa95fab]{q q} Jhcgl*qg(sbc ,x)
(1 _(abc) (2g) [ =(abc)
+ 5f ab]g(sfa{q a} J ch*gq< She s ) + 6f095f[ab Jhch* (sbc ,ZL’) )
abc abc
[scbI* - 5fag 2C(fb sc,Ix (Sl()c )) )

T () = 07.g2C, Jeore (502, ) (B.30)

sc,Ix

where » = F,I. Explicitly, the integrals resulting from the integration of the collinear
counterterms in Eqgs. (2.84] 2.85) read as follows.

e Final j, final r:

0 «
If(lc,gEZF( ) = .

s )6 [(2—€)*T(2+ 8 — 2e)
(—e) (4 —2¢)T(2+ 5 — 3¢)

2) 1|21 - P - S+ o). (B.31)

108 (s) = = L(2—¢)°T(2+ 5 —2)
he,FF 9 (—e)T(4—2¢) (2 + B — 3¢)

(
(
(
-2 (2) a5 i-1- 4 +00) (B.32)
(
(

2 (6]
]}(mtg}?jF(S) = -

s )6 [(2—¢€)*T(2+ 8 — 2¢)
(—e)T'(4 —2¢) (2 + B — 3¢)

%)6@1 [—1 1o 1Az(@) + O(e)] , (B.33)
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_%( s >EF(1—E)F(2+5—26){F(2—6) F(2—|—Oz—2e)]

21 \ e'ep? e2T'(2 4 5 — 3¢) ['2—-2) TI'(2+a-—3e
as s\ © 2 1 1
=%(E> [_1+E_A2(a) <g+2+§A2(a)+A2(ﬁ)>
+ g As(a) + O(e)] : (B.34)

e Final j, initial r:

s )_6 T, L(2—¢€)?T(2+pB)

I (s) = COT(A—20T2+5—0)

%>_ETR [_2 L1862 )+ @(6)] 7 (B.35)

(
(
1 - 52 () 6200 e aara =g
(
(
(

%>_EOF [—1 L1 A(B) + (9(6)] | (B.36)

2 (0%
]}(10%1*21 (8) 2_;_

s \° T'(2—€)20(2+f)
) QCA(—E) F(4—2)T(2+ 5 —e¢)

%)_ECA [—l 1o 1Aa(b’) + 0(6)] , (B.37)

: )4 it ;2?35 : <<1 —?)

%>_ETR <f_i> [; ' o@] , (B.38)

(
(
e =52 () -0 G (),
(
(
(

Do) o] o

: )62 2 ;@)F—(; : ((1 —f)

Do) e
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Cas (s NP1 -9gP2+8)[T'(2-¢ TI2+a—¢
Ler(s) = o (e%a/ﬂ) ET2+p5—¢) [F(Q—Qe) r(2+a—26)}

-2 (%)E [ — Ay() (% +2 4 %AQ(a) + Az(ﬁ))
n g As(a) + O(E)] : (B.41)

Jsei(s, ) = % (#)«_%) [Fr((;: 266)) N rr((;: o(j = zee))] ((1 ij”f) "
)

wa ) [Ag(oz) + O(e)]. (B.42)

(0g) _os (s O\ 20(1—2)\ (1 —2) T +7v—¢
e = 52 () (- 507) v A

"
o (5)—}4(12 L) <_% +In(1 - x) — A1(7)>

+2z(l —x) + O(e)] :

Tk (s, ) = 3= <€T‘Z_2> Cr(1—z)(1— 6)(1(:6:;)”6511;_72;6) (B.44)
=5\ 2 r(l—2x —Z+n1—x+1—1’y+ €)1,
22 (%) crti-o|-F e -0+ 1-a0) + 00
e - 5 () o (C5 o) i O
-2 (%)Cp[l i <1x_ 2’ (—% L in(l —2) — Al(v)) Fra (9(6)] |
TSk (s, ) = Jﬁiﬁ’ﬁqg(w)t T (s, x) ) (B.46)
“ o (T) cr (g - ) (1(:51;)“111;]2;6)
o (E)CFK; _ 1) (—1 (1 — ) — Al(v)) 14 0(6)] ,
i) = 52 () 200 (St wa-0)) CoD ORI 2 g
- <%)_€2 ' (1 a1~ x)) [—% (1 — 2) — Ay(7) + O(e)] ,
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) = 55 () Moo |tesd tarana) B
-2 () - (R 1 e + ) + 3 A+ 000)
Jeantsn) = 52 () o2z (o) (519
-5 () [(5=0), (- 0e0)

- 20(1—x2)\ (1 —2) T (1 +v—¢)
7(0g) () (11— B.50
he,11 (55 ) o \ s 2 R 1—¢ € € ( )

-2 () | (4 a-07) (- 2ma -0 - i)

+2x(1—2z) + (’)(e)] ,

5 = 22 () Cr-n - ot d O 2 (B.51)
() erion]-Leoma 1o a0 00|
) a_; (%)_e CFll + (Z‘— z)? (__ +2In(l — ) — A1(7)> +z+ O(e)] ,
(s, x) = jﬁiﬁﬁ’:@,x) + T (s, @) (B.53)
5 (o) o G- ) e
-2 (%)_ CFK% - ) (—% Lo —a) - A1(7)> 14 0(6)] ,
O (s, 2) = ;‘_; (&%ﬁ) 20, <1 - - a:)) (1(__;);2(612?;_72;) N
-2 () 2ea (- a))| <L 2w - - i) + 000
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a_( ) M1+~ -— )[ 1 - I'2+a) ]
AT 2¢2 F1~|—’y 2) |T(2—20) T(2+a-26)
;"—(u—> [ ( + 2+ A )+A1(7)>+A3(a)+(’)(e)],

(B.55)
;_( u)e 1?17 2 ((1<i;)1+3e)+ (B.56)
-5 () [(57). (0 00)

(00 ]






Appendix C

NNLO Appendices

C.1 Infrared kernels

C.1.1 Soft kernels at tree level

We introduce the kernels associated with the real emission of one or two soft partons,
as given in Ref. [200], relevant for both NLO (with the emission of just one parton)
and NNLO corrections (with the emission of either one or two partons). We express all
kernels in terms of Lorentz-invariant quantities, and using the flavour structures defined
in Appendix [A] The resulting expressions are

T — g9 :c;ld ’ T = puigT, TV _ paso o, 7000 ()
where
Ic(gq)(zj) _ Sicsjd;‘ SidSjc — SijSecd ’ (C.2)

Sij Slijle S[ijld

zlo9) _ (1= €)(SicSja + Siasje) — 25j5ca
ij ©lijle =[ijld
SicSjd + SidSje — SijScd [1 1 SicSja + Sidsjc]

2 S[ijle Slijld

+ Scq
SijSicSjdSidSje

We also define the combinations of eikonal kernels

i i Sed
5c(d) EI(Ed) = fi ——, (C.3)
Sic Sid
i i 1 i 1 i _ 2\ (id y
EW =T — ST — ST = [T 40V - 20, €YW), (Ca)
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with
gD _ L | SicSja + SidSje  SicSje  SidSjd Sed
cd g2 L sr T2 2  GiiSrrSria
Sij SligleS[ijld Slij)e STij)d SijS[if]eS[is]d

cloa)(is) _ L —€ | SicSja+ SiaSje  SicSje  SidSjd Sed
ed = - - -2
SijS[

2 . y 2 2 y y
Sij S[ig]eS[ijld Stijle S[ijld ijleS[ijld
SicSjd + SidSjec — SijScd 1 SicSja + SidSje C
Sed 1] - - == (C.5)
SijSicSjdSidSjc 2 S[igleS[if]d

C.1.2 Soft kernels at one loop

We introduce kernels associated with the emission of a single-soft gluon at one-loop level,
relevant for the soft part of the real-virtual counterterm at NNLO,

&(1) g F3(1 + 6)F4(1 — E) Sed e ,u25cd €
gcd = fz OA
e T'(1 4+ 26)I%(1 = 2€) SicSia \ SicSia

1 1 1 SicSid 5 1 SicSid
:C 5(1) | e Y _12 1C91 O
A Sed lez € ! ,U2 Secd 2 CQ * 2 . ILL2 Sed + (6) ’
£ 19 P14+ eT%(1—€) Seq (€7 pu?sa\
e eI'(1—2e¢) SicSid SidSie
_ o |1 SidSie
gl [E g 0(6)] , (C.6)

where € is the dimensional regulator (d = 4 — 2e).

C.1.3 Collinear and hard-collinear kernels at tree level

In order to define the kernel associated with the tree-level emission of two collinear final-
state particles i and j (labelled single-collinear), we choose a reference momentum k,,

with r # 4, j, and introduce the following kinematic structures:

5 = v - Sir_ ki = mik; —xjk — (1-21)) 5. (C.7)
[ig]r S[ijlr S[ijlr

Then, the collinear (Altarelli-Parisi) kernels PZ.’;?T) are defined as

Pi?’(/r) = — By g + Q%V(r) ) %V(T) = Qz‘j(r) diw/ , (C.8)

where the azimuthal tensor reads

Bk
A = g 4 (d-2) 2L (C.9)
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and
0
%m—ﬂ%éW+ﬂwfguﬂﬂ%%Aﬂfﬂﬂ+ngw, (C.10)
2xx;
Qijiry = Th——= [ =2Cazix; f7
(0g) _ 25(]1'37]'
Pty = TR(1 T, 6) :
1 €
Pz(J(é;)) = Cr [2 IL‘_Z +(1- G)xz] )
ij(r) A T ik j

The hard-collinear kernels Pztyl((:r/;’/ are defined as

he,uv uv vo__ hc v
Phow = pi 4 s; [2 Cp, € + 20, €Y ]g“ = Pl g QY. (C1)
where
he, h h
Hl}%) _ Pijzr()()g) a7 4 P C(lg) fg(fq+fq) (fq+fq)fg + P C()Qg) 9, (C.12)
¢ 2.’,171% c c
Proy® = Py = TR<1 T1- Z) PR = Cr(l =9y, P = 2Ca ;.

The kernel describing the emission of three collinear final-state partons ¢, j and & (labelled
double-collinear) relies on the choice of a reference momentum k., with r # 4, j, k, and on
the following kinematic structures,

Zq = Sar , Zab = Za + 2, a,b =17,k (C.13)
Slijk]r
. L
ki = Kb — z(K + K]+ k) — (S[ijkla — 2 ZaSije) —— a,b,c=1,7,k,
S[ijk]r
k2 = za(2aSijk — Sfijkla) = Za(Sbe — 2beSijn) -
The double-collinear kernels F;‘;Z(T) are defined as
le;llé(r) = _PUk( )gMV + zjk( ) zyk’ Z Qz]k (r) dZV : (014)

a= 7/).])
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The Pjjj() kernels, organised by flavour structures, are given by
Pijrtry = PSiy JAT L+ 1) + Pty Ji 4+ 1) + PGS £ (FF +£7)
+ PO (quqkarquqfk) ,ng;d LRI SRR + Py (FLALET+ FLALED)
+P(1g fk+P1gr fg+Pkw(T fg

ijk(r Jki(
2 (%) 28) !
- fﬂf% () + PR 1 (fz-"+ff)+szzf w8
(3g)
- PO g (C.15)

where ¢’ is a quark of flavour equal to or different from that of ¢; similarly, the azimuthal

tensor kernel can be written as
?jk(r) = ka fk + Q]k;z(r) fg + Qk:zg(r) fg + szk(r) fﬁf . (C16)

P(Og,ld P(lg) p(2g and Pz(;g()r) read:

]k(r igk(r) * " igk(r ijk(r)?

P = CpTp{— (2 2k 25
an) = OFTRY = g3 \ o~ 5t T

i T Ricyg 1
+ SJk [2% + (1 —€>Zij]—§ +€}, (Cl?)

The expressions for ps

1 z 1 + z 7 j
Pz(Jokg(rd Cr(2Cp—Ch) { e % [ ko (ﬁ + ? +1+ e)]
ik

28ikSik | Zjkzik Zjk
Sii Sii
—I-(l—e)[—]—l——J—e} (C.18)
Sik Sik
oot LA p(1 - 02 (142) - 2]
— —€)—— —€ll +2) — € zji
251, Zik Zjk ’

Sijk [1 + 2 — ez},

28k Zjk Zik

—2(1 —e)ﬁ —e(1+ z) —ezzik]},

28154 ; ,
PU 0Ty [Mﬂl—e) (ﬂ+sj—’“+2) —2]

SikSjk Sik Sik
2 2 2 2
ijk k ik i ijk ijk k i
+CATRl_ 32(3 - =+ J)— = Y — +
253 \ Sijk Sijk Zij SikSjk  2Sij  ZkZij \Sik  Sjk
Siik Zik Zik Siik 1-— Zk + 2Zk 1
_Twk (_ + il + wk - TR TR + €
2225 \ Sik Sjk Sij 2k %ij

— D> Qe (C.19)

a=t,j,k
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s, 2 [1+ 22 — ez S;
P(2g) _ 2 ijk k 1) 1— —(1— 2 2jk 1 —
ijk(r) C’F Zsiksjk %2 + 6( 6) ( 6) Sk + 6( 6)

3 2
N Sijk [zkzjk + 2 — €ZikZ;;

Sik ZiZj

+ezg + € (14 zk)}}
Sk (S Sk | i — % ?

+ CpCy { (1 —€)—5 - +
4Sij Sijk  Sijk Zij

2 2 [22(1 —¢€) + 22
Eafian g
ikSj

ZiZj

52, 22(1—€)+ 22z 22(1 —€) + 2z 1
o [0 D02 SOOI | L g -2
23ij3ik Zj Zij 4
o Siik [<1 N Sl NP € Bl
QSik ijij ijij
L4 22
_ ZRER T Sk + e zpp—2 —e(1 + 2) —€2Zik:|
ZiZj ZiZj
2 2
N Sz_jk |:<1 B 5) Zi(Qij + Zi) — Zj(GZik + Zj) Lo zk(z, — 2Zj) — Zj]
2si; Zj%ij Zj%ij
+ (i e ), (C.20)

s2. [ s s zi—2z\ 3
PO = 31— (2 2R 2T 0
ijk(r) A ( 6) 48% Sijk Sijk Zij 4 ( 6)

s?jk [QZizjz@-k(l—sz) N 1+2z;+222 N 1—-2z2,

251']‘81']C ki ZikZij ZjRk

+ 222 + z;(14+22;) — 4]

I Sijk [4 ZiZj — 1 i ZiZj — 2 n (1 — Zkzij>2 5 3]}

+ -2+ =

Sij Zij Zlk RiRkZjk 2 2

+ ( 5 permutations ). (C.21)

The azimuthal kernels QS%‘; and Ql(jfz C; are defined according to the following expressions:

)
T

i 12‘12 Sij 2z; 8ij+2s;
Q= Toy e o[- T2

1—€sisjk 2k S3j
ZiSik+2jSik zizj  1—€\ Sik—Sjk
+ L (=L 21 —2Cky,
Zijsij Zkzz'j 2 Sij
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; k2 s 22; Sij+2s; 2iSjk+ 2
(1g)g _ J ijk 1 91 ik 195k j°oik
Qz’jk;()_T _—{C ll—— Sik+

k

1—€sisjk 2k sfj ! 2ijSij

ziz;i  1—€\ sip—S;

+ ( i<y ) ik Zk]—ZCF},

RkRij 2 Sij

k2 sy 2:2; 4SikSik+SiiS[iflk  Zi—2j Sik—S; Sijk+ Sij
QSE?;};Z . k ijk {CAl i< 1koj i ij [zg]k+ i j Sik Jk—E ijk ij +20F€
1—¢ Siksjk Zkzij Sz'j QZU Sij 28@'
N QU = 3 Zk [%i + (—ZJ’Z’“ - §) i] 32 (C.22)
a=1,j,k K Sij Rk Sij ki 2 Sik v

+{%L_ (ﬁ_§_ﬁ+ﬁ> ]kd
Rk Sij RkRij 2k Sik

2
2z;z: 1 ZiZik 3 % %
_|: 1j_+<j7,k____z+_z) :|kkd,u1/
Zij%k Sij \ZkZij 2 % Zik) Sik

+ (5 permutations) .

The hard-double-collinear kernels PhC ’i " are defined as
he, uv v
Pwk};) = —P 9"+ QM(T)7 (C.23)
where ka is given in Eq. l} and
Pl = Pory — 55| Cr (118068 =€) + (i o k) + (> k)| . (C24)

C.1.4 Collinear and hard-collinear kernels at one loop

The collinear contribution to the real-virtual counterterm at NNLO depends on the one-

loop, single-collinear kernel which reads (r # i, j):

- 214+ (1—e€) [e=u®\ (C; R
1224 [i5] () (c) C) Ny Nz
Pij(r) F(1+26)F2(1—26) €2 [p[z]] + Pij F(xl) + p]z F(x])]Pz](r) + Pij(r) )

(C.25)

Sij

where the function F(z) is defined by

r—1 - r—1
Flx)=1—-5F[1,—€1—c¢ =clnz+ " Li, , C.26
(x) 9 1( € € . ) elnz Ze 1 ( . ) ( )

n=2
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and ]%’;’(’T) reads
Suv ];/‘Zﬂl;?f TR 1 CA+4TRNf B
Pf;(r) = [_gw + daiv; 7] 1—9 lg(ﬁo —3CF) +Cy —2CF + T3G-20 o
_CA_CF 90 rq 17 q., @\ p9
— G CF 1 — 2 [(1 — 6331)](.2 (fj +fj) + (1 — E.fll'j)(fz» +fz )f]:l
klEY 2Tr Ny — Ca(1l —¢)
4 1 — ez 99 . 9
TR (1—26)(2—26)(3—2€>( wit;) (C.27)

The expansion of 151.’%) in the dimensional regulator € gives

- 1 1 s 1 Sij
wy o puv ol - _ = Y _1n2 249
Pij(?”) - Pij(r) Of[if]{ Plij] [62 c n 22 (7 (o —1In M2>]

1 Sij . X, . T
+ [— —1In M—g] (piy" Iz + i Ina;) + p§f>L12< x~j) + péf)ng( " > }

i J

R - 1 5ij 7 5
+ l - gw, + 4Ii$j ]%—22] iqjq TR |: (E —1In M—;) (50 - 30]:‘) + ECA + gﬁo - SCF]
99 99 l;é%f 99

The one-loop collinear kernel P**

i(r)
in Eq. (C.9),

can be rewritten according to the same structure as

Pl = = PBymg™ + QL Qi = Qumd!", (C.29)

where we have introduced

Pijw) = iRQE [1 - 21xij ] [%(50 —3CF) +Ca = 20p + %] i
+COp AR (1 e S22+ 1)+ (1= ) (4 7)1
+4C, (101‘(216)_(26)_;32% j\;fe) (1 — 2ewsz;) f22,

Qij(ry = 221, (1_23% E(BO ~3Cp) + Ca — 20k + %] aq
+4Cy 2Tk Ny = Call = ¢) (1 — 26:102-%-) fjg. (C.30)

(1 —2€)(2—2€)%(3—2¢)

Analogously, the € expansion 151.‘;.’(;) can be recast in the same form, as

Flioy = —Bim 9" + Qi) » Qi = Qijin di” (C.31)
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where ]Bij(r) and Qij(r) are given by (F = P, Q)

~ L2(1+e)3(1—e€) [(e=p®\ ( Crpy, .
Fijery = Lol ile) ( >{ - ][pfc)] + pi F () + py F(a )]fm‘(r) +fz‘j(r)}-

['(1+2€)I2(1—2¢) \ si;
(C.32)
The hard-collinear real-virtual kernel, expanded in the regulator €, reads
he,uv DY v
Pl](T/; = le;( ) — Sij [2 ij g]?‘ +2 sz gzr ]gM (033)
he,uv 1 1 Sij 1 he,uv
= Pﬁm‘; + Gyl [ <[0)] (6—2 - In ,u; + - (pzc) Inz; + pi’ In :cj) Pk

—— lfgC'f 2 -Inz; + fgC'f lnxl] gt

A RY

- ?R(ﬁo—MJF) fqu [g;w e ;%21 ] +O(e),

)

where
phe,uv he,uv () 2 Sl] _
Pﬁn,ij(r) = ‘Pij(r) Cf[ij]{ Plij] l( In 12 CQ)]

+p§f)[Lig< a:x ) lnlu—lnx,] +pﬂ [Ll ( 91:) In Z” lnx]]}

7
— g2y, % { CAlln%;j + 2Lig(xi)] + 20y, [LiQ( ) J In x]]}
g2 1 Cy, :% { CAlanxi + 2L12(xj)] +20 {Lig( ) %, ]}
Kl kY 5
_ [guy — da;x; %5221 } it 7 Th [ln—(BC’F — 50) + C’A + = 50— SC'F]
g (FI94 F1) Cp (Ca—Cr) + k’ L f9 CA(3Ca — ). (C.34

and
. ] . 1 2 . 1 2
Lisg(—— ) = — Lig(x;) — 5 In“xz; = Lis(z;) + Inz;Inz; — 5 In“z; — (,

; 1 1
Li, (—ﬁ) = — Liy(z;) — 5 In® z; = Lig(2;) + Ina; In =3 In?z; — G.  (C.35)

Equivalently we can write ]-:’ZE‘?T*)W in the form

Phcw/ _ _Phc gpu+Q

ij(r)

(C.36)

ij(r)
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with

P = Py + 55 [2 Cy, €D 20, E ] (C.37)

P2(1+e)3(1—e€) (€p®\ (Crinl o . o R
= - F (OF ]H )+ Pij
D(1+26)[2(1-2¢) \ s; €? ['0[“] + pis F(@i) + 5 F(25) | Prjr) +

e ) e )

C.2 Improved limits

In this Appendix we present three sections that collect the building blocks needed to
construct our local counterterms. Specifically, we explicitly define the action of

e improved limits on the double-real matrix element RR (Section ;
e improved limits on sector functions Wik, Wijkj, Wiji (Section |C.2.2));
e improved limits on symmetrised sector functions Z;;, Z;. (Section [C.2.3)).

The content of each section is organised according to the nature of the singular limits in-
volved, which can be single-unresolved, uniform double-unresolved, and strongly-ordered
double-unresolved. The action of improved limits L on matrix elements times sector
functions is specified by L RR W,peq = (f RR) (f Wabcd), and similarly for Z functions.
When acting on sector functions, single-unresolved and strongly-ordered improved limits
imply the latter to be evaluated with mapped kinematics. Mapped sector functions are
indicated generically as W or Z with no mapping labels in Sections , under-
standing that the actual mapping to be used must be adapted to the one of the matrix
elements the sector function is associated to. To be more precise, for each term of an
improved limit, the mapping of W or Z is always the same as the first mapping of matrix
elements in that term.

To give an explicit example, let us apply this rule to the S; S;z RR Wijr contribution
to K, gkl) counterterm. Starting with the definitions

= = N2 I3 )(icd) zcd ke )(icd) icd,ked
Si SlkRR = 71 Z { gc(d) [ Z ( Z ! —|—28 )" éded ))

dc#ikk e#i,k,c,d N f#i,k,c,de
#i,k,c
49 Z g )(idc) cjiifi ked) 19 g—és)(icd) ( Béziili,kcd) + Oy Bglcd,kcd)ﬂ
e#i,k,c,d
_20, [glgzc 5c§) ick) B(wk ked) n 5kd €Cd )(ikd) B(zkd k:cd)]} 7 (C.38)

and

Si Sik Wijtt = Wa VVS i s (C.39)
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according to the procedure detailed above, the explicit expression for S;S.: RR Wik

results in
gi g RR W”k =
/\/’12 &(k)(icd) p(icd,kef) 5 (k) (icd) 5 (icd,ked) \ 7x5(icd)
T Z Z 5 Bcdef + 258 Bcded Ws,kl (040)
c#i,k e;ézkcd ;ﬁzkcde

d+#i,k,c
k) (idc) zdc ked) zdc) k)(icd) { 5 (icd,ked = (icd,ked) \ 5 (icd)
+2 Z 5éd cded W gc(d)( )<B£dcd "y B(Ed )>Ws,kl ]
e#i,k,c,d
(ick)

ic ick,kc i = (i cd) —=(tkd a

_20 |:g kc gct];) & B( Y Ws kl 5 5 kD Bgdkd’k ? Ws(,kl)]}yvs(,w) )

where it is evident that each Wy, contribution is mapped according to the first mapping
of the Born matrix element it accompanies.

Finally, we introduce a shorthand notation to simplify the treatment in Section [C.2.2}

we define single-unresolved improved limits on NLO sector functions as

(@) _ @ (e _ B (D)
Wi =SiW, = 5 Jla ) Weig = Wi (C.A41)
1%i Wi
@ @@ = G IEERYY()
c,ij(r) = C Wj = 6?11};; n e?w?r ) ch,z](r) = ch,ij(r)’ (042)

depending on a reference particle r # 1, j, whose choice will be specified case by case. As
for NNLO sector functions, we introduce

1 1

C.43
€q Wap war)a (ec Wer + 5bc €aq war) Wed ’ ( )

a—abcd(r) = (
and

Olijk}(r) = Oijik(r) T Oikjk(r) + Ojiik(r) + Ojkik(r) T Oijki(r) T Oikkj(r)

+ Okiij(r) T Okjij(r) + Ojiki(r) T Ojkki(r) T Okiji(r) T Okjji(r) - (C.44)
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C.2.1 Improved limits of RR
Single-unresolved improved limits

For the single-unresolved improved limits we have (j # )

SiRR=-N; Y & REY. (C.45)
dc;zéi’fc
_ P
Cij RR = /\/1;—] R, (C.46)
SiCjRR=S8,C;RR = N,2Cy, £ RW" (C.47)
_ _ o phem
HC,;RR=C;(1-8,-S;)RR = N} ;—] R (C.48)

In these equations r» must be chosen according to the rule of Eq. as r = Tig #
1,7, k, 1, where i, j, k, [ are the indices appearing in the NNLO sector functions multiplying
the improved limits Eij, S, Cij, H_Cij. This means that in the topologies Wi;jx, Wijk; the
index r = 7, is different from the three indices of the sector, while for the topology Wi
(i,7,k,1 all different) the index r = r;;) is different from the four indices of the sector.
We stress that, having defined 7 = 7;;;, one needs at least five massless partons in ®,,,
namely three massless final-state partons at Born level. We work under this assumption
throughout this thesis.

Uniform double-unresolved improved limits

The double-soft improved limit is given by (k # )

serr="E % L) | % el v ael |

c#i,k e#i,k,c,d - f#ik,c,d,e

d#1, k c
(icd,ked) chd) }

+260€5 Bl + €5 B, (C.49)

The soft-collinear improved limit SCyj; and its double-soft version S;, SCyi, read (k # 1,
[ #i,k, and 7 = 1y # i, k, | defined with the rule of Eq. (A.13))

pr
— 2~ ki(r) klr icd) klr Jcr)
S iklRR:_-/\G —S Z Z ,ul/cd +25 W,CT
ki c#ik,lr - d#iklr.c

+ Z [Elic ( C)Bg:kkzlck + B,ul:kkllck)f > + (k & l)] }, (C.50)

c#i,k,l
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S SCiy RR = S;,; SCiyy RR = S SCyi RR
BRSPS [ ST

c#i,k,lr “d#iklr.c

+ 2 [CA gkc lrk Jick) (2Cfl_CA) 5(1 krl Jicl) ]} ' (C51)

c#i,k,l

The improved limits @z’jk; @kij; gij %ijlm gzk @ijlm gzk @kij can be obtained from
these limits with a renaming of indices. For the uniform double-unresolved limits involving

éijka we have (] # ia k 7 Za] and r = Tijk # i)ja k)

Cijr RR = 1 Phy L B (C.52)
Z]
§ij aijk RR = gij Cikj RR = gij E]m‘j RR
S At c5
qao — <} Q9 <} N12 he,uv B (ijkr)
HC,;j, RR = C;j, (1 —Si; — Sir — S;x) RR = N Py B (C.54)
1]

Cijk Eijk RR = éﬂﬂ @wk RR

Pjk € jr

P -
= N2 Cf[Jk] ;k (r) l (C)g BEZZT],’LT] + k])gkr ]T‘k zrk)] , (C55)
ik

—oN2Cy, EY) [GA g1 BUriird) 1 (20, —Cy) ED BUTHI ] , (C.56)

Cijk SHCijk RR = éijk @zjk (1 - gij - §ik) RR
Phc Qv
_ NQ Cf]k] jkk l ;i)gjr llclTJ Jirg) (C)g(”b grk zrk):| : (057)
]
SHCjx (1-Cijx) RR =SCij (1 - Cijr) (1 —S;; — Sie) RR (C.58)
he,uv
— _N12 Jk(r) { Z [ Z gc(d) Jukz sicd) + 28( i) B jyké‘rzcr):|
Sk c#i,5,k,r - d#i,5,k,r,c g :
i krjjic (krj,ic .
+ ) [89 (ol BUTEs) + BUTE) i)+ < k)]
c#1,5,k

gr Zuv

+ Cf[m [ng gD plkrjirg) | PES)&E? Béjyrk,irk)] } .
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Finally, the limits involving Cyj are given by (j # i, k # 4,7, | # 4,5,k and r = ryjp #
/1:7.].7 k) l)

_ Pl Pl o,
Cijkl RR = N12 SJT S—kl BI(ZVJ;’UMT) s (C59)

Sit Cijtt RR = Si, Cjiy RR = Sy, Ciji, RR = Sy Cjux RR
= AN Cy, Oy, £ €1 plrkin) (C.60)

SCik Gijkl RR = %ikl Cklij RR = @ikl Ejikl RR = SC;y, Cklji RR
P“”

Skl

_ 2 (%) ijr.klr) .
=2 N2y, £ MO gliriin (C.61)

H_Cijkl RR = aijkl (1 + g@k + gjk + gil + gjl - @ikl - @jkl - @kij — %lij) RR
Phc uy hc,po

— N2 ZEE) TR Bk (C.62)

K po
Sij Skl

Strongly-ordered double-unresolved improved limits
The improved limit S; S, is given by (k # 1)

N2 i (k) (icd) zcd Jkef) (k)(icd) (icd,ked
TIZ {5c(d)l Z < ZS . cdef "’2‘9 . éded :

c;éi,k e#i,k,c,d N f#i,k,c,de

d#i,k,c
T 2 Z ge(s)(ldC) B((;jide(zikEd) + 2 ggj)(wd (B(wd ked) + C B(ZCd kcd))]
e#i,k,c,d

S:Sik RR

_20, [g]ic 505) ick) B(wk ked) + 5 g k) (ikd) B(zk:d kcd)]}‘ (C.63)

For S; SC;j; and S; S; SCix we have (k # 4, [ #4,k, and 7 = 74y # 1, k, 1)

(zcd)
- kl ic T
Si S ikl RR = Z { 2 5cd zcd uui(fl ) (C64)
c#ik,l d+#i,k,l,c k:l
B (zkc)uu T
ike,lrk) ike,lrk
+ 51£c < (C)B;(w k] B;(w kl]c )f ) + (k< 1)

925 ](;kC)

B P(zck) T
+ g]ii (r) (p(C)B (ick,lrk) B(zck lrk)f ) + (]{3 - l) } :

Qs(zck) uv,[Kl]c uv,[Kl)
kl |
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#SCiy RR = S; S, SCix RR
w3, [20, 3 e gpenngen e

c#i,k,l d#i,k,l,c
+ CA 5;22 (g(k ) (ikc) l(zkc Jrk) 5(k )(ick) l(zck lrk))

ko2l
CDI

+(20fl_cA)gl(ci) (5( )(zlc)B(zlc krl) +5 k)(Ge) g (zcl,krl))].

Combining the previous definitions we have (j # ¢, k # 4,7, and r = r;j; # 4,7, k)

S.SHC,y. AR = ,5C, (1 -5, - Su) R (66
(zcd)hc uv
jk(r icd,jkr
= _M2Z { Z gcd ] zcd /,(Ll/ ccg )
c#i,g,k U d#i,j,k,c ]k
B (ch;hc SV _
? k(r ije,kry) ije,kr
e _(ijo) ( W B [jxcj +5,;, ]k]) ) (J < k)
B Sjk‘
B P(]chy%hc ny _
(7‘ J T () (’LC] kr] ’LC] k"l"])
+ 5 9 glics) (pﬂf BW [ikle +B;w [jk]c ) (j < k) } .
B jk |

For the strongly-ordered double-unresolved limits involving S, d-jk, we have (j # i, k #
i?j? T = Tijk 7 iaja k)

S,C,,1(1-5C.,1 )RR

B i)y B (irj) v

Cy. [P L | o
2 —JI5k] ©) @) |~ Jk(r) (igr,gkr) _ p(igrkry) Jgk(r) (irj,gkr) _ p(irj,kry)
Nl 2] { Pk gjr g(ijr) (Bug ’ sz ]) + g(irj) (BW“ B/wj ])]
jk jk
P £
) JR(T D (ikr,jkr p(ikr,jrk JR(T n(irk,jkr R (irk,jrk
e e e g P g
Sk Sk
' P(%Jk);w P(zkj)/w
_ @ e@)| k() (ijk,jkr) k(r)  B(ikjjkr)
Prin ik [ —(ijk) Bug T+ S(zk]) By ’ (C.67)
Jk Jk

S:Sij Cijr(1-SCijx)RR = S;S;; Cit;(1—SCyj)RR
EN12 ka{ C’Ag [ ) (357) ( zg'r]k:'r B(z‘jr,krj)) + g]gj)(iTj) (B(irj,jkr)_B(irj,krj))]
(Qka CA) (c/'li) [5 J)(ikr) (B(zkr gkr) B(ikr,jrk)) + glgj)(”k’) (B(iTk7jkT) _B(irk,jrk))]

kr

e g [5 (ik) gijk.jkr) +Elgj)(ikj)B(ikj’jk’")]}, (C.68)
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Si HCz]k RR = S;Cyj, (1 —S;; —Six) (1 — SCijx) RR (C.69)
D zgr)hc,uu = (irj)he,uv
— A2 Chun (c>5 i B(z]r,jkr) B(ijr,krj))+ Jk(r) (B(irj,jkr)_g(irj,krj))
7l 9 Pk m v g(irj) pv pv
ik
P zkr he,uv 5(irk)he,uv
() Jk(r) ikr,gkr D (ikr,jrk Jk(r) n(irk,jkr n(irk,jrk
+pk] 8kr [W (B;(AV ! )_B;(U/ ! ))+ T _(irk) (B;(U/ ! )_B;(u/ ! ))]
Sjk Sk
*(ij('k))hc,;w *(il;j))hc,;w
_(© @) _gk(r B (ijk,jkr) Jk(r (ikj,jkr)
i [ G B T e B }
5k Sk

For Cyj SCyij and S; Cyj; SCyij we have (j # i, k # 0,7, 7 = riju # 1,5,k 1, 1/ = 1553, #
i, J, k in sector Wik )

o P’W I
Cij SCij RR = N2 ij(r { Z l Z gc(s:)(z]r)B(z]T,kcd 49 g (k) (igr) (zgr ker! )]
c#i,7,k,r

] pv,ed ;w cr’
Sij 'L d#i,5,k,r ¢
+23 ENOp ,jﬁ;f”’} : (C.70)
c#i,5,k
§1 Ei]’ S_]m] RR = §7, aji %kji RR
— 2N12 ij 5](:}{ Z l Z 50(5 )(@57) B(zyr ked) + 2585,) ijr) BS_J/T Jker! ):|
c#i,g,k,r’ - d#1,5,k, 1
+9 Z g (k) (igr) zgr kcy)] : (071)
c#i,5,k

2PZ.};(E;“I;V (k)(igr) p(igr.ked) (igr) (z rkcr)
—NZPEEL N 25 Bl +2£0)00 Bl

v c#i,5,k,r' - d#i,5,k,r' ¢
& (k) ( z]r o (ijr.kej)
+2) ) EQUIBINI L (C.72)

c#1,5,k

The improved limits aij gz’j RR, §z aij gz’j RR and their combination HCZ] gz’j RR appear
in the sector topology W;;ji only, and are given by (j # ¢ and r = 7,5 # 4, j, k)

~ qQ R r 9r nyr %(Z]T) ]_C(l]"’) ]_fgl,]j) E.(sz") H(igr,jc
Cij SZ-JRR _ _MQZ{ SJ( )(c/'c(d)(J ) J(r) [ AT v N, B(] jed)

i Sij (ig7) (@) [ | g(idr) () cd ’

Sjc S;d Sje Sjd

C#1,j
#1,5,C

(C.73)

SiCi;Siy RR=S,C;iS;; RR = —2N2Cp £ Y EYWD B (C.4)
iZie
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h v ijr) 7.(j7) 7.(ig7r) 7.(ij7)
_ng Z [Pij%r) g(é)(ijr) ng ( J kd,u ) (kc,i B kd,y )] B(z‘ljr,jcd)
. c . (igr) ijr) _(igr) _(igT) c :
agie W s\ s s s

For the strongly-ordered double-unresolved limits involving Eij Eijk, we have (5 # 1,
k # iaja T = Tk #* Z?j7k)

P '(ijT‘)/W Q
Cz ClkRR N2 ij( )&B(Ur]kr —|—2C 5 k) (igr) ZJ(T 'Ljrjkr (C76)
J J Sis _(igr) ny Sis ;w
1) Sjk 1)
c(g)gr Q'ijr Z(ijr)]zl(jjr) H(ijr,j
—20y, 5}51)(] ) SJ( ) 2 — Bir.ikr) :
i (k‘(”ﬂ)
N _ pyime
8:Cyj Ciyp RR = S, C;; Ci RR = 2N2Cy, £) L0 Bk, (C.77)
ik
~ o ~ c(7)(gr -Pi'r Q;“’ ZZ k}}]’“) S(iir.i
C;;S;; CyjrRR = 2N €y, DM ZWW0 200 T BUrdkn) (C.78)
Sij Sij (k 2]7"))
SiCyjS;jCis RR =8,C;;S;;Cjie RR = AN?2Cy, Cy, £ EPWD plardkn - (C.79)
. vty Py
Cij Cijk SCuij RR = 2N Cy gy % Bgirk), (C.80)
]

S, Eij Eijk @/ﬂj RR =S, Cﬁ ajik; ﬁkﬁ RR = 4./\/’2 Cf 5@ 5 (K)(egr) B (igrkrd) , (C.81)

HC, HC,; RRZ, = C;;(1-S, —S;) Cyjs (1 —S;; — SCyyy) RR (C.82)
s, P
_ 2 - uylr Jk(r R (igr.gkr)
A sij U B
jk
he,uv
wyr ij(r) R(ijr.krj p(igr.kjr
—2./\/‘20]0 ])j—<B,(wij)_B,gg k1)>.

Sz'j
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Finally the limits involving C,; C;ju are given by (j # i, k # 4,5, | # i,j,k and r =
Tijkl 7 i7j7 kal)

w  plijr)po

Pt
rafiiral _ ij(r) ~ ki(r) D (ijr klr
Cij Cijkl RR = N12 S]— W Blggpfl ) s (083)
v S
L L P(w)pff -
S;Ci;; Cyw RR = 8,C;; Cjin RR = 2N Oy, £F) Bl - (C.84)
ki

L L pwo
C,; SCpi; Cijru RR = C;;SCy;; Ciyi RR = 2N2C, %gg’“)(”” Blarkn (1 .85)

jn%

= 4N2Cy, Oy £ &F Bl (C.86)

H_Cz‘j H_ng(];)l RR = Eij (1 — §z — §]) Eijkl (1 — E]m‘j — %lij) RR (087)
he,uv 5 (ijr)he,po
_ ./\/'12 Pij(?“) Pkl(?") Bligrkir)

B —(igr pvpo
A

C.2.2 Improved limits of Wi, Wijkj, Wijn
Single-unresolved improved limits

For the single-unresolved improved limits we have (j # ¢, k # 4, | # i,k and r = ryi #
i? j? k? l)

SiWijn = Wi V\{ U ; (C.88)
Cij Wijn = Wi VVC i) (C.89)
S: Cij Wijn = Wi - (C.90)
Uniform double-unresolved improved limits
The double-soft improved limit is given by (5 # i, k # ¢, | # i, k)
Sit Wiji = Tijh . (C.91)

Zb;ﬁi Zd;&i,k Oibkd + Zb;ek Z#k,i Okbid
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The soft-collinear improved limits SC;;; and %kij as well as their double-soft versions
gik @ikl and gzk%kw read (j #i, k#1,l #1, k})

(@) ox
SC = Y Wkr C.92
ikl Wijhi = = o) o) , r=ri, (C.92)
@) [ ok Ok Okl . % )
2b2i Oib (w,w + wh) il Y gin Oid + 2 Dy Oid
ol
— Wi Jkl
SCkl’j Wijkl = (@) ) , = szk,(Cg?))

(@) (i | oji Tij Tji
Dok Onp | ws + wir ) T wn Didwik Okd w4 Dk j Okd

()
= == 05 Okl
Sik SCirg Wiji = @) &) T = Tig (C.94)
bi Oy Okl + O3 Dogsi g Oid
i <Tal UE;-Y)UM
Sik SCrij Wijr = T =Tk (C.95)

(o) (@)
Dbtk Ok Oij T 055 2igoei g Ohd

For the uniform double-unresolved limits involving Cjx, we have (j # i, k # i,j and

r= Tk # 1, ], k)

o Gens o P
Cijt Wijjk = w, Cijr Wiji; = AUk_jm, (C.96)
O {ijk}(r) O {ijk}(r)
— a'z r
Sij Cz‘jk Wijjk = = ~ ij(A) ~ ) (0'97)
Oijjk(r) t Oikjk(r) T O jiik(r) + O jkik(r)
o P
Sik Cijk Wiji; = iki(r) ; (C.98)

Oijkj(r) + Oikkij(r) T Okiijr) T Okjij(r)

(@)

Zij_ ik
& a6 _ wly W
CZ]]{: SCZ]k‘ W’L]jk‘ = (@, (a (a) () ) (099)
Zij *%ik (o o oki ) 4 Tik ow 4 kil Oij
wey, Wiy Wiy w;?‘r Wiy WP Wir
05? : Thj
-~ _ wﬁ. Wi
Ciji SCijk Wijki = —o— o) o> (C.100)
Zij *%ik (O L oki ) 4 Tk ow Tk Ti
wey, Wiy Wiy w;?‘r Wiy WP Wir
05}-1 : Thj
—_ — . W, Wy .
Cijk SCriy Wijki = —o—= ) Ot (C.101)
Ori Tk Tji + Tij O350 Oi + O Okj
wl(:r Wiy Wir w?r Wir wfffr Wkr
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ey

Zig ik
Si; Cijt SCij Wi = i M C.102
i Cigi SCijk Wijjh = —5—a 5 (C.102)
(@) 4 (@) ()
Zij "%k %k 4 Tik o
o wy | wg wi
o ony
o ~ o W, Wiy
Sik: Cijk Sngk Wijkj = o o = o y (ClOS)
P C O C)) o
Zig ik Okj ki Tij
wgy, Wiy Wy, Wir
o ony
—_ = = wr Wiy
Sik: Cijk SC]m] Wijkj = @ (@ = @ (C104)
o, ‘o, .. o, .
ki ki Gij 4 Tij Tk
wi, Wi we Wy

Finally the limits involving Cy;x; are given by (j # i, k # 4,7, | # i,j,k and r = ryj #
/1:7 j7 k) l)

Oijkl
Cijkl Wijkl = OijkitOklij 0¢jzk+01ki‘l;wwl:72ikz+0kzji OjilktOikji (C105)
WirWer WirWiy WirWer WirWiy
oo
= ij kl
Sit Cijit Wiju = @ O (C.106)
0 Okl + 04044
_ (o) opy
SCiki Cijit Wijn = - - w'"(a) = , (C.107)
ofp (v )+ (4 ),
()
_ Okl
SCrij Cijin Wiji = e (C.108)
Ul(;)(gi Z§T> + (TU_JT Tj )Ukl
Strongly-ordered double-unresolved improved limits
The improved limit S; S; is given by (j # i, k # 14, | # i, k)
Si St Wijtt = Wi i VVS(O;]) . (C.109)
For S; SCyj; and S; S; SCipy we have (j # 4, k # i, [ # i,k, and r = rypy # 4, k, ()
Si SCiti Wit = We, ki) VVS(?J) ; (C.110)
gi gz‘k @ikl Wijkl = va(,?]) . (Clll)
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For the strongly-ordered double-unresolved limits involving S; Eijk, we have (j # i, k #
i,j, r =1y # 1,7,k and T = jk, kj)

(a)

_ __ _ O
Si Ciji(1=SCuji) Wijr = Wer(r) ﬁ ; (C.112)
045 +0;
L (a)
Si Sij Cijk(lfSCijk)Wijjk = ﬁ s (0.113)
ij +Uik
L L U(Oé)
Si Sik Cije(1—=SCyji)Wijk; = ﬁ (C.114)
+0,

For Cij %kij and S; Gij SCyi; we have (j # i, k #1, 1 # i, k, and r = rym # 1,7,k,1)

Cij SCrij Wijia = WCSO{])-(T) Wa s (C.115)
gi Eij ﬁ]ﬂj Wijkl = WS’ kl - <C116)

The improved limits Cij §ij RRWi;jji and S, C., §Z] RRW;jji read (j # i, k # 1,7 and
T =Tk # 1,7, k)

61] gij Wijie = VVC(%)'(T) Ws,jk ) (C.117)
gz‘ aij gij Wijjk = W&jk . (C118)

For the strongly-ordered double-unresolved limits involving ﬁij Eijk, we have (j # i,
k#1,7,r=rik#1,7,k, and 7 = jk, kj)

Cij Cijie Wijr = Wc(,?g)'(r) We,r(r) (C.119)

§z‘ aij aijk Wijr = _C,’T'(’I‘) 3 (C.120)
6 Sy ajk Wijje = M}C((:;(r); (C.121)
S: Ci; Sij Cijs Wijjr = 1; (C.122)
EJ 6 SCkU Wijkj = )/VC(’C;])(T) ) <C123)

S: Ci; Cijt SCrij Wijn; = 1. (C.124)
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Finally the limits involving C,; C;ju are given by (j # i, k # 4,5, | # i,j,k and r =

Tijkl 7 i7j7 k) l)

Cij Ciju Wiju = VVC(U) We ki(r) ;
S: Cy; Cijrt Wiju = W, kl(r) 5
Cij SChij Cijru Wij = VVC(?])
S:Ci; SChi; Cijt Wi = 1.

C.2.3 Improved limits of Z;;i, Z;u

Single-unresolved improved limits

For the single-unresolved improved limits in K {( we have (j # 1, k #1,7)

gi Zijlc = Z]k <Z -+ Zb ) mz’j Zijk =

while for K{%Ll} we have (j # 1, k # 1, 7)

S; Zijkl = Zi z mij Zijkl = Zi .

s,1] 0
Uniform double-unresolved improved limits
For K{(éi;} we have (j # 4, k # 1,7, and r = i, # 4,7, k)

o Oikkj + Oijkj T Okiij + Okjij

Sik Zijk =
J bl
Dibi Dadi e Tibkd T Dpsr Digik; Tkbid
o) @
(a) (@) Ojk
< + 0, u%ﬂvak ok O'Zk-f— AL 0
SCIjk szk - (a) o o ol
9k kg jk . _’“7 .
b Tib (wjr + ww) T o Ddrij Oid T o Diagip Oid
(a) (a) (a)
- ( +o5 ) o+ Ok Oik
Sij SCijk Ziji, =

20 O z(b)ayk + ng Zd;e”
HC,j, Ziji = 1,
az‘jk SHCUk Zijk =1.

(C.129)

(C.130)

(C.131)

Y
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For K{(;Ll} one has (j # 14, k #1,5, l #i,7, k, and r = ryy # i, k, 1)

= Oijkl T Oklij

Sik Zijki = : (C.132)
! Dbti Qi Tibkd T Dz, Digoeki Okbid
o <m + m) + (ﬁ N al%?)) 7
—_ Wkr Wir W Wiy
SCin Ziji = © @ ey ’
S 00 (B ) 4 TS 0+ B Y O
() (o)
_ O, Okl + 0 0ij
Sit SCit Zigwt = & O :
bei Oib Okl T Ohp Do Oid
HCjp Zijr = 1.
Strongly-ordered double-unresolved improved limits
For K{%i; one has (j # 14, k # 1,7)
SiSij Zijk = Zs.jk (ZS(OZ + ZSL) ; (C.133)
S.SHC,;; Ziy = 21 + 2.,
S,HCY Z =1,
HCZ] §ij Zzgk - _s ik »
HC;; SCyij Ziji = Zkj -
S Tal (c)
For KM one has (j # i, k # 1,5, | # i, j, k)
r {ijkl} n J 2, 7, RWE
Si S Ziju = Zou 21, (C.134)

S;SHC,yy Ziji = Zﬁi ;

HC;; SChij Zijin = Zo,m »
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C.3 The consistency of the double-real contribution RR,,,

The finiteness of the subtracted double-real contribution RR,, in Eq. (3.33)) is achieved
once the integrability of

ijjk ijjk T ijjk

RRWjji — K® (K (2) K(12)) — integrable,

ijkj ijkj ijkj

RRWj1; — KY _ <K(2) — K(12)> — integrable
RRWiju — K i(jlk)l - (K i(jZk)l - K i(j1k2l)> — integrable, (C.135)

has been proven. In the following sections, topology by topology, we provide a detailed
list of all the relevant consistency relations that establish the locality of our singularity-
cancellation procedure. When an entry of the following lists involves a difference between
two improved limits, it implies that both contributions exhibit the same leading singular
behaviour in that particular limit. In cases where more than two improved limits are
involved in a given consistency condition, then it means that all of these limits display
the same leading singular behaviour.

C.3.1 Topology Wik

Let us prove that

RRW;jik — KV <K (2 _ K(12)> — integrable, (C.136)

ijjk tjjk ijjk
in the proper singular limits of this topology (namely the first line of Eq. (3.37)):
Si , Cij s Sij s Cijk s SC’L]k‘ . <C137)

The counterterms of this topology are

K3 = [8:+Cy (1-8) | RRWy,

= :gij +SCijr (1 -S;) + Ciie (1 —=Sy) (1 - Scijk)] RRWijjk ,

K(12) = _Si (gw + @ijk (1 — glﬂ) + Eijk (1 - gz]) (1 - %Uk) >

+C,; (1-8)) (§ij + G (1 §ij))] RRW,.. (C.138)

The consistency of this topology is achieved through the consistency relations:
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e Limit S;
S, (1-S;)RR Wi — integrable,
S, Eij (1-S;)RR Wi — integrable,
S, §ij (1-S,)RR Wi — integrable,
Siéijk (1-S;)RR Wi;ji — integrable,
S, §ij _zyk (1-S;)RR Wi — integrable,
S;SCijk (1 — S:) RR Wijji — integrable,
S; §,~j SCjk (1 — S,))RR W;jjk — integrable,
S, Eijk SCiji (1 — S,)RR W;jjk — integrable,
Slgij Eijk SCiji (1 — S:) RR Wi — integrable,
S, Ezj §ij (1-S;)RR W;jjk — integrable,
S, Ci; Cijr (1 — S;) RRW,;j1, — integrable,
S; ﬁij §1j Cijk (1-S))RR Wi — integrable ; (C.139)
e Limit C;;
Ci;(1— 6”) RRW;;ji — integrable,
Ci; S, (1— EU) RRW;jjr — integrable,
Ci; gw (1-— Ew) RRW);;ji — integrable,
Ci; ngk (1— 6”) RRW;jjr — integrable,
Ci; §ij Czjk (1-— EU) RRW;jjr — integrable,
C;; SCiji (1 — Cyjx) RRW;;ji, — integrable,
Ci; §U SCijk (1 — ka) RRW;jjr — integrable,
Ci; S, SCijr (1 — ka) RRW,;ji — integrable,
Ci; S, _ij SCjk (1 — Ewk) RRW,;ji — integrable,
C;; S;S Si; (1 — 61]) RRW;jji — integrable,
Ci; gié 5 (1 — C”) RRW,;ji — integrable,
Ci; S, §ij6 (1- Ew) RRW);;ji, — integrable; (C.140)
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S;; (1 —S;;) RRW,;;, — integrable,
S;; Si (1 —S;;) RRW,;;x — integrable,
Si; 61] (1- §U) RRW;jjr — integrable,
S S, 613 (1-— gw) RRW,;ji — integrable,
Si; _Z]k (1— §w) RRW;jjr — integrable,
Si; SCji (1 — §U) RRW;jjr — integrable,
S Eijk SCijk (1 — gw) RRW,;ji — integrable,
Si; S, ik (1 — §U) RRW;jjr — integrable,
Si; S, SC; ik (1= gw) RRW;jjr — integrable,
S S, Eijk SCjk (1 — gw) RRW,;ji — integrable,
Sz‘j 61‘]‘ ijk (]. gw) RR Wzg]k — integrable,
Si; S, CU ik (1 — gw) RRW;jjr — integrable; (C.141)
e Limit Cijk
Cijr (1 - ka) RRW;jjr — integrable,
Cijkg (1-— ﬁwk) RRW;jjr — integrable,
CME] (1-— Emk) RRW,;ji — integrable,
Cijk §Z-GJ (1— Ewk) RRW;jjr — integrable,
Cijkgj (1-— GU;C) RRW;jjr — integrable,
Ciji SCijr (1 — Ewk) RRW,;ji — integrable,
Cijx Sij SCiji (1 — Cijx) RRW)jj. — integrable,
Cijk gigj (1-— GU;C) RRW,;ji — integrable,
Cijk S, SCjk (1 — Ewk) RRW,;ji — integrable,
Cijk S, §Z-j SCijk (1 — Ewk) RRW);;ji — integrable,
Cijr Cij Sij (1 — Cijx) RRW; 1, — integrable,
Cijk S, 6ij§ (1-— Emk) RRW),;ji — integrable; (C.142)
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e Limit Ska

SCji (1

(1 —

)

)

)

)

)
SCijr)
)

)
Si)
- S))
- S))

SC,jrx) RRW,;;i — integrable,
SCi;r) RRW;j;ji — integrable,
—S,)RR Wijjr — integrable,
SCi;r) RRW;j;jr — integrable,
SCi;r) RRW;j;ji — integrable,
SCijr) RRW;jj, — integrable,
RRWijjr — integrable,
SCijr) RRW;jji — integrable,
SCijr) RRW;jj, — integrable,
i) RRW,jjr — integrable ,
i) RRW;jji — integrable ,
i) RRW;jji — integrable .

(C.143)

In addition to the proper singular limits of RRW;jjx, the improved limits of RR have

spurious limits, which must be consistently compensated by the sector functions and/or

by other improved limit{l] (see first line of Eq. (3.38)):

e Limit C;,
Ci, Cij (1 —S;) RRWijji
Cir Ciji (1 =S;) RRW,jj1,
CirSij Cijr. (1 —S;) RRWijn
Cir Cijr SCij (1 — S;) RR Wi
Cir Sij Cijr SCyji. (1 — S;) RR Wik
Cir_i ](1 gz)RRka
Cir Cij Cijr. (1 —S;) RR Wi
Cir Ci; Sij Cijie (1 — S;) RRWijjn

— integrable,
— integrable,
— integrable,
— integrable
— integrable,
— integrable,
— integrable

— integrable; (C.144)

'In the list we omit the other singular limits which are trivially compensated by the sector functions such as

Ckr, Cikr, and Cjkr.
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e Limit C;,
C;, SCyji (1 — Sij) RRWjjjr — integrable,
er gzé ik (1 glﬂ) RR W,;jjk - integrable,
C,, S, SC; ik (1 — §2]) RRW;jjr — integrable,
C;.Si Cijr. SCyji. (1 — S;j) RRW;;;x — integrable; (C.145)
e Limit Cijr
Cijr Ciji (1 —S;;) RRW,;;, — integrable,
Czjr ai]’k SC ik (1 gzy) RR Wijjk — integrable,
Cijr gzé ik (1 glﬂ) RR Wijjk - integrable,
CUT gz aijk SCUk (1 §1]) RR Wijjk - integrable s
Cijr Cij Ciji (1 — Sij) RRW;jj, — integrable,
Cijr §z Cij 6 (]_ g@j) RR Wijjk - integrable . (0146)

To complete our analysis, we must also examine the consistency relations for secondary

limits that are not suppressed by sector functions when taken in specific limits. As

specified in Eq. (3.39), we verify

S;S:(1—S,;) RRW),jj. — integrable,
S;S; Cijr(1 — Si;)(1 — SCyjx) RRW;jji. — integrable,
S;S:SCix(1 —S;;) RRW,jj, — integrable; (C.147)
e Limit Cjk
C;x Si(1 — SCyjx) RRW,jji. — integrable,
Cjk S, §Z-j(1 — @wk) RRW),;ji — integrable,
C;x S; Ciji(1 — SCyjx) RRW;jjx — integrable,
C;x SiSij Cijr(1 — SC;jx) RRW;j; — integrable. (C.148)

C.3.2 Topology Wi,

Let us prove that

RRWije; — K. —

ik (K(z) K(12)> — integrable, (C.149)

ijkj ijky
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in the proper singular limits of this topology (namely the second line of Eq. (3.37)):

Si ) CZ] ) Szk ;

The counterterms of this topology are

KW

ijkj —

=[S+

(1-80)| RE Wy

Cz_]k: ;

SC’L]k‘ )

SCpi; -

(C.150)

K ;= | S+ (ST + SCiy) (1= Si) +Cigie (1 = i) (1~ SCiy — SCiiy) | RR Wi

K =|8: (Sin + SCije (1 = Sie) + Cign (1~ Sr) (1 - SCize) )

ijkj

+Cy (1-8,) (SChy + Cign (1 - SCy) ) | RE Wiy

The consistency of this topology is achieved through the consistency:

) RRWz]kj
i) RRW;ji;
i) RRWiji;

) RR Wz]kj

m| cn| m| wl ml ml

.

UJI U)I CDI

i) RR Wi
i) RR Wik
i) RR Wi
i) RR Wi
i) RR Wi
i) RR Wi

UJI CDI CDI

)
)
)
)
)
)
) RR Wi
)
)
)
)
)
)
)

U)I CDI

i) RR Wik,

7 RR WZ]kj

i) RRW;ji;

— integrable,
— integrable,
— integrable,
— integrable,
— integrable,
— integrable,
— integrable,
— integrable,
— integrable,
— integrable,
— integrable,
— integrable,
— integrable,

— integrable ;

(C.151)

(C.152)
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e Limit C;;
C;; (1 — Cyj) RRWjjy,; — integrable,
C;; Si (1 — Cy;) RRW;j),; — integrable,
Ci; Si (1—S;) RR Wijk; — integrable,
Cij Cijx (1 — C;j) RRWj),; — integrable,
Ci; Sit Ciji (1 — S;) RRW)jy,; — integrable,
C;; SCiji (1 — Emk) RRW;j; — integrable,
Ci; Sit SCijr (1 — Cyjx) RRWjy,; — integrable,
C;; SChij (1 — Cyj) RRWjy,; — integrable,
Ci; SCyi; (Sir — S; 6”) RRW;j; — integrable,
Ci; Ewk SCyij (1 6,]) RRW;;i; — integrable,
Ci; Cijr SChij (Sir. — Si Cij) RRW,ji; — integrable,
Ci; S;Cijx (1 — Cyij) RR Wijk; — integrable,
C;;S;SCiji (1 — Cyjx) RRW;j;i,; — integrable,
Ci; S:Sit SCijr (1 — Cijx) RRWjy,; — integrable; (C.153)
e Limit S;x
Sir (1 — Six) RRW)jj,; — integrable,
Sir.Si (1 — Six) RRW,ji,; — integrable,
Sik Cij (1-S;)(1— ﬁkij) RRW;j; — integrable,
Sik Eijk (1 —Six) RR Wik — integrable,
Sir. SCiji (1 — Six) RRW)ji,; — integrable,
Sir Ciji ﬁijk (1 —Si) RR Wijk; — integrable,
Sik S_;m (1 —Six) RR Wik — integrable,
Sit Cijr. SChij (1 — Six) RRW)jy.; — integrable,
Sir Si Ciji (1 — Six) RRW;;i,; — integrable,
Sit Si SCijk (1 — Sir) RRW,ji,; — integrable,
Sit Si Ciji. SCijk (1 — Six) RR W, i; — integrable,
Sir Cij Ciji (1 = S;) (1 — SChij) RRWjj,; — integrable; (C.154)
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Cijk (1 — Cyjx) RRWijp; — integrable,
Cijx Si (1 — Cyjx) RRWijy,; — integrable,
Cijt Cij (1 — Cijx) RRW,ji,; — integrable,
Cijx S; Cij (1 — Cyj) RR W i; — integrable,
Cijx Sir. (1 — Cyjr) RR W, i,; — integrable,
Cijr SCiji (1 — Eljk) RRW;j; — integrable,
Cijk Sit. SCyji (1 — Cyjr.) RRW;ji; — integrable,
Cijk SChij (1 — Cijx) RRW;jy,; — integrable,
Cijk Sir. SChij (1 — Cyj) RRW,jx; — integrable,
Cijt Si Sir. (1 — Cyjr) RRW,ji,; — integrable,
Cijt Si SCiji (1 — Cyjx) RRWiji; — integrable,
Cijk S, Sk %Z]k (1—Cyr) RR Wijk; — integrable,
Cijk Eij SC,; i (1 — Ewk) RRW,jx; — integrable,
Cijt Si Ci; SChij (1 — Cyjp) RR W, i; — integrable; (C.155)
e Limit SC;j;,
SCijr (1 — SCyji) RRW;j,; — integrable,
SCijx S; (1 — SCyjx) RRW,ji,; — integrable,
SCijx Cij (1 —Si) (1 — Cyjx) RRWjjy; — integrable,
SCijx Sit (1 — SCyjx) RRWiji; — integrable,
SCijk Cijk (1 — SCijx) RRWji,; — integrable,
SCijx Sir Ciji (1 — SCyjx) RRWijr; — integrable,
SCijx SChi; (1 — Si) RRW;ji; — integrable,
SCijr Cijk SChij (1 — Si) RRWijx; — integrable,
SCi;x Si Six (1 — SCyj1,) RRWjy,; — integrable,
SCijx S; Ciji (1 — SCyjr) RRW,j1,; — integrable,
SCijx Si Sit Ciji (1 — SCyjx) RRWijx; — integrable,
SCijx Ci; SCyij (1 = S;) (1 — Cyjx) RRW;jx; — integrable; (C.156)
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e Limit SC]“]

i) RRW;j; — integrable
RRWi;ji; — integrable ,

)
k)
;) (1 — SCy;;) RRW;j; — integrable,
SChi; Ciji (1 — SCyy;) RRW,j1,; — integrable,
SChi; Sit Ciji. (1 — SChij) RRWijx; — integrable,
SC1i; SCijr (1 —S;) (1 — Six) (1 — Cyjr) RRWijx; — integrable,
SChij S; az]k (1 —Si) RR Wijk; — integrable,
SChi; Cij Ciji. (1 — SChij) RR Wiy, — integrable,
SCyi; Si Cij Ciji. (1 — SChij) RRWijx; — integrable. (C.157)

In addition to the proper singular limits of RR W;j;;, the improved limits of RR have
spurious limits, which must be consistently compensated by the sector functions and/or
by other improved limit{| (see second line of Eq. (3.38)):

e Limit C;,
C,, Eij (1-S,)RR Wik — integrable,
Ci Ciji (1 —S;) RRW,j;,; — integrable,
C; - Six _mk (1-S))RR Wijk; — integrable,
Cir Eijk SCjk (1 — S,)RR Wik — integrable,
Cir Sit Ciji SCiji (1 — S;) RRW)jy,; — integrable,
C, S_kij (1 —Six) RR Wijk; — integrable,
C,, Cijk S_;mj (1 —Six) RR Wik — integrable,
Cir Cij Cyji. (1 — S;) RRW,jx; — integrable,
C,, Cij SCyi; (1 —~S))RR Wijk; — integrable,

Cir Eij Eijkz %]ﬂj ( - S, ) RR Wijkj - integrable X (Cl58)

2In the list we omit the other singular limits which are trivially compensated by the sector functions such as
er, Cijr, and Cjkr-
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e Limit Ckr
Ckr% (1 —Si) RR Wik — integrable,
Ckr §Z 6 ik (1 gzk) RR Wijkj - integrable,
C,.S;SC; k(1 — Sit) RR Wijk; — integrable,
Ck;r Sl EwkS_ ik (1 gm) RR Wijk:j - integrable,
Ckr Ez’j azjk (1 _C ]) RR W,‘jkj - integrable,
Ckr gz Eij Eijk (1 _C ) RR Wijkj — integrable; (Cl59)
e Limit Cikr
Citr Ciji. (1 — Six) RRW)j).; — integrable,
Cir Ejk SCiji (1 — Sit) RR Wijk; — integrable,
Cixr C; kS_kij (1 —Si) RR Wik — integrable,
Citr Cij Ciji (1 — SCyyj) RRWjy,; — integrable,
Cir S; C;: Emk (1 —SCy ;) RRW;;i,; — integrable. (C.160)

To complete our analysis, we must also examine the consistency relations for secondary

limits that are not suppressed by sector functions when taken in specific limits. As
specified in Eq. (3.39), we verify

e Limit Sk
S, Si(1 —S;;) RR Wijk; — integrable,
Sk 61](1 — %kw) RR Wijkj - integrable,
S: S; éij(l — SC, i) RRW;ji,; — integrable,
Sk §z Ewk(l — _lk)(l — SCZ]k) RR Wijk:j — integrable,
Sk S; SCiji(1 — Six) RRW,j1,; — integrable,
Sk Eij Ez]k(l — %lﬂ]) RR Wijkj - integrable s
Sk gl Eij 62]]@(1 — S_ ) RR szk] — integrable; (0161)
e Limit Cjk
Cjk Si(1— SCi;r) RRW;;r; — integrable,
Cjk S; Sin(1 — SC, i) RRW,jr; — integrable,
Cix S; Ciji(1 — SCyjr) RRW;ji; — integrable,
Cji S, S Cijk(l — SC,ji) RRW;j; — integrable. (C.162)
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C.3.3 Topology Wiju

Let us prove that
RR W — K ()~ (K3~ KG) = integrable (C.163)
in the proper singular limits of this topology (namely the third line of Eq. (3.37))):
Si, Cij, Sik » SCi , SChij , Ciji - (C.164)

The counterterms of this topology are

K3 = [8:+Cy (1-8) ] REWy,
K z'(j2k?l — S+ (SCiti + SCyij) (1 = Six) + Cijua (1 + S = SCiy — %klj)]RR W

K2 =[5, (S +5Cu (1 - 8a) )

+Cy (1-8,) (SChy + Cignt (1~ SCiy) ) | RE Wi (C.165)
The consistency of this topology is achieved through the consistency:

i) RRWiji, — integrable,

;) RRW,ju — integrable,

;) RRW;ji — integrable,

i) RRWiji, — integrable

S;SChi; (1 — Six) RRW;ju — integrable,
S: Sit SCii (1 — S;) RRW;jiy — integrable,
)

)

)

)

)

S, éijkl (1 —SCiu) RR Wi — integrable,
SCpij) RR Wi — integrable,
(1 —S;) RRW;ji — integrable,
1
1

i) RRWiji — integrable
—Si) RRW;jiu — integrable; (C.166)
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(C.167)

— integrable
— integrable,
— integrable,

— integrable,

o Limit C;
C,;(1- Ew) RRW;;iu — integrable,
C;; Si (1 — Cy;) RRW);j, — integrable,
Ci; Sir (1 —S;) RRW;jiy — integrable,
Ci;;SCiu (1 —S,)RR Wi — integrable,
C;; SChij (1 — Cyj) RRW;j, — integrable,
Ci; S SCi (1 —S;) RR Wi — integrable,
Ci; SChij (Sir. — S; Cij) RRW;j — integrable,
C;; Ciju (1 — Cij) RRW;ju — integrable,
Ci; CW (Sik — S; éij ﬁlm) RRW;ju — integrable,
Ci; Eijkl (SCin — S; 6,]) RRW;;iu — integrable,
C.; SChij Ciji (1 — Cyij) RRWjp — integrable;
e Limit S,
Sir (1 — Sit) RRWij
SikS; (1 —Si.) RR Wiiki
Sit Cij (1 —S;) (1 — SCyij) RR Wijn
Sit SCits (1 — Sir) RRWijn
Sit SChij (1 — Six) RRWijn

e Limit SC}WJ

SCyij (1 —SCyyj) (1
SC;W (1
SCpij (§
SCpij SCiu (1-
SChij kal (1— SCkU) (1-—

SChi; Ciji [S

)
)
Sik)
Cj))
Sik)

SC}i; S: SCi (1 —

RR kal
RR Wz]kl

— integrable,
— integrable,

— integrable;
(C.168)

— C;j) RRW;jju — integrable,
—Si) RR Wiji — integrable,
—-S; C”) (1-— SC;W RRW);;iw — integrable,
RRWi;ji — integrable,
ij) RRW;ji — integrable,
—SCiu + S; CU (1-— SC;W) RRW,;iu — integrable,
RRW, i, — integrable; (C.169)
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e Limit S Cikl

SCii (1 —SCix) (1 —S;)RR Wi — integrable,
SCixt |y (1= 8) (1 = Cigna) + Cigna (1 — SCigg) | REWija0 — integrable,
SCir; Sir. (1 —SCy) (1 —S;) RR Wil — integrable,
SCiu SC;W (1 —Si) RR Wi — integrable
SCiu [Eijkl (Sik — @m’]) C” SCkw (1-— (1- zykl) RRW;ju — integrable;
(C.170)

e Limit Cijk:l

Cijr (1 — Eijkl) (1-— Cij) RRW;;iy — integrable,
Ciju Si (1 — SCiyy) RRWjj, — integrable,
Cijni (Si Cij — SCin) (1 — Cijri) RRWij — integrable,
Cisn | St (1~ SCigs — SChij + Cign)

UJ

+
w
OI
U)

(1 — kal)]RR Wi — integrable,
ki) (1 — Eij) RRW;;iuw — integrable,
igik (1 — SClkl) RR Wz'jkl - integrable.

Cri
ngkl SCk‘Z] ( 6
Cijkl

93]

(C.171)

In addition to the proper singular limits of RRW;j;i;, the improved limits of RR have
spurious limits, which must be consistently compensated by the sector functions and/or
by other improved limit{| (see third line of Eq. (3.38)):

C,, CU (1 —S;) RRW;ju — integrable,

Cir SC;W (1 —Si) RR Wijr — integrable
Cir Eijkl ( —-SC
CZT Czykl (ﬁkz] §zk RR Wijk:l i integrable s

Cir C” SC;W (1-S;)RR Wijr — integrable

Ci» C;; Cijii (1 — S;) RRW; iy — integrable,
C,» 6,-]- @k” Ciim (1 —S))RR Wi — integrable; (C.172)

3In the list we omit the other singular limits which are trivially compensated by the sector functions such as
er and Clr~

)
)
k1) RRWiji — integrable,
)
)
Si)
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e Limit Cy,

Cir SCit (1 — Six) RR Wi — integrable,
Cs, kal (1— SC,“]) RRW;jju — integrable,
Cir Cijat (SCiry — Sir) RRW)j, — integrable,
Cir SiSCiis (1 — Six) RR Wi — integrable,
Cs, CZ C”kl (1-— SCk”) RRW;jju — integrable,
)

C]W Sl Cij Cz]kl (1 — SC]m] RR Wijkl — integrable . <C173)

To complete our analysis, we must also examine the consistency relations for secondary
limits that are not suppressed by sector functions when taken in specific limits. As

specified in Eq. (3.39), we verify

e Limit Sy,
S Si(1 —Si) RR Wi — integrable,
Sk Ci;(1 — SChij) RRWijp — integrable,
S S; aij(l — SC;W) RRW;ju — integrable,
S, S;SCiu(1 —Si) RR Wi — integrable,
Sk Cij Cijui(1 — SChij) RRWiju — integrable,
Sk S; Cij éwkl(l —SCy; ;) RRW;jiu — integrable; (C.174)
o Limit Cy
Ci Si(1 — SCi)) RRWijp — integrable,
Cy éij(l — GW) RRW;ju — integrable,
Cu S; Eij(l — Ewkl) RRW, ;i — integrable,
Cu S; Sit(1 — SCipy) RR W, i — integrable,
Cri Ci; SCyij (1 — éz]kz) RRW;ju — integrable,
Cu S; C” SC;W(l ﬁwkl) RRW, iy — integrable. (C.175)

C.4 Integration of azimuthal contributions

The azimuthal parts of the collinear kernels Q“ Y Y ~Z V(T and QY . defined in Ap-
pendix |C.1] contain k*k”, where a = i for Pw(r) ]52‘;’(;) and a = i ],k: for Pwk() In

has to be integrated in the single-radiative phase space d®

ijk(r

(igr)
all counterterms, Q! rad

ij(r)

Aol or dCD(]” , while Q“ and Q!

rod are always integrated in d® ”T and d@rgdk;),

ijk(r
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respectively. In all cases, when integrating Qg‘j ZE and Q 1n their single-radiative phase

t o in its double-radiative phase space, the 1ntegral of the tensor structure
Jk(r)

l%{j/;;’ must be a symmetric rank-2 tensor constructed combining ¢g"” and mapped mo-

space, or

menta, see [18]. Thus

fdcpggl FURN RRY = Agh + BEOREOY 4 O(]{;(T)ukc(lf)v + E(gf>u,;<f>u> DR
(C.176)

where 7 = g7, iry, jri,ijkr, g = r if T =4gr,iry, gri, g = r if T = 15kr, and

R I e R A L Ly B (R vy

Since k, is orthogonal to k(™" and E 5o must be also its integrals. This leads to the
conditions D = 0 and A 4+ C k(7 -k, T) = 0. We have

o Ay L AN o
Jd@fﬁ FURY) Kok = A ’g“” - qk( )+k(f) + BEDHEDY - (C.178)

q

In all counterterms this tensor is contracted with either

5 37 KL ’%c(l) R R

T Tyeee S c,v v

By, BU), o - | (C.179)
id

B0

(U2

As a consequence, the terms proportional to k(M or to k(7" vanish, and just A ¢g*
contributes. On the other hand, since k(™) is on shell, A can be obtained as follows:

T 7 ~1/ 1
o [ AV SN TR = Ad=2) — 4 = 1 (ol (R R (C150
Thus in all counterterms we can subtitute
Jae s — agv = a0l pn SR casy

and the integrals of ijy(r), Q;‘].”(T) and Qﬁﬁ(r) vanish in all counterterms:

Qi it R
Jd¢rad ] qu)rade )[_ gMV+(d_2) }{“;22:| - Oa T=ij7‘,i7“]',]'7"i§
S; S

ij j

i

~
T ij(r i7(r k#ku .
de™ 290 _ | gl QJ( )| _ +(d—-2)~*+| - 0, 7=1ijr; (C.182)
rad Sij rad Sij k@

Hv e
Aot~ = 1 | o] Wik [ TP | R S
rad,2 52 - rad2 82 g ]% 9 =1) .

ijk a=ij,k ijk a
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C.5 Constituent integrals

In the following we report the constituent integrals relevant for the analytic integration
of all counterterms at NNLO. Such integrals are schematically denoted as Jf, where t
indicates the type of integral, while ¢ is a set of labels whose different indices denote
distinguished particles.
The soft integrated kernel is

Jim = N Jd(I) el — g, T (s0m)y (C.183)

rad

with

J(s) = & <€ s >‘E T — T2 — )

21 \ e'ep? €21'(2 — 3e)
as s\ 1 2 7 7 5 25
= —_— — — f— _— 1 _— _——
o <N2> [ a2t +6 127T + < 8 &7 <3>6
7, 50 1) ,
+ <54 5™ T3 3 Taa0” )6 +O(e’)|. (C.184)

The double-soft integrated kernels read

z jedef __ (icd,jef) o(i i) 4 icd,jef) _(icd,jef
Jilede] NQqu)radgj £9 gD = §®)s(s( gef) glied; )) 9.
T = N [ a6 £ = I (L0, s 1.
zcd (ijed) (i 2 (ijed
st = [ aetid el el = S () 1 (C.185)

1] )

’L]’

Jied = A2 f 4B € = 27, 9 (550 97— 2.0y S0 (140 g
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with
2 N—€
(4) , Qg 58 1 4 7 5\ 1 14 , 50 1
— (=) (= — 4+ = 16 — 712 | = S N
ACHD (27r) (M4> [ e4+e3+(6 &7 2t 60 57 56 )2
56 200 29
+ 216 — ?77'2 - —<3 1207T4+ O(e)] :
2 N—€
(3) , as\ [ss 1 4 4 1 16 , 68 \1
— (=) (= 4 (17=2 B o
fe(55) (QW) (u4> [64+ +(7 R (U il S
68 272 13
+284—? 2——43 —7r + Ole )]
T2 (s) as\(sYH[ L 4 g 3L (6 g 2!
5®s 2w ) \p? et e 2 Je? 3 ¢
308 19
+ 312 — 277’(’ — —<3 EOW + 0(6)] s
segs) = (Y(Y [LL, 1 (us 7, !
s ERVIIAVE 6 e 18 €2 27 36"
1474 131
TR —543”(6)]
2 —2e
(o) gy — (QsV(2) | LL 31 (487 2 5\ 1
T8 s) <27r) <u2> lze4+12 e\ 3 37 ) e
NECRE R AL
27 72 °) €
19351 3829 1025 23
— - . (C1
TR 6T 18 % 2" +O()] (C.186)

The soft real-virtual integrated kernels are

Jied = N J Aol 1Y) = 65, Cu (ggl;d)) ,

, 2 S - ;
icd(e) __ (icd) o(4) ed — 3) [ =(icd)
Jied@ :Nle_gqu)rad gl [(_(MJ _ 1} = JA(S)<Scd )

Sed
1 i i Sed \ (i
s o) ] - )
cd

jsiCde = N J‘dq)rzxcdd cde ’ (0187)
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with

~

Qg s N D31+l —e)
() = 52 (eVE,ﬂ) 1T(1+ 20)0(2 — 4e) (C.188)

—2e
as (s 11 7 )\ 1 7, 14.\1
- (2 Y /R R T e
o (m) l aa 3+( 247T)e2 +( 6" 3%

e 9
@ gy = X [ 5 1 1 _22_12 1
-2 (Y6 2o 3 ne)

7 2 7 4
+92—§7T —24C3—1—87T +O(€)],

e 9
(2) . Qg S - Y 1 - 2 2 1
As (3) = _27'[' (-MQ) l( —3 )6_2 + (14 gﬂ' 10 Cg E

23 7
4— "0 —200G — —
+7 67r 03 367T + O(e )]

Ti ce c 1 ce ce
) T B = — 1 5 oW Bcde[ 1n5—1 28ed | Ly3See |14 (—8—) + 0(6)] .
2T

2
c#i,d#i,c c#i,d#i,c H 6 Sde Sde
e#i,c,d e#i,c,d

The hard-collinear integrated kernels are given by
. . Pre
R = A [ ety =0
Sij
(0g) ijr q 1 ijr ijr
= T (S) gt a0 (S0 (g g+ a2 (S57) s (€a89)

where

o),y _ s [ s Y TA-el(2—¢) 92
Jhc (S) < 2) EF(Q . 36)

as s\ © 21 16 (140 7
=—|—=) Tyl —z-——— — ——7)e€
2\ p? 3e 9 27 18

0= 2 () ()

as s\ € 11 7 7
-5 () orlgt-f-gm) - (o- m- T o]
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J%)(5) = g_; (ev;z)e P(leg(;)i(ig J C ( -3 _12€> (C.190)

as( s\, [ 11 8 (10 7, 626 14 , 25 ,
S S RN I it St O]
27T<u2) Al 3¢ 9 (27 36" )E (81 7" g% ) o)

A useful combination of these constituent integrals is

Ti(s) = (R 10) 7P ) + £ [Nf 1)+ Jéig><s>]

Cos (SN[ L e
() [ it o). o

The hard double-collinear integrated kernels are given by

o Phe
T = A [ aniy
ijk
0 ijkr) 0g,id) ijkr qq
= A0 () G+ )+ AV (SI) e gD (Ca9)

(1g) [ Z(ijkr) (2g) [ Z(ijkr) (3g) ( S(ijkr)
Jhcc ( ) ’qug Jhcc ( > ( zgjgkq + ZE;SLQ) Jhcc < kr ) igj%fg7

2 —2e
s 11 /13 1,\1 119 17 , 14
(;ﬂ) CFR[6 +(36+9 >e_216+108 Ty et ()]’
2 S —2e
(_> Cr (20 — C)

13 1, L7, 11
Xl—(———ﬂ' +C3>E—E+ —Cg—mﬂ' +O()]

o4 e 324 6

1 891 (1211 3 ,\1 2620 89 , 80
+CATRl—e—————(———ﬂ)———+—w2+3<3+0(6)}},

21 311 889 1 23833 31 160
X{CFTRl ——————— <——7T2)———+ 2 _43 ( ):|

54 2 e 27 12



192 Appendix C. NNLO Appendices

2 —2€
NN CAVE: ) 2 371 (307 1
#26 = () (3) {C[ "o ae AT rta)l

2361 111 , 136« ()]

F G s 0
6 T3 T3 8 3"

L oL
_‘fTOg)JF% 2—£C3+%7r +O()] }
(38) as\ ([ s\ 51 771 11 1
0= ()() Al Sa-Tan (o),
_%Jr% 2 _<3_%7T +0()] (C.193)
For the hard-collinear times hard-collinear integrated kernels we have
ke = 7 [aotgggn Plele ) B e )
Skl
_ Jﬁﬁéﬁc( i, klr) m kir) )
T () [ )+ 1
TR (S S ) R A5 )
J}?f(%i( (zrjrklr) ('LkalT) +f )
+ T (s [ AR ]
TR (SRS ) o e (C.194)
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with

2 N—€E
as\ [ss 2|41 641 284 16 ,
J33%3c<55’>:(—2) (—> L l@?*ﬁ?*z?‘z_?” Uk

) \M
2 N—E
11 141 181 4
jdads N (%) (25 ToCOrl|lZ =+ 24+ " _ 32240
hewhe (55) (27T) (M4 rCF 3624- 9 e+ 57 g + O(e) |,

2 N\—€
s 21 321 142 8
) T o == 2
( RCA|:9€2+276+27 277r+(9(e)],

2 —€
! 11 1 17 1
(—84> C? [——+—+—*—7r2+(’)(e)],

w) \ 4€ ¢ 4 3
2 N\—€
« S 11 71 181 2
Jroone(s8") = (—2;) (_N4 CaCp lé 2toctzr 9 w2 O(e)] ,

2 N—€
sS 11 161 71 4
JEEES (s5') = (—S) (—4 051 [5 Ste oty ™ + 0(6)] : (C.195)
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The soft-times-hard-collinear integrated kernels read

phe ‘
T = A [dal 0 g
Jk
_ (1g) ( z(1) z(w)
= 7:q|: S®h§ (Skr’scldL> jk
(28) [ 2(1) (1) (3g) [ =) z(w)
+ J@h% (Skr7 ch )( ]9];1+ ) + J@h% (Skr“scs ) jgkg],u—jk'r,icd7
Phc
s = a7 [l S0

i cr
g[ 1g>( ) 5(@) qq
i s®hc kr7 cr 7k

I (S5 ) e i) + IS (505

bl

:| p=jkryicr
krjic NQ d (krijicj) ]D;}CC(T) (2)
Js@hc = 1 q)rad,Q gjc

Sjk

g[ 1g)< (1) g(u)) qq
i s®hc jT7 jc 7k

(28) [ 2(w) 2(w) 33g) [ 2(1) S(w)
+Js®h§ < ]r7535 )( ng3+ )+ Js@h% ( ]¢7Sj5> flf]u=krjicj’

Phe A

krjir  __ k(r) 7

Jhr = A2 fdcpﬁad? 2 g
7k

i | et (550 ) v aegh (50) £ G D)

T (S D T () e (C196)
p={krjirg; krjijr}

3928 98 , 100
- 8_1 + ﬁﬂ- + 7((3) + O(E)],

2 —€
«Q ss’ 11 2 7 1 7 25
T (08 = (‘2 > (—> CF[‘@; s (8 - EWQ) ¢ 0T A 5B 00,
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2 N\—€
21 281 (362 8 ,\1
J3(1g) A Qs \ (S5 T.| -2 22— (T2 _Z22)Z
e (55) =5\ i ) Tl —35 92 "\ 97 797 )¢

4504 112 , 136
—8—1+2—77T +7C(3)+O(6),

?

3540y %{(3) + O(e)

3
2 N—€

11 141 181 4 1
g6 ¢y — (N[22 o, | 2L _ZE2 (202 22\l
sne (5:5) 27 )\ pt 4 3e3 9 € 27 9 )¢

2252 56 , 68

L2202 P P03
22 e B4 0<e>],

2 —2¢
AYE 21 281 (344 17 ,\1
J994 _ s T, | -2 22— (222 22\
wone) (zw) (;ﬂ) R[ 3¢ 9 ¢ (27 187T)€

4225 128 139

[ —_— 2 —_—
a1 + Tad - 5 ¢(3) + O(e) |,
2 —2€
999 — s V(5 _11_3_ _521
JS@hC(S) (27r> (/ﬂ) Cr 263 €2 9 67T €
1 1
—38 —97T2+i<(3)+0(6) :
6 6
2 —2€
994 _ (s (5 JI1 oz 2 0\
JS@hC(S) (27r> (uQ) Cr 263 €2 8 37T €
1
—-32+ ng + %C(B) + O(e)] : (C.197)

2 —2¢
999 (o) — (X (5 11 11 /199 5 51
T (5) (27r> (M) CA[ 368 9 \271 9 Je

2477 119 , 101
— 8—1 + 5—47T + TC(3) + O(E)]
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Finally the hard-collinear real-virtual integrated kernels read

jijr
hc rad Jr ]7“ 1] ]7"

. 2 phe S €
igr = yr ij(r) cr -
he =M fd(brad Sij K g?»m) 1]

— 7(0g) [ 5ir) ¢ (ijr) q (2g) ( Sligr)
= J08) (5770 ) o 0 (5) (g pa) + 2 (5507 e

N, J gptim Dt _ J§2g>(§<¢j’“>) aa Jﬁ?( (zm)( m o) 4 thg>< (zm> 3
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