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University of Turin

Abstract
Faculty Name

Doctoral School in Life and Health Sciences

Doctor of Philosophy

Mechanisms for the persistence of rabies in multiple host species: the role of
host spatial distribution, mobility and host-pathogen interaction

by Davide Colombi

The PhD thesis is focused on the analysis of the mechanisms for the rabies persistence in
different hosts and in different ecological contexts. The first study concern the endemicity
of European Bat Lyssavirus subtype 1 (EBLV-1) in two non-synanthropic bats, Myotis
myotis and Miniopterus schreibersii, in the Catalonia region. Lyssaviruses, the agents of
rabies, were probably originated in bats and progressively diverged from a common an-
cestor to infect other species. Knowledge about persistence remains incomplete, mainly
due to the complex interplay of bats ecology and immune response to infection. Through
an extensive ecological field survey on those two bat species, I developed a data-driven
mathematical model to identify the mechanisms of persistence of EBLV-1 in that region.
Different disease progressions were considered, accounting for lethal infection, immunity
waning, along with potential cross-species transmission when the two populations share
the same refuge. Comparison with serology suggests that EBLV-1 circulation is ensured
by the spatial migration of M. schreibersii and the mixing with M. myotis, offering novel
numerical evidence to support non-lethal infection in bats with a transient immunity of
few months. Shelters hosting multi-species colonies are critical for virus exchange so they
should be monitored for public health. Subsequently I analyzed the persistence of rabies
virus (RABV) in domestic dogs, the most important rabies reservoirs for human exposure,
in Central African Republic. The drivers of rabies in dogs are still largely unknown and this
impairs the probability of success of vaccination campaigns. Dogs exhibit an unusually
heterogeneous incubation period that is related to process of dissemination of the virus
inside the body, in addition environmental heterogeneities and hosts distribution may have
an impact on the persistence. To study the role and interplay of these factors I intro-
duced a novel stochastic compartmental model with realistic data-driven distributions for
incubation and infectious periods and I explored through numerical simulations the condi-
tions that can lead the persistence in a network of geographical fragmented populations,
taking the Central African Republic as a model. The inclusion of empirical distributions
in the infection stages alters the epidemic scenario favoring the circulation even for low
transmissibilities as observed empirically. In addition, our findings predict that spatially
fragmented population and human mediated mobility represent key elements in the per-
sistence. The model developed may help in the design of efficient control strategies not
only in the Central African Republic, the country analyzed, but also in other countries
where the disease is endemic.
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1

1
INTRODUCTION

Infectious diseases are those diseases caused by pathogenic microorganisms, such as bac-
teria, viruses, parasites or fungi, which can be spread from one host to another. Managing
infectious diseases is one of the greatest challenge for mankind. During my doctoral re-
search I focused on a particular disease, rabies. Rabies is a zoonosis, i.e. an infectious
disease of animals that can be transmitted to humans, which causes a progressive en-
cephalitis that is almost always fatal following the onset of clinical symptoms. The high
mutation rate and the extreme adaptability of this pathogen allowed its colonization on
all continents except to Antarctica. The susceptible hosts include all mammals and the
primary reservoir resides in the Orders of Carnivora and Chiroptera. Globally, domestic
dogs remain the most significant vector for human exposure in particular in the developing
countries of Asia and Africa [1]. Differently in North America, Western Europe and Aus-
tralia, where the disease in terrestrial mammals has been controlled, bats are the most
prominent source of human rabies. Even if multiple attempts were made to eradicate
rabies in these two species the mechanisms that lead to endemicity are unfortunately not
completely clear due to the complex interplay among multiple biological, virological and
ecological factors.
The main aim of this work is to unveil part of those mechanisms using a mathematical and
computational approach. The application of mathematical methods has been crucial for
infectious disease epidemiology since the first model on smallpox made by Daniel Bernoulli
in 1760 [2]. Mathematics applied to infectious diseases is a fundamental tool that permits
to compare and test theories, as well as to gauge uncertainties given that experimenting
epidemics in the “real world” is not a viable option. From the end of the 20th century
mathematical epidemiology has had an important boost since the availability of new com-
putational resources created the perfect environment to perform numerical experiments.
The possibility to implement huge calculations represents a substantial opportunity to
analyze natural processes integrating realistic features and multiple interacting objects in
a complex framework.
My doctoral thesis is deeply rooted in this multidisciplinary approach. I worked on two
epidemiological problems, both concerning rabies and its persistence mechanisms but in
two different host species such as bats and dogs. In this work, I show how analytical
methods combined with proper biological, virological and ecological inputs may help to
unravel mechanisms of disease spreading and maintenance. In chapters 2 and 3, I provide
the ingredients used to develop my work and my methods. Chapter 2 deals with the epi-
demiology and pathogenicity of rabies disease and in general of lyssavirus infection. After
introducing the disease starting from a brief historical presentation, I give an essential
description of the structure of the pathogen and how transmission and pathogenesis take
place. Even if those mechanisms are similar in the different hosts, certain peculiarities of



2 Chapter 1. INTRODUCTION

the host-pathogen interaction give rise to slightly different infection dynamics. However,
the common features that characterize spread and endemicity are related to hosts’ ecology
in particular hosts’ spatial distribution and mobility.
In chapter 3 I review the basic notions of mathematical epidemiology. Firstly, I describe
the mathematical approach applied to epidemiology, then I illustrate how this approach
can be modified in order to model rabies infection dynamics in bats and dogs. Special
attention is devoted to spatial transmission models, in particular to the metapopulation
approach, since in rabies the transmission is driven by host movements and by the spatial
heterogeneities of the landscape where hosts live.
My novel contribution to the field can be found in chapters 4 and 5. In chapter 4 I apply
my method integrating population, mobility and surveillance data to identify the mech-
anisms of persistence of European Bat Lyssavirus subtype 1 (EBLV-1) in two different
and interacting bat species in a system of caves in the Catalonia region. Subsequently, in
chapter 5, I analyze the interplay between multiple virological and ecological factors that
can lead to rabies persistence in domestic dogs in Central African Republic using high
resolution human demographic data as a proxy. These results compose two manuscripts
that I wrote together with my doctoral supervisor Vittoria Colizza and other collaborators,
one under submission in a peer-reviewed journal and the other one in finalization.
The work has also been presented in several international conferences on mathemati-
cal epidemiology and complex systems such as: CCS 2016, International Conference on
Complex Systems, Amsterdam, The Netherlands; Complex Nets 2016, “Complex Net-
works from theory to interdisciplinary applications”, Marseille, France; MathEpi 2015
Conference, “Mathematical and Computational Epidemiology of Infectious diseases – the
interplay between models and public health policies”, Erice, Italy; ECCS 2014, European
Conference on Complex Systems, Lucca, Italy.
The work has been realized as part of a European consortium, named Predemics, com-
posed by 23 internationally recognised teams from 17 institutions in 8 countries with
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2
RABIES

In this chapter I provide the characterization and theories about rabies disease with partic-
ular reference to those that I employ in the following chapters. In Section 2.1 I introduce
rabies disease and its history. In Section 2.2 I give an essential description of the pathogen.
Section 2.3 deals with rabies transmission and its interaction with the host. Section 2.5
deals with the epidemiology of rabies, focusing on the case of bat rabies in Europe and do-
mestic dog rabies in Africa. Section 2.6 describes the landscape effects on rabies diffusion
and persistence. Finally Section 2.7 presents the control strategies commonly used.

2.1 Introduction

Rabies is a zoonotic, fatal and progressive neurological infection with a long history that
is lost in antiquity starting from the pre-mosaic Eshmuna code of Babylon in the twenty-
third century BC. Rabies disease is caused by lyssaviruses where lyssa in Greek means
madness. The infectious nature of saliva from infected dogs was firstly recognized by
Zinke in 1804. No effective preventive or curative treatment was available before 1885
when Louis Pasteur discovered and administered the first rabies vaccine to Joseph Meis-
ter, who was attacked by rabies-affected animal. Only later, in 1903, Remlinger and
Riffat-Bay finally identified the virus.
Even if rabies is a preventable disease, it still remains an important public health issue
particularly in developing countries. Globally it is responsible for more than 60 000 human
deaths annually and approximately 15 million people receive rabies post-exposure prophy-
laxis (PEP) [3]. Over 95% of deaths occur in Asia and Africa [4], where canine rabies
is still enzootic despite of the strong attempt to eliminate it through implementation of
extensive control strategies and public health awareness programs. Rabies in humans is
one of the most severe diseases [5] and when it occurs it is fatal (∼ 100%) even after
advanced medical treatments [6].
Multiple different lyssavirus genotypes are present in several areas of the world and most
of them can cause the disease in humans. Most rabies-free areas are islands (for example
UK, Japan, Hawaii, Mauritius) or geographically isolated peninsulas (such as Norway and
Sweden). In Asia and Africa, rabies is hard to control since human mortality is often
underestimated because of under-reporting, cultural beliefs and poor or inadequate di-
agnostic units [7]. This resulted in the neglect of the disease leading to poor assistance
from international community and donor agencies [7].
Rabies involves the nervous system (NS) causing an acute encephalomyelitis that can
affect primarily carnivores and bats but with the capability to affect also warm-blooded
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Figure 2.1: Electron microscope image of rabies virus. Photo by Nor-
den, Smith-Kline Company

animals including humans as well as a wide variety of wildlife species [8]. The suscepti-
bility varies greatly depending upon the animal species, genetic makeup, age, viral strain
or dose of the virus and exposure route. Dogs are one of the major reservoir and also
the major vector for human exposure causing the majority of human deaths each year [4].
Cats are very effective for transmission, but it seems that both domestic and wild can
not act as reservoir. Foxes played an important role for rabies maintenance and spread
through Europe after World War II but that species nowadays serves as reservoir only in
Arctic areas and in some temperate and tropical latitudes. Other important canid reser-
voirs include coyotes in the America and raccoons in Eurasia.
In most European countries the virus is present in bats species. Bats are legally protected
under certain international treaties and national nature conservation legislations. Bat
rabies research is important because the virus has the potential to cross species barrier
and infect domestic and wild mammals [9–11], therefore it is fundamental to gain insight
into whether rabies in bats can be a real problem for public health or not.
Rabies has been the subject of many extensive reviews and texts (recent examples include
[12–15]). This chapter focuses only on specific aspects of the disease relevant for my
PhD work.

2.2 Lyssavirus

The causative agents of rabies disease are negative sense, non-segmented, single-stranded
RNA viruses (Figure 2.1) with a helical nucleocapsid surrounded by a thin protein-studded
membrane (Figure 2.2 panel a) that belongs to the Lyssavirus genus of the Rhabdoviridae
family and Mononegavirale order. Based on sequencing and phylogenetic studies several
genotypes have been identified [14] (see Figure 2.4), in particular: rabies virus (RABV),
Lagos bat virus (LBV), West Caucasian bat virus (WCBV), Shimoni bat virus (SHIBV),
Mokola virus (MOKV), Duvenhage virus (DUVV), European bat lyssavirus subtype 1
(EBLV-1), Irkut virus (IRKV), Australian bat lyssavirus (ABLV), European bat lyssavirus
subtype 2 (EBLV-2), Bokeloh bat lyssavirus (BBLV), Khujand virus (KHUV), Aravan virus
(ARAV), and Ikoma lyssavirus (IKOV).
The genome is approximatively 12 kb size, which carries five structural proteins namely,
nucleoprotein (N), phosphoprotein (P), matrix protein (M), glycoprotein (G) and RNA-
dependent RNA polymerase (L) [13, 16–18] (Figure 2.2 panel b). The N gene codes for
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a) b)

Figure 2.2: a) Lyssavirus structure, 180 nm long and 75 nm wide. b)
Shape of RNA, about 11-15 kb in size, encodes for 5 to six proteins.

a nucleoprotein that encapsulates the viral RNA; the P gene produces a phosphoprotein,
which is important not only in transcription and replication, but also for interactions
with cellular protein components during axoplasmic transport; the M gene codes for a
matrix protein; the G gene produces a single glycoprotein, a membrane-bound moiety that
mediates reception and fusion at cell surfaces and serves as a target for the induction of
virus neutralizing antibodies; and the L gene encodes a polymerase for RNA synthesis
[13]. A representation of lyssavirus flow in a host cell is illustrated in schematic way in
Figure 2.3.

2.3 Transmission

In infectious hosts the virus is present in a lot of different tissues and in particular in
the salivary glands from where it can be excreted in saliva. Bites are the most common
transmission route, other ways even if less common are however possible. The virus can
enter into the body through wounds or cuts and also through intact mucous membranes
[5, 19]. The risk of infection by bite is 5%–80%, which is approximately 50 times more
than by licks or scratches whose occurrence is 0.1%–1% [20]. The severity of the infection
depends on the location of the virus inoculation and on the amount of virus injected [20,
21].
Other non-bite exposure includes inhalation of aerosolized and oral route infection. In
both cases the infection requires higher doses with respect to the direct contact infec-
tion although species vary considerably in their susceptibility [22]. Cases due to airborne
exposure were documented in laboratories during vaccine production [23] and in caves
occupied by many infected bats [24, 25].
Disease transmission through organ transplantation was reported in the United States
in 2004 [26] and during 2005 into German patients [27] so it was then suggested that
donors, mainly those with nervous signs, must be tested for rabies [28].
The virus may be also excreted through breast feeding milk [29] and also transplacental
transmission has been reported in animals but it is extraordinarily rare.

2.4 Pathogenesis

The pathogenesis begins after the injection of the virus into the host and involves all the
pathologic mechanisms occurring in the development of the disease. The virus after the
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Figure 2.3: Conceptual flow of lyssavirus reception, entry, transcrip-
tion, translation, replication, and exit from a generalized host cell (from

Rupprecht et al. [12]).

injection gets attached through G-protein receptors to the target cells such as myocytes,
local sensory and motor neurons and amplifies in muscle cells and in macrophages [30].
Then, through the muscle spindles of sensory nerves or neuromuscular junction of motor
nerves the virus ascends centripetally along the nerves (3 mm/hr, experimental data) and
reaches the central nervous system (CNS) to infect the nerve cells [14, 31–33]. This is
the incubation period, which can vary from 2 weeks to 6 years (the longest period ever
documented) with an average of 1 or 2 months. The length of incubation depends on
the host, on the virus genotype, on the concentration of the virus inoculated, on the
inoculation site and on the density of innervation in that site [34]. Finally, through the
CNS the virus reaches the brain where it causes encephalitis and passes to the salivary
glands via cranial nerves. The nearer the injection site is to the brain the faster can the
virus reaches the brain and the salivary glands for the viral shedding. Bites on hands,
neck, face and head lead to shorter incubation period.
The pattern just described represents the typical rabies pathogenesis. However, exper-
imental studies [35–37] suggest that the pathogenesis of bat rabies infection may be
slightly different, in particular in the early stages of the process. Given the small size of
bats, the infection is caused by more superficial bites in respect to the terrestrial vectors
like dogs, foxes, etc. Rabies isolates from silver-haired bats (Lasionycteris noctivagans)
have been found to have much higher infectivity for fibroblast and epithelial cells lines
than to neuroblast cell lines, in particular at low temperature (34◦C). This suggests a
better adaptation of the virus to replicate in the slightly cooler superficial dermis. The
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genotypes that have been demonstrated to cause clinical signs and death in bats are the
RABV and the Australian bat lyssavirus which are closely related [38, 39]. Differently, it
seems that bats can survive either natural infection or experimental peripheral inoculation
with bat-derived lyssaviruses [40] although the nature of this behaviour is controversial.
In particular, the observation of a high prevalence of lyssavirus antibodies in bats colonies
[41–44] has been interpreted either with the possibility of abortive infection that per-
mits the development of antibodies but not the virus shedding or with the possibility of
recovery from the disease (see Section 2.5.1).

2.5 Rabies epidemiology

All mammals are susceptible to rabies but not all mammals are capable to maintain the
infection as reservoir hosts. Surveillance data, monoclonal antibody and genetic studies
show that a single virus biotype is maintained by a single principal host species in a given
geographical area [45–47]. Even if other species may sporadically acquire the infection
from major host they seem unable to sustain the infection independently. There is also
evidence that susceptibility depends on the host-pathogen interaction [48, 49].
Rabies circulates with interrelated epidemiological cycles named urban and sylvatic, which
have mainly as vectors/reservoirs dogs, cats and wild mammals like bats, foxes, raccoons,
etc., respectively [50]. Both cycles may overlap in some geographical areas. In developed
countries rabies is maintained mostly in the sylvatic cycle, for example in Europe the main
reservoirs are: the fox in central and eastern Europe, the raccoon dog in northeastern
Europe and the insectivorous bat throughout the entire territory. Only in eastern Europe
and on the borders with the Middle East dogs are reservoir. Differently, in developing
countries of Africa and Asia both epidemiological cycles are present. The urban cycle is
mainly maintained by domestic and stray dogs, and spill-over to pet dogs represents an
important burden for humans [51–53].
In the following I focus on the two cases that are related to my work: the epidemiology
of bat rabies in Europe and the epidemiology of domestic dog rabies in Africa.

2.5.1 Bat rabies in Europe

The lyssavirus species that are the causative agents of rabies in European bats are [55]:
European bat lyssavirus subtypes 1 and 2 (EBLV-1 and EBLV-2, respectively), Bokeloh
bat lyssavirus (BBLV), West Caucasian bat virus (WCBV) and one tentative species,
Lleida bat lyssavirus [56–61]. In Europe bat rabies seems not so frequent, possibly as
result of heterogeneous surveillance intensity in the different countries [55]. Only 1200
cases were reported to the WHO Rabies Bullettin Europe (RBE) in the period between
1977 and 2017 (Figure 2.6) with the vast majority characterized as EBLV-1, frequently
isolated in the Netherlands, North Germany, Denmark, Poland and also in parts of France
and Spain. Most EBLV-2 isolates originated from the United Kingdom (UK) and the
Netherlands, and EBLV-2 was also detected in Germany, Finland and Switzerland. Only
one isolate of BBLV was found in Germany. Circulation of RABV among bats in Europe
was repeatedly suggested but never confirmed [62].
About 95% of EBLV-1 cases have been observed in Eptesicus serotinus [63, 64]. However,
it was reported also in Nyctalus noctula, Vespertilio murinus [65], Myotis myotis, Myotis
dasycneme, Myotis daubentonii, Pipistrellus pipistrellus, Pipistrellus nathusii, Myotis nat-
terreri, Rhinolophus ferrumequinum and Miniopterus schreibersii [43, 56, 63]. Antibodies
to EBLV-1 were found additionally in Tadarida teniotis [43]. EBLV-2 was diagnosed not
as frequently as EBLV-1. This virus was isolated from M. dasycneme and M. daubentonii
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a)

b)

Figure 2.4: a) Lyssavirus genotypes: rabies virus (RABV), Lagos
bat virus (LBV), West Caucasian bat virus (WCBV), Shimoni bat virus
(SHIBV), Mokola virus (MOKV), Duvenhage virus (DUVV), European
bat lyssavirus subtype 1 (EBLV-1), Irkut virus (IRKV), Australian bat
lyssavirus (ABLV), European bat lyssavirus subtype 2 (EBLV-2), Bokeloh
bat lyssavirus (BBLV), Khujand virus (KHUV), Aravan virus (ARAV), and
Ikoma lyssavirus (IKOV). Several sequences within the phylogeny are un-
published and as such do not have accession numbers. The scale bar
represents 0·1 substitutions per nucleotide site. The number of human
cases are shown next to silhouettes where reported. (Figure adapted from
Fooks et al. [14]). b) Geographic distribution of the genotypes and the
corresponding reservoirs (Figure adapted from Rupprecht et al. [12]).

and found also in N. noctula or V. murinus from Ukraine.
The disease progression following lyssavirus infections in bats is largely debated and con-
troversial. Natural observations [10, 60, 66] and controlled experiments [67–69] suggest
that clinically infected bats may die, however there is an increasing body of evidence to
suggest that bats tolerate EBLV natural infection. Non-lethal exposures or abortive infec-
tions with lyssavirus (i.e. developing a neutralizing antibody response in the absence of
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Figure 2.5: Bats rabies cases. Heatmap of the number of bat rabies
cases detected in Europe between 1977 to 2017, data from WHO Rabies

Bullettin Europe (RBE) [54].

disease) appear to be relatively common and have been documented in a number of stud-
ies [70–72]. The detection of healthy seropositive bats in different populations suggests
that bats may be able to clear the infection surviving the disease. Further, longitudi-
nal and serological surveys for EBLV-1 circulation in M. myotis in Europe [73] showed
substantial temporal fluctuations, with individual waves of seroconversions and waning
immunity.
The legal framework that protects European bat species has largely precluded meaningful
assessment of virus infection in the European area (see Section 2.7). Where experiments
have been undertaken, sample sizes have been small, and results have been difficult to
interpret [60]. Passive surveillance of abnormal or dead bats submitted to veterinary
laboratories often gives inappropriate results [56]. Active surveillance has been limited
mostly to the screening of oral swabs for the presence of viral RNA and to serological
tests. During one survey in Spain, 15 of 71 oral swabs obtained from apparently healthy
E. serotinus bats were reported positive for EBLV-1 RNA. Additionally, viral RNA was
detected in 13 oral swabs but only in five brains of the 34 bats from which simultaneous
testing of brains and oral swabs was available [74]. In a study made by Wellenberg et al
in 2002 [44] they found the presence of EBLV-1 RNA in tissues of apparently healthy zoo
bats, R. aegyptiacus, which presumably acquired the infection from European insectivo-
rous bats. Finally, a recent serological survey of EBLV-1 antibodies in serotine bat (E.
serotinus) in the North-East of France revealed that survival and recapture probabilities
were not affected by the serological status of individuals [42]. All these empirical observa-
tions confirm the capacity of those European bat species to survive at least to a EBLV-1
infection. However, the infection dynamics may depend on the rabies genotype and on
the bat species considered.
Next to the host-pathogen interaction, host ecology may also drive the virus circulation in
bats population [75]. This may include the interaction between different species, type of
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Endemic dog rabies: dog rabies in the majority of the country, but no dog-transmitted human rabies 
cases
Sporadic dog rabies: dog rabies in few areas of the country with sporadic human cases

Controlled dog rabies: few cases of dog rabies in limited areas of the country but no dog-transmitted  
human rabies cases

Endemic dog-transmitted human rabies: dog rabies and dog-transmitted human rabies present in the 
country

No dog rabies: zero dog and dog-transmitted cases (except from 
imported)

No information

Not applicable

Endemicity of dog rabies and dog-transmitted human rabies (2016)

Figure 2.6: Dog rabies worldwide. Endemicity of dog rabies and dog-
transmitted human rabies worldwide in the 2016 (Figure adapted from

WHO).

habitat, synanthropic (i.e. living close to human population) vs. non-synantropic behav-
ior, demographics parameters such as population size and structure, density of animals
in their different roosting habitats, or behaviours such as overwintering [61, 75–79]. Fi-
nally, the presence of strong migratory bats species like M. schreibersii (longest recorded
distance 833 km [80]), in which EBLV-1 genome was detected, can be risky for the virus
diffusion since those species can lead to the dissemination of the pathogen on a wider
geographical area [43].

2.5.2 Dog rabies in Africa

Domestic dog (Canis familiaris) remains the most important reservoir of rabies in overall
case numbers and with regard to transmission to humans. Differently from bat rabies,
in the case of domestic dogs the burden is mainly in Asia and Africa [81]. In most Eu-
ropean countries and in other regions like Japan, USA and Canada where strict control
of free-ranging dogs and mandatory parenteral rabies vaccination were enforced, canine
rabies has been successfully eliminated.
In African domestic dogs, the circulating lyssavirus genotype is RABV [82–84], in partic-
ular four clades of this genotype are present: Africa 1 clade, adapted to dogs, which is
similar to the Eurasian RABV lineages and was grouped in the ‘Cosmopolitan’ clade [84]
with the Africa 4 clade [82, 83]; the Africa 2 clade includes RABV strains that circulate
in dogs in central and western Africa; the Africa 3 clade is restricted to South Africa and
is adapted to mongoose [82–84].
In Africa not only domestic dogs are involved in RABV life cycle, at least other five species
of wild canids are part of it: the side-stiped jackal (C. adustus), the black-backed jackal (C.

http://www.who.int/rabies/endemicity_dog_mediated_rabies_map_2016.jpg?ua=1
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mesomelas), the bat-eared fox (Otocyon megalotis) [85–87], the African wild dogs (Ly-
caon pictus) [88] and the Ethiopian wolves (C. simensis) [89]. Despite the predominance
of domestic dog rabies, the role of wildlife as independent reservoir has been debated and
sometimes seen as a possible barrier to canine rabies elimination in the African continent
[90]. However, what is being observed in the Serengeti ecosystem (Tanzania), which is
rich of wildlife, is that domestic dogs are the only population essential for maintenance
[91–93] because: phylogenetic data showed only a single African canid-associated variant
(Africa 1b) circulating among different hosts [93]; transmission networks suggested that,
for wildlife hosts, within-species transmission cannot be sustained [93]; statistical infer-
ence indicated that cross-species transmission events from domestic dogs resulted in only
relatively short-lived chains of transmission in wildlife with no evidence for persistence
[94]. Also in other part of Africa the transmission is driven only by domestic dogs [95]
concluding that they can be a fundamental reservoir for the disease [96].
Despite the importance of domestic dog rabies, surveillance data in Africa are in general
scarce compared to the comprehensive datasets of wildlife rabies from Europe and North
America, therefore the analyses of long-term patterns are consequently limited. However,
in the last few years many interesting studies started to shed light on dogs ecology, rabies
dynamics and control strategies in different African countries. For example a series of
works analyzed domestic dogs ecology and RABV circulation both in rural and urban
areas in Tanzania [81, 91, 97–99], Zambia [100], Zimbabwe [101, 102], Kenya [103, 104],
Tunisia [105], Chad [53] and Central African Republic [106, 107]. Unfortunately, the
dynamics of canine rabies and the principal mechanisms underlying the maintenance or
the extinction of the virus are however not completely clear.
An interesting feature of dogs ecology is the strong relationship with humans including
population distribution and movement patterns [102, 108]. Variations in human popula-
tion can influence changes in domestic dog population and therefore the spread of rabies.
During the 20th century the human African population increased enormously and the
dog population expanded in parallel [109]. The subsequent social changes, i.e. massive
urbanization and increasing human mobility, facilitated also dog movements and rabies
diffusion in the whole continent [110]. In the beginning of the 20th century initial rabies
outbreaks were temporally and spatially sporadic, whereas subsequently the outbreaks
became more and more frequent until the disease started to be endemic in most of the
countries (Figure 2.6). Different works highlighted the crucial role of human-mediated
dog movements for RABV spatial diffusion in Africa [82, 111–113].
Another key aspect for the maintenance of domestic dog rabies in Africa is related to
dogs demography. The African domestic dog population is composed by a very young
population (around 2.2 years on average) with a short average life span [81, 99, 102,
103]. Even if this may suggest a suffering and decreasing population, the actual number
of domestic dogs continues to increase reaching an estimated annual growth rate of 9%
in Machakos region in Kenya [103] and a 2.6% and 3.8% respectively in Serengeti and
Ngorongoro district in Tanzania [81]. The high growth rate is given by an extremely high
turnover that represents an obstacle for control strategies such as vaccination and culling
leading to a continuous renewal of naive population.
Finally the transmission dynamics, commonly evaluated with the basic reproductive num-
ber R0 [114] (Chapter 3), is peculiar. Firstly because R0 is low (1.05 ≤ R0 < 2) (see
Table 3.1) [81] and near the threshold condition for an epidemic (R0 > 1) (see Chapter
3). Since RABV is fatal this permits the virus circulation avoiding the elimination of
the host population [81]. Secondly, R0 seems insensitive to the host population density,
which is anomalous for directly transmitted disease like rabies [81, 91, 115]. This last
finding means that the virus can circulate in low-density rural areas contributing to the
disease reintroduction in the neighbouring densely populated urban areas. For example
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a)

b)

Figure 2.7: a) Dog rabies in Bangui. Estimation of the observed number
of rabid dogs infected locally (red bar) or from outside the city (blue bar)
and simulated number of rabid dogs from the model (black line: posterior
median; grey area: 95% credible interval of the posterior distribution).
b) RABV subtypes circulating Bangui. Temporal distribution of RABV
subtypes in Bangui, black arrows indicates RABV introduction events in
the city (first introduction of a new subtype circulating in Bangui). Grey
areas indicated periods without any reported cases. (Figure adapted from

Bourhy et al. [107]).

in Bangui [107], the capital city of the Central African Republic (CAR), it seems that
RABV endemicity is maintained by the importation of different subtypes from outside
the city (Figure 2.7). The dog population experiences the extinction of RABV transmis-
sion chains separating small outbreaks and reflecting a succession of epidemic waves, a
pattern that is consistent with previous observations in Africa [81, 111]. This suggests
that the maintenance at local geographic scales is driven by human-mediated dispersal of
RABV among sparsely connected peri-urban and rural areas as opposed to dispersion in
a relatively large homogeneous urban dog population.

2.6 Landscape effects on rabies spread

As observed in the previous sections, rabies transmission is related to host movements. In
such context the landscape occupied by the hosts and the hosts spatial diffusion have a
strong influence on the ability of the virus to spread and persist in a certain geographical
area. The influence of spatial heterogeneities on rabies spread can be subdivided into
three different categories: host movements, landscape features and population level ef-
fects [115].
Host movements can be classified in natural and human-mediated. In general the for-
mer case is more relevant for wildlife and bats while the latter for domestic dogs (as
already discusses in Section 2.5.2). Natural movements can both facilitate the spread of
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a pathogen as well as sustain the disease. Migratory bats species, which can migrate for
hundreds of kilometers, are generally found to host more viruses in respect to the seden-
tary ones [116]. Migration increases the possibility to interact with other communities (or
species) where a pathogen is present and then facilitates the diffusion and the persistence
of the disease [76, 116–118]. Differently, for domestic dogs natural movements can be at
maximum around 3 km per day [88, 119, 120] for an healthy domestic dog therefore the
human-mediated dispersal is more relevant for rabies virus diffusion [82, 113, 121]. One
of the most significant cases in regards to rabies epidemic started in 1997 on Flores Is-
land, Indonesia, after the importation of three rabid dogs, causing more than one-hundred
human death, massive reduction of the dog population and a significant economic cost
[122].
The second category of spatial effects regard the spatial features of the landscape. Land-
scape attributes such as, mountains, water bodies and deserts as well as man made
interventions such as roads, bridges, political borders or vaccine corridors, can impede or
facilitate the hosts movements. All these features influence the spread of rabies both on
wildlife and domestic animals, depending on the hosts’ ecology and mobility. For example
political borders have no evident impact on terrestrial wildlife [123] and bats [116] but
they can restrict rabies spread on domestic dogs [113]. Differently natural features like
rivers or lake have a strong impact on terrestrial wildlife [124] and domestic dogs [107]
but not on bats [43, 116]. Phylogeography is an important tool to reveal the trace of the
effects of these features on the gene flow and so on the rabies diffusion [115].
The third category of spatial effects is about the population level. Heterogeneities of
the host population and spatial configuration are critical to understand the spread and
persistence of pathogens [125]. Multi-species colonies, habitats sharing, fragmentation in
the population structure, heterogeneous connectivity given by spatial features can have a
complex interaction with the disease spread. To incorporate this kind of complexity in the
study of the disease dynamics is particularly important in the case of direct host to host
transmitted disease like rabies [126]. In general animal species that can be infected by
rabies, both in wildlife and in domestic animals, can be subdivided in a certain number of
defined and interacting communities such as colonies for bats and human settlements for
domestic dogs. The contacts and the infectious disease dynamics in these cases can be
described with a metapopulation approach [127–130] (see Section 3.3.2) that is structured
on two levels: a inter-community dynamics, where the contacts among the individuals of
the same community are more frequent and intense; a intra-communities dynamics, that
consists in connections among communities given by less frequent interactions.

2.7 Control strategies

Multiple techniques to control rabies were adopted in the past such as habitat destruction,
trapping, institution of boundaries, dens gassing, poisoning and culling [12]. Vaccination
so far has been the only control method that worked properly.
The control of bat rabies represents a peculiar problem. Bats are protected in multiple
countries since they are facing extinction. They have an important functions like pol-
lination, seed dispersal and predation of insect. In the past a lot of different methods
has been used to control bat rabies like the dynamiting of caves or gassing with cyanide
[131].Those dramatic indiscriminate methods often kill other bat species that may be
sharing the colony with rabies infected ones.
In Europe the guidelines for passive and active surveillance were established by a consor-
tium named Med-Vet-Net [132]. Passive surveillance is the testing of sick or dead bats
of all indigenous bat species for lyssavirus infections using standard antigen detection like
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the fluorescent antibody test (FAT). Active surveillance regards the monitoring of bat
population for lyssavirus infections by screening oral swab (detection of lyssavirus-specific
RNA using different RT-PCRs or virus isolation) and/or sera (detection of virus neutraliz-
ing antibodies using virus neutralization assays, for example, modified RFFIT) [132]. The
basic control strategy in Europe is the exclusion of commensal bats from human living
quarters, then extension to bats of oral rabies vaccination or other novel techniques may
occur in the future, particularly if rabies control in terrestrial carnivores is sustainable.
As for domestic dogs, all the advances obtained in developed countries are to be extended
to less developed countries. Parental vaccination of dogs remains the most effective con-
trol strategy that can led to a significant decrease of dog-transmitted human rabies in
many countries [133–137]. However, rabies control programs are often more directed to
the culling of dog population, although this strategy has already proved to be ineffective
[34, 138]. The actual recommendation of the WHO is to achieve at least the 70% of
the canine population vaccinated [133, 136, 139, 140]. Important obstacles that hinder
a proper implementation of a long term vaccination campaign are the high reproductive
rate, the short life and the young skewed age distribution of the domestic dogs in devel-
oping countries [133, 141]. Thus, to have rabies eradication, also parallel strategies have
to be implemented like sterilization of male and female dogs and the animal birth control
to manage of dog population in the endemic areas [142–144].
An additional important factor is that the areas where the disease is endemic are in gen-
eral developing or low-income countries where the accessibility in remote or risky areas
represents a challenge for public health institutions, moreover dog rabies vaccination and
animal birth control can represent an important economic burden. While achieving high
vaccination coverage is critical for success, this alone will not ensure elimination because
gaps in coverage drastically reduce the probability of elimination by creating refuges where
disease can remain in circulation [145, 146]. Campaigns should, therefore, seek to achieve
not just high coverage, but homogeneously high coverage because the reintroduction of
infective animals by human-mediated transportation can render completely ineffective the
campaign. Given the general lack of resources in the endemic areas a systematic approach
can be achieved by a deeper understanding of the dog rabies dynamics.

2.8 Conclusions

In this Chapter I characterized the rabies disease. Since the subject is very wide this
chapter will not be a comprehensive overview, but focuses only on specific aspects of the
disease relevant to this study. In Section 2.1 I introduced the disease. In Section 2.2 I
described the causative agents of rabies that belong to the lyssavirus family, in particular
I listed the different genotypes and the general structure of the virus. In Section 2.3
I reported all the possible route transmission of rabies, remembering that bites are the
most common and the more efficient one. Subsequently in Section 2.4 I illustrated rabies
pathogenesis. I highlighted firstly the peculiar heterogeneity in the incubation period (in
terrestrial mammals it can vary from 2 weeks to more than one year), and secondly the
slightly different infection dynamics that occurs in bats respect to the terrestrial mammals.
In Section 2.5 I introduced rabies epidemiology, listing the susceptible animals and the
reservoirs in the two rabies epidemic cycles, urban and sylvatic. Subsequently I described
the two cases that are related to my research: bat rabies in Europe and dog rabies in
Africa. The presence of rabies in bats is wide diffused in Europe (Section 2.5.1) and
the mechanisms underlying the persistence and the diffusion of the disease are not fully
understood, in particular considering the interplay between host-pathogen interaction and
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some aspects of bats ecology such as interaction between different species, the habitat,
the demography and the role of migrations and seasonality. The problems to tackle in the
analysis of rabies in African domestic dogs are different (Section 2.5.2). Firstly domestic
dogs are strictly related to humans, so human demography and human migrations pattern
can influence dog ecology and the circulation of the disease. Secondly rabies in dogs is
invariably fatal so key aspects for maintenance can be also the rapid dogs population
turnover and the low transmissibility of the disease. Finally sparse distribution of human
settlement and the heterogeneous connectivity among them can help the persistence with
the reintroduction of the pathogen in disease free areas.
In Section 2.6 I presented the landscape effects on rabies diffusion divided in: hosts
movements, landscape features and population level effects. To conclude, in Section 2.7
I presented the common control strategies already used for bat rabies in Europe and for
dog rabies in developing countries. In the following chapter, Chapter 3 I describe the
analytical framework that I used to face the open questions on the disease maintenance
presented in this chapter.
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3
MATHEMATICAL MODELING OF RABIES

Here I introduce the main framework of my research, that is the contribution of statistical
physics and mathematics methods to the investigation of spread and persistence of rabies
disease in two different hosts. In Section 3.1 I give a basic introduction to mathematical
epidemiology. In Section 3.2 and 3.3 I introduce the mathematical theory of infectious
diseases and the spatial transmission models that will be applied to specific epidemic
contexts in Chapters 4, 5.

3.1 Introduction

Mathematical epidemiology is based on deterministic and stochastic models and it is used
to analyze the mechanisms of diseases spread and circulation. Since the first mathemat-
ical approach on the smallpox diffusion by Daniel Bernoulli (1766) [2], epidemic models
have progressively increased their role in epidemiology, however we have to wait until the
20th century in order to have a further development in that field. In 1906 Hamer [147]
hypothesized that the spread of an epidemic depends on the rate of contact between
infectious and naive individuals. In 1927, Kermack and McKendrick [148] proposed a
theoretical formulation of the compartmental models through a set of coupled differential
equations to describe the dynamics of infectious diseases. Finally, the last significant
boost in the field arrived in the late 20th century, thanks to the rapid improvement of
the computational capability that allows the management of increasingly complex models
and larger sources of data [149].
Rabies represents an interesting system for developing mathematical models as it is char-
acterized by a complex epidemiological situation. As observed in the previous chapter
(Chapter 2), this pathogen is widespread worldwide, it can infect a wide range of mam-
mals in different ecological environments, the maintenance and the diffusion depend on
the landscape features and on the host ecology, and finally the host-pathogen interaction
may depend on the host and on the virus genotype.
A strong motivation in the analysis of the spread of rabies started after World War II when
rabies in red foxes emerged in Europe (Section 2.1). At that time mathematical modeling
started to be used to analyze the epidemiological characteristics and the transmission dy-
namics of rabies to design useful control measures. In particular, in three seminal works
[150–152] deterministic models have been developed to explain epidemiological features
such as the critical threshold for epidemic emergence and the transmissibility of the dis-
ease.
In this chapter, I introduce some key concepts in mathematical models in epidemiology,
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especially those relevant for modeling rabies infection dynamics in bats and in domes-
tic dogs. Then I analyze spatial transmission models with a special focus on spatial
explicit models incorporating dynamics across heterogeneous landscapes, environmental
stochasticity and multi-host interaction.

3.2 Compartmental models

The progress of an infectious disease is defined qualitatively in terms of the level of
pathogen within the host, which depends on the growth rate of the pathogen and the
interaction between the pathogen and the host’s immune response. A simplified and
general description of the real complex nature of the host-pathogen interaction can be
given classifying each individual respect to its own health status. An individual before
any contact with an infectious is susceptible, in this stage no pathogen and no (or a low-
level) immunity are present. After the contact with an infectious the susceptible becomes
infected. The abundance of the pathogen in the body grows over time and if during this
stage it is too low to permit any transmission the host is exposed. When the pathogen
abundance is sufficient to transmit the infection the host is infectious. Finally, if the
immune system is able to clear the pathogen then the host becomes recovered otherwise
the host dies and becomes removed.
The formulation of this dynamics into a mathematical model has been done by Kermack
& McKendrick [148] with the compartmental model approach. The compartments are
not static and a set of rules define the possible transitions from one compartment to the
others; such transitions can be event-driven (like the infection) or spontaneous (like the
recovery). This powerful framework becomes a milestone for the modern mathematical
and computational epidemiology [114, 149, 153].

3.2.1 SIR

One of the most basic compartmental model is the SIR model where the possible health
statuses are: susceptible, with size S and composed by naive healthy individuals; infec-
tious, with size I and composed by individuals who have contracted the disease and can
transmit it; recover, with size R and composed by individuals who have already contracted
the disease and have recovered from it. In the simplest formulation, the total population
size N remains constant even if the number of individuals in each class changes in time:
N = S(t) + I(t) + R(t), ignoring any demographic process (migration, births, deaths,
etc.). In this assumption the time scale of the disease is much smaller than the average
life time of the host. Such framework can be simply changed in: a SI model, if the disease
gives a permanent and incurable infection; a SIS model, if the disease does not confer
any immunity to the host; a SIRS model, if the immunity is temporal.
Despite the simple nature of the model, this formulation can help the understanding of
some fundamental epidemiological questions like:

• in which condition a pathogen can cause an outbreak in a naive population?

• which is the rate of new infections in an epidemic?

• which is the proportion of population that suffered the infection during the epi-
demic?

To derive the differential equations from a general perspective lets start from a population
of N individuals divided in m classes, which represent the different health statuses. The
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number of individuals at time t in the class m is Xm(t), to keep the population constant:

N =
∑

m

Xm(t) (3.1)

We can imagine the disease transmission as a reaction process where the rate of interaction
of two different subsets of the population is proportional to the product of the numbers
in each of the subset concerned, while the spontaneous recovery process occurs with a
constant rate. Then:

• S + I → 2I, transmission;

• I → R, recover.

The transmission can be generally described as the variation of the number of hosts in
m class as N−1

∑
n,l ν

m
n,lan,lX

nX l, where νmn,l = [−1, 0, 1], an,l is the transition rate
and N−1 comes from the homogeneous mixing approximation [114]. The homogeneous
mixing approximation is the analogous of the mean-field approximation in physical models
and assumes that all individuals can interact randomly with each other.
The recovery is a spontaneous process that happens after a certain amount of time, called
infectious period, during which the host tries to recover from the infection. The sponta-
neous transition from a compartment m to a compartment n is given by

∑
n ν

m
n anX

n,
where νmn = [−1, 0, 1] is the variation of the Xm individuals given the recovery and an is
the transition rate.
The distribution of the infectious period can be obtained from clinical data. In general this
period is distributed around a well-defined mean value so, in the modeling scheme, the
transition probability is commonly assumed constant. The recovery process of individuals
infected at time T = 0 is:

dI

dT
= −γI (3.2)

Integrating such equation, the assumption of having a constant rate leads to an exponen-
tially distributed infectious period:

P(infectious after time T ) = e−γT (3.3)

Therefore the probability of leaving the infected state does not depend on how long
an individual has been infectious. This is know as the “memoryless” property of the
exponential distribution.
The general form for the deterministic reaction rate is then just the sum of the two
contribution presented:

∂Xm = N−1
∑

n,l

νmn,lan,lX
nX l +

∑

n

νmn anX
n (3.4)

From this general expression (equation (3.4)) it is possible to obtain the differential equa-
tions for the SI, SIS and SIR models. In the following we will focus on the SIR model
in order to introduce and explain in a simple way some critical quantities in mathemati-
cal epidemiology. Subsequently we will also generalize the analysis introducing the SEIR
model, which represents the characteristic model for rabies infection.
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Force of infection in homogeneous mixing assumption

The force of infection is a combination of: contact rate k, the probability to contact
an infectious p and the probability that the contact with the infectious gives rise
to a successful transmission v. Excluding any demographic process the incidence,
i.e. the number of new infection per unit of time, can be written as:

dI

dt
= λS = kpvS (3.5)

v is assumed to be constant. p = I/N is the prevalence of infection within the
population and it is given by the product of the number of infected I multiplied
by N−1 that represents the homogeneous mixing approximation (each individual
has the same probability to be in contact with all the other individuals in the
population). k can lead to a density or frequency dependent of transmission.
For density dependent transmission, the contact rate depends on N/A, where A is
the area occupied by the population commonly considered A = 1. Thus k = κN ,
where κ is a constant and the transmission term becomes:

dI

dt
= Sκ(N)(I/N)v = β′SI (3.6)

where β′ = κv is the transmission rate and the force of infection is:

λ = β′I (3.7)

Differently, for the frequency dependent transmission the rate of contact k is con-
stant, giving a transmission term equal to:

dI

dt
= Sk(I/N)v = βSI/N (3.8)

where the transmission rate is β = kv and the force of infection is:

λ = βI/N (3.9)

With a frequency dependent transmission and considering densities (s(t) = S(t)/N ,
i(t) = I(t)/N and r(t) = R(t)/N) the differential equations are:

ds(t)

dt
= −βs(t)i(t)

di(t)

dt
= βs(t)i(t)− γi(t)

dr(t)

dt
= γi(t)

(3.10)

Let us analyze the system considering that a single infectious individual is introduced in
a completely naive population at time t = 0. If N is large, at the early stage of the
epidemic the three compartments will be i(0) = 1/N , s(0) ' 1 and r(0) = 0. Using a
linear approximation the variation of the infected can be written neglecting ∝ i2:

di(t)

dt
' (β − γ)i(t) (3.11)
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Disease Transmission R0

SARS Airborne droplet 2-5
2009 H1N1 Influenza Airborne droplet 1.2-2
HIV/AIDS Sexual contact 2-5
Mumps Airborne droplet 4-7
Rubella Airborne droplet 5-7
Polio Fecal-oral 5-7
Smallpox Social contact 5-7
Pertussis Airborne droplet 12-17
Measles Airborne droplet 12-18
Rabies Bite and saliva contact (rarely transplant) 1.05 - 2

Table 3.1: Typical transmission route for different infectious diseases
and the estimated values of the basic reproductive number R0

which has a solution given by:

i(t) ' i(0)e
t
τ (3.12)

where τ is the typical outbreak time τ−1 = β − γ [114]. This result suggests that if the
recovery rate is greater than the transmission rate, τ assumes negative values and the
number of infected fades out on the τ timescale. This condition leads to a fundamental
quantity named basic reproductive number given by:

R0 =
β

γ
(3.13)

The basic reproductive number is defined as “the average number of secondary cases
arising from an average primary case in an entirely susceptible population” [149]. In a
completely susceptible population (s(0) = 1) a pathogen can invade only if R0 > 1,
otherwise the infection dies out. Therefore the epidemic threshold of the system is when
βc = γ, below which the contagion is too low to permit the spread of the pathogen in an
extensive fraction of the population. The value of R0 and so of the epidemic threshold
depends on the disease considered and also on the host population (contact structure,
demography, etc.). In Table 3.1 some examples of R0 are presented for different diseases
and different conditions.
Finally, using this framework, it is also possible to evaluate the final size of an epi-

demic [114]. Starting from equation (3.10) and dividing the variation of the fraction of
susceptibles to the variation of the fraction of recovered, we obtain:

ds

dr
=
−βs(t)i(t)
γi(t)

= −R0s(t) (3.14)

The result of the integration respect to dr is s(t) = s(0)e−R0r(∞). When the epidemic is
over, for t → ∞ , there are no more infectious so i(∞) = 0 and s(∞) = 1 − r(∞) and
the epidemic size is defined as r(∞). Therefore it is possible to rewrite the solution of
the equation (3.14) as:

r(∞) = 1− s(0)e−R0r(∞) (3.15)

which is a transcendental equation (Figure 3.1). This result reveals that it is possible to
compute numerically the basic reproductive number starting from the total number of
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Figure 3.1: Epidemic size. The final outbreak size as a function of
the basic reproductive number R0. The curve is obtained considering the
initial fraction of susceptible s(0) = 1, and the transcendental equation

is solved numerically with the Newton-Raphson method.

individuals who have experienced the disease.
The deterministic continuous approach presented in this chapter is valid only in case of
sufficiently large populations and in general a fully stochastic description represents a
more realistic approach that is able to capture the natural chance effects of the epidemic
transmission. To account for this variability the stochastic dynamics rely on an integer-
based population and events occur at probabilistic rates. Initially, when few infected
individuals are introduced in the population, we define a pre-outbreak stage in which the
evolution is noisy and dominated by stochastic effects that are extremely relevant in the
presence of few contagious events. This is a stage in which the epidemic may disappear
from the population just because of stochastic effects. When the infected individuals
are enough to make stochastic effects negligible, but still very few compared with the
whole population, we observe an exponential take off of the infected cases as described
by the equation (3.14). Finally, the decrease of susceptible individuals reduces the force
of infection of each infected and the exponential growth cannot be sustained any longer in
the population. Thus we observe the epidemic turn over and the outbreak will ultimately
disappear. Stochastic fluctuations may lead to the extinction of the epidemics even well
above the epidemic threshold. It has been shown [114] that the extinction probability
of an epidemic starting with I(0) infected individuals is equal to R−I00 . For instance, in
the case of a single infected individual, even for values of R0 as high as 2 the outbreak
probability is just 50%. The appropriate way to address the critical issue of the stochastic
fluctuation in epidemic process is to employ computational models where it is possible to
process and analyze a large number of random events, giving a more realistic description
of the spreading process. In Section 3.3.3, there will be presented examples of stochastic
models applied in epidemiology.
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3.2.2 Demography

In the SIR model just presented we assumed that the epidemic spread is sufficiently fast
that all the demographic processes are negligible. Since in this work we are interested in
the analysis of the long-term persistence of a disease, also demographic processes have to
be considered. A pathogen is endemic in a host population when a stable equilibrium is
reached and it continues to circulate on a long temporal scale. One of the key ingredient
for the endemicity is the renewal of the susceptible population given by the birth of naive
individuals. The simplest and most commonly used way to introduce demography in
compartmental models is to consider the average natural lifespan of the host population
as l and assume that the probability of an individual to die is uniform through time. The
resulting death rate is described by µ = 1/l. It is important to stress that the natural
lifespan and death rate are characteristic of the host population and are independent of
the disease. It is also commonly assumed that the death rate is equal to the birth rate
(b = µ), in order to keep the population size constant. The resulting generalized SIR is
then:

dS(t)

dt
= bN(t)− βS(t)I(t)

N(t)
− µS(t)

dI(t)

dt
= β

S(t)I(t)

N(t)
− γI(t)− µI(t)

dR(t)

dt
= γI(t)− µR(t)

(3.16)

where N(t) = S(t) + I(t) + R(t), and all newborns are susceptible. In this model
no vertical transmission and no maternal passive immunity are considered. Not always
newborns enter directly in the susceptible compartment, for example in measles newborns
can acquire passive immunity, which occurs when maternal antibodies are transferred
to the fetus through the placenta or after the birth through breastfeeding. For other
pathogens like HIV and zika the transmission may occurs directly from the mother to the
embryo, fetus, or baby during pregnancy or childbirth (vertical transmission), so newborns
enter directly in the infected class.
The expression of the basic reproductive number in this case can be obtained considering
that the parameter β represents the transmission rate per infective, and the average time
spent by an individual in the infectious class is 1

γ+µ time units, therefore the number of
secondary cases in a fully susceptible population is:

R0 =
β

γ + µ
(3.17)

Since we have introduced the host demography, the disease can persist in a population,
and this happens when it reaches the equilibrium (dS(t)dt = dI(t)

dt = dR(t)
dt = 0). There are

two possible kinds of equilibrium, one without any infection called disease-free equilibrium
and one with infection circulating called endemic equilibrium. To obtain the equilibrium
points, we can start from:

β
S(t)I(t)

N(t)
− (γ + µ)I(t) = 0, (3.18)

and factoring for I:

I(t)(β
S(t)

N(t)
− (γ + µ)) = 0. (3.19)
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Considering densities (as in 3.10), the disease-free equilibrium is obtained for i∗ = 0 in the
point (s∗, i∗, r∗) = (1, 0, 0), while the endemic state is obtained for i∗ 6= 0 and s∗ = (γ+µ)

β
which is the inverse of R0. This suggests that for a SIR model with demography the
endemic equilibrium is the point in the phase space where the fraction of susceptible in
the population is equal to the inverse of R0. In particular the endemic equilibrium point
is:

(s∗, i∗, r∗) =

(
1

R0
,
µ

β
(R0 − 1), 1− 1

R0
− µ

β
(R0 − 1)

)
. (3.20)

This means that an endemic equilibrium is feasible only if R0 > 1, the necessary condition
to have an epidemic. This system is an excellent example of a “damped oscillator,” which
means the inherent dynamics contains a strong oscillatory component, but the amplitude
of these fluctuations declines over time as the system equilibrates [149].

3.2.3 Latency period

In the model described in the previous sections (Sections 3.2.1 and 3.2.2) each infected is
able to re-transmit the infection immediately after the exposure. On the biological point
of view when the transmission occurs a small amount of pathogen is introduced inside
the host then the pathogen starts to reproduce rapidly without any, or small, reaction of
the immune system. This stage is called incubation period and by definition it represents
the time, during the infection, when the amount of pathogen is too low to have an active
transmission. Since for disease like rabies this stage is relevant, we consider another
refinement of the SIR model that is obtained adding the exposed compartment indicated
with E. The compartmental model obtained is the SEIR model:

dS(t)

dt
= bN − βS(t)I(t)

N
− µS(t)

dE(t)

dt
= β

S(t)I(t)

N
− (σ + µ)E(t)

dI(t)

dt
= σE(t)− (γ + µ)I(t)

dR(t)

dt
= γI(t)− µR(t)

(3.21)

Differently from the SIR, the infected are initially infected but not infectious yet, so they
can not shed the pathogen. The functional form of the basic reproductive number R0

can be obtained in different ways, the way adopted in this work is through the next
generation matrix approach [154–156]. The system of ordinary differential equations
(ODEs) that characterize the compartmental model can be rewritten as another set of
ODEs, named infection subsystem, that describes the production of new cases and the
changes in infected states. The infection subsystem can be linearized, decomposing
the corresponding Jacobian matrix in two matrices named respectively: the transmission
matrix T, which contains the entries corresponding to transmission events; the transitions
matrix Σ, which contains the entries corresponding to all other changes of state (including
death). The next-generation matrix NGM is then obtained as K = −TΣ−1. The basic
reproductive number R0 is defined by:

R0 = ρ(K) = ρ(−TΣ−1) (3.22)

where for the square matrix K, ρ(K) is the spectral radius of K defined as:

ρ(K) := sup{|λ| : λ ∈ α(K)} (3.23)
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α(K) is the spectrum of K, i.e. the corresponding set of eigenvalues. Summarizing R0

is defined as the dominant eigenvalue of the NGM.
The system described in equation (3.21) has two infected classes represented by the
compartment E and I and two uninfected state, S and R. The total population size is
constant and given by N = S + E + I + R. To define the infection subsystem let us
consider the system near the equilibrium (for small E and I), where the compartments
are E = I = R ' 0 and S ' N :

dE(t)

dt
= βI(t)− (σ + µ)E(t)

dI(t)

dt
= σE(t)− (γ + µ)I(t)

(3.24)

where the term β S(t)I(t)N ' βI(t) for S ' N . To rewrite the equation (3.24) as linear
system with the transmission T and transitions Σ matrices let us consider x =(E, I)′

(the prime indicates transpose):

ẋ = (T + Σ)x (3.25)

For T the indices are i, j ∈ 1, 2 and Tij = 0 when no new cases produced by an individual
in the infected state j can be in the state i immediately after the infection. Therefore
the matrix has a form:

T =

(
0 β
0 0

)
(3.26)

The other transitions are described by the matrix Σ:

Σ =

(
−(σ + µ) 0

σ −(γ + µ)

)
(3.27)

The NGM is then:

K = −TΣ−1 =

(
0 β
0 0

)
×
(

1
σ+µ 0
σ

(σ+µ)(γ+µ)
1

γ+µ

)
=

(
βσ

(σ+µ)(γ+µ)
β

γ+µ

0 0

)
(3.28)

The dominant eigenvalue is then:

R0 =
βσ

(σ + µ)(γ + µ)
(3.29)

From the basic reproductive number it is possible to obtain the force of infection λ in
function of R0:

λ = β
I

N
= R0

(σ + µ)(γ + µ)

σ

I

N
(3.30)

which represents the per capita rate at which susceptible individuals contract the infection
[149].
Rabies disease is in general considered 100% lethal but, as already highlighted in chapter
2, the actual pathogenicity depends on virus genotype and on host species. In the fol-
lowing I describe some typical models used to study rabies infection dynamics considering
different types of host-pathogen interactions.
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Rabies infection in bats

As showed in Section 2.5.1, field and experimental studies provide different hypotheses
for bat rabies infection dynamics. In particular the observation during field surveys of
virus-neutralizing antibodies in captured bats has been interpreted in different ways. The
first hypothesis is that exist two possible kinds of infections, a lethal infection and an
abortive infection that consists in developing antibodies and recovery without any virus
transmission. The second hypothesis suggests that bats tolerate lyssavirus natural infec-
tion and they can also recover from it developing a certain immunity. However, part of
the scientific community assumes that both infection dynamics are possible and that the
occurrence of one behaviour or the other depends on the rabies genotype and the bat
species considered. Therefore, in this section I present different compartmental models
that I use in my work to test different hypotheses on bat rabies infection dynamics.
The first model, introduced by George et al. in 2011 [76], considers that bats can expe-
rience nonlethal and lethal infection with lifelong immunity. The transmission dynamics
can be described as following: susceptible (S) bats can be infected and they can experi-
ence a lethal infection with rate ρ (or a non-lethal infection with rate 1 − ρ); if lethally
infected, bats become exposed (EI), then infectious (I) and finally die with rate γ. With
a non-lethal infection they become exposed (ER) without developing symptoms and then
become permanently immune to the virus (R). The disease progression is mathematically
described by:

dS(t)

dt
= bN − βS(t)I(t)

N
− κS(t)

dER(t)

dt
= (1− ρ)β

S(t)I(t)

N
− (σR + κ)ER(t)

dEI(t)

dt
= ρβ

S(t)I(t)

N
− (σI + κ)EI(t)

dI(t)

dt
= σIEI(t)− (γ + κ)I(t)

dR(t)

dt
= σRER(t)− κR(t)

(3.31)

where κ = µ+ (b− µ)NK is the density dependent death rate, N is the total population
and K is the carrying capacity. The carrying capacity is an important quantity in ecology
that represents the maximum number of individuals of a particular species that an envi-
ronment can sustain [127]. It is commonly used in rabies modeling when lethal infection
is considered [152, 157].
The second model is a variation of the previous one by adding loss of immunity with rate
ω, while all the processes remain the same:

dS(t)

dt
= bN − βS(t)I(t)

N
− κS(t) + ωR(t)

dER(t)

dt
= (1− ρ)β

S(t)I(t)

N
− (σR + κ)ER(t)

dEI(t)

dt
= ρβ

S(t)I(t)

N
− (σI + κ)EI(t)

dI(t)

dt
= σIEI(t)− (γ + κ)I(t)

dR(t)

dt
= σRER(t)− (κ+ ω)R(t)

(3.32)
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Figure 3.2: Dog rabies incubation and infectious period. Observed fre-
quency distributions of dog rabies incubation period (left) and infectious
period (right), by Hampson et al. [81] from two districts in northwest
Tanzania: Serengeti, with high-density dog populations, and Ngorongoro,
with a lower-density dog populations. The best fitting gamma distribu-

tions to the data are shown by black lines.

The basic reproductive number is the same for the two models, and it can be obtained
using the next generation matrix approach:

R0 =
ρβσI

(σI + κ)(γ + κ)
(3.33)

The last model considers only non lethal infection and temporal immunity so it can be
derived directly from equation (3.21):

dS(t)

dt
= bN − βS(t)I(t)

N
− µS(t) + ωR(t)

dE(t)

dt
= β

S(t)I(t)

N
− (σ + µ)E(t)

dI(t)

dt
= σE(t)− (γ + µ)I(t)

dR(t)

dt
= γI(t)− (ω + µ)R(t)

(3.34)

The basic reproductive number is identical to the one obtained in equation (3.29).

Rabies infection in dogs

RABV infection in dogs has a well defined pathogenesis (see Section 2.4) and the disease
is considered always lethal so the R class is for the removed individuals that do not
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participate to the dynamics:

dS(t)

dt
= bN − βS(t)I(t)

N
− κS(t)

dE(t)

dt
= β

S(t)I(t)

N
− (σ + κ)E(t)

dI(t)

dt
= σE(t)− (γ + κ)I(t)

dR(t)

dt
= γI(t)

(3.35)

where, also in this case, κ = µ+ (b− µ)NK represents the density dependent death rate,
N is the total population and K is the carrying capacity. Using the NGM approach (see
Section 3.2.3), the basic reproductive number is:

R0 =
βσ

(σ + κ)(γ + κ)
(3.36)

However, the peculiarity of rabies infection in dogs is related to the process of dissemina-
tion of the virus within the host’s body (see Section 2.4). This may lead to heterogeneous
and potentially long lasting exposed period as empirically observed in a recent study on
dog rabies transmission in rural Tanzania made by Hampson et al. [81] (see Figure 3.2.3)
and in a more recent study developed using data from the 1948-1954 rabies epidemic in
Tokyo (Japan) [158].
All the compartmental models previously discussed does not allow such heterogeneity
because the sojourn time in each compartment is exponentially distributed (as showed
in equation (3.3)). While this assumption is mathematically very convenient and it is
commonly used in epidemiology, it is unrealistic not only for rabies in dogs but also for
diseases like measles, chicken pox and polio which exhibit an incubation with a strong
central tendency [153, 159, 160].
In mathematical epidemiology it is well established that using non-exponentials incubation
(EPDs) and infectious (IPDs) periods distributions changes some dynamical properties of
the system [161–166]. In the SIR model, for example, a less dispersed infectious period
can reduce the stability of the endemic equilibrium [162, 165], decrease the persistence
time (time to fade-out) of the disease in the population [164, 165], outbreaks take off
faster and have a higher peak number of cases [166].
In SEIR models the effects are more related to the relative length of the incubation and
infectious periods [164]. If the incubation period is short relative to the infectious period,
since SEIR can be well approximated by a SIR model, a less dispersed infectious period
distribution will decrease also in this case the long term persistence time and stability
[164, 165]. On the other hand, if the incubation period is much longer than the infec-
tious period the opposite behaviour is observed: persistence times and model stability
increase when less dispersed distributions are used [165].
As a result of all of these effects, the dispersions of the EPD and IPD are important also
for the basic reproductive number R0 [166]. Models using over-dispersed EPDs or IPDs
result in an underestimation or overestimation of R0 respectively [161, 165, 166].
The inclusion of non-exponential distributions can be achieved in several ways, like through
integro-differential equation (IDE) formulation [163, 167] or a partial differential equa-
tion (PDE) formulation (as employed in age-structured models [114]). In this work we
consider a simple formulation which involves the method of stages [161, 162, 165, 168],
already used for measles [166, 169], because the resulting model is more amenable for
analysis and numerical simulations.
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I describe this mathematical approach considering the SEIR model of equation (3.35).
Both the incubation and infectious period are described by their corresponding probabil-
ity density functions, fE(t) and fI(t). The probability density function, f(τ), gives the
probability of an individual that entered in the compartment τ time-units ago to change
compartment in the time interval (τ, τ ± dτ) as f(τ)dτ . Integrating the density function
we obtain the survivorship function:

F (y) =

∫ ∞

y
f(τ)dτ (3.37)

this gives the probability that an individual remains in the compartment for at least y time-
units. The stages method consists to replace a single infective class, i.e. the compartments
E or I, with a series of consecutive stages as E = E1, E2, ..., Em and I = I1, I2, ..., In. If
the time spent in each stage is assumed to be exponentially distributed with an identical
average in each stage, the total time spent in each compartment results to be a sum of m
or n exponential distributions that lead to gamma distributed incubation and infectious
periods respectively.

dS(t)

dt
= bN(t)− βS(t)I(t)

N
− κS(t)

dE1(t)

dt
= β

S(t)I(t)

N
− (mσ′ + κ)E1(t)

dE2(t)

dt
= mσ′E1(t)− (mσ′ + κ)E2(t)

...
dEm(t)

dt
= mσ′Em−1(t)− (mσ′ + κ)Em(t)

dI1(t)

dt
= mσ′Em(t)− (nγ′ + κ)I1(t)

dI2(t)

dt
= nγ′I1(t)− (nγ′ + κ)I2(t)

...
dIn(t)

dt
= nγ′In−1(t)− (nγ′ + κ)In(t)

dR(t)

dt
= nγ′In(t)

(3.38)

To ensure that the average time spent in the exposed class is still 1/σ and in the
infectious class 1/γ, the rate of movement between the subclasses is defined as σ = mσ′

and γ = nγ′, respectively. This is equivalent to assuming the following probability density
functions for the latent (fE(t)) and infectious (fI(t)) periods:

fE(t) =
(mσ′)me−mσ

′ttm−1

(m− 1)!

fI(t) =
(nγ′)ne−nγ

′ttn−1

(n− 1)!
.

Straightforward calculation of the next generation matrix for this model results in the
following characteristic equation for the eigenvalues of the disease-free equilibrium:

λ(λ+ γ′n)n

[
λ(λ+ σ′m)m −R0γ

′(σ′m)m

(
1−

(
λ

γ′n
+ 1

)−n)]
= 0 .
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Figure 3.3: Gamma distributions. Probability density functions for sev-
eral Gamma distributions with the same mean (13 days, marked with a
vertical grey line) but different shape parameter n. The most extreme
cases are the exponential distribution (n = 1) and the Dirac delta distri-

bution (n→∞). (from Krylova et al. [169]).

Since we are interested in the dominant positive eigenvalue, only the expression in the
square brackets is relevant. The basic reproductive number is then [170]:

R0 =
β

mσ′ + κ

(
mσ′

mσ′ + κ

)m n−1∑

j=0

(
nγ′

nγ′ + κ

)j
(3.39)

When n = m = 1 and then both latent and infectious periods are exponentially dis-
tributed while if n,m→∞ the latent and infectious periods have a fixed length.

3.3 Spatial transmission models

The compartmental models introduced so far describe the epidemic spread in a single
population of homogeneously mixed individuals. This picture represents a strong simpli-
fication of the reality because for directly transmitted diseases like rabies, HIV, influenza,
etc. the transmission occurs with higher probability if the interaction is more intense/fre-
quent, which implies spatial proximity. Moreover, the movement of individual among
different locations may facilitate the spread of the pathogen on a wider geographical
area. Human and animal communities are made by a complex structure of heterogeneous
interactions that have to be introduced in a realistic epidemic model since those features
have a critical role in the epidemic spread [171].
Rabies is an interesting example of infectious disease in which the diffusion is driven by
the movement of the hosts and the by the spatial heterogeneity of the landscape where
the host population lives [115] (see Section 2.6)
The aim of this section is to introduce space in epidemic models in particular the reaction-
diffusion processes to include the spatial transmission and the metapopulation model to
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a)

b)

Figure 3.4: Top: The spread of the Black Death in 14th Century Europe
was mainly a diffusive process, with an epidemic front wave crossing the
continent from South to North (from Colizza et al. 2007 [172]). Bottom:
Geographic distribution of reported cases of rabies both in domestic and
wild animals, during 1979. Each dot represent a case (from Anderson et

al. 1981 [157]).

consider the spatial heterogeneity. The resulting framework enables us to answer to im-
portant issues like: which is the rate of the spatial spreading of a pathogen, which is the
influence of large and small population in the persistence and circulation and which are
the mechanisms for the endemicity in the local and the broad spatial scales.

3.3.1 Reaction-diffusion process

A reaction-diffusion (RD) process is a well known modeling framework extensively applied
to study chemical and physical phenomena [173, 174]. At the microscopical level it
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consists of particles that diffuse in space and that are subject to some reaction process
that depends on the nature of the problem considered. Space is in general a regular
lattice where each particle stays in a node and diffuses through the connections between
the neighboring nodes. If particles are fermions, the RD process assume the exclusion
principle that limit the number of particles in each node, while if particles are bosons the
RD process allows each node of the lattice to be occupied by any number of particles
[175]. Bosonic RD processes have been proven useful not only in the classic field of
physics, but to model a wide range of systems that includes epidemic spreading [176–
179] and social contagion processes [180–183].
To better understand the role of space in the epidemic spread and to introduce the
reaction diffusion method in epidemiology, let us consider two historical examples. The
first one is the diffusion of the Black Death that devastated Europe during the 14th
century [184]. In this case a simple way to introduce space in the epidemic model is
given by spatial diffusion. Let us recall the simple SIR model without demography, where
the compartments are defined by densities: s(x, t), i(x, t) and r(x, t). The differential
equations in this case are given by:

∂s(x, t)

∂t
= −βs(x, t)i(x, t) +D∇2s(x, t)

∂i(x, t)

∂t
= βs(x, t)i(x, t)− γi(x, t) +D∇2i(x, t)

(3.40)

where D is the diffusion rate and D∇2 describes the diffusion process that represents the
individual mobility. From equation (3.40), if D 6= 0 and β = γ = 0 the epidemics grows
as
√
t, while if D 6= 0 and β 6= 0 it grows with a finite speed v. The analytical solution

of the traveling wave speed can be computed [185]:

v = 2
√
βDs(t = 0)

[
1− 1

R0

]
(3.41)

where s(t = 0) is the initial density of susceptible and R0 = β/γ. Applying this simple
diffusion model the resulting epidemic wave front speed is around v ∼ 140miles/year
which is close to the historically given estimate v ∼ 200− 400miles/year.
The second example is a reaction-diffusion model introduced by Murray er al. in 1986
[152] to analyze the spread of fox rabies through Europe following the World War II (as
already discussed in Section 3.1):

∂s(x, t)

∂t
= r(1− 1/K)s− βs(x, t)i(x, t)

∂e(x, t)

∂t
= βs(x, t)i(x, t)− (σ + µ+ r/K)e(x, t)

∂i(x, t)

∂t
= σe(x, t)− (γ + µ+ r/K)i(x, t) +D

∂2i(x, t)

∂x2

(3.42)

where r = b − µ represent the intrinsic per capita growth rate, and D (as in equation
(3.40)) is the diffusion rate. The estimated movement rate of rabid foxes was D ∼
50km2/year. The speed of the traveling wave can be computed making some reasonable
approximation:

• ∆t small, so the demographic processes can be neglected b = µ = 0;

• since the epidemic process is driven by the movement of the infectious we can
assume that for small ∆t the exposed ∂e(x,t)

∂t ∼ 0
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Figure 3.5: Schematic illustration of the modelling framework based
on a metapopulation scheme. At the macroscopic level the system is
composed of a network of subpopulations. At the microscopic level, each
subpopulation contains a population of individuals. The infection dy-
namics are described by a simple compartmentalization (compartments
are indicated by different colored dots in the picture). Within each sub-
population, individuals are mixed homogeneously and can migrate from
one subpopulation to another following the mobility connections of the
network. In this way the disease can spread at the subpopulations level.

Through these approximations the equation (3.42) can be written as:

∂i(x, t)

∂t
= (βs(x, t)− γ)i(x, t) +D

∂2i(x, t)

∂x2
(3.43)

The resulting equation is similar to the well-known Fisher-Kolmogoroff equation:

∂u

∂t
= f(u) +D

∂2u

∂x2
(3.44)

which gives for the wave speed v = 2[f ′(u)D]1/2, so in our case it becomes:

v = 2[(βs(t = 0) + γ)D]1/2 (3.45)

where s(t = 0) is the initial density of susceptible foxes. s(t = 0) can suggest the number
of foxes that has to be targeted in vaccination or culling campaign to stop the wave, while
D can give the area that should be managed [152].

3.3.2 Metapopulation model

Another useful framework for spatial transmission modeling is the one where reactions
are integrated in a structured system that include explicitly spatial heterogeneities and
mobility. Such framework was firstly developed in ecology and it is named metapopula-
tion model [127–130]. It relies on the basic assumption that the system under study is
characterized by a highly fragmented environment in which the population is structured
and localized in relatively isolated subpopulation or patches connected by some degree
of mobility [172]. Each subpopulation represents a single well-defined social or ecological
entity such as a community, a pack, a herd, a refugee, a habitat, a village, a city, etc.
that depends on the system under study.
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The metapopulation model has multiple levels (Figure 3.5). At the microscopic level,
each subpopulation i is composed by Ni individuals that follow the compartmental model
dynamics: they are homogeneously mixed and they are divided into classes denoting their
health status (Section 3.2). The total population is given by N =

∑
iNi. At the macro-

scopic level the metapopulation model has a network structure (Figure 3.5) where each
subpopulation is a node and each node i is connected to other ki nodes according to his
degree resulting in a network with degree distribution P (k) and distribution of moments
〈kα〉 =

∑
k k

αP (k). The interaction among different subpopulations is the result of the
individual movements from one subpopulation to the others.
There are two different descriptions used to model the interaction given by mobility: the
first is when the effective coupling is expressed as a force of infection generated by the
infectious individuals in subpopulation i on the individuals of the subpopulation j [162,
186–189]; the second, which is the more realistic one, is when the interaction is given
through a mechanistic approach which includes the detailed rate of movements obtained
from empirical data or from mobility models [177, 178].
In the characterization of the diffusion process, the typical assumption commonly made
is that in each time step the movement of individuals is given according to the matrix
determined by the elements pij . This matrix expresses the probability that an individual
travels from subpopulation i to subpopulation j. If wij is the number of travelers among
the two subpopulations i and j, then:

pij ∼
wij
Ni

. (3.46)

Such assumption has a Markovian character because it does not imply any memory of the
individual movements. The individuals are not labeled according to their origin and at
each time step the same traveling probability is applied to each member of the subpopu-
lation. In the case of large metapopulation systems with a high level of heterogeneity the
analytical description of the metapopulation model in terms of specific features of each
single subpopulation is extremely complicate.
Let us now consider the metapopulation approach to model the disease spread in animals.
In general, for animal populations the circulation of a pathogen is due to the migration
or permanent movement of individuals. There are multiple ways to model that behavior,
the simplest is to let animals move randomly among subpopulations [190–192], although
assumptions based on data [118] or known dispersal behavior of specific species leading
to different dynamics [193–195] are more appropriate. The general formulation of the
metapopulation approach for a SEIR infectious dynamics is then:

dSi(t)

dt
= biNi(t)− βi

Si(t)Ii(t)

Ni(t)
− µiSi(t) +

∑

j

pijSj(t)−
∑

j

pjiSi(t)

dEi(t)

dt
= βi

Si(t)Ii(t)

Ni(t)
− (σi + µi)Ei(t) +

∑

j

pijEj(t)−
∑

j

pjiEi(t)

dIi(t)

dt
= σiEi(t)− (γi + µi)Ii(t) +

∑

j

pijIj(t)−
∑

j

pjiIi(t)

dRi(t)

dt
= γiIi(t)− µiRi(t) +

∑

j

pijRj(t)−
∑

j

pjiRi(t)

(3.47)

where the subscript i defines parameters and variables that are particular to subpopulation
i, pij is the rate at which hosts move to subpopulation i from j and therefore captures
both emigration and immigration.
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Transition Type Rate
Sj → Ej Contagion λj

Ej → Ij Spontaneous σj
Ij → Rj ” γj
Sj , Ej , Ij , Rj to death ” µ

Table 3.2: Transitions between compartments and their rates.

3.3.3 Stochastic and discrete integration of the disease dynamics

In this section I describe, using a stochastic and discrete approach, how I implement the
infectious dynamics (Subsection 3.2.3) within each subpopulation of the metapopulation
framework. Even if the infectious dynamics considered here is a general case, modifi-
cations of this classic susceptible–exposed–infected–recovered paradigm follow the same
description. The force of infection λj is determined by interactions with infectious either
from the same subpopulation j or from another connected subpopulation. The transitions
described and the corresponding rates are summarized in Table 3.2. In each subpopula-
tion the variation of the number of individuals in the compartment m (where m can be
S, E, I or R) per time step is given by:

Xm
j (t+ ∆t)−Xm

j (t) = ∆Xm
j . (3.48)

In the right part of the equation, the term ∆Xm
j represents the variation given by the

compartmental model dynamics.
To introduce the stochastic and discrete integration of the disease dynamics, I define an
operator that act on the compartment m, which include all the possible transitions out
of that compartment in the time interval ∆t. The elements Dj(m,n) of this operator are
random variables extracted from a multinomial distribution that determines the number
of transitions in ∆t from compartment m→ n.
To obtain the total variation ∆Xm

j in the time interval of the compartment m:

∆Xm
j =

∑

n

−Dj(m,n) +Dj(n,m) (3.49)

where the sum is on all the random variables Dj(m,n).
Here I discuss a concrete example of this formulation, the evolution of the susceptible
compartment Sj . All possible transitions from this compartment are: to the exposed, and
to the natural death given by demography.
The random variables for these transitions are extracted from the multinomial distribution:

PrMultin(Sj , PSj→Ej , PSj→death) (3.50)

with the transition probabilities:

• PSj→Ej = λj∆t

• PSj→death = −µ∆t

These two transitions cause a reduction of the size of the compartment Sj . On the other
hand the increase is given by the birth of new susceptible, which is a random number
extracted by a binomial distribution:

PrBin(Sj , Pbirth→Sj ) (3.51)
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a)

b)

Figure 3.6: a) Geographical diagram of the roosting caves (circles)
along the migratory path (links) of M. schreibersii in the region of
Catalunya. Can Palomeres (white border) is the cave where cross-species
mixing may occur. b) Temporal representation of the annual seasonal
migration of M. schreibersii. Cave occupation is represented with filled

rectangles (northern route) and striped ones (southern route).

with probability Pbirth→Sj = b∆t. After extracting these numbers from the corresponding
distributions it is possible to compute the stochastic variation of the population size of
the compartment Sj :

∆Sj(t) = Sj(t+ 1)− Sj(t) = −[Dj(Sj , Ej) +Dj(Sj , death)] +Dj(birth, Sj) (3.52)
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Origin cave Destination cave Period ∆t (days)
Avenc Davì Castanya 1st March - 16th April 46
Avenc Davì Other caves 1st March - 16th April 46
Castanya Can Palomeres 15th March - 1st June 78
Can Palomeres Summer refugee 15th May - 15th June 31
Summer refugee Can Palomeres 10th August - 15th September 36
Can Palomeres Castanya 15th September - 15th November 61
Castanya Avenc Davì 1st October - 30th November 60
Other caves Avenc Davì 1st October - 30th November 60

Table 3.3: Migration estimates for Miniopterus schreibersii.

Sampling date Population
Dec 2008 16 150
Dec 2009 18 050
Dec 2010 17 100
Dec 2011 17 100
Dec 2012 17 100
Dec 2013 15 200
Dec 2014 17 100
Dec 2015 18 050
Dec 2016 17 100

Table 3.4: Average population estimates for Miniopterus schreibersii in
Avenc Davì.

Sampling date Population
Dec 2009 537
Dec 2010 577
Dec 2011 460
Dec 2012 441
Dec 2013 528
Dec 2014 520

Table 3.5: Average population estimates for Myotis myotis in Can
Palomeres.

3.3.4 Metapopulation structure starting from field data: EBLV-1 infec-
tion in non-synanthropic bats populations

In this part I report original results of the work where we studied the endemicity of
European Bat Lyssavirus subtype 1 (EBLV-1) in two non-synanthropic bats, Myotis myotis
andMiniopterus schreibersii, in Catalonia (North-East of Spain). M. myotis live as a single
colony of few hundred individuals in a cave called Can Palomeres (Figure 3.6 panel a),
while M. schreibersii is a regional migratory bat species that follows a complex annual
migration in a five caves system (Figure 3.6 panels a and b). The two species share the
same habitat in Can Palomeres during summer months.
Here I describe how a metapopulation structure for the migratory M. schreibersii bat
species can be built starting from population and migration data.



38 Chapter 3. MATHEMATICAL MODELING OF RABIES

Data description

Empirical data provides population estimates for both bat species and migration esti-
mates for M. schreibersii. Seasonal movements estimates for M. schreibersii (Table 3.3)
were based on banding and recovery of individuals. Bats were captured inside the roosts
with long-handled butterfly nets during the day or with mist nets at sunset, when they
emerged to forage, if access to the roost interior was not possible [196, 197]. Individual
bats were banded with a uniquely coded alloy ring on the forearm. The colony size of
the M. schreibersii (Table 3.4) was determined in Avenc Davì in December (hibernation
period) in order to avoid underestimations that can be given by the spring migratory
displacements. For each sample, the colony size was computed from the estimated area
in m2 occupied by the bats and the average colony density obtained through processing
photos of the colony. The colony size of M. myotis was estimated similarly from obser-
vations in Can Palomeres (Table 3.5).

Metapopulation structure

At the microscopic level, the disease dynamics is implemented considering the discrete
and stochastic approach explained in Section 3.3.3, choosing the compartmental model
which is appropriate for the host-pathogen interaction considered.
The migratory path defines the directed connections of M. schreibersii migration among
patches, as schematically represented in the map of Figure 3.6. We indicate with φp→p

′
(t)

the migration rate from cave p to cave p′ on day t during the year, with annual season-
ality. We assume that migration rate is homogeneous in time and simply defined by the
total duration of migration ∆tp→p

′
given by empirical estimates (Figure 1b, Table S1),

i.e. φp→p
′
(t) = 1/∆tp→p

′
. The migration is implemented through a stochastic approach

informed by the data in Table 3.3 (Figure 3.6 panel b).
The number of M. schreibersii in the compartment Xp traveling from patch p to patch
p′ in the discrete time interval is an integer random variable extracted from a multinomial
distribution. As a concrete example let us consider the spring migration out from Avenc
Davì of bats in the XAD compartment. The two possible destinations are the compart-
ment XC in Castanya and the compartment XOC in Other caves. The random variables
are extracted from:

PrMultin(XAD, PXAD→XC , PXAD→XOC ) (3.53)

with migration probabilities:

• PXAD→XC = ηAD→CφAD→C∆t

• PXAD→XOC = (1− ηAD→C)φAD→OC∆t

where XAD is the number of M. schreibersii in Avenc Davì in the compartment X at time
t; φAD→C and φAD→OC are the migration rates from Avenc Davì to Castanya and from
Avenc Davì to Other caves, respectively; ηAD→C and (1 − ηAD→C) are the proportions
of bats that migrate to the two destinations, respectively. After extracting these numbers
from the corresponding distributions, we can calculate the change in the XAD population.

3.3.5 Metapopulation structure without field data: RABV infection do-
mestic dogs

In this part I present an original work where we analyze the persistence of RABV virus in
domestic dogs population of Central African Republic (CAR). As showed in the previous
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Figure 3.7: WorldPop CAR. 2015 estimates of numbers of people per
grid square of Central African Republic, with national totals adjusted to
match UN population division estimates. Resolution of 0.000833333 dec-

imal degrees (approx 100m at the equator).

example, to build a metapopulation network we need the distribution of host population in
well-defined subpopulations and the movement pattern that couple these subpopulations.
Unfortunately, there is not availability of such kind of data for CAR so we used a different
approach.

Population

Domestic dogs are naturally tied to human population therefore we infer dog densities
starting from human demographics and human geography [1, 102]. To capture the highly
fragmented and complex landscape given by the distribution of dogs communities in CAR
we employed as a proxy a high resolution dataset on human population called WordPop
[198]. WorldPop contains estimates for the geographic distribution of the population in
terms of population density and settlement patterns for 126 countries in Africa, America,
and Asia [198]. Fifty African countries, including Central African Republic, are represented
in the database. For our analyses, we used the alpha version of the WorldPop data set for
CAR; this version contains 2015 estimates of the number of people/100 m2. The dataset
is a raster image, and it is composed by a set of discrete uniform cells (pixels) that contain
an estimation of the human population and that are based on a gridded surface, where
each pixel on the grid represents a defined square area in a specific geographic location.The
WorldPop database was constructed by using satellite data on surface imagery, specifically
imagery on land cover patterns, to map the settlement patterns. The surface imagery data
were used to reallocate the population census data to settlements; settlements may vary
from cities to small rural homesteads. Satellite data were taken from NASA’s Landsat
spacecraft, which uses Enhanced Thematic Mapper imagery to monitor Earth’s land cover.
The details of the methodologies used by Linard et al. [199] to construct the database
are described on the WorldPop website [198].
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Resolution (m2) Minimum
population per m2 #patches Human population

in Bangui (734 350 in 2012)

20 196 677 107
100 40 162 677 107

60 95 677 107

20 430 685 820
400 40 189 683 621

60 132 681 190

20 335 779 749
800 40 137 765 098

60 91 763 610

20 283 797 933
1000 40 114 765 562

60 83 760 798

Table 3.6: Number of patches and Bangui’s human population size ob-
tained varying the resolution of the raster matrix and the minimum number
of the minimum population per m2. In red the parameters’ combination

selected to rearrange the raster matrix.

The CAR dataset comprises 165 076 538 cells of which 72 939 427 are populated. To
design the metapopulation model we aggregate data from the raster dataset to satisfy
two conditions:

• neighbouring inhabited cells are merged together in a single patch that aim to
represent human settlements;

• Bangui, the capital city of the country has to be described as a single subpopulation
in the metapopulation network for epidemiological reasons [107].

To fulfill those requirements firstly we adjusted the raster dataset varying the resolution
in a interval between 100 m2 to 1 km2 hierarchically aggregating the pixel cells. Subse-
quently, we filtered out the scarcely populated cells considering a threshold with respect to
the minimum population size in each 100 m2. In order to build communities all remaining
cells that have at least one side in common are merged together. The resulting scenario
is an ensemble of geolocalized subpopulations of human communities with a certain size,
spatial extension and density.
To select the optimum combination of resolution and minimum threshold we considered
for which values of these parameters: the number of subpopulations remain stable (Fig-
ure 3.8) and the population size in Bangui is similar to the official estimation (734 350
inhabitants in 2012) (Table 3.6). In the evaluation process we preferred a higher resolu-
tion and a lower threshold conditions, thus we choose as optimal pixel size 800 m2 and
a threshold for the minimum population size equal to 40 inhabitants per 100 m2 (Table
3.6 (shaded red line)). Finally, considering the mean human to dog ratio for African
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Figure 3.8: Subpopulations. The variation of the number of subpop-
ulations in the metapopulation framework in function of the resolution
considered and of the threshold on the minimum number of human pop-

ulation per m2.

countries [1], we estimated the domestic dogs population considering two possible kinds
of environments: urban patches, with more than 1 000 individuals per kilometers squared
and with a human to dog ratio equal to 21.20; rural patches, with less than 1 000 individ-
uals per kilometers squared and a human to dog ratio equal to 7.40. The total domestic
dogs population estimated for the whole Central African Republic is 76 992 dogs divided
in 137 subpopulations, of which 69 250 live in urban patches and the remaining 7 742
live in rural patches. Bangui, the capital city of the country, hosts 36 089 dogs which
is close to half of the total population. The major concentration of subpopulations is
located on the West and Central side of the country since in the east part are located
three national parks named Bamingui-Bangoran, Saint-Floris and Zemongo. The area
around Bangui is characterized by a high density of both urban and rural settlements. In
Figure 3.9 it is shown: in panel a, the geographic distribution of the dogs subpopulations
within the Central African Republic; in panel b, the distribution of the size the the dogs
subpopulations.

Movements

The other crucial input for the metapopulation model is the coupling among subpopula-
tions, which corresponds in this case to canine movements within the country. Unfortu-
nately for domestic dog movements no data is available for Central African Republic. In
a recent work made by Talbi et al. [113], they used a probabilistic approach [200] to de-
termine the spatial and temporal dynamics of dog RABV transmission from a large-scale
gene sequence study. Combining spatial epidemiology and a Bayesian phylogeographic
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Figure 3.9: a) Geographical distribution of the obtained subpopulations
divided in: rural (green), if the number of humans per squared kilometer
is less than 1 000; urban (black), if the number of humans per squared
kilometer is more than 1 000. b) Distribution of the estimated number of
domestic dogs in rural (green) and urban (black) patches. c) Distribution
of the distances among patches: in black if the patches are both urban;
in green if the patches are both rural; in red between urban and rural

patches.

approach, they tested multiples diffusion predictor to determine which of them can predict
dog RABV dissemination in Algeria and Morocco. Marginal likelihood estimates of the
model fit of all the different predictors considered suggests that RABV spatial dynamics
are best described by road distances and geographical (Euclidean) distances provided only
a marginally lower fit.
For sake of simplicity, as already done in [194], we use the Euclidean distance model to
evaluate the number of migrating dogs between patch i and patch j, defined as:

wij =
C

dij
. (3.54)

Where C is a normalization factor that fix the maximum number of dogs that can daily
escape from each subpopulation to 1% of the patch population, and dij is the great circle
distance between i and j, defined as the shortest distance between the two centroids on
a surface of a sphere.
The distribution of Euclidean distances among urban-urban, rural-rural and urban-rural
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Figure 3.10: Mobility model. a) The distribution of the daily travel
probability obtained by the model represented by equation (3.54). Sub-
population stability. b) The distribution of the average relative variation
of the subpopulations size considering the dynamics give by the migration

model after 103 time steps.

subpopulations is shown in Figure 3.9. The average distances, in the three cases, are
respectively 334, 362 and 352 km and the shape of the three distributions is similar. The
rural-rural distance distribution, however, is characterized also by an additional short dis-
tance peak around 75 km which represents the high concentration of rural patches around
the Bangui area and in the north west side of the country. The distribution of the daily
travel probability for each subpopulation is heterogeneous and the population size of each
patches is maintained in equilibrium through the migration dynamics (Figure 3.10).

Metapopulation structure

At the microscopic level, the disease dynamics is implemented considering the discrete
and stochastic approach showed in the Section 3.3.3, choosing the compartmental model
which is appropriate for the host-pathogen interaction considered.
The dogs movements were modeled considering the equation (3.54), with an integration
time scale of ∆t = 1 day and with symmetric travels, wij = wji. The number dogs in
the compartment Xi that travels between the two patches is an integer random variable
extracted from a multinomial distribution. As a concrete example let us consider the
migration out from Bangui in the XBangui compartment. The possible destinations are all
the other 136 patches of the network with a probability that decline with the Euclidean
distance. The random variables are extracted from:

PrMultin(XBangui, PXBangui→XPatch1 , ..., PXBangui→XPatch136 ) (3.55)

with migration probabilities:

P
XBangui→XPatchj =

wBangui,j

NBangui
∆t (3.56)

where: XBangui is the number of dogs in Bangui in the X compartment at time t; NBangui
is the total number of dogs in Bangui at time t. After extracting these numbers from the
corresponding distributions, we can calculate the change in the population.
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3.4 Conclusions

In this Chapter I presented the mathematical and computational modeling background
of my research. In Section 3.1 I introduced a brief history of mathematical epidemiology
applied on rabies with special attention the public health motivations. In Section 3.2 I
introduced some basics of mathematical theory of infectious diseases, with special atten-
tion to compartmental models which will be extensively used in the rest of the thesis.
In particular I focused on the SEIR model because it is commonly used to model rabies
infectious dynamics. In Section 3.2.3 I considered the different compartmental model
used in this work to analyze bats infection dynamics. Subsequently in Section 3.2.3, I
illustrate a SEIR model for dog rabies infection. Than in the same framework I introduced
realistic distribution of the incubation and the infectious periods that permit the inclusion
of heterogeneous incubation and infection periods that are peculiar in dog rabies. In Sec-
tion 3.3 I illustrated the importance of space in epidemiology in particular for modeling
a direct contact host to host disease like rabies. In Section 3.3.1, I introduced the role
of the diffusion in space and in Section 3.3.2 I integrate the Reaction-Diffusion approach
into a metapopulation structure that is particularly indicated to model the spread of ra-
bies in a heterogeneous population structure. From here I continue the presentation of
my research following two main directions. One one hand I apply the described modeling
framework to understand the persistence of European Bat Lyssavirus-1 in two bats species
in Catalunya (Spain) using field data on population and on migration (Chapter 4). On the
other hand, in Chapter 5 I present a novel approach to analyze the persistence of RABV
virus in domestic dogs communities in Central African Republic. In particular I study the
role and interplay between the heterogeneous incubation period, the human-mediated dog
movements and the spatial fragmentation of the domestic dog population in that country.
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4
EUROPEAN BAT LYSSAVIRUS-1 PERSISTENCE IN

CATALUNIA

4.1 Abstract

Lyssaviruses are pathogens of bat origin of considerable zoonotic concern. Knowledge
about persistence remains incomplete, mainly due to the complex interplay of bats ecology
and immune response to infection. Leveraging an extensive ecological field survey char-
acterizing Myotis myotis and Miniopterus schreibersii bat species in the Catalonia region,
we develop a data-driven mathematical model to identify the mechanisms of persistence
of European Bat Lyssavirus subtypes 1 (EBLV-1) in the region. We consider different dis-
ease progressions accounting for lethal infection, immunity waning, along with potential
cross-species transmission when the two populations share the same refuge. Comparison
with serological data suggests that EBLV-1 circulation is ensured by the spatial migration
of M. schreibersii mixing with M. myotis, offering novel numerical evidence to support
non-lethal infection in bats with a transient immunity of few months. Shelters hosting
multi-species colonies are critical for virus exchange, suggesting they should be targeted
for public health surveillance.

4.2 Introduction

Bats are reservoir hosts of numerous emerging viruses that can cross the species barrier
to infect other wild and domestic animals, and also humans [201, 202]. These include
lyssaviruses, the agents of rabies, that probably originated in bats and progressively di-
verged from a common ancestor to infect many recipient host species. To date, bats
were found to serve as reservoirs of 15 of the 17 lyssavirus species currently known [14,
203]. European Bat Lyssavirus subtypes 1 (EBLV-1) has been reported in Europe for the
first time in 1954 [9], and is the lyssavirus species more largely found in the continent
(see Section 2.5.1) [204]. It is widely distributed throughout Europe (including Germany,
the Netherlands, Denmark, France, Spain) [9, 10, 57, 66, 204, 205], and infects mainly
insectivorous bat species [206]. EBLV-1 virus has the potential to cross the species barrier
and infect other domestic and wild mammals [9–11], although such events seem relatively
rare. Infections of humans by EBLV-1 have also been reported [205], including fatal cases
[203, 207]. The mechanisms for lyssaviruses persistence in bats are still undefined, mainly
because of paucity of knowledge of the phenomenology and data scarcity. Disease pro-
gression following lyssavirus infections in bats is largely debated and controversial (see
Section 2.4 and Section 2.5). With the isolation of live virus being rare and the bat



46 Chapter 4. EUROPEAN BAT LYSSAVIRUS-1 PERSISTENCE IN CATALUNIA

response mechanisms to infection remaining largely unknown, discordance between differ-
ent studies suggests that disease progression may depend on bat species and rabies virus
variant. Finally, even when disease progression is partially known, data is often missing
to parameterize it so that important determinants for transmission dynamics cannot be
fully defined (see Section 2.5.1).
Host ecology may also drive the mechanisms underlying virus persistence in bats popula-
tion (see Section 2.5.1) but only few modeling studies have explored this possibility with
lyssaviruses. For Eptesicus fuscus in North America, persistence of bats rabies virus was
found to be likely associated with bats dispersal and interaction between colonies [76].
Roost ecology, colony size and bat species richness were found to be associated with an
increased EBLV-1 seroprevalence in Spain [43, 61]. A high number of species might not
only increase the rates of contact between bat populations, but could also facilitate virus
dispersal. Pathogen entry and re-entry through the higher mobility of individuals could
indeed act as a strong spatial disseminating factor, as discussed for many bat species har-
boring zoonotic viruses [78, 117, 208–210]. This is especially relevant when bats exhibit
migratory seasonal behavior [118, 211]. Finally, the dependence of host contacts rates on
population size [212] is still a matter of debate, with previous modeling works adopting
either frequency-dependent [77, 118] or density-dependent [76] transmission rates.
Considering both disease progression and ecological factors in the same theoretical frame-
work is therefore crucial to comprehensively understand the mechanisms for lyssaviruses
spread and persistence among colonies and improve their control to limit the risk of
cross-species exposure. Our study aims at characterizing the epidemiological, immuno-
logical, and ecological context responsible for EBLV-1 persistence observed in the M.
schreibersii and M. myotis non synanthropic insectivorous bat species in the system of
caves in Catalonia (North-East of Spain) already presented in Section 3.3.4. Evidence
of sustained EBLV-1 infection is found in both species at different times of the year [43,
213]. Through a mathematical modeling framework accounting for disease progression
dynamics and bats ecology, and parameterized with empirical data on bats population
and migration, we explore several hypotheses regarding unknown epidemiological, im-
munological and ecological aspects to identify the mechanisms responsible for EBLV-1
persistence in the two species. Specifically, we test three different disease progression
models, including or not lethal infection and temporary immunity, to shed light on the
unknown rabies biology in these bat species. In absence of estimates, we explore range
of values to quantify virus transmissibility, its seasonal variation, and immunity periods
and evaluate their impact on the transmission dynamics. In addition, we assess the role
of cross-species mixing in Can Palomeres cave and of spatial dispersal through migration
to explore which ecological factors have a prominent role in rabies persistence. Finally,
we compare model predictions with collected EBLV-1 serological data for both species
to identify the epidemiological and ecological contexts most consistent with reality. A
sensitivity analysis on unknown parameters is also performed to assess the robustness of
our modeling results to missing data.

4.3 Materials and Methods

4.3.1 Data

Seasonal movements were obtained for M. schreibersii through banding and recovery
[196] as showed in Section 3.3.4 allowing us to trace the migration flows from cave to
cave during the annual cycle in the North-East of Spain (Figure 3.6 panel a). A total
of five caves are visited during the migration. Following hibernation in Avenc Davì, M.
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Sampling date Cave Species Sampled Positive Prevalence [95%CI]
23/03/10 Avenc Davì Ms 29 3 0.10 [0.04-0.26]
24/03/11 Avenc Davì Ms 31 4 0.13 [0.05-0.29]
28/03/12 Avenc Davì Ms 30 3 0.10 [0.03-0.26]
28/03/13 Avenc Davì Ms 31 0 0.00 [0.00-0.11]
20/03/14 Avenc Davì Ms 29 0 0.00 [0.00-0.12]
22/07/10 Can Palomeres Ms 24 13 0.54 [0.35-0.72]
09/06/11 Can Palomeres Ms 26 0 0.00 [0.00-0.13]
16/05/12 Can Palomeres Ms 30 14 0.47 [0.30-0.64]
03/07/13 Can Palomeres Ms 22 2 0.09 [0.03-0.28]
05/06/14 Can Palomeres Ms 27 4 0.15 [0.06-0.32]
22/07/10 Can Palomeres Mm 6 3 0.50 [0.19-0.81]
09/06/11 Can Palomeres Mm 4 1 0.25 [0.01-0.70]
16/05/12 Can Palomeres Mm 5 3 0.60 [0.23-0.88]
03/07/13 Can Palomeres Mm 9 3 0.33 [0.12-0.65]
05/06/14 Can Palomeres Mm 1 0 0.00 [0.00-0.95]

Table 4.1: Number of bats sampled and tested positive to EBLV-1
serology, prevalence and 95%CI, in Avenc Davi and Can Palomeres, for
both bats species. Where Ms stands for M. schreibersii and Mm stands

for M. myotis

schreibersii population splits between Northern and Southern migration routes from March
to mid-April (Figure 3.6 panel b). On the Northern route, M. schreibersii reach Castanya
for mating when the hibernation is over, then they progressively start migrating to Can
Palomeres for mating and birthing (mid-March to end-May). An important fraction
of M. schreibersii follow their migration further North to other refuges composed of
breeding or summer colonies (“Summer refuges” in Figure 3.6 panel a), where they stay
approximately from mid-May to mid-September. During the same period, the remaining
bats stay instead in Can Palomeres and share the refuge with M. myotis. Once summer is
over, the entire M. schreibersii colony returns to Avenc Davì following the Northern route
in the opposite direction: from Summer refuges to Can Palomeres, to Castanya, to Avenc
Daví for hibernation to conclude the annual migration. Bats following the Southern route
from Avenc Daví reach a set of caves near the coast (“Other caves” in Figure 3.6 panel a)
from March to the end of November and return to Avenc Daví for hibernation, reuniting
with the bats following the northern route. The detailed list of migration flows is reported
in Section 3.3.4 Table 3.3.
Total population sizes of the two species are estimated to be 16 994 individuals (95%
confidence interval CI [16 451-17 538]) for M. schreibersii (data from Avenc Daví, Table
3.4), and 525 individuals (95% CI [492-559]) for M. myotis (data from Can Palomeres,
Table 3.5). EBLV-1 serological data were collected once a year, in Avenc Davì (for M.
schreibersii) and Can Palomeres (for both species), between 2010 and 2014 (Table 4.1).
From the 279 M. schreibersii and 25 M. myotis sampled, 15.41% (95% CI [11.49-20.31],
n=43) and 40% (95% CI [21.81-61.11], n=10) were EBLV-1 seropositive, respectively.

4.3.2 Model formulation

We develop a mathematical modeling framework based on a multi-species metapopulation
model with five patches corresponding to the five caves encountered by M. schreibersii
along the migration route, and couplings between patches corresponding to the migration
flows described in the former paragraph. Since M. myotis bats constitute a single colony
with rare and short-range movements [73], we model them as a single subpopulation.
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Figure 4.1: Reproductive numbers Rp
0 of each patch p of the M.

schreibersii migration over time. Parameter values are set to default
(Table 4.4), and the reproductive number in Can Palomeres is set to
RCP

0 = 1.8. The seasonal reproductive number of the metapopulation
model, 〈R0(t)〉 (red curve) and its yearly average 〈R0〉 (black dashed

curve) are also shown.

The model, as showed in Section 3.3.4, is spatially explicit and based on a two-level
dynamics: a local dynamics, representing the disease transmission in bat populations (M.
schreibersii and M. myotis, single-species and cross-species infection dynamics) within
each cave (patch of the metapopulation model) and modeled through a compartmental
model with homogeneous mixing; and a migration dynamics, representing the spatial
spread of EBLV-1 infection among caves occuring through the migration of infected hosts
(M. schreibersii). Cave-specific transmission is considered to model the bats activities
(Figure 4.1), as detailed in the following.

Single-species infection dynamics

To account for the different hypotheses existing on the biology of lyssavirus infection, we
analyze three formulations of the EBLV-1 disease progression dynamics within the host,
based on a susceptible-exposed-infected compartmental approach discussed in detail in
Section 3.2.3. Model 1 was introduced by George et al. in 2011 [76] for bat rabies
virus in Eptesicus fuscus species, an insectivorous bat species (Figure 4.2 panel a). It
assumes that bats can experience nonlethal and lethal rabies virus infection, and tracks
individuals in the following compartments: susceptible (S), exposed (EI leading to an
infectious state, ER leading to an immune state), infectious (I, followed by death because
of lethal infection), immune to the virus (R). Lethal infection occurs with probability ρ.
To test the hypothesis on the existence of a temporary immunity following rabies disease
progression in M. schreibersii and M. myotis [70, 71], we introduce model 2 as a variation
of model 1 by adding loss of immunity with rate ω, while all other processes remain the
same (Figure 4.2 panel b). In both model 1 and model 2, total population size is regulated
by a carrying capacity K, as in [76]. The mathematical formulation of model 1 and model
2 are described in detail in Section 3.2.3 by the equations (3.31) and (3.32) respectively.
Finally, to test the hypothesis of nonlethal infection [60, 73], we introduce model 3 as a
SEIRS compartmental model, where bats do not die following infection but progress to
an immune state (R) of average duration ω−1, after which they become susceptible again
(Figure 4.2 panel c). The mathematical formulation of model 3 is described in Section
3.2.3 equation (3.34).
In all three models bats die at a constant natural death rate µ. Births occur seasonally and
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Figure 4.2: Compartmental models. a) Compartmental structure for
model 1, including susceptible (S), lethally exposed (EI), non-lethally
exposed (ER), infectious (I), recovered (R) and dead hosts (D). The
model considers lethal infection to occur with probability ρ. b) As in a)
for model 2, where waning of immunity with rate ω is also considered. c)
Compartmental structure for model 3, where no infection-induced mortal-

ity is considered, and immunity wanes with rate ω.

are modeled through a uniform birth pulse during the birthing summer season (mid-May
to mid-September) in Can Palomeres cave. The same models are applied to both bat
species and consider frequency-dependent transmission (density-dependent transmission
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is tested for sensitivity analysis).
Seasonality affects transmission intensity, as it varies upon the degree of bats activity in
the specific seasonal conditions. We model the seasonal variation of transmission intensity
as a function of time. For M. schreibersii, we consider a patch-dependent variation, as
caves visited along the migration route are associated with specific bats activities. The
reproductive number measures the average number of secondary cases that an infectious
individual can generate during the infectious period [114]. The highest reproductive
number was assumed in Can Palomeres, RCP0 , where mating and birthing takes place,
i.e. where the highest interaction between bats occurs, and for which a plausible range of
values was explored in absence of prior estimates (see Model parameterization). Lacking
estimates of bats interaction and associated transmissibility, we expressed the reproductive
numbers in the other patches as linear functions of RCP0 with scaling factors smaller than
1: Avenc Davì RAD0 = ε1R

CP
0 ; Castanya RC0 = ε2R

CP
0 ; Summer refuges RSR0 = ε3R

CP
0 ;

Other caves ROC0 = ε4R
CP
0 . We simplify the model by assuming ε2 = ε3, as Castanya

and Summer refuges refer both to mating and breeding activities. We consider ε4 to
be the average of the scaling factors defined for Castanya, Can Palomeres and Summer
refuges, i.e. we assume that the transmission intensity experienced by bats in the Southern
migration route is equal to the one experienced in the Northern route, in the same period
of the year. Finally, we assume that ε1 ≤ ε2, as bats experience hibernation in Avenc
Davì, corresponding to minimum degree of interaction.
To compare numerical results across different models and hypotheses, we consider two
metapopulation summary measures for M. schreibersii species: (1) the time-dependent
population-weighted seasonal reproductive number, defined at each day t as:

〈R0(t)〉 =

∑
pR

p
0N

p(t)∑
pN

p(t)
(4.1)

where Rp0 represents the reproductive number of patch p, and Np(t) indicates the popu-
lation of patch p at time t; (2) the average reproductive number of the metapopulation
model, i.e. the yearly average value of 〈R0(t)〉, 〈R0〉 = 1

365

∑
t〈R0(t)〉. The seasonal

variation of transmission intensity in each cave for M. schreibersii is reported in Figure
4.1. For M. myotis, a seasonal variation of the transmissibility is also considered to ac-
count for hibernation in Winter months (low transmissibility, Rlow

0 = ε1R
CP
0 , as for M.

schreibersii in Avenc Davì), and for breeding and mating season during the rest of the
year (high transmissibility, Rhigh

0 = RCP0 , as for M. schreibersii in Can Palomeres).

Cross-species infection dynamics

Cross-species transmission between M. schreibersii and M. myotis may occur in Can
Palomeres only, for a limited period of time. We model it through a reduced transmis-
sibility, Rmix

0 = αRCP0 , with α between 0 and 1 in the hypothesis that cross-species
interaction would be at most equal to same-species interaction. α = 0 refers to non-
mixing conditions. As illustrative example, here we show the differential equations for the
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Sensitivity
analysis

Modeling tests performed Definition

SA1 Seasonal degrees of transmission ε1 ,ε2 ε1 ,ε2 in [0-1], ε1 ≤ ε2
SA2 Cross-species mixing intensity α in α in [0-1]
SA3 Average infectious period 2.5, 10 days
SA4 Ecological parameters from empirical estimates:

population sizes, migration (starting, duration)
M. schreibersii size: [16,000-18,000]
M. myotis size: [400-600]
Starting date & migration events: default value ±ε
ε from Gaussian distribution (m = 0, std = 1 week)

SA5 Density-dependent transmission rates Density-dependent transmission assumed for
EBLV-1 dynamics in both species

SA6 Seasonal single population No metapopulation structure, single population
with seasonal transmission

SA7 No-seasonal metapopulation Transmission is constant in time and space
〈R0〉 = 1

165

∑
t〈R0〉

SA8 Numerical tests Seeding numbers, caves, length of simulation time
and number of stochastic runs

Table 4.2: Modeling tests performed for sensitivity analysis.

cross-species mixing between the species 1 and the species 2 for model 1:

dSCP (t)

dt
= bNCP − βCPSCP

(ICP (t)

NCP
+ α

ICPspe2(t)

NCP
spe2

)
− κSCP (t)

dECPR (t)

dt
= (1− ρ)βCPSCP

(ICP (t)

NCP
+ α

ICPspe2(t)

NCP
spe2

)
− (σR + κ)ECPR (t)

dECPI (t)

dt
= ρβCPSCP

(ICP (t)

NCP
+ α

ICPspe2(t)

NCP
spe2

)
− (σI + κ)ECP (t)

dICP (t)

dt
= σIE

CP
I (t)− (γ + κ)ICP (t)

dRCP (t)

dt
= σRE

CP
R (t)− κRCP (t)

(4.2)

CP represent the Can Palomeres cave, where actually the two species may interact,
κ = µ − (b − µ)N

CP

K is the density dependent death rate, NCP and NCP
spe2 are the pop-

ulation size of the two species in Can Palomeres. The cross-species interaction is given

by the factor αβCPSCP
ICPspe2

(t)

NCP
spe2

where: NCP
spe2 is the total population of species 2, ICPspe2(t)

indicate the number of infected of species 2 and α is the mixing intensity between the
two species.

Migration dynamics

The migratory path defines the directed connections of M. schreibersii migration among
the patches, as schematically represented in Figure 3.6. We indicate with φp→p

′
(t) the

migration rate from cave p to cave p′ on day t during the year, with annual seasonality.
We assume that migration rate is homogeneous in time and simply defined by the total
duration of migration ∆tp→p

′
given by empirical estimates (see Figure 3.6 and Table 3.3).

4.3.3 Model parameterization

We model the M. schreibersii species to be composed of 17 000 individuals, and M. my-
otis species of 500 individuals, based on available estimates (see Table 3.4 and Table 3.5
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Figure 4.3: Persistence probability of EBLV-1 in M. schreibersii and
in M. myotis for model 1. a), b) Persistence probability as a function
of the average reproductive number of the metapopulation system for M
.schreibersii (black) and M. myotis (green) for a proportion of exposed
that becomes infectious ρ = 0.15 a) and ρ = 0.5 b) in mixing scenario.
c), d): as in a), b) in the non-mixing conditions. In a), b), c) and d), the

dashed horizontal line indicates 〈R0〉 = 1.

respectively). For M. schreibersii, population size per patch and their temporal variation
are obtained by computing migration events, as defined above. Disease progression dy-
namics in M. myotis bats is parameterized with available estimates from previous studies
[73, 118]. Since no estimate for M. schreibersii ’s disease progression is available, we use
values of M. myotis for the average incubation period and infectious period, as in [118].
This was further supported by similar estimates of previous works on other species [76,
77, 118]. Models are tested by fully exploring ranges of plausible values [73, 77, 118] of
the reproductive number RCP0 (all models) and of the immunity period ω (models 2 and
3), as these are unknown and expected to be critical for the resulting epidemic dynamics.
In addition, the non-mixing scenario (α = 0) is compared to the mixing scenario (α > 0)
in all three models. All parameters for which estimates are not available (e.g. seasonal
variations of the transmission intensity ε1 and ε2, degree of cross-species mixing α) are
set to default values and ranges are explored in the sensitivity analysis. All parameters
with their description and considered values are reported in Table 4.4.

4.3.4 Numerical simulations, persistence analysis and validation

The epidemic is seeded with 100 infected M. schreibersii bats and 10 infected M. myotis
bats in the hibernation period. Simulations are discrete and stochastic to account for
the discrete nature of hosts and for stochastic extinction events that may be favoured



4.3. Materials and Methods 53

by small host population sizes. Simulations evolve in discrete time steps, representing
days in the annual seasonality. Each simulation provides at each time step the number
of M. schreibersii and M. myotis in each compartment in each cave, and the number
of M. schreibersii that moves from one cave to another. For each scenario analysed, we
ran 103 stochastic simulations starting from the same initial conditions and lasting 20
years to reach the endemic equilibrium. The metapopulation framework is implemented
in C++, and technical details for simulations are explained in detail in the Section 3.3.4.
A sensitivity analysis on numerical aspects of the simulations was also performed (see
Section 4.3.5). For each model and scenario under study, we compute the persistence
probability of EBLV-1 in each bat species (PMs and for M. schreibersii and PMm M.
myotis, respectively) as the fraction of stochastic simulations for which the pathogen still
circulates in the host population once endemic equilibrium is reached.
Finally, we compare the simulated proportion of EBLV-1 seropositive (R compartment) at
equilibrium with the serological EBLV-1 prevalence to identify portions of the parameter
space that are compatible with observations. The proportion Θ of simulations falling into
the 95% CI of the serological estimates is used as an indicator of model agreement with
observed data.

4.3.5 Sensitivity analysis

We performed a sensitivity analysis with eight different tests to assess the impact of mod-
eling assumptions regarding unknown ecological and biological features, and to identify
key mechanisms for persistence (Table 4.2). First, we explored the values of the scaling
factors ε1 and ε2 in the range [0, 1] to assess the role of the seasonal dependency of trans-
mission across caves (Table 4.2 , SA1). Second, we varied the degree of cross-species
mixing intensity α (0 < α ≤ 1 ) to evaluate the impact of the intensity of mixing between
species in Can Palomeres on EBLV-1 persistence (SA2). Third, we explored different
values of the average period of infection for EBLV-1 in the M. schreibersii population
(SA3). Fourth, we tested variations in ecological parameters that were informed by em-
pirical estimates: bats population sizes, starting date of migration flows, and duration of
migration flows (SA4). Fifth, we considered density-dependent transmission rates for
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Figure 4.4: Persistence probability of EBLV-1 in M. schreibersii and in
M. myotis in model 2. a), b), e), f): Persistence probability as a function
of the average reproductive number of the metapopulation system 〈R0〉
and of the immunity period ω−1 for M. schreibersii (a, e) and for M.
myotis (b, f) in the mixing scenario with probability of lethal infection
ρ = 0.15 (left, panels a and b) and ρ = 0.5 (right, panels e and f). c),
d), g), h): as in a), b), e), f) in the non-mixing conditions. The dashed
horizontal line refers to 〈R0〉 = 1 . Solid horizontal lines refer to threshold

conditions (Rp
0 = 1) for the all caves.
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Figure 4.5: Persistence probability of EBLV-1 in M. schreibersii and in
M. myotis in model 3. a), b): Persistence probability as a function of the
average reproductive number of the metapopulation system 〈R0〉 and of
the immunity period ω−1 forM. schreibersii a) and forM. myotis b) in the
mixing scenario. c), d): as in a), b) in the non-mixing conditions. Contour
lines indicate a persistence probability of 80%. The dashed horizontal line
refers to 〈R0〉 = 1. Solid horizontal lines refer to threshold conditions

(Rp
0 = 1) for the caves.

EBLV-1 dynamics in both species (SA5). Then, to assess independently the role of
spatial migration and of seasonal activity on the persistence of EBLV-1, we compared
our findings to the ones obtained from two variations of the modeling framework, each
lacking one of the above two ingredients. First, we considered a seasonal single population
epidemic model simulating the entire M. schreibersii population in Can Palomeres with
no migration (Table 4.2, SA6), keeping the seasonal variation of the basic reproductive
number in time in order to mimic the effect of the seasonal interaction. Second, we
built a no-seasonal metapopulation epidemic model with the same spatial structure of
the metapopulation framework, but with no variation in the transmissibility associated
to the caves. The reproductive number was assumed to be constant in time and space,
and equal to 〈R0〉 (SA7). Finally, we tested results robustness against numerical choices,
like changing initial conditions, length of simulation time and number of stochastic runs
performed (Table 4.2, SA8).

4.4 Results

To test the existence and the role of temporary immunity following rabies disease and the
potential existence of non lethal infection, three susceptible-exposed-infected compart-
mental models were tested for EBLV-1 persistence.
EBLV-1 persistence is only observed in the model accounting for non lethal infection and
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Reproductive
number

Lowest bound
with Θ ≥ 90%

Point (1), highest
Θ (Fig 4.6)

Point (2), longest immunity
and Θ ≥ 90% (Fig 4.6)

〈R0〉 1.02 1.16 1.29
RCP0 1.6 1.8 2
RAD0 0.53 0.6 0.67
RC0 1.07 1.2 1.3
RSR0 1.07 1.2 1.3
RCP0 1.24 1.4 1.5

Table 4.3: Values of the reproductive number for different epidemiolog-
ical and immunological conditions leading to persistence probability larger

than 80% in both species, for model 3 in the mixing scenario.

transient immunity (model 3) (Figure 4.5). In the cross-species mixing scenario (Figure
4.5, panels a and b, persistence occurs in both M. schreibersii and M. myotis, while the
non-mixing scenario allows EBLV-1 persistence in M. schreibersii only (Figure 4.5, pan-
els c and d). Pathogen persistence for M. schreibersii in both mixing and non-mixing
scenarios (Figure 4.5 panels a and c, respectively) exhibits a similar pattern, with persis-
tence made possible under slightly lower values of the reproductive number in the mixing
scenario. More specifically, for a 2-months immunity period, the transition from extinc-
tion to PMs ≥ 80% persistence probability occurs with 〈R0〉 in the range 0.77-0.95 in
the mixing scenario, compared to the range 0.89-1.46 in the non-mixing condition. For
a 2-years immunity period, the same transition occurs for 〈R0〉 values ranging between
0.90 and 1.08 in mixing condition, and between 1.03 and 1.34 in non-mixing conditions.
These results show that EBLV-1 persistence in M. schreibersii is reached also for values
of the average metapopulation reproductive number below unity (〈R0〉 ≤ 1) if mixing
is assumed, contrary to the non-mixing scenario. For M. myotis, EBLV-1 persistence is
observed only in the mixing scenario (Figure 4.5 panel b), with a pattern very similar to
the one observed in M. schreibersii.
Models 1 and 2, i.e. accounting for infection-induced mortality with or without temporary
immunity, showed very low (< 9%) or null probability of persistence in any of the species
for the parameter values explored (Figure 4.3 and Figure 4.4). Also, density-dependent
transmission would not allow persistence of the pathogen in any of the models tested
(Figures A.3.1, A.3.2, A.3.3).
Comparison with serological data was conducted on the sole modeling framework allowing
for persistence in both species, as observed in reality, i.e. model 3 in the mixing scenario.
Focusing on the conditions leading to a persistence probability above 80% in both M.
schreibersii and M. myotis, we find the majority of numerical simulations to fall within
the 95% CI of serological data (Θ ≥ 50%) for immune periods lasting about a year and
a half or shorter and moderate transmissibility (〈R0〉 between 1.2 and 1.3), and for 〈R0〉
values larger than 0.95 and short immunity periods (Figure 4.6). A higher agreement with
empirical data (Θ ≥ 90%) is observed for moderate transmissibility and short immunity
periods (from 〈R0〉 between 1.21 and 1.42 with ω−1 = 60 days, to 〈R0〉 = 1.02 with ω−1

between 120 and 210 days).
Simulated proportion of infected and serological data collected for both species are shown
for two points in the space of PMs ≥ 80% and PMm ≥ 80%: point (1) with 〈R0〉 = 1.16
and ω−1 = 90 days corresponding to the conditions having the largest compatibility with
observations (Θ = 97%) (Figure 4.6); point (2) with 〈R0〉 = 1.29 and ω−1 = 570 days
corresponding to the longest temporary immunity conditions having Θ ≥ 50% (Figure
4.6). In addition, Table 4.3 shows values of the reproductive numbers computed for each



4.4. Results 57

120 180 240 300 360 420 480 540 600 660 720 780

ROC
0 = 1

RC,SR
0 = 1

RAD
0 = 1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Immunity period (days)

0.5

0.5

a)

(1)

(2)

0.9

←

60
 

=  3.1

1.1  

= .1 

 .1  

0.83

0.95

1.08

1.21

1.34

1.46

1.59

1.72

1.84

1.97RCP
0

==RCP
0 0.70←

〈 R 0〉

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

20 March

0.0

0.2

0.4

0.6

0.8

1.0

b)

c)

M. schreibersii M. schreibersii M. myotis AD CP CP

23 March

24 March

28 March

16 May
5 June

9 June
3 July

22 July
16 May

5 June
9 June

3 July
22 July

20 March

23 March

24 March

28 March

16 May
5 June

9 June
3 July

22 July
16 May

5 June
9 June

3 July
22 July

Pr
ev

al
en

ce

0.0

0.2

0.4

0.6

0.8

1.0

Pr
ev

al
en

ce

M. schreibersii M. schreibersii M. myotis AD CP CP

〈
R0

〉
=  1.16 , ω −1 = 90(1)

〈
R0

〉
=  1.29 , ω −1 = 570(2)

Figure 4.6: Model 3 comparison. a) Proportion Θ of simulations falling
within the 95% CI of the serological estimates as a function of the av-
erage reproductive number of the metapopulation system 〈R0〉 and of
the immunity period ω−1. Only values allowing a persistence probability
above 80% in both M. schreibersii and M. myotis are shown. The dashed
horizontal line refers to〈R0〉 = 1. Solid horizontal lines refer to threshold
conditions (Rp

0 = 1) for the caves. Contour lines indicates Θ = 50%
(solid) and Θ = 90% (dashed). b) Comparison between simulated preva-
lence of immune bats (boxplots) and serological data (median and 95%
CI, red symbols) collected in Avenc Davì (for M. schreibersii) and in Can
Palomeres (for both species). Simulations refer to point (1) highlighted
in panel a), i.e. the point of the space of parameters having the largest
agreement with empirical data (Θ = 97%), corresponding to 〈R0〉 = 1.16
and ω−1 = 90 days. c) As in b) for point (2) highlighted in panel a), i.e.
the point of the space of parameters having the longest immunity period
with (Θ ≥ 50%), corresponding to 〈R0〉 = 1.29 and ω−1 = 570 days. All

results are obtained with model 3 in mixing conditions.
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Figure 4.7: Impact of cross-species transmission and seasonal trans-
mission. a) Minimum 〈R0〉 needed to reach 80% persistence probability
of EBLV-1 in both species as a function of cross-species degree of in-
teraction in the mixing conditions (sensitivity analysis test SA2). Two
values of immunity periods are explored, corresponding to points (1) and
(2) of Figure 4.6. b) Relative variation of the persistence probability PMs
in M. schreibersii for scaling factors for seasonal transmission ε1 and ε2
in the range [0,1] compared to default values (SA1). Numerical results
are obtained for model 3 in the mixing scenario and epidemiological and
immunological conditions leading to the highest compatibility with empir-
ical data (point (1) in Figure 4.6). c) As in b) but showing the relative
variation of the agreement Θ between simulations and empirical data.

cave and corresponding to point (1) and point (2), and to the lowest bound of trans-
missibility for θ ≥ 90%. The reproductive number in Avenc Davì (RAD0 ) was always
found to be below unity in these three conditions, whereas its value in Can Palomeres
(RCP0 , largest transmissibility conditions across the annual seasonality) was found to vary
between 1.6 and 2.
Results of Figures 4.5 and 4.6 are obtained using default values for the unknown parame-
ters, therefore we tested how variations of these values may affect the resulting epidemic
outcomes. The intensity of cross-species interaction has limited impact on EBLV-1 persis-
tence in M. schreibersii (Figure 4.7). For the longest possible immunity period (570 days,
as for point (2)), the minimum 〈R0〉 values needed for PMs ≥ 80% is stable at around
1.28-1.34. For shorter immunity periods (90 days, as for point (1)), a slight decrease in
the minimum 〈R0〉 value is observed (from 1.02 to 0.89), once α ranges from 0 to 1.
Persistence and validation results were also considerably robust against variations of the
seasonal scaling factors for transmissibility, in the region of high agreement with real data
(Figure 4.7 for point (2)). For 12 combinations of values in the space of parameters of ε1
and ε2 out of the 15 explored (80%), results show less than a 10% variation from those
obtained in the default parameterization, for both simulated persistence and validation
with serological data. Larger deviations are only obtained when scaling factors assume
very small values.
Additional tests performed in the sensitivity analysis allowed us to assess the role of

seasonality versus spatial migration. Persistence was found to be stable when neglecting
the seasonal variation in transmissibility, even through changes of the immunity period
(Figure 4.8), reinforcing results of Figure 4.7. In the absence of M. schreibersii migration,
persistence in M. schreibersii would instead strongly decrease for immunity periods longer
than one year compared to the default metapopulation scheme (Figure 4.8).
Finally, persistence was not altered by varying the length of the infectious period in M.
schreibersii between 2.5 and 10 days (Figure A.1 of the Appendix A). No variations were
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Figure 4.8: Impact of spatial migration and seasonality. a) Persis-
tence probability as a function of the average reproductive number of
the metapopulation system 〈R0〉 and of the immunity period ω−1 for
M. schreibersii in the no-seasonal metapopulation sensitivity analysis test
(SA7). Numerical results are obtained for model 3 in mixing conditions.
b) Persistence probability PMs as a function of 〈R0〉 for two values of the
immunity period (ω−1 = 90 and ω−1 = 570 days, of points (1) and (2) of
Figure 4.6, respectively), comparison of the no-seasonal metapopulation
with the default metapopulation model. c) As in a) for the seasonal single
population sensitivity analysis test (SA6). d) As in b) for the comparison
of the seasonal single population with the default metapopulation model.

observed with changes in bats population sizes (Figures A.2.1 and A.2.1), starting date
of migration events (Figures A.2.2), and duration of migration events (Figures A.2.3)
around the estimated values. Numerical aspects did not affect results.

4.5 Discussion

We developed a mathematical modeling framework accounting for roosts ecology, sea-
sonal effects, migratory paths, disease progression, and bat species richness, based on
estimates from a field survey in Catalonia. The study aimed to identify the mechanisms
responsible for the empirically observed EBLV-1 persistence in M. schreibersii and M.
myotis species, shedding light on several unknown epidemiological, immunological and
ecological factors.
In the ecosystem under study, numerical evidence suggests that persistence of EBLV-1 is
possible in both bat species only if all animals survive infection and acquire a transient
immunity, and if the two species mix allowing cross-species transmission (model 3, mixing
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conditions). In the absence of interaction between species, EBLV-1 infection would not
be sustained in M. myotis population. Finally, no persistence is predicted to occur in
any of the two bat species if we consider infection-induced mortality (models 1 and 2).
While our study confirms the importance of bats’ ecology (species richness, interaction)
on lyssaviruses persistence in line with previous work [60, 61, 76, 78, 202, 209] , our
model provides data-driven numerical evidence supporting bats may not only survive from
EBLV-1 infection but furthermore may also acquire transient immunity. This is consistent
with the findings on rabies virus infection in free-ranging bats [78, 79, 214], in bats in a
captive colony [71], and also in naïve bats born in captivity [72].
The model identifies a parameter region with the largest compatibility of numerical tra-
jectories with empirical data, characterized by small values of the average reproductive
number of the metapopulation system and small immunity periods, of the order of few
months. In these conditions, several caves are associated to seasonal transmission close
to the critical threshold, and persistence is mainly supported by transmission in Can
Palomeres. Numerical findings also provide a lower bound for the birthing reproductive
number (RCP0 ≥ 1.6) and for the hibernation reproductive number (RAD0 ≥ 0.5), for
which no direct estimations from epidemiological data are currently available for this type
of lyssavirus.
The model predicts cross-species mixing to be the most important ecological factor al-
lowing persistence in both species. Multi-species colonies and habitats sharing are a
phenomenon largely observed in the field that is known to favor virus exchange. Also,
migratory species are generally found to host more viruses than sedentary species [211].
Our findings indicate that the small size of M. myotis population would probably not
allow maintaining alone the circulation of the virus. Structuring the hosts into smaller
subpopulations to account for longer and more frequent displacements observed in other
ecological settings [73] would further strengthen this result.
The mixing intensity between species is largely unknown, but persistence in our case was
robust to a large range of mixing intensity values. Seasonal migration of M. schreiber-
sii bats is another ecological factor of primary importance affecting the probability of
persistence in our context, as also recognized elsewhere [76, 116, 118, 209]. Its role is
increasingly important for longer immunity periods, when immunity duration becomes
comparable to or longer than the annual timescale of migration process. In these condi-
tions, the smaller renewal of susceptibles following immunity tends to hinder virus survival
whereas movements along the migratory route allow its maintenance as already observed
in theoretical studies [215].
The regional migratory species is therefore responsible for large-scale spatial diffusion of
the virus and its persistence on a larger range of epidemiological and immunological con-
ditions, and it can contribute to pathogen persistence in species encountered along the
migration path. In addition, given that M. schreibersii make seasonal movements of long
distance (exceeding 350km in the region) [43, 196], our findings also suggest that they
might represent one of the dispersion vectors of EBLV-1 in southern Europe, where that
bat species is abundant, ensuring spatial diffusion and local persistence in other species.
This is consistent for example with the regional reservoir role found for M. schreibersii in
a 4-bat species ecological setting in the Balearic islands [118].
We found one factor to have a negligible impact on virus persistence, i.e. seasonality
of transmission. Seasonality may act for ecological reasons due to the diverse activities
of bats over time affecting interactions and transmission [216] and also on modulating
transmissibility because of immunological drivers, e.g. facilitating virus multiplication and
activating immune response [217].
While more precise estimates of the rescaling factors of transmissibility (for hibernation,
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mating, birthing, and breeding) would be useful, our model suggests that seasonal vari-
ation in transmissibility is not critical in order to achieve accurate predictions of viral
persistence, as long as the migratory path is well described. Large deviations would be
obtained only for extremely low values of transmissibility during Fall/Winter period, un-
likely to occur because of the rather mild environmental conditions in Catalonia even
during hibernation period. The robustness of our results on variations of seasonal trans-
missibility represents an important point for future studies, as no quantitative data exist
now to better describe the ecological features of the system (mixing rate and variation
by activity) beyond cave occupation. Our findings suggest that efforts should be invested
first in accurately tracking hosts’ movements.
Besides ecological factors, numerical findings rule out any possibility of virus persistence
assuming infection-induced mortality, regardless of the loss of immunity (models 2 and 3),
differently from the conclusions of [76, 77] reached in other ecological settings. Lyssavirus
infections are generally lethal for mammals, and intra-bat infection dynamics may exhibit a
large variation of possible epidemic and immunologic outcomes depending on bat species
and lyssavirus [60, 216]. For example, while rabies virus infection may cause death in
Eptesicus fuscus [77], lethal infections of other lyssavirus may be very rare for bats [60,
216]. Our findings indicate that M. schreibersii and M. myotis might survive infection.
In addition, we find that persistence compatible with reality is most likely to occur as-
suming transient immunity of seven months or less. While detailed experimental data on
EBLV-1 infection in M. schreibersii is missing to confirm our numerical evidence, previ-
ous findings suggest that there may be conditions for a mid-term serological response in
healthy bats [60]. For example, antibodies were detected during 3 months following the
experimental infection of Eptesicus fuscus [70]. Natural observational studies reported the
occurrence of a positive seroconversion (i.e. from seronegative to seropositive antirabies
status) followed by a negative one 6-12 months later in vampire bats in French Guiana
[78], and the loss of detectable immunity to EBLV-1 in the majority of seropositive recap-
tured M. myotis bats in the following recapture sessions at various time intervals [216].
Given the little current knowledge on the mechanisms on bats immune response, survival
from infection and loss of immunity are not excluded [117, 218]. Finally, for unknown M.
schreibersii epidemiological parameters we used those obtained from M. myotis fieldwork
[73, 118], also consistent with the estimates for E. fuscus [76]. Variations of the infec-
tious period for M. schreibersii bats did not affect the predicted persistence behaviour,
consistently with previous findings [118].
While the debate on the dependence of disease transmission on animal population size
[219–222] still remains, our mathematical framework suggests frequency-dependent trans-
mission to be in place in the ecological setting under study, ruling out other hypotheses.
This conclusion may find support in the fact that many species of bats are known to
form communities (families) that are stable over short (daily and nocturnal activities)
and long terms (between migrations) thus including members of different generations,
and whose sizes are independent on the colony size [223, 224]. Due to the regularity of
social interactions, the restricted number of daily contacts, the way virus can be transmit-
ted (through bites and scratch), a frequency dependent approach appears to be a good
modeling choice. Our findings are in contrast with those of Refs. [76] and suggest that
ecological aspects such as roosting behavior may affect the relation between population
size and contact rates for a given species and disease transmission.
The prevalence estimates used to compare our model trajectories are yielded from rela-
tively small sample sizes. However, bats were captured every year, in the same cave, and
point prevalence estimates are rather consistent across the 5 years of the study, especially
in Avenc Davì. In Can Palomeres, all confidence intervals are overlapping, except for
the sampling on July 22nd, which is slightly higher than the other ones. For M. myotis,
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the confidence intervals are very large, because very few animals were caught each time.
Positive animals were found however every year, except in 2014 when only one animal was
sampled. These data, although limited, show reasonable evidence of endemic circulation
of EBLV-1 virus that find qualitative agreement only with the predicted persistence sce-
nario of model 1. Quantitative comparison in this scenario is then performed to reduce
the space of unknown parameters to realistic intervals.
EBLV-1 is mainly associated to the serotine bat (Eptesicus serotinus) in Europe, account-
ing for 99% of detected cases [60, 67], however it was not considered in our study for
several reasons. The distribution of EBLV-1 cases per bat species can indeed hardly be
used to identify a reservoir species, because of biases in active and passive surveillance
(e.g. towards more populous species or those most affected clinically or closer to humans).
Moreover, an exception to this strong association is found in the region of Spain, where
the virus has been reported in a number of other species, including M. myotis and M.
schreibersii [43, 73]. Most importantly, E. serotinus has a synanthropic behavior, whereas
M. schreibersii and M. myotis are non-synanthropic, as they roost in natural caves and
abandoned mines, showing a strong troglophile character [43]. For these reasons, we
considered E. serotinus not to be in contact with the bat species in the ecosystem under
study. On the other hand, Can Palomeres cave also hosts other non-synanthropic bat
species of smaller population sizes that were not tracked in the field study therefore not
considered here. The major role of these caves in the spatial circulation of EBLV-1 sug-
gests that an increased public health attention should be made on caves hosting multiple
species, along with targeted ecological fieldwork to be performed to improve our under-
standing of the system.
Bat species have a wildly variable range of habitats, life cycles, population sizes and
spatial distributions. Some species display a more localized nature like M. myotis, while
others exhibit rather long migratory behaviors similar to M. schreibersii (e.g. E. helvum
[225]). Knowledge of the topology and size of these structured populations may be used
to inform the theoretical and computational framework proposed here for application to
other settings, of even higher complexity, and greatly enhance our understanding of the
potential for lyssavirus maintenance and transmission. Finally, bats are reservoir hosts
of numerous emerging zoonotic viruses. Our framework can readily be extended also to
other zoonotic viruses of public health concerns circulating in spatially fragmented bat
populations.

4.6 Conclusions

Our mathematical modeling framework shows that EBLV-1 persistence in Catalonia is
ensured by the regional migration of M. schreibersii mixing with a colony of M. myotis.
In addition, our work provides novel numerical evidence supporting frequency-dependent
transmission of EBLV-1 in the considered species and non-lethal infection followed by a
transient immunity of few months, thus improving our knowledge on disease progression.
Our approach suggests that those caves hosting multi-species colonies may represent
hotspots for virus exchanges and should therefore be targeted for public health surveillance
and control.
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Parameter description M. myotis M. schreibersii
Default value Ref. Default value Range

N Total population size 500 [400-600] 17 000 [16 000-18 000]
σ−1I Average incubation period

leading to infectiousness
30 days [60, 76, 118] 30 days

σ−1R Average incubation period
leading to immunity (models 1,2)

15 days [76] 15 days

γ−1 Average infectious period 5 days [73, 118] 5 days 2.5, 10 days
ω−1 Average immunity period

(models 2,3)
2 years [61] – [60 – 730] days

ρ Proportion of exposed that
becomes infectious (models 1, 2)

0.15, 0.5 [76] 0.15, 0.5

µ Natural death rate 1/15 years−1 [61] 1/15 years−1

b Pulsing birth rate
(birthing season only)

b(t) = µ [61] b(t) = µ

κ Density dependent death rate
(models 1, 2)

κ = µ− (b− µ)N/K [76] κ = µ(b− µ)N/K

K Carrying capacity (models 1, 2) 7 · 105 [76] 2.55 · 107

Rmix
0 Basic reproductive number

relative to cross-species mixing
Rmix

0 = αRCP0

α Cross-species interaction [0 – 1]
RCP0 Basic reproductive number of

M. schreibersii in Can Palomeres
N/A – [1.1 – 3.1]

RAD0 Basic reproductive number of
M. schreibersii in Avenc Davì

N/A RAD0 = ε1R
CP
0

RC0 Basic reproductive number of
M. schreibersii in Castanya

N/A RC0 = ε2R
CP
0

RSR0 Basic reproductive number of
M. schreibersii in the Summer refuges

N/A RSR0 = ε3R
CP
0

ROC0 Basic reproductive number of
M. schreibersii in the Other caves

N/A ROC0 = ε4R
CP
0

ε1 Scaling factor for N/A 1/3 [0 – 1]
ε2 Scaling factor for N/A 2/3 [0 – 1]
ε3 Scaling factor for N/A ε3 = ε2 see ε2
ε4 Scaling factor for N/A ε4 = (ε1 + ε2 + ε3)/3 see ε1, ε2
Rlow

0 Basic reproductive number of
M. myotis in Winter months

Rlow
0 = ε1R

CP
0 N/A

Rhigh
0 Basic reproductive number of

M. myotis in Summer months
Rhigh

0 = RCP0 N/A

Table 4.4: Parameters description and values.
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5
RABIES PERSISTENCE IN DOMESTIC DOG POPULATION

IN CENTRAL AFRICAN REPUBLIC

5.1 Abstract

Dog-mediated rabies remains a serious public health problem in several African and Asian
countries. More than 99% of human cases are related to rabies exposures mediated by
dogs. However, the drivers of rabies in dogs are still largely unknown and this impairs the
probability of success of mass vaccination campaign and at large the implementation of
control strategies.
Rabies has an unusually heterogeneous incubation period related to the entry route of
the virus and its process of dissemination in the infected body. Moreover, since the
transmission is induced by direct contact between infectious and susceptible hosts en-
vironment features like host distribution and mobility may have a strong impact in the
spread and maintenance of the disease. To study the role and interplay of these factors
on RABV epidemiology we introduced a novel stochastic compartmental model with re-
alistic data-driven distributions for incubation and infectious periods. Then we explored
through numerical simulations the conditions that can lead RABV persistence in a net-
work of geographical fragmented populations, taking the Central African Republic as a
model. In this spatial explicit framework we found that the virus can persist even for
low transmissibilities keeping the total population substantially stable in agreement with
empirical observations. Interestingly, once exponentially distributed incubation and in-
fection periods are considered, higher values of R0 are needed to have endemicity. Our
study provides further understanding of the fundamental role of host population’s spatial
structure in rabies circulation and of the impact of heterogeneous periods of latency and
infectiousness in the persistence of the rabies infection at country level.

5.2 Background

Rabies is a multi-host viral encephalitis caused by rabies virus (RABV), a lyssavirus geno-
type (see Section 2.2) maintained in domestic and wild mammals and characterized by a
complex epidemiological situation [226]. Dogs are the most important reservoirs for hu-
man exposure (see Section 2.5.2). Although the disease has been successfully eliminated
in domestic dogs in developed countries, in low-income countries of Asia and Africa it
still affects urban and rural areas. Even if human and canine vaccines for rabies exist,
the scarce availability and accessibility in risky areas represents an additional challenge
for public health. Moreover, rabies post-exposure prophylaxis (PEP) often represents a
considerable financial burden for developing countries where this disease is endemic [227,
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228] (see Section 2.5.2).
Recent studies conducted in Central African Republic (CAR) and in its capital city Ban-
gui [106, 107, 229] show that rabies is endemic in the country at least in the last 20
years. However, given the extreme political and economical instability of the country, no
dogs mass vaccination campaign has been recently implemented [106]. Surveillance data
collected in 2012 [106] shows that the vast majority of persons exposed are from Bangui
or its suburban area i.e. Bimbo and Bégoua (93.2%) [106]. The rest of the cases came
from two Bangui’s neighbouring prefectures named Ombella M’Poko and Ouaka [106].
Phylogenetic and virological analysis of isolates sampled in Bangui, showed the presence
of several subtypes sequentially circulating in the domestic dogs population, characterized
by a basic reproductive number [114, 149] R0 close to one (see Section 2.5.2).
Our aim is to understand which are the principal mechanisms underlying the maintenance
or the extinction of the RABV virus in domestic dogs and to analyze this problem we have
adopted, as case of study, the endemic condition of Bangui and of the Central African
Republic. Three elements may be at play: the hosts movement patterns, the spatial frag-
mentation of the domestic dogs population and the variability of the incubation period
of rabies in dogs (see Section 2.4).
Domestic dogs movements can be classified in natural and human mediated (see Section
2.6). Natural dispersal is given by free-roaming movements that are in general around few
kilometers per day for a healthy dog [88, 119] and even less for a rabid one [81]. Human
mediated dispersal, on the contrary, can drive movements of orders of magnitude higher
respect to the natural one, and it can be potentially predictable since it is strictly related
to human migration patterns and commuting [82, 112, 119, 121]. The crucial role of
human mediated movements in the spread of various diseases in wildlife [124, 230, 231],
in livestock [232] and in domestic animals [82, 112] has already been established (see
Section 2.5.2 and Section 2.6). As recently observed in Bali (Indonesia) [145], frequent
human-mediated dog movements (daily and monthly time scale) drastically reduce the
probability of the disease elimination in a heterogeneous vaccination coverage scenario.
Finally, a recent study [113], based on phylogeographic analyses, shows that the observed
RABV spread patterns can only be explained considering long distance human mediated
dispersal, suggesting a critical connection between human migrations (long time scale)
and human commuting (short time scale) with the geographical diffusion of the virus.
Given that rabies is a direct host-to-host contact transmitted disease (see Section 2.3)
also spatial heterogeneities like natural barriers (water bodies, mountains, etc.) [124,
233], anthropogenic features (political borders, human settlements, bridges, roads, etc.)
[112, 234] and the spatial distribution of the host population may have a role in the
diffusion and endemicity of the pathogen [235] (see Section 2.6).
Compared to other encephalitis, rabies has an unusually heterogeneous incubation period
with a median close to one month and a range from 10 days to more than one year [81,
158] (see Section 2.4). These peculiarities lead to irregular and potentially long lasting
asymptomatic periods which may allow the translocation of infected animals over a wide
range of distances [115].
Various mathematical and computational models have been used to study the diffusion
and the endemicity of rabies, however, despite the public health relevance of this disease,
a precise identification of the mechanisms underlying persistence is still missing. Non-
spatial models helped to identify some important features such as the high renewal of the
naive domestic dogs population, given by the average short life-span and the high fecun-
dity rate, or the minimum threshold dogs density for rabies persistence (4.5 dogs · km2)
[53, 81]. However, the main limitations of such models are related to the exclusion of key
features like landscape heterogeneities and dog movements [115, 124].
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Once space is explicitly considered, modeling studies were able to uncover additional crit-
ical aspects such as the optimal vaccination strategy in a particular environment [194,
236], the minor role of wildlife in long term persistence [91, 194, 195], the importance of
human mediated dog movement for the diffusion of the virus in disease-free areas [113,
146, 237] and the critical role of the reintroduction in disease free areas [145, 146, 194,
195, 236, 237]. Those models are in general developed after an extensive data collection
on dogs bite incidence and past vaccination campaigns [194, 195, 236], or on household
surveys data [120, 145, 146]. Unfortunately, data collection can be extremely challenging
and costly if the area under study is large also a possible generalization of the results
obtained may depend on the environment considered [145, 146, 237]. Finally, only few of
those models [194, 195, 236] consider the potentially long lasting asymptomatic periods
characteristic of dog rabies.
The aim of this work is to propose a framework which extends and tries to generalize
prior approaches considering the spatial structure, the host movements and also realistic
data-driven distributions for incubation and infectious periods.

5.3 Results

To analyze the RABV dynamics in the domestic dog population of the Central African
Republic we built a spatially explicit modeling framework where each dog settlement
represents a patch (sub-population) and all patches are coupled together through dogs’
movements (see Section 3.3.5). The model is based on a two-level dynamics: a local
dynamics, representing the disease transmission within each subpopulation and modeled
through a compartmental model approach with homogeneous mixing approximation (Fig-
ure 5.9); a network-like dynamics, representing the spatial spread of RABV infection
through the translocation of infected animals in the country. The model is discrete and
stochastic and all the results are obtained from 103 stochastic realizations of each scenario
considered (see Table 5.1). If i indicates the subpopulation, the input of each realiza-
tion is given by: the initial population Ni(0), the carrying capacity Ki and the detection
probability ρ that we use to evaluate the seeding of exposed Ei(0) and infectious Ii(0)
in each patch (see Methods 5.6.2). Following personal communications, the most likely
detection probability is ρ = 20% so we used this value as baseline, however also other
values of ρ (5%, 10% and 50%) have been explored. The output of our model, in each
point of the parameters space are: the proportion of stochastic realizations where the
virus still circulates after 100 000 time steps, which corresponds to approximately 274
years considering a daily time step; the prevalence, i.e. the proportion of infected, in each
subpopulation; the daily number of infected dogs in Bangui. The values of R0 explored
are above 1 in order to have the spread of the pathogen (see Section 3.2.1) and below 2
as in general indicate for rabies (Table 3.1). Since birth rate is high and highly variable
and it is an important factor for RABV endemicity we also explored a range of values for
this parameter.

5.3.1 Model of dogs movements

Since no data is available on domestic dog movements in Central African Republic, we
modeled the coupling among subpopulations considering the work made by Talbi et al.
[113]. In our formulation, the travel probability between two patches i and j declines
as the Euclidean distance dij increases (the modeling approach is described in details
in Section 3.3.5 and in Section 5.6.2). We classified three different migration range ac-
cording to distance: long range movements, for distances between 100 km and 1290 km
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a)

Bangui

b)

Bangui

c)

Bangui

d)

Bangui

Figure 5.1: Geo-referenced network of the estimated domestic dog com-
munities. Filled circles represent the position of the patches centroids
with a size proportional to the squared of the estimated population. Links
between patches represent the migration routes classified respect to the
great-circle distances in: a) long range movements with a distance higher
than 100 km and a percentage of daily migrating dogs on average equal
to 0.00064; b) medium range movements with a distance between 20 and
100 km and a percentage of daily migrating dogs on average equal to
0.0046; c) short range movements with a distance lower than 20 km and
a percentage of daily migrating dogs on average equal to 0.035. d) Bangui
and his geographical proximity with all the possible migrating routes.

(the maximum distance between two patches in our framework) with a proportion of
population involved per day ∼ 0.00064%; medium range movements for distances from
20 to 100 km and a proportion of population involved per day ∼ 0.0046% ; short range
movements for distances lower than 20 km (the least common ones, only 2% of the total
number of links, but the most probable per day) with a population involved per day on
average ∼ 0.035%. In Figure 5.1 panels a, b and c are showed the three geo-referenced
networks that correspond to this classification. In Figure 5.1 panel d are represented all
the possible daily movements around the Bangui area showing the strong presence of both
short (red) and medium (blue) range movements that characterize the geographical area
composed by Bangui’s municipal area, the South of the prefecture of Ombella M’Poko
and the East part of the prefecture of Lobaye.

5.3.2 Inferred domestic dogs demography in CAR

The spatially structured population is obtained using WorldPop a public database on
human demography (see Section 3.3.5) and considering the average human to dog ratio
for African urban and rural environments (see Methods). The estimated population in
the whole CAR is composed by 76 992 dogs distributed in 137 settlements divided in
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Figure 5.2: Rabies virus persistence probability in Central African Re-
public. a) Persistence probability of rabies virus in the domestic dog pop-
ulation of Central African Republic as a function of the basic reproductive
number R0 and of the annual dogs birth rate. Results are obtained for
the realistic metapopulation modeling framework where incubation and
infectious periods are distributed according to empirical data (i.e. gamma
distributed). b) As in a) assuming that incubation and infectious peri-
ods are exponentially distributed. In both cases it is assumed a detection
probability ρ = 20% . Contour white lines indicate a persistence proba-
bility higher than 80%. The two contour grey lines indicate a persistence

probability equal to 5% and 95%.

58 urban and 79 rural patches (Figure 3.9). The population size is smaller for rural
patches in which about the 10% of the total population lives. 47% of the domestic dogs
population lives in Bangui and the 50% of the total dog population is reached in the whole
Bangui prefecture that is obtained grouping together Bangui and its suburbs composed
by rural settlements and urban areas like Bimbo and Bégoua. An important fraction of
settlements is distributed in the Center and in the West of the country since in the East
there are numerous national parks and natural reserves. Figure 3.9 shows: in panel b, the
distribution of the estimated number of domestic dogs in rural (green) and urban (black)
patches; in panel c, the distribution of distances among the patches.

5.3.3 Modeling rabies persistence

We analyze the RABV circulation and persistence in the domestic dog population of
Central African Republic implementing an infection dynamics with empirical distributions
for incubation and infectious periods to allow the potentially long lasting asymptomatic
stage characteristic of rabies (see Section 3.2.3 and Section 5.6.2 for the details). We
also simulate using the same spatial structure and the same mobility model a classic in-
fectious dynamics with exponentially distributed infected stages (see Section 3.2.3) that,
differently, does not allow that possibility. Our aim is to evaluate whether and how the
epidemic outcome can be affected by incubation period heterogeneity. The disease can
be maintained in both cases (Figure 5.2) with different epidemic scenarios.
If incubation and infectious periods are distributed according to empirical data (Figure

5.2 panel a), the probability that the disease persists in the whole country is higher than
5% for each value of the parameters explored. A sharp transition is observed incrementing
the annual birth rate from 0.86 to 1.04. If the annual birth rate is 0.86 the maximum
persistence probability is reached for R0 = 1.06 and is equal to 38% while for a birth
rate equal to 1.04 the maximum is 90% persistence probability reached for R0 = 1.05.
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Figure 5.3: Shape of the region where the persistence probability is
higher than 80% and where the average population of domestic dogs in
Central African Republic is equal to the estimated population ±20% as
a function of the basic reproductive number R0 and of the annual dogs

birth rate, for a detection probability ρ = 5, 10, 20, 50%.

In general, increasing the annual birth rate increases the persistence probability for each
value of R0.
However, increasing R0 and keeping the birth rate constant leads to higher persistence
probabilities only for birth rates ≥ 1.22. For example, if the annual birth rate is 1.04 and
we increment the transmissibility, we observe an increasing persistence probability from
40% to 70% between R0 = 1.01 and R0 = 1.04; then, after a stage where persistence
remains constantly higher 80% (between R0 = 1.04 and R0 = 1.1), we observe a de-
crease from 80% to 60% when R0 goes to 1.16. A possible interpretation can be that
for high values of R0 that population renewal is too low to compensate the mortality due
to infection, indeed for annual birth rates higher than 1.22 the persistence probability is
uniformly higher than 95%, even for R0 > 1.1. Finally, the probability that RABV persist
in the whole population is uniformly higher than 95% for a birth rate higher than 1.22
and for R0 between 1.02 and 1.16.
If exponentially distributed incubation and infectious period are assumed, the epidemic
scenario is extremely different (Figure 5.2 panel b). Firstly a minimum of R0 = 1.07 is
required to have a non-zero persistence probability. Secondly a persistence probability of
80% is reached only for R0 higher than 1.11. The lowest birth rate to have a persistence
probability of 80% is 1.22 for R0 ≥ 1.14. The area where the observed probability of
persistence is higher than 95%, in this case, is restricted to R0 ≥ 1.14 if the birth rate is
1.41 and R0 ≥ 1.13 if the birth rate is 1.59. Similarly to the previous case also here an
increasing annual birth rate leads to higher persistence probabilities.
A detailed analysis of the epidemic outcome and a comparison with empirical observa-

tions (described in Section 5.6.1) are performed only for the modeling framework where
incubation and infectious periods are distributed according to empirical data, named base-
line model (Figure 5.2 panel a).
Since even a single RABV epidemic may have a strong impact on the dogs population size
of an entire country (see Section 2.6), we have examined the fluctuations of the average
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Figure 5.4: a) Surveillance data. Number of dog RABV cases in Bangui
(CAR) in the period between 1990 to 2012 with monthly sampling [107].
b) Epidemic waves. The distribution of the size of the epidemic waves.

population of domestic dogs in the whole CAR as a function of R0 and of the annual birth
rate. The total population may vary considerably, from −45% to +30%, therefore we
restricted our analysis in the region where this variation is limited to ±20% and where the
persistence probability is higher than 80%. We tested the variation of the shape of this
region both varying the carrying capacity Ki per patch and keeping the detection prob-
ability constant ρ = 20% (baseline value) and varying the detection probability keeping
Ki = 3Ni(0) (baseline value) constant. In the first case the shape of the region changes
drastically only for Ki < 2.5Ni(0), while for higher values it remains substantially stable
(see Figure B.3). In the second case the shape of the region remains more stable in the
interval considered (see Figure 5.3). For detection probabilities equal to 5, 10, 20% it
exhibits always an equivalent shape: it goes from R0 = 1.03 to R0 = 1.06 for an annual
birth rate equal to 1.04, while for higher birth rates (more than 1.22) the region is slightly
larger, with R0 between 1.02 and 1.06. Differently, for a detection probability equal to
50% the region shrinks to R0 = 1.06 for a birth rate equal to 1.04, from R0 = 1.03 to
R0 = 1.06 for a birth rate equal to 1.22 and finally for higher birth rates the regions
assumes the same shape observed for the other values of ρ.
As showed in Section 5.6.1, the epidemiological data actually available are the result of
20 years of monthly surveillance on dog rabies cases in Bangui (Figure 5.4 panel a [107]).
From this time-series we extracted the distribution of the size of the epidemic waves (Fig-
ure 5.4 panel b) defining a wave as a set of consecutive RABV cases that starts after at
least 4 months of absence of cases and finishes when no case is detected the following
month. Using the distribution of the epidemic wave obtained for Bangui we performed a
maximum-likelihood analysis of the detection probability ρ, of R0 and of the annual birth
rate (see Section 5.6.2). Figure 5.5 shows the result of the logarithm of the likelihood
function, called log-likelihood. Since the logarithm is a monotonically increasing function,
the logarithm of a function achieves its maximum value at the same point as the function
itself, and hence the log-likelihood can be used in place of the likelihood in maximum
likelihood estimation.
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Figure 5.5: Heatmap of log-likelihood analysis for a detection proba-
bility ρ = 5% as a function of the basic reproductive number R0 and of
the annual birth rate of the domestic dog population in the area of the
parameter space with high persistence probability and stable population.

b), c) and d) as in a) for ρ equal to 10, 20 and 50% respectively.

For ρ = 50% (Figure 5.5 panel d) we obtained the worst accordance with empirical data
since the log-likelihood is in general lower in respect to the other scenarios. Differently,
for lower detection probabilities such as ρ = 5% and 10% (Figure 5.5 panel a and b), we
observe better results even if the likelihood functions does not exhibit a smooth behaviour,
i.e. with a unique and well defined maximum. For example for ρ = 5%, the maximum
of the likelihood function is for R0 = 1.04 and the lowest birth rate considered (equal
to 1.04) while, keeping the same R0, we observe a similar likelihood also for the higher
birth rate (equal to 1.59). The best estimate is obtained for ρ = 20% and for R0 = 1.06
and a birth rate equal to 1.59 (Figure 5.5 panel c). Since this point is on the upper left
boundary of the parameter space analyzed we verified, including also higher values of R0

and birth rate in the analysis, that it is a proper maximum of the likelihood function (see
Figure B.1). Detection probability ρ = 20% is then confirmed as baseline values for the
rest of the work.
In order to further relate the outcome of our model with empirical observations, we

considered the periodicity of the Bangui’s surveillance time series (Bourhy et al. [107]),
which consists in 53.4 and 89.0 months, and we compared it with the periodicity ob-
tained, through wavelet analysis [238], in Bangui in our simulations (see Section 5.6.1).
As shown in Figure 5.6 panel a, we analyze in four different points, one is the point
identified through the MLE analysis (Figure 5.6 panel a) and the others are chosen to
represent the behavior of the system at the boundaries of the region with high persistence
and stable population. The shapes of the probability distributions of the dominant periods
obtained numerically are relatively homogeneous in the four points and the two periods
empirically observed, 53.4 and 89.0 months, are consistently present and around the peak
of each distribution (Figure 5.6 panels b, c, d and e). In the two points with higher R0 the
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Figure 5.6: Detection probability ρ = 20%, comparison with empirical
observations. a) Parameter space expressed in terms of the basic repro-
ductive number R0 and of the annual dogs birth rate: in grey, the area
where the persistence probability is higher than 80% (see Figure 5.2). In
red the area where the modeled average dogs population in the Central
African Republic is equal to the estimated population ±20%. b) Compari-
son between the periods of the epidemic cycles obtained in Bangui through
simulations in the points with the maximum likelihood (R0 = 1.06 and
birth rate equal to 1.59 dogs/year) and the two empirical oscillation peri-
ods of 53.4 and 89.0 months described respectively by the blue and the red
dotted lines. c), d) and e) same comparison as in b) but in other points
of the parameter space. The detection probability assumed is ρ = 20%.

peak of the two numerical distributions corresponds to the maximum periodicity obtained
empirically (Figure 5.6 panels b and c).

5.3.4 Role of the population structure and of the movement range

To assess the role that variations in population structure or in movements range have on
the epidemic outcome we analyzed, starting from the baseline model, multiple scenarios
trying to disentangle the possible effect of each element. All the models tested are listed
in Table 5.1, and a synthetic analysis of the results is shown in Figure 5.7 panel a.
Firstly, to determine the combined impact of spatial structure and mobility we built a
framework where both these ingredients are neglected, modeling RABV circulation only
in Bangui as isolated patch without any reintroduction. The persistence probability ob-
tained is always equal to zero (Figure 5.7 panel b), even for values of basic reproductive
number (R0) higher in respect to the range used in the other scenarios.
Then, to understand the role of the capital city on the overall epidemic we simulate the
infection dynamics in the whole CAR, removing from the network only the patch that
corresponds to Bangui. In this case, despite a strong and general reduction in the persis-
tence probability the virus can be maintained (Figure 5.7 panel c). The persistence profile
observed has a trend similar to the baseline (Figure 5.2 panel a), where the probability
increase with R0 and with the birth rate. An 80% persistence probability is reached for
R0 between 1.11 and 1.16 and for a birth rate equal to 1.59.
Similar results can be obtained considering, in both aforementioned examples, besides
Bangui also all the settlements which are within a radius of 20 km from the capital city.
In particular in the first case we built a spatial structured population composed by Bangui
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Figure 5.7: Rabies virus persistence probability in Central African Re-
public, tested scenarios. Top: a) The proportion of points within the
parameter space analyzed (R0, birth rate) where rabies persistence prob-
ability is higher than 80% (dark blue) and between 50− 80% (light blue)
as a function of the different scenarios tested. Bottom b), c), d), e), f),
g) Relevant examples from the scenarios listed in a) of the persistence
probability of rabies virus as a function of the basic reproductive number
R0 and of the annual dogs birth rate. The compartmental model consider
both the incubation and infectious periods distributed according to empir-
ical data (i.e. gamma distributed). The detection probability assumed is
ρ = 20%. Contour grey and white lines indicate a persistence probability

respectively larger than 5% and 80%.

and its 13 neighboring settlements (Figure B.2 panel a) and in the second case we re-
moved those patches from the CAR population structure obtaining a network composed
by 123 patches and with a population equal to the half of the baseline model in both
cases (Figure B.2 panel b).
Further, we explored how the epidemic outcome may vary considering separately rural or
urban settlements. In both cases is observed a drastic reduction in the persistence prob-
ability in the whole parameters space, reaching at most 20% in the former case (Figure
5.2 panel d) and 56% in the latter (Figure 5.2 panel e). If only rural patches are con-
sidered, similarly to the baseline, the persistence probability increases with R0 and birth
rate; while, in the case with a network composed only by urban settlements a nonzero
persistence is observed only for a birth rate higher than 1.4 and it declines when R0

increases reaching the maximum between 1.01 to 1.04.
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Finally, to assess the role of the different movement range, we have considered several
possible travel restrictions. These restrictions are applied for short (< 20 km), medium
(≥ 20 and ≤ 100 km) or long (≥ 100 km) range movements and for each possible com-
bination of two of these travel range. Neglecting long range movements changes radically
the epidemic outcome lowering the persistence probability and changing the persistence
profile (Figure B.2 panel f). Similarly to what is observed when only urban settlements
are considered, the persistence probability does not increase linearly with R0. The highest
persistence probability (82%) is reached for a birth rate equal to 1.59 an R0 = 1.05, for
the same birth rate and for higher values of the basic reproductive number the proba-
bility decreases up to 6.5% for R0 = 1.16. Differently, if travel restrictions are applied
to medium or short range movements the epidemic outcome observed is similar to the
baseline with a slightly lower persistence probability especially for low values of R0, from
1.01 to 1.05, and for birth rate lower than 1.04 (Figure 5.2 panel g and Figure B.2 panel
c). For travel restrictions that involve two simultaneous movement ranges the disease
almost never persist in the population. If only short or medium travel are included in the
framework the persistence probability is always zero (Figure B.2 panels d and e), while
if only long range movement are considered a nonzero persistence probability is observed
exclusively for R0 ≥ 1.12 and for birth rates higher than 1.22 (Figure B.2 panel f).

5.3.5 RABV prevalence and the epidemic concentration curve

To have a better insight into the RABV endemicity in CAR we analyzed the prevalence
(i.e. the proportion of infected) that we obtain as result of our stochastic model in each
subpopulation, using the values of ρ,R0 and birth rate that better agree with surveillance
data (see Section 5.3.3). Figure 5.8 panel a, provides a spatial visualization of the RABV
prevalence in the country showing the percentage of domestic dog population that is
infected by the virus. We found a quite different level of infected in the different regions,
in particular we can divide the country in three geographical areas. In the East part,
from the region on Bamingui-Bangoran to Vakaga in the North and from Basse-Kotto
and Haut-Mbomou in the South, the prevalence obtained is always lower than 10% with
minimum of 0.2% observed in the eastern regions. The Central part contains all the
regions with higher prevalence, in particular in the South with Bangui’s suburban area,
Ombella-M’Poko and Lobaye. Around Bangui and in the South of the Ombella-M’Poko
we observe the highest percentage of infected dogs with a prevalence that is always higher
than 20% for both rural and urban patches. Finally, the West side of the country is also
characterized by an average high prevalence that is however lower than 20%.
To have a quantitative estimation of the degree of urbanization and dispersion of RABV
infection in rural areas we computed the epidemic concentration curve (ECC) (see Section
5.6.2). This curve shows an homogeneous level of infected in rural (green) and urban
(black) area, and there is no evidence of a different behaviour in the two classes. Moreover,
the RABV prevalence is on average similar: 19% in urban and 16% in rural subpopulations.

5.4 Discussion

Controlling and eliminating rabies in dogs mainly by the implementation of strict control
measures including mass dog vaccination campaigns, is now considered as the most cost
effective measure to prevent rabies in humans [228]. However a better understanding of
the dynamics of rabies virus infection in dog population would further provide guidance
in planning and implementing these control measures.
For direct host-to-host contact transmitted diseases, like rabies, transmission occurs with
a higher probability if the interaction is more intense/frequent, which implies a crucial
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Figure 5.8: Rabies virus prevalence in Central African Republic. Top:
a) Geo-spatial distribution of the RABV prevalence in the domestic dog
population in the country, each point represents a patch centroid. The
color of each point is related to the average prevalence in that subpop-
ulation ranging from light blue, for low prevalence (≤ 5%), to dark red,
for prevalence between 20% to 50%. The highlighted regions (Bangui,
Ombella-M’Poko and Ouaka) represent the areas where an higher num-
ber of cases have been detected in 2012 surveillance [106]. Bottom: b)
Epidemic concentration curve (ECC) for RABV prevalence in domestic
dog population in Central African Republic, the green points represent

rural patches while black points represent the urban one.

role of spatial distribution and mobility of the host population. Considering domestic
dogs as hosts, these two factors are mainly connected to human demography and spatial
heterogeneities, thus RABV dynamics strongly relies on the specific geographical region
examined [146, 194, 236].
All the studies made on RABV in domestic dogs are developed after extensive data col-
lection programs [145, 146, 194, 236] and some of the conclusion achieved are specific
and hardly generalizable to other environments [146, 194, 236]. In order to tackle this
problem we developed a framework that can be easily extended to other context since the
domestic dog population is estimated using public world database of human demography
(WorldPop) [239–241] as proxy, and the mobility is based on a diffusion model which is
general and already tested in the prediction of the rabies spread in domestic dogs [113].
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The migration probabilities obtained in our environment corroborates with a recent ob-
servation performed on domestic dog rabies in the Philippines [146] considering, however,
all the substantial differences between the two countries.
We started from the endemic context of the domestic dog population in Central African
Republic [106, 107, 229] where no recent vaccination campaign has been recently im-
plemented, and we developed a spatial explicit metapopulation model accounting for:
sparse and fragmented host population, since a strong spatial structure can be crucial
for the persistence of endemic pathogens [125, 162]; realistic distributions of incuba-
tion and infection periods characteristic of dog rabies [81]; local infection dynamics (in
each settlement) and country level disease spread given by short, medium and long range
movements of infected hosts. The aim is to determine the impact of these aspects on
the RABV epidemiology and on the maintenance of the disease. Several parameters that
characterize the RABV infection depend on the particular geographical area [115] thus
we used numerical simulations to explore multiple values of these parameters.
The inclusion of empirical distributions in the infection stages changes considerably the
epidemic scenario favoring the circulation and the maintenance of the pathogen, as the
comparison between the two spatial models in Figure 5.2 shows. A potential explanation
can be the different timing that exists between the infection dynamics and the hosts’
migration in the two cases. Even if a short infectious period (on average 3.1 days) may
reduce the spatial and temporal scale at which the host can shed the virus, a long and
heterogeneous incubation period allows the migration of infected for longer time and for
larger distances. In the model with exponentially distributed incubation and infectious
periods many hosts remain exposed or infectious for a shorter time, so an important pro-
portion of exposed hosts become rapidly infectious and eventually dies. Moreover, due to
the restricted mobility of infectious animals [115], the spatial dispersion of the pathogen
can be reduced. The impact of realistic distributed disease stage on the dynamics and
persistence of an infectious disease has been already explored for several pathogens (i.e.
measles, HIV, etc.) and has shown always a substantial effect on the pathogen endemicity
[165, 166, 170, 242–244]. Anyway, despite these considerations, only recently it is being
applied in dog rabies modelling [194, 195, 236].
Analyzing in detail the baseline framework, we characterized the values of the parameters
where RABV has a high probability to persist and where the population remains stable
during the dynamics (Figure 5.3). In this region of the parameter space we estimated
the detection probability, the basic reproductive number and the annual birth rate of the
domestic dog population through a maximum likelihood analysis of our model on the size
distribution of the epidemic waves obtained through 20 years of surveillance in Bangui
[107]. The best estimate is ρ = 20%, R0 = 1.06 and 1.59 annual birth rate (Figure
5.5). Moreover, we found that for all the detection probabilities explored it is possible
to have a stable dog population in the whole CAR and a high persistence probability of
the pathogen only for values of between 1.03 and 1.07 and with an annual birth rate
higher than 1.04 dogs/year. This area of the parameters space is compatible with recent
estimates made for rabies in domestic dogs [236]. Higher transmissibility, 100% mortality
rate and an absence of vaccination could lead to a drastic reduction of the host population
since a single rabies epidemic can eliminate a large proportion of the total dog population
[89, 122, 145], therefore a basic reproductive number below 1.06 and a high population
turnover permit the circulation of a lethal virus like rabies keeping the host population
stable.
To compare the outcome of our model with the epidemic activity observed during 20 years
of surveillance in Bangui (see Section 5.6.1), we considered the periods of the epidemic
cycles obtained by Bourhy et al. in [107]. These two periods, which are respectively
53.4 and 89.0 months, are consistently present and around the peak of each numerical
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distribution obtained from the different reproductive numbers and annual birth rates con-
sidered (Figure 5.6 panels b, c, d and e). In particular a better accordance is observed for
R0 = 1.06 regardless of the annual natality rate. Even if this comparison has limitations
given the shorter time length of the surveillance data (about 267 months) in respect to
the numerical time series (more than 4 000 months), similar periodic patterns have been
already observed in other African countries [81, 111].
Our findings predict that spatially fragmented and heterogeneous population represents
key elements in the RABV persistence in domestic dogs. The endemicity can be obtained
only in spatial explicit models, instead in isolated environments (Figure 5.7 panel a, Fig-
ure B.2 panel a) the pathogen tends to fade out. This outcome is in agreement with
the results obtained through the phylogenetic analysis made in Bangui [107] where the
authors found that, even if the virus appears to be endemic the actual epidemiology is
given by re-introduction of new lineages from outside the city.
Interestingly, considering the network of Bangui and its 13 nearby settlements, which con-
sist of almost 50% of the total host population, the persistence probability is constantly
zero for each value of the parameter space explored. Differently, the pathogen may persist,
although with a reduced probability, removing Bangui or Bangui and its surrounding area
from the whole network. This result points out that the most populated region in CAR is
important but not critical in the disease persistence, and, on the contrary, a crucial role is
played by the spatial heterogeneity of hosts distribution. An heterogeneous spatial struc-
ture of the host population coupled with the mobility plays a major role RABV circulation,
because it makes possible the host’s circulation that leads to a sequential reintroduction
and infection of disease-free areas.
The domestic dogs movement pattern considered in our work does not include only short
distance natural dispersal which for a healthy domestic dog is around 50 metres per day,
from the home bases with a maximum of 3.2 km [88, 115], but also human-mediated
long-range movements which seems crucial for the virus dissemination both in domestic
[113, 232, 245] and in wild animals [124]. We modelled dog movements considering
results obtained in [113], in particular in our model the travel probability declines as the
Euclidean distance between two patches increases. The separate effect of each range in
RABV endemicity is shown in Figure 5.7. Our results show that long range movements
have a particular role in the virus circulation even if they are not frequent. Removing all
the long range movements from the metapopulation framework can drastically reduce the
persistence probability for all the values of R0 and of the annual birth rate explored. It
may happen that, even though the disease dies out in an asynchronous way in the differ-
ent patches of the model, long range movements favor the occasional reintroduction and
the re-synchronization of the infection (Figure B.2). Moreover, short and medium range
movements restrict the hosts dynamics to a local scale therefore the infection remains
confined and tends to fade out. To have a high persistence probability in a large area of
the parameter space it is necessary to combine at least long range movements with short
or medium range movements (Figure 5.7).
Our result indicate that large cities are not the only crucial determinant in the dynamics
and maintenance of rabies and that efforts of control of rabies should target surrounding
areas and villages disseminated in the country side.
Summarizing mobility, spatial explicit structure and long and heterogeneous incubation
period are crucial in order to understand how the maintenance and the extinction of rabies
virus occur in the domestic dog population.
Unfortunately, no information is available on the carrying capacity in the different settle-
ments considered in our model. However, even if this quantity is hard to estimate and in
literature can vary from twice the host population [236] to more [246], from the analysis
that we made testing different values of K it emerges that this variable has a negligible
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impact in the epidemic outcome at least if Ki ≥ 2.5Ni(0) (see Figure B.3). This can be
related to the fact that for lower carrying capacity the threshold of the population size in
each patch is too strong and it may contrast the oscillating behaviour of the population
during the infection.
RABV transmission from other host reservoir species (i.e. wildlife in general) to domestic
dogs is assumed not to be relevant considering that dogs are the reservoir for rabies in
sub-saharan Africa [91, 104, 124], that dog to dog transmission is approximately eight
times as common as transmission between dogs and other carnivores [91], that domestic
dogs live mostly in human settlements where interactions with wildlife are sporadic and
that epidemiological cycles of RABV maintained in non-flying wildlife mammals are geo-
graphically limited in Africa and to our knowledge not present in CAR [226]. Moreover, it
seems that spillover of directly transmitted pathogens between domestic dogs and wildlife
might be infrequent and rarely followed by onward transmission to other hosts [88].
Finally, since not data are available on the import and export of domestic dogs in CAR
due to humans relocation we considered the whole country as an isolated system. This
assumption is a simplification of the reality, as already highlighted in Section 2.5.2, since
human mobility facilitated domestic dog movements and rabies diffusion also among dif-
ferent countries [82, 110, 121]. However, as obtained by Talbi et al. [113], the RABV
diffusion process between countries is somehow restricted and limited by geopolitical
boundaries. Therefore the reintroduction from neighboring countries, even if clearly im-
portant, can be occasional. However, as a future step it may be useful to include also
this type of inter-regional movements or through a sporadic introduction of infected dogs
or by adding other regions in our framework. The last choice can help to develop a
more realistic model that can contribute to the identification of an appropriate control
strategies also at interregional level. Actually, the African public health authorities are
moving in to this direction, creating networks among different countries in order to facili-
tate the coordination between animal and human health sectors across national, regional
and continental levels [247, 248].

5.5 Conclusions

Our model allows the exploration of parameters and conditions characterizing the RABV
transmission dynamics in the domestic dogs population and improves our knowledge on the
conditions for persistence and the relevant mechanisms affecting it. The interplay between
the peculiar heterogeneity of rabies incubation period and a sparse and fragmented dog
population is essential for the maintenance of the virus. Moreover it seems that also the
rapid turnover of the domestic dogs is crucial for the disease persistence. The model
developed in this work may be applicable to design efficient and cost-effective control
strategies not only in the Central African Republic, the country analyzed, but also in in
many different settings in countries where the disease is endemic.

5.6 Methods

5.6.1 Epidemiological data

The dataset refers to RABV cases in Bangui, the capital city of the Central African
Republic, and it is obtained by Bourhy et al. [107]. In our analysis we considered the
number of domestic dog RABV cases during the sampling period (1990-2012 with monthly
sampling). This time-series was analyzed through wavelet analysis and periodogram [238]
obtaining two dominant periods of oscillation: 53.4 and 89.0 months. The detection prob-
ability ρ in [107] is assumed in the range between 5%-50% to account for low surveillance



80
Chapter 5. RABIES PERSISTENCE IN DOMESTIC DOG POPULATION IN

CENTRAL AFRICAN REPUBLIC

Rb S E I R
λ(t) σ

κ κ κ

Figure 5.9: Compartmental structure. It is composed by susceptible
(S), exposed (E), infectious (I) and removed (R). The model considers

only invariably fatal infections.

efforts combined with the incubation plus infectious period reported for dogs in Africa [81].

5.6.2 Metapopulation model

Infection and vital dynamics

RABV infection dynamics in dogs is in general described by a SEIR compartmental model
(see Section 3.2.3) where the hosts can be: susceptible (S), healthy individuals that
may acquire the infection with a force of infection; exposed (E), the hosts who have
contracted the infection but cannot shed the virus throughout the incubation period of
average duration; infectious (I), the individuals who can transmit the virus during an
infectious period of average duration; removed (R), the hosts after the infectious stage
who are removed from the population because rabies is fatal once clinical symptoms appear
(see Section 2.4). A schematic representation of the compartmental model is provided
in Figure 5.9. In the classic compartmental model approach the transition rates between
compartments (e.g. from exposed to infectious) are constant as a result of exponentially
distributed sojourn times [114, 149]. Even if this simplifying assumption lead to an
analytically convenient mathematical treatment, for RABV it may not adequately reflect
the reality [170] (See Section 3.2.3). The empirical distributions of the incubation and
infectious periods for RABV in African domestic canine population were obtained by
Hampson et al. [81] through a contact tracing study on rabid dogs in Tanzania and
both shapes observed are non-exponentials, but fitted with two gamma distributions (See
Section 3.2.3). To incorporate the empirical gamma-distributed incubation and infectious
periods in the compartmental model, we used the approach already adopted by [166,
170] and showed in detail in Section 3.2.3. Both infected compartment are divided into
m and n subclasses, which are the shape of the gamma distribution of the incubation and
infectious periods respectively. To keep the same average time spent in the two classes
σ−1 and γ−1 the rates of movement between the subclasses are defined as σ = mσ′ and
γ = nγ′, respectively.
To assess the role of the empirical shapes in the epidemic outcome, we also analyze the
case with constant rates of transition σ and γ, which are the average values of the two
distributions. Vital dynamics is included in both models assuming that newborns enter in
the susceptible class with rate b, whereas individuals in each compartment may die with
rate µ. The estimation of the natural death rate of domestic African dogs is obtained
from Ref. [81] and it is given by the reciprocal of the average life expectancy. The
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size of the population follows a logistic growth model, assuming that increasing mortality
rates constrain population growth as the population approaches a defined limit, known
as the carrying capacity K, which represents the maximum number of individuals that
an environment can sustain without any infection. The carrying capacity is specific of
the habitat and it is proportional to the local disease-free population [157]. The size
dependent death rate is therefore defined by κ = µ + (b − µ)N(t)/K, where N(t) is
the host population at time t. Different studies analyzed the demographic parameters for
domestic dog population in Africa and Asia providing estimates based on cross-sectional
household questionnaire surveys of dog owners [249–251]. The birth rate obtained is in
general high and it can vary drastically among different geographical areas [81, 91, 99,
102, 103, 236, 249, 252]. In order to mimic this heterogeneity and the high turnover
empirically observed we have explored a range of values for this variable (Table 5.2).

Domestic dogs demography

The habitat of the domestic dog population is strictly related to the different human
settlements (i.e. villages, towns and cities) and in general it is estimated administering
questionnaires to a selection of households [99, 102, 103, 108, 250, 251]. Unfortunately,
there is no availability of such kind of data for Central African Republic perhaps because
this method is extremely challenging and costly to be applied to the whole country. As
suggested in [1, 102, 108], human settlements can be considered as dog habitat, so do-
mestic dogs population can be estimated using human population as a proxy. In particular
two kinds of environment are considered: urban, with more than 1 000 individuals per
kilometers squared and with a human to dog ratio equal to 21.20; rural, with less than
1 000 individuals per kilometers squared and a human to dog ratio equal to 7.40. To
capture the highly fragmented and complex landscape given by the distribution of human
communities in CAR we used WorldPop [239–241], a high resolution dataset on human
population. This raster dataset is made by a gridded population matrix with a pixel res-
olution of approximately decimal degrees (approx. 100 meters at the equator) that can
be changed hierarchically aggregating the pixel cells. In order to build communities, all
the scarcely populated cells (with less than one human per pixel) are filtered and then
all the cells which have at least one side in common are merged together. The resulting
scenario is an ensemble of geolocalized patches of human communities with a certain size,
spatial extension and density from which we finally obtain the distribution of domestic
dogs sub-populations. The method used to build domestic dogs communities is described
in detail in Section 3.3.5.
In each patch i, we define also the characteristic carrying capacity Ki which is propor-
tional to the initial estimated population Ki = 3Ni(0). We also considered, as sensitivity
analysis, different values of carrying capacity (in the range [2.5Ni(0)− 3Ni(0)]) because
this ecological parameter is given by a composition of multiple and non-trivial factors
which are extremely challenging to estimate.

Mobility model

The other crucial input for the metapopulation model is the coupling among subpop-
ulations, which corresponds in this case to the canine movements within the country.
Unfortunately for domestic dog movements no data is available for Central African Re-
public. However in a recent work [113], combining spatial epidemiology and a Bayesian
phylogeographic approach, some diffusion models are tested in order to determine which
of them can predict the dog RABV dissemination in Algeria and Morocco. Road distance
model and great-circle (Euclidean) distance model appear to fit better the spatial spread
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of the pathogen. For sake of simplicity, as already done in [194], we use the great-circle
distance model to evaluate the number of migrating dogs between patch i and patch j,
defined as wij = C

dij
. C is a scale factor that limit the maximum number of dogs that can

daily escape from each patch to the 1% of the patch population, dij is the great circle
distance between i and j, defined as the shortest distance between the two centroids on
a surface of a sphere.

Maximum likelihood estimation

In statistics, maximum likelihood estimation (MLE) is a method of estimating the param-
eters of a certain statistical model given observations, by finding the parameter values
that maximize the likelihood of making the observations given the parameters. In our
case, the observations are the empirical size of the epidemic waves. The probability to
have an empirical wave of size {s∗i } conditioned to ρ, R0 and to the annual birth rate
defines the likelihood function:

L(ρ,R0, birth rate) = P({s∗i }|ρ,R0, birth rate) (5.1)

Maximizing this function we obtain a value for the three parameters that better agree
with empirical data. The set of numerical observation of the distribution of the epidemic
waves in Bangui allows the definition of the discrete probability Pi({si}) as the fraction
of times that an certain size {si} for an epidemic wave is observed. The procedure is
iterated for the different values of ρ, R0 and birth rate to reconstruct the likelihood
function L(ρ,R0, birth rate). Since the phylogenetic analysis conducted in Bangui [107]
(Figure 2.7 panel b) suggests that the wave like behaviour observed through surveillance
is given by the extinction of local chains of transmission coupled with the re-introduction
of new lineages from outside, we can consider the waves sizes as statistically independent
variables. Therefore we can factorize the total probability P({si}) in the product of the
the distribution for each size of the epidemic wave:

P({si}) =
∏

i

Pi(si) (5.2)

Changes in population structure and mobility

To assess the different contributions on RABV endemicity given by all the ingredients
that are part of the metapopulation model, we tested how the spatial configuration of
the host population and the mobility can affect the epidemic outcome.
From the data sampling and the phylogenetic analysis made in [107] it seems that, in
Bangui, the virus circulation is sustained by some accidental reintroductions from out-
side. To understand if those reintroduction are required to have the observed long term
persistence we analyze the dynamics of the pathogen taking into account Bangui as an
isolated environment.
The second scenario explored is a metapopulation model where the only patches con-
sidered are Bangui and his neighboring area (villages distant less than 20 km). In this
case we want to determine if the circulation of the virus can be sustained in a localized
geographical area composed by a densely populated patch (Bangui) surrounded by a lot
of different smaller patches (the neighboring area).
In third and in the fourth scenarios we tested the role of Bangui and his neighboring area
respect to the whole country, thus we simulate the virus circulation excluding respectively
only the capital city or the capital city and the neighboring area from the network frame-
work.
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Domestic dog communities are classified in rural and urban depending on the type of
human settlement they belong to, thus to understand the respective role of these commu-
nities in the dynamic and persistence of RABV we explored two other scenarios obtained
removing from the network or all the urban patches or all the rural patches. In the last
set of scenarios we investigate the role of the different animal movements range in the
circulation of the pathogen. In particular we tested the relevance of long, medium and
short range animal movements and also all the possible combination of two of them.

Epidemic concentration curve

The epidemic concentration curves is obtained following a recent work on the geospatial
mapping of HIV infection in sub-Saharan Africa [253]. In particular we considered the
average number of infected in our model ψi, where i indicates the patch, and then we
ordered all the different ψi in ascending order as ψmin

i , ..., ψmax
i . The ECC is than obtained

plotting the variable sj with j ∈ [0, ψmax
i ] on a semilogarithmic scale where:

sj = 100

(
1

I

)∑

ψi≥j
ψi (5.3)

and:

I =
N∑

i=1

ψi (5.4)

where N = 137 is the total number of subpopulation in our model.

Numerical simulations

We consider discrete stochastic numerical simulations for RABV transmission in the canine
populations to account for stochastic extinction events that may be favored by the small
population of some settlements. A continuous formulation of the metapopulation model
would not be appropriate for addressing infection extinction phenomena. Indeed, assuming
individuals to be described by a continuous variable would allow for unrealistic fractions of
infected individuals to indefinitely sustain the epidemic. Time is considered discrete with
a daily timescale. Since the disease is endemic in the country [106], in the seeding process
each patch i is seeded with a certain number of exposed Ei(0) and Ii(0) infectious. Those
numbers are obtained defining in Bangui, the only patch for which epidemiological data
are available [107], the proportion of RABV infectious dogs in endemic condition η as the
median number of detected cases during the observation period divided by the estimated
dog population of the city. This calculation is made rescaling the time series with the
detection probability assumed. The proportion of exposed in endemic condition ν is than
obtained through simple numerical calculations. Therefore, the seeding process can be
done adding in each patch i with a population Ni a number of exposed and infectious
equal to Ei(0) = νNi(0) and Ii(0) = ηNi(0) respectively.
The persistence probability of RABV infection is defined as the fraction of stochastic
simulations for which the virus still circulates in the host population at the end of the
simulation time. A total of stochastic runs are simulated starting from the same initial
conditions and lasting 250 years in order to reach the endemic equilibrium following the
initial transient. All the simulations are implemented in C++, and technical details are
reported in Section 3.3.5. Sensitivity analysis on numerical aspects of the simulations was
also performed.
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Scenario Number of patches Number of links Population
CAR 137 9 316 76 992
Only Bangui 1 0 36 089
Bangui & neighbours 14 91 38 129
No Bangui 136 9 180 40 903
No Bangui & neighbours 123 7 503 38 863
Only Urban patches 58 1 653 69 250
Only Rural patches 79 3 081 7 742
Only short travels 137 183 7 6992
Only medium travels 137 951 76 992
Only long travels 137 8 182 76 992
No long travels 137 1 134 76 992
No medium travels 137 8 365 76 992
No short travels 137 9 133 76 992

Table 5.1: Scenarios tested. Properties of each scenarios tested for the
RABV persistence.

Notation Parameter description value
σ−1 average incubation period 22.11 days [81]
γ−1 average infection period 3.1 days [81]
µ−1 average life period 2.2 years [81]
m shape of gamma distribution

incubation period
2.0[81]

σ′ scale of gamma distribution
incubation period

11.055[81]

n shape of gamma distribution
infectious period

3.0[81]

γ′ scale of gamma distribution
infectious period

1.1[81]

R0 basic reproductive number 1.01 - 1.4 (Bangui)
1.01 - 1.17 (CAR) [81]

b annual birth rate 1 - 1.59 years [81, 236]
Ki carrying capacity patch i 3Ni[2− 4.5Ni]

ρ detection probability 20%[5, 10, 50%] [107]

Table 5.2: Parameters description and values.
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6
CONCLUSIONS AND OUTLOOK

In this thesis I described how multidisciplinary knowledge can be integrated through a
mathematical model and incorporated into a computational framework to identify the
main mechanisms that underlie rabies persistence in different realistic settings such as:
two interacting bat species in a system of caves in Catalonia (Spain), domestic dog pop-
ulation of Central African Republic.
My research is motivated by the challenging perspective of finding the interplay between
epidemiological, virological and ecological factors in rabies spread and circulation with the
aim of refining surveillance and implementing more efficients control strategies.
The development of metapopulation models in conjunction with complex networks theory
led to an innovative approach that integrates those different factors in analyzing large-
spatial scale transmission of emerging diseases. This powerful tool has already proven
its efficacy in the analysis of the epidemics spread of diseases like influenza [254, 255],
SARS [256] and MERS-Cov [257] on a global scale. It represents the proper framework to
model rabies since it gives the possibility to incorporate environmental stochasticity and
landscape heterogeneity among coupled subpopulations of hosts linked through animal
movements.
In the first part of the thesis we employed this approach to identify the mechanisms
responsible for the empirically observed EBLV-1 persistence in M. schreibersii and M.
myotis species accounting for roosts ecology, seasonal effects, migratory paths, disease
progression, and bat species richness based on a field survey.
Our results confirm the importance of bats’ ecology on lyssaviruses persistence and pro-
vides numerical evidence supporting the fact that the two species analyzed tolerate EBLV-
1 natural infection and may also acquire transient immunity. Seasonal migration of M.
schreibersii and cross-species mixing result critical factors to have persistence in multi-
ple species and large-scale spatial diffusion of the virus. Differently, seasonal variation
in transmissibility is not critical in order to achieve accurate predictions of viral persis-
tence. Our findings suggest that efforts should be invested in accurately tracking bats’
movements and in targeting caves that host multiple species for their role in the disease
maintenance.
In the second part of the thesis we tackled the problem of the RABV endemicity in domes-
tic dog population. We considered both local-scale factors such as dogs’ high reproduction
rate, local transmissibility and empirical distribution for incubation and infection periods
and large-scale factors such as the sparse and fragmented dog population and human-
mediated dog movements. With respect to the previous approach, this is more theoretical
since no data were available on domestic dog demography and on dogs’ movements in
the country that we used as case of study (Central African Republic).
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Our work confirms the importance of the inclusion of empirical distributions in the in-
fection stages because the characteristic heterogeneous incubation period allows the mi-
gration of the infected for longer time and for larger distances favoring the circulation of
the pathogen. Spatially fragmented heterogeneous populations and long range human-
mediated movements represent the other key elements in RABV persistence. Efforts in
rabies control should reduce or regulate human-mediated movements to avoid the rein-
troduction of the pathogen in disease-free areas and target with parental vaccination not
only urban areas but also the surrounding peri-urban and rural areas to contain the trans-
mission on local scale.
Fine-scale data on within cities and villages dogs social and spatial organization would be
very useful in the understanding of the different dogs ecology in the two environments.
In my knowledge two different projects already started to collect data on the roaming
behavior of free-roaming domestic dogs in two different geographic areas of Sub-Saharan
Africa. In those projects domestic dogs are instrumented with proximity sensors or/and
GPS collars to identify their position, the characteristic roaming behaviour and to mea-
sure the social structure and the daily contact network with a high spatial and temporal
resolution. A better knowledge of the domestic dogs ecology will improve the accuracy
of our framework helping the model calibration in order to develop a more accurate per-
spective on rabies transmission on local and national scale. Moreover, the model could be
further developed considering the culling of rabid dogs that show the characteristic symp-
toms of the disease, since in reality any detected rabid dog is usually culled to stop the
transmission. In conclusion, our model can be used to design efficient and cost-effective
control strategies firstly in Central African Republic where rabies is endemic and a vacci-
nation campaign is needed, but also in other countries since our modeling approach can
be adapted to different contexts.
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A
Sensitivity analysis on EBLV-1 Persistence in Catalonia

A.1 SA3. Sensitivity analysis on the duration of the infectious
period

Figure A.1: Impact of the infectious period. a) Persistence probability
PMs as a function of 〈R0〉 for two values of the immunity period (ω−1 = 60
and ω−1 = 730 days), comparison of infectious period equal to 2.5 days
(continuous line) with respect to default value (dashed line). b) as in
a) with infectious period of 10 days. The vertical dashed line indicates

〈R0〉 = 1.
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A.2 SA4. Sensitivity on ecological parameters from empirical
estimates: population sizes, migration (starting, duration)

A.2.1 Sensitivity analysis on bats population size

a)

b)

Figure A.2: Impact of the initial M. schreibersii population on the
persistence probability of EBLV-1 in M. schreibersii and in M. myotis in
model 3 (SA4). a) Persistence probability of EBLV-1 in M. schreibersii
(left) and in M. myotis (right) as a function of the average reproductive
number of the metapopulation system 〈R0〉 and of the immunity period
(ω−1 , in mixing (top) and non-mixing (bottom) conditions, for an initial
population of 16000 M. schreibersii and 500 M. myotis. b): as in a) but
with an initial population of: 18000 M. schreibersii and 500 M. myotis.
Contour lines indicate a persistence probability of 80%. The dashed hor-
izontal line refers to 〈R0〉 = 1. Solid horizontal lines refer to threshold

conditions (Rp
0 = 1) for the all caves.
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a)

b)

Figure A.3: Impact of the initial M. myotis population on the persis-
tence probability of EBLV-1 in M. schreibersii and in M. myotis in model
3 (SA4). a) Persistence probability of EBLV-1 in M. schreibersii (left) and
in M. myotis (right) as a function of the average reproductive number of
the metapopulation system 〈R0〉 and of the immunity period (ω−1 , in
mixing (top) and non-mixing (bottom) conditions, for an initial popula-
tion of 17000 M. schreibersii and 400 M. myotis. b): as in a) but with an
initial population of: 17000 M. schreibersii and 600 M. myotis. Contour
lines indicate a persistence probability of 80%. The dashed horizontal line
refers to 〈R0〉 = 1. Solid horizontal lines refer to threshold conditions

(Rp
0 = 1) for the all caves.
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A.2.2 Sensitivity analysis on starting date of migration events

Figure A.4: Impact of the starting date of migration on the persistence
probability of EBLV-1 in M. schreibersii and in M. myotis in model 3
(SA4). a), b): Persistence probability as a function of the average repro-
ductive number of the metapopulation system 〈R0〉 and of the immunity
period ω−1 for M. schreibersii a) and for M. myotis b) in the mixing
scenario, for starting dates of migration changed by a factor ε, where ε is
randomly extracted from a Gaussian distribution with a zero mean and a
standard deviation of 1 week. c), d): as in a), b) in the non-mixing con-
ditions. The dashed horizontal line refers to 〈R0〉 = 1. Solid horizontal

lines refer to threshold conditions (Rp
0 = 1) for the all caves.
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A.2.3 Sensitivity analysis on duration of migration events

Figure A.5: Impact of the migration duration on the persistence prob-
ability of EBLV-1 in M. schreibersii and in M. myotis in model 3 (SA4).
a), b): Persistence probability as a function of the average reproductive
number of the metapopulation system 〈R0〉 and of the immunity period
ω−1 for M. schreibersii a) and for M. myotis b) in the mixing scenarioin
the mixing scenario for migration durations ∆t changed by a factor ε,
where ε is randomly extracted from a Gaussian distribution with a zero
mean and a standard deviation of 1 week. c), d): as in a), b) in the
non-mixing conditions. The dashed horizontal line refers to 〈R0〉 = 1.
Solid horizontal lines refer to threshold conditions (Rp

0 = 1) for the all
caves.
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A.3 SA5. Sensitivity analysis on type of transmission, density-
dependent transmission rates

A.3.1 Model 1

a) b)

d)c)
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Figure A.6: Persistence probability of EBLV-1 in M. schreibersii and
in M. myotis for model 1 for density dependent transmission. a), b)
Persistence probability as a function of the average reproductive number
of the metapopulation system for M .schreibersii (black) and M. myotis
(green) for a proportion of exposed that becomes infectious ρ = 0.15 a)
and ρ = 0.5 b) in mixing scenario. c), d): as in a), b) in the non-mixing
conditions. In a), b), c) and d), the dashed horizontal line indicates
〈R0〉 = 1. The smallest and largest values of the reproductive number of

Can Palomeres cave explored are indicated on the horizontal axis.
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A.3.2 Model 2

a)

b)

Figure A.7: Persistence probability of EBLV-1 in M. schreibersii and
in M. myotis in model 2 for density dependent transmission. a) Persis-
tence probability as a function of the average reproductive number of
the metapopulation system 〈R0〉 and of the immunity period ω−1 for M.
schreibersii(left) and for M. myotis (right) in mixing (top) and non-mixing
(bottom) scenario with probability of lethal infection ρ = 0.15. b) same as
a) but with probability of lethal infection ρ = 0.5. The dashed horizontal
line refers to〈R0〉 = 1. Solid horizontal lines refer to threshold conditions

(Rp
0 = 1) for the all caves.
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A.3.3 Model 3

Figure A.8: Persistence probability of EBLV-1 in M. schreibersii and in
M. myotis in model 3 for density dependent transmission. a), b), c), d):
Persistence probability as a function of the average reproductive number
of the metapopulation system 〈R0〉 and of the immunity period ω−1 for
M. schreibersii a) and c) and for M. myotis b) and d) in the mixing
scenario. The dashed horizontal line refers to〈R0〉 = 1 . Solid horizontal

lines refer to threshold conditions (Rp
0 = 1) for the all caves.
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B
Sensitivity analysis on rabies persistence in domestic dog

population in Central African Republic

B.1 Log-likelihood estimation
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Figure B.1: Heatmap of the resulting log-likelihood for a detection
probability ρ = 20% as a function of the basic reproductive number R0

and of the annual birth rate of the domestic dog population.
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B.2 Role of the population structure and of the movement
range
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Figure B.2: Rabies virus persistence in a subgroup of scenarios tested.
a) Persistence probability of RABV of domestic dog population in Ban-
gui as a function of the basic reproductive number R0 and of the annual
birth rate of the dog population. This is the outcome of the non spatial
explicit model where we explored also larger values of R0. b) As in a) but
with a spatial explicit model that consideres Bangui and his neighboring
area (all the village distant less than 20 km). c) Persistence probabil-
ity in the whole CAR considering only rural patches (human settlement
with less than 1 000 individuals per kilometers squared). d) Persistence
probability of RABV of domestic dog population of the CAR as a func-
tion of the basic reproductive number R0 and of the annual birth rate of
the dog population, restricting the possible daily movement to the short
range movement (< 20km). e) As in d) but restricting the possible daily
movement to the medium range movement (≥ 20km and ≤ 100 km). e)
As in d) but restricting the possible daily movement to the long range

movement (> 100 km).
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B.3 Sensitivity analysis on Carrying capacity
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Figure B.3: Impact of the carrying capacityK on the epidemic scenario.
Shape of the region where the persistence probability is higher than 80%
and where the average population of domestic dogs in Central African
Republic is equal to the estimated population ±20% as a function of
the basic reproductive number R0 and of the annual dogs birth rate, for a
range of carrying capacities explored: Ki = 2.5Ni(0) (grey), Ki = 3Ni(0)
(red), Ki = 3.5Ni(0) (green), Ki = 4Ni(0) (light blue), Ki = 4.5Ni(0)
(orange). The detection probability is assumed constant and equal to

ρ = 20%.
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