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Abstract

In order to approximate functions defined on (—1, 1), which can grow exponentially at
+1, we introduce an Hermite and an Hermite—Fejér-type interpolation process based
at Pollaczek-type zeros. We prove the convergence of these processes in weighted
uniform and L?” —norms and provide error estimates which are comparable with the
best weighted approximation in suitable function spaces.
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1 Introduction

This paper concerns the weighted polynomial approximation of functions defined on
(=1, 1), which can exhibit an exponential growth at the endpoints of the interval,
for instance, behaving like e(I=07(1+07" This kind of functions do not belong to
classical spaces, but rather to spaces with suitable Pollaczek-type weights decaying
exponentially at +1.
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These weights and the corresponding orthonormal system have been defined and
extensively studied in [1] and [2], while the class of functions growing exponentially
at =1 have been considered in [3] (see also [4, 5] and [6], cf. [7-9] and [10]). Various
related approximation processes have been explored in [4, 5, 11-19].

Here, we introduce an Hermite and an Hermite—Fejér-type interpolation process
Hj, . 4(w) and Fy; (w), based on Pollaczek-type zeros. These processes are obtained
by applying Hermite and Hermite—Fejér operators to suitable finite sections of the
function. A similar approach was introduced in [20] and [21] for Gauss—Laguerre
rules and subsequently applied to various polynomial approximation processes (see [4,
10] and the references therein).

We note that there is a vast literature on Hermite and Hermite—Fejér interpola-
tion, much of it due to the Hungarian school, and in this regard, we mention, among
others [22-27]. However, these Authors have considered processes based on Jacobi
zeros and their generalizations, which are suitable for approximating continuous func-
tions or those with algebraic-type singularities, but are inadequate for functions with
exponential behavior at 1.

We establish the uniform boundedness and convergence of Hj, . ,(w) and F;(w)
in weighted L” —norms and provide error estimates for functions belonging to the
aforementioned spaces. Our results are original and the proofs simple, as they derive
the behavior of these interpolation processes from that of the Lagrange interpolation
based on the same nodes. Additionally, the error estimates are sharp, since they show
that this processes converge with the order of the best polynomial approximation in
suitable weighted function spaces.

In brief, this work is focused on the polynomial approximation of functions belong-
ing to proper weighted spaces. Taking into account that the Lagrange operator is
defined for continuous functions in L” and the Hermite operator for functions with
a continuous derivative in the first Sobolev space, assuming equal regularity of the
functions, we will prove that the order of convergence does not change (with different
constants). On the other hand we are going to show that the Hermite-Fejér operator
converges uniformly for f € Cj, in contrast to the Lagrange operator. We would
like to highlight that the proofs are new because, instead of evaluating the kernel of
the Hermite operator, which is laborious for non-classical orthogonal polynomials,
we easily derive the properties of the Hermite operator from those of the Lagrange
operator at the same points.

The paper is organized as follows. In Sect. 2, we define the orthonormal polynomials
related to Pollaczek-type weights, our Hermite and Hermite—Feér-type interpolating
polynomials and the weighted function spaces, and recall some results about weighted
polynomial approximation and Lagrange interpolation at Pollaczek-type zeros. In
Sect. 3, we state our main results. In Sect.4, we recall some results useful for the
proofs and prove our main results. Finally, in the Appendix, we provide some technical
proofs.

In the sequel ¢, C will stand for positive constants which can assume different
values in each formula and we shall write C # C(a, b, ...) when C is independent of
a,b,...or C, when C depends on a. Furthermore A ~ B will mean that if A and
B are positive quantities depending on some parameters, then there exists a positive
constant C independent of these parameters such that (A/B)*! < C. Finally, we will
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Hermite and Hermite-Fejér interpolation at Pollaczek zeros Page 3 of 23 6

denote by PP, the set of all algebraic polynomials of degree at most m. As usual N, Z,
R, will stand for the sets of all natural, integer, real numbers, while Z* and R* denote
the sets of positive integer and positive real numbers, respectively.

2 Basic facts
2.1 Orthonormal system
Let us consider the weight function
wx) = (1 = xH)Pe= =7 . B (x)o(x), (1)

where v8(x) = (1 — x2)f, 0(x) = e~ 1= B >0,a > 0,x € (—1, 1).

We point out that w is a nonclassical weight function, does not satisfy the doubling
condition and, for @ > 1/2, does not belong to the Szegd class (see [28] and [27]).
Nevertheless, the weight w belongs to a wide class of exponential weights defined
by Levin and Lubinsky in [1] and [2], as it was checked in [3]. In particular, setting
w(x) = e 2W with Q(x) = (1 —x?)"%—Blog(1 —x?), we can define the Mhaskar—
Rakhmanov-Saff number a, = a,(w), 1 < t € R, as the positive root of

2 /]‘ (0@t
T=— ar Art) —.
7w Jo V1 =12
The number a; is an increasing function of , with lim;_, yoc a; = 1 and
N 1
Cit @2 <1 —qg; < Cor oF12

where C1 and C; are positive constants independent of v and « is fixed (see [2,

pp. 13, 31]).
Let {pn (w)}, be the sequence of othonormal polynomials w.r.t. w with positive
leading coefficients and x; be the zeros of p,, (w), located as

—y <X <X < ... < Xy < Gy,
where a,, = a,, (/w) is the Mhaskar-Rahmanov—Saff number related to ./w and

1

—-
mea+iz2

1 —apy ~

Remark 1 We note that the coefficients of the three-term recurrence relation for
the orthonormal polynomials {p,,(w)};, are not known in explicit form. In order
to compute the zeros of p,(w), we can use the functions “aChebyshevAlgo-
rithm” and “aGaussianNodesWeights” of the MATHEMATICA package “Orthogonal
Polynomials” [29] and [30] (see also [12] were this procedure has been applied
for the weight o or [31-33] for similar cases).
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Moreover, the Mhaskar—Rahmanov—Saff number can be computed by using a pro-
cedure similar to the one shown in [12].
We also point out that

and, if « — 0, we obtain # at the righ-hand side, as for Jacobi weights.

In order to compute the Mhaskar—-Rahmanov—Saff number a,, = a,, (v/w) we can
proceed as done in [12] for the weight o. Anyway, for m sufficiently large, roughly
1

speaking we can assume that a,, := 1 — m  *¥1/2 and the constants do not affect the
rate of convergence.

2.2 Hermite-type polynomial
In order to introduce an Hermite-type interpolation process based at the zeros of
Gn+2(¥) = (dgy = x%) pn(w, ),
fixed 6 € (0, 1), we set
X0 1= —am < Xi < —Agm = Xk < dom < Xj < dpm =! Xm+1,
and

Gm+2(x)

ﬁ = ’
e) (¢ = XK) G, 40 (k)

k=0,1,...,m+1,

where {; € P, 41 are the fundamental Lagrange polynomials.
So, for any continuous function f, with f € C 0(—1, 1), we define the Hermite-
type polynomial

Ha(w, fox) = D 20 [we) f () + (x = ) (0]

[xk| <agm
with
v(x) = 1 = 2(x — xp) €y (xk).
We note that, denoting by Hay+4(w, f) € Payy43 the ordinary Hermite polynomial
of f based at the nodes xq, X1, ..., Xm, Xm+1, namely such that Hap4a(w, f)(x;) =
f(x;) and Happa(w, f)'(x;) = f'(x;) Vi, we have

H2*m+4(wa f) = H2m+4(w7 Xef)v
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where xg is the characteristic function of the interval [—ag,,, agm .
Naturally, Hy,  ,(w, f) € P23 and

‘ FP) x| < agm
H3a(w, PP (x) = ji=0,1.
0 |xi| > apm

So, the nodes x; ¢ [—agm, agn] are double zeros for H2*m+4(w, ).
We can split Hy,  4(w, f) as

H2*m+4(w7 f’x) = Fm(w7 f’x) + Gm(wv f/ﬂ 'x)v

letting

Fn(w, f,x) =Y GO f(x)

[xk|<agm

be the Hermite—Fejér-type polynomial and

Guw, f,x) =Y LX) —x0) f (x3).

Xk | <agm
We also note that in general i H}, +4(w, P)#P
Hz*m+4(w, 1,x) #1
and

Fm(ws f)/(xi) = 01 |-xi| S a@m-

2.3 Weighted function spaces

We now introduce some function spaces in which we will study our Hermite-type

operator H5,, . 4(w, f). These spaces have been introduced and extensively studied

in [3] (see also [4, 5] and [6], cfr. [7-9] and [10]). Here we present some basic facts

in order to state our main results; other facts will be recalled as needed in the proofs.
Let us consider the weight

u(x) = (1 —xZ)Ve‘aJZ)“ =:v”(x)o (x) )

withy >0, > 0,x € (—1, 1).
We can associate to the weight u the following function spaces. For 1 < p < oo,
by L} we denote the set of all measurable functions f such that

1 1/p
IAllpp =1 fulp = (fl Iful”(x)dx) < 0.
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For p = oo, by a slight abuse of notation, we set
LY :=C, = {f eCo'=1,1): lim f ()u(x) = 0} ,
X—>

and we equip this space with the norm

[ fllLge := Il fulloo = sup |f(ulx)|.

xe(=1,1)

Note that the limit conditions in the definition of C,, are necessary and sufficient for
the validity of the Weierstrass theorem in C,,.

We emphasize that, as mentioned in the Introduction, the functions belonging to
the spaces L/, can grow exponentially at the endpoints 1.

For smoother function, we define the Sobolev-type subspaces of LY as

WP () = {f eLl: fr Ve AC(=1, 1), 1 f D¢ ull, < oo}, l<reN,

where 1 < p < 00, ¢(x) :=+/1 —x2 and AC(—1, 1) denotes the set of all functions
which are absolutely continuous on every closed subinterval of (—1, 1). We equip
these spaces with the norm

1wz = Ifullp + 1F ¢ ull .

In order to introduce some further subspaces of LY forl < p <oo,r > 1 and for
all sufficiently small r > 0 (say ¢ < t), we define the main part of the r —th modulus
of smoothness as

Ay (fu

U(f,Du.p = su ,
2 u,p O<hI;l‘ LP(Ty)

where Zj, = [—h*, h*], h* = 1 — AhY/@t/D A = (s a fixed constant, and

r

/ h
he ) =2 (:) =D'f (x + (r —2i) ‘”2(")> ,

i=0

Then the complete » —th modulus of smoothness is given by

a);(fv Du,p = -Q;(f, t)u,p + Pgl}’f I(f—P) u“LP[fl,ft*]
r—1

+ Pi%f ICf — P)ull Lo 1

€y —1

with* = 1 —Ar'/@+1/2 and A > 0. We emphasize that the behavior of @l (f > Dup
is independent of the constant A.
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Moreover, for any f € wr (u), withr > 1l and 1 < p < oo, we have

25(f. Dup ~ sup inf {Il(f Dl + 1 [g7¢"u }
O et gew? " L2 (Ty)
<C sup " | fP¢ u
N 0<h1;t f7e LP(Zy)

where C # C(f, 1).
Furthermore, the following equivalence holds

)~ e L= P, + L [P0y
Co\ 1" PncP m Ul | T
u’p

mELm

i

By means of the r —th modulus of smoothness, for 1 < p < co, we can define the
Zygmund-type spaces

@, (f D,
Zf(u)::Zﬁ,(u):{feLﬁ: sup#<oo,r>s}, 0<seR,
t>0

equipped with the norm

o
(f+ Dup
£l 22,00 = 1£ 1z + sup “’t—

t>0

2.4 Weighted polynomial approximation

Let us denote by IP,, the set of all algebraic polynomials of degree at most m and by

En(Hup = Pingm I(f = P)ull,

the error of best polynomial approximationin LY, 1 < p < co. A polynomial realizing
the infimum in the previous definition is called polynomial of best approximation for
felLl.

The next theorem collects the Jackson and Stechkin type inequalities and it can be
deduced from the results proved in [3, Theorems 3.4, 3.5 and 3.6, p. 175] for the weight
ox) = e_(l_xz)fa, taking into account that the weight u has a similar behaviour (see
also [15, Proposition 2.3, p. 627] and [6, Theorems 4.1 and 4.2, p. 297]).

Theorem 1 Let u(x) = (1 — xz)Ve_%(l_xz)fa, with « > 0 and y > 0. For any
felLl 1< p<oo the inequalities

1
En(fup <Co) <f, ;) , 3)

u,p

" (fa D
En <f>up<6/ # 4)
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and
1 C «
”ﬂfa) <D A+ T E Py )
u,p i=0

hold with C independent of m and f.

Note that (3) and (5) are similar to the Jackson and Stechkin inequalities proved by
Ditzian and Totik for Jacobi weights [7], with a proper different modulus of smooth-
ness, while (4) is a weak form of the Jackson inequality. Moreover, the proof of
Stechkin-type inequality (5) is based on the Bernstein inequality (see [6])

I Prullp < Cmll Ppullp.

Using Theorem 1, we can characterize the weighted function spaces L%, namely
by

lir{lnEm(f)u’p =0 & fell.

Moreover, we deduce the following more explicit estimates in Sobolev and Zygmund
spaces

C
En(Pup < —Wf oy Y e W W, r=1, ©)

and

C
Em(f)u,p = %”f”ZSp(u)’ Vfe Zf(”)» s >0,

where C #C(m, f)and 1 < p < co.
Finally, the following embedding theorem have been proved in [6].

Theorem2 If f € LY, 1 < p < oo, is such that

fnwmw
0

YR dr < oo, r>1,

then f is continuous on (—1, 1), while if

fﬂwmw
0

T dr < o0, r>1,

where v = Qa +2)/Qa + 1) then f € C,.

2.5 Lagrange interpolation

Let us now consider the Lagrange polynomial

dm+2 (x)
X = Xk) G (Xk)

Ly, fox)= Y ( f ),

[xk|<agm
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interpolating a continuous function f at the zeros of p,, (w) belonging to [—ag;,, agm |
and vanishing at the remaining zeros and at £a,,. The following theorem, proved
in [17] will be crucial for our aims.

Theorem 3 Let w = vPo. Forany f € C(—1,1) andfor 1 < p < oo, there exists a
constant Cg depending on 0 € (0, 1) such that

[Liatw, o VEl <o Y An|f@ov Voo

[xk|<agm

u > —%, if and only if

p

While, for p = oo, we have
L4200, Vo |, < Cotlogm) max | xv" (e)/o (50|
k1=dom

with u > 0, if and only if

N ™

<1

1w

O<pu—=+

In both cases Cy is independent of f and m.

Finally, we want to give the main idea that justifies the ’ ‘truncation” in the definition
of Lagrange and Hermite interpolation based at Pollaczek-type zeros. Forany P, € P,
1 < p < o0, the restricted range inequalities

”Pml'i”p <Cl Pmu”LP(Am) s Ay = [—am, anl, (7
and
||Pmu||L/’(A§m) = Ce_cmn”Pmu”p’ A;m = [-1, 1]\ [~asm, agm], s > 1,

hold with ¢, C independent of m and P,,, n = 2«/(2ac+ 1). From the second inequality,
forany f € L}, we deduce

I fullp, < Cllfullze g, + Em(fu,p-

So, the main part of || full, is | fullLr(ag,) = llx fullp. This suggests to apply this
approximation processes only to x f, x is the characteristic function of Ag,,.
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6 Page 100f 23 G. Mastroianni, |. Notarangelo

3 Main results

Let us first study the bahaviour of our Hermite and Hermite-Fejér type operator in
weighted L?—spaces, showing the boundedness of these operators.

Theorem 4 Let w and u the weights defined by (1) and (2). Forany f € L}, 1 < p <

Lo, (f 1
00 such that/ (" Dgup dr < o0, we have
0

(A 1/p
| /' pul” (xk) v
pu|” (X
|Hpaw, Pul, ~ D A |:|f“|p(xk) + T] ®)
[xk|<agm
and
1/p
|Exw. Pl ~ [ Y Axel ful? (a0 ©)
[xk|<agm
where the constants in ~ are independent of m, f, f', if and only if
uv? we , 11
— e L? and —ZeLq, vx)=1—-x", —+—=1. (10)
we uv P q

Note that the conditions (10) are independent of the exponential part but depend
only on the algebraic part of the weights w and u, since they can be written as

1 3 1
— <y—-B+-<l—-—.
p 2 p
Moreover, this conditions can be obtained from those of Theorem 3 taking the square
of ./wg and replacing v¥ /o with u = v¥o. This is in accordance with the results

concerning Hermite interpolation at Jacobi zeros [34].

-Qw(f/st)wu,p

We also remark that, by Theorem 2, the condition fol pES Y

the continuity of f.

Finally, we emphasize that the constants in ~ in Theorem 4 depend on the truncation
parameter 0 (see Sect.4). As for other exponential weights, it is not possible to obtain
similar results for the classical Hermite and Hermite—Feér interpolation (see also [12]
and [17] for the associated Gaussian rules and Lagrange interpolation, respectively).

Now, let us consider our operators in weighted spaces of continuous functions

dt < oo implies

Theorem 5 Let w and u be the weights in (1) and (2). For any f € W°, we have

1
| 3y aCw. Hul, < Cogm) [nfunoo + an/cpunoo] (11)
and for any f € Cy, with ii(x) = u(x) log ﬁ, we get
| Fon(w, u| < Cllfitllo (12)
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if and only if the parameters of the weights satisfy
3
OSJ/—ﬂ-FESl. (13)

In both inequalities the constants C depend on 0 but are independent of f and m.

The following theorems show the convergence of our Hermite and Hermite—Fejér
operators in weighted L” —spaces and in weighted uniform metric under the assump-
tions of Theorems 4 and 5, respectively, providing precise error estimates.

Theorem 6 Let 1 < p < oo. If the weights w and u satisfy the assumptions (10), then,

1 /
2 ,t
forany f € LY such that/ 200 Doup

YR dt < oo, we have
0

I[f = Hapyaw. O] ul],
Co ‘/”/m 24(f" Dou,p
0

< — i i oo [Ifullp + 1Sl (14)

and

Co 1" 2(f Dup

mir e dr +Coe™" || full,, (15)

ILf = Enw, H]u], <

where n = 23%, r > 1 is fixed, the constants Cy and c depend on 0, but not on m and

f.

Theorem 7 If the parameters B and y of the weights w and u satisfy (13), then, for
any f € W, we have

logm

I[f = Hypraw, H]ul , <C [ Ev(fpuoc +e " ||f’¢u||oo} (16)

m

Moreover, with ii(x) = u(x) log 1_67, we get

i1,00

1 ol
ILf = FpGw. H]ul, <Co [szw (f, Oim> +eem ||fu||oo} (17)

where M ~ m, n = 25% the constants Cy and ¢ depend on 6, but not on m and f.

For instance, if f € W1°°(u), using also Theorem 1, we deduce

1
ILf = Hiasw. Hlul g = C=2 0 s

for m sufficiently large, namely our Hermite-type polynomial converges to f with the
order of the best weighted approximation times logm (cf. (6)).
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To conclude this section we note that, as already mentioned for Theorem 4, in all our
main results the constants depend on the truncation parameter 6. However 0 is fixed
and independent of m, so it only affects the constants and not the order of convergence.
Since C = 0((%) and C = O(ﬁ), the most appropriate choice seems 6 = 1/2 (see
Sect.4 and [17] for more details).

4 Proofs
4.1 Preliminary results

The following estimates involving the orthonormal polynomials p,, (w) and their zeros
xy have been proved by Levin and Lubinsky in [1, 2]

|pm(w, D)\ Jw)y/a7, —x* <C,  x € [~am. an] (18)

1
~Axg, k=1,...,m, (19)

| Pl (w, xp0)| w(xk),/arzn—x,%
| P, )| w(x)w/az,,—xzfv'x;xj"' (20)

where x € (x1, x;;) and x4 in a zero closest to x.
Now, let us set

Bi(f,x) = u()E(0) {(1 = 2, () (x — x2)) £ (x) + (x — x0) ' (x0) -

Obviously Bi(f, xx) = u(xx) f (xx) and, using (19) and (20), for |x — xx| < %, ie.,

X € [xx — %,xk + %], we have

ol <= agm, 21

[Bi(f, 0l =C <|ful(xk) + W)

taking also into account that

p(x) =V 1 —x2~ /a2 —x?  |x| < agm.

Moreover, for x # xi, we can write

5 (X —xp) Axp , ,
Bie(f, x) = u(x)€;(x) [( - ZAXkﬁk(Xk)) fxe) + Axi f (Xk)] .

AXxp X — Xk
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Setting
A
b(xy) = ﬁ — 2Axi ), (xz)

with g2 (x) = (@2 — x?) pm (x), we get

b(xp) f (xx) + Axg f'(xx)
Gpyyn (K1) Axc

Bi(f, x) = u(x)gm2(x)€x (x)

and then, with x # xy,
B (f s x) = u(x)qm+2(x) € (X) F (xp), (22)

where

b(xy) f (xx) + Axg f/ (xx)
Tpyyr (Xk) AX

F(xp) =

Proposition 1 If |x — x| > cAxg, ¢ > 0, then
Ib(xp)| = C (23)

and

1 —2(x — xp) ), (xp) cfi4 I |x — x¢l (24)
log ﬁ - logm Axg
Yk

with |x;| < agm and C = C(0) # C(m, k).

The proof of Proposition 1 will be given in the Appendix.

4.2 Proofs of the main results
We are now able to prove Theorems 4, 5, 6 and 7.

Proof of Theorem 4 Let us first prove (8). For 1 < p < o0, using the restricted range
inequality (7) with A,, = [—a2m+3, a2m+3], we have

| 3o (0, f)””p < C | H3paw, f)“”Lp(Am)

=C sup / Hy, 4w, fx)u(x)g(x)dx
||qu=l Am

=:C sup I'(g).
ligllg=1
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6 Page 140f 23 G. Mastroianni, I. Notarangelo

. Sx; Sx; .
Setting I; = [xj — %,x./ + %] |xj| < agm,and T = U|xj‘509mlj, with the nota-

tion of the previous Section, we can split the integral A(g) as follows

B, R d
{fI+fAm\I} S Bu(f 08 de

[xk | <agm

Y [ Y st

I:
|X_/' |<aom T x| <agm

B, (f, d
+ fA LY B0

A(g)

[xk|<agm
= Y [Bumwar ¥ [ ¥ s
|X_j|§a9m Ij |xj|5a9m Ij |xk|<agm, k#j
1 D S TR T
An\T [xk|<agm

. Axj .
For the first term, since |x — x;| < %, using (21) we have

> [ Brogeas

1
|Xj [<agm * "/

<Cc [Iful(x,-) +

[xjl<agm

|fpul(x) ” S\
<C Y |IfulG) + == | (Ax)) 1817 dx

[xjl<agm

lg(x)|dx
1j

|f/§0u|(xj)i|
m

1/p

<c| Y ax [Ifulf’(xj) +

[xj1<agm

/ 4 .
1 pul”Gy) (x’)} gl -
m

Whereas, using the Holder inequality and (18) for g2, the second and third terms
can be estimated as

Y Bu(f,xg)dx+ fA \ Y Bi(f,x)g(x)dx

I .
[xjl<agm * 7 |xi|<ax, k#j

scf X B vewl ix

" |xk| <agm

[xk | <agm
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= C/A Z |gm42(0) L% (w, F,x)g(x)| dx

" xk | <aom
uv

Ne

LP(Am)

Now, using Theorem 3, we obtain

uv ||? ulxpv(xg) |?
L, ) —— <C Axg | F () ——— 228
H 2 (¥ )vw‘P LP(Ay) |xk§9m B (Xk)«/w(xk)ﬁl’(xk)
By (22),
1 _ Nw)e(xg)
Gpypn (K1) Axe v(xg)

and (23), inequality (8) easily follows and the conditions (10) are necessary and suf-
ficient by virtue of Theorem 3.

Formula (9) can be obtained by using similar arguments with f” = 0. So, we omit
the details. m|

Proof of Theorem 5 Let us first prove inequality (11).
If x € [—agm, apm ] and x, is a zero closest to x, we can write

Hppa(w, fo0u@) = fauGa) + Y. Bi(f.x).

|xk| <apm.k#d

Using Theorem 3 we have

1
> Bi(f.x) < Cllogm) [nfunoo + Enf’wnoo}

|xk| <agm.k#d

and inequality (11) follows.
In order to prove inequality (12), let x € [—agy,, asm] and x4 be a zero closest to
x. We can write

Frw, foou@) = faouGa) + Y G@ve@) fu).

[xk|<agm,k#d
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By using (24) we get

Fatw, fo0u@)] < fGaouGol + Y |G@wE fouw)

x| <aom.k#d
e —~
< f@uGa)l+C Y u) () (1 %)kawm)
0w (log m) Axy
ZZ
= fGouGdl+C Y u(x)u’éx;|f(xk)|a<xk>
Vx| Sagm k~d k
C £2(x) |x — x| i}
o > L sy el ACOILCOR
|xk|<agm,k#d

By (18) and (19), the first and the second terms at the right hand side can be estimated
as

£2(x)
u(xi)

|fGuGa)l +C Y ul) =] f (o) i ()

x| <aom k#d

—B+3/2 )
i -2\’ Axg
< Clfalloo | 1+ Z <1 2) (x—m)

|xk|<aom.k#d %

=Clfulloo

under the assumption (13),i.e. 0 <y — B 4+ 3/2 < 1, using the inequality

—B+3/2
-2\ Axe \2
> ( x2> ( x") <cC. 25)
I —x; X — Xk

|xk| <aom k#d

proved in the Appendix.
Using again (18) and (19), for the third term we have

C 1% -
S u D

logm x| <dgm,k#d u(xg) Axg
7 2\ YBt32
oe |xk|<agm k#d I —x |x — xl
<Clful,
under the assumption (13). So, inequality (12) follows. O
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Proof of Theorem 6 Taking into account (8) and [17, Prop. 3.3, p. 73], we get

1/p
|f/</)M|p(Xk)}

mbpP

| Hsatw. Prul, <C D Axk[|fu|f’<xk)+

[xx|<agm

c Co (VM 25 (f. Do
< Cllfullp+ I f'oull, + 9/0 A

ml/p t1+1/p
+ C@ 1/m Q;;(f/’ t)(pu,p
mi+1/r J, 1+1/p

Co /l/m 25(f", Dgu,p dr
0

C.
< Cllfully + 1 oullp + 7 pEeT

Let M = L%(Zm + 3)J =: Cym. For any polynomial Q € Py, we can write

Q=Hy,  s(w, Q)+ T(Q),
with
17 (Qull, < Ce_cmnllQullp,

where C and ¢ depend on 6. In particular, if Q is a polynomial of quasi best approxi-
mation of f € L%, we have

I[f = Hypaw, ]l
=[f - Q= Hpyuw, f = O+ T (D)]ul,
C
<CII(f — Qullp + ;Il(f’ — Q)oullp
C /l/m -ng(f/ - Q/v t)(pu,p
0

+ mltl/p t1+1/p

dr +Ce="" | Qull, .
Now, since [3]

C / !/ 1 C / C /
CICf = Qullp + I(f = Qoullp = Carp (f, ;)u’p + M euly = I eullp.

and estimating 2, (' — Q’, t)u, p, We obtain

IL/ = Hipst, Pl

C / C l/m ‘Q(p(f/’ t)(pu,p —cm"
§Z||f(pu”[7+ml+l/p\/0 f1+]/p dt+ce ”Qu”p (26)
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Consequently, if Py—; € Py—; is a polynomial of quasi best approximation and
Py € Py one of its primitives, using (26) with f replaced by f — Py, we have

ILf = Hwraw, HH]ul],
ILf = Padully + [ H3os . f = Payul], + I (Paull, + 1T (Qull,

C 1/m~Q(f_PM l,t)(pupd
1+1/p t1+1/p

+CIr(Q@ull, +C ||F<PM>u||p :

IA

C
_EM l(f )gau p + —

I A

Using also similar arguments to those in [35, p.280], it follows that

C 1/m Q(Z(f/_PM—l,t)gou,p d
ml+l/p 0 t1+1/p
C fl/m Q25(f", Dgu,p dr

ml+1/p (1+1/p

C
—Ev_ Nou
m M 1(f)<p ,p+

and

CIr(Qull, +CITPyull, < Ce " (| full p + Il f'pullp) .

so the proof of (14) is complete
We omit the proof of (15) which is similar but simpler than the previous one. O

Proof of Theorem 7 Let us first prove (16). Letting Py € Py, with M = L%(Zm +
3)], be a polynomial of quasi best approximation for f € C,, we have

I = HpyaCw. )]u]
= [(f = Pu) = Hypyu(w, f — Pa) + T (Pa) | u]
< ICf = Pum)lulloo

(f — P
+Clogm[||(f—PM)u||oo+ s 2 oo +||F(PM)u||oo}
<c[n<f Pl + 2™ | Plygu] ]
log

| flou|  + 1T (Py)ullco

and then

1
ILf = Hipasw. Hluly = €= [ Fou] o+ 1T Pl @D)
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Consequently, if gn—1 € Py—1 is of quasi best approximation for f’ in Cy, and
Owm € Py is one of its primitives, using (27) with f replaced by f — Q s, we obtain

” [f - H2*m+4(w’ f)] u”oo
< = Omutlloo + | Hopypa(w, f = Qap)lu || + 17 (Qap)ull

1
B Bt (N guce + (1T (Pap)utlloo + 1T (Qan)ulloo)

<C

10 m
< C 2R B (o + Ce M Fllwee -

and then (16).
In order to prove (17), we note that for any Py € Py

Py = F)(w, Py) + G, (w, Py) + ' (Py)
and
|G, Proul, = C—nPMwnoo
It follows that

|Lf = Entw. Hul
< ||[(f = Pw) = Epyw, f = Pan)]u|| oo + |Gy (w, Paou| o + 1T (Pan)ull o

_ logm _
<C [Il(f — Py) il + %IIPMPMIIOO]

log M . _
fc|:wtp<f’ i,) +e‘M”||fu||oo]
u,00

which completes the proof. O

Appendix

In order to prove Propoposition 1 we recall that, for any polynomial P, € P,, the
following Bernstein inequality [6]

I Prgulloc < Cmll Pitll oo (28)

holds with C independent of m and P,.

Proof of Propoposition 1 Recalling the definition of ¢4, we have

A i ,
oA ap|<c+ S+ Ax ‘M .
X — Xk a —xk Pm(uhxk)
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Taking into accont that |x;| < ag,, and a,zn — x,% ~1— x,%, for the second addend we

get
4 Axy C C
2 2 = = 5y =
) l—x,? m(l —ag,,)

Moreover, using (19), the Bernstein inequality (28) and (18), we obtain

1
-~ ‘@(xk)\/ w(xk) @ (xXx) Ax ppy (W, xg)

C
= levwep,, |
< C|Vwepnw) <

‘Pl@(w,Xk) N
P (w, x¢)

and (23) follows.
For (24) we have

1 =200 =¥ () | _ - 4x P (w, x0) [\ x — xl
log 5 - az —x? | pp(w,x) | ) log é

Now, for the second addend at the right hand side, we get

4xy C 1
=<
(az, _xk)10g1 1/l—xlflogﬁ l—xlf
k

C m

<
ogm 2
g I —xj

In order to estimate the third term, we can rewrite the weight w in (1) as

(1 loe(1—x2)P
w(x) =e <<H2>°‘ tog(1=x) ) = e ¢

and, using a result due to Levin and Lubinsky [1, 2]

’ P (w, xi)

’ <CI+Q'(x) <
P (W, xi)

(1 —xpetl’

@ Springer
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we obtain

i (w, xi) 1 - C C

e — 2ya+1/2
P (w, xi) | log 7 (1 — x)e+1/2 log 1_2}3 /1 -2
1
S —— (31)
logm [y _ x}g
Combining (29), (30) and (31), we get
I—Mmﬂw4m>561+ M—ml7
log — (log m) Axy,
I—x;

which completes the proof. O

Proof of inequality (25) Taking into account that the term related to x;— and x4 can
be handled in the same way of that related to x;, we now prove that the inequality

A
1 —x? AXp 2
Z (1—)(2) (x—xk> =¢
|xk | <aom,k#d,d+1 k

holds if 0 < A < 1, with x; a zero closest to x € [—ay,, an].
Without loss of generality, we can assume —a,, < x < 0.
Denoting by s this sum, we can split it into three parts

s = Z + Z + Z =:51+5 +s3. (32)

—Aem <Xk =Xd—2

xapasxp=x+135 x4 15X <y <ag,

1-x2  14x
l—x,% 141>

Yer 1= x2\* dr
a [ (7)
o 1—t (x —1)?
1 Axd
Axg /_I-Tx dt
T+xJo (1 —1)2

_ Ay /1/2 dr +/1—fii dr
“14+x |ty Q=02 12 tH(1 —1)?

Axg /I_IAE dt
1+ —
+x 172 (I—1)

For s1, since x4 < x, Axy < Axy and t € [x1, xq—1], we have

S1

A

IA
QA —

(33)
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For the term s, we note that xg4+1 < xx < x + l%x implies
4
1—x2< §(1 —xP).

In fact, if x < x; < O then 1 —x2 <1 —x,%, whereas, if 0 < x; < x + 1%’“ then

1—x2>1— (v +155)° > 31 — x2). It follows that

A 2
T (e e

X1 Sxp<x+15E

Finally, if x; > 0, we have tig ~ 11—__xxk and (xy — x) > 1/2, whence
C ' [1-x\" C
S3§—/ ( x) 1 —¢tdr < —. 35)
mJ_1 \1—t m
Combining (33), (34) and (35) in (32) our claim follows. O
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