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STRONG UNIQUE CONTINUATION FROM THE BOUNDARY FOR
THE SPECTRAL FRACTIONAL LAPLACIAN

ALESSANDRA DE Luca!, VERONICA FELLI>*® AND GIOVANNI SICLARI?

Abstract. We investigate unique continuation properties and asymptotic behaviour at boundary
points for solutions to a class of elliptic equations involving the spectral fractional Laplacian. An
extension procedure leads us to study a degenerate or singular equation on a cylinder, with a homoge-
neous Dirichlet boundary condition on the lateral surface and a non-homogeneous Neumann condition
on the basis. For the extended problem, by an Almgren-type monotonicity formula and a blow-up
analysis, we classify the local asymptotic profiles at the edge where the transition between boundary
conditions occurs. Passing to traces, an analogous blow-up result and its consequent strong unique
continuation property is deduced for the nonlocal fractional equation.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper, we prove the strong unique continuation property and derive local asymptotics from a point
xo € 0N for the solutions to the following equation

(=A)’u=hu on (1.1)

where s € (0,1), Q C RY is a bounded Lipschitz domain whose boundary is C1'! in a neighbourhood of x¢, h is
a measurable function on Q satisfying suitable summability properties, which will be more specifically clarified
below (see (1.7)), N > 2s and (—A)® is the so-called spectral fractional Laplacian.

Several results are available in the literature about the spectral fractional Laplacian and its interpretations.
See [1], [21], and references therein for a detailed overview. We mention that regularity properties for stationary
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2 A. DE LUCA ET AL.

equations are discussed in [16], while existence and uniqueness results for evolution equations governed by the
spectral fractional Laplacian are established in [4]. More closely related to the present paper are the results
n [29], where a strong unique continuation principle at nodal points is proved for fractional powers of some
divergence-type elliptic operators, including the case of the spectral fractional Laplacian. The techniques used
in [29] are inspired by those introduced in [12], which are based on a combination of a monotonicity formula
for an Almgren-type frequency function and a blow-up analysis. This local approach is made possible by the
extension results by [26], Theorem 1.1 and [7], Theorem 2.5.

The development of a monotonicity formula for the extended problem presents new difficulties when dealing
with boundary points. Indeed, since the point xg from which the unique continuation is sought after lies on 0%,
the geometry of 902 can interfere with the monotonicity argument. This issue arises in the study of boundary
unique continuation also in the local case, which has been treated in [2, 3, 13, 19, 28] by monotonicity methods.
In the present paper, we face this difficulty by straightening the boundary with a local diffeomorphism; this
transfers the information about the geometry of 02 into a coefficient matrix in the operator, which turns out
to be a perturbation of the identity if the boundary is regular enough, see Section 3. Secondly, a Pohozaev
type identity is needed to differentiate the frequency function and to develop the monotonicity argument. To
this aim, we rely on a more general result contained in [14], Proposition 2.3, which is based on a Sobolev-type
regularity theory for a class of degenerate and singular problems. Furthermore, a blow-up analysis provides a
detailed description of the asymptotic behaviour of solutions to (1.1) at zg, giving a complete classification of
the order of homogeneity of asymptotic profiles, see Theorem 1.2 below. For this purpose, an important role is
played by an eigenvalue problem on a half-sphere under a symmetry condition, see (1.19).

The extension problem corresponding to (1.1) consists of a degenerate or singular equation on the cylinder
Q x (0,400); a homogeneous Dirichlet boundary condition is imposed on the lateral surface 9 x (0, +00) and
a weighted Neumann-type derivative on the basis © x {0} is equal to the right hand side of (1.1), see (1.17).
Therefore, the formulation of the problem in terms of the extension leads us to study what happens near a
point of the edge, at which a transition between boundary conditions of a different type takes place. We observe
that this situation is quite different from the one that occurs in [10], where unique continuation from boundary
points is studied for the restricted fractional Laplacian; indeed, the extension problem corresponding to the case
treated in [10] is a degenerate or singular problem with mixed conditions that vary on a flat basis rather than
on an edge. In fact, the analysis carried out in the present paper highlights different asymptotic behaviors at
the boundary for the two operators, unlike what happens at internal points, where the locally equivalent form
of the extended problems induces the same blow-up profiles.

In order to introduce a suitable functional setting and give a weak formulation of (1.1), we recall the definition
of the spectral fractional Laplacian, which can be given in terms of the Dirichlet eigenvalues of the Laplacian,
see e.g. [8], [21] and [1]. From classical spectral theory, the Dirichlet eigenvalue problem

—Ap = pp, inQ,
p =0, on 052,

admits an increasing and diverging sequence {p}ren {0} of positive eigenvalues (repeated according to their
multiplicity). Furthermore, there exists an orthonormal basis of L%(£2) made of the corresponding eigenfunctions
{or e foy- Every v € L?(Q) can be expanded with respect to the basis {0k Frem foy as

= (v,0r)r2@er  in L*(9),
k=1

where (v, pr)r2(q) is the L2-scalar product, i.e. (vq, v2)2(0) = Jo v1v2 da.
We introduce the functional space

HS(Q) = {'U S L2 Zﬂ 'U Qﬁk Lz(Q) < +OO}
=1
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which is a Hilbert space with respect to the scalar product
(v1,v2)m: () Zu v, @k) L2 Q) (V2, Pr)L2(Q), V1, v2 € HE (). (1.2)
k=0

A more explicit characterization of the space H*(2) is provided by the interpolation theory, see [4], Section 3.1.3
and [20]:

H5(Q), ifs€(0,1)\ {3},

Hy?(Q), ifs=1.

H(©) = [H}(©), LA = {

Here, denoting as H*({2) the usual fractional Sobolev space W*2(Q), H(12) is the closure of C2°(Q) in H*(Q2),
and

Y2 (Q) = {ueHé(Q);/QdE‘j?mclx<+oo},

Where d(z,00) = inf{|z — y| : y € 0Q}. We recall that H*(Q) = H§(Q) if s € (0, 1], see [20]. Moreover, if
s # 3, the trivial extension by 0 outside 2 defines a linear and continuous operator from Hi () into H*(RVN),
see [6], Remark 2.5 and Proposition B.1. On the other hand, the trivial extension defines a linear and continuous

operator from Héég(ﬂ) into H'/2(RN), as one can easily deduce from estimate (B.2) in [6]. Then

L HY(Q) — H5(RY), (1.3)
" v, in £,
v v =
0, in RVM\Q,

is a linear and continuous operator.

It is easy to verify that, if v € H*(Q), then the series >~ (v, ¢k)r2(0)¢k converges in the dual space
(H*(€2))" to some F € (H*(2))* such that (. o))« (F,¢k)us(0) = i (v, k) L2(0)- Hence, for every v € H* (),
we can define its spectral fractional Laplacian as

=3 1 (v, 08) L2 )0k € (H* ()" (1.4)
k=1

Actually, the spectral fractional Laplacian is the Riesz isomorphism between H*®(Q2) endowed with the scalar
product (1.2) and its dual (H*(Q2))*, i.e.

(HS(Q))*«—A) vl,v2>Hb(Q) (v1,v2)ms () for all vy, vy € H¥(Q). (1.5)

The spectral fractional Laplacian defined in (1.4) is a different operator from the usual fractional Laplacian
defined by the Fourier transform as

F((=A))(€) = [€[**0(¢) (1.6)

for any v € S(RY). Indeed, the spectral fractional Laplacian depends on the domain 2 and it is a global operator
in Q, while the fractional Laplacian is a global operator on the whole RY. Moreover, the eigenfunctions of the
spectral fractional Laplacian coincide with the eigenfunctions of the Dirichlet Laplacian, hence they are smooth
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up to the boundary if Q) is sufficiently regular; on the other hand, the eigenfunctions of the restricted fractional
Laplacian, defined by restricting the operator in (1.6) to act only on functions vanishing outside 2, are only
Holder continuous, see [24].

Within the functional setting introduced above, we can give the notion of weak solution to (1.1). To this
purpose, we assume that

h e White(Q) (1.7)

for some € € (0,1). We note that it is not restrictive to assume ¢ small. In view of (1.5), we say that a function
u € H?(2) is a weak solution to (1.1) if

(u, P)ms () = /Q h(z)u(z)p(z)dz  for any ¢ € C°(). (1.8)

The right hand side in (1.8) is finite in view of (1.7), the Holder’s inequality, and the following fractional Sobolev
inequality

[0ll 25 @) < Knvs [0l o) for any v € Hg (),

where

2N
2% = ———— 1.
# N —-2s’ (1.9)

and Ky s > 0 is a positive constant depending only on N and s, see e.g. [11], Theorem 6.5 and [6], Remark 2.5
and Proposition B.1.

In order to establish a unique continuation property at a fixed point zy € 92, we need to assume some
regularity on the boundary of € near xg; more precisely, we assume that there exist a radius R > 0 and a
function g such that

g€ CHIRNTLR) (1.10)
and, up to rigid motions, letting z = (2/,zy) € RV ! x R,

90N Br(zo) = {(2',zn) € Br(zo) : zny = g(a')}, (1.11)
QN Byr(xg) ={(a',zn) € Br(xo) : zn < g(2')}, (1.12)

where, for any r > 0 and x € RY,

Bl(z) ={yeRY : |y — x| <r}. (1.13)
The spectral fractional Laplacian defined in (1.4) turns out to be a nonlocal operator on Q. As we intend to
use an approach based on local doubling inequalities, which are deduced from an Almgren-type monotonicity
formula in the spirit of [15], it is quite natural to deal with the local realization of the spectral fractional
Laplacian. This is obtained by the extension procedure described in [7] (see also [26] and [8]) which transforms
(1.1) into a singular or degenerate problem on a cylinder contained in a N + 1-dimensional space.

More precisely, we consider the half-space Rf“ = RY x (0,00), whose total variable is denoted as
z = (z,t) € RN x [0,00). For any open set E C RY x (0,00), let H'(E,t'~2%) be the completion of C>°(E)
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with respect to the norm

160l 12y 2= ( [ v¢|2>dz)

By [18], Theorems 11.11, 11.2, Remarks 11.12-(iii) and the extension theorems for weighted Sobolev spaces with
weights in the Muckenhoupt’s A, class proved in [9], for any open Lipschitz set E C RY x (0,00), the space
H(E,t'72%) can be characterized as

HY(E,t'72%) = {v e Wol(EB): / 72 (0% + |Vol?) dz < +oo} .
E

We define

Ca :=Qx (0,400), 9lq := N x [0, +00), "o
and

Hj (Cao t'72%) = Wn»nm(cw,%)’

i.e Hyp(Ca,t'7%%) is the closure in H'(Cq,t'"%) of C°(Cq U Q). Furthermore there exists a linear and
continuous trace operator

Trg : Hy 1 (Co,t' %) — H*(Q) (1.15)

which is also onto (see [8], Prop. 2.1). Moreover, in [8] it is observed that, for every v € H?(2), the minimization
problem

min {/ 1725\ Vw(z, t)? dxdt}
weH] 1 (Ca,t'~*%) LJcg

Tro(w)=v

has a unique minimizer H(v) =V € H{ ; (Cqo,t'~?*) which solves

div(t'=2*VV) = 0, in Cq,
Tro(V) = v, on Q x {0}, (1.16)
V=0, on 99 x [0, 400), '

- 1imt—>0+ t172saa7‘{ = ﬁs,N(_A)S’U’ on {2 x {0}7

where 15 n > 0 is a positive constant depending only on N and s. Equation (1.16) has to be interpreted in a
weak sense, that is

/ t1=2VV . Vodz = ks, N (0, Tro(¢))ms (o) forall ¢ € Hé)L(CQ,t172S),
Ca
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in view of (1.5). Hence, if v € H*(2) solves (1.1), then its extension H(u) =U € H&,L(Cg,tkzs) weakly solves

div(t!=2*VU) = 0, in Cq,
Tro(U) = Qx {0
a(U) = u on 2 x {0}, W
U =0, on 09 x [0, 4+00),
—limy s 17298 — ki, vhu, on © x {0},
according to (1.16), namely
/ t'=**VU - Vodz = ke | huTrg(¢)dz for all ¢ € Hy 1 (Co,t' ). (1.18)
Ca Q

The asymptotic behavior at zy € 9Q of any solution U of (1.17), and consequently of any solution u of (1.1),
turns out to be related to the eigenvalues of the following problem

—divs(ON 5 VsY) = p0y Y, onS*t
limg,,, o+ G}fo VsY -v=0, on¥, (1.19)

Y € H}yo(ST, 911\7_4-2;)7

where
S:=={0=(0,0n,0n11) € RN |0/ + 0% + 9]2\[+1 =1},
St .= {9 = (9,,91\[,01\[4.1) €S:0n41 > O}’
S/ = 3S+ S {0 = (0/’0N>9N+1) €S: 0N+1 = 0},
and v is the outer normal vector to ST on §’, that is v = —(0,...,0,1). We consider the weighted space

LA(St,057%) = {\II : ST — R measurable : / O T U?dS < +oo} :
S+

where dS denotes the volume element on N-dimensional spheres. In order to introduce the space Hl;,(ST, 911\,]315 )

where problem (1.19) is formulated, we first denote by H* (ST, 0]1\,1219 ) the completion of C°°(S+) with respect
to the norm

N+1

1/2
ol oy o= ([ (0 + 1WoPyas)
Then we define
Higa(ST,005) i={W € H'(ST,00%) : W(0',0n,0n41) = —W(0', =0, On 1)} (1.20)

It is easy to verify that Hl;,(S*, O}fo) is a closed subspace of H!(S¥, 9]1\,:_215)
A function Y € H!,,(ST, 011\,;215) is an eigenfunction of (1.19) if Y # 0 and

/ o}qffvgy.vgqfdszu/ ONTY W dS (1.21)
S+ S+

for all U € Hly (ST, 05.%).
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By classical spectral theory, the set of the eigenvalues of problem (1.19) is an increasing and diverging sequence
of positive real numbers {fim }mem fo3- In Appendix A we explicitly determine the sequence {fim }mem {0}
obtaining that, for all m € N\ {0},

m? + m(N — 2s), it N >1,
fimn = (N = 26) ! (1.22)
(2m—1)"+ (2m —1)(N —2s), if N=1.
Let, for future reference,
Vi be the eigenspace of problem (1.19) associated to the eigenvalue pi,, (1.23)
M,,, be the dimension of V,,, (1.24)
{Yiuk - m € N\ {0} and k € {1,..., M,,}} be an orthonormal basis of L*(S™,0,_%) (1.25)

such that {Y,,, x : k=1,...,M,,} is a basis of V,,.

Remark 1.1. Let Y be an eigenfunction of (1.19) associated to the eigenvalue m? +m(N —2s). Then Y cannot
vanish identically on §’.

Indeed, if Y = 0 on §', the function V(rf) := r™Y () would solve div(t!~2*VV) = 0 on RY ™!, satisfying
both Neumann and Dirichlet boundary condition on RY x {0}. This would contradict the unique continuation
principle for elliptic equations with weights in the Muckenhoupt As class, see [15], [27], and [23], Proposition 2.2.

The main result of the present paper is a complete classification of asymptotic blow-up profiles at a point
xo € 09 for solutions of (1.16) and, in turn, for the corresponding solutions of (1.1).

Theorem 1.2. Let N > 2s and Q C RY be a bounded Lipschitz domain. Let xo € O and assume that there
exist R > 0 and a function g satisfying (1.10), (1.11), and (1.12). Let u be a non-trivial solution of (1.1) in the
sense of (1.8), with h satisfying (1.7). Then there exists mg € N\ {0} (which is odd in the case N =1) and an
eigenfunction Y of (1.19) associated to the eigenvalue m3 + mo(N — 2s), such that

A"ou( Az + 20) — |20y (|x|,0> as A — 07 in H*(BY),
T

where By := B1(0) has been defined in (1.13), u is trivially extended to zero outside Q as in (1.3), and

Y(9/79N70N+1>7 ZfeN <07

, (1.26)
07 Zf QN 2 0.

Y0 ,0n,0n41) = {

Ununlike the analogous result for the restricted fractional Laplacian established in [10], the order of homogeneity
of limit profiles does not depend on s and it is always an integer. This is a consequence of the regularity of the
eigenfunctions of (1.19), see Appendix A for further details. In particular, the eigenfunctions of (1.19), after an
even reflection through the equator fy4; = 0, turn out to be smooth thanks to [25], Theorem 1.1; therefore,
they are much more regular than the solutions of the corresponding problem on the half-sphere appearing in
[10] and presenting mixed boundary conditions, which are responsible for a lower regularity.

Theorem 1.2 is proved by passing to the trace in the following blow-up result for solutions of the extended
problem (1.17).

Theorem 1.3. Let N > 2s and Q C RY be a bounded Lipschitz domain. Let xo € OQ and assume that there
exist R > 0 and a function g satisfying (1.10), (1.11), and (1.12). Let U be a non-trivial solution to (1.17) in
the sense of (1.18), with h satisfying (1.7). Then there exist mg € N\ {0} (which is odd in the case N =1) and
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eigenfunction Y of (1.19), associated to the eigenvalue m3 + mo(N — 2s), such that, letting 2o = (z,0),

z

ATOU (A2 4 20) — |2|™0Y < > as A — 0T in HY (B}, t17%), (1.27)

2]

where B = {z = (x,t) € RN x (0,+00) : |2| < 1} and U is trivially extended to zero outside Cg,.

In Theorem 6.1 a more precise characterization of the function Y appearing in (1.26) and (1.27) is given, by
writing it as a linear combination of the eigenfunctions Y, » with coefficients computed in (5.45).
From Remark 1.1, Theorem 1.2 and Theorem 1.3 we deduce the following unique continuation principles.

Corollary 1.4. Let N > 2s and Q C RN be a bounded Lipschitz domain. Let o € 02 and assume that there
exist R > 0 and a function g satisfying (1.10), (1.11), and (1.12). Let u be a solution to (1.1) in the sense of
(1.8) and U be a solution to (1.17) in the sense of (1.18), with h satisfying (1.7).

(i) If u(z) = O (|x — zo|*) as & — xo for any k €N, then u =0 in Q.
(it) If U(z) = O (]2 — (20,0)[¥) as z = (20,0) for any k € N, then U = 0 on Cq.

The paper is organized as follows. In Section 2 we fix some notation used throughout the paper and recall
some preliminary results concerning functional inequalities and trace operators. In Section 3 we apply the local
diffeomorphism introduced in [2], see also [10], Section 2, to write an equivalent formulation of problem (1.17)
on a domain with a straightened lateral boundary in a neighbourhood of zg, see (3.6). In Section 4 we study the
Almgren-type frequency function associated to the auxiliary problem (3.6) and prove its boundedness, which is
used in Section 5 to develop a blow-up analysis. Finally in Section 6 we prove our main results and in Appendix A
we compute the eigenvalues of problem (1.19).

2. NOTATIONS AND PRELIMINARIES

In this section we present some notation used throughout the paper and prove some preliminary results
concerning functional inequalities and trace operators.
For every r > 0, let

Bf ={z¢ Rf“ sz <l Sti={z¢ Rf“ |zl =7}

B;‘I:{$€RNZ|ZL'|<T}, S;:{;[;GRNkU‘:r}

For every r > 0 we define the sSpace
”H —2s
é,Sj’ (Br 7t1728) : CCOO(BT U B;) HBE 12 )7

as the closure in H(B;,t172%) of C2°(B;" U BL).
Remark 2.1. Since B;f C B! x (0,+0c0), the trivial extension to 0 is a linear and continuous operator from

H(},Sﬁ (B, t172%) to H&L(CB?/A,tl_QS).

Proposition 2.2. For every r > 0 there exists a linear and continuous trace operator

Tr: HY (B, t'72%) — H*(B.)

such that the restriction of Tr to Hé S+(B;r,t1*28) coincides with the restriction of Trp: to Hé S+(B;r,t1*25),
In particular, for every r > 0,

Tr(H] 4 (B} 42)) C H(BY).
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Proof. Thanks to Remark 2.1, the operator Trp, defined in (1.15) is well defined on Hé o+ (B, t172%) and
TrBL(Hé,sj (B;F,t172%)) C H*(B.). Furthermore, as observed in [17], Proposition 2.1 and [5, 20], there exists a
linear, continuous trace operator Tr : H* (B, t172%) — H*(B.). For every u € C>°(B;f U B.), we have Tr(u) =

Uy oy = Trp: (u). By density we conclude that Tr and Trp, are equal on Hé,si (B, t1729). O

We observe that HY(B;,t'172%) ¢ WL1(B}), hence, denoting as Tr; the classical trace operator from
WHY(BF) to LY(S)), we can consider its restriction to H!(B;,t'72%), still denoted as Tri; from [22],
Theorem 19.7 and the Divergence Theorem one can easily deduce that, for any r > 0, such a restriction is
a linear, continuous trace operator

Try : HY(B,t172%) — L*(S;}F,t1%) (2.1)

which is also compact. With a slight abuse of notation, from now on we will simply write v instead of Try(v)
on S;t.
We recall from [12], Lemma 2.6 the following Sobolev-type inequality with boundary terms.

Proposition 2.3. There exists a constant Sy s > 0 such that, for allT > 0 and v € HY(B,",t172%),

2%
A\ F N -2
ITr(v)|* do | < S #1725 Vy|2 dz + 5[ #2248, (2.2)
B ’ B 2r s

’
r r

where 2% is defined as in (1.9).
The following inequality will be used to obtain estimates on the Almgren frequency function.

Proposition 2.4. Let wy be the N-dimensional Lebesgue measure of the unit ball in RY. For any r > 0,
N
ve HY B, t172%) and f € L>1¢(BL) with ¢ > 0, we have

N —2
f| Tr(v)|? da < ny(r) / t1725| Vo2 dz + i / 1725248 |, (2.3)
B!, B 2r St
where
1) = S0 F T g gy T (24

Proof. By the Holder inequality

2e

4s2¢
2 N(NTose)  4s’e
/B AIT() de < T () G gy 171 ey oM 1Y
A

Then (2.3) follows from (2.2). O

We also recall the following Hardy-type inequality with boundary terms from [12], Lemma 2.4.

Proposition 2.5. For any r > 0 and any v € H*(B;},t1729)

N —2s\? 2 2 N-2
( 5) / $l-2s |v(zl‘ dz < / $1-=2s (w : z) dz + ( s) / 1725248, (2.5)
2 B |2| B |2] 2r ST
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The following Poincaré-type inequality directly follows from (2.5): for all » > 0 and v € HY (B}, t172%)

4 N -2
17252 dz < S — 1725 Vo2 dz + i t17252dS | . (2.6)
B (N —25)? Bf 2 st

Remark 2.6. As a consequence of (2.6) and by continuity of the trace operator (2.1), for every r > 0

1/2
(/+ 1252 dS +/+ 25| Vo)? dz)
s B}

is an equivalent norm on H'(B;, t172%).

3. STRAIGHTENING THE BOUNDARY
Let xg € 09, R > 0 and g satisfy (1.10), (1.11), and (1.12). Up to a suitable choice of the coordinate system,
it is not restrictive to assume that

ro =0, g(0)=0, Vg(0)=0.

We use the local diffeomorphism F' constructed in [10], Section 2 (see also [2]) to straighten the boundary of Cq
in a neighbourhood of 0; for the sake of clarity and completeness we summarize its properties in Propositions
3.1 and 3.2 below, referring to [10], Section 2 for their proofs. We consider the variable z = (y,t) € RY x [0, 00)

with y = (¢, yn) = (y1,- -, yn). For future reference we define
Idy_1| 0 |0
My:=|" 0 [-1]0 |, My:= ( Idfg—l _01 ) , (3.1)
0 0 |1

where Idy_1 is the identity (N — 1) x (N — 1) matrix.

Proposition 3.1 ([10], Sect. 2). There exist F = (Fy,...,Fx11) € CYYRNYFTL RN+ and rg > 0 such that

F By - By, = F(B,,) is a diffeomorphism of class C1,

F(y',0,0) = (¢, 9(¥),0) for ally’ € RN,

Fn(/ yn,t) = yn +9(y')  for all ( ,yn,t) e RN x R x R,
Fnii(y,t) =t, forall (y,t) € RY x R,

a(y,t) ==det Jp(y,t) >0 in By,

and

FUW ,yn,t) € B} :yny =0}) = 9.Ca N F(BY), (3.2)
F({(y',yn,t) € B} :yn <0}) =CaNF(B),

where 01,Cq is defined in (1.14) and Jr(y,t) is the Jacobian matriz of F. Furthermore the following properties
hold:

i) Jr depends only on the variable y and

Jr(y yn) = Jr(y) =Tdy1 +O(lyl)  as |yl — 07,
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where Idy 11 denotes the identity (N + 1) x (N + 1) matriz and O(|y|) denotes a matriz with all entries
being O(ly|) as |y| — 0%;

i) a(y) = det Jp(y) = 14+ O(|y'[*) + O(yn) as |y'| = 07 and yx — 0;

o) OF; _ OFN41 S OFN+1 _
iii) S = =g, =0 foranyi=1,....N and =5~ = 1.

For every r > 0, let
Qr = {(ylvyNat) € B:_ tyn < 0}7 (34)

so that F(Q,,) = Cqo N F(B}) in view of (3.3). It U € Hy 1 (Ca,t'~>*) solves (1.17), then the function

W =UoF € H'(Q,t'™%) (3.5)
is a weak solution to
div(t'=2sAVW) = 0, in O,
: 1—2s oW - (3.6)
—limy o+ t' " aG; = ke NAW, on Q) ,

where Q). := {(v',yn) € B : yny <0} for all r > 0, A = A(y) is the (N + 1) x (N + 1) matrix-valued function
given by

A(y) == (Jr) " (Jp(y) )T |detJr(y)],

and
h(y) = a(y)h(F(y,0)). (3.7)
As observed in [10], Section 2, A has C%! entries (aij)jv;ll and can be written as
Aly) =AY, = , 3.8
)= A7) = (PG 9)
with
' Idy—1 +O(|y'*) + O(yw) | O(yn) >
D(y/, = , 3.9
o= ( Olyn) [T+ 00T +0luy) 39

where Idy_; is the identity (N — 1) x (N — 1) matrix, O(yx) and O(|y’|?) denote blocks of matrices with all
elements being O(yn) as yny — 0 and O(|y'|?) as |y'| — O respectively. In particular, in view of (3.8)-(3.9) we
have

an;(y',0) =ajn(y,0)=0 foralj=1,...,N—1. (3.10)

Having in mind to reflect our problem through the hyperplane yn = 0, we define

~ ! i <

A(ylayN) = ’ .
MyA(Y, —yn)My, ifyy >0,
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~ D y/7 Y ) if Yy S 07
By, ) = { VW) i (3.12)
MND(ya_yN)MN7 lny>07
with My, M}, as in (3.1), and
. aly,yn), ifyny <0,
&y ) = | CW oD (3.13)
a(y ) _yN)v if YN > 07

where a(y) = det Jp(y). We observe that the Lipschitz continuity of A and (3.10) imply that the entries of A
are of class C%!. Furthermore, A is symmetric and, possibly choosing o smaller from the beginning,

(3.14)

ro?

~ 1 B o
||A(y)||l:(]RN+17]RN+1) <2 and §|Z|2 <A(y)z-z2 < 2|Z‘2 for all » € RN+1, ye B

where |[-[| ;ga+1 ga+1) denotes the operator norm on the space of bounded linear operators from RN+ into
itself. We also observe that (3.8)-(3.9) imply the expansion

A(y) =Tdy+1 +O(Jy|) as [y| — 0%, (3.15)

Letting A and D be as in (3.11)-(3.12), we define

A(y)z - A —
w(z) == (Z|yz)|§z and f((z) := u((yz))z for every z = (y,t) € B, \ {0}, (3.16)
and
D(y)y T

B'(y) = for every y € B, . 3.17
W)= .0 ’ (317
For every z = (z1,...,2nv41) € RN hand y € BL | dA(y)zz is defined as the vector of RN+ with i-th component

given by

- ~ 4
(dA(y)zz); = Z a;h (Y)znz, i=1,...,N+1, (3.18)
h,k=1 g

where (ag )0 2, are the entries of the matrix Ain (3.11).

Proposition 3.2. Let i, 8, and ' be as in (3.16)—~(3.17). Then, possibly choosing ro smaller from the beginning,
we have

<u(z) <2 for any 2 € B\ {0}, (3.19)
wz)=14+0(z), Vu(z)=0(1) as|z| —0". (3.20)

DN | =

Moreover 8 and 8’ are well-defined and

B(2) =24+ 0(z*) = O0(|z]) as|z| =0T, (3.21)

Ja(z) = ;{(y) +O(|z]) = Idyy41 +O(J2]), div(B)(2) = N +14+0(|z]) as|z| =0T, (3.22)
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B'(y) =y +0(yl*) =0yl div(8)(y) =N +O(lyl) as [y| = 0" (3.23)
Proof. (3.19) easily follows from (3.14). We refer to [10], Lemma 2.1 for the proof of (3.20). As a direct con-
sequence, 3 and 8’ are well-defined. From (3.21) and (3.22), whose proof is contained in [10], Lemma 2.2, we

derive (3.23), after noting that 8’ coincides with the first N-components of the vector 3. O

Remark 3.3. From the Lipschitz continuity of A observed above and Proposition 3.2 we have

o

Ae 00»1(3:),]1@(“1)2), peCON(BlY, 1 C™\(BY), e C®(BE, RV (3.24)
W
Jg € L®(B , RN+DY) " div(B) € L®(B)), ' € Lo(BL,,RY), div(8) € L®(B.,).

T0?

Remark 3.4. If v € Hj ; (Co,t'~%%), then (vo F)|Q7.0 € HY(Q,,,t'72%) by Proposition 3.1, and

(voF)(z) =0 forany z € {(y,yn,t) € B, : yn =0} (3.25)

in view of (3.2). Equality (3.25) is meant in the sense of the classical theory of traces for Sobolev spaces; this
is possible thanks to the fact that H'(E,t'72%) ¢ W11(E) for any bounded open set £ C RY x (0, c0).

If W is a solution to (3.6), let W be defined as follows

— ! t if (v t ros
{W(yayNa )7 1 (yayNa )E Qo (326)

W /7 ’t =
(y YN ) —W(y/a _vat)v if (yl7yNat) € B’;’; and Yn > 0.

For the sake of convenience we will still denote W with TW. Letting h be defined in (3.7), we also consider the
following function

7 B Iv ) if /a € Q;” )
hy' yn) = 7(y, v) . (y/ un) 0 (3.27)
h(ya_yN)7 lf(yayN)EBr07 and yN>O
It is easy to verify that W e H'(B},t'72%) thanks to Remark 3.4 and
~ L
heWhate(B] ) (3.28)

thanks to (1.7), (3.7) and Proposition 3.1. Furthermore W weakly solves

div(t! =25 AVW) = 0, on B, (3.29)
— limy_, o+ tl_Qs&%—‘;V = kg,nh Tr(W), on By , '
with & defined in (3.13), h in (3.27) and A in (3.11), namely
/ t1"2AYW - Vo dz = Koy hTe(W) Tr(¢)dy for all ¢ € Hy ¢ (B t172°). (3.30)
BY B, =ro

Thanks to Proposition 2.2, (3.28) and the Holder inequality, the second member of (3.30) is well-defined.
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Remark 3.5. In [14], Theorem 2.1, it is proved that, if W € H' (B}, '72%) is a weak solution to (3.30) with
A and h satisfying (3.8), (3.11), (3.24), (3.19), (3.28), then

oW
V. W e H' (B, t77%) and tHSW € H (B}, t*71) (3.31)

for all € (0, 7). Furthermore

ow

t172s
ot

IV W s (i 1oy + < ClWll g (g7, 120

H(BF 1251
for a positive constant C' > 0 depending only on N, s, 7, ro, ||h||W1,%(B;0), ||A||W1,oo(B%7R(N+1>2) (but
independent of W).

Remark 3.6. If W € H' (B ,t'72%) is a weak solution to (3.30), the regularity result (3.31) and (2.1) ensure
that, for all ¢ € H' (B}, t172) and r € (0,79), t'72* Try (DV,W - 2) Try ¢ € L*(S;H); moreover the function

re [ t72(DVW - 2)¢dS

s

is continuous in (0,7). Furthermore, since ¢'=2¢29W ¢ H1(B} t?*~1) for all r € (0,79) by (3.31), for all

¢ € HY(B ,t172%) and r € (0,79) we also have t!=269%t¢ € WL (B;}), so that Try (82 a2 t¢) € L(S));

moreover the function
_OW
r »—>/ =2 a——topdS
S,'fr 8t
is continuous in (0,rg). We conclude that, for all ¢ € Hl(Bjo, t172%), the function

2 (AVW - 2)¢ =t =2 (DV,W - 3)¢ + tl‘Qs&%—Vftqﬁ

has a trace on S, for all r € (0,79) and the function

re [ tB(AVW - 2)¢dS
st
is continuous in (0, 79).
The following result provides an integration by parts formula which will be useful in Section 5.
Proposition 3.7. Let W be a weak solution to (3.29). For all r € (0,79) and ¢ € H*(B;},t172%)

/ =2 AVW - Vo dz = ! / 12 (AVW - 2)6dS + kg / hTr(W) Tr(¢) d. (3.32)
B;f T Jst B

’
r
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Proof. By density it is enough to prove (3.32) for ¢ € C* (Bi;t)) Let r € (0,rg). For every n € N, let

1, if 0<|z[<r—1,
M(2) =< n(r—lz|), if r— % <|z| <,
0, it |z >

Testing (3.30) with ¢n,, and passing to the limit as n — oo, we obtain (3.32) thanks to the integral mean value
theorem and Remark 3.6. O

Remark 3.8. For all r € (0,79] and any v € H'(B;,t172%), thanks to (2.3), (3.14) and (3.19),

/ 1728 Vol? dz < 2/ =2 AV - Vo dz — 2/€N’S/ 1| Tr(v)|? da
B B B,

X N -2 .
+ 26,515 (1) / 1725 V|2 dz + i / =2 02 ds ) .
’ B r ks

_1
26N,

Therefore, if 7 (r) <

/ 1| Tr(v)[? da;)

2(N —25)kn,sm;, (1)
(1 —=26N,4m5,(r))r

3 2 5 A
/ t1—25|vv|2 de < — ————— / tl_%AV’U -Voudz — l‘fN,s/
B+ 1-— QHN,snﬁ(r) B B

T

/ t17250% dS.  (3.33)
St

4. THE MONOTONICITY FORMULA

Let W be a non-trivial weak solution of (3.29). For any r € (0,ro] we define the height function and the
energy function as

1 —28
H(r) := m/s+ 725 W2 ds, (4.1)

’
B,

1 oo~ ~
D(r) := o (/B+ tH2SAVIV - VIV dz — KN,S/ hTrW|2dx> , (4.2)

respectively. Eventually choosing ry smaller from the beginning, we may assume that

n;,(r) < for all r € (0, o], (4.3)

4;‘1]\]75

so that (3.33) holds for every r € (0, ro].

Proposition 4.1. Let H and D be as in (4.1) and (4.2). Then H € W2 ((0,70]) and

2
H'(r) = FN+1-2s

/ tl_Zs,uWaa—Vf dS+H(r)O(1) asr—0" (4.4)
s
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in the sense of distributions and almost everywhere, where v is the outer normal vector to B on S}, i.e
v(z) = é Moreover, almost everywhere we have

() = w% /s¢ 125 AV - )W dS + HO(1)  asr — 0F (4.5)

and
H () = %D(r) +H(OO)  asr - 0F, (4.6)
Proof. The proof is similar to that of [10], Lemma 3.1 thus we omit it. O

Proposition 4.2. We have H(r) > 0 for every r € (0,71¢].

Proof. Let us assume by contradiction that there exists r € (0,79 such that H(r) = 0. Then, from (4.1) and
(3.19) we deduce that W =0 on S,;I. Thus we can test (3.30) with W, obtaining that

0:/ tl—%ﬁvw-vwciz—ws/ h| Te(W)|? da
B B

/
r

1 2
> <2 - HN’S’I];L(’I“)) HVWHL?(B,T,H—QS) y

thanks to (3.33). Then, by (4.3) we can conclude that W = 0 on B;f; this implies that W = 0 on B by classical
unique continuation principles for second order elliptic operators with Lipschitz coefficients (see e.g. [15]), giving
rise to a contradiction. O

The following proposition contains a Pohozaev-type identity for problem (3.29). For its proof we refer to [14],
Proposition 2.3, where a more general version is established exploiting some Sobolev-type regularity results.

Proposition 4.3 ([14], Prop. 2.3). Let W be a weak solution to equation (3.29). Then, for a.e. r € (0,1¢),

/S+ 2 AVW - YW AS — k. /S h| Te(W)|? dS’ (4.7)

r

AVW - |2 - -
:2/+t1—2s‘ VI/ZL/ Vl dS— K/N;S/ (ley(B/)h-i-ﬁ/Vh)|T1"(W)|2dy
S B

’
s

r r

1 ~ 2 ~
+ f/+t1*25AVW-VWdiv(6) dz — 7/ t2 J5(AVW) - VIV dz
B} B

+1/ t1*25(dEVWVW).ﬂdz+1_25/ 122 AW . YW ds,
T JBF r B H

where p and B are defined in (3.16), & in (3.13), B" in (3.17), v is the outer normal vector to B;f on S}, i.e

v(z) = {7, and dS’ denotes the volume element on (N — 1)-dimensional spheres.

Remark 4.4. As in Remark 3.6, by the Coarea Formula we have

[ monyan= [ (/S

Al Te(W)* dS') dp,

’ ’
0 P
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hence p — [, h| Te(W)[2dS’ is a well-defined L*(0,7o)-function, as a consequence of (3.28), (2.2) and the
Holder inequality.

Proposition 4.5. Let D be as in (4.2). Then D € Wb'((0,70]) and

|ZVW v|?

D/(T‘) _ 27,257N/ t172s

st

dS+0 (erNﬁiZZf) {D(r) +

as v — 0T, in the sense of distributions and almost everywhere.

Proof. By the Coarea Formula D € Wlicl ((0,70]) and

D'(r)=(2s — N)r*s= V-1 / AV - VW dz — ks
B B

R Te(W)|? dx)

+ 2N / 12 AVW - YW dS — Ky
S;F Sy

h| Te(W)? dS’) (4.9)

a.e. and in the sense of distributions in (0, 7). Using (4.7) to estimate the second term on the right hand side
of (4.9), for a.e. r € (0,79) we have

D'(r) =(2s — N)r2s—N-1 (/ B AVW - VW dz — nN,s/ h| Tr(W)de> (4.10)
B B,

AVW - v|? ,
42N 2/ t1—2s‘ VW -y dg _ s /
S;F H r B

1 = 2 t
+ 2N (T / tIT2SAVIW - VW div(B) dz — - / 12 J5(AVIW) - VIV dz>
Bf Bt

(divy (8')h+ B - Vh)| Te(W)|? dy)

’
r

1 ~ 1-2 a
N S (T/ 12 (dAVW VW) - Bdz + . 3/ tlQSZAVW-VWdz> :
B;f Bf

Furthermore, thanks to point ii) of Proposition 3.1, (3.13), (3.14), (3.19), (3.20), (3.21), (3.22), and (3.33), we
deduce that

r2S*N*1/ T [(25 — N +div(B) + (1 — 25)%) AVW - YW — 2J5(AVW) - vw} dz (4.11)
By

+,~23—N—1/ tl—ZS(dEVWVW)~5dz:0(r)r2$—N—1/ 2|V dz
B +

N —2s

=0(1) {D(r) + H(T):| as — 07,

where we used also the fact that dA VW VW = O(1)|[VW|? as r — 0% by (3.18) and (3.24).
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In addition, recalling that h € Wl’%*‘E(B;l), from (2.3), (2.4), (3.24) and (3.33) it follows that

g o 525 N - 2
TQS*NA/ [(2s — N + div,(8)h + B - VA]| Tt (W)[*dz = O (r_1+71\;1+255) {D(r) + “H@)| (4.12)
B,
as r — 07. Combining (4.10), (4.11) and (4.12), we obtain (4.8). O
For every r € (0,r0] we define the frequency function
D(r)
= . 4.1
N{(r) Hr) (4.13)
Definition (4.13) is well-posed thanks to Proposition 4.2.
Proposition 4.6. We have N € T/Vli’cl(((),ro]) and
N -2
N(r) > _Ts for every r € (0,r0]. (4.14)

Z

H is the outer normal vector to B on S; and

Furthermore, if v(z) :=

(Jop 02um2as) (fop 020502 as) - ([ -2 WAV - udS)2

( S 17252 ds)2

V(r) :=2r

)

then
V(r) >0 forae. re€(0,r) (4.15)
and, for a.e. v € (0,79),

N — 2s
2

4s2¢

N'(r) = V(r) = O (1) {N(T) N

} asr — 0T, (4.16)

Proof. Since D € W!((0,70]) and + € WL1((0,7]) by Proposition 4.1 and Proposition 4.2, then

loc loc

N e Wll)’cl((O, 70]). Furthermore we recall that (3.33) holds for every r € (0,71], thus
N(T) > *’{N,S(N - 25)%(7’), (417)

for every r € (0,ro] and, in virtue of this, (4.14) directly follows from (4.3). Moreover (4.15) is a consequence of
the Cauchy-Schwarz inequality in L?(S;",#172%). From (4.5), (4.6) and (4.8) we deduce that

D'(r)H(r) — D(r)H'(r) _ D'(r)H(r) — 5(H'(r))* + O(r)H (r)H'(r)
(H(r))? (H(r))?

= V(r) + O(r) + O(r~ '+ ¥35) {N(T) + Y 5 2‘1

N'(r) =

(4.18)

O(T‘_N+2s)

D

/+ 25 (AVW - v)IWW dS
Sr
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as r — 07, In order to deal with the last term in (4.18), we observe that, for a.e. r € (0,rg),
[ A AV )W dS = VDG + HEOOGN ) as 07,
st

in virtue of (4.5) and (4.6). Thus, substituting into (4.18), we conclude that

N —2s

N'(r)=V(r) + O(r_lﬂ’ﬁizis) [N(T) + } asT — 07,

4s%e

where we have used that 55 < 1 since € € (0,1) and N > 2s. Estimate (4.16) is thereby proved.

N+2se

Proposition 4.7. There exists a constant C' > 0 such that, for every r € (0,7¢],
N(r)<C.
Proof. From (4.15) and (4.16) we deduce that there exists a constant ¢ > 0 such that

N —2s

(N(r) +— ) > et (N(r) + N2

2

> for a.e. r € (0,71),

19

(4.19)

(4.20)

for some 71 € (0,r) sufficiently small. Hence, thanks to (4.14), we are allowed to divide each member of (4.20)

by N (r) + 2525 obtaining that

N—2s\\
(log (N(T) Tt S>) > —cr N EE forae. r € (0,11).

Then, integrating over (r,r;) with r < r1, we have

N-2 N 4 25c 2o N-—2
N(r) < - 5 S—&-exp(c—’—sng““) (./\/(7‘1)+ S) for every r € (0,71),

- 4s2¢ ! 2
which proves (4.19), taking into account the continuity of A in (0, ro].

Proposition 4.8. There ezists the limit

v:= lim N(r).

r—0+

Moreover v is finite and v > 0.
Proof. Combining (4.19) and (4.20), we infer that

/
(./\/(7“) + N ; 28) > e (C+ N ; 28)

for a.e. r € (0,r1), hence

N -2 N -2 N +2ss a2\
< 8—!—./\/(7")—1—0( S—i—C) —1—557”\;1”55) >0 forae. re(0,r).

2 2 452¢

(4.21)

(4.22)



20 A. DE LUCA ET AL.

From this, it follows in particular that the limit v in (4.21) exists. Moreover, by (4.14) and (4.19) + is finite,

whereas (4.17) implies that v > 0.

Proposition 4.9. There exist co,¢ > 0 and 7 € (0,7¢) such that
H(r) < cor®?  for all r € (0,70]
and
H(Rr) < R°H(r) forallR>1 andr € (0,%].
Furthermore, for any o > 0 there exists a constant ¢, > 0 such that
H(r) > cor® T for allr € (0,70).

Proof. By (4.21) we have N(r) = v+ [; N”(t) dt; hence from (4.6) it follows that

= g/\/(r) +0(1) = g/TN’(t) dt + 2 +0(1).
T T Jo T

From (4.22) and up to choosing r; smaller, it follows that, for a.e. r € (0,77),

H'(r) o 1l el

H(r) — r

for some positive constant k£ > 0. Then an integration over (r,r;) yields

H(ry) N +2se [ a2 452 1\ 27
1 > e T N+2se Nt2se 1 (7)
og ( i) ) = K 152z T r + log .

and thus

2y 4s2¢ !

H N 4 2se e
H(T) < (Tl) exp (H + S€TN+255> ,r,2fy
1

for all r € (0,r;], thus implying (4.23) thanks to the continuity of H in (0, ro].

To prove (4.24), we observe that (4.26) and (4.19) imply that, for some 7 € (0,ry) and ¢ > 0,

< for all r € (0,7),

S oy

whose integration over (r,rR) directly gives (4.24).
In view of Proposition 4.8, for any o > 0 there exists r, € (0,7¢] such that

2v+o

= %N(T) +0(1) < for all r € (0,7,].

Integrating over (r,7,) and recalling that H is continuous in (0, 7], we deduce (4.25).

Proposition 4.10. There erists the limit lim,_,o+ =2 H(r) and it is finite.

O

(4.23)

(4.24)

(4.25)

(4.26)



STRONG UNIQUE CONTINUATION FROM THE BOUNDARY FOR THE SPECTRAL FRACTIONAL LAPLACIAN 21

Proof. By (4.23) it is sufficient to show that the limit does exist. In view of (4.6) we have

—~H(r)) +r *0(1)H(r)

() - = g

=2r 27 H (1) (N(r) — v 4 rO(1))
2r= 2"V H(r) (/O V(1) = V(®)] dt+/0 V(1) dt+r0(1)>

as r — 07. Integrating over (r,7) with 7 € (0,79) small, we obtain that

I{m _A) :/;2 "Il H(p (/ V(t dt) dp (4.27)

v [ [0 + 27t ([ o - vy ar) | an

Letting
)= 20 1000 + 277 11) ([ ) - veo] ae)

from (4.16), (4.19) and (4.23) it follows that f € L'(0,7) and hence there exists the limit

tiw, [ o) do= / (o) dp < +oo.

r—0t J,.

On the other hand, in view of (4.15), there exists the limit

lim 2p*27 YH(p ( / V(t dt)
r—0+
Therefore we can conclude thanks to (4.27). O

5. THE BLOW-UP ANALYSIS

In the present section, we aim to classify the possible vanishing orders of solutions to (3.29). To this purpose,
let W be a non-trivial weak solution to (3.29) and H be defined in (4.1). For any A € (0, rg], we consider the
function

VAz) = . (5.1)

It is easy to verify that V* weakly solves

div(t' =2 A(X)VV) = 0, on BY .,
—limy_ o+ £1725G(A) 2 = k) vAZR(A) Te(V?),  on B!

13 roA—1?
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where we have defined & in (3.13). It follows that, for any A € (0, r¢],

/ 2 AN VIV - Vo dz — kg x A / h(X) Te(V?) Te() dy = 0 (5.2)
Bf B

’
1

for every ¢ € H} . (By,¢'7?%). Furthermore by (4.1) and (5.1)
/ 042 uA)VAO)PdS = 1 for any A € (0, o). (5.3)
S+

Proposition 5.1. For every R > 1, the family of functions {V* : X € (0, %]} is bounded in H'(Bf,, t'7%).
Proof. By (3.33) and (4.24), for all A € (0, %] with 7 as in Lemma 4.9, we have

)\2st /\257NRE
HON HOR)

2RE+N—23 2N — 2 RE+N—2s <M AR
< N(AR) + ( ) WBEU A X
1-— 2/<5N,s77f1(>\R) 1- QHN,SUE(/\R)

/ VYA dz =
Bt

R

/ 1725 VW2 dz < / 1725 V|2 dz
B+ B+
AR AR

which, together with (4.3) and (4.19), allows us to deduce that {VV* : A € (0, %]} is uniformly bounded in
LQ(BE,tl’QS). On the other hand, (3.19), a scaling argument, and (4.24) imply that

/ t1_28|V’\|2dS _ A N—1+2s / A=257172q8 < 9RN+1-2s H(RN) < 9RN+1-2s+¢
sk HA) s - H(N) — ’

y
RX
so that the claim follows from (2.6). O

Proposition 5.2. Let W be a non-trivial weak solution to (3.29). Let v be as in Proposition 4.8. There exists
mo € N\ {0} (which is odd in the case N = 1) such that

Y = mo. (5.4)
Furthermore, for any sequence {\,} such that A\, — 0% as n — oo, there exist a subsequence {\,,} and
an eigenfunction VU of problem (1.19) associated with the eigenvalue ji,, = mZ + mo(N — 2s) such that

‘|W||L2(S+7911\]1215) =1 and

W (An,2)
H(An,)

z

— |27 ( ) as k — +oo  strongly in H*(B;,t172%). (5.5)

||

Proof. Let W be a non-trivial weak solution to (3.29) and {\,} be a sequence such that A\, — 0% as n — 4o0.
Thanks to Proposition 5.1, there exist a subsequence {\,,} and V € H' (B, t'72%) such that

VA =~V weakly in HY(B],t'7%) as k — +oo0. (5.6)

For sufficiently large k we have \,, € (0,79) and thus B C B:g//\ , hence from (5.2) we deduce that
g

/B AN VY Vo dz = v AT /B h( ) Tr(VAm) Te() dy (5.7)

1
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for every ¢ € Hé S+(Bf',t1*25). In order to study what happens as k& — 400, we notice that the term on the
w1

left hand side of (5.7) can be rewritten as follows
/ 1725 A(Ap, ) VV e - Vo dz (5.8)
Bf

:/ 1725 (A A, ) — Idy 1)V VA ~V¢dz+/ 72V VA% . Ve dz.
BY By

Therefore, in view of (3.15), Proposition 5.1 and (5.6), we conclude that

lim 1725 A( A, )V V% - Vpdz = / tH=25VV - Vo dz. (5.9)
k——+o00 Bi%— Bi%—
As for the right hand side in (5.7), we have
8% [ R ) (o) dy (5.10)

} 3
R o _os N —2s _
< Aiknﬁ()\nk)(l) </+ tl 2 |v¢|2 dy> </+ tl 2 |vv)\nk |2 dz + 5 / ejlvfflv)\nk |2 dS)
BY BY S+

thanks to Holder’s inequality and (2.3). By (2.4) and the change of variable  — \,, z, we obtain that

2

4s5%e —_
A2 i (1) = ST TN RO g (5.11)
4s2¢ . 4s2¢
_ SN,wa(N+ZSE) Hh||L%+€(BS\7Lk )A7Zl\7k+2ss .
Putting together (5.10) and (5.11), thanks to Proposition 5.1, (5.3), and (3.19) we infer that
kEToo A2 /B h(An,,-) Tr(VA) Tr(¢) dy = 0. (5.12)
1
Passing to the limit as k& — 400 in (5.7) we conclude that V' weakly solves the following problem:
div(t'=2*VV) =0 in By
T 519
lim; o+t S =0, on Bj.

In particular V is smooth on B; and V # 0 since, by (3.20), (5.6) and the compactness of the trace operator
in (2.1), (5.3) leads to

. ONV2dS =1. (5.14)

Now we aim to show that, along a further subsequence,

VA Vo strongly in HY (B, t'72%) as k — +o0. (5.15)
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To this purpose, we first notice that a change of variables in (3.32) yields

/B+ 172 AN, ) VVA % - Ve dz — /S+ ONZ AN )VV e - 2 dS

— Ko NAZ / 7, ) Te(V ) Te(g) dy - (5.16)
B

for any ¢ € H' (B, t'72%) and k sufficiently large.

From Proposition 5.1 and the regularity result contained in [14], Theorem 2.1 and recalled in Remark 3.5,
it follows that {V,V*"} and { Tr; (tl_%BVTAt%)} are uniformly bounded in k in the spaces H'(Bj ,t!72%)
and H'(Bf,t?*71) respectively. Then, by the continuity of the trace operator Tr; from H(Bi, t'=%°)
to L2(S*,05%) and from HY(B{,t*71) to L*(S*,03%1), we have that {Tr;(V,V*%)} is bounded in

L2(St,0L728 N and Try $1-25 V2" )\ 1 5o bounded in L2 St, 625~ 1. Therefore
N+1 ot N+1

2

>‘”k
o2V ds

N+1 8t

s+ 5* o

is bounded uniformly with respect to k. Taking into account (3.15), it follows that there exists f € L2(ST, Hjlv_ff )
such that, up to a further subsequence,

Ay )WV -z f - weakly in L3S, 03.%) as k — +o0. (5.17)

Thus by (5.9) and after proving (5.12) when ¢ € H'(B;,t'72%) with the same argument (i.e. combining (2.3)
with (5.11)), passing to the limit as k — +o00 in (5.16) we obtain that

/ t1mBVV - Vedz = / ON S fodS (5.18)
B S+

1

for any ¢ € H'(B;,t'72%). Furthermore, by (5.17), combined with (5.6) and compactness of the trace operator
in (2.1), we have

lim 1725 AN, )VV Ak 2 VA dS = / t1=25 fV ds. (5.19)
k—+oo Jo+ S+

Hence, testing (5.16) with V= itself, taking into account (5.19), using (5.12) with ¢ = V= and passing to
the limit as £ — 400, we deduce that

lim 1725 A( A, )V VA - VYA dz = / =25 fV ds,

k—+o0 B S+

which, by (5.18) tested with V, implies that

lim 25 AN, ) VV A - VA dz = / 1725V V|2dz. (5.20)
k——+o0 Bi%— Bii—



STRONG UNIQUE CONTINUATION FROM THE BOUNDARY FOR THE SPECTRAL FRACTIONAL LAPLACIAN 25

Writing the left hand side in (5.20) as in (5.8), by (3.15) and Proposition 5.1 we infer that

lim tl’QS\VV’\"dez:/ 12| VV|2dz.
k—+o00 Br BT

This convergence, together with (5.6), allows us to conclude that VV*» — VV in L2(B;",t'72%). In conclusion,
combining this with the compactness of the trace operator given in (2.1), (5.15) easily follows from Remark 2.6.
For any r € (0,1] and k € N we define

1

Hy(r) = m/s+ 72 (A ) [V dS,

1 —2s5 1 s 7
Dy (r) := N (/B+t1 25 A Ay, ) VYV A WV A dz — ksz/\flk /B/h()\nk-)| Tr(V A )|2 dy) ,

and

1 _ 1 _
Hy (r) == mL Po21248, Dy (r) ;:m/w 12|V de.

s

By Proposition 4.2 in the case h = 0, A = Idy4; and g = 1, it is clear that Hy (r) > 0 for any r € (0,1]. Thus
the frequency function

Ny (r) = re(0,1]

is well defined. Furthermore by (4.21), (5.15), a change of variables, and a combination of (2.3) and (5.11), we
have

. Y (O
vy = kETmN(AnkT) = kgrfm He(r) Ny (r)  for any r € (0,1] (5.21)

and hence N{, (r) = 0 for a.e. r € (0,1]. Arguing as in Proposition 4.6 in the case h=0 A=1Idy4; and p =1,
we can prove that

(fsi $l-2sy2 ds) (fsr+ 125 V - V|2dS) - (fsr+ H=2Y(VV - v) d5)2

(Jop -2V ds)2

N (r) =2r

Therefore we conclude that

2
</ t125V2dS> (/ t125|VV-V|2dS>—</ t”SV(vv.y)dS> a.e. 7 € (0,1)
st Chs St

where v = I—;, i.e. equality holds in the Cauchy-Schwartz inequality for the vectors V and VV v in L2(S;}, t172%)
for a.e. r € (0,1). It follows that in polar coordinates
ov

W(r@) = p(r)V(rf) for a.e. r € (0,1) and for any § € ST, (5.22)
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for some function r — p(r). By (5.22) we have

/ tH=2V(VV -v)dS = p(r) / t1=2y24d8. (5.23)
Chs

s

In the case h = 0, A=Idn41 and p =1, (4.4) boils down to Hy, = T}\ur% fsf tl_ZsV%—‘lf dS, since the pertur-

bative term involves Vy, which now trivially equals 0. From this and (5.23) we deduce that p(r) = ;gvv((?). At
2

this point, we exploit (4.6) which, in the case h = 0, A = Idy1 and g = 1, becomes Hy,(r) = #Dy(r) and thus
implies

p(r) = N(r) =7,

r

where we used also (5.21). Then an integration over (r,1) of (5.22) for any fixed 6 € ST yields
V(rd) =r"V(0) = r"¥(0) for any (r,0) € (0,1] x ST, (5.24)
where ¥ := Vg, . In view of [12], Lemma 2.1, (5.13) becomes
YN =25 +4)r 729 ZW(0) + 72 dives (05 % Vs ¥(6)) =0

for any (r,6) € (0,1] x ST, together with the boundary condition limg, o+ 9]1\,__315 VsV¥-v=0on§. Since V*
is odd with respect to yy for any A € (0,r¢] by (5.1) and (3.26), then also V is odd with respect to yy, so that
S Holdd(SJr,Gllv_ff). By (5.24) and (5.14) we have H\IIHLQ(W’G}V;QIS) =1, so that U # 0 is an eigenfunction of
problem (1.19) associated to the eigenvalue y(y + N — 2s). From (1.22) it follows that there exists mg € N\ {0}
(which is odd in the case N = 1) such that y(y + N — 2s) = mg(mg + N — 2s). Therefore, since v > 0 by
Proposition 4.8, we conclude that v = mg thus proving (5.4). Moreover (5.5) follows from (5.15) and (5.24). O

In Proposition 4.10, we have shown that there exists the limit limy_,q+ A™2YH () and it is non-negative. Now

we prove that limy_,o+ A™27H()\) > 0.
To this end we define, for every A € (0,r0], m € N\ {0}, k € {1,..., M},

pmaN) = [ OLEWOO)Y(0)dS, (5.25)
S+

i.¢ {@m.k(A)}mx are the Fourier coefficients of W(A-) with respect to the orthonormal basis {Yi, k}m.k
introduced in (1.25). For every A € (0,7r9], m € N\ {0}, k € {1,..., M.}, we also define

~ 1
Yo k(A) i=— / tleS(A —ldy41) VW - QVSYWL71§(‘§T) dz (5.26)
BY
—|—/ tliZs(;[—IdN_;_l)VW' iYka(é) ds
EN ||

v [ BTN T (Yo ()

’
A

where Idn4q is the identity (IV 4+ 1) x (N + 1) matrix.



STRONG UNIQUE CONTINUATION FROM THE BOUNDARY FOR THE SPECTRAL FRACTIONAL LAPLACIAN 27

Proposition 5.3. Let y be as in (4.21) and let mg € N\ {0} be such that v = mq according to Proposition 5.2.
For every k € {1,..., Mp,,} and r € (0, r¢]

T72mng+2s

mo,k\T m " mo—
@mo,k()\) — )\ (90 k( ) + 0 / p 0 1Tm0,k(p) dp)
0

rmo 2mo + N — 2s
mo + N —2s /T —mo—N—142 e
Amo M0 TV T 25 mo Y, dp+ 0O (Amo N+zss) 5.97
N e T N =25 ), 0.k (p) dp + (5.27)

as A — 0.

Proof. Let k € {1,..., My} and ¢ € D(0,79). Testing (3.30) with ||~V =129 (|2|)Yong .k (75), since Yook

I]
solves (1.21), we obtain that ., 5 satisfies

N+1-2s Lhm
- @%o,k - f(p;no,k + TQOSOmD,k = Cmo,k (5.28)

in the sense of distributions in (0, 7g), where

"o A 7 / ’ / /
D'(O,ro)<<m0,k7 ¢>D(0,ro) ‘= ERNs 0 ;52(_2)3 (// h()\9 )TI(W()\))(Q )Ymmk(e 70) dS) dA

_ /To (/S tl—zs(A—IdN+1)VW.V(|z|—N_1+2sqb(|z|)Ym0,k(|j|))dS) d.
0 ¥

Furthermore, it is easy to verify that Y,,, x € L'(0,79) and

Thnp k(A = ATHT2C00 1 (V)

mo,

in the sense of distributions in (0, 7). Then equation (5.28) can be rewritten as follows

— (AZmotNHI=2s (\=mo ()Y =AY (A) (5.29)

m,(),k‘

in the sense of distributions in (0, 7). Integrating (5.29) over (\,r) for any r € (0,ro], we obtain that there
exists a constant ¢y, () € R which depends only on myg, k, r, such that

(A_mowmo,k(A>)l = _)‘_mo_N_l-i_Zngo,k(}‘) - mo)\—Qmo—N—1+2s (Cmoyk(’r)""‘/)\ pmo_leo,k(p) dp)

in the sense of distributions in (0, rg). In particular we deduce that ¢, 1 € Wlicl ((0,70]) and a further integration
over (A, r) gives

_\m @mo,k(r) mocmmk(’r)
Prmok(A) =A™ ( e B TN (5.30)
mo + N — 2s /T —mo—N—142
nmo S0 2 ™o Lo (p) d
A e TN —2s ), " o.k(p) dp
mo)\_mO_N+2s T S
e+ N — 25 cmo,k(r)Jr/A PO g k() dp
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for every A\, r € (0,79]. Now we claim that

To
[ T ) dp < v (5.31)
0
By the Holder inequality, a change of variables, (3.15), (5.1), Proposition 5.1, and (4.23) we have

1

)\—7n0—N—1+23

/+ 1725 (A = Tdn 41 )V -
B

: E

_ % 1-2s

< A~mo—N-1+42s / 172 )(A — Idy41) VIV |2 dz / tiQ
BY BY ||

) Ly 2 % tl—QS

< Ao H - 22

< const A0/ H(\) < counst,

VSYmo,k ( |Z ) dz

z

(5.32)

5 \2
VYomok (77)] dz>

;O\
VSYMO,k(é)’ dz)

where we used the fact that

t172s
/Bl+ |22

2 1
VeV ()| 4z = /0 P ( /S . %‘ffwvsymo,k(e)FdS) dp

_mg+ mo(N — 2s)
B N —2s '

Dealing with the second term of (5.26), from an integration by parts, the Holder inequality, (3.15) (5.1),
Proposition 5.1, and (4.23) it follows that, for every r € (0, r¢],

r
/ A7m07N71+2s
0

gconst/ A~mo—N-+2s (/ 2 W Yoo ()| dS) dA
0 N

= const <Tm0N+28/+ VW ’Ymo,k(\%)‘ dz
By

+(mo+N—2s)/ AmON”?S(/ 25| VW ‘Ymo,k(‘gﬁ')‘ dz)d/\>
0 B
< const <rm°+1\/H(7") + / ATV H(N) d)\) < const T,

0

/S+ 17254 — Tdy 1 )VIV - éYmo,k(ﬁ) ds|dx (5.33)

taking into account that

>\N+2725

2
Yoot ()| = 55—
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By the Holder inequality the third term in (5.26) can be estimated as

Ammo=N=142s | [ o)) Ty (W) Tr (Ymo,k(ﬁ» dy (5.34)

( Iz

A

By

< )\—mo—N—1+23 /
> o

A

1 1
2 2

()| Te(W)|? dy>

Tr <Ym0,k(%)) ‘2 dy>

N

< AfmofolJran;l ) / t1’25|VW|2 dz + N - 25/ A=251172 45
‘ | B+ 2A Sj\—

Y
% / t1—2$
B

< AT (AVH(Y (/ 72| YV 2z + (N — 23)/ Q}fou()\Q)WAFdS)
Bf S+

1
% ()\2/ =25
Bf

525
< const )\_m”_lnlm(k) H(\) < const A\~ w7

N

z 2 N —2s 1-2s
Wong ()| d2+ = /S+t
A

Ymo,,f(‘g))2 dS)

.

Nl=

2 N —2s —9s
VYmo,k(l—;)’ dz+ — /S+9;Vf1|ymo,k(9)|2ds>

in view of (2.3), (2.4), (3.19), (4.23), (5.1), (5.3) and Proposition 5.1. Collecting estimates (5.32), (5.33) and
(5.34) we deduce that, for every r € (0, ro],

r r s2e s2e
/0 p- Mo N=IR2s | (p)] dp < const <r —|—/0 p71+N4+256 dp> < constr¥ize, (5.35)
thus proving (5.31). Moreover we have

To
| st do < 4o (5.36)
0

as a consequence of (5.31), since in a neighbourhood of 0, pme—1 < p=mo—N—1+2s,
Now we claim that, for every r € (0, 7],

Cmo k(T) +/ P iy k() dp =0 (5.37)
0

To prove (5.37) we argue by contradiction. If there exists r € (0,79] such that (5.37) does not hold true, then
by (5.30), (5.31) and (5.36)
mo/\_mO_N+25

mok(A) ~ 5
o k(A) 2mo+ N —2s

<Cmo,k(7") +/ POk (p) dp) as A — 0T,
0
From this, it follows that

/ AN=I25 0 (PN = oo, (5.38)
0
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since N — 2s+ 2mg > 0. On the other hand, from (5.25), the Parseval identity and (2.5) we deduce the following
estimate

/ AN—1—25|¢mo,k(/\)|2dAg/ A1 (/ 9}fo|W(A9)|2ds)d)\
S+

0 0
T0 2
:/ A2 / 25w 2 ds d)\:/ tl—ZS‘W(?‘ dz < 400,
0 N B, ||

which contradicts (5.38). Hence (5.37) is proved. From (5.37) and (5.35) it follows that, for every r € (0, r¢],

r A
AT N2 e k() +/ P g 1 (p) dp‘ = Ao N2 / PO g k() dp
A 0
A 4s2¢
< A\TmomNA2s [ \2moFN=2s / p- Mo N=IR2s ) (p)|dp | < const N0 NEZE L (5.39)
0
We finally deduce (5.27) combining (5.30), (5.37) and (5.39). O

Proposition 5.4. Let v be as in (4.21). Then

lim A" H(\) > 0. (5.40)

A—0*t
Proof. By (3.20), the Parseval identity and (5.25) we have

co My,

H(A) = /S+ OO W (M) AS = (L+0(N) D Y lema (VI (5.41)

m=1 k=1

Let mg € N\ {0} be such that v = mg according to Proposition 5.2. We argue by contradiction and assume
that 0 = limy_0+ A2V H()\) = limy_,o+ A"2™ H (). In view of (5.41) this would imply that

lm A", x(A) =0 for every k € {1,..., My}

A—0t

Therefore, from (5.27) it follows that, for all k € {1,..., M,,,} and r € (0,ro],

p2mo—N+2s mo+ N —2s

2mg+ N — 2s

@mo,k(r) + Mo
rmo 2mg + N — 2s

/O P Loy k(p) dp + /O p o NIz k(p)dp = 0,

so that, substituting into (5.27), we obtain that

mo + N — 2s

ok () = — oo LT 2
o k(N = =5 N 0

k 325
)\mo/ p_mO_N_1+2STmo,k(p) dp+0 ()\moJrﬁ)
0
as A — 07. Hence, from (5.35) we infer that

525
Gmen(\) = O (A’”O*iw“usa) as A — 0" forall ke {1,..., Mp,}. (5.42)
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Moreover, estimate (4.25) with o = ]\7252555 implies that
1 g — ~2s2e +
) (A 0 N+2ss) as A — 0T (5.43)
H(A)
Since
Pmo.k(A) = VH / ON VA (0) Yok (0)dS  for all k€ {1,..., My, }

by (5.25) and (5.1), from (5.42) and (5.43) we deduce that
/ o5 2V (0)W(6)dS = O (Aifﬁzia) as A — 0%, (5.44)
S+

for every U € Span{Yi,x : k € {1,... My,}}. By (1.24), (1.25), (2.1) and Proposition 5.2, for any
sequence A\, — 0", there exist a subsequence \,, — 07 and ¥ € Span{Y,,,, x : k € {1,... My, }} such that
H\IJHL?(S‘*',G}V_flS) =1 and

lim ON VA (0)T(0) dS = / ON T IPPdS =1,
S+

h—+o0 s+
thus contradicting (5.44). O

Theorem 5.5. Let W be a non-trivial weak solution to (3.29). Let v be as in (4.21) and mg € N\ {0} be such
that v = my, according to Proposition 5.2. Let {Ymo,k}ke{l,‘.A,Mmo} be as in (1.25), with Vi, and M,,, defined
as in (1.23) and (1.24) respectively. Then

Mo,

ATTOW (Az) = |z|™0 Z Bk Yok <z|> as A\ — 0% strongly in H*(Bf ,t'7%%),
k=1

where (B, ..., Bm,,,) # (0,...,0) and, for every k € {1,..., My, },

—2mo—N+2s

5o = Eoakl) | mor

L mg+ N — 2s m s
e (2m0+N_2s)/0 P ok (p) dp + / p o NI Y k(p) dp,

2m0 + N - 28 0
(5.45)

for all r € (0,79], where @, i is defined in (5.25) and Ly, 1k in (5.26).

Proof. From Proposition 5.2, (1.25), and (5.40) it follows that, for any sequence {),} such that A\, — 0T as

n — oo, there exist a subsequence {\,, } and real numbers i, ..., B, such that (81,...,0um,,, ) # (0,...,0)
and
M,
AW (A, 2) = |2]™0 Z Bk Yok <| |) as h — +oo strongly in H' (B, t'72%). (5.46)

k=1
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We claim that the numbers f31,... 8y, depend neither on the sequence {\,} nor on its subsequence {\y, }.
Letting ., 1 be as (5.25), for every k € {1,..., Mp,}

B Aoy k(An,) = Tim [ O 2N OW (A, 0) Yoo,k (0) AS = By, (5.47)

h—+oco h h—+oco S+

thanks to (5.46) and the compactness of the trace operator in (2.1). Combining (5.47) and (5.27) we obtain
that, for every 7 € (0,70], Br = limp s 400 A" Pmg,k(An, ) is equal to the right hand side in (5.45), thus proving
the claim. By Urysohn’s subsequence principle we conclude that the convergence in (5.46) holds as A — 0T,
hence the proof is complete. O

6. PROOFS OF THE MAIN RESULTS
The proof of Theorem 1.3 is obtained as a consequence of the following result.

Theorem 6.1. Let N > 2s and Q C RY be a bounded Lipschitz domain such that 0 € 9Q and (1.10)—(1.12)
are satisfied with xo = 0 for some function g and R > 0. Let U be a non-trivial solution to (1.17) in the sense
of (1.18), with h satisfying (1.7), and let

N {U(z), if € CoN F(B}), (6.1)

U =1, if 2 € F(Bf)\ Co,

with F' and ro being as in Proposition 3.1. Then there exist mo € N\ {0} (which is odd in the case N = 1) such
that

Mg
A"0U (Az) — |2|™0 Z ﬁkf/mmk <Z|> as X\ — 0% strongly in H*(B],t'7%%), (6.2)
z
k=1

where My, is as in (1.24),

Yook (0/,0n,0n41), ifOn <O,

Yoo 1(0, 05,0 —
ok(00:On1) {o, if Oy >0,

with {Yme kb req,..., M,.,} being as in (1.25), and the coefficients By satisfy (5.45).

Proof. If U is a non-trivial solution of (1.17), then the function W defined in (3.5) and (3.26) belongs to
HY(B;",t'72%) and is a non-trivial weak solution to (3.29). Letting

T0?

— W(z), ifze Q,,
0, if z€ B\ Qr,

where Q,., is defined in (3.4), by Remark 3.4 we have We Hl(B,‘J;)7 t172%). Moreover Theorem 5.5 implies that
)\_mOW()\z) — &D(z) strongly in H*(B,t'7%%) as A — 0%,

where

M,

8) = ™ Y i ()

k=1
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with Bk as in (5.45). Hence, by homogeneity,

/\_MO/W(/\z) — ®(z) strongly in HYB,t'7%%) as A — 0" forallr> 1. (6.4)
We note that
~ —~ U\ W (A
AU (N2) = AW (AGA(2)) and ( )\(mo)> =V ( )\fno)> (Ga(2))Ja, (2) (6.5)

where

Gi(z) = %Fﬁl(/\z) for any A € (0,1] and z € %F(BT;).

From Proposition 3.1 we deduce that

Ga(z) =2+ 0(\) and Jg,(2) =Idns1 +O(N) as A — 0T
uniformly respect to z € Bi". It follows that, if f\ — f in L?(B;},t'72%) as A — 0% for some r > 1, then
froGy— fin L3(Bf,t'72%) as A — 0T. Then we conclude in view of (6.4) and (6.5). O
Proof of Theorem 1.3. It follows directly from Theorem 6.1 up to a translation. O

Passing to traces in (6.2) we obtain the following blow-up result for solutions to (1.1).

Theorem 6.2. Let N > 2s and Q C RY be a bounded Lipschitz domain such that 0 € 9Q and (1.10)—(1.12)
are satisfied with xo = 0 for some function g and R > 0. Let u € H*(Q) be a non-trivial solution of (1.1) in the
sense of (1.8), with h satisfying (1.7), and let u(z) = v(u) with ¢ defined in (1.3). Then there exists my € N\ {0}
(which is odd in the case N = 1) such that

Mg

ATM0u(Ax) — |x|™o E Bk Yook <|x|,0) as A\ — 07 strongly in H°(B}),
T
k=1

where My, is as in (1.24), {?mo,k}ke{l,u.,MmO} are defined in (6.3) and the coefficients By, satisfy (5.45).

Proof. As observed in [8] and recalled at page 6, if v € H*(2) is a non-trivial solution of (1.1), then its extension
H(u) = U is non-trivial solution to (1.17). Hence the corresponding function U defined in (6.1) satisfies (6.2)

-~

by Theorem 6.1. Since & = Tr(U), the conclusion follows from Proposition 2.2. O

Proof of Theorem 1.2. It follows directly from Theorem 6.2 up to a translation. O
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APPENDIX A. NEUMANN EIGENVALUES ON THE HALF-SPHERE UNDER
A SYMMETRY CONDITION

In order to determine the eigenvalues of (1.19), we first need the following preliminary lemma.
Lemma A.1. Let m, N € N\ {0} and let u € C™(R™)\ {0} be a positively homogeneous function of degree m,
i.e

u(Ax) = A\™u(z) for every A >0 and x € RY. (A1)

Then w is a homogeneous polynomial of degree m.

Proof. Let a = (ai,...,ay) € NV be a multindex, |a| = Zf\]:l a;, and z% = z{"...z%" for any
vector # = (r1,...,2x5) € RY. By Taylor’s Theorem with Lagrange remainder centered at 0, for any z € RV
there exists ¢ € [0, 1] such that

alely
@] o ON -
Oxy 10z

- . \
where ¢, > 0 are positive constants depending on « and 66 u

stands for By (A.1), one can easily

|ex
o
prove that %‘;L“ is a positively homogeneous function of degree m — |«| for all o with |a| < m. Thus, combining

8(;:11“7 it is clear that %l;L" (0) = 0 for every o € NV with || < m. On the other
hand, for every o € NV with |a| = m, 8(,;:,‘(} is constant and exactly equal to 35;“ (0), being a homogeneous

function of degree 0. It follows that

this fact with the continuity of

lely, N
u(z) = Z caﬁ(O)wa for every z € R",
|a]=m

hence proving the claim. O
Proposition A.2. All the eigenvalues of problem (1.19) are characterized by formula (1.22).

Proof. We start by proving that if 4 is an eigenvalue of (1.19), then p = m? +m(N — 2s) for some m € N\ {0}.
If i is an eigenvalue, then there exists a non-trivial solution Y of (1.19). A direct computation shows that Y is
a weak solution to (1.19) if and only if the function

U(z) = |2|"Y (;) , zeRYTY

with

N -2 N —25\?
V== =+ < 5 5) + K, (A.2)

belongs to H

loc(R<]|\>f+17 t172%) is odd with respect to yx and weakly solves

div(t'=2VU) = 0, in RYH
lim;_,o+ t1_2s%—g =0, onRY.
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Hence, if p is an eigenvalue of (1.19), there exists a solution U of (A.3) which is odd with respect to yy and
positively homogeneous of degree . The regularity result in [25], Theorem 1.1 ensures that U € C*°(B;"). Then
there exists m € N\ {0} such that v = m and so u = m? + m(N — 2s) thanks to (A.2). We notice that the
case m = 0 is excluded since in that case p = 0 and 0 is not an eigenvalue. Indeed, if by contradiction 0 is an
eigenvalue, letting Y be an eigenfunction of (1.19) with associated eigenvalue 0 and choosing in (1.21) ¥ =Y,
we would have Y constant and Y # 0, hence Y ¢ H! (ST, H}V_ff ) which is a contradiction (see (1.20)).

Viceversa, in order to prove that the numbers given in (1.22) are eigenvalues of (1.19), we need to show that,
for any fixed m € N\ {0}, there actually exist an eigenfunction associated to m? + m(N — 2s) if N > 1 and
an eigenfunction associated to (2m — 1)2 + (2m — 1)(N — 2s) if N = 1. Equivalently, for any fixed m € N\ {0}
we have to find a non-trivial solution to (A.3) which is odd with respect to yx and positively homogeneous
with degree m if N > 1 and 2m — 1 if N = 1. To this end, we observe that equation div(#'=2*VU) = 0 can be
rewritten as

1-2
AU+ — 28

U; = 0. (A4)

We first consider the case N = 1. If n = 2m — 1 with m € N\ {0}, we consider the following homogeneous
polynomial of degree 2m — 1, odd with respect to y1,

m—1
Up (1, t Z apyPiHlgEm=2k-2, (A.5)
k=0

with ag,...,am—1 € R. A direct computation shows that Uy ,, is a solution of (A.3), and equivalently of (A.4),
if and only if

—2[(m — k)? — s(m — k)]
k(2k 4+ 1)

ap = ar—1 forallke{l,...,m—1}.

Thus, for example choosing ag := 1, we have constructed a non-trivial solution to (A.3) which is odd with
respect to y; and positively homogeneous of degree 2m — 1.

To complete the proof of (1.22) in the case N = 1, it remains to show that, if n = 2m with m € N\ {0},
then n? 4+ n(N — 2s) is not an eigenvalue of (1.19). To this aim, we argue by contradiction and assume that
(2m)? + 2m(N — 2s) is an eigenvalue of (1.19) associated to an eigenfunction W. Then the function defined as

v = () c= o e,

with

2
|

N -2 N —2s\°
5 8—1—\/( 5 S) + (2m)2 +2m(N — 25) = 2m

is a non-trivial solution to (A.3), odd with respect to y;. Hence, if we consider the even reflection of U with
respect to ¢, namely the function U(y;,t) := Uy, |t]), U is a solution of div(|f|'"2*VU) = 0 in R2. Then, by
[25], Theorem 1.1 we deduce that Ue C*>(R?). Moreover, U is positively homogeneous of degree v = 2m,
therefore from Lemma A.1 it follows that U is a homogeneous polynomial of degree 2m, namely

y17 Za me ktk
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where a; = 0 if k is odd since U is even with respect to t. In this way U turns out to be even also with respect
to y1 and this contradicts the fact that U is non-trivial and odd with respect to ;.

If N =2 and m € N\ {0} is odd, then we consider Us(y1, y2,t) := U1, (y2,t), where Uy ,, is defined in (A.5)
and n € N\ {0} is such that m = 2n — 1. Such Uy is a positively homogeneous solution of (A.3) of degree m,
odd with respect to yo. If m € N\ {0} is even, i.e m = 2n with n € N\ {0}, then we define

n—1
Us(y1,y2,1) == Z ary; "y T,
k=0
with ag,...,a,—1 € R. A direct computation shows that Us is a solution of (A.3), and equivalently of (A.4), if

and only if

—[2(n — k)% — 3n + 3k + 1]
(2k% + 5k + 3)

pa1 = ap forall k € {0,...,n—2}.

Then, choosing for example again ag = 1, we obtain that Us is a solution of (A.3) which is positively homogeneous
of degree m and odd with respect to yo, as desired.

If N > 2, for any m € N\ {0} there exists a harmonic homogeneous polynomial P # 0 in the variables
Y1,---,Yyn—1, of degree m — 1. Then Uy(y1,...,yn—1,Yn,t) :== P(y1,...,yn—1) Yy~ is a non trivial solution to
(A.3) which is odd with respect to yx and positively homogeneous of degree m.

O
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