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A FOUNTAIN OF POSITIVE BUBBLES ON A CORON’S PROBLEM FOR A
COMPETITIVE WEAKLY COUPLED GRADIENT SYSTEM

ANGELA PISTOIA, NICOLA SOAVE, AND HUGO TAVARES

Rsum Nous considrons le suivant systme elliptique (Sobolev-critique) :

iFi i=1,...,m,

—Au; = piud + Bu; uf dans Q.
u; = 0 sur 69, u; > 0 dans Q¢

dans un domaine Q. C R* avec un petit trou rtrcissant B. (&0)-

Dans le cas p; > 0, 8 < 0 et € > 0 petit, nous prouvons ’existence d’une solution non
synchronise qui ressemble une fontaine de bulles positives, cest--dire que chaque composant
u; prsente une explosion autour de £y en tant que € — 0.

La preuve est base sur la mthode de rduction de Ljapunov-Schmidt. La vitesse de concen-
tration de chaque couche dans une tour donne est choisie de telle sorte que linteraction
entre bulles de composants diffrents quilibre linteraction de la premire bulle de chaque
composant avec le bord du domaine. De plus, elle est dominante par rapport linteraction
de deux bulles conscutives du mme composant.

ABSTRACT. We consider the following critical elliptic system:
—Au; = piud + Bu; 3w in Qe
J#i i=1,...,m,
u; = 0 on 09, u; >0 in Q¢

in a domain Q¢ C R* with a small shrinking hole B.(£p). For u; > 0, 8 < 0, and € > 0 small, we
prove the existence of a non-synchronized solution which looks like a fountain of positive bubbles,
i.e. each component u; exhibits a towering blow-up around £y as € — 0. The proof is based on
the Ljapunov-Schmidt reduction method, and the velocity of concentration of each layer within a
given tower is chosen in such a way that the interaction between bubbles of different components
balances the interaction of the first bubble of each component with the boundary of the domain,
and in addition is dominant when compared with the interaction of two consecutive bubbles of
the same component.

1. INTRODUCTION

This paper deals with the existence of solutions to the elliptic critical system
p—1 p+1
—Au; = piul + fu;? > u.? inQ
' o ’ J#Z ! iz]‘)"')m7 (1.1)
u; = 0 on 012, u; > 0 in Q
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2 A. PISTOIA, N. SOAVE, AND H. TAVARES

when € is a bounded smooth domain in RN, and p = % = 2* — 1, with 2* critical Sobolev
exponent. Thinking at u; as a density function (which is natural since (1.1) is studied in connection
with problems in nonlinear optics and Bose-Einstein condensation), the sign of the real parameters
w; describes the self-interaction between particles of the same density wu;, and will always be
positive: that is, we have attractive self-interaction. On the contrary, the coupling parameter 3,
which describes the interaction between particles of different densities, will always be negative:
that is, we have repulsive mutual interaction.

The system (1.1) has the trivial solution, i.e. all the components u; vanish. It can also have a
semi-trivial solution, i.e. only ¢ < m components vanish. It is clear that in this case (1.1) reduces
to a system with m — ¢ nontrivial components, so we are naturally lead to find fully nontrivial
solutions, namely solutions where all the components are nontrivial. In fact, we will be concerned
with positive solutions, namely fully nontrivial solutions with u; > 0 for every i.

It is useful to point out that (1.1) can have solutions with synchronized components, i.e. all the
components satisfy u; = s;u for some s; € R and u solves the single equation

—Au=uPin Q, u=00n0Q, u>0in Q. (1.2)

For instance, if the number of components is m = 2, the space dimension is N = 4 (so that p = 3),
and

—Vuipz < B <min{pi, p2} or B> max{ui, po},

then a solution of (1.2) gives rise to a synchronized solution. In this way, results available for the
single equation can be translated in terms of (1.1): for instance, if 2 has nontrivial Zs—homology,
then the celebrated Bahri-Coron’s result [2] claims the existence of a positive solution for (1.2),
and in turn this gives existence of a synchronized solution for (1.1). It is worthwile to recall also
the Coron’s result [11], where the case of a domain with a small hole has been considered, namely
Q is replaced by €. := Q\ B:(§), and problem (1.2) has a solution which blows-up at & as ¢ — 0
(see also [16,22]). Again, this family of solutions can be used to construct an associated family of
synchronized solutions for (1.1).

The assumptions on the domain are natural, since, exactly as in the scalar case, a Pohozaev-type
identity shows that there is no solution if 2 is starshaped (see for instance [7, p. 519] or [8]).

The above discussion induced the first two authors to investigate the following problem: does
(1.1) have non-synchronized solutions? An affirmative answer is given in [20], where (1.1) is posed
in a domain Q. C RY, with N = 3,4, having « distinct holes; that is, Q. := Q\ U%_; B.(&;), with
2 < k < m; for a quite general choice of interaction terms 3;; (which can be both of cooperative
type, and of competitive type), Pistoia and Soave proved existence and concentration results of
solutions whose components are splitted in several groups G, ..., Gk, in such a way that each
component within a given group G; concentrates around a point &; in a somehow synchronized
fashion (in the sense that the velocity of concentration of different components belonging the same
group is the same), while the different groups concentrate around different points. In particular,
the main results in [20] regard the case when at least two components concentrate around different
points, and hence cannot be synchronized.

In view of the above discussion, it is natural to ask the following question: if the domain has
only one small hole, is it still possible to find a non-synchronized solution? The main purpose of
this paper is to give a positive answer for § < 0 and N =4 - so that p = 3 (for a discussion of the
cases N = 3 or other dimensions, see Remark 1.9 below). More precisely, we take

Q ¢ R* bounded domain, symmetric with respect to one of its points &, € €, (1.3)
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ie. z € Qif and only if 2§y — = € 2, and consider the following elliptic problem with m € N
equations:
—Au; = pud + Bu; Y uf in Q.
iFi i=1,...,m, (1.4)
u; =0 on 90, wu; >0in Q.

where ). is a domain with one hole, Q. := Q\ B.(&) C R*, and B.(&) denotes the open ball
of R* centered at &, with radius . Throughout this paper we take p; > 0, the so called focusing
case, and 8 < 0, which means that the coupling terms in (1.4) are of competitive type.

We find solutions of (1.4) which look like a fountain of bubbles, namely their components are a
superposition of bubbles centered at &, with different rates of concentration. In particular, all the
components have a towering blow-up point at £y. This new phenomena is quite surprising, since it
is in sharp contrast with the case of the single equation for which positive solutions cannot have
neither clustering or towering blow-up points, i.e. at every blow-up point there is at most one bubble
concentrating there (see Schoen [23]). We also mention that it is somehow unexpected that in a
competitive regime (with a possibly large |3]) we find solutions whose components concentrate at
the same point; this is only possible because the concentration rates are different, and in particular
such solutions are not synchronized.

In order to state our results we need to introduce some notations. We define

Use = §>0, z,£ e RY (1.5)

oy

REENPEIEh

(a bubble) with ay = 2v/2: these functions are all the positive solutions of the problem
~AU =U® ~ UeD"[RY.

(see [1,4,24]). Also, we denote by P. : DV2(R*) — H}(.) the projection map and we define the
projection of the bubble defined in (1.5) as W := P.Us¢ € H{(€.), which is the unique solution of

—AW = —AUs¢ = U3, in €, W =0 on 09.. (1.6)

We shall use many times the fact that, by the maximum principle, 0 < P.Us¢ < Us¢ in Q..
Take k € N (the total number of bubbles) larger than or equal to m . Consider Iy,..., I, C

{1,...,k} satisfying the following properties:

(1) 1ely;
(2) I; #0 for every i = 1,...,m;
(3) I; N I; = 0 whenever i # j;
(4) LU...UlL,={1,...,k}

(5) for every j € {1,...,k} andie{l,...,m},if j€;thenj—1,j+1¢I,.
Observe that one considers condition (1) without loss of generality, simply to fix ideas and simplify
some statements. Conditions (2)-(3)-(4) imply that Iy, ..., I, form a partition of {1, ..., k}, while
condition (5) means that each set I; does not contain two consecutive integers. Our main result is
the following

Theorem 1.1. Take Q satisfying (1.3) and let pu; > 0, B < 0. For any integer k > m and for
every partition Iy,..., I, of {1,...,k} satisfying (1)-(5), there exists eg > 0 such that for any
e € (0,e9) problem (1.4) has a solution (symmetric with respect to &) of the form

__1
Uie = pt; 7 Z PUss g+ 65, i=1,...,m

Jjel;
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T
e*+ | log — or some d: —di, j=1,...,k
j j
€

i

1
i i1 044‘S3| Pl )
d* = T2 D (A2 2R+ 2 wizl
J (4%7(0)) < K1

(see the upcoming (1.12) and (1.13) for the expressions of the constants A,T') and

||¢f||H&(QE)4)O CLS&:*}O, 1:1,,m
Remark 1.2. As stated in the theorem, each component of the solution, u; ., belongs to the space
H.¢o ={u€ Hj(Q:): u(x) =u(2& — z) Vo € Q.}.
Since also Us¢, is symmetry with respect to &, then PEU(;;,&O € H.¢,, as well as the remainder
terms ¢5.

In order to better explain our result, let us take a particular case of (1.4) and Theorem 1.1:

m=2, k> 2, and N =4 (so that p = 3).

and the following partition of {1,...,k}:
I = {odd numbers between 1 and k}, I = {even numbers between 1 and k}. (1.7)

Clearly, I, I> satisfies conditions (1)—(5), and it is actually the only admissible partition for m = 2.
Problem (1.4) now reads as

—Auy = pyud + Buiu3 in Q.
—Aug = poui + Buiug in Q. (1.8)
uy = ug =0 on 00, wuy,us >0in Q..
In this particular situation, Theorem 1.1 can be stated in the following way.
Theorem 1.3. Take Q satisfying (1.3) and let py, u2 > 0, 8 < 0. For any integer k > 2, let 11, I
be respectively the set of all odd and even numbers between 1 and k, as in (1.7). Then there exists

€0 > 0 such that for any € € (0,e9) problem (1.8) has a solution (symmetric with respect to &) of
the form

_1 1
ute =py 2 Y PUse e, + 05 and use=py° Y PUs: ¢, + 5

jeh jels
with |
j 1 2 E
0 = d5 et (logs) for some d5 — d;, j=1,....k
for
Bladls?|\ 2
J _J ___ 1 o
d* = T2 D (A2 0)) 2D 2 1240
j ( 7( )) < k1
and

65l 2.y = 0, 193]l H2(0) >0 ase—0.
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In order to avoid insignificant technicalities that would make the presentation harder to follow,
we will simply prove Theorem 1.3; in order to convince the reader that the proof of Theorem 1.4
follows precisely in the same way we will make some remarks along the paper (see Remarks 2.2,
3.7, 4.8 and 5.2).

Our result is inspired by the construction performed by Musso and Pistoia in [18] and Ge,
Musso and Pistoia in [12], where the authors built sign-changing solutions to Coron’s problem
whose shape resembles a superposition of bubbles centered at the point £, with alternating sign
and with different rate of concentration. The proof here also follows the same scheme which is
based on a Ljapunov-Schmidt procedure: we find a good first order approximation term (see (3.2)),
we perform a linear theory for the linearized system around the ansatz (see Proposition 3.2), we
reduce the problem to a finite dimensional one (see Proposition 3.1) and finally we study the
reduced problem (see Section 4). However, the main steps of our proof require rather delicate and
careful estimates, see for instance the estimates involving the interacting term in the study of the
linear part in Subsection 3.1, the asymptotic expansion of the interaction energy (Lemma 4.4),
and the estimate of the remainder term in Lemma 4.6. Indeed, the interaction between bubbles of
different components has to balance the interaction of the first bubble of each component with the
boundary of the domain, and most of all it has to be dominant compared with the interaction of
two consecutive bubbles of the same component. Actually, this is possible because of the presence
of an |loge|-order term which turns out to be crucial in our construction (see estimate (4.12)).

Remark 1.4. We prove the existence of solutions which look like fountains of positive bubble
all centered at the point &, when (2 is symmetric with respect &y. It is clear that using the same
arguments of Ge, Musso and Pistoia [12] we can remove the symmetry assumption, just centering
all the bubbles Us, ¢, at suitable points §; = ;(¢) which approach §, with a suitable rate as ¢ — 0.

Remark 1.5. For the sake of completeness, we also mention some recent results concerning the
existence of solutions to system (1.1) when € is the whole space R. As far as we know, all
the results deal with systems with only two components. Guo, Li and Wei in [15] established
the existence of infinitely many positive nonradial solutions of (1.1), only when N = 3, in the
competitive case. Peng, Peng and Wang discussed in [19] uniqueness of the least energy solution
for 8 > 0, and the non-degeneracy of the manifold of the synchronized positive solutions. Clapp
and Pistoia in [10] proved that system (1.1) in any dimension has infinitely many fully nontrivial
solutions, which are not conformally equivalent. Gladiali, Grossi and Troestler in [13,14] obtained
radial and nonradial solutions to some critical systems like (1.1) using bifurcation methods.

Remark 1.6. A Brezis-Nirenberg type problem has been studied for systems, see for instance
[6,7,8] for existence results, while for concentration and blow-up type results see [5,21].

Remark 1.7. As already mentioned, appropriate assumptions on /3 allows to obtain a synchronized
solution to (1.1) if © has nontrivial Zo—homology. We conjecture that system (1.1) has at least
one (actually we would say infinitely many) positive non-synchronized solution if ) has nontrivial
Zs—homology (as in Bahri-Coron’s result for the single equation (1.2)) and 8 < 0 is arbitrary.
A first attempt in this direction is due to Clapp and Faya [9], who establish the existence of a
prescribed number of fully nontrivial solutions to the system with only two components under
suitable symmetry assumptions on the topologically nontrival domain §2.

We would like to remark that the difficulty in finding positive solutions to system (1.1), even
with only two components, is similar to the difficulty in finding sign-changing solutions for the
single equation (1.2). One key point is the blow-up analysis of solutions: in the case of positive
solutions the blow-up, whenever it occurs, is isolated and simple, while in the case of sign-changing
solution multiple bubbling naturally appears.
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Without loss of generality, we will work from now on with
1= o =1, andtake & =0¢€, (1.9)
assuming that €2 is symmetric with respect to the origin. Observe that we are conduced to such
situation by eventually replacing u; with u;%ui(m +&).

Remark 1.8. Solutions of (1.4) correspond to critical points with nontrivial components of the
Cl-energy functional J. : H} (2;R™) — R defined by

S |Vui|2 ltz'(114+)wrl 2B - ptl ptl
Je(Uy .oy Um) = / ( — t - lug| 2 Jug| 2.
: ; Q. 2 p+1 p+1 2 0. !
J

i,j=1
i<
Indeed, if (uq,...,un) is a critical point of J., then it satisfies
—Au; = pi(u )P + ,BZuz|uZ|pT73|uj|%, i=1,...,m.
J#i

Multiplying this equation by u; and integrating by parts yields (since 8 < 0)

_ _ktl pt+1
0z~ [ VurP=-5Y [l >0
e i#i e
If w; # 0, then by the maximum principle we deduce that u; > 0.

Remark 1.9. The Sobolev critical exponent is defined only for N > 3. On the other hand, for p
defined as before, the right hand sides of (1.1) are C'* nonlinearities if and only if we have 2 ;1 >1,
if and only if N < 4. Therefore, it is reasonable to work in dimension N = 3 or N = 4. Here we
chose to deal with the case N = 4 only since it requires less technicalities: all the exponents are
positive integers, which makes some expansions explicit. Using Taylor expansions we could have
takled the case N = 3. We conjecture that in this case the main results (and in particular the
rates) would be the same.

Remark 1.10. A similar approach could also be used to find solutions for critical systems in
pierced domains when the interaction term is more in general like (e.g. Lotka-Volterra systems)
—Au; = piul + Biul* 3 uj-j in Q, '
J#i 1=1,...,m,
u; =0 on 0., wu; >0in Q.

when p; > 0, 8; <0 and g;,q; > 1. In the non-variational cases, one has to replace the asymptotic
estimates on the energy of Section 4 with an argument that simply uses the system like in [17,
Section 2.

Notations. Working with dimension N = 4, we deal with the following bubbles concentrated at
the origin

)
Uso() =y —5——
5.0(7) T
(where a4 = 2v/2), which we denote also by Us; in many cases we deal with different concentration
parameters d;, ¢ = 1,...,k, and we shall simply write Us, = U;. These correspond to all positive

solutions of —AU = U? in R* which are symmetric with respect to the origin. It is well known
(see [3]) that the space of solutions of the linearized equation

—AV = 3U2V (1.10)
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has dimension 4 + 1 = 5 in D?(R?), being spanned by

%(aﬁ) =« 7‘$|2 & 0Us (z) =2« 75% 7
a6 T Tt )2 g T TN 4 D)2

Therefore, the space of solutions to (1.10) which belong to
DI2(RY) = {¢p € DV2(RY) : o(—x) = ¢(x) Vo € R}

=1,....4.

has dimension 1, being spanned by %. For future convenience, we observe that
8U5 U5 (l‘)
— < . 1.11
We take the following inner product and norm in Hg (£2.):
g o= [ VS uldy = [ 9P
Qe Qe
and the standard LP norm by || - ||, (we omit the dependence on ¢ for simplicity).

The Green function of the Laplace operator in €2 with Dirichlet boundary conditions is denoted
by G(z,y), and can be decomposed as

i
G((E,y) = |$ _4y‘2 - H($7y),

where 74 := (2|0B1|)~!, and H is the regular part of G which, for every x € (2, satisfies
—AyH(z,y) =0 foryeq,
H(z,y) for y € 09).

— s
|z—yl[?

The Robin function of 2 is defined as 7(z) := H(x,x), and satisfies 7(x) — 400 as dist(z, 9Q) — 0.
Throughout the paper, we will always label the following constants:

3 4
A ;:/ U3 :/ N S dy, B ::/ Ut :/ LY dy, 1.12
R4 1,0 R4 (1 + |y\2)3 R4 1,0 R4 (1 + |y\2)4 ( )

r~—/ aiidy (1.13)
o Jrw P y)E '

and use Be, dB. instead of B.(0),9B:(0) respectively. We will denote the LP().) norms by | - ||»,
while ||u|\§{5 = [q. |Vul? for every u € Hj(9.).

2. THE ANSATZ AND REDUCTION SCHEME

Recall that, without loss of generality, we assume (1.9); due to the symmetry, by the principle
of symmetric criticality we can work in the space

H.:=H.p={uc H Q) : u(—2) =u(z) Vo € Q.}.

We deal with solutions of
—Auy = f(ur) + Buru3
—Auy = f(ug) + Bugui (2.1)
uy,uz € HYH(Q:),
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where f: R — R, f(s) := (s7)3. Denote by Z* : L3 (€.) — HZ(€.) the adjoint operator of the
canonical Sobolev embedding Z : H}(Q.) — L*(Q.). This means that v := Z*u can be defined as
the (unique) weak solution of

—Av =wu in Q,, v =0 on 01),.

Observe that, if u is symmetric with respect to the origin, so is Z*u. The operator Z* is continuous:
there exists C' > 0, independent of ¢, such that

* 4
ITuly < Cllull s Ve LH(Q).
Using this operator, we can rewrite (2.1) as

uy =T* (f(u1) + Bugu3) us = I* (f(u2) + Busus) .

Denote U; := Uy, for j =1,..., k. Our ansatz is the following: for any integer k > 2, we look for
a solution of (2.1) in H, of the form

ur =Y PUj+¢ and uy= Y PUj+ ¢y,

Jjel JjEI2

where
4 1 %77@ 1
0j = dje™+1 <log 5) , J=1,...k, (2.2)
d = (di,...,dx) belongs to the set
Xn:{dERk:77<d1,...,dk<1/77} for some n < 1,

and ¢1,¢2 € H..

Remark 2.1. For future reference, we collect in this remark several important relations between
the different rates d;. Given > 0, we have

J 1
1 wpoy [ 1\FF2 S d 1\ “F
63 - digkulj (10g ) —~0 and 2t Tl o (IOg ) -0
i 4 € j

as € — 0, uniformly for d € X,.

For each € > 0 small, our aim is to find n > 0, d € X, and ¢1, ¢ € H, such that, for i,j = 1,2,
i F

S PU+¢i =T [ fOQ_PU+¢:) + B PUi+¢:)O_PUi+6,)% | . (23)
lel, lel, lel; lel;
Given ¢ > 0 and dy,...,d; > 0, for §; defined as before define
6Uz T 2 (512
Yi(x) == il

N R T

—90;
(recall the Notation section) and

K1 =Kjqc:=span{Py;: jeh}, Ko=Ksq.:=span{P.¢;: j€ L}, Ka.:=K3xKs.
Observe that Kg . = Ki- x K5. Moreover, consider the projection maps

0, : H. - K;, I : H, — K, i=1,2.
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We can rewrite (2.6) as a system of 4 equations: for i,j = 1,2, j # i,

II; (ZPEUzwi) =TLoZ* | fO_PU+¢i) + B PUi(x) + ¢:)( > PUi+ ;) |, (2.4)

lel; lel; lel; el

I <Z P.U, +¢i> =T o % [ FO_PU+ ¢i) + B PUi+ ¢:)( D P-U(x) + ¢5)°
lel; lel; lel; lel;
(2.5)
In the next section, given ¢,7 > 0 sufficiently small and d € X,,, we find a unique (¢1,¢2) =
(=, 69%) € Kg . solution to (2.5). By plugging this result in (2.4), we end up having a problem
with unknown d € R* (thus a finite dimensional problem), which can be stated in terms of a
reduced energy. We analyse this reduced energy in Section 4.

Remark 2.2. For the general system (1.4) and given a partition Iy,...,I, of {1,...,k}, the
ansatz is exactly the same: u; = Zjelq; U; + ¢;, fori =1,...,m, where ¢; € K;. We denote in this
case Kq . = Ki- x ... x K-, and split the system of m equations:

ST PU+ ¢ =T | fO_PU+6i) + BO_PU + ¢:) Y (D PUi + 65)? (2.6)
e, lel; leT; J=1 lel;
J#i
(i=1,...,m) in 2m equations using the projection maps II; and H}

3. REDUCTION TO A FINITE DIMENSIONAL PROBLEM

In this section we study the solvability of (2.5). We rewrite (2.5) as

a:(#) = Na(¢) + Ra.., (3.1)

where L stays for the linear part

FO° PUN G+ B PU;)?

Jj€h VISP

b

L. (¢) = Hf{% -7

(3.2)
+28() ) P.U)(D_ P.Uj)és

jeh JEI2
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N stays for the nonlinear part

Ni (@) =TI oZ* | f(D PUj+ 1) — f(D_ PU;) = £/ PUj)é

Jjeh jeh jeh
+ B0 PUj +61)(> PUs + ¢2)* = B PUj)( D P.U;)?
jel J€El2 Jjeh Jjelz

— B> PU;)P¢1 —28(>_ PU;) (D P-U;j)é

Jj€El2 JjE€NL JEI2

=T oZ* | f()_ PU;j + ¢1) — f(D_ PU;) = f/(> PUj)én

Jjel jel Jjel

B P.Uj)¢3 + 280> PUj)¢ra + g |

Jjeh JEl2

and R is the remainder term

Ry, = Hf{ = PU+ T f(Y | PU) + B PU)(D | PU)

}

where the last equality is a consequence of the definitions of Z* and of f (analogue expressions
hold for L?LE, Ng’s and R?Le)'
We also define

JjE€N Jj€n Jj€nN JEI2
=T oI | f()_ PU;) = > f(U;) + B PU)(Y | P.U;)?
jely Jjel Jjel Jel>

La. = (L., L3.): Kg. - Kg_,
and Rq . and Ng . in an analogue way.
Proposition 3.1. Let § < 0. Then for every n > 0 sufficiently small there exists eg > 0 and

C > 0 such that, whenever € € (0,e0) and d € X, there exists a unique function ¢ = ¢d’8 € Kj’a
solving the equation

La:(¢) = Ra, + N, ().
and satisfying

1
L 1\ &1
“¢d7s||Hé(Qg) < Ce®+1 (log <6>> = 0((51)
Moreover, the map X, — K[J.LE, d — ¢9° is of class C*.

The proof of the proposition takes the rest of this section, and is divided into several intermediate
lemmas.

3.1. Study of the linear part. As a first step, it is important to understand the solvability of
the linear problem associated with (3.1), i.e

21,5(¢) = fi, with f; € Kf‘
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Proposition 3.2. For every n > 0 small enough there exists eg > 0 small, and C' > 0, such that
if € € (0,e0) then

ILa,re (@)l iy = Clldlluz . V¢ € Hy(Q:,R?)

for every d € X,,. Moreover, Lq . is invertible in Kje, with continuous inverse.

The long proof proceeds by contradiction. For a fixed n > 0 small, let us suppose that there
exist sequences

{en} CRT, 6, =0, {d,} C X, {#,} C Ki, x K3,
such that
lénllmie.,y=1 and [|L.(¢,)llm1q.,) =0
as n — oo, where we wrote K; ,, := K; q, ¢, and L,, := Lq,, ., for short. In the same spirit, in this

proof we write P, := P;, Uj n := Us, . .0, Yin = s, ,.,0, and Qy := Q.
Let h,, := L, (¢,,). Then, by definition of L,

d)l,n = hl,n + W1,n

+ " S(Z Pnt,n)2¢1,n + B(Z Pnt,n)2¢1,n + 2B(Z Pnt,n>(Z Pnt,Tz)¢2,n (33)

Jj€h JEI2 Jj€nL Jj€El2

(an analogue equation holds for ¢s ,,) for some w;,, € K; ».
Lemma 3.3. ||w;n| m1(q,) — 0 asn — oco.

Proof. We focus on ws 5, the proof for ws ,, is analogue. As wq ., € Ky, = span{P,;, : j € I1},
there exist constants c; , such that

win = E ¢jn0jnPnjn.
jely

Now we consider the scalar product in Hg () of both sides in (3.3) with &; », Pyt)i n, with i € I4:
as hip,d1n € Kf:n, we obtain

52’,71/ V’UJLn ' V(inl,n) = 351,71/ (Z Pnt,n)2¢l,n(Pn¢i,n)
Q Q

n n jely

+ 6i,nﬁ/s; (Z Pnt,n)2¢1,n(ini,n) (34)

j€l2
+ 2661,71/ (Z Pnt,n)(Z Pnt,n)d)Zn(Pn'll)z,n)
Qo jen jel

The left hand side can be estimated using [12, Remark 5.2] and (1.11) (see also [21, p. 417], noting
that therein 1); ,, corresponds to J; n1; , in the present paper) and obtaining

/ VWi - V(0inPatbin) = cin(oo+0(1) +0(1) Y ¢jm
2 jeh
e

as n — 0o, where
(ly]* —1)?
oo = 3a4/ ———dy.
Hre (1 Jy?)S
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The first integral on the right hand side in (3.4) can be estimated as in [12, Formula (5.7)]:
30i.n (Z Pnt,n)zﬁbl,n(Pnd}i,n) =o(1)

O jen

as n — oo. We have now to estimate the interaction terms. To this purpose, we observe that
by Hoélder and Sobolev inequality, by (1.11), and recalling that 0 < P.U; < U; (by the maximum
principle), we have that

3
1

/Q (3" Palsn) 2 (Pathin)| < /Q (3" PU3) 3 1Patsinl? | 61l

n el S
1
Hbinl® 3.5
Q, -
JjEI2
¢
8 4
S Gim Z (/Q Uﬁn%%) + h.o.t.
" jels n

as n — oo. The precise rate of the higher order terms (h.o.t.) does not play any role, and in any
case can be derived using Lemmas A.1 and A.2. Moreover, the leading integral on the right hand
side can be estimated using Lemma A.4, obtaining

Coming back to (3.5), we have

O (%) =0o(1) ifi>j

(Si,n/ ( PnU',n)2¢1,n(ini,n) = 6J:Yn
an;Q ! O(§2) =o(1) ifi<j

as n — 0o, which proves that the second integral on the right hand side in (3.4) is of order 0(; ).
As far as the third integral is concerned, we note that

/Q (Z PnU]m)(Z PnU],n)¢2,n(inz7n)

mojeh JEl2

4

4 4 4
< / (3 PR Pals)d (Patbinl? | I6mmln
Qn jery jels

4

4
3

s¢ / (D2 Usi) ¥ (O Usin)¥ il | Mlzallg + hoot.
e jen JEI
3
C 4 4 4 1
o X ([, vhahvd) vnor

" hely jelL

<
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as n — 0o. The last inequality follows by Lemma A.6 if h # 4, and by Lemma A.4 if h = 4. In any
case

5i,n /Q (z PTLUL")(Z Pnt,n)d)Z,n(Pnd}i,n) = 0(1)

n g€l JEI2

as n — oco. To sum up, by expanding (3.4), we proved that for every index i € I; it results that

Cin(o0 +0(1)) +0(1) > ¢jn = o0(1)

Jje€l

J#i
as n — oo. From this and by Cramer’s rule, we deduce that ¢;,, — 0 for every ¢ € I;. From this,
the conclusion ||wy | — 0 follows. O

Let us set now z; , := @i, — hin — w; . Notice that, since ||hi7n||H&(Qn), ||wi,n||Hé(Qn) — 0, we
have ”ZLHHQH(}(QTL) + szv”H%Ig(Qn) — 1. In terms of z; ,,, equation (3.3) can be rewritten as

Z1n = I*{ [3(2 Pnt,n)2 + ﬁ(z Pnt,n)2:| (Zl,n + hl,n + wlm)

j€h VISE D)

+ Qﬁ(z PnU],n)(Z Pnt,n)(Z2,n + h2,n + w2,n)}-

Jjeh JEI2

(3.6)

Of course, a similar equation holds for 23 ,,.

Lemma 3.4. It results that at least one of the following lower estimates holds:

llnrggf /Qn |:3(Z Pnt,n)2 + B(Z Pnt’ﬂ)Q] Z%,n

je€h VIS D)

+2B/ (Z Pnt,n)(Z Pnt,n)Zl,nZZn > 07
Q

n o jel JjEl2
or

I 2 2.2

j€l2 jel

+26/ (Z Pnt,n)(Z Pnt,n)zl,nZQ,n > 0.
Q

mojeh Jjel2

Proof. Since Hzl,nHzg(Qn)"f'”Z?m||§13(Qn) — 1, we can suppose that up to a subsequence {HZL””%&(QM}”

or {||z2,n I%ﬂ(ﬂ )}n is uniformly bounded from below by 1/2. Suppose for instance that {||zln||§{1(Q )}n
0 n 0 n
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is bounded from below. Then we test equation (3.6) with 27 ,,, obtaining

‘%I&(Qn) = /Q [3(2 PU; )%+ B(Z Pnt,n)2:| 2

Hzl,n
n jel j€l2
+ 26/ (Z Pnt,n)(Z Pnt,n)Zl,nZQ,n
O jer, JEI2
+ 3/ (Z Pnt,n)Z(hl,n + wl,n)zl,n + ﬁ(z Pnt,n)Z(th + wl,n)zl,n
Qo jen JEIz
+ 26/ (Z PnU],n)(Z Pnt,n)(hQ,n + w2,n)zl,n-
O jer, €l

Arguing as in [12, Formula (5.12)], we can easily check that the last two integrals are 0. Therefore,

in this case the first liminf in the thesis is positive. If {”2271”%_11(9 )}n is bounded from below, in
0 n

the same way we find that the second liminf is positive. |

We aim to obtain a contradiction with Lemma 3.4. To this end, we fix p > 0 so that B, CC €,
and we decompose B, \ B, into the union of disjoint annuli as follows:

k
By\Be, =|J Aen, where App =B i\ B s forl=1..F
2

=1

with the convention &y ,, = 51_7,11;)2 and 6j11,, = 0, L e2. Recall from Remark 2.1 that &;41.,/01,, — 0
as n — oo. We also set

Bon = BQ\/&{,nﬁ@—l,n \B\/5z,n55+1,n/2’
and, for every £ =1,...,k, we define a cut-off function x¢, € CZ° (R™) with the properties that

Xen = 1 in A@,n, Xen = 0 in R4 \ BZ,n;
|VXZ,n

c 2 c : n
S /Somboi1n D Xé,n| S Semdern M B\/5e,n5z+1,n \B\/6£,7L6Z+l,n/2 (3-7)
c 2 c : n
|VXZ’"‘ < e mbe—1,n |D Xe’”' S Semoe_1, BQ\/6Z,7L5271,71. \B\/él,nééfl,n

for a positive universal constant C. Finally, we define for £ = 1,...,k and i = 1,2 the D"2(R*)
functions

34
zi,n

By, ~
(@) 1= 00.n2in(0e.n)Xen(0enx) for xz e ;’ =: B,
ln

naturally extended by 0 in R*\ BLW We have 2fn(x) = 0pnzin(0pnx) if z € fan = Apn/00n
Lemma 3.5. It results that éfm — 0 weakly in DV2(R*), and strongly in L] (R*), for every
q €1[2,2%), for everyi=1,2, £=1,... k.
Proof. We have
Véf’n(x) = 5?’71 (Xt (0enx)Vzi n(00,02) + Zim (0e.nT)VXe.n(00nT)]
and
Aé’ﬁn(a:) = 62n [thn(ég,nx)Azi,n(ég,nx) +2V2z; 0 (00,0%) - VX0, (000T)

(3.8)
+ Zin (6€,n$)AXl,n(6€,nx)}
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1 5g+1 n 5[—1 n
=~ / — < <2 .
2 5[,77, |x| 5Z,n

Notice that lg’gm, exhausts RY as n — 0o, by Remark 2.1. Now

for x € B@)n, that is,

[V <28t [ (Van(ena) 4 22, 00) T (Brn)?) do
R4 Bon

o / (19 20n W) + 22, (1) Vxen®)[?) dy.

l\n

The integral of [Vz; ,|? is clearly bounded, since ||zi g3 (q,) < 1. Also, by (3.7),

C
2 2 2
/ Zi,nlvxeyn| < EYE) Zi,n
Be,n &nOttln B\/5e,n5/z+1,n\B\/éz,néuLn/?
C
;_C
5@,n6271,n B \B

2/ nd—1,n e nd—1,n

C —_—1
s (5z,n§z+1,n |B\/52vn5'f+1mr \ B\/5e~n5e+m/2| ’

c . )
+5€ n5€—1 n ‘B2\/6l,n5€71,n \ B\/él,n(sffl,n | 2) sz’n”Hé(Qn)

< C||Zi,n||?qg(9n) &

and we infer that “éf7n||Dl’2(R4) < C. Then, up to a subsequence, we have that 2f7n — 2 weakly in
D2, and éf,n — 2! strongly in L _(R*) for ¢ € [2,2*). The equation satisfied by the weak limit

can be determined using (3.6) and (3.8): for every p € C°(R*\ {0}), by combining (3.6) with
(3.8) we have that

vit Vo

1,n
RN

~at [
By
(21,0 (00,nT) + P10 (SenT) + w10 (0e,nT)) p(x) d

+ 256271/_ XZ,n((SZ,nx) (Z Pnt,n((SZ,nm)> <Z Pnt,n((Sl,nm)>

tmn icly i€l

. (Z2,n(6€,nx) + h2,n(6€,nx) + w2,n(6€,n'r))<p(x) dx

— 6?),1 /B 2V X0, (000%) - V21,0 (000%) + 21,0 (000 Z) AXen (de,n)) @(x) da.
¢,n

,n

2
Xl,n((sé,nl') 3 <Z Pnt,n((SE,nx)> + 6 Z Pnt,n(éf,nm)

i€l JjEl2
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The last integral and all the terms involving h;, and w;, tend to 0 as n — oo, exactly as
in [12, Formula (5.20)]. Therefore,

vzl n -V = 0(1)

RN
5 2
+ 5?,”/1 X@,n(di,nx) 3 (Z Pnt,n((Se,nx)> +8 Z Pnt,n(aé,nz) Zl,n((sé,nx)(p(x) dx
Be,n i€l JEI
+ 2/662n/~ Xe, n 5@ nx (Z P, U] n 5@ nT > (Z Pnt,n(aé,n$)> ZZ,n((SE,n:U)(p(x) dx
Bl,n i€l i€1ls
2
=o(1) + Jf’n/ 3 Z P,U; n(0¢,n) 2fn(x)go(x) dx
By i€l
2
+ 887, / > PUjn(benz) | f1n(@)e(x)da
Ben \jelo
12562, / (Z Pnt,n(ag,nx)> (Z Pntm((Sg’nx)) 5 (2)pl(@) da
Ben \ier, i€l

= 0(1)—|—A1 +A2—|—A3

In order to study the behavior of the integrals as n — oo, it is convenient to observe (see Lemma

A.1) that, if ¢ € Iy, then

ZPnt,n(éf,nx ZUJ n(0p.nx) + hoot. = Zoa; 2 J” | E + h.o.t.
jel ]611 jEI
S Ulo +ZO¢452 52 | |2+h0t
sn jen Jn ln
J#
5.
——U 0] O | 52— h.o.t.
s+ 20(50) + 20 sl ) +het
j€h J’ je€h tn

i<t j>e



A FOUNTAIN OF POSITIVE BUBBLES ON A CORON’S PROBLEM FOR GRADIENT SYSTEMS 17

as n — oo. If instead ¢ & Iy, then we have a similar expansion, but without the term Us o(x)/d¢n.
We focus at first on the first possibility. We have,

A = 35?,,1 /BM (U}’fo)> z‘fn Z 0] ( ]n> + Z O (54 z |4> z‘fn(x)ga(x) dx

Jjel JEIL
j<e >t
+ 3(52n/~ —Un,0( Z @) ( ) Z Ol = jin 5 Af n(T)o(z) dx
Be,n 557” jeh (5 (E|
j<e j>£
+35§,n[ 22 ZO (5 5 ‘ |2> zfn( )o(z) dx + h.o.t.
Bi”" i€l jel
i<l j>L
(3.9)
Now, for every j < /¢
5?,7’7, ~0 ~l
52 A <o) ,llLe — 0
g |Y Ben

and, by Lemma A.3,

Moreover, for every j > ¢, using the fact that suppp C Bg \ B, for suitable 0 < p < R, we have

that
3
2 52 de \* 52
S 8@ 2 gl < o%m 5t e / <CH* =0,
5[%7; /Be,n b ‘$|4 (;tgn ’ BRr\B, |x‘1736 5%,11
and that
vl |\’
S 0 T 0;
9m Uy o(z)2! (x)‘p(‘”’“") do| < O |58 |1 LY e | <o .
- ) el 2 sn 8
5[,77, Be.n ‘(E| (;Z,n Bgr\B |{I?|3 5[,71

The previous estimates yield

Ar=3[ Ui o+o0(1) = 3/ Ui 2le (3.10)
Bon R4

as n — oo, for every p € C°(R*\ {0}).
Notice that, in the above computations, we never used the fact that the indexes j were in I.
Therefore, we directly deduce that

Ay =0 as n — oo. (3.11)
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Finally, in an analogue way

A3:2552n/é 3 UIO +ZO< ]n> ZO<62 |x2>

&n & JjeL
i< 77t (3.12)
Z 0 < ) Z O (62 Ln > éfn(x)ap(x) dx + h.ot. =0
jEl2 ],n jEl>
j<t >l

as n — 0o.
Collecting together (3.10), (3.11) and (3.12), and coming back to (3.9), we finally obtain that
the weak limit of éfn satisfies

—A% =3U7¢2  inR*\ {0}

Let now 6, € C®(RY) be such that 6, = 1 in BS,, 6§, = 0 in B, and |V0,| < C/p; and let
peCxr (R4) testing the above equation with 6,¢, and passing to the limit as p — 07, using the
fact that 24 € DL2(R?) (since it is the weak limit of D*? functions), we easily deduce that

—Az = 3U12702f in the whole space R*.

In order to show that 2{ = 0, recalling that it is symmetric with respect to 0, it is sufficient to
verify that 24 1 11 9. This can be done exactly as in [12, Formula (5.19)], and completes the proof.

It still remains to analyze the case £ & I. In such a situation we can proceed exactly as before,
but this time we end up with

~AZ = ﬁUlg’Oéf in the whole space R*.

Since B < 0 and 2{ € DY2(R*), we infer that

0</ |v21|2=/3/ (U020 <0,
RN RN

and the conclusion follows also in this case. O

Conclusion of the proof of Proposition 3.2. Using Lemma 3.5, we will obtain a contradiction with
Lemma 3.4. Let us consider

/ ZPUlTL Zln CZ/ ZincZ(/Q”\B Zln+z _A/n Zln)?

Qn i€l i€l el
(3.13)

where we used the fact that 0 < P,U;,, < U;,,. We show that the right hand side tends to 0 as
n — oo. At first, we have

/ U222, <C82, / 2, < C(sﬁn\|zi7n||§{émn) — 0. (3.14)
Q,\B, Q,\B,

Now, let i # £. Then we have

/ U2 Zln C||Zi,n||%ré(9n) (/ Ui4,n>
Az,n -Al,n

Nl=
Nl

= C||Zi,n|ﬁ15(gn) (/A s Uf,o)
L,n i,m
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Since i # £, we have that

B (0, VO tnden ‘5“’"‘5"’"> ifi<t
C

&
4n in
Sin RN\ B <0, \/‘”;75’) if i > ¢,

and

\V 6ﬁ—l,n5€,n
§i,n
Therefore, the fact that

\/ 6@-&-1,716@,71

5 — +oo ifi >/

—0 ifi<¢ and

/ Uln2i, =0 asn— oo, Vil (3.15)
-Aé,n

follows from the integrability of Ufl,o on RN If moreover i = ¢, recalling that flem = Ain/b0n we
have

2
/ U222, =62, / U2, (5rm) (242 (2) dz = o / ( 12) (34 )2 () dx + (1) 0
Avn ’ ' ' A 7 7 ' ry \ 1+ |.23‘ ’

as n — oo, since U, € L2(RY) and (%{,,)* = 0 weakly in L*(R*) by Lemma 3.5. By (3.14) and
(3.15), we obtain in (3.13) that

/ (Z Pnt,n)2Zin —0 as n — 0o. (3.16)
Qy, jeI,
In a completely analogue way, we also have
/ (Y PuUjn)?25, =0 asn— oo, (3.17)
U el
Finally,
2 2
| P Pl < (5 [ 02, (S [ U2t o ey
o jen jEL jen 8 jen n

as n — oo. But (3.13), estimates (3.16), (3.17) and (3.18) imply that

. 2 2| .2
higgf /Qn {S(Z P.Ujn) +B(Z PoUjn) ]Zl,n

j€h VIS D)

+26/ (Z Pnt,n)<Z Pnt,n)zl,nZ2,n = 07
Q

mojeh Jjel2

in contradiction with Lemma 3.4. |
3.2. Estimates on the reminder term. In this subsection we prove the following

Proposition 3.6. Let 7 > 0. There exists eg > 0 and C' > 0 such that

. , 1\) =
|Ri | < Cev (log ()) ,
’ £

fori=1,2, for every d € X,, and for every ¢ € (0,&9).
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Proof. We focus on i = 1. By continuity of II{- and of Z*, there exists C' > 0 such that

IR N < C|r(X Py =Y 1w REOMEEA (> ruy|,

JEL Jje€l JEI

<ol ruy =Y swp| , + 0H<Z P.U)(Y P.U)?|

Jje€h jeh jeh j€l2
= C(A+B).
We estimate separately A and B. At first we note that

A< Py = X FR0)| 4+ | U - £))]
Jj€nL Jj€h Jj€h

Recalling that f(s) = (s7)3, and using the fact that

4
L3

(3.19)

4

L3

g = At A (399

L3

(a1++an)3<(a?++a§l)+cn Z a?(lh
1<j#h<n

for a positive constant C,, depending only on n, we obtain

Al <c /Q'Z (P-U;) (PUh OZ/ (UFUR)3. (3.21)

¢ J#h J#h
j,hely j,hely

Let us fix j # h. Then, by Lemma A .4,

s c(%)f ith > j 52
o (&

/QE(U Ui <

Recalling (2.2), we see that if h > j and d € X,

h—j 2
—j B ESY 2 CES
. ( (log (1)) ) < Cer (bgl) |
0j € €

where C denotes a positive constant depending on 7 (but not on d) and we used the fact that
h —j > 2 since j,h € I; with j # h. The same estimate holds in case h < j. Plugging this into
(3.22), and coming back to (3.21), we finally conclude that

2 1 —w 1 1 —w
A < Ce™t (log E) < Cew+t <1og €> . (3.23)

Regarding A, we have
A0 < YN0 = U7 < D (105 = PO g + ClURW = PO 1) - 320
Jjeh jeI

Using the estimate for U; — P.U; contained in Lemma A.1 together with the fact that H(z,0) in
bounded in €2, we deduce that

854
4 4 € J
|U; - PU?|I? 4—/Q|U P.U| C/ (5 (5) I:v|8>
4 f 5 4 e\
“Sdr < } — :
< 0! +054/ r2dr < C 5J+(5j>

(3.25)
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In a similar way

Jv2w, - Py, < c/ <5§UJ~ (2) + 6 (EUj(x)>3> d
3 Q.

i ||
< col / e (E>
Q./5; (1+ |z[?)3 Ly

wloo

(3.26)

wloo

| <o 5§+<5)3 .
Q./5; (14 [x[?)5]z]3 J;

Plugging (3.25) and (3.26) into (3.24), and recalling again Remark 2.1, we obtain

2 1
) 1 R
4, <C) (5]? + (;) ) < Cewit (log (E>) : (3.27)

Jje€nh
Therefore, (3.20), (3.23) and (3.27) give

1 —eh
A < Cewit <log (i)) , (3.28)

and it remains to estimate B. By Lemma A .4

D D (VAT

FECEP O

4
(J,h)el xI> (J,h)EL xI2 Ls
Lot fo(8) issn (3.29)
S DR U R S
(Gh)El x o N Sk 5r) it <h,

and for any h > j we have

1

h—j — 7 i R
oot (1)) ee (1)
05 € €

The same estimate holds for §;/d, in case j > h. Therefore, gathering (3.19), (3.28) and (3.29),
we obtain the desired result. O

3.3. The nonlinear part: end of the proof of Proposition 3.1. In virtue of Proposition 3.2,
solving the equation

Ld,6(¢) = Rd,e + Nd,5(¢)-
reduces to finding a fixed point of the operator
Td,s(¢) = (Ld,s)il (Rd,s + Nd,6(¢)) .
in the ball

1

1 ]' S
B, = {gb €Ky, : Pl y < e <log <e)> }

for some p > 0. It is quite standard to show that Tq. : B, — B, is a contraction mapping for ¢
small enough. Indeed, Proposition 3.2 together with straightforward computations lead to

ITac(@)llmy < C (IRaclm + Nac(@)lm) < C (IRaclam + 1)
and

ITac(@1 = @2l < C (INae(1) ~ Nac(do)liy ) < lds — bl for some € € (0,1).

A standard argument also shows that the map d — ¢@*¢ is of class C.
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Remark 3.7. Suppose that, instead of dealing with the set of odd and even numbers of {1, ..., k}
in the two equation case, we are dealing with system (1.4) with m equations and with a general
partition Iy, ..., I,, satisfying (1)—(5). Having already splitted the original problem into 2m equa-
tions (see Remark 2.2), we can repeat the argument used for m = 2 without substantial changes,
using the fact that each set I; does not contain consecutive integers.

4. EXPANSION OF THE REDUCED ENERGY

Recall that the energy funcional is given by

2
Vui 2
Jo(u1,ug) :Z/Q (|2 —F(ui)> —g ) uiu3.
=179

€

where F(s) = (s7)*/4. Recall that we denote f(s) := F'(s) = (s7)*. For every n > 0 small fixed,
we introduce the reduced functional J; : X, — R as being

Jo(d) = Jo | Y PUs, + 677, > PoUs, + ¢5°

JEL J€l2

This is a C! functional due to Proposition 3.1 and since 6; depends on d; via (2.2). Finding critical
point of J. corresponds to find solutions of our original system, as we prove next.

Lemma 4.1. Given e € (0,0) and n > 0 small, let d € X,,. We have that

Z P.Us, 0+ (;5?’5, Z P.Us, 0+ ¢g’€ is a solution of (2.1)
JEL JEI2
if, and only if,
d is a critical point of je

Proof. To simplify notations, define Vid’E =i, PeUs; + qﬁ?’g for i = 1,2. From (2.2) we see
that

1
kE+1

T L 1 € € € €
8a,J(d) = g7 <log E) TV, V5h9) (06, ViVF, 05, V5 ) (4.1)

Hence, if (V,"F, V%) solves (2.1) then J/(V;¢,V4¢) = 0 and so J/(d) = 0. Conversely, assume
d € X, is a solution of J/(d) = 0. For i € {1,2} and [ € I;, recalling that ¢, := 95,Us,, we have
from (4.1) that
0 :Ja/ (Vldﬁa V2d76)[85z Vld,a’ s, V2d7€]
:JE/(‘/ld)Ea Vv2d78>[z P05, U5j + 0s, ¢?757 Z P.05,Us, + 05, (bg)s]
j€h VISP
=05, Je (VS V3O [Petin] + JLVES, V3 9) (06,05, 05,65

=V =T (F (V) + BV D (VE9)?), Pea)
J#i

+ ) (V=T F(VE) + BVEE D (Vi9)?), 05,00°)

n=1 m#n
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From (2.5), Proposition 3.1 and recalling that K; is spanned by P.t; for j € I;, we deduce the
existence of coefficients ¢} = ¢! (e,d), j € I; such that

VA LT (F(VEE) 1 pyae Z(Vd ) Z 6, P, i=1,2. (4.2)
J#i Jek

In conclusion, for i € {1,2} and | € I;,

2
> (0 Py, Pty + Y Y (05 Petby, 6105, 65°) =

el n=1jel,
A straightforward computation shows that

(6;Ptps,01P1y) = o(1) for | # j, (6:PY1, 6 Pr) = ||6 Py ||* = oy + o(1) ase — 0

for some constant oy; > 0 (see for instance [21, p. 417]). On the other hand, we have (P.¢);, 05, ¢3°) =
o(1). Indeed, since ¢3¢ € K;- (n = 1,2), then (P.1p;,¢3¢) = 0 for every d. Therefore, tak-
ing the derivative of the previous identity with respect to & (I € I,,), we get (P.1p;,05,¢3°) =
—(05, P-bj, 3¢). Combining (1.11) with Lemma A.3 we have |§,05, P-¢;|| = O(1), while Propo-
sition 3.1 yields ||¢2€|| = o(61). Therefore, (P.;,5,08,6%) = 0(61) = o(1), as claimed. In
conclusion, we end up with a linear system of the form

collJr Z cjo +ZZCJ 1=1,2, lel;

jer\{l} n=1j€I,

which, as ¢ — 0, has the unique solution CZ = 0 for every i = 1,2, j € I,. Looking back at (4.2) we
see that (Vld’e7 V2d’5) solves (2.1), as we wanted. O

We now compute the leading term of the reduced energy. For simplicity, and when there is no

risk of confusion, we denote ¢; = gb?’g and U; = U;,. We have

Je(d) = J. | Y PUj+ 61, Y PUj+ o

j€h JEl2

Mw

o
Il
s

jel; jel; Qe jeq, jEI,

>,
Z/ (;VPEUJF (PU) g > /PU (P.U;)? + R(d, ¢)

icli,j€l2

™M= I\Mw

/Qs (|VPU ? — (P Us) ) —g > /QE(Pan)Q(Pan)2+R(d,5), (4.3)

i=1 i€l,j€I>

where

R(d,e)=Jc | D PUj+6¢1, Y PUji+¢2| = Y J(P.Us, P.Uy)

jely j€l2 i€ly,jels

will be an higher order term.

|VZPU + o)~ F(Y. PU; + ) —5 (D PU; +61)° (D PUj + o)
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In what follows we show that the reduced energy reads as

} £\ 2 k=1 s 2 s
Jo(d) = e1 + 207 + c3 (5]) —ﬁc4z< Zc;:l> log

i—1 5i+1

+ h.o.t.,

for some constants ¢y, ¢a,c3,¢q4 > 0. This yields the choice of parameters (2.2) (which for conve-
nience of the reader we recall)

1

j 1\? R
0 i= dje™+t (log ) withd; >0for j=1,... k.
€

and the existence of towers of bubbles as we want. Observe that, as ¢ — 0,

2 2 LE=E
5 5 N
6% ~ (6) ~ ( 1+1> log —— ~ gF+1 (lo )
LY\ 5, 5; 8 6 &

(see ahead for the details).

Lemma 4.2. Given i =1,...,k we have

/QS ( VPU? — (PU) ) :§+A;T(0)53+g (;)2+0((5?)+0<<§i>2>

as € = 0, uniformly for every d € X,,. We recall that A, B and I" are defined in (1.12)—(1.13),
while T is the Robin function (see the notation section).

Proof. We reason similarly to [20, Lemma 4.3], to which we refer for more details.
First of all, using (1.6), we have that

1 2_L et , 3_1/ )4
2/‘VPEUZ| 4/(PEU’L) _2/(PEU1)U1' 4 (PEUZ)

Qe Q. Qe Qe
1 1 1
—; [t [ev-owr - [evy-v @y
Qe Qe Qe

Using a Taylor expansion up to second order, we have that
(PU)" = U3t = AUP(P.U; = Ui) + 6(U; + £(PU; = U))* (PoU; = Ui)?,
for some function &(x) € [0,1]. Therefore, we can rewrite (4.4) as
1 1 3
1 / U} - 3 /(PEUZ» - U;)U} — 3 /(Ui +&(PU; — Uy))* (P.U; — U)2. (4.5)
Q. Q. Q.

We now estimate each one of the three terms separately. The first term in (4.5) is, after a change
of variables = = §;y and recalling that Q. = Q\ B. and ¢/§; — 0,

ey AR
¢

e \0i

=B+ / JéjQVldy—i—/(lﬁf)dy B+O(64)+O<<5i>4>

RN\(€/4:) Beys;
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As for the second term, we use the fact that

P.U; — U, =—A0;H(x,0) — + R(x)

5\I2

(by Lemma A.1, which we can apply since £/6; — 0 as € — 0). We have

(P.U; — U)UB = [ (~A8;H(z,0) — e “UP + [ R@)U;
[t - feasnien- J

QE QE
oz35;-°’
:/W< A0 = /R w
Q. "
—_A / %H(J 0) — / <6)2 /R U3
T+ e 5, \y|21+|y|

= —A%7(0)62 - T (;)2 +0(62) 40 <<§>2> (4.7)

where we have used the estimates for the remainder term R contained in Lemma A.1.
As for the last term in (4.5), since 0 < P.U; < U; (by the maximum principle) and &(z) € [0, 1],
we have 0 < U; + £(PU; — U;) < U;. Combining this with Lemma A.2 and since ¢/6; — 0,

(5
= 0(62) + o (((?)2) (4.8)

The result follows combining (4.5) with (4.6)—(4.7)—(4.8). O

/(Ui—f—f(PUi —U,))*(PU; - U;)? /U2 PU; — Uy)* = (&‘Ilogéz- + (;)4

QE

Corollary 4.3. The following estimate holds

k 2 2
1 9 . B A s, I [e 9 5
;/QE2|VPEU1 - ( Uitde =k + S5m0 + 5 (5 ) +ol@h) +o| (5

—1

B A? s I' /1 2 2 1 = 2 1 =y
= + + — | — B+ | ] — + 1 _
k ( 2 7(0)d; 2 (dk) c <0g5> o\ (Oge)

as € = 0, uniformly for every d € X,,.

Proof. From the previous lemma we see that

k

k 1 1 B A? Pn/e\2 & e\ 2
- 12_= \4 — =4 2, = Il 2 =
2/9 2|VP5U1| 4(PEU,) do = k—+ 7(0);@%;(6) +; <0(§Z)+o<<6i> ))

and the first identity of the lemma follows because d € N,, and 0; = o(d1) for every i € {2,...,k}
(recall Remark 2.1), which implies that €2/6? = o(¢?/6?) for i € {1,...,k — 1} as e — 0. The
second identity follows directly from the definition of d; (see (2.2)). O
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Lemma 4.4. Given i,j € {1,...,k} with i > j, we have

f e =i () e o (2) 1o
as € — 0, uniformly for every d € X,,.
Proof. First, we rewrite

QE

€

(P.U)2(P.U;)? = [ UPUZ + | (PU:)2(PU;)? — (U3)2(U;)?) = | UPU? + hoot.
/ [ | /

(by Lemma A.1). We estimate the leading term as follows: for € > 0 small and r > 0 such that

B. C B, C Q and € < /d;0;,

/W@: / UU? + / W@+/c&ﬁ

Q2 {e<|z]</5:5;} {/0:0;<|x|<r} OBy
N————
(II1)

) (1)

Asymptotic estimate of (I): scaling x = d;y,

(4.9)

1 1
2172 4 ¢2 ¢2
(I): / UZU] :a46153 / 2 o2 5 2 2d$
(07 +1=[2)” (62 + |=[?)
{e<|z|<4/0:05} {e<]z|</0:65}
1 1
— alos? / ey
(L+1yl*)” (62 + 62[yl?)
£<lyl<y/$
5\ 2 1 1
4 4
:a4<& 52 (1 ()0, ) "
j (T+1yl?)” (1 +(6:/65)%yl?)
{i<|y\< 3
We have:
1 1
22 210,12 Qdy
(I +[y[?)™ (1 +(d:/6)Iy[?)
{ﬁély\é 3
1 1 1
= 722dy+ / 22( 2 22_1>dy
. (+y?) (L +1yl)” \ (X +(6:/05)2[y*)
{i<m< & £<ll<y/ 5
(I.a) (Ib)

The first term can be estimated as follows:
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\/E
5
s 1 1
(IG) = |S3| / mdr = §|S3‘ |:1 T ’["2 + 10g(1 + 7"2):|
5

1 1 1 05 g2
=_|s? — log(1+-2) —log(1+ =
3| <1+6j/5i T+ e2/? © Og( W) Og( *53))

I ST 9
f§|S log(si+0<10g5i ,

since, as d,/0; — oo (i > j) and €/0; — 0 (recall Remark 2.1):

1 1 3 5 5
- =-1 1)=o|(log-2 log (1+8;/6;) =log -2 log -2
6,8 1y el 0<°g5i>’ o8 (1+0;/0) Og(sﬁo(og@-)

and

log(1+¢2?/62) =o(1) =0 <log ?) .

As for the second term, because (0;/0;)|y| < 1/0:/0; < c for |y| < \/0;/d;, as € — 0, and recalling
the computation done for (I.a), we have

) L (1066, 1t + 206,/5, Pl
(I'b){ / <1+|y|2>2< (Lt (6070, 1P )d

lyl< 1}

0; 1 0; 05 d;
< i3 - - < 7% g L — log 22
“o; / ™ S5 %, 0<°g @-)

S
{ i<|y\<\/5—j}

Combining the expansions of (I.a) and (I.b) with (4.9) yields, in conclusion, that

4 2 2
o (5 tog o () 10
(I)= 2|S|<5j> log5i+o<(6j logéi .

o
/AN
e

o«‘m

Asymptotic estimate of (II): by using this time the scaling = §;y and the fact that

1

1 1
= _dr=logr— log(l+r%)+
/r(1+r2)2 r=logr -3 og( +r)+2(1+r2),
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we have
(II) = / UU? = 06767 / . ! 5 ! sdx
(0F + [I*)” (67 + [[?)
{V/0id;<|z|<r} {V/0id;<|z|<r}
1 1
= a45252 / 5 5 dy
(07 +07[yl?)” (L +[yl?)

=i (§> / (<<si/6j>21 PP a +Ty|2>2dy

a3(§§>2{ / }de((%)?l"ggj)

Asymptotic estimate of (I11):

1 1 1
o< [ vrz=ai [ - 4( )
PO | AP @ P M 62+\y|2 (113, 7yl
Q\B. Q\B.

<a4<6i)2/ 1 <c(6i)2—0 —J
AR [yt = "\g; i)
Q\ B,

By combining the estimates of (I), (IT) and (III) we deduce that

A 5\, 8

2772 _ 413y [ 9¢ j i J

/Uin—a4|S|(6j> logéi—i-o((éj) 10g5i>
Q

€

which yields the desired conclusion. O

Corollary 4.5. We have, as ¢ — 0, uniformly for every d € X,,,

> Jworen) 4|SB|Z< LH) log - +Ho<

)
i€l1,j€l> 0. i+l

4
Qy

k—1 2 d k—1
d; 2 1)\ ~+1 1 1\ =+D
3 1+1 2 _ _1
k—|—1|S|§1< 4 > gFH <10g€> +0<z—:k 1 <log6> )

1=
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Proof. The first identity is a simple consequence of the previous lemma together with the fact that

0 = 0(d;) as e — 0, for [ > 4. In fact, since each one of the sets I; and I do not contain two
consecutive integers, and that given ¢ > j with |i — j| > 1 it holds

si\2. 6 Siv1\? 5;
hd log =L = j+1 1 J
(5j> %5 O(( 3 ) Og5j+1>’

then

L (6N 6 s\, 8
E /PU (P.U;) E <a3|S‘3|<(;> log§+0<((;> log(;>>
1 J T 7 3

ZEIl,]EIQQ i€ly,j€ls

. 2 k— ) 2 5
_044|SSZ< z+, ) Z—H Z (( i+ ) log 5@41_1).

i=1

The last identity of the statement is a consequence of the definition of §; and the fact that

2 1

s \2. 5 dis1\2 2 1\ " di [1\FT 1\ F
1 = 1 (log = 1 - log =
( d; ) o8 Oit1 ( d; ° 8 8 dit1 \ ¢ 8 2
N

Lemma 4.6. We have
k—1
5 1\
R(d,e) = o(6?) = o <€kl <log s) ) (4.11)

as € — 0, uniformly for every d € X,,.

Proof. Recall that F(s) = (s7)*/4, and we denote f(s) := F'(s) = (s*)3. We have

R(d,e)=J. | Y PUj+¢1,> PUj+oa | = > J(P.U, P.U)

jel VISP i€ly,j€ls
722/ VP.U; - VP.Up + = Z/ |v¢1|2+22/ VP.U; -V,
1=1 j,kel; =1 j€I;

J#k
+Z/ > F(P.U;) - F(Y | P.U; + ¢)

JE€L; JEI;

LS [ [ (5 n sl (S n

i€y, jel2 Q2 Jj€nh jEI2
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Recalling the definition of P. from (1.6) and adding and subtracting terms of type F'(3_ ;.. P-U;)
and f(zjeli P.U;)¢;, we have
12
52 > / VP.U; - VP.Uy + Z/ |V¢Z\2+ZZ/ VP.U; - Ve
i=1 j,kel; =1 j€I;
J#k
+Z/ S F(P.U) - F(Y_ P.U; + ¢4)
J€l; JEIL;
2
1
§ZZ/UPdex+Z/ > F(P.U;) - F() | P.U))
i=1 j,kel; JjEel; Jjel;
J#k
12 2
2
+§Z/Q Vi —Z/Q F(Y P.Uj+¢:) — F(O>_ P.U;) — £ P.Uj)¢;
i=1 = i=1 € jel; JjEel; Jjel;
+ Z/ S rwy) - 13 PUy) | o
jeI; JjEel;
Moreover,
B )2 - 5
DY (P.U;)? ZPU+¢1 (D PU; + ¢2)?
i€l jel, e = jen jEIz
=- g/ > Y P.UP.UP.U.P.U, — é/ Z > P.UPUL Y PUno;
Q. 1,€11 k,l€Is 0. i,j=1k,l€I; melj
i#j  k#l i#£]
/Z > PUP.USE ~ 5/ Y PUPUjbids
G, Bi=lklel 0. €hjel
#J
B
- 5 Z > PUwpid; — 5 [ 6763.
i,j=1kel; Qe
i#]

Let us rewrite R(d,¢) as
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ZZ/ U3PUh——/Z S P.UP.U; P.ULP.T;

i=1 j,hel; i,7€I1 h,l€ls
Jj#h i#j  h#l

=ai

/Z/ > F(P.U;) - F() | P.U))

jel; jel;

=:a2

' ;/Q F(Y_ PUj) = F(Y PU; +60) + f(Y_ PUjo

Jjel; Jjel; Jjel;

i=as

+Z/ STy - O PU) | ¢ /Z > PUPUL Y PUpnd,;

jel; jel; i,7=1 h,lel; mel;
i#]

i=ag4q

/Z Y PULP.UIS; —f/ Y PUPU¢1é

O, BI=LhIEL G, i€hjEl:
i#]

=as

g/ Z 3" PUn¢id? + - Z/ Vl? — ﬁ/%%

i,j=1hel;
i#]

=ias

Estimates for a1, as. First of all, we check that the first two terms satisfy a;, as = 0(6?). Indeed,
since 0 < P.U; < U; (by the maximum principle), a; + as is controlled by a sum of terms of the
form st P.U;P.U;P.U, P.U; for indices j,l,h,i not all equal at the same time; each term is of
higher order with respect to the leading term 67, as we will now check. Indeed, if i # j we have
by Lemma A.4 that

0; 1 0;
o(%) [ o(2) s
/UBU, _ 35/ Jass (L+1yP2)? 0
iv 5 1 5
e O J) / == O (J) if ] > 7:.
“ (61- a6, (L+ [yP)3[y[? 5; J
= 0(67)

because we are always in a situation that i, j belong to the same set I, thus |i — j| > 1, and then
by the choices we did in (2.2),

&5 ij 1\~ == 9 L
5= Ofex1 (In—- =0 (07) whenever ¢ — j > 2.
' £
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Moreover, if i # j, then assuming without loss of generality that ¢ > j with |[¢ — j| > 1 we have by

l,emlna A5
/1/ U:=0 = |10 5| =0 2 = 0(5 )
] 5]2 g 04 5]_ 1/

Qe

(note that this term only appears in ag). In a similar way, if 4, j,I € Ij, for some h € {1,2}, then
|7’_.7|a|l_l|7|j _l| > 1 and

252 40 04451 a4525-54
U?U-Ud:/ . 4% d:/ A% 0 d
Q/ i Vguar J Tl 7 4 Jaf? 67 + T v o (1+ [y2)2(07 + 82[y[?) (57 + 2[y[2) 7

5§§l|log5i|) ifi<j<l

(;i; if j<i<l

[
S O O

%Hog(m) if j<l<i
= o(67)

(note that this term only appears in as).Finally, if all the indices are different, then assuming
without loss of generality that ¢ > j > h > [,

044(51- a4(5j Oé46h 044(51
U,U;UU dx = d
/ JonEre /Q 57+ [al? 83 + |22 07 + o2 67 + [P

43¢ i 04
g/ ( o100 (52615]|10g5i|) dy = o(52).
Q./5;

L+ [y|2)07.67 |2 L6 6

Estimates for asz. Arguing as in the proof of Lemma 7.2 in [12] (see equation (7.6) therein), the
term ag is quadratic in ¢1 and ¢, and so by Proposition 3.1 it satisfies az = 0(67).

Estimates for ay. The first term in a4 can be estimated as

JEI; Jj€l; JjEI; JEI;

[ S w1 0y | osdal < 1S 1(05) = S PUDI, g 16610
= 0(0)I9ill 13 2.y = 0(67),
because, by (3.28),

I3 50 = F PO g, = OBR).

JEIL; JEIL;
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(this term corresponds to the quantity A defined in the proof of Proposition 3.6). As for the second
term in aq, given 4,j € {1,2} with i # j and h,l € I, with h <, m € I;, by Lemma A.6 we have

/PeUILPEUlP5U7n¢j < ||PEUhPaUlPEUmHL4/3||¢j||L4 < ||U}LUlU'HLHL4/3||¢j||L4
Qa

0 %) il Hh<l<m
O (%) il ifh<m<l
O (5= [¢illmy ifm<h<l

Om
= o(d7)
since, for instance when h <1 < m,
_k+i=h
0 (51) 165112672 = O(1)el—n1 (m 1) RN (4.12)
o, 0 €

Estimates for as. Starting from the first term, by Proposition 3.1 and Lemma A.5 we see that,
given 4,5 € {1,2} with ¢ # j, and h,l € I; with h <,

5,02
[ Ponpvist] < Clilialos i = o (%5 ) = o6,
Q.

Similarly, the second term in as is also an o(4%).

FEstimates for ag. We have, by Proposition 3.1 and Lemma (A.3),
[ P0si62| < Ul = o(6?)
Q.

while the second and third terms in ag are respectively of second and fourth order in ¢, thus an
0(62). This ends the proof. O

As a direct consequence of (4.3), Corollary 4.3, Corollary 4.5 and Lemma 4.6, we have the
following result, which gives us the leading term of the expansion of the reduced energy.

Proposition 4.7. We have

- B (A2 . T [(1\? B a} 4 (di)\?) 2 1\ 71
R — L= - (=) = ity ¥ [ log =
J-(d) k4+<27(0)d1+2<dk) 2k+1|S;(di> et (ogs)

as € — 0, uniformly in d € X;,.

Remark 4.8. Suppose that, instead of dealing with the set of odd and even numbers of {1,...,k}
in the two equation case, we are dealing with system (1.4) with m equations and with a general
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partition Iy, ..., I, satisfying (1)—(5). Then the reduced energy reads as

Je(d) = J. [ Y PUs, +¢5%,..., Y PUs, + 6%°
Jj€l JEL,

/ﬂs <;|VPEUL'|2 - i(PEU¢)4> _g zk: Z /(PEUi)Q(PEUj)2 + R(d,e)

hi,ho=1 iEIhl Q.
hi#hy jely,

k
1=
with

k
R(d,e) =Jc | D PUs, +65°,..., > PUs, +¢% | = > > J.(PUi, P.Uy)

jel; j€lm hi1,ha=14i€lp,
hi#hy jely,

With an analogous proof of the one of Lemma 4.1, we can show that critical points of this functional
correspond to solutions of (1.4). The choice of rates is still (2.2) in the general case. As pointed
out in the proofs of Corollary 4.5 and Lemma 4.6, besides the exact shape of the rates, the other
crucial step is that each set Ij, does not contain two consecutive integers. Since this property is
valid for a general partition (it corresponds to property (5)), it is straightforward to adapt the
proofs of these results and show that the quantity

k
> Y [enrwuy
hiha=14i€ln, &
hi#hy jeIy,

has the asymptotic expansion (4.10), and that R satisfies (4.11). Combining this with Corollary
4.3 yields that, in the general case, the reduced expression has the exact same expansion, namely
(4.13).

5. PROOF OF THE MAIN RESULT

In this section we conclude the proof of Theorem 1.3. Define ¥ : (R*)* — R as

k—1
az Tit1
LG = —
(T1,..., 1) = a1 + -~ +as ; 2
where, since 8 < 0,
A? r B i
- O>O’ :f>07 = — — Ss>0
a=570) 273 8= p |
Lemma 5.1. The function U achieves a unique global minimum at (z35,...,x}), with
i k+1—i |ﬂ‘ 4|S3‘ kﬁ;ﬂl—?’i
as k+1 as k+1 i 9 i—1—k Oé4 +1
= —= — =I%=1 (A*7(0)) **' | ———— >0
i () () ero) ™ (525
fori=1,... k. In particular, the conclusion of Theorem 1.3 holds true.

Proof. First of all, observe that

U(x) — 00 as |x| — oo,
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since aj,az,a3 > 0 and ajx; — oo if 1 — o0, x;41/2; — o0 if 2,41 — 0o and z; is bounded.
Moreover, given % € (R{)* with #; = 0,

U(x) = 00 as X — X,

since in this case at least one of the k + 1 terms in the expression of ¥ divergences to co. In
conclusion, ¥ admits a global minimum. Let us see next that it is unique, and deduce its expression.
We have

ov To ov az as
87—01*03*27 v a - =3 +
1 x5 oxy, Ti o Tk—1
and
ov 1 T
— =a — ﬂ; (G=2,...,k=1)
Ox; Tj_1 5
Hence, at a critical point,
z2a; = azzy, :E? =zj x4 ((=2,...,k—1), a3T: = asTp_1

which yields, by direct substitution,

AN 0 262 a0\ 2

1 i 1 2%k 1 k—1

T = () z (1=2,...,k), a3 () 1" = ag () xy
as as as

The last identity gives

and the rest of the proof follows. O

End of the proof of Theorem 1.3. From the definition of ¥ and by Proposition 4.7, we have

1

\ ==
J(d) =k— +eF1 <10g 5> (T(d3,....d};) +o(1))

4

where o(1) — 0 as ¢ — 0, uniformly in d € X,,. Let d} := \/z} (cf. Lemma 5.1), and take > 0
small enough so that (d3,...,d;) € X,,. Let K € X,, be a compact set such that ((d})?, ..., (d})?) €
intK and

T((d))?,...,(d})?) = min ¥ < min .

Then

. < . .
mlénJ8 < J(dY) < Igl}l?JE

Therefore J.|x has a minimizer d., which converves to d* (by the uniqueness stated in Lemma
5.1). Thus J.(d*) = 0. By invoking Lemma 4.1, the proof is finished. O

Remark 5.2. The proof of the general case, Theorem 1.1, follows exactly in the same way since,
as we commented on Remark 4.8, the reduced functional is the same as in the two equation case.
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APPENDIX A. ASYMPTOTIC ESTIMATES

In this appendix we collect several important asymptotic estimates which are used in the pa-
per.We assume in every statement that N = 4, that is, Q C R*.
The following two results are taken from [12], see Lemmas 3.1 and 3.2 therein.

Lemma A.1. Leta € Q, r > 0, and 7 € R*. Assume that £ = a + 07, with § = §(c) — 0 and

e/0 =0 ase— 0%, Then, for A= [x UPy = % and R defined by

2
QY re
P.Us¢ = — ASH (z,¢) —
Ve = Use = Aot d) &LHT%(m—aJ )

there exists C = C(t, dist(a, 9Q)) > 0 such that, for any x € Q\ By.(a)
2(14e673) 2, (€ 2
<Co|——— =+
IR(z)l < C { |z — al? (6)
2 1 -3 2
wmwn<or<+f5>+y+(3]

|z — al? )
e2(1+e64 g2

Lemma A.2. Under the assumptions and notations of the previous lemma, we have the following
estimate:

/ U e(PUse — Use)* = (54 logd| + ( ) |log < |)
The following concerns the asymptotic study of L? norms of the bubble. For the proof, see for
instance [20, Lemma A.3] or [21, Lemma A.2].

Lemma A.3. We have, as 6 — 0,

0(07) if0<q<2,
/Uq: 0(52\10g5\) if =2,
o ° O(64~ if2<q<oo, q#4,
0(1) if ¢ = 4.

The following lemmas will be used many times in order to estimate interaction integrals.

Lemma A.4. Let 1 < g <2 < p be such that p+q =4. Let p1 = p1(e) > 0, pa = pa(e) > 0, be
such that

p—2—>0, i—>0, =50
P1 P1 P2

as € — 0F. Then

/U”U" :0((”2)) and /U”U‘I - ((”)q)
Q. P17 P2 p1 ) P27 p1 p1
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Proof. We proceed by direct computations:

4 P1 b P2 I
et (2 Y (2 Y
/QE prree T o \pt |2 p3 + |z[?
1 p q
4 4—p P2
=t [ (vwr) (aome) @
U Jas i \L+ w12 )\ pd+ p3lyl?
<t (2)' [ (o) g
p1 o/ \1+1yl? /) |yl

q 1 p 1 q
<i(@) L () gmo=o((5))
pr) Jea \1+1yl?/) ly[* p1
as desired. Analogously

4 P2 g P1 !
Py :a/ < > ( > dr
/QE prmen T o \pd+ 212 ) \pd+ |22
1 p q
4 4—p P1
=aint” [ () (rome) @
2 o e \1+ w12 \p3 + p3lyl?
q 1 p
<et(2) [, (r5m) @
p1 Q. /ps N1+ 1Yl
<ai(2) [ () w=o((2)):
\p1/) Jra \1+y)? p1

Lemma A.5. Let p1 = p1(e) > 0, pa = pa(e) > 0, be such that

— =0, i—>O, < 50
P1 P1 P2

/ Uplepz2 =0 <p210gp2|> .
Q. P1

2 2
U2 U2 :a4/ P1 Pz d
~/QE pimee T o\t + )2 3 + |z]?
2 2
1 1
4 2 2
N2 o s NP2+ 03y \ 1+ [y

<t () [ e
S\, Q. /pe (14 y[?)?

Since 2 is bounded, there exists a sufficiently large radius R > 0 such that

d d R/p2
/ 7y22</ 7y“§C+C/ rildr:CJrClogE.
/o (LW Jprspe (L+1yl) 1 p2

To sum up
2
R
U2U2 <al (”) <C+Clo )
/Qg e : P1 gpz

as e — 0F. Then

Proof. We have

and the thesis follows.
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Lemma A.6. Let p1 = p1(e) > 0, pa = pa(e) > 0, p3 = p3(e) > 0 be such that

; €
p—j_—>0 if1<i<j<3, — —0 foreveryh,

Pi Ph

as e — 07. Then

4

/(UPIUPZUPS) =0 <p2>
Q. P1

ol

ase — 07T,

Proof. Again, by direct computations

(1]
2]
(3]
(4]

5

6

7

8

9

[10]
(11]

(12]

(13]
14]
(15]

[16]

Up, Up,U, %:a4/ ( P1P2Ps >3dx
/Q( pP1Yp Ps) 4 o (p%+|x\2)2(pg+|$|2)2(,0§+‘1‘|2)

4 dy
ai(p§p1p2)3 ni/ 2 2 1and [ 2 2 1o 2
0-/ps (14 [yl2)5 (pT + p3]y1?) 5 (03 + p3ly|*) 5

4
p2\*® dy
aj () / AR =
pr/) Jrs (L4 Jyl?)lyls
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